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Abstract

Vertex symmetric graphs play an important role in the design of parallel
architectures. In this thesis, we study Hamiltonicity in specific families of
Cayley graphs and vertex symmetric graphs. In the first part of the thesis,
we study the Hamiltonicity in Faber-Moore digraphs. Faber-Moore digraphs
have been proposed as a method of efficient parallel architectures in which
information flows unidirectionally. We prove that every Faber-Moore digraph
is Hamiltonian. In addition, we give a sufficient and necessary condition for
the existence of Hamilton path between any pair of vertices. In the second
part of the thesis, we give an efficient algorithm to generate permutations
by a tree of transpositions. This algorithm finds Hamilton paths in the
corresponding tree Cayley graphs. We give some open problems in the last

part of the thesis.
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Chapter 1

Introduction

In this thesis, we explore properties and algorithms about vertex symmetric
graphs, including Cayley graphs. Cayley graphs are characterized by their
high symmetry. The relationship between two global properties of graphs,
symmetry and Hamiltonicity, attracts a lot of research in both graph theory
and group theory. Also, Cayley graphs have applications in the design of
parallel architectures. Graphs are natural tools for describing parallel ar-
chitectures, in which vertices represent processors and edges (arcs) represent
communication channels. So graph theory is a natural tool to study the
combinatorial properties of parallel architectures. In Chapter 2 and 3, we
prove that each member of a family of vertex symmetric digraphs, the Faber-
Moore digraphs, is Hamiltonian. Faber-Moore digraphs have been proposed
as efficient unidirectional parallel architectures. In Chapter 2, we study a
special case of these digraphs, which provides a basis in the proof of general
case in Chapter 3. In Chapter 4, we give an efficient algorithm for generat-
ing permutations by a tree of transpositions. This permutation generation
problem is equivalent to finding a Hamilton path in the corresponding free

Cayley graphs. In the last chapter of this thesis, we give the conclusions and



some open problems.

In the rest of this chapter, we give some definitions from graph theory and
algebra in Sections 1 and 2, discuss Cayley graphs (digraphs) and Hamiltonic-
ity in Section 3 and applications of Cayley graphs (digraphs) in the design of

parallel architectures in Section 4.

1.1 Graph theoretic preliminaries

In this section, we give graph theoretic definitions that are used in this the-
sis. They can be found in most graph theory books, such as Bondy and
Murty[BoMuj.

Definition: A multigraph G = (V, E) consists of a set V whose
elements are called vertices, and a multiset E, whose elements are unordered
pairs of vertices in V, called edges. If uv € F then u and v are said to be
adjacent. An edge of the form wu is called a loop. If E is a set (no repeated
elements), then G is called a graph. A graph G is simple if it does not
contain loops.

Definition: A digraph G = (V, A) consists of a set V, whose elements
are called vertices, and a set A, whose elements are ordered pairs of vertices
in V, called arcs. If uv € A, uv is said incident from v and incident to v.

Definition: The order of graph (digraph) G = (V, E) is |V, sometimes
we denote it by |G|.

Definition: A walk in a graph (digraph) is a sequence of vertices
V1,02, - ..,V such that for all 1 < ¢ < n, v;v;41) is an edge (arc) in G. A walk
without repeated vertices is called a path. A path starting at v and ending
at v is called a uv-path. The number of edges in a path is called the length



of the path. If the first vertex and the last vertex in a path are adjacent,
then it is called a cycle. A path that contains every vertex in G is called
a Hamilton path of G. Similarly, a Hamilton cycle of G is a cycle that
contains every vertex of G. If G has a Hamilton cycle, it is Hamiltonian.
If for any vertex u,v € V(G), there is a Hamilton path starting at u and
ending at v, then G is Hamilton-connected.

Definition: A graph G is connected if there is a path between any
two vertices in G} otherwise, it is disconnected. A digraph @ is strongly
connected if for each vertex u, there is a path from u to every other vertex
in G. |

Definition: A k-vertex cut in graph G(V, E) is a subset V' of V such
that G — V' is empty or disconnected and |V’| = k. G is k-connected if G
has a k-vertex cut but no (k — 1)-vertex cut.

Definition: In a graph G, the neighbourhood of vertex v is N(v) =
{uluv € E}, the degree of v is the number of elements in N(v). A graph G
is k-regular if every vertex in the graph has degree k. For a digraph, the
in-degree of v is the number of arcs incident to v and the out-degree of
v is the number of arcs incident from v. A digraph G is k-regular if every
vertex in the graph has both in-degree and out-degree k.

Definition:  The distance from u to v, d(u,v), is the length of a
shortest uv-path. The diameter of a connected graph (strongly connected
digraph) G = (V, E)) is the least integer D such that for all vertices v and v
in G, d(u,v) < D.

Definition: A graph (digraph) G = (V, E) is vertex symmetric (or
vertex transitive} if for each pair of vertices u and v in G, there exists

a bijection # : V — V such that : (1) 8(u) = v and (2) ab € E implies



6(a)8(b) € E. That is, 0 preserves the adjacencies of G.

Definition: Two simple graphs G and H are isomorphic if and only
if there is a bijection 8 : V(G) — V(H) such that uv € E(G) if and only if
6(u)0(v) € E(H).

In this thesis, unless specified otherwise, the graphs (digraphs) are simple

and connected (strongly connected).

1.2 Algebraic preliminaries

This section contains some algebraic definitions that are used in this thesis.
They can also be found in many algebra books, such as Fraleigh [Fr] and
Gallion [Ga].
Definition: A group (G, #) is a set G, together with a binary operation
* on (& such that the following three properties are satisfied:
1. Associativity
The binary operation * is associative, that is, for all a, b, ¢ in G,
(axb)kc=ax(bx*c).
2. Identity
There is an element e in G such that e % a = a + ¢ = g for any element
a in G. The element e is called the identity of G.
3. Inverse

For each element a in G, there is an element a~! in G such that a*a=! =

a1 *xa=e. The element a~! is called the inverse of «.

A group G is called abelian if it is also commutative, that is for any

elements ¢ and bin G, a % b =b*a.



Definition: The symmetric group S, is the collection of permuta-
tions of the set [n] = {1,2,...,n} where group multiplication is defined by

composition of permutations. If

1234 1234
™= y H= 3
2341 3142

1234
™ —_
B=1 1493

because
0 Iz
1 - 2 = 1
2 - 3 - 4
3 = 4 = 2
4 —- 1 — 3

We often use one-line notation or cycle notation to represent permuta-

tions. In one-line notation, we use

) a3 ... Gy

12...n
ayjds...dy .

In cycle notation, for example, we use

to denote

(142) (35)



to denote
(12345)
41523

Permutations of the form (i7) are called transpositions.

Definition: The cyclic group is (Z,,®), where Z, = {0,1,2,--,n —
1} and € is addition modulo n.

Definition: Let (& be a finite group and S a subset of G. We define
a digraph Cay(S : G), called the Cayley digraph of G with subset 5 as

follows:

1. Each element of G is a vertex of Cay(S: G).

2. For z and y in G, there is an arc from z to y if and only if there exists

some s € S such that z x s = y. We call this arc has label s.

If we also require § = S U S~ (S~ is the set of inverses of elements in §)
then Cay(S : G) is undirected, so it is called a Cayley graph.

Figure 1.1 is an example of Cayley digraph.

We list a few commonly used Cayley graphs. The n-cube is the graph

whose vertices are ordered n-tuples of 0’s and 1’s, two vertices are connected if

i—1 n—i

and only if they differ in exactly one coordinate. Let e; = (0,...,0,1,0,...,0).
The n-cube is Cay({e;|1 < i < n} : (Z2)"). See Figure 1.2 for a 3-cube. The

n-pancake graph is
Cay({(1,2)(2,4— 1)+ (/2] [i/2]) | 2 < i < n} : Sp).

