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Abstract

A systematically improvable, ab initio model is developed to compute nuclear-structure-dependent elec-
troweak radiative corrections in superallowed Fermi g decays. With inter-nucleon interactions derived
from the low-energy symmetries of quantum chromo-dynamics via a prescription of effective field theory,
the nuclear many-body configurations are obtained in the quasi-exact, no-core shell model. This approach
rigorously treats all nucleons as active degrees of freedom in solution of the non-relativistic, many-body
Schrodinger equation with Hamiltonian constructed from chiral effective field theory.

One of the two key nuclear-structure corrections to superallowed 5 decays, known as dng, arises from
modifications to the one-nucleon yW box diagram when immersed in the nuclear medium. It is computed
for the two lightest superallowed transitions: the '°C — B and YO — N transitions. The nuclear
YW box amplitude is itself explicitly evaluated as the time-ordered product of the electromagnetic and
charge-changing weak current operators, providing a transparent multipole decomposition of the currents.
The resulting complicated amplitude structure involves many-body resolvent operators which are treated
with the Lanczos strengths method, the key tool of this dissertation. As much as is permitted by the
Lanczos algorithm, this method incorporates quasi-exact information about the complete intermediate
nuclear spectrum. For 19C — B, we find the nuclear-structure-dependent radiative correction g to be

ons[10C — 1'B] = —0.422 (14)pme(4)0(9)x (24)sn (12)na %

which represents a 1.6x reduction in the quoted uncertainty compared to prior literature estimates despite
the accounting for additional uncertainties. Preliminary results for the #O — N transition indicate a
markedly different distribution of the amplitude strengths, reflecting a strong Gamow-Teller suppression
and highlighting the need for higher-multipole analysis before a final value is quoted.

These precision gains directly impact the determination of V4 and thus the top-row, Cabibbo-
Kobayashi-Maskawa matrix unitarity test, motivating renewed experimental efforts — particularly a more
precise measurement of the '°C branching ratio — and opening the way to analogous, precision ab initio
studies for other electroweak processes in light nuclei.
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Chapter 1

Introduction

Nuclear physics is the study of the atomic nucleus, a quantum system which is the foundation of all
magcroscopic structures we see in nature, from molecules to cells to stars. Theoretical nuclear physics
is concerned with understanding the emergence of these structures from the most fundamental theory
of quanta available to us, the Standard Model (SM) of Particle Physics, as well as how these systems
interact with their environment and undergo reactions and decays. However, nuclei are non-trivial to
describe, requiring competency in Quantum Field Theory (QFT) and quantum many-body theory, as
well as advanced mathematical and computational techniques, to describe even the simplest systems with
which we are familiar.

Unfortunately for the already fatigued nuclear physicist, nuclear structure is governed by the theory of
colour interactions and strongly-interacting phenomena — denoted Quantum Chromo-dynamics (QCD) —
which, in the low-energy regime where nuclei exist, is highly non-perturbative. There has been tremendous
progress with our understanding of QCD since its formulation during the earliest days of the SM in the
1960s. Yet, as of today, we continue to suffer under the weight of strongly-coupled gauge theories and
limited analytic information is known about critical aspects of the physical theory, e.g., colour confinement.
We have since turned to numerical models to ascertain properties of the theory at different energy scales
via approaches such as Lattice QCD (LQCD) for sub-nuclear physics or models for nuclei based upon
effective field theories of QCD and quantum many-body theory. While we may fantasize about the
possibility of one day describing nuclei directly from LQCD, the colour-confining aspects of QCD and
the consideration of low-energy phenomena make it very much possible to describe the bulk properties
of nuclei in terms of effective, composite states of the fundamental quanta of QCD. These states are the
proton, neutron and the pions; the former two frequently referred to as nucleons and all of them made from
colourless combinations of quarks and gluons, the true degrees of freedom in QCD. Then, in this picture of
nuclei, the underlying theory of QCD is responsible for the effective inter-nucleon interactions experienced
by protons and neutrons — very much akin to a Van der Waals type interaction — which is ultimately
what binds the atomic nucleus. The quantum many-body description of nuclei with realistic inter-nucleon
potentials derived via a mathematically well-defined connection to QCD has been a long-standing goal of
what is nowadays referred to as ab initio nuclear theory.

Now, dear reader, if you are a non-nuclear physicist, perhaps you may be asking yourself the following
questions or making the following comments.

Why expend the effort? After all, all we know is perturbation theory!
Is nuclear phenomenology not enough? We have been doing it for decades and it works just fine!
Shall we not just leave the quarks and gluons and the protons and neutrons be?

— Someone, Somewhere, Sometime
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Figure 1.1: Pictured in subfigure (a) is the tree-level 8 decay process of U; — Uy + v, + et for the
nuclear Fermi transition °C — B. In subfigure (b), we illustrate a higher-order, virtual electroweak
process for the same transition, known as the YW box. Protons are shown in blue and neutrons in red.

To answer, let me begin by stating that a fully predictive ab initio theory for nuclear structure and
reactions is critical for the wider physics community. The regime of nuclear physics is vast and thus
overlaps with many sectors of theory and experiment in various fields of physics. The principle narrative
of this dissertation will be that our ability to investigate nuclei can significantly impact high-precision,
fundamental symmetry tests of the SM and, furthermore, our understanding of the existence of new
physics.

For example, in studying special forms of 8 decay observed in nuclei, referred to as nuclear Fermi
transitions, it is possible to probe aspects of the weakly-interacting sector of the SM. We refer to subfigure
(a) of Fig. 1.1, which shows the tree-level Fermi decay of the lightest possible transition in °C — 1°B.
The amplitude for such a transition between lepton-nucleus, plane-wave QFT states is given by

G o o
Miree (pg, pis kp ki) = —7; (kg ki) {Og; py | J\TNA(Q) | Wispy) (1.1)

where L) is the leptonic current and the amplitude between external hadronic nuclear states W; and Wy is

of the charge-changing weak current operator J\TN)‘. We will dissect this in more detail in Sec. 4, however,
superficially this current arises from the weak charge-changing (WCC) part of the SM Lagrangian

dr,
G _
Lweoe = —7}; (ﬂL Cr, tL) ’)/“T/V;r Vekm | s | + hee. , (1.2)
br
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Figure 1.2: (Left) The modern CKM unitarity landscape with values for V,,4, Vi,s and the ratio Viq/Vys
annotated with their corresponding experimental extractions [6]. The dashdot lines and bands respectively
represent the central value and uncertainty in the extraction of a given top-row element of the CKM
matrix. The black line indicates the exact unitarity constraint. (Right) Figures taken directly from
Ref. [7] with evaluations for a range of nuclei from °C to ™Rb of (a) ft values as extracted from
experiment (b) corrected Ft values with higher-order SM processes included.

and, for the moment, what is most important to know is that the SM object responsible for guiding such
decays at the quark level — the Cabbibo-Kobayashi-Maskawa (CKM) matrix — appears as a 3 X 3 unitary
matrix in said Lagrangian [8, 9]. Via processes such as nuclear Fermi decays, it is possible to constrain
an entry of the CKM matrix, V4, which describes the probability of an up-down quark transition and is
the largest contributor to the top-row unitarity condition

H/ud|2 + |Vus|2 + |Vub’2 =1 . (1.3)

Due to the properties of the interaction as well as the interacting nuclei, e.g., the conserved-vector-current
hypothesis and the 0T — 0T nature of the decay, one may derive that

|Vud‘2 = fé + higher-order corrections (1.4)
where the quantity ft is the product of a phase-space factor and the half-life of the decaying nuclear
system, and K is a constant [7]. The most remarkable feature of this relation is that, up to higher-order
corrections, we should expect identical values of ft across the nuclear chart irrespective of the decay we
choose to observe.

We refer to Fig. 1.2. Pictured in the subfigure on the left-hand-side is the modern landscape of CKM
unitarity constraints, with V4 as extracted from the 15 most precisely measured nuclear Fermi transitions
ranging from 1°C to ™Rb. See Ref. [6] and references therein for details on the evaluations of V4 and
Vus as shown in this subfigure. We note that the contribution of V; to the top-row unitarity sum is
neglected as its absolute magnitude lies below the current precision of theory and experiment. If we
quickly turn our attention to subfigure (a) on the right-hand-side, we see the extractions of ft for the set
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Figure 1.3: Pictured is the muon-capture-driven, tree-level 3 decay process of ¥; + u~ — Wy + v, for
the known transition '2C — 12B. Protons are shown in blue and neutrons in red.

of transitions are clearly not identical. In reality, at the precision level of 10~* that we currently target
in the top-row unitarity test, these aforementioned higher-order corrections are of great importance. It is
only after inclusion of such corrections that we may arrive at a quasi-transition-independent extraction
of V4, e.g., see subfigure (b) of Fig. 1.1 for an example of a higher-order electroweak process, with the
transition-independent Ft values as pictured in subfigure (b) of Fig. 1.2. The major takeaway from this
discussion is that we require precision estimates of these higher-order corrections in nuclei if we want to
extract Vg from Fermi decays; these cannot be obtained from phenomenology. Thus, if we can apply
our state-of-the-art models of nuclei in conjunction with precision electroweak theory, we may indeed say
something important about the fundamental character of weak interactions in the SM; see Refs. [10, 11, 12]
for examples of discussions on just how much we can do!

Moreover, a series of recent analyses of the CKM unitarity condition [12, 13, 14, 15, 16] provide
compelling evidence of a statistical discrepancy with the SM prediction, as can be seen in the subfigure
on the left-hand-side of Fig. 1.2 by the non-overlap of the unitarity constraint (the black line) with the
current estimates of V4 and V,s. This condition, if unsatisfied, is a key indicator of missing physics
in the weak sector of the SM. Important to note is that the size of the nuclear uncertainties entering
the extraction of V,4 almost doubled between subsequent evaluations in 2015 [17] and 2020 [7] due to
unmanaged nuclear structure effects. This dissertation is then very timely in that the focus is entirely
on improving the precision of the dominant nuclear structure uncertainty in the V,,4 extraction [18], the
so-called YW box diagram illustrated in subfigure (b) of Fig. 1.1, so that we may make clear the nature
of this discrepancy.

Other Processes of Importance in Nuclei

We have focused on nuclear Fermi decays as they are the core topic of this dissertation, however, with a
predictive ab initio theory, one could contribute to a variety of fundamental symmetry tests of the SM.
We mention several here (but not all) that are currently under pursuit by our community.

Neutrino-less Double Beta Decay — While to this day unobserved, a famous process referred to as neutrino-
less double 3 decay (Ov((3) is very frequently touted as the next potential major discovery, confirmation
of which would indicate the Majorana plus Dirac nature of the neutrino [19]. Several of our colleagues
at TRIUMF and many others in the community have paid numerous hours to improving the precision of
nuclear amplitudes entering OvSf and it is a very active area of theory research [20, 21, 22, 23, 24, 25]



CHAPTER 1. INTRODUCTION

with a plethora of nuclear physics experiments under construction with the hope of achieving the first
observation. Its cousin, two-neutrino double 8 decay (2v3[3), is the rarest observed process in nature
and significant effort from the community was made to benchmark predictions in nuclei for unphysical
variants of such transitions [20]. As a test of the machinery developed in this dissertation, we replicate the
original benchmarks performed in Ref. [20] and perform new ones (which remain unpublished) with the
valence space, in-medium similarity renormalization group (VS-IMSRG) approach levied by our fellow
group at TRIUMF. More details will be presented in Sec. 3.4.

Muon Capture and Muonic Atoms — Beyond this, we refer to the muon capture process depicted in
Fig. 1.3, theoretical predictions of which serve as an excellent testing ground for the amplitudes which
enter OvB3 and 2v3S calculations, with similar momentum transfer, electroweak currents and nuclei at
play [26]. As a follow-up to the work presented in this dissertation, we are pursuing two separate projects,
one on muon capture and another on muonic atoms in the same formalism.

Neutrino-Nucleus Scattering — The various next-generation accelerator programs dedicated to the study
of neutrino-nucleus interactions, e.g., ANNIE [27], COHERENT [28], CONNIE [29] and MINER [30],
naturally provide motivation for a parallel theory program on lepton-nucleus interactions. Such exper-
iments will offer comprehensive studies into neutrino physics, e.g., see Refs. [31, 32, 33], including but
not limited to (i) electromagnetic properties of the neutrino, (ii) deviations from the Weinberg angle at
the MeV scale, and (iii) non-standard neutrino interactions with hadrons. Improvements to the theory of
neutrino-nucleus interactions are thus crucial to the success of the up-and-coming experimental programs,
particularly in the disentanglement of new physics effects and SM predictions. Preliminary ab initio stud-
ies have already been performed in “°Ar [34] as early as 2019, more recently in heavier systems [35], and
more broadly with the shell model for a wide range of systems relevant to experiment [36].

Anapole Moments and Electric Dipole Moments — Experimental measurments of electric dipole moments
(EDMs) are similarly sought after as any realistic, non-zero observation with today’s technology would
indicate new physics as the threshold for measurment presently expected from SM physics for electrons, nu-
cleons, and nuclei is beyond the capabilities of modern techniques. With sophisticated nuclear approaches,
we may highlight nuclei of interest for future experimental studies, e.g. ''Be, which has a ground state
halo structure with strong electromagnetic transitions to other low-lying bound states, meaning significant
enhancements to the nuclear electric dipole moment are anticipated [37]. Closely related to the EDM
experimental program are measurments of the so-called “anapole moments”, as originally proposed in
Ref. [38], which arise from the heavily suppressed, parity non-conserving, neutral-current weak interac-
tions in nuclei. In the SM, these arise as loop-level radiative corrections to electromagnetic interactions
which imbue the system with the quoted additional electromagnetic moment. Precision measurments of
anapole moments in nuclei seek to act as a gateway to increasingly precise measurments and theoretical
predictions of nuclear EDMs [39, 40].

Reactions for Astrophysics — Additionally, predictive nuclear theories are intrinsic to a deeper understand-
ing of nuclear astrophysics. Relevant reactions are often not accessible through laboratory experiments,
due to the low-energy nature of cosmic processes. The development of an ab initio theory for the descrip-
tion of astrophysical processes is paramount [41, 42| as one can then address the experimental obstacles
typically encountered in nuclear astrophysics, providing direct connections between macroscopic astro-
physics and QCD. Reactions of major theoretical interest include the 2C(a, )0 transfer reaction and
13C(a, n)190 radiative capture reaction, which are needed for complete understanding of the astrophysical
processes (such as the s-process in stars) responsible for producing heavy elements. Of similar interest is
the 1N(p, )0 proton capture reaction, which must be well understood for an accurate description of
the famous Carbon-Nitrogen-Oxygen (CNO) cycle in stars. Another reaction of interest is the neutron-
induced *N(n,p)!*C charge exchange reaction, which is relevant for stellar nucleosynthesis. While there
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exists fair amounts of experimental data, there also exists a discrepancy in the *N(n,p)4C cross sec-
tions [43]. Lastly, there is great effort in attempting to understand the formation of heavy-elements from
the primordial abundance of light nuclei [44]. The complicated reaction processes in the first stars are the
gateway to understanding how light-nuclei clustered into their heavier counterparts. A fully predictive ab
1nitio theory capable of describing clustering in nuclei could assist in shedding light on the early formation
of heavy elements in our universe.

The timely future investment in the development of ab initio theory for the description of precision
SM and beyond SM processes — particularly in, for example, light-nuclei where the many-body errors are
more rigorously understood — will provide value not just in benchmarking with less-exact, yet scalable
many-body methods but in furthering a research program which addresses critical goals of the wider
nuclear, particle and astrophysics communities.

The State-of-the-Art in Nuclear Theory

Broadly speaking, research efforts in modern nuclear theory may be divided into two main categories: the
formulation of effective strong and electroweak interactions in nuclei and the development of quantum
many-body methods that can employ said interactions in realistic calculation. The former will be briefly
discussed in the subsequent sections with some early history presented below. For the latter, I will present
a birds-eye view of the field here while in Sec. 2.3.3 I will introduce the favourite many-body method of
our sub-group at TRIUMF': the no-core shell model.

This division highlights the longstanding and still fundamental challenge of arriving at a unified
description of nuclear structure and dynamics from the underlying Standard Model (SM). As bound
states of (nucleons, which are bound states of) quarks and gluons, nuclei exist as complex bound states of
strongly-interacting quantum matter which form via the theory of Quantum Chromo-Dynamics (QCD).
What’s more, additional complexity arises in the nuclear environment due to electromagnetic interactions,
described via Quantum Electro-Dynamics (QED), as well as the weak sector of the SM. At the time of
writing this dissertation, the intractable complexity of describing bound systems in Quantum Field Theory
(QFT) coupled with the highly non-perturbative form of the QCD Lagrangian in the strong coupling
regime has made effective field theory (EFT) methods truly indispensable tools in the construction of
realistic models of nuclei. At the absolutely highest level, EFTs are quantum field theories which are by
construction valid within a bounded energy domain, often characterized by an energy cutoff scale. Such
a construction naturally permits a systematic, order-by-order expansion of the Lagrangian in powers of
ratios of the characteristic momentum of the constituents of the theory and its cutoff scale. To our
knowledge, the earliest discussions of an EFT formalism for the treatment of strongly-interacting systems
were presented by Schwinger in Ref. [45] and Weinberg in his seminal work on 7 — 7 scattering [46].
Despite the early success of the formalism in reproducing the state-of-the-art results of current algebra
with a substantial reduction in effort, it took some time for the ideas to be fully appreciated — even
in Weinberg’s own work — as discussed in his various addresses on the historical developments of EFT,
e.g., see Ref. [47]. First presented in applications to strong interactions in Ref. [48] and later formalized
and extended by Gasser and Leutwyler in Refs. [49, 50], Chiral EFT (YEFT) has become recognized as
the “gold standard” for a low-energy, effective description of QCD. While I believe that I could never do
true justice to the material here, in the first two preliminary sections I aim to provide a grounded and
accessible picture of the foundation of modern yEFT approaches.

On the other end of the field, more where our group at TRIUMF is situated, we are concerned
with the development of solvers for the quantum many-body problem and with the application of many-
body theory. Our group’s favourite method is the no-core shell model, a direct large-basis discretization
and diagonalization approach to constructing solutions to the nuclear Hamiltonian with roots dating as
far back as the mid- to late-1990s. We will provide more background on this approach later. Since
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that time, a wealth of approaches have emerged in nuclear theory, several with direct inspiration from
approaches in quantum chemistry, e.g., Coupled Cluster [51], IM-SRG [52] with related works in quantum
chemistry [53], Self-Consistent Green Functions [54] and many others. The field has been characterized by
the rapid expansion in methods capable of scaling better with the number of quanta to consider, pushing
well beyond the traditional realm of light nuclei. I highly recommend the interested reader in perusing
Ref. [55] for a “guided tour” of the recent developments in the last two decades.

This dissertation covers many topics and the dissertation is organized as follows. The first chapter
following the introduction, Chapter 2, will cover the low-energy, symmetry properties of QCD and develop
the most basic form of YEFT for the pion sector of the theory. In the remaining two sections, I will
introduce the no-core shell model (NCSM), a non-relativistic quantum many-body formalism for the
numerical solution of the Schrédinger equation, as well as the supremely important Lanczos algorithm,
which provides much more than it claims to at first glance. In Chapter 3, we will re-derive expressions for
the non-relativistic reductions of the electroweak current operators as seen in literature, provide a rigorous
connection of QFT amplitudes to their non-relativistic counterparts and present the reproduction of prior
NCSM results for 2v35 amplitudes as a test of the current machinery. In Chapter 4, we will present the
main results of this dissertation on calculations of the vy box electroweak radiative correction for the two
lightest nuclear Fermi decays possible, the '°C — B and *O — *N. To get there will require deriving
a form of the Compton tensor for a time-ordered product of electroweak currents suitable for nuclear
theory calculations as well as a thorough analysis of the pole structure of the YW box function. We will
then summarize our findings and make a statement about the possible impact on related experimental
programs.



Chapter 2

Preliminaries

As I have emphasized in the introduction, the ab initio nuclear theory community is divided into two
parallel efforts, one side tackling the construction of realistic inter-nucleon interactions and the other
developing solvers for the quantum many-body problem with theories constructed from said inter-nucleon
interactions. The preliminary sections I present here reflect this, with the first two sections focused on
the low-energy characteristics of QCD and its realization via chiral effective field theory (YEFT), while
the latter two sections focus on the favourite many-body formalism of our group at TRIUMF, the no-core
shell model (NCSM), and important results in the field of many-body theory a la Lanczos.

While not the focus of my personal research program, in the first two sections of this chapter, I will
discuss the symmetries of low-energy QCD and I will guide the reader through the derivation of the
leading order (LO) contributions to the pion sector of chiral EFT. This was completed in the hopes of
improving my own competency in the contemporary language and tools of EFT which have become a part
of almost every facet of nuclear theory. The presentation is inspired by several key review articles, e.g.,
see Refs. [56, 57, 58], which offer more comprehensive treatments of the formalism. As taken directly from
an address by Weinberg, a pragmatic implementation of an EFT typically follows the following sequence
of well-defined steps.

(i) Identify the relevant low- and high-energy scales as well as the low-energy degrees of freedom.
(ii) Identify the symmetries and the symmetry breaking patterns of the low- and high-energy theories.

(iii) Construct the most general effective Lagrangian possible consistent with the broken (and the un-
broken) symmetries.

(iv) Organize an expansion in the low-energy regime using ratios of momenta with powers of the high-
energy scale.

(v) Evaluate the set of infinite Feynman diagrams to the desired accuracy.

We note that the formal development of EFT, particularly in the context of strongly coupled theories such
as YEFT [59], is an active area of research with ongoing debates about best practices, potential caveats
and lots of unanswered questions about the domains of applicability in many-fermion systems. Where
deemed necessary, we will reference ongoing debate in the literature.

In the latter two sections, I will discuss content directly relevant to my core research program. In
particular, we will focus on a sole method which has been developed over the last 30 or so years, with
the earliest papers emerging in the late 1990s [60, 61, 62]. This approach is known as the no-core shell
model and, up to the assumptions of the model regarding nuclei as composite structures of protons and
neutrons, in the infinite basis limit the method is exact. Coupled with the Lanczos algorithm for the
tri-diagonalization of large, sparse matrices, the no-core shell model is a conceptually simple yet powerful
approach well-suited to the rigorous description of light s- and p-shell nuclei. More on this later.

Let us now begin our walk through of yEFT.
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2.1 Quantum Chromo-Dynamics

The Standard Model is our greatest modern theory of quantum interactions. In nuclear theory, we are
concerned with every aspect of the SM, though are principally interested in the theory of the strong
interaction known as QCD. We refer the reader to Ref. [63] for introductory lectures on QCD intended
for students of high-energy phenomenology as well as Ref. [6] for a brief but all-encompassing, modern
collection of reviews on the subject. We will keep the discussion at a relatively high-level with the intent
of summarizing results relevant to the effective field theory narrative.

The strong interaction is one of four known fundamental interactions in nature and one of the three
successfully incorporated into the SM. QCD is a Yang-Mills gauge theory with a local gauge invariance,
i.e., an invariance with respect to space-time dependent transformations, described by the SU(3). colour
group. The first suggestion of the existence of colour charge came in independent works by Greenberg
in 1964 [64] and Han and Nambu in 1965 [65]. Today, we know that in QCD there exist fermionic fields
with colour quantum numbers, known as quarks, and colour-changing bosonic fields, known as gluons,
which are the basic constituents of the theory. Quark fields exist in the fundamental representation of
the colour group 3 and anti-quarks in the corresponding conjugate representation 3*; the dimension of
the representation comes solely from the number of colour degrees of freedom observed in nature, that
is, N. = 3. Thorough analysis via high-energy spectroscopy inidcates that there are six quark flavours
of different mass but identical dynamical properties with respect to the gluon fields. The modern 3-
generation QCD Lagrangian with six flavours (Ny = 6) of quarks is written as

Ny VYg,R
RN j 71 1 a [z ¢
£QCD = Z“%’Y“[D“]ij wé _mqwqwqi - ZGNVG " Qf)q = wq,G ) (21)
q=1 wq,B

in which we have the 3-spinor wé quark colour fields with mass mg, flavour ¢ € {u,d, s, c,b,t} and colour
index i € {R, G, B}. Definitions of the gamma matrices may be found in Appendix A. The gluon field
strength tensor is given by

G, =8, AL — 0, A% + o ff, AZ AS (2.2)

where we write the vector field which mediates colour charge as A, = T"Aj in the basis of gluon fields
A, i.e., the basis of QCD bosons. Akin to electromagnetic field of QED, this field is responsible for all
interactions between quanta with colour charge. The quantity «; is the coupling constant of QCD which
is perturbatively small at high-energies but O(1) at low-energy. The covariant derivative D,, in the above
expression is defined as

D)y = 83 O — 5 TG AL (2.3)
where the coupling g5 is the strong interaction coupling and the set {T'*} are the eight generators of the
SU(3), colour group. These generators, referred to as the Gell-Mann matrices [66], act in the fundamental
representation of the colour group as linear maps (rotations of the quark colour fields) and satsify the
SU(3) Lie bracket algebra

[T, T"] =i fupe T° a,bee{1,---,8} , (2.4)

where fqp. are the real and anti-symmetric algebraic structure constants.

The Bosons of QCD

The gluon field is composed of the colour-charged QCD gauge bosons and it tells us how colour-charged
quanta interact with one another. In order to exhibit the general exchange of colour charge, the gluon
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fields must themselves be composed of a superposition of colour and anti-colour configurations; they must
be built from at least quark-anti-quark pairs. Thus, in terms of the colour degrees of freedom, the gluons
must be represented in the product space 3 ® 3* = 8 @ 1 which indicates eight possible gluon states.

\ 7
4 N

Remark 2.1.1 (Colour Singlet Gluon State). From the Young-Tableaux decomposition 3®3* = 8 B 1,
there exists a gluon state which occupies the singlet representation 1. This state is incapable of colour
changing processes and is given by ’G9> = % (‘rf> + ’g§> + |bb>) .

\
4

N

Colour Confinement

Today, the property of QCD most perplexing to theorists is referred to as “colour confinement” and its
principle implies that quark and gluon fields, as we describe them in QCD, are not directly observable in
nature; only colour-less gauge invariant objects are observable. This means that any detectable quanta
constructed from quarks and gluons must be colourless! The gauge-invariant, many-quark bound states
that we observe in nature are referred to as hadrons. Confinement is thought to arise from the uniquely
different structure of the QCD Lagrangian compared to other physical theories. We point to the gluon
field strength tensor defined in Eq. (2.2) which notably contains terms quadratic in the gluon fields due to
the non-abelian structure of SU(3) algebra, then meaning that the QCD Lagrangian in Eq. (2.1) is quartic
in the gluon fields. This results in fervid self-interactions between the gluon fields, particularly at low-
energy where the QCD coupling «; is O(1). Obviously, this is quite different from the QED Lagrangian
with the electromagnetic field strength tensor given by

F,=0,A4,-0,4, |,

and no direct coupling between the bosonic fields. The result is that photon self-interactions are weak
and only emerge at high-order in perturbation theory, contrary to low-energy QCD where the gluonic
self-interactions produce highly non-linear behaviour and result in a theory which is mathematically
challenging to understand. As an aside, one of the first major breakthroughs in our understanding of
confinement for QCD-like theories came from Wilson, who made great insights with lattice simulations
in the early 1970s [67], pioneering our understanding of confinement in quarks. There are several works
from Seiberg and Witten, e.g., the famous work on four-dimensional SU(2) supersymmetric Yang-Mills
theory [68, 69], which further pushed the frontier of our understanding of confinement. Needless to say,
there is much to be done on this front, but there are several novel pursuits which have emerged in recent
years attempting to probe theories by deformation from the SUSY limit [70, 71]. Much of the work being
done these days is in the form of numerical simulation via LQCD, which has made tremendous progress
on describing the fundamental QCD spectrum and, more recently, electroweak processes embedded on
the lattice.

