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Design of Minimax Broadband Beamformers that
are Robust to Microphone Gain, Phase, and

Position Errors
R. C. Nongpiur, Member, IEEE

Abstract—Broadband beamformers with small-size micro-
phone arrays are known to be highly sensitive to microphone im-
perfections. A new method for the design of minimax broadband
beamformers that are robust to microphone gain, phase, and posi-
tion errors is proposed. In the method, the maximum variations in
the microphone errors are used in formulating a convex optimiza-
tion problem where the worst-case passband error is minimized
under the constraint that the worst-case stopband error is below
a prescribed level. To include the microphone imperfections in
the optimization problem, we developed a suitable model that
incorporates the variations due to the microphone errors and at
the same time is efficient to compute. An important advantage of
the proposed method is the availability of corresponding worst-
case passband- and stopband-error bounds for the beamformer
that has been designed; a second advantage is that it does not
require the probability distributions of microphone errors. We
then describe a two-phase method where the proposed method is
used in the first phase to derive the passband and stopband error
constraints for solving an optimization problem in the second
phase where the white noise gain (WNG) of the beamformer
is maximized. In our experiments, we compare beamformers
designed using the proposed method, the two-phase method and
a modified version of a competing method. Experimental results
show that beamformers designed using the proposed method have
much better performance than those of the modified competing
method and comparable performance with those of the two-phase
method; however, unlike the two-phase method, the proposed
method provides the additional guarantee that the errors will
always lie within the worst-case error bounds.

Index Terms—acoustic beamforming, broadband beamformer,
constrained optimization, speech enhancement

I. INTRODUCTION

Microphone arrays are widely used in speech communica-
tion applications such as hands-free telephony, hearing aids,
speech recognition, and teleconferencing systems. A technique
that is widely used with microphone arrays to enhance a
speech signal from a preferred spatial direction is beamform-
ing [1]. In general, the beamforming approach can be fixed
or adaptive, depending upon whether the spatial directivity
pattern is fixed or varies adaptively on the basis of incoming
data. Though adaptive beamforming performs better when the
acoustic environment is time-varying, fixed beamforming are
preferred in applications where the direction of the sound
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source is fixed, such as in in-car communication systems [2]
or in hearing aids. In addition, fixed beamformers also have
lower computational complexity and are easier to implement.

In many beamformer applications, such as in-car communi-
cation systems, voice recognition systems, video conferencing
systems, etc., there is often a need to ensure that the gain
across the passband has little variation from unity while that
in the stopband is always below a prescribed level. At the
same time, a passband with good linear-phase characteristics is
usually preferred to avoid any signal distortion. Consequently,
for the design of such beamformers a straightforward approach
is to formulate the optimization problem in terms of the
minimax of the appropriate error functions.

In [3]-[8], designs of broadband beamformers that are not
constrained by the size of the array aperture or are based on
the assumption of ideal or known microphone characteristics
have been proposed. However, in certain applications such as
in hearing aid and in-car communication systems there are
physical constraints on the array aperture size such that the
wavelength of the signal in the lower end of the frequency
band is much longer than the maximum allowed aperture
length. Consequently, as evident from earlier designs for su-
perdirective narrowband arrays [9]-[13], broadband beamform-
ers designed for physically-compact applications can likewise
become very sensitive to errors in array imperfections and
therefore robustness constraints need to be incorporated in the
design.

Several robust broadband beamformer designs have been
proposed in recent years. In [14], robustness is achieved by
bounding the norm of the error matrices while in [15]-[18],
the white noise gain (WNG) is incorporated in the design;
the use of the WNG constraint is not new and has been
used in earlier beamformer designs to ensure robustness in
superdirective beamformers [9]-[11]. Then in [20]-[23], the
statistics of the microphone characteristics are taken into
account to derive broadband beamformers that are robust to
microphone mismatches while in [24] the worst-case mean
performance is optimized. However, a drawback with the
methods in [14]-[24] is that there is no straightforward way of
knowing the worst-case performance of the beamformer, since
they are based on optimizing the mean performance. In [25], a
minimax approach that optimizes the worst-case performance
of prescribed combinations of microphone gain and phase
errors was proposed. The approach, however, becomes com-
putationally very expensive as the number of combinations is
increased, and is practically feasible only when gain errors are



2

considered. In [19], a method for designing near-field broad-
band beamformers that optimizes the worst-case performance
was proposed. However, the method reported in [19] assumed
beamformers with either gain and phase errors or position
errors, but not all three errors simultaneously.

In this paper, we seek to remove the drawback in existing
methods by developing a robust beamformer design method
that is based on optimizing the worst-case performance. In
the method, the maximum variations in the microphone errors,
namely, gain, phase and position errors, are used in the for-
mulation of a convex optimization problem where the worst-
case passband error is minimized under the constraint that
the worst-case stopband error is below a prescribed level. To
include the microphone imperfections in the optimization, we
developed a suitable model that incorporates the variations
due to the microphone errors and is at the same time efficient
to compute. An important advantage of the proposed method
is the availability of corresponding worst-case passband and
stopband error bounds for the beamformer that has been
designed; a second advantage is that it does not require the
probability distribution of microphone errors. We then describe
a two-phase method where the proposed method is used in
the first phase to derive the passband and stopband error
constraints for solving an optimization problem in the second
phase where the WNG of the beamformer is maximized. In
our experiments, we compare beamformers designed using
the proposed method, the two-phase method and a modified
version of the method in [19]. Experimental results show
that beamformers designed using the proposed method have
much better performance than those of the modified competing
method and comparable performance with those of the two-
phase method; however, unlike the two-phase method, the
proposed method provides the additional guarantee that the
errors will always lie within the worst-case error bounds.

