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ABSTRACT

Cardinality constrained optimization problems (CCOP) are a new class of opti-
mization problems with many applications. In this thesis, we propose a framework
called mathematical programs with disjunctive subspaces constraints (MPDSC), a
special case of mathematical programs with disjunctive constraints (MPDC), to in-
vestigate CCOP. Our method is different from the relaxed complementarity-type re-
formulation in the literature.

The first contribution of this thesis is that we study various stationarity conditions
for MPDSC, and then apply them to CCOP. In particular, we recover disjunctive-
type strong (S-) stationarity and Mordukhovich (M-) stationarity for CCOP, and then
reveal the relationship between them and those from the relaxed complementarity-
type reformulation.

The second contribution of this thesis is that we obtain some new results for
MPDSC, which do not hold for MPDC in general. We show that many constraint
qualifications like the relaxed constant positive linear dependence (RCPLD) coincide
with their piecewise versions for MPDSC. Based on such result, we prove that RCPLD
implies error bounds for MPDSC. These two results also hold for CCOP. All of these
disjunctive-type constraint qualifications for CCOP derived from MPDSC are weaker

than those from the relaxed complementarity-type reformulation in some sense.
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1 Introduction

Cardinality constrained optimization problems (CCOP) occur in many applications;
e.g., image processing, portfolio optimization, machine learning, and other related
problems [38, Section 2]. In this thesis, we consider cardinality constrained optimiza-

tion problems of the form:

e f2) (1.1)

st. zeX, [|z]o < s,

where X C R"™ defines the standard constraint set
X :={xeR"|g(x) <0, h(z) =0}

and ||z||p denotes the number of nonzero components of vector x € R™. We assume s <
n, otherwise the cardinality constraint would be superfluous. Two simple examples
about the [y-norm are given in Figure (1.1, Unless otherwise mentioned, we assume
that f : R" - R, g : R" = R"™ and h : R — RP are all smooth functions.

The optimization problem is difficult to solve since the [yp-norm of x is a
nonconvex and noncontinuous function. Even testing the feasibility of the problem
(1.1) is known to be NP-complete [I1]. We emphasize some notable approaches in the
literature for solving CCOP closely related to our work. Some optimality conditions
for CCOP are obtained by using various cones in variational analysis [5, 35]. In [6],
Beck and Eldar introduced three optimality criteria designed for CCOP, and proposed
some efficient numerical algorithms aimed at finding points satisfying each criterion,
respectively. Although Beck and Eldar’s work has shown significant performance in

convergence analysis, the biggest limitation of their work is its underlying assumption
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Figure 1.1: Two examples: (i) ||z[lo < 1 in R?; (i) ||zl < 2 in R3.

that X = R”, which means that equality and inequality constraints do not apply.
In order to deal with the general situation, Burdakov et al. [14] took ideas from
the mixed-integer problem, and made the following relaxed complementarity-type

reformulation of problem (1.1)):

min  f(z)
:E,y
st. g(z) <0,h(z) =0,
eTy >n—s, (1-2)

riy; =0, 2=1,...,n,

0<y;<1,i=1,...,n.

where y € R" is an auxiliary variable and e := (1,1,...,1)T € R". Based on this
continuous reformulation , some constraint qualifications and stationarity condi-
tions for CCOP were introduced in Cervinka et al. [I5]. Some second-order necessary
and sufficient optimality conditions for CCOP based on such reformulation are also
introduced in Kanzow et al. [13]. However, this kind of reformulation has drawback
that the local minimizer z* of the reformulated problem coincides with that of
the original problem only when the condition ||z*||¢ = s is satisfied [14, Theo-
rem 3.6] (a counter example is given in [I4, Example 3]), and the case ||z*||o < s is a
harder problem.

As we can see from two examples above, the [p-norm constraint set is the union
of finitely many subspaces. Motivated by this observation, we propose a frame-
work called mathematical programs with disjunctive subspaces constraints (MPDSC)
whose constraint sets are the union of finitely many subspaces to investigate CCOP.
MPDSC is a special case of mathematical programs with disjunctive constraints

(MPDC). MPDC include many prominent optimization problems such as mathe-



matical programs with equilibrium constraints (MPEC) [20], mathematical programs
with vanishing constraints (MPVC) [I], and mathematical programs with switching
constraints (MPSC) [29]. We would like to point out here that the disjunctive refor-
mulation of CCOP was first mentioned in Pan et al. [34], and some new optimality
conditions for CCOP based on such reformulation like the linear independence con-
straint qualification (LICQ) were derived in Mehlitz’s work [28] Section 5.3] although
they did not consider the general subspaces framework at all.

The stationarity conditions such as strong (S-) stationarity and Mordukhovich
(M-) stationarity tailored for MPDC were introduced by Flegel et al. [I7]. How-
ever, S-stationarity always requires strong constraint qualifications and M-stationarity
does not preclude the existence of feasible descent directions. To deal with these is-
sues, some new stationarity conditions stronger than M-stationarity like extended
M-stationarity were introduced by Gfrerer [I§]. In addition, Benko and Gfrerer [9]
also introduced Q-stationarity and Qj-stationarity for MPDC to build a bridge be-
tween Bouligand (B-) stationarity and M-stationarity, and Q),-stationarity is also
stronger than M-stationarity. Despite the comprehensive calculus available for limit-
ing normal cones which are closely related to M-stationarity, it is sometimes difficult
to calculate the limiting normal cone to the general set. In order to deal with this
difficulty, Gfrerer [19] introduced the linearized M-stationarity for MPDC. Tempted
by the merit of sequential necessary conditions that they hold even without any addi-
tional constraint qualifications, asymptotically Mordukhovich (AM-) stationarity for
MPDC has been proposed by Mehlitz [30].

Also, several recent developments of constraint qualifications for MPDC are no-
table. In Xu and Ye’s recent work [39], many constraint qualifications such as the
relaxed constant positive linear dependence (RCPLD) for general disjunctive pro-
grams were introduced. Further, they also introduced the piecewise RCPLD under
which error bounds hold provided that inequality constraints and sets are Clarke
regular. Recently directional variational analysis has become a popular topic in opti-
mization. Gfrerer et al. [18] introduced the linear independence constraint qualifica-
tion in the direction d (LICQ (d)) for MPDC. Bai et al. [4] introduced the directional
quasi/pseudo-normality as sufficient conditions for the metric subregularity, and these
results were simplified by Benko at el. [7] when considering the so-called mathematical
programs with ortho-disjunctive constraints (MPODC), a special case of MPDC.

The main contributions of this thesis are summarized as follows:

(i) Firstly, we propose a general framework called mathematical programs with



disjunctive subspaces constraints (MPDSC) which include mathematical pro-
grams with switching constraints (MPSC) [29] and CCOP as special cases.
Under such framework, we study various optimality conditions and then ap-
ply them to CCOP. In particular, we recover disjunctive-type S-stationarity
and M-stationarity for CCOP derived by Pan et al. [34]. Our disjunctive-type
S-stationarity corresponds to the B-KKT conditions, and our disjunctive-type
M-stationarity corresponds to the M-KKT conditions [34], Definition 3.1]. More-
over, we will reveal the relationship between them and those obtained from the

relaxed complementarity-type reformulation [14].

(ii) Inspired by the fact that RCPLD coincides with piecewise RCPLD for MPSC
[39, Section 5.3], we generalize this result and show that many constraint qualifi-
cations coincide with their piecewise versions for MPDSC. Based on such result,
we prove that for MPDSC, RCPLD is a sufficient condition for error bounds.
Note that this result does not hold for MPDC in general. Since CCOP is a
special case of MPDSC, the above results also hold for CCOP. Our disjunctive-
type constraint qualifications for CCOP are weaker than those from the relaxed

complementarity-type reformulation [I5] in some sense.

The remainder of this thesis is organized as follows. In Chapter [, we review
some preliminary knowledge about nonlinear programming and variational analysis.
In Chapter [3, we study various stationarity conditions and constraint qualifications
for MPDSC. We also show that RCPLD is a sufficient condition for error bounds for
MPDSC, an important result which does not hold for MPDC in general. In Chapter
[l we first reformulate CCOP as MPDSC, and then apply the results in Chapter [3| to
CCOP. In particular, we recover disjunctive-type S-stationarity and M-stationarity
in [34] and reveal the relationship between them and complementarity-type ones [14].
We also study constraint qualifications for CCOP, and then show that RCPLD im-
plies error bounds for CCOP. Comparisons between these disjunctive-type constraint
qualifications and those from the relaxed complementarity-type reformulation are also
mentioned at the end of this chapter. In Chapter 5, we will briefly talk about our

future research.

Notation Given a point z* € R™, the symbol B.(z*) stands for the open ball of
radius € centered at x*, while the symbol B simply stands for the open unit ball cen-

tered at the origin. We denote by V f(z*) the gradient of a continuously differentiable



function f : R™ — R at z* and by dg(x) the distance between the point x and the
set ). Unless otherwise mentioned, || - || denotes an arbitrary norm in R” and the
notation (-,-) denotes the inner product. For a given nonempty set A C R™, we use
notations clA, coneA, and spanA to represent the closure of A, the conic hull of A,
and the span of A, that is, the smallest subspace of R" comprising A. For any given

set B with finite elements, we denote the number of elements in B by |B|.



2 Preliminaries

2.1 Constraint qualifications for NLP

Consider the standard nonlinear program (NLP)

min  f(z)
e (2.1)
st. g(z) <0,h(z) =0,

where f: R" - R, g : R®" = R™, h: R® — RP are continuously differentiable. We
denote Fypp by the feasible region of nonlinear program (2.1) and Z,(z*) := {i €
{1,...,m} | gi(z*) = 0} by the active set for inequality constraints at z*. Now we

recall some well-known constraint qualifications for NLP as follows.

Definition 2.1. Let x* € R™ be a feasible point of problem (2.1). We say that x*

satisfies

1. the linear independence constraint qualification (LICQ), if the family of gradi-
ents {Vg;(2*) }iez,(z+) U {Vhi(2*)}_, is linearly independent;

2. Mangasarian-Fromovitz constraint qualification (MFCQ) [27], if the family of
gradients {V g;(z*) }iez, (@) U{ Vhi(2*) }i_, is positively linearly independent, i.e.,
the family of gradients {Vg;(x*)}icz,(z+) U {Vhi(z*)}_, is linearly independent
with non-negative scalars associated with the gradients of the active inequality

constraints;

3. the constant rank constraint qualification (CRCQ) [23], if there exists € > 0



such that for every I C Z,(z*) and every J C {1,...,p}, the family of gradients
{Vgi(a") Yier U{Vhi(z") }ies
and the family of gradients
{Vgi()}ier U{Vhi(z)}ies

has the same rank for every x € B.(x*);

4. the relaxed constant rank constraint qualification (RCRCQ) [31], if there exists
e > 0 such that for every I C I,(z*), the family of gradients

{Vgi(x") bier U{Vhi(z") i,
and the family of gradients
{Vgi(x)tier U{Vhi(z)}i,

has the same rank for every x € B.(x*);

5. the constant positive linear dependence constraint qualification (CPLD) [36],
if there exists € > 0 such that for every I C Z,(z*) and every J C {1,...,p},
whenever the family of gradients {V g;(z*) }ier U{Vhi(x*) }ics is positive linearly
dependent, then {Vg;(z)}icr U{Vh;(x)}ics is linearly dependent for every x €
Bg(:v*),'

6. the relaxed constant positive linear dependence constraint qualification (RC-
PLD) [3], if there exists € > 0 such that:

(1) The vectors {Vh;(x)}'_, has the same rank for all x in B.(z*);

(i) LetJ C{1,...,p} be such that {Vh;(x*)}ics is a basis for span{Vh;(xz*)}!_;.
For every I C I,(z*), if the family of gradients {V g;(x*) }ier U{Vhi(x*) }ics
is positive linearly dependent, then {Vg;(x)}icr U {Vhi(x)}ics is linearly
dependent for every x € B.(z*).

Definition 2.2. (Error bounds for NLP) We say that a feasible point x* € Fypp



NLP-MFCQ NLP-CRCQ

NLP-CPLD ] NLP-RCRCQ \
| NLP-RCPLD |

’ Error bounds for NLP ‘

Figure 2.1: Relations among constraint qualifications for NLP

satisfies the error bound property if there exists a > 0, € > 0 such that

dry, p(x) < a(Z max{g;(z),0} + Z |h,(x)|>, Vo € B.(z7).

We conclude Section with Figure [2.1] summarizing relations among various

constraint qualifications for the standard nonlinear program (2.1)).

2.2 Background on variational analysis

In this section, we recall some basic concepts from variational analysis which will
be used frequently in this thesis. All of these subjects can be found in Clarke [16],
Mordukhovich [32], 33], Bonnans and Shapiro [12], and Rockafellar and Wets [37].

Definition 2.3. (Cones and polar cones) [12} Section 2.1.4] A nonempty subset K C
R™ is said to be a cone if for any v € K and any t > 0, it follows that tx € K. For

a cone K CR"™ its polar cone K° is defined as follows:
K :={yeR"|Vz e K : (z,y) <0}.

Remark 2.1. Let us consider a special case. If K is a subspace in R™, then the polar

cone K° coincides with the orthogonal complement K+ in the sense of linear algebra.



Now let us recall the concept of Painlevé-Kuratowski outer limits.

Definition 2.4. (Painlevé-Kuratowski outer limits) [33, p.2] Consider a set-valued
mapping F : R" = R™ with values F(x) C R™ in the collection of all the subsets of

R™. The limiting construction

limsup F(z) :={y € R™ |z, — ¥, yp, — y with yp € F(zx), k — oo}

T—x*

1s known as the Painlevé-Kuratowski outer limit of F at x*.