The Flavour Symmetry of QCD with Equal Mass Quarks

In the following, we will typically use indices (i, j) to represent the colour degrees of freedom and we will
use indices (g,r) for flavour indices. Let us consider the case of a QCD-like theory with an arbitrary
number Ny of quarks with equal mass m. Then, in the limit of equal mass quarks, we find that the

10
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Lagrangian for QCD becomes

Ny
S 29

If we apply an infinitesimal global flavour transformation of the form
1/12 — 0T 1/12 eP"Ta — 1 4 50T, + O(a?)
then we may write the variation in the quark fields 1, to first order as
Sy = —ida” [Ta}; e Sy =i o’ YL [T,] ’”q 640 =0 ,

where we have of course applied the Euler-Lagrange equations in deriving the above. We now pause to
introduce Noether’s theorem, one of the most important theorems in modern theoretical physics.

\ 7
4 N

Theorem 2.1.1 (Noether’s Theorem). If a Lagrangian has a continuous symmetry of either global
or local character, then there exists an associated Noether current that is conserved when the equations

of motion are satisfied [72]. Consider a Lagrangian L(¢1,...,¢xN) which is invariant under a continuous
infinitesimal transformation that we parameterize by the set of variations day for a € {1, ..., N }, then
the variation of £ with respect to o is
N
oL oL oL O, oL ¢y,
— = -0 — 40| =0 . 2.6
dag nz_:l { {8(]571 u@(aﬂgbn)] darg a {8(8}@”) (5aa] } (26)

Of course, the first term is the set of Euler-Lagrange equations that define the equations of motion for
the theory, and when they are satisfied, this term is zero. The result of Noether’s theorem is hence

oL 5%] 0

55,90 o (2.7)

8, J = aﬂ{

where J* is a conserved Noether current.

\ 7
4 N

Let us now apply the above theorem to the equal-quark-mass version of the QCD Lagrangian in Eq. (2.5).
This yields the set of conserved Noether currents in terms of the basis of gluon fields

JH =i lim_ 2EQoD

7Ta7"i:_‘q“Ta7“i ap _
mg—m Yq 8(3/11%) [ ]q wr % Y [ ]q wr auj 0 ,

which gives rise to the following conserved charges
Q(t) = /d% JO(t, &) = /d?’x D (8, 7) 7 [T], ¢t )
We say that these are conserved charges as the current conservation condition implies
Do Q(t) = /d?’x Do JO(t, &) = —/d% VTt 1) — Q=Q

that is to say, the charges Q® are time-independent and thus commute with the Hamiltonian of the theory.
The charges then satisfy the SU(Ny) algebra

[Qa7Qb]:ifabCQc a7b7c€{17"'7N'?_1} )

11
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and we identify the basis of charges Q% as the generators of flavour transformations. We have thus
identified explicit flavour symmetry in the Lagrangian. We further see that the one-particle QFT states
(which have yet to be defined clearly but I promise it will come) transform under flavour rotations as

|75 v)=Q%p;r)=-T%p;r)

The realization of a global symmetry in this way, i.e., with the appearance of a multiplet of identical mass
particles, is known as the Wigner-Weyl realization. While we know from experiment that, unfortunately,
there does not exist a multiplet of equal-mass quarks, we will soon find that the Wigner-Weyl mode is
not the only possible way to realize a global symmetry of the Lagrangian. In fact, it is not the way in
which nature prefers to realize the SU(3). colour group. Nevertheless, in the true theory, the three lightest
quark states (u,d, s) exhibit an approximate flavour symmetry due to their light masses with respect to
the heavy (c,b,t) quark states. This is an important point to note for the following discussions.

The Approximate Flavour Symmetry of QCD

Let us now consider a modification of Eq. (2.5) in which we perturb the theory around the equal mass
limit. We may take the quark masses to be my; = m + dm, which, if we work out the variation of the
Lagrangian with respect to the same global flavour transformations, leads to the following approximately
conserved Noether current

. dLqen .o .
ap 1 Ta 1 q M Ta 2
J qui%Vq 7@((’%@%) [ }q U =M [ }q Yy

O #0 ~ O(dmg — dmy) ,

which is non-zero and directly proportional to the differences in the quark masses. The flavour symmetry
of the QCD Lagrangian is explicitly broken by the non-equal quark masses. However, physically speaking,
there are a subset of quarks for which the mass differences are small enough to be considered perturbative
effects and so the symmetry is approximately preserved. The approximate flavour symmetry of the
light-quark QCD Lagrangian manifests itself in the observed properties of the lightest hadrons. In the
idealized case where quark masses are identical, hadrons would self-organize into degenerate multiplets of
the flavour group SU(Ny). While this exact symmetry is generally broken in nature due to the non-zero
quark mass differences, it is physically observable that a subset of quarks — most notably the up (u) and
down (d) quarks — exhibit an approximate preservation of the symmetry. Compelling empirical evidence
for this comes from the near-equality of the proton and neutron masses, as well as the approximate mass
degeneracy of the charged and neutral pions. Mechanically speaking, the approximate flavour symmetry
of the u and d quarks is described by invariance of the light-quark QCD Lagrangian under the SU(2)
nuclear isospin group. In this way, nucleons are conveniently represented as isospin-1/2 doublets which
transform under the fundamental representation (2) of SU(2) and anti-nucleons belonging to the conjugate
representation (2*). On the other hand, as pairs of quarks and anti-quarks, pions are then assigned to
the isospin-1 adjoint representation (3) of the decomposition 2 ® 2* =3 @ 1.

With these features of QCD in mind, we now turn our attention to the construction of a low-energy
effective field theory for QCD, known as yEFT.

12
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2.2 Chiral Effective Field Theory

The starting point for the construction of any EFT is to recognize the relevant symmetries and symmetry
breaking patterns of the underlying theory as these provide the constraints needed to build a general
effective Lagrangian consistent with the symmetries of the underlying theory. As we have taken the time
in the previous section to understand the low-energy, approximate flavour symmetry of the quark fields
in QCD, we may extend that discussion to chiral symmetry.

Recall the QCD Lagrangian in Eq. (2.1) and let us now restrict ourselves to a consideration of only
the lightest two quark states, the up (u) and down (d) quarks. In this case, the flavour group reduces
from the full SU(6) flavour group down to an SU(2) flavour group with the {7} taking the form of the
Pauli matrices. If we define the chiral projectors as

1

P = 3 (1—1s) Pr = % (1+s) : (2.8)

which project the quark fields onto their left- and right-handed components, respectively, we may rewrite
the light-quark QCD Lagrangian £. with suppressed colour indices in the chirally projected basis as

. - - - - 1 o e
£< = Z¢qL7MDquL +Z¢qR’7#Du wqR _'lququR - quRquL - EG'(WG " 5 (29)

where M = diag (mu, md) is the quark mass matrix. In this way, we can explicitly see the two terms which
mix chirality, i.e., the chiral representations are mixed via the mass matrix. We can thus approach chiral
transformations in a similar manner to our discussion on flavour transformations in the prior sections.
Such transformations are near identical to flavour transformations, albeit with the inclusion of the s
matrix.

As before, in the following we will typically use indices (i, j) to represent the colour degrees of freedom
and we will use indices (g, r) for flavour indices. Consider an infinitesimal chiral rotation parameterized
by {da,}, then

Sl = —ida® [T, ; s L Sy, = i 60 Pl s [Th) ’"q §Aau =0
If we again consider the special case of m, = mqg = m, the variation of the Lagrangian £. with respect

to day is non-zero and may be written as

lim 0L = 2im o0 G [Ta] " vs

mg—m Yq

Contrary to the emergent SU(Ny) flavour symmetry in the equal-mass QCD Lagrangian, we immediately
see from this expression that any non-zero quark mass would explicitly break chiral symmetry. If we
slightly modify the above result to consider the case of inequal quark masses, we instead have

0L =06 Pf [{M, Tu}] vsr (2.10)

with {-} denoting the usual anti-commutator operation and M denoting the quark mass matrix. As the
variation is only non-zero for massless QCD, it is instructive for us to first consider this case.

Chiral Symmetry in Massless, Light-Quark QCD

We have established that, in consideration of two-quark massless QCD, the Lagrangian of the theory
is invariant under flavour and chiral (recognizable as axial-flavour) transformations. An application of
Noether’s theorem then yields the conserved currents

T =yt [T0] "y Q=0 |

J;“ = 1/_}1'(1 Y s [Ta] qr w:« 8ujém =0 )

13



CHAPTER 2. PRELIMINARIES

where we use the subscript “5” to indicate an axial structure. As before, we obtain the corresponding
Noether charges

Q“::/erJw Qg::/danjg’ (2.11)
which define the complete set of chiral rotations and satisfy the following product algebra

[Qav Qb] :ifachc [Qaa Qg] :ifachg [ng Qg} :ifachc a,b,c€{1,2,3}

It is worth commenting that, as can be seen from the third relation above, the axial charges alone do
not form a complete algebra as they are not closed under the commutator operation. It is much more
intuitive to express the charges via the aforementioned left- and right-handed projectors as

(Q“+ Q%)

N

(Q* —Q9) Q% =

N =

Q7 =
for which the algebra satisfies

[(Q4, Q4] =ifueQf  [Q% Q%] =ifuc Q%  [Q%, Q%] =0 abce{l,2,3} ,

clearly indicating that the left- and right-handed charges are now completely decoupled. Each set of
charges defines a set of SU(2) transformations and so the full chiral group is given by

Gchiral = SU(?)L X SU(Q)R . (2.12)

where the flavour transformations discussed in the previous sections form a diagonal subgroup of the
chiral group, SU(2)y C SU(2)r x SU(2)g. This is often denoted the isospin (flavour) group.

Chiral Symmetry in Light-Quark QCD

Non-zero quark masses explicitly break chiral symmetry in £ and, suprise surprise, in nature quarks have
non-zero masses! The effects of chiral symmetry breaking may be treated perturbatively if the light-quark
masses are substantially smaller than the characteristic confinement scale of QCD, that is, if

My, Mmqg < Aqep

Given the empirically small quark masses, we are then left with a (very well-preserved) approximate
SU(2)r x SU(2)gr chiral symmerty. The question now becomes how to realize such a symmetry. As
discussed in the context of flavour transformations, the inequal quark masses do not permit a realization
via the Wigner-Weyl mode, particularly in the case of chiral (axial-flavour) transformations which would
be characterized by

|75 0)=Q¢|p;r+)=-T"p;r—)

where the 4+ in the kets indicates the parity of the state. Then, the above expression states that we
should experimentally observe parity doublets for all states in the QCD spectrum of which we observe
none. Without delving too deep into the details, we note that a critical assumption of the linear realization
of a gauge symmetry via the Wigner-Weyl is that the vacuum of the theory is invariant under the same
symmetry group as the Lagrangian, i.e., the charges can only annhilate the vacuum as

Q"[0) =0 Q410) =0

It is now that we pause to introduce Goldstone’s theorem.
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Theorem 2.2.1 (Goldstone’s Theorem). Consider a Lagrangian L£(¢) x V(¢) invariant under the
action of a continuous symmetry group G, where V is some well-behaved field potential. Let @) be an
associated generator of the continuous symmetry transformation of £. Taking the variation of £ under
the symmetry transformation parameterized by the generator () and evaluating the field ¢ at the extrema
of the potential V' gives

82V i oJc _
(a%aasb)‘ - Qe =0 2
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In the above theorem, the second order partial derivative of the potential is regarded as the mass
matrix for fluctuations of the fields about the minimum of the potential. The condition may be met
in two possible ways: (i) the aforementioned Wigner-Weyl linear realization (ii) the so-called Nambu-
Goldstone realization, to be described now. If we imagine that the assumption made in the Wigner-Weyl
realization is not upheld, that is, if

Q*[0) #0 Qs0y#0 |

then the generators { Q%, Q¢ } are said to be spontaneously broken by the vacuum. In order to uphold
the symmetry relation in Eq. (2.13), the “mass matrix” must have at least one zero eigenvalue. Thus,
for each broken generator of the symmetry group, a massless fluctuation known as a Nambu-Goldstone
boson is produced upon quantization of the theory. The number of Nambu-Goldstone bosons produced is
N = dim(G) — dim(G), where G is the residual symmetry group unbroken by the vacuum of the theory.
This phenomenon is known as spontaneous symmetry breaking and this is known as the Nambu-Goldstone
realization of a symmetry breaking pattern.

Let us bring this back into the context of chiral symmetry. We can immediately say that the axial
generators {Q?} must be spontaneously broken since, as we have already seen, the ordinary flavour
symmetry is more or less still intact. This symmetry breaking pattern is represented by the reduction of
the symmetry group from the chiral SU(2);, x SU(2)gr — SU(2)y down to the residual isospin (flavour)
subgroup. The direct consequence of this theorem is the “prediction” of three Nambu-Goldstone bosons
for YEFT which are readily identified as the charged and neutral pions. Though Goldstone’s theorem
predicts massless fluctuations, the mass of the pions can be understood as a result of the additional,
explicit chiral symmetry breaking that appears in £ due to the non-zero quark masses which causes the
Nambu-Goldstone bosons (the pions) to acquire a mass.

This completes our understanding of the low-energy, properties of QCD and provides us with the
foundation for constructing an effective field theory based on the chiral symmetry breaking pattern.

2.2.1 Effective Lagrangians for the Pion from Chiral Symmetry

The next step in formulating an EFT for low-energy QCD involves writing down the most general La-
grangian that respects both the explicit and spontaneously broken symmetries of the underlying the-
ory [73, 74]. However, in order to tractably use the diagramatic approach in QFT, we require a valid
perturbative scheme in which to implement the expansion. Yet, as we have emphasized, the strong
coupling regime of QCD makes the interaction highly non-perturbative and without fancy (to this day,
non-existent) resummation techniques, the diagramtic approach is doomed to fail for any finite sum of
terms.
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Cutoff Scale and Perturbativity

Then, first and foremost, we must specify the characteristic energy scales of the low- and high-energy
regimes such that we may organize an expansion in the desired energy regime. To capture the bulk
properties of nuclei and their dynamics, it is reasonable (if not appropriate) to adopt a hadronic description
in which the relevant degrees of freedom are nucleons and pions. Although nucleons are composite
objects, within the framework of yEFT they are treated as fundamental quantum fields as we are not
interested in probing the internal structure of such quanta. The pions, which emerge as the pseudo-
Nambu-Goldstone bosons due to the spontaneous breaking of chiral symmetry in light-quark QCD, are
central to reproducing the correct dynamics of the low-energy theory. It is however possible to integrate
out the pions completely from the theory and arrive at a theory purely in terms of nucleon degrees of
freedom, called pion-less effective field theory, which enjoys substantial usage throughout the ab initio
nuclear theory community [75, 76, 77] due to its more elegant, analytic structure in comparison to straight
xEFT. Nevertheless, there remain similar concerns about the breakdown of the EFT expansion in the
many-body sector [78, 79].

The breakdown scale A, of the effective field theory beyond which the perturbative expansion is no
longer valid may be qualitatively motivated in several ways. Firstly, as we focus only on the up (u) and
down (d) quarks, we have an immediate separation of scales between said quarks — and to some extent
the strange (s) quark — and the heavy quark states (¢, b, t), which are on the order of ~ 1 GeV. Even
within the (u, d, s) triplet, the strange quark mass lies significantly higher in energy with a gap of roughly
100 MeV to the lightest quark states. Furthermore, the mass gap to the pseudo-Nambu-Goldstone bosons
of YEFT, the pions, is roughly 135 — 140 MeV while the mass gap to the lowest-lying vector p meson is
~ 775 MeV. Loosely speaking, this hierarchy establishes that the choice of a cutoff scale for YEFT should
be such that “perturbativity” in ratios of nucleon momenta |p’| ~ m, to the cutoff scale is maintained,
while simultaneously straying reasonably far from the chiral symmetry breakdown scale at which point
explicit quark-gluon degrees of freedom would play a substantial role. As a purely qualitative guide to
the choice of cutoff scale, this is by no means an expert analysis and there are sufficient reviews on the
topic, such as those quoted at the beginning of this chapter. I further refer the reader to Refs. [80, 81, 82]
which discuss renomalizability and the efforts in producing renormalization group invariant formulations
of YEFT.
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Remark 2.2.1 (What About the High-Energy Physics?). One might wonder about the neglected
physics above the cutoff scale A. and its role in nuclear dynamics. Such physics is absorbed into the
definition of the low-energy coupling constants which emerge at, in principle, each order of the EFT
expansion. They are fundamentally parameters of the theory and must be treated with phenomenology
or, if sophisticated calculations exist, they may be determined from Lattice QCD (LQCD) simulations.
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To summarize, we have qualitatively identified the low- and high-energy scales of YEFT and identified
that we may organize a systematic expansion in powers of |7|/A., where the nucleon momentum |p| is
on the order of the pion mass m..

Pions

Let us build up the EFT from the chiral vacuum, beginning with the massless version of light-quark
QCD so that chiral symmetry is exact. The lowest energy states which can exist in YEFT are the pions
and we thus go about constructing the Lagrangian for 77 interactions. Construction of L, proceeds by
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examining the chiral transformation properties of the pion fields. We state the following:
1. The pions form as quark-anti-quark pairs which leads to three species of pions; the ’7T+> = }u@,

the |7~) = |da) and the |7%) = 3 (|ua) - |dd)).

2. The pion fields form an triplet in the isospin space and will transform linearly under SU(2)y C
SU(2)r, x SU(2)r global isospin transformations.

3. The chiral group must be realized non-linearly as we only have three pion fields, yet SU(2)y X
SU(2)r ~ SO(4) requires four coordinates to construct the fundamental representation.

Let us then consider the transformation properties of the pion fields under linear SO(4) rotations. Such
rotations may be completely parameterized by the six conserved Noether charges derived in Eq. (2.12),
that is, the set {Q%, Q¢} for a € {1, 2, 3}. A general linear rotation in this representation is then

T ! T
— / = ,
o o o
where the 4-vector is relativistically constrained as |7 |> + 02 = F? with F a normalization constant of
dimension mass and the {V,, A, } defined such that

1+ana+QgAa

2

0 —-¢& ¢ o0 0 0 0 g
3 1 2
p— q 0 —qg O a _ 0 0 0 g
CVa=| 2 g1 0 o GA=| o o9 0 @
00 00 —a5 —a3 45 0

The particular form of the {V,} matrices is important as they are in a one-to-one correspondance with
the generators of the fundamental representation of SO(3) ~ SU(2) C SO(4), as in, the {V,} generate all
possible SO(3) rotations in the subgroup of the larger SO(4) group. Utilizing the relativistic constraint
to replace all instances of ¢ with the pion fields, we have

- G 5 S s =
ToT=7T+¢x7T |,

7L R =7+ G- |72,

which is precisely the non-linear realization of the chiral group with the triplet of pion fields that we
need. Note that we have maintined the requirement that the pion fields transform linearly under the
SU(2)y =~ SO(3) isospin (flavour) transformations. As noted in Ref. [57], we may conveniently write
linear transformations in SO(4) as

1
U:F(U]lzw—i-iﬁ-%’)

= %(\/FQ— TP Loxe +iT-7)

where 7 is the usual vector of Pauli matrices. We note that the condition |7 |> + 02 = F? enforces that
the matrix U is indeed unitary. We lastly demand that such a unitary transforms according to

U—>U =LUR'=RUL" |,

Le SU(Q)L R e SU(Q)R ,
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where L and R are global flavour rotations acting in the left- and right-handed chiral spaces, respectively.
As we only consider global flavour rotations in this presentation of YEFT, we note that derivatives of the
unitary 0,U will hence transform in the same manner as U.
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Remark 2.2.2 (The Choice of Non-linear Realization). A subtle but important feature of this frame-
work lies in the non-uniqueness of the representation chosen for the chiral symmetry group. There exists
an infinite number of valid realizations of the chiral group, leading to ambiguity in the definition of the
unitary transformation U of the pion fields. This naturally raises the question of whether or not the
choice of representation leads to meaningful physical predictions. As discussed in Refs. [73, 74], all such
representations are related by non-linear field redefinitions and share the same group-theoretic struc-
ture. Consequently, they are physically equivalent. This equivalence is similarly established by Haag’s
theorem [83], which tells us that non-linear field redefinitions leave the S-matrix invariant.

Y
A

The Leading Order Pion Lagrangian

With our understanding of the pion field transformations complete, we proceed as in Ref. [57] and construct
the terms of the effective Lagrangian using trace operations in the flavour space of products of the unitaries
and products of derivatives of the unitaries. Via Lorentz covariance, we may restrict the number of
derivatives in such terms to always be even. This leads to the leading order pion Lagrangian

£ — F72<3 U6“UT>
T 4 H f

= SO T+ o (9 7) +O(F )
as the £$£2 = U U may be discarded. The constant F is naturally chosen to match the usual Lagrangian
for a massless scalar field, leading to identification of F' with the pion decay constant Fi..
Notably, we are still working in the massless regime where we have no explicit chiral symmetry
breaking in the QCD Lagrangian. The natural method to extend this to the massive form of the theory
is to introduce an external field H which interacts with the quark fields as

ﬁext, = *Z&qujq )
q

which then enters at [,7(972. If we restrict H to transform in precisely the same manner as U, then we do
not break the chiral invariance of the massless QCD Lagrangian. As above, we then need to include all
chiral invariant terms constructed from the products and derivatives of H, U and UT. In the end, we will
take the external field to be the quark mass matrix M = diag(my, mgq ).

Since we treat the quark masses as perturbative effects in QCD, the LO terms which contribute to the
Lagrangian should only contain a single insertion of the external field H and no derivatives of the pion
fields. Thus, making the substitution H — M, only a single symmetry breaking term is possible at LO,
and it is given by:
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F2B

£ext. = 2

(MU+MU'),

= F?’B (M +mq) — g (M +md)|7?]2 + (9(|7?]4)

1
= M?F? - 51\42|7?|2+(9(|7?|4)

The first term is constant and may be discarded. On the other hand, the second term remarkably shows
us how the pion mass arises from the explicit chiral symmetry breaking due to the non-zero quark masses.
Notably, the theory predicts that all pions {‘Wi>, ‘7r0>} have equal masses set by m2 = B (mu + md).

We have thus constructed the leading-order pion Lagrangian consistent with the chiral symmetry
breaking pattern, both explicit and spontaneous, of low-energy QCD. The final form is then

o F?

P = (0U U ), +2B(MU+MU'), . (2.14)

The pion-nucleon (7N), nucleon-nucleon (NN) and three-nucleon (3N) interactions are all derived in a
similar spirit and are comprehensively described in the reviews at the very beginning of this section. In
particular, we have not presented any content related to power counting and systematically organizing the
diagramatic expansion such that pions and nucleons are treated on (relatively) equal footing. Developing
consistent (depending on one’s chosen definition) power counting schemes, particularly in applications of
xEFT to the many-body sector, are open problems.
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2.3 The No-Core Shell Model

With a basic understanding of the modern developments for nuclear interactions complete, we will now
introduce the non-relativistic, quantum many-body problem and a quasi-exact approach to its solution
with solely the nuclear interaction as input, known as the ab initio no-core shell model (NCSM). See
Ref. [41] for the most recent review on the approach and Refs. [84, 85, 86] for a historical perspective on
developments in the NCSM framework.

2.3.1 The Quantum Many-Body Problem for Fermions

The general form of the non-relativistic, quantum many-body problem for n interacting fermions of mass
m existing with the support of some potential V is represented using the Schrédinger equation. The
potential is usually taken to be two-body, however, for non-local theories, e.g., YEFT, there may exist
many-body interactions. For such a configuration of fermions we may write the Schrodinger equation as

n ‘[—32 n
Z%—&-ZVU

i=1 i<j

H|W) = [ HO + W | |v) = ) = By @) (2.15)

where T} = f’f /2m is the one-particle kinetic term and Vj; is the (here assumed to be) two-body interaction
term. In terms of a coordinate representation, we will assume that the potential V' is to have the property
that V (&5, 2;) = V(a?} —it’j), where we have suppressed possible spin and isospin character of the potential.
We make note that the above Hamiltonian has been written utilizing one-particle coordinates, i.e., a
cartesian coordinate assigned to each fermion {Z1, ..., #, } with an arbitrary, direct tensor product
n-particle state given by

<flfn‘¢a>:<flfn| bay "+ Do, >:¢a1(3_§1) Qban(fn) )

where « = { aq, ..., o, } denotes the set of one-particle quantum numbers for each fermion in the many-
body configuration v,. A comment on the required anti-symmetrization of such configurations in the case
of fermions will be made shortly. This is chosen over the the more natural, relative coordinate formulation
typical of non-relativistic formalisms with Jacobi coordinates {51, e gn_l }. The importance of employ-
ing relative coordinate formulations in calculations of observables has been explored in several works by
our group at TRIUMF and collaborators [87, 88, 89], however, we will see that a more natural connection
to the relativistic formalism of QFT can be made when thinking in terms of one-particle coordinates.

Let us begin by formulating solutions to the Schrédinger equation for H in terms of an expansion over
a complete set of known, analytic and orthonormal one-particle functions {¢;}. Then, we may write the
eigensolution ¥ in terms of this basis as

|\II> = an‘wa> = Z Cay - an | Par " Pan >A y (2,16)
By =(U|H|¥) =" cjca{tp| H|va) . (2.17)
af

where the A denotes the anti-symmetric nature of the configuration 1,. As we are studying a system
of indistinguishable fermions, we must ensure that the many-body configurations v, respect the correct
fermionic statistics as established in the spin-statistics theorem. This theorem was first derived by Pauli
from the remarkably simple postulates of (i) positive energy and (ii) commutation of observables with no
causal connection [90]. We quote the theorem here for completion.
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Theorem 2.3.1 (Spin-Statistics Theorem). The spin-statistics theorem of Pauli states the following:

(i) Particles with half-integer spin are restricted by the exclusion principle, that is, only one Fermion
may occupy a given quantum state in an arbitrarily small, space-time localized, many-particle
configuration.

(ii) Particles with integer spin are not unrestricted in this sense, i.e., an arbitrary number of bosons
may occupy the same quantum state in arbitrarily small regions of space-time.
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Utilization of this beautiful theorem obliges us to, when working with bound collections of indistinguish-
able fermions, ensure that our states are completely anti-symmetric under action of the permutation
operator P, where ¢ : IN — IN. This operator acts on sets as

Pijo{l,...;0, ..., 5, ....,n}y={1,...,4,...,4 ...,n}

and is implemented on the many-body configurations as
<flfn‘PZ]|¢Ot1 ¢o¢i7 R ¢aj7 RN ¢an>A

= (=) (F1 - Zn]| bay .- Gayyr - Pass -+ Pa )

Mechanically speaking, it is straightforward to implement antisymmetrization with a basis of orthonor-
mal functions {¢;} in the one-particle, cartesian coordinate representation with the use of Slater determi-
nants [91]. For an arbitrary, anti-symmetric many-body configuration 1, written in terms of a one-particle
basis of functions {¢;}, we have

1 ¢a1 (fl) T ¢a1 (fn)
<fl...fn’¢a>A:<fl...fn’¢al...¢an>A:7 : : ) (2.18)
Ll PARES S

The operation | - | is referred to as a symbolic determinant and we operate on a matrix composed of
all possible permutations of the ordered set of one-particle functions and coordinates. Merely by the
properties of determinants, if we have a; = «a; for arbitrary indices 4,5 € {1, ..., n}, the result of the
determinant operation will be null. Hence, Pauli exclusion is explicitly enforced by Slater determinant
anti-symmetrization, as desired.