A tree Cayley graph is Cay(T : S,), in which T is a tree labeled with

{1,2,...,n}, where two permutations are adjacent if and only if they differ



Figure 1.1: Cay({(12),(321)} : Ss).

(0,0,0) (0,1,0)

(1,0,0)

(0,1,0}

(0,0,1)

—————

0,0,1} (0,1,1)

Figure 1.2; The 3-cube as a Cayley graph.



1, 0

(0, 1)

(o, 0)

0, 1

(1,
2, 1)

2, 0 (1, 0)

Figure 1.3: Cay({(1,0),(0,1)} : Z3@ Z,), a strongly connected Cayley di-
graph that is not Hamiltonian. ,

by a transposition (ij), and ij is an edgein T'. f T is a “star”, all vertices
except one have degree one, the corresponding tree Cayley graph is called a

star graph. A 4-star graph can be found on Page 40.

1.3 Cayley graphs (digraphs) and Hamiltoniec-
ity
There is a lot of research about the Hamiltonicity (that is, the question of

whether a graph has a Hamilton path or cycle or not) of Cayley graphs. This

is largely due to two famous conjectures.

Conjecture 1 (T.D.Parsons and others) There is a Hamilton cycle in every

connected Cayley graph.



The above conjecture is not true for Cayley digraphs in general. Figure
1.3 is Cay({(1,0),(0,1)} : Zz@ Z;). Tt is strongly connected but has no
Hamilton cycle.

A related conjecture is:

Conjecture 2 (Lovéasz) There ts a Hamilton path in every connected vertex

symmetric graph.

This conjecture is not true for Cayley digraphs in general, either. A coun-
terexample can be found in [WiGa]. The difference between the two con-
jectures can be illustrated by the well-known Peterson graph. The Peterson
graph is a vertex symmetric graph that is not a Cayley graph. It contains
Hamilton paths but no Hamilton cycle [Gz].

There are some sufficient conditions or necessary conditions for whether a
graph is Hamiltonian. They can be found in textbooks by Bondy and Murty
[BoMu] and others. But no effective necessary and sufficient condition is

known.

Theorem 1 (Dirac) Let G be a simple graph of order n(n > 3). If the

minimum degree of G is not less than n/2, then G is Hamiltonian.

Theorem 2 (Ore) If G is a graph of ordern such that for every pair of non-
adjacent vertices ¢ and y in G, deg(z) + deg(y) > n, then G is Hamiltonian.

The above theorems show that any k-regular graph of order at most 2k is

Hamiltonian. The following theorem goes a step further.

Theorem 3 (Jackson) Every 2-connected k-regular graph with order not
more than 3k is Hamiltonian [Jaj.



Figure 1.4: Peterson graph: a vertex symmetric graph that is not a Cayley
graph.

A detailed survey of related theorems can be found in [Go]. Unfortunately
these theorems can not be applied to Cayley graphs with low degrees, as do
the graphs considered in this thesis. There is no known general theorem
for deciding whether a Cayley graph is Hamiltonian. There are also some

theorems that investigate the problem from the algebraic point of view.

Theorem 4 Every connected Cayley graph of an abelian group of order at

least three is Hamiltonian.

The proof can be found in [Ga]. A stronger result is given by Chen and
Quimpo [ChQu]. Readers who are interested in the progress in these two

conjectures may refer to surveys [Go] [WiGa] and [Ma]
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1.4 Cayley graphs (digraphs) and intercon-

nection networks

Cayley graphs play an important role in design of interconnection networks.
A process/communication interconnection network is often modeled as a
graph (digraph), in which vertices correspond to processor/communication
ports, and edges corresponds to communication channels. Symmetric inter-
connection networks are of special interests in network design because they
have the property that the network viewed from any vertex looks the same
when the corresponding graph is vertex symmetric. In such a network con-
gestion problems are minimized since the load will be distributed through all
the vertices uniformly. Moreover, this symmetry allows for identical proces-
sors at every vertex with identical routing algorithms [AkKr]. Cayley graphs
are ideal for modeling symmetric interconnection networks, as described by

the following well known theorem:

Theorem 5 Every Cayley graph (digraph) Cay(S : G) is vertez symmetric.

Proof: Let a and b be any two elements in @, we define (z) = (ba™")a for

all z € G.
1. 8 is bijective. If 8(z1) = 8(z4), that is ba™'z; = ba~ x5, then
z1 = (ab™')(ba™'z2) = aea™'z; = z5.

Since G is finite and @ is a one-to-one mapping, it is also an onto

mapping, and thus is a bijection.

11



2. 0 preserves adjacencies. If z is adjacent with(to) ¥ in the Cayley
graph (digraph) then there is a s € S such that 2s = y. 6(z) is also
adjacent with (to) #(y) since (ba~1z)s = ba~'y. a

Another reason that Cayley graphs are ideal for processor/communication
architecture is because all proposed Cayley graphs are Hamiltonian. A sort-
ing algorithm (a sequence together with a sequential algorithm) of a parallel
architecture requires that we have a predetermined order in which the sorted
data is to result. It can be shown that a necessary condition for the existence
of a sorting algorithm is that this ordering forms a Hamilton path [AkHaKr].

Besides the n-cube, which is used as commercial parallel architecture,
there are other possible alternatives for efficient parallel architectures, such
as star graphs, pancake graphs, and cube-connected graphs etc [AkKr]. All
of these architectures are based on undirected graphs, which models the

situation where information can flow in both directions in the communication

channels. In some cases, it is desirable to transfer information in one direction
only. This situation can be modeled using directed graphs.

Faber and Moore [FaMo] studied, Ta (D), a family of large vertex symmet-
ric digraphs. These digraphs may be defined as digraphs on A + 1 alphabets
in the following way: The vertices are labeled with different words of length
D (D<A+1), z1z2...zp, each of which formm a D-permutation of an
alphabet of A + 1 letters. The adjacency is given by:

12
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Tp41T1%223 ¢+ - TD_3TD—22D-1, 1f ZD+1 7 T1,%2,..+,ZD
Ipr1¥e...TPp-3TpD-2TD-1
Tp-1T1Z2...Tp-3Tp-2TD

1&g ... Tp — &
Ep—2T1T2...TD-3FD-1ZD

| T2Z123...Tp_2Tp_1ZD
These digraphs have order (A + 1)!/(A — D + 1)}, diameter D and are
A-regular [FaMo] [CoFi]. For convenience, we denote I's (D) by G(n, k) with
n=A+1,k=Dandn > k.
In Chapter 2, we will study the Hamiltonicity of G(n,%) when n = k. In
Chapter 3, we will study the Hamiltonicity of G(n, k) in general.



Chapter 2

Right and Left Rotation
Cayley Digraphs

In this chapter, we prove that the Faber-Moore digraphs G(n, k) are Hamil-
tonian when n = k. Additionally, we give a sufficient and necessary condition
for the existence of a Hamilton path between two vertices. For convenience,
we denote G(n,k) when n = k by R,, the right rotation Cayley digraph.
See Figure 1.1 for R3. Let r; be the ¢th right rotation (i ¢ —1 ... 2 1).
The Cayley digraph R, is Cay(X, : S,) where X,, = {rs,r3,---,7,}, and
Sn is the symmetric group on [r]. We think of the elements of S, as being
permutations 7 = 7(1)}x(2)- - - w(n) of [n], and the elements of X, as acting

on these permutations as follows.

r(w(2)---x(n)(tt—=1 -+ 21) = 7({)r(L)7(2)- -7 —1)7w(i+1)---7(n)

2.1 Hamilton paths and cycles in R,

We begin by proving a necessary condition for the existence of Hamilton
paths in R,,.

14



XXX2X ... XX

Figure 2.1: The multigraph C, ; obtained by condensing G(n, k).

Lemma 1 If there is a Hamilton path my, w3, -+, 7wa in G(n,k) from m =
12---k to ®g = 12+ Tk, then 71 = 2. (d = C(n,k) k!, the number of
vertices in G(n, k)).

