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Introduction

We denote the space of self-adjoint (Breuer-) Fredholm operators in a semifinite factor,
which are neither essentially positive nor essentially negative, by F:*. If the factor is of
type I, Atiyah and Lusztig [APS1,3] have defined the spectral flow of a continuous path in
F3% to be the net number of eigenvalues (counted with multiplicities) which pass through
0 in the positive direction as one moves from the initial point of the path to the final
point. This definition is appealing geometrically as an “intersection number” but is a
little difficult to make precise (see [BW] and [Ph] for different approaches to this). More
importantly, there is no obvious generalization of this definition if the factor is of type
I, where the spectrum of a self-adjoint Breuer-Fredholm operator is not discrete in a
neighbourhood of zero. J. Kaminker has described this as the problem of counting “moving
globs of spectrum”.

In his 1993 Ph.D. thesis, V.S. Perera [P1,P2] gave a definition of the spectral flow of
a loop in F}°® for a Il factor, N. He showed that the space, (F:?), of loops based at a
unitary (2P — 1) in F?%, is homotopy equivalent to the space, F, of all Breuer-Fredholm
operators in the Iy factor, PNP. Since Breuer [B1,B2] showed that the index map
F — R classifies the connected components of F, Perera defines spectral flow as the
composition sf : Q(F{*) — F — R and so obtains the isomorphism 71 (F*) = R. He
also showed that this gives the “heuristically correct” answer for a simple family of loops.

While this is an important and elegant result, it has a couple of weaknesses. Firstly,
since the map sf is not defined directly and constructively on individual loops it is not
clear why spectral flow is counting “moving globs of spectrum”. Secondly, the map does
not extend to paths which are not loops, in any obvious way.

We now outline our solution to these problems. Let x denote the characteristic func-
tion of the interval [0,c0). If {B,;} is any continuous path in F?*, then {x(B:)} is a
discontinuous path of projections whose discontinuities arise precisely because of spectral
flow. For example, if ¢; < {; are neighbouring path parameters and the projections P; =
x(By, ) commute, then the spectral flow from ¢, to t; should be trace(P, — P; P,) = (amount

of nonnegative spectrum gained) minus trace(P; — P; P;) = (amount of nonnegative spec-
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trum lost). However, this is clearly the index of the operator PiP, : Po(H) — Pi(H).
If these projections do not commute then one can still make sense of this index provided
n(P,) = n(P,) in the Calkin algebra. This notion was called essential codimension by
Brown, Douglas and Fillmore [BDF] in the type I case and denoted by ec(P;, P;). Perera
[P1,P2] defined the obvious extension of this concept to I, factors and used it to explain
why his definition of spectral flow gives the “right” answer in a representative family of
simple loops. Our new ingredient here is the fact that the operator Py P, : P,(H) — P, (H)
is always a (Breuer-) Fredholm operator provided ||7(P;) — 7(Pz)|| < 1. Since we can (eas-

ily) show that the mapping ¢t — 7 (x(B;)) is continuous, we can partition the parameter

interval @ = t9 < t; < -+ < tp = b so that on each small subinterval the projections
7 (x(B¢)) are all close. Letting P; = x(By,) for i =0,1,---,k we then define:
k
sf({B:}) = ind(Pi1 ).
i=1

With a little effort this works equally well in both the type I, and I, settings and agrees
with all previous definitions of spectral flow where they exist. A simple lemma is the key
to showing that sf is well-defined and (path-) homotopy invariant. Defining Hom(F?*) to
be the homotopy groupoid of F?*, we prove the following theorem.

Theorem: If N is a factor of type I, (respectively II, ) then sf as defined above is
a homomorphism from Hom(F3*) to Z (respectively, R) which restricts to an isomorphism

of mi(FJ*) with Z (respectively R).

We note that to show that sf is one-to-one on 71 (F;*) we must rely on Perera’s result
that Q(F2*) ~ F.

We remark that in paragraphs 7, 8 and 9 of the introduction to [APS3] the authors
appear to be hinting at the existence of a notion of spectral flow (for paths of self-adjoint
Breuer-Fredholm operators in a I, factor) to be used as a possible tool in an alternate
proof of their index theorem for flat bundles. We would be delighted if this paper helps in
any way with this program. This may be more than just wishful thinking: in their recent
work on the Maslov Index and Spectral Flow, Boo#-Bavnbek and Furutani [BF] have used
in an essential way the ideas of the author’s previous work on spectral flow, [Ph]. Our

point is that any new approach to spectral flow is potentially useful.
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Notation

Throughout this paper we will consider N, a semifinite factor (of type I or Ily)
acting on a separable Hilbert space (usually not named). We will denote by T'r a fixed
faithful, normal semifinite trace on N (with the usual normalization if N is of type I.).
The norm-closed 2-sided ideal in N generated by the elements of finite trace will be de-
noted by K. The quotient algebra N/Ky will be denoted by Qn and will be called the
(generalized) Calkin algebra. We will let = denote the quotient mapping N — Qn.

We will let F denote the space of all (Breuer-) Fredholm operators in N, i.e.,

F ={T € N | n(T) is invertible in Qn}.

The nontrivial component of the space of self-adjoint (Breuer-) Fredholm operators in N

will be denoted by F??%, i.e.,
Fi*={T € F|T =T* and «n(T) is neither positive nor negative}.

