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ABSTRACT

Let v € Z™ and G be a simple graph. A G-decomposition of K, is a collection
F ={F, Fy,..., F;} of subgraphs of K, such that every edge of K, occurs in exactly
one of the subgraphs and every graph F; € F is isomorphic to G. A G-decomposition
of K, is called balanced if each vertex of K, occurs in the same number of copies
of G. In 2011, Dukes and Malloch provided an existence theory for balanced G-
decompositions of K. Shortly afterwards, Bonisoli, Bonvicini, and Rinaldi introduced
degree- and orbit-balanced G-decompositions. Similar to balanced decompositions,
these two types of G-decompositions impose a local structure on the vertices of K,,.

In this thesis, we will present an existence theory for degree- and orbit-balanced
G-decompositions of K,. To do this, we will first develop a theory for decomposing
K, into copies of G when G contains coloured loops. This will be followed by a brief
discussion about the applications of such decompositions. Finally, we will explore an
extension of this problem where K, is decomposed into a family of graphs. We will
examine the complications that arise with families of graphs and provide results for

a few special cases.
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Chapter 1

Introduction

A graph is an ordered pair G = (V, E), where V is a set of points, called vertices,
and FE is a set of 2-element subsets of V', called edges. When referring to a particular
graph G, we may write V(G) and E(G) to represent its vertex set and edge set,
respectively. Each edge e = {u,v} of G will be denoted by uv or vu. For vertices u
and v, we say that u is adjacent to v if uv € E. In this case we will also say that e is
incident with both v and v.

The type of graph we have just described is known as a simple graph. There
are many generalizations of the definition given above, and we will encounter several
of them in this thesis. A directed graph or digraph has an edge set consisting of
ordered pairs. These directed edges are commonly referred to as arcs, and we will
write G = (V, A) instead, where A is the arc set. A multigraph has a multiset of
edges, allowing multiple edges between pairs of vertices. Finally, a pseudograph is a
multigraph that can have edges from a vertex back to itself, which are known as loops.
In Figure 1.1, we give an example of each of these graphs. Throughout this thesis,

we will make it clear what type of graph is being dealt with at any given point.



(a) (b) (c)

Figure 1.1: (a) a pseudograph; (b) a directed graph; (c) a multigraph.

In this thesis, we will be examining decompositions of graphs. Let G be a family of
undirected graphs. A graph decomposition of a graph H is a collection
F = {F,F,,...,F} of subgraphs of H such that every edge of H occurs in ex-
actly one of the subgraphs. Given a family of graphs G, if every graph F; € F is
isomorphic to some graph in G, then we call F a G-decomposition of H. If G = {G}
for some fixed graph G, then we say that F is a G-decomposition of H. In this case,
we say that H is G-decomposable. We illustrate these definitions in Example 1.1.
Certain graph decompositions are closely related to block designs, which will be dis-
cussed later on. For this reason, the copies of G in a G-decomposition may sometimes
be referred to as blocks.

For positive integers v and A, we will define K to be the multigraph on v vertices
with exactly A edges between every pair of vertices. In the case A = 1, we have
the complete graph on v wvertices, denoted K,. In this thesis, we will be focusing
exclusively on decompositions of K. For our main result, we will look at decomposing
K? into copies of a single graph G. In some of the later chapters, we will consider

v

decomposing K into a family of graphs G and explore some specific cases there.



Example 1.1. Suppose we want to decompose K into copies of K3. Such a decom-
position is illustrated in Figure 1.2, where each copy of K3 has been given a unique

colour. It is easy to see that every edge of K7 is contained in exactly one copy of K.

N

Figure 1.2: A K3-decomposition of K.

1.1 History and Motivation

A specific type of graph decomposition known as a balanced graph decomposition was
first introduced by Hell and Rosa in [17]. Given a simple graph G, a G-decomposition
of K, is called balanced if every vertex of K, appears in an equal number of copies of
G. In [10] and [21], Dukes and Malloch showed that for a fixed graph G, there is a
balanced G-decomposition of K for all sufficiently large integers v satisfying certain
necessary conditions. They first developed a theory for decomposing K into copies
of G when G contains loops. Designating these loops in a specific way, they were able
to obtain the result.

Recently, Bonisoli, Bonvicini, and Rinaldi introduced two slightly more restrictive

types of balanced graph decompositions in [3]: degree-balanced and orbit-balanced.



For a given graph G, let D(G) be the set of all degrees of the vertices of G. For
each d € D(G), the subset of all vertices of degree d is the degree-class defined by
d. These degree classes form a set of equivalence classes which partition V(G). For
every d € D(G) and every u € V(K,), let r4(u) denote the number of blocks in a
G-decomposition of K, containing u as a vertex of degree d. A G-decomposition of
K, is called degree-balanced if for each d € D(G), rq(u) is independent of u. That is,
there exists a constant positive integer rq such that ry(u) = ry4 for all u € V(K,).

For a given graph G, an automorphism of GG is a permutation o of the vertex set
V(G), such that for any u,v € V(G), wv € E(G) if and only if o(u)o(v) € E(G).
Equivalently, an automorphism is a graph isomorphism from G to itself. The compo-
sition of two automorphisms is another automorphism, and the set of automorphisms
of G, under the composition operation, forms a group known as the automorphism
group of G. The orbit of a vertex u € V(G) is the set of all vertices o(u) such that o
is an automorphism of G. That is, the orbit of u is the set of all vertices that u can
be mapped to under some automorphism. The equivalence classes of V(G) under the
action of the automorphisms are called orbit-classes.

Let A(G) be the set of orbit-classes of G under its automorphism group. For
each a € A(G) and every u € V(K,), let r,(u) denote the number of blocks in a
G-decomposition of K, containing u as a vertex in orbit a. A G-decomposition of K,
is called orbit-balanced if for each a € A(G), r,(u) is independent of u. That is, there
exists a constant positive integer r, such that r,(u) = r, for all u € V(K,). Since each
orbit-class contains vertices of a common degree, it is clear that orbit-balanced graph
decompositions are also degree-balanced. It is also easy to see that both degree- and
orbit-balanced graph decompositions are balanced. However, the converse of each of
these statements is not true. Bonvicini gives many counterexamples to these in [5],

two of which are given below.



Example 1.2. To see that not all balanced graph decompositions are degree-balanced,
take K5 and consider decomposing it into copies of the graph G shown in Figure 1.3.
Here, each copy of G in the decomposition has been given a unique colour. Every
vertex of K5 appears in exactly two copies of G, so the decomposition is certainly
balanced. However, vertex d appears twice as a vertex of degree two in the copies
of GG, and all the other vertices appear once as a vertex of degree one and once as a

vertex of degree three. Thus, the decomposition is not degree-balanced.

Ks

Figure 1.3: A balanced G-decomposition of K5 which is not degree-balanced.

Example 1.3. To see that not all degree-balanced graph decompositions are orbit-
balanced, take K7 and consider decomposing it into copies of the graph G = Py;U Py
shown in Figure 1.4. Again, each copy of G in the decomposition has been given a
unique colour. Every vertex of K; appears as a vertex of degree two exactly once,
and as a vertex of degree one exactly four times. Thus, this decomposition is degree-
balanced. Observe that G has three orbit-classes: a1 = {1,229}, ao = {31}, and

az = {z1,22}. In this decomposition, vertices 0, 1, 2, 3, and 6 appear twice as a



vertex in a;, once as a vertex in ao, and twice as a vertex in as. However, vertex 4
appears once as a vertex in a;, once as a vertex in as, and three times as a vertex in
ag; vertex 5 appears three times as a vertex in a;, once as a vertex in ay, and once as

a vertex in ag. Thus, the decomposition is not orbit-balanced.

0
6 1
@ @ @ o—0
T T z z
1 n 2 1 2 5 9
G
4 3
Ky

Figure 1.4: A degree-balanced G-decomposition of K7 which is not orbit-balanced.

In [3], Bonisoli, Bonvicini, and Rinaldi determined the necessary conditions for
both degree- and orbit-balanced graph decompositions of K,. For a degree-balanced
graph decomposition, it is necessary that the following two equations are satisfied for

every u € V(K,):

ru)= > ra(u)= > )Td and o odrgu)= > drg=v-—1,

deD(G) deD(G deD(G) deD(G)

where r(u) denotes the number of copies of G in which u appears. Similarly, for an

orbit-balanced graph decomposition, it is necessary that the following two equations



are satisfied for every u € V(K,):

ru)= > ru)= > r, and Yo d(a)re(u) = > dla)ra=v—1,

acA(G) acA(G) a€A(G) acA(G)

where d(a) denotes the degree of the vertices in orbit a.

In [5], Bonvicini determined for which values of v the graph K, admits a bal-
anced, degree-balanced, or orbit-balanced G-decomposition for each graph G on five
vertices. They also analyzed these decompositions to determine which values of v
give a balanced decomposition which is not degree-balanced, and a degree-balanced
decomposition which is not orbit-balanced. Similar to what Dukes and Malloch did
in [10] and [21], we will develop a theory for decomposing K into copies of a graph
GG when G contains coloured loops. Using this theory, we will obtain the existence of

both degree- and orbit-balanced decompositions for all large admissible integers v.

1.2 Necessary Conditions

As mentioned before, our main result deals with decomposing K into copies of some
graph G, where G contains coloured loops. Since we will have various loop colours
involved, our necessary conditions will be a bit more complicated than those given
in [10] and [21]. Let G be an undirected graph with n vertices, m edges, and with ¢
different loop colours. For any vertex u € V(G), let d,, denote the number of standard
edges incident with u, and let e,; denote the number of loops of colour i at u for
1=1,...,c. Let ¢; = e%%G) e denote the total number of loops of colour 7 in G. We

want to determine the necessary conditions for the existence of a G-decomposition of

K. As in [21] and [26], we have the following (global) necessary condition:

A(w—1)=0 (mod 2m) (1.1)



as the number of standard edges in G must divide the number of standard edges in
K

Since our graph G contains loops, we must append loops to the vertices of K if
we are going to decompose it. Let K[#1#2-1eA denote the multigraph on v vertices
with A edges between every pair of vertices and u; loops of colour 7 at every ver-

tex. For the sake of notation, we may sometimes write K[F1#2-teidl a5 A where

p = (p1, 2, - . ., ite). Counting as in [21], we see that we require
=/ 1.2
. 2m (1.2)

loops of colour ¢ at each vertex in Kq[f‘?’\] forl <i<e.
Locally, we require simultaneous decomposition of the edges and loops at each

vertex of K[#A. That is, we need an integral solution {s,} to

> sudy=XAv—1) and (1.3)
ueV(G)

Y Sului = i (1.4)

ueV(G)

for 1 <i < c. In [26], Wilson showed that the condition in (1.3) can be reduced to

AMv—1)=0 (mod g) (1.5)

where g = ged{d, : u € V(G)}.
Now (1.2), (1.3), and (1.4), together with the fact that we require u; € Z, gives

us



1 d,,
% €u,1

Av—1) € spany : (1.6)
5 Cuc

where u ranges over all vertices of G. Putting (1.1) and (1.6) together, we obtain our

necessary conditions:

A(v—1)=0 (mod 2m)

(1.7)
AMv—1)=0 (mod «)
where « is the least positive integer such that
1 dy
L €u,1
a |*™| € spany T op. (1.8)
Le
_%_ _eu’c_

For a given graph G, we will say that the integers A and v are admissible for G
if they satisfy (1.7). It is important to note that these necessary conditions will give
different admissible values of A\ and v depending on where loops are placed on the

underlying graph G.