Proof: Consider the directed multigraph C, x formed by condensing, for
1 =0,1,2,---,k, into a single supervertex s; all those permutations 7 for
which #(f) = 2. The supervertex sy contains all the permutations that
don’t have element 2 in them. All the supervertices except so contain d' =
C(n — 1,k — 1)(k — 1)! permutations. For each arc vyw; in G(n, k), where
v; 1s In s; and~ v; is in s;, there is an arc from s; to s5;. See Figure 2.1 for
Cuk. A Hamilton path H starting at 12--- k in G(n, k) becomes a walk W
in Cy starting at s;. Let d~(s;) denote the number of arcs in W of the
form s; — s; for some j, and d*(s;) the number of the form s; — s; for

some j. Since each permutation occurs exactly once and the path starts at

15




12---k, d"(s2) = d'—1 and d™(s;) = d’. Observe that the only arcs entering
sy are those from s; (since the only way that 2 can be brought into the
second position is by applying a generator to a permutation with 2 in the
first position) and all arcs leaving s; enter s;. Thus, d*(s;) = &' — 1. But

this means that the walk W must end at s;. a

To prove a sufficient condition we will proceed by induction, but inductive
hypothesis must be strengthened to be more than just the existence of a
Hamilton cycl;,.

Definition: A (j,n)-pair in a path in R, is a pair of successive per-
mutations = and 7’ on the path such that the arc # — =’ is labeled r, and
7(n) =x'(1) = 4.

If there is a (7, n)-pair 7 and #’, then (n — 1)! permutations with element
7 in position n can be inserted between = and ', as will shown in the proof

of next lemma.

Lemma 2 Let n > 3. For any permutation zax3---z, of [n]\ {2}, there
is @ Hamilton path H in R, sterting at 12---n and ending at 2z0z3-- - z,.
Furthermore, the path H has a (§,n)-pair for each j =1,2,---,n.

Proof: Our proof is by induction on n. For n = 3, there are two paths.
123 213 321 132 312 231 ,and 123 312 231 321 132 213.
The (4, 3)-pairs are indicated in the lists above by underlining j.
Suppose that the lemma holds for n — i; we will show that it holds for
n. There are two cases to consider, depending upon whether =, = n or not.

Figure 2.1 gives a example of how to find Hamilton path in Ry.

[Case I] If 2, = n then we form a list of all (» — 1)! permutations with

an n in the final position. The list starts at 12---n and ends at 2z3z3 - - 5.

16



Case I. 1234 — 2314.
1234 2134 4213 2413 1243 4123
1423 2143 3214 4321 3421 2341
4231 2431 3241 1324 3124 4312
3412 1342 4132 1432 3142 2314

Case II. 1234 — 2341,
1234 2134 3214 1324 3124 2314

4231 2431 1243 2143 4213 1423
4123 2413 3241 4321 3421 1342
3142 4312 1432 4132 3412 2341

(Case I). The permutations with bold font are obtained by putting 4 in
position 4 in the permutations that are in the Hamilton path 123 — 231
in R3. The permutations between the bold font permutations are blocks
with ¢ (¢ = 1,2,3) in position 4. The underlined elements are the j’s in
the (j,4)-pairs (§j = 1,2,3,4). (Case II). The permutations in the first line
are obtained by putting 4 in position 4 in the permutations that are in the
Hamilton path 123 — 231 in R(3). The permutations with the bold font
are permutations in the Hamilton path 423 — 234 in R (relabel the graph)
with 1 in position 4. The permutations between the bold font permutations
are blocks with 2, 3 in position 4. The underlined elements are the j’s in the
(7,4)-pairs (j = 1,2,3,4).

Figure 2.2: Constructing Hamilton paths in Rj.

17



Such a list exists by the inductive assumption. Furthermore, the list has
(j,n — 1)-pairs for each j = 1,2,--+,n — 1. Let =, 7’ be a (j,n — 1)-pair
where, say T = y3--*Yn-1jn and so ® = Jys++-yp_an. The arc 7 — 7' is

replaced with the following list.

T = Yo' Yn-1J0 Tn
T = NYarYn-1]
T = Yo Yu—aMJ  Ta

o jyzn--yn_ln

The list from 7 to 7’ contains all (n — 1)! permutations that end in j.
It exists by the inductive assumption. We do the above replacement for
each j = 1,2,-+-,n — 1 and thereby obtain a Hamilton path H in R, from
12---n to 2z3 - - - T,. Note that m,r form a (n,n)-pair and that 7/,z' form a

(,n)-pair, and thus H has a (j,n)-pair for each j = 1,2, ,n.

[Case II] If z, # n, then there is some 1 < ¢ < n such that 2; = n.
Inductively, there are lists of all permutations ending with » or z,, that can

be joined into a single path of length 2(n — 1)! in R, as shown below.
a = 12---(n—1)n

2Ly Tic1Tig1 0 TN Ty

B = nlzp o xiaTiprc Ty

B = 2zax3---2y

18



Note that the list above contains an (n,n)-pair. Lists of permutations
ending with an element in the set [n]\ {n, z,} can be spliced in as they were
in Case I; we do the splicing in the sublist starting at  and ending at 8’. Each
such splicing, say of those permutations ending zj, creates both a (z,, n)-pair

and a (zx,n)-pair. Thus we obtain a (j, n)-pair for each j =1,2,---,n. O

Theorem 6 For n > 2, there is a Hamilton path in R, starting at 12...n

and ending at T1@2 -+ &, if and only if £ = 2.

Proof: This theorem follows from Lemmas 1 and 2, together with the ob-
servation that 12, 21 is the only Hamilton path in Gbs. O

Theorem 7 Forn > 2, there is a Hamilton path in R, starting at x122--- T,

and ending at y1yz- - yn of and only if z2 = yy.

Proof: This theorem follows from Theorem 6 and Theorem 5 in Chapter 1.
O

By setting the ending vertex be any vertex that adjacent to the starting

vertex in the previous theorem, we have the following corollary.

Corollary 1 The digraph R, is Hamiltonian for all n > 3.

2.2 Hamilton paths and cycles in L,

In the previous section, we study S, as generated by right rotations. Sim-
ilarly, we could consider the Cayley digraph L, = Cay({ls, 5, -, {n} : S)
where the generators are the left rotations {; = (12 -+ i —114) (2 <i < n).

L,, can be obtained by reversing the directions of arcs in R,. So if there is

19
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a Hamilton path starting at 12---n and ending at 2x2z3--- z, in R, there
is a Hamilton path in L, starting at Q%925 - T, and ending at 12+--n. We

can obtain the parallel theorems stated below.

Theorem 8 There is ¢ Hamilton path in L, starting at 12---n and ending

at z1z9 - T, if and only if x5 = 1.

Theorem 9 For n > 2, there is a Hamillon path (cycle) in L, starting at

1Ty T, and ending at y1y2 - - -y, if and only if T, = y.
The proof of the two theorems is similar to the proof for the case R,.
Corollary 2 The digraph L, is Hamiltonian for all n > 2.

We have shown that R, and L, are Hamiltonian by using a self-resemblance
technique. The self-resemblance technique takes advantage of self-resemblance
phenomena, which is, in enumerating combinatorial objects, there are local
structures resembling the whole structure. The defined (j,n)-pairs are such
local structures in this problem, which we can insert all permutations with
element j in position n between this pair. It is very interesting to notice that
after the insertion, it produces a new (7,7 + 1)-pair, which makes insertion
possible when n changes to n+ 1. That is, the self-resemblance attribute can

be inherited.



Chapter 3

General Faber-Moore
Digraphs

In this chapter, we prove that general Faber-Moore digraphs are Hamiltonian.
The graph G(4,2) is illustrated in Figure 3.2. We denote the generator
(4—1---21) by ¢; (2 <4< k). We denote the generator

T1Ty -+ Tk — MT1Ty - Ty

by gr1(m) (m € [n]\ {21, -+, @}).