We will let x = X[o,00) denote the characteristic function on R of the interval [0, 00), so
that if T is a self-adjoint operator, then x(T') is the spectral projection for T' corresponding
to the set sp(T") N[0, o).

Other specific notations will be introduced as needed, but we refer the reader to the

appendix for our notations for index.

§1. Essential Codimension

If P and Q are infinite projections in the semifinite factor N we wish to define the
essential codimension of P in Q whenever ||7(P) —n(Q)|| < 1, where 7 : N — Qn is
the Calkin map. Once we show that the operator PQ € PNQ is a (Breuer-) Fredholm
operator in the sense of the appendix, then we will define the essential codimension of P

in @ to be ind(p-gy(PQ).

1.1 Lemma: If P and Q are infinite projections in the semifinite factor N and if
|7(P) — m(Q)]| < 1 where 7 : N — Qy 1is the Calkin map, then PQ € PNQ is (P-Q)-
Fredholm in the sense of the appendiz.
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Proof. Since

|m(PQP) — n(P)| < ||I7(Q) = =(P)|| < 1
and
n(P)(N/Kn) n(P)=(PNP)/Kpnp,

we see that PQP is a Breuer-Fredholm operator in the semifinite factor, PN P. Thus, in
the notation of the appendiz, kerp(QP) C kerp(PQP) and so [kerp(QP)] < [kerp(PQP))
where the latter is a finite projection in PNP. Similarly, [kerg(PQ)] is a finite projection
in QNQ. Since the range of PQ) contains the range of PQ P, and since this latter operator
is Breuer-Fredholm in PN P, there is a projection P; < P so that Tr(P — P;) < oo and
the range of P; is contained in the range of PQ. That is, PQ is (P-Q)-Fredholm. §

1.2 Definition: If P and  are infinite projections in the semifinite factor N and
if ||[7(P) — m(Q)|| < 1 then the essential codimension of P in @, denoted ec(P, Q), is the
number ind(p-q)(PQ). If P < Q it is exactly the codimension of P in Q.

1.3 Lemma: If Py, P; and P are infinite projections in the semifinite factor N and
if |[7(P)—n(P)|| < 3 and ||x(Py) —n(Ps)|| < 3 then ec(Py, P3) = ec(Py, Py) +ec( Py, Ps).

Proof. Since we also have ||[7(P;) — n(Ps)|| < 1, the terms in the equation are all
defined. Translating the equation into the language of index and using Proposition A5 of
the appendix we see that it suffices to prove that indp,yp, ((P1P3)*(P1P2P3)) = 0. But,

[l ((PLPs)*(PLP, P3)) — m(Ps)|

= || m(Ps Py P2 Ps) — m(Ps))|
< |n(PuPy) — m(P3)|
S|n(P1Pe) — w(P2)|| + ||7(Pe) — w(Fs3)|

< w(Pr) — w(P)|| + ||7(P2) — =(Ps)]| < 1.
Thus, there is a (Breuer-) compact operator k in PsNP3 with |PsPiP,Ps + k — Ps|| < 1.
Hence, ind(P3 Py Py Py) = ind(P3 Py P, P; + k) = 0 as this latter operator is invertible in
PsNP;.
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1.4 Remark: If P and @ are infinite projections in N with |P — Q|| < 1, then
ec(P, Q) = 0. To see this, note that ||PQP — P|| < ||Q — P|| < 1 so that PQP is invertible
in PNP and hence range P D range PQ D range PQP = range P. Thus, range PQ =
range P and similarly range QP = range Q so the (P-Q) index of PQ is 0.

§2. Spectral Flow

As mentioned above, we let X = X[0,00) denote the characteristic function of the
interval [0, c0) so that if T' is any self-adjoint operator in a von Neumann algebra A then

x(T') is a projection in .A.
2.1 Lemma: If A is ¢ von Neumann algebra, J is a closed 2-sided ideal in A, T

i3 a self-adjoint operator in A and 7(T) is invertible in AT (where 7 : A — A/T is the
quotient mapping), then x (7(T)) =« (x(T)).

Proof. Since 0 is not in the spectrum of 7(T'), the left hand side is a well-defined
element of the C*-algebra A/J. Choose ¢ > 0 so that [—¢, €] is disjoint from sp (#(T)).

Let f; > f, be the following piecewise linear continuous functions on R.:

Ji f:

FIGURE ]

Now, fi > x = f2 on R, but all three functions are equal on sp (w(T)). Thus,

X (n(T)) = fr (v(T)) =7 (A(T)) 2 7 (x(T)) 2 = (fo(T)) = fo (v(T)) = x (x(T)).
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Hence,

x(® (1) ==x(T). 1§

2.2 Definition: Let N be a semifinite factor with fixed semifinite, faithful, normal
trace, Tr. Let F;* denote the space of all self-adjoint (Breuer-) Fredholm operators in N
which are neither essentially positive nor essentially negative. Let {B;} be any continuous
path in F;¢ (indexed by some interval [a,b]). Then {x(B:)} is a (generally discontinuous)
path of infinite projections in N. By Lemma 2.1, 7 (x(B:)) = x (r(B:)) and since the
spectra of n(B;) are bounded away from 0, this latter path is continuous. By compactness

we can choose a partition a =ty < t; < --- < tx = b so that foreach:1=1,2,---,k%
lm (x(By)) — 7 (x(Bs)) || < —;— for all ¢,s in {t;—1,%;].