Example 1.4. This example will demonstrate the importance of how coloured loops
are distributed across vertices in the given graph. Figure 1.5 shows us two graphs, G
and H, which are isomorphic in their standard edges, and contain the same number
of red and blue loops. Their parameters are n = 3, m = 2, {1 = 2, and {5 = 2, where

¢y is the number of red loops and /5 is the number of blue loops.
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¢ 9. L

G H

Figure 1.5: Two distinct graphs with the same set of parameters.

For G, (1.8) tells us that « is the least positive integer satisfying

1 1 |2 |1
a |1 espang ¢ |1], 1], 0
1
. 1l (1] |0

which gives us 2 | a. It turns out that @ = 2, as

2 1 2 1
1l =011]+1]|1]+0|0]f-

1 1 1 0

So our necessary conditions for G are

M(w—1)=0 (mod4) and
AMv—1)=0 (mod 2).
For H, we have
1 1 2 1
o |t| espang { 1], [o] . [1
i 1l (1] |0

which again gives us 2 | a. However, a = 2 does not give us integer coefficients for
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our set of vectors. It turns out that o = 4 as

4 1 2 1
21 =11 +1jo|+1]1

2 1 1 0

Here we notice that o = 4 = 2m. From (1.8), it is clear that 2m is always a

solution as

-2m_ _ d, |
0 Z €ul
N ueV(G)

2 Cuc

Thus, « | 2m for any graph with m edges. So our necessary conditions for H are

(v —1)

0 (mod4) and

AMv—1)=0 (mod 4).

Now the parameters A = 2 and v = 4 satisfy the necessary conditions for G, but
they do not satisfy the necessary conditions for H. Solving for p; and py with A = 2
and v = 4, we obtain p; = pus = 3. Thus, there is no H-decomposition of K£3’3;2], but
there is in fact a G-decomposition of K. The graph of K**? is given in Figure
1.6 with its vertices labeled 0 through 3. With V(G) = {uy, us,us} as in Figure 1.5,

we can take the following as our copies of G:

V(G) =1{0,1,3) V(Gs) ={1,2,0} V(Gy) = {2, 3 1}
V(G = 1{3,0,2) V(Gs) =1{0,3,2} V(Gs) =12 1,0

]

Every vertex of K E”S;Q appears exactly three times as vertices u; or us (and hence

has exactly three red and three blue loops) and every edge is covered exactly twice.
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Figure 1.6: The graph of K}**%.

1.3 Main Result

Now that we have determined the necessary conditions for our problem, we are ready

to state our main result.

Theorem 1.5. Let A € Z, A\ > 0. Suppose G is an undirected graph with n vertices,
m edges, and {; loops of colour i for 1 < i < c. Then there exists a G-decomposition
of KW for all sufficiently large integers v satisfying the necessary conditions given
in (1.7).

Chapter 3 is devoted to the proof of Theorem 1.5. In [21], Malloch’s theory for

graph decompositions with loops gave the asymptotic existence of balanced graph
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decompositions of K. This was achieved by placing exactly one loop on every vertex
of the given simple graph. By using coloured loops, we are able to extend our result to
the more restrictive degree-balanced and orbit-balanced graph decompositions. This

gives us the following two corollaries to Theorem 1.5.

Corollary 1.6. Let A > 0. Suppose G is a simple graph with n vertices, m edges,
and degree set D(G). Then there exists a degree-balanced G-decomposition of K for

all sufficiently large v satisfying (1.7) with e, q = 1 if deg(u) = d, and 0 otherwise.

Corollary 1.7. Let A > 0. Suppose G is a simple graph with n vertices, m edges,
and orbit-class set A(G). Then there exists an orbit-balanced G-decomposition of K

for all sufficiently large v satisfying (1.7) with e, , = 1 if orb(u) = a, and 0 otherwise.

The same proof can be used for both corollaries by simply interchanging degree-

class and orbit-class.

Proof. Let A > 0. Suppose G is a simple graph with n vertices, m edges, and degree
set D(G). For each d € D(G), let e, 4 denote the number of loops of colour d at
every vertex v € V(G). For each u € V(G), set e,q = 1 if deg(u) = d, and 0
otherwise. That is, designate a unique colour to each degree-class of G and give each
vertex in that class exactly one loop of that colour. With these loops appended to G,
Theorem 1.5 then tells us that there is a G-decomposition of K# for all sufficiently
large integers v satisfying (1.7). In such a decomposition, (1.2) tells us that for each

d € D(G), we require
. )\Ed(v — 1)

Hd om

loops of colour d at every vertex in K. For a given degree d € D(G), every vertex
in that degree-class has exactly one loop of colour d. Hence, every vertex in K must
see the same number of vertices in that degree-class. Removing the loops from the

resulting decomposition then yields a degree-balanced G-decomposition of K. [
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Chapter 2

Background

2.1 Block Designs

The existence of block designs is closely related to the existence of certain graph
decompositions. This relationship will be extremely useful in proving many of our
results. Pairwise balanced designs will play an important role in Chapter 3 when we
prove Theorem 1.5. Balanced incomplete block designs and f-resolvable designs will
be used in Chapter 5 when we examine decompositions involving families of graphs.
In Chapter 6, we will look at how uniformly resolvable designs and cyclic designs
might be used to obtain more graph decomposition results.

A balanced incomplete block design (BIBD) with parameters (v, k, \) is an ordered
pair (V, B) where

e I/ is a set of v objects called points;
e 3 is a collection of (not necessarily distinct) k-subsets of V' called blocks; and

e every pair of distinct points are contained together in exactly A blocks.

We will usually refer to such a design as a BIBD(v, k, A). A BIBD(v, k, \) can be

thought of as a partition of the edge set of K into copies of K;. This means that
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for given v, k, and A, the existence of a BIBD(v, k, \) also guarantees the existence

of a Kj-decomposition of K.

Example 2.1. Let V =Zj; and let B = {z + {1,3,4,5,9} : € V'}, where addition
is distributed into the set and is modulo 11. This gives us a BIBD(11,5,2). In terms
of graph decompositions, we can think about taking the graph K7 and labelling its
vertices as the integers modulo 11. The set of blocks B generated by this block design

tells us on which vertices of K%, to place copies of K5, producing a Kjz-decomposition

of K.

We have two necessary conditions for the existence of a BIBD(v, k, \). There are,

of course, many examples that show that these conditions are not sufficient.

Proposition 2.2. [7] If there ezists a BIBD(v, k, \), then

A(w—1)=0 (mod k(k—1)) and
(2.1)
AMv—1)=0 (mod k —1).

This follows from the fact that the number of blocks is >;€”((k”__11)), and every point

belongs to exactly % blocks. Another necessary condition for the existence of a
BIBD(v, k, \) was given by Fisher in 1940, and is commonly referred to as "Fisher’s In-
equality". For certain parameters satisfying the conditions in Proposition 2.2, Fisher’s

inequality can be used to rule out the existence of a BIBD(v, k, ).

Theorem 2.3 (Fisher’s Inequality). [7] In any BIBD(v,k,\) with 1 < k < v, it is

necessary that b > v.

A pairwise balanced design (PBD) is an ordered pair (V,B) where |V| = v and
|B| € K for each B € B. Here, K is a set of sizes that the blocks may take on,

and every pair of points belongs to exactly one block. Note that not all block sizes
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in K need to be used. Based on this definition, if a PBD(v, K') exists with blocks
B ={Bi,Bs,...,B;}, then K, can be decomposed into subgraphs, each of which is a

clique Kj, with vertex set B; € B for some k; € K.

2.1.1 Resolvable Designs

A parallel class in a design is a set of blocks that partition the point set. A resolvable
balanced incomplete block design is a BIBD(v, k, \) whose blocks can be partitioned
into parallel classes. In this case, we will write RBIBD(v, k, \). Similarly, we can

define a resolvable pairwise balanced design, which we denote as RPBD(v, K).

Example 2.4. We obtain an RBIBD(9,3,1) by taking V = {1,2,3,4,5,6,7,8,9}

and

B = {{1, 2,3},{4,5,6},{7,8,9},{1,4,7},{2,5,8},{3,6,9},

{1,5,9},{2,6,7},{3,4,8},{1,6,8},{2,4,9},{3,5,7}}.

We have two necessary conditions for the existence of an RBIBD(v, k, \).

Proposition 2.5. [7] If there exists an RBIBD(v, k, \), then

v=0 (mod k) and 22)

AMv—1)=0 (mod (k—1)).

This follows from the fact that the number of parallel classes is ’\gf__ll), and the

number of blocks in each parallel class is 7. A parallel class in a PBD(v, K) is uniform
if all blocks in the parallel class have the same size. A uniformly resolvable design,
denoted URD(v, K, R), is an RPBD(v, K) such that all of the parallel classes are
uniform. Here R is a list of integers () indexed by k € K such that there are

exactly r; parallel classes of size k.
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A O-parallel class in a design is a subcollection of blocks A such that every point in
V belongs to exactly 6 of the blocks in A. A 6-resolvable balanced incomplete block
design is a BIBD(v, k, A) whose blocks can be partitioned into #-parallel classes. In
this case, we will write §-RBIBD(v, k, \). Similarly, we can define a 6-resolvable
pairwise balanced design, which we denote as 6-RPBD(v, K'). We have the following

two necessary conditions for the existence of a -RBIBD(v, k, A).

Proposition 2.6. [9] If there ezists a 0-RBIBD(v, k, \), then

v =0 (mod k) and
(2.3)

AMv—1)=0 (mod 0(k —1)).

This follows from the fact that the number of f-parallel classes is 2((]72:8, and the

number of blocks in each #-parallel class is %. We then have the following result due

to Dukes, Ling, and Malloch.

Theorem 2.7. [9] Let k > 2, 0 > 1, and A > 0 be integers. For sufficiently large v,

there exists a 8-RBIBD(v, k, \) if and only if (2.3) holds.

2.1.2 Cyclic Designs

A (v, k, \)-difference set is a k-subset D C Z, such that each nonzero element of Z,

occurs exactly A times among the k(k — 1) differences of elements in D.

Example 2.8. Consider the set {0,1,3}. This is a (7,3, 1)-difference set, as taking
the differences (modulo 7) we obtain
0-1=6, 0-3=4, 1-0=1,
1-3=5, 3—-0=3, 3—-1=2.
It isn’t hard to see that every translate of a (v, k, A)-difference set modulo v gives

another (v, k, \)-difference set. The collection of translates of a (v, k, A)-difference



18

set yields a BIBD(v, k, ). We can simply think of this as the cyclic development
of a base block modulo v. If Dy, Dy, ... D; are (not necessarily distinct) k-subsets
of Z, such that the tk(k — 1) numbers arising from taking all possible differences
of elements in each set contains every nonzero element of Z, exactly A\ times, then

D ={Dy,D,,...D;} is a (v, k, \)-difference system.

