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ABSTRACT

We study the impact of long lived strongly interacting particles on primordial nuclear
abundances. Particularly we look at the case of anti-squark quark bound states called
mesinos. These mesinos are similar to massive nucleons in that they have the same
spin and isospin. Like nucleons, the mesinos take part in nucleosynthesis and are
bound into nuclei. We incorporate the mesinos into the various stages of BBN, from
the QCD phase transition, to their capture of nucleons, to their eventual decay. We
identify the mechanisms by which the mesinos could impact primordial abundances
and show which actually do so. We find that for the predicted mesino abundance, only

one mechanism exists that has the potential of generating an observable signature.
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Chapter 1

Introduction

We examine the impact of long-lived scalar quarks (squarks) on the formation of light
elements in the early universe. There are many different models proposed to describe
the physics beyond the Standard Model. However until experiments like the LHC
are able to determine the validity of these models directly, we have to rely on other
methods if we wish to constrain them. Omne such method is through the study of
primordial element abundances. By calculating the impact various relics have on Big
Bang Nucleosynthesis (BBN), we are able to place constraints on physics beyond the
Standard Model.

We will quickly review the cosmology and physics behind BBN. This includes in-
troducing the assumptions that underlay modern cosmology, outlining standard BBN,

and introducing the Boltzmann equation as a tool for calculating nuclear abundances.



Of the many possible models of physics beyond the Standard Model, we focus on
those that produce a long lived squark with mass on the order of 1TeV. This can
arise naturally from supersymmetry. We will discuss how we expect these particles to
hadronise and present the estimate calculated in [1] for their freeze out abundance.

The hadronised squarks will form bound states with standard nucleons, we call
these states mule nuclei. The large mass of the squarks causes the mule nuclear
binding energies to be larger than their purely nuclear counterparts. The result is that
mule nuclear synthesis begins earlier than standard BBN. We calculate the binding
energy and synthesis temperature of the mule nuclear equivalent of the deuteron.
This gives us the temperature at which the hadronised squarks start a nucleosynthetic
chain.

Unfortunately we were unable to calculate the binding energies and formation
rates of more complicated mule nuclei. The uncertainties simply become too large
to get a meaningful estimate on their properties. There are however certain general
mechanisms of mule nucleosynthesis that could generate an impact on primordial
abundances. An example is the early production of a particles. We will go through
these mechanisms in Chapter 7. We find that with a single exception, these mecha-
nisms do not generate an observable signature. This is mostly due to the very small
abundance of strongly interacting relics.

The one exception arises from the nuclear remnant of the mule nucleon, ejected



when the squark decays. If enough of the ejected nuclear matter settles into the
ground states of Li, Be, or B then their abundance could be observable today. This
is because these elements can be observed down to very small abundances. Unfor-
tunately calculating this nuclear remnant appears to be beyond the current scope of

nuclear theory.



Chapter 2

Background Physics

In this section we review the physics required to study BBN and possible extensions
of the Standard Model. This includes an introduction to the cosmology relevant to
BBN, followed by a summary of the actual results of classical BBN. Here we will
introduce the reactions that contribute to BBN and describe the current discrepancy
between the predicted and observed abundances of lithium isotopes. Finally we will
review the Boltzmann equation and show how it allows us to calculate the abundances

of the light elements during BBN.

2.1 The Cosmology Behind BBN

There are several features of the universe that are observed at its largest scales. These

observations describe how it evolves both at early times and today. The most basic
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observation is that the universe is homogeneous and isotropic on large scales. The
second is that the overall curvature of the universe is consistent with zero. The
measured curvature is, Q;; = 1.011 4+ 0.012 [2], where €;,; = 1 is consistent with a
flat universe. This curvature will not be a dominant effect in the early universe where
radiation is seen dominating the energy density.

Homogeneity, isotropy and zero curvature allows us to use the Freedman Roberson

Walker (FRW) metric to describe the universe at its largest scales:
ds*> = —dt* + a(t)® (dz® + dy* + dz?), (2.1)

where a(t) is the scale factor.

Calculating Einstein’s equations for this metric give the equations of motion:

(—) - ¥, 22)

where p is the total energy density from matter, radiation, and dark energy. Note

that the definition of the Hubble rate is:

H = afa= . (2.3)

1

When the universe is radiation dominated, a oc /¢, meaning H = 5
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This rate is extremely important in BBN, as it determines which reactions con-
tribute to nucleosynthesis and when. If a given reaction rate is greater than the
Hubble rate then the reaction is said to be in chemical equilibrium. If a reaction
rate is much smaller than the H(T') it means the reaction would not have have had
a chance to occur during the lifetime of the universe.

During the radiation dominated period, the energy density in Eq. (2.2) is:

2 7
p = %T4 E 9i+§§ gj] (2.4)
( J
2
m
= —Tg,, 2.5
0l 9 (2.5)

Here 7 is over relativistic bosons, and j is over relativistic fermions. g; are the degrees
of freedom of the particles and g, is the effective number of relativistic d.o.f. Equations
Eq. (2.4) and Eq. (2.5) assume all relativistic species are in thermal equilibrium. After
neutrinos fall out of thermal equilibrium their contribution to p is proportional to T'4.
The more relativistic species present at this temperature the greater the Hubble rate
is during the radiation dominated epoch. More details on early universe cosmology
can be found in [3].

The last cosmological input required by BBN is n. This is the fraction of the
number density of baryons to the number density of photons. Knowledge of this

parameter is required if one wishes to calculate the reaction rates of any compound
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nuclei. Originally BBN codes along with measurements of light element abundances
were used as a way of determining the baryon number to photon ratio. However with
the advent of precision measurements of the power spectrum of CMB anisotropies, 7
can be calculated independently and to higher precision by fitting the CMB data. n

can be derived from the measured quantity,

Qph?® = 0.02265 + 0.00059, (2.6)

where Qp is the baryon density and h is the Hubble parameter [4]. Using the calcu-

lation in [3], one finds that after e™ e~ annihilation [5]:

n=623+0.17 x 1071, (2.7)

2.2 BBN

In the previous section we dealt with the cosmological parameters and inputs required
for BBN. Here we will deal with the nuclear and particle physics reactions required as
inputs in the theory. The major difference between these inputs and the cosmological
ones is that it is possible to measure most of these rates and binding energies in
laboratory experiments, although often away from the energy intervals of interest.

Even though the formation of compound nuclei only begins at 7' ~ 0.1MeV | it
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is important to work out the physics at significantly higher temperatures in order
to correctly generate the light element abundances. The first stage of BBN is the
freeze out of the ratio of neutrons to protons. At high temperatures, 7' > 1MeV', the
neutrons and protons are in chemical equilibrium through the weak interaction [6].

At these temperatures the reactions,

pt+e < n+v (2.8)

p+v < n+et, (2.9)

are faster than the Hubble rate. The decay rate of the neutron does not become
important until the after *He synthesis. This means the fraction of neutrons to the

total number of baryons is given by the distribution:

Ny, 1
X, = o - 2.10
ng 1—|—6Q/T ( )
Q = m,—m,=1293MeV. (2.11)

Here n; is the number density of the species i [7]. At temperatures greater than the
proton-neutron mass difference, X, ~ % However when T" drops below @), X, begins
to fall exponentially. If the baryons were to remain thermally coupled to the neutrinos

then by the time the universe was cool enough for deuterium to form, there would be
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almost no neutrons left:

X (T=01MeV) ~ e 2% =24x10"° (2.12)

Fortunately for BBN, the neutrinos and baryons are only weakly coupled meaning
they fall out of thermal equilibrium considerably earlier than the reactions mediated
by the strong force. At T'~ 1MeV the Hubble rate overtakes the reactions slowing
the exponential depletion of neutrons. This temperature coincides with an age of the
universe on the order ¢t &~ 1sec, far smaller than the neutron lifetime of approximately
1000sec. Soon the neutrino-mediated reactions are completely frozen out leaving (-
decay as the only available channel for X, to change. The neutron decay time is
still an order of magnitude longer than the age of the universe at helium synthesis
t(T = 0.1MeV) = 132sec [3]. The freeze out of the weak rates explains the large
value of X, ~ 0.15 at deuterium synthesis [6]

As the universe continues to cool, it is possible for the proton and neutron to bind
long enough for BBN to begin in earnest. In standard BBN the deuteron binding
energy places an extremely important constraint on the light element abundances.
The weak binding energy of deuterium allows thermal photons to break it apart until
the universe has cooled to a temperature of order 0.1MeV. No other nuclear reactions

can start until the two nucleon state is stable. This is called the deuterium bottleneck.
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The Neutron Fraction

T(MeV)

0.1 1 10.
L 1 I I B I 1 L1 |

¥nl

Figure 2.1: The red curve would be the abundance of neutrons in the early universe
if they stayed in equilibrium. The black curve is the actual abundance.

Once the bottleneck has been overcome the free neutrons are very quickly processed

into * He through the reactions:

p+n — d—+~y
d+v — p+n
d+d — 3He+n
d+d — T+p
d+p — SHe
d+n — T
SHe+d — *He+p
SHe+n — T +p
T+d — *He+n.

While it is still energetically favourable for higher Z nuclei to form there are three
issues that prevent nucleosynthesis from generating large abundances of nuclei with

Z > 2. The first is that the coulomb barrier becomes all but insurmountable at high
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Z and low temperature. A way around this could be through the capture of free
neutrons that soon ( decay into protons once bound. This avenue is blocked by the
lack of a stable nuclei with 5 nucleons, as well as the fact that all the free neutrons
are bound into other nuclei by this temperature, predominantly into *He.

The final abundances of "Li and " Be are established by the reaction channels:

He +*He — "Be (2.13)
T+*He — T"Li (2.14)
"Bed+n — "Li+p (2.15)
"Li+p — *He+"He (2.16)

The actual abundances are calculated numerically using a network of Boltzmann
equations. This equation is discussed at length in Appendix A. For a nuclear species
of number density n;, and number fraction Y; = g—;, there are three cases that will
be used in the nuclear reaction rates of interest. The first case is of two nuclei in the

initial state and two in the final state.

M a0 o) < Y, Y ) ) 217

i~ T HDT \n0p® 0,0
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p.0
-
@ (D /3Hen
Dy
Iip

DD2 TD ‘He T
T

Figure 2.2: The network of reactions that contribute to BBN abundances. The figure
is taken from [8].

The second is a single nuclei being broken into two smaller nuclei by a photon:

W o) (Y, h (2.18)
ar H(TT \ 50 )nff) a0 ) -

The third is the Boltzmann equation for a relativistic particle scattering off a single

nuclei:

W o) (% Y (2.19)
dar HIT O 5,0 ) ~

Using the Boltzmann equations and reaction cross sections it is possible to com-

pute the abundances of the light elements in the early universe. A plot of their



2.2 BBN 13

temperature dependence is given in Fig(2.3). Using WMAP’s constraints on 7 [4]
shows how BBN predictions compare with experimental measurements. Their results

are summarised in Fig(2.4).

Element Abundances During BBN

e ————
1.0E-02
1.0E-04 —Yn
—Y_P
YD
Yy 1.0E-06 —Y_T
—Y_HE3
—Y_HE4
1.0E-08 Y _LI7
—Y_BE?
\‘\ 1.0E-10
1.0E-12
1.0E-3 1.0E-2 1.0E-1 1.0E+0 1.0E+1

T(MeV)
Figure 2.3: The number densities of the light elements generated by the BBN code
from [9] with 7 calculated from the CMB measurements [5].

The abundances predicted agree with experiment up to " Li which is overproduced
in standard BBN. In addition to this problem, recent observations of metal poor
population IT stars [10] show hints of an abundance of ® Li on the order of one twentieth
of the " Li abundance. This is three orders of magnitude larger than what is predicted

by standard BBN and implies some pre-galactic origin for ®Li. These claims are
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however disputed [11], and the observational status of 9Li is still unclear.
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Baryon density Qgh?
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0.23 2 0 -% ERZES A E
%
1073 F | | — % ——3
?\DIHlp . é :
—_— AN
3 K % E
;-""3 ' 1:_4_"'3 ]
i Helep ___,//_ |
10-3 - £
: | : o V% ]
10~ é
; ~
"LiHl PR IADRE R L 7 -
P SRR L. S / -
10-10 | / _
N z _
1 2 3 4 5 6 7 8910
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Figure 2.4: The bands are the 95% confidence level of the abundances of *He, D,
3He, "Li. The small boxes indicate the 20 statistical bounds, while the larger boxes
are the 20 statistical and systematic errors. The narrow vertical band is the CMB

measure of 17. The wider band is the range of n allowed by BBN. This plot was taken
from [2].
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Chapter 3

Strongly Interacting Relics:
Motivation, Hadronisation, and

Abundance

One speculative approach particle physicists have used in an attempt to fix the
Lithium problems is Catalysed BBN or CBBN. This approach consists of introducing
a metastable relic in the early universe and seeing if it has an observable impact on
the reaction rates of BBN.

Relic particles can impact light element abundances by opening reaction channels
that were previously closed. One definition of a catalyst is that it is used, but not

consumed by a reaction. This means that in reactions where the relic functions as
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a catalyst it can impact the abundances of elements far more numerous than itself.
Finding and studying these mechanisms is the concept behind CBBN.

It has already been shown that an electrically charged relic can catalyse nuclear
reactions in the early universe by forming coulomb bound states which open new
reaction channels [12], [13]. These states form at temperatures of the order 10—40keV .

While there has been a significant amount of work done with electrically charged
relics, very little has been done to tackle the problem of strongly interacting relics.
The main reason being that the interactions of these particles with regular matter are
inherently complicated. Still we have managed to make considerable headway with
the problem.

There are three major topics we address in this chapter. We introduce a super-
symmetry model that allows for the existence of long-lived strongly interacting relics.
We discuss how we expect these relics to hadronise as the universe cools. Lastly, we

discuss the expected abundances of these strongly interacting particles.

3.1 SUSY Review

The standard model is a remarkable theory that has a place for every particle observed
to date. The range of energies covered by the theory is staggering, ranging from the
mass of the electron 0.511MeV to the top quark 170GeV, spanning six orders of

magnitude.
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Of course as with any theory there are always loose ends to tie up. We have yet
to observe the Higgs boson, which the theory requires in order to generate the masses
of the particles in the standard model. Even with the Higgs boson, there is still a
massive difference in the scales between its mass and the Planck scale ~ 1019GeV .

This presents certain problems to the renormalisation of the masses in the stan-
dard model. The one loop renormalisation of the mass term diverges as the cut-off
squared, A%2. It would be unnatural for the masses of the standard model particles
to be as small as is observed if there is no new physics between the Higgs and Plank
scale.

At the moment one of the more promising theoretical models for physics beyond
the standard model is Supersymmetry (SUSY). The premise of SUSY is that every
particle in the Standard Model has a superpartner. These SUSY particles have the
same couplings as their partners, however their spin is shifted by % This means
every Standard Model boson has a fermionic superpartner and every Standard Model
fermion has a bosonic super partner. The difference in sign between boson and fermion
loops ensures that a A? divergences from the one loop corrections to the masses will
be cancelled off. All that is left is a term logarithmic in A, which is nowhere near as
problematic as a quadratic divergence.

One of reasons physicists favour SUSY is that on top of resolving the renormal-

isation issues of the Standard Model, it also provides a natural candidate for dark
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matter. Imposing R-parity on the SUSY model forbids interactions with initial and
final states having different signs under the R-parity operator.

The R-parity of a state is defined as:

Rly) = (=D)"), (3.1)

where N is the number of SUSY particles in the state |1).

A consequence of conservation of R-parity is that the lightest super partner (LSP)
is stable. The fact that we do not directly observe any of these relics in the universe
today means that it can only interact weakly or gravitationally with Standard Model
particles. This would be an ideal candidate for dark mater.

An interesting corollary to the stable and weakly interacting nature of the LSP
is that the next-to-lightest superpartner (NLSP) can have a fairly long lifetime. This
is because the NLSP’s only decay channel is to the weakly or gravitationally coupled
LSP. This occurs naturally if the LSP is the gravitino.