Letting P; = x(By;) for i = 0,1,---, k we define the spectral flow of the path {B:} to be

the number: .

sf({B:}) =) ec(Piey, Py).

=1

To see that this definition is independent of the partition, it suffices to see that it is

invariant under adding a single point to the partition. However, this is exactly the content

of Lemma 1.3.

2.3 Remark: If { B;} is a path in F?* and if ¢ — x(B:) is continuous, then by Remark
1.4, sf ({B:}) = 0. That is, as expected heuristically, spectral flow can be nontrivial only
when the path ¢+ x(B:) has discontinuities.

2.4 Remark: For T € F?°, let

N(T)={S e F: | Ir (x($)) == (x(T) | < 1}

Then N(T') is open in F£% since S — 7 (x(5)) = x (#(S5)) is continuous on F?*. Moreover,
if 51,52, € N(T), then by the definition of spectral flow, all paths from S; to S, lying
entirely in N(T') have the same spectral flow, namely, ec(x(51), x(S2))-

2.5 Proposition: Spectral flow 1s homotopy invariant, that is, if {B:} and {B;} are
two continuous paths in FJ;* with By = B| and B, = B} which are homotopic in F;* via

a homotopy leaving the endpoints fized, then sf ({B¢}) = sf ({Bi}).
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Proof. Let H : I x I — F?* be a homotopy from {B:} to {B;}. That is, H is
continuous, H(t,0) = By for all ¢, H(t,1) = B; for all ¢, H(0,s) = By = By for all s, and
H(1,s) = By = Bj for all s. By compactness we can cover the image of H by a finite
number of open sets {Ny,---,Ni} as in Remark 2.4. The inverse images of these open
sets, {H~Y(Ny), -+, H 1(Ny)} is a finite cover of I x I. Thus, there exists g > 0 (the
Lebesgue number of the cover) so that any subset of I x I of diameter < ¢ is contained
in some element of this finite cover of I x I. Thus, if we partition I X I into a grid of
squares of diameter < €, then the image of each square will lie entirely within some ;.
Effectively, this breaks H up into a finite sequence of “short” homotopies by restricting
H to I x J; where J; are subintervals of I (of length < eo/\/i). These short homotopies
have the added property that for fixed J; we can choose a single partition of I so that for
each subinterval J; of the partition, H(J; x J;) is contained in one of {Ny, -+, Nx}. By
concentrating on the ith “ short homotopy” and relabelling Ny, - -+, Ny if necessary we can

assume H has the form indicated in Figure 2:

{B:}

FIGURE 2

By the observation in Remark 2.4, in each of the following pairs of short paths in
Figure 3, the spectral flow of the upper path equals the spectral flow of the lower path.
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In A’z {B’I}
inNg: -~ L oy T TTme—al -
_____ - R in A, in Ny
S ea - ‘ ,..._—--’7
-~ . L
{Bl} ’\%———I
FIGURE 3

By definition, the sum of the spectral flows of the lower paths is sf ({B:}). Since the
spectral flows of the vertical paths cancel in pairs, the sum of the spectral flows of the

upper paths equals sf ({B}}) and hence sf ({B:}) =sf({B:}). &

2.6 Examples: If N is a I], factor, then it is well-known (and not difficult to
prove) that N contains an abelian von Neumann subalgebra isomorphic to L*=(R) with
the property that the restriction of the trace to L®°(R) coincides with the usual trace
on L*=(R) given by Lebesgue integration. We construct our first examples inside this

sublagebra. Let By in L*°(R) be the continuous function:

1 ift>1
By(t) = t iftel-1,1)
-1 ift< -1

Let r be any fixed real number. Then for ¢ € [0, 1] let B; be defined by By(s) = By(s +1tr)
for all s € R. Clearly {B;} is a continuous path in FJ*. Moreover, x(Bt) = X[-tr,c0) Which
differs from x[o,c0) by the finite projection x[—¢r0) if 7 > 0 (or, x0,—tr) if r < 0). Thus,
7 (x(Bt)) is constant in Q. Hence,

Py = x(Bo) = X[0,00)

P = X(Bl) = X[~r,0)
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and

Sf({Bt}) = GC(Po,Pl) = il’ld(Po_pl)(PQPl)
-_—"TT‘(Pl—'PoPl)—TT'(P()—P()Pl)

=r.

We note that for these examples the spectral pictures are constant! That is, sp(B;) = [0, 1]
for all t and sp(7(B;)) = {—1,1} for all ¢. Thus, one cannot tell from the spectrum alone
(even knowing the multiplicities) what the spectral flow will be.

One might feel (momentarily) uneasy about these examples since there exists a
(strong-operator topology) continuous path of unitaries {U;} so that B, = U;BoU;. How-
ever, there cannot exist a morm-continuous path of such unitaries as this would imply
that the path t — x(B¢) is a norm-continuous path of projections which it is not since
X(Be) = x(Bs)l| =1 if s # .

