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1  Introduction and
Preliminaries

1.1 Introduction

In 1872, Ludwig Boltzmann introduced an integro-differential equation to describe
the behaviour of a rarefied gas [3]. This equation is fundamental in the kinetic theory of
gases, and has been applied in different forms to such areas of study as the transport of
electrons, neutrons, and phonons, as well as radiative transfer in the atmosphere [3].

These areas of interest are the target of a considerable amount of research [3].

A derivation of the Boltzmann equation can be found in [3] or [8]. To state the
equation, consider a system (generally a gas) of N identical rigid spheres in a given
volume. Each sphere has position 7 € R* and velocity ¥ € R’. The evolution of this gas
in time 7 € R is approximately described by the particle density function f(7,v,z). The
Boltzmann equation for this case is a non-linear integro-differential equation given (with the
arguments suppressed) by

%14 v-Vf = %R‘-L(ff*’ — ff.)B(7i, v — W )drid. (1.1.1)
Here, the notations v' =V —7(ii,v —w) and w’ = w +7(7i,V —w) are used to define
f=f(Fv"1), fl=f(F,w,t), and f, = f(F,w,f). A is a dimensionless parameter
dependent on the number and size of the particles. B:S> x R — R is called the collision

kernel.

-




To state the steady state problem, the change of variable seen above is completed

via the following transformation J:(R3 K5 R3) - (R3 X8 % R3) defined by
J(v,n,w) = (V',—1i,w’) and referred to as the collision transformation. The notation
(1, —w) denotes the Euclidean inner product in R*. Note that for fixed 7i € S, J isa
linear transformation on R® . J is linear by definition and invertible by observing that

J™'=1J. Hence, J is in the group of invertible linear transformations on R®. For any
Lebesgue measurable f € L'(R®) it holds [4] that J f(x)dx =|detJ |I foJ(x)dx. Since

J7' =1, itis true that 1 =det] =detJ? =detJ-detJ "' =(detJ)’ implying |det J|=1.

For the case of N rigid spheres, B can be written explicitly as |(\7 -w)- ﬁ| In

general, B is only dependent on ||V — | and [(7i, v — w)| and thus is invariant under J. In

the following, the full collision kernel is not dealt with and some assumptions must be
made to B before any results can be obtained. Specifically, the truncation introduced in
Arkeryd, Cercignani and Illner [1] must be assumed and incorporated into B. Letting
v=(&n,¢)and w=(&,,n,.{,) represent vectors in R* with x,y, and z components
givenby &,n, and ¢ or &,,n,, and &, respectively, this truncation can be written by
including the factor

1 if mi
25 (5, ,7 ) = if min{|$
0 otherwise

2

él

S

£ > t

} >0, and}
for & > 0 arbitrary but fixed. In the above, " and &/ are the x-components of v” and
w’. A truncated collision kernel B, can be defined by

By(i,v,w) = B(n,v —w)- x5(V,w,v",W).
By construction, y; is invariant under the collision transformation using the property
(v ’), =7 and (sz’), =w. The invariance of B under J allows B; to maintain this

property. In the remaining chapters of this paper, B; is used instead of B however to

simplify notation the collision kernel will be denoted simply by B.




The problem dealt with herein is a special case of the full non-linear Boltzmann
equation. It is obtained by restricting 7 to one spatial dimension, and considering a

o

steady-state solution f(x,V) independent of time. With - 0, the equation (1.1.1)
1

simplifies to

£ ;_x P RI !2( £ = f£.)B(7. 5 ) diidw, (1.1.2)

where x €[0,a] for some a € R asin [1]. A further notational simplification can be

reached by setting

C(f.£)(x9)= [[(£F. - f.)B(.5,)diidvp.

RS?
Equation (1.1.2) can then be written more succinctly as

é'dif=C(f,f)‘ (1.1.3)
X

This ordinary integro-differential equation is known as the steady state Boltzmann equation

in one dimension [1].

The main results of this paper can now be stated; uniqueness of a solution to an
associated boundary value problem to (1.1.3) is proven in section 2.2, while uniqueness of
a measure solution (to be defined in section 1.4) to the associated measure boundary value

problem of (1.1.3) will be obtained in chapter 3.3.

1.2 The Truncated Problem

Uniqueness of solutions to the steady Boltzmann equation is unknown in general
[1]. However, under some simple assumptions to the collision kernel, uniqueness of a

solution can be obtained for the truncated problem with boundary conditions for small

-




enough length of the interval [0,a]. In leading up to the statement of this simplified

equation, some notation and definitions are needed.

Let X = C([O,a], L'(R’ )) and X, = C([O,a], L (R’ )) be the function spaces of
continuous mappings from [0,a] with the usual topology into L (R3 ) the space of
integrable functions with respect to Lebesgue measure on R*. L, < L' is the subset of

non-negative functions in L' . Both of these spaces can be equipped with a norm given by

||f(x,.) - ,,Se}]og]ﬁ[‘f(x’g)lﬁ forfeXorX,.

The above is shown to be a norm on X in the Appendix, theorem A.1.

The first assumption on the collision kernel is a straightforward bound, given by

~—

0 < B(7i,v,w) < b for some b € R, and all (v,7i,w) € R’ xS* x R*. The second

S

assumption, made in 1.1, takes the form of a truncation to the collision kernel B. {

Using this notation, the truncated boundary value problem for the steady Boltzmann

equation in a slab can be stated in its entirety as

&< r=C(r.1)

(1.2.1)
with the boundary conditions f,,(v), f,(Vv) € L, (R"), . —
f(0.%) = f,(¥) if £ >0, and

fla,v)=f,(¥)if &<O. (1.2.2)

Note that the functions f,(v), f,(V) € L'+(R3) are fixed and assumed to be non-

negative. This is a physical constraint since only positive densities are considered to exist

in reality [3].



In chapter 2, problem (1.2.1-2) is shown to have a unique solution in X,
assuming that one exists. This is achieved via a contraction inequality depending linearly

on the slab width a, which gives both existence and uniqueness of a solution in X via the

Banach fixed point theorem. It is also important to observe that for |£|< & , truncation of

the collision kernel implies C(f, f)=0 for an arbitrary but fixed constant & > 0.