Recall in the previous chapter, the vertices in R, are permutations of
[n]. If we replace [n] by set C = {a1,as, *+,a,} and replace i by a; (3 =
1,2,---,n), then the new graph R,(C) is isomorphic to R,. We call a Hamil-
ton path in R,(C) H,(C). Sometimes, we also call H,(C) permutations
of C. According to Theorem 8 in Chapter 2, we have the following corollary.

Corollary 3 There is a hamilton path in R,(C) starting of ara;- - - ay, and

ending at 124+ &y, if and only if 21 = a,.
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There are

nl n
m=(k)’“

vertices in G(n, k). The proof that G(n,k) is Hamiltonian is based on a
combinatorial explanation of the formula. We list all &-combinations from
the set [n] in a special order L, then for each k-combination C in L, replace
C by a list of permutations of C.

"There are two sections in this chapter. In the first section, we study k-

combinations from [n]. In the second section, we study the Hamiltonicity in

G(n, k).

(12} {1,3}

{14} {2,3]

{2,4) {34}
Figure 3.1: The combination graph GC(4,2).






3.1 Hamilton-connectedness of combination
graphs

Definition: Given a set [r], a k-combination is a subset of [n] with %
elements. k-combination graph GC(n,k) (n > 2,n > k > 0) is a graph
with vertex set {v | v is a k-combination of set [n]}. Two vertices are
adjacent if and only if the intersection of their corresponding £-combinations

is a set of k& — 1 elements. We denote the order of GC(n, k) by

C(n, k) = (:)

Figure 3.1 is the combination graph GC(4,2).
There are many methods for listing k-combinations. For details see
[ReNiDe| and [NiWi]. In this section, we prove that combination graphs

are Hamilton-connected. First we give an easy lemma.
Lemma 3 K, is Hamilton-connected.

The proof follows from the fact that any permutation of vertices is a Hamilton

path in K.
Theorem 10 GC(n,k) (n > 2 and n > k > 0) is Hamilton-connected.

Proof: We prove the theorem by induction on n. For each fixed n > 2, we
prove that, given a pair of vertices u,v in GC(n, %) (0 < k < n), there is a
Hamilton path starting at u and ending at v.

For n = 2,3, GC(n, k) is K;, K5. The theorem holds according to the

previous lemma. Assume the theorem holds for GC(m,I) where 0 < | < m <
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n and ! < k. When n = m + 1, we partition the vertices of GC(m + 1, k)
into two sets Vi, Vi, where V] is the set of all vertices that do not contain
the element m + 1, and V; is the set of remaining vertices. Let G4, G5 be
the subgraph of GC(m + 1, k) induced by V;, V2, respectively. We prove the
theorem holds for n = m+1 according to three cases. We consider 1 < k < m
in the following proof since if k =m or k =1, GC(m + 1,k) is Kp4a1. The
theorem holds according to Lemma 3.
[Case I] Both u and v are in G}.

According to the assumption, there’s a Hamilton path H; in G starting

at v and ending at v. Let oy, a2 be two successive vertices in the Hamilton

path. Let
Q1 = {alj a'2: MY ak—.l: a'k}
and

o2 = {01,02, e ,Gk—1,ak+1}-

Also, there is a Hamilton path H, in G, starting at

181 = {a1:a2: tery g2, M + ]-:ak}

and ending at

B2 = {01502, sy GE—g, M+ 1,ak+1}-

Since o and B, oz and B, are adjacent in GC({m + 1,k), we can insert Hy
between ; and a. This is the Hamilton path for GC(m + 1, k).

[Case II] Both « and v are in Gj.

The proof is similar to Case I, we omit the proof here.

[Case III} One of u, v is in G} and the other in Gj.



Without loss of generality, we can assume v in G; and v in Gy. Let
(7 # u) be a k-combination in [m]. According to the inductive assumption,
there is a Hamilton path H; in G, starting at u and ending at . Also, there
is a Hamilton path Hj in G, starting at ' = 4\ {i}U{m+1} and ending at v
( choosing i such that 4’ # v). Since v and 7 are adjacent in GC(m + 1, k),
H, followed by H; is the Hamilton path required. (!

3.2 Hamilton paths and cycles in G(n, k)

A sufficient condition for the existence of a Hamilton path and cycle in

G(n, k) is described by the lemma below.

Lemma 4 Let n > k > 3 and 2223+ - 2; be a permutation of any (k- 1)-

combination C of [n]\ {2}. There is a Hamilton path H in G(n,k) starting

at 12+ k and ending at 2x525 - - - T%.

Proof: According to Lemma 2 in Chapter 2, the lemma holds if n = &k > 3.
If n > k, there are two cases to consider, depending on whether all z; €
[k](i = 2,---,k) or not. Figure 3.3 gives an example of how to construct
Hamilton paths in G(4, 3).

[Case I) If all =; € [k](i = 2,-- -, k), then according to Lemma 2, there is a
Hamilton path H} in Ry starting at 12--- k and ending at 2zyzs - - - zy. Also,
according to Theorem 10 there is a Hamilton path H in GC(n, k) starting
at {1,2,-.+,k}. Let

Oa' = {a'la agyc,QE—1, ak}’

and

Cipr = {a11a2a"':a’k—1:ak+1}
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Case I 123 -> 231

421

241
123 124 314
21 412 134

142 413
321\ 341 243
132 \\\\\\\fsl 423

312
342
231 234

324
432

Case ITI 123 > 234

431
123 341
312/ 134
413
231 143
321 314
132
213

421
142
214
124
412
241

324
432
243
423
342
234

(Case I). The Hamilton path in GC(4,3) is {1,2,3}, {1,2,4}, {1,3,4},
{2,3,4}. Inserting permutations of one combination into the permuta—

tions of the followed permutations of combination. (Case II). The 3
boxes contain the permutations of combinations that contain 2, that is,

{1,2,3},{1,2,4},{1,3,4}. The permutations of {1,3,4} are inserted.
Figure 3.3: Constructing Hamilton Paths in G(4, 3).
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be two successive vertices in H. Also let 7,7’ be a (ax, k)-pair in Hi(C;) in
Ri(C;) and let m = ayag- - @g_ya, ©’ = araiaz--- a1 (note : the elements
of C; and (11 may have to be re-indexed, but this may be done without loss
of generality). According to Lemma 2, there exists Hx(Ciy1) in Bi(Ciy1)
starting at 7 = agq181a3 - - ar—1 and ending at 7' = ajas - - - ax_1ax41. Since
there are arcs from 7 to 7 and from =’ to 7/, we can splice arc # — =’ by

inserting permutations of C;y; between them and obtain the list below.

a1dg - ap_10k gk+1(ak+1)
T = Gp41Q1 ' Qp-20p—1
! —
T = 410z Gp-1Gk41 gk+1(ak)

Apay -« * Gp—30k—1

If we apply the above procedure to all the vertices (k-combinations) in H,
then we have a Hamilton path in G(n, k) starting at 12--- k and ending at
2%013 - - - T,

[Case II] There is at least one z; & [k].

In graph GC'(n, k), we denote the subgraph induced by vertices (combinations)
that contains 2 by G' and the subgraph induced by the other vertices to be
G". Obviously, G’ is isomorphic to GC(n — 1,k — 1) and G” isomorphic to
GC(n — 1,k). According to Theorem 10, there is a Hamilton path H in G'.

Let C, Ciy1, Ciga be three successive vertices in H, where
Ci= {a152:a3: Ty ak—23$’z}s

Ci+1 = {al, 2, Az, Qg-2,Y, Z}:



6Y:I+2 = {a'lp 23 agy -, Ak—2, Y, ’U,}.