On the other hand, it is not hard to prove that there is a unitary U; in N so that
By = U1 BoU{. Since the unitary group of N is connected in the norm topology we can
find in N a norm continuous path {U;} of unitaries for ¢ € [1,2] so that U; is as above
and U, = I. Then we can extend {B;} to a continuous loop based at By by defining
B; = U;BoU; for t € [1,2]. Since the second half of the loop satisfies t — x(B;) is norm
continuous, its spectral flow is 0 and so sf ({Bt}[oyg]) =,

When N is a type I factor we can use a similar construction with £°°(Z) in place
of L*(R) to obtain paths with any given integer as their spectral flow. Of course, these

examples will not have a constant spectral picture.

2.7 Remark: It is clear from the above definition that spectral flow does not change
under reparametrization of intervals and is additive when we compose paths by concatena-
tion. Hence, spectral flow defines a groupoid homomorphism from the homotopy groupoid,
Hom(F$?) to Z in the type [, case (respectively, to R in the type I, case). By the
examples just constructed these homomorphisms are surjective, even when restricted to
paths based at a point By in F$°, i.e., sf : m(F:%) — Z (respectively, R) is surjective. To
see that this group homomorphism is one-to-one seems to require the homotopy equiva-

lence F2® ~ U(co) of [AS] in the type I case or the homotopy equivalence Q(F;%) ~ F of
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[P1,P2] in the type Il case: in fact, both results only need the somewhat weaker result,
QF) >~ F.

2.8 Spectral flow is one-to-one on 7{(F;*): We briefly outline Perera’s result as
we need it for our calculation. Let Gr(Qpn) be the space of projections in Qx which are

neither 0 nor 1. Then,
B m(x(B)): Fi* — Gr(@n)

is a homotopy equivalence: the homotopy inverse is easily constructed from a Bartle-Graves
selection and the homotopy in F;* connecting the composite map with the identity is the
linear homotopy. Now, fix an infinite and co-infinite projection Py in N and define a
fibration a : U(N) — Gr(Qn) via a(U) = n(UP;U*). Since U(N) is contractible and the

fiber
X a

o~ (n(Py)) = {UEU(N)’UZ [ b Y

j] , a,bin Ky
relative to the decomposition 1 = Py + (1 — Po)},

we see that the space of loops in Gr(Qy) based at (P ), namely Q (Gr(Qn)), is homotopy
equivalent to a™! (7w(P,)). By a result of [CP], the map [)b( Z — X is a homotopy
equivalence from a™* (7(Fy)) to F, (= Fp,np,) the space of all Fredholm operators in the

semifinite factor PyN Py. Perera’s spectral flow is then the composition:

QF) — Q(Gr(QN)) — a7 (7(P)) — F 5 R

(or Z in case N is type ).

To be completely explicit about this map, we take a loop in F?* based at By, say {B:}.
We push it to a loop, {7 (x(B:))} in Gr(Qn) based at 7(Fy) = 7 (x(Bo)). Since « is a
fibration we can lift this to a path {V;} in U(N) with V; =1 and a(V;) = 7 (V: P V) =
7 (x(By)) for all . The final point of this path a(V;) lies in the fiber a™! (n(FPp)) so that
(V) = [)}f }‘ﬁ] Then, this map sends the loop {B;} to -ind(X).

Since this map classifies connected components in Q(F?%) and since our definition

of spectral flow is constant on connected components, it suffices to show that the two

definitions agree on the set of examples in 2.6. To this end, let r € R and let {B:}
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t € [0,2] be the loop constructed in 2.6 with sf ({B:}) = r. We define the lifted path {V;}

in U(N) as follows:
for t € [0,1] define Ve = 1;

for t € [1,2] define  V; =U. Uy
where {U,;} is the path chosen in 2.6. Then {V;} is certainly continuous in U(XN). Now,
for t € [0,1]

a(V) = (1) = n(Ps) = 7 (x(B0))
since this path is constant in Gr(Qn); for ¢ € [1,2] we compute:
a(Vy) = m (ViR V") = w(Va) m(Po) m(Vy")
= 7(V;) n(P) n(Vy*) = m (UU PLULUY)
= 7 (DU x(B)UUY) = = (x(UUy BAULUY))

=7 (x(U:eBoUy)) = 7 (x(Bt))

as required. Now, since U; = 1 we have

Up =U,U; =V = ["b‘ ;i]
where X = PyUT Py € F. Since Uy PoUf = P, we see that PyUf = Uf Py so that
X =RUPy =U{ PPy = (U Py) (P F).
Letting W = Uy P, we have X = W(P,P,) where
WW* = BUJULPy = Py

and
W*VV: PlUlUl*Pl = P1
so that W is (Py-P;)-Fredholm with 0 index and so by proposition A5,

ind(p,-py) X = ind(py-p) (W) + ind(p, - py) (P1F0)

=0+ (~r)=—r =—sf ({B:})
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as required. This completes the proof of the main theorem. |

2.9 Theorem. If N i3 a factor (on separable Hilbert space) of type I (respec-
twely, Il ) then sf : Hom(F:%) — Z (respectively, sf : Hom(F:*) — R) is a groupoid

homomorphism which restricts to an isomorphism of w1 (F:*) with Z (respectively, R).

2.10 Remark. Once one has established the ontological status [MPX, p. 165] of a
well-defined groupoid homomorphism, sf : Hom(F?*) — Z (or R) extending the isomor-
phism m1(F?*) — Z (or R), its uniqueness follows from the property mentioned in 2.3.