At a basic level, this discussion characterizes the conceptually simplest approach to constructing
solutions to the many-body Schrodinger equation for the many-body fermion problem. We thus see
that the main ingredients are the one- and two-body amplitudes of the Hamiltonian, with higher-body
contributions to the potential possible in non-local theories. Nevertheless, we may say more about the
problem given details about the structure of the Hamiltonian.

Symmetries of the Hamiltonian

To further characterize features of our many-body eigensolutions ¥, we must identify the symmetries
of the Hamiltonian operator introduced in Eq. (2.15). Rather than working with the Lagrangian an
identifying the conserved charges via Noether’s theorem, we may directly work with the Hamiltonian and
identify the set of operators which commute with said Hamiltonian. If we have a set of operators which
simultaneously commute with the Hamiltonian, there will exist a representation in which the operators
are simultaneously diagonalizable.
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Total Spin Momentum — The total spin momentum operator (angular momentum) is naturally defined
as the vectorial combination of the orbital spin operator (orbital angular momentum) and intrinsic spin
operator as

J=L+S . (2.19)

As we have made the assumption in Eq. (2.15) that the potential satisifies V (&}, Z;) = V(:EZ- — fj), then
the entire Hamiltonian may be cast into a form dependent upon the relative coordinates ¥; — ¥; and a
centre-of-mass coordinate R, decoupling the intrinsic many-body system from its centre-of-mass (c.m.)
motion. Details on the definition of relative coordinates as applied in the NCSM and on the decoupling
of intrinsic and c.m. motion may be found in Appendix A.5 and A.4. It can then be proven that the
Hamiltonian is invariant to the orientation of the system, more clearly stated as

[H, J?] =0 [H,J.]=0 , (2.20)

where we have chosen the spin-projection axis as the xs-axis. Thus, we may choose our many-body
configurations W such that they have definite values of spin J and spin projection J,.

Total Parity — The total parity operator for an even or odd configuration V¥ is defined as
PlU;m==41)=7|¥;7=+1) |, (2.21)
where the parity of an n-particle configuration is given by
T -6 (i) -
i i I;
™= H Tintrinsic * Torbital — H (_1) ) (222)
i=1 i=1

with Tintrinsic = 1 the intrinsic parity of the nucleon and 7opita1 the orbital spin contribution to the parity.
Under the chosen conditions for the potential V(Z;, Z;) = V(fi — fj), it can be proven that the parity
operator commutes with the nuclear Hamiltonian

[H,P]=0 . (2.23)

and so the eigensolutions of the Hamiltonian may be separated into two equivalence classes according to
their transformation under parity. Thus, we may choose our many-body configurations ¥ such that they
have definite values of parity .
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Remark 2.3.1 (Parity Conserving and Non-Conserving Interactions). We make note that, to this
day, we have seen that the strong and electromagnetic interactions conserve parity. Famously proposed
by Lee and Yang [92] and shown by Wu and collaborators [93], the weak interaction Hamiltonian does not
conserve parity. As we have noted in the introduction, searches for larger-than-anticipated charge-parity
violation in electromagnetic interactions in nuclei are underway [37] and we further note the more recent
efforts in heavy-ion collisions which investigate the possibility of parity violation in the strong interaction
via the so-called “chiral magnetic effect” [94].

Y
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Nuclear Isospin — The nuclear isospin operator obeys the same algebraic rules as the Pauli spin operators,
though with no connection to spin momentum, and is identically defined for isospin-1/2 particles; protons
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are labelled with isospin projection t, = +1/2 and neutrons with projection ¢, = —1/2. The proton
and neutron are then seen as two projections of the same object, i.e., the nucleon, which, as discussed in
the prior sections on QCD and yEFT, is made transparent by the connection between the approximate
flavour symmetry of light-quark QCD and nuclear isospin. It is similarly trivial to show that for the
nuclear isospin operator 71, one has that

[H, T?] =0 , (2.24)

and so the eigensolutions of the Hamiltonian may be approximately separated into equivalence classes
according to their nuclear isospin representations. Note that for an arbitrary nucleus with N, protons
and N, neutrons, we have that T, = (N, — N,)/2.
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Remark 2.3.2 (Approximate Nuclear Isospin Symmetry). A particular consequence of exact isospin
symmetry would be the existence of mirror symmetry in nuclei, that is to say, systems with opposite
numbers of protons and neutrons would have identical spectra. However, we know that the strong
interaction naturally breaks isospin symmetry due to the unequal quark masses. Yet any major deviation
from mirror symmetry is largely due to electromagnetic effects, i.e., the Coulomb interaction, which
strongly breaks isospin symmetry. Measurments of mirror nuclei have become instrumental in probing
electroweak physics, even having an impact on V,,4 determinations and CKM unitarity [10].

Y
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2.3.2 The Fock Space, Creation and Annhilation Operators

Here we provide a rudimentary introduction to the creation-annihilation operator formalism as applied
in the context of non-relativistic, many-body theory. These techniques are disucssed in absolutely every
introductory book on nuclear theory, e.g., see Refs. [95, 96, 97], and the formalism is frequently referred to
as “second quantization”, language which we will try to avoid in this dissertation. Mostly familiar to the
practicing particle physicist, this formalism is the most natural way to think about nuclear configurations
in a language very similar to that of QFT. We begin with the definition of the anti-symmetrized sector
of the complete n-particle Fock space

Fa®)] =0 [HE ] =1eHe (Mo H] e (HoHOH] & (2.25)

where H is the one-particle Hilbert space from which the many-particle Fock space is constructed and the
ellipses denote contributions to the Fock space with more than three particles. States in the Fock space
by definition have well-defined, integer particle number. For the case of n indistinguishable fermions,
the anti-symmetric subspace of F,, is spanned by a basis of anti-symmetric many-body configurations
constructed from the standard direct product representation of the one-particle Hilbert spaces for each
particle. The different-particle-number subspaces of the Fock space are mapped between via the creation
¢! and annihilation operators ¢, which respectively create and destroy quanta of type ¢, defined via the
action on the vacuum and one-particle states as

Cchv ’O> = ’¢a> CJcrx ‘¢a> =0 ) (2.26)

Ca }0> =0 Ca ’¢a> = ’O> , (2.27)

with ¢, defined as destroying the vacuum. These operators further obey the usual anti-commutation
algebra

{ca, 05} =0 {cL, cg } =0 {ca, c%} =003 (2.28)
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which precisely captures the Fermi-Dirac statistics for fermions. Thus, n-particle states of the Fock space
are then created from the Fock vacuum state }0> through the action of creation operators as

chy e chi [0) = | dar -+ Ban) (2.29)

which is inherently anti-symmetric due to the properties of the creation and annihilation operators in
Eq. (2.28). This may explicitly shown as equivalent to the Slater determinant anti-symmetrization given
in Eq. (2.18).

This formalism is remarkably convenient and is the standard approach to discretizing operators over
a basis of one-particle configurations {¢;} in calculation of nuclear amplitudes. Though, one must pay
special attention to the annihilation operator ¢. While the creation operator ¢! spherical tensor with well-
defined rank, the same cannot be said of ¢, e.g., see the appendix of Ref. [98]. However, it is straightforward
to construct an operator which does obey the correct spherical tensor transformation properties as

Co = (1) (D) = (—1)7 ey (2.30)

where & has spin projection m — —m. See Chapter 3 of Ref. [99] for a complete discussion on the
transformation properties of irreducible tensor operators.

2.3.3 The Model

In this section we introduce the model-specific details of the ab initio NCSM [41], the computational
many-body approach utilized by our group at TRIUMF. The NCSM describes the nucleus as a system of
A non-relativistic, point-like quanta interacting via inter-nucleonic forces with all nucleons active degrees
of freedom. Ab initio refers to the fact that the NCSM is a first-principles approach to constructing
solutions of the A-nucleon, many-body Schrodinger equation with no approximations outside of the non-
relativistic, EFT treatment of nucleons and pions as the fundamental constituents of the theory. It takes
solely the two- and three-nucleon interactions as input, nowadays usually derived from YEFT, and so we
may write the Hamiltonian as

A (o o 2 A A
1 Z (i — 7j) Z (NN) Z (3N)
H :Tre1—|—V - Z 2m + ‘/;j + ‘/l]k + 5 (231)
i<j i<j i<j<k

where m denotes the nucleon mass. Notably, this Hamiltonian differs from Eq. (2.15) in the manner of
explicitly preserving translation invariance. More attention will be paid to this fact shortly. In principle,
in the EFT picture one generates up to A-body interaction terms at higher orders in the perturbative
expansion, however, in YEFT there emerges a natural heirarchy which orders the importance of higher-
body interaction terms such that NN > 3N > ...  as one would expect. At present it is only possible
to include the full two- and three-nucleon interactions due to the dramatic computational overhead and
storage requirements in generating higher-body interaction terms. Nevertheless, interest in testing the
impact of four-nucleon interactions remains [100, 101]. In many cases, ab initio calculations of intermediate
mass nuclei have shown that the few-body physics captured by the two- and three-nucleon interactions is
often sufficient for describing bulk properties of nuclei [102, 103].

Pragmatically speaking, the NCSM makes use of a large but finite expansion in a set of anti-symmetric,
A-body harmonic oscillator (HO) basis states represented with either relative coordinates or with the
cartesian one-particle coordinates. See Appendix A.5 for the definitions of relative coordinates employed
in the NCSM. The expansions for the eigensolutions to the Hamiltonian operator are then respectively
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Figure 2.1: The Npyax truncation scheme for the many-body harmonic oscillator basis expansion with
fixed oscillator frequency hf2, as employed in the NCSM. For a given value of the truncation parameter
Npaz, all possible nucleonic excitations from the lowest Pauli configuration (LPC) such that the sum of
oscillator quanta N is less than Nypc + Nmax are considered.

given by
— — Nrnax — —
(& Ea|T4) = Z Z cNa { &1 Eac1 [ UNa) 4 (2.32)
N=0 o
Nmax e — —
(T | U) = 3 G0 (Fr T | Ve o = (&1 - €ac1 |4 G000 (Bem.) » (2.33)
N=0 a

where o = { @y, ..., aa } labels the set of quantum numbers for the constituents of the many-body con-

figuration and the abbreviation SD refers to the process of anti-symmetrization via the Slater determinant
approach detailed in Eq. (2.18). We emphasize that, as is written in Eq. (2.33) above, the HO basis allows
for exact factorization of the c.m. and intrinsic degrees of freedom when utilizing the Ny.x truncation
scheme to be described below [104]. Note that we have suppressed spin and isospin indices for brevity.
This is critical as, when working with relative coordinates, the process of anti-symmetrization is factori-
ally complex with A-particle systems. This is in contrast to the Slater determinant anti-symmetrization
which is automatic when building the A-particle configurations. Practical calculations typically employ
the cartesian one-particle coordinates due to this great simplification, though, one must now contend
with the induced spurious c.m. motion. This is well-understood and may be analytically removed in the
NCSM when calculating amplitudes of arbitrary operators [105]. See Refs. [87, 88, 89, 106] for realistic
calculations exploiting this factorization and an analysis of the effects of c.m. removal on observables.
The nuclear many-body state ¥4 satisfies the symmetry properties described in the prior section, that
is to say, they are chosen to be simultaneous eigensolutions of the total spin momentum and projection,
parity, and approximately isospin.

We refer to Fig. 2.1. The NCSM expansion is characterized by two parameters, namely, the oscillator
frequency h{) and the truncation on the number of oscillator excitation quanta Ny.x. The nucleons begin
as distributed according to the lowest Pauli configuration (LPC) of the system, i.e., minimal oscillator
excitations, and we count the number of oscillator quanta to be Nppc. Then, for a given value of Npax,
we consider all possible nucleonic excitations of the system bounded by a condition on the number of
oscillator quanta:

N=) Ni=) 2n+l <Npc+Nmax (2.34)
=1 =1

The set of quantum numbers { n, [ } are the typical radial and orbital spin numbers used in labelling the
oscillator basis, which we will now discuss below.
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CHAPTER 2. PRELIMINARIES

The Harmonic Oscillator Basis

The one-particle HO wavefunctions are the eigensolutions to the problem of a central oscillator potential,
with more or less the same form for a Hamiltonian as presented in Eq. (2.15), and are given by

G (15 12) = - R (v 192) i () Bu=(N+3) 00 . (2.35)

where R,; is the radial function built from the Hermite polynomials and Y}, are the usual spherical
harmonics for which we adopt the conventions in Ref. [99]. The oscillator length

(he)?

b= (mc2)hQ

(2.36)

is completely determined by the frequency A2 and constants. The eigenenergies for a given oscillator
configuration are specified by the total number of oscillator quanta N = 2n + [. Greater details on the
use of the one-particle HO basis in many-body theory may be found in Refs. [107, 108, 97]. To summarize
the cited works, the main advantages of expansion over a complete set of anti-symmetrized, many-body
HO states are

1. The cartesian coordinate representation of the many-body wavevector factorizes as a product of
the intrinsic wavevector in relative coordinates and a spurious c.m. motion; this is analytic in the
NCSM formalism and may be removed exactly. Use of any basis other than the oscillator basis
results in the mixing of c.m. and internal motion making its exact removal more challenging.

2. The Talmi-Moshinksy transformation greatly simplifies the calculation of operator amplitudes de-
pendent on relative coordinates by relation to those in the one-particle, cartesian coordinate repre-
sentation.

A Final Comment on the Removal of Spurious C.M. Motion

The majority of the contamination in the spectrum of H resulting from the c.m. motion may be discarded
by a modification of the intrinsic Hamiltonian in Eq. (2.15). One may further add the so-called Lawson-
Palumbo term to the nuclear Hamiltonian, defined as

3
Hs =8 <Hm -5 hQ) , (2.37)
and
Hem = Tom. + U, —E+1A 0% R? (2.38)
cm. — c.m. cm. — 2M 2 m 9 .

with the c.m. vector R is defined as in Appendix A.5 and M twice the reduced mass of the partitioned
system. The addition of the Lawson term to the Hamiltonian raises excitations of the spurious ¢.m. motion
by a factor of 3, effectively projecting them out of practically visible subset of the spectrum [109]. While
we rely on this procedure, we typically do not refer to 8 as a parameter of the NCSM as the eigenenergies
of the physical states are completely independent of it, i.e., they have no parametric dependence on
B. While this removes excitations of the c.m. motion, the 0 Af) ground state c.m. motion remains as
contamination in the NCSM eigensolutions. As mentioned prior, this may be analytically removed in the
NCSM [105] via the Talmi-Moshinsky transformation, as described in Appendix A.4.
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2.4 Lanczos Methods

In this section, we will pay brief homage to the Lanczos algorithm and a related technique, referred to as
the Lanczos Strengths Method (LSM) or Lanczos Method of Moments, which are absolutely fundamental
to the research articulated in this dissertation. As a result of the representation of our eigensolutions with
the creation-anhilation operator formalism and the (in the exact limit, infinite) expansion in many-body
HO configurations, we have the definition of the Hamiltonian in the NCSM representation given by

(il H Jon) - (o] H )

H= , (2.39)

(ol ) - (al H )

where d is the dimension of the many-body HO basis {41, ..., 14 } and the elements H;; = <¢z‘ H ‘T,ZJ]'>
are the amplitudes of the Hamiltonian between elements of said basis. We then see that the heavy-lifting
required in constructing the solutions to the quantum many-body problem is cast into the standard matrix
algebra problem of diagonalization, which gives the nuclear eigensolutions in terms of the many-body HO
basis. However, the diagonalization procedure is non-trivial given that H is a large, sparse matrix, with
our group’s largest-to-date calculations pushing a basis dimension of 1 — 1.5 billion.

Once we construct the Hamiltonian in this high-dimensional basis, the iterative Lanczos algorithm is
applied [110, 111] with the number of iterations determined based on certain characteristics of the system
in question, e.g., (i) the number of desired states and the density of states, (ii) the number of particles in
the nucleus, (iii) the Npax configuration space size, and so on. More details on the Lanczos remarkable
algorithm are to be given below. While, in general, completion of the algorithm would completely tri-
diagonalize the d x d matrix representation of the Hamiltonian, in practical scenarios, a finite number of
iterations m much less than the dimension of the matrix d are applied. This brings an m x m sub-block of
the Hamiltonian into tri-diagonal form and, based on the subsequent diagonalization of this small matrix,
gives a very reasonable approximation of the first m extremal eigenvalues and eigenvectors of the original
matrix, most notably reproducing bulk properties of the spectrum.

The many-body code utilized to compute the nuclear eigensolutions discussed in this work is known
as the ncsd. f, the no-core Slater determinant code, of P. Navratil and collaborators. As we have noted
above, the size of these calculations is quite significant and requires large-scale parallelization techniques
and access to massive supercomputers.

2.4.1 Lanczos Algorithm

At its most basic level, the Lanczos algorithm [110] works on the principle that we may construct a
special basis in which the Hamiltonian has a tri-diagonal representation. At a deeper level, the algorithm
itself falls under the class of Krylov subspace methods which iteratively generate orthonormal bases from
recursive applications of an operator, e.g., a Hamiltonian, on an initial pivot vector and the subsequently
generated set of orthogonal vectors. Schematically, we may view the construction of the Lanczos basis
for a linear operator H as proceeding in the following way:

H|no) = ao|no) + Bo|m)

Hlm) = Bo|no) + a1|m) + Bi|n2)

Hlnp) = Bilm) + az|m2) + Ba|ns)

H|nz) = Ba|n2) + a3|ns) + Bs|na)
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where each new element of the basis is explicitly constructed as orthonormal to its left and right neighbours
according to

Bi|miv1) = H |mi) — i |ni) — Bict |mi—1) (2.40)

o = (ni| H |mi) B2 = H (H — o) |ni) — Bie1 |mi-1) ‘ .

L2 (2.41)
which is straightforward to show satisfies the purported orthonormality condition. In theory, the vector ng
which initializes the algorithm is chosen to be a random vector; there are requirements of non-zero overlap
between 7y and the desired eigensolution ¥, but in the high-dimensional spaces in which we normally
operate this is trivial to fulfill via random selection of the coordinates. In more pragmatic cases, we
typically perform a sequence of Lanczos calculations in increasing configuration space dimensions. One
may then utilize the approximate eigensolution from the lower-dimensional configuration space as a pivot
for the higher-dimensional configuration space calculation by embedding the approximate eigensolution
within the higher-dimensional space. This proves to accelerate the convergence of the ground state
eigenvalue with respect to the number of Lanczos iterations used in the higher-dimensional space.

As we have stated in the introduction to this section, the application of the algorithm then leaves
us with a remarkably small m x m dimensional matrix which is subsequently diagonalized with a more
standard algorithm as

E=P 'Himeos P . (2.42)

The approximate eigenvalues and eigenvectors are extracted from the diagonal m x m matrix E and by use
of the coordinates of the eigenvectors in the Lanczos basis stored in P to reconstruct the n-dimensional
eigenvectors from the Lanczos basis vectors. The convergence properties of this algorithm were already
well-understood in the context in which they were studied by Lanczos [110], but more recent studies
have illucidated additional details about the convergence and bounds on the Lanczos-type methods, see
Ref. [112] and references therein as well as the seemingly unpublished Ref. [113].

2.4.2 Lanczos Strengths Method

Let us now consider a different kind of problem which, in the end, will turn out to be not so different after
all. These results have been pointed out in numerous works over the decades, e.g., see the early ideas
developed for the “recursion method” as applied in electronic structure in the individual and combined
works of Haydock, Heine and Kelly [114, 115, 116, 117, 118], as well as the 1987 conference proceedings
in Ref. [119] which highlight several related developments in line with these original works. As well,
several papers within the ab initio nuclear theory community have emerged over the decades exploiting
this technique [37, 120, 121, 122].

Let us consider some bounded linear operator H and say that we would like to evaluate amplitudes
of the following form

Afi =(Us| Oz (z = H) ™ O1 |[W;) = (¥s| Oz |TR) (2.43)

where z € C is such that the resolvent R(z) = (2 — H) ™! exists and is bounded. We will further assume in
this discussion that O; and Os are irreducible spherical tensor operators which carry good parity number,
though the discussion can be trivially extended to general operators by projection onto good spin with
an expansion akin to the multipole decomposition, e.g., see Sec. 3.1. It is then clear that, by definition,
we have

(z—H)|¥r) =01 |¥;) (2.44)
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which looks an awful lot like the Schrodinger equation we have just discussed the formalism for solving,
albeit with an inhomogeneity. As it turns out, there is functionally no difference between solving a
homogeneous or inhomogeneous differential equation via the Lanczos algorithm, one must only set the
“pivot” point of the algorithm. So, rather than initializing the Krylov subspace randomly we may instead
choose the pivot for the algorithm to be the normalized form of the constraint on Wg as either

1 1
Ino) = o) or |G =
Vw0l o |w) V(¥ 0b0y |wy)

We may then perform the Lanczos tri-diagonalization as before. For the following discussion, let us
assume that we are working with the Lanczos basis generated from 79, though we emphasize that the
derivation beginning with the pivot (g is identical. Importantly, in the case where O; has good rank J;
and parity 71, as we have assumed here, commutation of the Hamiltonian with the spin momentum and
parity operators in combination with the normalized pivot constrains us to spin and parity subspaces of
the Hamiltonian. This set of J™ subspaces are characterized by the spin and parity numbers arising from
satisfication of the triangle inequaltiy and parity composition as

O2 |Uy) . (2.45)

=TT ‘JZ'—J1|§J§J1'+J1 . (2.46)

Otherwise put, the Lanczos algorithm will now only converge eigensolutions within the valid subspace of
the Hamiltonian mapped to by the action of O;.

Now, from the tri-diagonalization itself it is possible to extract a continued fraction representation for
the resolvent, as has been shown in the important work by Haydock [114] — though notably this was not
the first discovery of the connection between the spectrum of a linear operator and a continued fraction
representation of the corresponding Green function. Formally speaking, we can think of this approximate
inversion as representing the resolvent as a power series in the Hamiltonian and the parameter z as

(z—H)™* :1<]1+1H+12H2---> ,
z z z

which is well-defined and convergent for certain conditions on the norm of ||H/z||. However, for the
applications which we will consider in the coming chapters, we will be required to dynamically evaluate
the resolvent on complicated grids of energy and 3-momenta and so, due to the on-the-fly computation
of the standard continued fraction approach, the required continual access to the Lanczos vectors will
instead hamper our efforts. Rather, we may follow the procedure outlined in Dagotto [123] to construct
the transition amplitudes which arise in the numerator of the resolvent when represented in a chosen
basis, e.g., the basis of the intermediate nuclear spectrum, with a minor generalization of the approach
to off-diagonal transitions. Let us represent the resolvent of Eq. (2.43) in the basis of the intermediate
spectrum such that

-Afi — i <\ij} % ‘\I/n><\11”‘ 01‘\1}1> (2'47)
Z — Wy
n

where the species of the intermediate nuclear spectrum is set by the action of the transition operator
01 on the initial configuration and this notation formally represents the fact that the nuclear spectrum
contains both discrete and continuous configurations. Then, all we need to construct such an object are
the transition amplitudes in the numerator and the eigenvalues of the intermediate spectrum w,, the
latter which we obviously obtain from the Lanczos algorithm. If we explicitly consider the expansion of
the intermediate eigensolutions ¥, in the basis of the Lanczos vectors as generated from the pivot, by
definition given by

n
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then it turns out that we may immediately extract the transition amplitudes as

(wa| O1 | w3) = [(wi| O] O1 [w3)| (Wo [ mo) = [(wi] O] O [w)| 37 i (o [ m0)
= [ @ 0101 [Wi)| > (m| P I1a)” (1t [0
= <\Ili‘OJ1[OI|\I/i> <77n}PT‘770> ; (2.49)

and
(05| 02| W) = (WO} 02 ¥1)| (o | W) = (24| O30 [¥1)| D7 um (o |mn)

= (w0502 )| 37 (| P ) (o) - (2.50)

For clarity, we note that the matrix P is the unitary matrix (orthogonal in the NCSM formalism) defined in
Eq. (2.42) of the prior section which diagonlizes the m x m tri-diagonal representation of the Hamiltonian
in the Lanczos basis. Thus, for a given process, one only needs to compute the overlaps of the final
eigensolution with the Lanczos basis and store the unitary matrix P which contains the coordinates of
the intermediate nuclear eigensolutions in terms of the Lanczos basis. In this way, one can then very
simply evaluate arbitrary integrals of the above amplitudes

I—/dz i F(zoon) (U] 02 |0, (T, 04|05 (2.51)

without any further operations on the Lanczos vectors required. The amplitudes Ay; are merely a simple
case with the choice of function f(z,w,) = 1/(z — wy). The integrals are of course subject to the
convergence properties of the amplitudes and the function f. Convergence theorems exist for the diagonal
forms of such amplitudes [118, 123, 124] and can be approximately derived for the off-diagonal forms.

The results of this last section summarize the machinery for what is needed in our calculational
program.
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Chapter 3

Amplitudes of Current Operators

To start, we begin by stating the expressions for the electromagnetic and charged-weak current operators
as defined in the Standard Model. Since we are interested in accessing electroweak physics at the scale of
nuclei with a non-relativistic many-body theory of nucleons and pions, these more fundamental currents
at the level of quarks will ultimately be used to construct effective currents at the level of the nucleon.
These currents are respectively defined as

Jb = %ﬂfy“u — %J’y“d J\TN” = J’y“(l — 75)u . (3.1)
While most of what we will derive in this section is in fact applicable at the quark level, it will still be
with the end goal of describing electroweak interactions in nuclei in an EFT picture where protons and
neutrons act as the fundamental degrees of freedom. Let us then write down some familiar objects.

In the SM, if we consider the interaction of a free photon field with a nuclear configuration, we may
write down the following Hamiltonian which, in the language of QED, completely characterizes at leading
order the interaction between the nucleus and electromagnetic radiation:

2 7 71!
I e’ /dgx/dgx pnuc(‘fﬁ) Pnuc (x ) 7 (3.2)

81

where the vector potential for the photon field in terms of the creation and annihilation operators, and
in the Coulomb gauge, is given by

(= d3p 1 A% (A =\ —ip-T Ao (A A W
A(x):;/ Cr)? /2w, (B0aE) ™ ) 7 ) (33)

The above expressions are general in that they make no assumption on the character of the nucleus, i.e.,
there must only exist some local current operator J(x) and it need not be described in terms of nucleons.
As we care principally about the interactions between these fields and not about the free behaviour, we
need only consider amplitudes of the term involving the product of the nuclear current operator and
electromagnetic vector potential as

(WeAps By @ | Hine. | Vi3 5 ) = —e (Vg5 py | /d% PE () J () [V i) (3-4)
The structure of these amplitudes is very much universal in that they involve the Fourier transform of the

current operator; it will permit us to decompose these amplitudes into multipoles of the nuclear current
operator, regardless of the underlying character of the current at hand.
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Similarly, the semi-leptonic weak Hamiltonian describing lepton-nucleus interactions may be written
at lowest order in the weak coupling constant G as a current-current product,

_Gr
V2

which upon expanding the lepton tensor directly will give us an identical form to the expression shown
above for QED.

Understanding how to compute amplitudes of these complicated current operators in terms of a simple
multipole structure — very much akin to the multipole decomposition of a classical electromagnetic field —
will in turn allow us to compute complex lepton-nucleus scattering processes in both the electromagnetic
and weak sectors of the SM. We refer the reader to Ref. [96] for a sublime, historical introduction to weak
interaction phenomenology, electromagnetic theory and everything to do with nuclear processes in the
SM. For further comprehensive derivations, discussion and pedagogical reviews in literature which may
extend beyond the discussion of the methods presented in this section, see Refs. [95, 125, 126, 127], and
for examples of state-of-the-art calculations exploiting the formalism to be presented here, see Refs. [128,
129, 130]. Now, we turn our attention towards the multipole decomposition.

