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Applying various properties of a certain class of linear integral operators,
the authors prove a number of theorems which provide interesting characterizations
of starlike and convex generalized hypergeometric functions. Several useful

corollaries are also deduced. ‘

1980 Mathematics Subject Classification. Primary 30C45, 33A30.

1. INTRODUCTION

Let 4 denote the class of functions of the form

n+1

f(z) = 3,12 (al = 1), (1

It ~18

n=0

which are analytic in the unit disk % = {z: |z]| < 1}. We denote by 8* and
# the subclasses of 4 consisting of all starlike functions in % and of all
convex functions in ¥, respectively. Note that f£(z) € # if and only if

28 (2) € §

Let aj (j = 1,...,p) and Bj (j =1,...,q9) be complex numbers with
BJ#O’ 'l: _2: veo j::l’ ooy Q.

Then the generalized hypergeometric function DFq(z) is defined by (see, e.g.,

(6], p. 19)

1l

qu(z) PFq(ul,...,ap; 81,...,8 3 Z)

® (al)n cen (uP) n

= 1 = (psaqa+1), (2
n=0 (Bl)n Tt (Bq)n n!




where (A)n = I'(A+n)/T(A) 1is the Pochhammer symbol.
In order to prove our characterization theorems for these generalized

hypergeometric functions, we nged the following lemmas due to Owa and Srivastava

[4].

LEMMA 1. Let the generalized hypergeometric function qu(z) defined by

(2) satisfy the condition:

z F (o, ,...50 3 B ,...,B ; z
p g1 p’ 1 ¢ P ) (3)
ppq(al,!'--:ap, le-'-,qu Z)

for z €. Then

*
z qu(ul,...,ap; 81,...,Bq; z) €98

LEMMA 2. Let the generalized hypergeometric function qu(z) defined by

(2) satisfy the condition (3) for =z e {. Then

0wy O :1; B

zZ p+1Fq+l(al" . l,...,Bq,2; 2) e k.

LEMMA 3. Let the generalized hypergeometric function qu(z) defined by

(2) satisfy the condition:

Z F”O.,...,G;B,..-,B,Z

};'qcl ST SR (4)
(o DN« sesasB 5 2

pq( 1 p’ 1 q )

for
P
z € 9 and I a. #0.

Then




*)
z p+qu+1(al+l,...,ap+l,1; Bl+l,...,8q+l,2; z) €8

13

2. PROPERTIES OF A CERTAIN LINEAR INTEGRAL OPERATOR

Let ;Y(f) be a linear integral operator defined by

y + 1 (% -1
fy(f) = J th o f(t)dt vy > -1 (5)
z

for f(z) ed4. The operator (ZY(f), when v e f = {1,2,3,...} was studied by
Bernardi [1]. 1In particular, the operator <;l(f) was considered earlier by
Libera [2] and Livingston [3].

We require the following properties of (f) obtained by Pascu [5]}.
4 Y

*
LEMMA 4. If £(z) 8, them f (D) ¢§ for

o
IIA
<
I
—

LEMMA 5. If £(z) €, then /Y(f) el for o

IA
=

A

—

3. APPLICATIONS TO GENERALIZED HYPERGEOMETRIC FUNCTIONS

Qur characterization theorem for a class of starlike generalized hyper-

geometric functions is contained in

THEOREM 1. Let the generalized hypergeometric function qu(z) defined

by (2) satisfy the condition (3) for z e . Then

*
(opseeesa s ¥+l Byyen B, Y+2; z) €9

Z perfqe p



PROOF. First of all, we note that

z F (a.,...,0 3 see e
P qt"1 ' Pl

+

by Lemma 1. Next, applying Lemma 4 to

z F (a,,...,0_;
2 pal™ p

we have

z
y + 1 J Y .
z F ) = —— t F (0;,e0050 35 Bysyews,B 53 t)dt
;y( pq) .Y pq(l p’ 1 q )

e P (oo P
ko By - B, T, T

*
z p+1Fq+1(ul,...,ap,y+l; Bl""’Bq’Y+2; z) e .

which completes the proof of Theorem 1.

For vy = 0, Theorem 1 evidently yields

COROLLARY 1. Let the generalized hypergeometric function qu(z) defined

by (2) satisfy the condition (3) for z e 7. Then

0,15 B

*
z p+1Fq+1(a1"" . l,...,Bq,Z; z) €8

By using Lemma 2 and Lemma 5, we similarly derive

THEOREM 2. Let the generalized hypergeometric function PFq(z) defined by

(2) satisfy the condition (3) for z € #. Then

Z p+2Fq+2(u1,.--,ap,l,Y+l; ByseresBgn25¥42; 2) ek

for 0= vy = 1.



By setting vy = 1 in Theorem 2, we obtain

COROLLARY 2. Let the generalized hypergeometric function qu(z) defined

by (2) satisfy the condition (3) for z e #. Then

zZ p+1Fq+1(al""’a ,1; B ,...,Bq,S; z) € 7.

Finally, by applying Lemma 3 and Lemma 4, we have

THEOREM 3. Let the generalized hypergeometric function qu(z) defined by

(2) satisfy the condition (4) for

a. #0.

I =

z €9 and

Then

*
z p+2Fq+2(al+1,...,ap+1,1,y+l; 81+1,...,Bq+l,2,y+2; z) €&

for 0=+vy=1.

The special case of Theorem 3 when y = 1 1is given by

COROLLARY 3. Let the generalized hypergeometric function qu(z) defined

by (2) satisfy the condition (4) for

p
zef and T a. #0.
j=1
Then
*
vA p+1Fq+1(al+1,...,ap+l,l; Bl+1,...,8q+l,3; z) €& .
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