That is, if x is continuous on a path, its spectral flow is 0.

2.11 Proposition: If G is a group and ¢ : w1 (F2*, By) — G i3 ¢ homomorphism
then there exists a unique estension ¢ : Hom(F2*) — G satisfying ¢ [{Fi}] = 0 whenever

t — x(F}) 18 continuous.

Proof. Existence. Let A denote Z or R depending on whether N is of type I
or type Il. Since sf : m (Fg%, By) — A is an isomorphism, we have a homomorphism

¥ : A — G so that the following diagram commutes:

é
7!'1(.7::(1, Bo) 71'1(.7::(1, Bo) —— G

] | /

Hom(F%*) ——s A A
sf

where 1 : 71 (F2%, By) — Hom(F??*) is the inclusion map. It follows from 2.3 that Y osf:

o

Hom(F?%) — G is the required extension ¢.

Uniqueness. We first observe that any pair Ty, 77 in 2% can be joined by a path
{T:} for which the map ¢t — x(T}) is continuous. To see this we first note that any T in
F32% can be joined to its corresponding symmetry (2x(7T") — 1) by the straight line segment
(1=t)T+t(2x(T) — 1) and that y is constant on this path. We apply this to both Tj and
Ty and then join their corresponding symmetries Sy = (2x(Tp) — 1) and S; = (2x(71) — 1)
via a path {U;SoU{} where ¢t — Uy € U(N) is norm continuous. This is possible since So
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and S; are unitarily equivalent in N and U (V) is arcwise connected. For this path we also

have

t— Y (U—tSQUt*) = Ut X(So) U;

is continuous.

Now, if {F}} is any path in FJ® then we join By to Fy and F; to By with paths on
which x is continuous, thereby obtaining a loop based at By.  of this loop is determined
by ¢ as é extends ¢. Also, 5 of the paths from By to Fy and F to By must be 0 by
hypothesis. Thus, ¢ [{F:}] equals ¢ ([{Bo e —e Fy e — o F; e — o By}]) is completely

determined.

2.12 Final Remark. While one can “axiomatize” spectral flow in this way, the
true value of any definition will lie in its “computability” or “applicability”. We hope our

definition is of value.

§3. Finitely Summable Fredholm Modules and an Integral

Formula for Spectral Flow

Let A be a unital *-algebra and let (H, Fy) be an odd Fredholm module for A. Let
u € U(A) and let F; = uFyu* so that Fy — Fy = [u, Fy]u* is compact. Then, F} =
(1 —t)Fy +tF is a path in F?°. Since 7(F;) = n(Fp) for all t, we have that sf ({F}) =
ind(p,-p,)(PoP1) where P; = x(F;) = %(F, + 1). But, P; = uPyu* so that u*P; = Pyu* is
an isometry from P; to P, and therefore is (Py-P;)-Fredholm of index 0. Thus

.Sf({Ftu}) = ind(po-pl)(Po.Pl) = ind(po-Pl)(Pou Po’u*) = ind(po-Po)(Pou Po),

the index of the “Toeplitz” operator T, = Pyu Py. Thus, the spectral flow of the straight
line path from Fy to uFpu* recovers the usual pairing of the odd Fredholm module (H, Fy)
with u in U(A). In the usual way we can jack this up to the mapping K;(A) — Z induced
by the odd Fredholm module (H, Fy).

As in [CP] one can consider odd Breuer-Fredholm modules (N, Fy) where Fp is a

symmetry in the Il factor N and A — N is a *-representation which commutes with Fy
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modulo K. Then, as above we get sf ({F*}) = ind(Ty) € R where spectral flow of the
path {F} now makes sense with our new definition.

In [G], Ezra Getzler considers odd #-summable Fredholm modules (H, D) over a unital
Banach *-algebra A. For u € U(A) he considers the straight line path from D to uDu*.

Here, D is an unbounded self-adjoint operator on H satisfying:

(1) There is a positive constant C so that ||[D,a]|| < C|la]| for all a € A4, and

(2) for t >0, e~tP%is trace class.

Letting Dy = (1 — t) D + t(uDu*) for t € [0, 1] one shows that sf ({D;}) makes sense and
Getzler proves that

sF (D)) = 71—7? /01 Tr (%(Dt) e-D?> dt.

Here, of course, /7 = ffooo et dt.

Our point here is to prove an analogous spectral flow formula for the pairing of X;(A)
with finitely summable Fredholm modules which works equally well in both the type I,
and type Il situations. First we prove a more general result which yields the theorem
for finitely summable (Breuer-) Fredholm modules as an easy corollary. The proof of the

general result depends on some (easy) technical lemmas which we leave to the end of the

section,

3.1 Theorem. Let P, ) be infinite and co-infinite projections in the semifinite factor
N. Let p > 0 and suppose (P — Q) is p-summable, that is, Tr (|P — Q|7) < +o0. Let n be
a positive integer so that 2n > p. Then, By = 2P —1 and By = 2Q — 1 are both in F.* as
i3 the path By = (1 —t) By + t By, and in this case,

n

1B =4 [ 7r(F@oa- ) @

where
nlontl

1.3.5...(271’_*_1)-

1
Cn :/ (1-)"dt =

-1
Proof: Since m(P) = n(Q), 7 (x(B¢)) is constant and so, by definition

sf ({Bt}) = ind(p-q)(PQ)-
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Now, £ (B;) = By — Bo = 2(Q — P) and also, (1 — B}) = 2%(t — t*)(Q — P)?. Hence,
d n n n n
4 (B(1 - B2 = 27t - i2)r(Q - PP

which is trace class since 2n +1 > p.