This means that it is possible to have some massive SUSY particles survive until
the BBN era that are strongly or electromagnetically interacting. There has been a
significant amount of research done on electrically charged relics. Here we will focus
on the strongly interacting ones.

There are two different types of strongly interacting particles in the SUSY frame-
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work. These are the squark (the scalar quark), and the gluino (the fermion partner
of the gluon). In this thesis we will focus on the squark’s impact on BBN since it is
possible to make predictions about how these particles interact with Standard Model
matter. We favour the squarks because the predictions we make have a higher degree
of certainty than those that come from a gluino.

There are other strongly interacting relics could exist in the early universe such as
a long lived higher generation of quarks. However these models do not have the same
motivation as SUSY and in particular do not have the nice consequence of providing

a dark matter candidate as its decay product. We will not be looking at them here.

3.2 The Mixed Hadron Spectrum

Before the QCD phase transition the squarks and quarks are not bound into colour
neutral objects. As the universe cools, the squarks bind into exotic meson and baryon-
like bound states.

While the complex nature of the strong force prevents us from knowing exactly
how the squarks undergo hadronisation, it is fortunate that the details of the pro-
cess are mostly unimportant in discussing the final bound states the squarks find
themselves in.

In a naively simple model, all the squark-hadrons would decay to the lightest

possible colourless combinations of quarks, squarks, and their antiparticles. These
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would be meson like objects called mesinos. They can be made up of a squark and
antiquark Qg or an antisquark and quark Qgq.

It turns out that this is an oversimplification of the physics and quite simply
not true. This model of the mesinos ignores the presence of other baryons in the
early universe. The Qq system will not be affected by these baryons. The Qg system
however is a different matter. The ambient protons or neutrons will quickly destroy
the anti-quark in this bound state, creating a mixed baryon of the form, QQqq.

In order to understand the qualitative behaviour of the single squark bound states
we look to the mesons and hadrons that contain a single heavy quark. The reason
we expect the behaviour of these two systems to be similar is because the terms in
the Lagrangian that can cause a difference in their properties are those that couple
the spins of the two particles. This spin spin coupling is suppressed by a parameter
on the order of Agcp/m, where m is the mass of the squark or heavy quark. In both
cases this ratio is much less than one. This means one can use the spectrum of charm-
and beauty-containing hadrons to infer the spectrum of the hadronised squark. The
expected behaviour of each of these objects will be covered in the sections 3.2.1 and

3.2.2.
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3.2.1 Mixed Hadrons

When we look at the three quark objects with a single charmed or strange quark and
two light quarks, we find that the mass spectrums of the two are qualitatively similar.

That is, the lightest baryon is an isospin singlet qud. This is separated by A,, =
TTMeV for the strange baryons and A,, = 166 MeV for the charm baryons from an
isospin triplet of the three baryons, quu, qud, gdd. The splitting in the triplet is below
the order of 10MeV .

This means that the (Qqq bound state will quickly decay to the singlet, Qud,
which, unlike the mesinos, cannot interact with nuclei through single pion exchange.
This greatly reduces the possibility of contributing to nucleosynthesis through nuclear
interactions.

Moreover, in the case of a bottom type squark, the electric charge of the hadron
is zero and while it is +1 for the stop squark. This means that the relic squarks will
not be able to catalyse nucleosynthesis through electromagnetic interactions. The

same is not true of the anti-squarks.

3.2.2 Mesinos

There are two types of anti-squark that can bind into mesinos. Depending on the

SUSY model, the NLSP could be a down or up type squark. I am focusing on the



3.2 The Mixed Hadron Spectrum

23

sbottom and stop scalar quarks, meaning the mesino doublets are

for the stop and

for the sbottom. Table(3.1) shows the mass splitting measured in heavy mesons [2].

c b
u 1864.5MeV 5279.0MeV
d 1869.3MeV 5279.4MeV
A, |[478E0.1MeV | 0.33 % 0.28MeV
Aacp 0.12 0.038

Table 3.1: The masses of ¢ and b heavy mesons and the mass splitting of their isospin
doublets. The last entry shows expected size of QCD spin-spin corrections to the

mass splitting, %

The QCD scale we use is Agep ~ 180MeV. We estimate the difference in mass

between the isospin states will be = 0.3M eV for the shottom mesinos, and ~ 4.8 MeV

for the stop case. We will look at the binding energy of the nucleon-mesino system,

or mule deuteron, as a function of this mass splitting.
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3.2.3 Multi-Squark Bound States

Up until now we have looked solely at single mesino bound states. However there
are certain cases where a multi-squark object can not only survive until BBN, but
survive with a much larger number density than the single mesino baryons.

The formation of QQ states is not particularly interesting since they quickly
decay. However, depending on the SUSY model, the states Qg may be long lived.
Most models will still allow them to decay very quickly via a reaction like that shown

in figure 3.1.

oq ¢

Figure 3.1: A possible annihilation channel for the QQ system.

The estimate of the lifetime of this bound state can be calculated in a manner
similar to the decay time of positronium [14]. The quantity called the decay probabil-
ity is defined as the inverse of the lifetime of the state. The decay probability of the

QQ) state is given by multiplying the annihilation cross section for the state by the
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flux density of the particles, v|1(0)|%. Here 1(0) is the wave function for the bound
state at the origin.

Ignoring QCD colour factors, the squark squark potential is Coulomb-type at the
energy scales of interest. This means that we can approximate the squark-squark

bound state with the wave function:

2

S — (3.6)
mqQQeyf

aer = Cag, where C' is some colour factor that is order one. The actual value of C'
will have little impact on the approximation. In this problem, the squark momentum
aefpmg is much less than the mass of the squarks so that we are looking at the decay
cross section in the limit of small velocity. In this limit we calculated the cross section

times velocity to be approximately:

a2 (my—m2)”” .
o= 327 m%mg ' (3.7)
g

myg is the mass of the quarks the squarks decay into and mg is the mass of the virtual
gluino from Fig(3.1). For our approximation of the cross section we ignored the colour
factors and assume the gluino is much heavier than the squark mass. We will also

ignore the mass of the quarks.
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The decay probability is now given by:

w = [¥(0)[*(vo)yo (3.8)
~ Mmoo\ Cepr 1 (3.9)
T 327 mg '
5 3
Qepr Mq
- _dr7e 1
3272 mg (3.10)

This corresponds to a lifetime of:

3272 m2
. (3.11)
eff 1'°Q

Estimating mq ~ 1TV, and mg =~ nTeV gives a lifetime of:

32m? n?
. 3.12
ad TeV (312)
Converting this to seconds we get:
7 o~ n®x 107" sec. (3.13)

This is about 22 orders of magnitude shorter than the age of the universe at BBN.
A consequence of this rapid decay channel is that introducing a difference in the

squark-antisquark abundances will not help preserve the relics until BBN.
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One could pick a very specific class of SUSY models where this decay channel and
others like it are suppressed until after BBN. However most natural models would
not allow these states to survive.

As a side note, this approximation has ignored the issue of the chirality of the
squarks. It is possible for the left handed squark (@) and right handed squark
(Qr) to have different masses and couplings. This means the coupling of their mass
eigenstates to the gluino is somewhat model dependant. This could suppress the
annihilation cross section, and therefore increase the lifetime of the particles. Unfor-
tunately this increased lifetime would not bridge the 20 orders of magnitude needed
for the bound state to survive until BBN.

The motivation for examining this bound state will become more evident after
having reviewed the squark annihilation mechanism that takes place before the QCD
phase transition. Therefore we will look at it after dealing with abundance calcula-

tions.

3.3 Squark Relic Abundances

There is a standard way of calculating the relic abundance of a cold or hot relic [6].
The basic approach is to calculate the annihilation cross section of the relic. This
rate is then compared to the Hubble rate and, when the annihilation rate drops below

the Hubble rate, the annihilation processes freezes out. The abundance of the relic
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at the freeze-out temperature is then be preserved until some other mechanism that

can affect the relic abundance, such as a decay channel, opens up.

3.3.1 Naive Perturbation Theory Calculation

For weakly and gravitationally interacting relics, perturbation theory is sufficient to
calculate the annihilation cross section. However in the strongly interacting case that
approach is no longer valid at the temperatures below the QCD phase transition.
An estimate of the relic abundance that takes into account the effects of QCD is
calculated in [1]. We will quote this result and contrast it to the naive perturbative
calculation.

When calculating a relic abundance pertubatively it is useful to write the Boltz-

mann equation in the form [6]:

dY - $<U|U|>3 2 2

Y is the fraction of the number density of relic particles to the entropy density of the
universe, while Y, is the value this fraction would have if reaction were in chemical
m

equilibrium. x = Z is a useful variable to work with, and m is the mass of the relic

particle. H,, = x*H(T) is the temperature independent expression of the Hubble

rate. Finally, (o|v|) is the total velocity averaged annihilation cross section.
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The calculation of the squark to baryon number density freeze-out fraction is
done in Appendix B. The final step required in this calculation is to evaluate the
annihilation cross section for the squarks. This is done by considering the possible
decay channels of the squarks scattering into two gluons, or into a pair of quarks.

The end result of this calculation is:

(3.15)

The QCD coupling varies significantly over the energy range 1GeV to 1TeV. In
order to get a correct approximation of the freeze-out temperature, Ty = %, the
coupling, o, must correspond to roughly the energy of the annihilating relics. For a
mass of 1TeV | this gives o &~ 0.1 [15]. For g. = 100 and 7'~ 1TeV, the result of the
calculation in Appendix B is that x; ~ 30. This results in the mass density for the

relic,

9 -1
o2 = LOTx10 7,GeV ! (3.16)

mpi0o

and a relic fraction of:

"0 _73x 107 (3.17)
np

A
Il
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This abundance will exist until the universe cools to a temperature below the QCD
phase transition, at which point the annihilation cross section becomes much larger,
allowing the relic abundance to decay further. The reason behind this will be ex-

plained in the section 3.3.2.

3.3.2 The Actual Expected Abundance

A more accurate estimate of the abundance is calculated by [1]. Here the authors
are able to get an estimate on the freeze out abundance and temperature by treating
the strongly interacting relics as a massive coloured particle surrounded by a cloud of
much less dense QCD 'muck’(light quarks and gluinos). This calculation is completely
general in that it does not rely on the relic being a squark or gluino, only that it be
strongly charged.

The cloud of muck that surrounds the relic enhances the annihilation cross section
by allowing the formation of bound states with large angular momentum L. These
states shed their angular momentum by the emission of photons or pions, until the
relics annihilate.

The derivation of this abundance is fairly straightforward. The cross section for

the formation of the large L bound state is geometric, and on the order of the hadron
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radius. This means the cross section is given by:

g

TR 4 (3.18)

The velocity of the particles when they form these bound states will be the thermal

velocity at the temperature of formation. This gives a velocity-averaged cross section:

(o) = THia (@) , (3.19)

here m is the relic mass and T'g is the temperature where the bound state is formed.

The freeze out abundance is reached when the annihilation rate drops below the
Hubble rate:

T2
nololel) < H~ g,

(3.20)
where Mp is the reduced Plank mass.
nQ 45 mas
~ 3.21
S 2’/T3Mp T%RQ ( )
B~ YHad
-2 ~3/2
~ 108 R Tp / ( m >1/2 (3.22)
GeV -1 180MeV TeV ' '

Here np is the number density of the relic and s = 27%¢, 72 /45 is the entropy density
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of the universe. g, ~ 10, R ~ 1GeV ! is the radius of the QCD muck. To put this

in terms of a baryon fraction:

A= te_T"esS5 M (3.23)
ng S Ny N
TLQ 10 _1
~r —— 3.24
T (3.24)
R \? Ty \ %/ m \1/2
~ 4x 10710 B ( ) . 3.5
(GeV—l) (180M6V) TeV (3:25)

This gives us an order of magnitude approximation for mesino abundance when BBN

begins. This is six orders of magnitude lower than the naively expected abundance.

3.4 A Possible Relic Abundance Enhancement

An enhancement of the relic abundance would be possible if the squark-squark an-
nihilation were highly suppressed. This could be achieved if the strongly interacting
relic were significantly lighter than the gluino and photino. In that case the decay of
a (QQq state would be suppressed.

The reason this is an interesting object is because it now has a chance of gaining
a third squark. If this happens then the QQQ object is going to be colour neutral

and extremely tightly bound. The reaction cross section of the QQQ system with

1
(asm)®

another QQQ), a Qq, or a Qqq is now orders of magnitude smaller, on the order

as opposed to 20GeV 2 [1]. Thus allowing it to survive in greater abundances than
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the result in reference [1] predicts.

What is more, depending on the type of quark, one can get a relic with charge
—1 for bbb or —2 for . We expect these to be large catalysts. The singly charged
one has already been shown to affect rates during BBN [12], while the impact of the
doubly charged relic has yet to be examined.

While interesting, this case requires some additional mass hierarchies than a
SUSY model. Perhaps a more realistic application of this anomalously large relic

abundance is the possibility of a stable fourth generation of quarks at the TeV scale.
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Chapter 4

Mesino-Nucleon Bound States

As mentioned previously, the mesinos should have similar isospin splitting to the
nucleons. This facilitates the formation of composite nuclei, by allowing binding
through pion exchange. The first step in this process is the formation of a deuteron-
like objects that we call mule deuterons.

It was mentioned earlier that the deuteron binding energy regulates the start of
BBN through the deuterium bottleneck. The binding energy of the mule deuteron is
equally important to catalysed nucleosynthesis. It is also one of the few mesino-nuclei
systems whose binding energy can be calculated with any degree of confidence.

If the mule deuteron is very deeply bound, it could throw off the BBN predictions
by allowing the deuterium bottleneck to be bypassed entirely. If it is very weakly

bound, then the mesinos will interact completely differently with baryons during
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nucleosynthesis.

In this section we calculate the mule deuteron’s binding energy. We start from
the one pion exchange potential and calculate how the isospin and spin states inter-
act. The similarities between mesinos and nucleons lead us to expect that the mule
deuteron will share many features with the standard deuteron.

We introduce a cutoff to the pion exchange potential that helps deal with short
distance physics. The form of this cutoff is fixed using the deuteron’s binding energy
to calibrate it. If the one pion exchange potential generates the correct deuteron
binding energy then its prediction for the mule deuteron binding energy is more
likely to be in the correct ballpark.

We discuss the numerical methods used to calculate this binding energy. Lastly,
we see how this binding energy depends on the mass splitting between the isospin

doublet and the axial vector coupling.

4.1 One Pion Exchange Potential

The one pion exchange potential arises from the fact that at long ranges, greater than
a fermi, the nucleon-mesino and nucleon-nucleon interaction can be described by pion

exchange.
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The potential arises from the terms in the effective Lagrangian [16]:

Liw = ——2NT [Ta? : gﬂa] N — 2t [7’“7 : ?W“] M. (4.1)
V2/fx

Where 7 and o are the Pauli spin and isospin operators. The isospin matrices act on
the isospin doublets N and M, while the spin matrices act on the spin doublets. The
index a is summed over the pion triplet. Finally, g4 (g4) is the axial vector coupling
of the pion to the nucleus (mesino). g4 is determined experimentally, while the value
of g4 will be allowed to vary.

The fact that the mesino isospin doublets have the same spin and similar mass
splitting as the nucleons means that we expect the large distance potential will be
similar for the two types of particle.

The one pion exchange potential between two nucleons is given by the integral

[17]:

_ ga ’ ) ) o - d’q ol 1 2 2
Vi) = (L) oo eo) [ ok Fha(a?), (12

¢* +m3

F.nn is the pion nucleon form factor. If the inter-nucleon potential were solely
mediated by pion exchange and neither the nucleons nor the pions had internal sub-
structure, then the form factor would be one. It is well known, however, that this

is not the case for high energies (short distance scales). At high energies there are



4.1 One Pion Exchange Potential 37

contributions to the potential from multiple pion exchange, heavier meson exchanges,
and the effects caused by the finite size of the nucleon.

Dealing with these contributions analytically is not feasible. Instead the compli-
cated high energy behaviour of the potential is grouped into the form factor, Fyy.