The paper is organized as follows. In Section II, we describe
the filter-and-sum beamformer in far field and incorporate the
microphone imperfections in the error formulations. Then in
Section III, we use the error formulations from Section II
to derive the optimization problem for the proposed design
method. In addition, we also describe the two-phase method
where the WNG is maximized. In Section IV, we describe
an efficient method to compute the microphone-error-variation
model while in Section V, performance comparisons between
the proposed method, the two-phase method, and a modified
competing method are carried out. Conclusions are drawn in
Section VI.

II. FAR-FIELD BROADBAND BEAMFORMING

In this paper, we assume a far-field signal impinging on
a linear microphone array that is realized as a filter-and-sum
beamformer, as shown in Fig. 1. The microphones are assumed
to be omnidirectional and the filters are FIR. If N is the
number of microphones and L is the length of each filter,
the response of the filter-and-sum beamformer is given by

B(ω, θ) =
N−1∑
n=0

L−1∑
l=0

xn,lgn,l(ω, θ) (1)

FIR Filter 1

FIR Filter 2

FIR Filter N

Σ
θ

Fig. 1. Filter and sum broadband beamformer.

where

gn,l(ω, θ) = exp

[
−jω

(
fsdn cos θ

c
+ l

)]
(2)

ω is the frequency in radians, θ is the direction of arrival, c is
the speed of sound in air, fs is the sampling frequency, dn is
the distance of the nth microphone from the origin, and xn,l
is the lth coefficient of nth FIR filter. In matrix form, (1) can
be expressed as

B(x, ω, θ) =

N−1∑
n=0

gn(ω, θ)
Txn = g(ω, θ)Tx (3)

where

xT =
[
xT
0 xT

1 · · · xT
N−1

]
(4)

g(ω, θ)T =
[
g0(ω, θ)

T g1(ω, θ)
T · · · gN−1(ω, θ)

T
]

(5)

xn = [xn,0 xn,1 · · · xn,L−1]
T (6)

gn(ω, θ) = [gn,0(ω, θ) gn,1(ω, θ) · · · gn,L−1(ω, θ)]
T(7)

If θd is the desired steering angle of the beamformer, the WNG
of the beamformer is given by [1]

Gw(x, ω) =
|B(x, ω, θd)|2

N−1∑
n=0

∣∣∣∣∣
L−1∑
l=0

xn,le
−jωl

∣∣∣∣∣
2 =

|g(ω, θd)Tx|2

∥A(ω)x∥22
(8)

where

A(ω) = IN ⊗ a(ω)T (9)

a(ω)T =
[
1 e−jω · · · e−j(L−1)ω

]T
(10)

IN is an N ×N identity matrix, ⊗ is the Kronecker product,
and ∥v∥2 is the L2 norm of vector v.

A. Beamformer Response With Microphone Errors

Let us consider a beamformer where the microphones have
gain, phase, and position errors. If kn, ηn, and d̂n are the mean
values of the gain, phase, and position of the nth microphone
and ∆kn, ∆ηn, and ∆d̂n their corresponding deviations, the
response of the beamformer can be expressed as

B̂(x, ω, θ) =

N−1∑
n=0

κn(ω, θ)ĝn(ω, θ)
Txn (11)

where

κn(ω, θ) = (kn ±∆kn)e
j
(
ηn±∆ηn±ω∆d̂n cos θ

c

)
(12)
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Fig. 2. Plot of the variations of κn due to errors in gain, phase, and position
of the nth microphone.

and ĝn(ω, θ) is the corresponding value of gn(ω, θ) when d̂n
is used in place of dn in (2). From (12), it is apparent that
κn will vary with ω and θ only if there is position error. In
the complex plane, the variation of κn(ω, θ) will correspond
to a sector of an annulus as shown, for example, in Fig. 2.
To make the variations in κn(ω, θ) amenable for optimization
we approximate the variations by a circular model. More
specifically, we find the minimum area circle that encloses
κn(ω, θ) in the complex plane, as denoted by the dashed lines
in Fig. 2. A representation of κn(ω, θ) using such as circle is
given by

κ̂n(ω, θ) = uT Cn(ω, θ) (13)

where

u = [1 j]T (14)
Cn(ω, θ) = {qn(ω, θ) +Pn(ω, θ)vn | ∥vn∥2 ≤ 1} (15)

parameter qn(ω, θ) ∈ R2×1 corresponds to the center of the
circle in the complex plane and matrix Pn ∈ R2×2 describes
the variation of the errors within a circle of radius rχ, given
by

rχ = ∥P(ω, θ)Tu∥∞ (16)

An efficient method for computing the parameters of the cir-
cular model, Cn(ω, θ), is described in Section IV. Substituting
(13) in (11) we get the beamformer response that is based on
the circular model as

B̂c(x, ω, θ) =
N−1∑
n=0

uT [qn(ω, θ)+

Pn(ω, θ)vn]ĝn(ω, θ)
Txn

(17)

