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Abstract

Elastic waves are used in geocacoustics to identify remote objects and events. Computer
models for such applications are being pressed to handle propagation in three dimensions,
and scattering from penetrable objects of arbitrary shape. One approach approximates earth
and ocean as horizontally stratified media into which the features of interest are embedded.
Here the Boundary Integral Equation (BIE) inethod for harmonic elastic wave scattering is
applied to layered media with penetrable fluid or solid inclusions. A new indirect method is
used to evaluate singular and poorly convergent BIE coefficicnts, the numerically
troublesome coefficients being inferred from free-fieid solutions of the integral equation in
the absence of scattering. The new model is very flexible. Multiple inclusions that are
penetrable or impenetrable, passive or actively vibrating, are permitted. Inclusions may have
edges, and may pass through interfaces between layers. A combined equation method is used
to over-determine the solution in the event of numerical instability. Comprehensive
numerical tests recommended for all BIE scattering models are described. Central to the
model is a new normal mode model of propagation, now packaged under the name
SAMPLE, an acronym for Seismo-Acoustic Mode Program for Layered Environments.
Designed for the rigorous demands of the BIE method, SAMPLE computes the total elastic
field (displacement vector and stress tensor) for general point forces and force couples (with
and without moment), using an complete mode series that is valid in both the near field and
far. Modes are found using a stable scattering matrix method together with singular value
decomposition (SVD), in a robust root-finding routine. The search includes all mode types:
P-SV and SH; propagating and evanescent; proper and improper (on any Riemann sheet);
and interface and duct modes. Close mode pairs (double roots) in multiple channels are
easily identified and resolved during the search. Little-known properties of modes that were

discovered when using SAMPLE are also reporte-.
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Introduction

The ocean is an extremely complicated acoustic medium,

That is how Brekovskikh and Lysanov begin their introductory text for ocean
acoustics [17]. It is perhaps as much a warning to the confident acoustician as to the
beginner, for although the laws of acoustic wave motion can be expressed rather simply,
their application to realistic environments takes on daunting complexity, mainly because the
ocean is highly variable over the distances of interest. The warning is appropriate here as
well, where the goal is to predict the way sound interacts with solid objects in the ocean, such
as features of bottom topography, sub-bottom structure, or a surfuce ice canopy. Solid media
complicate the analysis because elastic waves in solids must be calculated using vector fields
rather than scalar fields, and because the actual properties of the sea bed and ice canopy
important parameters for the analysis—can only be determined with difficulty." When
ocean acoustics includes solid media this way, it is often called geoacoustics to digtingnish
it from the traditional strictly fluid case, while emphasizing its affinity with geophysics,?

When analytically intractable, the theory of elastic wave motion can nevertheless

For example, see Clay and Medwin [28] who review methods of measuring the propertics of the sea bed;
Hamilton [54] who reports the elastic properties of many diffcrent kinds of sediments; and Brooke and Ozard
[18] who report the elastic properties of sea ice.

2The affininty with geophysics is widely accepted. Tolstoy and Clay (128, p,269] conclude that “Ocean
acoustics is, in the final analysis, a branch of geophysics.” Jensen et al, [66, p.avj dufine a geoncoustic model
as “a model of the real seafloor with emphasis on measured, extrapolated, and predicted values of those
material properties important for the modelling of sound transmission.”
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be applied to realistic geoacoustic environments using computer models whose computations
implement the governing equations. The models now in use are the result of continual efforts
to improve realism and computation speed.® The two goals are usually incompatible because
greater realism engenders greater model complexity, and therefore greater execution time,
except where matched by marked improvements in computer hardware and software. The
added complication of solid media is just one example of this. When we speak of realism,
it need hardly be mentioned that all models are for the most part abstractions of reality, in
which a myriad unaccountable physical properties are idealized by just a few dominant ones.
Moreover, it is the judicious simplification of the real world that makes a model especially
useful and insightful. Thus, the realism of a model can be posed most concisely in reverse,
by citing a model’s few abstract:ons rather than its long list of omissions.

The goal of this thesis, then, is to include three important properties of the ocean:
horizontal stratification, solid features, and wave propagation in three dimensions. Each of
these have been modeled to some degree independently, but only recently have researchers
attempted to unite all thiee in a full-wave scattering model. That is my objective here.

By “full-wave,” T mean that the model undertakes to solve the full scattering
problem, posed mathematically as a boundary value problem, without making theoretically
motivated approximations from the outset, such as the high frequency approximation of
ray theory [66, chapt. 3!, or the horizontal forward nropagation of the parabolic equation
method [66, chapt. 6]. In principle, the aim of a full-wave model is to solve the boundary
value problem exactly, though in practice, of course. a numerical solution always entails
approximation and error to some extent, and at times these may be disastrous. Progress
in full-wave scattering models has advanced along two main fronts, using the Finite Differ-
ence (D) and Boundary Integral Equation (BIE) methods, whose relative advantages and
disadvantages will be compared below. I have chosen the BIE method because it is favored
for scattering in large domains [88] [27] such as the ocean and earth.

Three-dimensional scattering models of any kind tend to be difficult to use, and

3Many applications of ocean acoustics that use computer models are reviewed by Clay and Medwin [28],
including echo ranging, monitoring biological life, and measurcment of sea bed properties, More recently,
an acoustic method for detecting changes in the average temperature of the ocean has been developed to
address concerns about global warming [93]. Active and passive sonar are of great importance in undersea
warfare [59] [120].
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one always hopes there may be a simpler approach based on some efficacious approximatisz,
But arigorous full-wave model is in many ways a step towards improved approximate models
because it permits freehanded experimentation that is rarely, if ever, possible with physical
experiments. It permits, for example, examination of the wave field everywhere in the
problem to identify where helpfu} approximations might be made, and it permits variation
of the problem itself to identify its most important features. A full-wave model also provides
a benchmark to judge the accuracy of faster but approximate “short-cut” methods.

The scattering of geoacoustic waves is a vast topic and one cannot hope to touch
its many sides in a single project. My treatment of scattering is therefore restricted in three
important ways. First, I only consider deterministic scattering, in which the shape and
elastic properties of the scattering features are completely specified; in contrast to statistical
scattering, arguably of equal importance, in which small-scale random roughness is handled
statistically. But just as deterministic models have served as the basis for a statistical
treatment of impenetrable roughness [37] [102], my own model might serve for penetrable
roughness, though I do not explore the possibility here. Secondly, T only consider harmonic
(constant frequency) wave scattering because the BIE method solves just one frequency at
a time, and that in itself is a considerable undertaking. In principle, however, the model
could be extended to transient waves using Four'ar synthesis in the frequency domain ag
others have done [67][50]. Thirdly, the emphasis will be on shallow occans, in which the
sound is likely to interact significantly with the sea bed, at acoustic frequencies less than |
kHz, for which sea water is essentially transparent,? though some geophysical applications

at much lower frequency are also included. Among the problems T attempt here are

¢ normal mode computations in an Arctic ocean model, and the Gutenburg earth model

from geophysics;

e scattering of plane waves from rigid, fluid, and solid spheres for which analytic solu-

tions are available;

e scattering (750 Hz) from a hemispherical cavity on the floor of a 3 m ice plate at 750
Hz;

1The absorption rate of sound below 1 kHz is less than 0.1 dB/km [17),
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e scattering (200 Hz) from a 1.193 m rigid sphere half buried in sand in 50 m of water;

e scattering (20 Hz) from an ice dome in a floating ice laye: in the Arctic ocean.

But the new model is likely to find applications wherever the scattering of waves in layered
media is of interest, in geophysical prospecting®, nondestructive testing using ultrasonics,
and electromagnetics for example.

Geoacoustic modeling has grown ouvt of three great fields of study: elastic wave
propagation, ocean acoustics, and geophysics. It is impossible to survey its manifold history
here. Chin-Bing et al. [26], for example, catalogue thirty-six research-oriented computer
models in ocean acoustics alone, and these are classified according to seven main model
types,® whose underlying theory is given in an excellent companion publication by Jensen
et al. [66]. Detailed reviews of roughly the same number of geophysical models have been
edited by Doornbos [39], Bolt [14], and Chin et al. [25]. More to our purpose, in this
introductory chapter I will review the motivation for the main features of the model, then
introduce the main difficulties facing every full-wave scattering model, then survey recent
devciopments concerning the BIE method and layered media, and then outline how the new

model will be verified.

1.1 Motivation

1.1.1 Need for stratified media

Geoacoustic waves depend on the disturbance that causes them and the elastic
parameters of the medium they traverse. In the ocean, the elastic parameters vary contin-
uously almost everywhere according to the water salinity, temperature, and pressure [17],
and they may jump suddenly as at the transition from fluid to solid at the ocean floor. In

the absence of distinct scattering features, the length scale of the horizontal variation is

®Seismic waves have been used by oil geologists in the search for distinct porous s¢ dementary structures,
snch as a Pinnacle reef, that can signify an oil reservoir [117, sect. 23.6],

“The seven main model types used by Chin-Bing et al. are the ray, parabolic equation, normal mode,
contour integral, coupled mode, finite element and finite difference models. Oddly enough, the BIE method
for scattering was not included, Presumably this is because BIE models for geoacoustics are fairly recent,
and so far only their inventors use them with confidence. Jensen et al, [66] include a discussion of BIE
methods for two-dimensional finid media.
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often much greater than that of the vertical, and greater than the acoustic wavelengths of
interest, so it is usual to treat the ocean as a horizontally stratified waveguide made up of
homogeneous layers; the elastic parameters of each layer approximating the vertical varia-
tion in stepwise fashion [16] [44] [66] [70] [128]. The vertical reverberation that dominaies
geoacoustic data can be realistically modeled this way. Features of botton. topography or
surface ice can then be modeled as penetrable elastic inclusions embedded in the layered
waveguide. Of course, not all models assume horizontally invariant media, such as the fi-
nite element, finite difference, parabolic equation and geometric ray models, for example.
Nevertheless, a locally stratified model is almost always used in practice, if only becanse

the horizontal variation of the ocean is rarely known with certainty.

1.1.2 Need for solid media

Early models in ocean acoustics consisted of strictly fluid layers, with solids in-
cluded approximately simply as fluids, by omitting shear stresses altogether.” Increasingly,
however, attention has been given to low frequency propagation and shallow ocean envi-
ronments, for which the importance of shear waves in solid media to transmission loss in
shallow oceans, reverberation, and scattering is now well established [17] [66] [77] [42]. To
omit them often precludes important resonance effects and energy loss mechanisms, and at

times the dominant part of the physical reality.?

1.1.3 Need for three-dimensional models

A two-dimensional propagation model assumes a high degree of symmetry in the
wave field so that the field in three dimensions is completely determined by its values in
a single vertical plane. In planar symmetry, the media, source, and wave field are all
assumed to be invariant in one horizontal direction; the representative plane being any

plane perpendicular to the direction of invariance. The planar approach is often inadequate

"The review of earlier numerical models for ocean acoustics by DiNapoli and Davenpord, (1979) [38] deals
entirely with fluid media, although they mention that a solid bottom could be included by terminating the
water column below using the equivalent reflection coefficient for solid sediment layers,

8Scholte interface waves on the sea floor, for example, do not occur in strictly flnid media (see
Section(6.2.3)).
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because 1) the elementary source is a uniform line source lying parallel to the direction of
invariance, which is not typical of the compact sources encountered in reality; 2) because
spherical spreading for body waves, aud cylindrical spreading for trapped waves (normal
modes) cannot occur; and 3) because out-of-plane scattering is precluded by the assumed
symmetry. These limitations have heen overcome to some degree using “two-and-a-half”-
dimensional models, in which the field due to a single point source is constructed usiag
a TFourier transform of the planar field, while the elastic media remains invariant in one
direction. Fawcett and Dawson [46] applied the method to a planar BIE model of acoustic
wave scattering in fluid waveguides, and Schmidt has since applied it to solid layers [110].
Scattering from compact three-dimensional inclusions cannot be treated this way.

In azial symmetry, the media, source, and wave field are rotationally symmetric
about a common vertical axis, and the representative plane is a half plane with one edge
along the vertical axis. Cylindrical models are sometimes used as “building blocks” to
assemble larger non-symmetric domains in a piecewise manner [45] [66, sect. 5.10], but the
cxtension to solid media has yet to be made. Here again, an important instance of out-of-
plane scatter, mode conversion between vertically (P-SV) and horizontally (SH) polarized
wave motion, is precluded by the assumed symmetry.

In general, the scattering problem does not suit either the planar or axial ideal-

ization and a full three-dimensional treatment is required.

1.2 Two cardinal difficulties in scattering

A geoacoustic scattering model faces two fundamental difficulties. The first is
that of extreme length scales. To represent the interaction of waves with the shape and
sudden contrast of the inclusion, the model must replicate the equation of motion and
boundary conditions in its vicinity on a scale much less than the inclusion’s dimensions
and the geoacoustic wavelength. At the same time, the model must propagate waves over
very large distances, whether to distant receivers or from distant sources. Handling both
scales at once is rather like measuring very small and very large distances with the same

meter stick; the stick may be well-suiwcd to measuring one length scale or the other, but
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not to both at once. The disparity can be very severe in ocean acoustics when the inclusion
lies in unconsolidated sediments where the shear (S) wavelength—-the length of the meter
stick—can be very small. I am not aware of any full-wave scattering model (including my
own developed here) that purports to include shear wave scattering in such extreme cases.

The second fundamental difficulty is that of completeness, for the model must have
access to all nine components of the elastic wave field-three components of displacemoent
and six unique components of stress—to match boundary conditions on an arbitrary in-
terface between solid media in three dimensions. Such rigor is uncommon in propagation
modeling. Usually only part of the field is required, perhaps the normal stress in ocean

acoustics, or the displacement vector in seismology.

1.3 Background for the BIE method

1.3.1 Review of recent developments

Among the recent developments in the BIE method for ocean acoustics are con-
tributions by Schuster and Smith (1988) [112] whose BIE method for rigid objects in a
two-dimensional fluid media includes reverberant interactions between the scattering inclu-
sion and the layered media approximately using a Born series. Seybert and Casey (1988)
[115] were possibly the first to apply the BIE method to penetrable domains with a view
towards ocean acoustics, although they considered unbounded homogeneous domaing rather
than layered. Seybert and Wu (1988) [116] applied the BIE method to a homogeneous fluid
halfspace. Lu (1989) [86] used his hybrid ray-mode method for layered media in a two-
dimensional BIE method for strictly fluid media including penctrable scatterers. Dawson
and Fawcett (1990) [31] considered scattering in two-dimensions by impenet. .ble deforma-
tions in a strictly fluid waveguide, which they later (1990) extended to “two-and-one-half”
dimensions [46] as cited earlier, and which Dawson (1991) [32] extended to long repeated
boundary deformations using scattering matrices. Dawson (1991) [33] then developed a
three-dimensional BIE method for impenetrable inclusions in a strictly fluid waveguide,
Gerstoft and Schuidt, (1991) [50] developed the first two-dimensional BIE method for ar-

bitrarily layered elastic media following the method of Kawase (1988) [67] in geophysics,
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who compued the time domain response of a canyon in a homogeneous solid half space in
two dimensions, and Schmidt (1993) [110] later extended their model to “two-and-one-half”
dimensions as cited earlier. Xu and Yan (1993) [135] considered two-dimensional scattering
in the elementary oceanic waveguide using normal modes,? which they later used for source
localization in a shallow ocean with a large rigid inclusion (1994) [136]. Wu (1993) [132]
considered three-dimensional scattering in the elementary oceanic waveguide using both the
method of images and normal modes. Iliseevnin and Tuzhilkin (1995) [41] apply Kirch-
hoff’s approximation to the BIE method for rectangular vertical screens in the elementary
oceanic waveguide. It remains to develop a three-dimensional BIE method for layered media

involving solids.

1.3.2 BIE method in perspective

Perhaps the best-known numerical methods for boundary value problems are the
Finite Difference (I'D) and Finite Element (FE) methods. In each case the elastic domain
is subdivided into volume elements whose dimensions are small compared with both the
scattering inclusion and the wavelength, and whose corners are nodes at which the unknown
field variables are to be computed. The field at each node is related to its neighbors using
a numerical approximation to the equation of motion. This gives a sparse banded system
of equations, whose solution yields the field variables at every node throughout the volume.
The methods are very flexible because the scattering body can have any shape and the
clastic parameters can vary almost arbitrarily.

The main disadvantage of the FD and FE method is that a very large number of
nodes are needed to span a large domain, especially in three dimensions. In geoacoustics
the domain is reasonably assumed to be infinitely large, but the grid of nodes must be
terminated somewhere, by a boundary contrived to minimize any effect on the wave prop-
agation, thereby making a seamless connection to the omitted unbounded domain. Being
imperfect, these false boundaries must be kept as far apart as possible, hence the domain

spanned by the grid of nodes must be as large as possible. The FD and FE methods have

"The clementary oceanic waveguide consists of a single homogeneous fluid layer bounded above and below
by free and rigid boundaries, respectively.
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therefore been limited to two-dimensional models {40] {66] [47], or to short range (less than
ten wavelengths) three-dimensional models [20] {19]. In lizht of the first cardinal difficulty
of scattering, that of handling incongruous distances, it would appear that the F1) .nd FI
methods are well-suited for short range propagation in the vicinity of the scattering inclu-
sion, but they face considerable difficulties in the far field due to computer limitations, The
second difficuity, that of completeness, must be resolved by the finite difference or element
scheme relating each node to its neighbors. Interested readers can consult the references.

The Boundary Integral Equation (BIE) method is an alternative approach in which
only the boundary of the scattering body need be subdivided into small surface elements,
rather than the entire domain [8]. Associated with each element are nodes, also on the
boundary where the field is to be cou:puted. The field at each node is related to that at all
the others through a boundary integral representation of the field, giving a full systemn of
equations whose solution yields the field at all nodes simultaneously. The field can then be
computed at points off the boundary, once again using its integral representation. As we
will see, the method is a realization of Huygens’ principle for wave reconstruction, in which
the field within a domain is represented as the sum of wavelets radiated from secondary
sources on a boundary. The field radiated by each wavelet is the Green’s function for
a suitably chosen domain in the absence of scattering.!® In an unbounded domain, the
Green’s function propagates a wavelet over large distances in a single evaluation, without,
an intervening grid of nodes as in the FD and FE methods. This is why the BIE method can
accommodate unbounded domains. The two cardinal difficulties of scattering arc therefore
relegated to the Green’s function; for it must propagate a wavelet over arbitrary distances
between nearby nodes on the boundary, or from the boundary to distant receivers and it
must be complete, returning all components of the elastic field for a wavelet.

The main advantage over the I'D and F'E methods, then, is a considerable reduc-
tion in the number of nodes, from a grid spanning a large three-dimensional domain, to a

grid spanning a finite two-dimensional domain of the boundary of the scattering inclusion,

10A Green’s function is the field due to a fundamental point source. The fundamental source in the BIE
method for elastic waves is a point force, which makes the Green’s function a second rank tensor (see Section
(2.4)). As we will see, the field due to a wavelet is the superposition of two fields originating from the same
point: one field going as the Green's displacement tensor (simple), and the other as the thisd-rank Green's
stress tensor (complex) (see equation (2.62)).
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Unfortunately, this gain is bought at the price of added complexity, for not only does the
method entail the inversion of a full matrix system, but certain BIE coefficients in that
matrix are difficult to compute due to the singulaiity of the Green’s function. To illus-
trate, imagine computing the wavelet superposition at a peint directly on the surface where
those wavelet sources are continuously distributed. Very close to the computation point
the Green’s function of the wavelets becomes infinitely large, but the boundary integral
over the wavelets, defined in the Cauchy Principal Value (CPV) sense, remaius bounded.
The situation is further complicated in layered media because its Green’s function must be
expressed in terms of integral transforms that are computationally intensive; more so when
evaluated close to the source than far away. Indeed, a good portion of this thesis is dedi-
cated to computing the complete Green’s function for layered media in both the near and
far field of the source. In the final analysis, then, the BIE method is not a short cut arcund
the FD and I'E methods, but it ranks with them as an alternative numerical method that is
especially suited to large three-dimensional domains, and this is important for geoacoustics.

To evaluate troublesome singular matrix coefficients in the BIE method, some
modelers have extracted the singularity from the integral and integrated it analytically,
leaving a regular component to be integrated numerically without difficulty [31] [33] [135],
while others have perfected a direct numerical integration [52] [53], but similar methods
have yet to be accomplished for three-dimensional elastic waves in layered elastic media due

to its formidable Green’s function. I follow a rather different course.

1.3.3 A new indirect BIE method

One of the principal innovations in this thesis is the indirect computation of trou-
blesome BIE coefficients, by inferring their values from a family of known solutions to the
integral equation. The method is similar to one proposed by Niku and Brebbia [94], in
which particular solutions to the boundary integral equation are used to infer all boundary
integral coefficients, whether numerically troublesome or not. Theirs was a general discus-
sion, removed from the details of any given boundary value problem and without numerical
exanples, but they anticipated that the indirect computations may be numerically unsta-

ble. That is what I found when trying to infer all coefficients in early trials with strictly
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fluid two-dimensional problems. I therefore modified the method to compute only the trou-
blesome coefficients indirectly, while computing all straightforward coefficients numerically.
"This gave good results.!!

The indirect BIE method can be applied more generally, to compute any BIE
coefficients that are numerically troublesome, not just those troubled by singularity, This
rnakes it ideal for layered media, where convergence problems in the Green’s function can

lead to additional troublesome coefficients.

1.3.4 A flexible combined BIE method

The BIE method described here is very flexible. It permits several scattering
objects at once, their boundaries being disconnected, in contact, or embedded one inside
another. They can be penetrable fluids or solids, or impenetrable with linear houndary
conditions, whether passive and actively vibrating (to model a hydrophone for example).
They can have edges and corners. In layered media, they can pass through “he interfaces
between layers, and extend above or below its horizontal plane boundaries.

All of this may appear excessive, but almost all of these features are required for
layered media, even in relatively simple problems. For in layered media, the seattering
object may be embedded partly in solid layers, and partly in fluid, calling for different
boundary conditions ir. each. And where the object passes through a solid-fluid interface,
the boundary field may be discontinuous, calling for treatment much as if the houndary had
an edge. If the object constitutes a deformation of an impenetrable plane boundary (a ridge
in a floating ice plate, for example, or a mountain on otherwise level terrain), then it may
extend outside the layered media, and its boundary may be penetrable in some places, but.
impenetrable in others. Actively vibrating boundaries should be included in all BIK modals,
if only to implement the comprehensive free-field test described in this thesis, Perhaps the
only extravagant feature, then, is to permit more than one scattering ohject at a time, But
as we will see, provisicn for several objects is only a minor extension of the provision for a

single object that is penetrable.

"Unfortunately, I did not come across Niku and Brebbia's work nntil after preliminary trials showed that
instability was a problem when inferring all coefficients indirectly, and after T modified the indirect method
for troublesome coefficients only,
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A general BIE model is complicated by the fact thiat the integrand of the integral
representation of the field generally involves the bonndary values of both the field and its
normal derivatives. Hence, changes to the boundary conditions may change the form of the
integral equation being solved, which in turn may have drastic consequences for numerical
stability. For example, if the normal derivatives of the represented field variable are pre-
scribed on the boundary (the Neumann boundary conditions in scalar wave theory), then
the integral representation yields an integral equation of the second kind, which ordinarily
have excellent numerical stability [4].12 But if the represented field is itself prescribed on the
boundary (the Dirichlet boundary conditions in scalar wave theory), then an equation of the
first kind results, which are notorious for being numerically unstable [4].13 Then again, for
penetrable scattering objects, the integral representation remajus as a mixed equation—of
the second kind in the represented field variable, and of the first in its normal derivatives.
The general properties of the mixed equation have apparently not been studied, at least
not in the geoacoustic literature. It is not known, for instance, whether the occasional
ron-uniqueness that affects equations of the second kind, and the inherent instability of the
first kind, may not both affect the solution of a mixed equation. All of this means that a
general BIE model, though proven successful for one or another problem, may nevertheless
become unstable and fail for others, possiisly if only the boundary conditions are changed.
Precautions against numerical instability are ihorcfore an important part of a general BIE
model.

In my own model, the threat of numerical instability is countered in the following
way, First of all, it bas several built-in pumerical tests—consistency and comprehensive
tests that can verify different stages in the model for every application. These tests can

be applied in any BIE method for scattering problems, but they have apparently received

2Phe integral representation for the elastic displacement field (Somigliana’s identity (2.48)) reduces to
an cquation of the second kind in displacement when zero-traction boundary conditions are enforced from
the ontset, in scattering from a hw'llow v ench or cavity in the earth, for example. In acoustic (scalar) wave
seattering, the Helmholtz integral cquation {.r the pressure similarly reduces to an equation of the second
kind for impenctrable rigid objects [73] [22],

Somigliana's identity (2.48) reduces to an equation of the first kind in traction when zero-displacement
bovadary conditions are enforced, in scattering from an impenetrable rigid body in welded contact with a
solid, for example, In acoustic (scalar) models, a different integral representation of the field is ordinarily
nsed for the Nenmann and Dirichlet problems, to give an equation the second Find in each [22] [31] .
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little mention in the literature, probably because they are little known.

Secondly, in principle I follow the combined equation method developed by Schonek
[106] for the Neumann problem for acoustic waves. The conibined method exploits the fact
that a boundary integral representation of the field also takes different forms according to
the location of the point where the field is represented: whether inside, outside, or on the
boundary of integration. Schenck began with the Helmholtz integral represeutation for the
acoustic pressure, applied at points on the boundary (the surfece-ficld equation), giving an
equation of the second kind in the unknown pressure field. Using the theory of integral
equations, he demonstrated that its solution is not unique at isolated critical froquencies,
where ruinous numerical instability occurs. To torce a unique solulion, he ovar-determined
the problem by combining the integral representation at points outside the boundary (the
null-field equation, an equation of the first kind) with the surface-field equation in the
numerical method. The extension now to elastic waves and penetrable objects pushes
the combined method far beyond Schenck’s original analysis: from the Helmholtz integral
equation for acoustic (scalar) fields, to Somigliana’s identity for elastic (vector) fields; from
a surface-field equation strictly of the second kind for the Neumann problem, to one tha
is generally mixed for many different problemsg: and from one impenctrable abject, which
requires just one integral representation for the sole penctrable domain, to several penctrable
objects, which calls for a different integral representation in each penetrabic domain, It is
impossible to predict the consequences of the extension, Au the very least, wo cian expeel,
to solve the equivalent Neumann problem for elastic waves (traction-free boundaries when
Somigliana’s identity is used) with much the same success Schenek had with acoustic waves,
As Ishow in the examples in this thesis, however, the method works for a much wider isnge
of problems, as intended from the outset.

The new model’s broader success is due in part, to its flaxibility, ‘I'he surface
and null-field equations can be combined in any proportion se'scted hy the user, so that
instabilities, if they occur, might be overcome by changing the proportions one way or
another. Tu this end the user can choose any points on the houndary of the scattering
object to apply the surface-field equation, rather than always using the element nodes as

BIE methods ordinarily do. The number of points may actually exrcced the number of
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nodes on the houndary, over-determining the solution to the surface-field equation to a
limited degree, even before it is combined with the null-field equation. (The freedom to
choose boundas, points also makes it possible to avoid nodes on edges of the boundary,
or along the interface between fluid layers intersected by the boundary in layered media,
where the surface-field equation has a more complicated specialized form.) In a similar way,
the user can choose any points in the ext.rior domain to apply the null-field equation. In
my experience, I have on occasion faced what at first appeared to be disastrous numerical
instability, but I have yet to encounter a problem where it could not be overcome using this
flexible combined equation method.

As with most models, the range of problems that can be solved is limited by the
computer. As a rule, BIE methods are biased towards low and mid-frequency scattering,
jin which the dimensions of the object are not large compared to the wavelength. TFor
as the frequency increases, smaller boundary elements are needed to sample the small-
scale variations in the field, thereby increasing the number of boundary elements, as well
as the computation time and memory demands. At this stage, the indirect coefficient
computations appear limited by the number of troublesome boundary elements encountered
at once. I'or not only does the computational effort increase with the number of troublesome
elements, but the indirect computations become unstable. Ordinarily, however, less than
six troublesome elements would be encountered at a time, which the indirect method now

manages without difficulty.