We compute:

/01 Tr <-%(Bt)(1 - Bf)”> dt

= 227+ T ((Q — P)2nH1) [ (t — )™ dt } ot 1
§ =2t —
=221 T ((Q — PY2™H1) [ (1 — 6%)™ ds goker

=Tr ((Q - P)*™™) . Cy
= [TT (11— P)Q!M) —TIr (|(1 - Q)Plzn)] - C, by Lemma 3.4

= (ind(p-q)(PQ)) - Cx by Lemma 3.5.

The claimed value of ), is proved in Lemma 3.6.

3.2 Definition: Let A be a *-algebra and p > 0 then an odd p-summable (Breuer-)
Fredholm module for A is a pair (N,F') where N is a semifinite factor (on a separable
Hilbert space), F' € N is a self-adjoint unitary in F;%, and A — N is a *-representation
satisfying: [a, F] is p-summable for every a € A. Of course, the actual module in the

algebraic sense is the underlying Hilbert space.

3.3 Theorem: Let A be a *-algebra and let (N, F) be an odd p-summable (Breuer-)
Fredholm module for A. Let P = x(F) = L(F +1) and let n be a positive integer with
2n > p. For each u € U(A) consider the path F = (1 —t) F + t(uFu*), t € [0,1]. Then,
{F}} is a path in F?* and

: ® u 1 ' d u u n
ind(PuP*) = sf ({F}}) = 27-——/(; Tr (E(Ft ) (1= (FY?) > dt.
Proof. The first equality follows from the discussion at the beginning of this section
while the second equality follows from Theorem 3.1 with @ = y (uFu*) = %(uFu* +1)

since P — Q = 1 (F — uFu*) = —3[u, F]u* which is p-summable.
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3.4 Lemma: Let P and Q be two projections in the same von Neumann algebra.
Then

1) Q@-PP=(1-P)Q+(1-Q)P
() (Q-P)Q=(1~P)Q and (P~ Q)P =(1— Q)P
(3) (Q—P)*"* =|(1-P)QI* ~|(1 —Q)P|*™ for each positive integer n.

Proof. (1) and (2) are trivial observations. We prove (3) by induction on n.

For n =1 we have
(@-=PP=(Q-P)[(1-P)Q+(1-Q)P] by (1)
=Q(1-P)Q-P(1-Q)P
=Q(1-P)(1-P)Q-P1-Q)(1-Q)P
=l1-P)Q"~|1- Q)PP

as required.
Now, suppose the formula holds for n = k¥ > 1. Then,

(Q — PEHDHL = (@ — P)2EHL(Q — P)?

= (100 - P)QI* ~ [P - @) PF*) (1= P)Q + (1 = Q) P) by (1)
= (R -P)QI Q- [PL-Q P P)(1-P)Q+(1-Q) P)
=[Q-P)QI"" - [P(1- Q) A"

=|(1 - P) QIQ(k+1) ~|(1- Q)PIZ(k+1)

as required.

3.5 Lemma: If n 13 a positive integer, P and Q) are projections in a semifinite factor

N and (P — Q) is 2n-summable in N then PQ is (P-Q)-Fredholm and

ind(p-g)(PQ) =Tr [|(1 - P) Q"] = Tr [|(1 - Q) P|*"].

Proof. Since (1 - P)Q =(Q —P)Q and (1 — Q)P = (P — Q) P the right-hand side
makes sense. Since n(P) = m(Q) the left-hand side also makes sense. Now, let V' : P — Q
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be a partial isometry in N so that PQV € PNP and PQV is (Breuer-) Fredholm with

indpyp(PQV) = ind(p-q)(PQ)

by Proposition A-2. We now apply Theorem A-7 with T = PQV, § = V*QP. Then,
working in PN P:

Ry=P—ST=P-V*QPQV =V*QV - V*QPQV
=V'Q(Q-P)QV=V"Q(1-P)QV =V*|(1-P)QI’V
Ry =P—-TS=P(P-Q)P=|(1-Q)P
so that both Ry and R, are n-summable. Thus,

ind(p-gy(PQ) = indpyp(PQV) = T'r(RT) — Tr(R3)
=Tr (V*|(1-P)QI**V) —Tr (|(1 - Q) P*")

=Tr(J1-P)Q") -Tr (J(1 -~ Q)P|*"). 1§

3.6 Lemma: For each nonnegative integer n the following holds for all integers k > 0.

1 jon+l
/ 1261 — )" dt = - n .
-1 2k +1)(2k+3)---(2(k+n)+1)
In particular,
1 ]2n+1
Co=| Q1-t¥)dt = — 2 .
[_1( ) 1-3---(2n+1)

Proof. Although we are only interested in C,, our proof by induction on n seems to

require the extra leeway afforded by the parameter k.