We can sequentially arrange the permutations of C;, Cip1, Citas as shown be-

low (again, the elements of C;, Ci4q and Ci4p may have to be re-indexed).

a = a12a304--dp_3T2

o = 2a183a4---ar-22%  Gry1(y)
B = y2aas---arsz

B = 2yaiaz---apzz Gr1 (1)
Y = u2yaiasz--- g2

4 = 2XXX. XXX

Since C; has element 2 and C;y4 has element y, and the other parts are the
same, we move z to the kth position in ¢/, so by applying gr+1(y), we get to 3,
which is a permutation of C;y,. The ' is obtained in the same way, moving
element 2z to the kth position in 8. The X’s in ' are decided by the vertex
following Ci42 in H. By applying the above procedure to all the vertices in
G, we have a path in G(n, k) starting at 12--- k and ending at 2z,23- -« 2y
with C(n— 1,k — 1)k! vertices. Also there is a Hamilton path H' starting at
{1,3,4,---,k+1} in G”. Since {1,2,---,k} is adjacent to {1,3,4,---,k+1}
in GC(n,k), we can insert permutations of all k-combinations in H' into

permutations of {1,2,---,k}, in the same way as described in Case I. d

Lemma 5 For any n > 2 and z € [n]\ {2}, there is a Hamilton path in
G(n,2) starting at 12 and ending at 2z that contains at least one pair of

twins, which are successive vertices in the Hamilton path and of the form

29



pq, qp-

Proof: We prove the result by induction on n. If n = 2, the Hamilton path
is 12 21. 12 and 21 are twins. Suppose the lemma holds forn = &k — 1. If
n = k, then for any p # k the following is a path P in G(k,2).

kp, (P'I']-)k? k(p-l-l), T (k_l)ka k(k_l)v lk: kl: "':pk-

We note that all the 2-combinations that contain element k are in P. If

z € [k — 1], according to the assumption for n = k — 1, there is a Hamilton
path in G(k — 1,2) starting at 12 and ending at 2z which contains at least
one pair of twins, pq and gp. We can insert the path P between them to
get the Hamilton path in G(%,2). If ¢ = &, there is a Hamilton path H in
G(k—1,2) starting at 12 and ending at 2(k—1). Let p = 2. Then P followed
by H is the Hamilton path reqﬁired. O

Theorem 11 For n > 2, there is ¢ Hamilton path in G(n,k) starting at
12..+ k and ending at ©1z5 - - -z if and only if z; = 2.

Proof: This theorem follows from Lemmas 1, 4 and 3. i

Theorem 12 For n > 2, there is a Hamilton path in G(n,k) starting at

Z1Tg - - T and ending at y1y2- - yx of and only if z, = y1.

Proof:  This theorem follows from previous theorem and the fact that
G(n, k) is vertex-symmetric [FaMo]. O
By setting the ending vertex be any vertex that adjacent to the starting

vertex in the previous theorem, we have the following corollary.

Corollary 4 The digraph G(n, k) is Hamiltonian for alln > 2 and n > k.
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Chapter 4

(zenerating Permutations by a
Tree of Transpositions

Permutation generation has a long and distinguished history as documented
in Sedgewick’s survey [Se]. It was actually one of the first nontrivial nonnu-
meric problems to be attacked by computers [Se]. Permutation generation
algorithms can be used to test conjectures and theorems about many com-
binatorial objects. In some cases, conjectures might be suggested by the
resulting data.

Among the permutation generation methods, generating permutations
such that successive permutations are of some minimal difference, for ex-
ample, that they differ by a transposition, are particularly useful. These
algorithms are efficient in the sense that a small change is needed to obtain a
new permutation from the previous one. The following well-known theorem

explains when S, can be generated by transpositions.

Theorem 13 Let G(V,E) be a graph with V = {1,2,---,n}. If an edge
uv € F is seen as a transposition (uv), Cay(E : S,) is connected if and only

if G is connected.
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A proof can be found in Berge’s book [Be].

(Generating permutations by a tree of transpositions is equivalent to find-
ing a Hamilton path in the corresponding tree Cayley graph. If G is a path
labelled with 1,2,---,n, then a generating method is described by the well-
known Johnson-Trotter algorithm [Jo][Tr]. The algorithm is obtained by a
combinatorial explanation of n! = n (n — 1}!. For each of the (n — 1)! permu-
tations of [n — 1], the element n may be inserted in n positions. Figure 4.1
illustrates how this algorithm works for n = 4. In order to generate permu-
tations of [4], we first generate all the permutations of [3], then for each of
the generated permutations, we put element 4 in four different positions. As
we see from the figure, element 4 moves from left to right, then from right to
left. This is repeated until all the permutations of [3] are covered.

A consequence of Theorem 13 is that S, can be generated by a tree of
transpositions, whose vertices are labeled with 1,2,--- ,n. Also if any edge
is deleted from the tree, S, can not be generated. We develop an algorithm
to generate permutations by a tree of transpositions. Our algorithm is based
on the proof that there is a Hamilton path in Cay(T : S,) [Sl]. Proofs for
the case where T is a star can be found in Nigam, Sahni and Krishnamuthy
[NiSaKr], Jwo, Lakshmivarahan and Dahll [JwLaDh], Akl, Duprat and Fer-
reira [AkDuFe]. We first introduce a slight modification of Slater’s proof,

then we show how to convert the proof to an efficient algorithm.
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F 1234
1243
1423
| 4123
T 4132
1432
1342
| 1324
C 3124
3142
3412
| 4312

123

12 132

312

T 4321
3421
3241
| 3214
r 2314
9341
2431
| 4231
C 4213

2413

2143
| 2134

321

21 231

213

Figure 4.1: An example of the Johnson-Trotter algorithm.



4.1 Slater’s proof

Let 7(¢) be the i-th element in the permutation #. Then 7(:) denotes the

position of element ¢ in =. For example, if

12345
T = ,
35412
then
-1 12345
7= .
45132
Theorem 14 Let T be a tree of transpositions with n > 4 vertices and s

and d be integers, where 1 < s,d < n. Starting at an arbitrary permutation

71, the graph Cay(T : S,) has o Hamilton path xy,my,-+-,%n such that
T(d) = m1(8).

Proof: Since Cayley graphs are vertex-symmetric, it is sufficient to prove
the theorem for m; = 12---n. The proof is by induction on n. There are two
non-isomorphic trees when n = 4. Figures 4.2 and 4.4 are the corresponding
tree Cayley graphs. In each of the two Cayley graphs, for two integers s
and d, where 1 < s,d < 4, there is a Hamilton path starting at 1234 and
satisfying m41(d) = s. The related paths are listed in Figure 4.3 and Figure
4.5. If n > 4, let (p,q) be an edge of T', where p is a leaf. We may assume
p # d since T has at least two leaves. Let L(T,,d,s) denote a list of n!
permutations such that successive permutations differ by a transposition of
an edge in T, and 7u(d) = 7wy(s). Let 4,2, +,4,, where m(p) = iy, be a

sequence of of vertices in tree T where 7, # s’ (s/ = 71(s) ). Let T _, be the



tree obtained by removing vertex p from 7. Then the following is a required

list:

LTy, ¢, 77 (32))
L(Tfi—li q, W(—,zjl1)!+1(i3))
Swap(p, q)

L(Th s 4 w(_n]:—2)(n—1)!+1(iﬂ))
Swap(p, q)
L(T;-y, d, 7r(-;11—1)(n—1)!-|-1(3!))

L(T’_l,q,ar;(;_l)H_l(z'm))(Z < m < n)is a list of (n — 1)! permutations
such that every permutation has element i,,..; in position p. The last list
L(T!_,,d, Tr(_nl--l)(n—l)! +1(87)) is a list of (n — 1)! permutations such that every
permutation has element 4, in position p. For two successive lists L1, L in the
above listing, the first permutation in L is obtained by applying Swap(p, q),
the transposition (pg), to the last permutation in L. 0

The proof of Slater is slightly different in that his final conclusion is

7ni(d) = s, rather than 7, (d) = m((s). Our proof helps lead to an efficient
algorithm.