The following concept of Bouligand tangent cones can be defined by Painlevé-

Kuratowski outer limits.

Definition 2.5. (Bouligand tangent cones) [37, Definition 6.1] Given a closed set
Q CR" and x* € Q, the Bouligand tangent cone to set €2 at x* is defined by

* *

:{veRnlﬂxk%x*,tkio with 28— % — v, k — oo},

To(x") = lirrtlﬁ)up

Q .
where x, — x* means that x;, — x* with x;, € ().

Using the definition of polar cones, we now recall the concepts of Fréchet /regular

normal cones and Mordukhovich /limiting normal cones.

Definition 2.6. (Fréchet and Mordukhovich normal cones) [37, Definition 6.3, Propo-
sition 6.5] Given a closed set 2 C R"™ and z* € ), the Fréchet/reqular normal cone
to set Q at x* is defined by

A

Na(z*) = (To(2")° ={v e R" | (v,z — 2¥) < o]z — z7|), Vx € Q}
and the Mordukhovich/limiting normal cone to set Q0 at x* is defined by

No(x*) := limsup No(z) = {v € R" | Iz* B2, ko0, stk € No(z)}.
T—x*

From the definition, we can see that limiting normal cones are in general non-
convex while regular normal cones are always convex. If § is convex, we have
No(z*) = No(z*). The following concept of directional limiting normal cones was
introduced by Ginchev and Mordukhovich [21].
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Definition 2.7. (Directional normal cones) [21], Definition 2.3] Given a closed set
QCR" z*€Qandd e R" The limiting normal cone to Q at x* in direction d is
defined by

No(z*;d) == {v € R" | 3ty L 0,d" = d,v* = v, s.t. v" € No(a* + tpd")}.

It is easy to see that the limiting normal cone to 2 at z* in direction d = 0 is
equal to the limiting normal cone. Moreover, it is obvious that Nq(z*;d) C Ng(x*)
and Nq(z*;d) = 0 if d ¢ To(x*). The following estimate for directional normal cones

is useful in Section Bl

Theorem 2.1. [I8, Lemma 2.1] Let Q be the union of finitely many closed convex
sets. Then,
Na(z*;d) C {v € No(x*) | vI'd = 0}.

Usually the Certesian product rule holds for normal cones without any assumption
as shown in the following theorem. However, for tangent cones and directional normal

cones, we need to impose on some additional condition.

Theorem 2.2. [37, Proposition 6.41] Let C = Cy x Cy X - -+ X C,,, where C; C R™ s
closed fori =1,2,...,m andn =ny+ng+---+ny. For any a* = (a3,...,25) € C

with 7 € C; for1=1,2,...,m, one has

Ne(2*) = Ne, (27) x - -+ X Ng,, (7,),

Ne(z*) = Ney (27) x -+ x Ng,, (2,)-

Definition 2.8. (Directionally regularity) [40, Definitin 3.3] Let @ C R" be closed,
r* € Q and d € R". We say that set Q is directionally reqular at x* if

No(z*;d) = N§(z*; d),

where Ni(z*;d) = {v € R |V, | 0,3d* — d, % = v, s.t. o8 € No(a* + ted®)}. If Q

1s directionally reqular at any x, we say € is directionally reqular.

By [40, Definitin 3.5], any closed convex set is directionally regular. Under such
regularity condition, the following Certesian product rule for tangent cones and di-

rectional normal cones holds.
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Theorem 2.3. [40), Proposition 3.3] Let C' = C} x Cy X -+ x C,,, where C; C R™

s closed for i = 1,2,...,m and n = ny +ns + -+ + n,,. Consider a point x* =
(x3,...,2}) € C with xf € C; and a direction d = (dy,...,d,) € R". Assume that
all except at most one of C; fori=1,...,m are directionally reqular at z;, one has

To(x") = Toy (x7) x -+ x Te, (27,),
Neo(z*;d) = Ney (x7;dy) X -+ X Ng, (255 d)-

m?

Finally, we recall the well-known metric subregularity property as well as its di-

rectional counterpart.

Definition 2.9. ((Directional) metric subregularity) [10, Definition 2.1] Let M :
R™ = R™ and (z*,y*) € gph M = {(z,y) |y € M(x)}. We say that M is metrically
subregular at (x*,y*) provided there exists k > 0 and p > 0 such that

dM—l(y*)(x) < /ﬁd]\/[(m)(y*)7 Ve € ¥ + ,OIB

Given d € R™, we say M is metrically subreqular in direction d at (z*,y*) if there
exists p > 0,9 > 0 with a directional neighborhood V, s(d) of d such that the above es-
timate holds for all x € x*+V, 5(d), where V, 5(d) denotes the directional neighborhood

at 0 in the direction d:

0} U {z € B\ {0} ] Iz — rall < 5}, ifd+0,
pB, if d = 0.

Vps(d) ==
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3 Optimality conditions for MPDSC

We first present mathematical programs with disjunctive constrains (MPDC):

mwin f(x)

st. F(x) € A,

(3.1)

where f : R — R, F': R® — R? are continuously differentiable, and the constraint
set A C R? is a union of finitely many convex polyhedral sets.
In this thesis, we mainly consider a special case of MPDC called mathematical

programs with disjunctive subspaces constraints (MPDSC):

min  f(x)
v (3.2)
st. g(z) <0,h(x) =0,P;(x) €S, i=1,...,1,

where f : R" - R, g : R" - R™, h: R" — RP, &, : R® — R? are continuously
differentiable, and constraint set S := Ule S, C R? with S, being a subspace, r =
L,...,R. Let 0 # ¢ € R" such that

Sy ={r e R"[(c},x) =0,j € &}, (3.3)

where &, is a finite index set and vectors {c}};ce, are linearly independent.

To see that problem is a special case of MPDC, we can abbreviate A :=
R™ x {0} x S' and F(z) := (g9(x),h(x), ®(x)) where ®(z) := (P1(2),...,P)(x)).
Since each constraint set S is the union of R subspaces, set A is the union of K := R!
convex polyhedral sets, hence A is a disjunctive set. Without loss of generality, we

denote A = Ufil A; where A; is a polyhedral set and denote the feasible regions of
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problems and by F :={x € R"| F(z) € A}, respectively. We will use the
notation Ip(z*) :={i € {1,..., K} | F(z*) € A;} in the following context.

In Chapter [3| we study various optimality conditions for MPDSC. Before that,
we compute various cones to set S = Ule S, in Section . In Section we focus
on various stationarity conditions for MPDSC. In Section [3.3] we focus on constraint
qualifications for MPDSC. We show that for MPDSC many constraint qualifications
like RCPLD coincide with corresponding piecewise constraint qualifications, respec-
tively. Based on such result, we show that RCPLD implies error bounds for MPDSC,
a result does not hold for MPDC in general.

3.1 Computations of various cones to set S

Let z* € S and d € R™. In this section, we compute various tangent and normal cones
to set S = Ule Sy, such as the Bouligand tangent cone, the Mordukhovich/limiting
normal cone, the Fréchet/regular normal cone, the directional normal cone, and
the regular normal cone to tangent cone. We use the notations I[(z*) = {r €

{1,...,R} | 2* € S,} for a given vector x in what follows.

Theorem 3.1. (Bouligand tangent cone) Let x* € S. Then

Ts(x) = |J Ts.)= |J S (3.4)

rel(z*) rel(z*)

Proof. The first equation in (3.4) is from [28, Lemma 2.2]. The second equation in
(3.4) is obvious since each S, is a subspace for r =1,..., R. O

Theorem 3.2. (Fréchet/regular normal cone) Let 2* € S. Then

Ns(@)= (] Ns,(z)= [] S~ (3.5)

rel(z*) rel(z*)
Proof. The proof is obvious by Theorem [3.1| and the fact Ng(z*) = (Ts(z*))° . O

Theorem 3.3. (Mordukhovich/limiting normal cone) Let 2* € S. Then

Ns(@)= |J Ns,(a)= |J S~ (3.6)
)

rel(x*) rel(z*
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Proof. The second equation in ({3.6|) is obvious from the fact that each S, is a subspace
forr=1,..., R. We only need to prove the first equation.

The inclusion Ng(z*) € |J Ns, (2*) is obvious from [28, Lemma 2.2]. Now we
rel(z*)
prove the converse inclusion. By noting that each S, is a subspace thus convex for

each r € I(z*), we have

U Nee)= | Nela). (3.7)

rel(z*) rel(z*)

Moreover, we can show that there exists 6 > 0 such that

U ¥s@he U Nst). (33)

rel(z*) 2€Bs(z*)

Indeed, for each r € I(z*), we can pick a unit vector u, such that u, € S, but u, ¢ S;
for other j # r since we only have finitely many subspaces here. Consider the point
xr = z* 4 tu, such that ¢ < J, we can see x € S, but x ¢ S; for other j # r. In this

way, for every i € I(z*) we have

Ns,(2%) = (S;)" = Ng,(z) = Ns(z) € | ) Ns(x),

z€Bs(z*)

where the equation Ng, (2) = Ng(z) is from the first equation in Theorem .
From (13) and (14) in Adam et al. [2], we further have the equality

U Ns(x) = No(z"). (3.9)

x€Bs(z*)
Combing 1) 1) and |i we obtain the inclusion |J Ng, (z*) C Ng(z*)
rel(z*)
as desired, which completes the proof. O

Theorem 3.4. (Directional normal cone) Let x* € S and d € Tg(x*). Then

Ng(x*;d) = {v € Ng(z*) | v'd = 0} = U St (3.10)

rel(z*)NI(d)

Proof. Since S is a disjunctive set, by Theorem [2.1] we have

Ng(x*;d) C {v € Ng(z*) | v"d = 0}.
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From Theorem [3.3] we have

{veNg(@)|v'd=0} = |J {veNs()|v"d=0} (3.11)

rel(z*)

Since each S, is a subspace hence convex, we have

U {veNs @) [v"d=0} = (] {veNg (=) |v"d=0}. (3.12)

rel(z*) rel(z*)

By [18, Lemma 2.1], it follows that

U {veNsa@)[v"d=0y S | Nrg@n(d). (3.13)

rel(z*) rel(z*)

Further, since T, (z*) = S, for each r € I(z*), we have

U N = |J Ns(d)= |J S~ (3.14)

rel(z*) rel(z*) rel(z*)NI(d)

Combing (3.11)), (3.12), (3.13]) and (3.14)), we establish the inclusion

{veNs(@*)|v"d=0}C |J S

rel(z*)NI(d)

Finally, for any v € U  S#, there exists ' € I(x*) N I(d) such that v € S&.
rel(z*)NI(d)
Since we only deal with finitely many subspaces, we can find a unit vector ' such

that u' € S,» but v’ ¢ S; for other j # r’. We define the sequences {d"} as

1
—u'.

d¥=d+

Then d* — d as k — oo.

Since ' € I(x*) N I(d) we have z* € S, and d € S,,, which implies that d* € S,
but d* ¢ S; for other j # 1. For any sequence {#;,} such that t; — 0% as k — oo, it
follows that z* + txd* € S,» but d* ¢ S; for other j # r’. Therefore, we have

v E Sﬂ? = Nsr, ((13* + tkdk) = Ns(&?* + tkdk),

where the last equation is from Theorem [3.2] From the definition of the directional
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normal cone (see Definition [2.7)), we have
v € Ng(x*;d),

which implies

U S+ C Ng(z*: d)

rel(z*)nI(d)

as desired. O

Theorem 3.5. (Regular normal cone to tangent cone) Let * € S and d € R™. Then

Npgold) = () 8- (3.15)

rel(z*)NI(d)

Proof. We denote S(z*) := |J S,. Combing Theorem [3.1| with Theorem (3.2} we

rel(z*)
have
Nrgon(d) = Nseo(@d = (] Ns.(d)= (] S
rel(z*)NI(d) rel(z*)NI(d)
which completes the proof. O]

Table B.1] summarizes various cones that were considered in this section.

Cones Expressions References
Ts(x*) U S Theorem [3.1
rel(z*) ||
Ng(z*) N St Theorem [3.2
rel(z*) |
Ng(z*) U St Theorem [3.3
rel(z*) |
Ng(z*;d) U st Theorem (3.4
rel(z*)NI(d) |
Nrg(a(d) n St Theorem [3.5
rel(z*)NI(d)

Table 3.1: Various cones to set S in MPDSC
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3.2 Stationarity conditions for MPDSC

Before discussing various stationarity conditions for MPDSC, we first present two
constraint qualifications for MPDSC that will be used frequently throughout this
thesis. The following two definitions can be derived from [28, Definition 3.1] and [17,
Definition 6], respectively.

Definition 3.1. (MPDSC-LICQ) Let z* € F be a feasible point of problem (3.2)). We
say that x* satisfies MPDSC-LICQ if there is no nonzero vector X := (A9, \b, \?)T €
R™ x R™ x Hﬁzl RY such that

p l
0= > MVg(a")+ ) MVh(a")+> V(") A,
i=1

1€Ly(x*) =1

MNe > Sshi=1,..,1

rel(®;(z*))

Definition 3.2. (MPDSC-GGCQ) Let a* € F be a feasible point of problem (3.2)).
We say that the generalized Guignard constraint qualifications (GGCQ) holds at z*

if A
Nr(z") = (LF"(="))°,

where the linearization cone L% (z*) of problem (3.2) takes the following form:

Vgi(x*)d <0, i€ Zy(x*)
Ll;_—n(ic*) —J{decRrR"® Vhi(z)d =0, ied{l,...,p}
Vo, (z*)d € U S, ie{l,...,1l}
rel(®i(a*))

Remark 3.1. Metric subregularity (see Definition always implies GGCQ. Let
M(z) := F(z) — A and (z*,0) € gph M := {(x,y) |y € M(z)}. From (13) in [17],
we know that GGCQ holds at x* if M is metric subregular at (z*,0).

