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ABSTRACT 

Supervisor: Dr . Regina ld M. Cl ement s 

A method of utilizing a planar geometry probe to measure flow 

properties of a plasma has been developed. No previous work exists 

in the literature on using a Lan~nuir probe to examine the viscous 

boundary l ayer around the probe . The technique involves applying 

a step voltage to a flat plate probe in a flowing continuum pl asma 

and observing the relaxation of the ion current to flush probes 

mounted in the plate . The time i t takes to relax t o a new equi librium 

ion current equals . the f lo~ t ime along the ion sheath edge from th e 

fl at plate's leading edge to the flush probe . 

A s implified theory was deve l oped to predict the relaxation 

phenomenon for the flat plate ion current when the ion sheath edge 

was outside the viscous boundary l ayer. The purpose of this theory 

was primari ly to explain the ion curren t signal which was used in 

the relaxation measurements. The success of the mode l was evidenced 

by agreement (within 25%) between th eory and experiment when me asur i ng 

the amplitude of the ion curren t spike that resu l ted fro!ll the voltage 

step . 

A rigourous theory proposed in this t hesis, gave numer i cal 

results for t he ion heath t hicknes s as a fun ct i on of pl3te voltage 

when the ion sheath edge is inside the hy r odynami c boundary layer . 

This theory was based on Stahl and Su's t echn ique of mate i ng the 

quasineutral solution t o the ion sh eat h solution of the equations 
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governing the plasma behaviour around t he flat plate . There is no 

earlier model for the ion sheath completely inside t he viscous boundary 

layer when ion convection i s an i mportant transport mechanism . This 

new model allowed the step voltage method to be used in measuring flow 

times in the viscous boundary l ayer which were then compared to an 
--

approximate fluid model calculated using Von Karman 's momentum integral. 

Agreement to within 10% between the flush probe relaxation times and 

the fluid approximation was observed . It i s felt that this new 

method of plasma flow measurements is amenable to further development 

as a general diagnostic t echni que in fl owing plasma studies . 

Signed 
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CH.APTER 1 

INTRODUCTION 

The first major advances in the use of probes in plasma diagnostics 

can be attributed to Langmuir in 1924 during his studies of ele~trical 

conduction in low-pressure gas discharges . Probes have since been 

used to measure ion and electron densities and temperatures in ionized 

media which include electric discharges (Langmuir, 1924), re-entry 

vehicle flow fields (Sonin , 1967), ionizing shock waves (Burke, 1968) , 

flames (Clements and Smy , 1969) and MHD flows (reviewed by Self and 

Kruger, 1977). The method of using the electric probe is to insert 

one or more metallic electrodes in the plasma and to connect the 

electrodes to a voltage supply . The probes current-voltage charac ­

teristic may then reveal properties of the p l asma . In the single 

probe configuration, there is one electrode and the return path for 

the current is some conducting wall in good electrical contact with 

the plasma (for examp le, one en d of a gas discharge tube or the burner 

1 

for a flame plasma) . The double probe normally consists of two electrodes, 

usually of equal area and the current characteristics are measured . 

These two basic probe configurations are illustrated in Fig. 1.1. 

Probes can be op er ated in differ ent pl a sma reg i mes wh ere certain 

parameters characterize the system and may lead to simplification 

of the theory. When A « 7,, where 7,, is a probe reference length 

and A is the smallest mean free path of particles in the pl a sma, 

the probe is in the continuum regime . In this case, a plasma particle 
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(Dotted lines around the probes indicate regions of dis t urbed plasma) 



suffers many collisions when moving one characteristic length . Other­

wise, the probe is said to be operating i n the collisionless regime . 

Throughout this thes is only collisional plasmas wil l be examined . 

Another par ameter which is particu l arly importan t is the dimensionl ess 

U0 is the plasma flow speed far from the 

probe and D+o is the i on diffusion coefficient where subscript 11 0 11 

indicates the va lue in the undisturbe d plasma . Re is the Electric 

Reynolds number and indicates the re l ative impor t ance of ion convection 

to ion diffusion in the pl asma; Re ➔ 0 as diffusion dominates while 

Re ➔ 00 as convection becomes the important ion transport mechanism . 

When Re> l the plasma is said t o be flowing . The probe studie s 

in this thesis wi l l be for a probe in a weak l y ioni zed flowing plasma 

operating in a continuum regime . . 

Nondimensionalizing Poisson 1 s equation reveals one other important 

parameter . With the Debye length (k = Boltz-

mann constant ; Ea = permit tivity of free space ; e = electronic charge ; 

-
N0 = charged particle densi ty; T_0 = mean temperature of the electrons) 

and Xp = eVp/kT _0 (Vp a typical probe voltage) , the dimensionless 

Poisson 1 s equation is 

is the dimensionless Laplacian operator and 

a= + or - Poisson 1 s equation is singular as xp(AvflJ 2 ➔ 0 an d 

the ion and electron densities are equal except for a thin layer close 

to the probe where only ions are present. Since the Debye length 

is a measure of the range of influence of a charged partic le (Krall 

3 



and Trivelpiece. 1974), the singularity as xpO../lJ 2 vanishes can 

be interpreted as saying that the particle weakly interacts over a 

probe dimension and s o the plasma disturbance is confined to being very 

close to the probe . In the limit as xp(ArJl) 2 ➔ 00 , the ion and 

electron densities are negligible and allows for an ion sheath to --
extend over the whole region of interest . For xp(ArJl) 2 > 1 , the 

sheath is said to be thick . 

The experimental arrangement for making the probe measurement s 

is often very simple but the problem arises that the plasma is disturbed 

by the probe ' s presence . Away from the probe, the plasma is quasi­

neutral, that is, there are equal numbers of electrons and ions in the 

plasma though their density may be less than the fr eestream density . 

Close to the probe, the ion and electron conc entr ations may di ffer 

greatly. In the quasineutral region, only a weak electri c field exists 

and the voltage drop over the region is characteristically kf /e 
- 0 

The me ch anism of ion and e lectron motion in the quas ineutral r egion is 

4 

ambipolar diffusion and possibly bulk pl asma motion . In the usual 

exper imental s i tuat i on f or the single probe, the probe is biased negatively 

wi th respec t to th e pl asma and the regjon c losest to the probe has 

a much higher conc entrat i on of ions than electrons . Large electric 

f ie lds can result i n this i on sheath and i on mobility domina t e s as 

th e t ran sport method unl ess IV I < !VI < IV I plasma F (VF is the 

pl asma float i ng potential) and ion diffusion may be s ignificant (see 

Fig . 1.2) . 

In an experiment wi th a probe, the cur rent of both ions an d e lectrons 

will contribute to th e net current . The measured current as a function 
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of vo ltage applied to the single probe is simi l ar t o that i l lustrated 

in Fig . 1. 2 . Three points are of specia l i nteres t in Fig . 1 . 2. First 

is the floating potential , VF which an isolated probe wi ll assume 

when immersed in the plasma . At t his potential, the ne t current t o 

the probe is zero . Secondly, there is the plasma potentia l , V 
plasma --

where an ob ject does not electr ically distur b t he p lasma . Electrons 

are lighter and more mobile than the ions i n a plasma s o i f the two 

particles are at equa l temperatures, the thermal electron flux through 

a given surface wi ll be much larger than the therma l ion f lux . At 
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plasma potential then, the net current to a conductor is electron current . 

Final l y from Fig . 1. 2 , i f a probe is biased sufficiently negative, 

the e l ectron current wi ll become neg l igible compared to the ion current 

and the ion collection will be limited by the ions ' mobility and 

diffusivity. This region of the probe current -vo l tage characteristic 

where the electron current is very smal l is ca l led the ion saturation 

region. Electron saturation of a sing le probe is difficu l t to attain 

because the electrons are very mobile and l arge perturbations of the 

plasma are likely before electron saturation occurs (i. e., the electrons 

may be l arge ly depleted by high electron currents to the probe before 

the ion current is negligible) . 

After Langmuir and Mott-Smith (1926) studied electric probes in 

collisionless plasmas, probab ly the most significant result in probe 

theory was the continuum plasma model as elucidated by Su and Lam 

(1963) for quiescent p]asma (R < 1) 
e 

It was soon rea lized though 

that the flowing plasma is the more common experimental continuum 

plasma simply from t he methods of plasma generation. Examples of 



flowing plasmas are Ml-ID flows , flames , and argon arcs with respective 

-1 - 1 -1 
flow speeds of 100 ms , 5 m s and 30 ms (Cl ements et al ., 

1972) . Lam (1964) studied the incompressible flow continuum plasma 

and s oon afterward 3u (1965) extended the study to compressible flow. 

These l as t two studies were limited t o ~(ArJlJ 2 ~~ 1 when the ion 

sheath is very thin. Stah l and Su (1971) obtained detailed c~rrent­

voltage characteristics for flush mounted , highl y negative probes wi th 

a thick one dimensional sheath. Dukowicz (1969 , 1970) numerically 

sol ved t he two dimensional Poisson ' s equation for highly negative 

probe potentials using flat plate and cone geometries . 

There are four equations common to these previously mentioned 

probe theories though simp l ified conditions may reduce this number . 

First, there are the ion and electron conservation equations which 

accoun t for charge species conservation and include production, re­

combination, convection, diffusion and mobility . i,~1en the electron 

and ion t emperatures are not equal, the electron energy equation is 

tequired . Most theories do not involve th emselves with the electron 

energy equation except when T /T = a constant 
- + 

and when T /T = 1 
- + 

thus the electron energy equation can be deleted . Finally, Poisson ' s 

equation must be satisfied. Together, these four equations are a set 

of elliptic equations which cannot be solved ana lytically except in 

simplified cases . A good review of the different approximate method s 

is given by Chung et al . (1975) . 

The most thorough study to date of the two dimens ional plasma 

flow over a negatively biased flat plate has been done numerical ly 

by Russo and Touryan (1972) where they allowed for variable ion and 

7 



electron transport properties, nonequilibrium -chemistry and differing 

ion and electron temperatures . Notable from Russo and Touryan 's 

work is that they substantiated previous authors ' analytical approx­

imate methods of so lv ing parti cular problems. Good agreement was foun d 

between Russo and Touryan ' s results and those of Stahl an d Su (1971) . 

Stahl and Su's me thod is extended i n this thesis to include variable 

ion transpor t properties and nonequilibrium chemistry. Russo and 

Touryan concluded that the transport properties are crucial for the 

i on density profile and consequently the ion current densi ty to the 

probe . For example, in the case of a coo l ed probe, an unexpected rise 

in the ion density near the sheath before going to zero at the probe 

surface was calculated . This phenomenon resulted from the decreased 

ion mobility and the re l iance upon diffusion to maintain current 

continuity through the sheath. Rus s o and Touryan ' s work c l early pointed 

out that changing t ransport properties and the plasma nonequilibrium 

mus t be accounted for in every model attempting to describe the sheath 

structur e an d probe current-voltage characteristics. 

In the approximate methods, one serious effort to account for ion 

and e lectron production inside the ion sheath was done by DeBoer et a l. 

(1969) where convection brought ions to the ion sheath and they were 

collec t ed by the probe through ion mobility i nside the sheath. Though 

production was accounted for, the mode l ,-1as simplified by having an 

i on sheath that was thick compared to the viscous boundary layer and 

production was constan t . A correction f or viscous boundary layer 

effects was done by Johnson and DeBoer (1973) who allowed the ion 

mobility aroun d a cooled flat plate to decrease following Langevin ' s 

8 



theory (see Loeb , 1961). The poin t that arise~ is that th e mode ls 

of the ion collection characteristics are either for the th ick ion 

sheath extending into the freestream plasma flow so that the quasi ­

neutral pl asma is unaffected by the viscous boundary layer (DeBo er, 

1973) or alternatively, the ion sheath is thin so that it is inside 

9 

the viscous boundary l ayer and either convection or diffusion.is corrected 

i n the ion transpor t to the probe (Lam, 1964; Su, 1965 ; Stahl and 

Su, 1971) . lfuen the ion sheath is slightly thinner than the viscous 

boundary layer, a correction is required for the convection of the 

ions to the ion sheath edge , ambipo lar diffusion in the quasineutra l 

region and ion mobility in the ion sheath . A gap i n the approximate 

methods exists for th is case of probe operati on and will be filled 

by the theory in this thesi s . 

For the thick ion sheath a t l arge potentials, a very useful 

approximate method had been developed by DeBoer (1968) and Clements 

and Smy (1970) where th e ion flux convected to the sheath edge is 

equated to the space charge ion flux inside the sheath (see Cobine , 

1958) . o corrections for a viscous boundary layer are made nor are 

nonequilibr ium chemistry effects consid ered . These corrections are 

not important when the ion sheath is very much thicker than the viscous 

boundary layer . This mode l also ignores the ambipolar diffusion in 

the thin quas ineutral region. The value of the model is that it 

successfully predicts the current density to a planar probe operated 

in t he thick sheath mode when convection dominates outside the sheath 

and provides a compari son for the more detailed models mentioned 

earl ier . 
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Few flowing plasma mode l s extend beyond a steady bias applied 

to the probe . Cl ements and Smy ' s (197 0) mode l is amenable t o a . c . 

transient response studies of the sheath edge motion (Smy , 1976) . 

This possibility will be explored i n t he theory to develop a fir st 

order approximation to relaxation phenomena f or the p;ranar probe . 

--
Of the recent investigations of Langmuir probe responses t o oltage 

transients, most were studying the current spike to a probe for a very 

large negative going voltage step. Thomas (1969) experiment ed with 

a cy l i ndrica l probe aligned perpendicular to the flame flow of a 

10 

CsCl seeded Meker burner . By switching the probe from floating potent ial 

to - 90 V, Thomas observed a current spike which relaxed i n 1 ms for 

- 1 
a 1 mm diameter probe and flow speed of 3 ms Subsequent ly, Clements 

and Smy (1970) confirmed Thomas ' observations but extended the work 

to include a wide range of ion densities (10 15 

voltages (10 - 400 V) and flow velocitie s (5 -

18 -3 - 10 m ), probe 

-1 40 ms ) . Cl ements 

and Smy also offered a theory based on the space charge equation for 

a collision dominated plasma with 

is the ion mobility and 1' 
s 

µ V Ir >> d.r> Id~>> U 
+op s s o 

,here 

is the sheath thickness. These 

bounds on the sheath expansi on ve locity are limiting it to be l arge r 

than the plasma flow speed and smaller than the field impelled ion 

velocity inside th e sheath . If dr l dt > µ V Ir 
s +o p s 

then the ion transit 

time through the ion sheath must be considered (Rosa, 1971). The ne t 

current to the probe is equal to the charge uncovered by the expanding 

sheath as the electrons recede from the probe . Cl ements and Smy 

(1971) extend their cylindrica l probe study to spherical geometry and 

predict a --½ t response (t is time) in the current spike . Oliver 
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and Cl ements (1975) s l ight l y modify t he theory of Clements and Smy 

(1971) to include the trailing edge of the spike where dr /dt < U 
S 0 

Clements and Smy (1971) showed that for high sheath expansion 

velocities and R << r the ion current to a spherical probe pulsed 
s 

from floating potential to a negative voltage V behaved as 
p --

I is the probe current and R is the probe radius . Thus by ob-
s 

serving the time dependent behaviour of the sphere ' s current , i t i s 

possible to deduce the ion density of a flowing plasma without any 

concern f or t he ~l asma flow speed. However, this and other work wi th 

the pul sed probe do not render the most information this technique has 

to offer. Both the probe geometry and probe bias conditions of Clements 

and Smy and other work~~s ~ limited the pulsed probe method . By using 

cylindrical probe s, the sheath expansion time can be recorded, but 

unless a second search probe is used to detect this sheath edge (Oliver 

and Clements, 1975) only an estimate of the sheath expansion speed 

can be made . By using a flat pJate aligned parallel to the plasma 

flow, a different rel axation of the probe current occurs for a sma ll 

change in the voltage . Here , it is conceivable that the ion sheath 

edge motion resulting from the vo]tage change can be slower than the 

flow velocity and the ion transit speed through the sheath , i.e. 