Example 2.9. Consider the (7,3, 1)-difference set given in Example 2.8. Taking all

translates modulo 7 yields the 3-subsets

{0,1,3}, {1,2,4}, {2,3,5}, {3.4,6}, {4,5,0}, {5,6,1}, {6,0,2}

which form a BIBD(7,3,1). Taking all possible differences of elements in each of
these sets, we obtain every nonzero element of Z; exactly seven times. So this is also

a (7,3, 7)-difference system.

A BIBD(v, k, A) is called cyclic if its blocks can be partitioned into sets of blocks,
each of which has been obtained by cyclic development. In Example 2.9, we built a
cyclic BIBD(7,3,1) by simply developing the block {0, 1,3} modulo 7. Thus, we can
obtain a cyclic BIBD(v, k, \) from a (v, k, A)-difference set.

2.2 Network Flows

In Chapter 5, we will look at decomposing K into a family G of looped graphs. For
one of the specific cases we will examine, network flows are used to prove the existence
of the decompositions. The idea will be to use a flow to distribute loops. A network,
N, is a directed graph D with two special vertices s and ¢, called the source and the
sink, respectively, with a nonnegative real-valued function ¢ on the arcs of D. D is
called the underlying digraph of N, and c is called the capacity function of N. For

any arc a = (z,y) € A(D), the value c(a) is the capacity of a.
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The source can be thought of as the place from which material is shipped and
then transported through N until it reaches its destination - the sink. The capacity
of any arc in N can then be thought of as the maximum amount of material which
can be transported along that edge. When looking at networks, we usually want to
maximize the amount of material transported from the source to the sink, without

exceeding the capacity of any arc.

20 15

10

Figure 2.1: A network N with various edge capacities.

For x € V(D), the out-neighbourhood, N*(x), and the in-neighbourhood, N~ (x),
of = are defined as N*(z) = {y : (z,y) € A(D)} and N~ (z) = {y : (y,z) € A(D)}.
The size of these sets are the out-degree and in-degree of x, respectively. For a digraph
D and a real-valued function g defined on the edges of D, it will be convenient to use

the following notation: if X and Y are subsets of V' (D), then let

(X, Y] ={(z,y):z € X,yeY} and g¢g(X,Y)= Z g(x,y).

(z,y)€[X,Y]

Here, g(X,Y) = 0if [X,Y] = (). For any vertex x € V (D), we will write

gt@)= > glz,y) and g ()= D gy 2).

yeN+(z) yeEN~(z)
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For any X C V(D), we will also define

g"(X)=> g () and g (X)=)> g (x)

zeX reX

A flow in a network N with underlying digraph D and capacity function c is a

real-valued function f on A(D) satisfying:
i) 0 < f(a) < c(a) for every arc a € A(D), and
ii) fT(x) = f~ () for every intermediate vertex x € V(D).

The first of these conditions guarantees that no arc has its capacity exceeded by the
flow. The second is referred to as the conservation equation, stating that the flow
into any vertex must equal the flow out of that vertex. For any arc a € A(D), the
flow along the arc, f(a), can be thought of as the rate at which material is being
transported along a under f. For any arc a € A(D), if f(a) = ¢(a), then the arc is
said to be saturated by f. Otherwise, the arc is unsaturated. Using the definition of

a flow, we obtain the following theorem.

Theorem 2.10. [6] Let s and t be the source and sink, respectively, of a network N
with underlying digraph D, and let f be a flow defined on N. Then the net flow out
of s equals the net flow into t. That is, fT(s)— f~(s) = f~(t) — fT(t).

The value of a flow f in a network N, denoted by wval(f), is the net flow out of
the source of N (or equivalently, into the sink). A flow in a network N whose value
is maximum among all possible flows on N is called a maximum flow. That is, f is a
maximum flow on N if val(f) > val(fy) for any other flow fy on N. Given a network,
we usually want to determine its maximum flow value, which will be discussed in

Section 2.2.1.
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Based on the definition above, a flow f may take the value 0 along certain arcs of
the network. However, this may not always be desirable in a flow. For example, in the
context of material being shipped, there may be some minimum demand that needs
to be met at various points along the way. In this case, we define another nonnegative
real-valued function d on the arcs of D, called the demand function of N. For any
arc a = (x,y) € A(D), the value d(a) is the demand of a, with 0 < d(a) < c(a). If
d(a) > 0 for some arc a, we need to determine if there is a feasible flow on N. That
is, a flow f that satisfies d(a) < f(a) < c¢(a) for every arc a in our network. To
do this, we define a new network, N’, called the transformed network. To build this
transformed network, we take our network N and add a new source s’ and sink ¢'.
For every vertex u € V (D), we add to our network the arcs s'u and ut’. The capacity

function ¢’ of our transformed network will take the following values:

(i) d(s,u)= ¥ dw,u) and d(u,t’)= Y d(u,w) for every u € V(D);

weV (D) weV (D)

(i) d(u,w) = c(u,w) — d(u,w) for each arc (u,w) € A(D); and
(iii) d(t,s) = oo.

Less formally, we construct N’ by replacing every arc (u,w) € A(D) with three
arcs: (u,w) with capacity ¢(u,w) — d(u,w); (s',w) with capacity d(u,w); and (u,t’)
with capacity d(u,w). We also add the arc (¢,s) with unbounded capacity. If this
construction produces multiple arcs from s’ to the same vertex w (or to ¢ from the
same vertex u), we can merge them into a single arc with the same total capacity.
Arcs with zero capacity can be removed from N’ altogether. It should be clear that
the total capacity out of s’ and the total capacity into t' is T' = ( )ZA(D) d(u,w). A

u,w)€e

flow of value T" in N’ would then necessarily saturate all of the arcs containing s’ and

t'. We can then use the following result to determine if N has a feasible flow.
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Theorem 2.11. [1] A network N contains a feasible flow if and only if its transformed

network N' contains a flow that saturates all of the arcs containing s’ and t'.

Example 2.12. Suppose the network given in Figure 2.1 now has a demand on some
of its arcs, as shown in Figure 2.2. We denote this in a network by writing [d(a), ¢(a)]
on each arc a € A(D); this tells us the interval of values a flow is allowed to take
along that arc. To determine if there is a feasible flow for this network, we convert it

to its transformed network, N'.

[0,5]

Figure 2.2: A network N with demands and its transformed network N’
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To find a feasible flow for N, Theorem 2.11 tells us that we need only find a flow
on N’ which saturates the arcs containing s’ and those containing ¢'. In this case, we
would need to find a flow on N’ with value 32, which is the maximum possible flow

value.

2.2.1 The Max-Flow Min-Cut Theorem

For a set X C V(D), let X = V(D) \ X. A cut in N is a set of arcs of the form
[X, X]|, where the source s is in X, and the sink ¢ is in X. If K = [X, X] is a cut in

N, then the capacity of K is

cap(K) = (X, X)= > B c(z,y).
(z,y)€[X,X]
It is clear that since s € X and t € X, if all arcs in K were removed from D, then
there would be no path from s to ¢t in N. So a cut in D disconnects the source from
the sink.

For a set X C V(D) with s € X and ¢t € X, and a flow f defined on N, the net
flow out of X is fH(X)— f~(X), and the net flow into X is f~(X) — fT(X). It then
follows that f7(X) — f~(X) = f(X,X) — f(X, X). We now show that for a network
N and any cut K = [X, X| in N, the value of any flow in N is the net flow out of X

and that this value never exceeds the capacity of K.

Theorem 2.13. [6] Let f be a flow in a network N and let K = [X, X] be a cut in
N. Thenval(f) = fH(X) — f7(X) < cap(K).

Any cut in N whose capacity is minimum among all cuts in N is called a minimum
cut. The following two corollaries provide some important information about the

relationship between minimum cuts and maximum flows.
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Corollary 2.14. [6] If f is a flow in a network N and K is a cut in N such that

val(f) = cap(K), then f is a mazimum flow and K is a minimum cut in N.

Corollary 2.15. [6] If f is a flow in a network N with capacity function ¢, and
(X, X] is a cut in N such that f(a) = c(a) for every arc a € [X,X], and f(a) =0 for

every arc a € [X, X], then f is a maximum flow in N and [X, X] is a minimum cut.

Corollary 2.15 suggests how the values of a flow f should be defined on the arcs of
a minimum cut in order for f to be a maximum flow. According to Corollary 2.14, if
it should ever occur that the value of some flow f in a network N equals the capacity
of some cut K in N, then f must be a maximum flow and K is a minimum cut. In
1956, Ford and Fulkerson proved a famous result that is known as the Max-Flow Min-
Cut Theorem [14]. Independently, and also in 1956, Elias, Feinstein, and Shannon

discovered and proved the very same result [13].

Theorem 2.16 (The Max-Flow Min-Cut Theorem). In any network, the value of a

mazimum flow equals the capacity of a minimum cut.

The proof of Theorem 2.16 provides the basis of an algorithm for finding a maxi-
mum flow in a network (known as the Ford-Fulkerson Algorithm). A slight refinement
of the Ford-Fulkerson Algorithm, provided by Dinic, was first published in 1970 [11]
and published independently by Edmonds and Karp in 1972 (known as the Edmonds-
Karp Algorithm) [12].
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Chapter 3

Proof of the Main Theorem

Now that we have all the necessary background information, we are ready to prove
Theorem 1.5. The proof will be carried out in several steps. First, we will construct
infinitely many examples for which K#* can be G-decomposed. We will then use
pairwise balanced designs to obtain asymptotically complete residue classes modulo
some period ng. There are only finitely many residue classes satisfying the necessary
conditions in (1.7), so our next step will be to obtain an example in each class. To
do this, we first show that although the necessary conditions are not sufficient for
a G-decomposition in general, they are sufficient for the existence of a "signed" G-
decomposition. We will then pad this decomposition by all copies of G to obtain a
G-decomposition with large X' > A. Finally, we will use a construction of Wilson’s
to take this decomposition and stretch it to a G-decomposition with the desired A
on a larger number of vertices lying in the same residue class. This will give us an

example in each admissible residue class, as desired.

3.1 Construction for Large Prime Powers

Before we develop our full theory for G-decompositions of K* we will use cyclo-

tomy in finite fields to obtain infinitely many examples. This construction is used in
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Theorem 3.1 of [21] and works the same way when we introduce colours to our loops.
We will give an example demonstrating the construction before stating the general

theorem.

Example 3.1. Consider the graph G given in Example 1.4, which has n = 3, m = 2,
{y =¥, =2 and o« = 2. Let’s choose v = 13 and A = 1. Notice that these values
satisfy the necessary conditions given in (1.7) as v = 1 (mod 2m) and « | 2m. From

(1.2), we have that pu; = py = 6. Thus, we want to decompose Kg’&l] into copies of

G.