Utilizing two normal cones defined in Definition [2.6] some well-known stationarity

conditions for general MPDC were defined.

Definition 3.3. ([I7, Definition 1)) Let x* € F be a feasible point of disjunctive
problem ([3.1)).
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(i) We say x* is B-stationary if

0€ Vf(z*) + Ne(z*).

(i1) We say x* is S-stationary if

0 e Vf(z*) + VF (") Ny(F(z*)).

(i) We say z* is M-stationary if

0 € Vf(x*) + VF(z*) Ny (F(a%)).

We know that S-stationarity must be B-stationarity, since we always have the
estimate VF (2*)T Ny (F(2*)) € Ne(z*) [37, Theorem 6.14]. Now let us write down
S-stationarity and M-stationarity for MPDSC (3.2) by the following analysis.

e (S-stationarity) For A = (A, A", A\*)T € N,(F(x*)), from the product rule
for normal cones (see Theorem , we know that X € Ngm(g(z*)),\* €
Nioye(h(2*)) and AP € Ng(®;(2*)) fori =1,...,1.

(a) For i ¢ T,(x*) we have g;(z*) < 0, which implies that Ng_(g;(z*)) = {0},
hence A} = 0. For i € Z,(2*) we have g;(z*) = 0, which implies that
Ng_(gi(z*)) = R*, hence Y > 0.

(b) Since h(z*) = 0 and {0} is trivially convex, we have N{Q}p (h(z*)) = RP,
which means that A\ € N{O}(hi(x*)) can take any value fori =1,...,p.

(¢) For any A? € Ng(®;(2*)), we have \* € () S from Theorem .
rel(®;(z*))

o (M-stationarity) For A = (A9, \*, A*)T € N, (F(z*)), most analysis are similar

and the only difference is that we now have A € Ng(®(z*)) = | S+
rel(®;(z*))
from Theorem [3.3l

Summarizing the analysis above, we have the following definition.

Definition 3.4. Let x* € F be a feasible point of MPDSC (3.2)).
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(i) We say z* is S-stationary if there exists X = (A, N A*)T such that

Vi) + Y NVg(e +Z)\th +Zv<1> AP =0,

€Ly (x*)

A >0, Vi€ T,(x*) and \® € ﬂ St Wi=1,...,1
rel(®;(z*))

(i) We say x* is M-stationary if there exists A\ = (A9, \", A\*)T" such that

l
+ ) NMVg(a) + Z MVhi(z*) + 3 V() AP =0,
=1

€Ly (x*)

N >0,VieT(a") and X' € | ] SHVi=1...L
rel(®;(z*))

The following theorem reveals the relationship between the local minimizer and

stationarity conditions mentioned above.
Theorem 3.6. Let x* be a local minimizer of problem . Then we have
(i) x* is B-stationary.
(ii) [28, Corollary 3.6] Suppose MPDSC-LICQ holds at z*, then x* is S-stationary.
(iii) [I7, Theorem 7] Suppose MPDSC-GGCQ holds at x*, then x* is M-stationary.

Remark 3.2. From Remark and Theorem we can see x* is M-stationary if
M(x) = F(z) — A is metric subregular at (z*,0).

As we can see in the above theorem, S-stationarity always requires some strong
constraint qualification conditions. Although M-stationarity holds under some weak
conditions, it does not preclude the existence of feasible descent directions. Moreover,
we can see from Definition [3.3]these well-known stationarity conditions are represented
in terms of normal cones, hence a natural idea to discover new stationarity conditions
stronger or weaker than the known ones is to make some new estimates of these cones.

In the recent paper [9], Benko and Gfrerer extended their initial work [§] in which
the considered constraint set being an arbitrary closed set. They introduced Q-
stationarity and Qjs-stationarity conditions for MPDC. When we consider MPDSC,

we have the following statement:
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“Q-stationarity coincides with Q,,-stationarity for MPDSC”,

which does not hold for MPDC in general.

The key ideas behind Q-stationarity and Qj/-stationarity are as follows. Consider
the disjunctive program , assume that we are given k convex cones (); such that
Q; CThN(F(a2*)) fori=1..., k. Then we have

L (2*) = VF(2*) 'Th(F(2%)) D VF(2*)'Qs, Vi=1,..., k.
If we further assume GGCQ holds at z* and
(F(2)7'Qi)" = VF (") @, (3.16)
we have the following upper estimate of the regular normal cone
Nr(z*) = (Li(z*))° C (VF(z")7'Qy)° = VF(z")'Q2, Yi=1,... . k.

Condition (3.16) is fulfilled if for each ¢ = 1,...,k, Q; C Tx(F(z*)) is a convex
polyhedral set, cf. [8, Proposition 1]. By [8, Lemma 1], we know that

(VE(z*)'Q) N (VE ()T Q) = VE(@*)T () N (ker VE (2%)T 4 Qy))

holds for arbitrary sets €2y, 2, C R™. It follows that
k
Nr(z*) € (| VF(z*)"
i=1

=VF)TQnVF(=)TQN ﬂ VF(x)TQe

= VF (") (Q7 N (kerVF(z*)" + Q3)) ﬂ VF(z*)"Q;
= (VF(=")"(@} N (kerVF(z)" + Q3))) N (VF(z*)"@5) N ﬂ VF(x

= VF()T(Q N (kerVE ()T + Q%) N (kerVF ()T 4+ Q3)) ﬂ VF(x

k

— VE)T(Q3 N (ke VE(")T +Q5)).

1=2
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Therefore, we have the estimate

k
Nr(z*) C VF(z*)T(Qs N ﬂ(kerw(x*)T + Q7). (3.17)
Further, if
VF()' Qs n n(kerVF(x*)T +Q2)) C VF(z") N (F(x)), (3.18)

then equality holds in (3.17)) since by [37, Theorem 6.14] we always have the estimate
VF (") Ny (F(2*)) € Ne(z*).

From the upper estimate (3.17)), it is obvious that we want to choose Q;,i =1,...,k
as large as possible in order that the inclusion is tight. It is reasonable that a good
choice of @1, @, ..., Q should fulfill

M@ = Ma(Fla)). (319

because under equality holds in either VF'(x*) has full rank or other
weaker assumption are fulfilled (see [9, Theorem 3]).

Motivated by the upper estimate of the regular normal cone N, 7(z*), Benko
and Gfrerer introduced O-stationarity and Q,,-stationarity for MPDC. When con-
sidering MPDSC, we use the notation

where [(®;(z*)) :={r e {1,...,R} | ®;(z*) € S,}. Further, we denote Q(z*) by the
collection of all elements (v!,...,v*) with o' € I(®(z*)), i = 1,..., k such that

(v}, .. 08} = [(®(x%)), j=1,...,1 (3.20)

Jo ]
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and denote set A(v') by
I
A@) =R x {0} x [[ Sy, i =1, k.
j=1

Definition 3.5. Let x* be feasible for MPDSC (3.2). We take convex cones @Q; :=
Triy(F(2*)) fori=1,... k.

(i) We say that x* is Q-stationary for MPDSC' (3.2) with respect to Q1, ..., Qx if

—Vf(x*) € VF(z")"(Q n [ (kerVF(a*)" + Q7))

1=2

(ii) We say that x* is Qp-stationary for MPDSC with respect to Q1, ..., Qx
of
k
—V (") € VF(")" (NA(F(2) N Q; N \(kerVF ()" + Q)
i=2
(iii) We say that z* is Q-stationary or Qu-stationary for MPDSC if ¥ 1s Q-
stationary or Qur-stationary for MPDSC with respect to some @1, . .., Qk.

Remark 3.3. The original definitions of Q-stationarity and Q-stationarity for
MPDC (see |9 Definition 6]) is more restrictive than the definitions we present here
since they consider smaller subset such that (26) in [9] holds. We do not consider

such case in this thesis for simplicity and such slight difference will disappear when
considering MPDSC.

The following theorem is immediate from the discussion before Definition [3.5] It
holds not only for MPDSC but also for MPDC [9], Corollary 2].

Theorem 3.7. Assume that MPDSC-GGCQ holds at a feasible point x*. Given con-
vex cones Q1. .., Qr C Ta(F(z*)) fulfilling (3.16)), z* is Q-stationary with respect to
Q1, ..., Q if x* 1s B-stationary. Conversely, if a feasible point x* is Q-stationary with
respect to Q1,...,Q and is fulfilled, then x* is S-stationary and consequently

B-stationary.

Now we prove Q-stationarity coincides with O -stationarity for MPDSC, a fact
does not hold for MPDC in general.
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Theorem 3.8. Let x* be feasible for MPDSC . Suppose ¥ 1s Q-stationary with
respect to Qu,...,Qr defined as Q; = Tywi(F(x*)), i = 1,...,k in Definition
then x* is also M-stationary (see (ii) in Definition[3.4). In other words, Q-stationarity
coincides with Qpr-stationarity for MPDSC.

Proof. The proof is rather straightforward. Let z* be Q-stationary for MPDSC (j3.2]).
Recalling the definition of O-stationarity with respect to @1, ..., Q, we have

k
0 € Vf(z*) + VF@")"(Qs N[ \(kerVE(z*)" + Q7).

i=2
k

Assume that A = (A9, \' AT € Q9N N (ker VF(2*)T + Q5), it follows that
i=2

m p l
V@) + > NVg(a) + Y MVhi(a®) + Y V(") AT = 0. (3.21)
i=1 i=1

=1

Since Q; = Thi)(F(z¥)), i = 1,...,k we have

A

= Nin (9(27)) x Niopo (h(2")) x E NSU;. (®;(z7)) (3.22)

A

= Nam(g(z*)) x Ny (h(2")) x HSUL]

We can see the multiplier A\ = (A9, \* A®)T must satisfy A € Q5. The analysis of \9
and A" are similar as the discussions before Definition , in what follows we focus

on the discussion of A?. Since A = (A9, A" A®)T € @3, we must have
AY eSj;_, j=1,...,L
By (3.20)), it follows that

XMe |J Shi=1..0

J
rel(®;(z*))

which implies that 2* is M-stationary by (ii) in Definition [3.4] O
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We can see the upper estimate (3.17)) plays a key role in the proposal of O-
stationarity. Similarly, motivated by another estimate, Gfrerer [19] introduced the

linearized M-stationarity by a repeated linearization procedure.

Theorem 3.9. [19, Theorem 2] Assume that x* is feasible for program (3.1)) but with
A being an arbitrary closed set and GGCQ is fulfilled at x*. Then

A

Nr(a*) € VF (@) Nryreoy)(0) € F(a') Na(F(a). (3.23)

In a word, the idea to estimate is to utilize the limiting normal cone to
the tangent cone to build a bridge between Nz(z*) and F(z*)" Na(F(z*)). We call
this procedure linearization procedure. The linearization procedure would continue
if TA(F(x*)) is not the union of finitely many convex polyhedral sets, until a series of
tangent cones to tangent cones to set A is the union of finitely many convex polyhedral
sets, which means the following estimate holds:

Nz(z*) C - C VF(@") Nrp, e 0)(0) © VE(@") Ny () (0).

The calculation of cone Ny, (p(z+))(0) would be easier than that of Mordukhovich
normal cone Nj(F'(z*)). Moreover, the linearized M-stationarity is sharper than M-
stationarity since Ny, (p(2+))(0) € Na(F(x*)) always holds [37, Proposition 6.27]. But
in our case, A is the union of finitely many convex polyhedral sets, hence we have
Ny (pz+))(0) = No(F(x*)) [22, p.59], which means that the linearized M-stationarity
for MPDC should be

0€ Vf(a*)+ VF(@*) Ny, (r @ (0)

and linearized M-stationarity coincides with M-stationarity for MPDC. In particu-
lar, by the Certesian product rule (see Theorems and , we can write down
the linearized M-stationarity for MPDSC in the multipliers form, which is same as
Definition (ii).

From Theorem (3.6, we know even M-stationarity requires some mild constraint
qualifications. The question is, whether it is possible to find a stationarity condi-
tion which holds for the local minimizer even in the absence of constraint qualifi-
cations. A potential candidate could be asymptotic version of M-stationarity (AM-
stationarity) [30, Definition 3.1]. As the name suggests, the idea behind it is to ensure

M-stationarity condition holds along a sequence of feasible points {xy }ren converging
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to local minimizer z*. Based on this work, Liang and Ye defined the AM-stationarity

for MPDC [25], Definition 3.4]. We can apply this definition to MPDSC directly.

Definition 3.6. Let z* € F be feasible for MPDSC (3.2). We say that x* is AM-
stationary if there exist sequences {z*} C R", {eF} CR", {y*} := {(yoF, y"F y®*)} C
R? with 2% — z*,e% — 0 and y* = (yo*, y"* y**) — 0 such that F(z*) —y* € A and

V( +Z)\nggl +ZWwL +qu> ETAPE = Wk, (3.24)

=1 =1

the multipliers {(\Y", AF AP*)}Y C R™ x RP x R should satisfy

NP =0, if gi(a®) =y < 0; MF >0, if gi(a¥) — y?" =0, (3.25)
APP € Ng(@(a%) — y*) = U Sp (3.26)

rel(®;(zk)—y")

It is easy to see an M-stationarity must be AM-stationary, now the question is
under what conditions an AM-stationarity will be M-stationary. Now we review the
condition called AM-regularity as follows. The following definition and theorem are

immediately from [30] in which AM-regularity for MPDC was discussed.