1.4 A complete Green’s function for layered media

The BIE method requires all nine components of the Green’s function in both the
near and far field of a point source. Numerical methods for computing the Green’s function

in layered media have developed independently, without reference to the BIE method.

1.4.1 History

‘Thomson (1950) [124) and Haskell (1953) [56] took the first steps towards com-

puting the Green’s function with their propagator matrix method for plane waves travelling
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in layered media. Many improvements have been made since: Haskell (1964) [57] and
Harkrider (1964) [55] added source excitation; Gilbert and Backus (1966) [49] formulated
the fundamental theory behind the propagator matrix method; Hudson (1969) [60] extended
the method to handle propagation in three dimensions; and Kennett (1979) [69], whose work
features prominently here, recast the matrix problem using a numerically stable recursive
scheme. There are many text-book treatments of the matrix method and its variations
such as Ewing, Jardetsky and Press (1957) [44], Takeuchi and Saito (1972) [122], Aki and
Richards (1980) (1], Brekhovskikh (1980) [16], and Kennett (1983) [71], and Jensen ct al.
(1994) [66].

Perhaps the most notable development in ocean acoustics has been the global
matrix method due to Schmidt and Jensen (1985) [107], which is the basis of the SAFARI
model for sound propagation [109]. SAFARI now ranks among the most widely-used models
in ocean acoustics, but its wave propagation module is nevertheless incomplete for a three-
dimensional BJE riethod, necause it only computes part of the field (the normal stress, and
vertical and horizontal displacement for P-SV waves excited by axially symmetric sources),
and because it becomes inaccurate within a few wavelengths of a point source (due to
asymptotic treatments of Bessel functions in its Fast Fourier Transform integration scheme).
Dr. Schmidt has recently released an upgraded version of SAFARI called OASES [111], built
in part on the work of Kim {74], that computes all field variables due to explosive point
sources and point forces, with an option to use a full integration scheme that is accurate in
the near field. To my knowledge, OASES is the first general purpose model adequate for a
three-dimensional BIE method.

Both SAFARI and OASES are wavenumber (contour) integration models inasmuch
as the field is represented as the superposition of cylindrical waves whose wavenumbers span
the positive real axis. I follow a rather different approach, based on a normal mode model
of wave propagation, in the hope that it will be more computationally efficient in the three-
dimensional BIE method where the Green’s function must be evaluated geveral million
times. A normal mode method may prove more efficient since it represents the field as
a series of distinct waves, the normal modes, rather than as an integral over a continuous

spectrum of waves. The characteristic vibrations of each mode can he computed beforehand,
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and saved, to speed up subsequent evaluations. Amorg the existing mode models for ocean
acoustics is SNAP by Jensen and Ferla [65], KRAKEN by Porter [99], and more recently
ORCA by Westwood [131]. Though proven successful for a wide range of ocean propagation
models, none of these is adequate for the BIE method, mainly because they do not compute
all components of the elastic field, and because they concentrate on only part of the mode
series—the dominant P-SV modes vibrating in the water column—while omitting short-
range, strongly evanescent modes and SH modes. A more complete normal mode model is

therefore required.

1.4.2 A new normal mode program: SAMPLE

To compute the Green’s function by modal summation, I develop a scattering ma-
trix trestment of layers that in effect converts Kennett’s recursive scheme to a global matrix
method. At the same time, I introduce a schematic representation of vertical propagation
through layered mediz, much like the diagrams an engineer might use to analyze a linear
system. This aids the discussion because it helps us visualize how matrix methods for lay-
ered media work (or fail). There are many matrix methods for layered media, and they can
all be illustrated using dingrams of this kind.

For simplicity, most normal mode programs search for a mode at a single depth,
usually in the water column, with the effect of layers above and below being represented
by an upper and lower reflection matrix. But as we will see, searching at a single depth is
likely to miss modes whose vibrations do not extend through that depth. To ensure that
all modes are detected, I test for singularity at many depths simultaneously by computing
the singular values of the global matrix. The method has been implemented in a robust
normal mode program called SAMPLE—an acronym for Seismo-Acoustic Mode Program

for Layered Environments. The model is new inasmuch as it:

¢ undertakes to find all propagating modes, plus a significant portion of the long series

of evanescent modes, needed for near-field propagation;

¢ computes all nine components of the three-dimensional elastic field due to a point

source;
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e supports a general class of seismic sources, including general point forces and couples

with and without moment;!4

¢ uses a mode search method based on singular value decomposition that can automati-
cally identify and resolve uncommonly close mode pairs (double roots) that may occur

when the layered media supports weakly coupled sound channels,}®

SAMPLE has also been a valuable research tool, leading to a comprehensive un-

derstanding of mode behavior, such as

e upwerd energy flow in an infinitely deep basement layer;!6

well-behaved leaky modes on the proper Riemann sheet;!?

a Rayleigh mode “of the second kind” for a solid layer in welded contact with a rigid

boundary;!8

As we will see, a complete normal mode representation of the Green’s function is
only possible when the layered media is bounded above and below by perfectly reflecting
plane boundaries. Thus it will be assumed, as it often is [17], that the ocean-atmosphere
interface is @ traction-free plane boundary, and that the sea bed is terminated at depth by a
reflecting interface.?? A comprehensive normal mode approach for arbitrarily clastic media
has apparently never been reported, so the technique developed here, and the propertics of
modes it has revealed, are of interest in their own right.

In the course of this work it became apparent that the mode sum very close to

the source required so many (evanescent) modes that the preparatory mode computations

"SGection (4.2.5).

%8ection(5.3.3) and (6.5).

85ection (6.1.4).

7"Section (6.2.1).

8%ection(6.2.3).

19Gection(6.4).

20The correspondence between an infinitely deep and a corresponding decp bounded wivegnide is the
subject of Section (6.4).

the correspondence between a deep bounded waveguide and its unbounded counterpart.

0
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became impractical. The new BIE method therefore reverts to an indirect coefficient com-
putation scheme whenever the practical limits of the mode summation scheme are exceeded,

in this way filling in where direct numerical integration could not manage.

1.5 Model verification

If « modeler’s greatest obligation is to prove that his model works, then his crown-
ing achievement is confirmation by experiment. But it is not unusual for a new model to
make predictions in the absznce of experimental data. In fact, the lack of data (or the
resources to collect it) often motivates modeling in the first place, perhaps as a guide to
setting up new experiments more effectively. In my own project, the collection of data was
simply beyond its objectives and resources, and neither was data fortuitously discovered in
the work of others, for the heroic task of measuring both the sound field and the environ-
ment to the level of detail needed to conclusively verify the model is rarely undertaken. So
let us consider what alternative verification might be available.

Here we must distinguish between two levels of approximation made in every com-
puter model. The first occurs when the physical is rendered mathematical: when a myriad
presumably insignificant details are jgnored to make the analysis of a physical phenomenon
possible; and the second occurs when the mathematical is rendered numerical: when the
equations of motion are approximated by the finite computations of a computer. Confir-
mation by experiment is most convincing because it verifies the combined effect of both
levels of approximation at once. Without such proof, however, we must verify each level of
approximation separately.

In geoacoustics, the first approximation occurs when the scattering problem is for-
mulated as a boundary value problem (BVP) consisting of the equation of wave motion, plus
boundary and continuity conditions. Here it is common practice to neglect the effects due
to the forces of gravity, the earth’s rotation, the ocean’s currents, the anisotropy of solids,
and so forth, in part to simplify matters, and in part because their status cannot be known
with certainty [66) [127] [128] [1]) [17] [28]. Verification at this level of approximation follows

from direct measurement of the properties in question, together with demonstrations that
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the omitted properties could not affect matters significantly under realistic circumstances.
Verification of this kind is beyond the scope of my project.

In the second approximation, it is necessary to show that the numerical solution
to the posed BVP is accurate, which usually amounts to showing that the model agrees
with a solution computed by other means. Proof of this kind may at first appear scarce, for
there are presently no analytic solution methods for the layered media problems posed here,
Fortunately, the BIE method itself provides an unlimited number of analytic tests for cach
particular scattering problem, each made possible through trivial changes of the boundary
and continuity conditions. In effect, the BIE method is asked to solve a problem for which
it can already provide the solution by straightforward free-field propagation.?! There are,
in addition, consistency tests that can verify each stage of the BIE computations as they
progress and test the final solution to a given scattering problem.?? Though not new, these
tests have been little used in the literature.?

To provide still further verification of the new indirect BIE method, though in
homogeneous domains rather than layered, the new model has been applied to the scatter of
plane waves from spheres in homogeneous domains for which analytic solutions by separation

of variables are available.?4

1.6 Summary

The balance of this thesis is divided into three main topics:

1. The scattering of elastic waves in three dimensions by the indirect BIE melhod
Chapters 2 and 3: Readers interested primarily in the indirect BIE method will find
Chapters 2 and 3 give a complete description without the complication of layered

domains.

2 This is the free-field test described in Section (3.6).

2These are the consistency test of Section(3.3), and the null-field test of Scetion(3.7).

233chenck [106] originally proposed the free-field test, and Wu [132] used it to test his BIE method for an
elementary oceanic waveguide. The null-field test has been used by Seyert and Rengarajan [114],

These analytic tests are reported in Section (3.9),
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2. The elastic field due to a point source in layered media—Chapters 4, 5 and 6: Readers
interested primarily in the normal mode model for layered media (SAMPLE) could
begin directly with Chapter 4, where the scattering matrix method for layered media
is developed. The modal representation and the mode search using SVD are taken
up in Chapter 5. Readers interested in the general properties of modes, but not the
details of the mode search and computations, could go directly to Chapter 6, which

is a catalogue of the many different kinds of modes encountered in layered media.

3. The scattering by objects in layered media—Chapter 7. Here the BIE and normal

mode models are united into a new model of scattering in layered media.




Chapter 2

Waves in elastic media

The scattering of elastic. waves must be formulated mathematically, as a boundary
value problem whose solution we seek. To this end, we require the partial differential
equations of motion, and the field continuity and boundary conditions that apply at the
boundaries of an elastic domain, all of which are reviewed in this chapter. Of particular
interest for ocean acoustics is the uniform treatment of waves in both fluid and solid media,
which are so often treated separately, or parenthetically, one in favor of the other. As we
will see, the fundamental difference between fluids and solids in the lincar theory lics in
their boundary conditions—a distinction that has apparently caused confusion in occan
acoustics. The equation of motion is then recast as an integral representation (Somigliana’s
identity) of the wave displacement field that can be interpreted physically using Huygens’

principle and forms the basis of the BIE method.

2.1 Fundamental equations

An elastic wave is a travelling mechanical disturbance. It can be described by the
displacement n(x,t) of each point x in the media from its initial rest position at some later

time ¢.! When the disturbance is small, the local deformation of the media can he described

'The fundamental equations of elastic wave motion reported in this section are derived in many excellent,
texts, See Graff (1975) [51], Hudson (1980) [61], and Aki and Richards (1980) [1] for example,
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by the symmetric strain tensor whose Cartesian components are
1
eij = 5 (Ui +5:) - (21)

Differentiation with respect to the j’th Cartesian coordinate has been indicated by the
subscript ;, and the time and position dependence of the field variables have been omitted
for clarity. The internal restoring forces acting against the deformation are determined by
the symmetric stress tensor, which, according to Hooke’s law, is a linear transformation of
the strain

Tij = Cijkl€kl, (2.2)

where the coefficients ¢;;i; depend on the properties of the elastic medium. (The Einstein
convention of summing over repeated indices is implied throughout, unless stated otherwise.)
'The symmetry properties, €;; = €;; and 7;; = 7j;, together with strain energy considerations
(1, Sect. 2.2], imply that the number of independent coefficients in ¢;;z; reduce from 81 to
21. In isotropic media the number reduces to just two coefficients, commonly denoted as A

and g, known as the Lamé coefficients for the medium. In this case, Hooke’s law reduces to
Tij = Aepbij + 2pei; (2.3)

in which 6;; is the Kronecker delta. In reality, ocean sediments and ice are likely to be
anisotropic due to small-scale structural biases established by prevailing sedimentation or
freezing processes, but I will assume, as is often done, that the layered media representing
the earth and ocean is isotropic [71][127][61][66]. The analysis can be applied to transversely
isotropic media (isotropic in all horizontal directions, requiring five independent components
in ¢;;51) using the method of Takeuchi and Saito [122]). The extension to general anisotropy
is rarely undertaken, both because the orientation and degree of anisotropy is difficult to
determine with certainty, and because anisotropy so complicates the analysis that it can be
only included in the simplest models [1, Sect. 5.6).

The wave disturbance causes a small element of the media to push or pull upon the
surrounding media, and the force between two adjacent elements depends on the way they

are in contact. If we imagine two small volume elements in contact along a plane surface
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ds, then the force on element 1 due to element 2 is given by
df; = ;5 njds, (2.4)

where n is normal to ds, pointing from element 1 to 2. Dividing both sides by ds gives the
traction across the boundary
= =2 = 1 ma. 2.5
tds T MY (2:5)
If the medium in one volume element is an inviscid fluid, then the shear components

of the traction perpendicular to n must always be zero, which implies that g = 0 for an

inviscid fluid.2 The stress teusor for fluids is therefore
Tij = Aegrbis, (2.6)

and the traction vector is

1 = Aeppng (2.7)

The corresponding pressure disturbance is the negative of the normal component of the
stress,

P=—nt; = —Aepr = =\ wyh (2.8)

Lighthill has shown [81, Sect. 2.7] that the effect of viscosity on compressicnal waves is
confined to solid surfaces bounding the fluid, within a boundary layer whose thickness is
directly proportional to \/u_/w_ﬁ, where w is the frequency of the wave motion. For waves
at 10 Hz in water, the thickness of that layer is of the order of 1 mm [81, Fig. 26], which
is insignificant compared with the geoacoustic length scale of one wavelength, roughly 150
m at 10 Hz. Water can therefore be treated as an inviscid fluid so far as ocean acoustics is
concerned.
The equation of motion for elastic waves in both fluids and solids is the lincarized
Navier equation [61] [51],
pbi=Tiji+pfi s (2.9)
where p(x) is the mass density in the absence of wave motion, f,(x,t) are the components

of a body force in units of force per unit mass causing the wave motion, and second order

?Using (2.3) and (2.5), set t X n =0 and let n point in cach of the three Cartesian directions, "Then
peiy = 0 for i # g; hence p = 0.
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differentiation with respect to time ¢ is indicated by double overhead dots. Combining (2.1),

(2.3), and (2.3) for solid or (2.6) for fluid media, and (2.9) gives

pili= (A4 p)uji; 4+ pu;j; + pfi  for solids, (2.10)

pii= M +pfi=—-pi+pfi for fluids.

Here it has been assumed that the displacement field in a fluid is irrotational (V X u = 0),
as it will be if the fluid is initially at rest, 3 and that the media is locally homogeneous
(Ai=p;=0). Inhomogeneous media will be modeled as an assembly homogeneous do-
mains in Section 2.3. Then 2.10 applies within each domain, and the waves are coupled be-
tween adjacent domains through certain continuity and boundary conditions applied along
their common boundaries.

The wave motion achicves a harmonic steady state if all of the sources of wave
motion oscillate continuously with the same angular frequency w, and if all transient dis-
turbances created when the sources started oscillating have died away [61]. A common time

dependence e=** can then be separated from the spatial dependence of all field variables

u(x,t) — u(x)e"wt
gij (%,1) — & (x) e,
Tij (%,1) — 1y (x) e, (2.12)
t(x,t) —  t(x)e~ivt,
f(x,t) — f(x)eiwt
and differentiation with respect to time becomes multiplication by —iw. The equation of
motion (2.9) then becomes

= pwlui = 155 + pfi, (2.13)

where the common time dependence in all terms has been eliminated. Equation (2.10)

IWe can assume that the velocity field is irrotational in an invicid fluid away from all sources (taking
f = 0), for taking the curl of both sides of the equation of motion

. 8 du
Vxua —'a-i (V b —57) =} (2.11)

that is, the vorticity V x du/d¢ is constant with time. Add to this is the assumption that all fluids are
initially at rest and undeformed by wave motion, then V x u =0,
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likewise becomes

—pwiu; = (A+ p)uji; + puigi +pfi for solids,

(2.14)
—pwiu; = Augii+pfi = —pi+pfi for fluids.

2.2 Plane waves and energy absorption

Let us introduce energy loss into the harmonic wave motion, whether due to vis-
cosity, internal friction, or thermal conduction, simply by examining how gradual energy
loss affects plane waves travelling in homogeneous unbounded media. More rigorous tread-
ments of absorption that ultimately give the same results can be found in the references
[1)[12][13].

For a harmonic plane wave propagating in the 2y direction in an unbounded ho-

mogeneous domain, the displacement field is independent of 25 and a3
u(z) = Uehr, (2.15)

where U = [Uy, Us, Us) is a complex constant vector. Substituting this into (2.14) we find

(o — K2 A+ 2u) Uy = 0,
(pw? - k) Uy = 0, (2.16)
(pw2 - kzll,) U;g = 0.
Non-zero Uy exists when
pw? — k% (N 4 2u) = 0, (2.17)
that is, when the wavenumber
k = lu'a = LU/(){ (20'8)
with
o= 2T (2.19)
P
and non-zero ugy and wgs exist when
pw? — k=0, (2.20)

that is, when

k=kg ::w/ﬂ, (2.21)
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with

o
=15 (2.22)

Thus a plane wave can be one of two types: either a compressional wave (P) with phase
speed «, whose particle displacements are parallel to the direction of propagation; or a
shear wave (S) with phase speed 3, whose particle displacements are perpendicular to tue
direction of propagation.

Now consider a plane wave whose amplitude gradually decays as it propagates due
to energy absorption by the medium. Approximate linear treatments of wea' absorption

show that a plane wave decays in direct proportion to its amplitude

o|U;
_c?'iTl = —a |Uil, (2.23)
hence
U (21)] = [U; (28) ] em(=1=0). (2.24)

This exponential decay is equivalent to making the wavenumber in (2.15) complex, k =
k. — ik; with k; > 0:

u () = ugethrrg=hizr, (2.25)
where k; is the absorption coefficient in nepers per unit length, Since w is assumed real,

complex k requires complex phase speed « or §

w w w (e, —ic;)
b= = = r Yee= . 2.26
c T otic az c=qaorf (2.26)
Heuce,
we; we;
[Pk PN | 2.2
Sl R (2.27)

provided |¢;] € ¢, and ¢; < 0 to keep the absorption rate k; small and positive.
Energy absorption can therefore be approximately modeled by giving the com-

pressional and shear phase speeds of an elastic medium a small negative imaginary part

o = ap +ieg, where a; & —ky0?/w,
B =By +ip;, where f; =~ —kgfB?/w,

The absorption rates kq; and kg; are generally a function of frequency and must be de-

(2.28)

termined experimentally, In geoacoustics it is usual to report the absorption rate in units
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of dB per wavelength, from which the corresponding imaginary phase speed can be found

using the conversion

1 Np = 20 logjge dB; (2.29)
hence,
= Kaicd} _ _ksiday ko N
“= anf 2 407 log ¢’ (2.30)

where &/ ; is in units of dB per wavelength, and in the same way,

ko
407 logyg e’

Bi= - (2.31)

2.3 Field continuity and boundary conditions

The equation of motion (2.13) is too complicated to solve il we allow arbitrary
variation of the elastic parameters. Instead we can approximate the continuously varying
domain using an assembly of homogeneous domains whose elastic parameters approximately
duplicate those of the original domain in a piecewise fashion. Then the equation of motion
for homogeneous media can be used within each homogeneous domain, and the field can he
coupled from one domain to another by applying field continuity conditions al their eommon
interface. The stratified ocean will therefore be modeled as a stack uf bomogencous fluid or
solid layers, and the scattering object as an inclusion, which may itself be made up of several
different homogeneous domains. The field continuity conditions at a penetrable interface,

and the boundary conditions at an impenetrable, are reviewed helaw,

2.3.1 Solid-solid interface

At an interface between two solid media, the displacement u must be continuous
across the interface, or the media has ruptured, and the traction t must be equal and

opposite across the interface, or Newton’s third law of motion has been violated, "V'hus,
u(y*) = u(y™) (2.32)

t(yt) = —t(y™), (2.33)
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where yt and y~ are two points approaching in the limit a point y on the interface from

opposite sides of the interface, and the traction is defined using the normal to the interface:

n(yt) = —n(y~).

2.3.2 An interface with a fluid

At a fluid interface, the normal displacement is continuous (because cavitation is
ignored), the normal traction is continuous (to satisfy Newton’s third law), the tangential
traction is zero (2.7), and the tangential displacement can be discontinuous (because fluids

may undergo shear strain without dissociation); that is
u(yt) - n(y*) = —u(y™)-n(y"), (2.34)

ty*) n(y")=-p(yt) =t(y") n(y7)=-p{y") . (2.35)

t)(y*t) = (n(y*) x t(y+)) x n(y*) = 0,
tj(y")=(n(y")xt(y")) xn(y")=0.

In a rotated Cartesian coordinate system, with axis €] directed along the normal vector

(2.36)

and axes ef, and e} directed tangentially to the surface, these boundary conditions reduce
2 3 3

to
u(yt) = —u @),
hyt) = #y), (2.37)
thy*) =0,
th(y*) = 0,
where ! denotes vector components in the rotated system, and €} (y*) = —e} (y~) because

the normal vector reverses across the boundary. This transformation will be used later in
Section (3.2.4) to simplify the fluid boundary conditions when they are used in the BIE
cocflicient matrix.

These slip boundary conditions for fluids are due, of course, to our original as-
sumption that they are iuviscid. In reality, as fluid dynamics has shown, fluids obey a
no-slip condition because viscosity acts to smooth out discontinuities in its particle motion
[10]. A flowing fluid therefore forms a thin boundary layer in contact with a solid through

which the fluid velo.,  sarallel to the interface changes continuously to that of the solid,
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So the question arises: if we are going to include viscosity by making the P wave speed
complex, shouldn’t we also enforce a corresponding no-slip condition at the boundary of a
fluid? The answer is “No,” because the stress-velocity relation for viscosity, which gives rise
to the boundary layer, was omitted from the linear equation of motion from the outset, and
it is impossible to restore it now, simply by enforcing the no-slip condition. Once omitted
from the equation of motion, the only effect of viscosity we can include is the approximale

way it makes the amplitude of harmonic waves decay.

2.5.3 Impenetrable boundaries
All linear boundary conditions for impenetrable surfaces can be represerted as
AV)u()+B(y)t(y)=C(y), (2.38)

for y on the boundary. A and B are complex matrices, and C a complex vector, specified
to suit the desired boundary conditions. Of the many possibilities, 1 will only consider the

following cases:
1. a rigid boundary oscillating with displacement C (y) in welded contact with a solid
u(y) =C(y); (2.39)

2. a rigid boundary oscillating with normal displacement ¢/ (y) in frictionless contact

with a fluid or solid

[ n(y)-u(y) m me ng 0 0 0 C(y)
vify)-t@y) =] 0 0 o0 july)+]| o o of |[tly)= 0 ,
vi(y)-t(y) 0 0 0 v w3 vi 0

(2.40)

where n, v! and v? are mutually perpendicular unit vectors at the interface;

3. a free boundary in contact with fluid or solid

t(y)=C(y)=0. (241)
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Actively radiating boundaries would not ordinarily be used in geoacoustics because
the source is often small enough to be treated as a point, but active boundaries are needed
o model the performance of an acoustic driver, to predict its radiation pattern or the effect
of mechanical supports for example. As we will see in Chapter 3, active boundaries also

permit excellent numerical tests of the BIE method.

2.3.4 Infinite domains

The final class of boundary conditions to be considered are the radiation condi-
tions for infinite domains. In effect the radiation condition says that no waves come from
infinitely far away when all sources are confined within an finite diameter. Its mathemat-
ical formulation varies according to wave type, whether compressional or shear, or body
waves or normal modes in layered media. The radiation conditions for compressional and
shear waves in an unbounded homogeneous domain are reported by Pao [96]. These body
waves decay at least as fast as 1/r at large distances r away from all sources and scattering
inclusions. Somewhat different conditions are required for modes propagating in a layered
waveguide because modes can decay more slowly, at least as fast as 1/4/7 . In any case, the
radiation conditions follow from taking the limit as the outer boundary recedes to infinity,
when the field is represented using Somigliana’s identity (which is derived in the next sec-
tion). This is similar to the way the Sommerfeld radiation conditions can be derived for
scalar fields using the Helmholtz integral equation [118]. I will not derive the conditions
here, but rely instead on the intuition that waves radiating to infinity should not affect

matters near the origin.

2.4 Somigliana’s Identity

Somigliana’s integral equation, the basis of the BIE method, can be derived from
Betti’s (1872) reciprocity equation [1]. Consider two different displacement fields, u and v,

that satisfy the equation of motion with associated forcing terms pf* and pf?, so that

pw2u,- + T:'IILc,k = —pfiu7
pwY; + Tt:'jk.k = _pfzy '

(2.42)
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The fields satisfy the same constituent equation (2.2) and boundary conditions in a common
domain V. Now separate V into interior and exterior domains V and V', by constructing a
simply connected closed surface S in V, with its surface normal vector directed from V to

V' as shown in Fig. (2.1). Betti’s reciprocity relation for the two wave fields is
/ p(unfl — v fl) dr = / (opt — wptl) ds | (2.43)
Vv S

where t* and tY are the surface tractions associated with u and v, respectively, dr is a
differential volume element in V', and ds is a differential arvea element on §. If we make v
the displacement field due to a unit point force in the direction rh, acting at the point x,
then

pt'(y)=6(y —x)m , (2.44)

and the component of u in the direction rn at the point x, will be “sifted” from the volume

integral by the properties of the delta function,
(o) mi = [ () (y) - uey) ¥) ) ds(y) + [ ply) wly) iy dr(y) . (245)
S 14

Here it is helpful to include the position dependence of the field variables: x is the location
of the point force pf¥, and y is the integration variable ranging over the surface 9.

The way in which u(x) is sifted has been indicated by the factor ¢ (x). In partic-
ular,

((x) = b xEVs (2.46)
0, xeV'.