Assuming that that the microphone error characteristics are
the same for each element of the array, we can set P(ω, θ) =
P1(ω, θ) = . . . = PN (ω, θ) and q(ω, θ) = q1(ω, θ) = . . . =
qN (ω, θ). Taking the absolute value of B̂c(x, ω, θ) we get the
inequality

|B̂c(x, ω, θ)| ≤

∣∣∣∣∣uTq(ω, θ)

N−1∑
n=0

ĝn(ω, θ)
Txn

∣∣∣∣∣+
N−1∑
n=0

∣∣uTP(ω, θ)vnĝn(ω, θ)
Txn

∣∣ (18)

As shown in Appendix A of [26], the worst-case magnitude
of the beamformer response can be expressed as

sup
v1,...,vn

|B̂c(x, ω, θ)| =

∣∣∣∣∣uTq(ω, θ)

N−1∑
n=0

ĝn(ω, θ)
Txn

∣∣∣∣∣+
∥P(ω, θ)Tu∥∞

N−1∑
n=0

∣∣ĝn(ω, θ)
Txn

∣∣
(19)

In a similar manner, if Bd(ω, θ) is the desired response of the
beamformer, the worst-case error is given by

sup
v1,...,vn

|B̂c(x, ω, θ)−Bd(ω, θ)| =∣∣∣∣∣uTq(ω, θ)
N−1∑
n=0

ĝn(ω, θ)
Txn −Bd(ω, θ)

∣∣∣∣∣+
∥P(ω, θ)Tu∥∞

N−1∑
n=0

∣∣ĝn(ω, θ)
Txn

∣∣
(20)

III. THE OPTIMIZATION PROBLEM

In this section, we use the worst-case error expressions
derived in Section II-A to formulate a convex optimization
problem for designing broadband beamformers that are robust
to the sensor imperfections. We also describe a two-phase
design method that maximizes the WNG in order to compare
with the proposed design method.

A. Proposed Design Method

If Ω is defined as the frequency band, and Θp and Θs as
the passband and stopband angular regions, respectively, the
optimization problem can be formulated by minimizing the
worst-case passband error under the constraint that the worst-
case stopband error is above a prescribed level; that is

minimize max
ωi,θp

{
sup

v1,...,vn

|B̂(x, ωi, θp)−Bd(ωi, θp)|
}

subject to: max
ωi,θs

{
sup

v1,...,vn

|B̂(x, ωi, θs)|
}

≤ Γ
(ub)
sb (21)

where θp ∈ Θp, θs ∈ Θs, and ωi ∈ Ω and Γ
(ub)
sb is the upper-

bound of the maximum stopband error. Another parameter that
is used interchangingly with Γ

(ub)
sb is the lower-bound of the

stopband attenuation and is defined as

Γ(lb)
a = −20 log Γ

(ub)
sb (22)

For the circular model, the problem in (21) can be formulated
as a convex optimization problem by introducing an auxiliary
variable t and using (19) and (20) for the stopband and
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passband errors, respectively:

minimize t

subject to:

∣∣∣∣∣
N−1∑
n=0

bn(ωi, θp)xn −Bd(ωi, θp)

∣∣∣∣∣+ (23)

N−1∑
n=0

∣∣fn(ωi, θp)
Txn

∣∣ ≤ t, ∀

{
θp ∈ Θp,

ωi ∈ Ω∣∣∣∣∣
N−1∑
n=0

bn(ωi, θs)xn

∣∣∣∣∣+
N−1∑
n=0

∣∣fn(ωi, θs)
Txn

∣∣ ≤ Γ
(ub)
sb , ∀

{
θs ∈ Θs,

ωi ∈ Ω

where

bn(ω, θ) = uTq(ω, θ)ĝn(ω, θ)
T (24)

fn(ω, θ) = ∥P(ω, θ)Tu∥∞ ĝn(ω, θ) (25)

Bd(ωi, θp) is the desired response in the passband, and
x0, . . . ,xN−1, and t are the optimization variables. Note that
if the desired response in the passband is linear phase with a
prescribed group-delay of τ , we have

Bd(ωi, θp) = e−jωiτ (26)

Furthermore, if x(opt)
0 , . . . ,x

(opt)
N−1 are the optimal values of the

problem in (23), the upper bound of the maximum passband
error, derived from the microphone error-variation model, for
the corresponding beamformer is given by

Γ
(ub)
pb = max

ωi,θp

{∣∣∣∣∣
N−1∑
n=0

bn(ωi, θp)x
(opt)
n −Bd(ωi, θp)

∣∣∣∣∣
+

N−1∑
n=0

∣∣∣fn(ωi, θp)
Tx(opt)

n

∣∣∣} (27)

B. Two-phase Design Method

In this design method, we seek to maximize the WNG,
Gω(x, ωi), while using the maximum passband and stopband
errors derived using the proposed method in Section III-A, as
upper-bound constraints for the minimax problem. That is,

maximize min
ωi

Gω(x, ωi) (28)

subject to: max
ωi,θp

|B(x, ωi, θp)−Bd(ωi, θp)| ≤ Γ
(ph1)
pb

max
ωi,θs

|B(x, ωi, θs)| ≤ Γ
(ph1)
sb

where

Γ
(ph1)
pb = max

ωi,θp
|B(xopt1, ωi, θp)−Bd(ωi, θp)| (29)

Γ
(ph1)
sb = max

ωi,θs
|B(xopt1, ωi, θs)| (30)

and xopt1 is the resulting beamformer solution of the proposed
design method in (23).