µ V /Y >> U >> dY / dt where Y is the sheath thickness around 
+op s a s s 

the probe . The purpose of this operation is to have the fJow speed 

dictate the relaxation time at any point do¼~stream from the plate ' s 

leading edge . The change of the plasma characteristics due to the 

11 



voltage step , are swept by the neutral gas flow past a given point 

an d detected as a change of the probe ' s current . l\~1en the sheath 

edge extends beyond any viscous or thermal boundary layer surrounding 

the plate, the relaxation time is not related to the sheath thi cknes s 

as in the case of a porous flat plate aligned perpendicular to the 

plasma flow (Noor et al ., 1977) . Ion convection speeds to the- ion 

sheath edge decrease if the probe bias conditions are such that the 

ion sheath is completely inside the viscous boundary layer . The result 

wou ld be an increased relaxation time as the flow time to a point 

downstream is longer than in the freestream plasma. This possibility 

will be examined in this thesis and yields an electrical method of 

studying the hydrodynamic boundary layer around a flat plate i n a 

weakly ionized flowing gas . 

The remaining chapters of this thesis will concentrate on two 

problems mentioned here . First the general behaviour of the pulsed 

probe ion current will be derived in section 2.3. Following this der­

ivation, the d . c . behaviour of the flat plate probe with the ion sheath 

edge inside the viscous boundary layer is examined . The purpose of 

the d.c. study is to predict the probe curren t relaxation time for 

a given voltage step in the probe ' s potential . The relaxation time 

can be calculated from the flow speed at the final position of the ion 

sheath edge. Chapter 3 outlines the e:xperiments which were performed 

and Chapter 4 summarizes and comments on the results of the experiments. 

Conclusions on this work and suggestions of possible future lines of 

~ research are in Chapter 5. Dimensional quantities are in SI units 

unless noted otherwise. 

12 



CHAPTER 2 

THEORY 

2.1 . General Di scussion 
--

It is of fundamental importance to understand wha t mechanisms 

are responsible for the ion and electron motion in the plasma surround­

ing a probe. There are three mechanisms of interest here. First , 

there is diffusion where a gradient in the ion or electron density 

results in diffusion of particles from regions of high density to 

those of low density . Secondly, there is charged particle mobility 

in any electric fields around the probe . Finally, if the plasma is 

flowing, convection of ions and electrons may be important . Lam 

(1964) considered plasma flow velocity and derived the following 

equation describing the ion density around an ion collecting flat 

~ ~ 
plate probe (T+ = T_) 

[v°n + + vR 
ax e 

an+] 
az; 

(2.1.1) 

X and Y are directions parallel and perpendicular to the probe and 

U and v are the corresponding particle speeds . a= ArJl 
1a 

z; = YR 2 

e 
x = eV/kT 

- 0 
The first term on the left side of Eq . 

(2 .1 .1) represents ion diffusion, the second term, ion convection and 

the right hand side is ion mobility . The order of the three terms 

are 0(1/z; 2 ) 0(1) , and Clements and Smy (1970) 

have shown for R a 2 x2 « 1 , the right hand side of Eq. (2 .1.1) 
e 

13 
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may be neglected and the plasma around the probe is diffusion <lorn-

inated with convection supplying the ions to the diffusion layer ad­

jacent to the probe . ¼~en R a 2x2 >> 1 
e 

, the first term on the left 

hand side of Eq. (2.1 . 1) is small and in this case convection supp lies 

the ions to the ion sheath which are t hen moved to the probe by mobility --
i n an electric fie ld. Cl ements and Srny (1971) go further to show that 

for a flush mounted probe on a flat plate, the mobility effects dominate 

when R a 2x2 > (b/7,) 2 where b is the flush probe doimstrearn length. 
e 

For R a 2x2 
'v 1 

e 
both diffusion and convection must be considered 

significant. In this case, the plasma around the probe may be divided 

into two regions . . One region is closest to the probe where mobi lity 

is still dominant, and just outside this ion mobility region, diffusion 

and convection dominate in the ion transport. In this thesis, the case 

of R a 2x2 << 1 will not be studied , but rather , moderate probe 
e 

potential s are studied where x is large enough for mobility to be 

a contro ll ing mechanism in the ion collection . The motivation for 

a large x is more than just to ensure that the ions are t ransported 

by their mobility when close to the probe . If x is small, then the 

electron flux will be significant in the net current collection which 

is undesirable since relaxation times are being studied . The electrons 

come to equilibrium after a change of the probe voltage in a t ime 

much shorter than the times associated with any convection from the 

flat probe's l eading edge . If the monitored current is significantly 

electron collection, then very fast relaxation times result and do 

not relate to the plasma flow speed. 

14 



2 .2 . Probe Floating Potentia l 

Though not of large theoretical interest in this thesis , the 

calculation of the floating potential is stil l of paramoun t importance 

in proper l y interpreting experimental results . As discussed in the 

Introduction and seen in Fig . 1.2, the floating potential is easily 

measured as the volt age where there is no net probe cur rent. Ho, ever, 

pl asma potential is the zero potential because an object at this 

potential does not electrical ly disturb the pl asma . Unfortunately , 

the pl asma potential is often not easi ly measur ed without greatly 

perturbing the plasma and it is not l ike ly that the plasma and floating 

pot ential are equal (unless T = 0 ) . 
ao 

To c i rcumv ent th i s prob l em, 

the flo ating potential i n a pl asma model can be calculated by equating 

the r andom th ermal el ectron flux to the probe, to the i on flux predicted 

by the model. The ca lcul ated flo at ing potential gives the differ ence 

between it and the pl asma potential which then allows the experiment ' s 

voltage measurements to be r ef er enced to the pl asma potential . Very 

simp ly then 

V = VF + 

(Theory ) 
vw . r . t . Floating Potential 
(Experiment ) 

(2.2.1) 

Al t hou gh, a s Cl ements and Smy (1974) show , the calculation of the 

fl oating potential VF i n a collisional fl owing plasma is not, i n 

general, s t rai ghtforward, the fo ll owing simp l e approach i s genera lly 

accurate enough . This i s especially t r ue for the present case where 

VF is a re l ative ly sma ll correc t ion t o V 

15 



From Chen (1965), the electron flux to the plate at floating po­

tential VF for a Maxwellian particle energy distribution is 

(2 . 2 . 2) 

The ion current can be approximated by the theory of Clements-and 

Smy (1970) and DeBoer and Johnson (1968) to make the calculation 

tractable. Other more exact theories such as Russo and Touryan (1972), 

Johnson and DeBoer (1971) and Stahl and Su (1971) yield unwieldy num­

erical results and lead to only a sma ll correction of Cl ements and 

Smy ' s current density calculations (Chung et al., 1975) . From Clements 

and Smy (1970), the ion flux to a flat plate for is 

(2.2.3) 

Eqs . (2.2.2) and (2.2.3) are set equa l to each other since the ion 

and electron currents are equa l, and for given experimental parameters, 

VF can be solved for by the Newton-Raphson method. Finally from 

Eq. (2.2 . 1), voltages in the experiment can be adjusted to be refer­

enced to the plasma potential . 

2 . 3 . Sheath Rel axation with the Simple Mode l 

The aim of this section is to devise a simp lified model to exp lain 

~ the ion current characteristics of a flat plate to which a step voltage 

has been applied . The relaxation of the ion current is directly related 

16 



to the plasma flow velocity at the ion sheath ' s final equilibr i um 

position . In a low ion density plasma, the ion sheath edge can be 

sufficient ly thick s o as to be far away from the viscous and thermal 

boundary l ayers ad j acent to the plate. Here, the relaxation will 

characterize the freestream flow velocity and with 

the simplifying assumption of mobi l ity dominated ion transport-close 

R a 2 < 1 
e 

to the probe can be made . Also, is assumed to ensure that 

the ion streamlines in the ion sheath are nearly perpendicular to 

the plane surface (Smy, 1976) and the current density at the probe 

surface is equal to the current density convected into the ion sheath . 

Clements and Smy (1970) and DeBoer and Johnson (1968) solved the probe 

characteristics for a steady state solution, while here the model is 

extended to a time depend ent solution to predict the behaviour of 

flush probes measuring the ion current density to the fla t plate. 

Thomas (1969), Clements and Smy (19 70) and Oliver and Clements (1975) 

pulsed cylindrical probes aligned perpendicular to the plasma flow an d 

studied characteristics for a rapidly expanding ion sheath . These 

studies were different from the work here since here the disturbance 

is flowing paralle l to the probe surface and the relaxation time is 

a function of the distance downstream from the probe 1 s leading edge . 

Also , for thes e earlier studies , convection was not important in the 

ion sheath formation but rather the ion mobility in the ion sheath. 

Fig. 2 . 1 illustrates the presen t situation in t his model . 

For large negative probe potentials, the electron density close 

to the plate can be approximated as zero (Su and Lam, 1963) and the 

space charge equation for a collisional plasma (Cobine, 1958) gives 

17 



Freestream Plasma 

y 
s 

---

18 

- Ion Sheath Edge 

---- --- -- Viscous Boundary Layer Edge 
6(X) 

Flush Probe Flat Plate 

Figure 2.1. Diagram of Flat Plate Operation in a 

Low Ion Density Plasma 



the ion current density to the plate as 

(2 . 3 . 1) 

Eq . 2 . 3 . 1 approximates the ion current flux to the flat plate as 

being ion mobili ty dominated in the ion shea th region and following 

Cl ements and Smy (1970), the voltage drop is taken to be ent ire ly 

acros s the ion sheath region with no e lectric field extending beyond 

it. Again, with 

neglected and 

N e 
0 

aY 
s 

~ 
at 

+ 

, diffusion to the sheath edge can be 

N eU 
aY 

s 

o o ax 
(2.3 . 2) 

The first term on the right hand side of Eq . (2 . 3. 2) is ion collection 

when the motion of the sheath sweeps into the undisturbed plasma 

resulting in more ions being impe ll ed by the electric fiel d towards 

the flat plate. ay /ai = 0 is the condition of steady s t ate where 
s 

the plate voltage and current are unchanging . The se cond t erm of 

Eq. (2. 3. 2) is ion convection in to the sheath with aY /ax being the 
s 

slope of the ion sheath which is intercepting the ion flow in the 

freestream plasma. Once inside the ion sheath, the ions are mobili ty 

impe lled towards the flat plate and the currents in Eqs. (2.3.1) and 

(2.3 . 2) can be equated 

9 
- \J E 

8 
+o o 

v2 

y 3 
s 

N e 
0 

- - --- - ---- - - - - - - - - - -

u 
0 

(2.3.3) 
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For a step voltage applied to the flat plate at time t = 0 the 

voltage changes from V. 
1, 

to Vf and Eq . (2.3 . 3) rewritten to include 

this time dependence becomes 

(Vi+ H(t)(Vf - Vi)J2 = 

y 3 
s 

[
aY aY] 

Ne--8 +u-8
-

o at 0 ax 

H(t}=O 

=] 

(2.3 . 4) 

t<O 

t>O 

-For both t.:: 0 t =+ 00 aY /at= 0 and the result is familiar 
s 

from Clements and Smy (1970) an d DeBoer and Johnson (1968) 

[9µ E VT k 
y +o o 1, x4 t < 0 = s 2N eU 

0 0 (2.3.5) 

[9µ c VT y = +o of 4 x¼ t -+ 00 

s 2N eU 
0 0 

(2.3.6) 

Eq . (2 . 3 . 4) is solved by the method of characteristics for first order 

partial differential equations to give y 
s 

as a function of time 

and position X from the flat plate leading edge . Defining the 

constant 

al 

Then for t > 0 , 

9i.i £ V f 2 +o o = 
BN e 

0 

Eq . (2.3 . 4) 

aY 
= _s_ + 

at 

can be 

aY 
U _ s_ 

0 ax 

written 

Which by the method of characteristics yields 

(2.3 . 7) 

as 

(2 . 3.8) 
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dt d.X dY 
s 

= = 

[;] 1 u 
0 (2.3.9) 

The firs t equality of Eq . (2 . 3. 9) gives 

--

(2.3.10) 

Where c
1 

is a constant. The second equality of Eq . (2.3.9) give s 

(2.3 . 11) 

Where c
2 

is also a constant but because Eq . (2 . 3.3) is only firs t 

order, there can be only one free parameter s o c
2 

= g(C
1

) = g(t - X/U
0

) 

where g is some function . With Eq. (2.3 . 11), this finally yields 

y = 
s 

1 [X ':i" (4a ) - -
1 u 

0 
[ 

X ] l ¼ gt - Vo 

To satisfy the boundary Eqs. (2 . 3 . 5) and (2.3 . 6) 

An d as an end result Eq. (2.3 . 13) becomes 

y 
s 

9µ £ l ¼ 
1 [X [X +o o V ~ - + H - -

2N e f U U 
0 0 0 

(2.3 . 12) 

t > 0 
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Eq . (2.3 . 14) can be interpreted as saying that the ion sheath thickness 

increases for increasing time until t = X/U when steady equilibrium 
0 

of the ion sheath position is attained . Substituting for y 
s 

into 

Eq. (2 . 3 . 1) gives the current density to the flush probe as 

. ¼ 
N e(9µ £ /2N e) (V . + 

o +o o o ~ 

4V 312 (X/U + H(X/U -
f O 0 

- X/U ))3/4 
0 (2.3.15) 

The essential features of Eq . (2. 3.15) are, after the voltage 

step and before the disturbance disappears, the current has a --3/4 t 

dependence an d a current spike is observed . A parameter which tests 

the validity of Eq . (2 . 3.15) in an experiment is the ratio 

jt=O+ 
a = 

jb=o-
(2.3 . 16) 

Jt=O= J._ are represented in Fig . 2.2 . t=oo 

T 

Jt=O-

Figure 2.2 . Diagram of the Probe Relaxation Current 

By using Eq. (2 . 3.15), Eq. (2.3.16) can be evaluated and 

a = 

(2.3.17) 
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¼~en V/Vi = 1 + 6 where 0 < 6 << 1 a can be written as 

~ 
{(1+6) 2 - 1}/{(1+6) 2 

- 1} which to 0(6) in a Taylor serie s expansion 

of the numerator and denominator gives o = 4 

A significant correction to a is evident from physical reasoning . 

Electron motion wi ll be the only particle motion due to the voltage 

step in a time period of O(Y 2/µ V .) 
s - 1, 

This means that the electrons 

will recede from the plate to a new position Yfo and the net density 

structure will be approximately the origina l ion density profile of 

the i on sheath to y ~ 
s(t=O-) and a net ion density of N 

0 
between 

y ~ 
s(t=O-) and Beyond Yfo , the plasma is quasineutral . 

The result of this change in the model is to decrease the mean electric 

field for t he ion mot ion and to decrease the current spike to the 

probe . The electrons wou ld recede in a period -7 0(10 s) an d the 

curren t spike from their initia l motion would not be reso l vable from 

capaci tive noise that is inherent from using a voltage step to create 

the plasma disturbance . The ion current spike to the flush probe which 

is of interest here, would be after ~ 10-
7 

s when the ion density 

changes with the new plate potential. Clements and Smy (1971) have 

done a similar analysis for a pulsed spherical probe an d their method 

is extended here to the fla t p l ate probe . 