When x is directly on the surface 5, { (x) depends on the shape of 5--whether it is smooth
or has an edge—as well as on the properties of the media in the portion of the neighborhood
of x lying inside V. In general, { (x) is a tensor, and the left hand side of (2.45) is more
complicated than shown. But when § is smooth (i.e., has a unique tangent plane at x), and
the medium in the neighborhood of x inside V' is homogenecous and isotropic, then ¢ (x) is
an isotropic tensor whose operation is equivalent to a simple scalar 1/2,

¢(x) = —;— forxes. (2.47)
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VI

Figure 2.1: The volume and surface of integration in Betti’s reciprocity
relation. The volume integration variable dr ranges throughout the interior
domain V, and the surface integration variable y over the surface §. The
integration vector ds, taken parallel to the boundary normal vector n, points

outwards from interior to exterior.
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A derivation of ¢ will not be undertaken here. Suffice it to say that { is the result of a
limiting process in which the delta-function singularity of the Green’s function is excluded
from the domain V by a vanishingly small sphere centered at x. 4

To get an integral representation for all three components of u, we must cousider
three separate cases of (2.45), with m directed along each of the three Cartesian component

directions. Grouping the three resultant displacement and stress fields into tensors, we have

(o) = [ (Garly, %) tu(y) = Ty, 0 w)dsty) + [ p(y) Ganly,%) fly) drly)
5 v
(2.48)
where the superscript * has been dropped without confusion. G is the Green’s displacement,
tensor holding the components of v for each force; G;;(y,x) being the j'th component of
displacement at the point y due to a unit point force in the i’th direction acting at the point
x. It can be partitioned into three rows made up of the components of each displacement
field
v (y) via2(y) vis(y)
G(y,x) = | vn(y) vaa(y) wva(y) for point source at x, (2.49)
a1 (y) w2 (y) was(y)

G satisfies the equation of motion °
pwGii(y,x) + ijip(y,x) = —6ij 6(y — x), (2.50)

in which X;;(y,x) is the third rank Greens stress tensor; ¥;;.(y, x) being the jE’th element
in the stress tensor at the point y due to a unit point source in the ’th direction at the
point x,

Lisk = AGiibin + w(Gijp + Girg) 5 (2.51)

and it satisfies all of the boundary and continuity conditions for the total domain V =V V',

Using Betti’s relation (2.43), it can also be shown that G satisfies the reciprocity relation

Derivations are given in [101] and [78). To my knowledge the tensor ¢ when x is both on an cdge of
S and on an interface between homogeneous layers has not been solved, Presumably this situation ¢an be
avoided by displacing x a very small distance away from an interface, provided, of course, that it is not
precisely the combined edge-interface effect being investigated,

5The partial derivatives in the equation of motion and stress-strain relation are taken with respect to the
field point y, the first variable in the argument of the Green’s function,
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[61]
Gii(y,x) = Gilx,y) . (2.52)

T in (2.48) is the traction tensor holding the components of t¥; T;;(y,x) being
the j’th component of traction vector at the point y due to a unit point force in the #’th

direction acting at the point x:
Tij(y, %) = Ziji(y, x) fe(y). (2.53)

T can also be partitioned into rows

O 4 6o 5e)
T(y,x) = _fi@_ =13 (y) %) %5©) (point source at x). (2.54)
£¥3(y) 5 (y) %) ()

G and T for an unbounded homogeneous solid medium are sometimes called [101]
the Stoke’s displacement and traction tensors. The Stoke’s displacement tensor evaluated

at y due to orthogonal point sources at x can be written as [96] [78] [61]
G (¥,%) = [Smnkge™®” [ — 0y (e fr = &om )] [ (amp?)  (2.55)

where
r=ly—x|. (2.56)
Its explicit form, and that of the corresponding traction tensor are rather complicated, but
both can be derived straightforwardly from (2.55) using an algebraic manipulator program.
With G and T partitioned by rows, (2.48) can be written in matrix form with u,t
and f as column vectors

¢(x) u(x) = / [G(y.x) t(y) - T(y,x) u(y)lds(y) + / p(y) G(y,x) f(y) dr(y) . (2.57)
S |4

Finally, using the reciprocity relation (2.52), the volume integral on the right can be written

as the incident displacement field for a point force distribution pf in V,

[ 79 Gy, ) £(9) dr(y) = [o(y) GTx3) £3) dr(y) = umo(x), (259)
v 14
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giving Somigliana’s identity for the displacement field

() u(x) = [ 16(y, %) t) - T(y,) u(y)lds(y) +u™(x) . (259)
S

For convenience, we can rewrite it as

0, x €V’ (exterior) ...null field,
Gt (x) — Tu(x) + umc(x) =93 ((x)u(x), xe 8 ...surface field, (2.60)
u(x), x €V (interior) ...whole ficld.

using the integral operators
Gt (x) = [ G(y,x) ty)ds(y),

(2.61)
Tu(x) = g T(y,x) u(y)ds(y);

the three different forms of the integral equation being due to the discontinuous hehavior
of ¢ (x).

V has so far been a bounded domain, but infinite domains can be treated as a
limiting case of bounded by taking the limit as a distant boundary recedes to infinity.
The radiation conditions on the field imply that a boundary infinitely far away does not
contribute to the field u(x), making the integral over boundaries infinitely far away equal

to zero.®

2.5 Huygens’ principle

At first glance, Somigliana’s identity (2.60) may not offer insight into the physical
behavior of elastic waves. Its physical interpretation was actually given many years carlier
when Huygens (1678) formulated his well-known principle of wave (ront construction [96]
(28], when he speculated that light consists of vibrations in an elastic ether, The principle
is a rule for geometrically constructing a wave front by summing the fields due to secondary
point sources distributed on the surface of the wave front at an carlier instant as shown in

Fig.(2.2). The waves emitted from each secondary source is calied a wavelet,

®The extension to infinite homogeneous domains is treated at length by Pao [96],

"The Helmholtz integral equation for scalar fickds was interpreted as a mathematical fornulation of
Huygens’principle by Baker and Copson [7]. Skudrzyk [118] goes 8o far as to call the Helinholty integral
equation, the Helmholtz-Huygens integral equation,
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Secondary
Source

wavefront

Figure 2.2: Huygens’ principle for wavefront reconstruction. The wavefront

is the superposition of wavelets due to secondary sources on a surface.

36
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Huygens’ principle involves two conjectures implicit in (2.60). The first is that
the displacement field is the superposition of wavelets originating from a distribution of
secondary sources on a surface, plus any direct waves emitted from actual sources. This be-
comes evident when we view the integrands of the operators (2.61) as two different wavelets,
where the field variables u and t play the role of secondary source strengths on the surface
5, and the boundary integral is their superposition taken in the limit of a continuous source
distribution:

stmple wavelet = G(y,x) t(y) ds(y) ,
complex wavelet = —T(y,x) u(y) ds(y) , (2.62)
direct waves from source = u™(x).
The surface source distributions are often called potential layers [78]. They are an extension
of the monopole and dipole potential layers of a scalar wave theory [68).

The second conjecture is that the behavior of the wavelet propagation is not af-
fected by what lies in the domain excluded by the boundary S. This is evident, because
the Green’s tersors, G and T, governing the wavelet propagation are determined without
reference to the boundary §. Hence the wavelets always radiate as if into the entive domain
V, regardless of what may lie in the exterior domain V.

We can make full use of Huygens’ principle when solving scattering problems. Ap-
plying the first conjecture, we can subdivide the domain of our scattering problem into any
number of subdomains in which the displacement field can be expressed as the superposition
of wavelets from secondary sources on its boundary. A subdomain can have any size becayse
the wavelet integral (2.60) is exact. Applying the second, we see that a subdomain only
interacts with its neighbors through the wavelet source strengths u and t along a common
boundary, so we can treat it as a volume element embedded in one scattering problem or
another, but whose integral operators in the bouncary integral equation remain the same
for all problems. This modular interchangeability of subdomains is central to the new in-
direct BIE method and to numerical tests. It also implies that we have some freedom in
choosing the Green’s function for the wavelets in a subdomain: it must satisfy the equation
of motion and boundary conditions everywhere inside, but it can satisfy any conditions at

points outside the boundaries. In a subdomain consisting of a homogencous medinm, for
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instance, we can use the Green’s function for the corresponding unbounded homogeneous
domain because it satisfies the equation of motion everywhere inside the subdomain.?

In summary, Huygens’ principle, formulated mathematically using Somigliana’s
identity, allows us to subdivide a complicated domain for which the Green’s function is
intractable, into simpler domains in each of which the Green’s function is tractable. Within
each subdomain, the displacement field is represented by the superposition of the wavelet
fields, and adjacent subdomains are coupled together through field continuity conditions
applied at their common boundaries. In terms of Huygens’ principle, the BIE method
proceeds in two steps: 1) to compute the wavelet source strengths u and t on the boundary

of cach subdomain in the scattering problem; and 2) to compute the displacement field at

any point within a subdomain by wavelet superposition.

2.6 The boundary integral perspective

When a domain is subdivided, we quickly run into confusion between interior and
exterior, for the interior of one subdomain lies in the exterior of another. The problem is
compounded by the three possibilities in (2.60) that depend on the location of x relative
to the boundary of the subdomain under consideration. We must be clear about which
enclosing surface we are integrating over, which Green’s tensors are to be used in the
integrand, and which side of the boundary is to be interior and which the exterior domain.
[ call this the perspective of the integral equation. Switching the perspective changes the
integral equation completely.

Suppose, for instance, that we have a single homogeneous scattering object em-
bedded in an oceanic waveguide, One obvious way—mno doubt the best way—of subdividing
the domain is to use the surface of the scattering object itself as the integration boundary
separating the infinitely large layered domain from the finite scattering object. From the
perspective of the host waveguide, then, the interior domain is the infinite region outside
the scattering ob ject, whereas, from the perspective of the scattering object, the interior do-

main is the homogeneous region within it, And from the perspective of the host waveguide,

e Green's functions for an unbounded homogeneous fluid and solid domains can be found in the
literature {96] (78] [61] [91] {104).
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the simplest Green’s function is that of the undeformed waveguide (the scattering object
being entirely excluded by the integration boundary), whereas, from the perspective of the
embedded inclusion, the simplest Green’s function is that of an unbounded homogencous
medium having the same elastic parameters as the scattering object (the host waveguide be-
ing entirely excluded by the integration boundary). The boundary integral is “told” which
is the interior for each perspective by the direction of the normal vector on the bound-
ary. Following the convention used in Betti’s reciprocity theorem, the normal vector always

points outwards from the interior domain.

2.7 Determining the boundary fields

Having subdivided the scattering problem into dowains for which we can compute
suitable Green’s functions, it remains to decide which of the three integral formulations
in Somigliana’s identity-—the null-, surface-, or whole-ficld equation - can be used together
with the continuity and boundary conditions to determine the elastic field on the boundaries,

Consider first the null-field equation in (2.60). The unknown field variables, u and
t, only appear within the integrands making it an integral equation of the first kind, which
as . rule are disastrously unstable.? Nevertheless equations of the first-kind have heen used
with some success [123], so let us include it as a possible candidate for determining the
boundary field and use it with caution.

Next consider the surface-field equation in (2.60). The unknown boundary dis-
placement u appears both inside and outside the integral, whereas the traction t only
appears inside the integral. Thus, we might say the surface-field equation is of the second

kind in u, but of the first kind in t, If we consider a traction-free houndary, for exam

® Arfken [4] explains the instability this way: In an equation of the first kind

p(z)= / Kz, ) f(y)dy= K [(z),

@ is insensitive to small variations in /i and f because integration is a “smoothing” operator, wherens [ is
very sensitive to variations in p. When K and ¢ are approximated numerically, the solution

S ()= K""p(x),

will therefore be sensitive to small numerical errors in @, which means that /7 must be unstable  small
numerical errors are magnified and accuracy is lost,
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ple, which is typically used in seismology for scattering from surface topology [67] [92],
then t = 0 from the outset, giving an equation strictly of the second kind in u. But at a
rigid-welded boundary, u = 0 from the outset, giving an equation of the first kind in t.

As arule, equations of the second kind have excellent numerical stability,!° though
on occasion their solution may become nonunique, as shown by the Fredholm theory of
integral equations.!' The problem is well known in scalar wave theory, for it occurs at
isolated critical frequencies in the Neumann and Dirichlet boundary value problems, and a
variety of remedial measures have been developed [29] [106] [22]. In our case, however, the
mixed nature of the surface-field equation—part first and second kind-—raises doubts about
its overall stability. Perhaps both the numerical instability which plagues the solution of
equations of the first kind, and the occasional nonuniqueness problem of the equations of
the second kind, may trouble the numerical solution. The question has apparently not been
raised in the literature, and I am not in a position to resolve it here, but until it is resolved,
we must proceed cautiously; careful testing is needed for the solution to any scattering
problem.

Another numerical difficulty with the surface-field equation invariably arises when
computing the Cauchy Principal Value (CPV) because the integrand is singular at the
computation point x €5 due to the singularity in the Green’s function, This can be a
difficult task, especially for layered waveguides whose Green’s function cannot be written in
siniple closed form and is also slowly convergent in the very near field. I will use an indirect
integration method to avoid both problems at once.

It should be noted that Somigliana’s identity could be converted to an equation of
the second kind in t by first differentiating it to construct an integral representation for the

strain tensor (2.1), then using Hooke’s law (2.2) to get the corresponding stress tensor, The

P In equations of the second kind
o) = [ K W)y +) ()= K7 ()43 @),

the Af () term generally leads to diagonal dominance, hence stability, in the numerical system of equations
that determine f(x),

UThe Fredholm theory for integral equations cstablishes the existence and uniquencss of the solution to
an integral equation of the second kind [129], The Riesz theory for compact operators is the extension to
integral equations having weakly singular kernels [105][29],
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equivalent has been done more simply in scalar wave theory to solve (Dirichlet) problems
with zero-pressure boundary conditions, converting the Helnholtz integral equation from
the second kind in pressure, to the second kind in normal velocity [22]. Where the original
equation is weakly singular [29], however, the modified is hypersingular, which presents
still greater numerical complications for the BIE method, except when used with the zero-
pressure boundary conditions. In the vector theory, the ensuing hypersingular integrals
would ordinarily be encountered in all problems except scattering from impenetrable rigid
inclusions. It may be possible to avoid troublesome hypersingularities nsing the indirect
integration method I propose, though I do not explore the possibility here,'?

Finally, consider the whole fiel: 2quation in (2.60) as a means for deriving the
unknown boundary field. As it stands, the equation cannot be used becaunse it introduces
yet another unk..own function, the displacement field in the imterior domain, u(x) for x V",
The interior displacement field must somehow be eliminated first, possibly by relaling the

field at x to the field on the boundary in an approximaie way.'?

2.7.1 A combined equation method

To overcome occasional nonuniqueness problems in equations of the second kind
in tine Neumann problem in acoustics, Schenck [106] used both the surface. and nuall-field
equations together in his combined equation method, In effect, the null-fickl equation
overdetermines the numerical solution, forcing a unique best-fit result when the solntion i
the surface-field equation on its own is nonunique. Going one step further, the combined
method can be viewed as a generalization of BIE methods that are so often based exelusively
on cither one equation or the other. One could, for example, attempt a solution based

strictly on either the surface- or null-field equation, or combine theni in varying degrees

2 have not come across any references to the modifizd integral representation for the stress tensor in the
literature,

13While at the SACLANT Center in Le Spezia laly, T developed a simple finite-difference seheme to do
Just that for scalar fields in two-dimensional fluid media, By placing the computation point, x very close
to the boundary, a single finite difference step could acenrately connect the field ab x 1o the field on the
boundary in its immediate vicinity; a complete finite-difference treatment of the interior volume was not
required, The modified equation has the stable propertics of the surface-field equation with Whe singulurity
in the integrand favorably weakened since x is no longer on the boundary, Unfortunately, | hinve not been
able to extend the method to vector fields,
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to overdetermine, and possibly stabilize, an otherwise unstable solution. The freedom to
expesiment with combinations this way would be an advantage, especially as numerical
stability is not assured. In the next chapter I develop a flexible combined method that can

nse any combination of the surface- and null-field equations.




Chapter 3

The indirect BIE method

We have seen how the domain of a scattering problem can be subdivided into sub-
domains (volume elements), each with its own perspective for the boundary integral equa-
tion. The BIE method continues in two steps: 1) by computing the field on the boundaries
of the subdomains (the Huygens’ wavelet strengths); and 2) by computing the displacement,
field at any point off the boundary, again using Somigliana’s identity (the superposition of
wavelets). In this chapter I take up the numerical details. The method is demonstrated for
scattering by spheres, for which benchmark analytic solutions can be computed by separa-
tion of variables methods. Examples involving layered waveguides must wait until Chapter

7, after the requisite Green’s function is developed in Chapters 4, 5 and 6.

3.1 Numerical approximation of the boundary integral

The number of points on the boundary where u and t must be compuited is infinite,
so the first numerical approximation is to reduce the continuous domain to a finite number
of points, called nodes, by dividing the boundary into small elements on which the field
can be interpolated from its values at the nodes. The elements cannot be too large or the
interpolation becomes inaccurate, nor {oo small or the demands upon computer memory
become excessive.

A boundary element can be mapped 1o a square in a two-dimensional coordinate

system € = [51,.52]T; -1 < &2 < +1. When interpolated from its nodes using shape




CHAPTER 3. THE INDIRECT BIE METHOD 44

functions Ny, (€), the field at a point x (§) on the n’th boundary element is [8]

ui(x) = Np(€)ul,,
ti(x) = Np(€)th,.

(3.1)

u = [u,,ul o ug |t and ¢ = [t7 3 42 17 are the displacement and normal traction
at the m’th node on the n’th boundary element, and summation over m is implied. Many
different shape functions for boundary elements can be used. In my own BIE program I use
quadrilateral boundary elements as shown in Fig. (3.1), with triangular elements treated

as degenerate quadrilaterals. Quadratic shape functions accurate to second order can be

constructed using a nine-node interpolation scheme [132] [79]

Ny (§) 166 -1) 36 (& -1),
N2 (€) (1-8) - &E-1),
N3 (€) G (&+1) - 16 -1),
Ny(€) 166 +1) (1-¢€%),
Ns(€) (6 +1) 36 (6 +1), (3.2)
Ne (€) (1-¢) 36 (& +1),
N7 (€) 166 -1) 36 (&41),
Ns () 66 -1) (1-¢),
Ny (€) (1-¢€) (1-¢€3).

In general, the numerical approximation for the integral operators (2.61) can be

writlen as

Gti(x) = Gfn (x)

(3.3)
Tui(x) ~ Tg (x) ul,
where
gtz‘;'m (x) = Sf Gij[y(E) 7x] Ny, (6) J(E) d6ydg, ( )
" : 3.4
'Ig}m (x) = S'[' Tij[y (&) ,x] Ny (E) J(&)dfld& .

Here J (&) is the Jacobian for the transformation from £ to the local coordinates of the

clement [8], and $™ is the surface of the n’th boundary element. GF,, and

are bound-

ary integral coefficients that depend on 1) the Green’s function for the perspective of the
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&

1.0

Figure 3.1: Quadrilateral boundary element and nodes. a) A quadrilateral
boundary element with nine nodes. b) Triangular clements are degencrate
quadrilaterals. ¢) Each element has a two-dimensional parametric represen-

tation.
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equation, 2) the shape of the boundary element, and 3) the computation point x; but they
do not depend on the boundary or continuity conditions applied to the field. Substituting

the approximate operators into (2.60) gives

0 ... null-field,
gznjm (X) t?m - Z?m (X) u;}m + u::nc (x) ~ C(X) Nm’ (X) u?,;, surface-ﬁeld, (3-5)
u; (X) ... whole-field.

In the surface-field equation, n' is the boundary element containing x, and the summation
over m/' is over the nosles on just that element.

Nodes often touch several boundary elements because they lie on the perimeter of
an element. The double indices %, can therefore be replaced by a single index ,, ranging

over all the nodes by switching to a global numbering scheme for all distinct nodes
n(m)
Gigm (%)= 3 ljm (%),
n=
(3.6)
n(m)
ij (X) = Z Z?m (X) .
n=1
n(m) is the number of boundary elements in contact with the m’th node. Equation (3.5)

therefore becomes

0 ... null-field,
Gigm (%) Ljm = Tijm (X) Ujm + 0™ (X) % ¢ (%) Npys (X) iy - surface-field,  (3.7)
u; (x) ... whole-field.

This numerical approximation to the whole-field equation is perhaps the way we usually
think of Huygens’ principle: the field u(x) is the superposition of m boundary wavelet
sources distributed on a boundary plus the incident field u*¢due to sources in the interior

domain.

3.2 A flexible combined equation method

As mentioned in Section (2.7), the unknown boundary field u;,;,, and t;; can be

computed using both the surface-field equation and the null-field equation. Here I describe
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a flexible numerical method that permits any combination of the two.

3.2.1 Surface-field equations

If x is placed at the m’th node, then u;(x) = u;(Xm) = wujy, which occurs
on both sides of the surface-field cquation (3.7). By placing x successively at each of
the nodes, we can in principle construct a full system of equations in terms of w;,, and
tim; one vector equation arising from each node on the boundary; hence twice as many
unknowns as equations. More generally, computation points can be placed anywhere on
the boundary using interpolation as shown on the right side of (3.7). Thus, any number of
computation points can be placed on the bounciary giving any number of equations, though
additional points beyond the number of nodes do not help to determine the solution because
the additional equations approximate linear combinations of the others. The freedom to
place surface nodes anywhere on the boundary—especially away from the perimeter of the
boundary elements—is an advantage because we can avoid computing a complicated sifting

factor ¢ for nodes on edges. It is also helpful in the new indirect BIE method as we will see,

3.2.2 Null-field equations

Null-field equations have the same form as surface-field equations, except the right-
hand side of (3.7) is identically zero. Here again, we can construct any number of equations
by choosing any number of computation points x in the exterior domain of the perspective.

As mentioned in Section(2.7), the null-field equation is likely to suffer from insta-
bility because it is an equation of the first kind. Instability sets in as the boundary elements
are made smaller for improved accuracy. Increasing the node density eventually makes the
matrix coefficients for a node roughly equal to a scalar multiple of the same coefficients for a
nearby node, which in turn makes the columns in the matrix linearly dependent. Attempts

to improve accuracy may therefore make it worse.! Null-field equations have been used

successfully nonetheless [123]. Notice that a greater degree of error due to instability can

!The same problem does not occur in equations of the second kind because its distinctive term  the
unknown variable appearing outside thy integral—is independent of the clement size, ensuring diagoual
dominance as the element size is reduced since the magnitude of the matrix cocfficients Gy and Tjyp
decrease roughly in proportion to the element arca.
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he tolerated in scattering than if the boundary field were itself the final objective, for the
boundary field is only an intermediate step towards the field at points off the boundary,
for which the whole-field equation will tend to smooth out irregularities due to instability
provided they are not too large.2 Moreover, there may be an optimal boundary element size
that is at once small enough to adequately sample the boundary field by their node spac-
ing, and large enough to avoid disastrous instability. At any rate, it is clear that null-field

equations must be used with caution and careful testing,.

3.2.3 Combined equation method

To fully determine the boundary field, additional equations must come from the
boundary conditions (2.38) and the continuity equations (2.32 to 2.36) applied to the field
at each node. Clearly these play an important role because they assemble the subdomains of
the scattering problem together; the continuity conditions connecting domains across their
penetrable béundaries, and boundary conditions prescribing the behavior at impenetrable
boundaries. Unlike the integral equations, the boundary and continuity equations are sparse
because each pertains to just one or two nodes rather than to many nodes at once.

A general algorithm to manage the continuity and boundary conditions is difficult
to write, especially in layered media where an inclusion may be in contact with fluids in
some places and solids in others, or when a scattering problem includes several objects
in contact with the host medium as well as with each other, perhaps with one object
completely embedded within another. Boundary conditions are also needed whenever a
scattering inclusion is in contact with a free surface or rigid bottom, or if it is a source
actively radiating energy. Perhaps the simplest approach is to include each boundary and
continuity equation as additional equations in the overall BIE coefficient matrix. The final
matrix equation that determines the field on all of the boundaries simultaneously might

look something like this when there are just two inclusions, perspectives 1 and 2. embedded

2Equations of the first kind are particularly worrisome when the boundary field is of primary interest, in
the study of dynamic stress concentrations that lead to fractures at a boundary for example.
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in a host medium, perspective 0:
[ BIe© o 0o | [ uine© |
0o BIW o Yine(t)
0 0 BIe® L4ine(2)
BC® o 0 b(©) c©
0 Bc) 0 b(1) c) (3.8)
e 0 Rc?) b(2) C(2)
c(1) (1.0 0 0
0 c2) o) 0
i c©,2) 0 C(2.0) ] | o0 |
The matrix partitions are
BIE® = surface- and null-field equations. for 7’th perspective,
BC() = boundary condition equations for i’th perspective,
Ctd) = continuity equations for coupling perspective 4 to j, (3.9)
b(®) = unknown surface field at nodes in i’th perspective, ‘
Uine(d) = incident fields for i’th perspective,
c() = active boundary condition term for ¢’th perspective,

Changes to accommodate more or less scattering objects are obvious.

In the co-ubined equation method, the system of equations is likely to he over-
determined (more equations than unknowns) because the number of surface and null-field
equations in the BZEW partitions would ordinarily be more than strictly required. There-
fore, the system must be solved using a least squares method, possibly using singular value
decomposition. A least squares solution minimizes the error of all equations simultaneously,
whereas the individual equations are each satisfied to varying degrees of accuracy, so the
solution will only be accurate for all equations if the equations are consistent which each
other, as they should be because each equation is derived from the same houndary value
problem. Thus, a simple test of a solution is to check how well it satisfies each of the original
equations: a large error for just one equation suggests an error in that equation alone; a
large error for many equations suggests something is terribly wrong possibly the gize of

the boundary elements is too large.
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3.2.4 Compressing the BIE coefficient matrix

The form of the BIE coefficient matrix (3.8) is straightforward in construction,
even for rather complicated problems having fluid and solid media, multiple penetrable
inclusions with impenetrable boundaries, and so forth; but it is terribly inefficient because
the matrix is very large (six unknowns, u and t, for every node in every perspective of the
scattering problem), while containing many sparse partitions (all of the BC®) and ctid)),
Before the matrix equation is solved, the simplest boundary and continuity equations—those
that merely assign a value to a field variable or couple two variables across a boundary—
should therefore be eliminated using a simple algorithm that 1) checks for rows in the
BIE coefficient matrix with just one or two non-zero elements, and then 2) eliminates one
column for each accordingly. The algorithm is simple because it acts without reference to
the particular scattering problem. All of the welded continuity equations between a two
solid media cun be eliminated this way, reducing the number of unknowns by a factor of
two for strictly solid domains in contact. To do the same for fluid media, however, we must
first remove the role of the normal vector from the boundary and continuity equations for
nodes inside a fluid, by rotating the boundary displacement and traction vectors to a Jocal
coordinate system having one axis along the boundary normal vector, as mentioned earlier
with regards to equation (2.37). The reduced system of equations can be solved much faster
than the unreduced.

Another reason for compressing the matrix is to ensure that the boundary and
continuity equations are strictly enforced in the solution. Recall that the solution of an over-
determined system of equations satisfies the system of equations in a least squares sense,
but not every equation considered individually. The boundary and continuity equations will
therefore “drift” when left in the BIE coefficient matrix: zero traction on a free boundary
will become a “small” traction condition, and welded contact between solids will be slightly
broken for example. The drift will be negligible if the numerical approximation of the
boundary value problem is accurate, but noticeable upon careful inspection nonetheless.

BIE programs intended for strictly solid media often enforce continuity of displace-

ment and traction across a boundary in the way the BZE() partitions are assembled, rather
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than by including separate continuity equations as in (3.8). From the outset, then, the
displacement field on the boundary of one perspective is taken as the displacement, field of
another in contact, and the traction field of one taken as the negative traction field of the
other. In effect, the continuity equations in (3.8) are eliminated before construeting the
matrix, thereby reducing the number of unknowns immediately by a factor of two, much
as I propose doing with a matrix compression algorithm. But it is wrong to equate the
displacement on both sides of an interface with an inviscid fluid, for that enforces no-slip
(welded) continuity at a fluid boundary, rather than the slip condition (See Section (2.3.2)),

which necessarily involves the boundary normal vector.®

3.2.5 A modular approach to the combined equation method

I follow a modular approach to the BIIY method. One program computes and
saves the equation coefficients G;;n, and Tij,, for each point x in a list of computation points
read from a data file. Another constructs and saves the non-zero partitions of the sparse
boundary condition equations for all the impenetrable elements in a perspective. A third
constructs the total coefficient matrix by packing the previously saved boundary integral
and boundary condition partitions into the matrix, while also computing the incident fields
on the left side of (3.8). It then constructs the coupling equation partitions at the bottom of
the matrix, compresses the matrix, solves for the remaining unknowns using least squares,
decompresses the solution to get the boundary field at every node in every perspective of
the problem, and finally saves the boundary fields. A fourth program computes and saves
the displacement vector at points ofl the boundaries using the whole-fiekd equation, and a
fifth plots the field in a number of ways, using polar plois, grey scale diagrams, and so forth,

The modular approach has the advantage that many computations do not have to
be repeated every time certain aspects of the problem are changed, If the incident field is
changed, by relocating a source for example, only the incident field on the left side of (3.8)

needs to be recomputed. If additional surface- or null-field equations are added later for

*In a scalar theory the boundary normal vector s intrinsic to the ficld variables, the aconstic pressure nd
normal velocity, making it correct (and most cfficient) to equate and climinate the unknown field variables
between penetrable domains in contact dircctly in the BZEM) partitions, as Seybert and Casey [115], and
Colton and Kress {29] do for example, But in a vector theory, the normal vector must he included explicitly
to relate ouly the normal components of the fickd while leaving the tangential displacement ondetermined.
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numerical stability, only the equations for the new computation points need to be computed.

