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Abstract

New design approaches of two-channel perff:ét—reconstruction finite-duration impulse-
response (FIR) quadraiure mirror-image filter (QMF) banks with low delays are
presented. The approaches depend on constraint optiinization methods. The de-
signs are considered superior relative to the existing approaches from the quality
of reconstruction perspective. A computationally efficient iterative technique is ap-
plied to design cosine-modulated, M-channel pseudo-QMF banks. Moreover, a new
weighted least-squares (WLS) method is applied to the design of two-channel linear-
phase FIR QMF banks.

An algebraic mapping methodology to map decimator and interpolator algo-
rithms onto very large scale integration (VI.SI) array-processor structures is de-
veloped. Array-processor implementations for finite-duration impulse response as
well as infinite-duration impulse response (IIR) filter banks are obtained based on
the polyphase structures of decimators and interpolators. New and efficient array-
processor implementations for FIR filter banks are also obtained based on direct-
form structures of decimators and interpolators. All the implementations are con-
sidered modular and regular. Furthermore, some of the implementations have locz.t

communication features.

Improved and new-array processor implementations for FIR filters and linear-
phase FIR filters are developed. New high-speed area-efficient fixed-point processors

are developed to he incorporated in the resulting implementations.
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Chapter 1

Introduction

The decomposition of a signal into contiguous frequency bands and reconstruction
of the signal based on the subband components are fundamental conc:.pts in digital
signal proressing (DSP) [1, 2]. Partitioning of the input signal into several frequency
bands is done by the so called analysis filter bank and reconstruction is done by the
synthesis filter bank. The subband components of the input signal are usually
decimated to reduce the amount of computational load in applications where the

subband components need to be processed.

1.1 Multirate Filter Banks

Multirate filter banks have been used extensively in many areas such as speech
coding [2], image coding (3, 4], transmultiplexing [5]-[7], wavelet transform (8],

. +nuency-domain speech scrambling [9], and short-time spectral analysis [10, 11].

1.1.1 Two-Channel Quadrature Mirror-Image Filter Bank

The two-channel quadrature mirror-image filter (QMF) bank, shown in Fig. 1.1(a),

is one of the earliest and most commonly employed structures since it was introduced
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Figure 1.1: Two-channel QMF bank. (a) Analysis/synthesis banks. (b) Idecal am-
plitude response.

by Croisier, Esteban, and Galand in [1, 2). In the analysis bank, the signal x(n)
is split into two subbands by passing through a lowpass filter Hy and a highpass
filter Hy of transfer functions Hy(z) and Hi(z), respectively. Each subband signal
is downsampled by a factor of two. In the synthesis bank, each decimated subband
signal is upsampled by a factor of two. Then, the expanded signals are passed
through the synthesis filters of transfer functions Fy(z) and Fy(z). The purpose of
the synthesis filters is to eliminate the images. As a result, the reconstructed signal
#(n) closely resembles the input signal z(n). The name quadrature mirror filter
derives from the fact that the response of filter H, is the mirror-image of the response

of Hyp, with respect to frequency 7/2 which is a quarter of the sampling {requency




(assuming a normalized sampling period T'=1 s) as indicated in Fig. 1.1(b).
Several approaches have been proposed for the design of two-channel QMF banks
[1], [12]-[38]. The reconstructed signal in the two-channel QMF system of Fig. 1.1(a)

is related to the input signal by

X(2) = T(2)X(2) + A(z)X(—2) (1.1)
where
T(z) = 3[Ho(2)Fo(z) + Hi(2) Fi(2)] (1.2)
and
A(z) = §[Ho(—2)Fo(2) + Hi(—2)Fi(z)] (1.3)

* are the channel and aliasing transfer functions, respectively.

According to the type of filter used, QMF banks are categorized into two classes:
(a) finite-impulse-response (FIR) QMF banks, and (b) infinite-impulse-response
(IIR) QMF banks. The advantages and disadvantages of one category over the
other are related to the classical advantages and disadvantages of FIR and IIR fil-
ters [39]. QMF banks can introduce three types of distortion: (a) aliasing, (b)
amplitude distortion, and (c) phase distortion. The first step of the design process
is to cancel aliasing effects. Amplitude distortion and/or phase distortion can be
minimized or eliminated according to the filter type. A perfect-reconstruction (PR)
filter bank is one that is free from all errors and distortic"is, and the reconstructed
signal is, therefore, just a delayed version of the input signal.

In general, FIR QMF banks are categorized into:

1. Classical FIR QMF banks




2. PR FIR QMF banks with nonlinear phase filters
3. PR FIR QMF banks with linear phase filters

QMF banks of the first category are filter banks in which aliasing is removed and
the phase distortion is eliminated by using analysis/synthesis filters characterized

by

Fa(z) = Hy(~2), Fi(2) = —Ho(—2)

H,(z) = Ho(->2)

where Hy(z) is the transfer function of a lowpass filter with even length N and a
symmetrical impulse response. The linear time-variant system of Fig. 1.1(a) thus

becomes a linear time-invariant system with a frequency response
T(e™) = §e N 0{| Ho(¢") ' + | Ho(e+7) |7} (1.4)

Filter Hy is designed by minimizing an error measure of the form

w/2

E =3[ Ho(¢") [ +| Ho(@“) P <12 4o 3 | Ho(e) ? (1.5)

w=0 w=w,
The first term denotes the reconstruction error and the second term denotes the
stopband error where « is a positive constant and w, is the stopband edge. The
design was carried out in {12] using nonlinear optimization. QMF design in the
time domain was introduced in [14] and QMF structures were reported in [40]. An
efficient iterative technique to solve the minimization problem was introduced in
(17] and minimax designs of FIR QMF banks were repoited in [16]-[18].

An efficient implementation of the analysis/synthesis system requires polyphase
structures. In either the analysis or synthesis bank, the polyphase filters of the

lowpass filter Hq are sufficient to implement the system [27].




QMF banks of the second category were reported in [19, 20]. These banks
are called conjugate quadratic filters and the requirements imposed on the analy-
sis/synthesis filters are given by

Fo(2) = Hi(~z), Fi(z) = —Ho(—2)

Hy(z) = —Ho(—2"") z~(V-1)

where Hy(z) is the transfer function of a lowpass filter of even length N and nonlinear
phase response. In this approach the linear time-invariant system transfer function

is of the form
T(2) = ${Hole) Ho(z™) + Ho(~2)Ha(~="")} =¥
= ${G(2) + G(=2)} 7Y (1.6)

where G(z) is the transfer function of an odd-length N, = 2N — 1, zero-phase
half-band filter with a symmetrical impulse response and nonnegative {requency re-
sponse. The design procedure depend: on obtaining a spectral factor Hy(z) of G/(z).
A structure to implement the analysis filters taking advantage of the relationship
between Hy and H, is presented in [27]. However, all the arithmetic operations are
performed at the high rate. To obtain more efficient implementation, two structures
have to be employed to implement Hq and H;.

QMI" banks of the third category, i.e. PR filter banks using linear-phase FIR
analysis/synthesis filters, were introduced in [22]-[28]. Referring to (1.1) and ensur-

ing that the relations
Fo(z) = 2H (—2), Fi(z) = ~2Hp(~2)
hold, we have

T(z) = Ho(2)H\(—z) — Ho(—2)H,(z) (1.7)




If the pure-delay constraint

:N0+N'1

_ 2kl
T(z)== , k 3

(1.8)

is imposed, it is possible to obtain a PR system where the output is a delayed replica
of the input. Ny and N, are the lengths of Hy and H,, respectively.
By combining the constraint in (1.8) and the linear-phase condition, it has been

shown in [23] that only two types of systems yield nontrivial analysis filters:
(a) Both filters have even length and opposite symmetry.
(b) Both filters have odd length and are symmetric.

In [23], PR is achieved by applying the lattice structure to the filters and forming
an error criterion which can be minimized using optimization. In [24], the QMT
problem is solved using the Lagrange multiplier and Lagrange-Newton approaches.
In [25], the QMF problem is solved using a constrained least-squares (CLS) opti-
mization approach. The analysis and synthesis filters of this design category have
to be implemented separately. It is noted that if the analysis or synthesis filter is
of linear phase with odd length, its polyphase components are of linear phase with
odd and even lengths.

The strategy in designing IIR QMF banks is to eliminate aliasing and amplitude
distortion and minimize phase distortion if it is severe depending on the application
[28]. The set of filters is the same as in classical QMF banks with the constraint that
T(z) is an allpass transfer function. This can be done by constraining the transfer

function of the lowpass analysis filter to be of the form

2 2 h
IIQ(Z) - GL(QZ_)_ + 2-1(11(22 ) (1.9)




where ag(z) and a1(z) are allpass transfer functions. Thus, Po(z) = ao(z)/2 and
Py(2) = ay(#)/2 are the polyphase components. The procedure is to obtain an odd-
order elliptic transfer function Hg(z) of specified attenuation and transition width
with passband ripple d, and stopband ripple &, such that 62 = 1 — (1 — 2 §,)>
This can be done using the procedure in [39]. This category of filter banks can
be implemented efficiently using polyphase structures. A similar procedure can
be performed using lattice wave digital filters {41] as these structures produce two
outputs for the lowpass and the highpass signals. This can be done using the
techniques in [35, 36].

The overall delay of a QMF bank is determined by the lengths of the filters used.
Two-channel QMF banks are widely used for tree-structured subband speech coding
systems, octave-band structures, and the wavelet transform. In these systems, delays
of more than 1/4 second in full-duplex systems degrade subjective performance.
Thus, the design of two-channel QMF banks with low delays is desired. A low
reconstruction delay system is defined to be a system with filters of length N and
with a reconstruction delay k& which is smaller than N —1. Such designs are presented
in [37, 38] but result in a relatively low signal-to-reconstruction noise ratio (SNR,).

In this thesis, two approaches for the design of two-channel PR FIR QMF banks
with low delays are proposed. The approaches are based on constrained optimization
methods. Also, a minimax design of the two-channel linear-phase FIR QMF banks

is developed using a weighted least-squares (WLS) technique.
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Figure 1.2: The M-channel filter bank. (a) Analysis/synthesis banks. (b) Ideal
amplitude response.

1.1.2 M-Channel Filter Banks

A two-channel filter bank can be extended to an M-channel filter bank shown in
Fig. 1.2(a), where Ho(z), Hi(z), ..., Hym-1(2) are the transfer functions of analysis
bank filters, and Fo(z), Fi(z), ..., Fap-1(2) represent the synthesis filters. In the
analysis section, the incoming signal x(n) is split into M frequency bands by filter-
ing, and each subband signal is maximally decimated, i.e., decimated by a factor of

M. The M decimated signals are then processed in the synthesis bank by interpo-




lating each signal, filtering, and then adding the M filtered signals. In maximally
decimated filter banks, each subband component is represented by the minimum
number of samples per unit time. Such filter banks are of particular interest in
frequency-domain coders. In speech coding applications, the primary objective is
to reduce the bit rate while maintaining the perceived quality of the coding sys-
tem. In frequency domain coders, the bit rate is directly related to the number
of frequency-domain samples per unit time. Thus it is important to represent the
output of each channel with the minimum number of samples which is achieved in
maximally decimated filter banks. The benefit of utilizing maximally decimated
channels is not strictly limited to coding applications. In other processing areas,
frequency bands are often maximally decimated in order to reduce the complexity
of the frequency-domain algorithms.

The reconstructed signal is expressed as
. M-1

X(?) Z X (W) Z H(zWEFy(z) (1.10)

¢=0

where W = ¢~927/M  The above equation can be written as

X(2) = X(2)T(2) + A:g:jl X(2W*A(2) (1.11)
where
M-
T(z) = Z Hy(2)Fiiz) (1.12)
and
1 M-1
Adz) = 7 Y Hi(zWHFi(z), €+#0 (1.13)
k=0

are the overall channel transfer function and the ¢th aliasing transfer function, re-
spectively. The design of M-channel filter banks is considered in [42]-[50]. Cosine-
modulated pseudo-QMF banks were introduced by Nuzsbaumer [42] and developed
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by others [43]-[45], [48]-[50]. In these systems, the analysis and synthesis filters are
chosen so that only adjacent—chanﬁel aliasing is cancelled, and the channel function
is approximately a delay [27]. These filters are attractive from the perspective of
design and implementation. From the design point of view, only a prototype filter
needs to be designed. From the implementation point of view, the cost of the analy-
sis or synthesis bank is equal to that of one filter plus the cost of a fast discrete-cosine
transformer. The design of cosine-modulated pseudo-QMF banks can be performed
using any unconstrained nonlinear optimization.

In this thesis, a computationally efficient design of cosine-mecdulated pseudo-

QMF banks is achieved using an iterative technique.

1.1.3 Filter Bank Structures

QMF banks can be formed in different structures, i.e., uniform and nonuniform
QMF banks. The M-channel filter bank in Fig. 1.2(a) is called a uniform QMF
bank. An idealized amplitude response of the analysis filters is shown in Fig. 1.2(h).
The resulting filter bank is regular and the outputs from each analysis channel have
the same sample rate. Another way to build a uniform filter bank, with M a power
of two is to use tree structures with two-channel QMF banks as shown in Fig. 1.3.

M-channel nonuniform QMF banks can be built either directly using M different
analysis/synthesis filters with M different decimation/interpolation ratios as shown
in Fig. 1.4(a), or by using the two-channel QMF banks in the so-called octave-band
structure as shown in Fig. 1.5. Either way, the idealized amplitude response of the
analysis filters is of the form shown in Fig. 1.4(b). Other nonuniform filter banks

using fractional compression/expansion factors are reported in [51].
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Figure 1.3: 8-channel tree-structured system. (a) Analysis bank. (b) Synthesis
bank.
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Figure 1.4: 4-channel nonuniform filter bank. (a) Analysis/synthesis banks.
(b) Ideal amplitude response.

1.2 VLSI Array Processors

12

The practicality of algorithms for many real-time DSP applications is determined by

the computational load. This critically depends on the amount of parallel processing,

sampling rate and the volume of data. The availability of low-cost, high-density,

high-speed VLSI devices, and the emergence of computer-aided design facilities,

presages a major breakthrough in the design of massively parallel processors.

Real-time signal processing can be achieved by using special-purpose array pro-
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Figure 1.5: 4-channel octave-band system. (a) Analysis bank. (b) Synthesis bank.
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cessors, and maximizing the processing concurrency by éither pipeline processing or
parallel processing or both [52]. A systolic system consists of a set of interconnected
cells, each capable of performing some simple operation. Information in a systolic
system flows between cells in a pipelined fashion, and communication with the out-
side world occurs only at the boundary cells [53]. A systolic array is very amenable
to VLSI implementation by taking advantage of its regular and localized data flow
[52]. It is especially suitable to a special class of compute-bound algorithms in which
the total number of operations is larger than the total number of input and output
elements [52]-[57]. A systolic array often represents a direct mapping of computa-
tions onto processor arrays. Consequently, the systolic array features t“.lie impottant
properties of modularity, local interconnection, as well as a high degree of pipelining

and highly synchronized multiprocessing.

1.2.1 Techniques for Mapping Algorithms onto Hardware

Several techniques for mapping algorithms onto processor arrays have been discussed
in the literature [52], [58]-[61]. Kung [52] presented the signal flow graph (SFG) ap-
proach which is derived from the dependence graph (DG). The SFG can be mapped
directly onto a systolic array by mapping nodes onto processing elements (PEs) and
edges onto interconnections. Timing and data movements are derived from a lin-
ear timing function applied to the DG. Rao and Kailath [58] represent an iterative
algorithm as a reduced dependence graph derived from a class of algorithms called
regular iterative algorithms. They proved that a regular iterative algorithm can bhe
mapped onto a processor array using a transformational approach. Moldovan [59]

expresses an iterative algorithm as a set of dependence vectors. In this scheme,
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processor assignment and system timing are obtained by transforming the depen-
dence vectors using a transformation matrix. Quinton [60] proposed an algorithm
mapping method based on expressing a problem as a set of uniform recurrence
equations over a domain consisting of a set of index points. A valid timing function
is determined subject to constraints set by the algorithm dependence vectors. A
processor allocation function is chosen to project the points in the index set of the
recurrences. Once the timing and allocation functions are known, the systolic array
can be systematically generated. A similar method was proposed by Rajopadhye
[61].

i.2.2 VLSI Implementation of Multirate Filter Banks

Decimators and interpolators are the most basic elements of multirate filter banks.
The polyphase representation leads to computationally efficient implementations of
decimator and interpolator structures in whici all the multiplications and additions
afe performed at a low rate [62]-[63]. Rational sampling rate conversion was consid-
ered in [63]. In [27, 63, 64, 65] structures for fractional decimators and interpolators
were considered. Systolic implementation of linear-phase FIR decimators and in-
terpolators were reported in [66]. The implementation is complex and involves the
use of programmable switches arranged in a hierarchical manner. This results in
a large silicon area and complex control overhead. Moreover, the number of mul-
tipliers involved is large especially for high decimation and interpolation facvors.
Systolic implementations of IIR decimators and interpolators were reported in [67].
However, no systematic methodology was used to map the decimator and the inter-

polator equations onto systolic structures. As a consequence, the resulting systolic
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s>tructures involve a fractional delay for the signal processed at the low rate. From
a hardware point of view, this requires special and elaborate techniques for control
and signal timing. Moreover, other, and perhaps more efficient, structures could not
be explored.

The study of multirate systems using the technique of Kung [52] is awkward since
some edges in the DG correspond to high-rate signals while other edges correspond to
low-rate signals. Simple application of a projection vector and different scheduling
vectors would result in highly inefficient architectures. The techniques presented
by Rao and Kailath [58] and Moldovan [59] are not amenable to multirate systems
since only one scheduling vector is defined within the structure of the transformation
matrix. The methods by Quinton [60] and Rajopadhye [61] are applicable to single-
rate systems only. However, it is not obvious how these techniques can be adapted
to multirate systems.

FIR and IIR filter bank implementations are reported in [68]-[70]. The imple-
mentation in [68] is not suitable for high-speed applications since it depends on
c-slow circuiis. Moreover, the implementations in [69, 70] are nof, suitable for FIR,
PR filter banks.