Definition 3.7. Let x* € F feasible for MPDSC (3.2). Define a set-valued mapping
K:R* = R" by means of

N >0, i€ Z,(a"),
: M eN

Z)\ngz +Z)\th +) VO (2)"Af € Ns(®i(z")) =
i=1 U Stoi=1,.

rel(®;(z*))

We say that x* is AM-reqular if the following condition holds:

limsup K(z) C KC(z"),

r—x*

where the notation limsup denotes the Painlevé-Kuratowski outer limit at x* defined
r—x*
in Definition 2.4]

Theorem 3.10. Let x* be a local minimizer of MPDSC (3.2). Then, z* is AM-

stationary. Moreover, x* is M-stationary if x* is AM-reqular.
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Recently many directional optimality conditions for MPDC keep emerging in the
literature. We denote the critical cone by C(z*) := {d € L' (2*) | Vf(z*)d < 0}, a

subset of the linearization cone which consists of all potential descent directions.

Definition 3.8. ([I8, p.909 and Definition 3.4]) Let x* be feasible for MPDC ({3.1))
and d € C(z*).

(i) We say x* is S-stationary (d) if

0€ V(") + VE@) Ny ey (VEF(@")d).

(ii) We say x* is M-stationary (d) if

0 € Vf(z*) + VF(a*) ' No(F(2*); VF(2*)d).

(iii) We say z* is extended M-stationary if x* is M-stationary (d) for all d € C(x*).

Now we apply S-stationarity in the direction d (S-stationarity (d)), M-stationarity
in the direction d (M-stationarity (d)), and extended M-stationarity (ext. M-stationarity)
to MPDSC. Using the following two arguments, we obtain S-stationarity (d) and M-
stationarity (d) for MPDSC.

e (S-stationarity (d)) For any A\ = (A, A" A*)T ¢ NTA(F(I*))(VF(x*)d), from the
product rule, we have X9 € NTRm(g(m*))(Vg(m*)d), PUNS J\AfT{O}p(h(x*))(Vh(x*)d)
and \? € NT (VO (z*)d).

(a) For any i ¢ Z,(d) := {i € Z,(z*) | Vg;(2*)d = 0}, we have two cases:
(i) Ifi ¢ Z,(«*), we have g;(«*) < 0 which implies Tr (g;(z*)) = R. Then,
it follows that \Y = 0 because Ng(Vg;(z*)d) = {0}.
(ii) If i € Zy(x*) and Vg;(z*)d < 0, we have g;(z*) = 0 which implies
Tr_(gi(z*)) = R_. Tt follows that A = 0 since Np_(Vg;(x*)d) = {0}.
For those i € Z,(d), we have g;(z*) = 0 and Vg;(z*)d = 0, which implies
that \? > 0 since T_(0) = R_ and Np_(0) = R...
(b) Forany:=1,...,p, we obtain NT{O} ) (Vhi(x*)d) = R since h;(z*) = 0
and Vh;(z*)d = 0, which implies that )\? can take any value fori = 1,...,p.



27

(c) For any A\ € NTS ) (V®;(z*)d), from Theorem [3.5( we have

A € Ny, @) (Vi (z7)d) = N St
rel(®i(z*))NI(Vi(z*)d)
o (M-stationarity (d)) For A = (A9, A" A®)T € Ny (F(z2*); VF(x*)d), we have MY €
Nerm(g(z*); Vg(z*)d), \" € Ny (h(z*); Vh(z*)d) and A* € Ngi(®(2*); VO (2*)d):
(a) For multipliers A, we have A\ = 0 for i ¢ Z,(d) and XY > 0 for i € Z,(d).
(b) For multipliers A7, we have A\! € Nygy(h;(z*); Vhi(z*)d) = Ni(0;0) =
N01(0) = R, which means that A\! can take any value.
(c) For any ¥ € Ng(®;(x*); V®;(2*)d), from Theorem 3.4 we have

A € No(®(z7); VP, (2*)d) = U St

rel(®;(z*))NI(VP; (z*)d)

Summarizing the analysis above, we have the following definition.

Definition 3.9. Let z* € F be a feasible point of MPDSC (3.2) and d € C(z*).

(i) We say x* is S-stationary (d) if there exists X = (A9, A\* A®)T such that

l
+ > NVg(a") + Z NVhi(z*) + > VE;(a*) "N =0,
=1

1€Ty(d)

X >0, VieT,(d) and \? € N SEoVi=1,...,L

rel(®i(z*))NI(V®;(z*)d)

(i) We say x* is M-stationary (d) if there exists X = (A9, \*, A*)T such that

+ > NMVg(x Z)\th +qu> TN = 0,

i€Zy(d)

X >0, VieT,(d) and \? € U SHVi=1,...,1
rel(®;(z*))NI(VE,(z*)d)

Similar to Remark and Theorem we have the corresponding theorems.
Before presenting them, we give the definition of linear independence constraint qual-
ification in the direction d (LICQ (d)) for MPDSC. The following definition is derived
from (31) in [20].
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Definition 3.10. (MPDSC-LICQ (d)) Let x* € F be a feasible point of problem
(3-2). We say that x* satisfies MPDSC-LICQ (d) if there is no nonzero vector A :=
(A9, A AT € R™ x R x []L_, RY such that

0= Z NV gi(x ZAth Zwb )AL,

1€Ty(d

)\;I’espan U Stoi=1,...,1
rel(®;(z*))NI(VP; (2*)d)

Theorem 3.11. Let x* be a local minimizer of program (3.2) and d € C(z*).
(i) [20, Lemma 7] Suppose LICQ (d) holds at x*. Then, x* is S-stationary (d).

(ii) [18, Theorem 3.3] Suppose M (x) := F(x) — A is metrically subrequalr at (z*,0)
in direction d. Then, z* is M-stationary (d).

(iii) |18, Theorem 3.9] Suppose GGCQ is satisfied at the feasible point x*. Then, x*

15 ext. M-stationary.

The following theorem illustrates the relationship between M-stationarity (d) and
M-stationarity and the relationship between S-stationarity (d) and S-stationarity for
MPDSC.

Theorem 3.12. Let z* be a feasible point for MPDSC (3.2) and d € C(x*). x* is M-
stationary if x* is M-stationary (d). Moreover, suppose the condition Z,(d) = Z,(x*)
holds, each S-stationary point x* is S-stationary (d).

Proof. The argument which says M-stationarity (d) implies M-stationarity is obvious.
To see this, we can take A = 0 for i € Z,(z*) \ Z,(d). Since the condition

[(®y(z*) N I(V®;(27)d) C I(®y(z*)), Vi =1,...,1 (3.27)

always holds, we have

U stc |J Shvi=1....1

rel(®;(x*))NI(VP; (x*)d) rel(®;(z*))

Let 2* be S-stationary for MPDSC. The condition A\ > 0,Vi € Z,(d) in the

definition of S-stationarity (d) holds since now we assume Z,(d) = Z,(z*). Moreover,
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from condition (3.27)) we know that

(N s ¢ N Stovi=1,....1,

rel(®;(z*)) rel(®;(z*))NI(VP;(z*)d)

which means that z* is S-stationary (d). Combining two cases discussed above, we

complete the proof. O

At the end of this section, we summarize some second-order necessary and suffi-
cient conditions for MPDSC (3.2)). In what follows, we assume all functions are twice
continuously differentiable and denote the Lagrangian function of problem ({3.2]) by

L, N NN) = f2) + (M, (@) + (A" b)) + (AT, D(2)).

We say that the quadratic growth condition is fulfilled at x* if there are constants
e > 0 and C > 0 such that the following condition holds:

f(x) > f(@*) + Cllz — 2|, Vo € FNB.(z%). (3.28)

In particular, we can see the quadratic growth condition (3.28)) is sufficient for x* be

a strict local minimizer, that is,
f(z) > f(z¥), Vo € FNB.(z") such that z # z*.

Theorem 3.13. [28, Theorem 4.2 and Theorem 4.3] Let z* be a local minimizer of
problem (3.2)). Assume that MPDSC-LICQ is valid at x*. Then, we have

d"NEL(x* NN AP)d > 0, vd € C(z7),
where A = (A, NP, \®)T s the uniquely determined S-stationary multiplier associated
with x*.

Conversely, let x* be an S-stationary point of problem (3.2)). Assume there exists

an S-stationary multiplier X\ = (N9, X', \®)T associated with x* such that
dEN2L(z* N, N A d > 0, Vd € C(x*) \ {0}

holds. Then, there are constants € > 0 and C' > 0 such that the quadratic growth

condition s fulfilled at x*. In particular, x* is a strict local minimizer.



30

The above theorem presents the second-order condition associated with S-stationarity.
Now we present second-order conditions associated with M-stationarity (d), S-stationarity

(d) as well as extended M-stationarity.

Theorem 3.14. [I8, Theorem 3.3] Let x* be a local minimizer of problem (3.2)) and
d € C(z*). Assume M(z) := F(x) — A is metrically subregular in direction d at
(z*,0). Then, there exists an M-stationary (d) multiplier X = (A, A", \®)T associated

with x* such that the second-order condition holds:
dTV§£(x*, N, )\h, )\q’)d > (.

Theorem 3.15. [I8, Theorem 3.17] Let z* be a feasible point of problem (3.2)). As-
sume for every nonzero critical direction 0 # d € C(z*) there exists an S-stationary
(d) multiplier X\ = (A9, X', X®)T associated with x* such that

d"EL(x* NN AT)d > 0.

Then, the quadratic growth condition is fulfilled at x*. In particular, x* s a strict

local minimizer of problem (]3.2)).

Theorem 3.16. [I8, Theorem 3.21] Let x* be an extended M-stationary point of
problem (3.2). Assume that for every nonzero critical direction 0 # d € C(x*) one

has
dTViE(x*, N, )\h, )\q))d >0

for any M-stationary (d) multiplier X = (A9, \*, \*)T associated with x*. Then, the
quadratic growth condition is fulfilled at x*. In particular, x* is a strict local minimizer

of problem ({3.2]).

In addition to stationarity conditions we reviewed, there are other stationarity con-
ditions in the literature, such as strong M-stationarity (str. M-stationarity) for MPEC
[18, Definition 4.2] and strong M-stationarity in direction d (str. M-stationarity (d))
for MPSC [25], Definition 4.9]. Since these two stationarity conditions are only for
special cases and MPDSC does not include MPEC, we do not review them here. In
Section , we will discuss strong M-stationarity as well as strong M-stationarity (d)
for CCOP in details.
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3.3 Constraint qualifications for MPDSC

We first introduce some background on the generator method which plays an impor-
tant role in this section. Then, we study constraint qualifications for MPDSC which
can be derived from Xu and Ye’s work [39] directly and show that RCPLD implies
error bounds for MPDSC.

3.3.1 The generator method for MPDSC

Now let us review some background knowledge about the generator method which
will be used frequently in the following context. More detailed discussions on it can
be found in [39]. We emphasize here the work [39] mainly deals with MPDC (3.1)),
while we will make some simplifications when considering MPDSC .

Definition 3.11. Let A be a set with finitely many linearly independent vectors and
D be a subspace. We say A is the generator of D if

D :=G(A) :=span(A).

Now we describe the regular normal cone to the disjunctive set S := Uf;l S,
described in . For z* € Sy, let Ag (2*) := {c] | j € £} denote the generator set
of S, at x*, that is,

Ng, (%) = Ns, (%) = G(As, (7).

Since Ag, (z*) = {c} | j € £} is independent of z*, we have
AST(CL‘) = AST(Q?*), \V/JT,ZL‘* S Sr.

By Theorem the regular normal cone to set S at z* of interest is the intersec-
tion of finitely many subspaces, hence it is still a subspace. It follows that the regular
normal cone Ng(x*) also can be generated by a set of linearly independent vectors.
We denote such set by Ag(z*). Then, we have

Ng(xz*) = G(Ag(z")). (3.29)

We call Ag(z*) satisfying 1} the generator of the regular normal cone Ng(z*).
However, the limiting normal cone Ng(z*) usually cannot be generated by a set

of linearly independent vectors since the limiting normal cone Ng(z*) is usually not
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a subspace from Theorem [3.3] By (3.9) and (3.29) we have

Ns@)= U Ns@) = | G(As(@)). (330

As(x) = | As(x), (3.31)

where ¢ > 0 is the constant satisfying condition (3.30)).
By Theorem we know that

Ns@@) = |J Ns.(a). (3.32)

rel(z*)

Therefore an interesting question is, what is the relationship between generator Ag(z*)
and the union of all Ag (z*) where r € I(z*). In the following lemma, we show that
they are the same. This result is stronger than Lemma 2.1 in [39] where the authors
consider the MPDC case.

R
Lemma 3.1. Let S = |J S, C R? where S, is a subspace. Then for any z* € S, we

r=1
have

= | As (@ (3.33)

rel(z*)

Proof. We will show that

As@y= |J 4 U As(a

z€Bs (z*) rel(z

The first equality comes from the definition of Ag(z*). By Theorem [3.2] we know
that

ﬂ Ng, (x (3.34)

rel(z

for any x € S, which implies the inclusion

c |J As(@ (3.35)

rel(x)

for any x € S.
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Forany v e |J Ag(z), there exists 2/ € Bg(z*) such that
z€Bs(z*)

vedsa) C | As (@ U Ag (x*). (3.36)

rEI(a: ) rel(z

Indeed, the first inclusion in (3.36)) is from (3.35)) directly. It is not difficult to see

that we can take 0 > 0 sufficiently small to guarantee
I(z") C I(z"). (3.37)
Further, by noting that Ag (z*) is independent of z*, hence we have
As, (z7) = As, (7). (3.38)

By combining (3.37)) with (3.38)), we justify the second inclusion in (3.36]). Therefore,

U 4stx)c |J 4s.@). (3.39)

z€Bs(z*) rel(z*)

Conversely, for any v € |J Ag, (2*), there exists r € I(x*) such that
rel(z*)

v € AST(ZL‘*).