The problem in (28) is, however, non-convex due to the
non-convex cost function. To maximize the WNG as a convex
optimization problem, we use the knowledge that the numer-
ator of the WNG in (8) is approximately unity and therefore

seek to minimize only the denominator of (8), which is a
convex expression. Consequently, using an auxiliary variable t
the problem in (28) can be formulated as a convex optimization
problem given by

minimize t (31)
subject to: max

ωi

∥A(ωi)x∥2 ≤ t

max
ωi,θp

|g(ωi, θp)x−Bd(ωi, θp)| ≤ Γ
(ph1)
pb

max
ωi,θs

|g(ωi, θs)x| ≤ Γ
(ph1)
sb

where t ∈ R1 and x ∈ RNL are optimization variables. The
procedure for the two-phase method can be summarized as
follows:

Phase 1: Solve the optimization problem in (23). From
the resulting beamformer solution, compute the passband
and stopband error upper-bounds, given by (29) and (30),
respectively.

Phase 2: Using the upper-bounds obtained in Phase 1, solve
the optimization problem in (31) to obtain the beamformer.

Since the two-phase method requires two convex optimiza-
tion problems to be solved it can therefore be considered to
be twice the complexity of the proposed design method.

C. Special case of symmetric FIR filters with symmetric mi-
crophone array

If the beampattern is symmetric about θ = π/2 in mag-
nitude and phase, and the position of the array sensors are
symmetric with respect to the array center such that

dN−n−1 = −dn (32)

then the filters of the beamformer will satisfy the symmetry
condition [15]

xn,l = xN−n−1,l (33)

Conversely, if the positions of the array sensors are symmetric
with respect to the array center and condition (33) is satisfied,
then the beampattern is always symmetric. Since (33) is an
affine condition, it can therefore be incorporated in the convex
optimization problem in (23) as an additional constraint. Note
that the inclusion of the constraint in (33) eliminates possible
solutions that do not exactly satisfy the symmetry conditions.
In other words, it ensures that the beampattern is always
symmetrical.

If the desired group delay is set to

τhlf = (L− 1)f−1
s /2 (34)

then the beamformer is guaranteed to be perfectly linear phase
if (32) and the condition

xn,l = xN−n−1,L−l−1 (35)

are satisfied, regardless of whether or not the beampattern is
symmetric [15]. Note that incorporating the conditions (32)
and (35) in the optimization problem when the desired group-
delay, τd, is set to τhlf ensures that the beamformer is perfectly
linear phase only when there are no microphone errors; if
microphone errors are present, the beamformer will cease to
have perfect linear phase.
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Fig. 3. Plot of the convex hull of κn after rotation by αn.

IV. COMPUTING THE PARAMETERS OF THE MICROPHONE-
ERROR-VARIATION MODEL

In this section, we describe an efficient methods to compute
the parameters of the circular model. As mentioned in Section
III, the errors due the gain, phase, and position of the nth
microphone manifest as a variation of κn(ω, θ) that corre-
sponds to a sector of an annulus in the complex plane. Since
an annulus is clearly a non-convex set, it cannot be directly
incorporated in a convex optimization problem. Therefore,
to make it convex we form a convex hull of the annulus
and model the hull using a minimum-area enclosing circle.
Since the enclosing circle is required to be calculated for
every sample of frequency and angle1, the computation should
require low computational effort.

To simplify the computation of the minimum-area enclosing
circle, we first rotate the convex hull, by say αn radians, so
that it is symmetric about the x-axis (or real-axis) as shown
in Fig. 3. Then we find the minimum-area enclosing circle for
the hull, and after that rotate the circle back to the original
position of the hull by -αn. Parameter αn is obtained by taking
the midpoint of the variation of the argument of κn(ω, θ) in
(12), which turns out to be

αn = −ηn (36)

as evident from Fig. 2. From Fig. 3, the x and y coordinates
for a, a′, b, b′, and c are given by

xa = (kn −∆kn) cosψ

ya = (kn −∆kn) sinψ

xa′ = xa

ya′ = −ya
xb = (kn +∆kn) cosψ

yb = (kn +∆kn) sinψ

1If there are no position errors, the model needs to be calculated only once,
since it is identical for all sample points.

xb′ = xb

yb′ = −yb
xc = kn +∆kn

yc = 0

xd = (kn +∆kn) cosψ

yd = 0 (37)

where

ψ = ∆ηn +

∣∣∣∣∣ω∆d̂n cos θc

∣∣∣∣∣ (38)

In our method, we assume that the angular measure of the arc
bcb′ in Fig. 3 is less than 180 degrees, or ψ < π/2. From
our numerous experiments, we find that this assumption is
reasonable since a beamformer that does not satisfy the con-
dition will have very large errors that will make it practically
ineffective. Therefore from Fig. 3, it is apparent that

dist(b, d) > dist(c, d), if ψ < π/2 (39)

where dist(p1, p2) gives the distance between points p1 and
p2. Furthermore, if point k lies anywhere between o and c in
line oc then from Appendix B of [26] we have

dist(b, k) > dist(c, k), if ψ < π/2 (40)