Any combination of surface- and null-field equations is possible using the modular
approach because the computations are driven by an arbitrary list of computation points in
a data file. The user might specify points for surface field equations that coincide with the
houndary nodes, or points that are displaced from the perimeter of the elements to avoid
edges. Points for null-field equations might be distributed randomly or on a rectangular
grid in the exterior domain, or they might be omitted altogether. A utility program auto-
matically picks points in a variety of ways and writes the corresponding computation point
file.* The user can modify this file or create a new one as desired.

The stress tensor could be computed at points off the boundary, either by approxi-
mating the strain tensor (2.1) from the displacement field using finite differences, then using
Hooke’s law (2.2), or by modifying Somigliana’s identity to an integral representation for
the stress as described in Section (2.7). The hypersingular integral equations resulting in
the later method do not pose particular numerical difficulty when computing the stress at
points that are not close to the integration boundary. Computation of the stress has not

been implemented in my own program at the time of writing.

3.2.6 Specifying the scattering problem in a flexible way

In my own BIE program, each boundary integral perspective is defined by a bound-
ary specification file that lists all the boundary element specifications for one ob ject element

by element, Included for each element is

1. its surface clement type, whether spherical, cylindrical, plane, etc., plus any defining

geometric parameters, such as the radius for a spherical or cylindrical element;

1t is often necessary for the point picking program to check if a point lies inside or outside a closed
boundary. This is casy to do since the solid angle Q@ subtended by the boundary viewed from a point can
he computed using a boundary integral like the integrals in the BIE method

- Ax, x € interior;
Q(x) = / Q‘——&-—'%-(X-)-ds (y) = { 27, x € boundary S;
' Ix ~yl 0, x€ exterior,

In fact, by substituting the soli angle kernel for the Green’s function kernel in the BIE method, we have
an excellent first test for the integration algorithm for null- and whole-ficld equations,
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2. the limits of the parametric representation for the element, & and & in (3.1), which

fix the perimeter of the element;

3. the sign (£) of the normal vector, such that it points outwards from the perspective

of the scattering object;

4. the shift and rotation needed to orient the element with respect to a global coordinate

system used for the entire scattering problem.

The elements can be specified in any order. The program scans the elements for common
nodes and sets up a global node numbering system of all unique nodes for each BIE perspec-
tive. It also compares the boundary elements on different perspectives, looking for identical
matches (aside from the direction of the normal vector, which are reversed) for which cou-
pling equations are required. The nature of the coupling is determined by checking the
type of media on both sides of the element, whether it is solid, fluid or impenetrable, All
unmatched elements are assumed to be impenetrable, and the lincar boundary conditions
(2.38) for their nodes, whether rigid or free, passive or actively vibrating, are read from a

data file set up under the direction of the user.

3.3 A consistency test using Huygens’ principle

Before continuing, it will be helpful to see how Huygens® principle can be nsed
to test how well the boundary intcgral is approximated numerically, Lel us embed the
interior domain of a particular BIE perspective in a domain contrived so that the inclusion
does not produce a scattered field. There is always one such domain: the domain whose
Green’s function is being used for the perspective in the original scattering problem. A
homogeneous solid scattering object, for example, could be embedded into an unhounded
homogeneous domain of the same material. The inclusion cannot scatter waves hecanse i,
does not alter the entire domain in any way; it is simply an arbitrary division of the host,
domain into interior and exterior regions.

Now place a point source, for which we know the Green’s function, anywheroe in

this contrived problem, and we can compute the total clastic field (displacement vector and
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stress tensor) at any point using only the Green’s function because there is no scattered
ficld. In fact, we can compute all of the field variables appearing in (3.7), u, = u(xy)
ard t, = t(x;) at the element nodes x,,, and u""(x)= u(x) at any point x, and this
is just what we need to test the coefficients in the integral equation (3.7), for we have two
ways of computing the displacement field u (x), the results of which should be identical: 1)
uging the Green’s function without regard for the houndary of the “false” inclusion, and
2) using the numerical BIE equation (3.7) as if the boundary were a genuine separation
hetween two domains. Assuming the Green’s function is correct, any difference between
the two methods must be due to inaccuracies or errors in the numerical computations;
from inadequate sampling of the field by nodes for the interpolation scheme, inaccurate
computation of Gijm or Tijy, (especially when x is close to the boundary), or some other
more serious error. In effect, we are checking how consistent the numerical integration
scheme is with Huygens’ principle.

The consistency test can be applied in many different ways since we can choose any
configuration of point sources to gencrate test fields in the test domain, and any computation
point for which the integral equation is to be computed. In fact, all of the integral coefficients
needed for many consistency tests are already available in the boundary integral partitions
BZEL) of (3.8); we need only choose the same computation points for the consistency test
as we used to generate the surface- and null-field integral equations. The coefficients are the
same for the test and the actual scattering problem because the perspective for the integral
equation is identical for both. Fach integral equation can therefore be tested for consistency
as they are computed with little additional effort, immediately detecting errors and saving

considerable effort that would be wasted by continuing with bad integral coefficients,

3.4 Troublesome integral coefficients

Glhm and T3

e in (3.5) can usually be computed without difficulty. I use a simple

two-dimensional Gaussian quadrature scheme [100, sect, 4.5 in the Jocal coordinates [£), &)
of each clement. But each surface-field equation has at least one set of troublesome coeffi-

cients when a simple integration scheme will not work: the coefficients for elements touching
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the computation point x, due to the Green’s function singularity at x. The integial over
the element containing x is only defined in the Cauchy Principal Value sense in the limit
that x comes in contact with the boundary, or as a small hemispherical deformation of
the surface around the point x becomes vanishingly small. Any integration scheme that
does not first regularize the singularity cannot compute the limit accurately. The null-field
and whole-field equations may also require special attention if the point x is close Lo the
boundary for the same reasons.

Another problem occurs in layered media. As we will see, at small horizontal ranges
the modal representation of the Green’s function can suffer from poor convergence to such
a degree that it becomes impractical to ¢-zapute. In a zormal mode representation of the
Green’s function, this occurs whenever the computation point x lies directly abave oz helow
the boundary element being integrated; x need not be particularly close to the element.
This poor convergence occurs equally for the null-, surface-, and whole-field equations. In
the next section I present an indirect BIE method for troublesome integral coeflicients of

any kind,

3.5 Using Huygens’ principle to evaluate troul:lesome inte-

gral coefficients indirectly

We have seen how Huygens' principle can test the mumerical integral equalion
in a specially contrived problem, If most of the integral coefficients can he evaluated with
certainty, leaving only a few troublesome coefflicients unknown, perhaps we could reverse the
test, using the known free-field solution to infer what the unknown troublesome coeflicients
should be, Proceeding as in Section (3.3), then, lev us again insert the volume element,
for a perspective into the domain whose Green’s function is that of the perspective, Onee
again there is no scattered field from the boundary, and we can compute the field at any
point, for any number of sources, using only their Green’s functions. Let the field al the
m nodes of the n’'th boundary element, due to a particular source confignration Jabelled f
be u2/ and %/ (a return from the global node numbering scheme in (3.6) to that used

earlier in (3.5); and let x he a computation point for which the integral coefficienty for the
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7'th boundary element cannot be straightforwardly computed due to singularity or poor
convergence. Then the surface-field equation (3.5) gives three equations in the troublesome
cocfficients,

G (x) L — T (w7 =R{ (x), i=1.3, (3.10)
where Rif (x) is expressed in terms of the boundary field and integral coefficients for all of

the tractable boundary elements
R{ (x) = ——uf"el (x) = G&p (x) t;‘,{L + T, (x) “77{1 + Gij (x) N~ (x) u;% (3.11)

Rif (x) is known because all of the terms on the right in can be computed without difficulty.
The summation n ranges over all boundary elements excluding 7, and m = m (n) over the
nodes on the each element. For the moment let us assume there is only one troublesome
boundary element; hence, no summation over 7 in (3.10), with the summation 7 ranging
over all nodes on just that element.

Equation (3.10) represents an inverse problem: given a particular solution to the
boundary integral equation (u% and t?,{z) plus the integral coefficients for tractable bound-
ary elements G, (x) and 7}, (x), determine the integral coefficients gf].% (x) and 7:;’7;1 (x)
for the intractable boundary element. Choosing F' different source configurations, we can
construct a system of equations to solve this inverse problem; each source configuration
giving three vector equations (i=1..3) in 27 j - /i = 18M unknowns,

~ ~.

7l il nl  4nl  4ml g4nl nl 1 7l 4ml gnl gl 1
[l —ull - 4 —ujp —ujy —ufp 1 15 tam
g2 a2 _am? 4n2 g2 4nl 02 02 _am2  4n2 4n2  4m2 n2
uff  —upy —ust WYty tR —uif —uRp —uRp 5] 194 1=
gt _amF o nF o nF gF ynF o nF o nF . aF ynF  ynF  nF ... ynF
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At least 6/ different source configurations are required to determine the integral
coefficients for one boundary element. My own BIE program, which uses a nine-node
boundary element scheme, needs at least 6/ = 6 x 9 = 54 different source configurations
for each troublesome boundary element. Notice that the free-field matrix has 6/ columns
rather than 187/, because there are three different vectors for the right-hand side i=1..3
giving three corresponding solution vectors. The free-field matriz on the left in (3.12) must

only be decomposed once to compute all three sets of unknown vectors.

3.5.1 Several troublesome elements

When several boundary elements are troublesomie for the same computation point,
the system of unknowns and equations can be extended to include a set of unknown co-
efficients for each of them: simply let the repeated index 7 imply summation over all
troublesome elements in (3.10), and add a proportionai number of source configurations to
determine all of the intractable coefficients simultancously. It may look as though we could
carry on this way to indirectly compute all of the integral coefficients for a boundary integral
equation without ever integrating numerically. I tried this using scalar integral equations
for fluid media, but found that the likelihood of an unstable frec-field matrix increases as
the number of troublesome elements increases, so much so that it was irreparably unsta-
ble whenever an inversion for all coefficients was attempted. As mentioned in Chapter 1,
Niku and Brebbia [94] proposed a total inversion scheme for a generic BIE method, and
they suspected that instability would be a problem, much as I found. The indirect method
apparently works best when only a few troublesome boundary elements are encountered.

In elastic wave scattering I find that as many as six troublesome elements can be
handled in one equation with confidence, but there is no well-defined limit. To minimize
the number of troublesome elements due to singularities, it is best to choose surface-field
computation points away from the perimeter of the boundary elements so they are in contact
with just one element. This is why I included the flexibility to locate computation points
anywhere on the surface in Section (3.2.1), rather than always using the element nodes as

routinely done in the BIE method.
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3.5.2 The particular solutions

Following Niku and Brebbia [94%, let us call the free fields u?/, t7/ and wuine’
for f = 1..F" the particular solutions. It is evident that many particular solutions will be
required to compute troublesome integral coefficients—at least six configurations for each
node on each troublesome boundary element. In my own program, each particular solution
is due to a single point source having a different location and excitation. There is no rule for
gource placement, but T have achieved best results when the sources are evenly distributed
in both the interior and exterior domains when possible. There is also no explicit rule
regarding source excitation. For homogeneous perspectives I have had the best results
using a point forces having random orientation and complex excitation. More will be said
about the location and excitation of the particular solutions for layered media in Chapter
7.

It is advisable to use more particular solutions than strictly required, fur it is
possible to unknowingly specify particular solutions that leave the free-field matrix il'-
conditioned. Once again the over determined matrix system can be solved using least-
squares. The troublesome coefficients should always be verified using the consistency test

in Section (3.3), before they are used in the BIE method to identify any problems.

3.5.3 The importance of the residue term

It may appear that the coefficient (;; foi the surface field equation, whose operation
has so far been treated as simple scalar multiplication®, could also be included as part of
the unknown integral coefficients in (3.10), by rolling it in with the unknown 7;?771 rather
than with R{ as in (3.11). This would be an advantage when the computation point x is
located at an edge or corner of the inclusion boundary where (;; (x) is not known. But
consistency tests with coefficients computed with (;; (x) rolled into 7;.?7% failed when x lay
in a solid. The reason for failure is not known. I would venture that important information
is provided by explicitly setting ¢;; (x) = &;;/2 in (3.11), for it informs the inversion method

that x lics on the boundary and that the boundary is smooth there, whereas rolling it into

*Sce Section {2.4),
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o~

7;;.‘;1 reduces (3.10) for x on the boundary to the same form as that for x in the interior,
thereby erasing all distinction between the surface- and null-field equations so far as the

inversion is concerned.

3.5.4 Nonunique indirect coefficients

Inverse problems are notorious for having nonunique sulutions [24], so it is no
surprise that the free-field matrix determining the tronblesome coeflicients may be ill con-
ditioned. In that case, I find a practicable solution can still be computed using singular
value decomposition, which allows us to suppress the non-unique unstable part of the so-
lution (the null-field of the free-field matrix) by zeroing the smallest singular values in the
decomposition [100].

Nonuniqueness is easily demonstrated in the case of fluid media. Recall from (2.8)
that the stress in fluid media is directly proportional to the pressure times the boundary

i;‘,{l = —p?fn;. This makes three consecutive traction columns in the free-

normal vector,
field matrix linearly dependent for each node immersed in a fluid, which in turn makes
the free-field matrix singular and the solution vector nonunique. Indeed, the treublesome
coefficients cannot be computed by matrix inversion unless all groups of three offending
columns are grouped into one, or unless singular value decomposition (SVD) is used.

The inferred coefficients are nonunique in another way. Imagine deforming the
shape of a troublesome element slightly by stretching in outwards from the original inclusion
while keeping its perimeter and the rest of the houndary unchanged. (If the element has a
surface-field computation point on it, then the deformed clement must still pass smoothly
through it.) The indirect method takes no account of such a deformation, neither in the
free-field matrix (3.12) or the tractable integration term (3.11), so the same cocflicients
would be inferred despite the deformation. In a direct integration scheme, however, the
deformation would alter the coefficients for the element since they depend explicitly on its
shape.

The solution may be nonunique in other ways, but the question will not be pursued
further here. In practice we need coefficients that work in the boundary integral equation,

Whether the method yields the same coefficients as direct integration, when that is possible,
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is a secondary question.

3.6 Using Huygens’ principle to test the entire BIE method:
th- free-field test

An ingenious comprehensive test of the BIE method was proposed by Schenck for
the Neumann problem for acoustics [106] [73]. We can apply it to elastic scattering as well
in the following way.

In the consistency test of Section (3.3), a subdomain of the criginal scattering
problem was embedded into a test problem in which it produced no scattered field so the
field at the boundary nodes for a given source configuration could be computed using only
the Green’s function for the sources. Rather than assigning the complete field to each node
on the boundary to test the equation, let us now assign only part of the boundary field to
cach node using the boundary condition equations—either the displacement or traction—
and ask the BIE method to compute the unassigned part. How well the BIE method
reprocduces the unassigned part of the field shows how well the method can be expected to
perform in a particular application. The total coefficient matrix for the free-field test for

one perspective would be

BIE uinc
[6]-]%"|. e
BC C

with matrix partitions defined as in (3.9), and T holding the assigned free-field variables.
The BIE partition is the same as the one used for that perspective in the final scattering
problem, so the test includes the boundary element configuration, frequency and media of
the scattering problem at hand. It also exercises all of the routines needed to numerically
compute the boundary field. Active boundary conditions are rarely used in geoacoustics,
but it is always advisable to make provisions for them, if only to perform this conclusive
test,

We can also test the next step in the BIE method, by computing the displacement
al any point x in the interior domain to verify the accuracy of the whole field equation

(3.7). Usually the results of the second step are more accurate than the first because the
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whole-field equation tends to average over numerical errors in the boundary field.

3.7 Testing the boundary field: the null-field test

Once the boundary field for an actual scattering problem has been computed, it
can be tested using the null-field equation, simply by checking that the newly computed
boundary field gives the null result at points x in the exterior domain of the perspective
[114][73]. A boundary field that does not satisfy the null-field equation this way must be in
error, pussibly because some integral equation coeficients were inaccurately computed, the
field was inadequately sampled by nodes on the boundaries, or the total coefficient matrix
suffered from instability. Exact zero is unlikely because numerical computations are always
subject to some degree of error, so we need a measure against which the integral must
appear negligibly small. One measure could be taken from the incident field, |u"”"(x)| 8
provided x was not close to a null in the incident displacement field. A better measure is

to use the maximum displacement on the boundary max|uy,|, which is independent of x.

3.8 Maeasuring error in numerical tests

When verifying the BIE method in a test, whether in the free-field test or a bench-
mark scattering problem solved by different means, it is difficult to measure the error in the
field using a single quantity. We could measure error in the displacement field relatively as

= 100% X lunumcrical (x) =~ Uexact (x)l’ (3'14)

erry (x) Max |Uexact|

doing the same for traction, but this can make the error look deceptively small when there
are large |Uexace| at just relatively few points. Nevertheless, it often works well for low
frequency scattering problems, when the wavelength is larger than the dimensions of the
scattering object, because the magnitude of the exact field is not likely to vary dramatically
over its boundary. One alternative is to use a weighted average in place of the maximum

norm

erry (x) = 100% X |unumcri-ml (x) ~ Uexact (x)l’ (3.15)
avg [eyac|

8lu| = \/uxuy, where * denotes complex conjugate.
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but this can make the error look deceptively large when the field over part of the boundary is
identically zero due to the boundary conditions. If part of the boundary to a solid inclusion
is impenetrably rigid, for example, the average of [uexaci| Over the rigid part will be zero,
reducing the overall average considerably, amplifying erro. A third method is to use the

exact field ai the point itself for the norm

errs (X) = 100% x |unumerical (X) — Uexact (x)l (316)
|uexact (X), ’

but this obviously suffers when the field at x is very small, for it ranks the errors over parts
of the boundary that contribute very little to the boundary integral equal (where u is small)
with those that contribute significantly.

As I will only be considering low to mid frequency scattering problems, I will

report errors in the boundary field using (3.14), and include the ratio

erry (x) / erry (X) = max |Uexact| / aVg [Wexact| 5 (3.17)
which converts ery to erry . For points off all boundaries, however, I will use errs (x) because
[uexact (x)| removes the effect of decay with distance.
3.9 Example: Plane wave scattering by spheres

To demonstrate the indirect BIE method, I will apply it to the scattering of plane
waves by rigid, fluid and solid spheres embedded in unbounded homogeneous domains for

which analytic solutions, by separation of variables, are available.” The following variables

"The analytic solutions are of course evaluated numerically, and this is no easy task. Their numerical
representations often cannot be computed for all ranges, directly on the boundary of the scattering sphere
for instance, because terms in their series representation or the series itsell becomes intractable, I was
unable to compute the ficld on the boundary of the scattering spheres, for example, so the comparisons of
the boundary field could not be made,
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are used throughout this section:

o = radius of spherical boundary,

¢, Po,po = elastic parameters outside sphere,
ay,B1,p1 = elastic parameters inside sphere,

kao = P wavenumber outside sphere = 27 f/ay,
Aw0 = P wavelength outside sphere = 27 /ko,
ka = kqo @,

€ = close neighborhood of computation point

within which a boundary element is deemed troublesome,
n = boundary unit normal vector,

vy, vo,n = three mutually perpendicular unit vectors.

There are at most two perspectives for the boundary integral equations: perspective 0 is
the unbounded homogeneous domain outside the scattering sphere, and perspective 1 the

finite domain inside, when the sphere is penetrable,

3.9.1 Plane wave scattering from a rigid sphere in a fluid

The BIE method will be verified .. .wo ways for an unbounded fluid domain; using
1) the free-field test, and 2) the analytic solution to the scattering of a plane wave by a rigid
sphere immersed in a fluid [91]. The boundary elements and nodes comprising the sphere are
shown in Fig. (3.2). A total of 366 particular solutions were used to determine troublesome
integral coefficients (150 randomly disiributed inside, 216 on rectangular grid length 6a on
a side, with no source closer than € = 0.2¢ to the boundary), each being generated by a
point force with a randomly assigned direction. One set of troublesome coefficients arose for
each boundary element in contact with the computation point generating cach surface-field

equation due to singularity. Details of the BIE set up are tabulated in Table (3.1).

Free-field test

Recall that the spherical inclusion is not rigid in the free-fieckd g1, bt i is filled

with the same medium as the host domain to preclude scattering. Nevertheless, the same
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Rigid Sphere

No. boundary elements: 18
No. boundary nodes: 74
Avg. node spacing: 0.412a
Symmetry assumed: None

Equations. for Fluid domain: Perspective 0

No. surface computation points: 74 at boundary element nodes

No. interior computation points: 25 scattered randomly inside sphere

Straightforward integration: 7 by 7 Gaussian quadrature scheme
for each boundary element

Close neighborhood of elements: ¢ = 0.20¢

No. particular solutions: 366

Boundary Conditions: u-n=0; t)=(nxt)xn=20

Table 3.1: Setup for scattering from a rigid sphere. There is only one pen-
etrable domain the unbounded homogeneous fluid region outside the sphere
and therefore only one perspective for the boundary integral equations per-

spective 0.

64
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Figure 3.2: The boundary elements for the rigid sphere. There are 18 spherical boundary
elements requiring 74 nodes, which are marked as circular dots. The nodes were also
used as surface field computation points. 25 randomly placed interior points for null-field

equations are shown as small squares.
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Avg. Max.
Errorint Error in t
ka erry % err; % errg [ erry
1.0 0.80 2.10 1.29
2.0 0.74 2.45 1.29
4.0 1.06 4.10 1.29

Table 3.2: I'ree-field test summary for rigid sphere boundary. The errors are
hetween the free-field (exact) traction and the BIE computed traction at the

boundary element nodes in the free-field test.

boundary integral coefficients are used for both the test and the final scattering problem
because the perspective of the BIE equations are the same. In these free-field tests, the
incident displacement was assigned to the boundary nodes using the boundary condition
equation (2.38), and the BIE method was used to compute the unassigned boundary traction
field t,,, which should be the same as the incident traction field tin¢, The free-field for the
test is that of an explosive point source inside the sphere at (z,y,2) = (0.1q,0.1¢,0.2a),
hence no symmetry was assumed. The error in the boundary traction vector at the nodes on
the boundary is reported for three different values of ka in Table (3.2). The error increases
with ka, as the wavelength becomes smaller relative to the boundary element size, as we

would expect,

Plane wave scattering from rigid sphere

Scattering from a rigid sphere can be solved using the same boundary integral
equations used in the free-field test, but the boundary conditions are now u - n =0, and the
incident field is a plane P wave with direction ﬁ: (0,0,1). Fig, (3.3) shows good agreement
at lower frequencies (kr = 1.0 and 2.0) between the analytic and BIE scattered fields on a
cirele of points in the a2-plane, far from the center of the sphere. The results agree well with
those of Stenzel (1938) [28, fig. 6.2.6) The BIE method errs at higher frequencies when the
wavelength Ago becomes comparable to the dimensions Al of the elements; Ago = 1.88Al,y,

for kr = 4.0, More boundary elements are required as the frequency increases.
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Figure 3.3: Farfield polar plot of the scattered displacement field for a plane wave
striking a rigid sphere, rompuied using the BIE method (solid line), and the analytic
separation of variables (dotted line). The incident plane wave is travelling upwards
from below. The large errors in ka = 4.0 are due to an inadequate number of boundary
elements at the smaller wavelength.
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3.9.2 Fluid sphere in a fluid

Here the BIE method is verified for the scattering of a plane waves by a penetrable
fluid sphere immersed in an unbounded homogeneous fluid domain. The fluid has an unre-
alistic phase speed (o = 6000 m/s) to correspond as much as possible to the solid sphere
considered later. The boundary elements and nodes comprising the sphere are shown in
Fig.(3.4), and the numerical parameters are tabulated in Table (3.3). In this case bilateral
symmetry about the plane y = 0 was used to reduce the number of unknowns by roughly
one half, The boundary and continuity conditions are the slip conditions for penetrable
fluid boundaries from Section (2.3.2). Pig. (3.5) shows good agreement in the far-field
polar plot of the scattered field using an analytic separation of variables method and the
BIE method.8 A = 2.17Al,yg and 1.63 Al,yg for perspectives 0 and 1, respectively, when

/177' = ’l.().

3.9.3 Solid sphere in a solid

Here the BIE method is applied to scattering of a plane waves by a penetrable
solid sphere immersed in an unbounded homogeneous solid domain. The boundary elements
and nodes comprising the sphere are the same as in Fig.(3.4); the particulars are tabulated
in Table (3.4). Bilateral symmetry about the plane y = 0 was used again to reduce the
number of unknowns. The boundary and continuity conditions are those for penetrable
solid boundaries in welded contact from Section (2.3.1). Fig. (3.6) shows good agreement
in the far-field polar plot of the scattered field using an analytic separation of variables
method and the BIE method, These results duplicate those of Korneev and Johnson [75).
lig. (3.7) shows a grey-scale plot of the total field in the exterior domain, The field is dark
in the interior of the sphere because the exterior perspective was used at every point in
plot; points inside the sphere being null-field points where the boundary integral must give
zero, The boundary field therefore passes the null-field test of Section (3.7), To view the

field inside the sphere we must reverse the perspective as shown in Fig. (3.8).

1 am indebted to Dr. “Trevor Dawson who provided the main subroutines for evaluating the scattered
field nsing a separation of variables method [75) for the penetrable flnid and solid spheres,
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Fluid Sphere

No. boundary elements: 24
No. boundary nodes: 98
Avg. node spacing;:
Symmetry assumed:

0.358¢
Bilateral Symm. in y = 0 plane

Unbounded fluid domain: Perspective 0

(441]

fo

No. surface computation points:
No. interior computation points:
Straightforward integration:

Close neighborhood of elements
No. particular solutions:
Boundary Conditions:

6000.0 m/s

2700.0 kg/m?

60; 5 pointg on 12 elements with y > 0
0

7 by 7 Gaussian quadrature scheme
for each boundary element

¢ = 0.06254

204 interior; 150 exterior
tj=(nxt)xn=0

Spherical fluid domain: Perspective 1

@

P

No. surface computation points:
No. interior computation points:
Straightforward integration:

Close neighborhoodof elements:
No. particular solutions:

Boundary Conditions:

Coupling Perspective 0 and 1

4500.0 /g

2300.0 km/m?

60; 5 points on 12 elements with y > 0
0

7 by 7 Gaussian quadrature schome
for cach boundary element,

¢ = 0.0625a

150 interior; 204 exterior
tj=(nxt)xn=0

Coupling Conditions: u? nY = ~u! . n'; tV.n? = ¢! . n!
. ]

Table 3.3; Setup for scattering from a fluid sphere. There are two pene.

trable domaing the exterior and interior of the fluid sphere and therefore

two perspectives for the boundary integral equations perspective ¢ wid |

respectively.
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Figure 3.4: The boundary elements for the penetrable fluid and solid spheres. There are
24 spherical boundary elements requiring 98 nodes (not shown). A total of 64 surface-
field computation points were used for each persective; 5 points for each element on just
one half of the sphere as shown by the dots. Full coverage of the surface was unnecessary

because bilateral symmetry was assumed. No null-field points were used.
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Figure 3.5: Farfield polar plot of the scattered displacement field for a plane wave
striking a penetrable fluid sphere, computed using the BIE method (solid line) and
the analytic separation of variables (dotted line), The incident plane wave is travelling
upwards from below, The errors in ka = 4.0 are due to an inadequate number of

boundary clements at the smaller wavelength.
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Solid Sphere

THE INDIRECT BIE METHOD

No. boundary elements: 24
No. boundary nodes: 98
Avg. node spacing:
Symmetry assumed:

0.358¢a
Bilateral Symm. in y = 0 plane

Unbounded solid domain: Perspective 0

ag
o

0

No. surface computation points:
No. interior computation points:
Straightforward integration:

Close neighborhood of elements
No. particular solutions:
Boundary Conditions:

6600.0 m/s

3500.0 m/s

2700.0 kg/m3

60; b points on 12 elements with y > 0
0

7 by 7 Gaussian quadrature scheme
for each boundary element

¢ = 0.0625¢

204 interior; 150 exterior

None

Spherical solid domain: Perspective 1

Cty

B

4!