1.3 Review of Definitions and Results
from Standard Analysis

In leading up to a statement of the measure problem in section 1.4, some definitions
and results are necessary. This section is a review of the following definitions which are

taken from Folland [4].

Let (Y,3) denote a topological space. Y is called locally compact if every point
y € Y has a compact neighborhood. Y is said to be Hausdorff if for every x,y € Y with

x # y there are disjoint open sets U,V € 3 such that xeUand ye V.

For a topological space (Y,,3,), amap f:Y — Y, is called continuous if
f7'(V)eS forevery open set V € 3,. Denote the set of all such continuous functions
f:Y =Y, by C(Y.Y,) orsimply C(Y) if ¥, =C or R. There are two other common
subsets of C(Y) which are defined as

C.(Y)={f € C(Y): supp(f) is compact}, and
C,(Y)={f € C(Y): fvanishes at e}.



The support of f, denoted by supp(f), is the smallest closed set outside of which f
vanishes. Hence, supp(f):cl(f"({O}")). Also, f vanishes at o if for every € >0 itis

true that {y € Y:]f(y)l > E} is compact.

For any set Z and family of maps {fa:Z =4 Ya}aeA’ where Y, are some
topological spaces indexed by an indexing set A, there is a unique topology on Z which
has the property that any other topology in which all the f,'s are continuous contains Z.

This topology is called the weak topology generated by {f (x}ae 4

Now let Y be a normed vector space over K where K =R or C. A Banach space
is a normed vector space which is complete with respect to the norm metric. A linear map
from Y to K is called a linear functional on Y. A linear functional fon Y is said to be
bounded if there exists a real number C >0 such that |f(y)|< C]|y| forall yeY. The
space of bounded linear functionals on Y, denoted by Y", is called the dual space of Y

and is a Banach space with the operator norm defined by

1A= sup{lr ()}

Iyl=1

The weak topology generated by Y~ is called simply the weak topology on Y .

For a normed vector space Y with its dual Y~ the topology generated by Y
(considered as a subspace of Y™) is called the weak * topology on Y. Convergence in

the weak topology is called weak convergence while convergence in the weak * topology

is simply the topology of pointwise convergence: for a net <ya> cY, f,— f ifand only

if f,(y)— f(y)foral yeY.

For notation and definitions involving measures, let (Y, B, 1) denote a measure

space. If B contains the o -algebra of Borel sets of ¥ then pu is said to be a Borel



measure on Y. Further, for y a Borel measure on Y and E a Borel subset of Y, u is
called outer regular on E if u(E)=inf{u(U): U2 E, U open} and inner regular on E if

((E)=sup{u(K): K c E, K compact}. A Borel measure which is finite on compact sets,

outer regular on all Borel sets, and inner regular on all open sets is called a Radon measure
on Y. The space of all bounded Radon measures on Y is denoted by M(Y), which is a

normed vector space with the norm u — [u(Y) where |u| is the total variation of .
With this notation, a form of the Riesz Representation theorem can be stated from [4] as

follows:

Theorem 1.3.1 (Riesz Representation) Let Y be a locally compact Hausdorff
space, and for u € M(Y) and f e Cy(Y)let I,(f)= J.fdu. Then the map u — I, is an

isometric isomorphism from M(Y) to C,(Y)".

The term isometric means that the map preserves the norms involved. In the

theorem, M(Y) is equipped with the total variation norm, and C,(Y)" uses the usual

operator norm.

To apply the Riesz Representation theorem, consider M(R’) = C,(R’ ) with the

weak-* topology, and convergence of measures in M (R3) written as {, —=— U if

J fdu, — J fdu forall fe CO(R3). It is in this notational setting that a measure

formulation of the steady Boltzmann equation can be formulated.

-
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1.4 Measure Formulation

In this section, problem (1.2.1-2) is reformulated to admit a measure solution to the
associated measure boundary value problem [1]. In chapter 3, a solution to this problem is

shown to be unique for small enough slab width a.

Let Z denote the subspace of functions in X,
¢ is bounded and continuous, d ¢(x,V)/ & is continuous,
Z =4¢(x,v) € X | @ is Lipschitz continuous with respect to v independent of x,

supp(¢) is compact and @(0,v) =0 if £ <0, ¢@(a,v)=0if £ >0

Elements of Z are called admissible test functions.

To obtain a measure formulation of the steady equation, it is necessary to start with

equation (1.2.1). Multiplication of the equation by any ¢ € Z and integration by _”dﬁdx

OR?

yields

a

[] o(x.9) -%fdﬁdx - j j @(x,7)C(f, f)dvdsx. (1.4.1)

0R?

Integration of the left hand side of equation (1.4.1) by parts with respect to x yields

J&-5(a)0(a7)a5 - [ £ £0.9)p(a 7 - | & 1(27) 2 gl D)

0 R?

:I [[] o(x.9)BG.5, W) 17! - 1. |diidvdvdx. (1.4.2)

OR’RY?
Here C(f,f) has been written in its full form and the above integration by parts must be
done by changing the order of integration, integrating by parts, and changing back. This

can be done via the Fubini-Tonelli Theorem [4].

-
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The boundary conditions on ¢ € Z and condition 1.2.2 can be used to simplify the
first two integrals in (1.4.2), and the collision transformation J can be applied to the right

hand side to obtain

a

J& L)o@~ [&£,)00.9)d5 - [ | & 1(57)2- gl F)dds

(1.4.3)
j (@(x,5") = @(x,V))B(ii, v, W) f (x,¥) f(x, W) |dridwdVdx.
.‘SZ

The right hand side can be written with Bo J = B by the assumptions on B in section 1.1.

Considering the signed measures associated with the function f € X defined by

W(E)= jf(\ﬂ’)d‘ﬁ’, E < R’ measurable, equation (1.4.3) becomes
A

[&-olam)dui(7)= [&-0(0.5)du; (7)- Hé -%co(xi)dux(ﬁ)dx

(1.4.4)

With the notation u, and u, representing the initial data as measures on & >0 or & <0,

the definition of a measure solution given in [1] can now be stated.