The potential can be rewritten in a more compact form as:

Vi) = mﬂfg%(ﬁ.@) (Suovr(r) + o1 - aave(r)) (4.3)
vr(r) = ho(x)" — ho(x) /2 (4.4)
vo(r) = he(x)” + 2ho(x) /2 (4.5)
balr) = g [P0 Pran(a?), (4.6)

Where © = m,r, and fi = 0.079. Sjs is the tensor operator with its explicit form

given by:

S, — 3(01'2#“’”’2 (47)

For convenience I will use the notation:

Vr(r) = mqfivp(r) (4.8)

Ve(r) = mgfiue(r). (4.9)
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We refer to the operator %7’1 - T9S12Vr(r) as the tensor component of the potential;

while %71 - 1901 - 02V (r) will be refered to as the vector component.

4.1.1 Evaluating the spin and isospin contributions

The isospin dependence of the potential enters through the vector dot product 7, - 7.
To evaluate this contribution to the potential we must write the ground state as a

sum of isospin eigenstates. The basis as derived in [18] is:

ls=1,m=1) = |+,+) (4.10)
1

ls=1,m=0) = E(|+,—)+|—,+>) (4.11)

s=1,m=-1) = |-, —) (4.12)
1

|s=0,m=0) = E(H—,—)—]—,—H). (4.13)

Ta * Tp acts on the states differently. To evaluate the operator we use the identity:

o T %{S(SJA)——}, (4.14)
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which gives the results

Ta'Tb|S:0;m:O> = —3|5:07m:()> (415)

To Tls=1,m) = |s=1,m). (4.16)

In the deuteron bound state the spins and isospins are arranged in such a way that
insures both the vector and tensor components of the potential are attractive. That
is, [ =0and S =1.

Unfortunately this is not possible for the mule deuteron. Unlike the deuteron,
the nucleon-mesino systems are not invariant under the exchange of a virtual charged
pion. In fact the rest masses of the two isospin combinations are different. This
means the mule deuteron’s isospin state will not be purely | T, |) or | |, T) The state
can instead be written as a combination of | = 1,m = 0) and |[I = 0,m = 0)
from equations Eq. (4.13) and Eq. (4.11), where the kets describe isospin rather than
spin. Since the spin arrangement of the mule deuteron remains s = 0, the I = 1
contribution will be repulsive. This means we expect that contribution to vanish in
the limit mpy+ + my, = mppo + my,.

The potential can now be written in terms of a vector product of the spin and

isospin state contributions. Only looking at the isospin structure of the potential,
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and grouping everything else into the term V' (r) results in a potential:
Tl
‘/;Sotal = V(T) X Tg Ty (417)
1
=11
The explicit matrix for 7, - 7, in the isospin basis v2 is:
Ti+1T
V2
-3 0
Ta Ty = , (4.18)
0 1
while in the basis , it is the matrix:
1
-1 2
Ta " Tp = (4.19)
2 -1

Depending on the situation, we pick one or the other basis to calculate the ground

state and binding energy.
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4.2 Schrodinger Equation and the Importance of
Isospin Mixing

The binding energy and ground state of the mule deuteron is calculated by deriving
the Schrodinger equation then solving it numerically. There are several subtleties
that must be taken into account when dealing with this differential equation. These
will be discussed here.

One complication that does not arise when dealing with the deuteron is how to
treat the exchange of charged pions. In the standard deuteron, charged pions are
exchanged, enhancing the binding potential. However, this exchange does not alter

the composition of the deuteron, see figure 4.1. We mentioned in the previous section

u u
I'ld u |p
AT
1
u 1 u
Pl u d |n
d d

Figure 4.1: When a charged pion is exchanged the deuteron remains a deuteron.

that the mule deuteron is a mixture of two isospin configurations. If this mixing
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were not allowed and the mule deuteron was made up purely of a neutron and down
mesino, or a proton and an up mesino, then charged pion exchange would not be

possible, see figure 4.2. A consequence of this is a potential too weak for the mule

deuteron to bind.

u u
n d u p
d : d
+
AT
1
+, 1 d
M 2 . M’
b b

Figure 4.2: When a charged pion is exchanged in the mule deuteron, the system
becomes a different state.

The mixing of isospin states is possible because the difference in mass between
the two configurations is absorbed into the ground state. This is done by increas-
ing the relative amplitude of one isospin configuration at the expense of the other.

This section focuses on correctly setting up the Schrodinger equation to take these

differences into account.



4.2 Schrodinger Equation and the Importance of Isospin Mixing 43

4.2.1 The Schrodinger Equation For The Deuteron

The Schrodinger equation for the deuteron is derived in Appendix C, including the
form of the S and D components of the wave function. The deuteron wave function

is given by Eq. (C.14):
1 1
o= ;U(T’)‘I’LJZ,O + ;w(T)q)LJz,z, (4.20)

where u(r) is the S wave component and w(r) is the D wave component. The

deuteron’s Schrodinger equation is given by Eq. (C.15):

_%;_;u(r)_EU(THVC(T)U(T)+2\/§vT(r)w(r) — 0 (421)
—%%w(r) — Bu(r) + (Vi(r) — 2Ve(8)) w(r) + 2V3Vir(r)u(r) = 0

This is the coupled ODE eigenvalue problem that must be solved to find the binding

energy and ground state of the deuteron. The mule deuteron has added complications.
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4.2.2 The Mass Shift Term

To correctly take the mass difference into account we look at the Schrédinger equation.

In the centre of mass frame it is:

H = /P +m2+\/p>+m2 +V(r) (4.22)

2
T LT VY (4.23)
2 m,myuy

Normally the free mass of the system is unimportant and merely contributes to a
shift in the vacuum energy of the system. However when the bound state is a mixture
of two systems with different free rest masses the the relative mass difference becomes
important.

Given some mixing potential V,,,;,, we can write the Schrodinger equation as:

2

(mn +man + %% + V(r)) U1 (1) + Vinia (M)t (r) = By (r) (4.24)
2

(1 e+ 52 1)) ) 4 Vi) = Bl (425

Shifting the ground state energy by picking a convenient normalisation puts the
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Schrodinger equation in the form:

(5m + §—M t V(T>) U1(r) 4 Viniatha(r) = Bt (r) (4.26)
(g_ﬂ + V(T)) ¢2(T) + Vmix¢1(r) = sz(r)’ (427)

where 0, = (m,, + mpn) — (my, + ma2). The binding energy is now defined as the
difference between the minimum eigenvalue of Eq. (4.27), Eyin, and the energy of
the least energetic free state. Under the normalisation of Eq. (4.27), the binding
energy is EFg = FE,.;, when 9,, > 0. However when ¢,, < 0 the binding energy is

EB = Emm - 6m or EB = _|Emm| + ’(Sml

4.2.3 Expressing The Coupled Schrodinger Equations As A
Single Vector Operator

When solving a coupled system of differential equations like this, it is easiest to
correctly match the boundary conditions if the Schrodinger equation is expressed a
single operator acting on a vector that represents the wave functions.

In the case of the deuteron, the Hamiltonian can be built using the tensor product

10 0 1
of the potentials and differential operators with the matrices
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, Or
10 01

This way the deuteron Schrodinger equation Eq. (C.15) can be converted from a

coupled ODE to a single matrix equation:

1 & 10 6 00
HdeuteronU - ___+VC X + —2VT X
my dr? mar?
01 0 1
01
F2VAVs v (4.28)
10
= EU. (4.29)

Where U = (u,w), and my = 2m.

The Schrodinger equation for the mule deuteron is not much more complicated
than that of the deuteron. The difference is that the wave function has to be split into
the attractive |s = 0, m = 0) and repulsive |s = 1,m = 0) isospin components. The
result is that there will be four wave functions in the general mule deuteron ground
state; one for each possible isospin and angular momentum combination.

Like with the mixing between S and D states of the deuteron, the Schrodinger

equation can be written as a tensor product of the overall potential calculated Eq.
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!
(4.29). In the isospin basis, the Schrodinger equation becomes:
I
10 g1 -1 2 10
HMDU = DSX —|—3—VX +5Mz>< U
01 g4 > —1 00
= FEU (4.30)

=17
In the vz basis, the Schrodinger equation is:
T+
V2
10 ~ -3 0 5 11
HupU = |D2?x + Iy g Mo U
39A 2
0 1 0 1 11
= FEU (4.31)
Where:
D = —— 4.32
2 mpy dr? + myr2 % ( )
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10 00 01

V o= Vux — 2V x + 2v2V7p x (4.33)
01 01 10
10

Spa = Oy X . (4.34)
01

The factor in front of the potential term is the rescaling coefficient that comes from
the fact that the axial vector coupling of the pion to the mesino is different from the
coupling to nucleons.

U is now a 4-component vector with entries that consist of the components of the

ground state wave function:

3
Il

(4.35)

where the subscripts 1 and 2 refer to the contributions from different isospin states.
The more physically intuitive basis is the second one. A good check of the numer-
ics is to confirm that as the mass splitting goes to zero the u and w wave functions

projected onto the “\J/%” isospin state goes to zero. This means that in the limit

ga = ga and my — Z, the problem reduces to solving the deuteron Schrodinger
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equation.

4.2.4 The electromagnetic contribution

The Schrodinger equation we just derived is valid for sbottom squark mesinos. In this
case M, = ub and My = db. The electric charge does not affect the binding energy
and the overall charge of the mule deuteron is +1.

This is not the case with stop mesinos. The mule deuteron in this case will be
a mixture of Myn and M_p. The overall charge of this mule deuteron is 0 and the
Schrodinger equation describing the bound state must have a term that takes into
account the Coulomb potential.

When 6, = my- +m, — mppo —m, > 0 the shift is equivalent to adding a term

to the mass shift:
O — _a + 0, (4.36)
T

However if 9, < 0 then, as mentioned in section 4.2.2, the binding energy will

be given by B.E. = |E| — |0,,]. The expected contribution to the binding energy will

be on the order of Uim = 1971];476‘/ = 1.44MeV. This will turn out to be considerably

smaller than the pion exchange contributions.
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4.3 Cutoff-Dependent Form Factor

As mentioned earlier, the short distance nuclear potential is poorly described by the
1PE potential. In order to smooth over these unknowns we use a cutoff dependent
form factor [17]:
A2 —m,]"
F, = |—7] . 4.37
w o= | (437
This was used to accurately model the deuteron and match the experimentally mea-
sured S-D mixing and binding energy of the ground state by varying the cutoff A.
When ¢ > A, the form factor becomes:

Fony = h (4.38)

which goes to zero fairly quickly for ¢ > A. Using the same form factor for the
mesino-pion interaction as for the nucleon-pion interaction allows us to use the same
A that was calculated for the deuteron. This will not be exact, but it should be a
fairly good approximation since the mesinos have identical spin and isospin as the

standard nucleon doublet.
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Eq. (4.6) can now be defined recursively by:
o m—l6
D D JURE ) (4.39)
=0
dni1(x) = (2n—1)0,(x) + 2°6,_1(2) (4.40)
do(x) = 1/x (4.41)
Si(z) = 1 (4.42)
A
= — 4.4
== (143

where m = 2n and £ = (5% — 1)/(23%).

The potentials generated by this form factor are plotted in figure (4.3). Note that

these potentials have been scaled by multiplying them by the radius. This is merely

for presentation convenience, making it possible to see their short distance behaviour.

4.4 Numerics

As with virtually all problems in nuclear physics, the bound state has to be calculated

numerically. While the variational method could be used to find a good approximation

of the ground state, the fact that there are four components to the wave function

means the number of parameters needed in a trial wave function would be large.
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Figure 4.3: The red curve is the vector potential multiplied by the nucleon spacing
r, while the blue curve is the tensor potential multiplied by r.

The multiple component ground state also rules out the shooting method ap-
proach. Instead we will use a Matlab tool box that was designed for this type of
problem.

We know that the long distance distribution of the ground state wave function
decays exponentially. This means that we only have to calculate the numerical so-
lution for the range [0,7¢] where r¢ is some radius much larger than the expected

proton meson spacing. This interval can then be broken into NV pieces. An N vector



4.4 Numerics 53

can now be used to describe each of the four components of the ground state wave
function.

If the ground state has M components then the Hamiltonian can be written as
an NM by NM matrix that acts on a vector of length NM.

The Matlab ODE toolbox that we use numerically calculates the derivative matri-
ces and ideal divisions of the interval over which to solve the Schrédinger equation [19)].

We know the wave function of a bound ¢ 5(r) state will behave as follows:

Yp(0) = 0 (4.44)

e—ar

Yp(r>m') o ) (4.45)

where a = \/m . This means the long distance behaviour of the scaled wave
function is, u(r > m ') = rip(r) = e *". Finding a solution composed of La-
guerre polynomials is ideal for dealing with these boundary conditions since they are
described as a polynomial multiplied by an exponentially decaying envelope of the
form, e

For a given value of b the ODE toolbox divides the interval into the first NV roots
of the Laguerre polynomials. It then generates the matrices that represent the needed

derivative operator. In the case of the Schrodinger equation, only the second order

operator is required.
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The numerical equation that needs to be solved is now of the form:

1
(— D® 4 V) u = Eu, (4.46)
2m,,

where D® is the second derivative operator, and V represents the potential terms,
the mass difference term, and the angular momentum terms of the D or [ = 2 states.
u is a vector of length 4N for the ground state of interest.

The minimum eigenvalue is now found with a single line of Matlab code:

1
Eoin = min (eig (—Q—D(Q) + V)) ) (4.47)
m

n

Initially b is a free parameter. When the system is barely bound, E,,;, = 0.1MeV,
this energy is heavily dependent on the size of b. This dependence becomes far weaker
when the parameters of the theory are such that the binding energy is greater than
oMeV.

Even though the binding energy in the range of parameters of interest is not
heavily affected by our initial choice of b, it is a good idea to make certain the choice
of b has the correct physical motivation.

Since the long distance behaviour of u(r) is a decaying exponential, the natural
choice will be b = /2m,Ep. Picking an initial guess for the binding energy of

10MeV gives an initial ansatz for b. By running the code and iterating the value of
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b a consistent value for the binding energy is found. It usually takes less than six

iterations for the binding energy to settle down to better than 0.1%.

4.5 Mule Deuteron: Results

Once the Schrodinger equation is coded into Matlab, it is possible to calculate both
the binding energy and ground state wave function.

There are four parameters that can affect the bound state. They are the mesino-
pion axial vector coupling, g4; the rest mass difference between the components of
each isospin combination, d,;; (3, the scaled cutoff in the potential form factor, and
m = 2n, where n is the power of the form factor in Eq. (4.37).

We see in figures 4.4, 4.5, and 4.6 that the binding energy of the ground state
depends heavily on g4, while the dependence on d,; is surprisingly weak. This weak
dn dependence will be addressed in section (4.5.4).

The 3 dependence, or more generally the form factor dependence, of the mule
deuteron state is our largest source of error. While we did use the deuteron’s binding
energy to constrain the parameter, even relatively small changes in 3 can have a
significant effect on the binding energy. This issue will be discussed in section 4.5.3.

The power of the form factor ends up being relatively unimportant to the overall
binding energy of the system. A plot of how the binding energy behaves for various

values of n is given in Fig(4.6). The one outlier in this case is m = 1, however that
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case is slightly unphysical since the large momentum cutoff is of the form:

Finy = (4.48)

<=

This allows the nucleon and mesino to get closer than is strictly realistic, or possible

when the cutoff has a larger power of n.

4.5.1 Binding Energy

One of the main difficulties with calculating the binding energy precisely is that it
arises from the subtraction of two large numbers, the kinetic and potential energy.
This means that even a small percentage uncertainty in a parameter like g4 can lead
to a large variation in the binding energy of the system.

This is one of the reasons why the binding energy of the mule deuteron is so much
larger than that of the deuteron. The deuteron’s binding energy of 2.225M eV is the
result of the cancellation of a large negative potential and a large positive kinetic
energy. The reduced mass of nucleon in the mule deuteron system is twice that of a
nucleon in the deuteron. In the most naive approximation of the binding energy of

the system we merely divide the kinetic energy by two. The potential should similarly
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be scaled by a factor of Z—i. This gives:
K.E. 1
B.E. ive = —— + —=P.F 4.4
nawve 2 + 1‘27 ( 9)
32MeV 1
~ 5 + o7 (—34MeV) (4.50)
= —10.8MeV. (4.51)

This is the minimum binding energy we could expect if we take g4 ~ 1.