No. surface computation points:
No. interior computation points:
Straightforward integration:

Close neighborhood of elements:
No. particular solutions:

Boundary Conditions:

Coupling Perspective 0 and 1

4500.0 m/s

2600.0 m/s

2300.0 km/m3

60; 5 points on 12 elements with ¥ > 0
0

7 by 7 Gaussian quadrature scheme
for each boundary element

€ = 0.0625¢

150 interior; 204 exterior

None

Coupling Conditions:

u’ =ul; t'=+¢

Table 3.4: Setup for plane wave scattering from a solid sphere. There are

two penetrable domains, the exterior and interior of the solid sphere, and

therefore two perspectives for the boundary integral equations, perspective

0 and 1 respectively,
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Figure 3.6: Farfield polar plot of the scattered displacement field for a plane wave
striking a penetrable solid sphere, computed using the BIE method (solid line) and the
analytic separation of variables (dotted line). The field has been separated into its radial
u, and angular 1y components, which separates the field into its compressional (P) and
shear (S) components, respectively. The incident plane wave is travelling upwards from
below.
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Figure 3.7: Plane wave scattering from a penetrable solid sphere. Shown is the mag-
nitude of the total displacement field (incident plus scattered) when ka = 2.0. The
incident plane wave is travelling upwards from below, with unit displacement ampli-
tude, The interior of the sphere is dark because exterior perspective 0 was used at all
points, giving the whole-field result at points outside the sphere, but the null-field result
inside. The length scales are in units of wavelength.
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Figure 3.8: Tc view the field inside the penetrable solid sphere requires a change to
the interior perspective 1 for the whole-field equaticn. The magnitude of the total
displacement field is plotted here for both perspectives. The incident plane wave is
travelling upwards from below with unit displacement amplitude. The length scales are
in units of wavelength,
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Chapter 4

The field from a point source in

layered media

The BIE method reqnires a Green’s function for each perspective in the scattering
problem. The Green’s function for an unbounded homogeneous medium can be written in
closed form and is easily computed, whereas the Green’s function for layered media must
be written in terms of integral transforms that are much more difficult to evaluate. The
numerical methods for layered media have improved considerably since Thomson [124] and
Haskell [56] first formulated their propagator matrix approach, but the essentials remain the
same: Fourier-Bessel integral transforms separate the vertical and horizontal dependence of
the field reducing the problem to two independent boundary value problems in the vertical
dimension alone; one for coupled shear and compressional wave motion (P-SV) and another
for strictly shear (SH), These are solved numerically using matrix methods.

In this chapter T review the matrix method for layered media and make a few
contributions of my own. In particular, using a numerically stable scattering matriz method,
I show how the wave field can be illustrated using a schematic “ladder” diagram like the
diagrams engineers might use to analyze lincar systems, which is helpful for illustrating the
operation of matrix methods for layered media. I rely heavily on Kennett’s monograph on
seismic waves [71] throughout this chapter, following his method and notation as much as

possible, and adding results for fluid layers as required, The extension from an integral




CHAPTER 4. THE FIELD FROM A POINT SOURCE IN LAYERED MEDIA 77

transform to a normal mode representation of the Green’s function is taken up in the next
chapter. It should be emphasized that here we are concerned with computing the Green’s
function in the absence of scattering objects. We shall return to scattering in layered media

using the BIE method in Chapter 7.

4.1 The two-point boundary value problem

Using a cylindrical polar coordinate system (r,,z), in which the z-axis points
vertically downwards, the displacement fiel!, the equation of motion (2.14), and Hooke’s

law (2.2) become
u(r, &, Z,t) = u1‘(7'1 b, 2, t) € + ’lL,/,(’I‘, b,y 2,1) E,/, + ux(r ¢, 2, 1) €, , (4.1)

POy, = DTy + OnTrr + 1 0T + 1~ (TonTy) + phy

Patturf) = azTr 2+ aTT’I'I/) + 7'_10¢TI/MIJ + 2,,.—177"’/) + /’fl/n (‘I.Z)
f)attuz = aszz + 81'7'7'2 -+ 7‘—1(‘)4/;7'1/12 + 7"-[7'1':: + [’f::

T = A+ 200) Oty 4 A (O 1 (D + )}
Top = (A4 20) r~ Y (Dpuy + up) + A (Opttz + Gpuy)
Tas = (A 20) 0tz A A {0 7 Dy o+ )}
Tz = p(0xtly + Opuy)

(4.3)

Tpz = p(r10puz + yuy)

T = P (Optig + 71 Oy — v~ 1uy)
&,,8 and &, are the unit vectors of the coordinate system, and f=[f., fu, f,,]"" is Lthe
body force. Since the displacement and the traction must he continuous across an interface
between layers, we might expect that u, and traction vector acting on a horizontal surface
element

t("" b, 37") = Trz("';(/’a 21/’) ér “+ ""//}2(7'1 (/)7z1 ") é,/, + Tzz("'s(/)’ 2, /') éz 3 (4'4)

should play an important role, whereas the remaining three elements of stress, 7oy, 7yp and

Tpp Might be eliminated. In fact, it can be shown [35] that (4.2) and (4.3) reduce to two
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independent sets of equations

[ w, | [ 0 ~A/A, 1/\ o | [w] [o]
uy -Ay 0 0 1/p uy 0
(?,», = "‘p 3 (4-5)
Tzz patt 0 0 -1 T2z fz
v | L 0 p(Bu—1PAL) —(AMA)AR 0 | | Tvs | fv |
and
) ny 0 1/p uy 0
0, = -p ) (4.6)
THz p(Ou—pAp) 0 THz fu
where

w = 7t (8 (r up) + Opug] ,

Tve = 70 [0n (P Tra) + OpThe]
wg = 17 [0 (r ug) ~ Opur] @7)
THe = 170 [0 (r Tp) — OpTra]
fr = (0 (r fr) 4 0sf4]
Ju = 7t [0 (r fy) = O0pfi]
A = A+2u, (4.8)
vt o= AN+ ) /o
and where
Ay = 710, (20,) + 120y (4.9)

is the horizontal Laplacian.

Notice that (4.6) does not involve the vertical displacement u,, the normal stress
Tzzy O the Lamé coefficient A, It therefore describes horizontally polarized shear waves
called S11 waves, Equation (4.5) describes coupled compressional and shear waves called

P-SV waves,!

YPhe name -8V i apparently borrowed from the simpler two-dimensianal treatment of waves in wltich
the shene displacement of these waves is confined to the vertical plane. Bui in three dimensions, cylindrical
-8V waves ulso have liorizontal displacements due to both compressional and shear wave components,
"The vector nature of P-SV and SH waves to the total displacement field will become evident when the
displacement field is written in terms of cylindrical harmouies, in equation (4.78), where U and V are -5V,
and W is an SH field variable,
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4.1.1 Transformation to stress-displacement vectors

The operators Jy; and Aj can be converted to multiplication in the frequency w

and horizontal wavenumber & domains by applying the Fourier-Bessel transform
~ 1 [tee ot +oo ) 7 -
P (k,m,z,w) = —/ dt et / dr v Jy, (kr) dp e ah (1, 2,0); (110)
2r —00 0 -7

dy becoming multiplication by —w?, and Aj, by —k2. The inverse transform is

prbat)= [ '

—00

. +o0 oo
dw e~ /o dk k Jy, (k) Z e (k,m, 2,w) (1.11)

M=—=00

For convenience, Kennett introduces scaled variables in the transform domain

U o= @ P =  wlf, Fo= W)
V = —klay, S = —(wk) Ay, Py = —k)y " pfy,  (4.12)
W o= -k, T = —(wk) Py = —(wk)™" pfu.
He also works with horizontal slowness
p=kjw, (4.13)

rather than wavenumber k, and with phase speeds e an:l g (given by (2.19) and (2.22),
respectively) rather than the Lame coefficients A and g, Following Kennett then, the trang-

formation of (4.5) becomes

- . - 11 . - -

U | 0 p(l-242/a?) (pa?)™! 0 U 0
5, Vil 0 0 (ppt)~" vl | o |
P —p 0 0 p P I,
| S L0 p(epr-1) —p (L -2t 0d) 0 ] LS Lv]
(4.14)
with
v A2 (1= 5 fat), (1.15)
sl the transformation of (4.6) becomes
wl [ o e [w] [o
(‘)g = W (/)/ ) . x (40]6)
T p (% - 1) 0 T a7

These results must be modified for fluid layers because v (1. An ideal inviscid

fluid cannot support shear stress, and its displacement field 55 assumed o be irrotational,*

2See the note regnrding irrotational mion on page 24.
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Setting 1,,=74,=0in (4.7) we find 7v,=7y7,=0, and setting VXu =0 wefind (V x u), = uy =

0, making all shear components 5, T, W = 0, making (4.16) of no use, and simplifying (4.14)

to S ) } ) .
U 0 p (pa?)™" v 0
|4 -p 0 0 0
9, =w| ¥ v |- (4.17)
P -p 0 0 F,
P
| 0 ] | 0 —p -p | Iy |
P and V are no longer independent. In fact,
wpV = —wpP — Iy, (4.18)
and (4.17) can be reduced to just two equations
v 0 (a?-p? U I
, —w ( p*) [p _| el | (4.19)
l) ‘_p 0 P Fz

which I call the P wave case.?

Summarizing the results so far, the Fourier-Bessel transform represents the elastic
field as the superposition of an infinite number of P-SV and SH cylindrical waves, with
a different system of cylindrical waves resulting for each w and p in the transform. The
range » dependence of the waves is given by the Bessel function J,, (wpr), and the vertical
dependence by a stress-displacement vector b (2),

(v, Pj* .. waves,
b(2)=1 [(,v,P,5]F ..P-SV waves, (4.20)
w, 11" w8 waves,
which takes account of reverberation of the cylindriral waves between the layers in the

waveguide, b (z) satisfies a first-order equation
[0: —w A(p, ) | b(2) = F(w,p,m, 2), (4.21)

where A ig the square mafrix in elther (4.14), (4.16) or (4.19), depending on the wave type.
Taken togother with buundary conditions applied at the top and bottom of the waveguide,
{(-1.21) must he solved for each valie of w, m and k = wp required to invert the Fourier-Bessel
transform (L L1) and recover the vlustic wave ficld in time and space,

TPy result for finids ugrbes with lx’eﬁnrlt [69. app. B] when Fyv = F. =0,
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4.1.2 Transformation to wave vectors

Equation (4.21) would be casier to solve if A were a diagonal matrix. We can

diagonalize A by constructing a matrix D whose columns are the eigenvectors of A 4
D7YAD = A. (+.22)

A is a diagonal matrix holding the eigenvalues of A, Applying this diagonalization to (1.21)
gives

[6: ~w D' D] D' b=[0, ~w A] D~ b= D~'F, (4.23)
in a homogeneous layer, using the fact that D=19,D = 0, because A, and therefore 1), is

independent of z. If we write b as a lincar combination of eigenvectors
b = Dv, (4.24)
then (4.23) is reduced to independent, first order differential equations
[0, —w A) v=D"'F, (4.25)
In this way, the wave ficld has been transformed once again: from the stress-displacement
vector b (2) to the wave vector v (z) through the linear transformation D,
Using the matrix A for each wave type, it can be shown that the ejeenvalues ave
A = +ige, A = —~igy, for P waves,
AU = +i(/a7 Agp = +'i(/ﬁ: A.’l.’! = ‘_‘iqm A'I'l = """:(//}i for P-SV waves, (4‘26)
A = +igp, A = —iqg, for SH waves,

where
o = \/(7"'2 i 7)2
= Pt =pd
are the vertical slownesses for P and S cylindrical waves with horizontal slowness p. Moye.

(4,27)

over, the cigenvector matrices D for cach are

M
D= M (4.28)
N-}- N-—

"We require only that the cigenvalues of A be distinet, "Uhen the cigenvectors nre linearly independent
and D~ exinits
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with partitions

M* = iy €a .
for P waves,

Nt = —pe,
\
Mt = tigaca  pep
Pa  Eiqpep
» for P-SV waves (4.29)
yi o | PO =D £2i0Bpapes
£2ipFpguea p(20%7 = V) ep | |
ME = g/p

for SH waves,
N¥E = tipBages
o and ¢ are normalization factors (# 0) applied to the columns of D. Any such normal-
ization can be used (because the columns of D, being eigenvectors of A, can be arbitrarily
sealed ), but Kennett’s choice
@ = (2pga)”"?, (4.30)
¢ = (2009)7""%, '
derived from vertical energy flow considerations,® has the advantage that D~! has the simple
form .
- -T
p-t=i] V) L (M ,), , (4.31)
=(NH)T ()t
D= is required later when considering the excitation due to a point source in Section
(4.2,5),
It is convenient to partition b into displacement w and stress t components,

b= {w,t]", such that (4.24) becomes

w Mt M~ vt
t Nt N- .

il

(4.32)

#Vertical energy flow in cylindrical waves is considered Inter in Section (5.6),
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EJP branch cuts for vertical slowness

Suitable branch cuts must be chosen when computing the vertical slowness in
(4.27). In their classic work, BEwing, Jardetsky, and Press [44] used the line along which
the imaginary vertical slowness is zero for a branch cut --called the BJP cut in geoacoustics
(66], but the Sommerfeld cut elsewhere [24].8 The line iIm {¢} = ¢; = 0 follows a hyperbolic

curve in the complex p plane

] ('r('i (’i )y
PrPi = ey N (o:33)
((37. + ('i) Cr

as shown in Fig. (4.1), where ¢ = ¢, + ie; is the comples phase speed o or g, It is assumed
that |e;] € ¢, as in Section (2.2). In the limit ¢; — 0, which applies in ideal lossless
media, the branch cut follows the real and imaginary p axes, making an “L” shape as
shown in the figure. Every solid layer requires two branch cuts (for P and § waver), and
every fluid layer requires one ( for P waves only). We will consider the role of the branch
cuts further as required, but for the mment notice that, so far as the transformation from
stress-displacement to wave vectors (4.24) is concerned, flipping the sign option of ¢, and
qp by switching p from one Riemann shees to another, simply switches M+ and M-, and
N+t and N-=. The down and up going partitions of the D matrix transformation therefore

switch roles according to the Riemann sheet,
4.1.3 The solution to the homogeneous equation
The homogencous form of (4.25) applies at depths other than the sonree depl))
Duvi(2) = whivy(z) = 0. {:1.34)
The form of its solution is easily guessod
() = Vj ¢9N%, (1.35)

where V; is a constant within a layer, though it may jump discontinuously across an interface

between layers hecause 1) depends on the disccatinuons elastic parameters o,/ and p,

SAnother branch cut commonly used in geonconstios is the Pekeris braneh ent exlending vertically wp.
wards from the branch point in a straight line, named afier Pekeris who first used thesn for propagation in
1 two-layered fluid waveguide [97],
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D P
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Figure 4.1: The Ewing-Jardetsky-Press (EJP) branch cut for the vertical
slowness ¢ follows a hyperbolic curve in the complex horizontal slowness p
plane. The branch point is 1/¢, where ¢ is the phase speed. Upper: FJP
cutg for a solid layer with and without absorption, Lower: The hyperbolic
curve followed by a cut separates the p plane according to the gign of the

corresponding real vertical slowness ¢;.
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Substituting the eigenvalues (4.26) into (4.35) gives
v;(2) = Vjexp(ti w gop 2), (4.36)

which is the vertical dependence of P and S cylindrical or plane waves in a homogencous
medium. The vertical two-r.0int boundary value problem would be solved if the complex
wave vector amplitudes where known at each interface in the waveguide. To compute them

numerically we cast the vertical boundary value problem in matrix form.

4.2 The scattering matrix method

A scattering matrix is a transformation from input variables to output variables
for a linear network. If the inputs and outputs are accessed through two ports A and B as

shown in Fig. (4.2), the transformation can be partitioned in this way

output vector at port A B RAB TAB |- input vector at port A (4.37)
output vector at port B - TBA RBA input vector at port B ’ .
where
RAB = reflection matrix seen at port A,
RBA = reflection matrix seen at port B, (4.38)
TAB = {ransmisison matrix from port B to A,
TBA = transmisison matrix from port A to B.

‘The matrix partitions, represented using triangular symbols, act as multiplication operators

(or amplifiers) on the signals.

4.2.1 Scattering matrix for a homogeneous layer

Let us gorm tlate the scattering matrix for a homogeneous layer spanning the depth
z4 to zg; zg > z:; . The inputs to the layer are the incoming wave vector elements, vt (z4)
and v~ (zg), and the outputs are the out, going wave vector elements, v~ (z4) and v+ (zg),
as shown in Fig.(4.3). The scattering matrix for a homogeneous layer is particularly simple

because transmission through the homogeneous media is the same in both directions, and
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input Port output
A A A
| ik
R AB +
AB
TBA
)
BA
R
output , input
B Port B
B

Figure 4.2: A two-port scattering matrix network. Reflection from and
transmission through the network are represented by triangular multiplica-
tion operators. The outputs are the sum of the reflected and transmitted

inputs.
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reflection from within the layer is zero. The relation between inputs and outputs can be

written directly from (4.36) in matrix form

v~ (ZA) _ 0 TL(zB—zA) vt (ZA) _s vt (ZA)
vt (zg) Ty (2p — 24) 0 v~ (zB) v~ (zB)
(4.39)
where T, is the transmission matrix for the layer
Ty (28 —24) = ewielza=24) ..for P waves,
¢iwia(za—24]) 0
Tr(zB —24) = ...for P-SV waves, (4.40)
0 eiwap(za—24)
Tp(zp —z4) = cwislzp=24) ...for SH waves.

Vertical evanescence

In general the vertical slowness is complex, ¢ = ¢, + ig;, giving inhomogeneous
cylindrical wave behavior. The sign of ¢; determines the vertical decay {or growth) of the
wave amplitude. When it is positive, the wave decays as it propagates, and we say that the
wave is vertically evanescent. When it is sufficiently large, the wave cannot traverse the
entire layer since ‘e"‘“‘l"‘ = ¢~wtih — (, cutting off vertical transmission through a layer, in
effect separating the waveguide in two independent layer structures so far as that system of
cylindrical waves is concerned. Similar decoupling occurs through the accumulated effect

of many thin consecutive evanescent layers.

4.2.2 Scattering matrix for an interface between layers

The coeflicient matrix A in (4.21) does not depend on the derivatives of the elastic
propertics p, o and 3, so the stress-displacement vector b for each wave type is continuous

at an interface between layers on which there is no source (¥ = 0); that is,
b(zF) = b(z7), (4.41)
at interface zr, where z,* = zr % ¢, in the limit ¢ — 0%, This implies

Dav (1) =Dev (), (4.42)
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Figure 4.3: Scattering matrix network for a homogeneous layer. The inter-
face between one layer and another are not included here, so there is no
reflection within the network. The up and down going transmission opera-

tors are the same but point in opposite direc’ ons.
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where D4 and Dg are for the upper and lower media, respectively.” The scattering matrix

S follows by solving for the out-going wave vector components in terms of the incoming,

V- (z,‘) 3 —MA- MB+ - I-M’1+ —MB- v+(z;>]
vi() | \| -NA wBr | | MM -NB- v () |
_ o | V)
" )
(4.43)

where the matrices D4 and Dpg have been reduced to their partitions (4.28). The elements
in the scattering matrix are rather complicated when written out explicitly, especially for
P-SV waves, but they can easily be computed numerically using (4.43). The scattering
matrix for an interface is shown schematically in Fig.(4.4).

At an interface between a solid and fluid layer, the boundary conditions in (2.34)
to (2.36) impose the conditions 1) that the normal field components U and P must be
continuous, 2) that the tangential components V and W are discontinuous, and 3) that the
shear stress components T and $ must vanish in both the solid and the fluid. If the fluid

lies on top of the solid, for example, we must have

U(sf) = U(z)

P(z}) = P(27), (1.44)
S(=f) = S(zr) = 0,
T(zf) = T(5) = 0,

where z; is the depth of the plane of contact. Converting the first three conditions for P-SV

wave vectors into conditions for wave vectors, then solving for the out-going components

"Note that the horizontal displacement variable V in a fluid, which has been eliminated from the P-wave
stress-displacement vector, is not generally continuous across an interface, At a fluid-fluid interface, for
example, continuons normal stress P in (4.18), in the absence of forcing, implies a jump in V whenever
there is a jump in density p.
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90

wizy) vz \A :
viz]) viz]

Figure 4.4: The scattering matrix network for an interface between layers.
The transmission and reflection operators are the plane wave transmission

and reflection matrices for the intarface.
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gives the scattering matrix

o5 (+7) Y T I BV Vv A N ()]
b () | = || -~ v N N+ N =N | or (o)
of () 0 N Nt 0 -Ni -Ng |]|vs (zi)J

o+
s

v

€

=8 v,’;(z
(

~]

zZ

)
)
)

=~

(4.45)
where M/% and N/% are elements of the two-by-two D matrix for the fluid, and iji and
N{'jﬂ: are elements of the four-by-four for the solid. The partitioning of S into reflection
and transmission matrices (4.37) still applies, but now the partitions do not have the same
matrix dimensions because the wave vectors v* havelength 1 in fluids and 2 in solids. When
a fluid layer lies below the solid, the scattering matrix is the inverse of S shown.

SH waves in a solid do not couple with P waves in a fluid. Rather, the vanishing
shear stress condition of the fluid makes the interface behave as a traction {ree boundary
for SH waves which is considered below.

It is well-known that a plane interface between differing media may support a P-SV
mode of vibration travelling along the interface [127]. For example, the interface between
two solid homogeneous half-spaces can support a Stonely wave, and the interface between
a fluid and solid half-space always supports a Scholte mode.® Although the effect of other
layers nake it unlikely that the interface mode for joined homogeneous halfspaces is a mode
in the actual waveguide, we cannot construct the scattering matrix close to the interface
mode because the matrices to be inverted in (4.43) or (4.45) are singular there, To avoid

the singularity, we can use the equivalent forms (4.42) or (4.44) for numerical work.

4.2.3 Scattcring matrix for impenetrable boundaries

An impenetrable boundary is a plane interface that does not transmit waves. It can

be modeled as a single-port network with one input and output, the incident and reflected

%T'hese interface modes are considered further in Section(6,2.3).
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upper boundary

v(z) v{z)

Figure 4.5: The scattering network for an impenetrable plane boundary is a

reflection operator, which is the plane wave reflection niatrix.

waves, and a single reflection matrix as shown in Fig.(4.5)

Traction free boundary

92

The upper interface of an oceanic or seismic waveguide in contact with the at-

mosphere is usually modeled by a traction free houndary where P, 9,1 = 0 . Setting the

traction portion t = 0 in (4.32) we find

0=Ntvt(z)+ N"v™ (2)

(4.46)

where z is the depth of the boundary. The reflection matrix for a lower (*) and upper (<)

free interface are therefore

Rt =—(N")"'N*t = (R")™".

(4.47)
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Using the expressionz for N¥ in (4.29), we can simplify R* = —1 for P waves in a fluid,
and R* = 1 for SH waves in a solid.

It is well-known that a free boundary on a homogeneous solid half space supports
a P-SV interface wave, the Rayleigh mode [127].% Here again, the effect of other layers on
the wave motion make it unlikely that the Rayleigh mode of the homogeneous half space is
a mode of vibration in the waveguide, but we cannot corstract the reflection matrix (4.47)
close to the Rayleigh mode because N* are singular there, aad then it is best to use (4.46)

in the numerical compucations.

Rigid-welded boundary

The waveguide may be bounded below by a rigid, displacement free boundary at
depth 2. For a solid layer in welded contact U, V,W = 0. Setting the displacement partition
w = 0 in (4.32) we find

0= M*vt(z)+ M~v™(2). {4.48)
The plane wave reflection matrices for a lower () and upper () rigid interface are therefore

Rt = —-(M~)'M*t= (R")7, (4.49)

Using the expressions for M* in (4.29) we can simplify R* = —1 for SH waves in a solid.
‘The rigid boundary on an infinite solid half space supports a P-SV interface mode, a lesser
known leaky (improper) counterpart of the Rayleigh mode,!® at which M* for P-SV waves

are singular.

Rigid-lubricated boundary

A rigid boundary makes frictionless contact with an inviscid fluid layer, and the
vertical (normal) displacement I/ = 0, while the horizontal (tangential) displacement V for

P waves remains unconstrained. For P waves in fluids we find

Rt=-(M")"'Mt=R")"'=1 (4.50)

9The Rayleigh wave is considered further in Section(6.2,3),
197 have not ¢come across these modces in the literature. For lack of a better name, I call this the Rayleigh
mode of the second kind in Section(6.2.3).
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Though rarely used with solid media, it is also possible for a rigid boundary to
be in frictionless (lubricated) rather than welded centact. This condition is of intorest
because the P and SV components of P-SV waves are not coupled at the boundary, and the
boundary cannot support an interface wave as do the free and rigid-we'led boundaries.!!

The rigid-lubricated case requires U,S = 0 for P-SV waves. Thus, {4.24) gives two equations

U] M MY ML Mg || vt "o (450)
= = ) “ad,
S| | N& N Ny Ny || v [

which give the reflection matrix

-1
My Mg MY Mg 1 0

N; Ny NS NS 0 -1

Rt = —

=R =R,  (4.52)

Zevo off-diagonals indicute that the P an¢ SV components are not coupled.
For SH waves, the rigid-lubricated boundary behaves as the traction-free boundary

because SH waves have no vertical displacement.

4.2.4 Scattering matrix for an infinite half space and the importance of

Riemann sheets

I will only consider scattering in waveguides that are bounded above and below by
perfectly reflecting interfaces, but infinitely thick layers cannot be ignored because of their
importance to normal modes in layered media. We have seen that the vertical slownesses ¢
or gg in (4.27) evoke two branch cuts in the complex p-plane for every solid layer, and one
for every fluid layer, The choice of Riemann sheet is inconsequential for all of the waveguide
componernts we have considered so far, because a change in sign in ¢, or gz simply reverses
the role of up going (-) and down going (-+) quantities for that layer: the up going wave
vector v— and partitions M~ and N~ switch roles with their down going counterparts v,
M+ and N*. The exception to this rule is the infinitely thick layer, or hall space.

In an infinitely deep hasement layer, at a depth below all sources, the waves st

be down going for there are no reflecting interfaces or boundaries to direct, waves upwards,

" Miklowitz [90), for example, begins his treatment of the solid plate by assuming rigid-tubricated bowndary
conditions to indicate what may be expested when free boundary conditions are nsed.
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In a lower half space starting at depth zy, for example, we have the wave vector

vt (z) _ r T(z— zr) vt (z1) ]
v (z) 0 J

The exclusion of up-going waves breaks the symmetry between up and down going waves
p-g P

(4.53)

found in the other elements in the scattering diagram. The same is true for the exclusion
of down-going waves in an upper half space. For when the EJP branch cut (4.33) is used,
¢; > 0 on the proper Riemann sheet, making the waves in a lower or upper half space decay
exponentially as 2 — oo, whereas ¢; < 0 on the improper sheet , making the waves grow
exponentially without bound. Thus, there is more than one system of cylindrical waves
having the same horizontal slowness p, depending on the choice of Riemann sheet for the
vertical slowness ¢ in an infinite half space.

The situation becomes rather complicated for a solid half space because it requires
two branch cuts, for P and S waves, giving four Riemann sheets, hence four different cylin-
drical wave systems for the same slowness p: one proper, and three improper. If there
are both upper and lower solid half spaces, then there are four branch cuts, eight Rie-
mann sheets, and sixteen different, cylindrical wave systems having the same slowness p:
one proper, fifteen improper. Ordinarily, the proper sheet is used, because all waves are
well-behaved at z = £o0o on the proper sheet. But in the analysis of normal modes, there

may be improper modes that contribute significantly to the wave field.1?

4.2.5 Point $ources

It remains to show how a point source excites the wave vectors in the schematic
diagram. To this end we must 1) decide what point sources to allow, 2) derive their equiv-
alent forcing f (x) for use in the original equation of motion, and 3) transform f (x) to the
horizontal slowness domain of the stress-displacement vectors b(z). This considerable task
has been reported in detail by notable authors such as Takeuchi and Saito [122), Hudson

(60], and Kennett [71]. T will briefly outiine Kennett’s approach, reporting only the final

results v hile omitting the details,

2lmproper modes are often called leaky modes, but not all leaky mode are improper when energy absorp-
tion is included in the layers, See Section (6,2.1),
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The equivalent forcing for a variety of seismic sources, such as “explosive” soureps,
opening cracks, and a shear fault, can be derived from Somigliana’s identity [21]. 'This

forcing can be expressed generally using the form
fi (%) = ;6 (x - x4) — O [M16 (x — x5)], (4.54)

where ¢; are the components of a point force, and M, are components of a moment teusor.
A siinple point force, for example, requires simply f; = ¢; , with all My seb to zero, whereas
an explosive (dilatational) point source requires ¢; set to zero, and My, = 2V dir wheroe
V is the volume displacement of the source.