Definition 1.4.1 Consider M =M(R3) with the weak-* topology. A measure-

valued function
[0,a] > M(R3),
xX—>MU,

is called a measure solution of (1.2.1) if u,

{v:£>0} =ug’ ,L[u [v:£<0} :‘L[;’ X _)’LlA is
continuous with respect to the weak-* topology on M (R3 ) and (1.4.4) holds for all

admissible test functions.

-

-
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Using this definition of a measure solution, a truncation to the collision kernel can

be introduced to state the steady measure problem. Let 6 > 0 be arbitrary but fixed and

define a function (g"":(S2 x R* x R}) —[0,1] by

0 ifz<6,
g (7,7, w) = 6 (z-0)if § <z<28, and
1 if28<z

where z = min{[ﬁ

}. Define C° to be the collision operator C in (1.2.1) with

’ ’ ’

S.blS hlS!

the collision kernel B replaced by B°(ii,v,w)= B(ii,v,w)- g’ (ii,v,w).

The problem for which uniqueness is solved is then

d .
fz,u\zﬁ(u‘,,,u‘), (1.4.5)

with the boundary conditions

— “+ p— i
:uU {§>()Il —lu()" nuu {‘_5<()1r _:uu ; (146)

For uniqueness to the problem (1.4.5-6), a norm or metric on this space of
measures is necessary. To achieve this, define

¢ is Lebesgue measurable, and
D=:¢:R’—>]0,1] :

|@(x) = @(y)|<[x-y] forall x,y e R’

Let the space of measure solutions be denoted by X = C([O,(l],M(R3)), and although this
notation is the same as that introduced in section 1.2, the meaning is clear in the following

chapters from the context. The function p: X x X — R given for u,,y, € X by

p(H.,¥.)= sup su

xe[0,a] peD

J o)an (%)= [ o(7)ar. (7)
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is shown in the Appendix theorem A.2 to be a metric on X if the equivalence of two

measures is defined almost everywhere for each x €[0,1]. This metric is called the

bounded Lipschitz distance on X .

In Arkeryd, Cercignani and Illner [1] an existence result for the problem (1.4.5-6)
is proved and part of this presentation is restated. This theorem is actually proved for a
truncation which is weaker than that assumed here; however the similarities in the

truncations allow the result to be applied to the problem (1.4.5-6).

Theorem 1.4.2 For any 0 > 0, the problem (1.4.5-6) has a measure solution.

That is, there exists a measure 1, € X such that

d 5
ma = C =) s
§H, (aom,)

and

My [£>0] = ,ng, u, [£<0} =M,

In chapter 3, uniqueness for this problem (1.4.5-6) is proved via a contraction

inequality using the bounded Lipschitz distance.
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2 Uniqueness of the
steady problem

2.1 The operator T

In this chapter, uniqueness of a nonnegative solution to the boundary value problem

(1.2.1-2) is proved by a contractive mapping argument. Existence of such a solution is

unknown at present, although both existence and uniqueness are obtained in section 2.2 for

a solution in X . The first step in finding a contractive mapping is to construct an operator
y

T:-X—>X.
»

LA

Fixing g € X, the partial Cauchy problem (1.2.1-2) can be written as the first order

non-homogeneous ordinary initial value problem

df _
é;—c(g,g) 2.1.1)

with the boundary conditions

f(0,v)=g(0,v) if £ >0, and
fla,v)=g(a,v)if £ <O0. (2.1.2)

Lemma 2.1.1 The problem (2.1.1-2) has a unique solution f € X.

Proof: With g e X fixed, problem (2.1.1-2) is a first order non-homogeneous

linear equation in x. Using the boundary conditions, a solution can be constructed

explicitly [2] by integrating from 0 to x for & >0 and from x to a for £ <0. For
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simplicity, f(x,V) is taken to be 0 at & =0 which will not affect the question of

uniqueness since the plane & =0 in R’ is a set of Lebesgue measure zero. Then,

j‘éC(g,g)dt+g(O,17) if &0,

f(x.9)= j.ﬂ g)dt+g(a,v) if £ <0, and .

0ifE=0

It needs to be shown that f(x,v)e X. Continuity with respect to x follows by integration,

and is shown at the end of the proof. To show f(x,V)e€ I (R3) il i,
”f(x’\_;)”u = I'f(x,ﬂdﬁ

—j dv+f dv

I C(g,g)dt+g(0,v)

J|§| g.8)dt + g(a,v)

s>00 E<0|x
Sf(jéqgwk+kmiﬂﬁ+f[-—d&@%+kwiﬂﬁ

§>0\0 E<0\ x

< ] [lzets cofias [leo.ops [ Jic }(/méﬂgavu

<]k

R0

i g”"’dﬁ + [1e(0.7)a7 + [[g(a.)av

interchanging the order of integration, and using the fact that g € X implies the integral

exists for all £ € R. Using the definition of the norm on X, the above is bounded by

[ i

OR‘

C(g.g (2.1.3)

g)dvdr +2||g(x,

< j j LB(E,V,W)(g(t,ﬁ')g(t,W) - g(t,{)‘)g(t,ﬁ/)){dﬁdﬁdﬁdt +2|g(x,")
0 R3$?R? §|
< %I I(g(t,g,)g(t,w ) g(t v t w Idwdndvdt+2||g
0 R3sz Rl

from the bounds on the collision kernel. By the triangle inequality, the above is

6IJJj|gtv tw’ |gtv tw|)clwdndva’t+2||g ”

0 RS?R?

.-
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s%] j j j g(t,9)g(t,w)dwdidvdr +2g(x.")
6 0 R’S?R?

by applying the collision transformation. Now, integrating the last equation yields a bound
of
SEbJ ﬂg’ v ‘dv'”g t,w |dwdt+2||g

_8mb
x ﬂlg I dr +2g(x,

87zb

\g

_ 87rb
o

since g€ X and

g(x,)

g(t.")

is a real constant independent of 7.

It remains to be shown that f maps x €[0,a] continuously into L' functions. This

can be done in a similar manner of estimates to the series above. Without loss of generality

choose x,y€ R suchthat 0<y<x<a. Then,

”f(x,ﬁ)—f(y,ﬁ)”l_, = J:lf(x,ﬁ)—f(y,ﬁ)|d§

J.J.—ngdtclv+J J C(g,g)d|dv
§>0|y £<0 |§|
_‘!-,;[|§| g,8)dvdt . (2.1.4)

Equation (2.1.4) has the same interior integral as equation (2.1.3). By using the same
approximations following equation (2.1.3), it follows that (2.1.4) is bounded by

SIIbJ-H () 2|x—y|.

dr="22g(c.)

