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Abstract

The main object of the present paper is to introduce and study rather
systematically two new subclasses R(p, A, «) and C(p, A, @) of meromor-
phically univalent functions with positive and negative coefficients, respec-
tively. We first obtain a necessary and sufficient condition for a function
to be in each of these classes. We then investigate the meromorphically
starlikeness and meromorphically convexity of functions belonging to the
classes R(p, A, a) and C(p, A, a). Several other properties and character-

istics of functions in these classes are also derived.

1. Introduction and Definitions

Let MI(,A’B) denote the class of functions f(z) of the form:

f(2) = é +BY ans® (an20; ABA£0; peNi={1,2,3,-)),  (L1)

n=p

which are analytic and univalent in the punctured unit disk
D:i={z2:2€C and 0<]|z| <1},

and which have a simple pole at the origin (z = 0) with residue A there. A function

f(z) € MI(,A’B) is said to be in the class M,(,A’B)(a; A, p) if it also satisfies the inequality:

(1-2)) 27'(2) = A2 (2)
%{ TESIOETTI0

}>a (z€D; 05ax<l) (1.2)

for some suitably restricted real parameters A and .

Two important subclasses of the class M;,A’B)

(a; A, p) are worthy of mention. First of
all, for A = u = 0, the class MéA’B)(a; 0,0) consists of meromorphically starlike functions
of order a (0 < a < 1) (with positive or negative coefficients depending upon the value of
the nonzero constant B). On the other hand, when A = g = 1, the class M;,A’B)(a; 1,1)

would consist of meromorphically convez functions of order a (0 < a < 1) (with positive or
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negative coefficients depending upon the value of the nonzero constant B) (cf., e.g., Duren
[4] and Goodman [5]; see also Srivastava and Owa [6]). Some other subclasses of the class
MI(,A’B) were studied recently by (for example) Cho et al. ([2] and [3]) and Altintag et al.
[1].

In the present paper we propose to investigate various interesting properties and char-
acteristics of functions belonging to the following subclasses R(p, A, a) and C(p, A, @) of

(A,B)
p

the general class M (a; A, 1) which we introduced above:

Rip, A, ) 1= M{ (a5, ) (19
(peN; A>21/(p+1); 0<ax<x )

and

C(p, A, &) := Mg,l’_l)(a; 1,1-X) (1.4)

(PeN; 0<A<p 0<a<]).

Clearly, the class R(p, 1, a) consists of meromorphically convex functions f(z) of order a

0 < a < 1) with positive coefficients, given by
g

1 = .
fl&)=—=+ > anz (an > 0; p € N). (1.5)
n=p
Furthermore, since the condition A > 1/(p + 1) (p € N) is not actually a requirement for
the definition (1.3), we may set A = 0 in (1.3) and observe that the class R(p, 0, «) consists
of meromorphically starlike functions f(z) of order a (0 £ a < 1) with positive coeflicients,
given by (1.5). The class C(p,0, a), on the other hand, consists of meromorphically convex

functions f(z) of order @ (0 < a < 1) with negative coefficients, given by

o0

f(z) = % —Y ez (@20 peN). (1.6)

n=p



2. Coeflicient Inequalities and Inclusion Properties
A necessary and sufficient condition for a function f(z), given by (1.5), to be in the
class R(p, A, @) is provided by

Theorem 1. Let a function f(z) be in the class MI(,_l’l). Then the function f(z)

i(n-{—a)(n}\—i—)\—-l)angl—a (0<a<l; A>1/(p+1); peN). (2.1)

n=p

The result 18 sharp.

Proof. First of all, suppose that the function f(z), given by (1.5), is in the class
R(p, A, ). Then it is easily seen from (1.5), (1.3), and (1.2) that

1— > n(nA+A—-1)a,2"*!
N —2 > a (2.2)
1+ > (nA+A—1)ap 2"t
n=p

(z€D; 0<a<1; A>1/(p+1); peN).