An estimate of the correction to o can be made by estimating 

y,,. 
JO 

and using to calculate a new to substitute into 

Eq . (2 . 3 . 16) and give a new o value . This correction to o will 

be denoted o 

Jus t after the voltage transition, to first order, the voltage 

across th e region to y ~ 
s rt=o-J 

is still V. 
1, 

and is the 
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potential across the region y ~ 
s (t=O-) 

dimensional Poisson's equation, 

= 
-N 

0 

E: 
0 

to By using the one 

can be es t imated 

(2.3.18) 

--Eq. (2 . 3. 18) can be integcr:ated, twice and imposing the boundary con-

dition that the electric field beyond Yfo is zero, then Yfo is 

= + 
1: 

{(Vf - V.)2E /N e} 2 

'I, 0 0 

(2 .3.19) 

It is important to note that if the voltage does not changes, then 

y = y ~ 
fo s (t=O-) 

The space charge equation can then be used to 

estimate 

9 V 2 

= 11 E: :..I_ - ... +o o 
8 y 3 

fo (2.3.20) 

Substituting for Jt=o+ in (2.3 . 16) gives the a~ value as 

V 2 

a 

By comparing Eq . (2.3.20) to Eq . (2 . 3 .1 7) , it is easily seen that 

the correction to the curren t spik:e decreases the a value as expected 

from physical reasoning . It is also interesting to see that a~ has 

an X dependence resulting from the changing magnitude of 

Ys(t=O-) - Yfo . As X becomes large , the ion sheath is thick an d 

the distance the electron edge recedes is comparative ly very small, 
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resulting in a smaller correction to o 

The observation of the peak current affords a simple verification 

of the mode l for the high bias operation of the flat plate . The pur ­

pose of this simple model is to assist in understanding the more 

difficult case to be developed in section 2 . 5 where the ion sheath 

is inside a viscous boundary layer. The current characteristics for 

the ion sheath inside the viscous boundary l ayer can be expected 

qualitatively to be the same as for the simple model here. The initia l 

current spike is an effect from the sheath thickness suddenly increasing 

an d consequently the aY /ax term in Eq. (2. 3. 2) is increasing as 
s 

well as aY / at being a new term in the ion collection . For large 
s 

the model cannot be expected to hold because the sheath wil l 

be expanding at speeds such that a nonequilibriurn plasma inside the 

ion sheath resu lts. The ion transit speeds in the ion sheath wi ll 

then be much slower than the expanding shea th (Rosa, 1971) which 

quickly leads to nonlinear effects, the es sential feature being that 

a could be less than predicted . This simple mode l was developed with 

the implicit assumption that the ions trpversed the ion sheath in 

zero time . However, when the sheath edge is moving faster th an the 

ions, this approximation can no longer be made . No study of this 

problem has been done to date although Thomas (1969), Clements and 

Smy (1970) and Smy (1976) have recogni zed the limitations in the time 

resolution of an ion collecting probe, as in t his case, when a large 

step voltage is applied to the probe . 

2.4 . Viscous and Therma l Boundary Layers Around a Flat Plate 
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For high ionization density and moderate probe bias, the ion sheath 

edge may be inside the viscous and thermal boundary layers (Smy and 

26 

Noor, 1976) . If this occurs, then the relaxation time of the ion current 

to the probe when applying a voltage step, can be expected to be longer 

than when the ion sheath edge is outside the viscous boundary layer. 

--This latter case was studied in section 2.3. To estimate the relaxation 

time for the more complex case, the velocity structure of the viscous 

boundary needs to be elucidated . 

Two important assumptions are that the flowing gas is weakly 

ionized so the hydrodynamic flow properties will be decoupled from 

the electric field and the plate temperature is assumed a constant 

over the whole surface . Polhausens ' (1921) approximation of the 

velocity profile over a flat surface will be used where 

u 

u 
0 

= 2n - 2n 3 + n4 O < n < 1 

(2.4.1) 

n = Y/6 (X) and 6 (X) is the viscous boundary layer thickness a 
V V 

distance X from the leading edge . Von Karman ' s momentum integral 

equati on for compressible flow is used for estimating 6 (X) 
V 

The 

steady two dimensional flow momentum equation (Stewartson, 1964) is 

au 
pU- + 

ax 

au 
pv-- = 

aY 

dU 
p u _Q_ + 
o odX 

(2.4.2) 

p is the mass density of the gas and µ is the viscosity . For 

the simple case of uniform freestr eam flow, the first term on the 

right hand side of Eq . (2.4.2) vanishes and the equation can be in -



tegrated from Y = Q to Y = h where h is some distance away from 

the flat plate 

r au t au 
au h 

pU - y + pv - y = µ 
o ax o ax ay 0 

(2.4.3) 
~-

Using the continuity equation V• {p!j_)=O , the second term on the 

left hand side of Eq . (2.4.3) can be integrated by parts and the 

equation changes to 

h Ih a au h 
+ (V - U

0
)- (pU) dY = µ -

0 0 
ax aY 

0 (2.4.4) 

As h ➔ 00 the second term on the left hand side vanishes since 

v = 0 at Y = 0 and U = U at Y = 00 

0 
Also . au/aY + o as 

Y ➔ 00 since this is now the freestream region and the equation 

simplifies to 

I
00

0 

au 
pU - dY + 

ax 
u ) 

0 

a 

ax 

au 
(pU) dY = 

aY Y=O 
(2 . 4.S) 

Upon grouping terms on the left hand side of Eq . (2 . 4.S) 

_a J
00 

(pU
2 

- pUU) dY = 
ax o 0 

au 

aY Y=O 
(2 . 4.6) 

Before Eq . (2 . 4 . 6) can be solved, the therma l boundary layer 

around the plate needs to be known . The plate is cooled and maintained 

._ at a temperature T 
l.J 

such that T < T 
W 0 

T is the freestream 
0 

flow temperature . From thermal boundary layer th eory as discussed 
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by Schlicting (1968) , o /o. '\, 1/IP where thermal v othermal is the 

thermal boundary layer thickness and P is the Prandt l number (P 

is the ratio of kin ematic vtscosi t y to therma l diffusivity). For 

air , the Prandt l number is s l ightly l ess than 1, but to good approx ­

imation, P can be taken as 1 (Schlicting, 1968) and the thermal 

and velocity boundary layers are of the same thickness. o(X) wil l 

denote the thickness of these two layers . For subsonic gas flows , 

the temperature and velocity profiles are similar and for the cooled 

plat e 

T - T u 
w = 

T - T u 
0 w 0 (2 . 4 . 7) 

Using the ideal gas law and Eq. (2 . 4 . 7), the density distr i bution 

i nside the therina l boundary laye r is 

p = 
(U/U )(1 - T /T J + T /T 

0 W O W 0 (2. 4.8) 

An d defining TIT = V 
W 0 

, then Eq . (2. 4 . 6) becomes 

a f 00 [ u ] U/U a [U ] p U 2- 1 - - o Y = µU - -
0 0 ax O u

0 
((1-v)U/U

0 
+ v) 

0 ay U
0 

Y=O 
(2.4.9) 

Upon changing variables in Eq . (2 . 4 . 9), the Polhausen velocity profi le 

can be substituted and the l eft hand side of Eq. (2. 4. 9) integrated 

over n 0 < n < 1 (only integrating to n = 1 because the in-

tegrand vani shes for n > 1 ) . Two integra l s resu lt 
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= 
f 

10 
(1-v) (2 n - 2n 3 +·n4 J + v 

2n - 2n3 + n4 

dn 

fo
l __ (_2_n_-_2_n_

3
_+_n_

4
J_

2 
__ dn 

(1-v)(2n - 2n 3 + n4 J + v 

With these two integra ls, Eq . (2 . 4.9) can be re1vritten a s 

do(X) 2U J.l 
0 W 

o(X) 

(2 . 4 . 10) 

(2.4 . 11) 

(2 . 4.12) 

The integration of Eq . (2 . 4 . 12) immediately yields the thickness of 

the viscous boundary layer as being 

o(X) = 
k 

a X 2 

(2.4.13) 

This approximation of the boundary layer thickness for the gas 

flow over a cooled plate is used with Eqs. (2.4 .1 ) and (2.4 . 7) to 

specify the thermal and viscous boundary layers around the flat plate . 

In the flowing plasma, these boundary layers wi ll change the ion trans­

port properties and the d.c . current characteristics of a conductor 

can be expected to differ from the predictions using the simple sheath 

model of section 2.3. In section 2 . 5, the d.c. case of the ion sheath 

comp l ete l y inside the viscous boundary layer is studied and uses the 

~ results of this section . 

29 



30 

2 .5. Theory of the Ion Sheath Edge inside the Viscous Boundary Layer 

2.5.1 . Formulation of t he Problem 

The simple sheath mode l of section 2 .3 demonstrated the r~laxation 

of the ion sheath upon applying a step voltage to the flat plate in 

a flowing plasma . In section 2 . 4, the thermal and viscous boundary 

layer structure around the flat plate in the flowing gas was studied . 

Here, a more complicated approach to the ion collection is examined 

with the ion sheath inside the viscous and thermal boundary layers 

of the neutral gas flow. Inside the viscous boundary layer, the ion 

convection to the sheath edge will be reduced and at the same time, 

the ion transport coefficients for the mobility and diffusion decrease. 

D. c. characteristics of the plate current density and ion sheath edge 

position for a given distance downstream of the leading edge, as a 

function of plate voltage will be derived . The relaxation time of 

a step voltage response wil l be the flow time from the plate ' s leading 

edge to the point of interest, only now the f low speed will be less 

than the freestream velocity . The method of solution for the ion 

sheath edge position as a function of voltage is similar to the method 

of Stahl and Su (1971) but here variable ion transport and recombination 

are allowed. 

Th e plasma disturbed by the presence of the probe is divided in to 

two regions; the ion sheath closest to the flat plate and the quasi ­

neutral region just adjacent to the ion sheath. This is illustrated 

in Fig. 2.3. In the quasineutral region, the ion and electron numbers 



u 
X 

/ 

/ 

freestrearn Quasineutral Plasma · 
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are equal (Su and Lam, 1963) and the ion motion is governed by diffusion 

and convection . The ion sheath region has a predominance of ions and 

they are electric field impel led towards the flat plate. By matching 

the solutions of the quasineutral region and the ion sheath region , 
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it is possible to get a complete solution to the sheath edge position and 

--ion current density to the flat plate. 

To begin with, the equations of continuity for the ions and electrons 

and Poisson's equation are 

'dN 

at 

I+ 

r 

+ V· (UN + r ) 
- + -+ 

+ V· (UN + r) = P 

= 

= 

= 

- D VN 
+ + 

-D VN 

-e(N 
+ 

eD 
_±_ N VV 
kT + 

+ 

eD 
+ _- N vv 

kT 

- N ) 

E 
0 

Ion Continuity (2 . 5 . 1) 

Electron Continuity (2.5.2) 

Ion Flux (2 .5.3) 

Electron Flux (2 . 5 . 4) 

Poisson 's Equation (2.5.5) 

The first terms of Eqs. (2.5 .1) and (2.5.2) represent recombination 

of the ions and electrons and the second terms represent convection , 

diffusion and mobility of the ions and electrons in the plasma. 



The term on the right hand side of Eqs. (2. 5. 1) and (2 . 5. 2) is the 

ion and electron production in the plasma . Eqs . (2.5.3) and (2 . 5 . 4) 

are the ion (electron) diffusion and ion (electron) mobility transport 

in the ion (electron) flux . D+ and D are the diffusion coefficients 

and the Einstein relation is us ed to write the mobility coefficient 

in terms of the diffusion coefficients . In their present forms, these 

equations are not very manageable and can be nondimensionalized to 

facilitate a study of them. The following equations define the dimen-

sionless variables x y , n 
a 

T and t 
a 

X = ix 

!-.: 
y = (lD + /V J 2 y 

0 0 

N = N n 
a 0 a 

V = (kT+
0
/e) cp 

V = V u 
X 0 X 

- !-.: 
V = V (D /U l) 2 u 

y o +o o y 

D = D D 
Cl 0 a 

T = T T 
a ao a 

t = (l/U J t 
0 

The dimensional variables in Eqs. 

cp , u , u 
X y 

a = + 01' -

a = + 01' -

a = + 01' -

(2.5 . 1) to (2.5.5) can 

D 
a 

(2.5.6) 

(2.5. 7) 

(2 . 5.8) 

(2 . 5 . 9) 

(2.5.10) 

(2.5.11) 

(2.5.12) 

(2 .5.13) 

(2.5.14) 

be eliminated 

to yield dimensionless variables in each term . Using Eq . (2. 5. 3) 
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to eliminate 

equation becomes 

a 

ax 
(u n) 

X +. 

in Eq . (2. 5 .1), the dimensionless ion continuity 

D a 
+o 

u i ax 
0 

= 
at 

+ 
a 

ay 
(u n) 

y + 

(2 . 5.15) 

Similar ly for the electrons, Eq. (2 . 5 . 4) can be used to el iminate 

r in Eq. (2 .5.2) to give the electron continuity as 

a iJ iJ a 
[v -[ a:- n_ ~11 a 

(u n) - 0 +o (u n) ----- + 
ax X - jj u 7, ax T ax ay y -

+o 0 

jj a 
[v -[ ::- n_ ~11 an 

-0 p ---- = - --
D ay T_ ay at . +o 

(2 . 5.16) 

The two preceding equations are solved by ana lysing the quasin eutral 

and ion sheath regions and applying the simplifying conditions in 

each case . The quasineutral region is macroscopically neutral with 

a weak electric field making ambipolar diffusion important in the ion 

transport (Chung et al., 1975). The solution of the quasineutral 

region will provide boundary conditions for the ion sheath region and 

the solution to the ion sheath region assumes large ion mobility effects 

and the electron density can be approximated as zero (or decreasing 

ex-ponentially as in Lam (1964) and Su and Lam (1963)) . The two 

~ regions in the plasma are studied separately. 
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2.5.2. Solution of the Quasineutral Region 

To study the quasineutra l region, Eqs. (2. 5 .15) and (2. 5 . 16) 

can be merged in to a single equation . The Electric Reynolds number 

R = U l/D » 1 is assumed which matches with the parameters i n 
e o +o 

the experiment . This condition on R allows the deletion of the 
e 

second t erm in Eqs . (2.5.15) and ~.5 . 16). Diffusion in the quasineutral 

region is ambipolar and the ambipolar diffusion coefficient is denoted 

D 
a 

Thus, the nondimensiona l izing constants iJ 
- 0 

an d iJ 
+o 

in 

Eq s. (2 . 5.15 ) and (2.5.16) are changed to 

two equations being aware that = n 

'v · (un) + [
an _ P l 
at + 

D and then adding these 
a 

gives 

(2.5 .17) 

D /T = D /T was assumed and can be demonstrated by the use of 
+ + - -

Langevin 's theory of charged particle mobili t y (Loeb, 1961). From 

Langevin 's theory , if µa (a=+ or-) denotes the mobility of the 

charged particles, µ
0 

= µa
0

p
0
/p where p is the mass density of 

the bulk gas an d µ
00 

is the charged particle ' s mobility at a densi ty 

p
0 

The Einstein relation for sufficiently weak electric fields 

is D = µ kT /e and coupled with Langevin ' s relation 
a a a 

D D = p kT T /pe 
ao a o ao a 

D 
a 

T 2 
a 

or 

(2 . 5 . 18) 

A more detail ed treatment of this relation is given by Bradley and 
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Abrahim (1974) . In a collisiona l plasma for weak electric fields, 

T ""T 
+ 

so the assumption of D /T = D / T 
+ + - - (remembering this equation 

is dimensionless) is a safe one . Section 2 . 4 on the velocity and 

t emperature profiles gave 

U = U u{Y/o(X)} x 
0 

= U X 
0 

y <-o(X) 

Y > o(X) 

(2.5.19) 

k 
where o ( X) = aX 2 Nondimensionalizing the equations for the velocity 

profi le by defini ng a new constant 

s = 
2 k (D /U a ) 2 

ao o 

and a new variable 

y I ½ = y X 

the velocity profile around the plate is 

u = u(Sy) 
X 

= 1 

(2 . 5.20) 

(2.5.21) 

y < 1/S 

y ~ 1/S (2.5.2 2) 

Analagous to the use of the similarity variable for fluid mechanics, 

the ion and electron number dens i ti es are assumed functions of y 

(Stahl and Su, 1971) . In th e region of the disturbed plasma aroun d 

the probe, there is a rapid change of n in the y direction as 

compared to the change of n in the x direction (Russ o and Touryan , 

19 72 ; Stahl and Su , 1971; DeBoer and Johnson, 1971) . Changing the 

derivatives to explicit y dependence , th e partial derivatives are 
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changed to 

1 d a 

ay 
= --

Ix dy 
., 

From this, Eq. (2.5.17) becomes 

-- + = 0 
2 dy dy 2 

y d 
- -(un) 
2 dy 

a 

ax 

1 
-y 
2x 

d 

dy 
(2. 5. 2 3) 

y .:.. 1/B 

(2 . 5.24) 

y < 1/B 

(2.5.25) 

The production and recombination of charged particles are equal in 

the equilibrium freestream plasma and so the last term of Eq. (2.5.25) 

is not present in Eq . (2.5 . 24) which describes the quasineutral region 

in the plasma outside the viscous boundary layer. 
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To close the set of equations for the quasineutral region, equations 

for u and D+ are required and come from section 2.4. The Polhausen 

velocity profile Eq. (2.4.1) in the dimensionless variables is 

U = 2(By) y < 1/B 

= 1 y .:.. 1/B 
(2.5. 26) 

As , Eq . (2.4.7) can be used to substitute for T and the 

diffusion coefficient written in terms of the velocity profile is 

2 
(1 -v)u) 

(2.5.27) 
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Eqs . (2.5.24) to (2.5 . 27) are a complete set of equations which describe 

the ion and electron density structure throughout the quasineutral 

region . To approach these equations, Eq. (2.5.24) which describes 

the quasineutral region outside the viscous and thermal boundary layers 

is first solved. Eq. (2.5.25) which describes the plasma where changing 

convection and diffusion occurs, is then solved using the boundary 

conditions of n(l/8) and n ' (l/8) ( denotes differentiation 

with respect to -y ) from the solution of Eq . (2.5. 24) . Fig . 2 .3 

illustrates the regions of solution. 