Therefore, if dist(b, d) > dist(a, d) and knowing that (39)
and (40) are true, it is clear that point d is the center of the
minimum-area circle, χ, with coordinates and radius that are
given by

xχ = xb (41)
yχ = 0 (42)
rχ = yb (43)

However, if dist(b, d) < dist(a, d), then the center χ of the
minimum-area circle will lie between o and c in line oc such
that dist(b, χ) = dist(a, χ). As shown in Appendix C of [26],
the coordinates and radius of the minimum-area circle are
given by

xχ = kn cosψ + kn sinψ tanψ (44)
yχ = 0 (45)

rχ =

√
k2n − k2n cos

2 ψ +∆k2n cos
2 ψ

cos2 ψ
(46)

In terms of the microphone error parameters, dist(b, d) and
dist(a, d) can be expressed as

dist(b, d) = (kn +∆kn) sinψ (47)
dist(a, d) =

(
3∆k2n cos

2 ψ + k2n sin
2 ψ

−2kn∆kn sin
2 ψ +∆k2n

)0.5
(48)

and the condition dist(b, d) > dist(a, d) is equivalent to the
condition

∆k2n cos
2 ψ −∆knkn sin

2 ψ < 0 (49)

Consequently, the computation of the co-ordinates and radius
of the minimum-area circle that encloses the convex hull
abcb′a′ can be carried out using the following steps:
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Step 1: Verify the condition in (49).
Step 2: If the condition in Step 1 is true, the co-ordinates

and radius of the minimum area circle are given by eqns (41)-
(43), respectively.

Step 3: If the condition in Step 1 is false, the co-ordinates
and radius of the minimum area circle are given by eqns (44)-
(46), respectively.

The resulting circle should then be rotated back by −αn

to cancel the initial pre-rotation by αn. The final rotated
circular model in terms of the circular parameters Pn(ω, θ)
and qn(ω, θ) are given by

Pn(ω, θ) = Φ(−αn)P
′(ω, θ) (50)

qn(ω, θ) = Φ(−αn)q
′(ω, θ) (51)

where

P′(ω, θ) =

[
rχ 0
0 rχ

]
(52)

q′(ω, θ) = [xχ yχ]
T (53)

and

Φ(x) =

[
cosx − sinx
sinx cosx

]
(54)

V. EXPERIMENTAL RESULTS

In this section, we provide comparative experimental results
between the proposed method, the two-phase method, and a
modified version of the method in [19]. Though in most of
the comparisons we set the group delay of the beamformer
to (L− 1)f−1

s /2, we also included some examples where the
group delay is set to 0. Consequently, we have two design
variants for the proposed method and the two-phase method:

Design Pr-A: This design corresponds to the proposed
beamformer design method that is obtained by setting the
prescribed group-delay to (L − 1)f−1

s /2 and solving the
convex optimization problem in (23) while at the same time
incorporating the linear-phase constraint in (35) and assuming
that the condition in (32) is satisfied. For the symmetric case
where θd = π/2, we also include the affine constraint in (33).

Design Pr-B: This design corresponds to the proposed
beamformer design method that is obtained by setting the pre-
scribed group-delay to 0 and solving the convex optimization
problem in (23). For the symmetric case where θd = π/2,
we solve the optimization problem by including the additional
affine constraint in (33).

Design Tp-A: This design corresponds to the two-phase
beamformer design method that is obtained by setting the
prescribed group-delay to (L − 1)f−1

s /2 and solving the
convex optimization problem in (31) while at the same time
incorporating the linear-phase constraint in (35) and assuming
that the condition in (32) is satisfied. For the symmetric case
where θd = π/2, we also include the affine constraint in (33).

Design Tp-B: This design corresponds to the two-phase
beamformer design method that is obtained by setting the pre-
scribed group-delay to 0 and solving the convex optimization
problem in (31). For the symmetric case where θd = π/2,
we solve the optimization problem by including the additional
affine constraint in (33).

To ensure a fair comparison with the proposed method, we
modify the method in [19] by moving the source to infinity
so that the beamformer becomes far-field and formulate the
optimization problem by minimizing the worst-case passband
error under the constraint that the worst-case stopband error is
above a prescribed level, as in (21). With these modifications,
the modified method in [19] is given by

minimize t (55)
subject to:

∣∣g(ωi, θp)
Tx−Bd(ωi, θp)

∣∣
+ ϵ∥x∥ ≤ t ∀

{
θp ∈ Θp,

ωi ∈ Ω∣∣g(ωi, θs)
Tx

∣∣
+ ϵ∥x∥ ≤ Γ

(ub)
sb , ∀

{
θs ∈ Θs,

ωi ∈ Ω

where

ϵ =

{
F(∆k,∆η) for gain and phase errors
G(∆d) for position errors

F(∆k,∆η) =
√
NL[(1 + ∆k)(1 + ∆k − 2 cos∆η) + 1]

G(∆d) =

√√√√
NL+

NL

(1−∆d)2
−

2NL cos
(

2π∆d
λmin

)
1−∆d

λmin is the minimum wavelength in the frequency band and
∆k, ∆η, and ∆d are the maximum absolute variation of the
gain, phase, and position errors, respectively, from their ideal
values for all the sensors. The corresponding upper bound of
maximum passband error for the beamformer derived from
(55) is given by