Hy = d*x o (T) TE) (3.5)
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3.1 Multipoles of Current Operators

We begin by denoting an arbitrary current operator as O. Where necessary, we will specify the inherent
structure of the current, e.g., scalar S, pseudoscalar P, vector V, axial-vector A or tensor T', with the
respective current operators defined as

S(z) = q(x)T q(x) P(z) = q(z) I'vs q(z)
VH(z) = q(x) Ty* q(x) At (x) = q(2) T "5 q(x)
T (z) = q(x) T y"v" q(z)

Here, q(x) = (u,d)T is the SU(2) isospin doublet representation of the light quark fields introduced in
the prior section and I' € SU(2) an isospin rotation matrix which may mix the two quark flavours. We
intend to use a unified notation in deriving the properties of the above objects which, for a given operator
rank, admit near identical multipole decompositions up to the action of the 5 operator. Except where
necessary to resolve structural differences in the multipoles, we will use the general notation of R for
scalar and pseudoscalar currents, J* for vector and axial-vector currents, and 7H" for tensor currents.
We are primarily interested in the multipole decomposition of a momentum space operator, i.e., the
Fourier transform of a position space operator, onto a basis of radial and angular functions which will be
defined below. Consider a current operator O(x) of arbitrary type represented in coordinate space. We
may write the purely spatial Fourier transform of the operator as

—

Olan.7) = [ a7

where the t = x( coordinate is left untouched by the Fourier transform. Convenient for calculations in
non-relativistic formalisms, we may decompose the plane-wave exponential factor into a basis of spherical

O(q, %) (3.6)

tensor operators as

e T — oTi2q T

00 J
=47 Z Z (=) 5y (2) Yy (QA)YJM (53)
J

J=0 M=—

where z = |¢||Z| and we make the following definition
Myn (2, &) = ji(2) Yim (2) . (3.8)

Notice that we may further choose to write the expansion of the exponential as

o iTE _ ‘qi‘ G- {6x e—iq‘f}
—Y ZJZ (—i)’ YM@)&(@- [%MJM(z,fc)D , (3.9)
T=0 M=——J

where z = |{||Z| as above. This will expose more convenient (and intuitive) properties when we consider
the expansion of vector-like currents. This basis of projection functions {M JM, Ve My } built from

33



CHAPTER 3. AMPLITUDES OF CURRENT OPERATORS

the spherical bessel and spherical harmonic functions is, at the most basic level, all that is needed to
decompose a given current operator into its corresponding multipoles.

Moreover, when dealing with current operators of rank greater than zero it is convenient to define
additional bases of projection functions. In the case of vector-like current operators, it is useful to
decompose the 3-vector part of the current into a spherical basis whose definition is set by the 4-momentum
argument of the current. Consider a vector-like current operator

(a0, 7) = (Fo(a0:7), T(a0,7) ) -

and let us define an orthonormal basis of spherical unit vectors {é A ((j) } with i € {—1,0,1} by the following
properties:

éx(a) - 67 (a) = 0y G- éx1(q) =0 G-é0(d) £0 . (3.10)

Note that we have defined the basis with an explicit dependence on the direction of the 3-momentum
argument of the current; all that we have introduced thus far is general for arbitrary 3-momenta. We
may then trivially decompose the 3-vector part of the current operator as

QO, Z «7,\ 90, 7) éx(q) j\(Qo@) = j(QO, 7) . (3.11)

A=—1

We see from the above expression and the plane-wave expansion in Eq. (3.7) that we are required to couple
the representations of the spherical basis and the remaining spherical harmonic Y7;, in order to ensure
the correct spherical tensor structure of the eventual multipoles. We are then motivated by convenience
to define the vector spherical harmonics as

Vi (@.2) Z S G Y@ a6 (3.12)
=—JA=—1
and furthermore the basis of vector projection functions {M }{n} as
M5™(2,4,4) = js(2) Y™ (4,2) . (3.13)

The above definitions are completely general, that is to say, there is no restriction on the choice of
coordinate system in which the current is to be represented. We may exploit this freedom and choose a
convenient form of the spherical basis {é A ((j)} which ultimately defines a quantization axis for the current
operator of interest. In particular, we select a set of coordinates such that the 3-momentum of the current
operator is aligned with the quantization axis of the system,

éo(q) =g=1s , (3.14)

which is enough to greatly simplify the following derivations via simplification of the spherical harmonic
that is a function of the ¢-domain as

2J+1
47

Yy (23) = omo - (3.15)
While perfectly valid in the context of purely the current operator, this choice is not suitable for arbitrary
interactions of currents and QFT states which, in general, may be prepared with a quantization axis
different from the axis defined by the 3-momentum of the current. We illustrate this in Fig. 3.1 and
note that the remedy is straightforward, involving SO(3) rotations of the current operator or QFT state
onto a common quantization axis for the entire system; we direct the reader to Chapter 4 on “Wigner
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€+1
Ji
q
M;
/ F—t—t—+— €9
AS
R DY . — 3;\‘
€_1 Ja

\Z

\ 4

Figure 3.1: THlustration of the chosen coordinate system and quantization axis for a vector-like current
operator J with the 3-momentum transfer ¢ defining the ég ((j) axis, as well as the possibly different
coordinate system for the prepared initial QFT state.

D-Functions” from the bible-esque Ref. [99] for a comprehensive review of this (and frankly any material
in the theory of spin algebra that one could possibly dream up!) and further to Ref. [131] for a relevant
example in state-of-the-art nuclear reaction calculations.

These expressions presented at the beginning of this section are the foundation of the multipole
expansion formalism. The remaining work to be done is purely that of calculus and spin algebra. Indeed,
it is almost as simple as that!

Multipoles of Vector and Axial-Vector Current Operators

Consider a generic vector-like current operator J = (jo, J ) In the following section, we will separate

our treatment of Jp and j for convenience. Let us begin with the momentum space representation of
the so-called charge density operator Jy which, in terms of the Fourier transform of the spatial current
operator, may be expressed as

Jo(q0,7) = /d% e T Jo(q0,7)

00 J
— 4> 37 i) Vi) [ My (2.9) o0, )
J

J=0 M=—

) J
:47TZ Z (=) Yia (@) Myn(qo,1q])
J

J=0M=—

where z = |7||Z| and we define the first multipole of the current operator J to be

My (qo, |7]) =/d3m My (2, 8) To(q0,T) - (3.16)
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This expression may be further reduced by our choice of coordinates § = Z3 since we have by definition
of the spherical harmonics that which yields our final expression for the charge density operator:

Jo (90, 7) \ﬁz i)7V2J +1 Myo(qo,17) - (3.17)

The remaining part of the current 7, the so-called vector current operator J , is to be treated by
an expansion over a set of spherical basis vectors as outlined in the introduction to this section. These
expressions may be better treated by inspecting the components of the expansion in the spherical basis,
i.e., the A = 0 and A = %1 contributions, separately. We will begin with the A = 0 component as this has
a particularly special treatment; we use the alternative expansion for the exponential given in Eq. (3.9)
which, upon substitution into the definition for the components of the vector-like current operator in
terms of the spherical basis, gives

Qm —-4ﬂj£: j{: YGAI ‘4‘j(d3 ‘7 A{Uw(z x)

J=0 M=—-J

'¢f@maf)

—

Vi (VR 1 [ e [9ob(e) | Tw7)
J=0

where we have simplified the spherical harmonic that is a function of the ¢-domain in the second line. It
is straightforward to read off the corresponding multipole from this ¢-projected part of the vector current,

Jo(q0,7) \ﬁz —i)"V2J +1 Ly0(q0.7)

with the longitudinal multipole defined as

zJM(qo,q*)zé‘/d% Ve Myns (28) | - T (a0, @) (3.18)

[ I—

This form is specific to the choice &y (cj) =q.
We may now turn our attention to the A = +1 components of the vector current operator which
require a bit more work to ease out. Beginning with Eq. (3.11), we have

qo, Z j)\ 0,7) ex*(q)

A=-1

—Z@A /dxe’q ex()~j(q0,§c')

A——1
1 00 J 5
=4m > () > Z —i)7 Yy ( )/d% [jJ(Z) Yy (2) éA(Q)} - T (0, )
A—1 J=0 M=
1 J+1
=4m Y éx(q Z Z —i)" Yiu (@) ) Z Ciriin
A—1 J=0 M= L=[J—1|m=—L

< [ @ [0 VE0.9) |- T a0 )

1 o J J+1
=4 Z ex'(q Z Z (=) Y7 (9) Z CJ{\} ?TM " (90, 7)
A—1 J—0 M— L=|J—1|
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where again z = |7||Z |, the sum over the projection number m is trivially reduced by the requirement
that A = M — m, and we define the object

ME (g0, 7) = /d% ME™(2,4,2) - T (g0, %) = /d% [jJ(z) Yim(g, ) } T (0, %) (3.19)
As before, we reduce the spherical harmonic that is a function of the ¢-domain which gives

J+1
J(QO, \ﬁz i)'V2I+1 Z CJé11§AM (90,7)

L=|J—1]

In order to obtain the two remaining transverse multipoles, we must explicitly perform the summation
over the L number. We note that the sum is attached only to the vector basis functions {M flm} that we
have defined in the introduction to this section, and as such we may consider

J+1

J1; L)\ PN

Z CJO 1A (z,q,x)
L=|J—1]

J1:J—1A J N[ A J1; JH1A J+1,\ . JL:JN x5 IN/ . A &
_CJO P My ( %y q, T ) CJO 1A My (qu’ ) CJO o My (z,q,x)

_L*J—lz\ q 4 i*ﬁru AA_L*JA oA
“\Vaerrn Mn (2,¢,2) + 22T+ 1) My (2,4, 2) \/EM“”(Z q,2)

Importantly, from the definition of the vector projection functions, for the case of A = £1 we must always
have that the first index is greater than or equal to one. This then allows us to reorder the infinite sum
over multipoles as J — J + 1 in the first term, as J — J — 1 in the second term and with the total
summation (expressly for these terms) restricted as J > 1. With some manipulation, we find

o0 J+1
J J1; LA ~
(—i)"v2J +1 Z CJO X M ( x)
J=1 L=|J—1|

> PVEEER® T A\ A A s
z:: V2741 | 2J+1MJJ1\11(276]’$)—Z mMﬁn(zaqw)—/\Mff(z,qw)

(e.)
o DR @xMjf(z,q,ge)_AMjf(z,q,@)] |
J=1

where we have utilized a most convenient vector identity for such basis functions,

J+1

l = Y . o ] d .
mvzxMj]{\(z,q,m): 2J+1MJ 11( LG, &) — i 2J+1M:]]f;11( N (3.20)

taken as seen in Eq. (60) of Chapter 7 on “Tensor Spherical Harmonics” from Ref. [99]. Folding this
expression back into the decomposition of the vector current operator, we arrive at the final form for the
A = %1 contributions:

I (0.7) rz (=) V2T +1 | Tohy(a0,7) ~ A TS (00,7) |
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with the so-called transverse electric and transverse magnetic multipoles respectively defined as

1 - - "
T (90, 7) = m/dgx |V x N (20.9) | T (a0, 7) (3.21)
T3 0 0) = [ @ MR (d.8) - T 7) 322

where z = |{||Z| as before.

We summarize this section by stating that one may find the Coulomb multipole in Eq. (3.16), the
longitudinal multipole in Eq. (3.18), and the transverse electric and magnetic multipoles in the above
Eq. (3.21) and Eq. (3.22), respectively. The multipoles are defined entirely in terms of the fundamental
vector-like current operator and the scalar and vector basis functions given in Eq. (3.8) and Eq. (3.13),
respectively. These multipoles completely characterize the operator J and, up to the one-nucleon form
factors (see the later section) and the potential action of the 45 matrix in the fundamental current, are
identical for any vector and axial-vector currents which may appear in the Standard Model. Thus, the
charge density operator is given by

Jo(q0,7) \ﬁz i) V2J 1 1 Myo(qo, |7]) (3.23)

and the vector current operator by

T (90, 7) \ﬁz —i)"V2J +1 Ljo(q0,7) é6°(4)

V21 Y S )VRT T | Tohy (a0, @) = ATSE (a0, @) | ex°(a) (3.24)

A=+1J=1

Additional properties of the multipoles related to parity and time-reversal symmetry may be found in
Ref. [125].

Multipoles of Scalar and Pseudoscalar Current Operators

The decomposition of a general scalar-like current operator is in fact trivial after having worked out the
multipole expansion for a vector-like current operator. One can match the relevant operator structures
directly onto the multipoles generated from the charge density operator Jy as derived in the prior section.

Multipoles of Tensor Current Operators

The decomposition of a general tensor current operator is unfortunately beyond the current scope of this
text but may be added in the future given an adequate amount of time. Let’s see how the summer goes!
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3.2 Non-Relativistic Quantum Field Theory

This section is a general aside on the discussion of QFT amplitudes of current operators, the goal of which
is to establish a rigorous (enough-for-this-dissertation) connection between QFT states and their non-
relativistic counterparts. While this will be a weak treatment of the true formalism for Non-Relativistic
QFT (NRQFT) in the mathematical sense, the presentation will allow us to correctly interpret the non-
relativistic amplitudes of current operators that we will encounter later in this dissertation in terms of
the true, relativistic QFT states. I hope that this will provide an intuitive picture to the reader about
the language connection between the particle theory and nuclear theory communities. The contents of
this section are worked out based on the personal notes of David Morrissey [132] and brief discussion in
David Tong’s “Lectures on Quantum Field Theory” [133], with further inspiration taken from Ref. [134]
and discussions with Chien-Yeah Seng.
Let us begin this discussion by writing down a clear definition of the QFT states.

\ Z
4 N

Definition 3.2.1 (Relativistic Plane-Wave Eigensolutions). We define the relativistic plane-wave
basis to be the set of eigensolutions to the free-space, relativistic four-momentum operator P, = (PO, P )
where Py = H is the free-space, relativistic Hamiltonian operator and P is the relativistic 3-momentum
operator. More rigorously, for a given quantum particle of arbitrary character (m, ¢, 7) labelled solely by
its mass m, the set of eigensolutions to the four-momentum operator P* define the relativistic plane-wave
basis as

(v =P ¢ 5) =0 {le:7) : peRr®} . (3.25)

with eigenvalues p, = (wp,ﬁ ) where w, = y/m? + |p|? is the relativistic energy of the quantum parti-
cle . In these notes, we adopt the most frequent convention for the normalization of the plane-wave
eigensolutions

. . L d? 1 . .
{09 @; P) = 2w, (2m)* 6 (p" — p) 1:/(2;;3 o, s D) (] . (3.26)

For a truly rigorous definition and exploration of the relativistic plane-wave eigensolutions, including a
purely algebraic derivation of their properties, we refer the reader to Section 2.5 of Ref. [135].

\ Z
4 N

Consider the Lagrangian density for a massive, spin-1/2 Dirac fermion (m, ¢, ) for which the free
quantum particle is described by

L= (in"0, —m) » = <$+) , (3.27)

with ¢ the spinor of particle (+) and anti-particle (—) solutions for the field; the components 1. are themselves
bi-spinors representing the spin-1/2 nature of the quantum particle. The definition of the gamma matrices may be

found in Appendix A, along with the definitions for any related objects. If we consider a field re-definition of the
form 1 — e~"™%) then, in terms of the components of 1, the Lagrangian density becomes

L= (™) (iv"0u —m) (e7™ )
= mip? + mip? + i 8o v + il o + i 0y + i U0 v — a2 +

=il Qo vy + 0T (2m + i) + il o',y il By
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in which we see that we have removed the mass term which mixes the two components in favour of a mass term
dependent on only the lower component. Formally speaking, we may solve for the equations of motion of the lower
component 1_ via the Euler-Lagrange equations and eliminate it from the above Lagrangian density. We find that

oc ., or
T

which gives the formal solutions for the conjugate and normal lower component fields in terms of the upper com-
ponent fields as

=2myl —idpyt — i, () 0') =0

ol = (2m — i)~ (60, 0] o) = (2m —idn) " (io'0y0) (3.28)

b= (2m+i00) (0 [l o)1) = (2m +i00) T (—iot D) (3.29)
Making use of these formal solutions for v)_ in the Lagrangian density then gives
£ =il oy + ot (—ictoi) + it 070, by + i 0%0; (2m +i00) T (— icD; vy )

= bl By by + il o'0; (2m +i09) T (— 0" By 1)

As we will always be integrating the Lagrangian density over space-time, we may integrate by parts in the second
term to rewrite it in a more convenient form. This leads to

/d4x Z"(/Jl o', (2m +idy) _1( — ic'o; Uy )

:[wiai (2m+z~ao)—1(_wiai¢+)} = [t (=it o) em+ion) " (—iooi)

o0
where we will assume vanishing field configurations at infinity. We thus arrive at the final form of our Lagrangian
density prior to a non-relativistic reduction
o f 1 i T 0o ! i
L= ’Lw+ 80 ¢+ — % (O' aiw+) 1+ % (O' 81 w+) . (330)
In order to make sense of the above Lagrangian density in a non-relativistic setting, we will write it as a formal
power series in powers of 1/m by expanding the intermediate resolvent for the time-derivative operator, i.e.,

L =il 8oy — % (o) [1 + % + O([iao/2m]2) } ("0 ) . (3.31)

If we only take the lowest-order contribution to the Lagrangian density and explicitly write it out in terms of the
components of the field ¥, = (¢1, 1) then we have
. . 1 = 2 1 = 2
Lo = iy 0o Y1 + 195 O Y2 — o (Vi |" = — V|, (3.32)
m 2m
which we recognize as two copies of the Lagrangian density for a non-relativistic, spin-1/2 quantum particle of
mass m; this is the Lagrangian density which will give rise to (two copies of) the time-dependent Schrodinger
equation. Let us consider only one of the two components in Eq. (3.32) for the following discussion since (i) the
other component is simply a copy of the same theory with slight modifications to the dynamics and (ii) a single
component of the original four-component Dirac field ¢ behaves as a scalar field. We will henceforth denote the
single-component, non-relativistic field and conjugate field operators for a quantum particle of mass m as

(m, ¢, 7) =), (3.33)

where the caron symbol is utilized to emphasize their non-relativistic nature. We thus find the Hamiltonian for
such a system to be

1 -
Ho(e) = [ @ x oy — Lole') =[x T

40



CHAPTER 3. AMPLITUDES OF CURRENT OPERATORS

as anticipated. Notably, in the non-relativistic setting the Hamiltonian is a positive-definite operator and thus
the negative energy solutions typical of the relativistic theory are not present in its spectrum; there is no natural
occurence of anti-particles in the non-relativistic setting. The further lack of need for a Lorentz invariant theory
(only Galileo may be found here!) hence motivates the expansion of the field operator ¢~ to be written as
d®p ; 5.2 7?
Y(tx) = | ——= a(P) e et ¢PF wy, =m+ —— + O(1/m? , 3.34

o) = [ he al) p=m+ L+ O(1/m?) (3.34)
where w,, is the non-relativistic energy of the quantum particle. If we impose the canonical equal-time commutation
relations on the fields ¢~ and 7~ = i(¢” )" we then arrive at the Hamiltonian operator in terms of the basis of
creation and annihilation operators as

&p 57
Hy = / s a7 al) (3.35)

We thus interpret the one-particle Hilbert space of the non-relativistic quantum field theory as the Fock space with
vacuum |O> and one-particle momentum states

=2
(" = P")|¢ 5 5) =0 p”=(m+%, ﬁ)

{1¢:7) + FeR, |pP/m<1} . (3.36)

With the Hamiltonian operator reminiscent of traditional free-particle quantum theory and a clear one-particle
Hilbert space in mind, we may extend the discussion to clearly define the notion of a wavefunction.

The Notion of a Wavefunction

In the non-relativistic setting described above, we may recover the exact quantum theoretic formalism centered
around the dynamics of “wavefunctions” by the following steps. Consider the action of the non-relativistic field
operator ¢~ on the vacuum state

o7 t,Z) =" (t,7)|0)
which we interpret as creating a one-particle state at time ¢ and position Z. One can show that this satisfies

(75 1,3 |75 ,7) = (0] " (¢',2") ¢ (¢, %) |0)

&Py Ep e it it —ipE = 7
:/(27r)3 G ¢ P 0] a (@) o () [0)

8

=0(t' —1)6® (7' -

)

and

d3 / ) L o
(o5, ¢ 5 7) =(0|¢ (1, %) |95 7)) = / (%p)g Tt T (0] a(p) |7 s ) = S PTt)

as expected. Then we may construct the following quantity

—

X:/dgxfgavT(t,f)gpv(t,f) X|g0v; t,f>:f|<pv; t,f> , (3.37)

which one can see by eye satisfies the quoted relation and, similarly to the relativistic 3-momentum operator and
basis, we may define

" Py . . o o )
P:/(2w])93paT(p)“(p) (75 P Ple7s0) =7 . (3.38)
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These sets of states { |g0v ; f)} and {’ - 13'> } are, in complete analog to the original QFT states {| v; ;5’)}, a
complete and orthonormal basis within the one-particle Hilbert space of the non-relativistic theory. We make a
critical note that resolution of identity with the respective bases yields

d3p

]l:/d3x|<pv;f><gov;f| ﬂZ/Whﬁv;ﬁX@v%m )

where we emphasize the difference between the normalization of the momentum states in the relativistic and non-
relativistic formalisms. We are now poised to make the following definition of a Schrodinger state.

\ Z
4 N

Definition 3.2.2 (The Schrédinger State). We define the Schrodinger state for a classical field configuration
U € L2(R x R3) of the non-relativistic field operator ¢~ as

1% (1)) :/d%; Ut 7|75 F) (3.39)
for which we immediately observe the following properties
(7 T|U(t)) = T(t,7) (o7 | X |T(t)) =7 V(t,7) . (3.40)

One may further show the anticipated result for the 3-momentum operator

(¢t B|u(t) = /d% (0]~ (.3 Pu(t,7) o1 (1, 7) |0)
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dgp/ dgp d3k' = =l =) ’ g
— dS k i(p T —w t") —i(p-Z—wpt) U(t.2) (0 =\ T
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Pp P (3 —F o
/d?’xwpep( ) W(t, T)

= —iVU(t,T)

as expected.

\ Z
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This definition establishes the connection of the QFT formalism to the more old-school picture of non-relativistic
quantum theory which we all know and love. To finish the discussion, if we apply this definition in the case of the
free-particle Hamiltonian in Eq. (3.35) as we have done for the 3-momentum operator above, we immediately find
the expected result

(¢" s | Ho |¥(t)) = —%62\11(&:?) , (3.41)

which indeed has the correct form of the Schrédinger equation for a free-particle of mass m. Remarkable! However,
we note that we have not made any comment on the normalization of the Schrodinger state U(t) and so the above
expression, while in the right shape, does not admit the Born probability interpretation of standard quantum theory.
Not to worry, this is readily corrected by noting that the non-relativistic Lagrangian Lo that we have derived (and
in fact the original QFT Lagrangian for good reason) is invariant under global symmetry transformations as

ey

which leads to the following conserved current

i ot . T i .
g :(<p fo , —— TV@) . (3.42)
m
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We can then readily show that the conserved Noether charge satisfies
()| ¢ 1(@) o (@) [T(t)) = /d3x”d3x’ ()| @5 ) (75 2| 0@®)) (F"| ¢ T(@) ™ () |77)
_ /d% (7)) (3.43)

which is simply interpretable as the conservation of particle number, or, in the case where we choose the normaliza-
tion of the classical field configuration ¥ to be unity, conservation of probability. Now that we have shown how to
arrive at the traditional picture of non-relativistic quantum theory from a reduction of QFT, we state the following
remark which is the most important result of this work for what is to come.

\ Z
4 N

Remark 3.2.1 (The Relation Between States in QFT and NRQFT). The relationship between a state in a
non-relativistic reduction of QFT which obeys the traditional quantum theoretic description may be related, in the
valid momentum domain of applicability, to a relativistic QFT state via the simple relationship

Vm | e s B) = | )+ O([1/m)*?) (3.44)
when the domain of 3-momentum is restricted such that
{1¢7:7) : FER, [FP/m<1}

Ultimately, it comes purely from the definition of the measure of the theory which is Lorentz invariant for QFT
and merely Galilean invariant for NRQFT.

v
A

The above derivations and final remark collectively provide everything we need to connect a relativistic QF'T
state to the traditional quantum theoretic formalism exploited in quantum many-body methods. I note that while
this may appear a simple result, with little to no references in literature making clear this relationship, it took a
longer to figure out than I would care to admit!
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3.3 Electroweak Amplitudes for the Nucleon

None of what has been derived thus far relies on a low-energy effective field theory for strongly-interacting nuclear
systems in terms of protons, neutrons and pions. The multipole expansion formalism presented in the previous
section is entirely at the quark level and is blind to external QFT states which appear in the amplitudes; it is
ignorant to the doublet of light quarks which we will now be forced to consider to arrive at a meaningful connection
to state-of-the-art many-body methods in low-energy, ab initio nuclear theory.

As nicely presented in Chapters 42 and 43 of Ref. [96], the charge-changing weak current, the neutral weak
current and the electromagnetic current operators may be summarily expressed in terms of an SU(2) doublet in the
isospin space of the quarks, i.e.,

V,, (33, F) = (x) m(l — 75) Ty(x) (3.45)

Au(2.T) = B(2) 7 (1 +75) T () (3.46)

where ¥(x) = (u,d)T and T’ € {1, 73,74} for the vector current and I' € {7} for the axial-vector current. The most
convenient way for us to go about determining the hadronic amplitudes of these currents for nuclei is to begin with
the amplitudes for free-nucleon QFT states and perform a non-relativistic reduction. Utilizing Lorentz invariance,
the properties of parity and strong isospin invariance and current conservation allows us to write down the most
general possible forms of such amplitudes [96]. For a vector or axial current operator, one has that the on-shell
one-nucleon amplitudes are given by

I
(w5 Py [V*(0,T) |55 §i ) = a(py, sy) { Fiy,+ ZQT:LUW(Pf —pi)v — Fsqy ] u(py, si) (Wp| Ty (3.47)
F
(5 r |A*(0,T) | a5 pi) = a(Py, s5) {FA%% - ﬁ%(pf —pi)" + Fro™ q,s ] u(py, si) (Wy|Tlbi) , (3.48)

where 1), characterizes the type of one-particle QFT state of the nucleon with quantum numbers a = { s, mg, t, m; }.
As we are interested in application of pure SM processes, we have ignored the possibility of the so-called “second-
class currents” which, as pointed out in a theorem of Ref. [136], should not exist in the SM due to violation of
various symmetry properties. Of course, the nucleons themselves are composite objects and thus do not exactly
admit totally localized interactions; the above are only expressly valid in the limit of point-like fermions. In the
context of an effective field theory of low-energy QCD in terms of nucleons, we may partially prescribe the non-
point-like nature of the nucleon by an implicit dependence of the {Fy, F», Fia, Fp} couplings on the 4-momentum
transfer, that is to say,

F; = Fi(q°) . (3.49)

These are the “one-nucleon form factors” and they must be determined from fits to experiment or from LQCD
simulations. In such calculations of electroweak processes in nuclei, the need for the one-nucleon form factors
represents a source of phenomenology (at a deeper level, an uncontrolled theoretical uncertainty) which we would
one day like to eliminate!

With the one-nucleon amplitudes in hand, we may now proceed to the next step of our program which is to
rigorously evaluate the amplitudes of the vector and axial-vector currents between many-nucleon (nuclear) hadronic
states. Of particular relevance here is the discussion in the prior Sec. 3.2 on the connection between QFT states
and the corresponding NRQFT states in the non-relativistic limit; the main result in Remark 3.2.1 will be utilized
in the following. We will now present a fully-worked-out example of the non-relativistic reduction for the Coulomb
multipole of an underlying vector current operator. This will illustrate the procedure of how to arrive at one-nucleon
amplitudes for an arbitrary current operator which may be directly utilized in nuclear many-body methods. The
remaining multipoles may be typed up in a future version of these notes but for the time being will be left as an
exercise to the motivated reader.