Eq . (2.5.24) is solved with the boundary conditions at infinity 

n(oo) = 1 n ' (00 ) = O and is rearranged to yield 

dn I 'f 

= - n ' 
d-y 2 

(2.5.28) 

Solving for n ' from above 

n ' 2 C exp(--y /4) 

(2.5. 29 ) 

Where C is a constant and the boundary condition n ' (00 ) = 0 is 

met. Eq. (2.5 . 29) can be integrated from 00 to the viscous boundary 

layer edge 

n{l/8 ) 1 = I 1/8 2 C 
00 

exp(--y /4) d-y 

(2 . 5. 30) 

Defining s = -y/2 and rede f ining the limi ts of the integral, Eq. 

(2 . 5.30) gives 
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n(l/B) - 1 f
l /2 B 2 , 

C{2 O exp(-s) ds - rn} 

Rearranging Eq . (2.5.31) give s C in terms of n(l /B ) 

is substituted into Eq . (2. 5. 29) 

n I (y) = 
2 (n(l/B) - 1) exp(-y /4 ) 

f
l /2B 2 , 

2 
0 

exp(-s J ds - rn 

(2.5.31) 

and this 

--

(2.5.32) 

This is the equation for the ion density gradient through the freestream 

plasma . The value of Eq . (2.5.32) is that it directly supplies 

n ' (l/B) when 1/B and n(l/B) are specified . It is apparent from 
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Eq . (2.5.20) that 1/B carries information about the thermal an d viscous 

boundary layer thicknesses around the flat plate . Eq . (2 . 5 . 25) is a 

second order ordinary differential equation for n(y) inside the 

viscous boundary layer (x a constant) and to solve, n(l/B) and 

n ' (l/B) are given by Eq . (2.5.32) 

Eq . (2.5.25) can be simplified further by imposing x ~ 1 and 

the net ion production results from the competing processes of ion­

electron production and their recombination. The freestream plasma 

will be assumed at equilibrium and the net production to be zero . 

Ashton and Hayhurst (1973) did a series of experiments with alka li 

metals ionized in flames on the temperature and particle production. 

From their results, in dimensionless form, the net ion production 

in the quasineutral region is 



._ 

an an 

at at 
(2 . 5.33) 

~ - is the ionization potential of the alkali metal (4 . 33 V for po­
i. 

tassium). The first term on the right hand side of Eq . (2 . 5. 33) is --
the production of charged particles which increases with temperature 

while the second term is recombination of the ions and electrons 

by M+ + e M (M denotes the alkali atom) and equally apparent, 

recombination decreases with increasing temperature . K = lN a / U 
0 Y' 0 

where a is the recombination coefficient and the remaining factors 
r 

are a result of using dimensionless variable . Noor et al. (1977) 

found for an air propane flame seeded with potassium 

at 1500° k and for the remaining parameters, K ~ l Eq. (2 . 5.33) 

is completely spec ified and substituting it into Eq . (2.5 . 25) then 

exapanding all the derivatives, the quasineutral solution is described 

by the equation 

y du y dn dD dn in 
- - - n - --u - -- - D-

2 dy 2 dy dy dy dy2 

K[ ' [e• 
c '1/T+ ::] '1 exp -}-r1 0 + - - T = 

2 kT 
0 (2.5.34) 

This ~quation is solved for n and dn/ dy using a Runge -Kutta me thod 

of O(h4J (Greenspan, 1973) to where n = 0 and the va lue of y 

at n = O specifies the i on sheath edge pos i tion. This condition for 

the ion sheath edge pos ition is r easonabl e because of the low ion 

density inside the ion sheath and for hi gh _probe biases, the electron 
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density in the sheath can be approximated as being ze ro (Cl ements 

and Smy, 1969; Su and Lam, 1963 ; Stahl and Su, 1971) . The matching 

of the so lut ion of Eq . (2.5.34) to the ion sheath solution is effected 

by equating the ion current density which represents ion flux con­

servation when go ing from one region of the plasma to the ot~er. 

Eq. (2 . 5 . 34) demonstrates a useful f eature of nond imensionali zing the 

equation in that except for K the freestream ion density and 
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posi t ion downstream from the flat plate ' s l eading edge are in the sca ling 

fac tors . Only changes in the vi scous and thermal boundary l ayers a lter 

the solution as these changes manifest themselves in new boundary 

conditions from Eq. (2.5.32) . Solving Eq . (2.5 . 34) and matching wi th 

the ion sheath solution to be derived soon, needs to be done for only 

one ion density and position downstr eam from the l eading edge; appro ­

priate use of the scaling factors can ext end the solution in the ap­

plicable range of the theory. More wi ll be said of this treatment 

of the solution aft er studying t he ion sheath . 

2.5.3. The Ion Sheath 

The innermos t plasma region ad j acen t to the flat plate is the 

ion sheath. Here , because of nonnegligible electric fields and different 

ion and electron densities, a new set of equat ions approximate the 

region . For a moderate bias on the flat plate, i.e . , 

mobility in an e l ectric field is the important mechanism for ion collection . 

(Cl ements and Smy, 1970; Su an d Stahl, 19 71). The following derivati on 

i s similar t o what has been done by previous authors (Clements an d 
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Smy, 1970; DeBoer and Johnson , 1968) only now variable transport 

properties are allowed . Neg l ecting convection in Eqs. (2.5 .15) and 

(2.5.16) and for a small Electric Reynolds number 

+ D + n cl<j> l 

T + oy 
= 0 

0 

At this point free diffusion coefficients 

--
(2.5.35) 

(2.5.36) 

D and D are used as 
- o +o 

the scaling factors because the ion and electron densities are no 

longer equal . Eq . (2.5.36) can be integrated once and the corresponding 

constant of integration is taken to be zero since it represents the 

electron current t o the negatively biased probe . Also for l arge <j> 

as the mobility dominates over diffusion (Cl ements and Smy, 1970), 

Eq . (2.5.36) gives the result n = 0 in the ion sheath region . 

This result is a reasonable approximation to the exponential drop off 

of the electron density that Lam (1964) and Russo and Touryan (1972) 

predict in their simpler models of fro zen chemistry plasmas . n = O 

justifies approximating the net charged particle production as zero 

since no recombination occurs where there are no free electrons. 

In the cooled plasma region, generation of ion-electron pairs is also 

very low because of the exponential temperature dep endence of ionization 

as shown in Eq . (2. 5. 33) . One consequence of no electrons in the ion 

sheath is that free diffusion definitely occurs in this region as 

opposed to the ambipolar diffusion in the quasineutral plasma. This 
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result substantiates using 

the ion sheath equations . 

~ 
D 

..-0 
and 

~ 
D 

+o 
for nondimensionalizing 

Similar treatment of Eq. (2.5.35), on ly now the ion current is 

not negligible, results in the equation 

D+ aq, _ --
-n = 
T + ay · 

(2.5.37) 
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I = D (an/ay) at the ion sheath edge as calculated from the quasineutra l 
+ + 

region Eq. (2.5 . 34) to ensure current continuity where there is no 

production nor recombination . The dimensionless Poisson ' s equation in 

the ion sheath is 

U A 2 a2 ,i, o D · 'I' 

D l ay 2 
+o (2 . 5 . 38) 

Eliminating n between Eqs . (2.5.37) and (2.5 . 38) will give the 
+ 

potential field distribution through the ion sheath region in a dif­

ferential equation 

!__[ ~ ]2 
ay ay 

b l +o 

U :>-
2 

o D 

T 

(2.5 . 39) 

As with Eq . (2.5.37) where the diffusion coefficient was approximated 

as , from Eq . (2 . 5.18), Eq. (2 . 5.39) becomes 

~ [ ~ ]2 = 
ay ay 

s 

T 
s = 

2I D l 
+ +o 

U A 
2 

o D (2.5.40) 

Looking at a distance l down from the flat plate's leading edge, 



X = ] 

a t the sheath edge for a smooth matching to the quasineutral region, 

twice integrating Eq. (2 .5. 40) gives the plate potential 

S/S ds ]½ 
(1 - v) (2s - 2s

3 
+ s

4
) 

dy 

(2.5 . 41) 

It is evident that this equation is coupled to the quasineutral regi on 

solution by two parameters . These are the sheath edge position y
8 

in the limits of the integration and the ion current density I+ 

Also, as the ion f l ux due to convection is neglected, fo r voltages 

suffi ciently high to bring the sheath edge close to the viscous boundary 

layer edge, convection wil l be important an d the currents could be 

higher th an predicted here . At low voltages, diffusion in the ion 

sheath region is more significan t than mobility and the model again 

fails . In the case of low voltages, the probe characteristics are 

best described by models firs t elucidated by Lam (1964) and Su (1965) 

particularl y for probe voltages close to the floating potential where 

the elec tron current can no longer be neg l ec ted. 

Eq . (2 . 5. 41) can be simplified in the case where the thermal 

boundary layer is replaced wi th a uni form ly reduced temperature A 

T > A > T The new result is 
0 l.J 

(2.5.42) 

The 312 
y s dependence is predicted by Lam (1964) and Stah l and Su 

(1971) for high probe potentials in their mode ls. This depend ence 
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is revealed in the present plasma model not from limiting the general 

solution to high potentials (this is already in the solution), but from 

assuming a uniform temperature around the plate . To solve Eq. (2.5.41), 

the parameters y
8 

and (an/ay) I from the quasineutra l solution 
Ys 

are required and the integration is effected by double integration 

using Simpson's Rule. 

As alluded to at the end of the discussion on the quasin eutra l 

region, the scaling factors from nondimensionali zing the original 

Eqs . (2.5.1) to (2.5.5) are very useful . They allow the solution for 

the sheath edge position and flat plate current density as a functio n 

of voltage to extend over a wide range of freestream ion densities 

N and distances from the leading edge, l 
0 

There is no explici t 

dependence on N nor 
0 

l in Eq . (2. 5. 32) or (2. 5. 34) ( except for 

K of Eq. · (2.5 . 34)), while for Eq . (2 . 5.41) these dimensional quantities 

appear as a factor in ~ 

y = 
s 

Id. i,m 

V = 

Upon returning to dimensional quantities 

(2.5.43) 

(2.5 . 44) 

= 
!,: 

(lN
0

) 
2 f

3
(B _, \J_,n(1 / B)) 

(2.5.45) 

f
2 

, and f
3 

are evaluated numerically (see Appendix A) and 

the above expressions extend the solution to any combination of 
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N and l There is the constraint that the extension does no t 
0 

approach probe potentials close to the floating potential, nor potentials 

high enough to take the ion sheath edge outside the viscous boundary 

layer. K depends on N 
0 

but only weak ly affects the solution f or 

Y and the ion density gradient . 
s 

2 .6. Propagation of the Plasma Disturbance 

From section 2.5, the ion sheath position as a function of voltage 

is calculated when the sheath is inside the viscous and thermal boundary 

layers . These results can be applied to a time varying problem for 

the relaxation of the ion current density after a step in the probe 

voltage . The current density measurements with a flus h probe can be 

interpreted to give information on the velocity profile inside the 

viscous boundary layer . As outlined in section 2. 2 for the simplified 

model, the sheath edge is expected to relax i n the flow time from 

the leading edge of the plate to the flush probe . If the ion sheath 

edge is close to being para llel to the flat plate surface, then the 

disturbance from the voltage step propagates from the leading edge 

a long a streamline paralle l to the plate. Fig. 2.4 illustrates this . 

--
/ 

. - · -·-·­.-
Viscous Boundary Layer Edge 

_/ Approximation of the Ion Sheath Edge 
-_,L - - - - - - - - - - -

I 
Flat Plate Conductor 

Figure 2 .4. Approximation of the Ion Sheath Edge 
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From Eq. (2.5.22), the Polhausen velocity profile in the vis cous boundary 

layer is 

u 
X 

= 
28 y 
~ -
x2 

2 (Syl 

3/2 
X 

+ 
C Sy ) 4 

2 
X 

(2.6.1) 

y = y and is a constant along the ion sheath edge and comes from the 
s 

solution of the ion sheath edge position as a function of plate voltage . 

The velocity can be in t egrated from x = 0 to x = 1 and because 

of the normalization of x , the integration yields directly the 

average flow velocity from the leading edge to the point of interest 

u = fol u(x) dx = fo(f3ys)2 1 dx + 
average 

= 48y 
s 

f
l u (x) dx 
( Sy ) 2 X 

s 

(2 . 6.2) 

The current spike produced during the voltage step will still be 

observed since the mechanisms of ion current collection are not rad-

ical ly different between the simple model and the corrected model 

of section 2.5. Coupled with the results of section 2 . 5, the average 

velocity to a given point downstream from the leading edge gives a 

strong tool for studying the nature of the plasma close to the flat 

plate. Monitori ng current densities and relaxation times to flush 

probes mount ed in the plate should enable measurements of the freestream 

ion density and the velocity structure of the viscous boundary layer. 

Refinements in the mathematical approach could be made but it is expected 

that as the underlying concepts are invariant, the corrections woul d 

not be large . 



CHAPTER 3 

EXPERIMENT 

3 . 1. General Discussion 

The relations between the different experimental procedures are 

important and are briefly summarized here . First, a cylindrical 

Langmuir probe made of thin platinum wire was used to measure the ion 

density structure of the low ioni zation flame . These measurements 

were important t o ensure that anoma l ous i on density distributions 

resulting from the flame structure did not disturb the results compared 

with models which do not account for a nonuniform free-stream ion 

density . Preliminary to the plasma relaxation studies, the ion sheath 

formed on a negatively biased flat plate aligned parallel to the flame 

flow was detected using an air cooled spherical probe. A mappi ng of 

the thick sheath position as a function of plate voltage in a low ion 

density plasma was done with the spherical probe biased to be slightly 

electron collecting . Electron coll ection with the s ensing probe is 

desirable to ensure that the resolution and sensitivity in finding 

the sheath edge would be limited by the sphere ' s si ze and not by dif­

ficulties in detecting the gradua l changes in the ion currents as the 

spherical probe enters the sheath. 