Since the norm of g is fixed, |x — y| can be chosen as small as is necessary to force

£ = £,

to small. In this sense f has the appropriate continuity properties, thus

completing the proof of the lemma.

=wn




Define a mapping 7 from X — X by Tg = f using Lemma 2.1.1 for the

expression for f. Then T has the following property, stated as a theorem.

Theorem 2.1.2: Let g,(v),g,(v) e LL(R"). Then for g,g € X satisfying
2(0,7)=2(0,7) = g,(¥) if € >0, and
g(a,v)=g(a,v)=g,(V)if ¢ <0

the problem (2.1.1-2) satisfies the following inequality:

ITe(x,) - T2(x 8“(Ilg N+ 3G Me(x.) - &0k

Proof: Tg(x,")—Tg(x,")e X since X is closed under scalar multiplication and

addition. By the linearity of the integral, this difference is given by

J [C 2.8)-C(8.8 ]d‘r if £>0,

Tg(x,")—Tg(x,") =1 ]LEI{[C(g,g)— C(g,g)]dr if £ <0, and ;.

0 ifE=0

Then for any x €[0,a] it follows that
[ITe(x, ) - Tg(x,9)|dv =

R‘

= | j;é[C(g,g) (2.2)|dgav + | jél 8.8) - C(2.8)|dtdv
£>0 9 £<0|x

< j ]é[C(g,g)—C(g,g)]dei?+ j j |5I[C 2.8)-C(z, g)]}drdﬁ

_UO [C(g.8)-C(2.8) dﬁdr+jj0 |€|[c 2.8)~ C(2.8)|dvdr

via Fubini's theorem to change the order of integration. Since 0 < x < a, the above

equation is bounded by

15
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él[c(g,g)—c(é,é

dvdr.

dﬁduj j dvdt

0&<0

—[C(g.5)- C(3.8)]

)

—[C(¢.8)-C(2.2)]

Using the property of the collision kernel that C =0 if |§|< & the above is bounded by
1§ g e
EI ﬂC(g,g) - C(3.3)|dvdx.
0 R?

Substituting in the full collision term, rewritten as a difference as

Cg.8)- C(2.2) = | [ B(i,7,%)(¢'s! - g8. - ¥'& + 8. )diidiv_

RXSZ

and rewriting g’/ — 8’8/ =(¢' - &')g. +&'(¢/— &) and g, — gg. = (8- 2)2. +8(3. - &)

it is obtained that

0 R’
- éj [ [|BGE.5.9)( - &)g! + (g~ 2)E +(2 - 2)2. + (2. - )¢ iidivdidz
0 R3R} 52
= %j [ e - 2)el+|(e: - )2 |+ 13 - 8)2.| +|(2. - &.)g|diidwdvdz
0 RIR} S

i T

using the triangle inequality and the bounds on B(7,v,w) from section 1.2. Applying the

collision transformation J, the above becomes

(¢"=&)e!|+ (s - &)&]) o J (3.7, v )diidvedvd

-----



17
Until now, the arguments have been suppressed to simplify the notation. To estimate the

integral, they are written in yielding the above as

——_(Ujj(lg 7,9)-g(7,9 |gTw| |§(T,sz)|)+

(%) - &(7.)(|2(7.9)| + [2(z.V))|diididivdz

a

%tbj Jle(z.7)-&(z.9) f(lg(fﬂ)l +g(z.%) ivdvdr

4””” (. 7) +[3(z.7 |)j| ) - (7, )dwdidz.

0 R3

Using the norm on X, “f(x,v || = 5}10p] _”f X,V |dv, the above can be estimated by
xX€|V,a R3

A2 e = e Ml s e
B e e ) 2 e
—@ug 20 Ml +ze ) -

Using |Tg(x,")—Tg(x ||— sup J|Tg x,V)— Tg(x,¥)|dv , and the above inequalities, the

theorem is proved.

2.2 Uniqueness of a solution

Using the details proved in section 2.1, the main result of this chapter can now be

stated.

Theorem 2.2.1: Assume that problem (1.2.1-2) has a solution in X,. Then for

small enough a, that solution is unique.
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Proof: Suppose ( Is f ) e X, c X, with f.f satisfying the boundary conditions

(1.2.2). Choose 0< ReR large enough such that f,(v), £,(¥), f, and f are all in
B.{0) = X. Then, letting 0< g< 2 2r

, application of theorem 2.1.2 yields

[ ) - 1] < 22 e+ [P e - T
< 8’;”“(R+R)llf(x,»—f(x,-)
167rbRa ”f f(x;)
=k“f (x,)— x’.)“

where 0 <k <1 by substituting the value for a. Assuming f ,f satisfy problem (1.2.1-

2), Tf = f, and Tf = f. This implies H f- fH < , hence it must be true that

Hf - f~"= 0, which is equivalent to f(x,7)= f(x,¥), almost everywhere in R* for all

x €[0,a]. This gives uniqueness in B,(0) < X. Therefore, the problem (1.2.1-2) has a

unique solution in B,(0) N X,. This completes the proof.

In addition to uniqueness of a non-negative solution, existence can be obtained in

the larger class of functions if negative solutions are allowed.

Theorem 2.2.2: For small enough a, there exists a unique solution in X to the

problem (1.2.1-2).

Proof: The operator 7" maps the Banach space X continuously into itself, and is a

contraction mapping for small enough a. Thus by the Banach fixed point theorem [7], T

has a unique fixed point in X . Since any fixed point of 7 satisfies the problem (1.2.1-2),

there is a unique solution.

L %

m




The above theorem does not give a unique non-negative solution when coupled
with theorem 2.2.1 since non-negative solutions were assumed in the hypothesis of the
latter result. However, it at least allows the possibility that a non-negative solution may

still exist, and if it does then it is known to be unique by theorem 2.2.1.
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3 Uniqueness of the
measure problem

In chapter 3, the problem (1.4.5-6) is shown to have a unique solution. This is
done by a contraction using the bounded Lipschitz distance introduced in section 1.4. The
main theorem found in section 3.3 of this chapter is straightforward; however, it involves
several propositions and lemmas. These will be proved here before stating the final

uniqueness result in 3.3.