4.2 The algorithm

One way of representing a path is by listing all vertices. For example, we can

represent a Hamilton path in Cayley graph where T' is a 3-path by

123,213, 231,321, 312, 132.
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In Cayley graphs, we can represent a path by listing the first vertex and then
a sequence of generators.' For example, the previous Hamilton path can be

represented by
123,(12), 29), (12), (23), (12).  (J)

The second method of representation can be changed easily to represent a

variety of paths with the same structure. For example,
12345, 14325, 14352,15342, 15324, 12354.

can be represented as
12345, (24), (45), (24), (45), (24). (1)

Observe that the transpositions in (II) can be obtained from the transposi-
tions in (I) by relabeling the transpositions {(12),(23)} by {(24), (45)}. In
our algorithm, we use the second method of representation. Hamilton paths
in Iigures 4.3 and 4.5 should be viewed as sequences of transpositions. The
a.lgorithm\ consists of two passes. In the first pass, the “top-down” pass, we
keep on deleting leaves of T' until we reach the base case, n = 4, by using the
method discussed in the proof. The tree of 4 vertices can be either a path or
a star. But the labels of the tree are different, depending on structure and
labels of T'. We can change transpositions in Figures 4.3 and 4.5 to suitable
transpositions by relabeling them, as discussed above. In the second pass, the
“bottom-up” pass, we get the transpositions in the higher case (n = k + 1),
by applying the known transpositions in the lower case (n = k). The two

passes can be described by recursions, as in Figure 4.7. Pascal code for this



algorithm is listed in the appendix.

In the algorithm, procedure FindDeleteLeaf(d) is used to find an edge
(p,q), where p is a leaf and p # d. It uses constant time. Function Nezt
and variable dir are used to choose i1,12,-- -, %y, as is described in the proof.
Next returns the first unused element found along the dir direction. We use
dir= 41 to represent circularly searching from left to right and dir= -1
to represent the opposite direction. For details see appendix. Procedure
Swap(p, q) exchanges elements in position p and ¢. It uses constant time.
Figure 4.6 shows the output of the algorithm when n = 5.

The algorithm uses O(n) space to store the tree T and the initial permu-
tation , which is 12 -- n. We use f(n) to denote the time complexity of the
algorithm when T has n vertices. From the algorithm, we have the following

recursive relation:
flr)=n-fln—1)4¢ -n+ e,

where ¢, ¢c; are constants. Constant ¢; comes from the preprocessing before
the for loop. The term ¢; - n comes from the operations inside the loop.
Note though we do not know whether Nezt uses constant time or not in each
iteration, it uses O(n) time in the (n — 1) iterations because the circular
search goes through the entire list once during (n — 1) iterations and the

length of the list is n. Letting ¢ = ¢; + ¢3 and g(n) = f(n) + ¢;, we have
gln)=n-gln—1)+ec

That is, g(n) € O(n!), and thus f(n) € O(n!). If each permutation is output,

then the running time is O(n - n!) because O(n) time is needed to output a
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permutation. If the output is a sequence of generators, the running time is

O(n!) because output a transposition can be done in constant time.



2341
2314

2431 2134

2413

1243

2143 1234

3214

3124

3412
3142

1342

1423

1432

4123

4213

4132

4312

4231

4321

3241

3421

Figure 4.2: The 4-path graph : Cay({(12),(23),(34)} : S4)

Path1:

Path 2 :

Path 3 :

Path 4 :

1234
4321
3412

1234
3412
4321

1234
3412
2314

1234
3412
2314

1324
4231
3142

1243
3421
4312

1243
4312
3214

1243
3421
2134

1342
4213
3124

1423
3241
4132

1423
4132
3241

1423
4321
2143

1432
2413
3214

1432
3214
4123

1432
4123
2341

1432
4231
2413

1423
2431
2314

1342
2314
4213

1342
4213
2431

1342
2431
4213

4123
2341
2134

1324
2341
2413

1324
2413
4231

1324
2341
4123

4132
3241
2143

3124
2431
2143

3124
2143
4321

3124
3241
4132

Figure 4.3: Hamilton paths in the 4-path graph.
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Figure 4.4:

Path1:

Path 2 :

Path 3 :

Path 4 :

2314

4312

1234

3124

3241

1324

3412

4321

2413

1432

v

b

1234
1342
1423

1234
1342
2143

1234
4321
2431

1234
2314
4132

413

N

4213

1243

3142

4231 3241
2341 4321
4123 2143

4231 3241
2341 4321
4123 1423

4231 3241
2341 1342
1432 4132

3214 4213
4312 1342
1432 3412

1243
3421
3142

1243
1324
3421

1243
4312
2134

1243
3142
2413

2143

4213
2431
4132

4213
3124
2431

4213
3412
3124

3241
2143
1423

2431

3421

1423

e

3214
1432
2134

3214
2134
1432

3214
2413
4123

2341
4123
3421

The 4-star graph : Cay({(12),(13),(14)} :

2314
3412
3124

2314
4132
3412

2314
1423
2143

4321
3124
2431

Figure 4.5: Hamilton paths in the 4-star graph.
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12345
35142
53241

21435
45231
14235

54321
13425
31524

54213
23514
42513

32154
14352
41253

Figure 4.6: Generating 5! when T = {(1,2),(2,3),(3,4),(8,5)} with d =

5,8 =4.
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31432
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34215
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34152
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23145
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31452
21354
42351
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23541
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14532
52134

15423
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52413
42315
35412

31254
21453
24351

31245
25341
21543

42135
41532
52431

15324
34125
45123

25413
24315
35214

13254
24153
23451

31542
52341
21345

42531
41235
54231

13524
31425
54123

256314
24513
32614

13452
42153
23154
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procedure L(T : tree; d,s: 1..n);
local p, ¢, ps;
begin
if |T'| = 4 then BaseCase(T, d, 5)
else begin
ps — m(s);
(p,q) «+ FindDeleteLeaf(d);

if ps =Next(w(p), +1) then dir « +1 else dir «— —1;

i m(p);

for n — 1 iterations do begin
¢ « Next(s, dir);
L(T —{p}, ¢, 7*(2));

Swap( p, q );
end;
L(T - {P}, d’ W_I(Ps));
end;
end { of L };

Figure 4.7: Pseudo-code algorithm.

]
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Chapter 5

Conclusions and Open
Problems

In this thesis, we devote most of our efforts to studying Hamiltonicity in
Cayley graphs (digraphs) that related to a given group with given generators.
These kinds of Cayley graphs (digraphs) are usually have their origins in the
study of possible applications in design of parallel architectures. Proof by
induction is the basic method in attacking these problems. First, we find the
Hamilton cycles (paths) in base cases, and check to see certain conditions
(inductive conditions) hold so that the induction can proceed from lower
cases to higher cases. The inductive conditions are different in different
problems. In Chapter 2, existence of the defined (7, n) pair is such condition.
In Chapter 4, the condition 7 (d) = my(s) is the inductive condition. Finding
the inductive conditions is the most important part in the proof.

Proof by induction is effective in proof of Hamiltonian property in Cayley
graphs with consistent generators, that is, the generators appearing in the
lower cases will also appear in higher cases. If this condition is not satisfied,
different approaches are required. In Sections 1 and 2 of this chapter, we

describe two of these problems. In Section 3, we list more problems related

43



with algorithms on Cayley graphs.

5.1 Cayley graphs: extension of o-7 problem

The o-7 problem is to prove
Cay({(12),1n,70} : Sp)

where , = (12 --- n),r, = (nn—1 --- 21), is Hamiltonian. The generators
of this Cayley graph makes it impossible to use proof by induction directly.
In his Ph.D thesis, Compton [CoWi] solved this problem by transforming
it to the problem of generating permutations by doubly adjacent transposi-
tions, which can be proved by induction. Unfortunately, the proof is very
complicated and a simple proof of this problem is still open [Ru].