In this thesis, new efficient VLSI array processors for decimators, interpolators,
and filter banks are obtained using an algebraic approach, The implementations are
based on polyphase FIR/IIR decimator/interpolator structures and on direct-form
FIR decimator/interpolator structures. Since polyphase filters are integral parts of
the former implementation, array-processor implementations for digital filters are
obtained. It should be mentioned that throughout the thesis, the term systolic array
stands for a fully pipelined array processor. A partially pipelined array processor is

being referred to by a semi-systolic array or by simply an array processor.




17

1.3 Design of Fixed-Point Processors for
DSP Applications

In considering the design of any array processor system, it is important to consider
the design of the PEs involved. Multiplier and adder delays are the dominant factors
which determine the speed of the array structure. Minimizing these delays results
in a high-speed array processor suited for high-speed DSP applications.

In this thesis, two new designs of fixed-point processors are presented. The de-
signs are based on parallel multipliers for 2’s-complement arithmetic [71]-[74]. A new
inner-product processor in which both high-speed and double-precision operations
are maintained is presented. The new processor enhances the speed of operation
with a slight increase in the area. This processor can be incorporated in FIR filter,
FIR decimator, and filter bank structures. A special processor for linear-phase FIR
filter structures is presented. The processor performs an add-multiply-accumulate
operation in the same time as a simple multiplier. The module enhances the speed

of operation without incurring extra silicon area or introducing extra latency to the

system.

1.4 Thesis Outline

This thesis is organized in three parts. The first part, comprising Chapters 2 and 3,
deals with the desi tn of multirate filter banks. The second part, comprising Chapters
4 and 5, deals with VLSI array-processor implementation of digital filters along
with the new designs of fixed-point inner-product and adder-multiplier-accumulator
processors. The last part, comprising Chapter 6 deals with the VLSI array-processor

implementation of decimators, interpolators, and filter banks.
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In Chapter 2, two constrained optimization approaches are applied for the desigﬁ
of two-channel PR FIR QMF banks with low delays. The first approach is based
on the Lagrange-multiplier method and can be used to design banks with filters
of unequal lengths. The approach is simple, efficient, and flexible and leads to a
closed-form exact solution. The second approach can be used to design filters with
equal as weli as unequal lengths. In this approach, the design is formulated as a
quadratic constrained least-squares minimization problem which can be solved using
standard optimization approaches.

In Chapter 3, two design approaches for filter banks are presented. In the first
approach, a computationally efficient approach is applied to the design of cosine-
modulated pseudo-QMF banks. In the second approach, a modified WLS method
is employed to obtain a weighted minimax design of linear-phase FIR QMF banks.

In Chapter 4, array processors for FIR filters and linear-phase FIR filters are
developed using the SFG approach. Those implementations are considered integral
parts of the polyphase structures of decimators, interpolators, and filter banks.

In Chapter 5, a new inner-product processor is presented. The new proces-
sor enhances the speed of operation of the FIR filter implementation but entails a
slight increase in the area. A new processor module to perform an add-multiply-
accumulate operation is also presented which enhances the speed of operation of the
linear-phase FIR implementations without increasing the silicon area. or introducing
extra latency in the system.

In Chapter 6, an algebraic technique is applied to obtain new array-processor
implementations for FIR/IIR decimators, interpolators, and filter banks, The im-
plementations are based on FIR/IIR decimator and interpolator polyphase struc-

tures and on FIR direct-form structures, Fully pipelined systolic implementations
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with modular and regular PEs for polyphase decimators/interpolators with inte-
ger/fraction compression/expansion factors are presented.
The conclusion of the thesis and suggestions for further research are given in

Chapter 7.




Chapter 2

Design of Low-Delay
Two-Channel FIR Filter Banks

2.1 Introduction

Two-channel QMF banks are widely used for tree-structured subband speech cod-
ing systems [20], octave-band structures, and the wavelet transform [8]. In these
systems, delays of more than 1/4 second in a full-duplex system degrade subjec-
tive performance. Thus, the design of two-channel QMT banks with low delays is
highly desirable. A low reconstruction delay system is defined to be a systemn with
filters of length V and with a reconstruction delay k& which is smalter than N — 1.
Such designs are presented in [37, 38] but result in a relatively low SNR, for the
reconstructed signals.

In this chapter, two approaches for the design of two-channel PR FIR QM banks
with low delays are proposed. Ir the first approach, a low-order filter is first designed
and the objective function of the filter bank is formulated as a quadratic program-
ming problem with linear constraints. Then the Lagrange-multiplier method [75) is

used to design a higher-order filter. The method is simple, efficient, flexible, and
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leads to a closed-form exact solution. The second approach can be used to design
filters of equal as well as unequal lengths. In this approach, the filter bank design
is formulated as a quadratic-constrained least-squares ininimization problem which

can be solved using standard minimization algorithms {25, 76].

2.2 Perfect-Reconstruction System

The reconstructed signal in the two-channel QMF system of Fig. 1.1(a) is related

to the input signal by Eq. (1.1), i.e.,
X(z) = T(2)X(z) + A(2) X (—2) (2.1)
where
T(2) = 3[Ho(2)Fo(2) + Hi(2)Fy(2)]
and
A(z) = [Ho(—2)Fo(z) + Hy(—2)Fy(2)]

are the channel and aliasing transfer functions, respectively. The aliasing term is
cancelled by choosing Fy(z) = 2H1(—2) and Fi(z) = —=2Ho(—2). If

T(z)=2"* (2.2)
where k is a positive integer, then

X(2) = 27*X(2)

and the output signal is a delayed replica of the input signal and, therefore, a PR

system is obtained.




N
o

Let Ho(z) and Hy(z) be the transfer functions of a lowpass filter of length Np
and a highpass filter of length N;, respectively. The desired (or ideai) frequency

responses of these filters can be expressed as
Iflo(eij) :I I"Io(eij) I e—jwkoT’ F[1(€jWT) =| ﬁl(eguT) l e~ iwk T (2'3)

where ko < (No — 1)/2 and k; < (Ny —1)/2 are the desired passband group delays
of the lowpass and the highpass filters, respectively [77, 78], and T is the sampling
period. It is easy to verify that k = ko + &y is the desired total system delay which
is assumed to be an odd integer. Let ho(nT') and hy(nT') be the impulse responses
of the causal lowpass and highpass filters, respectively. Assuming a normalized

sampling period T =1 s, (2.2) can be expressed in the time domain as

20—-1

(1) ho(2%—1—1)hi(r) = L8(i - k), i=1,2,..., R (2.4)
r=0
where
kl - kO + kl + 1
2
' DotMi —1 if No+ N, is even
R =

| M=l if No+ Ny s odd

2.3 Lagrange-Multiplier Approach

Let us consider the design of filter banks using filters of unequal lengths. The design
process starts with the design of a lowpass filter of transfer function Hy(z), length

Ny, and group delay ko s. The error function to be minimi.«d is of the form

Wo = ap /0 ") Ho(e) = Ho(e™) [* dus + Bo [ 1 Hoe) [* do (25)

W0
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where w0 and w,o are the passhand and stopband edges, respectively, and ap and

Bo are weights. If we let
Yo=[ho(0) ho(1) -+ ho(No—1)]"
the errov measure can be formulated as
Uo = Lyg Qoyo + Pg Yo + do (2.6)

where dy is a constant given by

do = Qglyp

and Qq is a real, symmetric, and positive definite Ny x No matrix with entries

Qo(n,m) = 209 [)wpn [cos(nw) cos(mw) 4+ sin(nw) sin(mw)] dw +

200 /W [cos(nw) cos(mw) + sin(nw) sin(mw)] dw (2.7
wWso
for 0 < n, m < Ny — 1, and po is a column vector with entries
Wpo
po(n) = —2a0/0 [cos(kow) cos(nw) + sin(kow) sin(nw)] dw (2.8)

for 0 < n < Ny — 1. The design can be performed using the approach in [77].
The next step is to form an error measure for the design of a highpass filter of

transfer function H,(z), length Ny, and group delay k, s. Defining
yi=[h(0) m(l) -+ h(M-1)]"
the error measure can be put, as above, in the form
U, = %)’TQLM + PlT}’1 +d; (2.9)
where d; is a constant given by

d1 = a1(7r - w,,l)




Q; is a real, symmetric, and positive definite N; x N; matrix with entries

s

@1(n,m) = 2a1/ [cos(nw) cos(mw) + sin(nw) sin(mw)] dw +

Wp1

26 /Owal [cos(nw) cos(mw) + sin(nw) sin(mw)] dw (2.10)

for 0 < n, m < N; — 1, where w,; and wy are the stopband and passband edges,
respectively, and ¢y and ) are weights. In this case, p; is a column vector with

entries

n(n) = =20 -/7r [cos(kyw) cos(nw) + sin(kjw) sin(nw)] dw (2.11)

wpy
for0<n< N, —1.

Equation (2.4) can be expressed in matrix form as
Cyi=m (2.12)

where C is an R x N; matrix, which can be obtained by inspection from (2.4), and

m=[m my - mp - mp)F
with
Li=¥F
m; =
0 i#k

Matrix C can assume four distinct forms depending on whether each of the filter
lengths Ny and NV is odd or even.

The optimization problem for designing filter H; becomes
minimize ¥; subject to Cy; = m (2.13)
which can be solved by forming the Lagrangian function

L(y:, A) = %Y{QQH +plyi+di — AT(ny - m) (2.14)
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where

A=A A o /\R]T

is the Lagrange-multiplier zolumn vector. The necessary and sufficient conditions

for the solution of the problem in (2.13) form the set of linear equations

-Q, CT yi P1
= (2.15)

C 0 A m

Hence, a closed-form solution can be readily obtained [79].

2.4 Constrained Least-Squares Approach

In this section we deal with the design of filter banks using filters of equal as well

as unequal lengths. If
h=[ho(0) -+ ho(No—1) hy(0) -+ hy(Ny—1)]"
then the error measure for the design of filters Hy and H; can be put in the form
¥ =1h"Qh+p’h+d (2.16)

where d is a constant given by

d=do+d,

and Q is an (Ng + Vi) x (No + N;) matrix of the form

Q 0
Q= (2.17)

0 Q




26

where Qo and Q; are the matrices formulated in (2.7) and (2.10), respectively, and

p is a column vector given by

p=[p; p{[" (2.18)

where po and p; are the vectors formulated in (2.8) and (2.11), respectively.

The constraints in (2.4) ~an be expressed as

h'Dh=0, i=1,2,.... R ik

h'Dph—05=0 (2.19)

where D; is an (No + Ny) X (Ng + N1) matrix of the form

with the entries of the Ny x N, matrix C; being

(1) if n4m=2 -1
Ci(n,m) = (2.21)
0 otherwise
for0 <n<N-1,0<m<N—-1,andi =1,2,..., R The optimization
problem becomes

minimize ¥ subject to (2.19) (2.22)

The PR QMF bank design procedure can be summarized as follows [25):

1. Given Ny, N1, ko, k1 and the passband and stopband edges in Hy(z) and
H;(z), compute Q and p.

2. Compute D;, i =1, 2, ..., R, and form the set of constraints in (2.19).
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3. Design lowpass and highpass filters with the same specifications using the
approach in [77]. Use their coefficients as initial values in the minimization

problem.

4. Use a standard nonlinear optimization subroutine to solve the minimization

problem in (2.22). The IMSL subroutine DNCONF' [76] was found to give

good results.

2.5 Design Examples and Comparisons _

The Lagrange-multiplier approach can, in theory, be used to design equal-length
filters since there is one degree of freedom for the design problem (i.e., the number
of design parameters N; exceeds the number of constraints R by 1). Unfortunately,
such designs turn out to be quite unsatisfactory in practice. However, by using
unequal filter lengths such that Ny > Ny + 2, good designs can be achieved. The
Lagrange-multiplier approach is essentially a suboptimal method since the lowpass
filter may not be optimal. However, it has been found that a highpass filter with
good frequency response is obtained by choosing a narrow transition width for the
lowpass filter [24, 80, 81]. The design using the least-squares approach is optimal
and more flexible since the two filters are designed simultaneously [82].

To check the reconstruction performance of the designed filter banks, the SNR,

in dB, which is defined as

SNR, = 10log ( signal energy )

reconstruction noise energy

totee | Ta7)
= oo { | (229
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has been computed for the case of a 100-sample ramp input signal. In the following,
two examples are given in detail for the design of QMF banks with a delay of 7
s to illustrate the design approaches. Other examples are given for the design of
low-delay QMF banks with higher-order filters. Finally, comparisons are carried out

between the proposed approaches with other methods reported in the literature.

Example 2.1: Design LAG1220-7

A low-delay QMF bank with No =12, Ny =20, 0; =2, 8, =1, =0, 1, ko = 3
s, and k; = 4 s was designed using the Lagrange-multiplier approach. The 12-tap
lowpass filter was designed using the approach reported in [77], assuming bandedge
frequencies wyy = 0.477, wyo = 0.627 and ky = 3 s. Then matrix C was formed.
Matrix Q; and vector p; were then calculated assuming bandedge frequencies wy; =
0.63r and wyy = 0.37r, and ky = 4 s. The coefficients of H(z) were, in turn,
obtained by solving (2.15). The coefficients of Hy(z) and H;(z) are listed in Table
2.1 while the amplitude responses and the delay characteristics of the analysis filters
are shown in Figs. 2.1 and 2.2, respectively. The SNR, for a ramp input was found
to be 280.34 dB, using double-precision floating-point accuracy. This value is in
the range of the signal-to-reconstruction noise ratios for the QMF banks designed
in [24]. The high SNR,, together with the low ripple in the amplitude response and
the low error in the delay characteristic of the channel bank in Fig. 2.3(a) and (b)
demonstrate the PR quality of the design. The system delay is 7 s as opposed to 15

s for the linear-phase case.




Table 2.1: Coefficients of the analysis filters of Example 2.1.

n ho(n) hi(n)
0 | —0.05352392759088 | 0.03252179821733
1 | —0.03604898479695 | 0.02190380755440
2 0.27745906824176 | —0.03212977889457
3 0.54786731838976 | —0.24098504790310
4 0.34395622842965 | 0.53839195243112
5 | —0.05434275032940 | —0.38395673990167
6 | —0.11351898427312 | —0.04193841971583
7 0.05351223965582 | 0.15184586425018
8 0.05330699945173 | 0.03987338767202
9 | —0.04568786417107 | —0.08467846321947
10 | —0.02108658469195 | —0.03341761649297
11 | 0.03326214006498 | 0.04339265091636
12 0.02551827338073
13 -0.00753605052017
14 —0.01080075937535
15 0.00922530593043
16 0.00368756412226
17 —0.00433805350299
18 —0.00081204036347 -
19 0.00128091868374
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Figure 2.1: Amplitude responses of the analysis filters of Example 2.1.

Example 2.2: Design CLS22-7

30

A low-delay QMF bank with Np = Ny =22, ; =2, ;=1 for j = 0,1, ky = 3

s, and k; = 4 s was designed using the constrained least-squares approach, The

bandedge frequencies were chosen to be wyo = wy = 0.357, wy = wyr = 0.65m.

The algorithm converged in 41 iterations. Extra constraints in the transition hands

have been imposed to control undesirable artifacts in these regions. This can be

done by adding extra components to the error measure in (2.16). The coefficients

of the analysis filters are listed in Table 2.2 and their amplitude responses and

delay characteristics are shown in Figs. 2.4 and 2.5, The SNR, was found to he

181.30 dB which is in the range of the signal-to-reconstruction noise ratios for the

QMF banks designed in [25]. The high SNR,, together with the low ripple in the

amplitude response and the low error in the delay characteristic of the channel bank
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Pigure 2.2: Group-delay characteristics of the analysis filters of Example 2.1.
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Figure 2.3: Performance of the QMF bank of Example 2.1. (a) Channel amplitude
response. (b) Channel delay error.
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Figure 2.4: Amplitude responses of the analysis filters of Example 2.2,

in Fig. 2.6(a) and (b) demonstrate the PR quality of the design. The system delay

is 7 s as opposed to 21 s for the linear-phase case.

Example 2.3: Design LAG2836-15

A QMF bank with No =28, Ny =36, 0;=2,8;=1,7=0, 1, ko =65, and k; =9
s (overall delay of 15 s) was designed using the Lagrange-multiplier approach, The
bandedge frequencies were chosen to be wyy = 0.487, w,o = 0.67, wy = 0.67, and
ws1 = 0.47. The coefficients of the analysis filters are listed in Table 2.3 and their

amplitude responses are shown in Fig. 2.7, The SNR, was computed as 277.84 dB,




Table 2.2: Coefficients of the analysis filters of Example 2.2.

n ho(n) i hi(n)

0 | —0.01517670761659 0.02583764155501
1 | —0.02748086900231 0.04678490494258
2 0.23331201429783 | —0.04245202126045
3 0.53564016361092 | —0.26954571706871
4 0.39274475667857 0.55756057678187
5 | —0.04427374946690 | —0.34978218807769
6 | —0.15395780827251 | —0.06391248196065
7 0.04534948530154 | 0.11682583251928
8 0.08191041475485 | 0.05932570374243
9 | —0.03618701819961 | —0.05524538065712
10 | —0.03687832005056 | —0.04560791903447
11| 0.02612075654280 | 0.02531628225385
12| 0.00572978973131 | 0.02702388663295
13 | —0.011266746512G1 | —0.01182736639632
14 7 0.00572796985631 | —0.01087434500804
15| 0.00132677615654 | 0.00781912830834
16 | —0.00481217097949 | 0.00263665222623
17| 0.00091690112817 | —0.00547941307446
18 | 0.00133725052965 | —0.00104796512125
19 | 0.00006241929893 | 0.00019562160864
20 | 0.00064774085623 | —0.00235198635705
21| 0.00007183375029 | —0.00026082721088
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Figure 2.6: Performance of the QMF bank of Example 2.2. (a) Channel amplitude

response. (b) Channel delay error.