We see from figure (4.4) and (4.5) that the binding energy should be on the

order 15M eV, regardless of the type of squark being modelled. Due to uncertainties

however we will examine the impact on BBN of a mule deuteron with binding energy

that ranges from 10MeV to 30MeV .

4.5.2 The Ground State Wave Function

As mentioned before there are four components to the ground state wave function.

Figure (4.7) shows how the the |I = 1,m = 0) contribution to the ground state goes

from 0 when d;; = 0 to non-zero when dyy = 5MeV.

The increased effective mass of the nucleon in mule deuterium causes the com-

ponents of the mule deuteron to be bound more closely than the components of
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Figure 4.4: A contour plot of the binding energy as it depends on g4 and ;.

deuterium.

<r2>% = %\// drr? (uy(r)? + w1 (r)? + ug(r)? + wa(r)?) (4.52)

= 0.785fm.

The radius is calculated for g4 = 1, d5; = 2. This is about half the deuteron’s root

mean square radius which our model calculates to be (rﬁeu)% = 1.923 fm, which is
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Figure 4.5: A contour plot of the binding energy as it depends on g4 and d,; when
the isospin down mesino is negatively charged. In this case the binding energy gets an
enhancement from the coulomb interaction between the down mesino and the proton.

very close to the experimental value of (r;p)% = 1.956 fm [17].

The small mesino-nucleon spacing is a cause for some concern over numerical
accuracy. This is another reason to examine the impact on BBN by of a wide range

of mule deuteron binding energies.
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Figure 4.6: The black curve is the binding energy for m = 1, red if for m = 2, blue is
for m = 4, and green is for m = 50.

4.5.3 Cutoff Dependence

We found that the binding energy of the mule deuteron is heavily dependent on the

cutoff used. Varying 3 from 0.904¢, to 1.154., caused the binding to vary considerably,
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see figure (4.8). This is why we consider [ to be a major source of uncertainty in the
binding energy calculation.

A related problem is the short distance behaviour of the wave function. If the
binding energy depends heavily on the short distance physics at r < 0.2 fm then the
likelihood of the binding energy being affected by some kind of numerics glitch or
contact force is quite high. To investigate the importance of the short distance wave
function, we added an impenetrable core to the mesino at r = r,,;, and examined how
this impacted the binding energy. The results are shown in figure (4.9) and (4.10).
While the binding energies do vary slightly as r,,;, is increased, it is still within the

range of binding energies that we will be investigating.

4.5.4 Understanding The 9, Dependence

Despite the fact that the system requires isospin mixing to bind, the final binding en-
ergy has a remarkably weak dependence on the mass splitting. While not impossible,
this behaviour was not expected.

The weak dependence is even more surprising when we look at the unphysical
case where g, is large enough for the system to bind even when isospin mixing is
forbidden. In this case we can compare the binding energy of the system for large
values of 9, to the binding energy of a system where isospin mixing is forbidden.

The expected result is that for large values of d,; the binding energy converges to
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the binding energy predicted when isospin mixing is forbidden. However, we found
that even for extremely large mass splitting on the order of GeV', the two binding
energies varied significantly as is shown in figure (4.11).

It seemed very suspicious that the binding energy could be affected by such a
large mass splitting. That is, that there could be a enough isospin mixing to affect
the binding energy, despite this mixing being suppressed by a mass two to three orders
of magnitude larger than the binding energy.

In order to understand where this behaviour came from, and make sure it was not
a coding error or numerical artefact, we looked at the much simpler case of an infinite
square well potential with no S-D wave mixing. In this simple case the Schrodinger

equation is:

= ———— —F
0 ( 2m Or? > *
01 0 W
b L1 Yi(r)
+7M : (4.53)
11 ZZJQ(?")
where the potential is given by:
Vifr)y = V., r<R

(4.54)
= —o0 , T>R
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) = Vo T<R. (4.55)

= o , r>R

Here V' is some positive number and R is some radius on the order of femtometers.

The eigenvalues of the potential matrix are now %5 JV == ,/}15%/1 +4V2 -V, and

the ground state is:

Y(r). = Asin(wr)+ Bcos(wr), (4.56)

where w = \/Qm (%51\4 + /303, +4V2 -V + |EB|>. The boundary conditions set

the wave function to vanish at » = 0, R. These conditions are met when B = 0 and

wR = m. The end result is that the ground state has a binding energy:

By = 1l e ave v (4.57)
B ompz T M T g™ ' '

In the large d,; limit, this becomes:

71_2 V2
EFp = -V —-4—. 4.

As an approximation, take V' x~ 30MeV and R ~ Even if 6, ~ 1GeV. The

__3
197MeV *

correction to Eg will be on the order of 0F ~ 3.6 MeV which is sizable compared to
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the uncorrected binding energy 7.3MeV .

The purpose of this exercise was merely to demonstrate that the isospin mixing
can allow for sizable corrections to the ground state binding energy despite being
suppressed by a very large mass splitting.

The fact that a the nucleon-mesino forces can be affected by such a wide mass
splitting may mean that we should rexamine the Qud objects. Depending on the
signs of the pion exchange forces, it is conceivable that mixing with the higher mass
triplet, {Quu,Qud,Qdd}, would allow for the formation of a bound state. This is

unlikely, but should be checked in future work.

4.6 Summary of the mule deuteron bound state.

We calculated the binding energy of the mule deuteron to be on the order of 15MeV
for g4 ~ 1. However due to uncertainties in the nucleon-mesino potential we will
examine the impact on BBN of a mule deuteron that has a binding energy anywhere
from 10MeV to 30MeV .

We also calculated the ground state wave function and were able to find the
mesino-nucleon spacing (7“2)% = 0.785fm. One may note that this is actually slightly
smaller than the charge radius of the proton 0.875fm. This is a potentially large
source of error and why we examine such a large range of possible binding energies

in the nucleosynthesis code.
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Finally we discussed the possible sources of error that could arise in the calcu-
lation. We have done our best to reduce these errors as much as possible. However
there is only so much one can do with objects as complicated as nuclear systems with

hypothetical particles when there is no experimental guidance available.
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Figure 4.7: The ground state wave function of the mule deuteron. The black and red
curves are the S and D components of the |s = 0,m = 0) component of the wave
function. The green and blue curves are the S and D components of the |s = 1, m = 0)
component. Note that as d,/ is increased the |s = 1,m = 0) component becomes more
important.
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Figure 4.8: Varying (3 over the range 5 € [0.95,, 1.134] causes a large shift in the mule
deuteron binding energy. % = 5.166 is the value of 8 that reproduces the correct
deuteron binding energy when n = 2.
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Figure 4.9: The effect of introducing a hard core in the the mule deuteron system on
the binding energy for g4 =1
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Figure 4.10: The effect of introducing a hard core in the the mule deuteron system
on the binding energy for g4 = 1.5

Binding Energy (Me¥)

'
]
=

!
o
=

'
o
=

'
[=2]
=

'
]
=

'
=]
=

1 1 1 1
500 1000 1500 2000 2500 3000

&
M

'
w
=

=

Figure 4.11: The red curve is the binding energy as a function of the mass splitting
in MeV for g4 = 1.8. The blue line is the binding energy if no isospin state mixing

is allowed.
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Chapter 5

The Mesino Isospin Ratio And
Mule Deuteron Synthesis

Temperature

The goal of this chapter is to calculate the temperature at which the mule deuterons
begin forming, Ty/ps. To do so, we first verify that all the relevant rates are in
chemical equilibrium. We then use the equations for a system in equilibrium to
calculate the temperature where the abundance fraction of the mule deuteron, X,p,
becomes O(1).

The two relevant rates are the isospin flipping rate and the nucleon capture

rate. The temperatures at which these rates freeze-out will be called 1%, and Tapr
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respectively. T%;, and Thpr must be below Ty pg for the assumption of chemical
equilibrium to be valid. If the rates generating the mule deuteron were to freeze-out
before Th/pg, then the abundances of mule deuterons and therefore all complex mule
nuclei would be heavily suppressed. In this chapter we will show that 1%, and Ty pr
are indeed below Th/pg.

Since calculating the cross section of these reactions analytically is very diffi-
cult, we will deliberately underestimate the rates that pertain to isospin flipping and
nucleon capture. We will show that even when these rates are well below what is
expected from simple parametric estimates, they are large enough to insure Th/pg

can be calculated using the assumptions of chemical equilibrium.

5.1 Calculating T,

Just like the protons and neutrons, the transitions between isospin states of the
mesinos occurs freely at large temperature, letting their abundances be described by
the equations for dynamic equilibrium. As the temperature of the universe drops, the
reaction rates that flip the mesino isospin will eventually freeze-out.

There are two interactions that can flip the isospin of the mesino. These two
reactions are weak scattering off electrons and neutrinos and the scattering of nucleons
off the mesinos. The nucleon scattering is a strongly mediated cross section however

is suppressed by the small baryon density. The weak rate on the other hand has the
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opposite properties, it is mediated by weak interactions, but there is a large density
of thermal electrons and neutrinos in the universe.

The mass and electric charge of the proton lead us to believe that proton rather
than neutron capture will be the dominant formation channel of the mule deuteron.
The electric dipole transition is not the dominant formation channel of the standard
deuteron due to a resonance at £ = 0.067MeV. This resonance makes a magnetic
dipole transition by the neutron the dominant contribution to the low energy cross
section. However the source of this transition is a numerical coincidence, not guar-
anteed to be present in the mule deuteron. In order to have a firm lower bound on
the mesino-nucleon capture cross section we will only calculate the contribution from
the electric dipole transition.

The first step in calculating the mule deuteron synthesis temperature is to find

nyq
nar

the temperature dependent relation between the fraction of up mesinos Xjsq
and the fraction of down mesinos X = %, where again up and down refers to
isospin components. The Boltzmann equation that describes up, or down, mesino

fractions is:

(0),,(0)

dX ) nB(0p 0| —ntMIV) np N
= - XX |~ | — XpX 5.1
T H(T)T EATICNY pML (5.1)

+weak terms + MD terms

NB(Op+ M| —n+01V) [ S }
= — X, X — X, X . 5.2
H(O)T mie T pX M| (5.2)
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Where
O = (mppo — mp+) — (my, —my) . (5.3)

The MD terms refers to contributions to the Boltzman equation from the formation
of mule deuterons. The Boltzmann equation for the mule deuteron fraction forces
this term to zero and is independent of the fraction X;/X|. We will be discuss this
further in section (5.2). The weak terms will be shown to be negligible in section
(5.1.1).

The ngo) terms are simplified using Eq. (A.7). The equilibrium abundance of the

up and down isospin mesinos are then related by:
-5
XnXMTeT = XpXMl- (54)

In normal nuclei the ratio of protons and neutrons is controlled by the rates in Eq.
(2.8) to Eq. (2.9). Once these fall bellow the Hubble rate, the abundance freezes
out. A numerical calculation of the neutron abundance follows the curve in Fig(2.1).
In the case of the mesinos, the reaction in Eq. (5.2) dominate the isospin flipping
reactions despite the small value of ng. We can approximate this cross section as an
area with radius on the order of the pion mass, similarly the velocity of the nucleon

is approximately ,/ml. In the case where d;; > 0 the velocity average cross section
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of the reaction p+ M |—n+ M 7 is:
(5.5)

However when d,; < 0 the opposite reaction is energetically favourable. In this case
we expect the rate of the reverse reaction to be given by Eq. (5.5).

Regardless of the sign of d,,, these reactions freeze-out when the larger of the two
rates drops bellow the Hubble rate, i.e., when ng(ov)/H ~ 1. Taking the Hubble

rate to be H ~ 1.66 g*]a—Ql results in a freeze-out temperature:
P
Ty =~ 107°MeV. (5.6)

Even if the cross section we used is off by a factor of 100, 7', is still on the order
4 x 1074MeV.

We will see that the temperature at which mule deuterons form is never less than
0.25MeV in the case of sbottom Mesinos T, < Typr and Tyyp < Taps. This
means that the equilibrium is maintained and that the relative fraction of down to
up mesinos will be given by Eq. (5.4) until long after the free mesinos are bound into

mule deuterons.
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5.1.1 The weak rate as it impacts isospin mixing.

Despite the fact that the cross sections involved in the weak interaction are far smaller
than those of the strong interaction, the rates are not suppressed by the small baryon
fraction 7. If the weak isospin flipping rate were larger than the nucleon-mesino isospin
fliping rate, then the ratio of up- to down-mesinos would be fixed by a relation similar
to that of Eq. (2.11) rather than Eq. (5.4). This would change Ty/ps and is why it is
necessary to verify that the weak rates do not dominate the isospin mixing reactions.

The process of leptons scattering off nuclei is discussed in [7], while an analytic
approximation is performed in [8]. The contribution to the isospin flipping of the

mesino from lepton interactions arises from the following reactions:

My+e < M +v (5.7)
My +v < M +e" (5.8)
M, « M +e +0. (5.9)

The last reaction is only present if mp;; — mar > me. To calculate the weak rate we

follow the procedure in [7]. For Q = my;; — mas there are four possible rates. In the
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case () > 0 the rates are:

Avy-my = A dqq+@ ¢’y /11— Q+ S [+ e/ 7 1 4 e T (5 10)
Mi—m, = A dqq+Q 21— Q+ [1+4 e/ 7 [1 4 @/ (5 11)

where:

—Q—me )
A Ry
—0 7Q+me

When 0 < @ < me, the rates are:

/ m2
Av—m; = A dq q+Q)%q 26 1+e‘I/T
m2

Ay, = A dQQ+Q T 1+€_q/T

where:

[1 4 (@I

1 elern

(5.12)

! (5.13)

,(5.14)

(5.15)
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When @ < 0, the rates are:

/\Ml—MT = )‘MT—M1<|Q|) (516)
/\MT—ML = )‘ML—MT(|Q|) (517)
The constant A is:
_ 1437
4= G (5.18)

Gr = 1.17 x 107°GeV 2, is the weak coupling. The neutrino temperature 7}, in
Eq. (5.10) to Eq. (5.14) is the same as the photon temperature 7" until the electrons
and positrons annihilate at T' ~ 0.5MeV. The actual temperature of the neutrinos

relative to the thermally coupled matter is shown in [7] to be:

4 )\ Y3
T, = (L(%)) T 1
(11 T > (5.19)
45 [ 2 -1
L(z) = 1+ 5 yvidy |2 +y? + 3++2] [exp(\/ac2 +y?) + 1](5.20)
0 r= Ty

We plot the ratio of the weak rates to the Hubble rate for several values of the
mass splitting @) in figure 5.1. In the range of temperatures of interest the weak rates
are never more than an order of magnitude larger than the Hubble rate. This means

the weak rates are safely below the strong rates. Even increasing g4 to 1.5 would not
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allow the weak rate to become comparable to the strong mixing rate.
The weak could potentially impact the abundance of neutrons by allowing a cycle
of neutron or proton conversion. However we will see in section 7.2 that this will not

occur.

T(MeV)

< |

o[>

AM| M FAMT— M|

Figure 5.1: These curves are of the ratio ) , for various mass splittings
@, and with g4 = 1. Red for ) = 0MeV, blue for ) = 0.511MeV, and green for
@ = 1.29MeV. The black curve is that of the ratio for protons and neutrons, not
mesinos.

5.2 Calculating T/ps

In order to correctly calculate Th;ps, we need to know when the rates of formation

of mule deuterons falls out of chemical equilibrium, Ty;pr. If this happens before



5.2 Calculating Th/ps 78

Thrips then only a fraction of the mesinos will be bound into mule deuterons. If the
freeze-out temperature is later than Ty;ps the synthesis is described by the equa-
tions for a system in chemical equilibrium. If Th;ps ~ Typr then it is necessary
to solve the Boltzmann equations numerically. In practice we calculate Th;pg using
the assumption that the system is in chemical equilibrium, then we confirm that
Tyvps > Tupr

Since there are two ways of forming the mule deuteron, one through proton
capture, the other through neutron capture, the Boltzmann equation is slightly more

complicated than that of the standard deuteron.

dXnp n@(%“) | ”%Z)D
—_— = — X, X - X 5.21
dT HTT |\ ,0,0 | r MInE =MD (5:21)
L P M|
(0) [ (0)
ny (0n0) "MD
— X, X - X .