We consider extending the o-r problem by replacing the transposition
(12) by transposition (ij). However, subset {(i),l,,7»} may not generate

Sy. For example, Cay({(13), 14,74} : S4) has three connected components:
1234, 2341,3412, 4123, 2143, 1432, 4321, 3214;

2134,1342, 3421, 4213,1243, 2431, 4312, 3124;

and
1324, 3241, 2413, 4132, 3142, 1423, 4231, 2314.

The following theorem explains when the generator set generates S,,.

Theorem 15 If1 <i < j < n and (j — 1) is relatively prime to n, subset
{(25),ln,Tn} generates S,.

Proof: We try to generate as many transpositions as possible by the given
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generator set. We obtain the transposition (v +7—1 u+ j — 1) by applying
I, (v — 1) times, then applying transposition (ij), and finally, applying

Tn (u — 1) times, as described below.

1 2 s i1 i i+1 ver j=1 i J+1 v m=1 n In

2 3 cee i+1 it+2 e g i¥1 itz on 1 In

u ut+l v udi=2 udi=1  udi o U J—2 u+43i—1 u+4j u—2 u-—1 (ij)
u atl -+ udi—2 udi-=1 uti o U4 F—2 udi—1 u4j v =2 u—1 rp

w—1 u evr 4 i—3 udi—2 u+i—-1 - utFi—3 u+ti=2 uti=1 u—3 u—2 rq

1 2 rrr Ukt =2 udf=1 udi v u4Fi—2 uwu4it—=1 u4i v o m—1 n

Let u=1,2,---,n + 1, we have the transposition list below.

(i,5)
(t+1,5+1)

(n_j‘l'i’n)
(m—j+i+1,1)

(n}j - "")

(11j _i+1)
(i_lyj_l)

Since the transpositions in the list can be obtained from one another, Cay({(z, 1), In,7n} :

Sy) is connected if and only if Cay({(1,j —i+1),l.,7.} : S) is connected.
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Let t = j — i+ 1 and rewrite the transposition list as follow.

(1,%)
(2,u+1)

(n—u+1,n)
(n—u+2,1)

(n,u—1)

We construct a graph G(V, E) with V = {1,2,-,n} and pg € E if and
only if (pq) is a transposition appearing in the transposition list. Since G is
2-regular, G is a cycle or union of cycles. We prove if (u — 1) is relatively

prime to n, then G is a cycle of length n. Let the length of the cycle be k.
The cycle is

Lu,2u—1,3u—2,---,(k—1u—(k—2).

We have k(u — 1) = mn, where m is a integer. Since (v — 1)/n = m/k and
(v — 1) is relatively prime to n, ¥ > n. Since ¥ < n, & = n. Since the
transposition graph is connected, Cay({(¢, 1), ln, 7=} : Sn) is connected. O

By this theorem and the Conjecture 1 in Chapter 1, we have the following

conjecture.

Conjecture 3 If1 <i < j < n and j—i is relatively prime to n, Cay({(,7), ln, 72} :

Sn) is Hamiltonian.



5.2 Cayley digraphs: variation of the Faber-
Moore digraphs

In the o-7 problem, upon deleting one of I, r,, the resulting Cayley digraph
is strongly connected. Whether the resulting digraph has a Hamilton path
is still open. The same question can also be asked for the Cayley digraph
obtained by deleting one of the I,,r, from the Cayley graphs discussed in
the previous section.

In the Faber-Moore digraph G(n,k), if n > k+ 1 > 2r > 4, we may
remove r — 1 generators gs,gs,' -, g, from the generator set to get a new
digraph G,(n,k). We conjecture that G.(n,%) is Hamiltonian. In [CoFi],
they prove that if n > k > 2r > 4, G,(n,k) has diameter k¥ 4+ r — 1. The

following is a Hamilton cycle in G2(4,3).

123 312 431 243 124 412
241 324 132 413 341 134
213 321 432 143 214 421
342 234 423 142 314 2‘31

It is interesting to notice that we can not apply proof by induction di-
rectly in proving the Hamiltonicity of G (n, k). The reason is that generators
appearing in the lower cases disappear in higher cases. So the induction does

not hold any longer.
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Appendix
In this appendix, we list the Pascal code for the generating of permuta-
tions by a tree of transpositions.

program GeneratePerm(input, output);

const
MAXN=20;
RIGHT=1;
LEFT=-1;

LINE=2; {2 leaves in a 4 node line}
STAR=3; {3 leaves in a 4 node star}

type

advertex="lvertex;

lvertex=record
int:integer;
next:advertex

end;

transposition=record
posl,pos2:integer;

end;

permutation=array[1l..4] of integer;

var

i,j,nn:integer; .
desposition,srcposition,count:integer;
space : array[1..MAXN] of 1..MAXN;

{the permutation}
positionof:array[1..MAXN] of 1..MAXN;

{inverse of space}
hpath4:array[LINE. .STAR,1..4,1..23]

of transposition;
pathindex:array[1..4,1..4] of 1..4;
edge:array[LINE..STAR,1..3] of transposition;
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{edges of line and star in n=4}

usedelement:array[i..MAXN] of boolean;

{true if not in current tree}

tree: array[1..MAXN] of advertex;

{adjacency list for tree}

degree: arrayl[l..MAXN] of integer;

{degrees of nodes in tree}

head: advertex; {1ist of leaves}
NumLeaves : integer; {number of leaves}
procedure OutPerm; {print out perm}

var t : integer;
begin
count :=count+1;
for t:=1 to nn do write(spacelt]:1);
write(’ ')
if count = 6 then
begin writeln; count:=0; end;
end;

procedure Interchange(tr:transposition);
var temp: integer;

begin
positionof [space[tr.posi]] :=tr.pos2;
positionof[space[tr.pos2]] :=tr.posi;
temp:=space[tr.posi];
space[tr.posl] :=space[tr.pos2];
space[tr.pos2] :=temp;

end;

procedure Deal4(despos,srcpos:integer);

{Base case processing}
var trl,tr: transposition;

x: array[1..4] of integer;
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d,s,i,temp,pathid:integer;
tpt : advertex;

begin
OutPerm;
case NumLeaves of
LINE:
begin
x[1] :=head".int;
x[2] :=tree[x[1]]".int;
tpt:=head” .next;
x[4] :=tpt~.int;
x[3] :=tree[x[4]]~.int;
end;
STAR:
begin
temp:=head”.int;
x[1] :=tree[temp] ~.int;
tpt:=treelx[1]];
x[2] :=tpt~.int;
tpt:=tpt~.next;
x[3]:=tpt~.int;
tpt:=tpt~ .next;
x[4] :=tpt~.int
end
end{ case };

for i:=1 to 4 do
begin ‘
if x[i]=despos then d:=i;
if x[i]=srcpos then s:=i;
end;
for i:=1 to 4 do
if s=pathindex[i,d] then pathid:=i;
for i:=1 to 23 do
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begin
tri:=hpath4[NumLeaves,pathid,i];
tr.posl:= x[trl.posi];
tr.pos2:= x[trl.pos2];
Interchange(tr);
OutPerm;

end;

end{ of Deal4d };

procedure ListPerm(n,despos, srcpos:integer);
var count,i,next, curno,curpos:integer;

dpos,srcelement,fixelem,fixpos:integer;
tr: transposition;
direction:integer;
leafstock:advertex;
leafval:integer;
adjofleaf:integer;

function FindDeleteLeaf(dpos:integer):integer;
begin
NumLeaves :=NumLeaves-1;
if head”.int = dpos then begin
leafstock := head”.next;

head”.next := leafstock”™.next;
end
else
begin
leafstock:=head;
head := head”.next;
end;
leafval := leafstock™.int;