Table 2.3: Coefficients of the analysis filters of Example 2.3.

n ho(n) hi(n)
0 | —0.01726989469213 | 0.00085560929309
1 0.02030905341524 | —0.00100617954806
2 0.02762931377654 | —0.00020376848923
3 | —0.06422984777432 | 0.00181205212249
4 | —0.03904502679218 | 0.00667079700065
5 0.28191208849025 | —0.01739559711696
6 0.54952786543939 | —0.05938054880821
7 0.34532531600061 | 0.01691408867766
8 | —0.05738794970506 | 0.27656142625214
9 | —0.12071784135312 | —0.51752354040609
10 | 0.06131513339612 | 0.35195442449110
11 | 0.06435452029168 | 0.01668771384230
12 | —0.06064533664926 | —0.12952462873520
13 | —0.03252893116069 | —0.01416878858099
14 | 0.05550431596366 | 0.07536597668317
15| 0.01082015206346 | 0.01001904927630
16 | —0.04677586491392 | —0.04292503313019
17| 0.00384527983516 | 0.00296605398460
18 | 0.03590011258880 | 0.03140259365474
19 | —0.01248815304573 | —0.00657954267343
20 | —0.02455362637762 | —0.02246435919617
21| 0.01597510472080 | 0.00762833153308
22 | 0.01429231861813 | 0.01554257450307
23 | —0.01546358066289 | —0.00740094760838
24 | —0.00624212020699 | —0.01043401539473
25| 0.01235531815551 | 0.00614276830158
26 | 0.00088736966787 | 0.00672832986381
27 | —0.00788723984040 | —0.00480585318996
28 —0.00466904166662
29 0.00265664994518
30 0.00154541504617
31 —0.00555203312016
32 —0.00030474459288
33 0.00121865033943
34 0.00003065847825
35 —0.00027250285860
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Figure 2.7: Amplitude responses of the analysis filters of Example 2.3.

Example 2.4: Design CLS32-15a

A QMF bank with No =Ny =32, a; =2, f;=1for j =0, 1, kg ="Ts, and ky =8
s (overall delay of 15 s) was designed using the constrained least-squares approach
using bandedge frequencies wyo = wy = 0.47, wy = wy = 0.6r. The algorithm
converged in 50 iterations. The coefficients of the analysis filters are listed in Table
2.4 and their amplitude responses are shown in Fig. 2.8. The SNR, was computed
as 187.21 dB. The design process was used to obtain a QMF bank with the above
specifications but with bandedge frequencies wyo = 0.387, wy = 0.657, w, = 0.357,
and wp; = 0.627 (design CL.S32-15b). The amplitude responses of the analysis filters
are also shown in Fig. 2.8. It is noted that stopband attenuations of the individual
filters are improved by increasing their transition widths,

Our experimental results have shown that reducing ko and increasing k; in the
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Table 2.4: Coeflicients of the analysis filters of Example 2.4 (design CLS32-15a).

n ho(n) hi(n)

0 | —0.00186147724822 0.00331307418090
1 0.00020684139604 | — 0.00036813819179
2 0.00986111153625 | — 0.02222481820371
3 0.01297942679285 | — 0.02258154784320
4 | —0.05688475379803 0.02923497456067
5 | —0.01400372820372 0.06826622828711
6 0.27094897935811 | —0.03912319819452
7 0.51615456435928 | —0.28722857826639
8 0.36039385101885 0.54723040028287
9 | —0.01755177185168 | —0.34017387364702
10 | —0.13979778898743 | —0.05239431701054
11 0.01717477470304 0.11699937003832
12 0.08780294116628 0.05353894933130
13 | —0.01637517926896 | —0.06319864063315
14 | —-0.05743771689227 | —0.05064449114196
15 0.01193773701736 0.03502574897566
16 0.03779543629227 0.04446370017123
17 | —0.00884732304749 | —0.01754953882107
18 | —0.02252963655778 | —0.03586472511658
19 0.00522882924781 0.00618024152967
20| 0.01203648907217 0.02573488655402
21 | —0.00140697852462 0.00058556877601
22 | —0.00657839472702 | —0.01532676791456
23 | —0.00057902957558 | —0.00269163605953
24 0.00370611386302 0.00702111845438
25 0.00044009204812 0.00113943552557
26 | —0.00139035395285 | —0.00275847311667
27 0.00034728445142 0.00067032434250
28 | —0.00023289552532 0.00112455539579
29 | —0.00074479624060 | —0.00041686769015
30| 0.00035614588157 0.00120200623557
31 0.00039086658688 0.00131919047189
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Figure 2.8: Amplituderesponses of the analysis filters of Example 2.4. The resporises
indicated by the solid lines are those for the design CLS32-15a and the responses
indicated by the dashed lines are those for design CLS32-15b.

Lagrange-multiplier approach would result in filters that are free from artifacts in
the transition bands. The difference between kg and k; depends on the filter lengths.
On the other hand, choosing kg and k; to be close to each other in the constrained
least-squares approach (for the case where the filter lengths are equal) results in
better convergence in the algorithm as well as better control over artifacts in the
transition bands.

The SNR,, minimum stopband attenuation in dB (A,), maximur passhand
ripple amplitude (6,;), and transition width (A;) of several two-channel designs are
given in Table 2.5. The transition width A;, i = 0, 1, is measured as the difference
between the actual passband edge @,; and the actual stopband edge &,;, which in
a lowpass filter are defined as the highest and lowest frequency at which the ripple

amplitude and the attenuation are equal to the maximum passband ripple ampli-
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Table 2.5: Results for two-channel designs.

Design No Nj‘ k A,o A,, 1 6p0 (5;,1 SNR,- Ao Al
(s) | (dB) | (dB) (dB)
5 | 28.80 | 27.14 | 0.0144 | 0.0145 | 275.40 | 0.42407 | 0.46567
7 | 25.40 | 26.67 | 0.0370 | 0.0350 | 280.34 | 0.21807 | 0.2402x
LAG1826-9 18 | 26 | 9 | 26.50 | 23.24 | 0.0207 | 0.0205 | 269.53 | 0.25207 | 0.2728«
LAG2024-9 20 | 24 | 9 | 22.25 | 24.20 | 0.0400 | 0.0387 | 292.81 { 0.20207 | 0.2610«
LAG2028-11 20 | 28 | 11 | 2492 | 26.10 | 0.0102 | 0.0095 | 285.63 | 0.24687 | 0.2758«
15
3
5
7
7

LAGO0812-5 8 | 12
1.AG1220-7 12 | 20

LAG2836-156 | 28 | 36 28.80 | 29.03 | 0.0076 | 0.0074 | 277.84 | 0.22687 | 0.2617xw

CLS08-3 8 8 25.85 | 19.95 [ 0.0143 | 0.0286 | 204.13 | 0.39307 | 0.36417
CLS08-5 8 8 25.75 | 23.50 | 0.0i87 | 0.0185 | 147.44 | 0.34107 | 0.3840x
CLS16-7 16 | 16 24.60 | 25.79 | 0.0072 | 0.0074 | 169.61 | 0.235637 | 0.29897

CLS22-7 22 | 22 28.00 | 30.00 [ 0.0047 | 0.0050 | 181.30 | 0.33987 | 0.34487
CLS2024-9 20 | 24 | 9 | 27.50 | 23.35 | 0.0155 | 0.0147 | 243.81 | 0.23207 | 0.2240x
CLS32-15a 32 | 32 | 15 | 31.52 | 28.91 | 0.0038 | 0.0032 | 187.21 | 0.2287 | 0.21987
CLS32-15b 32 | 32 | 15 | 40.71 | 39.50 | 0.0016 | 0.0015 | 195.62 | 0.2951= | 0.31687
C1.532-15b/8 | 32 | 32 | 15 | 40.23 | 33.90 | 0.0135 | 0.0124 | 64.16 | 0.26257 | 0.25067
CLS32-11 32 | 32| 11 | 30.84 | 30.66 | 0.0046 } 0.0046 | 190.66 | 0.32907 | 0.29127

Design in [37) | 32 [ 32 | 15 [ 36.28 [ 36.97 [ 0.0016 | 0.0021 | 83.00 | 0.2968 | 0.30467 |

tude and minimum stopband attenuation, respectively. Designs obtained with the
Lagrange-multiplier approach and the constrained least-squares method are identi-
fied with the prefixes LAG and CLS, respectively. From Table 2.5, it is clear that
the Lagrange-multiplier approach yields higher signal-to-reconstruction noise ratios
than the constrained least-squares method since the constraints in the former are
exactly satisfied. For the same filter lengths and system delay, the second approach
yields higher stopband attenuation and lower passband ripple. For low-delay QMF
banks with system delays up to one-third that of the linear-phase case, the second
approach is preferred since in the first approach it is difficult to control undesirable
artifacts in the transition hands. For moderately low-delay QMF banks with filters
of unequal lengths, with system delays equal to half that of the linear-phase case,

the first approach provides an easy and efficient design.
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Table 2.6: SNR, under finite-precision coefficients for the design CLS32-15b and its
counterpart in [37].

Wordlength (bits) 32 16 12 8
Design CLS32-15b | 179.16 | 96.64 | 67.03 | 64.16
Design in [37] 82.93 | 79.07 | 62.32 | 45.00

Both approaches are considered superior relative to that reported in [37, 38]
from the quality of reconstruction perspective reflected by the higher signal-to-
reconstruction noise ratios. It is also sometimes possible to obtain increased mini-
mum stopband attenuation and decreased passband ripple as can be seen from Table
2.5 by comparing the analysis filters of the design CLS32-15b with their counterparts
in [37].

Coeflicient quantization would affect the PR quality of QMI banks. To illus-
trate this, the SNR, for the design CLS32-15b was measured for various coefficient;
wordlengths and the results are listed in Table 2.6 where rounding has been used.
To demonstrate that the quality of reconstruction is still better than that obtained
in [37], a comparison is included in Table 2.6. Moreover, coefficient quantization
would affect the responses of the analysis/synthesis filters. To show the effect, the
coefficients of the analysis filters of the design CLS32-15b were quantized to 8-bit
accuracy. Figure 2.9 shows the amplitude responses of the filters (design C1.532-
15b/8). The measured values of Ag;, &,;, SNR,, and A; are listed in Table 2.5.

As indicated earlier, low-delay two-channel QMF banks are used to construct
tree-structured subband coding systems. An example of an 8-channel bank using
low-delay two-channel QMF banks is shown in Fig. 2.10. The first analysis filters
in the structure are of lengths Ny = N, = 32 with delays ko = 7 s and k; = 8 s,




41

02 03 04 05
Normalized frequency

Figure 2.9: The amplitude responses of the analysis filters for the design
CLS32-15b/8 (solid lines). The dashed lines show the amplitude responses using
maximum machine precision.

respectively (design CLS32-15a). The second analysis filters are of lengths Ny =
Ny = 22 with delays ko = 3 s and k; = 4 s, respectively (design CLS22-7). Finally,
the last analysis filters are of lengths Ny = 8 and Ny = 12 with delays ky = 2 s and
ky = 3 3, respectively (design LAGO0812). The system delay is 49 s compared to 109
s for the linear-phase case. The SNR, for a ramp input signal was determined as
175.34 dB.

To demonstrate the application of real signals to the 8-channel bank, a sound
signal was applied to the input of the analysis bank. The signal was sampled at
8192 Hz. The time-domain representation and power spectrum of the sampled sound
signal are shown in Fig. 2.11. Figuzes 2.12 and 2.13 show time-domain representa-
tions and power spectrums of the subband signals (refer to Fig. 1.3(a)). Then the
subband signals were input to the synthesis bank (refer to Fig. 1.3(b)). Figure 2.14

shows the time-domain representation and the power spectrum of the reconstructed
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Figure 2.10: Amplitude responses of the analysis filters of an 8-channel filter bank.
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Figure 2.11: A laughter input sampled sound signal. (a) Time-domain representa-
tion. (b) Power spectrum.
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Figure 2.12: Time-domain representations of the subband signals. Label (a) refers
to the first subband signal in Fig. 1.3(a) (top channel) while label (h) refers to the
eighth subband signal (bottom channel).




-
[~

(a)

ury
o

Amplitude
ao-

MWNWM

—
o

—.
o

200 400 600
Frequency, Hz
()

e
o

Amplitude
-O:J!

Oii ‘

-
(o]

200 400 600
Frequency, Hz
()

Amplitude
80
;;;1

200 400 600
Frequency, Hz

@

Amplitude
-]

[=]

— -
o

0

200 400 600
Frequency, Hz

Py
(=}

(b)

44

-
o

(=]

Amplitude
30!

-
(=]

0

-
o

—
(=]

Amplitude
80’!

(=4

e
(=)

e

o
—
(=]

Amplitude
-o:ll

-
(=)
o

200 400 600
Frequency, Hz
(d)
260 460 600
Frequency, Hz
(f)
1)) y v
°
2
<10’ : :
0 200 400 600
Frequency, Hz
(h)
0 200 400 600

Frequency, Hz

Figure 2.13: Power spectrums of the subband signals.




45

0 1000 2000 3000 4000 §000

6000 7000 4000 s;;'?;g(')e ] 000 10000 12000 Frequency, Hz
(a) (b)

Figure 2.14: The laughter reconstructed sampled sound signal. (a) Time-domain
representation. (b) Power spectrum.
sampled signal. The SNR, was determined as 156.97 dB which verifies that the

signal is perfectly reconstructed.

2.6 Digital Transmultiplexers

In digital telephone networks, it is sometimes necessary to convert from time-division
multiplexing (TDM) format to frequency-division multiplexing (FDM) format and
vice versa. This is usually done using synthesis and analysis banks. However, guard
bands were required between the frequency bands to minimize crosstalk and sharp
cutoff filters were used to extract the desired frequency bands. A larger guard band
implies larger permissible transition band (and hence lower order) for the analysis
filters. The received signals suffered from magnitude and phase distortions and the
trangmission bandwidth could not be efficiently utilized because of the inevitable

guard bands,
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Figure 2.15: A two-input transmultiplexer.

A novel approach to transmultiplexing was proposed by Vetterli 7). In this
approach, crosstalk is permitted in the TDM/FDM converter (synthesis bank) and
then cancelled by the FDM/TDM converter (analysis bank). Crosstalk terms can
be completely eliminated by careful choice of the relation between the synthesis and
analysis filters (similar to alias cancellation in QMF banks).

The simple case of transmultiplexing two signals is shown in Fig, 2.15. The

signals are related as [6]
Xi(2) = §LH(2 )Y (M%) + Hi(~2 1Y (=), i=0,1  (2.24)
where

Y(2) = Fo(2)Xo(2*) + Fi(2) X, (2*) (2.25)
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From (2.24)-(2.25), the conditions for PR are

—2k f=
\[Hy(2) () + Hi(—2)Fy(~2)] = ! (2.26)
0 i)

where f is a positive integer. The first condition is the pure delay constraint and the
second condition is the crosstalk free constraint. Crosstalk can be exacily eliminated
by choosing Fy(z) = 2271 Hy(—z2) and Fi(z) = —2271Ho(—z). Accordingly, (2.26)

can have the form

2V Ho(2)Hy (—2) — Ho(—2)Hi(2)] = 272 (2.27)
Ho(z)Hi(=2) = Ho(—2)Hy(2) = 27* (2.28)

where k = 2k — 1.

Let Hy(z) and Hy(z) be the transfer functions of a lowpass filter with a desired
passband group delay ko s and a highpass filter with a desired passband group
delay ky s, respectively. From (2.28), k = k¢ + k1, which is assumed to be an
odd integer. It is easy to verify that (2.28) can be expressed in the time domain
as in (2.4). Consequently, the design procedures described in Sections 2.3 and 2.4
can be applied to design filters Ho and H; and hence the analysis ﬁlter; designed
in Examples 2.1-2.4 can be used in the transmultiplexer design. This observation
agrees with the results reported in [7, 27]. It is noted that the system delay is ks.

As an example, two sampled sound signals were applied to the synthesis bank of
Fig. 2.15 using the filters of Example 2.4 (design CLS32-15a) and their time-domain
representations are shown in Fig, 2.16(a) and (b). Figure 2.16(c) shows the time-

domain representation of the channel signal and the time-domain representations
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Figure 2.16: Time-domain representation of (a) a bird chirp sampled sound signal,
(b) a chinese gong sampled sound signal, (c) the channel signal,

(d) the bird chirp reconstructed sampled sound signal, and (e) the chinese gong
reconstructed sampled sound signal.
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of the reconstructed signals are shown in Fig. 2.16(d) and (e). The SNR, of the

reconstructed signals were determined as 167.07 dB and 179.54 dB, respectively.

2.7 Conclusions

Two constrained optimization approaches have been applied for the design of two-
channel PR FIR QMF banks with low delays. The first approach is based on the
Lagrange-multiplier method and can be used to design banks with filters of un-
equal lengths. The approach is simple, efficient, flexible, and leads to a closed-form
exact solution. The second approach can be used to design filters with equal as
well as unequal lengths. In this approach, the design is formulated as a quadratic
constrained least-squares minimization problem which can be solved using star:dard
minimization algorithms. The two approaches have been compared and the merits
of each have been identified. The two approaches have also been compared with
other known methods for the design of FIR QMF banks and found to yield reduced
reconstruction error and it is sometimes possible to obtain increased minimum stop-
band attenuation and decreased passband ripple. The results have been extended

to perfect transmultiplexers.




Chapter 3

New Approaches for the Design
of Filter Banks

3.1 Introduction

As mentioned earlier, cosine-modulated filter banks are attractive from the perspec-
tive of design and implementation. From the design point of view, only a prototype
filter needs to be designed, From the implementation point of view, the cost of the
analysis or synthesis bank is equal to that of one filter plus the cost of a fast dis-
crete cosine transformer. The design of cosine-modulated pseudo-QMI banks can
bhe performed using any unconstrained nonlinear optimization technique,

For some applications, linear-phase QMF banks with equiripple reconstruction
error are required. A Chebyshev design of QMF banks was introduced in [16].
The WLS technique, developed hy Lawson [83] and improved by others [84]-[86],
produces an equiripple design if a suitable least-squares weighting function is used,

In this chapter, the iterative technique developed by Lim, Yang, and Koh [18]
is reformulated and applied to design cosine-modulated pseudo-QME banks. The

technique linearizes the error measure and expresses it in the form of a set of lin-
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ear equations. The algorithm results in saving in computation and design time.
Design examples are included to illustrate the advantages of the design method.
Also, a WLS approach for the design of two-channel, linear-phase FIR QMF banks
is described. The design is carried out by using the iterative technique developed
by Chen and Lee [17] along with certain modifications based on the weight update
technique described by Sunder and Ramachandran [86]. The method is used to
design QMF banks having equiripple reconstruction error with analysis and synthe-
sis filters having equiripple or least-squares stopband errors. The method is then

compatred with other WLS methods described in the literature [83]-[85].