Now we have Zj; = (2) = {1,2,4,8,3,6,12,11,9,5,10,7}, which has multiplica-
tive cosets of index two: Cy = {1,4,3,12,9,10} and C; = {2,8,6,11,5,7}. We also
see that C can be expressed as Cy = {1,4,3,—1, —4, -3}, and hence forms a sub-

group of Zj;. Now we can label the vertices of K}%&” with the integers modulo 13

and place V(G) = {uy,us,us} onto the vertices of K156

in such a way that the
m = 2 differences j — i (for ij € E(G) and j > 1) lie in different cosets. Suppose we
choose u; = 0, uy = 1, and uz = 3. Then the differences formed by the edges in G
are 1 —0 =1 (mod 13) and 3—1 =2 (mod 13), which lie in Cy and C}, respectively.

Consider multiplying V(G) by each of the elements in {1, 4,3}, which represents
the "positive half" of Cy. This gives us the three sets {0, 1,3}, {0, 4, 12}, and {0, 3, 9}.
We think of these as our "base blocks" or initial copies of G to be placed on K {2’6;”.
We can then additively develop each of these blocks modulo 13 to obtain a total of

39 copies of G to be placed on Kg’ﬁ;”:

{0,1,3} {0,4,12} {0,3,9}
{1,2,4}  {1,5,0} {1,4,10}
{2,3,5} {2,6,1} {2,511}
(3,4,6) {3,7,2) {3,6,12}
{4,5, 7% {4,8,3} {4,7,0}
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{5.6,8}  {5,9,4} {5,8,1}
{6,7,9}  {6,10,5}  {6,9,2}
{7,8,10}  {7,11,6} {7,10,3}
{8,911}  {8,12,7} {8,11,4}
{9,10,12}  {9,0,8}  {9,12,5}
{10,11,0}  {10,1,9} {10,0,6}
{11,12,1} {11,2,10} {11,1,7}
{12,0,2} {12,3,11} {12,2,8}

6,6;1]
3

Observe that by doing this, each vertex of K { appears exactly once as each

vertex in G for each base block that we develop. Thus, each vertex of K {2’6;1] appears
exactly three times as each vertex in GG, and so it contains a red loop exactly six
times, as well as a blue loop exactly six times. It is easy to check that these blocks

partition the edge set, and so they give us a G-decomposition of K {%’6;1].

Proposition 3.2. Let G be an undirected graph with n vertices, m edges (where m
is even), and ¢; loops of colour i for 1 < i < c. Then K(E“?’\] can be decomposed into

copies of G when q is a prime power with ¢ =1 (mod 2m) and q > m"”.

Proof. The presence of multiple loop colours has no impact on the construction given
in [21], which can be referenced for details. Let G’ denote the graph G' with loops
removed. Following as in [21], a base block in F, is constructed by distributing the
vertices of G’ so that the m edge differences lie in distinct cosets of a subgroup

Co C F; of index m. The construction then develops this base block
e multiplicatively by a transversal of {£1} in Cj;
e additively in F,; and

e taking A copies of the resulting set of blocks.
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The result is a set of G’-blocks which decompose K 3. Since the additive group
IE‘;r is cyclic, the set of G'-blocks produced by this construction admits a transitive

automorphism. It then follows that every vertex u of G' appears in a block as an

element of F, exactly ,\(;177;1) times. Now consider applying the same construction to

G instead. Summing over all the vertices in GG, every element of F, meets exactly

’\éiz(fn_l) = u; loops of colour 7 in the G-blocks, as there are a total of ¢; loops of colour
1 in G, for 1 < i < ¢. Thus, we obtain a G-decomposition of KCE“N. O

Remark. In Example 3.1, we found a G-decomposition of K (E‘“’\] when ¢ = 13, but

Proposition 3.2 only guaranteed it for g > 2°.

Now that we have the existence of these decompositions for prime powers, we’'d
like to extend the result to all sufficiently large values of v which satisfy our necessary

conditions.

3.2 PBD Closure

As mentioned before, our next step is to use pairwise balanced designs to cover residue
classes that satisfy the necessary conditions laid out in (1.7). This is also discussed

in Proposition 3.5 of [21] and works in much the same way.

Proposition 3.3. Let G be an undirected graph with n vertices, m edges, and ¢; loops
of colouri for 1 < i < c. There exists a positive integer ng (divisible by m) such that
if KIWA s G-decomposable for some positive integer v, then KL’,L,;A] is G-decomposable

for all sufficiently large integers v/ = v (mod ng).

Proof. Let S¢ = {v; € Z : Kq[ffm is G-decomposable}, where for each v; € S we

have

= ()\El(vj —1) Ms(v; — 1) Me(v; — 1))

2m ’ o2m B om
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The first thing we will show is that this set is PBD-closed. That is, v € S whenever
there exists a PBD(v, S¢). From our discussion of pairwise balanced designs earlier,
if a PBD(v, S¢) exists with blocks B = { By, Bs, ..., B;}, then K, can be decomposed
into subgraphs, each of which is a clique K, with vertex set B; € B for some v; € Sg.
Similarly, by taking A copies of the subgraphs in the decomposition of K, we obtain a
decomposition of K into the subgraphs K,fj . Now since each v; € S, we know that
Kz[ffj ET G-decomposable, so we can attach W loops of colour ¢ to each vertex
of B;. Putting these decompositions together, we will obtain a G-decomposition of

KN as long as for each vertex u in K;' we have

D T
uEB]‘
|Bj|=v;

for each 1 <7 < ¢. That is, the total number of loops of colour i at u, over all copies
of G, sums to p;. From the way we have constructed this decomposition, we see that
the sum of the degrees of the normal edges in the subgraphs K{)\j which contain w is

equal to the degree of u in K. That is, we have

> Awj—1)=Aov—1).

uGBj
| Bj|=v;

4
2m

Multiplying each side by

, we obtain

2m B 2m

2.

uEBj
|Bjl=v;

Y

as desired. Thus, we have a G-decomposition of K#*. That is, v € Sg. Therefore,
Sq is PBD-closed. We can now apply a theorem, due to Wilson, which is stated below

as Theorem 3.4.
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Now Proposition 3.2 along with Dirichlet’s Theorem on the existence of primes
in arithmetic progression tell us that Sg is nonempty and contains integers greater
than 1. Thus, we know that 5(Sg) > 0. Suppose K is G-decomposable. Taking
ng = B(Se¢) = ged{v(v — 1) : v € S5}, we see that K% is G-decomposable for all

sufficiently large integers v' = v (mod ng). O

Theorem 3.4. [27] Every PBD-closed set K is eventually periodic with period
B(K) = ged{k(k — 1) : k € K}. That is, there exists a constant C such that,
for everyk € K, {v:v>C,v=k (mod B(K))} C K.

3.3 Integral Solutions

In general, the necessary conditions laid out in (1.7) are not sufficient. However,
they do guarantee the existence of a GG-decomposition where we are allowed to take

negative copies of G.

Proposition 3.5. Let G be an undirected graph with n vertices, m edges, and ¢; loops
of colour i for 1 < i < c. Let D, be the set of subraphs of K, which are isomorphic
to G. If v>n+2, and v satisfies the congruences in (1.7), then there ezist integers

xy for each H € D, such that

{H:ijeE(H)}

for every edge ij € E(K,) and

Z ej,ixH = Wi (32)
{H:jeV(H)}

for every vertex j € V(K,) and every colour 1 <i < c.
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This proposition can be proved using the following well-known lemma.

Lemma 3.6. [22] Given an m x n rational matriz M and some f € Q™, the equation
Mx = f has an integral solution x if and only if y'f is integral whenever y € Q™ is

such that y' M is integral.

In the context of Lemma 3.6, we want

fT:(>‘a)‘7"'7>‘a:u17lu’17"'7#’17#27#27'"7,“27"'7:“07#C7"'nuc)7

where we have (g) copies of A and v copies of u; for 1 <1 < c. Our matrix M is going
to tell us, for each graph H € D,, which edges of K, are in H, and how many loops
of colour ¢ are at each vertex of H, for 1 <1¢ < ¢. The columns of M are indexed by
D,, and the rows of M are indexed by F(K,), followed by ¢ copies of V(K,). From
this, we see that Proposition 3.5 claims we can find an integral solution x to Mx = f,
with entries xy for each H € D,. To prove this claim, we can exploit Lemma 3.6 to
show that if y makes y' M integral, then y'f is also integral. This same technique
is used to prove the analagous theorems in [10] and [21] (stated as Lemma 2.3 and
Proposition 4.1, respectively). We will highlight the differences that occur in the set

up, although they will not affect the proof.

Proof. We want to show that whenever we assign integers f3;; to the edges ij € E(K,),
and integers 3} (for 1 < i < ¢) to the vertices j € V(K,) such that for each subgraph

H the sum

= > ﬁ”+z > el

ijeE(H) i=1jeV(H)

is divisible by some integer d, then the sum

o=\ Z /81]_’_2“1 Z Bz

ijEE(Ky) =1 jeV(Ky)
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is also divisible by d. In the context of Lemma 3.6, these 3;;’s and ﬂ;’s are the entries
of y. Following as in [21], we see that having multiple loop colours has no effect in
showing that this divisibility condition is satisfied. We refer the reader to that paper

for details. n

3.4 Wilson’s Construction

From Proposition 3.3, we know that if K #* is G-decomposable for some positive inte-
ger v, then Kq[ff g G-decomposable for all sufficiently large integers
v' = v (mod ng). Now we want to show that a G-decomposition can be obtained for
each admissible residue class v (mod ng).

The solutions found in Section 3.3 are allowed to take negative copies of GG. For
v satisfying (1.7), we want to obtain a decomposition using only positive copies of
G. From a "signed" decomposition on v vertices, guaranteed by Proposition 3.5,
we can add all copies of G sufficiently many times to exceed the weight of any
negative blocks. This will leave us with a G-decomposition with large A > A.
We will then use Wilson’s construction as in [21] to take this decomposition and
stretch it to a G-decomposition with the desired A on v’ vertices, where v’ > v, and

v =v (mod ng).

Proposition 3.7. Let G be an undirected graph with n vertices, m edges, and ¢; loops
of colour i for 1 <i < c. For every integer v satisfying (1.7), there exists an integer

v =wv (mod ng) such that Kg,“k] can be G-decomposed.

Proof. Let {xy : H € D,} be an integral solution found from Proposition 3.5. For

some integer ¢, let 2%y = xgy + ¢ for every H € D,. Then from (3.1), we have

> x}{:)\+c)\0:)\(1+c);?)
(H:jeE(H)}
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where
2m|D,|

Ao = v(v—1)

is the number of graphs H € D, containing a given edge. This gives us a multiset
H of G-blocks in D, such that each edge ij € E(K,) appears in exactly A(1 + ¢32)
blocks.

As in [10] and [21], we may choose ¢ such that the following three conditions are

all satisfied:
o 2’y >0 for every H € D,
e \|c and

o 1+ c’\y‘) is a prime congruent to 1 modulo ng, where ng is the period from

Proposition 3.3.