FindDeleteLeaf:=leafstock™.int;
end{ of FindDeleteLeaf };

procedure RecoverLeafList;
begin



leafstock™.next:=head;

head := leafstock;

NumLeaves:=NumLeaves+1;
end{ RecoverLeaflList };

procedure DeleteTreeLeaf(leaf:integer);
var p,q: advertex;
adjv:integer;

begin
p:=tree[leaf];
adjv:=p~.int;
adjofleaf:=adjv;
treelleaf] :=nil;
degree[leaf] :=0;
p:=treeladjv];
if leaf=p~.int then
begin
treeladjv] :=p~.next;
dispose(p);
end
else
begin
while p~.int<>leaf do
begin
S
p:=p~ .next;
end;
q” .next:=p~.next;
dispose(p);
end {if};
degree[adjv] :=degree[adjv]-1;
if degreeladjv]=1 then
{adjv is leaf now}

el

begin
NumLeaves:=NumLeaves+1;
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new(p) ;
p~.int:=adjv;
q:=head”.next; -
head” .next:=p;
P~ .next:=q;
end;
end{ of DeleteTreecLeaf };

procedure RecoverTreeLeaf;
var pl,p2,p,q:advertex;
vl,v2 : integer;

begin
vi:=leafval;
v2:=adjofleaf;
new(pl); new(p2);
pl”.int:=v{;
p2°.int:=v2;
pl”.next:=tree[v2];
tree[v2] :=pi1;
degree[v2] :=degree[v2]+1;
P2~ .next:=treel[vi];
tree[vi] :=p2;
degree[vi] :=degree[vi]+1;
if degree[adjofleaf]=2 then
{ adjofleaf is not leaf now! }
begin
NunmLeaves:=NumLeaves-1;
p:=head;
if adjofleaf=p~.int then
begin
head:=p~.next;
dispose(p);
end

else
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begin
while p~.int<>adjofleaf do
begin
q:=p;
P:=p~ .next;
end;
q~.next:=p”.next;
dispose(p);
end {if};
end {if}
end{ of RecoverTreeLeaf };

function GetNextOf(fixelem:integer)
var found: boolean;
i: integer;

begin
found:= false;
i:=fixelem+direction;
while not(found) do
begin
if i=nn+l1 then i:=1;
if i=0 then i:=nn;
if usedelement[il=true
then i:=j+direction
else found:=true;
end;
GetNextOf:=1i;
end{ GetNextOf };

begin
if n=4 then Deal4(despos,srcpos)
else
begin
srcelement :=space[srcpos] ;
fixpos:=FindDeleteLeaf (despos);

:integer;
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fixelem:=space[fixpos];
dpos:=tree[fixpos]~.int;
tr.posl:=fixpos;
tr.pos2:=dpos;
DeleteTreelLeaf (fixpos);
direction:=RIGHT;

next :=GetNext0f (fixelem) ;
if srcelement<>next

then direction:=LEFT;

i:=fixelem;
for count:=1 to n-1 do
begin
next:=GetNext0f(i);
curno:=next;
curpos:=positionof [curno] ;
usedelement [i] :=true;
ListPerm(n-1,dpos, curpos);
usedelement{i] :=false;
Interchange(tr);
i:=next;
end;
curno:= srcelement;
curpos:=positionof [curno];
usedelement[i] :=true;
ListPerm(n-1,despos, curpos);
usedelement[i] := false;
RecoverLeaflList;
RecoverTreeLeaf;

end
end{ ListPerm };

procedure FindBasePath;
var tree, i:integer;



procedure BuildHpath4(bgraph:1i..2;pathid:1..4);

var

stack : array [1..24] of permutation;
hptemp: array [1..23] of transposition;

i : integer;

done : array [0..23] of boolean;

P : permutation;
index : permutation;
empty : boolean;

function Rank ( var p : permutation )

var £,i,j,c,r : integer;

begin

r = 0Q;

f :=1;

for i := 2 to 4 do begin
c :=0;
for j :=1 to i-1 do

if p[j]l > p[i] then c :=

r :=r + c*f;
f = £xi;

end;

Rank := r;

end {of Rank};

procedure back ( k : integer );
var r,i,j,num,t : integer;
begin

if ( ((k <= 24) or
(stack[24,1]<>index[1]) or
(stack[24,2]<>index[2]) or
(stack[24,3]<>index[3]) or
(stack[24,4]<>index[4])

)
and empty) then

c+ 1;

: integer;
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begin
r := Rank( p );
if not done[r] then
begin
donelr] := true;
stack[k] := p;
for num:=1 to 3 do
begin
i:=edge[bgraph] [num] .posi;
j:=edge[bgraph] [num] .pos2;
t := pli]l; plil := p[jl; p[j] := +;
hptemp[k] .posi:=i; hptempl[k].pos2:=j;
back( k+1 );
t := plil; pli]l := p[j1; pljl := t;
end,;
done[r] := false;
end {if};
end
else
if empty then
begin
for i:=1 to 23 do
hpath4 [bgraph,pathid,i] :=hptemp[i];
empty:ﬁfalse;
end;
end{of back};

procedure InitEdge;
var tr:transposition;

begin
tr.posl:=1; <tr.pos2:=2;
edge[LINE] [1] :=tr;
tr.posl:=2; +tr.pos2:=3;
edge [LINE] [2] :=tr;
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tr.posl:=3; tr.pos2:=4;
edge[LINE] [3] :=tr;
tr.posl:=1; tr.pos2:=2;
edge[STAR] [1] :=tr;
tr.posi:=1; +tr.pos2:=3;
edge[STAR] [2] :=tr;
tr.posl:=1; +tr.pos2:=4;
edge [STAR] [3] :=tr;
end{ InitEdge };

begin
InitEdge;
for i :=1 to 4 do
index[i] :=pathindex[pathid,i]
for i := 0 to 23 do donelil

for i := 1 to 4 do p[i]l := i;

empty:=true;
back( 1 );
end {BuildHpathd};

begin
for i:=1 to 4 do { pi:
begin { p2:

pathindex[i,1]:=i; { p3:
pathindex[i,3]:=5-i; { p4:
end;
pathindex[1,2] :=2;
pathindex[2,2]:=1;
pathindex[3,2] :=4;
pathindex[4,2] :=3;
for i:=1 to 4 do

false;

12437}
21347}
34211}
4312}

pathindex[i,4] :=pathindex[5-i,2];

writeln(’PreProcessing... ’);
for tree:=LINE to STAR do

for i:= 1 to 4 do
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BuildHpath4(tree, i);
end{of FindBasePath};

procedure CreateTree;
var vl,v2:integer;
pl,p2:advertex;

begin
for i:=1 to nn do

begin degree[i]:=0; treeli] :=nil end;

for i:=1 to nn-1 do

begin
writeln(’input edges of the tree’);
readln(vi,v2);
new(pl); new(p2);
pl~.int:=v{;
P2~ .int:=v2;

pl”.next:=tree[v2];
tree[v2] :=pi;
degree[v2] :=degree[v2]+1;
p2~ .next:=tree[vi];
treelvi] :=p2;
degree[vl] :=degreelvi]+1;
end
end{ CreateTree };

procedure CreateLeaflist;
var i:integer;
p:advertex;

begin
head:=nil;
NumLeaves:=0;
for i:=1 to nn do
if degree[i]=1 then
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begin
NumLeaves:=NumLeaves+1;
new(p) ;
p~.int:=1i;
P~ .next:=head;
head:=p
end;
end{ of CreateLeafList };

begin
FindBasePath;
writeln(’input nn>=4’);
readln(nn);
writeln(’input desposition’ );
readln(desposition);
writeln(’input srcposition’ );
readln(srcposition);
count:=0;
for i:=1 to nn do
begin
space[i] :=i;
positionof[i]:=i;
end;
CreateTree;
Createleaflist;
ListPerm(nn,desposition,srcposition);
end.
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