3.2 Design of Pseudo-QMF Banks

Generally speaking, cosine-modulated pseudo-QMF banks are designed with approx-
imate alias cancellation [27]. Phase distortion is eliminated as the channel transfer

function can be put in the form

—(N=-1) M=1

T(z)= 2 i l;) Hy(z7 1) Hy(2)

which shows that T'(z) has linear phase where N is the length of the FIR filters

involved. The remaining distortion, the amplitude distortion, is minimized.

The impulse responses of the analysis and synthesis filters are given v

N-1

ha(n) = 2h(n) cos [—%(k +0.5) (n - —-2—-) + d)k]

i) = 2h(m) cos | 7-(k +0.9) (n - 1) ]

L4

for 0 <n<N-1,0< k< M-—1, where ¢ = (—1)*n/4; h(n) is the symmetrical
impulse response of the prototype filter of length N. Thus, the design problem is

reduced to designing tl;e prototype filter,




3.2.1 Prototype Filter Design

The error measure for the design can be expressed as
wa r
E=Y [ HE) P+ HE 1P ta Y [HEE (31)
w=0 w=w,
where « is a positive constant. The first component represents the flatness require-
ment for the channel amplitude response and the second component represents the
stopband error measure.
Let @, = {w1,...,w,} and Q, = {w,, ..., wy} be dense sets of frequencies
linearly distributed in the ranges w =0tow =7/M, and w = 7/2M + € to w = 7,

respectively. If

[2h(%-1) -+ 2h(0) }T if N iseven
X =
[R5 2h(¥52) - 2n(0) ] i N s odd
' [cos‘-‘z—J cosﬂ%l)ﬂ]'r if N iseven
c =
i {1 cosw - coszT')i‘i]T if N isodd
~ [cos = M) . cosg—v—’ﬂ%ﬂm}]’r il N iseven
¢ =
[1 cos(w —m/M) - cosgN—"—l)-(-Q“f"—"lM]T if N isodd

then

| H(e™) |* = x"Qx

| H(e™) 2 + | H(e/ 7)) 2 = x"Px
where the matrices P and Q are defined as

Q=cc’, P=cc” +ec"
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and are symmetric. The error measure in (3.1) can be expressed as
E=Y (x"Px)?—x"Tx+C (3.2)
we,
where C is a constant and

T=2ZP—aZQ

wely WEN,

To obtain the optimum solution for x, £ is differentiated with respect to elements
of x to get
23" x0 PXoptP — T | Xop = 0 (3.3)
weQr
If Xop Is expressed as X, = X; + e;, where e; is small, then substituting in (3.3)

and retaining only the first-order terms of e;, (3.3) can be written in the form
Ajej = —-Bjx]' (3.4)

where

Bj =2 Z XJTPXJ'P—T
wES

A;=B;+4) Pxx]P
wESl,

The set of linear equations in (3.4) can be solved by the Gaussian elimination method
that avoids matrix inversion [79].
The error e; can be minimized using the iterative algorithm of Lim et al. [18],

which can be summarized as follows:

1. Set 7 = 0, choose ¢; to be a small positive constant, and input xo.
2, Initialize frequencies . and €.

3. Using x; as initial value, solve (3.4), and calculate xj4; = x; + ;.
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4. If °; | €;(7) |< €1, then output x; and stop; otherwise, set § = j + 1-and go to

step 3.

3.2.2 Design Examples and Comparisons

Two designs for cosine-modulated pseudo-QMF banks using the iterative technique
are presented. The designs were performed using MATLARB [87] and run on a Sun
SPARC station. The number of frequency points was set to SN in the band 0 - .
The starting coefficients for the algorithm were those of FIR filters with the same

lengths and edge frequencies designed using a window method.

Example 3.1:

The design involves an 8-channel system (M = 8) with a prototype filter of length
N = 48, w, = 0.137, and o = 0.2 using ¢; = 107%. The design terminated wil;hin,
7 iterations. The amplitude response of the prototype filter is shown in Iig, 3.1
while the amplitude responses of the analysis filters are shown in Fig. 3.2, The plot

of M | T(e?) | in Fig. 3.3, which represents a scaled channel amplitude response,

is seen to be very close to unity. Figure 3.4 shows the plot of \/Zﬁ'{' | Ae(civ) |2
versus frequency, which represents the aliasing errvor (27].

The same design was carried out using a quasi-Newlon nonlinear optimization
technique [39, 75] based on the Davidson-Fletcher-Powell (DFP) algorithm, The
design terminated within 23 iterations and 107 function evaluations. The results
are the same as in the iterative design. A comparison was carried out hetween the
two techniques in terms of the number of iterations (NOI), the number of millions

of floating point operations (MFLOPS), and the central processing unit (CPU) time
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Figure 3.1: Ar _litude responses of the prototype filter of Example 3.1.

in seconds, The results of the comparison are summarized in Table 3.1. It is clear
that the applied iterative technique is far superior than the nonlinear optimization
technique from the perspective of reducing the amount of computation and the

design time.

Example 3.2:

A 17-channel filter bank (M=17) with a prototype filter of length N = 102 was
designed using the iterative algorithm with w, = 0.0757 and the same ¢; and o as in
Example 3.1. The design terminated within 12 iterations, The amplitude responses
of the analysis filters are shown in Fig. 3.5. The plot of M | T(e’*) | is shown in
Fig. 3.6. The same design was also carried vut using nonlinear optimization. The
design terminated within 33 iterations and 149 function evaluations. The results

obtained are summarized in Table 3.1.
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Figure 3.4: Aliasing error for the filter bank in Example 3.1,

Table 3.1: Computation comparisons. Method I is the iterative algorithm while
method II is a quasi-Newton algorithm.

Example Design M | NOI | MFLOPS | CPU Time
(s)
Method I | 8 7 12,9574 3.75

Example 3.1
Method IT | 8 |23 |179.6242 | 199.18

Method I |17 | 12 182.2552 28.06

Example 3.2
Method 11| 17 | 33 | 2207.8220 | 1685.53
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Figure 3.5: Amplitude responses of the analysis filters of Example 3.2.
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3.3 Weighted Minimax Design of QMF Banks

3.3.1 WLS Technique

In general, the error ineasure to be minimized in the WLS technique is of the form
E=3) Ww)|e(w)? (3.5)

wi €D
where W(w) is a weighting function and e(w;) is the difference between a desired
and an actual function value at frequency w; which belongs to the frequency set
Q= {w, ..., wi}. The weighting function is updated iteratively during the mini-
mization procedure. The weights at the (7 + 1)th iteration are calculated using data

available at the jth iteration according to the following relation

Wit () = B(w)W (w) (3.6)
with
0 w
plw) = T (3.7)

wheve #7(w) is an updating function at the jth iteration, D is a normalization factor,
and 0 is a positive constant. In [83], y(w;) is measured as the absolute error | e(w;) |
and 0 is set to 1.0. In [84], to prevent a weight of zero at the jth iteration from
propagating further to the (j+41)th iteration, the function [W¥(w)+-p] is used instead
of Wi(w) in (8.6), where p is a small positive constant. In [85], y(w;) is measured
as the value of the envelop connecting the absolute error maxima at frequency w;
and 1.4 <0 < 1.7. In [86], v(w;) is measured as the value of a local maximum of
the absolute error where w; is located either between two local minima or between

a local minimum and the band edge with D = 1.0 and 0 = 1.5.
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3.3.2 Design of Linear-Phase Two-Channel QMF Banks

The design of QMF banks with equiripple reconstruction error with analysis/syn-
thesis filters having equiripple stopband error follows that of the conventional QMF
banks and the error measure to be minimized is [17]
w/2 -
E =3 W) Ho(e™) P + | Ho(e“+7) P ~1]* + 3 W(w) | Ho(e™) |* (3.8)
w=0 w=w,
where Ho(e™) is the frequency response of a lowpass filter of even length N with
symmetrical impulse response, and w, is the stopband edge. Let Q, = {w, ..., wy}
and Q, = {ws, ..., wn} be dense sets of frequencies linearly distributed in the ranges
0 <w < 7/2 and w, < w < m, respectively. In general, W(w) can be expressed as

‘/Vr(wz) w; €, )
W (w;) = (3.9)

Wi(w;) wi €,
To design QMF banks with equiripple reconstruction error using analysis/syn-
thesis filters having least-squares stopband errors, W (w) is expressed as

Wi(w) wi€Q, N
W(w) = (3.10)

o w; € (1,
where o is a positive constant. To minimize (3.8) in the weighted-minimax sense,
the weighting function W(w) must be appropriately chosen,
Considering the minimization problem in (3.8), the weights at the (j + 1)th
iteration are calculated using data available at the jth iteration according to the

following relations

With(w) = fi(w)Wi(w) (3.11)
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W) = aBi()W(e) 6.12)
with
i () = P')’g(w)
) = S wio) 19
a7 (w) (3.14)

i(w) = :
) = e W)
where p and ¢ are the number of frequencies in Q. and £, respectively.
In this thesis, the weight updating method presented in [86] is modified in ac-

cordance with (3.11)-(3.14) and applied to the design of QMF banks. The iterative
algorithm in [17] is used to minimize the error measure in (3.8). Let

~

Qr = {d)l,ra LR ‘-Z)l,r}

Qr = {G)l,ra veey a"o,r}

and
Q = {U:'l,m ey a‘)u,s}

8

Q = {a'l,ss tey wu,s}

8
be the sets of frequencies at which the absolute errors are local maxima and local
minima for the sets €2, and €,, respectively. Also let
* El.r}
) Eu,s}

i

I

v,

B, = {
B, ={

Lyry +o
1

i
=

AN

be the sets of local absolute error maxima associated with €, and §,, respectively

There are four cases to be considered depending on the shape of the absolute error

distribution, i.e,,
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Case 1 dy, >w, and @, > oy
Case 2 Wy, <@, and &, > Wy
Case 3 w1 > Wi,k and ¢ < Wpk

Case 4 y <wip and Wep < Wy

where ’
l, k=r

(=
u, k=s

and ,
o, k=r

7= 4
v, k=s

.

The value of yx(w;), k =r, s, can be calculated as

/

El,r w; < ‘Dl.'r
P(@i) =4 Epye Our Swi<®ppyes Y=L, (0=1),r (3.15)
By, Woyr & wi
\

for Case 1,

Euye @up Swi <@pp)es v=1,.., (0=1),7
) = { e = SRR (3.16)
ﬁl,’r d’o,r S wi

for case 2,
4

A’7 v
1.‘11,‘- W < Wy i

—

Te(wi) = ¢ By Bup Swi <@g, v=1.., (0= 1),k (3.17)
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for Case 3, and

E{u‘,,k Wy Sw; < Otk v=1,..., (77 - 1)3 k
M) =1 (318)
L Ber n =2 w;

for Case 4.

3.3.3 WLS Algorithm
The algorithm can be summarized as follows:

1. Set § = 0, choose x to be a small positive constant, and input xf; =

(ho(0) -+ ho(§ — 1)]T where ho(n) is the impulse response of the lowpass

filter Ho.
2. Initialize W°(w) as

1.0 w; €9,
Wow;) = (3.19)

a  w; €
3. Minimize (3.8) to obtain xf;pt using the iterative method in [17].

4. Check the termination condition as follows:

(a) For the design of QMF banks with equiripple reconstruction error with

analysis/synthesis filters having equiripple stopband errors, if
max(e,, €5) < &

then output x{;pt and stop. Otherwise, update the weighting value accord-

ing to (3.11)-(3.12), set j = j + 1, x{, = xﬂ;ﬁ, and go to step 3, where ¢,




G4

and ¢, are the normalized maximum deviations of absolute reconstruction

error and absolute stopband error, respectively, defined as

| max(E4) — min(E/) |
max(E7)
. = | max(B?) — min(E?) |

’ max(E?)

T

(b) For the design of QMF banks with equiripple reconstruction error with

analysis/synthesis filters having least-squares stopband errors, if
£ <K

then output xﬁ;pt and stop. Otherwise, update the weighting value ac-

cording to (3.11),set j = j+ 1, x} = xﬂ;f, and go to step 3.

3.3.4 Design Examples and Comparisons

Two examples are presented using the various WLS methods. The designs were per-
formed using MATLAB. A comparison is made concerning the number of iterations,
MFLOPS, CPU time, SNR,, A,, peak reconstruction error (PRI), &,, and ¢, for
equiripple stopband error. In the following, WLS methods I, 11, and 11 refer to the
weight updating techniques in [86], [85], and [83], respectively, in accordance with
(3.11)-(3.14). In dealing with Lawson’s method, the absolute error is prevented from
assuming a value less than a certain lower bound, e.g., 0.1 max{| ¢x(w;) |}, k =7, 3,
for all w; belonging to 2, or Qy, with 1.4 < 6 < 1.7. This modification prevents a

zero weight from occurring,
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Table 3.2: Computation comparisons for Example 3.3 using the initial filter in (3.20).

WLS | NOI | MFLOPS | CPU |SNZ,. | A, | PRE Er Es
Time | (dB) | (dB) | (dB)
(s)
I 23 63.3781 | 38.899 | 56.11 | 44.32 | 0.0136 | 0.0082 | 0.0020
In 23 63.4079 | 40.099 | 56.08 | 44.32 | 0.0136 | 0.0097 | 0.0040
111 81 | 223.0548 | 142.506 | 56.12 | 44.31 | 0.0136 | 0.0062 | 0.0099

Example 3.3:

A QMF bank with N = 32 and w, = 0.67 was designed using the iterative method
in [17] and the modified WLS algorithm (method I). The QMF bank was designed
to have equiripple reconstruction error and equiripple stopband errors in the analy-
sis/synthesis fillers. The relative weight a was set to 0.5. The initial filter used was
as in [17], i.e.,

0.5 forn=N/2-1, N/2
h(n) = (3.20)

0.0 otherwise
for starting the design process. The value of & for terminating the design process was
set to 0.01, The value of 8 used by the WLS algorithm was set to 1.5. The design
process converged within 23 iterations. The amplitude responses of the analysis
filters are shown in Fig, 3.7. Also shown is the scaled channel amplitude response
2 | T(e™) |. The design was also carried out using the WLS methods in [83] and
(85] and a comparison is made in Table 3.2, The designs were also carried out using
an initial filter with the same length and edge frequencies designed by the Retnez

algorithm [39] and the results are listed in Table 3.3,
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Figure 3.7: Amplitude responses of the analysis filters of the QMI" bank of Fxample
3.3. The inset shows the scaled channel amplitude response.

Table 3.3: Computation comparisons for Example 3.3 using an initial filter designed
by the Remez algorithm.,

WLS

NO1

MILOPS

CrU

A,

SNR, PRE | e, B
Time | (dB) | (dB) | (dB)
(s) |
T | 18 | 49.5911 | 30.866 | 56..1 | 44.32 | 0.0136 | 0.0082 | 0.0020
I | 18 | 49.6193 | 31.583 | 56.08 | 44,32 | 0.0136 | 0.0098 | 0.0040
I | 76 | 209.2673 | 132,510 | 56.12 | 44.31 | 0.0126 | 0.0062 | 0.0099 |
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Figure 3.8: Amplitude responses of the analysis filters of the QMF bank of Example
3.4. The inset shows the scaled channel amplitude response.

Example 3.4:

A QMF bank was designed to have equiripple reconstruction error and least-squares
stopband errors in the analysis/synthesis filters. The design parameters followed
those of Example 3.3 but with k = 0.02. The design process converged within 21
iterations using the initial filter in (3.20). The amplitude responses of the analysis
filters are shown in Fig. 3.8. Also shown is the scaled channel amplitude response
21 T(¢?*) |. The design was carried out using the WLS methods in [83] and [85).
A comparison is made in Table 3.4 in which the data available from reference [17]
is provided in parentheses. The designs were also carried out using an initial filter
with the same length and edge frequencies designed by the Remez algorithm [39]
and the results are listed in Table 3.5.

From Tables ,.2-3.5, it is noted that the design of QMF banks using the mod-




"able 3.4: Computation comparisons for Example 3.4 using the initial filter in (3.20).

WLS | NOI | MFLOPS | CPU |SNR, | A4, | PRE Ep
Time | (dB) | (dB) | (dB)
(s)
I 21 50.1439 | 33.000 { 56.97 | 43.44 | 0.0123 | 0.0051
IT | 22(22) | 52.5487 | 35.400 | 56.92 | 43.41 | 0.0123 [ 0.0107
I 28 66.8946 | 44.230 | 57.03 | 43.07 | 0.0123 | 0.0171

Table 3.5: Computation compari -ns for Example 3.4 using an initial filter designed
by the Remez algorithm.

WLS [ NOT [MFLOPS [ CPU [SNR, [ A, | PRI g
Time | (dB) | (dB) | (dB)
(s) .
[ 16 38.1495 [ 25.133 | 56.97 | 43.43 | 0.0123 [ 0.0050 |
I | 15(15) | 357769 | 24.983 | 56.57 | 43.41 | 0.0123 | 0.0173
111 23 54,8095 | 36.433 | 57.03 | 43.07 | 0.0123 | 0.0171
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ified version of the method in [86] is comparable to the method in [85] regarding
computational efficiency and design time.

Both methods are more efficient than the method in [83]. The quality of the
filters is essentially the same in all methods. For the design of Example 3.3, the
equiripple quality for the channel amplitude response, reflected by the quantity e,
of method III is the best obtained out of the three methods. Furthermore, the
equiripple quality for the stopband amplitude response, reflected by the quantity e,
of method I is considered the best obtained out of the three methods. Also, for the

design of Example 3.4, the equiripple quality is best obtained in method I.

3.3.5 Prescribed Specifications

The prescribed specifications for two-channel linear-phase FIR QMF banks are wy,
5., the maximum allowable absolute reconstruction error (or PRE in dB), and E,,
the maximum allowahle absolute stopband error. Prescribed specifications can be

achieved for a given o by using the following design procedure [39]:
1. Estimate N; if N is odd, set N = N + 1.

2. Design a two-channel linear-phase FIR QMF bank with analysis/synthesis
filters of lengths N using the WLS algorithm of Section 3.3.3 and determine

¢ = max(fB,.) and e, = xnax(E,),

(A) If e, > Ity OR ey > E,, then do;

(a) Set N = N+2, design a QMF bank with analysis/synthesis filters of
lengths NV using the WLS algorithm of Section 3.3.3, and determine

¢p and e
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(b) Ife, < E, AND e, < E,, then go to step 3; else, go to step 2(A)(a).
(B) If e, < E. AND ¢, < E,, then do:

(a) Set N = N — 2, design a QMF bank with analysis/synthesis fil-
ters with lengths N using the WLS algorithm of Section 3.3.3, and
determine e, and eg;

(b) Ife, > E, OR ¢, > E,, then go to step 4; else go to step 2(B)(a).