Electrical transients in the plasma were created by applying a 

step voltage to the flat plate and relaxation times of the disturbance 

were then measure d. From previous theoretica l considerations with 
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R a 2x2 >> 1 , the relaxation time of the disturbance is equal to the 
e 

distance downstream from the flat plate ' s l eading edge, divided by the 

flame flow veloci ty. Experimentally demonstrating this effect is 

straightforward for a low ion density plasma (N ~ 1015 m- 3) under 
0 

thick sheath conditions, while the high ion density (N ~ 1016 m- 3) 
0 

requires the use of flush probes where there is a moderate sheath and 

R a 2 ~ 1 
e 

The flush probe embedded in the flat plate allows flow 
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velocities inside the viscous boundary layer of the plate to be measured . 

By changing the plate potential, the electric sheath can be positioned 

anywhere inside the viscous boundary layer and relaxation times of a 

transient disturbance will characterize the flow velocities at the 

final ion sheath position. The rest of the experimental section 

elaborates on the equipment and methods of each procedure discussed 

above . 

3.2 . Producing the Plasma 

The flowing plasma used in this ~xperimen t was generated using 

a standard Meker burner supp lied with a nearly sto{chiometeric mixture 

of propane and air. Both the propane and air came from main outlets 

in the laboratory. For the case of the low ion density plasma, the 

+ H
3
0 chemi-ions normally generated in the combustion process supp ly 

a sufficiently high ion density. The ion production is thought to 

+ 
be two step with CH+ 0 ➔ CHO + e 

(Bell et al ., 1970; Miller, 1972). Though the actual ion production 

+ 
method suggested is not conclusively shown, the predominance of H30 
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in the flame is no longer in question. To achieve high ion densities, 

a specially constructed "seeder" with an aspirator was used to dis­

perse a solution of KOH in water and the resulting mist was mixed 

with the normal air flow to the burner. The ion predominant in the 

seeded flame is the potassium since it has a low ionization potential, 

--
enabling high concentrations (N ~ 1018 m- 3) of K+ ions to be produced . 

0 

The mechanism of ionization is K + X K+ + e + X where X is 

a gas molecule collid ing with th e potassium with sufficient energy 

to ionize the potassium (Ashton and Hayhurst, 1973). By varying the 

potassium hydroxide concentration in the seeder, ion densities from 

5 x 1016 m- 3 to 5 x 1017 m- 3 were possible. 

The other important bulk characteristic of the plasma was its 

freestream flow velocity . Calculation of the flow ve locity was done 

by measuring the air and propane flow to the burner and after com­

bustion, the ideal gas law was used to calculate the volume flow rate. 

Knowing the burner top diameter as 3. 7 cm, the flow veloci ty could be 

found . All experimental work was done with an air flow of 0.3 1 s-l 

-1 and propane flow of 0.012 1 s (STP) . Thus for a flame temperature 

of 1500° K (measured using an optica l pyrometer), the freestream flow 

-1 
velocity of 3 . 8 ms was expected . These calculations do not consider 

possib le entrainment of air into the flame an d so are subject to so me 

error . Measurements which are to be described later, used a spherica l 

probe to give a corrected velocity which was then accepted as the 

plasma flow speed . 

3.3. Probes 
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3 . 3.1 . Cylindrical Probes 

Ion density measurements for both the unseeded and seeded flame s 

were done using cylindrical Langmuir probes of .25 mm diameter platinum 

- 1 wire which were passed through the flame at approximately 12 _~ s 

using the rotating assemb l y shown in Fig . 3.1. The cylindrical probes 

were shielded with fine quartz tubing to al low locali zed plasma measure­

ments and ensure that the measurements were not affected by the flame 

edge. When the cylindrical probe is negative ly biased using a 30 V 

battery, the result ing probe current can be used to calculate the 

ion density using an empirica l formula derived from microwave cavi t y 

ion density measurements (Clements an d Smy, 1970) 

(3 . 3 . 1) 

I is the probe current in µA Z is the probe length in cm and 
p 

-1 vf is the probe speed relative to the plasma in ms Rapid flue-

tuations in the flame ionization produced disturbances large enough 

to make necessary an averaging of the current to the cylindrical probes 

to give an average ion density . Fig. 3 . 2 illustrates the averaging 

method. Essential ly, the cylindrical probe current is converted from 

the low curren t signal ("" 1 µA) to a voltage signal by using an oper­

ational amplifier. An integrator is ga ted to integrate only for the 

time the probe is passing through the flame. The time constant of the 

integrator is 1 s so typically for a period of rotation of 70 ms, the 

average of 15 current pulses of the cylindrical probe is taken and 
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outputted to an oscilloscope as a slowly varying d.c. signal. Thi s 

method proved very reliable as a way of deducing the i on density. 

3.3.2. Spherical Probe 

Another probe used in the flat plate measurements was an air 
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cooled spherical probe. Biased to be slightly electron collecting 

(voltage limited to ~ +1 V w.r.t. VF or else the plasma may be 

strongly perturbed), the spherica l probe was used to detect the ion sheath 

edge in the unseeded, low ion density flame . Biased at 30 V for ion 

collection, the spherical p:-obe was also used to measure re l axation 

times for the same flame conditions. Fig . 3.3 illustrates tpe construction 

of the spherica l probe. The probe was a 3.2 mm diameter bronze sphere 

with a 1 mm diameter air vent hole . The sphere was si lver soldered 

to a 1.3 mm 0.0. stainless steel tubing . The stainless steel tubing 

was co-axially shie lded with quartz and stainless stee l sleeves . 

The probe was mounted on an x-y mechanical stage to allow positioning 

of the probe any height above the burner and any distance from the 

flat plate . Downstream venting of the sphere ' s cooling air was done 

to ensure a m1n1num disturbance of the probe current and plasma structure 

around it . Wo:rk. of Clements et a l. (1977) and MacLatchy et al. (1974) 

on the current density to a spherical probe in a flowing plasma can 

be used for estimating the magnitude of the disturbance of the vented 

air. For a normalized current density I 
2 

I= cos 8/2 was ob-

served with 8 being the azimuthal angle from the probe 's stagnation 

point. In a wors t case, imagining the vented air disturbing the 
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field flow from 8 = n t o 8 = 3n/4 , the maximum current perturbation 

would be 

J~ 2nR2 sine cos 2 (8/2) d 8 
0 

~ 0 . 02 

(3.2 .1) 

A 2% error is very small for the electron or ion current measurement s 

where fluctuations in the flame parameters would make this effect 

unobservable . 

3.3 .3. Flat Plate Probe 

The flat plate probe for the experiment was the flat si de of 

a copper wedge aligned parallel with the fl ame flow. The copper wedge 's 

l eading edge was positioned 1 cm above the burner to make certain the 

wedge was above the fl ame 's visible reaction zone which usually can 

extend approximately 5 mm to 10 mm above the burner . The wedges were 

made of copper to facilitate the water coo ling that was necessary to 

prevent thermionic emission from the wedge and also to ensure the 

presence of a large temperature difference between th e flame and copper 

to maximize the viscous and thermal boundary l ayer effects . Two 

copper wedges were constructed; one for the ion sheath position 

measurement s using the spherica l probe, while the second had flush 

probes for the ion current measurements. Electrical isolation of the 

first wedge was accomplished by installing showers (Sandhu and Weinberg, 

~ 1975) in the inflow and outflow cooling lines and electrical ly iso l ating 

the wedge from i ts support . The showers effectively dispersed the 
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cooling water into drople ts to make certain the wedge would not be 

grounded by the water lines. The second wedge has a series of five 

2 mm diameter copper flush probes , insulated from the main wedge 

with 1 mm thick mullite sleeves . These flush probes were arranged 

in line with the first one 1 cm dov.rnstream from the flat surface 's 

leading edge and the successive probes spaced 1 cm apart . The con­

struction of both wedges is illustrated in Fig . 3 . 3 . Iron-constan tan 

thermocouples were embedded in the side of the second wedge to monitor 

the wedge temperature throughout the experiment . 

3 . 4 . Experimental Procedure 

The cylindrical probe discussed in section 3.3 was often used 

to determine ion densities for both high and low ion density plasmas . 

Measurements with the cylindrical probe were also used to determine 

ion density gradien ts in the plasma. Density gradients were seen as 

a change in the calculated ion density as the cylindrical probe was 

moved to sweep at different positions dov.rnstream from the flat plate ' s 

leading edge as well as different distances away from the pl ate. 
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These gradients were then used to calculate the magnitude of ion diffusion 

and compare it with the ion convection in the plasma. 

The method of using the spherical probe to detect the ion sheath 

around the flat plate is illustrated in Fig. 3 .4. The wedge was biased 

strongly ion collecting and to eliminate possible supply voltage noise , 

a battery power supply was used . The spherica l probe was biased 

slightly electron collecting (0.8 V w.r.t . VpJ · The quick change 
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of electron density from the fr ees tream value to practically zero in­

side the sheath gave a resolution in determining the ion sheath edge 

position limited only by the probe size. Following Oliver and Clements 

(1975) , the sheath position was defined as the position where the 

electron current to the probe decreased by a factor of½ from the 

--freestream electron current measurements . The second part of the 

preliminary experimentation with the first flat probe was to measure 

the relaxation time of the sheath when a step voltage was applied to 

the probe . As explained in section 2 . 5, the increased voltage would 

move the ion sheath further out from the fla t surface . The spherical 

probe was positioned inside the i on sheath before the step voltage 

was applied and was biased to be ion collecting (electron collection 

would be very low inside the ion sheath). Typical_ly , spherica l probe 

currents of 0 . 02 µA were measured and the flat plate was biased from 

20 to 50 V with a step voltage change of 5 V to create the disturbance. 

The spherical probe could be moved to different distances from the 

l eading edge of the plate to vary the relaxation time . The spherical 

probe was not used in the seeded, high ion density plasma for two 

reasons . First, the high ion density plasma required high voltages 

~ 200 V to create an ion sheath large enough to be able to surround 

the spherical probe . However, such high voltages can result in elec ­

trical breakdown inside the sheath (Nasser, 1971). Secondly, the 

potassium hydroxide quickly deposited on the spherical probe and 

disrupted the current measurement s by shorting the sphere to the shield 

·- around the air supply tube (Clements, 1975). 

Next, with the first flat plate assemb ly which had an insulated 
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side, the theory of the current spike to the probe when applying a 

voltage step was studied. These measurement s were done for a low 

ion density plasma. By monitoring the total current to the flat plate, 

the current spike relaxation t ime was measured . 

Having established the mechanism of the ion sheath relaxation, --
the second flat plate assembly with the flush probes was used to 

determine flow speeds in the viscous boundary layer adjacent to the 

plate . Because of capacitive coupling between the copper wedge and 

flush probes, it was not possible to apply a vo ltage step to the wedge 

and flush probe then measure the flush probe current separate from 

the total plate current. Thus, the flat plate assembly was grounded 

and the flush probes were connected directly to the operational amp­

lifier input. A positive d.c. bias and positive going step pulse 

were applied to the Meker burner with the consequence of electron 

collection at the burner and ion collection again at the flat plate. 

Low ion density pl asma measurements were not pursued beyond verification 

of the relaxation time previously measured using the first flat plate . 

High ion density in the plasma with moderate burner voltages gave an 

ion sheath thinner than the viscous boundary l ayer . A lower bound 

on the burner voltage came from needing to limit the electron current 

to the flush probe to very small value s. \fuen the voltage was not 

sufficiently electron retarding , the high mobili ty electrons had a 

short relaxation time through the ion sheath and would dominate the 

measurements . All five flush probe current densi ties were measure d 

as a function of plate voltage and following Stahl and Su (1971) and 

Russo and Touryan (19 72) , a sudden change in the d.c. ion current 
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density indicated at what voltage the ion sheath was extending beyond 

the viscous boundary layer . This voltage put an upper bound on the 

voltage that would be useful to probe the viscous boundary layer 

velocity structure. Also, the average E/p values where E is the 

-1 electric field in V m and p is the gas pressure in Torr, could 

not be excessively large or Townsend discharge may occur (Nas;er, 

1971) . The limiting E/p is '\, 100 V m-l Torr-l which for an atmo­

spheric pressure plasma and for a typical ion sheath thickness of 2 

mm for the seeded plasma, limits the applied voltage to < 150 V 

The maximum voltages applied were below this value and during the 

experiment kept below SO V. 

The difficulty in the flush probe current measurements was fluc­

tuations in the probe current caused by changes in ion density and 

flame speed . These fluctuations were as large as the · step voltage 

-9 
response ('v 10 A) and had to be filtered and averaged out. The 

signal processing method is illustrated in Fig. 3.5 and explained as 

follows . The flush probe current is converted to a voltage signal 

using a low current offset operational amplifier in a current to 

voltage configuration. The voltage signal is filtered through a 

10 KHz low pass filter (Krohn-Hite 3202, 6 db/octave) to remove high 

frequency components of the noise . After amplifying the filtered 

signa l further , it is fed into a voltage controlled oscillator to 

create a frequency modulated pulse train . Using a linear gate (Brook­

deal 415), this pulse train gates a triangle signal generator which 

is synchronous with the step voltage applied to the Meker burner . 

The result is a signal where time information is in the pulse height 
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and flush probe curren t in the puls e frequency . A pulse height ana­

lyser (Northern Econ II) demodulates the signa l. Briefly, the pul se 

height analyser (PHA), discriminates pulse height and adds one count 

in to the one of the 512 channels of the PHA 's memory which corresponds 

to the voltage height of the counted signal. If a train of pulses 

l i nearly increasing (or decreasing) i n vo ltage as time progre sse s is 

fed into the PHA , the analyser ' s channels can be directly cal ibrated 

in time rather than voltage. Consequently, the signal going into the 

PHA results in counts in a channel proportional to the pulse frequency 

at the corresponding time . Only a portion of the signa l from the 

linear gate is samp l ed by the PHA, Thi s samp ling is accomplished 

by using an oscilloscope (Textronix 547) in an intensified time base 

mode, triggered by the triangle generator. The oscilloscope gat e 

+ output (Gate A) feeds into the PHA ' s coincidence input to gate its 

signal input. The PHA then adds successive gated signal s to give a 

reconstruction of the flush probe current . Typically, the apparatus 

was run to sum over 2000 responses to the voltage step . By adding 

so many signals, unsynchronized no ise added to a very small effect 

and the relaxation of the probe current was readily discerned . The 

linearity of the circuit was tested by inputting a linear ramp voltage 

and checking that the reconstructed signal was l inear . Fig . 3.6 

illustrates typical waveforms i n the signal path just discussed . 

Processing data accumulated on the pulse height analyser ,vas done 

using a PDP 11 /10 minicomputer . Data transfer to the computer was 

effected by modifying the teletype output of the PHA to a 600 baud 

rat e and optically coupling this output to a video termina l port of 
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the computer . A program (see appendix B) was written to accept data 

from the PHA in character format, to convert the relavent data block 

into floating point numbers and then perform the data ana l ysis. Fig. 

3 . 7 wi l l assist in discussing the analysis . Region A
1 

is the portion 

of the accumulated signal where the plasma disturbance is no longer 

present. This region is fitted with a straight line using the method 

of least squares . Region B
1 

is the portion of the signal where 

the plasma disturbance is relaxing and is approximated by a logarithmic 

curve (origin O is some distance away from the fitted data to avoid 

the singularity of the logarithm at the origin) . A second approximatin~ 

logarithmic curve, B
2 

was fitted for a shorter channel interval 

further from the origin, starting where the slope of B
1 

was a pre­

determined value. This second fit helped to avoid weighting the 

fitted curve with data close to the origin where information is irrel­

evant to the relaxation time . Retaining data close to the origin un­

favourably weights the curve fit to give a relaxation time shorter 

than the actual time. To finally determine the relaxation time, the 

intersection of curves A
1 

and B
2 

was taken as the point wh ere the 

disturbance ceased and was found using the Newton-Raphson method. 