The Coulomb Multipole of a Vector Current

We begin by taking the one-nucleon amplitude of the Coulomb multipole as it appears in Eq. (3.16) between non-
relativistic external hadronic (NRQFT) states ¥; and ¥y which obey the properties discussed in the prior section.
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The amplitude with the Coulomb multiople of a vector current operator is then

0| e (00, 7) [9) = (05| [ ' Mas(2:3) 6 a0 ) |22)

dBpr Bp; [ 5 = N
= BBy, LPF AP ipydy — i T (-
/d zyd xl(277)3 n)? [e \I/f(xf)] {e \Ill(xl)] (3.50)

xm {5 P | /dgw My (2, &) Volqo, &) | @is 85)

where, in arriving at the last line, we have used the result of Remark 3.2.1. Note that in the above we have suppressed
spin indices for brevity, however, the external hadronic states must carry spin-isospin indices. For the nucleonic
states we have taken m; = my = m. It is then straightforward to show, after shifting the current operator in the
hadronic amplitude to the origin, that the non-relativistic reduction to O(|p'|/m) with external QFT plane-wave
states gives

(s 97| Volao,0) | wis §i) = 2mFixs, +O(1/m) . (3.51)

This leads us to the following, literal expression which we utilize in our codes

<‘1’f|MJM(QO7§') "I’z> :/d% ‘I’}(f)le |:MJM(27=@)F1((f) V(%) xs; s

We have provided the above, very simple example merely to show procedurally how one arrives from the very
beginnings of the multiople expansion to a current operator amplitude suitable for use in non-relativistic, nuclear
many-body theory. Derivation of the other multipoles is quite a bit more involved and, eventually, a basis of form
factor independent electroweak operators may be formed; the decomposition and maneuvering of these multipoles
into suitable amplitudes for use in nuclear theory has been accomplished in literature quite some time ago [125, 126].
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8 10 12 14 16 18

Figure 3.2: A series of NCSM calculations from Ny = 2 — 8 of the |[M?”| amplitudes as a function
of the energy displacement 6 E for the ®He — ®Be transition. The dashdot vertical lines correspond to
the NCSM prediction of the @ value (in colour) and the experimental @) value (black) of the transition.
Spikes in the distribution correspond to the poles in the Green function from bound states in the NCSM.

3.4 Benchmark Amplitudes for Two-Neutrino Double Beta Decay

As briefly discussed in the introduction, neutrinoless double-beta decay, usually dentoed Ovf3fS is a hypothesized
lepton-number violating process in which a nucleus emits two electrons without accompanying neutrinos. Observa-
tion of this decay would confirm that neutrinos are Majorana plus Dirac particles identical to their own anti-particles
and offer critical insight into the origin of neutrino mass and the matter-antimatter asymmetry of the universe.
Global efforts have set increasingly stringent lower bounds on the 0v3f3 half-life, currently around 1026 years. How-
ever, interpreting these bounds in terms of fundamental neutrino properties requires precise knowledge of the nuclear
structure amplitudes which relate the decay lifetime to the effective Majorana neutrino mass. Unfortunately, such
amplitudes are not directly observable and theoretical predictions vary significantly, often by factors of three to
five, depending on the many-body framework employed. Recent developments in YEFT have further complicated
the picture by showing that the standard long-range Ov33 decay operator must be supplemented by a zero-range
(contact) operator of unknown strength. Active research is underway to determine this contact term from quantum
chromodynamics (QCD) and to quantify its impact.

In an effort to address these uncertainties, in Ref. [20], the authors employ coupled-cluster (CC) theory and
YEFT interactions to perform ab initio calculations of the Ov33 decay matrix element in “8Ca. Among all Ov33-
decay candidate isotopes, 48Ca is attractive due to its (relatively) simple structure, which helps to facilitate precision
calculations of electroweak properties. While the primary goal of the study is to deliver amplitudes for Ov3s3, a
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Figure 3.3: A series of NCSM calculations from Ny,x = 2 — 6 of the |M 2v | amplitudes as a function
of the energy displacement 6 E for the *C — %O transition. The dashdot vertical lines correspond to
the NCSM prediction of the @ value (in colour) and the experimental @) value (black) of the transition.
Spikes in the distribution correspond to the poles in the Green function from bound states in the NCSM.
CC results for this transition are as taken from Ref. [20] and are shown in magenta, while a test set of
prior NCSM results are shown in gold cross-hairs.

substantial effort was made to analyze two-neutrino double-beta decay (2v/33) in unphysical systems accessible to
a several many-body methods — though importantly the quasi-exact NCSM — to validate the quality of the CC
calculations.

We replicate the benchmarking performed in the original study here as a test of the new framework that has
been implemented, and perform some novel benchmarks with the VS-IMSRG approach in the interest of further
benchmarking; these results to this day remain unpublished. The relevant amplitude is given by

v NP Lo [Un) (W[ o™ [W4)
M = I AR (3.52)

n

where o7~ is the Gamow-Teller operator and the denominator of the Green function is parameterized in terms of
0F. We note that the Gamow-Teller operator is the long-wavelength approximation of the axial transverse electric
multipole which we have derived the general form for in the prior sections. The relation between the two in the
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Figure 3.4: A series of NCSM calculations from Nyax = 2 — 4 of the |[M?’| amplitudes as a function
of the energy displacement §E for the 220 — 2?Ne transition. The dashdot vertical lines correspond to
the NCSM prediction of the @ value (in colour) and the experimental @ value (black) of the transition.
Spikes in the distribution correspond to the poles in the Green function from bound states in the NCSM.
In the upper figure, the raw comparison between the NCSM and VS-IMSRG results is shown while in
the lower figure the VS-IMSRG results have been shifted by 0.5 MeV to better illustrate the structural
similarity of the two results.
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limit of |¢'| — 0 gives, in terms of the multipole moment,

o 61 g~ (O TGN W) (] T (1) [¥4)
M= i oy 12 , (3.53)

n

which is precisely the amplitude we compute to test this new framework in comparison with the old benchmarks.
We mention here that all calculations have been performed using the “so-called” magic interaction for a chiral
Hamiltonian. As we are not discussing the physical implications of these results, I will not say more regarding the
interaction — also because I am not much of a fan.

In the following figures, the appearance of a black dashed line indicates the experimental ) value of the
transition. We first refer to Fig. 3.2 in which a series of Np.x calculations of the resolvent amplitudes for the
8He — ®Be unphysical 2v33 transition have been performed. While we cannot say much of physical interest here,
we note the consistency of the calculations of the spectrum even from relatively small Ny ,x configuration space
sizes. Unfortunately we did not have time to make a comparison to the CC results for this system. We then refer
to Fig. 3.3 which contains the M?2" results from the original benchmarking performed between the CC and NCSM
groups in the *C — O transition. In the gold cross-hairs are the original NCSM results, which we see that
the new method reproduces exactly for the same-size configuration space calculation at Ny, = 6. As was seen
in the original CC work, the agreement between the two approaches is excellent in across the entire energy range
studied. It further seems that the Ny.x convergence is well under control in the NCSM. We lastly refer to the two
subfigures in Fig. 3.4. The top figure shows a raw comparison between the NCSM and VS-IMSRG results with
the VS-IMSRG taken in a much larger configuration space than is possible for the NCSM at this particle number.
Nevertheless, we observe a very reasonable agreement between the two approaches which is even more telling in
the lower subfigure. In this figure, we have shifted the VS-IMSRG result by approximately 0.5 MeV, which gives
a much better picture of the structural similarity of the predictions. We naturally expect not to reproduce the
exact same energies, particularly with the small NCSM calculation in such a large system, however the observed
similarity in the results is certainly comforting.

These comparisons are by no means comprehensive, however, I wanted to include them in my dissertation as
they were part of the earliest work on this project and involved the first few major modifications to the relevant
code which has now been completely overhauled. More comprehensive benchmarking has been performed of this
framework, with a variety of different tests, and I will discuss several later in evaluation of the radiative corrections
in nuclear systems.
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Chapter 4

Electroweak Radiative Corrections in
Nuclear Beta Decay

Before discussing the nuclear structure correction of interest, labelled by the YW box and dng quantities, we
first introduce some very basic formalism for the theory of beta decay and the corresponding one-loop radiative
corrections. We will assume isospin symmetry in the following relativistic derivation, but it should be made clear that
the physical isospin breaking effects are included on the nuclear structure side of the calculation. This is generally
well-justified as Fermi transitions occur between nearly degenerate isospin analog states. While the discussion below
is tailored towards nuclear beta decays, the same discussion is more or less identical for free neutron decay, and can
be readily generalized to a discussion on arbitrary electroweak radiative corrections in nuclei.

A Comment on the Hamiltonians Utilized in Calculation

Before beginning our discussion on electroweak radiative corrections, we emphasize to the reader that all numerical
results for nuclei presented in this section are obtained with YEFT interactions. We employ two different inter-
actions which are consistent at the two-body level but differ at the three-body level. At the two-body level, we
use the Entem-Machleidt-Nosyk next-to-next-to-next-to-next-to-leading order (N*LO) interaction [137], labelled
as NN—N*LO(500). At the three-body level we apply (a) the 3Ny, interaction [138], and (b) the 3N}, interac-
tion [139, 131, 26]. The latter contains an additional sub-leading contact interaction (the so-called E; term) which
enhances the strength of the spin-orbit coupling in three-body systems [140].

Beyond the use of the raw interactions as derived in YEFT, to accelerate the convergence of many-body prop-
erties with respect to the size of the many-body configuration space, the chiral interactions are further softened
at short-distance scales via Similarity Renormalization Group (SRG) [141]. Presently, we use the evolution pa-
rameters of A\sgg = 1.8 fm ™! and Asrg = 2.0 fm ™! for the NN—N*LO(500)+3Ny, and NN-N*LO(500)+3N;,,
interactions, respectively. To gauge convergence of the numerical calculations, model spaces of up to Nyax = 7
with oscillator frequencies in the range of h{2 = 16—20 MeV have been applied. In addition, all integration results
are presented with any infinitesimal-like parameters of the calculation, e.g., complex offsets in the denominator of
propagator amplitudes, taken to the minimum possible value while ensuring numerical stability. This is usually of
order ~ 10712,
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CHAPTER 4. ELECTROWEAK RADIATIVE CORRECTIONS IN NUCLEAR BETA DECAY

4.1 A High-Level Introduction

For clarity, we begin by re-stating the definition of the electromagnetic and charged-weak currents as utilized in the
following work. Respectively, these are

2 1- -
Jh = ga’y“u - gd'y“d J\TN“ =dy" (1 —s)u . (4.1)
In the EFT picture of the nucleus as composite of protons and neutrons, the nuclear beta decays we are interested
in may be simply written as

@i(pi) + e (pe) — (py) +velpr)

which has a corresponding tree-level amplitude

G o o
Miree (pf,pis kgo ki) = —72 (ks ki) (Vg py| Jév)\(Q) Vi) (4.2)

where Ly is the leptonic current
L = Ue ’VA (1 - 75) Uy . (43)

In the special case of exact isospin symmetry and spinless external states (quasi-exact for Fermi transitions in
nuclei), the hadronic matrix element can be decomposed into two form factors

Fpg,p0) = (Ui 00)| By ) [9i00) = f1 (=1 ) 0+ + £ (-2 ) =20 . (49)

which are normalized such that fi(0) = v/2 and f_(0) = 0 in isospin 7" = 1 systems. As we have heavily
emphasized in the introduction, at the level of 10~* precision sought after in modern tests of CKM unitarity, the
tree-level amplitude is not sufficient and electroweak radiative corrections from the SM must be explicitly included
in extraction of V4. A general framework for the analysis of radiative corrections from electroweak theories was
developed some time ago by Sirlin [142] which forms the basis for the analysis performed in the current study.
Applying Sirlin’s representation to study the one-loop radiative corrections to hadronic decays yields a number of
additional diagrammatic processes which must be considered, almost all of which which go beyond the scope of
this document. The analysis of radiative corrections in the context of superallowed Fermi decays is most clearly
presented in the more recent review of Ref. [143].
Ultimately, the master formulae for obtaining V4 from a given transition is

I m31n(2)
GEm2ct Ft(1+ AY)

|Vud|2 = ]:t:ft(l—l—ég%)(l—éc-i-é]vs) R (45)

where G is the Fermi constant and the Ft value contains all (corrected) nuclear structure information related to
a given transition; f is a statistical phase-space factor and ¢ corresponds to the half-life of the transition. There
are four theoretical corrections entering in the above expressions, mostly electroweak radiative corrections, which
we now outline.

(I) The Inner Radiative Correction — The first correction AY, is the “inner radiative correction” and is universal to
all Fermi transitions. It comprises many radiative effects, the most challenging of which to compute is hadronic-
structure-dependent YW box contribution; all other corrections at loop level can be factorized to be independent of
the structure of the hadron. The YW box dominates the uncertainty of A% and is the piece for which theoretical
errors were greatly improved in the last seven years [13, 14, 144, 145, 146].

(II) The Outer Radiative Correction — The second correction 0% is the “outer radiative correction”, the long-range
counterpart to AY,, which accounts for QED effects in the infrared limit, e.g., bremmsstrahlung photon emission, as
well as Coulomb distortion of the electron wave function. It is understood quite well relative to the other corrections
and calculable to order Za? in QED [147, 148, 149, 150, 151], though recent analyses call partially into question
results some results from these historial works [152, 153, 154].

(III) The Electroweak Radiative Nuclear Structure Correction — The third correction dng corresponds to the modi-
fication of the one-nucleon axial YW box diagram, as described above for the “inner radiative correction”, due to
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Figure 4.1: The nuclear YW box diagrams.

effects from the nuclear medium. It parameterizes the difference between the yW box evaluated on a free nucleon
and on a nucleus and is thus not independent of AE. This correction is the focus of our work and will be given a
brief introduction below.

(IV) The Isospin Symmetry Breaking Correction — The fourth correction d¢ is known as the isospin symmetry
breaking correction which parameterizes the renormalization of the Fermi matrix element due to isospin non-
conserving interactions, i.e., the strong and Coulomb interactions.

For our discussion, the most important correction is the YW box contribution, shown in Fig. 4.1, which gives
rise to both Ag and dns. This correction is the only one at the one-loop level which truly probes the structure of the
external hadronic states in a non-perturbative way and, naturally, it dominates the radiative correction uncertainty
to Fermi decays [155]. Despite both dng (being the most ill-determined) and J¢ having been approached with
nuclear models in the past, by applying the current state-of-the-art approaches in ab initio nuclear theory there
is much room for improvement. Historically speaking, the only model successfully producing a quasi-alignment
of the nucleus-independent Ft values across the chart involved shell-model type calculations with Woods-Saxon
potentials, see Ref. [7] for the latest review and references therein. Other varied approaches in literature have not
been able to produce the same agreement obtained by the Hardy and Towner works, for example, Refs. [156, 157].
Notwithstanding early efforts on the front of dc [158, 159], in the last two decades the ab initio nuclear theory
community has not pushed to reduce the theoretical uncertainties [10] despite extensive criticism of the current
estimates [160, 161, 162], though it is not clear how well-founded are such criticisms. This is the perfect working
ground for an ab initio nuclear theory!

While there are many terms contributing to the YW box in Section 3 of Ref. [155], the discussion concludes by
identifying the following piece as the dominant contribution,

62 d4q M2 1 €;wa>\q
MYy = —i_Gr L W 5 7e Tav
W ! 5 I /\/ (2m)* M3, — ¢ ¢*> +ier (pe — q)> —m?2 +ie "

7%

where the generalized Compton scattering amplitude reads

(pfapi7Q) ) (46)

1 ) — = v ~ —
T (piapgsa) = 5 [ @t (g | T[22, (03) I 0.6)] [ Wi ) (4.7)

This contains all the hadronic structure information and is hence our central object of interest. The following
section will be dedicated to the decomposition of this object into quantities we may work readily with in ab initio
nuclear theory.

As discussed in Ref. [155], the general decomposition for the ¥ box radiative correction is given by

Mow = My + My (4.8)

however, in the forward limit and for exact isospin symmetry, the M2y, contribution may be partially cancelled
with other radiative corrections, which results in a negligible contribution to the Fermi amplitude. We can then
focus solely on (5/\/lf’YW7 which by linearity may further be decomposed into vector and axial pieces as

s JA
My = Mo+ M2y (4.9)
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for which the velocity-dependent vector piece again vanishes in the forward limit and for exact isospin symmetry
since the tensor TH" is symmetric in the Lorentz indices. Under this set of approximations,

M~ Dy Mo (4.10)
where My is the tree-level amplitude and IZI?YW is the YW box function. The precision determination of this function
in nuclei is the ultimate goal of our efforts.

To reiterate, it is the improved determination of the YW box diagram for free-neutron decays which reduced the
uncertainty in A% by a factor of 2, leading to the current CKM unitarity puzzle. Of course, we are interested in the
nuclear-structure-dependent, correction dng, which may or may not augment this tension with the SM prediction
of CKM unitarity. This correction is defined in the literature as the pure difference between the yW box when
evaluated on a free nucleon and on a nucleus, i.e.,

Ons = 2[00 -0 ], (4.11)

where the subtraction is performed to not double count the vWW box contribution already included in the Ft value
corrections via Ag. Thus, we have a clear path forward. First, the determination of the Compton amplitude in ab
initio nuclear theory followed by evaluation of the YW box function, which will be explicitly written down later.
When properly combined with the result for free neutron decay [13], this will give us the nuclear-structure-dependent
electroweak radiative correction to Fermi decays, dns.
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4.2 Decomposition of the Compton Tensor

Let us begin our analysis of the radiative corrections for beta decay with the hadronic object which makes its
appearance in the axial box diagram, the Compton tensor of Eq. (4.7). Built from the time-ordered product of the
electromagnetic and the weak current operators, it reads

1 ) v ~ —
T (prpsoa) = 5 [ dto 0 (0 gy | TL, (62) W 0.0)] |05 72)

and we aim to find a non-relativistic limit for the amplitudes in terms of the momentum-space current operators.
This is necessary in order to apply the well-known multipole expansion formalism for current operators derived in
the previous chapter and utilzied for decades in nuclear theory. For internal consistency in these notes, in what
follows all states and operators are taken to be in the Heisenberg picture.

We begin by making explicit the time-ordered product of the current operators and by resolution of identity
with a complete set of plane-wave eigensolutions. We have

T (pisps,q)

= %/d‘*w e ( Wy py | T[T (8,2) T (0,0,)] | Tis 5 )

00 0
3 [ e (g m( | arem g, 62 Ay 0.6) + [ ar ey (0.0) Jé;(t,i‘))\\lfi; 7)
0 —o00

1 Lq-T > 3 — — — — v ~ —
= §/d3w e“”(/o dt et (g py |Jh, (¢, F) [I|wa;pa><¢a;pa I] i (0,0,) [ @5 5 )

— 00

0
+/ dtewwf;ﬁfyJw(o,dx)[iwb;ﬁb><wb;ﬁb|]J;,l(t,f>|xm;pz>>
b

As we are working with Heisenberg picture operators, we may remove all space-time translations via action of the
four-momentum operator. Explicitly, for a general current operator O(x) we may write

O(t,f) = o P’ O(O, 61) e @ P7 = e”HeifﬁO(O, 67,) eitHe—i® P (4.12)

By construction, the plane-wave functions are eigensolutions of the four-momentum operator and, thus, simultaneous
eigensolutions of the relativistic Hamiltonian operator H = Py and of the 3-momentum operator P. Returning to
our problem in particular, this decomposition of the current operators then allows us to isolate the time dependence
of the currents and perform the t = z( integral analytically. Moreover, rearranging the order of the sums and
integrals and maintaining the spatial dependence of the current operators for the time being, we have

T (pi, py, q)

=5 X [t e [ et gy | (0.8) ¢ s ) s 7] Y (0,02) |53 7)
0

1 A , . , ,
g3 [ e et [ et (g [ 0.02) [ ) s 7 €0 5, 0.2) € i i)
b — 00

1 T oo )
=53 [t T [ et (i 75, 00) s Y 7 T 0.0)] 94 70)
0

1 o ; -
w3 [t e T [t g gy | 0.00) [ ) (s | 2 (0.7) | 943 70
b

Now, by inserting the appropriate Heaviside functions O(t) and ©(—t) in their respective integrals, we can imme-
diately associate each of the integrals to the Fourier transform of the corresponding Heaviside function. This has
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an analytic form given by

07 (s) = F[O](s) = [ O; dt =2t 9 (f) = ;(5(5) - %p.v. H) , (4.13)

S

where the definition of the principal value integral p.v. may be found in the appendix and the equality is to be
understood in the sense of distributions. Following this defintion, for the first integral and second integrals we take

1 1
Sq = _%(QO + wp — wa) Sp = %(QO_Wi‘wa) ) (4.14)
respectively, and we further substitute # = —t in the second integral. Turning the metaphorical crank with the

above machinery yields

T (pi,ps,q)

1 iq- — ) o — — v ~ — > —27its
:’i/d% (W g | T (0,8 | e B Y s i | T (o,oz)|wi;pi>/ dt 2Tt 9 (1)

— 00

1 o _ o0 L
+ *I/d% e T (W gy | T (0,00) [ o5 5y Y woos B | T (0,F) | \h—;ﬁ-)/ dt’ e=*m e O(t')

1 L . B B e . ; 1
= Zi/d% e (W pp | TE(0,8) [ a5 Pa ) as | Fy (0,0,)] s pi>(6(3u) - %p-V- LD

1 o i = B B B . ' 1
+Zi/d3x e—zq'w<\11f;pf’J\TN (O,OI) |wb;pb><wb;pb’Jé‘m(07x)|\Ili;pi>(5(sb)—;_p.v[3b]> ,
b

where again the equality is to be understood in the distributional sense, i.e., it depends on the function against
which TH is integrated. So long as we are integrating against a good test function of the four-momentum transfer g,
we can treat the delta function and principal value integrals as well-defined(-enough-for-this-dissertation) objects.
We may then make use of the Sokhotski-Plemelj theorem for continuous complex valued functions. Here, we quote
the important result of the theorem on the real line for the convenience of the reader,

%p.v. [1} SRUNH ! Fo(z) . (4.15)

Z lim :
T T e—0+ T £ 1€

Under the conditions that our integrals are well-enough behaved, we may then write the previous expression for the
Compton tensor as

T (pi, ps. q)

1 o . - . o P o 2 1
=1 X [ e e | 208 s ) | 000 ) (- £ i )

T =0+ Sq — 1€

T e—0+ Sp — i€

1 T o ) 1
+1I/d3x T (W iy | F0,00) [ )b o | T8 (0,7) y\m;m(—’ lim )
b

:li/dgl_e_iqﬁf lim <\Ilf;ﬁf|ng<va){"/}a;ﬁa><i‘/)a3ﬁa|J\]LNV(0>62)|\Iji;@>
2 e—0+ [qo—|—wf—|—ze] — Wq

IS [ e gy (B 103 ) | a(0.2) 9157
2 e—0t [—qo—&—wi—i—ze} — Wy
b

The expression for the Compton tensor is now written entirely in terms of the nuclear propagator, i.e., in this
setting the Green function of the many-body system, expanded in the plane-wave basis of the intermediate nuclear
configuration. For clarity, we note that, in the remainder of this section, we will neglect to use the limit notation
and emphasize to the reader that it is implicit wherever an ic appears in a given expression.
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The above expression for the Compton tensor amplitudes most certainly has poles in the propagator amplitudes
which arise from singularities in the Green function. In particular, these poles exist in the integration domain of
the go component of the four-momentum transfer and are dependent on the spectrum of the intermediate nuclear
configuration. We may decompose the set of poles for the Compton tensor into two sets of poles, each corresponding
to one set of amplitudes in the Compton tensor expression. We may write these sets as

P_z{qoe(D : qozwa—wf—ie} 73+:{q0€(D : qozwi—wb—&—ie} , (4.16)

where the sign subscript indicates the sign of the imaginary part of the pole. At first glance this may seem
troublesome as these sets are infinite, however, with a simple contour deformation it is possible to show that the
Compton tensor amplitudes are perfectly well-enough-behaved functions of the four-momentum energy transfer g
up to the production of residue contributions. This will be discussed in finer detail in Sec. 4.3.3. For now, we return
to casting the expression into a more amenable form.

Now that we have neatly tucked away the 4-momentum energy transfer dependence into the nuclear propagator,
we may now turn our attention to the remaining spatial dependence of the current operators. We would like to
introduce the same type of spatial dependence that we have in J¥ (0,Z) into J\T,V”(O,ﬁ). The purpose of this is
to eventually allow for a consistent Fourier transformation of the nuclear current operators into momentum space,
which then allows us to exploit the multipole expansion formalism. Moreover, we can immediately Fourier transform
the spatial part of J&_ (0,%). Yet, in order to get J\TN” (0,0) into momentum space requires a bit more work. We
first remind the reader of the definition of the Fourier and inverse Fourier transforms given in Eq. (3.6),

. g ..
- /d%; e~ TR0, 7) JH(0, ) :/(2733 T TR0, 7)

As before, we know that we may write the spatial dependence of the current operator as the action of unitary
transformations with the interacting momentum operator P. Since all nuclear states are plane wave states, they
are eigenstates of the momentum operator at all times. Hence, we may write for an arbitrary current J that

JH(0,0) = e TPt P Ju(0,§) e~ PP = ¢=i7-P (0, ) TP

Expressing J\JEV”(O, 6) using the above result, we then have

g )—EZ: (g5 55 [0, @) s o )(Wa's B [e TP Ry (0,5) 7P| W5 ;)
D, q =35 [q0 + wy + i€] — wq
a
i Z: (Wps 7 | TPI0,5) €T gy 5 ) (s By | I8 (0,)| W55 5 )
i ! (4.17)
2 [—qo0 + w; + i€] — wp
b
_ ii i $ 205 P70, 0)| Yas B ) Yas B | T (0,5)] W5 i) (4.18)
2 [q0 + wy +i€] —wa

31 i(Bo—7)-7 (Wy; Pf|Jw 0,9)| ¥os o Y Wos Db | JE,(0,7)| Vi s 5 ) (4.19)
2 - [—qo + wi + i€] — wyp ' '

Now, to imbue the weak current operator with a momentum dependence, we may perform the inverse Fourier
transform and collect all complex exponential behaviour as

T (pi,py.q) jj/ i<ﬁi—ﬁa—/¥)~ﬁ<‘I’f;ﬁf|J5m(0»§)|¢a;ﬁa><¢a;ﬁa|J$V”(0J§)|\I/i;@>
o [0 + wy +i€] —w,q

EI/ >k GiFo—y—F)-7 o (s by [T 0,8) s B Y(n s By | J4,(0,0)] Wi 7))
[—qo0 + w; + i€] — wp

We may now exploit the fact that, by definition, the right hand side is independent of ¥ since we have used it to
introduce a fictitious rotation of the current operator. Then, we may integrate over d®y in some fixed volume V as

1
1=— [ &
V/v v
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and change nothing. Doing so, we have

) - v % —
. _ sy s (s oy (207 [T (0, @) Y Pa)(Was Pa| W (0, F)| Wi ; pi )
T (pz;pfaQ)_QVi/dk(SV (pl Pa k) [qo—l—wf—i-ie]—wa

i 3. s3) (= - T (W By [T 0,8 s 5y Y o B | T2, (0,0)| a5 53)
I/dkdv (i =Py = k) [—qo + w;i +ie] —wy

Importantly, by translation invariance, the current amplitudes automatically must satisfy the 3-momentum conser-
vation and so the Dirac delta is moot in these integrals, e.g., 6%,3) (Pi — Pa — E) = 5‘(/3) (0,) =V in the first integrand
(and identically in the second integrand). This leaves us with integrals over d*k which automatically select out
the combination of momenta which satisfies the conservation condition, and leaves us with a cancellation of the
just-introduced volume factors. We thus arrive at

TW(Pian,Q) %<\I]fapf’ OQ)( ) JTV ’\Ilivp1>
+%<\pf3ﬁf“]$vy(07—§)(zf— H) I, 0,0) | Yis pi ) (4.20)

which is our final expression for the Compton tensor T"” in terms of relativistic, plane-wave nuclear states. Note
that z; = qo — wy + i€ and zy = —qo + w; + ie. We have thus achieved a representation of T (p;,pr,q) with
current operators in terms of only the boson 3-momentum transfer, while the boson energy dependence is neatly
tucked away in the nuclear propagators. As we have mentioned at the beginning of this lengthy derivation, this will
facilitate the use of the multipole expansion formalism derived in Sec. 3.1 for which widely available one-nucleon
amplitudes exist for many-body nuclear theory calculations.