3. Use the last set of filter coefficients of the corresponding N; and stop.

4. Use the last but one set of filter coefficients of the corresponding N; and stop,

Example 3.5:

A QMF bank with equiripple reconstruction error and equiripple stopband errors for
the analysis/synthesis filters was designed using w, = 0.67, = 0.5 and & = 0.01,
The prescribed specifications were E, = 0.0005 and £, = 0.005, The design staried
using a lowpass filter of length N = 30 and repeated for an estimated length of
N = 58. It was found that a lowpass analysis filter of length N = 51 satislied the
specifications with e, = 0.000399 and e, = 0.000248. The amplitude responses of
the analysis filters are shown in Fig. 3.9. Also shown is the scaled channel amplitude

response 2 | T'(e) |.

3.4 Conclusions

Two design approaches for filter banks have been presented. In the first approach,
the iterative algorithm reported in [18] has been extended to the design of cosine-

modulated pseudo-QMF banks. The method is quite efficient in producing good
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Figure 3.9: Amplitude responses of the analysis filters of the QMF bank of Example
3.5. The inset shows the scaled channel amplitude response.

designs while reducing the amount of computation and design time. In the second
approach, the weight updating approach developed in [86] has been incorporated in
the iterative method reported in [17] for the design of linear-phase FIR QM.T banks.
The approach was compared to others available in the literature and is considered
more efficient than that in [83] and comparable to that in [85] for the design of
linear-phase QMTF banks. Design of QMF banks satisfying prescribed specifications

has also been considered.
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Chapter 4

VLSI Array Processors for
Digital Filters

4.1 Introduction

Digital filters are integral parts of the polyphase implementations of decimators,
interpolators, and filter banks that are presented in Chapter 6. Systolic and semi-
systolic implementations of digital filters are reported in [54]-[56] using an algebraic
approach in the 2z domain.

In this chapter, attention will be focused on the implementation of I'IR filters
as these filters are the most commonly used in PR filter banks, An array-processor
scheme for implementing FIR filter algorithm is obtained using the SFG technique
(52], In this scheme, the outputs are localized in separate PEs, ‘I'his scheme is an
improved version of that obtained in [53]. The application of the SF(i approach to
obtain various array-processor implementations for linear-phase FIR, filters is also
explored. Two schemes are obtained by systematic application of the approach, The
first scheme, in which the input and output are pipelined, is similar 1o one obtained

in [88] using a methodology that relies on the z domain. In the second scheme, the
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inputs are pipelined and hroadcast and the partial results are pipelined. This scheme
can be obtained easily by applying the method in [52]. A novel implementation is
obtained in which each partial output stays in a separate PE to accumulate its
terms. The implementations can be easily modified to implement linear-phase FIR

differentiators, Nyquist filters, and Hilbert transformers.

4.2 FIR Filter Algorithms
An FIR filter algorithm is characterized by the relation [39]
N-1
y(nT) = > W(kT)z(nT — kT) (4.1)
k=0

where N is the filter length.

Linear phase is obtained in FIR filters if the impulse response has even or odd

symmetry about its midpoint, i.e.
h(nT) = xh[(N—-1-n)T], 0Sn< N

The positive and negative signs represent the cases of even and odd symmetries,
respectively, Using this condition, we can write

N-1
y(nT) = }Z hET)x(nT - kT), n>0
r=20

N/2~1
= Y h(kT)E u(nT) £ - WN-1-Fy(nT")] (4.2)
k=0
for M even, and
(N=1)/2
ynl) = Y a(kT)[EFa(nT) £ £ N-1-Fa(nT)] (4.3)

k=0
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for N odd, where a(nT) = h(nT),forn =10, 1, ..., (N =3)/2, and o[(N = 1)T/2] =
0.5h[(N — 1)T'/2]. The symbol £ is the shift operator defined by

E~*e(nT) = a(nT — kT)

Note that for the antisymmetrical case with N odd, A[(N — 1)1'/2] = 0.

4.3 The SFG Methodology

The design of an array structure for a given algorithm can be decomposed into three
steps [52]: (a) mapping the algorithm to the dependence graph (D() deseribing the
data dependencies, (b) converting the DG to the signal flow graph (SF'(3) (which
can be carried cut by choosing a projection vector d and a schedule veetor s), and
(c) mapping the SFG onto an array processor. In the proposed implementations,

the SF'G array is the array processor and steps (b) and (c) are vegarded as one step,

4.4 VLSI Array Processors for FIR Filters

The DG of the FIR filter algorithm is similar to that of the convolution algorithm
and is given in [52].

Choosing a schedule vector s = [1 =117, the D in Fig. 4,1(a) is produced for a
filker of length N = 3. Projecting the DG along the projection vector d = [0 ~1]"
results in an array processor that has an infinite number of PEs, which is not, practi-
cal, However, this impracticality can be eliminated by recognizing the fact that the
first and the second PEs are idle after one and two sampling periods, respectively,

and every other PE is idle after 3 sampling periods (N sampling periods in general),
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Table 4.1: Data flow/timing for the LP scheme (assuming T' = 1 s).

T PE(0) PE(1) PE(2) |
z(n) h(k) | z(n) h(k) | x(n) h(k)
To [ o(0) h(0) [2(0) A(D) [+(0) K@) |
T {2(1) A(2) | 2(1) A(0) |2(1) k(1)
To | 2(2) h(1) | 2(2) h(2) | 2(2) h(0)
Ts | 2(3) h(0) | =(3) h(1) |2(3) A(2)
Ty | z(4) h(2) | =(4) h(0) | =(4) A(1)
512(5) R(1) | =(5) A(?) | z(5) h(0)
Te | x(6) h(0) | z(6) k(1) | x(6) h(2)
Tr 1 2(7) A(2) | =(7) R(0) | z(7) h(1)

Thus, the processing element PE(z) that computes y(:T") can be used again to com-
pute y[(z + nN)T] for n = 1, 2, ..., where N is the number of PEs in the array.
This scheme is called local processing (LP) scheme.

To obtain the array structure a data flow/timing information table is constructed
as in Table 4.1 based on the data flow and timing for the DG of Fig. 4.1(a). Mapping
the data flow/timing information available in the data flow/timing table onto an
array structure, results in the array-processor scheme in Fig. 4.1(b) where all the
data shown correspond to the sampling instant T in Table 4.1. A ring memory is
implemented in each PE for circulating the filter coefficients. Using ring memories
is preferred to transmitting the filter coefficients across different PEs as reported in
(53] to reduce the communication overhead and increase system speed. The output
is provided through an output bus which is driven by a set of three-state drivars.
One driver is enabled at a time in a round-robin fashion, thus each PE provides an

output once every N sampling periods.
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Figure 4.1: FIR local processing (LP) scheme. (a) DG for the FIR filter scheme for
N =3 (assuming T =1 s) (b) The array processor.
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Figure 4.2: The DG for odd-length linear-phase filters (N = 5).

4.5 VLSI Array Processors for Linear-Phase
FIR Filters

The array processors presented will be for symmetrical, odd-length filters. Struc-
tures for antisymmetrical and even-length filters can be deduced in a similar way.
The DG of the linear-phase FIR-filter algorithms can be derived by using a DG
for a general FIR filter algorithm and folding it about its midline related to the
midpoint in the coefficient space axis (k axis in Fig. 4.1). Based on the above and
referring to (4.3), the DG for linear-phase odd-length filters is obtained as shown in

Fig. 4.2.




78

Scheme I

An array processor in which the inputs and the outputs are pipelined can be obtained
if a schedule vector s = [I —2]7 is employed in the DG of Fig. 4.2. The modified DG
is shown in Fig. 4.3(a) where the inputs z(nT') and w(nT) = z(nT) and the output
§(nT) = €NV f?)/ 2y(nT') are pipelined through the index space (n, k). Projecting
the DG along the projection vector d = [1 0]7 results in the array processor of
Fig. 4.3(b). The details of the PE involved are shown in Fig. 4.3(c). A similar

scheme has been reported in [88].

Scheme 11

It is possible to obtain an array structure in which the inputs are broadcast/pipelined
atid the outputs are pipelined {89, 90, 91]. Choosing a schedule vector s = [1 —1]%
in the DG of Fig. 4.2, the modified DG in Fig. 4.4(a) is produced, where the output
y(nT) and input w(nT') are pipelined and the input &(nT) = w(nT), n=0,1, ...,
is broadcast. Projecting the DG along the projection vector d = [1 0}%, the linear
array processor in Fig. 4,4(b) is produced. Figure 4.4(c) shows the details of the PE

involved.

Scheme II1

Figure 4.5(a) repeats the DG of Fig. 4.4(a). Projecting the DC along the projection
vector d = [0 —1]7 results in an array processor that has an jifinite number of PEs,
which is not practical. However, this impracticality can be eliminated by recognizing

the fact that the first and second PEs are idle after one and two sampling periods,
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Figure 4.3: Linear-phase FIR: scheme I. (a) Modified DG for scheme 1 (agsuming
=15). (b) Scheme I array processor. (c) Details of the PE involved.
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Figure 4.4: Linear-phase FIR: scheme II.  (a) Modified DG for scheme II (assuming
T =1s). (b) Scheme II array processor. (c) Details of the PE involved.
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Table 4.2: Data flow/timing for scheme III (assuming T = 1 s).

T PE(0) PE(1) PE(2)

z(n) a(k) w(n) | z(n) a(k) wln)|z(n) a(k) w(n)
o | z(0) a(0) 0 z(0) a(l) 0 z(0) «a(2) w(0)
71| 2(1) a(2) w(l) | z(1) «0) 0 ‘ z(l) a(l) 0

Ty | z(2) a(l) w(0) |2(2) a(2) w(2) |z(2) a(0) 0

T5 1 z(3) a(0) 0 z(3) a(l) w(l) | z(3) a(2) w(3)
T | o(®) o) wig) (o) o0) w(0) |o() of1) w(2)
Ts | x(5) a(1) w(3) |=(5) a(2) w(5) z(5) a(0) w(l)
Ty [2(6) a(0) w(®) |2(6) a(l) w(®) |2(6) a(2) w(6)
T on) a®) w() |a() o(0) w(3) | =D o) w()
Ty [2(8) a(l) w(®) |2(8) a2) w(®) |o(8) a(0) w(t)
To | 2(9) a(0) w(5) |=(9) a(l) w(7) |2(9) a(2) w(9)

respectively, and every other PE is idle after 3 sampling periods ((V+41)/2 sampling
periods in general). Thus, the processing element PE(:) that computes y(:T') can
be used again to compute y{(i +nl)T| forn =1, 2, ..., where [ = (N +1)/2; hence
the number of PEs in the array, N,, is equal to (N +1)/2.

To obtain the array structure, a data flow/timing table is constructed as in Table
4.2 based on the data flow and timing for the DG of Fig. 4.5(a). Mapping the data
flow/timing information available in Table 4.2 onto an array structure results in the
array-processor scheme in Fig. 4.5(b) where all the data shown correspond to the
sampling instant T; in Table 4.2. The control select signal for each multiplexer block
is implemented by means of a ring memory. The multiplexers are used to update
the signal w(nT), n =0, 1, ..., according to Table 4.2. Also, another ring memory
is implemented in each PE for circulating the filter coefficients for each sampling
period according to Table 4.2. Using ring memories is preferred over transmitting

the control select signal and the filter coefficients across different PEs to reduce
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the communication overhead and increase system speed. The output is provided
through an output bus which is driven by a set of three-state drivers. One driver is
enabled at a time in a round-robin fashion, thus each PE provides an output once

every (N + 1)/2 sampling periods.

4.6 Performance

The filter maximum processing rate depends on the hardware details. For the con-
ventional direct-form FIR scheme [92] in which the inputs are pipelined and the
outputs are added simuitaneously, the minimum sampling period is determined by
the time required to produce the filter output. Assigning a single-precision (sp)
word for the input data and a double-precision (dp) word for the output data, we

have
T> NTadd—dp + Tmull + Tr (4.4:)

where Ty44—dp, and T are the delays for a 2b-bit adder, and b x b 2’s-complement,
multiplier, respec:ively, N is the number of PEs in the array, b is the number of bits

per word, and T} is the delay figure of the register expressed as
Trp = Ts + ,11([

where T, is the register setup time and T is the register delay.

For the LP scheme , the minimum sa=npling period is determined by
T> maX[TB + T, Tadd—dp + Tt + Tr] (45)

where Tg is the delay of either the input or the output data bus which is proportional

to the square of the number of PEs (i.e., N?) [93]. As N increases, Ty increases
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qﬁadratica,ﬂy and may impose an upper bound on the processihé rate for high-order
ﬁl,t;ers. ‘ ‘

It is clear that the dominant factor in the above equation is the time 1,444y +
Tonuie- As this time gets sﬁorter, the processing rate would increase until the bus
delays would dominate the abQVe iormula for high-order filters.

For the conventional direct-form linear-phase FIR scheme [92] in which the inputs
are pipelined and the outputs are added simultaneously, the minimum sampling

period is determined by the time required to produce the filter output, i.e.,
T > Tadd—.sp + NpTadd—dp + Tmult + Tr (46)

where Typg4—sp is tllé;"dela3' for a b-bit adder, and N, is the number of PES in the
array. Clearly, such 5;1 implementation is practical only for low-order filters where
the asynihronous adder does not dorninate the response time of the system.

For scheme I, the minimum sampling period is determihed by the lelay in one

pipeline stage. Thus
| T>Tp+T, (4.7)
where Tp is the processing time expressed as
Tp = Todd-sp + Tadd-dp + Trutt

It is noted that the above sampling time does not depend on the number of PEs
involved which makes this scheme practical for high-order filters. Moreover, the
full local communication feature makes the scﬁeme attractive for high-speed signal
procéssing wapplic;att‘ions.

For scheme II, the minimum sampling period is determined by the delay in one




[r 2}
ot

pipeline sta;ge and the data bus-delay. Thus

T > max[Tg + T, Tp + T¢] (4.8)

As N, increases, Tp increases quadratically and may impose an upper bound on the
processing rate for high-order filters.

For scheme III, the min‘mum sampling period is determined by
T > max[TB + T, + Tajux, Tp + T;] L ' (4.9)

where Tg is the delay of either the input or the output data bus, respectively,
and Tyux is the multiplexer delay. It is clear that%he dominant factor in the above
equation is the time Tp. As this time gets shorter, the pl'ocessing rate would increase
vntil the bus delays would dominate the above formula for high-order filters.
System latency is defined as the time elapsed between the application of a sample
to the input ‘and the appearance of the corresponding output sample. The latency
for the conventional direct form realizations [92] is one sampling period T The

latency for the LP scheme is one sampling period T'. The latency for scheme 1 is

N, T while that for schemes II and III is one sampling period T

4.7 Comparisons and Discussion

In the previous sections, array-processor implementatioﬁs have been obtained for
linear-phase FIR filters. From the perspective of speed, higher data rates can be
achieved with scheme I than with schemes Il and III especially for high-order filters.
In scheme III, the output word can be truncated (or rounded) locally in cach PE.

This would decrease the communication overhead compared to that in schemes I and
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Ii in whicl the output word is to be truncated in the final PE if noise performance
is to be improved. From the perspective of latency, schemes II and III have the
minimum latency of one sampling period {assuming the same processing rate for all
schemes).

The cascade form is less sensitive to coeflicient quantization than the equivalent
direct form realization in situations wﬁere quantization is vefy coarse, or for high-
order syétems with closely spaced zeros [92]. If H(z) is the z transform of h(nT),
then the symmetry condition causes tlie zeros of the linear-phase transfer function
H(z) to occur in mirror-image f)airs [39]. Zeros at z = %1 are their own reciprocal
‘and real zeros not on the unit circle occur in reciprocal pairs. Complex zeros on the
”unit; circle are conveniently groﬁped in pairs. Cornples: zeros not on the unit circle
occur in groups of four. Therefore, the filter can be implemented as a cascade of
first-, second-, and fourth-order filters using the array-processor schemes obtained

in Section 4.5.

4.8 Conclusions

Array processors for FIR filters and linear-phase FIR filters have been obtained
using the signal flow graph approach. The method was employed to obtain an FIR
array-processor scheme in which the outputs are localized in separate processing
elements. The method was also employed to obtain array structures for odd-length
linear-phase FIR filters. Even-length linear-phase filter structures can be obtained
in a similar way using the same PEs as for the odd-leng ! filter arrays. All the

implementations obtained «te modular and regular,




Chapter 5

Design of Fixed-Point Processors
for DSP Applications

5.1 Introduction

‘Muliiplier and adder delays are the dominant factors that determiné the spcc(yl‘i‘
of the array processor structure. Minimizing these delays results in high-speed
array processors suited for high-speed digital signal processing applications, In ihis
chapter, two special fixed-point processor modules based on the parallel muliiplier
design [71, 72] are presented. The first processor module performs the inner-product,
operation. The processor enhances the speed of opel;‘ation with a slight increase in
area. It can be incorporated in digital filter implémenmtious including the LP
scheme of Section 4.4 [94, 95]. The second processor module performs an add-
multiply-accumulate operation in the same time as a simple multiplier. The module
enhances the speed of operation of linear-phase FIR filter impiementations without
incurring extra silicon area or introducing extra latency to the system [91]. Both
designs would improve the noise performance of the system since double-precision

word is assigned for the output without incurring exfra communication overhead,
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5.2 Design of Inner-Product Processors

The conventional way to obtain an inner-product is to use a multiplier followed by an
accumuiator where the result of each multiplication is added to the previous result
stored in the accumulator. Further increase in speed can be achieved by eliminating
the need for the separate adder which also leads to a reduction in the required area
[73]-[74]. By using the array-multiplier as a multiplier and adder in the same time,
the multiplication’l #nd the addition operations required for each inner-product step
can be executed during the same clock cycle. In this case, the modified scheme of the
array-multiplier is called an accumulator-multiplier (AM). The schematic diagram
of the AM moduie proposed in [73, 74] is shown in Fig. 5.1(a). An inner product of
length N can be executed in only N AM cycles. The overall inner-product operation
speed is governed by the AM speed. In the AM module, the most significant b-bits of
the 2b-bit product are formed by the carry-propagate adder (carry look-ahead can be
also used) at the bottom of the AM module. The adder delay is a significant part of
the multiplier delay. Therefore, the adder delay influences the overall inner-product

operation speed.

