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Abstract: By making use of a higher-order g-derivative operator, certain families of meromorphic g-
starlike functions and meromorphic g-convex functions are introduced and studied. Several sufficient
conditions and coefficient inequalities for functions in these subclasses are derived. The results
presented in this article extend and generalize a number of previous results.
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1. Introduction

Recently, g-analysis has fascinated scholars due to various applications in many areas
of physics and mathematics. The applications of g-analysis were first considered by Jack-
son [1,2]. In recent years, some scholars have written a number of papers [3-15] associated
with g-starlike functions and the Janowski functions [16]. In particular, Srivastava [17,18]
pointed out some applications and mathematical explanations of g-derivatives in GFT.
In this paper, we consider several families of meromorphically multivalent g-starlike func-
tions by making use of the Janowski function and the higher-order g-derivative. Certain
sufficient conditions and coefficient inequalities for functions in these subclasses are derived.
Moreover, several previous results are generalized.

Let X(p)(p € N) denote the family of p-valent analytic functions in U* = {z : 0 <
|z| < 1} which have the following form:

flz)=z"P+ i ak,pzkfp. 1)
k=1

Furthermore, we let (1) = X.
If f € X(p) satisfies the condition

Re(—é{éi?) >0, )

then f is called a meromorphic p-valent starlike function. We note the family by Mx*(p)
and write MX*(1) = MX*. The class M¥X* was studied by Pommerenke [19].
If f € X(p) satisfies the condition

Re(—%) >0, 3)
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then f is called a meromorphic p-valent convex function. We note this family by MC(p)
and write MC(1) = MC.
If a function ¢ is analytic in U = U* U {0} and satisfies

P(z) =1+ ) P )
k=1

and
Re(y(z)) >0,

then 1 is said to be in the family P.
Let ¢ be analytic in U and ¢(0) = 1. If ¢ satisfies

Az+1
1< <

¢(z) =

then ¢ is said to be in P[A, B].
In [16], Janowski studied the family P[A, B] and obtained that ¢ is in P[A, B] if

o= UBZOEINE (o icpasy

Let f and g be analytic in U. If there exists w analytic in U with w(0) = 0 and
|w(z)| < 1,so that f(z) = g(w(z)), then we say that f is subordinate to g, written by f < g.
Further, if the function g is analytic and univalent in U, then

f=g (zel) < f(U) cgU) and £(0) = g(0).
Definition 1. Let f € X. Then f is called to be in MX*[A, B] if

_zf'z) _ (1-A)+ 1+ A)y(z) (-1<B<AZ1,pep). ®)

f(z)  (1=B)+(1+B)(2)

In [20], Karunakaran studied the family MX*[A, B].
Let 0 < g < 1 and define [1]; as the following:

T _
qq_ll (teC)
Y adt=14+q+q*+ - +q"1 (t=n€N).

[T]q =

Let 0 < g < 1. The g-factorial [m],! is defined by

1 (m=0)
[r]qt = { ", kl, (meN).

Let v € N. We define g-Pochhammer symbol [y],, by (see [21])
oo = 1 (n=0)
Ton = VK, (n €N).

Specifically, we write [0];,, = 0.
Next, we define the g-derivative D, (0 < g < 1) for f € X(p) by

_ f(zq) — f(2)
(Dgf)(z) = Tz -1)

= — i < [k}Z'l)a_kZ_l_k + i [k]qakz_1+k, (6)
k=1

q k=1




Axioms 2022, 11, 509 30f 10

wherea_, = 1.
From (6), we can see that

lim (D, f)(z) = lim ZE0—S@) _ g1

g—1 =1 z(g—1)

Further, one can find that

p 0
O P)E) = - (h Jaoie 2 L= tganst ?
=1 =2
3) [ [Kgs T k-3
(Dq f) (Z) - Z q3k+3 a_rz =+ Z[k 2]q,3akz ’ (8)
k=1 k=3

<DWﬁ@w:ewﬂi<[@W>J“wzkﬁ+fw—p+ﬂwaﬁp, ©)
=1

(p)

where a_, = 1and D"’ is called pth order g-derivatives.

Definition 2. Let f € X. If f satisfies

qzDy f (z) 1
f T1q

then f is called to be in the meromorphic g-starlike function family MX;.