Γ
(ub)
pb = max

ωi,θp

{∣∣∣g(ωi, θp)
Tx(opt) −Bd(ωi, θp)

∣∣∣+ ϵ∥x(opt)∥
}

(56)
Consequently, the modified method in [19] can be classified
into two variants:

Design Cp-A: This design corresponds to the modified
competing method in [19] that is obtained by setting the
prescribed group-delay to (L − 1)f−1

s /2 and solving the
convex optimization problem in (55) while at the same time
incorporating the linear-phase constraint in (35) and assuming
that the condition in (32) is satisfied. For the symmetric case
where θd = π/2, we also include the affine constraint in (33).

Design Cp-B: This design corresponds to the modified com-
peting method in [19] that is obtained by setting the prescribed
group-delay to 0 and solving the convex optimization problem
in (55). For the symmetric case where θd = π/2, we solve
the optimization problem by including the additional affine
constraint in (33).

In the experiments, we consider design examples where
the beampatterns are symmetric and nonsymmetric about
θ = π/2. For the symmetric case, the desired steering angle
θd, which is used in (8), is set to π/2 and for the nonsymmetric
case to 2π/3. The speed of sound, c, is assumed to be 340 m/s
while the sampling frequency, fs, is assumed to be 8 kHz. The
parameters are evaluated by uniformly sampling the frequency
and angular bands and setting the number of sampling points
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M and K along the two dimensions to each have a value of
120.

The beamformer performance is evaluated using the follow-
ing parameters:

Maximum passband error: The maximum passband error is
defined as

δp = max
ω∈Ω,θ∈Θp

|B(ω, θ)−Bd(ω, θ)| (57)

where Bd(ω, θ) is the desired beamformer response in the
passband.

Maximum passband ripple: The parameter is defined as

Ap = 20 log
M

(p)
max

M
(p)
min

(58)

where
M (p)

max = max
ω∈Ω,θ∈Θp

B(ω, θ)

M
(p)
min = min

ω∈Ω,θ∈Θp

B(ω, θ)

Minimum stopband attenuation: The minimum stopband at-
tenuation is defined as the negative of the maximum stopband
gain, given by

Aa = −20 logM (a)
max (59)

where
M (a)

max = max
ω∈Ω,θ∈Θs

B(ω, θ)

To evaluate the beamformer performance due to the micro-
phone errors, we randomly vary the gain, phase, and position
of each of the n microphones about their ideal values by
±∆κn, ±∆ηn, and ±∆dn, respectively. Therefore, each trial
is a random combination of the worst-case sensor variations
about their ideal values. For each trial, we compute the
beamformer performance parameters in (57), (58), and (59)
and then compute their worst values among all the trials as

δ(wc)
p = max

i=1,...,T
δ(i)p (60)

A(wc)
p = max

i=1,...,T
A(i)

p (61)

A(wc)
a = min

i=1,...,T
A(i)

a (62)

where δ(i)p , A(i)
p , and A(i)

a are the corresponding performance
values in the ith trial. In our simulations, we set the total
number of trials, T , to 100.

In Sections V-A to V-D, nine examples are provided to
compare the performance of the proposed method with the
competing methods. In Examples 1 and 2 we assume that
the beamformers have gain/phase errors and position error,
respectively, and compare designs Pr-A with Cp-A. Then in
Examples 3 and 4, we consider beamformers that have gain,
phase, and position errors and compare designs Pr-A with Tp-
A. In Examples 5, 6, and 7 we again consider beamformers
that have gain, phase, and position errors and compare designs
Pr-A with Tp-A; we also compare designs Pr-B with Tp-
B in Examples 5 and 6. In Examples 8 and 9, we assume
beamformers that have gain error and phase error, respectively,
and compare designs Pr-A with Cp-A.

TABLE I
DESIGN SPECIFICATIONS FOR BEAMFORMERS SYMMETRIC ABOUT

θ = π/2 FOR EXAMPLES 1 AND 2

Parameters Common values
No. of elements of beamformer 7
Inter-element spacing, (m) 0.04
FIR filter length 20
Passband region, Θp, (deg) [80◦ − 100◦]
Stopband region, Θs, (deg) [0◦ − 60◦] ∪ [120◦ − 180◦]
Frequency band, Ω, (Hz) [1500 - 3500]
LB of SB atten., Γ(lb)

a (dB) 6
Passband group delay (samples) 9.5

Example 1 Example 2
values values

Mic. gain error, (kn,∆kn) (1, 0.05) (1, 0)
Mic. phase error, (ηn,∆ηn) (deg) (0, 5) (0, 0)
Mic. posn. error, (d̂n,∆d̂n) (m) (dn, 0) (dn, 0.001)

SB: stopband; LB: lower-bound

TABLE II
DESIGN RESULTS FOR EXAMPLE 1 FOR A SYMMETRIC BEAMFORMER

WITH GAIN AND PHASE ERRORS.