5.2.1 Proposed Carry-Save Inner-Product Processor

Figure 5.1(b} shows the schematic diagram of the proposed iuner-product proces-
sor. The details of the new inner-product processor ar¢ shown in Fig. 5.2 which
is based on a modification of the AM module. The inputs to the carry-propag:te
adder at the bottom {¢f, ..., ¢f_,} and {c}, ..., ci_,}, and the least significant
byte (LSB) {#§, ..., ¥i_;} of the previous output product are fed back to the cor-

responding binary weights. In order to achieve that feedback, one column of full
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adders has been added to the AM. In this new scheme, the addition operation is
performed concurrently with the multiplication operation without using iz ad.lur.
This carry-propagate (or carry look-ahcad) adder will be used only after all inner
product steps are performed in order to get the most significant byte (MSB) of
the final result {y{, ..., y&_;}. To initiate the computation of the inner-product,
the output registers are reset, the first multiplication is performed, and the results
{96y --» Yb_1}, {405 --+» @b1}, and {c}, ..., ¢}_,} are stored in the oucput registers.
At the next clock cycle, the bits of the new two operands are input to the multiplier
along with the bits stored in the output registers. This process is repeated N times
(NN is the length of the inner-product operation). An extra cycle is needed to get
the MSB of the final result {y, ..., y}j_,} by adding *":e words {¢{", ..., ¢V, } and
{cl,..., ¢ .} through the carry-propagate (or carry look-ahead) adder. The two
operands of the new inner-product cz « be loaded simultaneously to the processor
during this extra cycle. The scheme is still highly regular and thus very amenable
for VLSI implementation. The new scheme of Fig. 5.2 is called carry-save inner-
product processor (CSIPP). The overflow in the CSIPP module can be detected as

in other available 2’s-complement inner-product yrocessors [96].

5.2.2 Performance Analysis

In this section, delay and area comparisons of the AM module and the CSIPP
module are presented.

The delay for the AM module to perform an inner product of length N is given
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Figure 5.1 (a) Accumulator-multiplier module. (b) Carry-save inner-product pro-
Cessor.

by
TAM ~ N[TN + THA + (2b - I)TFA + :rinu + Tr] (51)

where Tra, Thya, Tn, and T},,, are the propagation delays for a 1-bit full-adder, a
1-bit half-adder, a 2-input NAND gate, and a 1-bit inverter, respectively. T} is the

setup plus delay times of a 1-bit register. The delay for the CSIPP is given by
Tesipp = (N +1)(bTra + 1)) (5.2)
The area required by the AM module can be estimated as

A ® P Apa +bAga+[(b—1)% + 1]A4
+2(b - 1)AN + Ac'nv + 2bAr (5.3)

where Apg, Aga, Aa, AN, Ainy, and A, are the layout areas for a 1-bit full-adder,

a 1-bit half-adder, a 2-input AND gate, a 2-input NAND gate, a 1-bit inverter, and
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Figure 5.2: Details of a 4 x 4 2’s-complement CSTPP module.

a 1-bit register, respectively. Also, the area required by the CSIPP module can be

estimated as

Acsipp & (B +b—1)Apa+ (b+1)Apa
H(b -1+ 1A +2(b—-1)Ax
+Ainu + 3bAr (54)

The areas required for routing are assumed to be equal i the two processors and
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hence are omitted from the area calculations for simplification.

It can be seen that the above computations depend on several factors such as
the implementation technology and the layout style. In order to compare the delay
and the required area for the above two designs, some riormalization is carried out.
All delays and areas are normalized relative to the inverter delay and area based on

the following assumptions [93, 96]:
1. Ty = Tinyy AN = 2A:0,
2. Ty = 2Ty, As R 3Ain
3. Tya = 5Tiny, Aga ~ 10Ai,
4. Tpa = 61iny, Ara R 15450,
5 T, = 4T, Ar = 1245,

The normalized delay and area are listed in Table 5.1. As can be seen, the increase
in speed of the CSIPP module over the AM module can be expressed in terms of

speedup gain Sg defined as

g Tam N(l?b + 5)

?7 Tostrp (N +1)(6b +4) (59)

Figure 5.3 shows the speedup gain“ versus the data wordlength for different inner-
product lengths. Figure 5.4(a) and (b) shows normalized areas and area x time
performances for the two designs. From Figs. 5.3-5.4, it is evident that the proposed
design enhances the speed of operation without a significant increase in the required

area.




Table 5.1: Normalized delay and area computations.
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Figure 5.3: Speedup gain versus wordlength.
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Figure 5.4: Area required and area X time performances versus wordlength for

N =16. (a) Normalized area. (b) Normalized area x time performance.
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5.3 Design of Adder-Multiplier-Accumulator
Processors

In this section, a hardware improvement to increase the processing rate in linear-
phase FIR filter implementations is presented. The improved processor that will be

discussed is based on the AM processor reported in [54, 73].

5.3.1 Proposed Merged-Operand Module

Figure 5.5(a) shows the hardware details of each PE for the array implementation
schemes discussed in Section 4.5. We refer to this conventional design as an adder-
multiplier-accumulator (AMA) module. The delay in each PE is the sum of two
adder delays and one multiplier delay. One attempt to reduce the PE delay is to
use an adder-accumulator-multiplier (AAM) module as in Fig. 5.5(b) in which an
adder is followed by the AM processor module reported in [54, 73]. It is possible,
however, to reduce the PE delay to just the multiplier delay without incurring extra
hardware penalties by performing the addition and multiplication operations in the
same time. Figure 5.5(c) shows the new merged-operand (MQ) module that achieves
this performance improvement. The details of a 4 x 4 MO module are illusirated
in Fig. 5.6. It is noted that the addition of the two operands z and w is performed

simultaneously with the multiplication operation.

5.3.2 Performance Analysis

In the following, the delay and the area of the MO module will be compared with

those of the AMA and AAM modules. The propagation delay of the standard design
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Figure 5.5: (a) Adder-multiplier-accumulator (AMA) module. (b) Adder-accumu-
lator-multiplier (AAM) module. (c) Merged-operand (MO) module.

of Fig. 5.5(a) is given by
Tama = Todisi + Tt + Todd—ap + T (5.6)
Alternatively, the above formula can be expressed as
Tapma = 5(b—1)Tpa+3Tya+Ta + Tino + T, (5.7)
Similarly, the propagation delay of the design of Fig. 5.5(b) is given by
Taam =~ (3b— Z)TFA +2Tya+Tn + Tino + T (5.8)

The propagation delay of the MO module is determined by the time required for

the longest path indicated by the dotted line in Fig. 5.6. It is given by
Tro = (20— 1)Tra+2Tua + Tn + Tino + T, (5.9)
The area required by the design of Fig. 5.5(a) can be expressed as
Aama ~ [P+ b—1)Apa+ (b+ 1)Apa

+[(b—~ 1) + 1]A4 +2(b - 1) An
+Ainy + 20A, (5.10)
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Figure 5.6: Details of a 4 x 4 2’s-complement Merged-operand (MO) module,

It is easy to verify that the areas of the AAM and MO modules are approximately
equal to that of the AMA module; hence they can be represented by the above
formula. It is noted that in deriving the above relations, we assumed the routing
areas to be the same for the three modules.

It can be seen that the above computations depend on several factors such as
the implementation technology and the layout style. In 6rder to compare the delay

performance of the above designs, the normalization in Section 5.2.2 is carried out.
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Referring to (5.7)-(5.9), the increase in speed of the AAM aud the MO modules over

the AMA module can be expressed in terms of speedup gains S,; and S;2 defined as

S _TAMA_ 306 —8
2= Tvo | 120410

Sy = Tama _ 30b—8

VT Taam 186+ 4 (511

Figure 5.7 shows the two speedup gains versus the data wordlength. It is evident
that the proposed design offers the most improvement.

Generally, the MO module can be incorporated in the linear-phase filter im-
plementations of Chapter 4 referred to as schemes I and II to perform an add-

multiply-accumula  operation as well as in scheme III to perform an inner-product

operation.




5.4 Conclusions

Two fixed-point processors for DSP applications have been presented. A new innet-
product processor has been presented which enhances the speed of operation of FIR
filter implement‘:‘attions with a slight increase in the area. A new processor module to
perform an add-multiply-accumulate operation has been presented which enhances
the speed of operation of the linear-phase FIR implementations of Chapter 4 without

increasing the silicon area or introducing extra latericy in the system.
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Chapter 6

VLSI Array Prociessors for Filter
Banks

6.1 Introduction

In this chaptrr, new efficient array-processor structures for filter banks are obtained.
This is achieved by mapping decimator and interpolator algorithms onto hardware
structures using an algebraic mapping methodology. Two approaches are employed
to obtain several array-processor structures for decimators and interpolators. In the
first approach, FIR/IIR decimator and interpolator array structures are obtained
based on their polyphase structures. In the second approach FIR decimator and
interpolator array structures are obtained based on their direct-form structures.
The structures obtained are modular, regular, and some of them are fully pipelined.
Upper bounds on the input/output processing rates are deduced in terms of system

parameters and hardwaze delays.
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6.2 Multirate Systems, Desqriptidns and
Implementations

6.2.1 Algebraic rébresentations and control signals

The sampling rate of a signal z(nT"), where T is the sampling period, can be reduced

by an integer factor M by defining the new signal
zg(nT") = x(nMT) (6.1)

where T' = MT. This process is referred to as downsampling [39]. A downsampler
or & COMmpressor is often represented by the symbol depicted in Fig. 6.1(a). Aithough
such a representation is attractive for its simplicity, it proves inadequate for alge-
braically describing multirate systems. This inadequacy results from the implicit
assumption that some control signal is available to maintain the c‘orrccl. operation
of th> downsampler. Figure 6.1(b) illustrates the representation of the compressor
as a switch explicitly controlled by a signal ¢(nT"). The control signal ¢(n1") is pe-
riodic with a period T” = MT. When the control signal becomes high, the input is
sampled. Figure 6.1(c) illustrates the representation of the downsamipling operation

in terms of the relation
Dlz(nT)] = ay(nl") -~ (6.2)

where D is an operator. The sampling rate of a signal 2(nT") can be increased
by an integer factor L by using the upsampler or expander of Fig. 6.2(a) and its
response to an excitation z(nT') can be expressed as

z(2L) if n is a multiple of L
2, =4 " ) (6.3)

0 otherwise
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Figure 6.1: Representation of compressor.
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Figure 6.2: Representation of expander.
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Figure 6.3: General representation of (a) the decimator, (b) the interpolator, and
(c) rational sampling rate conversion system.

where T" = T'/ L. Figure 6.2(b) shows the representation of the expander as a single-
pole, double-throw switch explicitly controlled by the signal ¢(nl’). The control
signal ¢(nT') is periodic with a period T' = LT". The signal is passed if ¢(nT')
equals 1 and a zero output is produced otherwise. Figure 6.2(c) illustrates the

representation of the upsampling operation in terms of the relation
Ulz(nT)] = zy(nT") (6.4)

where U is an operator,

To eliminate aliasing for decimation and images for interpolation, lowpass filters
are incorporated as shown in Fig. 6.3(a) and (b) [39)].

By combining decimation and interpolation, it is possible to change the sampling
rate by a non-integer {actor. The system in Fig. 6.3(c) converts the input signal by:
(a) increasing its sampling rate by a factor L, (b) filtering z;(n1}) to climinate the

signal images by a standard linear time-invariant lowpass filter of transfer function
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H(%) to give zo(nT}), and (c) compressing the sampling rate of z5(nT}) by a factor
M. If M > L there is a decrease in the sampling rate and if M < L, the oppcsite

is true.

6.2.2 Polyphase structures

The polyphase structure of a type 1 M-to-1 decimator is shown in Fig. 6.4(a) [27, 63].
The subfilters represented by the transfer functions P;(z) in the parallel branches
are referred to as polyphase filters and their impulse responses are related to that

of a prototype filter by the relations
pi{nT") = h{(nM +:)T] for 0<i<M-—1landalln (6.5)

where h(‘nT) is the impulse response of either an FIR or an IIR filter. The transfer

function of the prototype filter can be written as
M-1
H(z) =Y 27" P(2") (6.6)
1=0

where
P(z)= Y m(nI)

N= 0O

For IIR filters, the polyphase transfer functions share the same denominator poly-

nomial [63], i.e.,

(o) = M) e _
Py(z) = p2) fori=0,1,..., M—1 (6.7)
Let
H) = YO _ S b (6.8)

D(z)  1-SF, ayye—™

and




x(nT)

, T
M —{Pod P> y(nT') *D)
d )
WM » Pi(z) :\‘;
T
v .
i a
T
 M{—+ Pr.i(z)
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Figure 6.4: Polyphase representations of decimtors and interpolators. (a) Type 1
polyphase structure for an M-to-1 decimator. (b) Type 1 polyphase structure for a
1-to-L interpolator. (c) Type 2 Polyphase structure for a 1-to-I interpolator.
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Z.':l dy, ,'Z—k .

IJ;(Z)='1—'__()—R—,—_:, for 2=0, 1,,M—1 (69)
T 2ur=1Cr2 :

where n; — 1 is the order of the numerator and R is the order of the denominator.

The relations between the coefficients of P;(z) and those of H(z) are [63]

¢ =apy forr=1,2,..., R

dii = bepys fork=0,1,...,n,~1;7=0,1,..., M -1

By transposing the structure of Fig. 6.4(a), the polyphase 1-to-L interpolator
structure of Fig. 6.4(b) is produced [63]. A type 2 polyphase representation for a
1-to-L interpolator is shown in Fig. 6.4(c) where Q:(z) = Pr_1_:(z) [27].

6.3 Algebraic Mapping Methodology

'The algebraic approach for mapping decimator/interpolator algorithms onto array

processing hardware can be summarized in the following rules:

¢ The input and the control signals are considered as inputs to the decima-
tor/interpolator system. As a consequence, introducing a certain time shift
to one of them implies introducing the same time shift to the other signal to

preserve their timing interrelationship.

o The decimator/interpolator algorithm is converted into a polynomial involving
the input samples and delay operators. By using certain polynomial evaluation
techniques, the decimator or interpolator polynomial is converted into a set of

recursive expressions,

o Each iteration in the set of recursive expressions is assigned a PE,
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o The right-hand side of each expression defines the operations to be performed

in terms of the input variables. (

o The left-hand side of each expression defines the corresponding processor out-

put.

¢ The number of delay operators attached to the recursive variables dictates the

size of the buffers between or within the processors.

e The number of PEs is determined by the number of iterations required to

produce the final result.

The characteristics of the array-processor structures obtained can be deduced from

the iterative equations according to the following observations:

o Processor computational load is dictated by the nature of the operations on

the right-hand side of each iterative formula.
¢ Chip area is determined by the number and complexity of each of the PEs,

o Communication requirements are determined by studying the source of the

data used on the right-hand side of each iterative formula.

By following the above observations, different array structures can be derived
as described below [97]-[{100]. Time domain is employed which is more efficient in

describing multirate systems than the z domain [39].
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6.4 VLSI Array Processors for Polyphase
Decimators and Interpolators

In this section, array-processor implementations of polyphase decimators and inter-
polators with integer compression/expansion factors are derived using the algebraic
mapping methodology where the prefixes PD and PI are used to denote a polyphase
decimator and a polyphase interpolator, respectively. The work is then extended to
the mapping of fractional decimator/interpolator algcrithms onto systolic hardware
which is required for nonuniform filter banks with fractional compression/expansion
factors [51].

6.4.1 Array-Processor Implementation of
Decimators

By replacing the compressor blocks in Fig. 6.4(a) by their equivalent representation
of Fig. 6.1(c), the algebraic description of the decimator can be expressed by the
relation

M-1

y(nT") = Y Dla(nT —iT)] pi(nT") (6.10)

i=0
where z(nT — ¢T') is the input signal to the ¢th polyphase filter represented by the
transfer function P;(z) (or by the impulse response p;(nT")), and * is the convolution
operation. Using the shift operator £ for the input sampling period 7', (6.10) can
be written as

M-1
y(nT') = Y D€~ [z(nT)]} * pi(nT") (6.11)
i=0
If a processor array is to evaluate (6.11), then different PTs could be assigned to each

term at the right-hand side. This hardware implementation results in a processor
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array in which all inputs and control signals are broadcast and the input buffers are

not equal.

Scheme PD-I

The input buffers can be made of equal size if the input signal can be prop\é\’ga.(;ed

between processors using the intermediate variable a;(nT') given by

zi(nT) = E'a;4(nT) for i=1,2,.--, M —1

zo(nT) = x(nT') (6.12)
Thus (6.11) becomes

y(nT") = Dlwo(nT)] * po(nT") + Dy (nT)] % pr(nT") + - -

+D[a}M_1 (nT)] * pM_l(nT') (6.13)

If each term is assigned to a processing element, then from (6.13) it can be seen that,
the input is propagated from one PE to the next. Furthermore, the input huffers
of all PEs are of equal length. The filter output is produced after all the partial

products have been added. The above equation can be written in the recursive form

yi(nT') = {Dl2:i(nT)) * p;(nT")} + yia(nT')  for 0<i< M -1 (6.14)
:l/_.l(nT') =0

y(nT"') = yp-1(nT")

Figure 6.5(a) shows the mapping of (6.14) while Fig. 6.5(b) shows the details
of the PE involved. The polyphase filters represented by the transfer functions
Pi(2) can be implemented using the array structures reported in Chapter 4 and

Refs. [55, 56, 57, 89, 91]. It is noted that the resulting structure is identical to the
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F“‘igure 6.5: Scheme PD-I decimator structure. (a) Mapping of (6.14) onto an ar-
ray-processor structure. (b) Details of PE involved.

basic decimator structure of Fig. 6.4(a). However, Fig. 6.5(a) explicitly shows the

distribution of the control signals required for the correct operations of the system.