If we choose values of z on the real axis and let z — 1— through real values, we obtain the

inequality:

1-— i n(nA+A-1)a,

(0<a<1; A>1/(p+1); p€N),

which readily yields the assertion (2.1) of Theorem 1.

Conversely, let us suppose that the inequality (2.1) holds true and let

z€0D:={z:2€C and |z|=1}. (2.4)
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Then we find from the definition (1.5) that

(1-2))2f'(2) = A22F"(s)

DD Twre)

Yo (n+ DA+ X —1)an|z|"t

<2
14+ > (nA+A—1)ap |z|7t!
n=p (2.5)
Y(n+ DA+ A-1)a,
==F (since z € 0D)
1+ Y (nA+A-1)a,
n=p

<l-a (0<a<l;A21/(p+1); peN),

where we have made use of the inequality (2.1). Thus, by the maximum modulus theorem,

we conclude from (2.5) that
f(z) € Rip, A, ).

Finally, we note that the assertion (2.1) of Theorem 1 is sharp, the extremal function

being given by
1 + l-a
z (pta)(pr+A-1)

In precisely the same manner, we can prove

f(z)=- #  (peN). (2.6)

Theorem 2. Let a function f(z) be wn the class Mgl’"l). Then the function f(z)
belongs to the class C(p, A, &) if and only if

i{n(n—/\a)—i—a(n—/\)}angl—a (0<a<1; 0<A<p; peN). (2.7)

n=p

The result s sharp, the extremal function being given by

1 1—a
&)= e Fap =N

P (p € N). (2.8)

Corollary 1 and Corollary 2 below are rather immediate consequences of Theorem 1

and Theorem 2, respectively:



Corollary 1. If f(z) € R(p, A, @), then

l—a
< > p; . .
Corollary 2. If f(z) € C(p, A\, ), then
l—a
an < (n>p; p€N). (2.10)

Y S NN AR
n(n — Aa) + a(n — A)
Next we prove

Theorem 3. Let the function f(z) defined by (1.5) and the function g(z) defined by

1 oo
- by 2™ by > ) .
9(2) Z+; z (b > 0; p € N) (2.11)
be in the same class R(p, A\, ). Then the function h(z) defined by

h(z) = (1 =€) f(2) + Eg(z) = —% +> enzm (2.12)

n=p

(cni=(1—€)an+Eb, >0, 0<£<1)

18 also in the class R(p, A, a).

Proof. Suppose that each of the functions f(z) and ¢(z), involved in Theorem 3, is in
the class R(p, A, &). Then, making use of (2.1) and (2.12), we observe that

i(n +a)(nA+A—1)c

n=p

=(1-6))Y (n+a)nA+A=1)a.+£D (n+a)(nr+A—1)b,

n=p n=p

SA-00-a)+{(1-a)

(2.13)

—1-a (0<a<L;A>1/(p+1);peN, 0<£<1),
which evidently completes the proof of Theorem 3.
Similarly, by employing Theorem 2 in place of Theorem 1, we obtain
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Theorem 4. Let the function f(z) defined by (1.6) and the function g(z) defined by
1 (o o)
= — — n > 0: .
=Lk (20 pEN (214)

be in the same class C(p, A\, ). Then the function h(z) defined by

(e

h(z) = (1— €) f(2) + £ () =

! Cn 2 (2.15)
z

3
||
S

(Cn ==(1“§)an+€bn20; 03551)
i3 also in the class C(p, A, a).