Let g =1+ c%. Then we have
N=gA\=XA+ch =X (mod \g)

as the multiplicity of every edge obtained from the GG-decomposition. That is, H is
a G-decomposition of Kq[f"?’\']. Since padding the signed decomposition amounts to
adding an equal number of copies of each H € D,, the number of loops of colour i is

= g (v — 1) B Nli(v—1)

2m 2m

for 1 < i < c. Given an admissible residue class v (mod ng), we now need to stretch
the G-blocks in H onto a set of v’ points, where v" > v, and v = v (mod ng), and
recover the desired values of A\ and pu; for 1 < ¢ < ¢. This is done using the same

linear algebraic construction as in [10] and [21], which can be referenced for additional
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details.

First, we choose t > v? large enough that Proposition 3.2 applies. That is, so that
K (E’f “A can be G-decomposed. Let M denote the complete multipartite graph with v
parts, each of size ¢*. Observe that M has v' = v¢' = v (mod ng) vertices. Wilson’s
construction then produces a set of G-blocks which decompose M, and which are
invariant under additive shifts in F; on each part. Just as we observed in the proof
of Proposition 3.2, the automorphism guarantees that every vertex u of G appears in

a block as an element of Fy: exactly Lzl_l) times. Summing over all the vertices in

2

Mgt (v—1)

5, loops of colour i in the G-blocks, as

G, every element of F,: meets exactly
there are ¢; loops of colour i in G, for 1 <1 < c.
Now we are able to apply Proposition 3.2 and include blocks to decompose K(E’f 6]

on each part of M. That is, to fill in the holes of M. Here,

He = ) PRI .
2m 2m 2m

This results in a G-decomposition of Kqﬂ’f i Adding the loop multiplicites together,

we have

B Mgt (v —1) N Mi(gh—1)  M;(v' —1)

Hi 2m 2m 2m

for 1 <1 < ¢, as desired. O
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Chapter 4

Applications in Design Theory

We have seen that appending coloured loops to a simple graph in a specific way
can lead to balanced, degree-balanced, and orbit-balanced graph decompositions.
Another type of balanced decomposition that we can explore is a distance-balanced
decomposition. This type of decomposition is most appropriate to consider for graphs
with a central vertex, such as stars, spiders, or even-length paths. Let G be a graph
with central vertex z. For every nonnegative integer k and every u € V(K,), let r(u)
denote the number of blocks in a G-decomposition of K, containing u as a vertex at
distance k from . Recall that the distance between vertices v and w, denoted d(u, w),
is the length of a shortest path from u to w in G. A G-decomposition of K, is called
distance-balanced if for each k € N, ri(u) is independent of u. That is, there exists a

constant positive integer ry such that ri(u) = 7 for all u € V(K,).

Example 4.1. Take K7 and consider decomposing it into copies of the star S3 shown
in Figure 4.1. Here, each copy of S3 in the decomposition has been given a unique
colour. Every vertex of K, appears exactly once as a vertex at distance zero from x,
and exactly three times as a vertex at distance one from z. Thus, the decomposition
is distance-balanced. This decomposition is also orbit-balanced (and hence degree-

balanced), but that is certainly not true in general.
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5 7\ 2
) e
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Sy Ky

Figure 4.1: S3 and a distance-balanced Ss-decomposition of K.

Similar to our results for degree- and orbit-balanced decompositions, Theorem 1.5

gives us a corollary for distance-balanced decompositions as well.

Corollary 4.2. Let A > 0. Suppose G is a simple graph with n vertices, m edges, and
central vertex x. Then there exists a distance-balanced G-decomposition of K for all

sufficiently large v satisfying (1.7) with ey, = 1 if d(u,x) =k, and 0 otherwise.

Example 4.1 was originally given by Bonisoli and Ruini in [4] as a solution to a
particular scheduling problem. Their problem involved organizing a seven-student
study group. First, each student in the group is assigned a reading on a different
subject. For each selected subject, we want to organize a discussion group in which
the student who prepared the reading serves as a discussion leader. In order to help
students feel easier, each discussion group should be limited to four group members,
including the discussion leader. In order to improve acquaintanceship, any two group
members should sit once together in a discussion group, with either one as the discus-

sion leader. On the other hand, in order to avoid work-load complaints, each group
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member should be in the same number of discussion groups. Each discussion group
can be modeled by the graph S3, where the vertex z identifies the discussion leader.
Letting the integers modulo 7 denote the group members, Figure 4.1 gives an ade-
quate schedule for the discussion groups. In general, scheduling problems in which
participants play some special role may be modeled by some form of balanced graph
decomposition.

In each of the corollaries to Theorem 1.5, coloured loops ensured that the local
conditions for the graph decompositions were satisfied. Naturally, one might wonder
how else coloured loops can be used. In the following sections, we will explore some

design theory problems that can be modeled by graphs with coloured loops.

4.1 Ordered Designs

An ordered design OD,(t,k,v) isa k x 7 - (7;) - t! array with v entries such that

e ecach column has k distinct entries, and

e cach tuple of t rows contains each column tuple of ¢ distinct entries precisely

times.

Example 4.3. Here is an OD4(2, 3,6):

11111222223333344444555556¢6¢6F6F6
234561345612456123561234612345
3526431645465 12256316421351432

Earlier we observed that for given v, k, and A, the existence of a Kj-decomposition
of K is equivalent to the existence of a (v, k, \)-design. We will now look at how
ordered designs are related to graph decompositions involving coloured loops. Con-

sider giving each vertex of K} a single loop with a unique colour, and let G be the
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resulting graph. We can use ordered designs to obtain G-decompositions of K[,

We will first demonstrate the relationship with an example.

Example 4.4. Let GG be the graph K3 with a red loop at vertex vy, a blue loop at
vertex vy, and a green loop at vertex vs. In Figure 4.2, we have a decomposition of
K([;5’5’5;6] into copies of G. This was obtained from the OD;(2,3,6) given in Example
4.3. The vertices in the copies of G are indexed by the columns of the OD;(2, 3, 6),

and the loop colours are indexed by its rows.

Figure 4.2: A G-decomposition of K[*%%,
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Proposition 4.5. Let v € Z,v > 0. Let G be the complete graph Ky with a loop of
colour i at vertex v; for 1 <i < k. If there exists an OD,(2,k,v), then there exists a

G-decomposition of KW with X\ = vk(k — 1) and p; = y(v — 1) for 1 <i < k.

Proof. The columns of the OD, (2, k,v) tell us on which vertices of K, to place the
copies of G. We can designate to each of the k rows a distinct loop colour, as in
Example 4.2, to tell us which vertex has a loop of colour 7 in each copy of G, for
1 <4 < k. Since this is an OD,(2, k,v), each column has k distinct entries, and so a
copy of G can certainly be placed on each column. Also, each of the (’;) pairs of rows
contains each column pair of entries exactly v times. Thus, every edge of K, appears
exactly A = 27(’;) = vk(k — 1) times in the G-decomposition. Some easy counting
also tells us that each of the v points appears exactly (v — 1) times in each row of
the OD, (2, k,v). Hence, each vertex of K, appears exactly y(v — 1) = p; times as a

vertex with a loop of colour 7 for each 1 <i < k. O

Proposition 4.5 tells us that ordered designs with ¢ = 2 can be modeled by graph

decompositions with coloured loops.

4.2 Equitable Block Colourings

Let G be a graph and let F be a G-decomposition of K,. An s-equitable block-colouring

of F is a colouring f : F — {1,2,...,s} of the blocks such that
e the blocks are coloured with exactly s colours, and

e for each vertex u in K, and for each {i,j} C {1,2,...,s}, we have

|b(f,u,z) _b(f>u7]>| < 17

where b(f,u,7) is the number of blocks in F containing u that are coloured i by f.

Less formally, it is an assignment of colours to the blocks in F so that exactly s
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colours are used and every vertex appears equally often (or as equally as possible) in
blocks of each of the s colours. In [16], M. Gionfriddo and Quattrocchi investigated
equitable colourings of 4-cycle systems after seeing much interest in block-colourings
where only specified patterns are allowed. Using the asymptotic result in Theorem
1.5, we can also obtain an asymptotic result for certain equitable block-colourings.

This idea is illustrated in Example 4.6.

Example 4.6. Consider the K3-decomposition of Ky given by the block set of the

RBIBD(9, 3,1) in Example 2.4. We can assign the following colouring f to the blocks:

F = {{1, 2,3},{4,5,6},{7,8,9},{1,4,7},{2,5,8},{3,6,9},

{1,5,9},{2,6,7},{3,4,8},{3.5,7},{2.4,9},{1,6,8} }.

For each vertex w in Ky, we observe that b(f,u,black) = 2, b(f,u,blue) = 1, and
b(f,u,purple) = 1. So f is a 3-equitable block-colouring of F. Let G = {G1, G2, G5},
where the G;’s are given in Figure 4.3. Then this 3-equitable block-colouring of F is
equivalent to a G-decomposition of K[*"11 where blocks coloured black, blue, and

purple, are replaced by G;, G2, and Gj3, respectively.

Gl G2 G3

Figure 4.3: The family of graphs G = {G1, Gs, G3}.

If Gy = G1 UGy UG3, then Theorem 1.5 tells us we can obtain a Gy-decomposition
of Kl[ff,;l] for all sufficiently large integers v’ satisfying the necessary conditions in

(1.7). By definition, every vertex of Kl[f,‘ U has exactly p loops of colour i. Hence,
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each vertex of Kf}’f st appear an equal number of times in the copies of G as
a vertex with a loop of colour 7. Removing the loops, we see that the result gives
a G-decomposition of K, equipped with a 3-equitable block-colouring where every

vertex now appears equally often in blocks of each colour.

In [15], L. Gionfriddo, M. Gionfriddo and Ragusa introduced a generalization of
these colourings; their work was later extended by Li and Rodger [20]. An (s,p)-
equitable block-colouring of F is a colouring f : F — {1,2,..., s} of the blocks such

that
e the blocks are coloured with exactly s colours,

e for each vertex u in K, the blocks containing u are coloured using exactly p

colours, and

e for each vertex w in K, and for each {i,j} < C(f,u), we have

|b(f7ual) _b(f7u7])| < 17

where C'(f,u) = {i : f colours some block containing u with colour i}. Less formally,
it is an assignment of colours to the blocks in F so that exactly s colours are used;
each vertex is incident with blocks coloured with exactly p colours; and every vertex
appears equally often (or as equally as possible) in blocks of each of the p colours.
Notice that when p = s, we simply have an s-equitable block-colouring.

Just as we observed in Example 4.6, general (s, p)-equitable block-colourings can
easily be modelled by a family of graphs containing coloured loops. For a simple graph
G and positive integer s, let G = {G1, Gy, ..., G}, where G; is the graph G with a
loop of colour ¢ at every vertex, for 1 < < s. Suppose F is a G-decomposition of
K,. Then an (s, p)-equitable block-colouring of F is equivalent to a G-decomposition

of K, where every graph in G appears at least once; each vertex in K, has exactly p
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colours appearing amongst its loops; and every vertex in K, receives an equal number

of loops (or as equally many as possible) of each of the p colours.

4.3 Group Divisible Designs

For a positive integer A, a group divisible design (or GDD) of index A is an ordered

triple (V, G, B), where
e I/ is a finite set of points;
e ( is a partition of V into subsets called groups; and

e 3 is a collection of subsets of V| called blocks, such that a group and a block
contain at most one common point, and every pair of points from distinct groups

occurs in exactly A blocks.