Calling the channel width from the origin to the intersection of 

,
1 

and the tota l signal channel width ,
2 

the fraction of the sampling interval that the original current spike 

had taken to relax . 
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CHAPTER 4 

RESULTS 

4.1. Genera l Discussion 

Flame generated plasmas have both advantages and disadvantages 

in their use in experimenta l plasma physics . Producing these plasmas 

is often very simple as in this thesis where a standard laboratory 

Meker burner was used to generate the flame . More refined methods 

for creating the flames are used to give greater flow stability or 

some desired flame characteristic (Lawton and Weignberg, 1969) . The 

direction of these refinements is primarily to compensate for the 

problems inherent in flame plasmas . Constant flame speed and ion 

concentration are the most severe limitations with flame plasmas with 

many measurements being very sensitive to them (Clements et al ., 1972) . 

Flame size can also limit the usefulness of the plasma as it becomes 

increasingly more difficult to control the plasma parameters as the 

test configuration increases in size (Lawton an d Weinberg,1969) . 

In the experimentation for this thesis , measurements within a 

factor of 2 of the theoretical prediction are reasonable . Such errors 

are commonly experienced among researchers who have been involved 

with flame plasmas (Clements et al. , 1972; Smy, 1976) . Low probe 

-9 ion currents of 0(10 A) were measured in this thesis and it was not 

uncommon for 50% fluctuations in the ion current to occur . If the 

plasma parameters drifted through the course of the experiment, even 
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larger variations oc cured . Signa l averaging was necessary in some 

parts of the work to ensure that the measurements could be extracted. 

The methods employed in the signa l averaging are outlined in the 

experimental sect ion of this thesis . 

4. 2 . Plasma Conditions 

A dichotomy i n the experiment came from the use of two plasma 

regimes. A low ion density plasma was first studied to demonstrate 

the feasibility of using a fla t plate , generating an ion sheath around 

i t and measuring i on current re l axation time s with flush probes . 

The high ion density flame was used to make certain the ion sheath edge 

was inside the viscous and thermal boundary layers adjacent to the 

plate. Essentia l parameters for the high and low ion density plasmas 

are tabulated in Table 4 . 1 . ~ and g subscripts in Table 4 . 1 in­

dicate quantities that were calcu l ated with l as a sca l e length 

and o(X) as a scale length respectively . The reason for this dis­

tinction is that one transport mechanism may dominate in the direction 

parallel to the plate conductor while another mechanism may control 

the ion transport perpendicular to the flat plate . The most relevant 

figures are the dimensionless quantities R 
e 

R a 2 
e 

and 

The Electric Reynolds number R 
e 

certainl y demons t rates that ion 

method of transporting the ions 

diffusion and mobility continue 

, characteri zing 

convection will be 

to the qu asineutral 

I 
in transporting the 

surface. R a2x2 values indicate that mobi l ity and 
e 

Ion Convection 
Ion Diffusion 
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region whereafter 
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diffusion at t he 
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Low Ion Density High Ion Density 

-1 
5 m s 

1500° K 

1 X 10-2 m 

2 X 10-3 m 

1 X 1015 m - 3 

390 

-5 
8.5 X 10 m 

9 X 10-3 

.03 

1. 89 · V2 
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. 15 
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1 X 1017 m- 3 

77 0 
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9 X 10-4 

6 X 10-4 

. 037 · V2 

80 

3 X 10- 3 

. 2 • v2 
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ion sheath edge may be of similar magnitude f or V = 0(1) In both 

the low and high ion densi ty plasma, the ion streamline close to the 

probe will be perpendicular to its surface as indicated by very low 

R a 2 values . 
e 

--
4.3. D.C . Measurements of the Low Ion Density Plasma 

A l arge sheath thickness for the low ion density plasma made i t 

possible to measure the ion density near the flat plate probe using 

a rotating cylindrical probe . The results of measuring the ion den­

sities are given in Fig . 4 .1 . These graphs demonstrate the voltage 

dependence of the ion densi t y gra dients in directions both paralle l 
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and perpendicular to the flat plate. The estimated ion current resulting 

D (t.N/ t.X) 
ao 

from t hese gradients is In Table 4.2 

is compared to the ion convection, N eU i n the x direction and 
0 0 

for the diffusion i n the direction, f5 ( t.N I t.Y J is compared wi th 
ao 

ion flux in the simple sheath convection mode l (Eq. (2 . 2 . 3)) . 

For comparison, R x was approximate ly 390 (Table 4.1 ) whi l e 
e 

J. IJ. in the x direction is estimated as being approximately 210 
T D 

(Table 4 . 2). j T is the theoretical current density which in the 

x direction is N eU 
0 0 

is the diffusion current D ( t.N/t.X) 
ao 

This is an exp erimental verification of the i on transport conditions 

around the probe . in the direct ion which is a fac tor 

of 10 bel ow the es t imated R y . The exp l anation is that the Electric 
e 

Reynolds number in Table 4 . 1 was calculated by comparing the diffusi on 

flux to the bulk i on convection f lux N eU rather than the ion 
0 0 
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Table 4.2 . Comparison of Diffusion Currents to Convection Cur.rents 

Current in 
A 

Direction. Current 
A 

y_ in X Direction . 

V X = 8 JIU!) X = 13 mm y = 2 mm y = 4 mm 

0 V 

jD (A m - 2) 1. 3 X 10-5 
2.2 X 10 - 5 

5 . 4 X 10 - 6 
1. 8 X 10-b 

jT (A m-2) ---------- ---------- 8 X 10-4 
8 X 10-4 

j✓jD -- -------- -- -- ----- - 148 435 

10 V 

jD (A m- 2) 1.5 X 10-5 
1. 8 X 10-5 

5.6 X 10-6 
4 . 2 X 10-6 

jT (A m - 2) 7 . 5 X 10-5 
5 . 2 X 10-5 8 X 10-4 

8 X 10-4 

j✓jD 5 2 . 8 143 190 

20 V 

JD (A m- 2) 1.5 X 10-5 1. 4 X 
10-5 4.6 X 10-6 5.0 X 10 - 6 

jT (A m- 2) 1.1 X 10-4 
7 . 4 X 10-5 

8 X 10-4 8 X 10-4 

j✓jD 7. 3 5.3 174 160 

30 V 

JD (A m - 2) 1. 4 X 10-5 1.0 X 10 - 5 3.4 X 
10-5 5.2 X 10-5 

JT (A m - 2) 1. 3 X 10- 4 
9 X 

10-5 8 X 10-4 
8 X 10-4 

j✓jD 9.3 9 235 155 

40 V 

JD (A m - 2) 1. 3 X 10-5 7.0 X 10-6 2.6 X 10-6 
4.8 X 10 - 6 

JT (A m- 2) 1.5 X 10-4 
1 X 10-4 8 X 10-4 

8 X 
10-4 

j✓jD 11. 9 14.3 307 165 
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sheath convection flux which decreases N eU by the factor aY /ax 
0 0 S 

The conclusion for the low ion density plasma is that diffusion can 

be neglected in ion transport models and in fact this was done for the 

model describing the motion of the ion sheath edge in a step voltage 

response . 

Further characterizing of the steady state ion sheath conctitions 

around the flat plate was done using the change in the net electron 

current to an air cooled spherical probe to measure the ion sheath edge 

position as a function of plate voltage and distance from the leading 

edge. Fig. 4 . 2 summarizes the results of the measurements and compares 

them with the simple model of Clements and Smy (1970) and DeBoer 

(1968) (see Eq. (2 . 3.5)) . 

The discrepancy between the theoretical and experimenta l ion 

sheath edge position in Fig. 4.2 is explained by the ion density gra­

dients existing in the plasma (c.f. Fig. 4.1) which cause the ion 

¼ 
sheath thickness to increase faster than X4 for a uniform plasma. 

The ion density decreased further downstream from the flat plate's 

leading edge and the sheath thickness increased because of the -¼ N 
0 

dependence in y 
s 

The large spherical probe size was far from an 

ideal test probe and limited the resolution of the measurements of the 

ion sheath edge position. Particularly, close to the flat plate leading 

edge, the sheath th ickness was comparable to the test probe radius 

and was not expected to give very accurate measurements . 

A final d.c. measurement made for the low ion density plasma 

·- experiment was done to compare the flush probe characteristics ,vi th 

the behaviour predicted by the sheath convection mode l (jt=O- from 
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Eq . (2 . 3 . 15)). Fig . 4.3 displays the results and the approximating 

sheath convection model prediction . Qualitatively, the decreasing 

ion density furhter upstream from the flat plate leading edge is man-

ifested by the ion current density decreasing faster than the -3/4 
X 

from the simple model and is supported by the rotating probe results 

--
in Fig . 4.1 and Table 4 . 2 . The calculated diffusion current D (6N/6X) 

ao 

between the flush probes 1 cm and 2 cm downstream is 5.2 x 10-6 A m- 2 

which is within a factor of two of the rotating probe results. In 

conclusion, the results of the d . c . measurements show a significant 

ion gradient in the direction of the plasma flow for the low ion den­

sity flame, but the sheath convection model of plasma sheath formation 

holds locally along the flat plate surface . The plasma properties 

and flat plate probe characteristics are acceptable for using the 

relaxation model of section 2.3 t o study the flat plate response to 

a negative going voltage step in the plate ' s bias. 

4 . 4 . Pulsed Probe in the Low Ion Density Plasma 

Using the s tation ary spherical probe in the ion collecting mode, 

the sheath relaxation time to a voltage step in the plate ' s bias was 

measured . All the relaxation times were measured for an increasing 

negative step voltage to move the sheath to an equilibrium position 

further from the flat plate . Fig . 4 . 4 plots the results of relaxation 

time , as a function of distance downstream from the leading edge . 

The reciprocal of the graph ' s slope equals the disturbance ' s propa­

gation speed. From the theory for the low ion density plasma, this 
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is equal to the freestream plasma velocity . Two different air-propane 

-1 
flow r ates were experimented with and gave flow speeds of 2 . 7 m s 

and 4 . 6 m s-l The gas flow setting was left at the hi gher flow speed 

setting through t he rest of t he experimentation for both high and low 

density plasmas. -1 The 4.6 ms is 20% higher than the calculated flow 

-1 -speed of 3. 8 ms from the stoichiometric calculations in section 

3.2 . Similar results are calculated for the lower gas flow speed . 

78 

A plausible exp lanation of this effect is that entrai nment of surrounding 

air into the flame increased the total mass flow in the flame and gas 

buoyancy together gave a higher flow speed (Clements et al., 1972) . 

Further verification of the pulsed probe measurements was done 

by measuring the pulsed probe h1/h2 values and comparing to those 

calculated from Eq. (2 . 3.21) . Table 4.3 summarizes the results from 

measuring the tota l current to the flat plate . Flush probes measured 

the current density at different points downstream on the flat plate 

and also gave h1/h2 values and relaxation times. The flush probe 

measurements displayed a greater scatter of h
1
/h

2 
values than did 

the total plate current measurements and is probably explained by 

- 9 realizing that a very low ion current was being detected c~ 10 A) 

and significant fluctuations in the current did occur because of the 

difficulties in maintaining a spatially and tempora lly uniform plasma . 

The a values were observed to correspond closely to the experimental 

h1/h2 values for the whole plate even for large voltage changes during 

the voltage step . The value of these results is that they encourage 

~ the possibility of using the current spike to study the viscous boundary 

layer when the ion density is sufficient ly high to move the ion sheath 



Table 4 . 3 . Comparison of h1/h2 to a and cr Values for a Flat Plate Probe 

X v . vf hl -i h2 h1/h2 a a T 

(a) Total Probe Current 

* 2 cm -19 V -21 V -- - --- 2 . 2 4 . 3 1. s 

2 -38 -42 --- --- 2 . 7 4 . 3 1.5 

· 2 - 18 -22 -- - --- 2.3 4.7 2 .3 

2 - 36 -44 --- --- 2.4 4 . 7 2 . 3 

2 - 32 . 5 - 47 . 5 - -- --- 2 . 7 5 . 4 3 . 1 

2 -10 -30 --- --- 6 . 3 10 . 9 6.0 

(b) Flush Probe Current 

1 cm - 10 V -15 V -9 1. 7 x 10 A - 10 4.1 x 10 A 4 . 2 5.6 2.1 2 ms 

2 -10 -15 . 346 1. 42 2.4 5 . 6 2 . 5 4 ms 

3 - 10 -15 .285 . 813 3.5 5 . 6 2 . 7 5 . 8 ms 

* 2 cm was chosen as a mean value of X for the whole probe . 
, 
♦ 

-...J 
\0 



edge close to the probe . 

4. 5 . D.C . Probe Characteristics in a High Ion Density Plasma 

After having studied t he operation of the flush probes in the low 

density plasma , the viscous boundary layer effects for a high.-ion 

density plasma were examined as outlined in section 2 .4. No attemp t 

was made to use the rotating cylindrical probe or stationary spherical 

probe t o detect the sheath edge since it is very close to the 

plate at high ion densities. Fig . 4 . 5 shows typical current-voltage 

characteristics of t he flus h probes and compares them with predictions 

from t he sheath convection mode l and the mode l of section 2 . 5 . Only 

fair agreement is attained between either of the two models and the 

measured probe current . The sheath convection model is too simple 

an approach when the ion sheath thickness is comparable to the hydro­

dynamic boundary layer thickness . Correcting the sheath convection 

model by decreas ing the mobility constant to some lower average 

value would only predict less current and give a large disagreement 

with the measurements . 

There are three explanations that together could reasonably 

account for the discrepancy between the measured current and that i n 

the theory of section 2.5 . Fig . 4 . 6 shows the t emperature dependence 

of the .floating potential calculated by changing T in Eq . (2. 2. 2) . 
- 0 

This graph suggest that if the electron temperature was higher than 

~ 1500° K , as first measured for the flame using an optical pyrometer, 

it is possible t hat the floating potential could be as much as~ 1 V 
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higher. From the mechanism of electron generation, it is possible 

for the electron temperature to be hi gher than the flame temperature 

by as much as a factor of 2 (Von Engel and Cozens, 1963) . A shift of 

1 V will change the discrepancy from a factor of 2. 5 to one of 2.3 

not enough to account for the difference . The second explanation is 

from a problem inherent to the experiment. lfuen the flame was seeded 

with KOH, a thin white deposit formed on the plate through the course 

of experimentation . Measurements with an ohmmeter immediate ly after 

turning off the flame, showed that the white film had a very high 

resistivity (ohmmeter reading> 10
6 ohms) . With this film acting 

as an insulating layer, it could be expected that a significant decrease 

in the current density might occur . Swift and Schwar (1970) warn of 

this difficul ty with. probe contamination and the large effects it may 

have on the i on collecting characteristics . Clements (1975) also 

reported difficulties in using probes to study the ion density in an 

MHD combustion duct seeded with KOH. Cl ements observed the deposition 

of a white powder on his probes that interfered with his ion current 

measurements . From chemical analysis, Clements found that the powder 

was K
2
co

3 
and it is probable that the deposit in this experiment was 

also K
2
co

3
. Finally, the ion flux to the probe is typically a signif­

icant portion of the total ion flow from the burner . At an ion density 

16 -3 of 4 x 10 m and for the gas flow of the experiment, the total ion 

flow would be 3 . 2 x 10-5 A For an average ion flux to the probe of 

4 x 10-3 A m- 2 and a total co ll ecting surface of 20 
2 

cm, the probe ion 

collection wou ld represent 25% of the total ion flux from the flame. 

It is likely this has consequences on the current-voltage character-

83 



·-

istics and suggests that the probe ion flux could be less than predicted 

simply because of the large perturbation the probe had on the flame ion 

concentration. These three effects mentioned may have cumulatively 

r esulted in the lower ion flux to the flush probes. 