Compton Tensor with Non-Relativistic Hadronic States

We make a last comment on the form of these amplitudes based on the main result provided in Remark 3.2.1
of Sec. 3.2, that is, that in substitution of a relativistic QFT plane-wave amplitude for a non-relativistic QFT
plane-wave amplitude, we simply incur factors of the square root of the mass. Thus, we have

Tuy(piapf7Q) = 3 V M’LM <qu7ﬁf|ng(07§) (Zl ) JTV |\Ijlapl>
+ \/ My (p; iy | G (0,-7) (2 — H) L JE0,0)| a5 53 ) (4.21)

which matches precisely the result for the Compton amplitude in Ref. [155], with all quantities in the expression as
defined above.

TH" in Terms of Structure Functions

The result in Eq. (4.20) is completely general, that is, for arbitrary current operators and external hadronic states.
As we are particularly interested in the case of superallowed Fermi transitions in nuclei, which involve spin-less
external states, i.e.,

|J7=0"T=1)—[0";1) (4.22)

we may greatly simplify what needs to be computed. A standard approach to analyzing electroweak hadronic
scattering processes is to construct the most general tensor structures consistent with Lorentz and time-reversal
invariance (see Section 18 of Ref. [6]). This form of the hadronic tensor consists of spin-momentum-dependent
factors attached to scalar amplitudes, themselves determined via hadronic structure modelling. While the details
of this decomposition are beyond the scope of this document, the result is important. Particularly in the case
of having spin-less external states and the product of a vector and axial-vector current, only one such structure
function survives in the hadronic tensor. Without diving too much into the details, the Compton tensor reduces to
a dependence on the spin-invariant, parity-odd amplitude T35 as

jcpva
1" poqp T
2p-q

Then, we are only required to compute the spin-invaraint, parity-odd function T5(p, q).

T (pf,pisq) = (pf.virq) - (4.23)
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4.3 Evaluation of the 71/ Box

Let us begin with Eq. (24) of Ref. [155], that is, the expression for the yWW box in the forward limit,

d*q M2 1 1
Db Ee — 2/ w
aw (Ee) c (2m)* M3, — ¢ ¢ +ie1 (pe — q)% — m2 + iy

o [qz_p_ (p-q)m?— (pe- @) (p-pe)]| Ts(q0,171)
P-q M?m2 — (p - pe)? [+
_ 62/ dtq My, 1 1 7117 —vB~tz) Ts(v,|7) (4.24)
(277)4 MI%V —q* ¢ +ie (pe - Q)2 - mg + 1&g vM f+

First, a few book-keeping items. In arriving at the reduced expression in the second line, we have taken ourselves
to be in the isospin limit M; = My, in the forward scattering limit p; = py = p and in the rest frame of the
initial nucleus, i.e., p = (M,0). This means that our evaluation of the vW box will be good up to O([mu — md]z)
isospin breaking corrections and recoil corrections in the final nuclear configuration. We then have that the electron
4-momentum, the loop 4-momentum and the loop 4-vector norm are, respectively,

:pi.q:

Pe = (Eevﬁe) q= (qo’ 5) v M

q0

Q*=-¢=—-q¢+7)* .

where we have replaced qq in the integrand with the usual invariant quantity v. The nuclear mass is defined as
M = Zmy, + Nm,, — B(Z, N), that is, the nucleonic mass minus the binding energy of the nuclear configuration.
We further define the additional quantities

. 5 |7 |

T = c08b0cq = Pe -

=
which parameterize the angle between the emitted boson and electron and the speed of the electron, respectively.
As discussed in Sec. 4.1, all hadronic physics enters the YW box does so via the spin-invariant, parity-odd structure
function T3, itself derived from the generalized Compton scattering amplitude involving electromagnetic and weak
current operators. We quote the expression for T3 here, as derived in the prior section and appearing in Eq. (76) of
Ref. [155], for the convenience of the reader. It reads

— LV > .mag. -1 - el el. — ,mag.
T (01 171) = /MM 3 (27 + 1) {zTJog (27 — H) TS 4 TS5 (25 — H) T T3
J=1

+ T35 (2 — H) VT35 — Ty (2 — H) ™! iT}’E)ag'} (Ig1)[w:)

where the expressions for the multipoles Ty, for the vector electromagnetic and axial charged weak currents are
as defined in Sec. 3.1. We recall fi as the tree-level Fermi amplitude stated in Eq. (4.2). We further characterize
the external hadronic (nuclear) states by ¥; and ¥, and find the z; and zy quantities to reduce to

zi = M; — v +ies Zf:Mf+V+i€3 . (425)

Evidently, the expression for the W box is complete with a complex pole structure that requires an in-depth
analysis prior to any meaningful numerical calculation. Pragmatic evaluation of T3 implores us to deal with the
poles appearing in (i) the electron propagator (ii) the photon propagator and (iii) the nuclear propagators, all of
which require care. We emphasize that integration over the loop 4-momentum will traverse an infinite number of
poles in the discrete and continuum spectra of the involved quanta. It is entirely possible to circumnavigate the
vast majority of these poles via a contour deformation a la Wick, yet, we will see that tremendous care is required
in application of Cauchy’s residue theorem. We then identify that the goal of this chapter is to suitably evaluate

Dy (Ee) = lim  lim  lim 0% (E.,e1,62,63) (4.26)

51—)0+ 82—>0+ 83—>0+
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Figure 4.2: Sample trajectories of the Véi) poles in Eq. (4.27) arising from the dynamics of the electron

propagator. The lines in green and orange correspond to (i) the |p,| = 0 limit and to (ii) |p.| > 0 and
(=)

|z| > 0, respectively. Note that the ve ’ pole spends part of its trajectory in the first quadrant of the

complex plane.

where the infinitesimals e; € R \ {0} are kept as truly finite parameters in the numerical evaluation of the YW
box. In principle, it is possible to completely replace the complicated pole structure of the above integrand with
simple poles, e.g., by methods such as Feynman’s trick combined with the well-known Sokhotski-Plemelj theorem
for complex-valued functions on the real line. However, for the time being, it has not been a priority given the
relatively small scale of the integral calculation and observed numerical stanbility. Ideally, this will be explored in
a future work.

Lastly, we note to the reader that we will neglect the pole that arises from the W-boson propagator in Eq. (4.24)
as, while we see that this would may indeed produce a residue contribution after contour deformation of the real
line integration, the pole would be located at such high scales, i.e., |¢'| ~ 80 GeV, which we assume to be outside
of the support of the nuclear amplitudes. Whether it makes sense to think of the radiative corrections at such an
energy scale in the terms of nuclear physics is a matter on which the author is open to discussion. With this last
comment, we now begin our discussion on the pole structure of the Dzw integrand.

4.3.1 Poles of the Electron Propagator

Let us begin with the poles of the electron propagator. As the discussion here will be mostly repeated in the
subsequent sections on the photon and nuclear propagators, we will keep the details in full and neglect to repeat
all but the most important points in the following sections. The poles of the electron propagator occur as solutions
to D, = 0 where

D, = (pe — q)? — m? + igy
=% —|7|? - 2vE, + 2|p.||7|x + ie2

In the spirit of the numerical calculations, if we truly consider €5 as finite we obtain the solutions to this equation
explicitly in terms of 5 by application of De Moivre’s formula for complex roots. This yields the following v, roots

L2 2 T 0 €
Ve = Ee :l: <|:‘p€ —q ’ —+ m3:| + 6%) 61(9+27‘r’ﬂ)/2 tan 5 = —ﬁ
Pe — 4 me

where n € {0,1}. Selecting the principal branch of the tangent, i.e., # € (—m, 7] in the limit that e5 — 07 requires
that § — 0. One may then directly Taylor expand the above expressions around the e; = 0 point and recover the
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expected result (note the sign) for an infinitesimal imaginary shift,

y(E) :Ee:I:\/’ﬁe—(j"Q—i—mg?iEg—&—O(ag) . (4.27)

When Rev, = 0, the poles by definition sit on the Im v axis and are in transition between the quadrants of
the complex plane. In picturing said poles, it is helpful to find this transition point in terms of the 3-momentum

transfer. From Eq. (4.27), we find that only the l/éi) has the oppurtunity to cross the Im v axis and will in fact do
so if

RevV =0 = |7]=1p.]=0 or |7] = 2|pe|z (4.28)
which provides additional restrictions on the angular variable x as well as the upper bound on the 3-momentum
modulus domain when the pole is located in the first quadrant:

7] <2[pe| - (4.29)

These above relations will find a use in the coming sections.
It is similarly helpful to find the extremal points of these poles along the Rer axis which one may extract
straightforwardly by optimizing the argument of the root in terms of the loop 3-momentum, that is,
. N .
1%f |p6 - q| = |p.*(1 - 2%) (4.30)
where the minimum occurs at |§| = 2|p.|z. Formally speaking, we must exclude these points from the loop
3-momentum integration domain, which leaves the valid domain for D, to be

Dom(D,) = { |7] € R*\ {0, 2|p.|=} } . (4.31)

We pause here to make an important comment regarding the domain exclusions mentioned above and in the following
sections on the photon and nuclear propagators.

\ 7
4 N

Remark 4.3.1 (Domain Exclusions). Importantly, in numerical evaluations of these objects we consider truly
finite {e} parameters which allows us to abuse the integrability of these “pole-less” functions. As we only exclude
a finite set of points from the domain, the domain exclusions have no effect on the numerical evaluation of the
integral, at least up to the precision of the integration techniques for increasingly sharp distributions as the limits
are taken. Formally speaking, all of this is well defined. However, in pursuit of the truly infinitesimal case, which
would be analytic in the sense of having no parametric dependence on the {g;} limits, these expressions would
have to be further masssaged into a suitable principal value integral through the Poincaré-Bertrand theorem, the
generalized form of the well-known Sokhotski-Plemelj theorem. This is due to the complicated pole structures that
we must contend with in the propagators which may not be readily separated from one another and, hence, not
safely integrated via solely the Sokhotski-Plemelj theorem.

\ Z
4 N

In Fig. 4.2, we plot two example trajectories of the I/éi) poles found in Eq. (4.27). We show pole trajectories for
the |p.| = 0 case, plotted in green and labelled accordingly, as well as the more general case of |p.| > 0 and |z| > 0
case, plotted in orange. While the poles are mostly confined to the second and fourth quadrants of the complex
plane, we note to the reader that the ) pole spends a portion of its trajectory in the first quadrant; behaviour
which will make our life more difficult later.

4.3.2 Poles of the Photon Propagator

The poles of the photon propagator occur as solutions to D, = 0 where

D7=q2+i61:1/2—\(j'|2+i51
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Figure 4.3: Trajectories of the uf(yi) poles in Eq. (4.33) arising from the dynamics of the photon

propagator. Note that neither of the I/»(y:t) pole spend time outside of the second or fourth quadrants of
the complex plane.

Proceeding with €1 as truly finite, we obtain the solutions to this equation explicitly in terms of £; as

1 i 9
iF) = i<|ff|4 + E%) i0+2mn)/2 tan o = —ﬁ ; (4.32)

where n € {0,1}. Selecting the principal branch of the tangent, i.e., @ € (—m, 7] in the limit that e — 0T requires
that # — 0. One may then directly Taylor expand the above expressions around the £; = 0 point and recover the
expected result (note the sign) for an infinitesimal imaginary shift,

VE) = 7| Fier + O(e3) (4.33)

When |§| = 0, the poles will sit on the Imv axis and hence we must formerly exclude this point from the loop
3-momentum integration domain. This leaves the valid domain for D, to be

Dom(D.,) = { 7] € RT\ {0} } . (4.34)

Refer to Remark 4.3.1 for comments on the domain exclusions.
In Fig. 4.3, we plot the trajectories of the &) poles found in Eq. (4.33). We note to the reader that the poles
are entirely confined to the second and fourth quadrants of the complex plane.

4.3.3 Poles of the Nuclear Propagators

As we have established in Sec. 4.2 and emphasize in the expression for T3 in Eq. (4.21), the D?YW box has implicit
dependence on the many-body resolvent for the intermediate spectrum. As a result of the time-ordered product of
current operators, we encounter two (mildly) different sets of resolvent amplitudes which must be evaluated. They

are
(a) (Zi_Ha)ilzi |Wa;ijz<ia;ﬁa| (b) (Zf_Hb)flzzé |\Ijb;ﬁb><\yb§ﬁb’

Zf — W
b

where z; = F; —v+ies and 2y = Ef+v+ie3. Of noteworthy importance is that the Hamiltonian in these expressions
is not only the intrinsic Hamiltonian but the full Hamiltonian, that is, H = Hintrinsic + He.m.- Furthermore, these
expressions are characterized by the species of the intermediate nuclear spectrum a or b over which they are
expanded, which respectively correspond to the final or initial nuclear species. It is at this point we choose to
remark the following.
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\ 7
4 N

Remark 4.3.2 (The Compton Tensor and the Nuclear Model). The many-body resolvent amplitudes consti-
tute objects which should, under probe by quanta ranging from low- to high-energy scales, encapsulate a wealth
of diverse physics. To achieve an exact description of such objects at all scales requires that the amplitudes are
informed on (i) the discrete and continuum spectra, e.g., resonance structures, breakup processes and clustering
effects, and (ii) the intra-nucleonic physics at the QCD scale and beyond, e.g., hadron resonances and deep inelastic
scattering.

It is thus pertinent to note that, at this stage, the nuclear model restricts the type of physics we may access in
the Compton amplitudes. The remaining discussion in this section (and beyond) will assume that we are working
within the framework of the NCSM, i.e., that we only have access to a discretized nuclear spectrum. In this way,
we need only concern ourselves with an infinite tower (in the exact NCSM limit) of discrete poles; one per element
of the intermediate spectrum. This infinite tower will be truncated by the number of Lanczos iterations used
in extracting the transition amplitudes to the intermediate spectrum, in accordance with the Lanczos Strengths
Method described in Sec. 2.4.

\ 7
4 N

As per the above remark, we will only concern ourselves with discrete poles and hence tackle said poles in both
flavours of the resolvent amplitudes simultaenously. The poles of the nuclear propagators occur as solutions to Das
where
7
oM,

Dy=F+nw+ies—FE,=0 E, =M, +

where n = £1 depending on the electroweak structure under consideration in 7T5. We define M,, to refer to the rest
mass of a given nuclear state in the intermediate spectrum and, in writing the above, we have assumed that the
3-momentum has been transfered to the nucleus entirely in the form of a non-relativistic “kick” to its c.m. motion.
In the case that the system under probe is at rest (as we are assuming here) and that the total configuration of the
probe and target are indeed non-relativistic, we may replace the energy of the external state with its rest mass as
FE = M for simplicity. It is straightforward to identify the v,, poles as

Vp = n(En M- z'gg) - n(An + 2?_\2 - iEg) (4.35)

where A,, = M,, — M is the difference in nuclear masses. Then, there will exist poles which sit on the Im v axis if

Rev,=0 = |{]=+v—-2A,M A, <0 (4.36)

otherwise no solutions exist for |¢'| € RT. This leaves the valid domain for Dy to be
Dom(Dy) = { 7] € RT\ {Vn, \/—QARM} } ,

for all n € { 1,..., NLanczos } Refer to Remark 4.3.1 for comments on the domain exclusions.

Physically Relevant Cases

Let us study such poles in the systems of physical relevance to us, e.g., the Fermi decays '°C — 1B and 0O — 4N.
Such transitions begin in the ground state of the initial spectrum and the pole structure depends on the operator
which connects said configuration to the intermediate spectrum.

We begin by addressing the set of poles P,. These poles arise from states in the intermediate spectrum which
are connected to the ground state of the initial spectrum by the electromagnetic current operator. Then, the initial
state can only be mapped to excited states of the same species, e.g., 1°C — 19C or *O — 0O, with energy
eigenvalues greater than the ground state of the initial spectrum. Put otherwise,

71
2M,,

A,>0 = Rev,=-A, — <0 Vne{l, ..., NLanczos }
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Figure 4.4: Trajectories of the vy poles in Eq. (4.35) arising from the dynamics of the nuclear
propagators for the case of 7 = 1 for the physically relevant cases discussed in Sec. 4.3.3. These admit
two types of poles, those with (i) A,, > 0, shown as red dots in the second and fourth quadrants, and (ii)
A, < 0, shown as a sole green dot in the third quadrant. We make note of this second case.

which, referring to Fig. 4.4, safely places all poles from the set P, in the second quadrant of the complex plane.

We now address the set of poles of P_. These poles arise from states in the intermediate spectrum which are
connected to the ground state of the initial spectrum by an by the weak charged current operator. Then, the
initial state can only be mapped to excited states of the final species, e.g., 1°C — 9B or 0 — “N, with energy
eigenvalues of arbitrary magnitude. Since, in many cases, the transition ends in an excited state 0 of the final
spectrum, this admits two possibilities for the poles:

Rev, = A, +

P
|7] { A, >0 Vn>ngt (4.37)

2Mn An<0 Vn<n0+

Referring to Fig. 4.4, for all states in the intermediate spectrum with energy eigenvalues above the final state 0T
the poles are safely located in the fourth quadrant of the complex plane. However, for any lower-lying states with
energy eigenvalues below the final state 0T, part of the trajectory of these poles will be spent in the third quadrant
of the complex plane; such poles are represented by the sole green pole located in the third quadrant in Fig. 4.4.
For example, we may have transitions in '°B between the lower-lying 3% or 1 states and the final state 01, or
similarly in '*N between the lower-lying 11 and the final state 0.

In summary, we emphasize to the reader that in this formalism, for each such pole describing a transition which
connects a lower-lying state in the final spectrum to the final state 0, we are obliged to evaluate the corresponding
residue of the YW box. In particular, the poles are enclosed by the contour for a portion of their trajectory when

7] < V2A,M . (4.38)

A summary plot of the pole structure of the YW box integrand is provided in Fig. 4.5 with schematic trajectories
along with the chosen contour deformation. From the analysis done here, it is clear that the application of a
Wick-style rotation on the 4-momentum integration to avoid the many poles in the nuclear spectrum obliges us to
compute residue contributions emerging from the Compton amplitude and electron propagator. We now proceed
with and analyze the various terms arising from the Wick rotation.

4.3.4 Wick rotation of the vI box

As a result of the complicated pole structure observed in the YW box integrand, particularly that seen in the
many-body resolvent amplitudes, a direct numerical evaluation of the [, (E.) is non-trivial. To mitigate this,
we may instead analytically continue the loop integral from a Minkowski formulation into a Riemmanian one via a
deformation of the loop integral contour, referred to as a Wick rotation. In essence, we wish to map the intermediate
boson 4-momentum such that

v —ivg (4.39)
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Figure 4.5: Example trajectories of the v-integral poles in Eq. (4.24) arising from the dynamics of: (i)
the nuclear propagators in T3, plotted in red for A, > 0 and green for A,, < 0; (ii) the photon
propagator, plotted in purple; and (iii) the electron propagator, plotted in orange. The corresponding
sets are labelled by N, v and e, respectively. The chosen contour deformation I' is the oriented contour
defined by I' = I'1 @ I'wiek @ I'2, shown in blue.

where E denotes the Euclidean nature. Doing so would allow us to get a handle on the numerics of the resolvent
amplitudes which are, in the case of the Hamiltonian, provably bounded for any non-zero complex offset. While
the promise of simpler numerics is alluring, deforming the integration contour must be done with care should there
be enclosed poles (residue contributions) produced in the process. It is important to note that, as acknowledged in
Refs. [155, 18], prior to the consideration by our group at TRIUMF such residues arising from the low-lying nuclear
spectrum and electron dynamics had never before been recognized in radiative corrections of this kind. Since the
pole structure of the vIW box integrand is now transparent, we begin by citing the famous Cauchy residue theorem.
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\ 7
4 N

Theorem 4.3.1 (Residue Theorem). Let D be a simply connected domain and C a simple closed contour living
entirely in D. If f : D — C is analytic on and within C except at a finite number of isolated singularities {z1,...,2zx}
enclosed by C (that is to say, meremorphic on D) then

N
fédz flz)= QWiZ Wi Res(f(2),2)

k=1
where the residue for an analytic function with pole of order n is given by

1 i dnfl
(n—1)! Hr dzn—1

Res(f(z), zo) = [f(Z)(Z - Zo)n] )

and the winding number W), € {£w} is positive for positively oriented curves and negative otherwise, and the
magnitude w € IN counts the number of complete enclosures of the pole z; by the contour C.

\ Z
4 N

Based on the residue theorem and our analysis of the pole structure in the integrand of the DIJ/W (Ee), the result
of applying the contour deformation presented in Fig. 4.5 is

b _ b b b
D’YW o (D’YW)dcf. * (DWW)Rcs,e + (D'YW)RCS,T;; ’ (440)

We will now discuss each of these terms in detail.

The Wick Term

Let us begin with Eq. (4.24) and perform the contour deformation as illustrated in Fig. 4.5, focusing solely on the
terms which arise directly from the deformation and not from the encirclement of poles. We decompose the contour
deformation as

(D:W)def. - (DzW)Wick + (D:W>1"1 + (DZW)F2 ’ (4.41)

As is standard, we will first show that the contributions along the I'; and I's contours vanish. We parameterize the
path along I'y as

Fl{Z/EC s v=lim re’* , r e RT\ {0}, CG[O,W/2]} , (4.42)

T—00

and by substituting this parameterization and using the properties of limits we may write

> d|q| ! Td¢ M? 1
o ) E,) = 2/ *2/ d / % W _
( YW F1( ) € . (QW)2|Q| B x - o M2, — (rei€)2 + |72 (rei€)2 — |72 +iey

y 1 171 (|7] — (re’) B~ ) o B (re’,|q])
(re?€)? — 2E,(re¢) + 2|, ||q]x — |7]? + ie2 (ref$ )M r—yo0 f+

We have intentionally left a limit appended to the T3 amplitude as this warrants a brief but separate discussion.
Substituting in our parameterization for v into Eq. (4.21), we have

0o 4 ic N(u)(| -
. N . . Te q)
lim Ts(re’,|7]) = dmi/MAM; > (27 +1)Y lim —— J0 . :
r—00 ( ) ! Jz::l ;r—mo 7] A, + Nu(reis) — —QI‘JIW‘TI + ie3

where A,, = M,, — M as before and ./\/'%) represents an arbitrary electroweak amplitude in 753. On any part of the
contour where ¢ € (0, w/2] there are absolutely no pole-related problems and the limits may be applied as above.
Furthermore, for { = 0 the photon and electron propagators are similarly not problematic since, in this scheme, we
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take 7 — oo well before |§| — oo in the subsequent integration. That is, we may always find a value for r such that
71/r < 1.

As pointed out in Remark 4.3.2, the choice of nuclear model limits the physics which enters into the T3 ampli-
tudes, e.g., the discretization of the continuum spectrum. The result of this is, in the exact limit of the NCSM, an
infinite tower of discrete poles. However, in any realistic calculation

ﬂr>s;1{p {Ul,...,VN} )

where N < oo is the number of Lanczos iterations performed in extraction of the transition amplitudes to the
intermediate spectrum. Moreover, with all of this stated for the purpose of absolute clarity and making the sole
assumption on the asymptotic form of the nuclear amplitudes that they have compact support on R, we may write

L i 1 S L Mg (1)
T3(|Q|):TILH;O T3(re a|Q|):4mZ(2J+1)ZT ;
J=1

u=1

which is completely independent of the details of (. Thus, for the I'y contour we have

(Bhw),., (B)

Mg Bt
T 9TMf,

where this norm should be interpreted as a norm on the residual distribution over the domain of the loop 3-
momentum. Regardless of the overall factor, the r-suppression from the various propagators kills the integral
rapidly. As the above argument can be repeated identically for I'y, we have hence shown the anticipated result

b (- _ b A
(D"’W)rl - (D"’W)rz =0 = (D"’W)def. o (D"YW)VVick

Then, the meaningful term we need to compute is

<dgl [T, [T dvg M 1 1
D). (B :eQ/ / d:c/ 2E _Zw o 4.43
( W Wick( ) o (2m)2 J_,4 oo 21 ME — 4% g% (pe —qE)? —m? (4.43)
y \7|(17| — veB~ta) Ts(ive,|7]) (4.44)
iwwgM I+ .
where v = ivg and ¢4 = —v% — |{|>. As stated previously, for any non-zero imaginary offset the resolvent

amplitudes in T3 are guaranteed to be everywhere-bounded and so the only concerns arise at v = ivg = 0 when the
loop 3-momentum is similarly zero; it will be formally excluded from the 3-momentum integration domain, that is,

Dom (Dy) = { 7] € BT\ {0} }

As this expression is completely well-defined on its domain, we may now further simplify the integrand by
analytic integration over the angular domain. Consider the following simple integrals,

1
1 1 |A+B
Il_/_1dxA+Ba:_Bln’A—B’ ’ (4.45)
1
T 1 A A+ B

= ==|2- 51 : 4.4

? /,1dxA+Bx B( BH‘A—BD (4.46)
If we then take

A=A, (E.,|q) ivg) = —vE — |§]* — 2ivpE, + ies (4.47)
B = B(|pe|, 1) = 2lpellal (4.48)
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and exchange the order of the angular integration and the (¢g)o = ivg integration — which is allowed as we are
now working with a quantity well-defined and bounded on its entire domain — we may write the relevant part of
the yW box integrand as

— 1 — -1 2 .
—vp B® 4+ 2ivgE A
IV\/ick - ‘q| dzx ‘q| v x = e <2 ln‘

A, +B E,
iwvg J_1 A, + Bz divg|p.|?B

Ao, —B| [pef?
We thus arrive at the final expression for the Wick term in the YW box evaluation

7l [* dvs MZ 1
Db ) Ee — 2/ / TR =2 w 7
( W Wick( ) © (2m)? J_o 27 7] M2 —q% 4%

o0

2 .
1 {B + 2ivpE.A (4.49)

X — €2 ln AEQ + B Ee iT3(iVE7 ‘JD
M divg|p.>B

A, —B| [pf? f+

This concludes our discussion on the Wick term and so what remains is to deal with the various residue contributions
induced by the contour deformation.

The Electron Residue

From the pole analysis in Sec. 4.3.1 we can immediately see that the ) pole will spend part of its trajectory
enclosed by the deformed contour. Recalling the result in Eq. (4.29), for the subset

7]
20pe|
we will have a residue contribution from the electron propagator. As shown above, note that a consequence of this
constraint is the additional restriction on the angular integration domain of the electron residue. This is conditional

on the order of integration and so the expression for the electron residue term should either be kept as written
below or modified accordingly,

2[pe| d‘—’| 1 M2 1 1
b ) E,) = 2/ 4 dz |12 w
( W Res,e( )=e 0 (2m)? ad Mg —q? ¢ +ier ) )

Tmin Ve

L o S

aillg] - v B t) s (v |q))

, 4.50
z/é_)M f+ ( )

(

where in this term ¢ = (Ve_), (j) and we recall the form of the I/éi)

poles from Eq. 4.27,

vF) = E, /[, — 7|* +m2 Fiea + O(e3)

Naturally, we are not done here! The propagators in the electron residue expression must be analyzed for additional
poles along the real line which may appear in the 3-momentum or angular integration domains. We will now classify
these poles and, as usual, we will ignore the W-boson propagator.