The type of the GDD is the multiset {|G| : G € G}. This is usually expressed
using the following exponential notation: a type 17273%... denotes i occurrences of
1, j occurrences of 2, and so on. We say that a GDD of index A is a (K, A\)-GDD if
|B| € K for every block B € B, where K is a set of positive integers, each of which is
at least 2. When K = {k}, we simply write k instead of K. If A = 1, we will replace
(K,1)-GDD with K-GDD and (k,1)-GDD with k-GDD.

Example 4.7. Here is one possible 3-GDD of type 23:
V ={1,2,3,4,5,6}, G=1{{1,2},{3,4},{5,6}}, B={{1,3,5},{2,4,6}}.

The definition above can be extended to have two indices: A; and Ay. In this
case, any two points within the same group appear together in exactly A\; blocks, and

any two points not in the same group appear together in exactly Ay blocks. Points



43

occurring together in the same group are called first associates, and points occurring
in different groups are called second associates. Here, we say that a GDD of indices
Ap and Ag is a (K, A, A\2)-GDD if |B| € K for every block B € B, where K is a set of
positive integers, each of which is at least 2. Again, when K = {k}, we simply write
k instead of K. When A\; = 0, we have a (K, \2)-GDD, as in the original definition.
In Example 4.8, we will demonstrate how coloured loops can be used to encode
the information given by a GDD. For a given (K, A{, A2)-GDD, we will take the blocks
and transform them into a family of graphs with coloured edges and coloured loops.

Such a graph will tell us exactly which points are covered by its corresponding block.

Example 4.8. Consider the following (3,2,1)-GDD of type 23:

V= {a17a27b17b2701762}
g = {A = {al,ag},B = {bl,bg},c = {Cl,CQ}}

B = {{a17 a2, bl}7 {bla b27 Cl}7 {017 Ca, (11}, {ala az, b2}7 {b17 b?u 02}7 {Clu Ca, a2}}

This can be thought of as a K3-decomposition of 3K2 U K55, where the two graphs

have the same vertex set as shown in Figure 4.4.

Figure 4.4: The graph 3K3 U Ky 25.
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We will assume that points within a group are ordered, as the position of a point
within its group will be important. This order corresponds to the order in which
vertices appear in the copies of K3 in Figure 4.4. Now we can encode the information
given by this set of blocks into a family of graphs G with coloured edges and loops.
For any block, its corresponding graph will have one vertex for each group of the
GDD that it intersects. These vertices will be labelled the same as their respective

groups. For a given block, we will build its corresponding graph in the following way:

i) if there is a pair of points which lie in the same group, we will put a loop on
the corresponding vertex and give it colour (z,y), where z is the position of the

first point and y is the position of the second point; and

ii) if there is a pair of points which lie in different groups, we will put an edge
between the two corresponding vertices and give it colour (z,y), where x is the
position of the point in the first group and y is the position of the point in the

second group.

For example, the block {aj,as,b;} only intersects groups A and B, so its corre-
sponding graph lies only on vertices A and B. The pair of points {a;,as} both lie
in group A, so we will put a loop on vertex A. In this example, there are only two
vertices within each group, so we need only use one colour for the loops. The pair of
points {ay,b;} lie in groups A and B, respectively, so we will draw an edge from A to
B and colour it (1,1). Similarly, for {as, b;}, we will draw an edge from A to B and
colour it (2,1). Doing this for every block, we obtain the collection of graphs given

in Figure 4.5.



< ? (1,1) < ? (1,1) (1,1)
A 1) B B 1) C C A

(2,1)
(1.2) (1.2) (1.2)
A4 "G B B TEmy ¢ ¢ ey A

Figure 4.5: Representation of a (3,2,1)-GDD of type 2.
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In general, this construction forms a correspondence between group divisible de-

signs and these particular families of graphs. In Example 4.8, we only had one loop

colour because the groups were only of size two. For group sizes larger than two, we

would observe different loop colours in the representation.
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Chapter 5

Extension to G-decompositions

So far we have only considered decompositions into subgraphs isomorphic to a single
graph G. We can, however, generalize this further. Recall that if G is a family of
graphs, then a G-decomposition of K, is a collection F of subgraphs of K, such that
every edge of K, occurs in exactly one of the subgraphs, and every graph F € F is
isomorphic to some graph G € G. That is, we can find a collection of graphs in G that
partition the edge set of K,. Since G-decompositions generalize G-decompositions, it
seems natural to think that graph decomposition results would be even more useful

once a family of graphs is involved.

Example 5.1. Let G = {G;, G2} be the family of graphs given in Figure 5.1. These

can be used to decompose K é2,1;2] by taking the following blocks:

B = {{O, 1},{1,2},{2,3},{3,4},{4,0},{0,2},{1,3},{2,4},{3,0}, {4, 1},

{0,1,3},{1,2,4},{2,3,0}, {3,4,1},{4,0,2} }.

Here blocks of size two and three correspond copies of G; and G5, respectively, with

the sets ordered as the vertices appear in Figure 5.1.



A7

L‘ ® Q ®

G1 GQ

Figure 5.1: The family G = {G1, G5} of graphs and K5[2’1;2}.

Let K" denote the complete digraph on v vertices with exactly one edge of colour
7 joining any vertex x to any other vertex y for every colour 7 in a set of r colours. In
[19], Lamken and Wilson developed a complete existence theory for G-decompositions

of K()

., where G is a family of edge-coloured digraphs satisfying certain necessary

conditions. The use of coloured edges gave their result applications to various prob-
lems in design theory, such as Mendelsohn triple systems, whist tournaments, Steiner
pentagon systems, resolvable designs, and certain group divisible designs. For this
reason, it seems natural to consider G-decompositions when G is a family of graphs

with coloured loops and see what applications arise from them.
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5.1 Necessary Conditions for G-decompositions

We need to discuss how our necessary conditions will change when we extend to a
family of graphs G. For each G € G, let m(G) be the number of standard edges in G
and ¢;(G) be the number of loops of colour ¢ in G for 1 < i < ¢. Globally, we need
to be able to write the total number of edges in K} as a linear combination of the
number of edges in our graphs in G. That is, we need an integral solution {sq} to

(v —1)

5 (5.1)

Z sem(G) =

Geg

Let m(G) = ged{m(G) : G € G}. From [19], we see that (5.1) can be reduced to
Mv—1)=0 (mod 2m(G)). (5.2)

Now we need to determine the number of loops of each colour that we require at

every vertex of K. From the solution above, we see that we need

pv = scli(G) (5.3)

Geg

for 1 <17 < ¢. Notice that this implies we are also able to write the total number of
loops of colour 7 in K[#* as an integer linear combination of the number of loops of

colour ¢ in our graphs in G. Solving for u; we obtain

_ % 564lC) _Aw—1) o sah(C) (5.4)
’ v 2 > sem(G) '
Geg

for each 1 < ¢ < ¢. This is much more complicated than in the single graph case,

M (v—1)
2m

where we simply had p; =
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For each graph G € G, let &(G) = fn((g)) for 1 < i < ¢. This can be thought of
as the "density" of loops of colour i which appear in G. From (5.4), we see that each
1; has a natural upper and lower bound. These are governed, respectively, by the
graphs with the greatest and least density of loops of that colour.

For each colour i, let ji; = %, which can similarly be thought of as the density
of loops of colour 4 which appear in K[, Since y; is a rational multiple of A(v — 1),

we see that fi; is independent of v. Now suppose we find a nonnegative rational

solution {sg} to (5.1) such that the densities fi; satisfy

1 m(Q)
M (G
Zin S o (G) (5.5)
Geg
.| 1.(G)

We say that a graph G is useless in G if s¢ = 0 in any such solution. A family of
graphs G is called admissible if it contains no useless graphs. That is, there exists a

rational linear relation

_ 1 _ m(G)

Al 61 G

| _ S o (G) (5.6)
Geg

| 4.(G),

with every sg > 0.
Given a family of admissible graphs, let 5(G) be the least positive integer such

that
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—1— _m(G)_
Al 51 G

5@ || € spang { |19V, (5.7)
i 1.(0),

where the span is over all G € G. Our global necessary condition is then

M(v—1)=0 (mod B(G9)). (5.8)

Remark. For the global condition, we see that the integral solution {sg} plays two
distinct roles. The geometric role involves viewing the {sg} as nonnegative rationals
and asking what possible loop densities are achievable, as in (5.6). The arithmetic
role is captured by the span definition given in (5.7), together with the congruence in

(5.8). However, these conditions are linked via the notion of useless graphs.

Locally, we need to simultaneously be able to decompose the loops and edges

incident with each vertex in K#*. That is, we need an integral solution {t,} to
SN tudu=Av—1) (5.9)
GeGueV(G)

and

GeGueV(G)

for 1 <i < ¢. Similar to the case where G = {G}, (5.9) can be reduced to

AMv—1)=0 (mod g(G)) (5.11)

where g(G) = ged{d, : u € V(G),G € G}. Notice that, for the case of simple graphs

without loops, this is the only local condition. Let a(G) be the least positive integer



o1

such that } ; L
1 dy
K €u,1l
a(G) M7V e spany, e (5.12)
_A(ffil)_ _eu,c_

where u ranges over all vertices of all graphs in G. Our local necessary condition is
then

AMv—1)=0 (mod a(G)). (5.13)

Putting (5.8) and (5.13) together, we have our pair of necessary conditions

M(—1)=0 (mod 3(G)) (5.14)

AMv—1)=0 (mod «(G))
for a family G of admissible graphs, which resemble the familiar conditions for families
of graphs without loops [19].
Suppose we have an admissible family of graphs G. The hypothesis that G is

admissible implies that there exists a positive integer ¢ such that

t m(Q)

tin 0L(G)
Geg

tle le(G)

with every sg a positive integer. This means we can form a graph Gy that is the
disjoint union of graphs isomorphic to members of G and such that G has exactly ¢

edges and tfi; loops of colour +. By Theorem 1.5, there exists a Gy-decomposition of
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KN for all sufficiently large integers v satisfying

M(v—1)=0 (mod 2t)

AMv—1)=0 (mod «a)

where « is as in (1.8). Here we have u; = w for each 1 < ¢ < ¢. Since Gy is a
disjoint union of graphs in G, this also gives us a G-decomposition of K*. However,
since these necessary conditions are different from those in (5.14), we do not obtain
the asymptotic sufficiency of those necessary conditions in general.

We will now look at an example which demonstrates some of the complexity behind
G-decompositions. This will provide some insight as to why obtaining an asymptotic
result for general G-decompositions would be challenging. Suppose ay, as, and ag are
relatively prime integers. Let G = {G, Hy, Hy, H3} where G = K, and H; is a single

vertex with a; loops. First, observe that G must be used to cover all the edges of

K for any v and . So in any integral solution to (5.1), we must have sg = ’\”(371).
Looking at the number of loops p required at each vertex of K, we have
3
v = Z SH,;a;.
i=1
Let o = /\(v"_ 0 Now we want to find a nonnegative rational solution {sg} to

(5.1) such that g = .23:15111%' Since v grows with u, determining the threshold vy
i=

for the existence of G-decompositions of K# for all v > vy is equivalent to finding

the Frobenius number of the set {a,as,as}. Let A be a set of relatively prime

nonnegative integers. Recall that the Frobenius number of A is the largest integer that

cannot be expressed as a nonnegative integer combination of elements in 4. When

A contains only two integers, there is an explicit formula for the Frobenius number.