The va lidity of the model in this thesis in predicting ion current 

to the probe was checked by comparison to two simpler models which 

have been proposed by earlier authors. The parameter f
2 

in Eq . (2.5.44) 

for mod erat e potentials (4 - 10 V) using a high ion density plasma 

(~ 1017 m- 3
) had a range of 2 x 10-21 to 10 x l0-21 . Chung and Blank­

enship (1966 ) derived the ion sa turation current for a self similar 

boundary layer flow with frozen chemistry as 

D N e U p p µ . 1 . 

+o ¾o __!Z_Q_ ~ 1 + -=- (0 . 20? +0 . 128°( µ /p D · J J [ ][ ]
2[ · ;r-,1 

1 2 T- o o +o . /, \J p µ 
0 0 0 + (4.5.1) 

For the plasma cond i tions of the experiment and modelled in the theory, 

Eq . (4.5.1) gives Jt~sat = 6 x 10 -
21 

N
0
/l½ Even with their assump-

tion of fro zen chemistry, good agreement is seen with the range of 

f
2 

calculated in the theory . Another comparison for the model in this 

thesis can be made with that of Cl ements and Smy (1971) who used sheath 

convection corrected for a temperature gradient close to the pl ate . 

Their theory was done for a conductor embedded in an insulator, but 

t~e difference between this case and the model here manifests itse lf 

primarily at the plate ' s leading edge where the ion sheath and hydro­

dynamic layer t hicknesses are changing rapidly . Since both mode ls 

are cons idering current far downstream of the plate's l eading edge, 

the comparison can be expec ted to be close . For the conditions of 
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this experiment and small poten t ia ls with the ion sheath inside the 

hydrodynamic layer, Cl ements an d Smy's theory predicts Jt~sat ~ 

5 x 10-21 
N /l½ . One feature common to al l three mode ls is the 

0 
¼ 

N /l 2 dependence in the current density. This similari ty is a sub-
a 

stantial reinforc ement of confidence in the proposed mode l. Nei ther 

of the two previous ly mentioned theori es adapt to the change -;f current 

with volt age but rather, examine only the ion saturation current fo r 

the thin sheath . The advantage of this new mode l lies in it ' s abi l ity 

to calculate the changing ion current as the plate vol tage changes 

when the ion sheath is thin compared to the viscous and therma l boundary 

layers . 

4.6. Pulsed Probe Characteristics 

The most difficult part of the experiment came from merging 

the high ion density flush probe behaviour with the step voltage re­

sponse. The KOH seeder used to generate the plasma suffered from 

both short peri od (~ 10 ms) and long period (~ 100 s) fluctuations . 

The short period fluctuations i n the ion density and flow speed wer e 

critical because they gave noise comparab le in magnitude to the measured 

signal 
-9 

~ 1 x 10 A and a dura tion similar to that of the relaxing 

signal after the step i n the probe bias. This probl em necessitated 

85 

the use of the averaging circuit described in section 3.3 . Norma l ization 

of the average d signal to the maximum current pulse height precluded 

~ the calibration of the current axis of the relaxation curves but the 

qualitative nature of the response an d th e r e l axation time were dis-
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played . Fig. 4 . 7 exhibits typica l relaxation curves accumulated in 

the signal averaging instrumentation . The relaxation times indicated 

on the curves are those calculated from the computer analysis of the 

data in the pulse height analyser. Again, because of the averaging 

scheme, a/ values were not compared with h
1
/h

2 
values, but for 

the test conditions h1/h2 was 2 - 3 

One asset of the averaging circuit in spite of the long time 

required to accumulate a single point and calculate the relaxation time, 

c~ 3 hours total time/point) was the reliability of the calculated 

time . Time measurement for the flush probe 0 . 01 m downstream of the 

plate ' s l eading edge was difficult to analyse because of the small 

variation of the relaxation time with probe voltage . As demonstrated 

in Fig. 4.8 (c) by the spread of data points, further downstream of 

the plate ' s leading edge, a scatter of data points was observed . This 

problem may be explained by the unsteady flow of the flame gases and 

disturbances caused by ambient air turbulence and changing atmospheric 

conditions. 0 . 04 m downstream was found to be the limit for measuring 

the relaxation time. Figs . 4.8 (a) to 4.8 (c) show the relaxation 

time as a function of plate voltage 0 . 02 m, 0.03 m and 0 . 04 m down­

stream from the plate's leading edge. The measured ion density in­

dicated for each set of experimental results is used to calculate 

the theoretical predictions for K = 0 and K = 1 ( a measure of 

cooling effects on the ion sheath as outlined in se ction 2 . 5) . The 

rotating probe measurements of the ion density are accurate to 30% 

(Clements et al . , 1972) and could explain some of the difference 

between the predicted and actual voltage depen dence of the relaxation 
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time. 

An inherent drawback of the model prediction is assuming that 

the step voltage disturbance travels parallel to the flat pl ate rather 

than along the ion sheath edge. This simplification was done because 

of the inapplicability of the th eory close to th e plate ' s front edge 

--where the characteristic l ength and sheath thickness are comparable 
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in size . The re laxation time can be expected to be longer than predicted 

because the sheath edge is closer to the flat plate nearer the leading 

edge. The sheath convection model when used to predict the rel axation 

t ime fails by nearly a factor of½ too low through the range of ion 

densities and voltages in the experiment. Exp erimental measurements 

had U/U limited to >O. 6 because at lower voltages, the electron 
0 

flux became significant and because of th e high electron mobility, 

the relaxation time decreased as the voltage was further decrease d. 

A direct comparison of the relaxation data to the theoretical 

prediction can be convenient l y done by converting the flat plate volt­

ages to the f
3 

values using Eq. (2.5.45) an d then calcula ting 

u measured U is the speed calculated from the relaxation 
measured 

Utheory 
times in the experiment. U is the theoretica l speed that theory 

corresponds to the calculated 

of these calculations by plotting 

(K = O). This figure shows th a t 

the expected values with maximum 

values. Fig . 4.9 shows the results 

Umeasured 
as a function of f 3 utheory 

the measurements fa ll very close to 
u 

deviations of 12% from "um_easured_= 1 
theory 

The mean of 
Umeasured 
u theory 

is 1 . 02 which strongly sugges ts that the exper-

iment was successful in measuring the plasma flow speeds in the viscous 

boundary l ayer adjacent to the flat plate. 
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CHAPTER 5 

CONCLUSIONS 

The operation of a flat plate probe in a continuum flowing plasma 

--
was investigated in this theiis and certain properties were experi­

mentally ascertained . Ion transport conditions were studied and i t 

was demonst rated that for a l arge Electric Reynolds number, convec t i on 

dominates over diffusion in supplying ions to the ion sheath edge 

around the probe . D. c. flush probe characteristics were measured for 

both low ion density (10 15 m- 3) and high ion density (1017 m- 3) plasma . 

Good agreement between theory and experiment was found for the low ion 

density plasma but at high ion density, agreement was only within a 

factor of 2. Such a discrepancy is not unusual in plasma measurements 

and difficulties in the experiment could account for the difference . 

The flush probe step voltage response has been explained using 

a first order theory of ion collection in a low ion density plasma. 

A current spike was observed when the ion current overshot the equi l i-

brium current for the new probe potential . The a values were on 

the average 25% lower than the observed h1/h2 , but considering 

the approximations in the theory and difficulties in making measure­

ments , the agreement was good . The benefit of the current spike was 

that it provided a signal which was utilized to study the hydrodynamic 

flow properties of the plasma around the probe . By developing a theory 

to predict the ion sheath thickness when the ion sheath edge was inside 

the thermal and viscous boundary layers, it was possible to examine 
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the velocity profile of the viscous boundary layer. Agr cmen t between 

the predicted and measured relaxation of flu sh probe current was within 

10% which verified that the technique was feasible . Bette r agreement 

could have been sought for by refining the theory, but it is more 

probable that i mprovement of the experimental apparatus would be more 

worthwhile. Th e aspirator used to introduce the potassium hydroxide 

to the flame was particularly l imiting i n the control of both the 

flow speed and ion density . Noise in the flush probe current was 

troublesome and could be improved with better methods in generating 

the pl asma. If improvements in the plasma production are made, i t 

would be fruitful to do further work on the flush probe relaxation 

for a greater range of the plasma's ion density and flow speed. 

Experimenting with very high ion densi t ies (1020 m- 3) could be partic­

ularly interesting since the ion sheath edge would be close to the 

probe to give lon g r e l axation t imes and enhance the viscous and therma l 

boundary l ayer effects on the d.c. probe characteristics. The probe 

signal would also increase proportionate l y with the higher ion density 

and reduce the current noise problem . 
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APPENDIX A 

PROGRAM FOR EVALUATING f
1
J

2 
AND [

3 
OF SECTION 2. 5. 

The annotations in the program are self explanatory and identify 

different sections of the calculations . The data created is outputted 

into a file designated LPOUT . T@ but a program modification can have 

the data outputted to the user ' s terminal . Typically, the program 

takes about 1 minute to generate a single data point or 30 minutes 

for a complete set of data for given input parameters. The input 

parameters for the program are V2 B C and D+ These 

variables are id entified in the symbol table below. In particular, 

B = 1/ 8 with 8 from Eq. (2.5.20) and a in 8 (Eq. (2.4.1 2)) wa s 

calculated using Simpson's Rule on a calculator . C was evaluated 

from Eq. (2.5.32) a t y = 1/ 8 by the same method as a Following 
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the program listing, a typical output for a given set of input parameters 

is given. 

Important Variab les in the Program 

B = 1/8 (Eq. (2.5.20)) 

C n ' (l / 8) = C(l - n) (Eq . (2.5.32)) 

Dl = Freestream Ambipolar Diffusion Coefficient 

H = Step width of y in Runge Kutta Solution of Eq. (2.5 . 34) 

13 = Double Integral Eq . (2.5.41) 

K = Measure of Plasma Nonequi libr ium (Eq . (2.5.33)) 

N = n(l/8) 



Nl = n ' Cl/SJ 

U = U /U average o (Eq. (_2. 6. 2)) 

Vl = n ' at sheath edge 

V2 = TiJT
0 

w = T/T 
0 

Xl = y 
sheath 
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REr-1-P ROG RJ'.H·J F OR C(-lLCULATH,G I-V CH HRAC1ERIST!CS OF FLU:,H PROBES 
2 H=-. 02 '-. F'RllH 'Il!F'IJT \/2,8.LD+' "- Il'IPUT \/2,8,C, D1 
3 OPEN ' LPOUT . TQ' FOR OUTPUT AS FILE #l, FILESIZE 200, S2=2 'K2=1 "- K=-1. 
l', PRlilT ,:t. i.··\.'2=";\/2; '8:.: ';8;'C=';C;'D+:.: ' ;Dl, PRINT * L'' 
5 PRIHT ~t L"K 1-l< l/B) N'Cl/8) N'(S) 
6 RE l·l-
7 REfl- L !HES 11 TO l 0C SOLVE FOR ION SHEATH EDGE US ING RUNGE..:.KUTTA 
8 REM- ~E THOD FCR EQUATION 2 . 5 .34 
9 RHl-
10 FOR J = l TO 3, K=K+K2 
11 FOR L :.:80 TO 99 
12 RUl- L f·1HY ~-lEED TO BE CH AH GED FOR DIFFERENT INPUTTED P8RAME TERS 
14 M=L/ 18O , Hl =C* Cl - H) 
15 X!s8, Yl=N, Vl =Nl 
16 F'R HIT ",r."-; 
20 X=X l , Y=Yl, V=Vl 
25 GO SUB 1000 
2:c, f·10 =Il* F 
35 ><<<+l-J>::. 5 ', Y=Y+'v';J'.H/2 '· V=\l+i'-10/2 
4f:1 G0'3UB 1000 
45 t'-11 =H*F 
50 Y='/H·!IJ*H/4 , V=V-H0/2+f11/2 
55 GOSUB 1000 
61::l ~12 =H*F 

70 GO ~; UE: 1000 
75 t13 =H:1,F 
:::O Y 1 ='/1 +H* V 1 +H ;H f·l£1+!"1l +f·12) /6 
90 \l l =\..' 1+ (1"1(:i+;?+f··11+2)i:i°12+f·13)/6 · 
95 ><1 =>< 1 +H 
98 IF Xl <O GO r□ 200 
100 IF Yl >O GO TO 20 
101 REt-1-
102 REM- LINES 110 TO 118 CALCULATE Fl,F2,F3 OF EQUATIONS 2.5.43. 
104 REM- 2 . 5 . 44, 2 . 5 . 45 
1E15 REl"l-
11 0 F2 =V l*W-1'2~1 . 60200E- 19* (2.5*Dl)+ .5 • 
1 11 G0'.3UE: 1590 
112 F3 =3 . 07CZ1SE·-05 :1: (8 * '•./l >1 :D 1 /2) -t-. 5* I 3*W 
113 Fl=Xl*CD l /5)-1' .5 
11 4 DEF FHU CR,~;) =4:i,R>::S :-. 5+4:l:R+3/S+. 5 - R•t-4/S 
115 h ~>< l /8 ,, )<)]=~1+2 ',. D=rnurn .. I) ', U=D- FHUCA,X0)+X0 
I 17 PR IHT 'IH 1 ,,f:) = ·· ; i·I; ·· G ( S) = ·· ; LI; 'VOL T . =' ; F3 
I 18 F' R HlT a'd .. K,tLHi,'./ l .. U,FLF2,F3 
120 HEXT L 
12 1 PR!i1T #l , "- - -------· ---------------------------------• 
122 NE XT J 
123 GO SUB 15,30 
125 CiO TO 2000 
20(:J · PRlt-iT a~ L " ~Ul HOT POSSIBLE AT .N=",N 
205 GO TO 122 
21.'.16 REi' l-

G( S) 

--

20 7 RE11-L INES 1000 TO 1020 CA LCULATE RIGHT HAN D SIDE OF EQUATION 2.5.34 
208 F-:Et1-

Fl 

. . ·- ·- ·· - --- __ . . ____ _ .-. -___ _ ... . . .•. · ·· - · •-----~-· • _ _ • . . _ , ... , ,. -_ __J -_ __ __ .. • ---- . ·-
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I 000 G cc2:I: ( X/8) - 2* CX/S) '1'3+CX/8) -t-4 
I 005 ::.:; i =2/8- G:.:: (X/ 8) --T-2 /8t4·i: ( X/8 ) 1'3/8 
113 15 I.J=\/2+( 1-V2 )*G 
10 1 7 T = C 2:1:L,J* C 1- V2) *G 1 +X:I:G/2 ) :t<V 
1018 IF l /L,J>2 GO TO 18 19 '- DS =K*C (Y/w)1'2- W-1-. S*EXP (33.6* (l - 1/W))) \GOTO 1020 
1019 D9 =K~(Y/W) -t-2 
1(120 F =- (T - D9+X:t:'(:1:i:; 1 / 2 ) /1.J-t-2 
1025 RETURH 
1500 I F S2=5 GO TO 1520 
1505 S2=5, GO TO 1525 
1520 S2=2 
1525 1--~ETUR N 
1530 F:~ M-
1531 Rd~ LI NES 1590 TO 1790 CALCULATE DOUBLE INTEGRAL OF EQUAT ION 2.5.41 
1532 F~El-1-
1590 E0~2 1 , E2= Xl/8/l0, Ml =l, S4=0 
1610 FOR E1=0 TO 9 
1620 EO =E0- 2 , E3=C X l /8-E l * E2)/(E0+1) 
1630 Sb=O , r·12= 1 
1640 FOR E4=0 TO EO 
1650 E5 =El*E2+E3iE4 
1660 S6=S6+~Q/(V2+C l -V2)*(2*E5-2*E5+3+E5"'4)) 
1670 IF 112 =1 GO TO 1690 , IF 1'12=2 GO TO 16913 '- M2 =2 '- GO TO 1700 
1690 1·12 =4 
1780 I !EXT E4 
17 IO S6 =Sf. + I/( V2+c 1- V2) *C 2*X 1 / 8-2*(Xl/8 ) 1-3+ CXl/B) -t-4)) 
1721:1 J:-i =SORCS6:I:E3/3) 
1730 S4 =S4+t·ll * I4 '\. IF Ml=l GO TO 1760 '\. IF M1=2 GO TO 1760 '- M1 =2 '-GOTO 1778 
1760 1·11 =4 
1770 ME~<T E 1 
17:3[1 I 3 =S4;;:(:2/3 
1 ?913 RE ,lJRJ--1 
213013 CLOSE 
2EH:)5 EI ID 

--- -------·----- .... - ----- ... ---·~ .. ------.. -
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VZ • .21 5 B= Z.61 C• 1.58 D+• Z .~80~~E-54 . 