3.1  Properties of the collision kernel and
truncation

It is assumed throughout this chapter that the collision kernel B(7,V,w)is bounded,

non-negative and Lipschitz continuous with respect to v and w. This is formulated by the

existence of a positive constant » > 0 such that:
(i) 0< B(n,v,w)

)
B(ii,v,w) _ B(ii,y,w)|

<lforalliieS* v,weR’,

(ii)H . : |SH\7—§“f0rall\7,§eR3, and
(iii) ;;B(ﬁ’)v’y) - B(’q’:’w)Hs”y—w” for all j,w € R’

The first proposition concerns an important property of the truncation to the

collision kernel introduced in section 1.4.
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Proposition 3.1.1 Let v,w,y € R®. Then the following two inequalities hold

for the function g°:

(1) [}¢° 7,5, ) - ¢° (7,5, w)| < %II\7 ~ 5]} and

Proof: For (1), let z, = min{ V.l

v, —n (ii,v = w),|w, +n, i,V - sz>|} and

z2=min{ w

n (i, 5 —w),

{7,y — vT/>|} Here, the subscript denotes the
x-component of the appropriate vector. First, a general property of z, and z, is shown.
Claim: 0<(z, —z)<2|v -] for 0<z <z, <28. The inequality is true for the
trivial case z, = z,. For z; <z, there are only one of three possibilities.
(1) z, = |vr‘.|. Then

0< (22 - Z,) =z, —v,[|< |v_x_| by the definition of z,,

< |y - || <2|]v - ¥|| by the definition of the norm.
(i) z, =

n (i, v—w )| Then

0< (z2 ~2) <y, —n (7,5 -w)-

v, —n(n, ﬁ—vT/)|

<[y, = (7,5 = %)= (v, =n, (7,5 - )

+|n_t<ﬁ,17—y>

<[y

<2|[v - y| since 7i € S? implies 7 has norm 1.

|

(i) z, =|w, +n,(i,v —=w). Then
0<(z,-z)<

S‘w.+n< J W)= (va-+n«\‘<ﬁ"7—w>)|

w, +n(ii, 5 —w)|—|w, +n,(7i,v —w)

< (71,5 - V)| < 205 - 5|
The case z, = |w,| has already been considered under the case z, = z, because

.l =

<z, <|w|. This proves the claim.
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Now consider the following cases:
(i) 0<z <6,and 0<z, <. Then

|&® (7.7,%) - ¢° (. 5,%)| = 0 < %IIV - 5.

(i) 0<z <6, and 8 <z, £24. In this case,

o o oo . 1 1
Jg#.5.) - ° nywn—o-5<—6wag@—&
< %(z2 -z)< 5”17 — y| by the claim above.

(ii)) 0<z <8, and z, >28. Here,
le® (.7, %)~ ¢° (7.5, |\—1—0-5(25—5)

s5(a-2)< -5l

(iv) 6<z <z,<26. Then

lk%aawrg%aiww=%zf~5—%&fﬂﬁ

= é(z -z)< ||v — y| by the claim.
(V) 6<z, <26, andz, >24. Similarly,
“ga(ﬁ,ﬁ,ﬂ))—g (n,y,w ”_‘5 — —1{

(25 Z,) _( -z)< ”v—y”

3 )

(vi) z,>26, and z, >26. Here,

le® (.5, ) - ¢° (i, 3. H—u—u—0<—W—ﬂ

Without loss of generality, cases (i)-(vi) are exhaustive by the relabeling of z, and
z,. This proves inequality (1). For the second inequality, notice that
¢’ (7, v,w) = g°(#i,w,v) for all v, € R* and apply inequality (1). This proves the

proposition.
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Proposition 3.1.2 Let @€ D. For fixed 7i € S* and w € R’ the function in v,

62

a%lH)O}(i})Bs(ﬁ,v,W), isin D for O< o= m eR

The constant ¢ is fixed at a predetermined value chosen to simplify expressions

which will be derived in section 3.2.

Proof: Measurability is clear by multiplication of measurable functions. Also,

(V) S i i b 0 — .
0<o——= v)B°(n,y,w)<a—= <1. For the Lipschitz condition, let

v,y € R? with x — components &, &, and consider the following three cases.

(i) & <6, & < 4. For this instance,

“%X{M}@)B&(Mﬂ)—a%f)x{wo}(ﬁ)f(ﬁiﬁ) =0
since B® =0, )({600}(}):0 if §; <0, and )({500}(\7):0 if £, <0.
(i) & >6,&,>8. Then
Dy 551 a8y, o
= oD g 5.0 - 2P poc 5.
e B°(7i,y,w) 3 B°(7i,V,w)
o B(f.5.w)  B(ii, v, w) — B° (i, v, w)
Sa{ co(y)[ . 3 ]+ (0(3) - 0()) 3 }

where the triangle inequality, the bounds on B°,&., and the properties of @ € D have been

used. (Specifically, the Lipschitz continuity with constant 1, and the bound above by 1).

Applying the triangle inequality to the collision kernel yields the above
&—&l| 1y~ - - i o8 53 e i
< a{bT“ - E‘B(n,y,w)(g‘s(n,y, w)— g‘s(n,v,w))‘ +




<al L5~ 51+ Ll 51+ 2 - 51+ 215 - 51}
5’ 5’ o o
using proposition 3.1.1 and the assumptions on B. Simplifying, the last equation is

~o 32+ 2 -l
B+ 205 51=k5-51

(iii) &; > &, &; < 4. Then the difference is given by

=ab

since g ‘(7 y,w)=0. By proposition 3.1.1, the above is

- a—llv atll

2

=3+25||V—y||<||v—y||-
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‘hl
"

Without loss of generality through relabeling, these cases are exhaustive and the

Lipschitz condition holds with constant 1. This proves the proposition

The final result of this section is similar to proposition 3.1.2, and also involves a

constant 3 € R which is fixed at a predetermined value for later use in section 3.2

Proposition 3.1.3 Let @€ D. For fixed 7i € S* and v € R’ the function in w

2

eR.