Since set S is the union of finitely many subspaces, we can pick a unit vector u, such
that u, € S, but u, ¢ S; for other j # r. In this way, for any 0 < ¢ < § we know
that the point x, := z* + tu, € Bs(x*) satisfies x, € S, but z, ¢ S; for other j # r.
Therefore, it follows from that

A A

NS('TT) = Ng (xr)7

r

which implies that
As(l}«) = AST (.%T) (340)

v € Ag, (z7) = As, (z,) = As(x,) C U Ag(x).
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Then, we have

U 45, ¢ | As(a). (3.41)
rel(z*) 2€Bs(z*)
By combing ([3.39) with (3.41]), we complete the proof. ]

3.3.2 Constraint qualifications for MPDSC from MPDC

Now we apply some constraint qualifications tailored for MPDC (see [39, Definition
4.2] and [39, Definition 3.1]) to MPDSC. In the following definition, we also propose
a new constraint qualification called the weak linear independence constraint qual-
ification (WLICQ) for MPDSC, which builds a bridge between MPDSC-LICQ (see
Definition and MPDSC-GMFCQ.

Definition 3.12. Let 2* € F be a feasible point for MPDSC (3.2). We say that x*

satisfies

1. MPDSC-WLICQ if there is no nonzero vector A = (A, \" A®)T € R™ x R™ x
1., R? such that

= > NVg(x +Z)\th +ZV<I> STAL,

€Ly (x*)

A € Ng(®;(z*)) = U Sti=1,...,L
rel(®;(z*))

2. MPDSC-GMFCQ if there is no nonzero vector X = (A, \*, \®)T € R™ x R™ x
1., R? such that

= > NVg(x +Z)\th +qu> STAL,

1€y (x*)

N >0,i€Zy(x") and A? € Ng(®3(a")) = | Sti=1... L

rel(®;(z*))

3. MPDSC-CRCQ if for every index sets I C Z,(z*),J C{1,...,p}, L C{1,...,1}

and A\ € Ng(®;(z*)) = U Si,i € L, then the set of vectors
rel(®;(a*))

{Vaie ) bier U{Vhi(z)}ies U | (Vi) 5:)

Bi€A; iEL
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and the set of vectors

(Vo) hier U{Vhi()}es U | {V®(M78)

Bi€A; €L

have the same rank for k sufficiently large, for all sequences {x*} satisfying

oF — a2k £ 2 as k — oo and any set of linearly independent vectors A;

where

A C Ag(®i(27)),0 £ AP € G(A) € Ns(®i(a*) = | S
(®i(z

rel *))
and A; =0 if A =0 fori=1,...,1.
4. MPDSC-RCRCQ if the index set J is taken as {1,...,p} in MPDSC-CRCQ.

5. MPDSC-CPLD if there exists index sets I C Zy(x*), J C {1,...,p} and L C
{1,...,1}, a nonzero vector A = (A9, A", \2)T € R™ x R" x [\, RY with \I >

0,i €Il and A\ € Ng(®;(z*))= |J Sit,i€ L such that
rel(®;(z*))
0= MVg(a)+ Y NVh(z*)+ Y VPi(a*)A?,
i€l i€J i€l

then the set of vectors

{Vaia)ier U{VR(e") ey U | (V)83

Bi€A; iEL

is linearly dependent for k sufficiently large, for all sequences {x*} satisfying

oF — x*, 2% £ 2" as k — oo and any set of linearly independent vectors A;

where

A; C Ag(®i(27)),0 # AT € G(A) C Ns(@i(z") = | S
rel(®;(z*))

and A; =0 if N =0 fori=1,...,1.
6. MPDSC-ERCPLD 1f the following conditions hold.

(i) The vectors {Vh;(x)}_, have the same rank for all x € B.(z*);
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(i) Let J C{1,...,p} be such that the set of vectors {Vh;(z*)}ics is a basis for
span{Vh;(a*)}_,. If there exist index sets I C T,(x*) and L C {1,...,1},

AP e Ng(®;(z*)= U St i€ L such that the set of vectors
rel(®;(z*))

{Vgiahier U{{Vhi(aVhies U | {Vila) 8} }
BiEA; iEL
18 positive linearly dependent, then the set of vectors

{Vgi(e") et U{Vhi(a*) }ics U | AV®i(a*)T5:}

Bi€Ai i€l

is linearly dependent for k sufficiently large, for all sequences {x*} satis-

fying x*
vectors A; where

— x*, 28 £ 2* as k — oo and any set of linearly independent

A; © Ag(@i(27)),0 # AP € G(A;) € No(®i(2®)) = | S

and A; =0 if N\ =0 fori=1,...,1.
7. MPDSC-RCPLD if the following conditions hold.

(1) The vectors {Vh;(x)},_, have the same rank for all x € B.(z*);

(i) Let J C {1,...,p} be such that the set of vectors {Vh;(x*)}ics is a basis
for span{Vh;(z*)}._,. If there exist an index set I C Z,(xz*), a nonzero
vector A = (AN, A AT € R™ x R™ x [, R? with X! > 0,5 € I and

AP e Ng(®;(z*)= U Sk, ie{l,...,1} such that
rel(®;(z*))
l
0= MVg(a")+ Y MNVhi(z*)+ > Vdi(z")AL, (3.42)
el e =1

then the set of vectors

{(Vai(@*) bier U{Vhi(a") ey U | {V®i(") 8} (3.43)

51‘€Ai,’i€{1 ..... l}

is linearly dependent for k sufficiently large, for all sequences {z*} satis-
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k

fying x* — x*, 2% #£ 2% as k — oo and any set of linearly independent

vectors A; where

A C Ag(®,(27)),0 £ AP € G(A) C No(@i(a)) = |J S (3.49)

rel(®;(z*))

and A; =0 if \ =0 fori=1,...,1.

In fact, we can give a more accurate description of generator sets A;, i =1,...,[
when we consider MPDSC instead of general MPDC. The following lemma is useful
in what follows. We take RCPLD as an example.

Lemma 3.2. Assume that MPDSC-RCPLD holds at z*. Given \f € Ng(®;(z*)),

for any set of linearly independent vectors A;, 1 = 1,...,1 such that
A © Ag(®@,(2%)),0 £ AP € G(A;) C Ny(®y(a"),
there must exist r € I(®;(x*)) such that
A; C© Ag, (®i(2%)),0 £ AT € G(Ai) € G(As, (Di(27)))- (3.45)

Proof. Suppose on the contrary that there does not exist r € I(®;(z*)) satisfying
(3.45). Without loss of generality, we assume there are ry,ry € I(®;(z*)) such that

Az‘ g AS'rl ((I)Z(.T*)) U AS’I‘Q (CI%(:I:*)) but Al 4@ AS” (q)l(ﬂf*)) and A,L 7,@ AST‘2 ((I)z(x*»
Since both S,, and S,, are subspaces, it follows that
G(A;) Cspan{S;. US,.} but G(A;) € S, and G(A;) € S;.,

which contradicts the fact that
G(A) S Ns(®i(2*) = | S

In this way, we complete the proof. O

Like nonlinear programs ({2.1), we also have the concept of error bounds for
MPDSC. Note that we should describe the deviation of the generalized equations
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Q;(z) € Sfori=1,...,1in terms of distance functions. The following definition can
be obtained from [39, Definition 2.2] directly.

Definition 3.13. (Error bounds for MPDSC) We say that a feasible point z* € F of
problem (3.2)) satisfies the error bound property if there exists o > 0 and & > 0 such
that

l

dr(z) < a(z mas{gi(r),0} + Y [hi(a)] + st(@(g;))), Vo € B.(z").

=1

3.3.3 RCPLD as a sufficient condition for error bounds

Unlike nonlinear programs, we usually do not have the conclusion that RCPLD implies
error bounds for MPDC. To deal with this issue, Xu and Ye introduced MPDC-
piecewise RCPLD as a sufficient condition for error bounds [39, Theorem 4.2]. In
this subsection, we will show that for MPDSC many constraint qualifications such
as CRCQ, RCRCQ, CPLD, ERCPLD, and RCPLD coincide with their piecewise
versions, respectively. In particular, since RCPLD coincides with piecewise RCPLD,
it follows that RCPLD implies error bounds for MPDSC.

We emphasize that in this thesis we only focus on the discussions on RCPLD and
piecewise RCPLD for simplicity, the discussions on other constraint qualifications as
well as their piecewise versions are similar. Let x* be feasible for MPDSC . Let
sets Py, ..., Pr (sometimes some of them may be empty) be a partition of {1,...,[}.
We denote such partition by P := {Pj,..., Pr} and consider the subsystem for the
partition P:

(4(2) <0, h(z) =0,

CI)l(l’) € Sl, 1€ Pl; (3 46)

®,(x) € Sg, i € Pg.

\

We denote the feasible region of subsystem (3.46]) by Fp. Since each partition
P = {P,,...,Pg} is one of the possible partitions of {1,...,l}, we have Fp C F.

Conversely, for any z* € F, there exists one partition P such that * € Fp.

Definition 3.14. (MPDSC-PRCPLD) [39, Definition 4.1] We say that the piecewise
RCPLD holds for MPDSC (3.2) at z* € F, if MPDSC-RCPLD holds for subsystem
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(3.46|) for any partition P = {Py,..., Pr} such that x* € Fp. That is, the following
conditions hold for any partition P = {Py,..., Pr} such that z* € Fp.

(i) The vectors {Vh;(x)},_, have the same rank for all x € B.(z*);

(i) Let J C {1,...,p} be such that the set of vectors {Vh;(x*)}ics is a basis for
span{Vh;(x*)}._,. If there exist index sets I C Z,(x*), a nonzero vector A =
(A9, A AT € R™ x R? x [, R with \! > 0,5 € I and A\? € Ng, (9;(z*)) =

St forie P, r= , R such that
0="> NVgi(x*)+ > NVhi(z*)+ > VE(x) A+ + > Vdi(z*) AT,
i€l ieJ i€Py i€Pr

(3.47)

then the set of vectors

{(Vaia") bier U{Vh(eF Ly u | | AV®EH"8F  (3.48)

r=1,...,R BT €AT icP,

is linearly dependent for k sufficiently large, for all sequences {x*} satisfying

ok — 2% 2% # 2" as k — oo and any set of linearly independent vectors A}

where
A7 C Ag, (Bi(2%)),0 # AT € G(A]) C N, (®5(2")) = S, (3.49)

and AT =0 if \! =0 forie P, r=1,...,R.
The following example is useful for us to understand piecewise RCPLD.

Example 3.1. Let us consider the following cardinality constrained system in R3:
g9(x) < 0,h(z) =0, ]zl < 2. (3.50)

From Figure we know that problem (3.50)) is equivalent to
g(xz) <0,h(z) =0,P(x) ==z € S,

where S = S; U Sy U S3 such that S; = {0} x R xR, S5 = R x {0} x R and
S3 =R x R x {0}.

Assume that point x* = (0,0,1)T is feasible for system . It is easy to see
that Il = 1, R = 3, 2* € Sy and z* € Sy. There are three partitions of {1} into
sets P ={P, Py, Ps}: (i) P ={1},P,=0,Ps=0; (ii) P, =0,P, = {1}, Ps = 0;
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(iii) P, =0, P, = 0, P; = {1}. Since x* ¢ S5, we only have two possible subsystems.
Therefore, piecewise RCPLD holds for system (3.50) if RCPLD holds for each of the

following two subsystems:

g(x) <0, g(x) <0,
(P1) § h(z) =0, and (P2)] h(z) =0,
X € Sl. S SQ.

That is, we say that z* = (0,0,1)T satisfies piecewise RCPLD for system (3.50))
if the following conditions hold:

(i) The vectors {Vh;(x)},_, have the same rank for all x € B.(z*);

(i) Let J C {1,...,p} be such that the set of vectors {Vh;(z*)}ics is a basis for
span{Vh;(x*)}Y_,. If there exist index sets I C I (x*), a nonzero vector A =
AT e R™ x R™ x R with A > 0,1 € I such that

0="> NVgi(z")+ Y _ N'Vhi(z*) + Me,
el e

then the set of vectors

{Vgi(a") }ier U {Vhi(z")}ics U {e}

is linearly dependent for k sufficiently large, for all sequences {x*} satisfying
ok — x* 2% # 2" as k — oo, where the vector e can be taken as e; = (1,0,0)7
or es = (0,1,0)T.

If we write down RCPLD for system , we can see RCPLD and picewise
RCPLD are the same. Now we show that MPDSC-RCPLD coincides with MPDSC-
piecewise RCPLD. As we can see as follows, the following two equalities from Thereom
B.3] and Lemma [3.1] play key roles in the proof of Theorem [3.17}

Ns(®i(z) = |  Ns.(@i(z")), (3.51)
rel(®;(z*))
As(@i(a*) = | As (®ia")). (3.52)

rel(®;(z*))
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Theorem 3.17. For mathematical programs with disjunctive subspaces constraints

(MPDSC), we have RCPLD coincides with piecewise RCPLD.

Proof. f R=1,set S = Ufil S, is a subspace itself, hence the conclusion is obvious.
Let us assume that R > 2.

Assume that MPDSC-RCPLD holds at x*. Given any possible partition P =
{Py,..., P} of {1,...,1} such that z* € Fp. We only need to prove that MPDSC-
PRCPLD (ii) holds at x*.