, (10)

<

It is easily seen that, when g — 17, the disk given by (10) becomes
4«@)
Re (— > 0.
f(z)

Thus, the class MY, reduces to the meromorphic starlike function family MX* (see [19]).
Furthermore, we can rewrite (10) as the following;:

B qzDqf (z)
f(2)

Further, the meromorphic g-convex function family MC; could be derived by

z+1
1—ygz

<n(z) where h(z)=

f(z) € MCy & —qzDyf(z) € MXj.

Definition 3. Ifa function f € ¥.(p) satisfies

@Y ) L (A+Dh(z) +(1-4) (ﬁ(z): 2+l §B<A§1>/
[ZP . 1]q(D$p71)f)(Z) (B + l)h(z) +(1- B) 1—9gz
ot, equivalently,
7 ~'2(D}" ) (2)
_ < s(z), (11)
29— 11,(D " 1)(2)
where (14 A)—2q(1— A)+2
_z —zq(1 - .
S(Z)_z(1+B)—zq(1—B)+2 (0<g<1l, -1=B<AZ), (12)

then f is in the family MX[p, A, B].
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Remark 1. We write the following special cases:

() MXi[1,A,B] = MS}[A, B], when p = 1.

(i) lim,_,;- ME:[1, A, B] = ME*[A, B], when p = 1.

(iii) MX3[p, A, B] = MXj[a], whenp =1, A=1-2a (0 = a < 1)and B = —1. In[19],
Pommerenke considered the family ME;[a] .

Now we define the meromorphic g-convex function family MCy[p, A, B] by

(—1)Pq2pGr—1)

o 2’DY)f € ME:[p, A, B].

feMCyp, A B —
In particular, we write MCy[p, A, B| = MCy[A, B] when p = 1.

Lemma 1 ([22]). Let (z) = 1+ 1z + 92> + - - - belong to the family P. Then

4v -2 (v>1)
Wyﬂwﬂi{z 0<v<) (13)
—4v+2 (v <0).

Lemma 2 ([23]). Let h(z) = 1+ X5, 2" be analytic in U. Furthermore, let H(z) = 1+
Y2 1 Ciz" be univalent convex in U. If h(z) < H(z), then

ml<ial (kz1).
2. Main Results

Theorem 1. If

g(z)=2z7" +k):1a,p+szp+k € MZ;[p,AB] (p22),

then
(228) (s Al (> )
mp—nad | 28 (422) (s (2p=a)
(22) (7% ) A (<o),
where
{ {(1+Bql2p =2, — Al2p — 1) (9 +1) =2} [p — 14[2p = 3], }
Alg) = +1(q +1)*(A - B)[2p — 2]ga[p — 2l
2[p —1]q[2p — 3l '
5 = P = gl2p —3lg{4+ (g +1)(A[2p — 1]y — qB[2p — 2], — 1)}
' (9 +1)2(A—B)[p —242p — 22
and
oy — P~ 1al2p —3lg{(q +1)(A[2p — 1]g =1~ qB[2p — 2]y)}

4(q+1)2(A = B)[p - 2lq[2p - 2lg2
Proof. From the assumption of the theorem, we obtain

2D ()
- - o),
27— 115D Vg) (2)
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where

This gives that

¢ 12(D\Vg)(z)
- . = p(w(z)),
2p — 1],(DY Vg)(2)

where w(z) is a Schwarz function. Now a function /(z) is defined as follows:

14 w(z)

h(z)—m:1+ ihnz”EP.

n=1
O

Furthermore, one can see that

_ 2(h(z) +1—q(h(z) -1
P@E) = S 1= qh(z) =1

)+ 1+ A)(q+1)(h(z)
)+ (1+B)(q+1)(h(z)

1)
1)

=14 31+ (A~ Bz + o (1+q)(A — B){4hy — (B(1+4) —q +3)I3}2

4 16

Similarly, we find that

P 09E) L -1

2p -1, (¥ Ve)z)  Br—Zan
[P - 1]11 2(p—1) [P - 1]11 22 [P - Z}q
- 2(p— 1z’ ’ ([Z(P—l)}q P 2p-3],

for p 2 2. Therefore, for p = 2, we obtain

o= AHDA-BRP -Vl

4qp—1p - 1],

-1
q" a1-pz

and
(A—B)[2p—3]43

1 1
—ky(q)h? = Zh
‘72’772[}7—2],4,2 (16 1(q)hy 1 2),

ki(g) = A+ q){Al2p —1]g = B([2p —1]g 1) =1} + 4.
Hence we obtain for p = 2 that

A—B [2p_3]q3 2
lay—p — pai_,| = < ) - 2 |hy — kahil,
Py 4 9P 2[p — 2, !