(V) B & N v
ﬁ—é—){{,m}( v)B°(#,v,w) is in D for 0<'B:b(2+6)
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Proof: The proof is similar to that of proposition 3.1.2. Measurability and

integrability are immediate by multiplication of measurable functions, and by using the

properties of @ € D. As well, 0 < ﬁ%x{ﬁo}(ﬁ)B‘s(ﬁ,ﬁ,@ < ﬁ% <1. For the Lipschitz

condition in w, let y € R*. Then

Dus o
o251+ bl 51}

7(2+8)w -5 < w -5

Thus ﬁﬂ(‘j—)){

g o0l v)B® (7, v,w) is in D with respect to w € R’ and the proof is

complete.

Although propositions (3.1.1-3) may seem somewhat technical and tedious, they
are necessary in the following sections. Additionally, the functions examined in (3.1.2-3)

will need to be considered after the co-ordinate transformation J defined in section 1.1.

To this end, it is useful to note the following inequality. For any vectors 7i € S
and v,y,w e R,
v—n(n V—w )) (y i,y —w ”

=7 =¥+, 5 =) <V -5l + |5 - vl =2 - 5|
A similar expression occurs in w’,y”, and can be written as

[ = 5= (7 + i, = #)) = (v +7idii.7 = )| <[5 - .

o'
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These inequalities allow propositions 3.1.2 and 3.1.3 to be reformulated for the

appropriate functions with the collision transformation. Note that in a similar result to

proposition 3.1.2, a factor of — must be introduced so that the function

o (v’ e e e e . . . . e
(") )({g,w}(v )B° (71, v, W) satisfies the appropriate Lipschitz condition in 7.

Z

b |

3.2  The contraction inequality

In a similar style to chapter 2, a mapping on the space of measure solutions is

defined, and then a contraction lemma proved to show uniqueness in section 3.3.

Define a function 7 on X by, for g, € X and x €[0,a],

J Co(1,. 1, )dT+ g (V) if £ >0, y

Tu, (V)= JéC5(u,,yr)(lr+y“(ﬁ) if £<0,.

0ifE=0

Note that a solution of problem (1.4.5-6) is a fixed point of 7', and also that from the form

of C°, Tu. may in fact be a signed measure. The following Lemma obtains a contraction
o, y g g

inequality for 7.

Lemma 3.2.1 There exists a positive constant 0 < k € R such that for any two

f— + —_ 1 «
{50} = Ho _'uf){§>0} and

elements u,,[1, € B,(0) satisfying the boundary conditions (,

b = i = ,uu|{§<0}, the inequality p(Tu,,T[l,) = kap(,u,,,ﬁ,) holds.

uu

Proof: Let u,,[, € X be two such measures. Then the definition of p is
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p(Tw.. TiL.) = sup su pr d(Tu,)(7) - Ico d(Tf, )(7)-

.a) pe

Fixing ¢ € D and x €[0,a], writing out the full expression above yields

=|[ o6 Iéd[c‘sﬂ” WM+ [o@)dus )+ [ o) 5rd[CP (i) PHiz+

£>0 £>0 £<0

+ [0 ()~ | o(6)] £d[C* (o (PMe- jq» )i () -

£<0 £>0 £>0

=) | 90| el o) ~C* i e+ [ 005 (o) - C* (i )

v)dT + (3.2.1)

v)dr. {3.2.2)

The only difference between the two expressions (3.2.1) and (3.2.2) are the

characteristic functions y,._.,and Xiz<op Because of this similarity, (3.2.2) will be

{¢>0}
estimated later, and (3.2.1) is focused on here. Then,

(P(ﬁ)X{bo}(‘—’)d[Cs(“r’“r)_ C* (@) |7)

= [ ] [ 20 0008 o5 (b, o - vt (it o~ at )|

IA

J“P(U)x{§ oV BT, )[dMToJ_dMTOJ]_}_
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+ ( )Z{§>0 B‘s n,v,

]

RJRI

]

where dM_ = dridu,(w)du (v), J is the collision transformation, and

dM, = diidji (w)dfi,(v). Taking the inverse transformation, and changing the order of
integration yields

|12 2 (8 ol ) 7) - i )i 5 o

+m@

S2R°R? é

+

(3.2.3)

Xy (P)B° (.5 39)dpt (W)t (7) ~ dft (W) (7).

Now, using the fact that
bt () (7) = it (P)d, () = it (9 dit () - it (5] + [ (%) — it ()i (7)

equation (3 2. 3) can be estimated by

”Ltp Xjeraqy) (V) B (=7 W) i (V) = dft (V) ]dpe.. () dri|+
1] T2 (708 5l () - i (9t )

Using propositions 3.1.2 and 3.1.3 it is possible to bound the four integral

equations above. Recall the constants o, 8 defined in these propositions. Then, it follows

|+

Xerso) (V) B (=11, ) dpa (W) = dft (W) |dfi..(V)dri| +

+

+i f 0‘¢(V)Z{g>o}(‘7)35(ﬁ’g’w)[dﬂr(f’)—dﬁ,(ﬁ)]du,(v?)dﬁ
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+% I | [ﬂ @x{g>o}(9)85(ﬁ,\7,v‘v)[du,(w) ~ d;l,(v?z)]’d/l,(ﬁ)dﬁ. (3.2.4)

Each of the integrals in equation (3.2.4) contains an expression equivalent to

J.)/ 2 (Z J}/ )dii (), where y € D by propositions (3.1.2) and (3.1.3) keeping

in mind the remarks at the end of section 3.1. Now, using the definition of p(u,, [L), and

the inequality j y(Z)du,(z jy )dfi.(Z)|< p(u..A. ), the expression (3.2.4) above is ’
bounded by
2 3)
< d dn + - d
(a asjipu L)y (%) (ﬂ iju . )du () dii
5 2
= Ep(u.,u.)ur(R“)4ﬂ+Bp(u.,u.)u,(R" Jar. (3.2.5)
Since u,, [, € B,(0) = X, the measures are bounded by R in the sense that
2 2
U= ZH)B,] jdu )< R. Then substituting the values o = ;(36+—2($) and = 5 (26+ 5)
the equation (3.2.5) is bounded above by
3+20 2446
<33+29) )p(u.,u . sl 5 ) Pt 47
13+86 =
=4 bR(—)p(u.,u.).