(a) the photon propagator

Let us consider the possible poles of the photon propagator as it appears in the electron residue. We must then
solve

()~ |GP + iy = 2B — 2B7/BZ — 20pl[qle + TP — 25/ gle + iy = 0

Upon quite a bit of simplification, we arrive at a rather clean result which is shockingly independent of the modulus
of the loop 3-momentum,

H
=
i

T =x—
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Recalling the definition for 8, the magnitudes of these poles on the real line are constrained as |z| > 1 which is
clearly outside of the domain of integration for the angular variable x € [Zmin, 1]. We have thus shown that there
are no poles in the photon propagator as it appears in the electron residue.

(b) the nuclear propagators
Let us consider the possible poles of the nuclear propagators nested in the Compton amplitude T3 as it appears

in the electron residue. Each term in T3 may contribute a pole so, applying the same notation used in Sec. 4.3.3,
we incur poles in the integration domains if

R N S e -SRI
nt e — o = Au (B =/ |Pe = @] +mé tie2) — o =

After quite some algebra, we arrive at the following depressed quartic in the modulus of the loop 3-momentum,

71+ (Mo [An — AM, = B] )31 + (SM2I5|2)|7] + AMEAL[A, = 27E.] =0

While an analytic form for these roots may be written down in full, the expressions are much too nasty for the content
of this dissertation. Even simpler is to recognize that, ordering the integration such that the angular integration
occurs first, it is more sensible to write the solutions to these expressions as poles in the angular integration domain
rather than in the 3-momentum modulus integration domain. In this way,

|71t +AML [Ay =AMy = n E]|q P + AMRAL [A, — 20E]

T = = , 4.51
SVETAIL (4.51)

defines the pole which may exist in the angular integration domain = € [Zmyin, 1] for a subset of 3-momenta.
This completes our understanding of the YW box electron residue and the residual pole structure of the Compton
amplitudes as they appears in this term.

The Compton Residue

From the pole analysis in Sec. 4.3.3 we can immediately see that any nuclear state in the intermediate spectrum of
the same species of the final state and with energy less than the energy of the final state will incur a pole which
spends part of its trajectory enclosed by the deformed contour. In particular, for the subset

{lgler* |7 < V=280, | .

for all n such that A, < 0, we will have a residue from the Compton amplitude. Application of the residue theorem
for the subset of poles {v;} C P_ which are enclosed by deformed contour gives

b _ 2 d|q| /1 Lo M L 1
(D’YW>Res,T3 (Ee) h € ;/ (277)2 -1 dm |q|

Mg, —q; i +ier (pe — qp)? —m2 +ico
Nal(17] = v~ w) iRes Ty (v, q1)

Vi M f+ ’

(4.52)

where v, = A, + |7|>/2M,, — ie3, the 4momentum ¢ = v — |7]? in this term and the residue of the Compton
amplitude is defined as
Res T5(vi, |7]) = lim T3(v,|q]) (v —vi) - (4.53)
V—VE
We emphasize the sign in Eq. (4.52) which arises due to the orientation of the contour that encircles the poles
{vr} C P_ in the fourth quadrant of the complex plane, e.g., see Fig. 4.5.
As with the electron residue, we cannot rest easy! The propagators in the Compton residue expression must

be analyzed for additional poles along the real line which may appear in the 3-momentum or angular integration
domains. We will now classify these poles and, as usual, we will ignore the W-boson propagator.
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(a) the photon propagator

Let us consider the possible poles of the photon propagator as it appears in the Compton residue. We must
then solve the depressed quartic

— 2
0—V§|J|2—(AP+ Q|2> —|CT|2 ,
2M,

which, with a little work, yields the following compact expressions for the poles

qﬁj =M, (1 F4/1+ QAP/MP> q;?;-g = M, (1 +4/1+ ZAP/MP) . (4.54)

With the constraint on the domain of the modulus of the loop 3-momentum given by 0 < |7| < /—2A,M,, we can
immediately eliminate all but one of the above poles as they lie outside of the valid domain. The sole pole which

survives the domain constraints is qé_k) which must be appropriately handled during numerical integration.
(b) the electron propagator

Let us consider the possible poles of the electron propagator as it appears in the Compton residue. In the
interest of performing the angular integration analytically, we define the following angular point

o AP —vi B —iey A (4.55)
: 2|pellq]| B

where, in analogy to what has been done in Sec. 4.3.4, we further define

A=A, (B, |q),vk) =vi — |7|° — 20 Ee + ies

B = B(‘ﬁeL |§|) = 2|ﬁe”§|

Depending on the values of the loop 3-momentum modulus taken on, this may or may not be a pole in the valid
angular integration domain. We have defined the above in such a way that, along with the function f(x) defined as

fl@) =17l -wp ',

we may write the v box Compton residue as

d|q| M3 1
4 ) F) = —e2 / -2 w
( W) sz, () = € ; G2 17! My, — g qi + iea

y } /1 i f(x) 1 iRes T3 (vk, |71)
0Pelve Jou w—zp | M I+

The entirety of the angular dependence is captured by the term solely in curly braces and it may be further rewritten
using the fact that

b—zx,
a—+xp

/b dx f(@) = /b dx 7“@ — f(@) + f(xp) In (4.56)

T —Tp T —Tp

which makes the first term regular at the point z, and casts any potential irregularities into the argument of the
logarithmic term (we will deal with these shortly). We then have

1 ! 1 ! — ) (x — 1-
| / N flz) E / de (—wB™") (@ —xp) n (|<T| —ukﬁ_lmp) ln‘ T,
2[pelvi J 1 T — Ty 2|Pelvr J_1 T —=Tp L4z
E. N B? +2u,E A, | ’A62+B’
== — — — n b
|pe|2 4’/k|pe|2B A, — B
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Substituting this result into our expression for the vW box Compton residue gives

7| Mi 1
Db ) E.) =— 2 / =12 w
( W Res,Tg( ) € ; (271')2 |q | MI%V — ql?: ql% + i&l

o i B2+ 2u,E A
M dvi|pe|*B

(4.57)

c2 ln‘

Ae, + B‘ B iRes T; (uk, |cj’|)
Asz - B ‘ﬁe|2 f+ ’

which is our final expression for this contribution. Importantly, we have spent the time bringing this contribution
into this form so that we may rigoruously analyze the remaining pole structure in the 3-momentum modulus
integration domain.

As mentioned prior, any remaining irregularities are cast into the argument of the logarithm and so we are
obliged to find possible solutions to A., = £B. After much simplification we arrive at the following two depressed
quartic equations

7" — AMy, (M + E.)|q7)? £ 8ME[p.||q| + AMEA, (Ax —2E,) =0 (4.58)

for which eight solutions exist; we note that not all will exist in the valid integration domain. The analytic expressions
for the poles are utilized directly in the codes. This completes our understanding of the yW box Compton residue
and the residual pole structure in the photon and electron propagators as they appear in this term.

Summary

For details on the pole structure of the yW box distribution, see: Sec. 4.3.1 for the electron propagator; Sec. 4.3.2
for the photon propagator; and Sec. 4.3.3 for the nuclear propagators. In this section, we have utilized the pole
analysis in the quoted sections and the contour deformation in Fig. 4.5 to show that a Wick rotation of the vW
box distribution produces two sets of residues, one from the electron propagator and the other from the nuclear
propagators, and thus we have identified all of the pieces to the [,y (Ee), ie.,

(Ee) + (D%)Res,e (Ee) + (Diw)Res,Ts (Ee) . (4.59)

We have further shown that these remaining contributions, in particular, the two residue terms, have additional
poles in the domain of the loop 3-momentum which must be carefully handled in an approach which is numerically
“principal value”-esque. We remind the reader however that the infinitesimal parameters {¢;} remain strictly greater
than zero and thus we only evaluate the right-hand-side of Eq. (4.26) for a sequence of infinitesimals. Now, all that
is left is to numerically evaluate the above contributions.

Tow () = (T )

4.3.5 ~W Box to O(Ee)

Now that we have dealt rigorously with all contributions to the vyW box function, we will make some closing
comments regarding the Wick term. Since this function has no remaining pole structure, particularly in the
electron propagator, we may consider a simplified form in which we take m, — 0 (the ultra-relativistic limit) in the
Wick term. This will be done prior to the angular integration and in the end is akin to averaging the expanded
term over the electron-boson angular distribution. Taking the ultra-relativistic limit in Eq. (4.43) gives

im, (), (B = [ e M L L7\~ iver) Tu(ir.I0)
me—0 \ W) wiek V¢ (2m)* M2 — 4% q% (pe —qg)? ivg M fe

In a subsequent limit of E. — 0, it is clear that the function is regular at the origin. With this in mind, as a
first estimation of dng in this approach, we may safely expand the electron propagator in this term and retain
the contributions up to O(Ee) to simplify the numerics. We make an important note that, based on the form
of the electron propagator in the ultra-relativistic limit and the fact that the electron propagator residue will be
sub-leading in the expansion, we will neglect it’s inclusion here. We then have for the Wick term

-1

L . = 1= 2 (v — 1)
e =P +ic  (B.—ip) —p—a] L @G |
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Any terms even in the angular variable x will produce zero contribution to the integral while terms odd in x will
simply incur factors of two. Putting this back into our expression for the YW box function and expanding in FE.,
we find

, ~ dq| [* dvg [ M2 1 28,
lim (Db ) E, 262/ / —/ de —WV— — |14 =5 ivg — |7z
me—o0 \ W Wick( ) o (@m?)_o 27 J_1 T ME -4 q% q% ( )

110071 - vez) Ty(ive.1a])

2
ol I + O(E?)

— 8+ 8, E. +O(E)” | (4.60)
where the two simple integrals for the O(1) and O(E,) terms are given by

d* M 1|7 Ts(i q

2m)4 M2, — ¢ q% vgM I+ ’
8 d* M? 1 1q)? Ts(i q
EO — 762/ q4 5 W 5 76 m 3(ZVE) |q|) . (4.62)
3 (27) My, —¢® g5 M [+

Thus, to make absolutely clear, the results that we intend to present for the D?YW box are evaluated to O(E,) in
the electron energy expansion for the Wick and electron residue term and include the following contributions:

Oy (E.) ~ By + B B, + (D’;W)Res o () +0(E2) (4.63)

Notice that in this decomposition, the electron energy dependence is kept to all orders in the Compton residue
term since taking the m, — 0 limit of this term produces a function which is not regular in the electron energy as
E. — 0.
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Figure 4.6: Pictured is the experimental spectrum of !B taken from the TUNL evaluation [163] alongside
the Wick contour deformation with the '°C decay in mind. Note the lower-lying ground state 3% and first
excited state 17 of °B which, in this formalism, produce residues (green dots) as described in Sec. 4.3.3.
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Figure 4.7: Pictured is the experimental spectrum of 14N taken from the TUNL evaluation [164] alongside
the Wick contour deformation with the O decay in mind. Note the lower-lying ground state 1+ which,
in this formalism, produces a residue (a green dot) as described in Sec. 4.3.3.
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4.4 The W Box in °C — B and "0 — N

Here we present our results for the two lightest transitions of all possible Fermi decays, the '°C — 9B and the
140 — N transitions. The results of this section, as pertaining to the '°C — B transition, have been published
in Ref. [1]. We will more or less reproduce a portion of the discussion from the manuscript and add further details
on the available calculations. The results for '*O — 4N are very much preliminary and remain unpublished.

First and foremost, we briefly review aspects of the pole structure in the YW box integrand related to the nuclear
spectrum. We recall that in this formalism for evaluating the YW box based upon a contour deformation of the
virtual gauge boson 4-momentum that, for each nuclear propagator amplitude which describes a direct transition
between a lower-lying state in the final spectrum and the final excited state 0T, the corresponding pole will be
enclosed by the deformed contour for a portion of its trajectory. For reference, we provide Fig. 4.6 and Fig. 4.7
which respectively contain the relevant parts of the '°B and N spectra. Such poles which spend a portion of their
trajectory in the third quadrant of the complex plane necessarily have

AN, =M,—M<O0

Thus, for the '°C — B transition, we will have residues which arise due to transitions from the ground state 3%
and first excited 17 of °B to the final state 0. Similarly, for the *O — N transition, we will have a residue
which arises due to the transition from the ground state 17 of N to the final state 0. With this understanding
of the residue contributions in mind, we begin with our discussion of the results.

4.4.1 Numerical Benchmarks of the Formalism

The first set of results that we present are in fact calculational benchmarks which verify two important properties
of the amplitudes we compute, that is: (i) time-reversal symmetry in the scalar isospin components of the T3
amplitudes, as first derived by C.-Y. Seng [165], and (ii) continuity of the YW box function under the chosen
contour deformation. Regarding the YEFT interactions and parameteric dependence of the yW box on the finite
€; quantities, we refer the reader to the discussion provided at the beginning of this chapter. Here, we will merely
quote what is utilized where.

(i) Time-Reversal Symmetry of Isocalar T

It is possible via a time-reversal symmetry argument to constrain, under isospin symmetry, certain operator struc-
tures in the Compton amplitude. This allows us a direct test of our numerical evaluation of T5. With some details
provided in Ref. [155], we quote the resultant constraint on the resolvent amplitudes here:

(W |T5m28 (2, — H) TS| W) = (U |T(TSH) ' T (2 — H) P T (TS T, (4.64)

(U | TS (2 — H) " T80, = (0| T(T58) 71 (2 — H) L T(TH) T |y) (4.65)

As a numerical test of our ability to compute the resolvent amplitudes, we evaluate the agreement of the above
relations for the '9C — 9B transition in a small Nyax = 3 configuration space with the NN — N4LO(500) + 3Nl
and an oscillator frequency of A2 = 18 MeV. The results for the first and second set of amplitudes are presented
in Tables 4.1 and 4.2, respectively. The arrows indicate the direction of application of the resolvent in computing
the amplitudes via the Lanczos Strengths Method. We note the excellent agreement of the amplitudes with the
numerics being on the order of the typical precision of a NCSM calculation. A simple test such as this provides
a modicum of confidence in our capabilities of evaluating T3 and serves as a robust starting point for the more
involved numerical calculations.

(i) Continuity of the YW Box

In Figs. 4.8 and 4.9, we show samples of the numerical results for the YW box function, plotted over the modulus
of the virtual gauge boson 3-momentum and sliced at a fixed electron energy E. = m,, as defined by its Wick
rotated and expanded form given in Eq. (4.63). To be clear, we plot the residual distribution after integration of
the distribution over the intermediate boson energy transfer v = ¢gy. These plots show the YW box function as
determined in the 1°C — 9B and the '*O — N transitions, respectively. The numerical results are obtained with
the NN*LO(500) + 3Nj,, interaction, an oscillator frequency of iQ = 18 MeV, and in their respective Nyax = 7
configuration spaces, the largest available truncation for both transitions.
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|7] (MeV) LHS (+) RHS (+) LHS (=) RHS (=)
0.0 —216x 10710 —216x 10710 —216x10719 —2.16 x 10710
0.3 5.28818 x 10~7 5.28854 x 10~7 5.28811 x 10~7 5.28858 x 10~7

Table 4.1: Numerical evaluation of the left-hand-side (LHS) and right-hand-side (RHS) of Eq. (4.64) for
the '°C — 19B transition with a small Ny, = 3 configuration space, the NN — N4LO(5OO) + 3N}, and
an oscillator frequency of h{2 = 18 MeV. The direction of the arrow indicates the direction of
application of the resolvent in calculation of the amplitudes.

7| (MeV) LHS (+) RHS (+) LHS (—) RHS (—)
0.0 0.0 0.0 0.0 0.0
0.3 —7.622419 x 1076 —7.622176 x 1076 —7.622454 x 1076 —7.622619 x 1076

Table 4.2: Numerical evaluation of the left-hand-side (LHS) and right-hand-side (RHS) of Eq. (4.65) for
the 19C — OB transition with a small Ny, = 3 configuration space, the NN — N*LO(500) + 3Ny, and
an oscillator frequency of A2 = 18 MeV. The direction of the arrow indicates the direction of
application of the resolvent in calculation of the amplitudes.

In Fig. 4.8 on the 1°C — 9B transition, we show the contribution of the 7™ ® {T°°! operator structure in
T3 to the DZZYW(EQ) integrand for the J = 1 multipole, presented in subfigure (a), and for the J = 3 multipole,
presented in subfigure (b). Illustrated with the dash-dotted curve is the combination of the electron residue and
Wick contributions, i.e., the first two terms of Eq. (4.63), calculated up to O(Ee) and labelled by expansion. With
the purely dashed curve we show the Compton residue contribution, the last term of Eq. (4.63), which we simply
label as residue. We remind the reader that the poles which may induce residue contributions of this kind are
associated to an eigenvalue of the low-lying intermediate spectrum with w, < wy when the species is the same the
same as the final spectrum. In this case, it refers to the lower-lying ground state 37 and first excited 17 of the
0B spectrum. As the intermediate spectrum depends on the full Hamiltonian, further recall that w, = wn(\q_’ |)
depends explicitly on the loop 3-momentum modulus via the c.m. contribution to the kinetic energy, i.e., a "kick”
to the entire system. As |§| — oo, the pole shifts rightward in the complex plane until the c.m. contribution to
the kinetic energy is substantial enough to cause the pole to touch the Im v axis; the residue contribution ceases
to exist. This is precisely what is indicated by the dashed-black vertical line, i.e., the point at which the residue
contribution vanishes due to the rightward motion of the pole. Critically, despite the clear discontinuities in the
individual expansion and residue contributions at the residue transition point, the sum of the two contributions is
continuous across the entire domain, as expected. Conceptually simple tests such as this ultimately serve as robust
tests of the numerical calculations performed in extraction of dyg. In Fig. 4.9 on the *O — N transition, we
show an identical analysis of the {7™28 ® iT°°! operator structure contribution in T3 to the DZZYW (E.) integrand,
though only for the J = 1 multipole. The expansion and residue pieces are as described above. Notably, the sum
of the two curves is continuous over the loop 3-momentum at |§| = /—2A; My, where the index k represents the
index of the ground state 17 in the 4N spectrum, as expected.

With these numerical tests providing confidence in our evaluation of T3 and in the proper handling of the vIW
box pole structure, we may fully integrate the distribution and extract the main results for the electroweak radiative
corrections to Fermi decays, the values of dnsg.

Electron Energy Dependence of the YW Box

For a given operator structure appearing in the Compton amplitude, the residual form of the yW box distribution
presented in Figs. 4.8 and 4.9 is then integrated over the domain of the virtual gauge boson 3-momentum, leaving
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Figure 4.8: A slice of the i7™28 ® T operator structure in T3 for the '°C — 9B transition. The J = 1
and J = 3 multipoles are shown in subfigures (a) and (b), respectively. The contributions to the vW
box integrand are plotted at fixed electron energy F. =~ m. and over the modulus of the virtual gauge
boson 3-momentum. The Compton residue (dashed), the O(E,) expansion (dash-dotted) and the total
sum (dotted) are as detailed in Eq. (4.63). The vertical dashed line corresponds to the point at which
the residue contribution vanishes, that is, |§| = \/—2A, My, where My corresponds to the nuclear mass
of the final 0% state and the index k to the lower-lying state of the 1B spectrum.
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Figure 4.9: A slice of the iT™2 @ {75 operator structure in T3 for the *O — N transition. The
J = 1 multipole contribution to the YW box integrand is plotted at fixed electron energy F. ~ m, and
over the modulus of the virtual gauge boson 3-momentum. The Compton residue (dashed), the O(E,)
expansion (dash-dotted) and the total sum (dotted) are as detailed in Eq. (4.63). The vertical dashed
line corresponds to the point at which the residue contribution vanishes, that is, || = /—2Ar My, where
My corresponds to the nuclear mass of the final 07 state and the index k to the lower-lying state of the
N spectrum.
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Figure 4.10: The contribution of the J = 1 multipole of the T™2& ® T operator structure in T3 to the
vW box function for the '°C — B transition. We plot the electron energy dependence of the YW box
function as in Eq. (4.63), that is, in terms of the O(FE,) expansion of the electron propagator and Wick
terms (left figure) and the residue term (right figure).
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Figure 4.11: The contribution of the J = 1 multipole of the T™2 ® T operator structure in T3 to the
AW box function for the O — N transition. We plot the electron energy dependence of the 4V box
function as in Eq. (4.63), that is, in terms of the O(E,) expansion of the electron propagator and Wick
terms (left figure) and the residue term (right figure).

the residual dependence of the distribution to be purely a function of the electron energy. Solely for consistency
with the previous discussion, we present results for the J = 1 multipole of the 7™2¢ @ T%¢! operator structure
contribution to T3 for the '°C — B transition, shown in Fig. 4.10, and for the '*O — N transition, shown in
Fig. 4.11. In these figures, we independently plot the residual electron energy dependence of the expanded electron
propagator and Wick terms (left figure), i.e., the O(E,) ezpansion terms, and the residue term (right figure). Of
course, the contribution from the expansion terms is at most linear in the electron energy whereas in the residue
terms we observe a mild curvature. In fact, despite the rather complex dependence on the loop 3-momentum in
the vW box distribution, the residual dependence of the residue term is flat with respect to the electron energy.
While we only present the J = 1 multipole moment for the 7™2 @ T°¢! operator structure in the main text, the
behaviour of all terms with respect to the electron energy dependence is consistent with what we have presented in
this discussion.

4.4.2 Results for dng in the 1°C — 1°B transition

The various contributions to the total vW box radiative correction are then obtained by integration of the above
residual distributions over the electron energy as described in Eq. (4.63) and are, in keeping with our decomposition
of T3, presented as a breakdown over (i) the different electroweak operator structures and (ii) the moments of the
multipole expansion. In Fig. 4.12, we present our group’s the first ab initio NCSM calculations of the nuclear
structure radiative correction dng for the 1°C — 1°B. The numerical results are obtained with the aforementioned
NN4LO(500) + 3Ny, interaction, an oscillator frequency of A2 = 18 MeV and with an Npyax = 7 configuration
space.

Interestingly, looking at the J = 1 multipole contribution, we observe a large relative size for the Compton
residue (shown as hatched bars) compared to the O(E.) contributions (shown as solid bars) in the total evaluation
of the nuclear YW box. The residue term involves transition amplitudes to the subset of the intermediate °B
spectrum lying lower than the final state 0T, i.e., they only depend on the low-lying discrete nuclear spectrum.
Then, the relative magnitude of the contribution can be attributed to the large J = 1 axial-weak transition strength
(which at zero momentum transfer corresponds to the Gamow-Teller transition) between the °C ground state 0
and the 9B excited 1. Of course, the strength of the electromagnetic transition between the B excited 0 and
17 states similarly plays a role, though to a lesser extent. Unlike the resolvent amplitudes, these contributions are
computationally straightforward to evaluate. The strong dependence of such radiative corrections on the explicitly
low-lying nuclear structure, e.g., the natural emergence of the residue term when viewing the corrections in the
Wick rotated picture, is a point which was not recongized in this formalism until our most recent pursuit of precision
improvements to said corrections. We further note that, historically, the uncertainties arising from approximate
treatment of the nuclear spectrum, e.g., see the rather dramatic difference in evaluations between Ref. [17] and
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Figure 4.12: Breakdown of the nuclear DgW for the '°C — 1B into (i) different electroweak operator
structures in T3 and (ii) each moment in the multipole expansion. The numerical results are obtained
with the chiral NN*LO(500) + 3N}, interaction, an oscillator frequency of AQ = 18 MeV and with an
Nmax = 7 configuration space. The residue and O(E,) contributions are shown as hatched and solid bars,
respectively.

Ref. [7], have been underestimated. Recognition and proper evaluation of these contributions in our work in Ref. [1]
represents an important step forward in improving the precision of — and providing more realisitc uncertainties for
— the nuclear physics entering such evaluations.

In Fig. 4.13, we present evaluations of dng for the '°C — 9B in the NCSM. In particular, we evaluate the
radiative correction over a range of parameters which characterize the many-body basis, that is, with increasing
Npax = 3—7 configuration space sizes and, for the NN — N4LO(5OO) + 3Ny, interaction, a variation of the oscillator
frequency A2 = 16 — 20 MeV. The frequencies are chosen to lie in and around the empirically obtained variational
energy minimum for the A = 10 systems. For the NN4LO(500)—1—3Ni“nl interaction, a single frequency of A2 = 18 MeV
is utilized. For brevity in this section, we merely quote the uncertainties entering the dng extractions and leave the
finer details of the uncertainty breakdown to the following subsection (see also Ref. [166] and references therein). At a
fixed oscillator frequency, the error assigned to the final point of a sequence of Ny, .5 calculations is determined from:
(i) the many-body configuration space truncation controlled by the Ny,.x parameter; (i) the multipole expansion
truncation controlled by the Jyax parameter; (iii) the one-nucleon form factors, here taken in their approximate
dipole form and made consistent with the evaluation in Ref. [167]; and (iv) the subtraction of the elastic part of
the free nucleon yW box function [14, 168, 16]. The prediction for dns quoted in Fig. 4.13 and represented by
the black square is obtained by averaging over the results from evaluations with the two interactions at a fixed
oscillator frequency of A{2 = 18 MeV. The error which we assign to the nuclear physics is then obtained from the
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Figure 4.13: Evaluations of dxg in the NCSM for the '°C — 9B with Ny.x = 3, 5, 7 configuration space
truncations and, for the NN — N*LO(500) + 3Ny, oscillator frequencies in the range of Q) = 16 —20 MeV.
For the E; point generated with the NN*LO(500) + 3N}, interaction, we use a sole frequency of h{2 =
18 MeV. Error bars are as briefly described in the text below and in detail in the subsequent section. The
black square and corresponding error bar indicate the value of dng as extracted from the set of NCSM
evaluations described below and in Ref. [1].

quadrature combination of the partial model errors (PMEs), given by (i) — (iv) described above, along with the
errors from (v) the chiral expansion truncation, (vi) the choice of the oscillator frequency and (vii) the so-called
“nuclear shadowing” effects, labelled by x, 2 and “sh”, respectively. We note that the purely nuclear structure
effect of “shadowing” is a newly introduced contribution to the uncertainty in our evaluation of dyg. It describes the
modified response of the nuclear spectrum — either enhancement or suppression — to high-energy probes. Though,
these effects typically lie well above the regime of applicability of the NCSM and, unfortunately, modern experiment
and modelling are limited. We refer the reader to Ref. [1] for a very brief discussion of the error associated to the
nuclear shadowing effects and emphasize the upcoming work of C.-Y. Seng and M. Gorchtein [165] on a more
well-founded quantification of these contributions and their uncertainties.

As is clear by comparison of the black point and error bar to the associated grey point and error bar, our
prediction for dyg in the 1°C — 0B transition agrees well with the value dng = —0.400 (50) % quoted in the most
recent of the famous reviews of superallowed transitions across the nuclear chart [7]. Notably, our result comes
with an overall 1.6x reduction in the total uncertainty. This is achieved despite our accounting for the additional
uncertainty arising from nuclear shadowing effects which, to our knowledge, has never been explicitly considered
in evaluations of this kind or, more generally, in theoretical predictions of radiative corrections in nuclei. More
importantly, our result strongly disagrees with the older value of dns = —0.347 (35) % which is quoted in the
five-year-prior review of Ref. [17]; it lies well outside the error bars of the previous result. The difference between
the evaluation in these two reviews is the introduction of an ad hoc estimate (based on the Fermi gas picture of
nuclei) of contributions to T3 at energies in and around the intermediate nuclear spectrum, e.g., from quasi-elastic
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nucleon excitations first pointed out in Refs. [14, 15]. Not only do we confirm the importance of a consideration
of the intermediate nuclear spectrum, we further show that there is a substantial enhancement to the radiative
corrections when a true consideration of the nuclear spectrum within a many-body formalism is employed.