If the number of integers is three or more, no explicit formula is known. However, for
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any fixed number of integers, there is an algorithm computing the Frobenius number
in polynomial time [18]. No known algorithm is polynomial time in the number of
integers, and the general problem, where the number of integers may be as large as
desired, is NP-hard [2].

Since the general problem of G-decompositions is quite difficult, we will spend the
remainder of this chapter looking at the (already nontrivial) special case when the
underlying graph is a clique. In Chapter 6, we will discuss some other techniques that
may be used to tackle this problem. We hope that this will provide a good foundation

for future work on G-decompositions when the graphs contain loops.

5.2 Decomposing into a Family of Cliques

For the problem we are about to analyze, we will just consider the case where there is
only one loop colour. Suppose we have a collection of cliques G = {G1, G, ..., G},
where G; is a copy of K}, with exactly ¢ looped vertices. We would like to know if we
are able to decompose the complete graph K, into copies of graphs from G so that
K, has an equal number of loops at every vertex. We will see that the number of
loops must be a fixed multiple of v — 1. For this problem, we will use a network flow.

Suppose (V,B) is a BIBD(v, k, 1). Recall that a BIBD(v, k, 1) is equivalent to a
Ki-decomposition of K. This is the relationship we will use to analyze our problem.
To see how we could distribute loops to the copies of K}, in such a decomposition, we
will set up a network, N (v, k). Let s and ¢ denote the source and sink, respectively.

The underlying digraph D(v, k) will be constructed as follows:
o V(D(v,k)) =VUBU {s,t}, and

. A(D(U,kz)) = {(u,B) Tu € B,BEB}U{(S,U) :uGV}U{(B,t):BEB}.
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The flow which will run through the network can be thought of as a designation of
loops. Suppose we want to have p loops at every vertex of K,,. The capacity function

¢ defined on the arcs of D(v, k) will take the following values:

e c¢(u,B) =1 for all (u,B) € [V,B], as each vertex of K, can have at most one

loop in any given block;
e ¢(B,t) =k for all B € B, as each block can have at most k loops; and

e c(s,u) = p for all u € V, where p is the desired number of loops at each vertex

of K,.

As for its demand function d, we will have d(B,t) = 1 for all B € B, as we need at

least one loop on every block. Every other arc in D(v, k) will have a demand of zero.

Example 5.2. To examine decomposing Ky into copies of K3, we can consider the

RBIBD(9, 3,1) with block set

B ={{1,2,3},{4,5,6},{7,8,9},{1,4,7},{2,5,8},{3,6,9},

{1,5,9},{2,6,7},{3,4,8},{1,6,8},{2,4,9},{3,5,7}}.

Suppose each K3 can have either one, two, or three looped vertices, and we want to
have p = 2 loops at each vertex in Ky. Figure 5.2 illustrates the network N(9,3)
for this decomposition, with one possible flow f. Here f takes the values zero, one,
and two along the black, red, and blue arcs, respectively. Notice that f(s,u) = 2 for
every u € V, so every vertex of Kg receives two loops, as desired. For each B € B,
the value of f(B,t) will tell us how many loops that copy of K3 has, and the value

of f(u, B) will tell us if vertex u has a loop in that copy of K.
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Figure 5.2: N(9,3) with a maximum flow.

In general, we would like to show that the value of a maximum flow on N(v, k)
is pv (and hence every vertex in K, will receive exactly p loops). From Theo-
rem 2.16, we know that this is equivalent to showing that the capacity of a min-
imum cut in N(v,k) is puv. Notice that any flow on N(v, k) is restricted by the
demands and capacities put on the arcs from B to t. For every B € B, we have

1 =d(B,t) < ¢(B,t) = k. There are ZEZ:B blocks in a (v, k, 1)-design, so for any flow

f, we must have ZEZ:P) < wdl(f) < % Since we want p loops at each of the v

vertices in K,,, we must have k(”k_}l) <p <

[y
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Theorem 5.3. Let v and k be positive integers such that a (v, k, 1)-design exists, and
let G = {G1,Gs, ..., G}, where G; is a copy of Ky with exactly i looped vertices.

Then Kz[j“l] can be G-decomposed whenever k(”k;}l) <pu< Z%i and € 27" .

To prove this theorem, we will show that if f is a maximum flow on N (v, k), then
val(f) = pw for k&;_ll) < p < ¥, p € Z*. As mentioned before, d(B,t) = 1 for
all B € B. Thus, we must first determine if N(v, k) has a feasible flow. That is, a
flow which meets the demand along every arc of N(v, k). This will be accomplished
in Section 5.2.1. Once we have found a feasible flow, we will remove it from N (v, k).
In Section 5.2.2, we then show that the resulting network has the desired remaining

maximum flow.

5.2.1 Finding a Feasible Flow

From Theorem 2.11, we know that our network N (v, k) contains a feasible flow if and
only if its transformed network N'(v, k) contains a flow which saturates all of the arcs
containing s’ and ¢’. From the definition of the transformed network given in Section

2.2, the underlying digraph D’'(v, k) will be constructed as follows:

o V(D'(v,k)) = V(D(v,k)) U{s',t'}, and

. A(D’(v, l{:)) A(D(U,k))u{(s’,u) LU € V(D(v,k))}u{(u,t’) Tu € V(D(U,/{Z))}.

After some simplification, the capacity function ¢’ on the arcs of D'(v, k) will take

the following values:
o (s,u) =c(s,u) for all u € V;

e d(u,B) = c(u, B) for all (u, B) € [V, B;

v(v—1
o ((s't) = kEH%?
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o J(Bt')=1and ¢(Bt) =k —1 for all B € B; and

o ((ts) = oo.

For any flow f on N'(v, k), we see that val(f) < ZEZ:B, which is the total possible flow

out of ¢ and the total possible flow into . If we can show that N'(v, k) can achieve

this maximum flow value, then Theorem 2.11 tells us that N (v, k) has a feasible flow.

v(v—1)
k(k—1)

Before we proceed, we will simplify our network. First we will send units

of flow from s’ to ¢, as /(s't) = ZEZ:B and ¢ (s'u) = 0 for all other u € V(D’(v, k))
v(v—1)

Then we will send 1)

units of flow from ¢ to s, as ¢(ts) = oo and ¢/(tu) = 0 for

all other u € V(D’(v,k)). Now we can ignore s, and treat s as our source, with

v(v—1)
k(k—1)

v(v—1)
k(k—1)

units of flow which need to leave s. Notice that since yv > , we will never

exceed the total capacity of the arcs leaving s.

v(v—1)
k(k—1)

To make things easier later on, we will look at achieving a flow value of

when ¢/(s,u) = ”_11) instead of capacity (s, u) = u for each u € V. Notice that this

k(k—

does not change our maximum possible flow value. To show that we can achieve this

flow value we will find a minimum cut K in N’(v, k) and show that cap(K) > ZEZ:B

Proposition 5.4. Let N(v, k) be the network defined in Section 5.2, and let N'(v, k)

be its transformed network. If f is a maximum flow on N'(v, k), then val(f) =

Proof. Let X CV and Y C B, with |X| =z and |Y| =y, and let C = X UY U {s}.

We will be minimizing the value of the cut K = [C,C]. For 0 < i < k, let B; be the

set of blocks in B which intersect X in exactly ¢ points, and let b; = |B;].
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Figure 5.3: N'(v, k) with sets X CV and Y C B for our cut.

Some easy counting gives us the following system of equations:

(;) - (;) zij)b (5.15)

@ - i (2> " (5.16)
<v > x) N ’: (k 2 Z) bi (5.17)

x(v—1x) = ' i(k —1)b; (5.18)

These equations count the number of pairs of points in V', X, V'\ X, and between X
and V'\ X respectively. In each equation, the left-hand side counts the pairs directly,
while the right-hand side counts them using the block set B. These equations will
be instrumental in determining the capacity of a minimum cut in N’(v, k). They will

also be used once we return to the original network in Section 5.2.2.
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Now the arcs contained in our cut will change depending on whether or not ¢ is
included in C, so we will consider the two cases separately. First, suppose t € C. The

capacity of our cut K is

cap(K) = Y d(s,u)+ > dw,B)+ Y d(B,Y).

weV\X (u,B)E[X,B\Y] BeY

For every u € V'\ X (of which there are v —z) we have (s, u) = Let B; be

k:(vk:;—ll)'
a block intersecting X in i points. If B; € Y, then we add the arc (B;,t’) to our cut
with ¢(B;,t') = 1. If B; ¢ Y, then for every u € X that intersects B; (of which there
are 1), we add the arc (u, B;) to our cut with ¢'(u, B;) = 1. So to minimize cap(K),
we should have Y = LkJ B;. Our cut then has capacity

i=1

cap(K)= > d(s,u)+ > dw,B)+ > (Bt

wEVAX (u, k) X,B\Y] Bey

A

en oy,

(S R =
v(v—1) + vz — 2?

k(k—1)

by using equations (5.15) and (5.17).
Since this is quadratic in x with a negative leading coefficient, the minimum is
achieved at one of the endpoints. When z = 0 and when = = v, we obtain a lower

bound on cap(K) of ZEZ B Hence, the capacity of a minimum cut in N(v, k) is

bounded below by Z . If f is a maximum flow on N'(v, k), Theorem 2.16 tells us

that val(f) = cap(K) > kEZ—B However, val(f) < Zgz_l), and so we get our desired

maximum flow.



60

Suppose now that ¢t ¢ C'. The capacity of our cut K is

cap(K) = Y d(s,u)+ > d(u,B)+ > (B, )+ > d(Bt).

ueV\X (u,B)E[X,B\Y] Bey Bey

For every u € V' \ X (of which there are v — ) we have ¢/(s,u) = kg’kill). Let B;

be a block intersecting X in i points. If B; € Y, then we add the arcs (B;,t') and

(B;,t) to our cut with ¢(B;,t') = 1 and /(B;,t) = k— 1. If B; € Y, then for every
u € X that intersects B; (of which there are i), we add the arc (u, B;) to our cut
with ¢(u, B;) = 1. So to minimize cap(K'), we should have Y = Bi. Our cut then

has capacity

cap(K) = Y d(s,u)+ > d(u,B)+ > (B, t')+ > (Bt

WEV\X (1,B)E[X,B\Y] Bey Bey
(w—z)v-1) &
k= 1) + ; 1b; + kby,

v W= k-1 k-1
_ | k;(k)il) 1)+kil(x(v—m)—;i(k¢—z’)bi)+§ibi+kbk
C(v=2)(v—-1) x(v—2) =7
T Re—1D T E=T TEoa- <>6i+kbk

_ (v ;<?EU1; 1) +x<l:__1x> +ki 1(@ - <§>bk> kb
1)

(v—z)v—-1) z(v—2) z(z-—

RE—1) " k=1 k=1

viv—1)+(k—1)(v—1)x
k(k—1)

by using equations (5.18) and (5.16).
Since this is linear in x with a nonnegative leading coefficient, the minimum is

achieved when z = 0. With x = 0, we obtain cap(K) = ZEZ:B, and so the capacity

v(v—1)
k(k—1)"

of a minimum cut in N (v, k) is If fis a maximum flow on N'(v, k), Theorem

2.16 tells us that val(f) = cap(K) = ZEZ:B, as desired. O
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5.2.2 Finding a Maximum Flow

Returning to our original network N (v, k), we want to make sure that the demands
on every arc are met before we find our maximum flow. Hence, we want to remove
from N(v, k) a saturating flow found for N'(v,k). Let fy be a saturating flow for
N'(v, k) found by Proposition 5.4. Define Ny(v, k) to be the network with underlying
digraph D(v, k) and capacity function c¢o(a) = ¢(a) — fo(a) for every arc a in D(v, k).