Parameters Design Design
Pr-A Cp-A

UB of max PB error Γ(ub)
pb 0.207 0.673

WC max PB error δ(wc)
p 0.144 0.444

WC max PB ripple A
(wc)
p , dB 1.87 2.92

WC min SB atten. A(wc)
a , dB 7.04 11.23

PB: passband; SB: stopband; WC: worst-case; UB: upper-bound

A. Examples 1 and 2

In this subsection, we consider the design of beamformers
where the passband group delay is set to (L − 1)f−1

s /2.
We compare their performance by observing the design that
results in the smallest worst-case maximum-passband-error
δ
(wc)
p while ensuring that the worst-case minimum-stopband-

attenuation A
(wc)
a is above the prescribed level of Γ

(lb)
a ; in

addition, we also compare the maximum passband ripple
A

(wc)
p . For the comparisons, we consider designs Pr-A and

Cp-A.
Two beamformer design examples are chosen. In the first

example, the beamformer is assumed to have gain and phase
errors while in the second example it has position errors. The
design specifications for the first and second examples are
given in Table I. The comparison results for Examples 1 and
2 are summarized in Tables II and III, respectively, and their
corresponding beamformer responses and WNGs are plotted in
Figs. 4 and 5, respectively. From Tables II and III and Figs. 4
and 5, we observe that the proposed designs have much smaller

TABLE III
DESIGN RESULTS FOR EXAMPLE 2 FOR A SYMMETRIC BEAMFORMER

WITH POSITION ERRORS.

Parameters Design Design
Pr-A Cp-A

UB of max PB error Γ(ub)
pb 0.044 0.449

WC max PB error δ(wc)
p 0.0437 0.213

WC max PB ripple A
(wc)
p , dB 0.713 2.38

WC min SB atten. A(wc)
a , dB 6.18 11.36

PB: passband; SB: stopband; WC: worst-case; UB: upper-bound
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Fig. 4. Plots of the beamformer response and white noise gain for the various
designs for Example 1 when there are no sensor errors. The beampattern plots
are obtained by plotting the responses across 20 uniformly sampled frequency-
points in the frequency band.
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Fig. 5. Plots of the beamformer response and white noise gain for the various
designs for Example 2 when there are no sensor errors. The beampattern plots
are obtained by plotting the responses across 20 uniformly sampled frequency-
points in the frequency band.

worst-case passband error, passband ripple, and passband error
upperbound than the competing designs; furthermore, the
worst-case stopband attenuations of the proposed designs are
much closer to the prescribed lower bound of 6 dB than the
competing designs.

B. Examples 3 and 4

Here we consider the design of beamformers where the
passband group delay is set to (L − 1)f−1

s /2. In the first
example, the beamformer is symmetric about θ = π/2
while in the second example it is non-symmetric. The design
specifications for Examples 3 and 4 are given in Table IV.
The comparison results for Examples 3 and 4 are summarized
in Tables V and VI, respectively, and their corresponding
beamformer response and WNG plots are provided in [26].
For Example 3, we observe from Table V that designs Pr-A
and Tp-A have comparable performance, with their worst-case
stopband attenuation, A(wc)

a , satisfying the 6 dB lower-bound

TABLE IV
DESIGN SPECIFICATIONS FOR BEAMFORMERS SYMMETRIC AND

NONSYMMETRIC ABOUT θ = π/2 FOR EXAMPLES 3 AND 4,
RESPECTIVELY

Parameters Common values
No. of elements of beamformer 7
Inter-element spacing, (m) 0.04
FIR filter length 20
Frequency band, Ω, (Hz) [1500 - 3500]
LB of SB atten., Γ(lb)

a (dB) 6
Passband group delay (samples) 9.5
Mic. gain error, (kn,∆kn) (1, 0.05)
Mic. phase error, (ηn,∆ηn) (deg) (0, 5)
Mic. posn. error, (d̂n,∆d̂n) (m) (dn, 0.001)

Example 3 Example 4
values values

Passband region, Θp, (deg) [80◦ − 100◦] [110◦ − 130◦]
Stopband region, Θs, (deg) [0◦ − 60◦]∪ [0◦ − 90◦]∪

[120◦ − 180◦] [150◦ − 180◦]

SB: stopband; LB: lower-bound

TABLE V
DESIGN RESULTS FOR EXAMPLE 3 FOR A SYMMETRIC BEAMFORMER

WITH GAIN, PHASE, AND POSITION ERRORS.

Parameters Design Design
Pr-A Tp-A

UB of max PB error Γ(ub)
pb 0.223 NA

WC max PB error δ(wc)
p 0.153 0.154

WC max PB ripple A
(wc)
p , dB 2.11 1.97

WC min SB atten. A(wc)
a , dB 7.51 7.62

PB: passband; SB: stopband; WC: worst-case; UB: upper-bound

requirement. We also observe that though design Pr-A has a
better value of δ(wc)

p , design Tp-A has a better value of A(wc)
p .

For Example 4, we observe from Table VI that designs Pr-A
and Tp-A have comparable performance with A(wc)

a satisfying
the 6 dB lower-bound requirement for both the designs; as
can be seen, design Pr-A has a better value of A(wc)

p while
design Tp-A has a better value of δ(wc)

p . Furthermore, from
Tables V and VI we observe that the beamformers derived
using design Pr-A are certified with an upper-bound on the
maximum passband error. This information can be quite useful
to the designer when assessing the feasibility of a beamformer
for a particular application.