The up and down arrows refer to the up and down isospin states for the mesinos and
the subscripts on the cross section o refers to photodisintigration of the neutron or

the proton. To evaluate the quantity in the round brackets, we need the equilibrium
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number density of the relevant species Eq. (A.7):
(0) muypT 82
— —muyp/T
nyp = 93 ( 52 ) e MMD (5.22)
3/2
0 _ mMT —mp /T
ny = 2 ( 52 ) e M (5.23)
3/2
0 _ oM /T
ny = 2( 52 ) e "N/ (5.24)
This means:
(0) 3/2
Nyp 3 ( 2w > —myptmytmy
——==|ng = - e T ng, 5.25
() - 3o S
The exponential term for the lighter pair of nucleon mesino masses is:
—myp +my +my = B.E., (526)
where BE is the absolute value of the binding energy of the mule deuteron. While
the heavier isospin combination satisfies:

The source of this complication is the difference in energy required to disintegrate a

mule deuteron into the two possible isospin configurations. A cartoon of this transition
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is shown in figure (5.2).

Ground State

Figure 5.2: The energy required to break the mule deuteron into the lighter isospin

combination is indicated by the blue arrow, while the transition to the heavier com-
bination is indicated by the red arrow.

In the case of sbottom mesinos, where d;; < 0, the Boltzmann equation becomes:

dXnp _ nﬁ,o) (opv)
T H(T)T
n (o) |

H(T)T

[ 3 2 3/2 B.E
( (Tmp> GTTLB) XpXMl_XMD] (528)

21 3/2 B.E.+|5/]
e T npg XnXMT_XMD .
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While in the stop case, where d,; > 0, the Boltzmann equation is:

dXwump ngo) <apv) 3 21 3/2 B.E. 416y
= ey o SER ) XX — Xarp | (5.29
dT Hor |\1\Tm,) ¢ 7 ") XX Xaup) (5.29)
(0) 3/2
N~ <0nU> 3 2 B.E.
S il XX — Xun | -
H(T)T (4 (Tmn ¢rne M1~ AMD

Trps is defined to be the temperature at which X,;p ~ 1. At first it seems as if
we need to know the the relative strengths of the cross sections, o, and o,, however
this is not the case. Since the nucleon and Mesino fractions are related by equation
Eq. (5.4). This allows us to replace X, X with e_%XpXMi when d; < 0, or
X, Xpr, with e X, X1 when 85 > 0.

This causes Eq. (5.29) and Eq. (5.30) to become:

dXmp _”(70) ({opv) + {onv)) (5.30)
dT H(T)T |
3 2 3/2 B.E
% [(Z (Tmn) © nB) Aran XMD]
When 6, < 0, and:
dXup 0 (o) + (ouv)) (5.31)
dT H(T)T |
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when 5, > 0.
From here we can extract the equations for the abundance of mule deuterons in

chemical equilibrium: When 6, < 0

3 ( or 3/2 pug.
Xup = Z( > e T npg XpXML , 5M<O
(5.32)

3/2
= (% ( 2m > eBTETLB) XnXMT y 5M > 0

To solve for Xy;p as a function of temperature we must remove the dependence
of X s from the previous two equations. This is done by using the definition of the

mesino fractions:

Here we ignored the synthesis of more complex mule nuclei. Substituting in Eq.

(5.4) results in:

1—-Xup = XML<1—|—§I’€T) , o <0
(5.34)

(5.35)
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where,

3 2 3/2 B.E.
Z(T'nTLrn) e T np Xp

& = xp oM , O0m <0

1+X—ﬁe T

(5.36)

()" F n) .
= , Oon > 0.

LIYi
1+ Zne= 7T
(1)

It is interesting to note from this equation that, while the mass splitting &, is

important when it comes to the freeze-out temperatures of the rates, it does not
have a very large impact on the freeze-out temperature of the mule deuterons. In
fact, because of the exponential dependence of the ratio on %, the rate will not be
affected much by proton or neutron faction either.

We plot Thps as a function of the mule deuteron’s binding energy under the con-
ditions, Xy;p = 0.1,0.5,0.9. This translates to £ = %, 1,9. Figures 5.3 and 5.4 show
the results for the two expected mass splittings. In the case of the sbottom mesino,
we expect the isospin splitting to be on the order mypo — my+ € [0MeV,0.6MeV]
this means 0y, € [—0.7MeV,—1.3MeV]. In the case of the stop mesino we expect

Sy € [3.4MeV,3.6MeV).

5.3 Photodisintigration Freeze-Out Temperature

We were able to plot the mule deuteron synthesis temperature as a function of its

binding energy under the assumption that the reactions involved were fast enough
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Figure 5.3: This plot shows Th;ps as a function of the mule deuteron binding energy
for the case of )y = —1MeV. The red curve corresponds to the temperature at which
Xyp = 0.1, the blue curve to X,;p = 0.5, and the green curve to X;p = 0.9.
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Figure 5.4: This plot shows Th;ps as a function of the mule deuteron binding energy
for the case of 0,y = 3.6 MeV. The red curve corresponds to the temperature at which
Xup = 0.1, the blue curve to X;p = 0.5, and the green curve to X;p = 0.9.
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to keep the mesinos and mule deuterons in chemical equilibrium. However it is now
necessary to justify this assumption.

Here we will estimate the photodisintegration rate of the mule deuteron just
before BBN. We will show that even if we are off by a factor of 100 the rate freeze-
out will occur below Th;ps. That is, the mule deuterons will have formed before the
synthesis rate freezes out.

We calculate an upper bound on the mule deuteron photodisintegration cross

section in Appendix D. It is found to be:

(SIS

8 2 — BE 2
. = _ﬂam( m(w )2 w

> — = (5.4)°. (5.37)

w is the energy of the incident photon, k = v2mBFE, and BE is the absolute value
of the binding energy.

The minimum photodisintegration rate is:

ny(ov) = /aaln7 (5.38)

1 (o]
= = owe /M dw (5.39)
™ xr
0.273a T°VT m(u—@)gui”e“du
m  BE*BE Jur T

(5.40)

The lower limit on the integral in Eq. (5.40) is the minimum energy required to eject
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a proton from the mule deuteron. When d,; < 0, z = BE. However when 6,; > 0 the
photon must overcome the rest mass difference, this means x = BE + d,,. This will
have a large impact on the cross section in the case of stop mesinos. When 6§, < 0

the photodisintegration rate is:

0.0527 T5\/T _ze
(&
m  BE3\/BE

315+21OBE+60 BE 2+8 BEY®
T T T '

When 95, > 0 we will leave the cross section in its integral form for concision:

(5.41)

n4(ov)

0.273a T°VT o0 BE
ny(ov) = o U— ——

3
2
3 _—u
u’e” “du. (5.42)
m  BE3\V/BE Jpisy, T )

Eq. (5.41) and Eq. (5.42) give the rates at which mule deuterons are destroyed.

Their rate of formation can be found using Eq. (5.30) and Eq. (5.31):

BE

3/2
Mo = 0¥ (o) + (o)) (% <T2n71rn> eT”B) XpXnrp 0 <0

(5.43)

o

= 0 ((o0) + (ouv)) ( ( - ) €TnB) Xp Xyt 0m > 0.

Note the inclusion of the terms X, X, and X, X/ in these equations. The fractions
Xy, and Xyyp vary considerably depending on ;. We expressed the rates in Eq.

(5.43) in such a way that, regardless of the sigh of d,;, the mesino fraction in the
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equation is of order of 0.5 as long as X;p < 1.

The temperature at which the formation rate freezes out is found when A ,,p drops
below H(T). Using the lower bound for the rate, we replace ({(o,v) + (,v)) with our
approximation of (o,v). Solving the condition Ay p(T") = H(T') numerically generates
the following bound on Ty;pr. When 6, = —1MeV | the freeze-out temperature is
less than 0.01M eV, for any binding energy in the interval [10MeV,30MeV]. Even if
the cross section is reduced by a factor of 100 the freeze-out temperature is less than
0.08MeV.

The case of §; = 3.6MeV is not quite so simple. The large positive value of
Sy generates a relative mesino fraction Xy ~ oM ITX |- Proton capture is heavily
suppressed due to the vast majority of free mesinos being in the up isospin state. If
proton capture were the sole mechanism of mule deuteron formation, then the rate
would freeze-out at T' = 0.36 MeV. This temperature rises to 0.6MeV if the cross
section is reduced by a factor of 100.

At this point it is important to take into account the possibility of neutron cap-
ture as it will become the dominant mechanism of mule deuteron formation. Unlike
the proton capture rate, the neutron capture rate will not be suppressed by the ex-
ponential exp (5%) This is because the fraction of up mesinos is not exponentially
suppressed relative to the down mesinos.

Even if the neutron ejection cross section is a factor of o smaller than the proton
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capture cross section, Thpr is well below Thyps as seen in figure 5.5

5
[
|

07s

T{MEV) 0.5

0.5

10 12 14 16 13 20 22 24 26 28 30
BE(MeV)

Figure 5.5: This plot shows Th;ps as a function of the mule deuteron binding energy
for the case of dyy = 3.6 MeV. The red curve corresponds to the temperature at which
Xyp = 0.1, the blue curve to X,p = 0.5, and the green curve to X;p = 0.9.The solid
black curve is the estimated Ty/pr were neutron capture is the dominant formation
channel of the mule deuteron.

5.4 Remarks on Mule Deuterium Synthesis

In this chapter we have shown how the mesino isospin ratio is coupled to the proton-
neutron ratio. Using the mesino isospin ratio we were able to calculate the fraction
of mesinos bound into mule nuclei as a function of temperature.

Strictly speaking CBBN does not have to wait until the mule deuterons are com-
pletely stable before further reaction rates can take place. It merely requires that

the mule deuteron exist long enough for ambient nucleons to bind to it. This means
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that Th/ps is actually a slight lower bound on the temperature where further mesino-
nucleosynthesis will begin. Depending on the binding energy of the M N? system,

mesino nucleosynthesis may take off before Xj,;p even reaches 0.1.
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Chapter 6

Nucleosynthesis Scenarios With

Mule Nuclei

Depending on the binding energies and reaction rates of mule nuclei, mule nucleosyn-
thesis can take drastically different paths. In this chapter we introduce the three
qualitatively different scenarios that are possible and discuss which is most likely to
occur.

The first scenario is when the growth of the mule nuclei is stalled by the lack
of an M N4 bound state for a specific value of A. If this gap exists then it will be
impossible for a mesino to capture more than A — 1 nucleons through reactions of the
form (N,~), where N is either a neutron or proton. This means the mule nuclei will

have to wait until compound nuclei have formed in order to get past this bottleneck.
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The second scenario is where the growth of mule nuclei is stalled by (N, «) re-
actions leading to the catalysed production of « particles. In this scenario the mule
nuclei grow until the Q-value of an (N, «) reaction becomes positive. The ejected
mule nuclei lose three nucleons and start the cycle of capturing them over. For a
given nucleus it is possible for the (N,«a) rate to be much larger than the (N,7)
rates. In this case the mule nucleus will be stuck in an a producing cycle until one
of the rates involved drops bellow the Hubble rate, or the neutrons all become bound
into *He at T;. We discuss how the binding energy of a mule nucleus will determine
whether or not a given mule nucleus is more likely to gain a nucleon or eject an «
particle.

The last scenario is when the mule nuclei simply grow. This becomes possible
if there are no gaps in the mule nuclear binding energy, and the (NN, ) rates remain
smaller than the nucleon capture rates. The Coulomb barrier is the controlling factor
of this process. Eventually the charge of the mule nuclei will become so large that
proton capture reactions (p, ), and proton exchange reactions (p,n) freeze out. We
will calculate at what charge this is likely to occur.

In the last part of this chapter we discuss how we expect mule nucleosynthesis to
occur. We will explain the difficulties that arise when trying to calculate the spectrum

of binding energies and which spectra are most likely to describe the mule nuclei.
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6.1 The Effect Of Gaps In The Binding Energies

The concept of a bottleneck is not new in BBN, as the small deuterium binding energy
prevents *He from forming despite the fact that it is stable at temperatures larger
than T;. The same effect can occur in the synthesis of mule nucleons.

If there is no nucleus of the form M N4 with binding energy larger than that
of the deuteron then M N4~ is the largest mule nuclei that can form pre-T,. Since
the reactions that generate M N4 are nucleon capture, the relation that describes the

relative abundances of mule nuclei is:

3/2
X4 =~ n(mlN) exp (%) Xa_1. (6.1)

This is the solution to the Boltzmann equation for a reaction in chemical equilibrium.
If the binding energy is less than the deuteron’s, the exponential in Eq. (6.1) will not
be able to overcome the small value of n pre-Tj.

A break in the binding energy can make it difficult for the mule nucleus to cap-
ture « particles post T;. Reactions of the form (o, N) and (a,d) are unlikely to be
exothermic. The mule nuclei may be able to capture an « particles through an («, )
reaction, however at temperatures below 7, the coulomb repulsion may push this rate
below the Hubble rate.

We mentioned earlier the lack of stable nuclei with A = 5, and A = 8. It is
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natural to wonder if similar breaks occur in the spectrum of mule nuclear binding
energies. The lack of a bound state for A = 5 nuclei is partially due to the fact that
“He is so deeply bound. The protons and neutrons are spin % fermions, meaning four
is the largest number of nucleons that can occupy the ground state simultaneously.
The constituents of the *He nucleus form a closed nuclear shell in a similar way that
electrons can form closed shells in the noble gases.

The same effect could occur in the mule nucleus M N?. If the five particles are
deeply bound, it may not be energetically favourable for them to capture a fifth
nucleon. In this case mule nucleosynthesis would be unable to catalyse a production,
or become larger than M N* pre-T,;. We will see in the section 7.5 that the decay of
the squark may produce high energy 3He or T, allowing the formation of 5Li

If the mesino is able to capture at least six nucleons, then it becomes possible for
the squark’s decay to result in the production of a Li nucleus. A similar mechanism
could generate observable amounts of pripordial °Be and B. We will discuss the

experimental signature of these ejected remnants in section 7.6.

6.2 « production

In this section we study catalysed a production in mule nucleosynthesis. For certain
standard elements, the (N, «) reaction is the dominant destructive channel. We will

determine when this occurs in standard elements and generalise it to mesinos. We
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then approximate the maximum number of « particles generated before T}.

6.2.1 Relative Rate Size

Ignoring the weak interaction, the important reactions in the pre-7T,; universe are
(N,v), (7, N), (N,«a), (n,p), (p,n). Note that the reverse of the (N, «) reaction does
not occur at temperatures above T,; due to the small abundance of « particles. Three
factors affect the relative sizes of these rates, the number density of incident particles
on a nucleus, whether or not a reaction is exothermic, and whether or not the reaction
requires the emission of a photon.

Assuming the nucleus has a large enough binding energy so that nucleons are
not ejected through photodisintegration, the rates we are most interested in are the
(N,7), and (N, «) rates. The protons and neutrons have similar abundances pre-T;
and both the previous rates involve an incident nucleon. This means the number
density of incident particles will not affect relative sizes of the rates. There are now
two competing effects that must be taken into account. The (V, ) rate requires the
emission of a photon, implying a smaller cross section. However the (N, ) process is
not always exothermic.