K \ N(l/8) N' ( l/8) . N' CS) 
0 0 .316 1. 3601 5 . u 

(I • 1:: 1 . 3002 l . 374ll6 
1:1 . 82 .2844 1 -, ,-,7r•C' 

• .jO I .:,,.,J 

0 . 83 .. 21;:35 1 . 40057 
0 . :::4 ' . 2528 1.41 223 
0 ,-.c:-

• C•...J . 237 1. 422E:3 
0 . 1::6 . 2212 1. 43229 
0 0"7 

• ul . 2054 1. 44047 
0 . 88 . 1896 1. 49327 
8 . 89 . 1738 1. 49983 
0 . 9 . 15:3 1 . 55545 
B , . 91 . 1422 . 1 . 55998 
0 . 92 . 1264 1. 61873 
0 . 93 ·. 11 06 1. 68145 
[) . 94 . 0948 1 . 74869 
0 . 95 . 079 1 . 82 111 
0 . 96 . 0632 1. 89943 
0 . 97 . 0474 2. 07609 
0 9c, . u . 0316 2 . 17889 
0 . 99 . 0158 2.41357 

-------------------------------------------
,' .,> 

Ii 
,/ 

i· r · . 

:.. lr:w, · .:.:;_:_::~ .', c ·.. '..' :': .. "-" .. 
/ 

~ 

G( S) Fl F2 
. 963604 . 6106003 4 . L17725E-21 
. 95;:::22 . 01[13119 4 . 42379E-.2 l 
. 952:261 . 0 l(i0234 4.3Gt:::6E - 2i 
. 9456:35 9 . 73499E-03 4 . 29(:1 [H]E - 2 l 
. 93:34:,3 9 . 44655E-03 4 . 21:J976E - 21 
. 930521 9 . 15Bl 1E - 03 4 . 12073E - 21 
. 921846 8 . 86966E- 03 4 . f)2305E-21 
. 912383 8 . 58122E- 03 3.916'.?0E-21 
. 896609 8 . 14855E-03 3 . 85375E-21 
. 8:349? 7 . S60 11 E- 03 3 . 72C}?8E-2 l 
. :365784 7 . 42744E- 03 3 . 64177E- 21 
. 851579 7 . 139(:H;lE- 03 3 . 149926E -2 l 
. 828338 6 . 70634E-03 3 . 389f.::8E-21 
. 80247 6 . 27367E- 03 3 . 26:::49E- 21 
. 773782 5 . 84WOE- 03 3 . 13567[- 21 
. 742078 5. 40834E- 03 2 . 99209E - 21 
. 707153 · 4 . 97567E - 03 2 . 83849E - 21 
. 655209 4 . 39878E- 03 2 . 69951E - 21 
.611 934 3 . 96612E-03 2 . 52534E- 21 
.548049 3.38923E-03 2. 36085E- 21 

) 

., 

' ' 

,,;)--~ '~. ••• t':"f • • 'I 

... '· ·-·- ... , .. _...... - -- ---· -
.. 

F3 
1 . 98365E-07 
1. 9048f:,E - rl7 
1. 82SS3E-E)7 
1 . 745B1E-07 
1. 66:,c:6E- O? 
1 . 5:3s::::;:E-137 
1. 5B588E- 07 
1.42619E-07 

· 1.326:::lE-07 
1 . 24:31 SE ·· 07 
1 . 15000E- 07 
1.07332E-07 
9 . 7?662E-EJ8 
8 . 8376£)E - 08 
7.92032E-08 
7 . 02900E-08 
6 . 1678?E-08 
5 . 15097E- 08 
4 .36949E- 08 
3 . 45583E- 08 

.. 

,_. 
0 
0 
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1 . 93 
1 . 9 4 
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. 26!3 6 
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. 2212 
. 2054 
. 1:::96 
. i 738 
. 158 

.. 1422 
. 1264 
. 1106 
. 0948 
. 95 
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I. 

f I 
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1 . 6911 
1 . 654[19 
1 . 6553 
1. 64932 
1. 63523 
1.61183 
1. 57?55 
1 . 5731:)5 
1 . 50911 
1. 5097 7 
1. 4t: 183 
1 . 4554 
1. 40 124 
1. 38269 
1. 237 67 

- ~ _...:..: .: .. 
.,,. , -

\, 

. %14%2 . 0121C::G;:i 

. 9f33 175 . 012[1425 

. 988 124 . 011754 1 

. 976674 . 0 114557 

. 972794 . 01117?2 

. 96845 . [110::::38:3 
·. 963604 . 0 106003 
. 955315 . 0H3 1677 
. 949052 9 . 87922E- 03 
. 934577 9 . 3132331::: - 03 
. 917215 8 . 72544E- 03 
. 890906 8 . 0E1433E- 03 
. 85 15 79 ? . 1391?J\3 E- 03 
. ?6356 5 . 6967 8E- 03 
.375707 2. 09 123E-03 

. \ . . . . \ 
I , 

t' 
• I 
I 

· / 

.6 . '.t.l67t1E- 21 
5 . '.:.:r::i772E - 2 1 
5 . 87:377E - 21 
5 . ?'.:;:38<lE- 2 1 
5 . 606 16E- 21 
5 . 41843[ - 21 
5.19290E- 21 
5 . 0035E:E - 2 1 
4 . 68:?83E - 21 
4 . 43 ?'D!?:E - 21 
4.09621E - 21 
3 . 68747E - 2 1 
3 . 143 18E:: - 21 
2 . 4 1BB2E- 2 1 
7. 58G96E- 22 
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' 

• • ',' . .. . ' # ' ... •• ~ • 

• 

2 . ?709SE - 87 
2 . Gc:94 1E- 07 
2 . 58859E - 137 
2 . 4:32:::9E - 07 
2 . 37237E - 137 
2 . 25693E - 07 
2 . 1363 1E- 07 
1 . 9905~1E - 07 
1 . r:: 5 77~~E- EJ 7 
1 . 677 :::: 2E - C>i7 
1 . .:i8892E - [17 
1. 2694~1E- 07 
1 . 0 1724E- 07 
6 . 7307 8E- 08 
1. 0 415 6E-08 
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2 .8 .3 16 2 . 03233 .992024 .0131 963 7 . 7l949E -2l 3.43740E - 07 
2 . 81 , • 3002 1. 99986 . 991 173 .01 30521 7 •. 55463E - 21 3. 35291E - 07 
2 .82 . 2844 2.01 828 .989271 .01 276:37 7 . 5:3517E-21 3.2541'.:4E-07 
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2 .9 • 158 1. 6327 .95822 . 0103119 5.25<-l97E-21 2. 0761 !E- 07 
2 . 91 • 1422 l. 56751 ~9 421 54 9. S9077E- 03 4.73753E-21 l . 80083E-07 
2 .92 · . 1264 · ·- --·-"· · 1; 44282··· ·· - · - . 917215 8.72544E-03 3.98836E-21 1 . 46919E-07 
2 . 93 . ,1106 1. 2937 .651579 7. l 3900E-03 2.90 l95E-~l 9.77426E-08 
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APPENDIX B 

PROGRAM FOR ANALYZING RELAXATION CURRENT DATA FROM THE PULSE HEIGHT 

The principle of the ana l ysis was discussed in the experiment 

an d will not be repeated here . The programming features included 

using an INPUT statement to input the information stored in the 

pulse height analyzer memory . The character file from the PHA was 

converted to a numeric file-- it is important that the format from 

a given PHA is identical to that of the Northern Econ II as otherwise 

it is unlike ly the program will work. Modification of lines 42 to 
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ALY ZER 

85 could rectify this problem if it arose . The format of the information 

accumulated by the PHA should be as shown in Fig . A.1 . Variations 

of the data structure could require further program changes . Leas t 

squares was used to fit the appropriate curves to sections of the 

data. Details of the fitted curves are given in section 3. 4 and 

referred to in the REMark statements inserted in the program. 

Channe l 1 

V) 
.µ 
i:: 
~ 
0 
u 

Time 

--4000 Counts 

0 Counts 
Channel 512 

Figure A.1. A Typica l Signal Accumulated in the PHA 
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5 REM~ PROGRAM TO DETERMINE RELAXATION TIME FROM DATA 
6 RE ti- ACC!Jf·lUL(HED ON HORTHERN PULSE HE l GHT (-l!·/AL YSER . 
10 REM -FJRST INPUTTING NEW DATA,REtDVE LJNE 17 
11 D=8 , F=106, G=0 
12 FOR Dl=l TO 2 
13 REM-A.DC IS A CHARACTER FILE FROM PULSE HEIGHT ANALYS ER 
14 REt1-ARRAY . DC JS A HUl1ER l C FI LE CREATED FROl 'l A. DC 
15 OPEN 'DK0 :A. DC' FOR JNPUT AS FJLE ~Fl$(256)=60 
16 OPEN ' ARRAY . DC' FOR OUTPUT AS FILE VF 2¼ (500J 
17 GO TO 42 
18 REM- LJNES 20 & 30 JNPUT FROM PUL SE HEIGHT ANALYSE R 
19 REt1- (ENSURE BAUD RATES OF PHA ANfi crn··FUTE~ PORT AR E MATCHED ) 
20 _FOR K=l TO 205, JNPUT J$, VFICK)=J$, NE XT K, CLOSE 
30 GO TD 3500 
35 REM- LJNES 42 TO 85 CREATE ARRAY . DC FROM A. DC 
42 FOR 1=0 TO 500, VF2C J)=0 , NEXT I 

104 

50 FOR Q=D TO F , P1=8 , P2= 11 'E$=VF 1 CD+ l ) ·, lJf.=SEG:f.(E $, 1.4) , T=VALCl...1$) 
80 FOR N=O TO 4, B=VF2CO) , DS=SEG:f.CE ~.Pl,P2) , VF2CB)=VALCD$) 
85 Pl=P1+7, P2=P2+7, VF2C0) =VF2CO)+l, NEXT N 
130 NEXT Q, CLOSE , OPEN ' ARRAY . DC' FOR JN PU1· AS FILE VF2¾ (500 ) 
134 REM- LINE 140 SEARCHES FOR BEGINNING OF SJGNPL DATA · 
140 FOR Tl= ! TO 300, IF CVF2(T l +! )-VF2CT1)) )50 GO TO 150, NEXT Tl 
141 REM-
142 REt1- LI NE~; 1 :,0 TO 260 LOCATE BEG I H!·l l HG OF REL.A><AT JON DA TA 
143 REM-
150 Bl =T l+l 
200 M1=1. 00000E+ 10 
210 FO R Tl=C81+100) TO 500 
220 REM-
221 RE ti- 1·1AX IMIJM ACCIJt·lULATED SIG~lAL Ol--1 PHA LJt·lJTED TO 4000 
222 REM- COUNTS . USE THIS FACT TO FIND SIGNAL EDGE. 
223 REM-
230 IF VF2CT 1))3900 GO TO 280 
240 IF VF2 Cf l) ) Ml THEN 260 
250 Ml =VF2CT 1) , 83=Tl 
260 HEXT Tl 
270 REl1-
272 REM- LIN E 280 IS COARSE LOG FIT TO RELAXATION SIGNAL 
273 REM-
280 82=83-20, G2=10, S7=VF2(82) , G3=103, GOSUB 2B00 
281 REM- LINES 282 TO 287 IS THE SECOND LOG FI T 
282 G2=10, G3=84 
284 P7 =INTCA3/5) 
286 S7=VF2C82)+A4+A3%LOGC P7) 
287 f:2 =82-P? , GOSUB 2000 
288 GIJSUB 1800 
294 PRIHT ,' LINE EON IS Y= ',Al.'X +',A2 
300 PRINT ,'RELAX . REGION EQN IS Y= ' ,A4,'+'. A3 , 'LN(X)' 
350 GO SLIB 300£1 
360 REt1-
36 1 REM- FIRST TEF~l1 OF T2 IS THE Tl11E l,JJDTH Cl·JSEC . ) OF THE 
362 REM- ACCUI llJLATED DHTA ( 15 11SEC SHO~JI~) 
363 REM-
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425 
430 
450 
5013 
501 
5132 
lE100 
IEllO 
1012 
11315 
102@ 
1030 
1040 
1050 
1580 
1501 
15132 
2000 
2B10 
2015 
2020 
2031] 
2040 
20513 
2060 
21::180 
2500 
2501 
2:,02 
2503 
2504 
30EJ0 
3010 
3015 
3016 
3017 
3020 

·3030 
3E135 
3040 
3050 
35013 
4000 

.. 
'CHANNEL',D1,'TJME=',T2, D=l18, F=202, NEXT Dl 
400lj 

CLOSE 
PRJIH 
GO TO 
REM­
REt1-
REM-

LINES 1000 TO 1050 FIT STRAIGHT LI NE TO EQU IL I E:R I Ul·l DATA 

P0=0, P1=0, P2=0, P3=0, P4=0 
FOR Cl =C81+ 10) TO (81+109) .. 
F9=\/F2 CC 1 )-S7 
P0 =P0+82-Cl , Pl=Pl+F9, P2 =P2+(82-Cll+2 
P4=P4+(82-Cl) *F9, NEXT Cl 
A 1 = ( 1 DBll:F'4- PO:;:p 1) / ( 100*P2- P(H2) 
A2 = (Pl *P2- P0:l:P4) / ( l 0E1*P2 - P0+2) 
RETURN 
REM-

--

REM- LINES 20013 TO 2080 FIT LOG CUR VE TO RELAXATION DATA 
REt1-
Pl3=0, Pl=O, P2=0, P3=0, P4=0 
FOR Cl =G2 TO G3 
Fl=VF2(82-Cl)-S7 
P0 =PO+LOG(Cl) , P4=P4+LOGCCJ) :i:Fl 
Pl=Pl +Fl, P2=P2+CLOG(C1))+2 , NEXT Cl 
CJ9 =G3-G2+ 1 
A3 = ( Q9>1:F' 4- PO*P 1) / CQ9*P2- P0-t-2) 
A4=(Pl *P2- PO*P4)/(Q9*P2-P0+2) 
RETURH 
~•Et1-
F~EM- LINES 313130 TO 3030 USE THE NEl,ITOl'l R8PHSON METHOD 
REM- TO CALCULATE THE TltE OF INTERSECTION OF THE 
REM- STRAIGHT LD~E FITTED TO THE EQUILlBRIUM DATA AND 
REt1- THE LOG CU R\/E FITTED TO THE RELA>(ATIDN DIHA . 
DEF FNACZ) =A4-A2+A3*LOGCZl-Al*Z 
DEF FNBCZ)=A3/Z-Al 
Z=A3/Al 
lF FNACZ)(0 THEN 3040 
Z=80 

.. 
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IF ABSCFNACZ)l( .1 THEN 3050 
Z=Z-FNACZ)/FNBCZ) , GO TO 3020 
GO TO 3i:J5B 

• • . .. - ....... - ~ ---·· - - - - -- --- • , 4- • - -

PRINT "NO INTERS ECTION" 
RETURN 
PRINT 'PUT IN LINE 17 AS GO TO 42. AND RUNNH' 
CLOSE , END 
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