5’

Since this is a constant which is independent of 7 for given measures, (3.2.1) can be

estimated in its entirety by
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(32.1)< I 4 bR@p(u 1, )dT =4 bRMp(u.,ﬂ.)a

To complete the lemma, this same argument of inequalities and facts needs to be

applied to the integral in (3.2.2),

qﬁ;') o D[ pt,) = C (B2,

However, replacing & by - &, the integral becomes the same as (3.2.1) and the analysis is

the same as before. Therefore, the numerical bounds are the same, and the above is
+86 -
up(u.,ﬂ.)-

< 47hR
5’

Now, returning to the original inequality to be proved,

13+86 ~
J‘(P J(P <8n’bR%ap(‘u,,,u.).

Taking the supremum over x €[0,a] and ¢ € D, yields
s 13+86 ”
p(Tw.,Th,) < 87z:bR%ap(,u,,u,)

13+
This proves the lemma by letting & = 87rbR—( 35 86)

3.3  Uniqueness for the measure problem

With the results of sections 3.1 and 3.2, the main theorem of this chapter can be

formulated and proved quite succinctly. For convenience, the problem (1.4.5-6) is given

in the statement of the theorem.

¢
o
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Theorem 3.3.1 Let u, be any measure solution which satisfies

d
& H=C (1,omt,)

for all x €[0,a] with the boundary conditions
u() {§>0} = ‘u(;" :u’a

(g0} T Ha-

For a fixed R large enough, and for small enough «, that solution is unique in B,(0).

Proof: R needs to be large enough to admit the boundary measures g, and .
Since existence in B,(0) is already done by theorem 1.4.3, let ., [, be two solutions in
B,(0). Then u, and f1, both satisfy the corresponding integral equation to the above
problem, which is written out explicitly in the mapping 7 on X. Thus, u, =7Tu , and
i, =Ta, for x€[0,a]. Now, applying lemma 3.2.1,
p(u..ii.) = p(Ty.. Tf,) < kap(u,. i1, ).

If a is chosen small enough such that 0 < a < %, then Y

'

0<p(p..A.) < kp(u..A.)
with 0 <k < 1. For this estimate to hold, p(,u,, ﬂ) =0 must occur. Since p is a metric on

X, forall xe€[0,a] p (V)=f (V) Lebesgue almost everywhere. Hence p, = fi, since

this equivalence is equality off a set of Lebegue measure zero. This proves the theorem.

In section 2.1, the similar contraction property was used to obtain existence through
the Banach Fixed Point Theorem. This may not hold here since the metric space may be
incomplete with respect to the Bounded Lipschitz Distance. However, due to the previous

existence result [1] it is sufficient to prove uniqueness.
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4 Conclusions

4.1  Limitations of the Approach

To prove uniqueness of a solution to the steady-state Boltzmann equation in one
spatial dimension with initial boundary conditions, several assumptions and restrictions
have been made. These are summarized here with some of the reasoning which led to their

necessity.

The first assumption is an approximation concerning the applicability of the
Boltzmann equation. It is assumed that the particle density function f(7,V,r) has
behaviour which is given approximately by the Boltzmann equation (1.1.1) and then later
on by the steady-state problems (1.2.1) and (1.4.5). Although this is an important
assumption, it is well justified [3] by taking the limit of the particle diameter o — 0 and the
number of particles N — oo such that No” — 1/A which is finite. Since the number of
particles which is typically studied is of the order of 10°' or 10%, and the particles have

small diameters, this is an accurate assumption.

Two assumptions on the collision kernel were also imposed to obtain the
uniqueness result in chapter 2. The first was a truncation in section 1.1 to the collision
kernel B such that it was zero for small particle velocities. This truncation was made to
overcome the difficulties involved when taking into consideration small particle velocities,
&. A slightly less severe truncation was used in [1] for the existence result of theorem

1.4.2, but this did not solve the problems of dealing with small values of &. Although this
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truncation cannot be justified physically, it was necessary to prove both existence in
theorem 1.4.2 and uniqueness of solutions to the boundary value problem (1.2.1-2) in

chapter 2.

The second assumption is that the collision kernel is assumed to be positive and
bounded. Again, this is not a physically justifiable assumption, and it is stronger than the

more common assumption of local boundedness assumed in [1].

For the uniqueness result to the measure problem, an additional assumption and
truncation were made. The collision kernel is assumed to be Lipschitz continuous with
respect to each of its variables in R’. This is a valid assumption since B(7i,V,w) generally
depends only on |(\7 -W)- ﬁ| which is Lipschitz continuous. The truncation in the form of

g° is introduced in section 1.4 and is again non-physical, but necessary to obtain the

desired result.

The effects of the truncations and assumptions can be observed directly in the
uniqueness results of theorems 2.2.1, 2.2.2 and 3.3.1, which rely on choosing a small
enough interval to obtain a contractive mapping. The maximum size of the interval is
proportional to the truncation size &, and inversely proportional to the collision kernel
bound, 5. Hence, attempts to create less severe assumptions by letting 6 — 0 and b — o
have the effect of decreasing the maximum width of the interval to which a unique solution

can be proved to exist.
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4.2  The Linearized problem

In practice, it is difficult to compute possible solutions or approximate solutions to
the full non-linear Boltzmann equation. For most cases in linear transport theory, it is
necessary instead to solve the linearized or linear problem, considering the solutions

obtained as approximations to the non-linear problem [3].

The time dependent linearized equation is arrived at through perturbation methods,
and can be stated quite simply as
a d
Zied-1y,
where L is a linear operator on f. Computation is then done starting from an equilibrium
Maxwellian solution, and computed iteratively to the desired accuracy. Much work has
been done in this field, and references are plentiful (almost fifty are cited in [3] alone) with

most of the work being published twenty to thirty years ago.