Let J C {1,...,p} be such that the set of vectors {Vh;(z*)};c; is a basis for
span{Vh;(z*)}}_,. Suppose there exists index sets I C Z,(z*), A = (M, M\ AT €
R™ x R" x []._, R? with \Y > 0,i € I and A\® € Ng, (®;(z*)) fori e P, r=1,...,R
such that holds. We want to prove the linear dependence of for k
sufficiently large, for all sequences {2*} satisfying 2% — 2*, 2F # 2* as k — oo and
any A7 satisfying (3.49)). By (3.51), we have

AP € Ng (®;(2%)) C No(®i(2%)),i=1,...,1 (3.53)

In this way, we can see implies . According to MPDSC-RCPLD (ii), the
set of vectors of is linearly dependent for k sufficiently large, for all sequences
{x*} satisfying 2¥ — 2%, 2% # 2* and any A; satisfying . We know from ([3.52))
that for r € I(®;(z*)), Ags, (P;(z*)) is a subset of Ag(P;(z*)). Since A; C Ag(P;(z*))
is arbitrary in and now we have A\? € Ng (®;(z*)), we can take A; such that

Ai © As, (i(27)),0 # AL € G(A) € N, (®i(a”)), i € P (3.54)

We define A} := A; for i € P, where A; satisfies , which means that the linear
dependence of implies that of . Therefore, MPDSC-RCPLD implies
MPDSC-PRCPLD.

Conversely, we suppose MPDSC-PRCPLD holds at z*. Now we are going to show
that MPDSC-RCPLD (ii) holds at z*.

Let J C {1,...,p} be such that the set of vectors {Vh;(z*)},cs is a basis for
span{Vh;(z*)}}_,. Suppose there exists an index set I C Z,(z*), A = (M, M\, A®)T €
R™ x R" x [[._, RY with \! > 0,7 € I and A\® € Ng(®;(z*)),7 € {1,...,1} such that
holds. We want to prove the linear dependence of for all sequences {z*}
satisfying 2% — x*, 2¥ # 2* as k — oo and any A; satisfying . By Lemma ,
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for any A; satisfying there must exist r € I(®;(z*)) such that
Ai © As, (@i(27)),0 # AT € G(A) C G(As, (i) (3.55)
From (3.55]), we know that now we also have
AP € Ng (®;(z%)). (3.56)

For each i € {1,...,l}, we associate with a specific r such that and
hold and define A7 := A;. In this way, we construct a partition P = {P,..., Pg} of
{1,...,1} and implies (3.47)).

According to MPDSC-PRCPLD (ii), the set of vectors of is linearly de-
pendent for k sufficiently large, for all sequences {z*} satisfying z* — 2* 2% # z*
and any set of linearly independent vectors A] satisfying . Since A} = A; and
P = {P,...,Pg} is a partition of {1,...,[}, the linear dependence of im-
plies that of . Therefore, MPDSC-RCPLD implies MPDSC-PRCPLD, which
completes the proof. O

The discussions on other constraint qualifications are similar as that of RCPLD,

hence we have the following corollary.

Corollary 3.1. For mathematical programs with disjunctive subspaces constraints
(MPDSC), their constraint qualifications such as CRCQ, RCRCQ, CPLD, ERCPLD,

and RCPLD coincide with their piecewise versions, respectively.

Based on Theorem [3.17, now we show that for MPDSC the constraint qualification
RCPLD implies the error bound property.

Lemma 3.3. [39, Theorem 4.2] Suppose that MPDSC-piecewise RCPLD holds at x*
which is feasible for problem (3.2)). Then, the error bound property holds at x*.

Theorem 3.18. Suppose that MPDSC-RCPLD holds at x* which is feasible for prob-
lem (3.2). Then, the error bound property holds at x*.

Proof. The proof is rather straightforward by combining Theorem [3.17] and Lemma
B.3] The constraint qualification MPDSC-RCPLD implies the error bound property
since MPDSC-RCPLD coincides with MPDSC-piecewise RCPLD. [

We conclude Chapter 3| with Figure [3.1] which summarizes the relations among

various constraint qualifications for MPDSC.
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] MPDSC-WLICQ \

/ \

| MPDSC-GMFCQ | | MPDSC-CRCQ | | MPDSC-LICQ |
/ \

| MPDSC-CPLD | ] MPDSC-piecewise CRCQ \ ] MPDSC-RCRCQ \
/

| MPDSC-piecewise CPLD | | MPDSC-piecewise RCRCQ| [ MPDSC-ERCPLD |

\

] MPDSC-MSCQ | MPDSC-RCPLD k—{ MPDSC-piecewise ERCPLD \
‘\

] MPDSC-piecewise RCPLD \

Figure 3.1: Relations among constraint qualifications for MPDSC
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4 Optimality Conditions for CCOP
from MPDSC

In Chapter [ we will apply the results of MPDSC from Chapter [3|to CCOP. In Sec-
tion [4.1], we give a disjunctive subspaces reformulation of CCOP, which is different
from the relaxed complementarity-type reformulation (1.2)). In Section[4.2] we survey
various stationarity conditions for CCOP. In particular, we recover disjunctive-type
S-stationarity and M-stationarity for CCOP in [34], and then make comparisons be-
tween them and those from the relaxed complementarity-type reformulation. In Sec-
tion[4.3] in addition to showing that many constraint qualifications for CCOP coincide
with their piecewise versions, we also make comparisons between these disjunctive-
type constraint qualifications and those from the relaxed complementarity-type re-

formulation.

4.1 Disjunctive subspaces reformulation for CCOP

Motivated by the two simple examples given in the introduction (see Figure , we
abbreviate Z, := {I € 2127} | |I| = s} and R; := span{e; | i € I} for a given set I,
where e; is the unit vector with the ith component equals to one. Now we reformulate
CCOP (1.1) as MPDSC as follows:

min  f(z)
v (4.1)
st. g(z) <0,h(x) =0,z € S,
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where S := |J R; is the union of finitely many subspaces which are orthogonal to
I€T,

each other. In fact, problem is a special case of MPDSC with [ = 1 and
®(x) = I(x) where I(z) is the identity mapping.

We consider a special case of . For a feasible point x* € R™ such that
|x*|lo = s, the point z* only locates in one specific subspace Ry (I € Z;). Therefore,
the following simpler reformulation without disjunctive subspaces structure is locally
equivalent to CCOP:

min  f(x)
v (4.2)
st g(e) < 0,h(x) = 0,2, = 0 (i € Io(a"))
where Iy(z*) := {i € {1,...,n}|zf = 0}. However, such reformulation does not apply

in the case ||[z*|lo < s. We follow the convention in [I5] and call problem (4.2)) the
tightened nonlinear program (TNLP) at z* for CCOP.

4.2 Stationarity conditions for CCOP

4.2.1 Disjunctive-type S-stationarity and M-stationarity for
CcCcoP

The following theorem is immediate from Theorems 3.5l In what follows, we use
the notation I (x) :={i € {1,...,n}|z; # 0} for a given vector x € R™.

Theorem 4.1. Let x* be a feasible point of program (4.1) and d € R™. Then, we

summarize various cones in two cases in Table [A.1].

Combining Definition and Theorem [£.1] now we discuss disjunctive-type S-
stationarity and M-stationarity for CCOP (4.1)). The multipliers AY and \* are same
as those in Definition [3.4 Now we focus on the discussion about multiplier A’.

e (Disjunctive-type S-stationarity for CCOP) Let A € Ng(z*). From Theorem
[4.3] we have

(al) if |a*]|o = s, then A/ =0, Vi € I(z*);
(a2) if ||z*||o < s, then M/ =0, Vi € {1,...,n}.
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Cones e (2*)| < s (or [Ix(z*) Uls(d)] <s) | [[x(2™)| = s (or [[+(z*) U LL(d)] = s)
Ts(x*) U R, Ry ()
Ii(w*)g'YEIs
Ns(z™) {0} Ri[(z*)
Ns(z*) U R# Rﬁ(m*)
I (x*)Cry€eTLs
NS($*, d) U R»JY- Rt:(a:*)UIi(d)
I (z*)UIL (d)CyeTs
Nrg (@ (d) {0} RY, ()urs (a)

Table 4.1: Various cones to set S in CCOP

e (Disjunctive-type M-stationarity for CCOP) Let Al € Ng(z*). From Theorem
4.1 we have

(b1) if [|z*]|o = s, then M =0, Vi € I.(z*);
(b2) if ||z*|lo < s, then A =0, Vi € I.(2*) and [|[M]|o < n —s.

Therefore, for any A € Ng(z*) we have

M =0,Vie€ I(z*) and |M]o<n—s.

By the discussion above, we have the following definitions.

Definition 4.1. (Disjunctive-type S-staionarity and M-stationarity) Let z* € R™ be
a feasible point of CCOP (4.1]).

(i) [28, Section 5.3] We say z* is a S-stationary point if there exists X = (A9, A", \)T
satisfying

+ ) NVgi(a*) + Z MW hy(x%) + Z e, =0,

zezgw) (4.3)
N >0,Vi e Z,(z"),
such that

(a) if ||z*lo = s, then Al =0, Vi € I.(x*);
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(b) if ||a*|lo < s, then X =0, Vi € {1,...,n}.

(i) We say x* is a M-stationary point if there exists X\ = (A9, \', \D)T' satisfying
(4.3) such that
M =0,Vi€ I(z*) and |M]o<n—s.

For the purpose of comparison, we present the definitions of S-stationarity and
M-stationarity obtained from the relaxed complementarity-type reformulation ((1.2)

as follows.

Definition 4.2. (Complementarity-type S-staionarity and M-stationarity) [14, Defin-
tion 4.6] Let (z*,y*) be a feasible point of the problem (1.2)).

(i) We say (x*,y*) is a S-stationary point if there exists X = (N, A\, X\T satisfying
(4.3) such that
AN =0, Vie Ly,

where Iy(y*) :={i € {1,...,n} |y =0}.

(i) We say (z*,y*) is a M-stationary point if there exists A = (A9, \', \\T satisfying
(4.3) such that
M =0, Vie L(z%).

Remark 4.1. From Definition we can see that (x*,y*) feasible for CCOP is
a complementarity-type M-stationary point if and only if x* is a KKT point of the
tightened nonlinear program (4.2)).

By comparing Definition [4.1| and Definition 4.2 we now reveal the relationship
between our disjunctive-type stationarities and complementarity-type ones. We would
like to point out here, Mehlitz was the first to show that S-staionarity from disjunctive
reformulation is more restrictive in some sense [28, Section 5.3], while the discussion

on different M-stationarities leave blank in his paper.

Theorem 4.2. Let z* be any feasible point for CCOP in the disjunctive form (4.1)).
We define y* € R™ as follows:

0, ifie l(z");
1, ifie Iy(z").
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Then, (x*,y*) is a feasible point of problem (1.2). Further, if x* is a disjunctive-type
S-stationarity or M-stationarity of problem (4.1)), then (z*,y*) is a complementarity-
type S-stationarity or M-stationarity of problem (1.2)).

Proof. We first show that (z*,y*) is feasible for problem (1.2)). The complementary
condition x;y; = 0,2 = 1,...,n is obvious from . Now we verify the condition
ey > n —s. Since ||z*|lo < s we have |I(z*)| < s, which implies |Ij(z*)| > n — s.
From ([4.4)), we know Io(z*) = I.(y*). Therefore, we have |I(y*)| > n — s hence
ey > n — s, which shows that (z*,y*) is feasible.

The implication from disjunctive-type M-stationarity to complementarity-type M-
stationarity is obvious. Now we focus on the implication of different S-stationarities.
Assume that z* is disjunctive-type S-stationary. If ||z*||¢ = s, disjunctive-type S-
stationarity and complementarity-type S-stationarity are the same since we have
I (x*) = Ip(y*). If||z*]|o < s, disjunctive-type S-stationarity must be complementarity-
type S-stationary since {1,...,n} 2 Iy(y*) always holds. Combing two cases we

discussed above, we complete the proof.
]

The reverse implication of above theorem do not hold when ||z*||o < s, that is, we
cannot say that z* is a disjunctive-type S-stationarity or M-stationarity of problem
if (z*,y*) is a complementarity-type S-stationarity or M-stationarity of problem
. Let us look at two examples.

Example 4.1. (S-stationarity) Consider the following cardinality constrained opti-

mization problem in R?:

min  f(x) =29 — 1
x

st g(x) =af + (23 = 1) =1 <0, [Jzflo < 1.

The unique global minimizer of this problem is z* = (0,0)T. Take y* = (1,0)T
feasible for the relaxed complementarity-type reformulation , now we show that
(z*,y*) is a complementarity-type S-stationarity. It is easy to see V f(x*) = (—=1,1)T,
Vg(z*) = (0,=2)T, e; = (1,0)T and e; = (0, 1)T. In this way, (4.3)) reduces to

o [-1 0
-1, )

0
-2

1
0

+ N AL+ A
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Hence we choose X = %, M =1 and A} = 0 such that Definition (i) holds at
(x*,y*). Therefore, (x*,y*) is S-stationary in the sense of complementarity.

However, x* is not a disjunctive-type S-stationarity. Since ||z*[o < 1 we have
M =0 and A} = 0 from Definition 4.1 (1). We do not have suitable 9 to satisfy
since the vectors V f(z*) = (—1,1)T and Vg(x*) = (0, —2)" are linearly independent,
which shows the desired conclusion.

Further, by Theorem (i), LICQ is violated at x* for this program. Now we ver-
ify this statement. By [28, Section 5.3], when we apply MPDSC-LICQ) (see Definition
to CCOP (1.1), it is equivalent to say the following vectors

{Vgi(2") biez, @) U{Vhi(z") }_) U {eiticro @) (4.5)

are linearly independent. However, in our example, the vectors {Vg(z*)}U{e1}U{es}

are linearly dependent, which means LIC(Q) does not hold at x*.