'The field variables fy and fy for this family of sources must be constructed by
taking the horizontal divergence and curl of f; as given by (4.7), and logether with f; they
must be transformed by the Fourier-Bessel transform (4.10) to get fy. fir, and [, which in
turn give che stress-displacement vector forcing terms by, Fyr, and F, in (4.12). It is found

that the forcing term in the stress-displacement field (4.21) can be written as
[0: —wAlb(2) = F = F16(2 — 25) + F20,6 (2 — 25). (4.55)

Fy and F; are different for P, P-SV, and SH waves, and they dapend on ¢; and My, for
the source, and on the variables p, w, and m of the Fourier-Bessel transform (4.11), with m,
limited to the range -2 to +2.

Integrating both sides of (4.55) across the source depth, and using the propagator
matrix method, Kennctt shows that the forcing causes a jump in the stress-displacement,
vector at the source depth

3(zg) = Sw } =b (z;f) -b (z;‘) =Fy + wAF,, (4.56)
T

where A is the matrix in (4.21). When all of the components of F; and Fy are worked oul,
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the non-zero elements in S (zg) for P-SV waves are

S1(zs) = %{3%, m =0,
Se(zs) = ﬁ (£My3 — iMa3), =1,
S3(zg) = -%, m = 0,
= D[i(Ms — Mas) £ (M3 — Ma1)], m = =1, (4.57)
Sa(zs) = 5 (M + My) — pMas (1 - %’;—) , m=0,
= £ (Fa +ie), m = %1,

= g [(MZZ g M]l) :E 7:(]‘{[12 + -A/I2])] , m= :}:2;
for P waves in fluid media

Si(zs) = Map B,,i (% (M1 + Mayy) — Mas) y m=0,

po?
= 55)?5 (Fer + ieq), m= %1,
= '%% ((Mag — AMyy) £i(Mig + Myy)), m = %2, (4.58)
S2(28) = -, m =0,

= L[F(Mz+ Mz)+i(Msy + Myz)], m = +£1;

and for SH waves

Sq (2‘{,) = -'Z’_l/ﬁ (:FM23 - iMlg), m= %1,
Sq = E(Myy—- Mn), =0
2 (28) 2( 12 21) m ) (4.59)
= %(iéliez), m= ﬂ:l,

= L[£I(My — Mp)+ (M + Mz)), m==2.

The stress-displacement jump S (zg) can be converted to a corresponding jump in the wave

veetor v

ot (2
v (z?,‘) -V (zs’) = D7 (Fy + wAF;) = D718 (25) = (zs) , (4.60)

=X~ (2s)
where D=! is given in (4.31). A point source can therefore be represented by a pair of
summation operators in the schematic diagram, as shown in Fig.(4.6), which introduces a

jump in the wave vector at the source depth.
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poini source v+(z§ ) vi(z5)

vizd)  vi(zg)

Figure 4.6: The summation operator for a point source, represenied schemat-
ically by “4+” within a circle, introduces a discc1inuous jump BF in the wave

vector.

4.3 Ladd’r diagram for the global matrix inethod

All parts of the waveguide have now been rendered schematically. A stack of
layers becomes a series of schematic networks representing the layers and their interfaces,
connected port to port in series, giving a “ladder” diagram as shown in I'ig.(4.7). The
interfaces between layers have been drawn as irreducible two-port networks for simp icity.
The wave vector components v are signals that flow arour.d the ladder in the direction of
the arrows. A single source has been shown; the extension to multiple sources is obvious.

We can formulate a matrix solution for the unknown wave vectors v directly from
the ladder diagram. Working from top to bottom, we simply pack the equations represented
by each network element into a matrix as shown in PFig.(4.8). Solving the matrix system
gives the unknown wave vectors above and below cach interface in the waveguide. This is
called a global matrix approach because it gives the wave vectors at many depths throughont,
the entire waveguide simultaneously.

It is possible to speed up the matrix solution by combining adjacent components
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into larger networks before the global matrix is constructed, thereby eliminating many
unknowns and equations from the outset. We might, for example, eliminate roughly half the
unknowns by combining cvery instance of transmission through a layer with the continuity
condition at its lower interface, as indicated by the loops in Fig.(4.9). The equations
representing the combined components can be derived using (4.39) for a layer and (4.42)
for an interface

T, v} v

D,
Tglv'z—(n—].) _| v2_n

or more explicitly as

MFT, M;T; Vi) .’ _ My, Mg, Vi (4.62)
NiTw NyT3U || iy | | Mitn Nia || Ve
This combined component was used in the global matrix method of Chin, et. al., [25]. Tt is
also representative of the element used in most propagator matriz methods [124] [16].

A numerical difficulty is immediately apparent in (4.62). The transmission matrix
T — 0 for a vertically evanescent layer, making the elements of its inverse T extremely
large for a strongly evanescent layer. If they do not cause immediate overflow errors, they
can make the matrix computations numerically unstable [66, p. 218-222]. In effect, a wave
vector that is numerically zero at one depth due to evanescence is pulled backwards against
its direction of propagation, being exponenti-ly amplified in the process, from negligible
error to significance. Many variations of the propagator method have been developed to
resolve this numerical instability. Most notable for ocean acoustics is the global matrix
method used in the SAFARI program [109] due to Schmidt and Jensen [107]. In their
method, the global matrix is constructed using “finite wave elements” similar to the prop-
agator elements (4.61) and the matrix is solved in a stable way using Gaussian elimination
with partial pivoting,.

The instability in the propagator method suggests that components should be
combined in such a way that transmission terms are never inverted. A scattering matrix
approach to combining network components does just that, for a scattering matrix always
advances the wave vectors in the direction of their flow around the schematic diagram.

“This is evident from the rules for combining two scattering networks in series, which can be
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derived by eliminating the shared inputs and outputs between two series connected two-port
networks, with scattering matrices Syp and Spe say, as shown in Fig.(4.10). Cousidered

independently, the two networks require

Vilogu | VA || Bie Tap || vh
+ - AB _ - + _ - i)
| VB | | VB | | Tas Rip | | VB |
(4.63)
VB | _ Spo vE _ Ric Tpe vE
| v¢ | | ve | | The Reo || Vo
Eliminating the shared variables v and vg, we find
- + + - +
v v R T3 v
: =Sac| A= :C AC A, (4.64)
vé A Tic Rac || Ve
where S 4¢ is the resultant scattering matrix with partitions
-1
Rfc = Rip+Tsp (I - REGRAB) REcThy
-1
= Rip+T;pREc (I - RABREC) Thy
+ + -t Y '
Tic = Tke (I -RipREe) Tha,
(4.65)

- - + - + -t -
Ris = Rpo+The(I- RABRBC') RypThe
— — — —.1 —
= Rpc+ThcRjp (I - REGRAB) Thes

Tic = Tis (I - RECRZB)—J Tha-
These combination rules are just Kennett’s recursion relations [71, sect. 6.1] for combining
reflection and transmission matrices, and if they are applied repeatedly to combine many
layers together into a single scattering matrix, we are in fact performing Kennett’s recursive
method. Notice that the transmission matrix partitions T are never inverted hecause the
wave vectors are always advanced in their direction of propagation. This is why Kennett’s
method and the scattering matrix method do not suffer from numerical instability due to

evanescent layers.
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In field computations we will need to compute the wave vector at a depth within
a combined elemer*. The scattering matrix for the combined element must then be split
into two scattering matrices at the desired depth. Hence, the wave vectors at z4 and z¢ in

Fig.(4.10) are now known, and we must solve (4.63) for the intermediate wave vector vg

-1 =1 _ _
vE (I - RZBREG) T}s (I - RZBREC) RipThc | | Vi
_ + =Y 'Rt pt + g- Y 'p= -
\{ (I - RBC'RAB) RicTas (I - RBCRAB) Tae Vo
(4.66)

Here again, terms like T~1 do not occur, so evanescent layers do not cause numerical

instability.

4.4 A single source and receiver

Using a scattering matrix approach, or equivalently, Kennett’s recursive scheme,
the ladder diagram for any waveguide can be reduced to its simplest form consisting of the
source aind an upper and lower reflection matrix as shown in Fig. (4.11). A matrix equation

for the waveguide can then be written directly from the diagram

I -Rg || vt (ZE) _| T . (467)
-RY, I v~ (zg) ¥-
The solution is »
vt () = (I-RgeRE)™ [T+ +Rg2 ], (465

-1

v= (%) = (I-R§R5) [RESH+3],

which can be interpreted physically using “rays” [71] if the left hand side is expanded in
the series

vt (zg)

v (%)

The terms in the series give first a direct source contribution, then a pair of reflections, then

Il

I+R;RE+ (RgSRg‘L)2 ) [57 + Rgsz-],

T+ RgLRES-*- (Rgb 65)2 +.. [R§L2+ + 2—] ) (4.69)

-1 -1
reflections of those reflections, and soon. In this way, (I - RESR&) and (I - RgLRf,‘S)

account for the reverberation in the waveguide at the source depth, and they are often called
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layered media

upper boundary

schematic diagram

upper boundary

v R

~

layer 1

interface z;

vy
layer 2 A

source z 0y

layer 2

infinite basement

interface z,
!
+

Vs
I interface z 4
+ -
Ve T Vg =0

layer 4
T3L Ve

infinite basement

Figure 4.7: The schematic ladder diagram is constructed by connecting the
scattering networks for each layer and interface in the waveguide together
in series. The total network emulates vertical propagation of cylindrical and

plane waves through the waveguide.
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Figure 4.8: The global matrix for the ladder diagram can be constructed by

inspection.
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Figure 4.9: Components in the schematic diagram can be combined in differ-
ent ways to eliminate unknown variables and compress the size of the global

matrix.
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v s —P T
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~

Figure 4.10: Two scattering networks, S4p and Sg¢, connected together.
These can be combined into a single representative scattering network S 4¢

in a nunr vically stable way using the scattering matrix combination rules.
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the reverberation operators. Notice that reverberation operators also appear in the recursion
relations (4.65) due to the reverberation between the connected networks.

To derive the wave vector at some receiver depth zr, we must split the waveguide
at zr and combine all of the components between zp and zg into a single scattering matrix
Sgrs. All layers above and below both the source and receiver can again be combined into
single reflection matrices. Fig.(4.12) shows the schematic diagram when zp < z5. By

inspection we can write
v7 (2r) = Tpgv™ (‘:E) + R}isv*' (2R) - (4.70)

Solving for v~ (2r) and using v* (2r) = Rgpv~(2gr) gives

OR N (e
v(zr) = : (I“RESROR) Trs ¢ v (Zs)
- .
o8 | (1_RE R T b (1- RER:,) ™ [RE, 0+ + 8-
= I (— RS on) RS (“ SL os) [ R +~]
L
(4.71)
Fig. (4.12) also shows the situation when zp > 2zg, in which case
R
— —1 -]
v(zr) = . (I"‘RSRR;EL) Tip VF(zg)
Rzt
I -1 - -1 1 - i
' (I— RERREL) Tép (I"Ro,S'R;f,) [LJ" + RoyX |
| Riw |

(4.72)

Here again the expressions can be interpreted physically using rays.

4.5 Recovery of the total elastic field

We must invert the Fourier-Bessel transforms (4.11) to recover the clastic wave
field from the stress displacement vector. This inversion determines the range oy values for

w, p and m for which the stress displacement vector b(zp)-~and hence, the wave vector
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—- -

Figure 4.11: The waveguide can be reduced to its simplest form by repeatedly

combining the scattering networks in the ladder diagram.
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Figure 4.12: A single source and receiver. The waveguide must be split
at the receiver depth zp to compute the field there, The reduced schematic

diagram takes a different form when the receiver is above or below the source,
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v (zp)--must be computed.’® The inverse transforms for the vector fields are most simply

cast in terms of surface vector harmonics [71] [122]

Rp(r¢) = &Y (r,9),
Prg) = kI (r,9), s
TP (r,¢) = —&, x VY7 (r,4),

where
Y[ (rig) = Jm(kr)e™s,
v, = &0, + &,r710, (4.74)
k = wp

"These harmonics are orthogonal under the inner product [71, sect. 2.1.2] [122]
0o +m
XY= [Tar [T X(8) 7" 0r,0), (4.75)
0 -7
jo that
(RE,ST) = (R, T) = (SP, TF) = 0 (4.76)

and
2T by 6 (K — K)

Writing the displacement and traction vertical fields as a linear combination of

(RE,RY) = (SP,SE) = (TP, T4) = (*77)

these harmonics, it can be shown [71] that

o0 +°°
u(ndsw) = [dik S (URP VS +WTR) (4.78)
0 m=~-oo
and
w T Foo
6,9, 2,0) = o / dkk Y (PRP+SSP +TTP). (4.79)
0 M= 0O

Here U7,V, P,§,W and T are the components of the stress-displacement vector computed
via wave vectors using the matrix method. Recall that these components are all zero for

[m| > 2 for the class of sources considered here.!

3 T'he inversion from frequency to time domain will not be considered here since I am only considering
the harmonic steady state,
"See Section(4.2.5),
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The traction vector holds only three elements of the stress tensor t = [, Tar Taz)s
whereas a complete stress field renuires three more elements of the symmetric stress tensor,
Trrs Tpgs and 74, All six unique componeits of the stress tensor can be derived from (41.78)

using Hooke’s law (2.2). The total field for each wave type is

N e I (wpr)
u (’I', ¢, z,w) = %’% f dp P Z eimé (,,n’w, P, z) . | m (
0 m=—00 Tt (w])r)
(4.80)
2 T teo Jy. (wpr)
T(r¢2w) = & [dpp Y ™ M(mw,p,nz)- |
0 m=-00 S (u.)p‘l')

where 7 = [T, Togp, Trzy To fp,;s,T,;,z,T,,z]T ,and £ and M are matrices for P-SV waves are!?

my v
L(m,k,r,z)= %V o |, (4.81)
i) 0
{rrz(—?\%rm [ = 2R3 A}V,
+ w P} T
N F2p)
Zimig.t—l!n v __21'7;{—1& v
g o ——wb'
M (m,kyr,2) = \ hr ' : (4.82)
{—g——’———kr ey [ + K220 V oy
w r
eenld
s 0
wl 0
where
(4.83)

M = m(m - J)(’\ +2/‘)‘

15 M)y and My; for P-SV wayes, written in terms of the phase speeds rather than the Lamé coefficients,
are b .
My = 9Bk [2 (/)'2/02 - 1) +m{m - ,l)/k‘TQ] 14
fwp (1 - 26%/o?) P

and N
M= 200%k [20%/0® =1~ (m = 1) [K*+?] V
+uwp (1 — 26%[a?) P,
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For P waves, £ is the same as for P-SV waves with V = —kP/(wp) (not at the source depth)

and

M(m,k,r,z) =wP

for SH waves

-

L(m,k,r,2)=W | _

kr?

iwm
T

M(m,k,r,z)=

wm
% T

0

0

b

O = O QO

.
4

]

T

[- Qium(m—llw

2ipm(l—m
R Crmlyy

o O o o o o

0
1
0

2+ 22 (1-m)| W

3

_LU;EW
——2;‘5W
0
Zumyy
wTl
0

(4.84)

(4.85)

(4.86)
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Chapter 5

Modes in layered media

We have seen that the field due to a harmonic point source can be computed
by evaluating the Fourier-Bessel transforms (4.80). Perhaps the most powerful analytic
method for evaluating such integrals is the residue theorem, which reduces the integral to
a sum over the residues of poles in the complex plane, offering an alternaiive to direct
numerical integration. In this chapter it is shown that the poles of the lourier-Bessel
transforms are the normal modes of the waveguide, and the sum of the residues is ih
sum of the contribution of each normal mode to the field. The motivation for the switch
is the prospect of greater computation speed, since the bulk of the mode computations
can be cerried out beforehand and saved for ready access during the BIE method. The
normal mode approach is particularly efficient when the receiver is far from a source, when
relatively few (propagating) modes contribute significantly.! Close to the source, however,
all advantage may be lost because many short range (evanescent) modes are needed.

The modal representation of the field begins with a search for poles in the com-
plex slowness plane, or, what amounts to the same thing, a search for the roots of the
denominaior of the Fourier-Bessel integrand. A computer search for the complex roots of
any complicated function is difficult and uncertain; difficult because we must by analysis

deduce roughly where and how close the roots are likely to be to direct the computer search

IWhen describing a mode search, it is impossible to avoid distinguishing between modes such as propa-
gating, evanescent and leaky modes, but it would detract to define them here. All mode names printed in
italics are defined later in Chapter 6.
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with confidence; and uncertain because we cannot, in general, verify conclusively that all of
the roots have been found.? The problem is worse in the search for modes because different
characteristic equations for roots result in different layers in the waveguide; all modes cannot
be detected at a single depth. In an exhaustive mode search, we must therefore scan many
different characteristic equations for roots simultaneously. Fxisting normal mode programs
simplify matters by aiming to find just the propagating modes whose vibrations dominate
the total field far from a source, and in ocean acoustics they are often limited to modes
whose vibrations extend significantly into the water column. This partial approach is effi-
cient and accurate when the source and receiver are positioned accordingly,® but in the BIE
method, the receiver is the boundary integration variable and the source the computation
point, and they come very close together—actually touching in the limit in the surface-field
equation—making short-acting evanescent modes indispensable. The receiver may also lie
within the sea floor or an ice plate, where modes confined within those solid media dominate
the field, making it necessary to include modes vibrating outside the water column. A new
exhaustive search method was therefore required.

A robust channel matriz method for the mode search is described here. It builds
upon the scattering matriz method of the last chapter, and it forms the basis for a new
normal mode computer program called SAMPLE—an acronym for Seismo- A coustic Mode
Program for Layered Environments—, written specially for the extreme demands of the

BIE method.

5.1 The discrete and continuous spectrum

Let us apply the residue theoreiu to the Fourier-Bessel transforms (4.80) by first

closing the contour of integration, then writing the integral as a sum over the residues of

*In their practical treatment of root finding, Press et al., [100, chapt 9] stress, “It cannot be overem-
phasized, however, how crucially success depends on having a good first-guess for the solution, especially
for multidimensional problems, This crucial beginning usually depends on analysis rather than numerics,
Carefully crafted initial estimates reward you not only with reduced computational effort, but also with
increased self-esteem.” This is especially true in the search for modes.

3A rare exception occurs when a resonant bottom mode is weakly coupled with a mode in the water
column, for the accumulated effect of weak coupling over long ranges causes energy to alternate between the
water column sediments as demonstrated in Section (6.5).
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the encircled poles, plus contour integrals around any branch cuts. To this end, it can be
shown that pL;; and pM;; are even functions of p when m is odd, but odd functions of p
when m is even; and that pL;; and pM;, are even functions of p when m is even, but odd
functions of p when m is odd.* This permits integration along the entire real p axis, for

writing the Bessel functions in terms of Hankel functions of the first kind we find

I (wpr) = 3 [H (wpr) + HE (wpr)] ,
] [H,(,}) (wpr) — emm /D (e”wpr)] )
: [H,g ) (wpr) — HY (ei”wpr)] for m even,
3 [H,(,f) (wpr) + A (e“’wpr)] for m odd,

(5.1)

which, together with the source jump terms, has just the symmetry properties to let us

write (4.80) as ®

u(r, ¢, z,w) | w? /°° dp p i"i gims L(m,w,p,r,2) _ Hf,P(wpr)

_ 5.9
) | 2

—00

m=—2 M (m,w,p,r,z) l[,(,}lrl (wpr)

(Recall that u has three rows and 7 six, and £ is a 3 X 2 matrix and M a 6 x 2.) The
Hankel function has a branch point at the origin, and its branch cut will be taken along
the negative real axis [4]. The contour integral over the negative axis lies above that cut as
shown in Fig. (5.1).

Recall from Section (4.2.4) that the vertical slowness for each wave type in each
layer requires a branch cut, but the wave vectors are nevertheless continuous across the
branch cuts for layers of finite thickness. The contour of integration for a bounded waveguide
can therefore be closed by a simple semicircular path of infinite radius as shown in the
diagram. For an unbounded waveguide, however, the stress-displacement vector in £ and

M is discontinuous across the branch cuts for the vertical slowness in each infinite half

*It is a simple matter to check this numerically for any particular waveguide, by computing the terms for
trial 2p and all orders of m = —~2...2, An analytic proof is given in [35).
5The contour integral identity

/ 5 (8) I (kr) dk = 1 / £ (kY HSD (k) dk

generally holds provided f (k) is an even function of k£ when m is odd, or f (k) is an odd function of k when
m is even,
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p"fP-wave branch line
S-wave branch line

branch line

Figure 5.1: The slowness integral in the Fourier-Bessel transform can be
extended to the entire real axis. It lies just above the branch cut for the
Hankel function along the negative real axis, and just below the positive
real axis to avoid hitting poles (circular dots) due to resonant modes of the

wavegitide.
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space, and the contour must be deformed to exclude the cuts or venture on to improper
Riemann sheets to keep the integrands continuous. In any case, the infinite semicircular

contour integral vanishes because the Hankel function decays exponentially [2, eq. 9.2.3]

2 1 1
ez(wpr—;mvr-— ;r) .
Twpr

Applying the residue theorem to the closed contour, the original Fourier-Bessel transform

2_g—ulmf)r _, (5.3)

'H’(’}) (wpr)l - TwpPT

(5.2) can therefore be written as a sum over the residues of encircled poles P4, minus any

branch line integrals

u(r,d,z,w , ) L H “) wpr
( ¢7 ) %3 E Res pe”’""’ . ( 1 )

T (7'7 ?, z,w) TP=P; L M i 7(71_)’_1 (wpr)

Il

(5.4)
- [ dp peimr/:( £, ( H'(’}) (wpr)

™ branch M m+l (wpl)

The sum over the residues is called the discrete spectrum because it consists of dis-
tinct cylindrical waves of complex slownesses p;~—the modes of the waveguide. The residue
term is evaluated in Section (5.5.4) below. The branch line integrals are called the continu-
ous spectrum because they represent a continuum of cylindrical waves. Their contributions
exhibit spherical spreading e~«Im{P}7 /7 or faster far from the source, so they beiome in-

significant compared to modes which retain the e~«Im{r}r/ /' behavior characteristic of

®Detailed asymptotic treatments of the branch line integrals for reflection of spherical waves from a pline
interface can be found in [36], [16].

Spherical spreading of the branch line contribution in thc bottom can be demonstrated using the method
of statlonar,y phase. The farfield range dependence of H,,. {wpr) together with the vertical dependence of
b(z) give a combined range and phase dependence for terms within the integrals

eiw(pr‘i-qz)/\/;

when z is in a homogeneous half space. ¢ is real on the EJP branch linc and, assuming a lossless medium,
p is pure real along the horizontal portion of the branch line. The integral along the real p axis dominates
in the farfield because the part of the integral along the imaginary axis decays exponentially with range.
The integration in p can be converted to integration in vertical slowness ¢ since dp = ~ (¢/p) dy with limits
of integration g = —co to oo, Stationary points are points ¢ on the branch line where d{(pr + ¢z) [dy =
(~gr/p + z) = 0, and the method of stationary phase applied when r — oo gives a 1/4/7 dependence to the
branch line integral [113];, which multiplied by the 1/4/7 dependence for the Hankel functions gives a total
range dependence 1/r.

Notice that the condition for a stationary point is that for a direct ray from source to recciver ¢/p = #/r.
Other stationary points corresponding to multiply reflected rays also exist,
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cylindrical waves in the far field. The field consists entirely of the discrete spectrum in
bounded waveguides because they require no branch cuts so far as the residue theorem is

concerned.

5.2 The condition for modes

The poles in the integrand of (5.2) enter £ and M through the reverberation op-
erators, for £ and M depend on the elements of the stress-displacement vector b (z), which
in turn depend on the wave vector v (z), which in turn depend on v (zs) at the source depth
according to (4.24), which finally depend on the reverberation operators (I - RESR?;L) -
and (I - R}'LRES)_I according to (4.68). From Cramer’s rule for matrix inversion, the

elements of the reverberation operators depend inversely on the determinant
A =[1-RgRE| = - RE R =0, (5.5)
which must be zero to create a pole. Returning to (4.68), then, we must have

(1-R3gR,) v+ (e5) =, o

(I - RgLRES) v (zs) =0, '
at a mode. In strictly theoretical terms, a mode of vibration in a waveguide is a non-trivial
solution v¥ (zg) to (4.68) in the *bsence of sources.

Since the depth zg loses particular status for modes, v (zg) actually represents
the mode’s chazacteristic vibrations at all depths zg = z, and is called the mode function.
Just as a mode cannot be deiected by a receiver placed at depths where its vibrations are
zero, the characteristic equation cannot detect a mode whose vertical mode function is zero
at the depth where (5.5) in tested for roots. This is because the condition v* (z5) = 0
implies that the determir anus cannot be zero. Thus, it is necessary to test for a mode at a
depth where its mode function is significantly large. Most mode search programs for ocean
acoustics test for modes in the water column only (see [98][126][80] for example), in which
case modes trapped in sediment layers nay go undetected. To perform an exhaustive mode

search, however, we must test the characteristic equation at many depths at once—-in solid

layers as well as fluid.
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Notice that it is impossible to detect modes using (5.5) at depths where either
R}, or Rgg are numerically zero, in which case A = 0 reduces to the impossible condition
1 = 0. This happens if zg lies within an infinitely deep basement layer, because the down
going reflection matrix R, is identically zero for all p; or if 2g lies in a strongly evanescent
layer, because vertical decay prevents waves from reaching interfaces where reflection might
occur.

The unreduced global matrix G for a waveguide must be singular at the roots of
the characteristic equation (5.5) because the reduced waveguide represents the same two-
point boundary value problem. A non-trivial solution v¥ (23) to (5.6) is just part of a larger

null-field vector v of the global matrix,
Gv =0. (5.1)

Thus, one way of testing for modes at many depths simultaneously, is by constructing the
global matrix G for the waveguide, and searching for those slownesses p where G is singular.
Tollowing a suggestion by Dr. Trevor Dawson, I have used singular value decomposition

(SVD) to test for singularity with excellent results.

5.2.1 Singuiar value decomposition (SVD)

SVD factors the (square) global matrix G into two complex orthogonal matrices,

U and V,and a real diagonal matrix W
G =UwVv", (5.8)

where * denotes the conjugate transpose [100, sect. 2.9]. The diagonal of W holds the
singuler values w; > 0. The magnitude of the determinant of G is equal to the product of
all the singular values since U and V are orthogonal; hence G is singular when one or more
of its singular values w; are zero. Moreover, assuming that thc n’th singular value w, is
zero, and post multiplying both sides of (5.8) by V, we find that Gk Vi, = 0. That is to
say, the columns of V whose same numbered singular values equal zero are vectors lying in

the null-space of G. Together they form an orthonormal basis for the null-space because V

is orthogonal,
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Using SVD, we can 1) search for modes at all depths simultaneously by searching
for zeros in the smallest singular value where the global matrix is singular; 2) identify and
resolve uncommonly closz (double) modes by monitoring the second smallest singular value;
and 3) extract the vertical mode function (aside from a normalization factor) directly from
the columns of V. The first two tasks are described further below—the mode search in
Section (5.3.2), and double modes in Section (5.3.3). About the third, it should be noted
that the vertical mode function, when extracted from V, gives the wave vector compris-
ing the mode function at isolated depths (the layer interfaces) of the waveguide. From
these, the wave vector v(2) can be computed at any depth using the scattering matrix
method (4.66). The corresponding stress-displacement vector b (z) can be computed from
v (2) using (4.24).7 The normalization that scales the mode function for use in the modal

representation of the Green’s function is derived later in Section (5.5).