In this naive model of nuclear rates one expects the (N, ) rates to dominate the
(N, ) rates whenever (N, «) is exothermic. However this model ignored the impact

of nuclear structure and Coulomb repulsion. In order to see how nuclear rates scale
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in standard nuclei we plot the relative sizes of a producing rates relative to the other
nucleon induced rates. There are six reactions we compare, they are (n,7), (p,7),
(n,p), (p,n), (n,a) and (p,«). We are only interested in the relative sizes of the
maximum « producing rates to the capture rates. To express this simply we define

the quantity R(x,,x,,T), for an element with z,, neutrons and z, protons:

Xn)\:rn,xp (n7 «, T) + Xp)\zn,zp (pa Q, T)
Xn(/\zn,mp (n,7,T) + . (n,p,T)) + Xp()‘mn,rp (0,7, T)+ Aty iy (p,m, T))’

(6.2)

R(xp,xp, T)o =

Aan .z, (1, J, T) is the rate at which a nucleus with x,, neutrons and x,, protons captures a
particle 4, and emits a particle j. The numerical values of these rates are conveniently
summarised in [20].

If R(zp,2,,T), > 1, then an element is more likely to eject an « particle than
grow in size or have one of its nucleons change isospin. We plot the values of
R(zy,,,T), for every stable element between °0 and **S in figure 6.1. This figure
shows how certain elements are dominated by alpha emission while others are not.

In order to see the correlation between binding energy and R(z,, z,, 1), we plot
the Q-values of the (IV,«) reactions that convert the most stable element of size A
to the most stable element of size A — 3 in figure 6.2. The elements where (N, a)

reactions dominate are marked in blue.
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Figure 6.1: The relative rate of nucleon stimulated a emission compared to growth
and isospin flipping reactions in standard nuclei.

Note that R(z,,xp, T, is not guaranteed to be larger than 1 whenever (N, «) is

exothermic. This is most likely due to the fact that ejected a particles must tunnel

through a Coulomb barrier before escaping the potential of the nucleus. When the Q-

value of the reaction is small, the o particle will be heavily influenced by the Coulomb

barrier. The cross section is expected to be suppressed by a factor:

2

«

exp (—WaZaZl E_> , (6.

3)



6.2 a production 97

Total Binding Energy of Last Three Nucleons Captured

Binding Energy (MeV)

Number of Nucleons

Figure 6.2: The binding energy gained by a nucleus from capturing three nucleons and
forming the most deeply bound nucleus of size A from the most deeply bound nucleus
of size A — 3. (N, a) is exothermic for nuclei with points below 28.5MeV. The blue
points correspond to those nuclei where (N, a) dominates that nuclei’s destruction
channel.

Zo = 2, Zy is the charge of the remaining nucleus, and p is the reduced mass of the
« particle. When ) > T, the energy of the escaping « particle is £, ~ (). The
exponential suppression is approximately exp <—221 @) If @ = 1MeV, and
7y = 10, this is becomes exp(—20). It is clear why a larger Z requires a larger @ for
the (NN, «) reaction in order to produce large amounts of helium.

We generalise these results to mule nuclei. For a weakly charged mule nucleus
a positive Q-value for the (N, «) reaction is all that is required to begin emitting «
particles. If the charge of the mule nuclei is large, on the order Z > 10, then the Q-
value of the (N, a) reaction may need to be on the order of MeV to allow stimulated

« emission to occur.
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Q-value of Nucleon Capture

Q(Mev)

Number of Nucleons

Figure 6.3: The binding energy gained by a nucleus from capturing a single nucleon
and forming the most deeply bound nucleus of size A from the most deeply bound
nucleus of size A — 1. Note that after NV > 15, the scatter in the binding energies
decreases.

There is a complete list of the reactions (p,n), (N,7), and (N, «) for the elements
8 < Z < 102 compiled in [20]. For this reason we focus on the stable elements from
160 to 34S in our analysis. The lack of nuclei between *He and N is not a major
detractor to our study of nuclear rates due to the large fluctuations and gaps in the
binding energy spectrum of these nuclei.

Figure 6.3 shows the binding energy gained through the capture of a single nucleon
forming the most deeply bound nucleus of size A from the most deeply bound nucleus
of size A — 1. In the cases of >He and ®Be where no bound state exists we used the

resonance energy as a ground state of the nucleus. If there is a gap in the binding
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energies then the (N, «) rates for "Li and " Be are dominant by default.

We expect the fluctuations in mule nuclear binding energies to be smaller than in
standard nuclei. We have already discussed how nuclear binding energies in standard
nuclei arise from a cancellation between a large kinetic and potential energy. When
the reduced mass of a nucleon is doubled the kinetic energy term in the Shrodinger
equation is halved. Due to the larger reduced mass, the binding energy in mule nuclei
is the difference between a large number, the potential, and a significantly smaller
number, the kinetic energy. This means we expect the mule nuclear binding energies
to fluctuate less than those of standard nuclei for small A. We see in figure 6.3 that
the binding energy of the captured nucleons stabilises considerably after A = 13
Therefore the nuclei between A = 16 to 34 are expected to be a better model of «
emission for the mule nuclei than the nuclei in the range A =1 to 12.

The « production process can constrain the possible distributions of mule nuclei.
If there exists a mule nucleon number A such that the MN4(N,a)M N4~3 rate is
much larger than the nucleon capture rates of M N4, then virtually all mule nuclei

will be in the states MN4~1 MN42 and MN473.

6.2.2 Maximum « Production

One of the reasons the (IV, ) process is interesting is that the large capture rates make

it possible for the mule nuclei to generate orders of magnitude more *He than the
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relic abundance, pre-Ty. Here we will calculate an upper bound on this a production.
In the next chapter we will estimate the maximum impact these o particles will have

on primordial element abundances.

N
A+2
MNA+3 '/ MN
N\.
He4 \N
A A+1
MN MN

A

Figure 6.4: A cycle that can generate *He.

The cycle that generates the a particles is shown in Fig(6.4). The rate of «
production in this cycle is controlled by the slowest step in the process. This means
we can treat all but the slowest step in the cycle as infinite when calculating the
amount of a particles produced. The « fraction is therefore:

dY, N {OV) min
< X A4
dl'  — HT N (6-4)

ny is the mesino number density, and N is the nucleon captured in the slowest

reaction. np(ov) i, is the rate of the slowest reaction in the cycle in figure 6.4. In
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Figure 6.5: The relative sizes of the neutron and proton stimulated « emission rates
(top) and the neutron and proton capture rates (bottom) divided by the Hubble rate.
The maximum rates are plotted with thicker lines for visibility.

order to estimate an upper bound on « production we find the maximum rates for

each step in the cycle and use the slowest of the four in our calculation of the *He

abundance. The rates for (p,7v), (n,7), (p,a), and (n,«) in the stable nuclei between

Z =8 and Z = 34 are plotted in figure (6.5).

The largest of each of these rates are summarised in Fig(6.6). The bottleneck
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of this cycle is in the (p,~y) reaction. A possible enhancement to the formation of
« particles is the capture of a neutron followed by the conversion of the neutron to
a proton through a (p,n) reaction. This avoids the need for a (p.7) reaction in the
cycle.

The (p,n) rates are plotted in Fig(6.7). At temperatures greater than approxi-
mately 0.3MeV this mechanism is more efficient than the (p,v) channel. If the *He
formed at temperatures larger than this, we would need to use the (p, n) mechanism.
However we will soon show that the * He cannot begin forming until the temperature
has dropped bellow 0.32MeV .

Eq. (6.4) can be integrated, giving,

T pyp(ov)
Y, < — T X 6.5
< - [ (65)

This integral can be done numerically however it requires we provide the temperature
where helium starts being produced. The low temperature bound is Ty, below this
temperature standard BBN converts virtually all the neutrons into *He. The upper
bound on the temperature is more subtle. Naively the helium would be generated as
soon as the photodisintegration rate drops below the Hubble rate. The photodisinte-
gration rate of *He is on the order 1mb over the range E., = 20 —30MeV [21] and the

energy required to break up *He is 19.8M eV, this will allow the existence of stable
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a particles as early as T' = 0.55M eV .

The Maximum Rates

1.00E+007
1.00E+006 —

1.00E+005 -
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1.00E+004 = 018(p,a)Ni15
H 533(n,g)S34
= 017(n,a)C14
1.00E+003 —
1.00E+002
1.00E+001 -
0.1 0.2 03 0.4 0.5 06 0.7 0.8 0.9
T(MeV)

Figure 6.6: The maximum rates for the reactions of type (n,v), (p,7), (n,«), and
(p, @). The proton capture rate is the weakest point in the process of a emission.

Despite the fact that *He is stable at T < 0.55M eV, this will not be the tem-
perature at which the helium is synthesised. We cannot ignore the the fact that
the reaction (IV, @) must be exothermic for the cycle in figure 6.4 to function. This
imposes a bottleneck on at least one of the nucleon capture rates in the catalysing

process. Consider the reactions:

MNA23 4+ N — MNA 244 @
MN4A 24 N — MNA 14y Q, - (6.6)

MNA'+ N — MNY4~ Qs
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(p,n) Reactions
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Figure 6.7: Plotted are the rates of a proton replacing a neutron in a nucleus. The
thick green curve is the maximum proton capture rate and is plotted for easy com-
parison.

The largest possible value for min [Q1, Q2, @3] is one third the binding energy of the
a particle or 9.5MeV . Otherwise the (N, «) reaction would not be exothermic.

As with the deuterium bottleneck, each step in 6.6 must overcome photodisinte-
gration before helium catalysis can actually begin. The fact that the reactions are in
equilibrium means we can use the results for T),pg calculated in chapter 5 to estimate
the temperatures where intermediate mule elements form. For a binding energy of
10MeV, the fraction Xy;nat1/Xpna > 0.1 when T < 0.32MeV. This is a realistic

upper bound on the starting temperature of the Helium cycle. The integral in Eq.
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(6.5) is:
0.32MeV
v, < [ il (6.7)
d
sy 2
= 2x10 (6.8)
B
= 3x107" (6.9)

A plot of the abundance pre-Tj is show in figure 6.8. We will investigate the maximum

effect these o particles have on BBN in the next chapter.

T(MeV)

0.1 0.15 0.2 0.25 0.3

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 |
2e-07
1e-07
Yo ]
5e-08 —
2e-08 -

Figure 6.8: The plot shows the maximum size of Y, generated by mesinos.



6.3 Maximum Growth 106

6.3 Maximum Growth

In the last scenario we dealt with the generation of large mule nuclei. If the mule nu-
clear binding energies are large enough to prevent the (N, ) processes from occuring,
then the only thing controlling the number of nucleons a mesino can capture is the
Coulomb barrier. The S-factor is a standard method of separating the nuclear and
Coulomb physics in nuclear reactions. S(F) is defined in terms of the cross section

and the energy of the collision.

;= %sw)e—mm T, (6.10)
E' is the centre of mass energy and Z; and Z, are the charges of the two colliding
particles [22].

For a given S-factor we will calculate how large the product Z;Z5 has to be to
force the reaction rate below the Hubble rate. This will give an estimate on the
largest possible mule nucleus that can be formed during mule nucleosynthesis. If we
treat the S-factor as a constant we get the following result for the velocity averaged

cross section:

8 1 _2mZamy 1 p?
<O"U> = \/;WS/pdpe P 2mNT (611)
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The charges of the nuclei for which the (p,~y) rate drops below the Hubble rate is
plotted in figure 6.9. We calculate this for the following S-factors, 10eV - b, 1keV - b,
and 100keV - b.

The S-factor for proton capture fluctuates drastically over a wide range of mag-
nitudes. The S factor in the range 0.1MeV to 1MeV for standard elements between

6Li and '"F vary from O (10eV - b) to O (10°eV - b). These values are taken from [22].

100

10 I I I I I I

0.1 0.2 0.4 0.7 1.0
T(MeV)

Figure 6.9: These curves show how large the charge of a mule nucleus, Z, must be
for the coulomb interaction to force the proton capture rate to freeze out. The red
curve is for a constant S-factor of 10eV - b, the green curve for S = 1keV - b, and the
blue for S = 100keV - b.

The result of this calculation is that under certain conditions the mule nuclei can

grow quite large. If the binding energies of the mule nuclei are large enough to prevent

the (N, «) reactions, then the mule nuclei may be able to grow until the Coulomb
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barrier causes the rate to freeze-out. Figure 6.9 shows us that even when the S-factor
is as small as 10eV - b, it is still possible for the mule nuclei to grow to the charge
Z =12 pre-T;. We will see in the next section why we expect a emission to prevent
this. For this reason we do not look at possible ways around the Coulomb bottleneck

such as the conversion of neutrons to protons through (p,n) or 5 decay reactions.

6.4 Mule Nuclear Binding Energies

The previous sections demonstrated the importance of the spectrum of binding ener-
gies of the mule nuclei in mule nucleosynthesis. In this section we will explain why
it is not possible to calculate this spectrum, though it is possible to make certain

general predictions about the spectrum.

6.4.1 Difficulties in Calculating Binding Energies

Even if someone invested a massive amount of time in an attempt to calculate the
properties of these systems using effective field theory, the results would be virtually
impossible to trust in mule nuclei more complicated than the mule deuteron. The
uncertainties in the mesino-nucleon potential would be compounded as each nucleon
was added to the system. In addition to the uncertainties that arise from the short

distance behaviour of the nucleon-mesino potential, there are further complications
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due to three-body forces.

In standard nuclei, only including the nucleon-nucleon potential in models of
nuclei larger that deuterium leads to an underestimation of their binding energies [23].
For example, the predicted *He binding energy is approximately 5MeV too small.

This error is only compounded in more complicated nucleons.

[ I
I I I
3
1 |A

7 — — —— —

Figure 6.10: A three nucleon interaction that involves the A resonance.

Dealing with three nucleon forces in mule nuclei is non-trivial. An important
contribution to three body interactions is due to the A resonance, an example of
this effect is shown in figure 6.10. Even though mesinos have the same spin and
isospin as nucleons, these similarities do not hold for the resonances. For example the
mass difference between the A resonance and a nucleon is on the order of 300MeV .

Whereas the mass splitting between the lightest B mesons and their first resonance



6.4 Mule Nuclear Binding Energies 110

B* is on the order 45MeV. If the spectrum of mesino resonances is similar to the B
mesons’, then the smaller mass difference implies the three-body effects may be more
important in mule nuclei than in standard nuclei.

Another complication in this problem is that the shell structure of the mule nuclei
will be different than that of standard nuclei. This is due to the fact that the Pauli
exclusion principle will not affect the mesino as it does the other nucleons. These
uncertainties make it virtually impossible to calculate accurate predictions for the

spectrum of binding energies.

6.4.2 General Features

In the limit of large A we expect the mule nuclei to behave similarly to nuclei with sizes
of approximately A nucleons. In particular, the binding energy gained by the capture
of a nucleon should fluctuate around the average for such processes in standard nuclei
of a similar size. This is because in a large mule nucleus the captured nucleon does
not interact directly with the mesino. When a nucleon is outside the range of the
mesino’s potential the two particles cannot interact directly with one another, the
nucleon’s binding energy will arise from interactions with other nucleons. In this case
the excess mass of the mesino does not help increase the binding energy of the system.

We estimate the range of the 1PE potential to be the inverse pion mass, or

~ 1.4fm. If we compare it to the proton charge radius, =~ 0.88 fm [2] we see that the
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largest number of nucleons that can interact directly with the mesino is a shell one
layer thick. Using classical geometry, the largest number of spheres that can be fit

into this shell is 12, as shown in figure 6.11.

Figure 6.11: This is a cartoon picture of how nuclei could bind to the mesino to
maximise binding energy. Captured nucleons in a mule nucleus could only interact
directly with the mesino when there are no more than 12 nuclei there already.

This means the binding energy spectrum of mule nuclei larger than M N is
expected to oscillate around a similar average as those of similar size in figure 6.3.

The natural fluctuations in the binding energy makes it very likely an (N, «) rate will

become dominant before the coulomb barrier is able to halt the (p, ) reactions.
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The issue remains of how to deal with the binding energies of the mule nuclei
smaller than M N'2. As we have previously mentioned we expect some or all of these
binding energies to be larger than those of standard nuclei. In the next chapter we will

examine the various ways different binding energy spectra can affect BBN predictions.