The non-linear problem can be examined by looking at the behaviours of the
linearized version, and carefully identifying the approximations and limits of accuracy
obtained. However, convergence in this setting is in general not attainable and only
asymptotic approaches are realized [3]. This provides the motivation for examining the

non-linear problem.
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4.3  Results and open problems

There are two main results in this thesis. These are uniqueness of the steady state
Boltzmann equation in a slab, and uniqueness of the measure solution to the steady state
measure equation. Both of the proofs of these results are similar in method, using a

contractive property on the function spaces involved.

The method of proof was arrived at while searching for a contractive property to
which a fixed point theorem could be applied yielding not only uniqueness of a solution but
also existence as is obtained in theorem 2.2.2. Several difficulties were encountered at this
point, including completeness of the function spaces with respect to the various norms, and

ensuring a non-negative solution.

To overcome these difficulties, the idea of the bounded Lipschitz distance was used
to provide a contractive property. However, for this metric, completeness is unknown
except for some specific measures such as probability measures [5]. Where completeness
exists, in the case of problem (1.2.1-2), the Banach fixed point theorem was applied to
provide a unique solution. However, there is no guarantee that the solution is positive in
the function case as stated in theorem 2.2.2, and existence for the measure solution has

been previously obtained via different methods [1].

With these results, the next logical step is to solve the question of existence and
uniqueness of nonnegative solutions to the problem (1.2.1-2) without the truncations
imposed. This problem is still open [1]. Also of interest is the steady-state Boltzmann

equation with initial boundary conditions at one end of the interval only. This is called the
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half-space problem since a solution is sought after on the interval [0,<><>). The asymptotic
behaviour of a possible solution at large distances is another intriguing problem.
Unfortunately, the methods involved in this paper do not seem to be readily applicable in

these situations, yet may possibly serve as a stone in the path to their solutions.
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Appendix

The following definitions are taken from Folland [4].

A metric onaset Y is a function p:Y XY — [0,e0) such that for all x,y,z €Y the
following hold:
(i) p(x,y)=0 if and only if x =y,
(ii) p(x,y)=p(y,x), and
(iii) p(x,2) < p(x,y)+p(y:2)-

A set equipped with a metric is called a metric space.

If Y is a vector space over a field K (taken to be R in the preceding chapters) then
anorm on Y is a function from Y into [0,c), denoted by x — ||x|| such that for all
x,yeY and A € K the following hold:

(i) |x| =0 if and only if x=0,
(if) 2] =|2]-[lx], and
(i) [+ v <l + [

A vector space equipped with a norm is called a normed vector space.

Theorem A.1 The function

l#Gel= sup [1r9)as

xe[0,a

defines a norm on X = C([O,a], l,'(R3)).
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Proof: Let f,ge X and A € R be arbitrary but fixed. The properties are checked

by the definition given in the statement of the theorem, using the fact that _“ i (x, v )|d\7 is a
R}

norm on L'(R") [4)].
@ |f(x))=0 < j|f(x,v)|dv =0 forall x €[0,a]

& | 7 (x,f))| =0 forall x €[0,a] and v -almost everywhere on R’
& f(x,¥)=0 for all x€[0,a]and v-almost everywhere on R, which is

precisely the equivalence of f=0.

0 W= s [ = s[4 v 7)o =[a A

xe[

= ‘,{f [ (x IdV}+X§}lp {[|g(x,ﬁ)!d17}=||f||+||gH-

By properties (i)-(iii), the theorem is proved.

(iii) || + g = xz}log]éﬂf(x,ﬁ) +g(x,¥)|dv < su {“f V)|dv + l;[|g()c,\7)|d\7}

For the next theorem, recall the Bounded Lipschitz Distance function defined in

section 1.4, and the set

={@:R*>]0,1] _
{ [ |‘P - ¢(y) <|x -y forall x,y e R’

¢ is Lebesgue measurable, and }

Theorem A.2: The function p:Y XY — R given for u,,y, eY c X,
= C([0,a]. M(R?)), by

p(u..7.)= su Su j(o )du (v J‘P(V dy (V)

xe[0,a

i1s a metric on a bounded subset Y of X.
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Proof: Let u,,7,,7, €Y © X where Y is a bounded subset of X in the sense that
there exists a constant 0 < M € R such that |[u,| = sup. Idu )<M forall u, €Y. pis

|

<2M.

well-defined on Y X Y because

[ o@)du, (7) +| [ (7)dy. ()

R3

< sp fa.0)+ [a7.9)] -

pf..7.) < sup su {

re[

+

o[+ |7

Clearly, p(i.,7.)=p(7.,1.) due to the absolute value of the integrals. Just as
simply,

p(u.,7.)= sup su

x€[0,a] pe

{¢(ﬁ)du,,(ﬁ)—j(p(v)dyx(vn [ o)y, (@ jq, V. (7)

R3 R3

I(p Jau,(7) - [ @(7)dy, (7) + Ll

R’

= sup Su
xe[OEz](pe

Jo(®)ar. (7 j(p )dz,(¥)

=p(u..7.)+p(7..7.)-

Since p(u,, ,u_) = 0 trivially, all that remains to be shown is the reverse direction.

By the Riesz Representation theorem 1.3.1, the bounded measures in X are uniquely

determined by integration over all functions ¢ € CO(R3 ) In the present notation this is

written as jgo j(p )dy.(V)|=0Vee CO(R3) < u, =7v,. From the

continuity of the integral and the absolute value, it is sufficient to consider a dense subspace

of the non-negative functions of CO(R3 ) Specifically, the subspace

is non - negative, has compact support, and
=[] o, e g, )

is Lipschitz continuous

is dense in the non-negative functions of CO(R3 )
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Let E, be the subspace of E with positive Lipschitz constant L. Then the set £
can be written as E = LUO E,. Also, each function in E, is equal to a function in E,
multiplied by the constant L. Finally, each function in D is equal to a function in E,
multiplied by a sufficiently small real constant. Therefore, it follows that

[w(ﬁ)du_r(ﬁ) - f}qo(ﬁ)d%(ﬁ) =0VpeD= £¢(9)dux(9)— fjrp(V)d%»(ﬁ) =0VpeE

and this in turn implies that u, = 7, since the above holds for all x €[0,a].

This proves the final property of the metric and completes the proof of theorem

A2,
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