[p — 1]402p — 3lgk1(9) — [2(p — D]g2lp — 2]4(A — B) (g +1)?
4[2p —3lqp — 1l

az—p =

where

where

ky =

with kq(g) given by (16).

- (1+q)a2p>zz+ e

(14)

(15)

(16)

(17)

Now we can see that the conditions y > 01, 0» < u < 07 and p < 03 in Theorem 1
imply thatk, < 0,0 < ky < 1and kp > 1, respectively. By applying Lemma 1 in (17), the

desired result is obtained. This proves Theorem 1.

Applying the same method as in the proof of Theorem 1, we obtain the following

theorem for the case p = 1.
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Theorem 2. If
[e¢]
g(z) =z"1+ ];ak,lzk_l € MX;[A, B],

1 < (A-1)q+A+3
2 A=B)(gr1) =H = ‘(A—B><q+1>2)
(B -Mq+ug+DXA-B) —Aa=1] (k< gzt ):

Lettingg — 17, A = 1 and B = —1 in Theorem 2, we obtain a result of the known
family MX*.

Corollary 1. If

then

Theorem 3. Let p = 2. If

g(z)=z"P+ kZ:l a,erkz*Hk € MZ;[p, A B,

then

a_pis < ﬁ 2[j — 1]y + [2p = 1]4(q + 1)(A - B)

18
1 2laa? [ — Tl 19

for1<k=p-1
Proof. If g belongs to MX;[p, A, B], then

D))
v 2p — 114(D} " g)(2) e v

where

o) = DO 1 (B A2+ [+ (B A1+ B +0) — g} o
O]

Let -
P(z) =14 Y pizt.
k=1

Applying Lemma 2, we obtain
1
il S50+ 1)(A-B) (k1) 0)
Furthermore, from (19), we have

— 12D g)(z) = {12p - 1],(DY V) (2) Yo (2),
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which implies that

_ op-1 i (—1)p[k]q,pa —p—k+1 - _ k+1 —ptk+1
q i g A—kZ +Z[ p+k+ ]q,pakz

= qP[k+%(P—1)} k=p
0 4 1) k
=[2p-1]y| 1+ Z lpkzk Z wa_kz*p*k“
P k=14 2](r-1)

+ )
=p—

2+k qu 14z p+k+1>/
k

1

wherea_, = 1.
It is easily seen from the above formula that

(A—B)(q+1)[2p — 1gqzP-VCP22) &k [pp]—K|, 4
_ < . g 21
|2 pskl = 2[Klglp — Klgp—1 ;q% (3p—2k+21— 2)(p71)‘ak p l’ 1)
fori<k<p-1

Now

e 27 1[p - 1] ’
| < q%“””“”’é)[Zp—1}q(1+q)(A—B) [Plop p—topr
2-pl = 2lp— 2., 112)4 3021 T TG0 P

_ A+ q)(A=B)[2p —2lgp {2+ [2p—1]4(1+9)(A—B)}[2p - 3],
2q7=p =1 2q7 1 [2lq[p — 24 '

£ 2[j = 1]g+ (14+49)(A - B)[2p — 1]
lae—pl =T : 207 [flqlp — flg q

for1 < k < p — 1. This proves Theorem 3.
Applying the same methods as in the proof of Theorem 3, we obtain the following
Theorems 4 and 5.

Theorem 4. Let p 2 2. If g(z) =z P+ Y17, a_p+kz—P+k belongs to MCy[p, A, B], then

[Pla.p K 2p—1];(14q)(A—B) +2[n —1],
qPk[p — Klap nzi z[n]qqpfl[P — g

‘a—p+k‘ =
fori1<k<p-1
Theorem 5. Let g(z) =z~ + Y3 | a1z belong to MZX5[A, B. Then

g 1\<H (144q) Az[i])q+2[n_1]

fork = 2.

Lettingg - 1—, A=1—-2a (0 = a < 1) and B = —1 in Theorem 5, we have a result
of the known family MX*(«).