6.5 Catalysed BBN after the deuterium bottle-

neck

There are very few ways for the mule nuclei to grow after the deuterium bottleneck has
been overcome. The lack of neutral particles means the only proton and « reactions
can allow the mule nuclei to grow. These protons could undergo reverse 3 decay,
however this rate is slow. This slow rate and the coulomb barrier will eventually put
a stop to mule nuclear growth.

The last step in mule nucleosynthesis is the decay of the squark. The fact that
we do not observe the mesinos bound in nuclei today means that they must decay at
some point.

The decay can affect BBN abundances in two ways. The first is by introducing
energetic hadrons into the early universe. The second is the left-over nucleons that
had been bound into mule nuclei. If the collection of nucleons decay to the ground

state of a rare element then it is possible to generate an observable signature. These
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scenarios will be discussed in the next chapter.
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Chapter 7

Observable Signature (Generated

by Relics

There are now five mechanisms that may allow the mesinos to impact primordial

abundances. They are:

The weak interaction between mesinos and neutrinos affecting X,,.

The catalysed production of « particles pre-Ty.

The possible isospin flipping of standard nucleons by a mule nucleus.

The decay of the squark generating a source of energetic *He and T.

Large nuclear remnants can be ejected from the mule nucleus after the decay

of the squark.
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In this chapter we discuss the current experimental bounds on highly constrained
light elements. We then show that only the last mechanism listed is able to affect

these constraints or abundances.

7.1 Constraints On Primordial Abundances

The elements that are most sensitive to the mesino’s influence are those for which
there are stringent constraints on their primordial abundances.

For Li, with its unexplained abundance, we look to the mesinos for a possible
explanation. The strict constraints on the abundances of °Be and B may in turn
provide a constraint on the mesino abundance. The abundances of these elements
are summarised in table 7.1. The "Li fraction is a well known result summarised
in [24]. The %Li fraction has been summarised in [25]. Due to uncertainties in how
stars burn the isotope we are left with a range of abundances. A conservative upper
bound on the fraction °Li/"Li is 0.66. The observed abundance in population II
stars is on the order 0.03 <% Li/"Li < 0.07, as discussed in [26]. A constraint on the
primordial abundance of ? Be is discussed in [27], where they find a 30 upper limit of
9Be/H < 2.1 x 10713,

The upper bound on boron is discussed in [28]. Observations of boron in metal
poor stars shows no evidence of a primordial abundance. If boron were only produced

through standard BBN channels then this negative result is expected. Ignoring stellar
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processes that may destroy or dilute primordial boron, [28] produces a constraint on

the primordial abundance of £ < 10712,

’ Nuclei Fraction \ Source ‘
°Li/"Li < 0.66 [25]
> 0.03 [26]
"Li/H = 17x10° ] [24]
"Be/H < 21x10 5| [27]
B/H < 10~12 [28]

Table 7.1: The constraints on the primordial abundances of rare elements.

7.2 A Direct Impact On X,

Before dealing with complicated nuclear processes we examine a mechanism that may
impact the neutron fraction. In the case where, 0 < myr — map < my, —my, it is
possible for the mesinos to alter the neutron abundance after the nucleon-weak isospin
mixing rate has frozen out. This mechanism works if the mesino-weak reactions stay
in chemical equilibrium longer than the nucleon-weak rates. The reaction network of

interest is:

n+M, — p+ M, (71)
Ml — MT (72)

n+M — p+ M. (7.3)



7.2 A Direct Impact On X, 117

The step in Eq. (7.2) is mediated by the weak reactions like in Eq. (5.9). To test the
feasibility of this mechanism we plot the relative size of the weak rates for mesinos
and nucleons. If the mesino-weak rate is significantly greater than the nucleon-weak
rate before the mesinos are bound into mule deuterons, then it is possible for this to
alter the neutron fraction X,,.

In section 5.1.1 we calculated the relative size of the weak rates to the Hubble
rate. Figure (5.1) showed that for mass splittings in the range of interest, the mesino
weak rate is invariably smaller than the nucleon weak rate. A larger axial vector
coupling to the mesino could push the mesino rate above the nucleon rate, however
this will not impact the fraction X,, nearly enough to be observable.

We will estimate the minimum size the weak mesino rate, Ay, must have for this
mechanism to generate an observable impact on the neutron abundance. Approxi-
mating the uncertainty in X,, as 1%, implies the weak process must convert at least
0.01X,, neutrins to protons by 7;. The same process used to calculate the amount of
Helium produced pre-T, in Eq. (6.5) can be used to estimate how large the fraction
Aw/H must be to generate an observable signature. Assuming the nucleon-mesino
interactions are infinitely fast, the relationship between the neutrons converted to

protons and the weak rate is:

Ta nM)\W
001X, < — dT, 7.4
- /;7 TLBHT ( )
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T} is the tempereature at which the nucleon weak rates freeze out. Remember that
the density fraction for the mesinos is a very small parameter, “2 = 4x 10~ Lastly,
B

if we approximate the ratio Ay /H to be constant, we can solve for it easily,

i o [T\
Vs 9 ) .
> 25%10 ln(Td> (7.5)

This shows that the weak mesino rate must be roughly six orders of magnitude larger
than the Hubble rate, something that is simply not possible. We conclude that there

is no observable impact on the n-p freeze out ratio.

7.3 Catalysed o Production

In section 6.2 we calculated how much *He could form before the deuterium bottle-
neck. We calculated an upper bound of Y, < 3 x 107",

Despite the early source of « particles it is actually somewhat difficult for complex
elements to form. The strong binding of *He and the absence of stable A = 5 and
A = 8 nuclei make generating large elements difficult. The only way for the catalysed
helium to leave an observable impact on primordial abundances is for it to generate
elements that are extremely rare. The first step in this process is the generation of
the elements between A = 5 and A = 8. That is Li, "Li, and " Be.

First we will look at "Li generation. The reactions that can generate this element
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are:

aloa,p)' Li |, Q=—17.3MeV (7.6)

a(T, ) Li , Q=24TMeV. (7.7)

The large amount of energy required to fuse two « particles is so large that the
mechanism in Eq. (7.6) only provides a channel for destroying "Li, not creating it.

The Boltzmann equation for lithium generation is:

dYrri

T npYra [k11Y? — Yon] + Sr2 npYaYr — k72Y71) (7.8)

Z7,1 = <U7Li(p,a)av> (79)
(0)  (0)
na’m

Rrg = e (7.10)
Na

2772 = <0-T(a,7)7Liv> (711)
(0), (0)
na'n

Kro = (O)T (7.12)
N7

The rate of destruction ngl;; is far greater than the Hubble rate meaning the Boltz-

mann equation is in chemical equilibrium. This implies an upper bound on “Li of:

17.6MeV by
Voo < X0 (v2ew (TS ) 4 22

Y. Yy ). 1
T &JQO (7.13)

The Tritium abundance pre-Ty is less than 107!, The rates are taken from [22]
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and [29]. This mechanism generates a maximal amount of:

Y, < 10770 (7.14)

Similar calculations for 8Li and “Be place upper bounds on their abundances
fractions of Y < 1072°. These bounds not only prevent the generation of observable
amounts of °Li, "Li, and "Be, but also on the creation of the heavier elements ?Be,
0B and M B. This means the catalysed o production can not impact observed BBN

abundances.

7.4 Nuclear-Mule Nuclear Scattering post-Tj

When a mule nucleus scatters off a standard nucleus there is a small probability that
they exchange a pion. As with the o producing cycle, the only way for the mesinos
effect the abundance of a nucleus with a larger number density than it is for there to
be some mechanism that restores the mesino to its previous isospin state. An example
of this type of mechanism is shown in figure 7.1.

The first step in calculating the rate at which the cycle in figure 7.1 converts a

given element is to estimate the rate of each step in the cycle. An upper bound on
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3 Mi
He )C ) |
T n
Mt
Figure 7.1: This cycle allow the generation of neutrons from protons. Note that due
to the distribution of nuclear binding energies, the process is not exothermic.

the flipping reaction will be:

dY; _ nyov)
dr ~ HT

Y Xar. (7.15)

Ignoring the coulomb repulsion between the mesino and nucleus, we approximate

cross section for the interaction to be ~ ( . The velocity of the mule nucleon

T
140MeV)?

is on the order fn—T The velocity averaged cross section for an exothermic reaction is
3

on the order (ov) ~ MY 2L The factor in Eq. (7.15) can be expressed as:
/2
n{ov) T \° 5
~ . 107°. 1
Vi (MeV) 6.7 x 10 (7.16)

This immediately rules out the mule nuclei being able to affect the fraction of T'/3He,
or "Li/"Be with this mechanism since their abundances are much closer than this.

However the neutron’s abundance could still be affected, as the temperature drops
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below 40keV, the fraction of protons to neutrons becomes, n/p < 107%. There are
two factors that will prevent the cycle from actually affecting the neutron abundance.
The first of these is that the cycle cannot be exothermic. The net energy required by

the cycle is:

Qe = (mary +myp) — (mary +mn) + (mary + mr) — (Mg + maspe)
= (mp —my) + (mr — mspe) (7.17)

= —1.29MeV + 0.53MeV = —0.76MeV.

The overall rate of the cycle in figure 7.1 depends on the slowest step. This means

that if the cross sections of the reactions are of the same size and Y7 ~ Y),, then the

cycle is fastest when the energy required for each step is Q1 = Q2 = % Q; is the

energy required at each step. An additional suppression occurs due to the fact that
Yr <Y, causing )1 and 2 to no longer be equal, however the overall upper bound

on the rate will be:

ny(ov) T \*? _5 Q|
T ~ <M€V) 6.7 x 107" exp 57 |- (7.18)

For T'< 0.1M eV, this is far smaller than the fraction of neutrons to protons as shown

in figure 7.2.
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Figure 7.2: The plot shows the maximum rate of neutron creation. At all tempera-
tures the rate is at least three orders of magnitude below the n/p ratio.

7.5 Energetic *He and T

When the squark decays it can generate high-energy >He and T' (N?). These nuclei
can collide with the abundant a particles and form °Li. We will show that the
mesino abundance is not large enough to generate enough °Li to explain the observed
abundance.

There are two ways of generating the N3 particles. The first is by ejecting an
N3 from the mule nucleon directly. This occurs if the majority of the nuclei are

in the form M N3 or MN*. In this scenario the kinetic energy of the N particle
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comes from the kinetic energy it possessed when bound to the mesino. The binding
energy of the nucleons is the difference of their kinetic and potential energy. When
the mesino decays it eliminates the potential energy while leaving their kinetic energy
undisturbed. We examine the impact of N3 on BBN for a range of energies on the
order of 20MeV .

The second method of generating N nuclei is through energetic hadrons emitted
by the decay of the squark, or nucleons knocked free of the mule nucleus by this decay.
These high energy particles can break apart the abundant *He nuclei, producing an
energetic N3.

While both scenarios could potentially generate “Li and "Be, °Li is the element
that would most easily be observable. This is because the reactions that generate it do
not involve the emission of a photon, and there is no source of °Li in standard BBN.
This means that more °Li will be created and what is created is easier to observe.

The reactions that generate the various elements are:

T+*He — °Li+n (7.19)
He+*He — SLi+p (7.20)
T+'"He — TLi+~y (7.21)

SHe +*He — "Be+1. (7.22)
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The high energy N3 will be slowed down quickly by the ambient electrons. The

rate at which the N3 loses energy with displacement is calculated in [30] to be:

dE Z2a o (Am.S?

7 is the charge of the N3, 3 is its velocity, m. is the electron mass, A is an order 1
constant, and wﬁ = 4mn.a/m, is the plasma frequency. n. is the number density of
the electrons.

In the case where N3 are emitted directly from the mule nuclei we can calculate

the amount of ®Li produced to be:

Ema.’l)

n dEN
YLiﬁ = M O'Ns(a’N)GLina( > dE (724)

np Q @

This is a simplified version of the calculation where we assume one N3 is ejected
by each mule nucleus, and that the decay occurs instantaneously at a fixed energy.
A more detailed calculation is not necessary due to the fact that too little ®Li is
generated to produce an observable effect. @ is the minimum energy required for
the reaction N3 (a, N )6 Li to proceed, and E,,,, is the energy of the N3 when it is
emitted. The cross section for both of these reactions is taken to be 35mb in the range
of energies of interest [31]. We can plot the fraction of %Li generated by high energy

3He and T in figure 7.3. The energetic N3 are unable to generate even the minimum
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amount of %Li observed in the universe today, mostly due to the small ny/np ratio.

T(MeV) T(MeV)
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Figure 7.3: Plotted is the maximum fraction of ®Li that can be produced through
reactions *He (a, p)® Li (left) and T (o, n)® Li (right). The red line is the minimum
amount of 5Li observed. The brown, green, blue, and black curves represent the ¢Li
produced by an N? with energies 10MeV, 20MeV, 30MeV, and 40MeV .

In the case of high energy hadrons, a single high energy nucleon can disperse
its energy among many others, possibly generating multiple energetic N3 nuclei for
each decaying relic. [25] reviews the impact on primordial nuclear abundances of a
hadronically decaying relic. If the hadron branching rate of a decaying relic is of order

1 and the relic has a mass of 17eV, then the minimum abundance needed to generate

the observed i is:

Qxh* > 1079, (7.25)



7.6 Remnant Of The Mule Nucleon 127

Comparing this to the expected abundance for a TeV mass relic predicted by [1],

1

Oyh? = = 2
X n, "2.578 x 10-5GeV (7.26)
~ 9.3 x 1077, (7.27)

We see that this mechanism is not able to explain the %Li abundance.

7.6 Remnant Of The Mule Nucleon

The final mechanism that can be used to generate an observable signature in the early
universe is the nuclear remnant of the mule nucleon. Depending on the final state of
the mule nuclei and the kinetic energy of the remnant, it is possible for the remnant
to end up in the ground state of elements not normally produced during BBN.

This mechanism is only able to affect nuclear fractions smaller than the mesino
baryon fraction. This means the remnants could affect the observed abundances of
5Li, "Li, *Be, and B.

Unfortunately deriving the mule nuclear abundances and their decay remnants
depends on an understanding of nuclear physics we do not have. This means the
farthest we can go with this method is to estimate the maximal branching ratio of
the decaying mule nucleon allowed by observations. These rates can be found by

comparing the mesino abundance with the abundances in table 7.1.
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For the mule nuclei to generate more ®Li than observed the branching rate into
6 i must be of order one. To generate enough °Li to explain the observed abundance,
the branching rate must be at least 0.013. For the mule nuclei to generate more " Li,
9Be, and B than observed, the branching rate must be at least order 1, 1072 and

1072 respectively.
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Chapter 8

Summary

After a brief review of BBN and the cosmology behind it we discussed the benefits
supersymmetry has on the renormalisation of the Standard Model. This background
is used to motivate our study of the scalar quark and its potential impact on the
primordial abundances of elements. The process of incorporating these particles into
the BBN framework occurs in six steps.

The first step in this process is the formation of meson and baryon like objects
from squarks and standard quarks. These object start forming during the QCD phase
transition, however their large size allows them to annihilate through an enhanced
cross section [1]. This drastically reduces the possible number density of these parti-
cles during BBN.

Next we study the formation of bound states between standard nuclei and mesinos.
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The resulting deuteron-like bound states or mule deuterons are mixtures of the proton
and down mesino state with a neutron and up mesino state. Due to uncertainties
in the nuclear physics at short distances, the expected binding energy of this state
is between 10MeV and 30MeV. These binding energies correspond to a synthesis
temperature for the mule deuteron between 0.34MeV and 1.0MeV .

Once the abundance fraction of mule deuterons becomes O(1) complex mule nu-
clei can form through nucleon capture. This is the third step in mule nucleosynthesis.
The final size of the mule nuclei depends predominantly on their spectrum of binding
energies. This spectrum is virtually impossible to calculate. Rather than spending
large amounts of time attempting to do so, we focus on the various mechanisms that
could affect primordial element abundances. We look at the largest possible effect
that any binding energy spectrum can have on the abundances. If the small number
of squarks that survive until BBN cannot generate an observable signature in this
way then it is not possible for them to generate one at all.