The following results (Theorem 5 and Theorem 6) involve the quasi-Hadamard product

(or convolution) of functions belonging to the classes R(p, A, a) and C(p, A, a), respectively.
We first state

Theorem 5. Let the function f(z) defined by (1.5) and the function g(z) defined by
(2.11) be in the same class R(p, A\, a). Then

(f *9)(2) € R(p, A, B),

where (f * g)(z) denotes the quasi-Hadamard product (or convolution) of f(z) and g(z),
defined by

(f*g)(2) := —% + ) anbnz®  (an20; by 20; pEN) (2.16)

n=p

and

B<1— T Eplw;(;)foszai T (0<a<1; peN). (2.17)

The result 1s sharp for the functions f(z) and g(z) given by

1 1—a

IO =90 == a1

2  (peN). (2.18)

Proof. Applying Theorem 1 to the functions f(z) and ¢(z), we obtain

> ;(”+O‘)§”A+A_1) a, <1 (0<a<1; A>1/(p+1); peN) (2.19)
—
n=p



and

b <1 (0<a<1; A>1/(p+1); peN), (2.20)

1l -«

{;(n—i—a)(n)\—{-/\—-l)

respectively.

In order to prove Theorem 5, it is sufficient to find the largest § such that

i(n+ﬁ>(n’\+)‘_l)anbn§1 (0<B<1; A21/(p+1); neN).  (221)
=P

1-5

Indeed, in view of the Cauchy-Schwarz inequality, we find from (2.19) and (2.20) that

oo

Z(n+a)("“’\‘1)\/mg 0<a<l; A21/(p+1); peN). (2.22)

1«

n=p

Therefore, the inequality (2.21) holds true if

Van by < 8 —~ i;EZ i Zg (n=p; peN), (2.23)

that s, if
(n—{—a)%n—)\j—/\—l) = S:QEZ:Z% (n2pipeN), (2:24)
which readily yields
P (_nl*;'(;)i_l;);‘—):(l —p  (zrpem) (2.25)
Finally, letting
®(n):=1-— (n+ 1)1~ of (n>p; p€N), (2.26)

(nPA+A=1)(n+a)?+ (1 —a)?
we see that ®(n) is an increasing function of n. This shows, in conjunction with the

inequality (2.25), that

(p+ 1)1 - a)?
PA+A-1)(p+0)? +(1-a)?

(0<a<1l; A>1/(p+1); pEN),

B<a(p)=1- (2.27)

which completes the proof of Theorem 5.



A similar consequence of Theorem 2 may be stated as

Theorem 6. Let the function f(z) defined by (1.6) and the function g(z) defined by
(2.14) be in the same class C(p, A\, ). Then

(f*9)(2) € C(p, A, B),

where (f * g)(z) denotes the quasi-Hadamard product (or convolution) of f(2z) and g(2),
defined by

1 o0
= " n=0; bp 2 H .
(f*9)(z) = - n§=panbnz (an > 0; by > 0; p€N) (2.28)

and

3 (p—A—pr+p*)(1 —a)?
P B 3a) + ale N+ (p = 3 = PN = a)?

(0<a<l1; peN).

(2.29)

The result 1s sharp for the functions f(z) and g(2) given by

l—«a

plp—ra)+alp—)

f(z) = g(2) = % - P (peN), (2.30)

3. Growth and Distortion Theorems

The assertion (2.1) of Theorem 1 readily yields the following coefficient inequalities
for a function f(z) belonging to the class R(p, A, a):

> 11—«

Za"S(p+a)(p/\+A—1) Osa<li A>1/(p+1); peN)  (31)

and
oo < p(1 —a) O<a<l; A>1/(p+1); peN) (52)
n:pnan"(p+a)(p/\+A—1) = ; p+1)p . .

By applying the coefficient inequalities (3.1) and (3.2), it is not difficult to prove
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Theorem 7. If f(z) € R(p, A, @), then
1 l—a
2l (p+o)pA+Ar-1)

2P < |£(2)]

1 l-a 2|P (3.3)
ST eram oy

(z€D; 0<a<l; A>1/(p+1); peN)

and
! - p(l _ Ol) = p—1 1 2
|2|2 (p‘*‘a)(p)\—l-/\—l)l P~ < (2
: p(1—o) (3.4)

|2~

SFE T era@rioD

(zeD; 0<a<l; A>1/(p+1); peN).
Each of these results is sharp for the function f(z) given by (2.6).