The case n = 0 is trivial. So, suppose the result holds for some n > 0. Then, for all
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k>0

1 1
/ t2k(1 — ¢2)ntl dt:/ 12 (1 —¢2)"(1 — %) dt

-1 -1
1 1
= / 12K (1 — )" di —/ 20 (1 42" g
-1 -1
nl 27Tl nl 27+
T CE+ )2k +3)-2k+n)+1) QQE+D+D---2k+14+n)+1)

a2 2B+ 14n)+1) - (2k+1)]
2k +1)(2k+3)--(2(k+1+n)+1)

_ n! 27%1(2n + 2)
T 2k+1)(2k+3)---(2(k+1+n)+1)
. (n+ 1) 2n+2
2k +1D(2k+3)--2(k+n+ 1)+ 1)

3.7 Remark: Alan Carey and the author are currently investigating other integral

formulas for spectral flow and their possible relations to n invariants.
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Appendix
(BREUER-) FREDHOLM OPERATORS IN SEMIFINITE FACTORS

The standard references for Breuer-Fredholm operators in a II,, factor are [B1] and
[B2]. We need a slight generalization of this theory. Let N be a semifinite factor acting on
the separable Hilbert space, H. We endow N with a fixed semifinite normal trace, Tr (if
N is a type I, factor, we assume that the trace is normalized so that minimal projections

have trace 1). If H; is a subspace of H, we denote the projection onto the closure of H;

by [H1]

Al. Definition: Let P and @ be infinite projections in the semifinite factor N and
let T'€ PNQ. We let kerg T = ker (TIQ(H)) = kerT'N Q(H). The operator T € PNQ is
called (P-Q)-Fredholm if and only if

1. [kerg T} is finite in N,
2. [kerp T*] is finite in NV, and
3. there exists P, < P in N with (P — P,) finite in N and P;(H) C T(H).

In this case, we define the (P-Q)-indez of T to be the number:
ind(p-q)(T) = Tr[kerq T — T'r [kerp T*].

We observe that if P = () then this is just the definition of Breuer-Fredholm operators
in the semifinite factor, QN @, with the restriction of Tr to QNQ.
That the expected properties hold for this index, is due mainly to the following propo-

sition.

A2. Proposition: Let P and Q) be infinite projections in the semifinite factor N
with fized trace, Tr. Let V be a partial isometry in N with V*V = P and VV* = Q.
Then,

(1) T € PNQ 13 (P-Q)-Fredholm if and only if VT 1s Breuer-Fredholm in the semifinite
factor QN Q. In this case, ind(p-gy(T') = indgno(VT) (where QNQ has the restricted

irace), and
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(2) T € PNQ is (P-Q)-Fredholm if and only if TV is Breuer-Fredholm in the semifinite
factor PNP. In this case ind(p-gy(T) = indpnp(TV) (where PN P has the restricted
(P-Q)

trace).

Proof. (1) Since T € PNQ, T = PTQ so that V is an isometry on the range of
T. Thus, [kerg T] = [kerq VT). Similarly, [kerp T*] = [kerp V*T*]. It is easy to see that
V [kerp V*T*] V* = [kerq(VT)*] so that

[kerp T*] ~ [kerg(VT)").

Now, let P; < P be so that P;(H) CrangeT. Let Q1 = VA V* < VPV* = Q. Thus,
Q- Qy = V(P — P,)V* is finite if and only if P — P; is finite, and

Q:1(H)=VPV*(H)=VP(H)C V(rangeT) = range VT.

Thus, T is (P-Q)-Fredholm if and only if VT is Breuer-Fredholm in QN @ and in this case
The proof of (2) is similar.

A3. Corollary: Let N be o semifinite factor with trace Tr, and infinite projections

P,Q. Then

(1) T € PNQ is (P-Q)-Fredholm if and only if T* is (Q-P)-Fredholm and, in this case,
ind(g-p)(T*) = —ind(p.q)(T).

(2) If T is (P-Q)-Fredholm and S € PNQ is of the form T +k for some k in K then S
is (P-Q)-Fredholm and ind(p-g)(S) = ind(p-q)(T).

(3) The set of (P-Q)-Fredholm operators with a given indez is an open connected set in
PNQ.

Proof. (1) If T and T* are both Fredholm then clearly ind(g-p)(T*) = —ind(p-qy(T).
So, suppose T is (P-Q)-Fredholm. Then if V : P — @ as above, VT is Breuer-Fredholm
in QNQ and so T*V* = (VT)* is Breuer-Fredholm in QN @ and so T*is (Q-P)-Fredholm.

(2)HES=T+kfor ke Wthen VS =VT 4+ Vkand Vk € QNQN Ky = Kgng-
Since VT is Breuer-Fredholm in QN@Q so is V.S and thus S is (P-Q)-Fredholm. Hence,

ind(p_Q)(S') = indQNQ(VS) = indQNQ(VT) = ind(p_Q)(T).
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(3) With V : P — @ as above, the map T — VT : PNQ — QN{ is an isometric
bijection which takes the class of (P-Q)-Fredholm operators to the class of Breuer-Fredholm

operators and preserves index. The result follows. [

A4. Lemma: Let E, P, Q be infinite projections in the semifinite factor, N. If
Re€ ENQ and W : P — Q is a partial isometry then R 13 (E-Q)-Fredholm if and only if
RW 1s (E-P)-Fredholm and ind(g-q)(R) = ind(g-p)(RW).