We thus present the main result of this dissertation. We predict the nuclear-structure-dependent radiative
correction to the 1°C — 19B superallowed decay rate to be

dns = —0.422 (14)pme (Do (9)x (24)sh (12)pa % - (4.66)

Important to note is that, by construction, the uncertainty from subtraction of the elastic part of the free nucleon
YW box function, (D:’gv)ep is totally anti-correlated to the one which appears in the single-nucleon radiative
correction to the Fermi decay rate,

AY, =0.02479 (12)n.e1 (14) et (10)p; (4.67)

This value is taken from Ref. [168], with errors arising from the elastic (el) and inelastic (inel) parts of the single-
nucleon box diagram, as well as higher-order QCD+QED corrections (hi). Rather than quoting dng as we have and
hence double-counting the error arising from the single-nucleon radiative correction, it is more natural to quote the
combined quantity

AY, + dxs = 0.02057 (29)nue (14) . inet (10)1; (4.68)

as the uncertainty due to the single-nucleon box substraction drops out in the sum.

4.4.3 Preliminary Results for dns in the 1O — “N transition

In Fig. 4.14, we present our group’s very first (and still preliminary) ab initio NCSM calculations of the nuclear
structure radiative correction dng for the *O — N transition. The numerical results are obtained with the
aforementioned NN*LO(500) 4 3Nj, | interaction, an oscillator frequency of iQ = 18 MeV and with an Ny, = 7
configuration space.

In stark contrast to the 1°C — B transition, looking at the J = 1 multipole contribution, we observe an almost
negligible contribution from the Compton residue (shown as hatched bars) when compared to even the smallest
O(E.) contributions (shown as solid bars) in the total evaluation of the nuclear YW box. As we recall that the
residue involves transition amplitudes between states in the low-lying spectrum, we find a very strongly suppressed
axial-weak transition strength between the ground state 07 of 'O and the ground state 17 in '“N, while the
electromagnetic transition strength in *N between the ground state 11 and first excited state 0T is not particularly
suppressed. While we may have had the foresight to empirically infer such behaviour based on the famously long
lifetime of '4C — for which an isospin analogue form of this suppressed transition is responsible — confirmation via a
microscopic theory lends credibility to the result. As an aside, we note here that while such information may often
be taken for granted, our understanding of the anomolously long '4C lifetime has only been rigorously understood
at a microscopic level as late as 2011 [169].

In Fig. 4.15, we present evaluations of dng for the *O — '¥N in the NCSM. At present, we are able to
evaluate the radiative correction over a range of Nyax = 3 — 7 configuration space sizes at a single fixed oscillator
frequency A) = 18 MeV. The errors are assigned as described briefly in the previous subsection and in detail in
the subsequent subsection. The prediction for dng quoted in Fig. 4.15 is preliminary and taken from the single
sequence of calculations which have been performed thus far. We thus find it prudent not to make an explicit claim
for dxg in the *O — N transition, though we do state that this early evaluation is in solid agreement with the
value ons = —0.283 (64) % quoted in Ref. [7]. However, most important to note at this stage is that the error
quoted in the figure is fictiously enhanced to ensure a conservative overestimation of the eventual result; a complete
calculation will likely provide a reduction in uncertainty with respect to the value from Ref. [7] comparable to what
we have seen previously in the '°C — 9B transition. Moreover, to achieve this improved precision, we plan to
compute contributions from higher order multipoles since, as can be seen in Fig. 4.14 and was emphasized in its
corresponding discussion, the suppression of transition strength through the J = 1 multipole disrupts the natural
hierarchy of the expansion.

4.4.4 Quantification of Uncertainties

In this section we provide the promised finer details on the various nuclear modelling uncertainties which enter
the evaluations showcased in Figs. 4.13 and 4.15, as well as Eqgs. (4.66) and (4.68), sans the nuclear shadowing
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Figure 4.14: Breakdown of the nuclear D:W for the 1O — N into (i) different electroweak operator
structures in T3 and (ii) each moment in the multipole expansion. The numerical results are obtained
with the chiral NN*LO(500) + 3N}, interaction, an oscillator frequency of AQ = 18 MeV and with an
Nmax = 7 configuration space. The residue and O(E,) contributions are shown as hatched and solid bars,

respectively.

effects which have been (as thoroughly as is presently feasible) explored in Ref. [1]. A precise summary of the error
breakdown is provided in Table. 4.3 for the °C — B transition. Unfortunately, we are not yet able to provide an
equivalent breakdown for the 1O — N transition as the analysis is not yet complete.

First and foremost, due to the computational complexity of nuclear many-body calculations we encounter three
types of truncation in these calculations: (i) the size of the many-body configuration space in the NCSM, controlled
by the truncation parameter Npay; (ii) the multipole truncation, controlled by the parameter Jyax; and (iii) the
chiral truncation in our effective nuclear Hamiltonian. Note that truncation of the chiral expansion affects both the
modelling of the nuclear Hamiltonian and the SM current operators whose respective chiral orders are not taken into
account consistently. Consequently, their associated truncation errors are estimated independently. Furthermore,
the nuclear Hamiltonian is SRG evolved while the current operators are not. This approximate treatment of the
fully consistent SRG evolution leads to an additional source of uncertainty from neglecting higher-order corrections
to the current; their impact must be estimated on top of the chiral truncation. Overall, this amounts to estimating a
total uncertainty coming from our modelling of the nuclear Hamiltonian and SM currents. We will now characterize
each of these uncertainties one by one.

Beginning with the Np.x truncation, which controls the dimension of the many-body configuration space, we
recall that in the limit Ny, — 0o we approach the exact NCSM result. Hence, at finite Nyax, we estimate the
truncation error ey, by taking the absolute difference between consecutive Npyax evaluations of dyg in a given
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Figure 4.15: Evaluations of éng in the NCSM for the 14O — N with Nyayx = 3, 5, 7 configuration space
truncations and, for the NN — N*LO(500) + 3Ny, oscillator frequencies in the range of i) = 16 —20 MeV.
For the E; point generated with the NN*LO(500) + 3N}, interaction, we use a sole frequency of h{2 =
18 MeV. Error bars are as briefly described in the text below and in detail in the subsequent section.

10¢c — 108 This work |  Ref. [7] x10~4
€ Jonox 0.1 3.3 €dns.a
€EMecato 0.04 3.5 €dns, B
€ Ninax 0.1 1.5 Edns.
he 1.4 /
€PME 1.4 /
€0 0.4 /
Ex 0.9 /
€sh 2.4 /
€nuc 2.9 /
€nel 1.2 /
€6ns 3.1 5.0 €6ns

Table 4.3: List of different uncertainties accounted for in the dng calculation discussed in this
dissertation. For comparison, we also provide the uncertainties as presented in Ref. [7]. Different
sub-groups correspond to different degrees of aggregation of the model uncertainties.
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Figure 4.16: Breakdown of the nuclear D:W for the 1°C — 9B into (i) different electroweak operator
structures in 75 and (ii) each moment in the multipole expansion. The numerical results are obtained
with the chiral NN?LO(500) + 3N}, interaction, an oscillator frequency of hQ = 18 MeV and with
Nmax = 3, 5, 7 configuration spaces in subfigures (a), (b) and (c), respectively. The residue and O(E,)
contributions are shown as hatched and solid bars, respectively.

sequence. In Fig. 4.16, we present the dng evaluations for the °C — 19B for the NN — N4LO(500) + 3Ny, at fixed
R = 18 MeV with configuration space truncations Nyax = 3, 5, 7 utilized in subfigures (a), (b) and (c). While
the distribution of transition strength expectedly changes quite a bit from the unphysical Npy.x = 3 model space
to the Nyax = 5 space, the change from Ny,ax = 5 t0 Npax = 7 is markedly mild. In addition, we use the residual
dependence on the oscillator frequency A2 to, in effect, doubly count the remaining dependence on the excluded
configuration space when choosing the frequency h{2 = 18 MeV in evaluation of dns. This is assigned in e by
taking the maximum absolute difference between varied frequency calculations in the vicinity of A2 = 18 MeV. In
Fig. 4.17, we present the dyg evaluations for the 1°C — 1°B for the NN — N*LO(500) 4 3Ny, with a fixed Nyax = 7
configuration space and for oscillator frequencies i) = 16, 20, 18 MeV utilized in subfigures (a), (b) and (c),
respectively. We only comment that the frequency variation is hardly detectable by eye in this figure, except for
perhaps in the residue contribution. As this is the only piece truly sensitive to the individual structure of states in
the low-lying nuclear spectrum, this is somewhat anticipated in our evaluation.

Turning our attention to the multipole truncation uncertainty, as illustrated in Figs. (3) and (4) of Ref. [170],
the integrated amplitudes of odd and even electroweak multipoles present an approximately exponential decay in
the magnitude of their contributions with respect to the rank J of the considered operator structure. Moreover,
such an observation is reinforced by the well-understood asymptotic behaviour of the Bessel functions which decay
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Figure 4.17: Breakdown of the nuclear D:W for the 1°C — 9B into (i) different electroweak operator

structures in T3 and (ii) each moment in the multipole expansion. The numerical results are obtained with
the chiral NN4LO(500) +3Nj,; interaction, an Ny,ax = 7 configuration space and an oscillator frequency of
hQ = 16, 20, 18 MeV in subfigures (a), (b) and (c), respectively. The residue and O(E,) contributions
are shown as hatched and solid bars, respectively.

s the error associated to the multipole truncation, we employ a simple
two-parameter exponential fit over the multipole index to the amplitudes for a particular operator structure in
T3. Extrapolating the fit to J > Jyax = 3, we sum over all such J until we achieve numerical convergence in the
estimate of the “missing strength”. As the multipoles are expected to decay at least exponentially in J, we argue
that this yields a reasonable estimate of the missing strength and thus a conservative uncertainty for the multipole
truncation.

Lastly, we turn our attention to the error €, introduced in truncation of the chiral expansion in the Hamiltonian
and in the modelled electroweak currents ep.. A well motivated approach to the estimation of chiral interaction
uncertainties €, at the many-body level is discussed in Ref. [166] and applied in Ref. [139] within the NCSM
formalism. It involves fully consistent calculations at each order in the chiral expansion which, purely as a result
of the cost of these calculations, we are sadly not able to perform. Instead, we may still reasonably estimate the
effects of the truncation by varying the chiral interaction in use. To this end, we have considered the so-called Er
interaction which includes an additional sub-leading contact interaction in the three-nucleon sector. The final result
is taken as the average of those two calculations (at a consistent oscillator frequency) and its dispersion is used as

the additional uncertainty e,.
What remains is to estimate the error ey arising from lacking higher-order currents and the approximate SRG

factorially in J. In estimation of €;
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evolution which are most conveniently estimated together. To do so, we rely entirely ad hoc on previous literature
studies which have systematically explored such effects on the vector electromagnetic current (see Fig. 3 of Ref. [171]
for M1 transitions) and the axial part of the axial-vector weak current (see Table IV and Fig. 8 in the Supplemental
Material of Ref. [172] for GT transitions, as well as Fig. 2 of Ref. [26] for GT-like transitions) in light nuclei, albeit
primarily at zero 3-momentum transfer. While individually significant effects, an important observation made in all
of the cited references is the substantial cancellation between the effect of consistent SRG evolution of the operators
and the inclusion of higher-order currents. In the end, the combined effect is reduced to the level of a few percent.
Detailed in Ref. [172], the total shift was shown to be approximately equivalent to a phenomenological re-scaling
of the current coupling constants which, in our case, is equivalent to a re-scaling of the single-nucleon form factors,
e.g., F1, p and F4. Further noted in such studies is that the effects of higher-order contributions to the vector
electromagnetic and axial weak currents are not uncorrelated, i.e., the effects observed in the same system (where
the literature studies exist) are similar in magnitude but systematically opposite in sign. Thus, both enhancement
of the vector electromagnetic current and quenching of the axial weak current must be considered simultaneously
in the amplitudes; we perform a parametric re-scaling of the form factors and extract €}, from the variation in dns.
The expected enhancement and quenching of our operator structures is estimated ad hoc by considering the
percentage change between amplitudes with no SRG evolution and no higher-order current contributions to those
with both such treatments, as reported in the aforementioned works. For the exact numbers, see Fig. 3 and Table I
of Ref. [171] for M1 transitions, as well as Table IV and Fig. 8 in the Supplemental Material of Ref. [172] for GT
transitions. We find that the enhancement in the vector electromagnetic current in M1 transitions is approximately
2 —4% and the quenching in the axial weak current for GT transitions is approximately 3 —5%. As available studies
are limited to such operators, these numbers are applied universally regardless of the operator structure at hand.
Consequently, we vary the single-nucleon form factors of the vector electromagnetic current according to

Fi—Fi=cy F B p=cyp
with ¢y € { 1.02, 1.04 }, and similarly the single-nucleon form factors of the axial weak current according to
Foa—Fa=caFa |
with ca € {0.977 0.95 } We then extract the uncertainty explicitly as

€hc = Sup |SNS(CV7 ca) — 5Ns| ) (4.69)

Ccv,CA

where dysg is the original prediction without re-scaling and dxg(cy, c4) is a function on the cy-c4 parameter space.
We wish to re-emphasize that this ad hoc estimate of ey is extracted from the rather limited studies available
in literature which, in most cases, consider simplified operator structures at zero 3-momentum transfer in not
dissimilar light nuclei. A more rigorous quantification of €. should be based on the explicit inclusion of higher-
order corrections to the currents and is deferred to a future study. One possible first step towards this goal would be
the approximate inclusion of some higher-order current effects via modifications to the single-nucleon form factors
as discussed in Ref. [26].

The above discussion characterizes all truncation uncertainties entering the ab initio many-body calculation of
Ons. The final item to be discussed is the treatment of the 4-momentum dependence of the electroweak multipoles
which, as identified in the mutlipole expansion section, are decomposed into an electroweak operator basis under
the assumption of vanishing second-class currents [125, 126]. The remaining model dependence consists of the
4-momentum character of the single-nucleon form factors utilized for electromagnetic and weak processes. For a
general form factor appearing in the mutlipole amplitudes presented in Sec. 3.1, we use the standard (yet truthfully
ill-motivated) dipole form factor approximation

F(q2)=F(0){1— q; }_2 , (4.70)

scale

where in this context Mscae refers to either the vector dipole mass My or the axial dipole mass M. This
approximation is uncontrolled in the sense that it is merely recognized as a convenient fitting procedure for a given
form factor’s momentum distribution. Nevertheless, we can conservatively estimate the error €y, arising from
such an approximation by varying the corresponding dipole mass to span the entire range of more sophisticated form
factors fitted to reproduce experimental data. Proceeding in this way, the vector dipole mass is varied in a range of
800 — 1000 MeV to cover the range of predictions from the high-quality Padé fits performed in Ref. [167] whereas
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the axial dipole mass is varied in a range of 1.09 — 1.270 GeV as recommended in Ref. [14]. The combination
of €N, s €Jmax> €hc and eps .. make up the partial model error epyg given in Table 4.3. At the moment, the
errors discussed in this section represent the largest contributions to the uncertainty in the dng prediction. Future
systematic improvements to the formalism are envisioned, for example, improvements to the theoretical calculation
of dns could be achieved by inclusion of higher-body currents and relativistic corrections or simply by using a more
precise extractions of form factors. Finally, we note that most of the developments discussed here can be extended
to other electroweak radiative corrections.

86



Chapter 5

Summary, Conclusions and Outlook

This dissertation discusses a powerful, generalized methodology for the calculation of electroweak radiative correc-
tions in nuclei and, as a case study, presents a comprehensive investigation into the electroweak radiative corrections
relevant to nuclear beta decay with a particular focus on the nuclear YW box diagram. The work demonstrates
the manner in which ab initio nuclear structure approaches can be adapted and extended to compute radiative
effects traditionally approached via phenomenological or shell-model-based techniques. These corrections play a
vital role in the extraction of the up-down quark mixing element V,,4, a cornerstone of precision tests of the Standard
Model via the top-row CKM unitarity test, and this dissertation offers an essential step forward in improving the
theoretical precision required for robust CKM unitarity tests.

A systematically improvable framework based on ab initio nuclear theory is developed to evaluate dng using
the formalism of the No-Core Shell Model and Lanczos Strengths Method. The analysis emphasizes the need for
a careful treatment of the intermediate nuclear spectrum in order to fully capture the electroweak dynamics of the
nucleus. Results are presented for the two lightest superallowed Fermi decays, the 1°C — B and *0O — MN.
The core result is a precision improvement to the prediction for the nuclear-structure-dependent correction in the
10C — 19B, as originally quoted in Ref. [1],

ons[°C — 1°B] = —0.422 (14)pme(4)a(9)y 2D (12)n.a %

which brings with it a 1.6x reduction in the quoted error despite accounting for a more complete set of nuclear
structure uncertainties. We have further presented preliminary results for the 'O — N which depict a distinctly
different behaviour in the distribution of strength between the residue and Wick contributions to the vW box
function; the strong Gamow-Teller suppression in *0 — 4N significantly enhances effects from higher-order
multipoles, findings which will have to be taken into account in driving down the uncertainties for dyg in this
transition. We do not quote a value for the Oxygen transition given the incomplete status of the analysis.

Impact on Experiment

As the extraction of V4 necessitates a combined effort from both experiment and theory, futures plans to improve
the theory precision across the nuclear chart lay the foundation for a revived experimental program on precision ft
measurements. Based solely on the work discussed in this dissertation, there is already strong motivation for a new
experimental determination of the °C branching ratio which has historically suffered from a large uncertainty. See
Fig. 4.6 for the 1°C decay to the first excited state 17 and final state 0T which collectively share the total strength
of the Fermi decay. The importance of precision measurements for the 1°C — °B and O — N transitions lies
in the fact that these lightest Fermi decays provide the strongest constraints on scalar currents encoding physics
beyond the SM, e.g., see Fig. 7 of Ref. [7]. The reduction in uncertainty we provide purely from this analysis of the
radiative corrections thus already impact possible extensions of the SM in this way. In fact, already in contemplation
is a new measurement program using superconducting tunnel junctions to detect °B recoils in analogy with the
successful "Be electron capture measurements [173, 174, 175]. Similar experimental programs with trapped-ion
recoil studies have managed to put stringent bounds on BSM currents [176, 177] and will likely contribute future
measurements of value to the CKM unitarity puzzle.

Beyond the direct impact of these results, the ever-more-precise electroweak calculations in nuclei encourage
continued experimental programs dedicated to the measurment of superallowed and forbidden beta decays, as well
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as electromagnetic transitions, to very high precision. Already in pursuit are new measurements of the M1 magnetic
dipole transitions at TU Darmstadt [178] which will provide the nuclear physics community with a robust test of
the modelling of electroweak currents, e.g., particularly at the level of chiral two-body currents. Akin to this, the
precision 3 spectra program in 5He, *O and '”Ne pursued by the CRES collaboration searches for chirality-flipping
beyond SM currents [179]. This program however relies on precision nuclear structure calculations of the 8 spectra
for said nuclei, further providing an avenue for testing the uncertainty claims of the present work and works in ab
initio nuclear theory like it. These combined programs of electroweak theory in nuclei and nuclear experiment will
allow for the discrimination between different nuclear models and chiral Hamiltonians, as well as provide avenues
for the testing of modern EFTs for beta decay.

Outlook

There are several improvements to the approach prescribed in this dissertation which may be immediately available
to implement. For example, in terms of improving the computational cost of these calculations — which in a
naive approach is large — it is possible to exploit analytic properties of the harmonic oscillator basis [180] or to
implement analytic continuation in the nuclear amplitudes [181, 182, 183], both approaches which can dramatically
reduce the cost of evaluating complicated electroweak processes such as the YW box function described herein.
Improvements to the many-body machinery such as those suggested above will allow for the controlled scaling
of these computations to larger basis dimensions and higher multipole contributions, further driving down the
uncertainty from the many-body aspects of the model.

Beyond improvements to the many-body formalism used to compute the vW box function, pathways to reducing
the various uncertainties include a more rigorous treatment of the EF T formalism used (i) in generation of the current
amplitudes, e.g., via treatment of higher-order contributions to the current operators consistent with yEFT and the
non-relativistic reduction of the multipoles, (ii) in connecting electroweak, quark-level processes to the nucleon-level
processes [184, 185], and (iii) in the proper inclusion of high-energy contributions to the nuclear structure functions,
e.g., the aforementioned “nuclear shadowing effects” to be discussed in Ref. [165].

The consistent treatment of hadronic physics over vast energy scales remains an open challenge in nuclear and
particle theory which we hope to continue to address in follow-up works on the vW box for precision 5 decay and
V.4 extractions. Moreover, the methodology explored in this work is readily applicable to the superallowed decays
of 18Ne and ?2Mg, which will be studied in follow-up works, and can be easily generalized to other electroweak
processes. To name a few other, very much related projects which are underway (or planned as part of my research
program), we seek to compute the ¥y box (two-photon exchange) for precision measurements of charge-radii, the
vZ box for precision weak charge measurements, muon capture processes on light-nuclei for Ovg3 studies, and
neutrino scattering cross sections. With the continued developments and precision gains in non-relativistic many-
body methods, the ever-more-formal understanding of low-energy EFTs of QCD, and the increasingly rich domain
of SM and beyond SM physics accessible by nuclear experiment, the field of ab initio nuclear theory is positioned
to be at the forefront of many future developments in modern theoretical physics.
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Appendix A

Summary of Notation

A.1 Definition of the Dirac Gamma Matrices and Spinors

Note that we have used the Dirac adjoint notation, ) = 1f4°, which guarantees that 1) and ¥y*4 transform
covariantly. The definitions for the elements of the 4-vector of Dirac gamma matrices y* = (70, 7,92, 73) utilized
in the main text, as well as the definition of the tensor o#¥, are provided below.

(58 (D) ety W

0i __ O 7:0'i ij _ _ijk O'k 0
ot = (iai 0 o =c¢ 0 ok (A.2)

We also provide the definition of the Fermionic spinor which are used for the definition of the relativistic field
operators,

w) =Vt E( s ) (A.3)

m-+FE S

A.2 Spin Coupling and Tensors

The total spin momentum of a non-relativistic quantum system is conserved. Let us consider the simplest case of
two particles with spin vectors J; and J corresponding to states ‘J1M1> and ’J2M2>. Under the standard tensor
operation between Hilbert spaces, these states may be combined by the direct tensor product as

’J1M1J2M2> = |J1M1> X |J2M2> (A4)

However, a more convenient prescription exists for multi-particle systems. Since the total spin J = fl + fg is
conserved, the allowed values of the total spin coupling J must obey the triangle condition, A(J;J2J), which
constrains J € {|J1 — Ja|,...,J1 + J2}. Under the chosen normalization and phase-conventions, we may then
write states of total J momentum ’Jl JoJ M > as linear combinations of the uncoupled two-particle states via the
Clebsch-Gordan coefficients as

| I eI MY = > CAE N | My Jo M) CyvE N, = (Ji1My Jo M| Jy Jy T M) (A.5)
M7 M

where M = M + M> and the coeflicients are purely real, and consequently, they are guaranteed to be Hermitian.
More detailed descriptions of angular momentum coupling, as well as three particle coupling procedures, may be
found in Refs. [99]. These procedures can be applied to couple to an arbitrary number of spin momenta.

A.3 Tensors and Wigner-Eckart Theorem

Here we introduce the basic properties of a rank-\ tensor le‘, which is a set of 2A+1 operators with € {—X, ..., A}
One may specify the transformation properties of a tensor operator by requiring commutation with the J+ and J,
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APPENDIX A. SUMMARY OF NOTATION

operators, which leads to some remarkable results in quantum theory. In particular, the use of tensors allows for
the reduction M-state dependence by Wignar-Eckart theorem as

ox (J' M A\pu| J M)
V2J +1

where (J||T*||J’) is a J-reduced amplitude. Arbitrary tensors T:‘ll and U, li‘; may be combined into the tensor Sﬁ‘
with the same angular momentum coupling techniques introduced in the previous appendix section as

(JM|T |J'M") = (-1) (JI|TMNT"Y (A.6)

Sy=[T" U, = (Amdapa| M) T U2 (A7)

12

One can derive relations for the reduced matrix elements of the tensor product operator; in general one must derive
separate results for when T2 and U*2 act in the same or different vector spaces.

A.4 Talmi-Moshinsky Transformation

Consider the case of a two-particle system in an external harmonic oscillator potential with mass m and with
cartesian vectors 1 and Zs. The Hamiltonian for this system is then written in cartesian form as
2 | =2
PL+Py 1 oo o
H=—"——"=4+_-mQ(7 Z5) . A8
P QR + 73) (A8)
We may describe the eigenstates as being two-particle Slater determinant eigenstates by utilizing an expansion in
the harmonic oscillator one-particle basis. Yet, the Slater determinant basis contains the unphysical motion of the
c.m. and so we must isolate the intrinsic motion of the particles. Let us introduce the same expression in relative

coordinates 1 1
P=—(&H — % X=—(&H +7) , A9
\/5( 1 — T2) (Z1 + 72) (A.9)

and in this new coordinate system, the Hamiltonian is then written as

D | =2
p1 + Py 1 2,22 7 2
= —mS + X Al
5 + 2m (7 ), (A.10)

H

which may be similarly described as a product wave function. As these Hamiltonians are equivalent modulo a
coordinate change, the eigenenergies are the same, and this hence implies relations between the quantum numbers
of the relative and Slater determinant basis states. Further, this means we may express the eigenstates of the
respective Hamiltonians in terms of one another,

|MLinih Q) = > (nINLQIN1Liny 11 Q) [nINLQ) . (A.11)

nINL

This expansion may be further generalized to the case of unequal mass particles, for which the product of oscillator
functions depending on X and 7 transform elegantly as

Z (L1M111m1|Qq) $N1Li My (ﬁ) Prylimy (F)

M (A.12)

= Z <nlNLQ|N1L1nlllQ>ﬁ(lmLM|QQ)Sanlm(gl)@NLM(gE))a
NLMnlm

where (nINLQ|N1Lin,111Q), is a generalized Talmi-Moshinsky HO bracket for a two particle system with mass
ratio d = ﬁ [186, 187, 188, 189, 190]. Using this transformation, it is possible to express our operators in a
translation invariant way by analytically removing c.m. contamination from the ground state harmonic oscillator

wave function, as discussed in Sec. 2.3.3.

A.5 Relative Coordinates

Relative coordinates may be defined in a variety of ways. The particular convention presented here is consistent
with the NCSM codes of P. Navratil at TRIUMF.
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Consider a system of A nucleons, each nucleon having the same mass m. We neglect the difference between the
proton and the neutron masses. We then define

_,_\/Ego_\/j[flJr...JrfA] ’ (A.13)

and so we see 50 is directly proportional to the c.m. coordinate of the A-nucleon system, X. We further define the
remaining A — 1 coordinates, denoted with the index i as &;, as being relative coordinates between the (i + 1)-th
nucleon with respect to the c.m. position of the i-nucleon system. We may write these coordinates as

51\/3[:31@]

312
(A.14)
A—-2 1 . . -
A-2 =\ 7= Z1 TA-2) —TA-1
¢ A 1| At i)
A-1 1 R S
a1 =\ —— T1+--+Ta1) —Za
A |A-1
Using the definition X(A - ﬁ [fl 4+ 4 9?,4_1], it is possible to write §_E) and 54—1 respectively as

o A -1y 1
50 = X ZfA
oy (A.15)

€4 1—\/1XA1 \/ lfA
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