Scheme PD-II

Polyphase decimators are linear periodically time-variant systems. Thus, it is pos-
sible to delay the outputs and the inputs by integer multiples of times T and MT,

respectively, without affecting the system response. One can achieve a systolic struc-
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ture in which the input, the control and output signals are pi‘pelined by <delaying

both inputs and output by time (M — 1)T". Thus, (6.11) can be written in the form

&My (") = EH 'S DIEa(a D)) pi(nT) (6.15)

=0
where &; is the shift operator for the output sampling period 77 = MT. The above

equation can be written in the form

JnT") = 3 €70 (DlE- ()] p(nT)) (6.16)

i=0
where §(n1") = & (M_l)y(nT') represents the delayed system output. It is noted
that the filter input as well as the associated control signal ¢(nT") are both to be

delayed by time ¢7". Introducing the intermediate variable z;(nT') given by

zi(nT) = E- Mg, (nT) for 1 g i< M-1 (6.17)
zo(nT) = z(nT)
Equation (6.16) can be written in a recursive form as
§:(nT") = 7' Giea(nT") + Dlzi(nT)]) * pi(nT’) for 0<i< M —1 (6.18)
Jo(nT") = §-1(nT") + Dizo(nT)] * po(nT")
F_1(nT) =0
§(nT") = gp—1(nT")
and the control signal recursions can be written in the form
ci(nT') = E7leia(nT’) for 1<i< M -1 (6.19)
co(nT") = ¢(nT")

The mapping of (6.18) onto a systolic structure is shown in Tlig. 6.6(a) while Fig. 6.6(b)
shows the details of the PE involved.
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Figure 6.6: Scheme PD-II decimator structure. (a) Mapping of (6.18) onto a systolic
structure. (b) Details of PE involved.

Scheme PD-III

A systolic scheme in which the input signal is broadcast, the control signal, and
the output signal are pipelined can be derived. Exchanging the downsampling and

delay operators, equation (6.11) can be written in the form
M-1
y(nT') = Y E7{Dla(nT)] * pi(n1")} (6.20)
i=0
Applying Horner’s rule gives
y(nT') = D[z(nT)] * po(nT")
+EH{[Dlz(nT)] * pr(nT")] 4 - -

+E7{[D[z(nT)] * prr-1(nT")]} - -} (6.21)
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The above equation can be put in the recursive form

The mapping of (6.22) onto an array structure is shown in Fig. 6.7(a) while Fig. 6.7(b)
shows the details of the PE involved.

It is noted that the control signal is governed by the recursion

ci(nT") = € leia(nT’) tor 0<i< M ~1 (6.23)

em-1(nT’) = c(nT")

to preserve the timing interrelationship with the input signal. Such an implemen-
tation requires special and elaborate techniques for control and signal timing as the

output signal has to be delayed by a fraction of the output sampling period.

6.4.2 Array-Processor Implementation of
Interpolators
By replacing the expander blocks in Fig. 6.4(b) by their equivalent representation
of 'ig. 6.2(c), the description of the interpolator can he expressed by the relation
L1
y(nT") = Y &' U[z(nT) * pi(nT)] (6.24)
i=0

where the operator &; is the shift operator for the output sampling period 7" = T/ L.,
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Figure 6.7: Scheme PD-III decimator structure. (a) Mapping of (6.22) onto an
array-processor structure. (b) Details of PE involved.

Scheme PI-I

Applying Horner’s rule, equation (6.24) can be evaluated in the following sequence

[54, 56]

y(nT") = Ulz(nT) * po(nT)] + €7 {U[w(nT) * p1(nT)] 4+ - --
+& {Ulz(nT) * pra(nT)]} -} (6.25)




§J

Equation (6.25) can be written as

yi(nT") = Ulz(nT) * pi(nT)) + &7 yipa (nT")  for 0<i< [ —1 (6.26)
Y1 (nT") = Ula(nT) % ppr (nT)] + yi(nT")
yL(nT”) =0

y(nT") = yo(nT")

Each iteration step in (6.26) can now be assigned to a PE. Figure 6.8(a) shows the
mapping of (6.26) onto an array structure while Fig. 6.8(b) depicts the details of
the PE involved. It is noted that the input and the control signals are hroadcast

while the output signal is pipelined.

Scheme PI-11

Polyphase interpolators are linear periodically time-variant systems. Thus, it is
possible to delay the outputs and the inputs by integer multiples of times 7' and
LT", vespectively, without affecting the system response. One can achieve a systolic
struciure in which the input and output are pipelined by delaying both inputs and
output by time L(L — 1)T". Thus, (6.24) can be written in the form
L(L-1 L(L=1) & o
&My () = M5 S e5Uw(nT) # pi(nT)] (6.27)
=0

which can be written as

J(nT") = Y & E Iy e- == a(nT)] + pi(nT)} (6.28)

i=0

where §F(nI") = &; L(L"l)'y(nT”) represents the delayed system output, Introducing

the intermediate variable 2;(nT') given by




116

x(nT)
) v Jr
c(nT) —> P S > P > P L
L-1 1
o = P~ ST b e
()
x(nT)
Pi
v
u
cin(’ﬂ) r : » cou,(nI)
Yin(n1") ;<> > Vou(nT")
(b)

igure 6.8: Scheme PI-I interpolator structure. (a) Mapping of (6.26) onto an
array-processor structure. (b) Details of PE involved.

xi(nT) = S'lw;+1(nT) for 0<i<L~-2 (6.29)

tr-1(nT) = a(nT)
equation (6.28) can be written in the recursive form

Gi(nT") = & PG (nT") + Ulei(nT) # pi(nT)] for 0<i< L—1 (6.30)
Jr-1(nT") = Gu(nT") + Ulxp-1(nT) * prs (nT))]

ﬁo('l&T”)

I

)

)
H(nT")
)

gr(nT”

1l

0
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Figure 6.9: Scheme PI-Il interpolator structure. (a) Mapping of (6.30) onto a systolic
structure. (b) Details of PE involved.

while the recursion for the control signal can be written as
ci(nT) = E ey (nT) for 0<i< [ —2
c-1(nT) = ¢(nT) (6.31)

Relation (6.30) leads to the systolic implementation of Fig. 6.9(a) while Fig. 6.9(h)
shows the details of the PE involved.

6.4.3 Alternative Structures for IIR Decimators
and Interpolators

Since the polyphase transfer functions of IIR decimators share the same denomi-

nator polynomial, the structures of decimators can be made more efficient if the
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Polyphase array structure Array structure
x(nT) —»| (Figs. 6.5-6.7 with polynomials of thf T.F. b—» ynT)
N; to replace P;) 1/D(z)

(@
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x(nT) —»  oftheTF.  L— (Figs. 6.8-6.9, with polynomials [—» y(nT")
1/D(z) N; to replace P;)

(b)

Figure 6.10: Alternative IIR decimator and interpolator structures. (a) Efficient
TR, decimator structure. (b) Efficient IIR interpolator structure.
denominator polynomial is realized after the summation . In this case, the transfer
functions Ni(z), 1 == C, 1, ..., M — 1, which represent FIR filters should replace
their counterpaits P;(z) in Figs. 6.5-6.7. The denominator part can be implemented
in cascade as shown in Fig. 6.10(a). The array-processor implementation of the
cascaded block can be implemented using the implementation in [54, 55] with all
the coefficients «(:T), ¢ # 0, (T is related to sampling rate in {54, 55]) set to zero.

Interpolator array processors can be obtained as in Fig. 6.10(b) where the struc-
ture is composed of two parts. The first part is the implementation of the denomina-

tor polynomial. The second part is the saime as in Figs. 6.8-6.9 with the polynomials

Ni(z) replacing Py(z).
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6.4.4 Efficient Descriptions of Fractional

Decimators and Interpolators
In the following we will assume that L and M are mutually prime numbers and that
M > L although the method is suitable also for the case L > M. The system of
Fig. 6.3(c) can be described by the relation

y(nT,) = D [U[z(nT)] * h(nT})] (6.32)

where h{nT}) is the impulse response of the prototype filter. To obtain an efficient
implementation for the system of Fig. 6.3(c), the polyphase representation is applied.
The term in the outer brackets of the above relation can be expressed using type 2

polyphase representation of the interpolator and (6.32) can be written as

L-1 .
y(nT,) = D{Y & ¥ Ulw(nT) x g;(nT)]} (6.33)

7=0
where ¢;(nT) for j = 0,1,...,L — 1, are the impulse responses of the polyphase
filters of type 2 and & is a shift operator related to the sampling period 7).
Since M and L are mutually prime, the following properties are valid [27, 64, 65]:

1. There exist integers ro and ry satisfying the relation —roL +r M = 1.

2. The compressor/expander blocks can be interchanged.
Applying the first property to (6.33), yields

L-1 . )
y(nT,) = D{Y & E-InMglbrt=imby(o(nT) x g;(nT)]}  (6.34)

i=0

In the following, we will apply the noble identities described in [63] to translate the
shifts to the input and output of the system of Fig. 6.3(c). Thus, (6.34) can be

written as

L—-1 .
y(nT) = 3 &I DUIEE 1 oa(nT) x gi(nT)))  (6.35)
=0
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where &, and £ are shift operators related to the output and input sampling periods,
respectively. Applying the second property, (6.35) can be written as
L-1
y(nT) = 3 & B 1Dy DIEE-Imgirog(nT) ¥ g;(nT)]}  (6.36)
=0
The positive delay in (6.36) can be ignored since, in practice, this positive delay can
be compensated by adding an extra delay to the transfer function of the prototype

filter. Accordingly, (6.36) is modified as
L—l . +
y(nTo) = 3 & EIU{DIE 0 w(nT) * ¢;(nT)]}
j=0

L-1
= 3 &Y D (nT) * ¢;(nT)]} (6.37)
7=0

where x;(nT) = £~/z(nT). Expressing the decimation operation in terms of the

polyphase representation, (6.37) can be written as
L-1 . M-1 '
YnT) = ¥ £ 61U Y DIE-iay(nT)]  a(nT)}  (6.39)
j=0 i=0

where T" = MT and ¢;;(nT’) are the impulse responses of the type 1 polyphase
components for the filters of transfer functions @;(z) for ¢ = 0,1,...,M — 1, and

7=0,1,...,L—1[27]. Equation (6.38) can be written as

L-1
Y(nT) = X £ Uy ()] (6.39)
Jj=0
where
M-1 _
v;(nT") = Y. DIE " z;(nT)] * ¢;;(nT") (6.40)
1=0

Equations (6.39) and (6.40) describe an efficient and hierarchical realization of frac-

tional decimators.
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6.4.5 Systolic Implementation of Fractional

Decimators
In this section, systolic structures for fractiqnal decimators are obtained. The alge-
braic methodology will be hierarchically applied by first obtaining a systolic integer
decimator structure to implement (6.40) and then it will be applied to implement
(6.39).

It is easy to see that (6.40) is the same as (6.11) but with the output y(nl"),
the input z(nT'), and the impulse response p;(nT") replaced by v;(nT"), ;(r1"), and
4;i(nT"), respectively. On this basis, Figs. 6.5-6.7, and 6.10(a) represent possible
array structures to evaluate (6.40).

Equation (6.39) can be put in the recursive form

yi(nT,) = Ulv;(nT")] + £ y;-1(nT,) for 0<j <L ~1 (6.41)

and the input can be expressed as

z;(nT) = Ez;_1(nT) for 1<j<L~-1

zo(nT) = z(nT) (6.42)

Figure 6.11(a) shows the mapping of (6.41) and (6.42) onto a systolic structure while
Fig. 6.11(b) describes the details of the PE involved. The symbol H; represents
the transfer funciion H;(z) of each polyphase integer decimator which has been
implemented in Figs. 6.5-6.7, and 6.10(a). It can be seen that the structure is

modular, pipelined, and hierarchical.




122

x(nT) —» roT roTts . -—ryT —>
¢ (nT’) —»| H, of H; > nH,
0 — rid, 1l =, — y(nT,)

xin(n D 1 > xou!(”D
H;
¥
r u
cL,in(nT) ’ > cL,oul(nT)
Vin(nT,) b > YoulTy)

(b)

Figure 6.11: Fractional decimator scheme. (a) Mapping of (6.41) and (6.42) onto a
systolic structure. (b) Details of PE involved.

6.4.6 Performance and Discussion

Processing rate is affected by the scheme used for decimator/interpolator structures.
To illustrate this fact consider the decimator schemeé. In scheme PD-I, the input
data is pipelined, the control signal is broadcast, and the output results are added
simultaneously according to Fig. 6.5. The minimum output sampling period can be

deduced from the relation
T > max[M(T,), Tp; + MTouq + TT] (6.43)

where Tp; is the processing time of a polyphase filter represented by the transfer
function P;(z) and T,q4q is the adder delay.

For scheme PD-II, the inputs and the outputs are pipelined according to Fig. 6.6.




The minimum sampling period can be deduced from the delays in one pipeline stage

using the relation
T' > max[M(T,), Tp; + Toaa + T,] (6.44)

Comparing relations (6.43) and (6.44), it is clear that scheme PD-II can handle
higher processing rates than scheme PD-I especially for higher values of M.

For scheme PD-I11, the input is broadcast while the outputs are pipelined accord-
ing to Fig. 6.7. This scheme requires complex timing of input and control signals
which yields inter processor buffers each introducing a delay equal to a fraction
of one sampling period. The minimum sampling period can be deduced from the

relation
T > max(M(Ts + T,), Tp; + Tpaa + T,] (6.45)

where Tp is the delay of the input data bus. Tp is proportional to the square of
the number of PEs (i.e., M?) [93]). As M increases, Ts could be the dominant
term in the above inequality and puts an upper bound on the input processing rate
because of bus loading and clock skewing problems. Scheme PD-III is considered
less practical for VLSI implementation although it is attractive from the perspective
of speed compared to scheme PD-1. Processing rate limitations can be deduced in
the same way for interpolator structures.

It is noted that the latency for the array structures obtained in Sections 6.4.1-
6.4.2 depends on the latency of the array structures of the polyphase filters. For
decimator structures, the latency of scheme PD-I structure equals the latenry of
the polyphase subfilter structure Tj,. For scheme PD-II, the latency is cqual to
T, + (M —1)T" and T, for scheme PD-III. For interpolator structures, the latency
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is T}, for scheme PI-I and T}, + (L — 1)LT” for scheme PI-II. It is noted that T, is
measured in terms of the low-rate sampling period for all structures. The latency
for the efficient IIR decimator/interpolator structures and the fractional decima-

tor/interpolator structures can be deduced in a similar way.

6.5 VLSI Array Processors for FIR Decimators
and Interpolators

In this section, efficicnt array-processor implementations of FIR decimators and in-
terpolators with integer compression/expansion factors are obtained by mapping
their difference equations using the algebraic mapping methodology. The imple-
mentations are based on uecimators/interpolators direct-form structures, where the
prefixes FD and FI are used to denote an FIR decimator and an FIR interpolator,

respectively.

6.5.1 Decimator Structures

The model of an M-to-1 decin::ator is shown in Fig. 6.12(a) [63]. According to this
model, the filter with impulse response h(nT'), where T' is the sampling period,
operates at the high sampling rate F. M — 1 out of every M output samples are
discarded by the M-to-1 sampling rate compressor. for an N-tap FIR filter, a more
efficient realization is obtained as shown in Fig. 6.12(b) in which the multiplications
and additions associated with coefficients h(0) to A[(N — 1)T'] are performed at the
low sampling rate F//M. Therefore, the computation rate in the system is reduced

by a factor M. The structure in Fig. 6.12(b) is a direct-form realization of the




following relation [63]
N-1
T =Y h(kT) x(nMT — kT) (6.46)
k=0
where T and 7" = MT are the high-rate and low-rate sampling periods, respectively.

The above equation can be expressed as

..A

m—1 M-1
y(nT")y = Z Al(:M + §)T] 2(nMT — iMT — jT)
=0 j=0
where m = [N/M], [-] is the ceiling function, and A{IT) = 0 for [ > N — 1. Using
the shift operators £ and & for the input and output sampling periods, respectively,

and the downsampling operator D, the above relation can be written as

-1 M-1
y(nT') = Y h[(EM + j)T) DIEFIE-x(nT)) (6.47)
i=0 j=0
Alternatively,
m—1 .
y= Y UT D[gX] (6.48)
=0

where y = y(nT"), and vectors U; and X are defined as

U;

Il

[AGMT) A{GM +1)T] oo M+ M = 1)17 "
X

I

[fb'(nT) Elw(nT) - 8’(M~”.’E(nT)]T

Based on (6.48), the decimator structure of Fig. 6.13(a) results where the ith
PE performs the inner product operation UTD[X;], X; = £ X. Better utilization
of each P can be achieved if the inner product operation is performed on incoming
data immediately and the partial results are stored as shown in Fig. 6.13(h). 1t is
easy to see that the PE in Fig. 6.13(h) performs the downsampling and filtering

operations.
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Figure 6.12: (a) General M-to-1 decimator system. (b) An efficient direct-form
structure of an M-to-1 decimator.

Scheme FD-I

To obtain array-processor structures in which all PEs are identical, we introduce

the intermediate vector

X; =& Xin

fori=1,2,...,m —1 and Xo = X, then (6.48) becomes
y = {UgDXo]} + {UD[Xu]} + - + {U],_, DX s ]} (6.49)

If each PE performs the operations inside each pair of brackets, then from (6.49) it
can be seen that the input is propagated from one PE to the next. The filter output
is produced after all the partial products have been added. Figure 6.14(a) shows the
mapping of (6.49) while Fig. 6.14(b) shows the details of the PE involved. It can be

seen that the structure is modular and that the input signal is pipelined between
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Figure 6.13: (a) The proposed structure for M-to-1 decimator. (b) Efficient imple-

mentation of U D[X;].
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Figure 6.14: Scheme FD-I. (a) Mapping of (6.49) onto an array-processor structure.
(b) Details of PE involved.

the PEs while the outputs are added simultaneously.

Scheme FD-II
Applying Horner’s rule as in [56], (6.48) can be put in the form
y = UgDIX] + ET{UIDX] + - + & {U},_,DIX]} -} (6.50)
Alternatively, in terms of recursive equations,
yi = UIDX]+ € 'yiqa for0<i<m—1 (6.51)
Ym-1 = Up_ DIX] + ym
Ym =0

Y=Y




129

00— Um-l —»T'-»---—qT B (]1 T'—c []0 - Y

Yin ><‘ r’ Yout

Figure 6.15: Scheme FD-IL. (a) Mapping of (6.51) onto an array-processor structure,
(b) Details of PE involved.