Notice that the demand on every arc is now zero.

Proposition 5.5. Let Ny(v, k) be defined as above. If f is a mazimum flow on

No(v, k), then val(f) = pv — ZEZ:%

Proof. Looking at the capacities in Ny(v, k), we have
o co(s,u) =p— k(”k;_ll) for every u € V;
e ¢o(B,t) =k —1 for every B € B; and
e ¢o(u, B) =1— fo(u, B) for every (u, B) € [V, B].

Let X CVand Y C B, with | X| =z and |Y| =y, and let C = X UY U {s}. We
will be minimizing the value of the cut K = [C,C]. For 0 < i < k, let B; be the set
of blocks in B which intersect X in exactly ¢ points, and let b; = |B;|. The capacity

of our cut K is

cap(K) = Y co(s,u) + > co(u, B) + Y co(B,1).

ueV\X (u,B)E[X,B\Y] Bey

For every u € V'\ X (of which there are v — x) we have co(s,u) = p — k((”,:l)). Let
B; be a block intersecting X in i points. If B; € Y, then we add the arc (B;,t) to our
cut with ¢o(B;,t) = k—1. If B; ¢ Y, then for every u € X that intersects B; (of which

there are i), we add the arc (u, B;) to our cut with co(u, B;) = 1 or ¢y(u, B;) = 0.
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Notice that there can only be at most one v € X for which ¢o(u, B;) = 0. So to
minimize cap(K), we should have Y = B.

To lower bound cap(K), we observe that for each block B € B there is exactly
one vertex u € V such that ¢y(u, B) = 0. In the most extreme case, every vertex
in X is contained in such an arc. However, since arcs between X and Y are not
included in our cut, and Y only contains blocks which intersect X in k points, the

maximum capacity that could be removed from our cut by the arcs between X and

- x(v—
Bis 77

B — by. Thus, we have

cap(K) = Y co(s,u) + > co(u, B) + Y co(B,1)

ueV\X (u,B)€[X,B\Y] BeY

S T £ A R

v—1 z(v—1) .
:(M—k(l{_”>(v—x) Rk — 1)+Zlbi+kbk
(v—1)
(k—1)

B v—1 z(v—1) =zw—2) z(x-—1)

_(”_k(k—1)>(v_$) FE—1) " k=1 " k=1
pok(k —1) = v = 1) + k(v —1—p(k - 1))z

a k(k—1)

by using equations (5.18) and (5.16) as in the proof of Proposition 5.4.

v—1
k—1"

By assumption, we have p < Looking at the coefficient of z, we see that

Since this is linear in x with a nonnegative leading coefficient, the minimum is achieved

v(v=1)

k(k 1) Hence,

when z = 0. With z = 0, we obtain a lower bound on cap(K) of uv —

is a

the capacity of a minimum cut in Ny(v, k) i k(kfl)

maximum flow on Ny(v, k), Theorem 2.16 tells us that val(f) = cap(K) > pv— ZEZ:B

v(v—1)
k(k—1)>

However, val(f) < pv — and so we get our desired maximum flow. O
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One thing to note about the proof of Theorem 5.3 is the importance of having
consecutive loop values available in the family G. The fact that each copy of K} can
have anywhere between 1 and k looped vertices is crucial for determining the capacity
of a minimum cut. In particular, it allows us to easily determine which blocks should
be included in a minimum cut. The problem becomes much more complicated if we
allow "gaps" between the number of looped vertices. However, we do believe this

method has further potential for other families of graphs or other block designs.

5.2.3 Asymptotic Result

Now that we've proven Theorem 5.3, we can use f-resolvable designs to give us an
asymptotic result for this problem. Recall the necessary conditions for the existence of

a 0-RBIBD(v, k, A) given in (2.3). It is not hard to see that, for a given v, the integer

ﬁ is the smallest value of 6 satisfying (2.3) when A = 1. In the case of A = 1,
if we let # = —% . we observe that if v and k satisfy (2.1), then they also satisfy

ged (k)

(2.3). That is, if the necessary conditions for the existence of a BIBD(v, k,1) are
satisfied, then so are the necessary conditions for the existence of a -RBIBD(v, k, 1)

- K
with 6 = ced ()

Let vy be such that (2.3) is sufficient for the existence of #-resolvable designs of
order v > vy for every # which is a divisor of k. There are only finitely many divisors
of k, and so vy is the maximum of a finite number of integers. From Theorem 2.7,
we then obtain (v, k, 1)-designs with the property that, for any possible multiple ¢

of there exists a subcollection of the blocks which is t-regular. That is, we

_k
ged (k,v)?

_k

sed (i) there

obtain Kj-decompositions of K, such that for any possible multiple ¢ of
exists a subcollection of the blocks in which every vertex of K, appears exactly ¢
times. For what follows, let 7y be the number of f-parallel classes in a 6-resolvable

(v, k, 1)-design with 6 = m, and let a and b be positive integers summing to ry.
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Theorem 5.6. Let k and k' be positive integers such that a B[BD(k, k' 1) exists, and
let G be defined as in Theorem 5.3. Let

k’(k’ 1

complete graph KWWY can be G-decomposed for all v > vy with p = 0(al + bh).

Proof. As mentioned above, Theorem 2.7 guarantees us Kj-decompositions of K,
such that for any possible multiple ¢ of 0, there exists a subcollection of the blocks
in which every vertex of K, appears exactly ¢t times. For a given #-parallel class in
a 0-RBIBD(v, k, 1), we choose to append either [ loops or h loops to every vertex in
every block of that 6-parallel class. Every block in the decomposition is then either a
K5 or K™Y, Letting a and b be the number of 6-parallel classes whose graphs will
be copies of K ,[f;u and K ,Eh;l], respectively, we have ry = a+b. Since each vertex of K,
appears exactly 0 times in each parallel class, each vertex must receive p = 6(al + bh)

loops in total. Finally, since m <l<h< ]f, 11, Theorem 5.3 guarantees that
1] .

every copy of K’ 1 and K is G-decomposable. n
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Chapter 6
Future Work

Theorem 5.3 gave us a result for G-decompositions when G was a family of looped
cliques, all of the same size. We employed several tools to prove Theorem 5.3. A BIBD
gave us the initial decomposition and then a network flow was used to distribute the
loops. A similar method might be used to obtain more results by allowing other block
designs to form the initial decomposition. Network flows may also prove useful if we
let vertices have multiple loops within the family of graphs or multiple loop colours.

Of course, there is still much more work to be done on the problem of general G-
decompositions, particularly when the underlying graphs are nonisomorphic. Another
tool that we used in the proof of Theorem 5.6 was f-resolvable designs. In the following
example, we will see how cyclic designs and resolvable designs could be used to obtain

G-decompositions when the underlying graphs are nonisomorphic.

Example 6.1. Let G = {G,G3}, where G; and Go are the two graphs shown in
Figure 5.1, except with loops of the same colour. Notice that the underlying graphs
of G; and (G5 are nonisomorphic. Let V = Zs be the vertices of K5. Consider
developing the two blocks {0, 1} and {0,2} modulo 5 to obtain a cyclic BIBD(5, 2, 1).
That is, the BIBD(5,2,1) with block set
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B={x+{0,1}:x e V}U{zx+{0,2}:2 €V},

where addition is distributed into the set and is modulo 5. Observe that we can
obtain a GGj-decomposition of Kg[)zl] by using the blocks of this BIBD(5,2,1). We can
also develop the block {0, 1,3} modulo 5 to obtain a cyclic BIBD(5, 3,2). Using the
blocks of this design, we can obtain a Gy-decomposition of K, 5[,1;”.

Suppose an RBIBD(v, 5, 1) exists for some positive integer v, and let r be the
number of parallel classes in the design. We can think of the RBIBD(v,5,1) as a
K;5-decomposition of K, where the block set can be partitioned into parallel classes.
Recall that a parallel class is a set of blocks that partition the vertex set. For a given
parallel class, we choose to append either one loop or two loops to every vertex in
every block of that parallel class. Every block in the decomposition is then either a
K éz;l] or a K, Q;”, and hence every block can be decomposed into copies of either G,
or (Gy. Since vertices within a single parallel class receive the same number of loops,
we see that all of the vertices in K, receive the same number of loops. Depending

on how many times we choose to use one loop or two, the vertices in K, can all have

anywhere between r and 2r loops. From this, we can obtain a G-decomposition of

every graph in {Kq[j”?l]7 Kq[f“;l], o KL2r;1]}_

In general, resolvable designs could lead to many other results for G-decompositions
using this type of approach. We could have let the graphs in Example 6.1 have dif-
ferent loop colours, leading to decompositions of even more multigraphs. A similar
construction to the one in Example 6.1 could also be formed using uniformly resolv-
able designs. For example, given a family G of graphs, we could use BIBDs, as in
Example 6.1, to decompose a set of looped cliques; these cliques could vary in their
size and number of loops. Using a URD, we could form a G-decomposition of a larger

multigraph, where we choose how many loops we want in the various parallel classes.
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Another possible direction involves specifying the proportion of times each vertex
appears in each graph of G in a G-decomposition. Theorem 6.2 gives a result, due to

Wilson, which explores this problem in the case of simple graphs.

Theorem 6.2. [28] Let G = {G1,Gs,...,Gi} be given, where the graphs G; are

pairwise nonisomorphic and where each has at least one edge. Let

a(G) =ged{d, :u e V(G),G e G} and B(G)=ged{2m(G): G € G}.

Let p1,pa, ..., pt be nonnegative real numbers that sum to 1, and let € > 0. For every

sufficiently large integer v satisfying

v(v—1)=0 (mod B(G)) and

v—1=0 (mod a(G)),

there exists a G-decomposition of K, in which for every point x, the proportion of
copies of G; that appear in the decomposition and that contain x is within € of p; for

alll1 <1<t

If the graphs in G are adorned with loops in a specific way, then this result might be
useful in ensuring that every vertex in K, receives the same number of loops. There is
an error term in Wilson’s result, so we may only obtain approximate decompositions.

However, we do believe there is potential in taking this type of approach.
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