Example 4.2. (M-stationarity) Consider the following cardinality constrained opti-

mization problem in R?:

min  f(x) =29 — 1
x

st glx) =af +a5 <0, [zl < 1.

The only feasible point of this problem is x* = (0,0)T therefore the unique solution
must be x*. Take any feasible point y* for the relaxed complementarity-type refor-
mulation (1.2)), we show that (z*,y*) is a complementarity-type M-stationarity. It is
easy to see Vf(z*) = (=1,1)T, Vg(z*) = (0,0)7, e; = (1,0)" and ex = (0,1)T.In this
way, reduces to

0| 0

- )

Hence we choose A = 1, Xl =1 and M} = —1 such that Definition (ii) holds at

(x*,y*). Therefore, (x*,y*) is M-stationary in the sense of complementarity.

-1
1

1

0 + Al

+ M

However, x* is not a disjunctive-type M-stationarity. Since ||z*|lo < 1 we have
M =0 or ) =0 from Definition [4.1] (ii). We do not have suitable A to satisfy (4.3)),
which shows the desired conclusion.

Further, by Theorem (i), GGCQ is violated at x* for this program. Now we

verify this statement. On the one hand, it is easy to see F = {0} and x* = 0, hence
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N;(m*) = R?. On the other hand, by Definition we know the linearization cone
of this example takes the form

L (z*) = (R x {0}) U ({0} x R),

hence (L' (z*))° = {0}. Therefore, we conclude Nx(z*) # (L% (2*))° and GGCQ
fails to hold at x*.

4.2.2 Other stationarity conditions for CCOP

In this subsection, we will survey other stationarity conditions from MPDSC for
CCOP. Moreover, as we said at the end of Section we will discuss strong M-
stationarity (str. M-stationarity) and strong M-stationarity in the direction d (str.
M-stationarity (d)) for CCOP in details.

The following corollary which says that O-stationarity coincides with Q,/-stationarity
for CCOP is obvious from Theorem [3.8

Corollary 4.1. Let x* be feasible for CCOP (1.1). Suppose x* is Q-stationary,
then x* s also M-stationary. In other words, Q-stationarity coincides with Q-
stationarity for CCOP.

Applying Definition 3.6, we obtain AM-stationary condition for CCOP. Let z* € F
feasible for problem , AM-stationary condition for CCOP holds at z* if there exist
sequences {zF} C R", {e*} C R™, {(y9F, y™k y1*)} C R™ x RP x R with ¥ — 0,
% — a* (yok, y"* yI*) — 0 such that 2% — y'F € S and

VI +ZA9’“ng +ZWWL +Z)\““»— (4.6)

i=1 i=1

the multipliers {(AZ*, A¥) AIF)1 € R™ x RP x R should satisfy

A = 0,if gi(2®) — y?% < 0; A% > 0,if gi(2F) — y?F =0, (4.7)
AR = 0,if 28 — 4P £ 0 and [[MF]lg < n — s (4.8)
We now show that in fact the sequences {e*} and {y*} in (4.6 to (4.8) can be removed.

(a) Fori ¢ T,(z*), we have g;(z*) < 0 for k sufficiently large, hence g;(z*) —y?* < 0
for k sufficiently large. By |b we have limy_, min{)\f’k, —gi(z%)} = 0.
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(b) For i € Z,(z*), since min{\?*, —g;(2*)} < —g;(z*) and g;(z*) — 0, we also have
limy,_, 0o min{ \2*, —g;(z%)} = 0.

(c) For i € I.(x*), we have x} # 0, which implies z¥ # 0 for k sufficiently large.
Then, it follows that z¥ — yZI k£ 0 for k sufficiently large, hence we have )\Z»I k=0
and ||A*g < n — s from (4.8)).

By the above discussion, we obtain the following AM-stationarity for CCOP.

Definition 4.3. Let z* € F be feasible for CCOP (4.1). We say that x* is AM-
stationary for CCOP if and only if there exist sequences {x*} C R™ with limy o, 2% =
z* and multipliers {(AF, X'F XM} C R™ x RP x R™ such that

[

lim |V f (z Z)\nggz Z)\thh ZAI Feil| =0,

lim min{ A", —g;(z*)} = 0,

k—o0

AF =0, Vie I(z*) and |M*|g <n—s (k— o).

Remark 4.2. The above AM-stationary condition for CCOP from disjunctive sub-
spaces reformulation is sharper than that obtained from the relaxed complementarity-
type reformulation (see [24, Definition 3.1)) like M-stationarity. The only difference

between them is for the latter, the cardinality constraint | \*||o < n—s is not required.

The following definition and theorem about AM-regularity for CCOP are obvious
from Definition B.7 and Theorem [3.10l

Definition 4.4. Let z* € F. Define a set-valued mapping IC : R™ = R"™ by means of
m )\f >0, € Ig(x*)7

K(z) =< MVg(z +Z)\th )+ Y Mei| M=0i€l(z)
=1

= and [[M|lo <n —s.
We say that x* is AM-reqular if the following condition holds:

lim sup K(z) C K(z").

r—x*

Theorem 4.3. Let z* be a local minimizer of CCOP, then x* is AM-stationary.

Moreover, suppose that x* is AM-reqular. Then, x* is M-stationary.



52

We now apply Definition to CCOP (4.1) to discuss S-stationarity (d) and M-
stationarity (d) where d € C(z*). The multipliers A9 and A" are same as those in

Definition [3.91 Now we focus on the discussion about multiplier .

e (S-stationarity (d) for CCOP) Let X € NTS(x*)(d), from Theorem |4.1| we have

(al) if [IL(z*) U IL(d)| = s, then ] =0, Vi € I.(z*) U IL(d);
(a2) if [IL(z*) U IL(d)| < s, then A} =0, Vi € {1,...,n}.

e (M-stationarity (d) for CCOP) Let AT € Ng(z*;d), from Theorem {.1| we have

(b1) if |[Io(x*) U IL(d)] = s, then A =0, Vi € I.(2*) U I(d);
(b2) if [IL(z*)UIL(d)| < s, then Al =0, Vi € [.(z*)UI(d) and [[M]o < n—s.

Therefore, for A € Ng(z*;d) we have

M =0,Vic L(z*)Ul(d) and |Mo<n—s.

By the discussion above, we have the following definitions.

Definition 4.5. Let z* € R" be a feasible point of CCOP in the disjunctive form
(4.1) and d € C(x*).

(i) We say z* is S-stationary (d) if there exists X = (N, \N*, XI)T' satisfying
+ Y XNVgi(a*) + Z NIVh(z*) + Z Me; =0,
i€Zy(d) (49)
X >0,Vi e Z,(d),
such that

(a) if [Ie(z*)UIL(d)| = s, then Xl =0, Vi € Io(x*) U IL(d).
(b) if [Ie(z*) U IL(d)] < s, then X =0, Vi € {1,...,n}.

(i) We say x* is M-stationary (d) if there exists X\ = (AN, X', \D)T satisfying (4.9) .
such that
M =0,Vi€ l(z*)Ul(d) and |M]o <n—s.

The following theorem follows from Theorem [3.12] directly.
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Theorem 4.4. Let z* be a feasible point for CCOP (4.1) and d € C(z*). z* is M-
stationary if x* is M-stationary (d). Moreover, suppose the condition Z,(d) = Z,(x*)

holds, each S-stationary point x* is S-stationary (d).

The following theorems summarizing second-order necessary and sufficient condi-
tions for CCOP follows from Theorems directly. In what follows, we assume
all functions are twice continuously differentiable and denote the Lagrangian function
of CCOP in the disjunctive subspaces form by

L(z, N NN = flo) + (M, g(2)) + V" h(2)) + (M @),

Theorem 4.5. Let x* be a local minimizer of problem (4.1)). Assume that CCOP-
LICQ is valid at x*. Then, we have

d"V2L(x* NN A > 0, Vd € C(x),

where X\ = (N, N ADT s the uniquely determined S-stationary multiplier associated
with z*.
Conversely, let x* be an S-stationary point of problem (4.1)). Assume there exists

an S-stationary multiplier X\ = (N9, X" AT associated with x* such that
d"2L(x* NN Ad > 0, Vd € C(x%) \ {0}

holds. Then, there are constants € > 0 and C' > 0 such that the quadratic growth

condition s fulfilled at x*. In particular, x* is a strict local minimizer.

Theorem 4.6. Let z* be a local minimizer of problem and d € C(z*). Assume
M(x) := F(x) — A is metrically subregular in direction d at (z*,0), where F(x) :=
(9(x),h(x),I(z)) and A :== R™ x {0}? x S. Then, there exists an M-stationary (d)
multiplier X = (N, M, AT associated with x* such that the following second-order

condition holds:

d'N2L(z*, M, N A d > 0.

Theorem 4.7. Let x* be a feasible point of problem (4.1). Assume for every nonzero
critical direction 0 # d € C(x*) there exists an S-stationary (d) multiplier X =
(N, M NDT associated with x* such that

dTV2L(z*, NN AN > 0.
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Then, the quadratic growth condition is fulfilled at x*. In particular, * is a strict

local minimizer of problem (4.1)).

Theorem 4.8. Let x* be an extended M-stationary point of problem (4.1)). Assume

that for every nonzero critical direction 0 # d € C(x*) one has
d"V2L(x* NN A d > 0

for any M-stationary (d) multiplier X = (A9, \*, XD)T associated with x*. Then, the
quadratic growth condition is fulfilled at x*. In particular, x* is a strict local minimizer
of problem (4.1]).

In Gfrerer’s work [18], the author introduced strong M-stationarity (str. M-
stationarity) for MPEC to build a bridge between M-stationarity and S-stationarity.
In Liang and Ye’s work [25], they introduced strong M-stationarity in the direction d
(str. M-stationarity (d)) for MPSC to build a bridge between M-stationarity (d) and
S-stationarity (d). Similar to their work, we also propose strong M-stationarity and
strong M-stationarity (d) for CCOP. Moreover, we will discuss the relations among
these two new concepts and extended M-stationarity which is usually difficult to verify

in practice. We denote by r(z*) the rank of the family of gradients

{Vagi(x") Yiez, @) U{Vhi(z") }_y U{ei}ic@)-
Now we give the definition of strong M-stationarity for CCOP.

Definition 4.6. Assume that J, C Z,(x*) and J; C Iy(z*), a pair of index sets
(Jg. J1) is called a CCOP working set if

[ Jgl +p+|Ji] = r(z")
and the family of gradients
{Vagi(a®) bies, U{Vhi(a"}_y Udeities,

18 linearly independent.
We say z* is strongly M-stationary for CCOP, if there is a CCOP working set



5}

(Jy, Jr) together with a M-stationary multiplier X = (A9, \", \')T such that

M=0,Vie{l,....,m}\J, (4.10)
M=0Vic{l,...,n}\ J;. (4.11)

From the definition above, it follows immediately that a strong M-stationarity is
M-stationary. A natural question is under what conditions a S-stationarity is strongly
M-stationary. In the case of MPEC, the author showed that the implication holds
under the constraint qualification condition MPEC-LICQ [18, Theorem 4.4]. In the

case of CCOP, we also have the similar result.

Theorem 4.9. Let x* be S-stationary for CCOP in the disjunctive form (4.1)) and
assume that the constraint qualification CCOP-LICQ is fulfilled at z*. Then x* is
strongly M-stationary.

Proof. By , we can see that under the constraint qualification CCOP-LICQ, the
only working set for CCOP is (Jy, Jr) = (Z,(z*), Lo(z*)).

It follows immediately that z* is M-stationary since it is S-stationary. Assume
A= (N, A NDT s the corresponding M-stationary multiplier. Since the multiplier
A= (N, N AT satisfies A > 0, Vi € Z,(x*) and X = 0, Vi € Ii(z*) and [N ||y <
n — s, conditions and are fulfilled automatically. ]

Now we discuss the relationship between strong M-stationarity and extended M-
stationarity (see (iii) in Definition [3.8). In the MPEC case, Gfrerer showed that
extended M-stationarity implies strong M-stationarity for MPEC if there exists some
MPEC working set [I8, Theorem 4.3].

Let us consider the CCOP case, assume z* is extended M-stationary, hence M-
stationary (take the direction d = 0) and there exists some CCOP working set (.J,, Jy)
such that |J;| < n—s. From the definition of M-stationarity, it follows that —V f(z*)

can be represented as a linear combination of the following family of vectors

{vgi(x*>}i61g(:v*) U {Vhi(x*)}le U {ei}ielo(ﬂc*)‘

For every CCOP working set (J,, J;), we know from the definition of CCOP working
set that —V f(2*) can be represented as a unique linear combination of the following

family of vectors
{Vgi(z") bies, U {Vhi(a") }iy U{eitie;-
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We denote this unique multiplier by A(J) := (A, A", AX[)T. Tt is obvious that con-
ditions (4.10) and (4.11)) are fulfilled. We have |[M|lo < n — s from |J;] < n — s,
which implies that A\(J) = (A, M, A1) is a M-stationary multiplier. Therefore, z* is

strongly M-stationary. In this way, we obtain the following theorem.

Theorem 4.10. Let x* be extended M-stationary for CCOP in the disjunctive form
(4.1). Suppose that there exists some CCOP working set (J,, Jr) such that |J;| < n—s.

Then x* is strongly M-stationary.