The ith PE computes y; in (6.51) using one inner product and one addition. Fig-
ure 6.15(a) shows the mapping of (6.51) onto an array-processor structure while
Fig. 6.15(b) describes the details of the PE involved. It can be seen that the struc-
ture is modular and that the input signal is broadcast to all the PEs while the

outputs are pipelined.
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Scheme FD-II1

Implementations in which both the input and the output signals are pipelined can
be obtained [100]. Delaying the output by m — 1 sampling periods, (6.48) can be

written as

)

m-—1 o, .
7= & 9uTpler x| (6.52)
i=0

where § tepresents the delayed system output. The above relation can be written

as
7 = Uy DXioa] + &7H{UL DX 2] + - + ETH{UTD[Xo]} -} (6.53)
where
X; =&KX
fori=1,2,...,m—1 and X, = X. Equation {6.53) can be written in the recursive
form
i = UIDXi) + &1 for0<i<m—1 (6.54)

Jo = U3 D[Xo] + §-1

The ith PE is assigned to compute y; in (6.54). The mapping of (6.54) onto a systolic
structure is shown in Fig. 6.16(a) while Fig. 6.16(b) depicts the details of the PE

involved.
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Figure 6.16: Scheme FD-IIL (a) Mapping of (6.54) onto a systolic structure.
(b) Details of PE involved.

Scheme FD-IV

Implementations in which both the input and the output signals are pipelined while
maintaining a latency of one low-rate sampling period can be obtained. This scheme
involves the use of more complex PEs. Delaying the output by one low-rate sampling

period, (6.48) can be written as

For the case when m is even, (6.55) can be written as

7 = E7{[USD[Xo] + UT DX ]] + &7 {[UID[X:) + UL DXy + -
+ErH{[Un - D[X,] + UL _, DX, ]} -+ }} (6.56)
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where
Xi =& Xy
fori=1,2,...,p, q, where p = (m — 2)/2 and ¢ = m/2, and X, = X. Equation
(6.56) can be written as
§i = &7 {ULDIX] + Ug D[ Xita] + Pipn}  for 0<i<m/2~1  (6.57)

gfl =0

)

3
=2

0

The ith PE is assigned to compute y; in (6.57). Each PE is required to perform two
inner product evaluations and two additions, and has two inputs and two outputs.
The two inputs are the signal input and the partial sum from the adjacent PE.
The outputs are the delayed input signal and the partial sum. The mapping of
(6.57) onto a systolic structure is shown in Fig. 6.17(a) while Fig. 6.17(b) depicts
the details of the PE involved. |

A systolic structure for the case when m is odd can be derived using the same

PE of Fig. 6.17(b). The resulting systolic implementation is shown in Fig. 6.17(c).

6.5.2 Interpolator Structures

The general structure for the 1-to-L integer interpolator is shown in Fig. 6.18(a).
The output y(nT") can be written as [63]
+00 n
y(nT") = Y h[(iL+n® L)T") :v[([fj — )T (6.58)
f=—00
where T” = T'/L is the high-rate output sampling period, n @ L denotes the value

of n modulo L, and |-| is the floor function. The output is obtained by passing the
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Figure 6.17: Scheme FD-IV. (a) Mapping of (6.57) onto a systolic structure for m
even. (b) Details of PE involved for m even. (c) The systolic array for m odd.
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input z(nT) through a time-varying filter with impulse response
gl(z,n)T") = R[(:L +n & L)T"], —co <i,n < +o00 (6.59)

It is noted that g[(¢,n)T"] is periodic in the variable n with period L. Let N be
the filter length, m = f%], and h(IT") = 0 for [ > N — 1. Consequently, the set of

coeflicients g[(z,n)T"] for each n = 0,1,...,L — 1, contains m elements. It follows
that
" iy n 7 n .
ynT") = 3 gllisn - |2ID)T"] af(| 2] —i)1] (6.60)
=0

The output can be obtained by processing blocks of data of length m by a set of
m filter coefficients g[({,n — |}]L)T"],i =0,1, ..., m — 1. There are L such sets
of coefficients, one for each block of L output samples of y(nT"). For each block of
L output samples, there is a corresponding input sample of z(nT') that enters the
computation, A structure to compute y(nT") is shown in Fig. 6.18(b). Equation

(6.60) can be written as

m-1
Y=Y V/H[E g (6.61)
i=0

where & = «(nT') and H is an operator performing digite! hold and sample. The

vectors Y and V; are defined as

V; = [ hGLT") R[GL+1)T") -+ RGL+L—-1)T" "

Il

= [y(uT") &I o EE Iy |

where &, is a shift operator for the output sampling period. Since £~ = &%, (6.61)

can be put in the form

m-1
Y=Y &VH[z| (6.62)

1=0
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Figure 6.18: (a) General 1-to-L interpolator system. (b) An efficient structure of a
1-to-L interpolator.

Based on (6.61)-(6.62), the interpolator structure can be redrawn as in Fig. 6.19(a),
where each polynomial evaluation V;H[z] can be implemented using the structure
of Fig. 6.19(b).

It is easy to show that the array-processor schemes for the interpolator can
be obtained by following the same procedure for the decimator schemes provided
the following modifications are adopted. Subsystem U is replaced by subfilter V;,
the input X is replaced by z, the output y is replaced by Y, and T" is replaced
by T. Furthermore, the input data is processed at the low rate while the output
is processed at the high rate. On the basis of the aforementioned modifications,

Figs. 6.14-6.17. yield interpolator array structures.
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Figure 6.19: (a) The proposed structure for 1-to-L interpolator. (b) Efficient imple-
mentation of V;H[z].
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6.5.3 Performance and Discussion

For scheme FD-1, sampling period limitations can be deduced from the inequality
T > mToga + M(Toda + Trnutr) + T, (6.63)
For scheme FD-II, sampling period limitations can be deduced from the relation
T' > max([Ts + T, Toaq + Tr + M(Tygq + Trutt)] “ (6.64)

where T} is the delay of the input data bus which is proportional to the square of the
number of PEs (i.e., m?) [93]. As m increases, T dominates the above inequality
and puts an upper bound on the input processing rate. For schemes FD-III and

FD-1V, processing rates can be deduced by the following relations
Tl > Tadd + Tr + N[(Tadd + Tmult) (6'65)

From perspective of speed, higher data rates can be achieved with schemes FD-II1
and FD-IV than schemes FD-I and FD-II.
The minimum latency for schemes FD-1, FD-II, and FD-IV is one low-rate sam-

pling period. For scheme FD-III, the latency is m low-rate sampling periods.

6.6 Comparisons

In Section 6.4, array-processor implementations for decimators and interpolators
were obtained based on their polyphase structures. Here, we compare those imple-
mentations with their counterparts in Section 6.5 for the case of decimators.

From the performance of Sections 6.4.6 and 6.5.3, it is easy to verify that the

processing rates of the implementations obtained in Section 6.4 are higher than their
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counterparts reported in Section 6.5. However, they require more area. This can be
verified by observing that the implementations of Section 6.5 require fewer adders
and multipliers than those in Section 6.4. As an example, consider an FIR decimator
with a prototype filter of length N = 16 with M = 2, hence m = 8 implemented in
terms of the fully pipelined schemes, i.e., scheme PD-II of Section 6.4, and scheme
FD-III of Section 6.5. The processing time of scheme PD-II is approximately equal to
2T 444 + Trmuie assuming fully pipelined implementations for the individual polyphase
filters, while that of scheme FD-III is equal to 37444 + 2L mu:- On the other hand,
scheme PI)-II recuires 18 adders and 16 multipliers, while scheme FD-III requires

16 adders and 8 multipliers.

6.7 Filter Bank Imgulementation

Array-processor implementations for PR filter banks can be constructed using dec-
imator and interpolator array structures presented in Sections 6.4-6.5. Any of the
analysis filters followed by a compressor can be constructed using any of the array
structures in Figs. 6.5-6.7, 6.10(a), and Figs. 6.14-6.17. Similarly, any of the synthe-
sis filters preceded by an expander can be constructed using any of the interpolator
array structures. It is observed that the input delay chains and compressors can be
common for all channels for the analysis bank. Conversely, the output delay chains

and the expanders can be common for the synthesis bank.

6.7.1 Array Processors for Polyphase Filter Banks

It is preferable to incorporate polyphase filter structures having the same latency
throughout the system. This avoids having to add extra delays to the polyphase

filter structures with small latencies.
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One example to illustrate how to obtain filter bank array structures is to imple-
ment the two-channel PR FIR QMF bank using schemes PD-II and PI-II. For the
PR FIR QMF banks, two independent filters are designed to be used as analysis
and synthesis filters. Since M = L = 2, the analysis and synthesis structures each
comprises two PEs as shown in Fig. 6.20 where T is the high-rate sampling period
and T is the low-rate sampling period for the the subband signals. The polyphase
filters are related to their particular prototype filter as indicated in the figure. The
structure in Fig. 6.20 is suitable to implement PR filter banks. The processing rate
depends on the polyphase filter structure. The latency of the structure is T, -+ 1.
Following the same procedure, different structures can be obtained using various
decimator and interpolator schemes obtained in Section 6.4.

Systolic implementations of M-channel FIR PR filter banks can be obtained
following a similar procedure. In this case, the number of PEs is M and the number
of polyphase filter structures in each PE is also M.

The example in Fig. 6.21 illustrates the implementation of the conventional two-
channel QMF bank using schemes PD-I and PI-I, From the VLS implen'mnta,i;ion
perspective, this category has the advantage of using the unique relation hetween
Ho(z) and Hy(z). This means that the analysis/synthesis filters can be combined
in a single structure using polyphase components of Hy(z). This results in 50%
savings in the number of multipliers used compared with the two-channel PR FIR
QMF banks. Following a similar procedure, implementations for M-channel filter
banks can be obtained. In this case, the number of PEs is M with an M-point
discrete-Fourier transform (DFT) and a scaled inverse DFT (IDFT) to replace the
2-point DFT and scaled IDFT processors. It is noted that the scaling multiplicative

factor is equal to M.
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Figure 6.20: Systolic implementation of a two-channel PR FIR QMF bank.
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(a) Systolic structure of the analysis bank. (b) Systolic structure of the synthesis

bank.

6.7.2 Array Processors for FIR Filter Banks

One example to illustrate how to obtain filter bank array structures is to imple-

ment the two-channel PR FIR QMF bank using scheme FD-III and its interpolator

counterpart, i.e,, scheme FI-III, Figure 6.22 illustrates the resulting systolic imple-

mentation of the analysis and synthesis banks. Since M = [ = 2, the structures

of Figs, 6.13(b) and 6.19(b) have to be modified as in Fig. 6.23 where the CSIPP

module presented in Chapter 5 can be used in Fig. 6.23(a) to increase the process-
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Figure 6.21: Array-processor implementation of a conventional two-channel QMF
bank. (a) Array-processor structure of the analysis bank.

(b) Array-processor structure of the synthesis bank.

ing rate. In Figs. 6.22 and 6.23, X = [z(nT) £~-'a(nT))", X = $7' £74X;, and
X; = [#(nT) E1&(nT)]7, where € and & denote shift operators for the high-rate
and low-rate sampling periods, respectively. In this case, m = max ([No/2], [N/2])
where Np and Ny are the lengths of the analysis filters Ho and I1;, respectively, or
the lengths of the synthesis filters Fy and Fo. The latency of the structure is m'l,
Structures with latency of one low-rate sampling period (T},) can be obtained us-

ing the decimator and interpolator structures in schemes I, 11, ancl 1V, It is noted




Figure 6.22: Systolic implementation of a two-channel PR FIR QMF bank.
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(a) Systolic structure of the analysis bank. (b) Systolic structure of the synthesis

bank.

that this implementation is not efficient for implementing classical QMF banks and

linear-phase FIR PR QMF banks.

6.8 Conclusions

New array-processor implementations for multirate filter banks have been obtained

by mapping decimator and interpolator algorithms onto hardware structures us-
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Figure 6.23: (a) Efficient irnplementatioﬁ of UTD[X;]. (b) Efficient implementation
of ViH[wg).

ing an algebraic mapping methodology. Two approaches have been employed. In
the first approach, array-processor implementations for polyphase decimators/inter-
polators with integer/fraction compression/expansion factors have been presented.
These structures are useful for high-speed multirate signal processing applications
and, eventually, are of particular importance to filter bank implementations, Most of
the proposed structures do not suffer from signal timing problems and are amenable
to hardware implementation in which one master clock is incorporated for gystem
timing, The schemes obtained are efficient and flexible in realizing FIR or IR dec-
imator, interpolator, and filter bank systems. The implementations are regular,

modular, hierarchical, and some of them entail local communications among Pls,
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In the second approac!i, new array-processor implementations for FIR decimators
and interpolators have been obtained based on their direct-form structures. The
structures obtained entail savings in the number of multipliers and adders for each
PE. One other advantage achieved is the absence of commutators in all structures.
A comparison among the different proposed schemes has been presented. Upper
bounds on the input/output processing rates have been provided in terms of system
parameters and hardware delays. The implementations are regular, modular, and
some of them entail local communications among PEs and/or minimum latency of

one low-rate sampling period.




Chapter 7

Conclusions

The objectives of this thesis have been to develop new approaches for the design of
two-channel QMF banks as well as M-channel filter banks, to obtain efficient VLSI
array processors for filter banks based on the polyphase and direct-form structures
of decimators and interpolators, to obtain new VLSI array processors for digital
filters, and to obtain new fixed-point processors that can be incorporated in the

above implementations.

7.1 Contributions

In Chapter 2, two constrained optimization approaches have been applied for the
design of two-channel PR FIR QMF banks with low delays. The first approach is
based on the Lagrange-multiplier method and can be used to design banks with
filters of unequal lengths. The approach is simple, efficient, flexible, and leads to
a closed-form exact solution. The second approach can be used to design filters
with equal as well as unequal lengths. In this approach, the design is formulated
as a quadratic constrained least-squares minimization problem which can be solved

using standard minimization algorithms. The two approaches have heen compared
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with other known methods for the design of FIR QMF baunks and found to yield re-
duced reconstruction error and it is sometimes possible to obtain increased minimum
stopband attenuation and decreased passbhand ripple.

In Chapter 3, two design approaches for filter banks have been presented. In the
first approach, a computationally efficient method has been applied to the design of
cosine-modulated pseudo-QMF banks. The method is quite efficient in producing
good designs while reducing the amount of computation and design time. In the
second approach, a modified WLS method has heen employed to obtain a weighted
minimax design of linear-phase FIR QMF banks. The approach is considered easy
to implement and efficient in terms of the amount of computations and design time
compared to other WLS design approaches. Design of QMF banks satisfying pre-
scribed specifications has also been considered.

In Chapter 4, array processors for FIR filters and linear-phase FIR filters have
been obtained using the SFG approach. Those implementations are considered
integral parts of the polyphase structures of decimators, interpolators, and filter
banks presented in Chapter 6. The SFG method was employed to obtain an FIR
array processor scheme in which the outputs are localized in separate processing
clements. The method was also employed to obtain new and novel array structures
for linear-phase FIR filters. All the implementations obtained are modular and
regular.

In Chapter 5, a new inner-product processor has been presented. The new
processor enhances the speed of operation with a slight increase in the area. This
processor can be used in the LP FIR scheme presented in Chapter 4 and in the
array-processor implementations of FIR decimators and filter banks presented in

Chapter 6. Also, a new processor module to perform an add-multiply-accumulate
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operation has been presented which enhances the speed of operation of the linear-
phase FIR filter implementations of Chapter 4 without increasing the silicon area
or introducing extra latency in the system.

In Chapter 6, new array-processor implementations for multirate filter banks
have been obtained by mapping decimator and interpolator algorithms onto hard-
ware structures using an algebraic mapping methodology. Two approaches have
been employed. In the first approach, array-processor implementations for polyphase
decimators/interpolators with integer/fraction compression/expansion factors have
been presented. These structures are useful for high-speed multirate signal pro-
cessing applications and, eventually, are of particular importance to filter bank
implementations. Most of the proposed structures do not suffer from signal tim-
ing problems and are amenable to hardware implementation in which one master
clock is incorporated for system timing. The schemes obtained are efficient and
flexible in realizing FIR or IIR decimator, interpolator, and filter bank systems.
The implementations are regular, modular, hierarchical, and some of them entail
local communications among PEs. In the secoud approach, new array-processor
implementations for FIR decimators and interpolators have been obtained based on
their direct-form structures. The structures obtained entail savings in the number of
multipliers and adders for each PE. One other advantage achieved is the ahsence of
commutators in all structures. A comparison among the different proposed schemes
has been presented. Upper bounds on the input/output processing rates have been
provided in terms of system parameters and hardware delays. 'The implementations
are regular, modular, and some of them entail local communications among PEs

and/or minimum latency of one low-rate sampling period.
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7.2 Suggestions for Further Research

As there is a close relation between the discrete wavelet transform and filter banks,
the design of wavelet filter banks can be considered using the proposed design pro-
cedures. One-dimensional QMF banks can be used to construct two-dimensional
separable filter banks. A problem arising with separable sampling structures is that
some of the subbands obtained contain mixed orientations. A possible remedy would
be to consider the hexagonal sampling lattice which produces subbands with pure
directional orientations. Hence, extension of the design methods incorporated in
this thesis to two-dimensional case is recommended.

Multirate filter banks have shown promises to increase the rate of convergence
and reduce the amount of computation in adaptive systems [101]. However, perfect
reconstruction systems exhibit problems related to the overall delay of the filter bank
system. Eventually, using low-delay filter banks in the adaptive multirate system
would alleviaie these problems.

The implementations presented for the one-dimensional filter banks can be ex-
tended to two-dimensional filter banks based on the polyphase representations of
two-dimensional decimators and interpolators.

Digital filter algorithms are characterized by an arithmetic sum of products. Dis-
tributed arithmetic (DA) [102] is a parallel serial implementation of the sum of prod-
ucts. The serial nature of the DA circuit precludes the highest-speed application.
However, with the concurrent processing of all inputs, the performance is adequate
for many real-time DSP applications. Furthermore, the regularity of the memory
array and its peripheral circuits permit highly efficient VLSI implementation. DA

techniques permits the sum of products to map well into field-programmable gate ar-
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rays. Xilinx devices [103] are ideal for this application and can be used to implement
digital filters, decimators, interpolators, and filter banks.

In Chapter 5, new fixed-point processors were presented based on parallel mul-
tiplier design. Fixed-point processors that deal with complex data input can be
similarly designed. An important research would be to extend the existing designs

to floating-point arithmetic.
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