5.2.2 'The channel matrix method

In Section (4.3) we saw that the global matrix is a sparse banded matrix. This
suggests that the singular values might be computed more efficiently using a SVD routine
specially designed for banded matrices. I am not aware of such a routine, and neither did
I write one. Another way to speed up the decomposition, possibly just as effective, is to
reduce the size of the global matrix before it is decomposed, by grouping many layers into
a single component in the schematic diagram using the scattering matrix method of the
orevious chapter.

In the process of grouping layers, it is important to ensure that the reduced matrix
remains sensitive to modes trapped at any depth in the waveguide. This can be done by
splitting the waveguide at a depth where the mode function is expected to be significantly
large, which is the condition for sensitivity noted earlier; then grouping the interposing
layers into single two-port networks in the schematic ladder diagram. I call this the channel

matriz method. A sound channel usually refers to a band of layers bounding a minimum in

"When plotting a mode function as a function of depth, I prefer plotting b because it shows all of the
continuity and boundary conditions in an obvious way, whereas v jumps discontinuously at every interface
with a solid layer to satisfy the continuity and boundary conditions on b, The question of which variables
should be plotted also arises when potentials are used rather than wave vectors [44] [1]; potentials are likewise
discontinuous at cach solid interface.
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the phase speed a in the water column, where sound resonates due to repeated reflections
from the bounding high speed layers, as in the deep sound chananel in ocean acoustics for
example [17]. But let us use the term channel more generally for any band of layers in which
the vibrations of a mode are significantly large. Then every mode in an elastic waveguide
has a channel associated with it, regardless of the physical mechanism causing resonance,
Although an oceanic waveguide may have many thin layers approximating ontin-
uous variation in the sound speed profile, it typically has only a few channels at any given
slowness p, and the computer time spent grouping many layers into just a few channels is
considerably less than the time spent decomposing the unreduced global matrix. The chan-
nel matrix method therefore speeds up the search for modes using SVD, while ensuring that
the search is sensitive to all modes in the waveguide. Before we can identify the channels in
a waveguide, we must understand the mechanisms that trap modes, and that is the subject
of Chapter 6. For the moment, let us proceed with the mode search, assuming that either

the global or channel matrix method is in use, together with SVD to test for a mode.

5.3 The search for modes

5.3.1 Restricting the search area

We can estimate where modes must lie in the complex slowness plane in the fol-
lowing way. If the vibrations of a mode span a layer, and the thickness of that layer is
greater than the P and S wave lengths, then its horizontal slowness p must lie close to the
EJP branch cuts for the vertical slowness ¢4 g for that layer, where the imaginary part of
¢a,p is small, otherwise the vibrations will be vertically evanescent and not traverse the
layer. The modes traversing a very thick layer must therefore be very close to its hranch
lines. The same reasoning applies to a stack of thin similar layers, for the accumulated
effect of a number of thin evanescent layers is much the same as one thick representative
layer spanning the same depths. Since all of the EJP branch lines for all of the layers in the
waveguide lie fairly close together—within an “L.”-shaped region along the real p axis, and
up along the imaginary p axis, as shown in Fig. (5.2)-~any mode whose vibrations span

a significant depth in the waveguide must lie close to that “L”-shaped region; and this is




CHAPTER 5. MODES IN LAYERED MEDIA 121

ptfP-wave branch line
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Figure 5.2: Any mode whose vibrations span a significant depth in the waveg-
uide must lie close to the “L”-shaped region covering the EJP branch cuts
for all layers in the waveguide because modes far from the branch lines decay
during vertical transmission due to vertical evanescence. The locations of

proper modes have been suggested by circular dots, and improper by square.

what we find in practice. Typically there is a finite number of modes along the base of the
“L" ranging from the branch point furthest from the origin (corresponding to the smallesi
phase speed in the waveguide) to the corner of the “L” at the origin, and there is an infinite
series of modes trailing upwards along the back of the “L”, along the imaginary p axis.
But there are two kinds of modes that may lie far outside that region because their
vibrations span only a thin part of the waveguide. The first are interface modes confined
close t% an interface, which usually lie close to the real p axis, but beyond the branch point
furthest from the origin. The second are plate modes confined within a thin contrasting

layer, such as a floating ice plate. Because they are thin, the mode’s vibrations traverse the
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layer, even when the vertical slowness ¢ has a significantly large imaginary part, so plate
modes can lie far from the branch lines and can prove most troublesome to find. To get us
started on a mode search, however, it is enough to begin within the “L”-shaped branch lire

zone, for this keeps us from searching aimlessly where modes do not exist.

5.3.2 Using SVD to search for modes

As in a computer search for roots, the search for modes proceeds iteratively. Under
the direction of the user, the location of a mode is first roughly located or “bracketed”, and
then iteratively refined. In SAMPLE, a rough search scans the complex plane for minima
in the smallest singular value wy, by computing it at evenly spaced points along a line- - or
series of paraliel lines—in a region of the complex p plane selected by the user. For efficiency,
the full decomposition need not be computed since only the singular values are requived. It
is important to plot the search function to visually verify that the rough search adequately
samples the search function.

Taking up each minimum in turn, SAMPLE then executes a step-by-step refine-
ment search by repeatedly computing the gradient of the w, surface using a finite difference
scheme, then stepping in the direction of maximal decrease towards still smaller wy. Close
to a zero in wy, however, the gradient search method must be abandoned because search
surface resembles a conical hole with its apex reaching down to the complex plane, ag shown
in Fig. (5.3), where the finite difference scheme fails. SAMPLI then executes a final trial-
and-error search in which w; is computed at a number of points distributed on a small circle
centered at the latest point in the search; the radius of the circle being somewhat larger
than the finite difference step last used in the gradient search. The search cither steps to
the minimum value found on the circle, or, if the center of the circle is the smallest value,
the search remains where it is and the radius of the circle is decreased for a new set of trial
points on a smaller circle. The procedure is repeated until the ratio of the trial radius to
the magnitude of p at the deepest minimum is less than some preset tolerance, In practice,
of course, minute numerical errors keep the smallest singular value from being identically

zero at a mode, so a threshold must be set below which a minimum is considered a mode.
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Figure 5.3: The search surface resembles a conical hole close to a zero in w;.
The gradient method must be eventually be abandoned because the finite
difference estimate of the gradient fails near the apex of the cone, and a final

trial and error refinement is used locate the mode precisely.
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5.3.3 Weakly coupled channels

One difficulty in the search for roots is the double root or pair of roots uncommonly
close together. These can occar when the waveguide supports two weakly coupled channels
separated by a band of vertically evanescent layers, each having a mode at almost the same
slowness p. The theory behind these close mode pairsis the subject of Section (6.5), but for
the moment let us consider how to identify and resolve them.

Kennett and Kerry [69] propose splitting the waveguide at a depth between the
weakly coupled channels where their mode functions are numerically zero, The modes in
cach channel are then found using two searches, one for each channel separated from the
other, thereby eliminating one mode or the other from each search. Altliough this channel
separation method works very well as they show, it is difficult to implement in a generally
applicable way, especially for oceanic waveguides where many different channels must, be
considered. Moreover, separating the channels disturbs the close mode locations slightly
when their weak coupling is eliminated, and at times it may be their weak interaction that
is of particular interest.

When using a global or channel matrix method togrther with SV in the mode
search, we can identify and resolve a double mode or close mode pair using both the smallest
and second smallest singular values, wy and wq. Two perfectly coincident modes are easily
identified since wy = wg = 0, in which case the SV also computes two null-space vectors,
one for each vertical mode function. For a close mode pair, the wy and wy surfaces viewed
on a magnified scale look like two inverted cones with their points slightly displaced as
shown in Fig. (5.4). Having refined the location of one mode in the pair using the iterative

method described above, the location of the second can bhe found by

1. refining the location of a nearby minimum in wy where wy = wy, point B, starting,

from the location of the known mode, point A;

2. el mating where wy = 0 by projecting a line through wz (A) and B to intersect the

complex plane at poin’ C;

3. refining the second mode location in wy, starting from € with a search resolution
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somewhat less than the distance from B to C in the complex plane.

If step 1 fails to locate a nearby minimum in w,, there is no close mode and the procedure is
abandoned. The search program therefore determines when, where, and at what resolution
to search for a nearby mode. An example of a close mode pair is given in Section (6.5).
The question arises whether the method could be used more generally to direct the
search from mode to mode in the complex plane. Unfortunately, the method is unreliable
for widely spaced modes because it relies on linear interpolation. Furthermore, the behavior
of wy and we does not generally follow that shown in Fig. (5.4) except for close mode pairs
in weakly coupled channels; there may not always be a minimum in w, between two modes

trapped within the same channel for instance,

5.3.4 Searching for SH modes

Fluid layers sandwiched between solid layers totally decouple the SH waves prop-
agating in the solids. This can bz viewel as an extreme form of layer decoupling peculiar
to SH waves. Using the first and second singular values, each band of consecutive solid
layers can be searched simultaneously for modes, with the fluid layers treated as impene-
trable vacuum layers that decouple the solid portions of the waveguide while also providing
traction-free boundary conditions for SH waves. In SAMPLE, the user can switch from

P-SV to SH mode computations using a simple software flag.

5.4 Verifying the mode search

At the end of a search we must always ask if any significant modes have been
overlooked, or if any found are amiss.® Several ways to check for missing modes and test

for genuine modes are reviewed below.

$Sometimes a questionable mode may be found, whose minimum in the search function appears like that
of & mode, though it does not reach down to the numerical zero of other modes. I find these sometimes
ocenr at slownesses p = 1/a or 1/8 (the branch points) for a layer in the waveguide. Why they occur is not
known, It is interesting that Xie [134] reports similar “false” modes for a floating ice plate found using a
different mode search method, But they are not always false, p = 1/8 is indeed a mode for SH wavesin a
free plate for example.
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Figure 5.4: Once the positicn A of a mode has heen found, a nearby mode
pair can be fourd by 1) refining the location of a nearby minimum in w;
where wy = w;,, point B; 2) estimating where wy = 0 by projecting a line
through A and B to intersect the complex plane at point C; 3)refining the

second mode location in wy, starting from C.
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5.4.1 Node counting

In the elementary oceanic waveguide,® the number of nodes (zero crossings) in the
normal stress of each vertical mode function is a way of ordering the modes in a series. A
missing mode can be identified simply by counting the nodes in the mode functions [66].
Unfortunately, the mode functions for P-SV modes in elastic media usually do not follow
this simple ordering scheme bhecause they are made up of a linear combination of waves
having two vertical slownesses (¢, and gg) rather than one (gy). Furthermore, the mode
functions—especially for lecky modes—-are not real fanctions of depth as in the elementary
waveguide, but complex functions produced by inhomogeneous waves, which ruins a direct
relation between the nodes in a mode function and the mode ordering. Nevertheless, node
counting can sometimes be used to detect missing modes in one or another portion of the
mocea series. It works best for propagating duct modes trapped in the water column, and
for high order evanescent modes where the regular spacing of modes in the complex plane

ir akes it easy to spot missing modes without node counting.

5.4.2 Contour Integration

The residue theorem shows that the contribution of a single mode to the elastic
field—that is, the residue of its pole in the complex plane-—aust be equivalent to a contour
integral encircling just that mode, and the contribution of many modes must be equivalent
to a contour integral encircling just those modes. Thus, it is possible to test part of the
mode series by comparing the resulting field to that computed by an encircling contour
integral. The two will be different when a mode is missing or amiss. Unfortunately, a single
test is inconclusive because the contribution of a missing mode might be negligibly small for
the source and receiver used to conduct the test, making it impossible to detect its absence.
The test should therefore be repeated using several source and receiver positions.

SAMPLE includes contour integration routines to test modes this way. Space
does not permit elaboration, except to say that an arbitrary contour is specified by the

user using any number of straight line segments in the complex plane, and that many

9Sec footnote on page 8.
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of the subroutines for contour integration are already available among mode computation
routines. When I added the contour integration routines to SAMPLE, T was not aware of
any other contour integration program that computes all components of the elastic field due
to seismic sources in layered elastic media. Dr. Henrik Schmidt has since pointed out to me
that Kim [74] wrote such a program in 1989, and that it has been included in Dr. Schmidt’s
general purpose seismo-acoustic modeling package called QASES [111). The main difference
between the contour integration routines of SAMPLE and those of OASES is that SAMPLI
evaluates Hankel integrals of the form (5.2), while OASES evaluates the Bessel integrals of
the form (4.80). The contour of integration in SAMPLE may therefore follow any path in
the complex slowness plane, to verify modes by applying the residue theorem in a flexible
way, while the contour in OASES (and SAFARI) always runs parallel to the real slowness

axis, to coinpute the field due to a point source.

5.4.3 Continuity and boundary conditions

If we are uncertain about a mode, its mode function should be checked to see if it
satisfies all of the boundary and continuity conditions in the waveguide, simply by plotting
the elements of its stress-displacement vector as a function of depth. Only a genuine mode

satisfies all conditions in the waveguide simultaneously.

5.4.4 Rayleigh’s Principle

Takeuchi and Saito [122] recommend verifying a mode using Rayleigh’s Principle,
which states that the average kinetic and potential energies are equal for the vertical mode
function. Rayleigh’s Principle is derived in the next section. Using the kinetic and potential
energy terms, w?l; and I from (5.14) in that section, the principle requires that w2/, = Iy,
When the deviation

e=h/ (w*h) -1 (5.9)

is significantly large it indicates an erroneous mode or mode function. The test has proven

most valuable, and it has been included in SAMPLE.
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5.5 Five properties of modes

Rayleigh’s principle, mode orthogonality, group velocity, mode excitation by a
source, and mode normalization, can all be derived from the following integral identity.
Consider any two modes « and b of the same wave type, P-SV or SH, having horizontal
wavenumbers k, = p,w, and k, = pyws, respectively. P waves can be viewed as a special
instance of P-SV. Using the partitioned forms of each mode’s stress-displacement vector

b(2) = [w(z),t(z)]T from (4.32), we can construct the integral identity
2p 0
wy (W (28) 'ty (2B) — W, (zA) -ty (ZA)] =wp / 2 (We (2) -ty (2)) d-=. (5.10)

Expanded, with the vertical derivatives eliminated using the original differential equations

(4.5) or (4.6), the right side becomes

2B
7]
ws / o= (Wa (2) 44 (2)) d2 = ~u} [ + I, (5.11)
ZA
where
[ o(U.U, + VVi) dz for P-SV waves,
ZA
I =<
sz pW, Wy, dz for SH waves.
\ %A
r ZH (5.12)
z{ [wawb (%’;ﬁ + S;,—ﬁih) + pkvV, Vit
wy (kg — kp) [(1 - 2@-:—) PV, - UaSb” dz for P-SV waves,
I = «
i Ta T,
\ f (wawbﬁmh + kgmeaWb) dz for SH waves,
zA

and v =452 (1 - f2/a?).
Taking z4 and zp at the top and bottom of a bounded waveguide, the left side
of (5.10) must be zero due to the conditions imposed on the stress-displacement vectors

at an impenetrable boundary.l® In an infinitely deep waveguide, we must take the limit

127he impenetrable boundary conditions for the stress-displacement vector were reviewed in Section(4.2.3).
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2p — 00, and the left is again zero provided the modes lie on the proper Riemann sheet
where the vertical mode functions decay exponentially with depth. If both modes lie on
an improper Riemann sheet, however, w, (zg) ‘t; (z8), &1, and I, will be infinitely large
because improper modes grow exponentially with depth. If just one mode is improper, the
integrals may or may not blow up depending on the relative rates of exponential growth and
decay in the improper and proper modes. In what follows, let us assume both are proper

modes so that the integration spans the entire waveguide without difficulty.
5.5.1 Rayleigh’s principle
Taking mode a and b as the same mode, (5.10) becomes
w2 ]] = 12 (513)

with .
Jp({U?+V?) dz for P-SV waves,
ZA

I = S
f pW? dz for SH waves.
\ %A
(5.14)
zp 2\
( z£ [wz (;’;—22 + ;%5) + pkz'vV?‘] dz for P-SV waves,
Iy = <
z
k fB (wzi% + IczpﬁZW?) dz for SH waves,
ZA

This is Rayleigh’s principle, which states that the kinetic energy w? Iy in a vertical mode
function is equal to the potential energy Ip [71, sec. 11.4.4]. It was used in Section (5.4.4)

to verify the modes found in the mode search.

5.5.2 Mode orthogonality

The identity (5.10) can be evaluated in two different ways for a pair of modes by

switching their roles. An orthogonality relation derived by Takeuchi and Saito [122, sect,
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I11] follows from the differcnce of the two,

W-wt)Iy = (k2-kK}) prvVaVb dz for P-SV waves,
+(k k)A( T ewdz + szd)
a — Rb) { Wb abllZ T+ Wy ba 2
ZA ZA (5.15)
Wi-—wp)y = (k:—kE) fpﬁ2WaWb dz for SH waves,
Za
where
ﬂz
Eap = SpU, — (1 - 25) PV, (5.16)

and Iy is that of (5.12) for the corresponding wave type. This is an orthogonality relation
inasmuch as the right side is zero for any two modes having the same frequency, and the

left is zero for any two modes having the wavenumber.

5.5.3 Group velocity

Group velocity is an important property for the interpretation of data from distant
impulsive sources, for no matter what shape the initial disturbance has in time, it becomes
spread out far from the source in a wave train of varying horizontal slowness in which waves
with horizontal wavenumber & = wp move at a velocity roughly equal to the group velocity
¢y (k) = Ow (k) /Ok [113, sect. 9.3]. The group velocity for a mode can be approximately
evaluated by changing its frequency slightly 6w while tracking the mode along its dispersion
curve)! Proceeding this way, we can again apply (5.10) in two different ways, first with
Wy =W, wp =w+ 6w, kg =k = wp, and ky = k + 6k, and then with wpy = w, w, = w + dw,
ky = k, and k, = k + k. Taking the difference between the identities, retaining terms to
first order, gives

0= -2w(l 6w — pI5 ék), (5.17)

A dispersion curve is a plot of the horizontal slowness, wavenumber, phase speed, or group velocity of a
mode as frequency w is varied continunously. A mode whose phase speed is independent of w is non-dispersive.
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where [ is that of (5.12) with @ denoting the original mode (w, k), and b the displaced

(w+ 6w, k + 6k); ard where

zp
(T4 [Uusi+ 08— (1-28) (VuB 4+ ViPy)
£
+2ppvV, V] dz for P-SV waves,
L= ppoValil (5.18)
zp
f pB? W,W, d= for SH waves.

\ Zh
The exact group velocity is
bw N pIg

= lim & = 5.1
L (5-19)

with I; and /3 evaluated when mode b is the same as «, in which case I; becomes (5.14)

and
B
J [%US -1 (1 -~ QE;) VP+ va'Z] dz for P-SV waves,
P o
L= (5.20)
fB pB*W? dz for SH waves.

5.5.4 Mode excitation

In Section (5.2.1) we saw that SVD computes a mode function to within a scale
factor, It remains to determine that factor for a given source excitation, and this amounts
to evaluating the residue term in (5.4). As noted eatlier in Section (5.2), the poles of the
integrand are found in the depth-dependent matrices £ and M, and they are due to the
determinants of the reverberation operators. In fact, elements of £ and M share a common
factor

-1 -1
A7 = |- RgRE| =[I-RERG[ (5.21)

and we can isolate its role by factoring it out. The contribution of a single mode (pole) in

(5.4) is then

, - (1) :
PN B » ()| 1] T L IR
T(r,¢,2,w) 2 = a M Il,(nl, (wpr)
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where Z‘,: A L and ,X/t: A M are regular at the mode.

To evaluate the residue, let us proceed as for group velocity, but this time let
by be the stress-displacement vector for cylindrical waves as they would be encountered
in the original contour integral (4.80) for a given point source excitation, and let b, be
that of a mode. Now the integral in {5.10) must be split at the source depth zg because
the cylindrical waves b, have a different representation for z above and below the source,

through the wave vectors in (4.71) and (4.72); hence, the left side of (5.10) is not zero but
. PUg . + = . e | — 4
wh [wa (2s) -ty (zs) w, (25) by (zs)] = wyw, (2s) [tb (~s) ty (zs)] (5.23)
= —wywWq(25)-ST.

Here I have used the fact that w, (24) -ty (24) = wo (28) ts (28) = 0, and the source jump
S=[Sw, S7] in by, at the source depth given by (4.56). A similar identity follows by reversing

the roles o1 @ and b, in which case the left side becomes

We [wb (zg) ‘t, (25) — W (zg-L) t, (zs)] = wety (25)- [wb (z's') —wy (zgf)]
= —waty (25)Sw.

(5.24)

Taking the cylindrical waves very close to the mode, k, = k, + 6k, and w, = wy, and taking

the difference of the modified identities we get
Wt (25) Sw — waWa (25) ST = 2koI3 6k = 2wZp, Ts 6p/A. (5.25)
where ;3 =A I3 and I3 is given by (5.18). In the limit k, — k, , the determinant
A =A(p) = A(pa + 8p) — A(pa) + (04/0p) bp = (0A/0p) bp (5.26)
because A (p,) = 0; hence
ta (25) Sw — Wa (25) S = 2wepa Ts (8A/0p )71, (5.27)

and the residue in (5.22) is

Res () = (0/ap)™ = eIl Br, (529

Here 1 have equated b, and b, when evaluating 73, simplifying it to I in (5.20) for just

the mode b, because the scaling of b, is arbitrary, and because by is directly proportional
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to b in the limit ky — k,.1? The field due to & mode is finally

u(r, o, z,w) — E Z t (zs; Sw — w(zg) St eimeé L ) ”1(:}) (wpr)

. (5.29)
T (Ta &, z,w) 4 m Is M ”,(,:_)H (wp'r)

where I3, £, and M are all expressed in terms of the arbitrarily scaled vertical mode
function b, = b = [w,t]T. The excitation of a mode by a source therefore depends both on
the vertical mode function at the source depth, and on the jump in the stress-displacement

vector caused by the source.13

5.5.5 Mode normalization

Since a mode can be scaled arbitrarily, a proper mode can always be scaled to

make I3 = 1. The field due to a mode (5.29) then simplifies to

o D (A » i L HE (wpr)
= t ('ZS) 'SW" w (ZS) ST) elnu/; )
T("" ¢,z,w) 4 ; M ][1(7:’)“ (w'[_)'l‘)

(5.30)

A
the A denoting that t and W have been normalized.

5.6 Vertical energy flow in a mode

Increasing the viscoelastic absorption in layers where the vertical mode function

is significantly large obviously makes a mode decay more quickly with range, Less obvious

12The fact that Sb is directly proportional to b, follows from the general result, that the solution to a

nearly singular matrix equation multiplied by its vanishing determinant ( by) is directly proportional to the
null-space vector (ba). In a global matrix formulation for the wave vector, for example,

Gv=EZ,

for which the solution is
v=VW-lu's
using singular value Jlecomposit.on (5.8). The determinant |G| = |U||V|-wy gy -, where the magnitude
of |U] and |V| are unity, and w; are singular »alues in the diagonal matrix W. As the smallest singular value
w; — 0 near a mode,
|Glv; — U] w2 wg o Vyy Ul o Vi,
That is, |G| v is directly proportional to the first column of V, which is the null-space vector of ¢ and

therefore the vertical mode function. It follows that the stress-displacement vector i;,,: Aby x by in the
limit ky — ko when kg is a mode,
13The source jump terms S = [Sw, S7]” were derived in Section (4,2.5).
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perhaps is the fact that decay due to absorption affects a mode uniformly at all depths,
rather than causing more rapid decay in lossy layers than in lossless, because the vertical
function cannot change its relative shape as it propagates in a range independent waveguide.
Vertical energy flow in a mode preserves the shape of a mode function by transferring energy
vertically from lossless to lossy layers at precisely the rate needed to keep the relative
strengths of the vibrations in each layer constant, and this makes vertical energy flow of
interest in viscoelastic media.

The energy flow through an element of surface is given by [61, p. 28]
df = Bu-t ds=F - nds, (5.31)

where u and t are the displacement and traction on the surface, F is the energy flux
density (F; = —mki0uy), and n ds is the surface element vector. The vertical flux density
is therefore

F. =F - &= Oju-t, (5.32)

where t = (Tyz, Tpzy Tzz) . Averaging the oscillatory flux over a single period T = 27 /w gives
[61, p. 57]

r

T
(7o) = i [ 7ot = G0 = iou-v, (5.33)
0

in which the asterisk denotes the complex conjugate. The real and imaginary parts of (F.)
are the real and reactive vertical energy flux density.
Now let us consider the axially symmetric (m = 0) contribution from the 7’th mode

alone,” when normalized to the strength of its excitation. Then (5.30) becomes

u(r,é,2,w) iy L (p;) HEY (wpjr)
= P :

, (5.34)
T ("'a ¢, z,w) M ‘41"-") Hl(l) (ij"')

"1t shiould be noted that the encrgy fux density for an elastic field consisting of several modes is not
simply the sum of the energy flux for each mode considered independently, because energy is of second order
in the field variables. Nevertheless, it is the energy of a single mode that is of interest here.
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and substituting u and t from this into the vertical flux (5.33) we find
(il a§) Mo Moz
(Fo) = —iw | — ) | [£] || Msan Mse
4 Hl(l)
Ma

HY

. (5.35
M (5:35)

which can be simplified using £ and M in (4.81) through (4.86), giving

Hél)r +VS*

(F:) = &‘j}r’LIi(Up* }1{”’?) for a P-SV mode;
(5.36)

= et (e

Ih(l)lz) for an SH mode.

At long ranges from the source, the asymptotic form of the Hankel function (5.3) gives
2
TWP;T

(Fa) = zilea) (U P* + V§*)exp [-2wIm (pj)r] for a P-SV mode;

277

]H((,l)] ~ yzrfl)] - exp [—w Im (p;) 7] (5.87)

hence

(5.38)
(F2) = ziwt ey exp [—2wIm (p;)r] for an SH mode.

2nr
Separating the vertical dependence gives a measure of the real vertical energy transport in

a mode
Y(z) =Re[-i(UP*+ VS5*)]  foraP-SV mode; (5.39)
YV (z) = Re[-1(WT™)] for an SH mode.
A mode transports energy downwards at depths where Y (2) is positive, but upwards where
negative,
Now let us separate the vertical flux into up and down going P and S wave com-
ponents for propagating P-SV mode in lossless media ( p,a, # all real). Then replacing the
stress-displacement elements with their corresponding wave vector elements using (4.24),

we find

y=y"+y5, (5.40)
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where V¥ and Y5 are independent P and S wave energy terms

P = gz (1PHE - P-P), (5,41

¥S = gtec (Is* - 157 %) B
(or and g, are the real parts of the vertical slowness, and P and S* are the down and up
going P and S wave components of the wave vectors. When ¢,, and gg, are positive, the
cnergy flows in the assumed directions: superscript “+” for down going energy and “—”
for up; but if either is negative, then the corresponding vertical flux is reversed from the
assumed directions. Thus it is the sign of the real vertical slowness that determines the
direction of vertical energy flow.

More generally, when «, 3, p and the wave vectors are all complex, the expression
for Y is much more complicated. But absorption is by assumption slight, so it only perturbs
the propagating modes slightly, leaving the direction of vertical energy flow under the control
of the sign of the real vertical slowness. In any case, the precise value of ) can be evaluated
numerically using the stress-displacement vector in (5.39), as I do later in Section (6.1.4),
where, in apparent defiance of the radiation condition, I demonstrate the possibility upward

energy flow from an infinitely deep basement layer.

5.7 The Green’s function for bounded waveguides by modal

summation

5.7.1 The mode series

Evaluation of the Green’s function requires all modes that contribute significantly
for the given source and receiver positions. To determine whether or not a given mode is
important, we must look at its vertical mode function and horizontal range dependence. The
vertical dependence in (5.30) shows that a mode will be insignificant if all components of the
vertical mode function b (z) are zero at the source or receiver depths. A man-made source
and receiver are often restricted to a band of layers, usually within the water column in ocean
acoustics, or near the surface of the earth in geophysics; hence the modes whose vertical

mode functions are zero at those depths can be omitted. But in the indirect BIE method, the
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source and receiver locations vary freely, including nodes on the boundary of the inclusion,
the location of sources generating the particular solutions, and the computation points for
the whole-, surface-, and null-field equations; so more modes are generully required, The
range dependence of a mode shows that a mode will be insignificant if the Hankel function
becomes very small. With physical sources, we must specify a lower limit on the distance
between the source and receiver r,;, because a real source is not point-like in its near-field.
In the BIE method, we also must specify a minimum range 7y, for the ideal point source
for numerical reasons. The Hankel functions in each mode are singular at » = 0, which
makes the terms in the mode series very large terms, and the sum becomes lost in extreme
cancellation.