Proof. Let V : E — P be a partial isometry. Then WV : E — @ and so R is

(E-Q)-Fredholm if and only if RWV is Breuer-Fredholm in ENE if and only if RW is
(E-P)-Fredholm and

ind(E_p)(RW) = indENE(RWV) = ind(E_Q)(R). H

A5. Proposition: Let E, P, ) be infinite projections in the semifinite factor, N.
If T € PNQ and S € ENP are (P-Q)- and (E-P)-Fredholm operators, respectively, then
ST € ENQ 1s (E-Q)-Fredholm and ind(g-0)(ST) = ind(g-p)(S) + ind(p-qy(T).

Proof. Let V : E — P and W : P — @Q be partial isometries. Then VS and
TW € PNP are Breuer-Fredholm operators, so that V.STW is also Breuer-Fredholm and

indep(VSTW) = indPNp(VS) -} indPNp(TW)

= ind(p-p)(S5) + ind(p-¢)(T)

by Proposition A2. Also, by Proposition A2, STW is (E-P)-Fredholm and
ind(g-p)(STW) = indpnpVSTW
. Now, by Lemma A4 with R = ST we have that ST is (E-Q)-Fredholm and

ind(E-Q)(ST) = ind(E_p)(STW) = ind(E,p)(S) + ind(p-Q)(T). ]

A6. Corollary: If T € PNQ and T = V|T| is the polar decomposition of T then
V € PNQ and T is (P-Q)-Fredholm if and only if V is (P-Q)-Fredholm with ind(p-q)(T) =
ind(p-gy(V) end |T| 1s (Q-Q)-Fredholm of indez 0.
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Proof. One direction is immediate from Proposition Ab5.

Now suppose T is (P-Q)-Fredholm. Since V € PNQ and [range V] = [rangeT],
[range V*] = [range T*] and the range of V is closed we see that V is (P-Q)-Fredholm with
the same index as T'. But, then |T'| = V*T and so |T| is (Q-Q)-Fredholm of index 0. J§

We also need the following trace formula for the index. In the type I case, this
goes back to Calderdn [Ca] at least for pseudo-differential operators. The first proof in the
type I case for general Fredholm operators appears to be due to Hormander [H]: see also
Connes [Co] for a different proof. In the type Il setting, the case n = 1 was proved in
the special situation where T is essentially unitary and S = T* by Carey-Phillips in [CP].
Unfortunately, Connes’ elegant proof [Co, Appendix 1, Proposition 6] does not seem to

generalize to the I1, setting.

A7, Theorem: Let N be a semifinite factor with trace Tr, and let S,T € N so that
Ry =1-5T and Ry, =1 —TS are both n-summable for some integer n > 0. Then T 13 a
Breuer-Fredholm operator and ind(T) = T'r(R}) — Tr(RE).

Proof. We follow the proof of Hérmander [H] in the type I case with some modifi-
cations to make it work in the type Il case.

Suppose n = 1, that is Ry and R, are trace class. If T does not have closed range then
by Lemma 3.7 of [CP] there is a finite spectral projection E of |T| so that T = T(1 — E)
has closed range and indT = indT'. Then T’ = T — k where k = TE is trace class. Let
Rl=1-ST"'=(Q1—-ST)+ Sk =Ry + Sk and let Ry, =1 -T'S = Ry + kS which are

both trace class operators. Then,
Tr(R}) — Tr(Ry) = Tr(R1) — Tr(Ry) + Tr(Sk) — Tr(kS)

= Tr(Ry) — Tr(Ry).

Thus, we can assume that T" has closed range.

Now, if T has closed range, then we let E; = ker T; F} = (I — E1); F, = [range T, and
E; = (1—F,) = ker T*. Moreover, T' = F,TFy and |T| € F1 N F} is invertible in the algebra
F\ N Fy; hence, there is an X in FyNF; so that |[T|X = F; = X|T|. I T = V|T| is the
polar decomposition of T then let T = XV* € N so that TT = (XV*)(V|T|) = X|T| = Fy
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and TT = VITIXV*=VRV*=VV* = F,. So,
T=FKRTH

TT = F,
TT:Fl.

Now the following are easy to establish:
RlEl - E17

RyFy = [HRy By,

Ey Ry Ey = Es.
Thus,
T(FiR1Fy)=(TF)(Ri1F) =(TR)F,
= (RQT) F1 - R2T = RQ(FgT) = (FQRQFQ) T,
and so
FRF, =T(FyRF;)T.
Finally,
T’I"(Rl) = TT’(RIEl) -+ TT(RlFl)
= TT(El) + TT‘(FlRlFl)
mh@ﬁ@%ﬂﬂ&ﬂﬁ)
= dim E1 -+ TT(FQRze)
and

T’I‘(Rg) = TT(EgRgEz) + TT(F2R2F2)
= TT(EQ) + TT(FQRQFQ)

= d1mE2 + TT‘(FQRQFQ)

SO

TT(R]) - TT(RQ) = dim E1 — dim E2 = 1nd(T)
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[APS3]

[AS]

John Phillips

The general case reduces to the case n =1 exactly as in Hormander’s proof. [
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