We also propose the concept of CCOP working set in the direction d as follows.
We denote by r(z*;d) the rank of the following family of gradients

{Vgi(2") biez, @ U{Vhi(2") }ioy U {eibien @ )nio(a)-

Now we introduce the definition of strong M-stationarity in the direction d (str. M-

stationarity (d)) for CCOP and present corresponding theorems.

Definition 4.7. Assume that J,(d) C Z,(d) and Ji(d) C Io(z*) N Io(d), a pair of
index sets (J,(d), Ji(d)) is called a CCOP working set in the direction d if

| Jo(d)| +p + |Ji(d)] = r(z*; d)
and the family of gradients
{Vai(z) biesy @) U {Vhi(z") -1 U{eitier )

18 linearly independent.

We say x* is strongly M-stationary in the direction d for CCOP, if there is a CCOP
working set in the direction d, that is (J4(d), Ji(d)) together with a M-stationary (d)
multiplier X = (AN, N XD)T such that

No=0,Vie{l,...,m}\ J,(d), (4.12)
M=0,Vie{l,....,n}\ Ji(d). (4.13)

Before presenting corresponding theorems, let us introduce CCOP-LICQ (d) as
follows. Let x* be a feasible point, we say CCOP-LICQ (d) holds at z* if the following
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family of vectors
{Vgi(2") Yiez, @) U {Vhi(z") }y Ud{leitier@)ni (4.14)

is linearly independent.

Theorem 4.11. Let x* be S-stationary (d) for CCOP in the disjunctive form (4.1)
and assume that the constraint qualification CCOP-LICQ (d) is fulfilled at x*. Then
x* is strongly M-stationary (d).

Proof. The proof is very similar to that of Theorem . By , we can see under
CCOP-LICQ (d), the only working set in the direction d for CCOP is (Jy(d), J;(d)) =
(T, (), To(w*) 1 Io(d)).

It follows immediately that x* is M-stationary (d) since it is S-stationary (d).
Assume X = (M9, A", M) is the corresponding M-stationary (d) multiplier. Since the
multiplier A = (A9, A", \T) satisfies \Y > 0, Vi € Z,(d) and X} =0, Vi € I (z*) U I(d)
and [|[Af]|o < n — s, conditions and are fulfilled automatically. O

Theorem 4.12. Let x* be extended M-stationary for CCOP in the disjunctive form
(4.1). Suppose that there exists some CCOP working set in the direction d (J,(d), Ji(d))
such that |Jr(d)] < n —s. Then z* is strongly M-stationary (d).

Proof. The proof is very similar to that of Theorem [4.10f The feasible point x*
is M-stationary (d) since it is extended M-stationary. From the definition of M-
stationarity (d), it follows that —V f(z*) can be represented as a linear combination

of the following family of vectors

{Vgi(if*)}iezg(d) U {Vhi(x*)}le U {ei}ielo(x*)ﬂlo(d)-

For every CCOP working set in the direction d, that is (J,(d), J;(d)), we know from
the definition that —V f(z*) can be represented as a unique linear combination of the

following family of vectors

{Vgi(2") Yics @ U{Vhi(x™) F) Ud{eitics (a)-

We denote this unique multiplier by A(J;d) := (A9, A", A). It is obvious that con-
ditions and are fulfilled. We have ||M|lp < n — s by noting that
|Jr(d)| < n — s, which implies that A\(J;d) = (M, \*, \]) is a M-stationary (d) multi-
plier. Therefore, z* is strongly M-stationary (d). O
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Figure 4.1: Relations among disjunctive-type stationarity conditions for CCOP

We conclude Section 4.2 with Figure [d.T]summarizing the relations among disjunctive-

type stationarity conditions for CCOP we discussed above.

4.3 Disjunctive-type constraint qualifications for

CCOP

In this section, we will show our disjunctive-type constraint qualifications for CCOP

are weaker than complementarity-type ones. The following two corollaries are obvious
from Corollary [3.1] since MPDSC includes MPSC and CCOP as special cases.

Corollary 4.2. For mathematical programs with switching constraints (MPSC), their
constraint qualifications CRCQ, RCRCQ, CPLD, ERCPLD, and RCPLD coincide

with their piecewise versions, respectively.

Corollary 4.3. For cardinality constrained optimization problems (CCOP), their
constraint qualifications CRCQ, RCRC(Q), CPLD, ERCPLD, and RCPLD coincide

with their piecewise versions, respectively.
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Now let us write down disjunctive-type constraint qualifications for CCOP in more

specific forms. Let * be feasible for CCOP (|1.1)). Take CCOP-RCPLD for example,
by Lemma [3.2| for ! € Ng(2*) and the generator A, there exists I € Z, such that

A C Ag,(2),0 # N € G(A) C G(Ag, (2%)).
Since Ng,(7*) = Ry and Ii(z*) C I € Z,, we have
Ag, (") ={e; | i € K such that K C Ij(z*) and |K| <n — s}.
By noting the condition 0 # M\ € G(A), we can take generator A as

A={e;|i € K such that I.(\) C K C Iy(z*) and |K| < n — s}.

If X' =0, we have A = () hence K = ().

We need to emphasize here, we will obtain the condition L C {1} if we apply
constraint qualifications tailored for MPDSC (see Definition to CCOP in the
disjunctive form . In fact, the case L = () is the same as the case A = 0, at this
time we have A = () and constraint qualfications for CCOP will deduce to those for

the standard nonlinear program (2.1). Now let us look at the following definition.
Note that we have discussed the constraint qualification CCOP-LICQ in (4.5)).

Definition 4.8. (Disjunctive-type constraint qualifications for CCOP) Let x* be fea-
sible for CCOP (L.1)). We say that x* satisfies

1. CCOP-LICQ if the following vectors
{Vgi(x") biez, @) U {Vhi(z") Yoy Udeidier @)

15 linearly independent.

2. CCOP-WLICQ if there is no nonzero vector A = (A, \*, A\[)T € R™ x R™ x R
with Al = 0,Vi € I.(z*) and ||M|lo <n — s such that

0= ) MVg(")+ Z ANV R (%) + Z Me;.

1€Ly(x*)

3. CCOP-GMFCQ if there is no nonzero vector A = (A9, \", \[)T € R™ x R" x R
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such that

= > NVg)+ Z A by (2%) + Z Ne;,

€Ly (x*)

M >0,i€TZ,(z%), N\l =0,Vie€l(x*) and ||N]o<n—s.

4. CCOP-CRCQ if for every index sets I C T, (x*), J C {1,...,p} and A # 0
satisfying \F = 0,Vi € Ii(x*) and ||\ |l < n — s, then the set of vectors

{Vg(@") ier U{VR(x") }ics U {eitiek

and the set of vectors

{Vg(a")bier U{VA(2") bics U{eitiex

have the same rank for all sequences {x*} satisfying z* — x*, 2% # 2% as

k — oo, where I.(M) C K C Iy(x*) such that |K| <n —s. In the case N =0,

K s taken as an empty set above.
5. CCOP-RCRCQ if the index set J is taken as {1,...,p} in CCOP-CRCQ.

6. CCOP-CPLD if there exists index sets I C T,(xz*), J C {1,...,p}, a nonzero
vector A\ = (N, NP ADT € R™ x R* x R™ with \Y > 0,i € I and M # 0 satisfying
M =0,Vi € I.(z*) and |N|lo < n — s such that

0= MNVag(z")+ Y AN'Vh(z") + Z Me,
iel ieJ

then the set of vectors

{Vg(a*) Yier U{VA(z") }ics U {eitier

is linearly dependent for all sequences {x*} satisfying z* — x*, 2% # 2* as

k — oo, where I.(N) C K C Iy(z*) such that |K| < n—s. In the case N =0,

K is taken as an empty set above.
7. CCOP-ERCPLD if the following conditions hold.

(i) The vectors {Vh;(x)},_, have the same rank for all x € B.(z*);
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(i) Let J C {1,...,p} be such that the set of vectors {Vh;(x*)}ics is a basis
for span{Vh;(z*)}._,. If there exists an index set I C T, (x*) and \' # 0
satisfying N = 0,Vi € I.(z*) and ||\ |lo < n—s such that the set of vectors

{Vgi(x™) }Yier U {{th‘(x*)}iej U {ei}ieK}

18 positive linearly dependent, then the set of vectors
{Vgi(z") }ier U{Vhi(a") }ics U {eitiex

is linearly dependent for all sequences {x*} satisfying 2% — x*, 2% # 2* as
k — oo, where I+(\') C K C Iy(z*) such that |K| < n —s. In the case

M =0, K is taken as an empty set above.
8. CCOP-RCPLD if the following conditions hold.

(i) The vectors {Vh;(x)}._, have the same rank for all x € B.(z*);
(i) Let J C {1,...,p} be such that the set of vectors {Vh;(x*)}ics is a basis

for span{Vh;(z*)}._,. If there exist an index set I C Z,(x*), a nonzero
vector X = (M, AN ADT € R™ x R™ x R™ with A > 0,i € I and X # 0
satisfying X = 0,Vi € Ii(x*) and || N |lo < n — s such that

0= Z NV gi(x™) + Z ANV hi(z*) + i Nei,
i=1

el ieJ

then the set of vectors

{Vgi(2*) Yier U{VRi(2") }ies U {ei biek

is linearly dependent for all sequences {x*} satisfying % — x*, 2% # 2* as
k — oo, where IL(N) C K C Iy(x*) such that |K| < n —s. In the case

M =0, K is taken as an empty set above.

In Cervinka et al. [I5], the authors say that a feasible point (z*,*) for the
relaxed complementarity-type reformulation satisfies a constraint qualification
if o* satisfies the corresponding constraint qualification for the tightened nonlinear
problem , which implies that constraint qualifications only depends on x* not on

the pair (z*,y*). Therefore, we have the following definition.
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Definition 4.9. (Relaxed constraint qualifications for CCOP) Let x* be feasible for
CCOP (L.1). We say that x* satisfies

1. relaxed-MFCQ [I5], Definition 3.11] if the set of vectors

V(@) biez,m) U {{Th:(a") oy U {eibietoior) }
18 positive linearly independent;

2. relaxed-CRCQ [I5, Definition 3.11] if for every index sets I C Z,(x*), J C
{1,...,p} and K C Iy(x*) such that the set of vectors

{Vai(z") bier U{Vhi(z") bies U {ei}ier
and the set of vectors
{Vgi(2") }ier U{VRi (") }ics U {eiick

have the same rank for all sequences {x*} satisfying x* — x*, 2% # x* as k —

00,
3. relaxed-RCRCQ if the index set J is taken as {1,...,p} in relaxed-CRCQ);

4. relaxed-CPLD [15, Definition 3.11] if there exists index sets I C I,(z*), J C
{1,...,p} and K C Iy(x*) such that the set of vectors

{Vgi(a")Yier U {{Vhi(a")bies U{eiiex |

is positive linearly dependent, then the set of vectors

{Vgi(@") bicr U{VRi(a") }ics U{eibick

is linearly dependent for all sequences {x*} satisfying x* — x* 2% # z* as

k — oo,
5. relaxed-RCPLD if the following conditions hold.

(i) The vectors {Vh;(z)},_, have the same rank for all x € B.(x*);
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(i) Let J C {1,...,p} be such that the set of vectors {Vh;(x*)}ics is a basis
for span{Vh;(z*)}?_,. If there exists index sets I C T,(x*), J C{1,...,p}
and K C Iy(x*) such that the set of vectors

{Vgi(x™) }ier U {{th‘(x*)}iej U {ei}ieK}

18 positive linearly dependent, then the set of vectors
{Vgi(a") }ier U{Vhi(a") }ics U {eiiex

is linearly dependent for all sequences {x*} satisfying x* — x*, 2% # x* as
k — oo;

By noting the difference of index sets K in the disjunctive-type constraint quali-

fications and the relaxed ones, we have the following theorem.
Theorem 4.13. Let x* be any feasible point for CCOP (1.1)). Then,

(i) If ||l=*|lo = s, disjunctive-type constraint qualifications such as CRCQ, RCRCQ,
CPLD and RCPLD from the disjunctive subspaces reformulation (4.1)) coincide
with the relazed ones in Definition 4.9

(ii) If [|z*]|o < s, disjunctive-type constraint qualifications such as CRCQ, RCRCQ,
CPLD and RCPLD from the disjunctive subspaces reformulation (4.1) are weaker
than the relazed ones in Definition [4.9]

We also conclude this section with Figure 4.2] summarizing the relations among
disjunctive-type constraint qualifications for CCOP we discussed above. Again, we
can see from the diagram many constraint qualifications such as CRCQ, RCRCQ),
CPLD, ERCPLD, and RCPLD coincide with their piecewise versions for CCOP, re-

spectively.
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] CCOP-GMFCQ \

] CCOP-CRCQ \

CCOP-LICQ
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/
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/
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Figure 4.2: Relations among disjunctive-type constraint qualifications for CCOP
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5 Conclusions and Future Work

In this thesis, we survey disjunctive-type optimality conditions for cardinality con-
strained optimization problems by reformulating them as mathematical programs
with disjunctive subspaces constraints. In particular, we recover disjunctive-type S-
stationarity and M-stationarity for CCOP, and then reveal the relationship between
them and complementarity-type ones. We also show that CRCQ, RCRCQ, CPLD,
ERCPLD, and RCPLD coincide with their piecewise versions for MPDSC, respec-
tively. Based on this result, we prove that RCPLD is a sufficient condition for error
bounds for MPDSC, which also holds for CCOP.

At the end of this thesis, we briefly talk about our future research. Directional
variational analysis provide an intriguing area in optimization, and many directional
optimality conditions keep emerging in recent papers. In our future work, we will try
to use the tools from directional variational analysis to derive directional constraint
qualifications for MPDC.
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