C. Examples 5, 6, and 7

For Examples 5 and 6, we vary the design specification
in Examples 3 and 4 by reducing the passband region and
increasing the stopband attenuation. In addition, we also

TABLE VI
DESIGN RESULTS FOR EXAMPLE 4 FOR A NON-SYMMETRIC
BEAMFORMER WITH GAIN, PHASE, AND POSITION ERRORS.

Parameters Design Design
Pr-A Tp-A

UB of max PB error Γ(ub)
pb 0.377 NA

WC max PB error δ(wc)
p 0.292 0.272

WC max PB ripple A
(wc)
p , dB 2.97 3.5

WC min SB atten. A(wc)
a , dB 7.26 7.23

PB: passband; SB: stopband; WC: worst-case; UB: upper-bound
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consider beamformers where the prescribed group delay is
set to 0. Consequently, we have four design variants for
comparison, namely, designs Pr-A, Pr-B, Tp-A, and Tp-B. For
Example 7, we vary the design specification in Example 3 by
changing the frequency band to [300 − 1500] Hz, increasing
the distance between the sensors to 0.1 m, and reducing the
passband region; for the comparison we consider designs Pr-
A and Tp-A. The design specifications, results, and plots for
the three examples are included in [26]. From the results
and plots, we observe that though there are variations in the
performance parameters between the designs, all four designs
have comparable performances.

D. Examples 8 and 9

In Examples 8, the beamformers are assumed to have
only gain errors, while in Example 9, only phase errors. For
comparison, we consider design Pr-A with Cp-A. The design
specifications, results, and plots for both the examples are
included in [26]. As in Examples 1 and 2, it is apparent from
the results and plots that the proposed designs have much
smaller worst-case passband errors, passband ripples, and
passband error upperbounds than the competing designs. In
addition, the worst-case stopband attenuations of the proposed
designs are also much smaller and closer to the prescribed
lower bound than the competing designs.

The comparisons in Examples 1-9 above have shown that
the proposed method yields beamformers with much better
performance than the modified method in [19] and comparable
performance with the two-phase method. There are two main
reasons why the proposed method performs better than the
method in [19]: (i) The norm bound of the sensor imper-
fections in [19, eqn. (7)] correspond to a vector of length
NL where N is the number of microphones and L is the
filter length. In our proposed method, the circular bound of
the sensor imperfections in the complex plane corresponds
to a norm bound of a vector of length 2. In general, as
the dimension of the bounded vector decreases, the bound
becomes tighter. (ii) For the scenario where the beamformer
has position errors, the method in [19] computes the bound
at all frequencies by considering the minimum wavelength of
the frequency band. In our proposed method, the bound at a
given frequency is computed by considering the wavelength
at that frequency thereby significantly improving the tightness
of the bound.

From Examples 3-7, it has been observed that for the
proposed method and the two-phase method, the worst-case
passband and stopband error values obtained from 100 ran-
dom trials are not far off from the corresponding worst-
case passband and stopband error bounds computed from the
model. It should be noted that the microphone error-variation
model that has been proposed is a convex approximation
of the microphone-error variations, and, therefore, the worst-
case performance parameters predicted by the model will be
slightly on the conservative side. Therefore, to compensate
for this slightly conservative estimate, a good rule of thumb
that we can suggest when designing beamformers using the
proposed method is to reduce the lower-bound of the minimum

stopband attenuation by a certain value typically between 0.5
and 1.5 dB from the actual lower-bound that is desired.

We would also like to point out that unlike the pro-
posed method, the two-phase method provides no theoretical
guarantees that the beamformer that is obtained will always
satisfy the worst-case passband and stopband error bounds
as it is derived by maximizing the WNG; however, in all
our experiments we observe that the two-phase method al-
ways yields beamformers that give comparable performance
to beamformers derived using the proposed method and, in
addition, always satisfies the worst-case error bounds of the
proposed method.

The optimization problems in the examples were solved on
a computer running an Intel Core i7-640LM processor using
the SeDuMi optimization toolbox for MATLAB [27]. For the
proposed method, the optimization problem takes anywhere
between 10 to 40 minutes to compute.

VI. CONCLUSIONS

A new method for the design of minimax broadband beam-
formers that are robust to microphone gain, phase, and position
errors has been proposed. In the method, the maximum varia-
tion in the microphone errors are used to formulate a convex
optimization problem where the worst-case passband error is
minimized under the constraint that the worst-case stopband
error is below a prescribed level. To include the microphone
imperfections in the optimization problem, a suitable model
that incorporates the variations due to the microphone errors
was developed, including an efficient method to compute the
model. An important advantage of the proposed method is
the availability of corresponding worst-case passband- and
stopband-error bounds for the beamformer that has been
designed; a second advantage is that it does not require the
distribution of microphone errors. We then described a two-
phase method where the proposed method is used in the first
phase to derive the passband and stopband error constraints for
solving an optimization problem in the second phase where the
white noise gain (WNG) of the beamformer is maximized. In
our experiments, we compared beamformers designed using
the proposed method, the two-phase method and a modified
version of a competing method. Experimental results showed
that beamformers designed using the proposed method have
much better performance than those of the modified competing
method and comparable performance with those of the two-
phase method; however, unlike two-phase method, the pro-
posed method provides the additional guarantee that the errors
will always lie within the worst-case error bounds.
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