One mechanism that can generate a significant affect is the creation of a particles
pre-Ty. As with the size mule nuclei can achieve, the rate of o generation depends
heavily on the mule nuclear binding energies as well at the rate of proton capture in
mule nuclei. We showed that even under maximal rates, the *He produced in this
way is unable to affect BBN predictions.

Once the deuterium bottleneck has been overcome, mule nuclei have limited in-
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teractions with standard nuclei. No mechanism exists that can affect the primordial
abundances before the squark decays.

The eventual decay of the squark could cause the mule nucleus to eject a nucleus
not normally produced in BBN. Unfortunately calculating the amount of beryllium,
boron, or lithium ejected is simply not possible with our current understanding of

nuclear physics.
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Chapter 9

Conclusions

We have studied the effects of a strongly interacting relic of spin 0 on BBN. We
calculated an estimate on the binding energy of the mesino-nucleon bound state (mule
deuteron). This binding energy most likely lies in the range BE € [10MeV,30MeV].
The large uncertainty is due to the strong dependence of the binding energy on the
short distance behaviour of the mesino nucleon potential, as well as uncertainties in
the size of the axial vector coupling constant §,.

For any of these binding energies, nucleosynthesis is able to begin long before the
deuterium bottleneck of standard BBN is overcome. The exact path of nucleosynthesis
at this point depends implicitly on the binding energies of the most deeply bound
mule nuclei. We showed that, due the effects of three body resonances, the error on

binding energies of multi-nucleon mule nuclei are extremely difficult to calculate.
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We believe that the large binding energy of the mule deuteron will be a general
feature of small mule nuclei. This effect should become negligible by the time 12
nucleons are bound to a single mesino. At this point a emission is able to dominate
the nucleosynthesis channels.

Given the low relic abundance of the mesinos, the only mechanism that may be
able to generate an observable effect on primordial abundances is the nuclear remnant
ejected when the mesino decays. If the yield of ®Li, ¥ Be, and B were in excess of O(1),
O(1073), and O(1072) respectively, then the existence of the relics would leave a trace
in the primordial values of these elements. This scenario remains highly speculative

due to nuclear uncertainties in formation and decay rates of the mule nuclei.
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Appendix A

The Boltzmann Equation

As mentioned earlier, the Boltzmann is used to calculate the quantitative abundance
of the light elements in the early universe.

The equation is a coupled set of ordinary differential equations that allow us to
numerically, and in certain cases analytically, calculate the nuclear abundances of the
light elements as a function of time or temperature.

Here we review a general set-up of the Boltzmann’s equations equations when
applied to the calculation of cosmological nuclear and relic abundances.

For reactions of the form, 1+ 2 — 3 + 4, the Boltzmann equation is of the form:

_3 nla

4 2
a H/ 72 32E (2m)64 (pr + p2 — s — pa)| M| (A1)
{fsfa(L£ 1)L £ f2) = frfo(L £ f3)(1 £ fo)}- (A2)
fi is the Bose-Einstein or Fermi-Dirac distributions of species :

fi = (A3)

the sign is — for bosons, and + for fermions. F and p are the energy and chemical
potential respectively. At BBN temperatures, E — > T, meaning:

fi =~ e, (A.4)

The chemical potential and number density of a particle i are related by the
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formula:
d3

n; = geuz/T ?Z))SG—EMT (A 5)
= e“i/TnZ(»O). (A.6)

The definition of ngo) is:

© _— B —E/T _ o (muT\3/2 T s T

n; - ng (27r)3e = G (27r2 ) € m; > AT
T3 ( N )

This means the distribution term in the Boltzmann equation becomes:

(L P £ fo) — ffo(1 4 f)(1 £ f))} ~ e BT ( Dol Zﬁn?w) |

ng 1y ny Ny
(A.8)
With the definition:
1 : d3p;
lov) = (0),(0) H (/ m) BT @) + 12 = o = p)IM
Ny Ny =1 g
(A.9)
the Boltzmann equation simplifies to the form:
_ad(nya?®) nsn nin
3 — 0,0 374 e A.10
a dt ny "Ny <UU> néo)né(l()) ngo)ng)) ( )

When dealing with nuclei of mass number A we can simplify this equation further
by converting the number densities to abundance fractions, Y; = -. The derivative
term in Eq. (A.10) is simplified considerably. Since the number of Baryons in the
universe is constant, d(a*ng)/dt = 0.

There are three cases that will be used in the nuclear reaction rates of interest.

The first case is of two nuclei in the initial state and two in the final state.

dY; Y5Y, Y Y:
L ngo)n§0)<cw>< S S )nB. (A.11)

dt ngo)né(lo) ngo)ngo)
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The second is a single nuclei being broken into two smaller nuclei by a photon:

dY; Y5Y, Y,
L ngo)ng0)<av>< S - ) (A.12)

dt MOMOM S0

The third is the Boltzmann equation for a relativistic particle scattering off a single
nuclei:

0,0, (ﬁ _ ﬁ) , (A.13)

dt MOBINO

It is easier to get an intuitive feel for these equations when everything is a function
of temperature rather than time. It is straitforward to write the ODE as a function
of temperature by using the substitution:

1dT
—— = —H A.14
where H is the Hubble rate. The change of basis can now be given by:
ay drdy ay
— = —HT

— = —— = _HT—. Al
dt dt dT dr (A.15)
Eq. (A.13) now simplifies to:
dY; néo) (o) n§°)
= — Ys—Yi|. Al

When the rate of reaction is far greater than the Hubble rate, the only way for
equality of the previous equation to hold is if the quantity inside the brackets is
approximately zero. In this case the Boltzmann equation is said to be in dynamical
equilibrium and can be solved analytically.
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Appendix B

Purturbative Relic Abundance
Calculation

In this appendix we solve the Boltzmann equation of Eq. (3.14) to find the mass
density of the relic using perturbation theory.

The equilibrium abundance for a non relativistic species like the squarks is given
by:

45 [Nz g _I
Va = 5 (5) e (B.1)
g 3 _
= 0.145—zz2e™". (B.2)
GJxs

Here g,, is similar to the total number of effectively massless degrees of freedom. It
is defined slightly differently:

T\® 7 T\’
mo= X oa(F) X al(F) (®:3)
i=bosons i=fermions

For the temperatures we are interested in, g.s = gs.
When looking at the perturbation approach it is possible to approximate the
velocity averaged cross section as follows:

(o) = oex™". (B.4)
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The Boltzmann equation now becomes:

dy e

- = —Az7" (Y2 = Y5y) (B.5)
opS

A = {—] : (B.6)
Hm z=1

rewriting the Boltzmann equation in terms of A = Y —Y,, results in the equation:

A = Y = XA 2V 4+ A). (B.7)
To solve this system quasi analytically we look at the two limits. The early time

limit 1 < z < 2y, and the late time limit > xy. Where z is the freeze out value

of x. At the early times Y follows Y,, very closely, and Eq. (B.7) is solved to give:

xn+2

~ . B.
) (B.8)

At late times Y no longer tracks the equilibrium abundance, giving the late time
abundance:
o n+1

Yoo = Ay = X it (B.9)

This abundance can be expressed in terms of the mass density of the relic:

9 -1
Qi = 1.07 x 10%z,GeV (B.10)

mpi0o

We can now calculate the fraction of the number densities of squarks to the
number density of baryons A.
QQ mp

A= i (B.11)

The fraction depends explicitly on the freeze out temperature, or equivalently ;.
To determine this temperature we find the temperature at which A(zy) = cYpg(xy).
Where c is a constant of order one. The solution to the Boltzmann equation during
this time is A(xy) ~ :13}”“2 /(A(2 + ¢)). This allows us to solve for the approximate
value of z:

ry ~ In[(2+c)lac — (n + %) In{In[(2 + ¢)Aac]}. (B.12)
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The constant a = 0.145-% ~ 0.0029. Choosing c(c +2) =n + 1 gives the best fit to
the numerical results for the final abundance Y.
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Appendix C

Deriving The Schrodinger
Equation For The Deuteron

The form of the Schrodinger equation for the deuteron is calculated in [32]. We will
give a summary of this calculation here. The general wave function for a state with
total angular momentum J and a z component J, can be written as:

1
Y = ;EL:UL(T)(I)JJZL(Q»QS) (C.1)
J.+1
pn(0,0) = > crrnrYer(0,0)xs.-L.. (C.2)
L.,=J.,—1

The coeflicients are normalised such that Zij:]q lcss..o0.|* = 1. Finally y; is the

spin one triplet described by:
x1 = a(l)a(2)
1
Xo = E
x-1 = B(1)B(2), (C.5)

Where (i) and 3(i) are the eigenfunctions of the Pauli matrix acting on *" nucleon,
whose eigenvalues are +1 and —1 respectively.
The normalisation condition of the eigenfunctions is:

Z/UL(T>2CZ’/‘ =1 (C.6)



144

In the case of interest the angular functions can be written as:

1
®1,Jz,0(67 ¢) = \/—XJZ (C?)
D1192(0,9) = L + iY + EY (C.8)
1,1,2\0, = 10 2,0X1 10 2,1X0 10 2,2X~-1 .
Broall,0) = —y/—, J y, Sy, (C.9)
1,0,2\Y, = 10 2,-1X1 — 10 2,0X0 — 10 2,1X-1 .

—_

6 3
Dy _12(0,0) = \/ 1—0Y2,—2X1 + 4/ 1—0Y§,—1X0 + 10Y2 0X—1- (C.10)

While the angular distributions are not required for the calculation of the binding
energy of the deuteron or mule deuteron; it is necessary to know the distribution when
calculating the photodisintegration cross sections of these objects.

The Schrodinger equation can now be written as a sum over the orbital angular
momentum of the state:

1 @& L(L+1
Z {—%w + % —F -+ %(T)O'l - 09 + VT(T)512:| ’U/L/(I)J’JZ’LI(Q, ¢) = 0.

(C.11)
The mass m is the reduced mass of the system. Multiplying Eq. (C.11) by ®; ;. 1.(6, ¢)

then integrating over the solid angle df) gives the radial Schrodinger equations for the
wave function:

1 d* L(L+1)
- |+ E
0 [ 2m dr? + 2mr? + VC(T)} u
+Vr(r) Z Syrour(r) (C.12)
LI
SiLp = /dQ(DJ,Jz,LSH(I)J,JZ,L’ (C.13)

The value of S; 1 for the deuteron is given in [32] and summarised in Table C.2.
Note that the total angular momentum of the deuteron is 1.
In simplified notation the ground state of the deuteron can be written as:

1 1
Y = ;u(r)q)ux,o—l—;w(T)QDLJx,Q, (C.14)

where u(r) = ug(r) and w(r) = uy(r). In this form the deuteron Schrédinger equation
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Sy
[ L=J+1|L=J]|L=J-1
o 2(J+2) 6/ J(J+1)
L=J+1 ~ 2J+1 0 27+1
L=J 0 2 0
B 64/ J(J+1) 2(J—1)
L=J-1 2J+1 0 EPYES

Table C.1: This table shows the values of S;r 1/ as a function of the total angular
momentum of the system.J

S1,L,L'

[ L/=2[L'=1]L'=0
L=2 —2 0 2v/2
L=1 0 2 0
L=01 22 0 0

Table C.2: This table shows the values of S 1/ from Table(C.1) for the case J = 1.

becomes:

(—%% —E+ VC(T)) u(r) +2vV2Vp(rjw(r) = 0 (C.15)

1 d? 3
(_%W + I E+V.r)— QVT(t)) w(r) + 2\/§VT(T’)U(T’) = 0.
This is the coupled ODE eigenvalue problem that must be solved in order to find

the binding energy and ground state wave function of the deuteron.
[22]
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Appendix D

The Mule Deuteron
Photodisintigration Cross Section

We will estimate the cross section for mule deuteron photodisintegration discussed
in section 5.3. The cross section for deuteron photodisintegration has been known
for decades and can be calculated analytically with a few justified approximations.
Unfortunately these approximation are not valid for the mule deuteron.

It is shown in section 5.3 that even if the cross section is are off by a factor of
100, the rate freeze out will still occur below Th;ps. That is, the mule deuterons will
have formed before the synthesis rate freezes out.

The general cross section is calculated in [14] to be:

—
am|p|

do = e - 07 %d€. (D.1)

2mw

Here 7 is the momentum of the ejected proton, € is the unit vector of the incoming
~ momentum, and m is the nuclear mass. The quantity v’ #i is defined to be:

Vo= dw / d>r™ (r) T (r), (D.2)

or
e vy = iw/d%:b’*(r)r (€ -ny)(r). (D.3)
Where ¢ and ¢/’ are the initial and final states of the nucleon, w is the energy of the

photon, and 7y = ; Up till this point no approximations have been made.
In the derivation of the deuteron’s photodisintegration cross section it is assumed
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that the outgoing wave function can be approximated by the plane wave:

W) = &77 (D.4)
This assumes that the size of the deuteron (ﬁ) is large compared to the effective

interaction radius a = 1.5fm, where BE is the absolute value of the binding energy

of the system. While valid for the deuteron, (\/2uBE)_% = (mn2.225MeV)_% =
4.31fm, it is not so for the mule deuteron. When the binding energy of the mule
deuteron is taken to be BE = X10MeV, X being a constant between 1 and 3, the
size is ~ (vZHBE) * = (2m,X10MeV) = 143X~ fm.

This is an unfortunate situation, in order to accurately measure the cross section
we need to know what the free nucleons wave function is on scales where the poten-
tial is not negligible. To do this accurately one would need to tackle the problem
numerically. [33] develops a useful strategy for this type of problem. However we will
show that the lower bound for the cross section that we calculate predicts a freeze
out temperature bellow Ty;ps and is therefore sufficient for our purposes.

Since the outgoing nucleon’s momentum is small compared to the length scale of
the mule deuteron we can expand the exponential and keep only linear order terms.

V() = 1+ip -7 (D.5)

The initial state of the wave function is given by the mule deuteron bound state
function:
1

Y(r) = RSE-f—RDCDUzQ, (D.6)

Where ® is defined in Eq. (C.2). The integral in Eq. (D.3) is now given by:

1
?7]% = Zw/d?’r(l—{—zp ?)’I" (RS\/T+RDXf(I>1Jz2> (D?)
™

(€ m).

Here, x is the final spin state.

The S and D components of the ground state wave function have parity such
that the leading order term in the final state wave function, 1, does not contribute to
the integral. To correctly calculate the cross section we must average over the initial
angular momentum J, and sum over the out going spin states. The algebra is not
particularly enlightening so we will not reproduce it here, however the cross section



148

becomes:
o = i—gamp?’w(fg—i-gfl%) (D.8)
Is = / drr*Rg (D.9)
Ip = / drr*Rp. (D.10)
For the sake of this approximation we can write:
Rs =~ Cos(@)\/ﬁe_:r (D.11)
Rp =~ Siﬂ(@)\/ﬁe;’w, (D.12)

where k = V2mBE. The constant © allows us to deal with the relative contributions
of the two wave functions to the total ground state. This is consistent with the
normalisation condition:

/ (R&(r) + Rg(r)) rPdr = 1 (D.13)

These functions have the correct long distance behaviour of the wave functions, that
is they seem to be valid on scales greater than % = 1.44fm. This rough approxi-
mation allows us to carry out the rest of the approximation analytically rather than
numerically. The cross section is now:

2
o~ S—Wamp?’w (sinZ(@) + 20082(@)> K (/ T3€_”Tdr) (D.14)

27
8 2 ?
> 2—7;amp3wgf€ (/ 7“36_"“"d7’) (D.15)
3 2
8t m(2m(w — BE))2 w2 3
= ¢ p R /u e “du | . (D.16)
Conservation of energy in the reaction gives p = \/2m(w — BE). To get a strict upper
bound on the cross section we can make sure that we only integrate over the region
where the wave function is valid, the interval r = [1.44fm, 00|, or u = [1.73, 0.

The greater the binding energy, the smaller the range giving a lower bound on o at
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BE = 30MeV. Evaluating the integral for these bounds gives:

3
8t m(2m(w — BE))2 w2 5
— —(5.4)". D.1
o > Soa = E (5.4) (D.17)

This is an upper bound on the photodisintegration cross section.