Similarly, by applying analogous coeflicient inequalities derivable from the assertion

(2.7) of Theorem 2, we obtain

Theorem 8. If f(z) € C(p, A, ), then

1 l—a »
B e Tapon < (3
1 l—« »
Sy v ey y

(z€D; 0<a<]; 0<A<p; peEN)

and
1 (1l —a) L1 ",
|z]2 p(p—Aa)+a(p—N) || < |f(2)] (3.6)
1 p(l -«

|27~

< +
2> p(p—Aa) +a(p - A)
(ze€D; 0<a<1; 0<A<p; peN).
Each of these results 1s sharp for the function f(z) given by (2.8).

A number of simpler distortion properties can easily be deduced from Theorem 7 and

Theorem 8 by suitably specializing the parameter A occurring in the assertions (3.3) to

(3.6).
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4. Meromorphically Starlikeness and Meromorphically Convexity of Functions
in the Classes R(p, A\, @) and C(p, \, a)

We begin by proving

Theorem 9. If f(z) € R(p, A, «), then f(z) is meromorphically starlike of order ~
(0<y<1)in

(n+1)
[N+ a)(rA+A-1)Y
A = 4.1
0<|Zl<’l"1(p, ,C\{,"/) erlLf{ (1——01)(7’&-—’)’-{-2) ( )
(n>p; peN).
The result is sharp for the functions f(z) given by
1 l-«
E—— n > p; . .
f(2) Z+(n+a)(n/\+A_1)z (n>p; p€N) (4.2)
Proof. We must show that
z f'(2)
- -1 <1- 4.
ot R (43
(0 <lz] <rilp Ay, 7); f(2) € R(p, My a); 0<y <1).
Indeed we find from the definition (1.5) that
> (n+ 1) an 2|
10|
f(Z) 1— Z an |Zln+1 (4_4)
n=p
<1l- 7Y,
provided that
- n+1 —
(n—v+42)|z| < (n+a)nA+A-1) (4.5)

11—+« l-«a

(0<a<1;0<y<1; A>1/(p+1); peN).

Solving this last equation (4.5) for |z|, we obtain the inequality (4.1), and the proof of
Theorem 9 is thus completed.
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Since a function f(z) € M;_l’l) is meromorphically convex of order v (0 < v < 1)
if and only if z f'(z) is meromorphically starlike of order v (0 < v < 1), an immediate

consequence of Theorem 9 may be stated as

Theorem 10. If f(z) € R(p, A\, @), then f(2) i3 meromorphically convez of order v
(0<y<1)in

(4.6)

- - 1/(n+1)
0 < |2] < ra(p, Ay, ) 1= inf { (L—7)(n+a)(nA+ A 1)}

(- a)n—712)
(n2p; peN).
The result 1s sharp for the functions f(z) given by (4.2).

The derivations of Theorem 9 and Theorem 10 can be applied mutatis mutandis in

order to obtain the following results for the class C(p, A, ).

Theorem 11. If f(z) € C(p, A, @), then f(z) i3 meromorphically starlike of order &
(0<é6<1)in

1/(n+1)
0 < |z] < r5(p, A, ,6) = inf { (1= 6)in(n —Aa) + a(n — M) } ' (4.7)

(1-a)n—6+2)

(n>p; peN).

The result s sharp for the functions f(z) given by

1 l—a n ]
f(z):;_n(n—/\a)—i—a(n-—)\)z (nZP,PEN)- (48)

Theorem 12. If f(z) € C(p, A, a), then f(z) is meromorphically conver of order §
(0<6<1)in

1/(n+1)
0 < |z| < ra(p, A, a, 6) :=i2f{(1 —5)[n(n—/\a)+a(n-)\)]} ' (4.9)

n(l - a)(n—4§+2)

(n>p; peN).

The result 1s sharp for the functions f(z) given by (4.8).
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2]
[3]
[4]
[5]

[6]

Meromorphically starlikeness and meromorphically convexity of functions belonging
to several simpler classes can indeed be deduced by suitably specializing the parameter A

occurring in Theorems 9 to 12 above.
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