Corollary 2. Let g(z) =z 1 + Y02, ap_12F"1 € MZ*(a). Then
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20c+1

k .
[ §H
=1

fork = 2.

The following equivalence could help us to study the family M [p, A, BJ:

212D ¢)(2) }
1-B "— +(1-A
( ){m 11,(DF V) (2) ( ) 1 1

g€ MXi[p, A B] < - <

2-12(D{g) () 1-q| 1-q
1+B —M> ~(1+A
( )( 2p-1],(DY Vg)(2) ( )

Theorem 6. If a function g(z) =z~ 7 + Y52 a_ 4z PTF € L(p) satisfies

i<[k]qw>{‘pp‘1] (1+ A) = [p+k = 1]ga" (1 + B)| +2[p — Kl }la_|
=\ gler 2 (-2 (-1) 1 q atla_

+k>°°j k= plop1{|[2p =1y (1+ A4) = [p+ k= 1130~ (1+ B)| +2[k + ply } el
=p

(A= B)[plyp
2p —1 —1],'2+ A _ -_ 22
+[2p = glp = 1gt 2+ A)lap | < 21 (22)
then g € MX;[p, A, B].
Proof. By a simple calculation, we obtain
2-12(D"g) () }
1-B q— +(1-A
\ ){[Zp 1,0 Vg)(2) ( ) 1
2 12(Dg" g)(2) 1—9¢
1+B —"}— 1+A
( ){ 2p-11,(DY Vg)(2) ( )
| =20 9) ()} (1 - B) ~ [2p 10,1 = A)DF o)) L g
~ |{=12(DY8)(2)} (1 + B) — 2p — 1,1+ A) (DY Vg)(2) 1-4
)P~k 2p—1 _ o
Zk 1 q” 15[1:? (1;,[ Z] ]q“ Kz? k+Zk:p71[k+2—P]q,p[2P—1]q‘1k2k+p
P 0 _
. +X 17‘7 )[H”'qul)] a_ 2P KL Y P k1 plopaztP
(4~ >W+<A+1>w 1![2p — Ugay-12~!
r k _ —
T s (2 — g (A + 1) — (14 B Hp — 1+ Klgha_ya?
q
+ 552 {120 — Ug(A+1) = (B+1)g% Np — 1+ Klg} [k — ply perarzr
q
+ 1—g
_ k k o
At el 4 [p = 10gt(2p = glapoal + Ty lk - plypalk + plyla
<2 4 o + 12 . (23)
<(pp1)<3p2(A B) — (1+A)[P_1](1![227—1]q|”p—1|> 1
[k]qp 1 _ _ — —k
T T {l2p = 1g(A+1) = B+ 1)[p+k—1+]497 ¥} |l

— Ttk = plopia[{[2p = Ug(A+1) = (B+1)g? p +k — 1 }||ax|
O
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Now, it follows from (22) that the last expression in (23) is less than 11717 This proves
Theorem 6.

Theorem 7. Ifa function g(z) = z71 + Y52, ax_12K~1 € ¥ satisfies

i{z[k]q +|qlk—1],;(1+ B) — (1— A)| }ar_1| < A—B, (24)
k=1

then g € ME;[A, B].
Proof. By simple calculation, we have
D
non () aw
z(Dgg8)(z —
(1+B)(-E28D) —(144) 174
8(2) +42(Dgg)(2)
9(1+B)z(Dgg)(z) + (1+ A)

Vi [Klglak—1]
(A=B) = L lg(1+ B)[k =1y + (1+ A) a1 ||

< _1

=q+2’

= 25)

From (24) we can see that (25) is less than 11751 This proves Theorem 7. [

Letting A=1—-2a (0= a <1),B=—1and g — 1~ in Theorem 7, we obtain a result
of the known family MX*(«).
Corollary 3. Ifa function g(z) =z~ + Y52, ay_1z"~1 € X satisfies

Y (I+k—a)|gq]<l—a (0Sa<1),
k=1

then g € ME* (a).
Applying the same method as in the proof of Theorem 7, we obtain the following theorem.

Theorem 8. Ifa function g(z) = z~1 + Y5>, ax_12F~1 € ¥ satisfies
Y {2[k]y + |qlk = 1]4(1 4 B) — (1 = A)| } [k — 1]glar_1| < A—B,
k=1

then g € MCy[A, B].
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