The lower bound 7, fixes an upper bound in the complex slowness plane abave
which modes cannot contribute significantly. As p in a mode series moves upwards term
by term in the complex slowness plane, the argument of the Hankel function «ventually
satisfies wp;r > 1, and the exponential asympiotic form of the Hankel function (5.3) can
be used, which decays exponentially with further increases in the imaginary slowness p;,
Hence, we can safely assume that the significant modes lie below the value of p; at which

the exponential envelope of the Hankel functions reaches some small value ¢,

€ > [ehr] =[] with 0<e< 1, (5.42)
which implies
~Ine _ —lne
(1)< —— < . (543
pi(r) wr Wrmin )

This fixes an upper bound on the “L”-shaped region of I'ig. (5.2) for any range. When
7min for a particular application is large, as it is for long range propagation modeling, all
of the important modes must lie close to the real p axis. But when 7y is small, the mode
series, and therefore the mode search, must venture far from the real p axis, In the indirect,
BIE method, 7y, should be slightly smaller than the radius of the close neighborhood
of a computation point, within which a boundary element is automatically designated as

troublesome, to ensure that all of the significant modes are available,
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5.7.2 Series convergence

The sum of a long series of complicated terms can be computed more quickly if
the terms are first ordered from largest to smallest, for then we can test convergence as
the sumniation progresses, pousibly by checking if the latest terms added are negligibly
small compared with the latest partial sum, to halt the series without adding all of its
insignificant terms. A good way of ordering modes is to sort them from smallest to largest
imaginary slowness p; because, in a long series of evanescent modes, the magnitude of the
terms eventually follows the exponential decay of the asymptotic Hankel function, making
it likely that successive terms will on the whole be steadily decreasing. It is best to decide
when a mode series has converged by testing only the exponential decay envelope of the
Hankel function using (5.43), rather than testing the relative size of the latest term in the
series. There are two reasons for this. When computing the entire Green’s displacement
and stress tensors due to a point source, there are a total of 27 unique field variables
(three displacement and six stress for each of three Cartesian axes) that must be tested
to assure convergence, making the convergence test itself a weighty burden, against which
(5.42) appears trivial. More importantly, the vertical dependence of modes can make the
contributions of a few sequential modes negligibly small, thereby fooling the convergence
test to stop the series prematurely. False convergence tests can be reduced by requiring that
a number of successive convergence tests have passed successfully, but the scheme would

not be foolproof.

5.7.3 The Green’s function singularity

For the Green’s function to satisfy the equation of motion (2.50), it must have a
singularity in order that its spatial gradient produces a é-function behavior. In a bounded
waveguide, this singularity arises from the infinite mode series, in part because of the

singularity in the Hankel function range dependence of each series

: (1) 3 o= 2 D = — o0

rl!_% Hy' (wpr) = = 11_9(1) In (wpr) = —o0; (5.44)
. - ) -7 ‘
lim HY (wpr) = ~3 I'(m)lim (-;-wpr) = —o0c, m>0,
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(the Hl(l) singularity contributing a delta-function behavior 6 () /r), and in part because
of lack of convergence in the infirite series of evanescent modes trailing upwards along the
imaginary p axis (contributing § (2 — z;)). The infinite series of modes work to cancel out
the Hankel function singularities of all modes along the vertical line through the source,
vhile also shaping the delta-function singularity at the source depth. At very short ranges,
then, the mode series for a point source becomes one of infinitely large terms whose mutual
cancellation lose the finite sum in numerical error. The problem occurs at small horizontal
ranges, regardless of the vertical separation of source and receiver, because the terms in
the mode series are infinitely large. This is why we must place a lower bound 7, on the
range between source and receiver in (5.43), and why we encounter convergence problems
in the BIE method for layered media whenever the computation point lies directly above
or below the scattering inclusion.

Convergence problems of one sort or another always seem to plague near-field
Green’s function evaluations for layered media no matter what method is used. In un-
bounded waveguides, the branch line integrals face similar convergence problems because
their integrands behave roughly like the evanescent mode series. Alternatively, the contour
integrals (4.80) along the positive real p axis could be evaluated directly, with the range
dependence in the integrands kept in terms of Bessel functions J,, (wpr), which are well-
behaved as » — 0. No doubt avoiding the Hankel function singularities this way helps
in the near field, but convergence problems still occur close to the source point due to
oscillatory integrands, much as Gerstofi and Schmidt [50] report in their two-dimensional
BIE method.’ It may be advantageous to switch from a modal to such a contour integral
representation, depending on the proximity to the source and receiver, as Lu and Felson
do in their hybrid ray-mode model [84] [85]. T do not explore the possibility here, but rely

instead on the indirect BIE method to avoid the very near field altogether.

15To accelerate convergence of the slowly decaying oscillatory integrand for points the near field, Gers
stoft and Schmidt force the integrands to zero artificially by multiplying them by a gradual monotonically
decreasing function of k = wp.
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5.8 Model verification

I have charted a rather long course to develop the channel matrix method for
normal modes to compute the field due to a point source in layered media. To demonstrate
that it is practicable, I will compare the SAMPLE program based upon it with the well-
known and well-established SAFARI program (version 4.0) [109]. An exhaustive verification
this way is not possible hecause SAFARI only supports axially symmetric sources (uniform
explosive and vertical point source), only computes 7,;, %,, u,; and is not accurate at
small ranges » < Ay. SAMPLE is equipped with Fast Fourier Transform (FFT) contour
integration routines like those of SAFARI, but they are based upon the channel matrix

method rather than the global matrix method of SAFARI. These will also be reported.'®

5.8.1 Arctic ocean model

A shallow Arctic ocean sound speed profile is given in Table (5.1). The waveguide
has a 3 m ice layer at the surface, a 200 m water column typical of the Arctic ocean [66] [130],
two 2 m sediment layers at the sea floor, and 2000 m deep rock basement layer bounded
below by an impenetrable rigid boundary. The field due a 20 Hz dilatational point source
at a depth of 10 m and a vertical point source at the ice surface will be computed.

Let us begin with the search for modes closest to the real horizontal slowness axis.
Iig. (5.5) shows the smallest and second smallest singular values, wy and wsq, along the
axis. wy is the search function whose minima suggest the presence of modes close to the
axis. Mode locations were refined from these, and from other miniina detected in the same
way in searches along the P and S wave branch lines for the deep basement layer.'” Fig,.
(5.6) shows the modes in the complex slowness plane on a scale so expanded that the lowest
order plate mode (mode 1) has been forced off the diagram. Fig. (5.7) shows the vertical
mode functions for the first 5 modes ordered by descending p,. There are other modes,

such as evanescent modes needed in the very near field, and modes trapped in the two

*More extensive testing of all components in the elastic field could be done using the OASES model[111],
which is much more complete than SAFARI (see page 15). 1 did not use OASES here because it is a very
recent program, and I was unaware of its capabilities until very late in my project.

'"T'he reason for searching along the branch lines for the basement layer in a bounded waveguide is that
radiation modes are found nearby; see Section (6.4).
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sediment layers, that have not been included in the search because they will not contribute
significantly in these tests.

Now let us consider the SAMPLE and SAFARI contour integration models, When
using a contour integration routine, it is recommend to plot the integrand for the desired
field variable to ensure adequate sampling. Fig. (5.8) shows the magnitude of the vertical
dependence in the integrand for 7., computed by SAFARI (dotted) and SAMPLE (dashed)
at a depth of 10 m for the dilatational point source at depth 10 m. In both cases the contour
was displaced slightly below the positive real slowness axis to avoid crossing directly over
the poles due to modes. As it is, the sharp peaks indicate where the contour passes over
the shoulder of a n«arby pole due to a mode. The models differ by a constant scaling factor
because SAFARI normalizes the field to its strength at one meter from the source, whereas
SAMPLE uses the absolute strengths given to the source. The factor has been removed
by normalizing each curve to its maximum value. Close agreement between the two curves
makes them indistinguishable. Imposed upon Fig. (5.8) are the relative contributions of
the dominant modes at a distant receiver. There is one mode at the horizontal slowness of
every sharp peak in the contour due to the connection between modes and peaks. Perfect
agreement between the peak heights and mode strengths should not be expected because
multiplication by Hankel-function range dependence and integration over slowness transform
the contour peaks into mode contributions. Fig. (5.9) shows the normal stress field plotied
as a function of horizontal distance from the source. The three results are indistinguishable
in the figure.

Fig. (5.10) shows the vertical displacement due to a vertical point force acting at

the surface of the ice computed by all three models.
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V-4

z

layer upper lower o B P
no. (m) (m) (m/s) (m/s) (kg/m?)
1 0.0 3.0 3300.0-33.00¢: 1730.0-20.007 900.0

2 3.0 16.0 1436.3 0.0 1024.5

3 160 382 1436.3 0.0 1024.5

4 382 559 1436.7 0.0 1025.0

5 559 751 1438.3 0.0 1025.6

6 751 921 1439.9 0.0 1026.3

7 921 1352 1440.6 0.0 1026.6
8 135.2 161.8 1441.5 0.0 1027.1

9 161.8 180.5 1443.2 0.0 1027.7
10 180.5 203.0 1444.3 0.0 1028.0
11 203.0 205.0 1446.0 0.0 1028.2
12 205.0 207.0 1575.0-28.86¢ 80.0-2.20:  1700.0
13 207.0 209.0 1650.0-24.18: 110.0 - 5.043 1900.0
14 209.0 2209 5250.0-19.00¢ 2500.0-18.00:  2700.0

Table 5.1: Arctic profile with floating ice layer. The upper surface at z = 0

m is a traction-free boundary, and the deep bottom boundary at z = 2209.0

m is rigid and in welded contact with the basement solid.

143




144
SAMPLE: Plot of Singular Values Along Search Line
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Figure 5.5: The search function for modes in the Arctic waveguide at 20 Hz. The
smallest singular value w; (solid line) was scanned for minima along a horizontal line
slightly above the real p axis. Each minima was later refined to locate the nearby zero
which is a mode; numerical zero at a mode being of the order w; =~ 10~!3, Also shown is
the second smallest singular value w, (dashed line) whose deep minima suggest double
roots, though none are found here.
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SAMPLE: Complex Slowness Plane
P-SV modes: 200 m Arctic profile with 3 m ice
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Figure 5.6: P-SV mode locations (circular dots) for the Arctic waveguide at 20 Hz. All
of the modes are proper because the waveguide is bounded above and below. Not all
modes are shown here: the fundamental plate mode (mode 1) is off scale to the right,
and evanescent modes trailing upward along the imaginary axis and modes confined to
the low-shear sediment layers are not sliown because they were not needed for this test.
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SAMPLE: Eigenfunction Plot
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Figure 5.7: The shape of the vertical mode functions for the first five P-SV modes in
the Arctic waveguide at 20 Hz. The relative magnitudes of the vertical U (solid) and
horizontal V' (dashed) displacements of the characteristic vibrations are shown. The
top of the sediment layers is evident from the discontinuity in V' between the fluid and
solid layers. Mode 1 is the fundamental plate mode; the only propagating plate mode
at this frequency.
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SAMPLE and SAFARI: Spectral FFT Integrand
Normal Stress
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Figure 5.8: The vertical dependence of the integrand in the contour integral representa-
tion of 7., for source and receiver at depth z = 10 m. SAMPLE (dashed) and SAFARI
(dotted) integrands are virtually coincident. The circular points mark the mode loca-
tions along the real axis and their relative excitation by the source at a distant receiver,
computed using SAMPLE’s normal mode routines.
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SAMPLE and SAFARI propagation models
200m Arctic profile with 3m ice layer
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Figure 5.9: The normal stress 7., as a function of range for source and receiver in the
water column, at depth 2z = 10 m. The source is an explosive point source vibrating
at 20 Hz. SAMPLE’s normal mode computations (solid) agree very well with SAFARI
(dotted) and SAMPLE'’s (dashed) contour integral (FF'T) models.
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SAMPLE and SAFARI propagation models
200m Arctic profile with 3m ice layer
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Figure 5.10: The vertical displacement u, as a function of range for source a:ad receiver
at the surface of the ice, at depth 2z = 0.01 m. The source is a vertical point force
operating at 20 Hz. SAMPLE’s normal mode computations (solid) agree very well with
SAFARI (dotted) and SAMPLE’s (dashed) contour integral (FFT) models. The lack of
interference suggests a single dominant mode, in this case the fundamental plate mode.
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5.8.2 Gutenburg earth model

Similar tests were made using the layered model of continental structure in the
earth in Table (5.2) and Fig. (5.11) proposed by Gutenburg [1]. Slight artificial absorption
was added to the layers to displace the modes and EJP branch lines for the basement layer
off the real slowness axis. This time the vertical displacement at the surface due to a point
source at depth lying between the two low-velocity channels at z = 50 km, and pulsating
at 0.05 Hz—a frequency typical of deep penetrating seismic waves.

Fig. (5.12) shows the mode search function w; along the real slowness axis., The
mode refinement process located 16 proper modes and 7 improper S-leaky modes, as shown
in Fig. (5.13). The vertical mode functions for the first five proper modes are shown in Iig,
(5.14); mode 1 being the Rayleigh mode, and the others being duct modes trapped in the
deeper low-velocity channel. At this low frequency the upper channel is too thin to trap
propagating duct modes of its own.

Fig. (5.15) shows the magnitude of the integrand of the integral for the vertical
displacement u, computed by SAFARI (dotted) and SAMPLE (dashed), again over a con-
tour displaced slightly below the positive real slowness axis. The relative contribution of
the proper modes at a distant receiver on the surface have been included, showing good
correspondence between the modes and integrand peaks, and a rough correspondence he-
tween the relative strength of the mode and the height of the peak. ‘I'he dominant mode
at the surface is of course the Rayleigh mode. The leaky modes were not included hecause
SAMPLE could not normalize their vertical mode functions which grow exponentially with
depth.

The vertical displacement at the surface of the carth is plotted ag a function of
range in Fig. (5.16). Only the first 11 proper modes were included in the mode series and
the contour integrands were forced smoothly to zero (windowed) below p = 0.15 8/km to
exclude the contribution from the improper leaky modes, Slight discrepancies hotween the
models may be due to several approximations, such as displacement of the contour from the
real axis, windowing of the integrand, and weak contributions from modes omitted in the

mode series. Fig. (5.17) shows the real phase and group velocity for the Rayleigh mode,
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z z
layer upper lower « B p
no. (km) (km) (m/s) (m/s) (kg/m®)
1 0. 19. 6140.-2.0¢ 3550.-2.0¢ 2740.
2 19. 38.  6580.-2.0: 3800.-2.0¢ 3000.
3 38. 50.  8200.-2.0¢ 4650.-2.07 3320.
4 50. 60. 8170.-2.0¢ 4620.-2.0¢ 3340.
5 60. 70. 8140.-2.0¢ 4570.-2.0¢ 3350.
6 70. 80. 8100.-2.0¢ 4510.-2.01 3360.
7 80. 90. 8070.-2.0¢ 4460.-2.0¢ 3370.
8 90.  100. 802(.-2.0¢ 4410.-2.0¢ 3380.
9 100.  125. 7930.-2.0¢ 4370.-2.0¢ 3390.
10 125, 150. 7850.-2.0¢ 4350.-2.0¢ 3410.
11 150.  175.  7890.-2.0¢ 4360.-2.0¢ 3430.
12175, 200. 7980.-2.0¢ 4380.-2.0¢ 3460.
13 200. 225. 8100.-2.0¢ 4420.-2.0¢ 3480.
14 225, 250. 8210.-2.0¢ 4460.-2.0¢ 3500.
15 250. 300. 8380.-2.0¢ 4540.-2.0¢ 3530.
16  300. 350. 8620.-2.0: 4680.-2.0: 3580.
17 350. 400. 8870.-2.0: 4850.-2.0¢ 3620.
18 400. 450. 9150.-2.0¢ 5040.-2.0% 3690.
19 450, 500. 9450.-2.0¢ 5210.-2.0¢ 3820.
20  500. 600. 9880.-2.0i 5450.-2.07 4010,
21 600. 700. 10300.-2.0{ 5760.-2.0¢ 4210,
22 700. 800, 10710.-2.0¢ 6030.-2.0¢  4400.
23 800. 900. 11100.-2.0¢ 6230.-2.0¢ = 4560.
24 900. 901. 11350.-2.0¢ 6320.-2.0¢ 4630.

Table 5.2: The Gutenburg earth model.

computed using SAMPLIYs dispersion and group velocity routines. The figure duplicates a

similar figure reported by Aki and Richards {1, box 7.5].
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SAMPLE: Layer Profile
Gutenburg Earth Model
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Figure 5.11: Wave speed and density profile in the Gutenburg earth model: P-wave
speed is the solid line, S-wave speed the dashed, and density the dotted.




SAMPLE: Plot of Singular Values Along Search Line
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Figure 5.12: In the search for modes for the Gutenburg earth model, the smallest
singular value w, (solid line) was scanned for minima along a path displaced slightly
above the real p axis. Each minimum was then refined to locate the nearby zero which
is the mode; the numerical zero at a mode being of the order w; ~ 10~'3. Also shown is
the second smallest singular value w, (dashed line), whose deep minima suggest double

roots, though none are found here.




SAMPLE: Complex Slowness Plane
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Figure 5.13: P-SV mode locations for the Gutenburg earth model at 0.06 Hz. Proper
modes are indicated by circular dots, and improper by square. The solid lines are the
P and § branch lines. Proper modes to the left of the S-wave branch point (p, = 0.1582

s/km) are well behaved S-leaky modes.




SAMPLE: Eigenfunction Plot
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Figure 5.14: The vertical mode func:ions for the first five P-5V modes in the Gutenburg
earth model at 0.05 Hz. The magnitude of the vertical displacement U (solid lir.c) and
horizontal displacement V' (dashed line) for the characteristic vibrations of each mode

are shown. Mode 1 is the Rayleigh interface mode.




156

FFT Integrand Along Contour
Gutenburg Earth Model

—_~ _l LI l LB LI ' LI rl LI TI LR BLBRLE rTl LI rl_
g 1.0+ r -
e - : 1
- - -
o = -
o /

£ - i ]
= 0.6 ii —
o) : i
c .

o - |! -
S o4f i -
c - i -
s b
2 T R
& 02 -
C. L , i -
3] N ? /' \ i
(oh —\ ' '\ . T !

e~ [T T T Ve — \'\ ]
g OO0F % =
> L L1l ’ b i1 I L l | | l I l i 411 l ]

0.000 0.050 0.100 0.150 0.200 0.250 0.300
Real Horizontal Slowness (s/km) -

Figure 5.15: The vertical dependence of the integrand in the contour integral represen-
tation of u, for a source at depth 2z = 50.0 km and receiver at the surface z = 0.0 km.
The normalized integrands for SAMPLE (solid line) and SAFARI (dotted) are virtually
coincident. The points mark the location of proper modes and their relative excitation
by the source at a distant receiver, computed using SAMPLE’s normal mode routines.
The dominance of the Rayeigh mode at the surface is clearly evident.
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Figure 5.16: The displacement u, at the surface z = 0.0 km as a function of range from
an explosive point source at 0.05 Hz, and depth z = 50.0 km. SAMPLE normal mode
computations are shown by the solid line, SAFARI’s contour integral by the dotted, and
SAMPLE’s contour integral by the dashed.
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SAMPLE: Dispersion Curves
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Figure 5.17: The dispersion of the Ruyleigh interface wave (mode 1) in the Gutenburg
earth model was computed using SAMPLE’s mode tracking routines as frequency 'was
steadily decreased. The phase speed of the mode is indicated by the solid line, and
group velocity by the dotted.
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Chapter 6

Catalogue of normal modes

If our goal is to understand the physics of wave propagation using modes, or if we
hope to exploit the advantages of modes in numerical models, the analysis must be brought
to a practical level where, by inspection, we are able to quickly estimate 1) what modes are
likely to exist, 2) which of those will be important for a given application, and 3) where
the modes are likely to be in the complex slowness plane. To be conversant this way, we
must flrst name and classify modes according to their important properties, relating them
to the properties of the waveguide using general rules of thumb. I have tried to ccndense
this vast topic into a single chapter, to give an indication of the wide variety of modes that
can exist in layered media, to predict where they are to be found in the complex plane, and
to present properties about modes that I have not found in the literature. The examples I
include have been chosen to demonstrate lesser-known properties of normal modes.

Textbook treatments of modes in oceanic waveguides usually develop their subject
starting with the elementary oceanic waveguide consisting of a single lomogeneous fluid
layer, and build up to the two layer (Pekeris) model, thereby demonstrating many aspects
of normal modes in their simplest context., The approach provides an excellent introduction,
but the jump to many-layered waveguides having soiid media with absorption is a big one,
requiring a more general approach that treats modes simply as reverberant cylindrical waves,

and that is how I proceed here,
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6.1 Modes as cylindrical waves

We have seen that a mode is a cylindrical wave that reverberates constructively
within the waveguide. Hence, there are P-SV and SH modes that propagate independently
of the other in the absence of scattering inclusions, layer roughness, or variation in the layer
structure. Both wave types are generally required to model propagation due to a point
source in solid layers.

Many important properties of modes can be deduced from the general representa-
tion of cylindrical waves

etiwaz g1 (wpr), (6.1)
where the “+” option is for down-going waves, and “— for up, z being positive downwards;
p = pp + ip; is the horizontal slowness, a complex root of the characteristic equation for

modes (5.5); and ¢ is the complex P or S wave vertical slowness

q=¢+1iq = \/c% -p?, c=aorf, (6.2)

which changes from layer to layer according to the wave speeds. Complex vertical and
horizontal slowness make the representative cylindrical waves inhomogeneous waves,
Far from the source the asymptotic form of the Hankel function give the range

dependence!
eiwprr e—wnr

\WpT

The 1/4/7 reduction with range is due to cylindrical spreading of the wave as it, diverges from

(6.3)

its vertical axis at r = 0. There is no net energy loss associated with this decrease, When
energy loss does occur, whether due to viscosity or friction in the media, or to downward
radiation of energy into an infinite basement layer, it shows up as the exponential decay
with range due to p;. Clearly p; > 0 or the wave grows without bound as it diverges from

the source. All modes therefore lie in quadrants one and two in the complex p-planc.?

'See Abramowitz and Stegun [2, equation 9.2,3].

2This is due to the time harmonic dependence e~ chosen at the outset, ¢'“* conld have been used, in
which case the outgoing cylindrical waves require Hankel functions of the second kind, and the modes would
liec in quadrant three and four,

wi
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6.1.1 Propagating modes

In Section (5.3.1) we saw that modes tend to lie along either the real or imaginary
p-axes, in the “L”-shaped region bounding the EJP branch cuts. Modes located close to
the real p axis (p; = 0) are called propagating modes because they lose energy at the slowest
rate and therefore dominate the total wave field far from the source. Often there are only
a few propagating modes that model long range propagation accurately and efficiently.
Propagating modes are sometimes called trapped modes or bound modes because their

energy is efficiently confined vertically within the waveguide.

6.1.2 Fvanescent modes

Modes close to the imaginary p axis, with significantly large p;, are called evanes-
cenl modes because Lheir horizontal slowness is mostly imaginary in the manner of evanes-
cent waves, These niudes have received little attention in the literature because they decay
quickly with range, making them ineffectual in long range propagation. But they cannot
be ignored in the BIE method, or in coupled mode methods for that matter [24][45], where
close range effects are important.

Most familiar perhaps are the evanescent P modes found in the elementary oceanic
waveguide.® They are an infinite series of evenly spaced modes tailing upwards in the
complex plane, along the EJP branch line for vertical slowness in the solitary fluid layer
[17]. The mode locations can be derived analytically in this simple case, and it is not difficult

to show that the spacing between consecutive evanescent modes in the series approaches
Ap=~i/2fH, (6.4)

where f is frequency, and H is the thickness of the homogeneous fluid.* As we will see, this
estimate can be applied more generally to the evanescent mode series for arbitrarily layered
clastic media. It is helpful because the mode spacing determines the resolution needed

during & computer search for modes, and it indicates how many modes may be expected.

38ce footnote on page 8.
YAn equivalent spacing estimate is derived later (6.23) for deep bounded waveguides in general. The
same analysis can be applied to the elementary oceanic waveguide, to derive the mode locations exactly,
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Less familiar perhaps, are the evanescent P-SV modes found in a homogencous
solid plate with free boundaries. These modes occur in two infinite series on both sides of
the imaginary slowness axis [90] [6] [51] as shown in Fig. (6.1) for a 3 m ice plate. In a
lossless homogeneous plate, these evanescent modes occur in symmetric pairs—each mode in
the first quadrant having a symmetric counterpart in the second quadrant - - ,but absorplion
or additional layers disturbs this symmetry. At greater frequencies the evanescent P-§V
modes lie closer to the imaginary axis. The mode locations cannot be derived analytically
in this case, bnt the spacing estimate (6.4) for evanescent modes still applies. In the 3 m
ice plate at 750 Hz or example, Ap & i/ (2 x 750 x 3) = 0.222¢ s/km, which compares well
with the actual spacing in the two symmetric mode series in Fig. (6.1). Evanescent plate
modes occur very often in geoacoustics, for it would appear that all plate-like structures
bands of undivided solid layers spanning a finite thickness, but not touching n solid half
space-—behave like plates to some degree.

To illustrate, Fig.(6.2) shows part of the evanescent mode series for the Aretic
profile of Table (5.1) considered earlier. The higher order evanescent modes (larger p;)
separate into three distinct series: 1) water-borne modes along the imaginary axis, 2) closely
spaced bottom-borne modes on both sides of the imaginary axis that appear to swirl around
the axis, and 3) widely spaced ice-borne modes on both sides of the imaginary axis, only
two of which are shown in the figure. This thick bottom layer and the thin ice layer plate
structures giving rise to evanescent modes on hoth sides of the imaginary axis, The swirling
pattern of the bottom-borne mode locations is due to interactions hetween the bottom and
water column. The swirls get larger and less pronounced as p; increases, eventually settling
into two unswerving lines on both sides of the imaginary axis. The depths at which the
modes are active——whether in the water (200 m thick), bottom (2000 ), or ice (3m) - were
determined by plotting the vertical mode functions, and confirmed using the estimated
mode spacing (6.4) for evanescent modes at 20 Hz:

Ap= i/ (2 %20 x200)=0.125 5/km  for the water column,
Ap = i/ (2 x 20 % 2000) = 0.0125¢ s/km for the deep bottom plate, (6.5)
Ap= i/(2x20x3)=28.333s/km for the thin ice plate,

These agree with vertical spacings found for the three evanescent mode series iy Fiz.(6.2),
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although Ap for the ice plate cannot be checked at the scale displayed.

A series of proper evanescent plate modes can occur in unbounded waveguides as
well as bounded. An ice plate floating on an infinite fluid half space, for example, has an
infinite series of evanescent plate modes on the proper Riemann sheet as shown in Fig,.
(6.3).

From these and other examples not reported here, it would appear that every
band of fluid layers, and every band of solid layers, not in contact with an infinitely thick
layer of the same media type, gives rise to a distinct series of evanescent modes; close to
the imaginary axis for fluids, but on both sides of the axis for solids. The vertical mode
functions for high order evanescent modes are confined almost entirely to the band of layers
engendering them,

[ think this behavior can be explained in the following way. Close to a point source,
the field depends more on the elastic properties in the immediate vicinity of the source than
on the properties of other layers of the waveguide. Each distinct band of layers therefore
requires its own series of evanescent modes to fully represent the near-field dynamics of
sources lying within them. Thus, the delta-function singularity of a point source (6 (z — z,)
on page 140) may be produced by one or another evanescent mode series, depending on
which band of layers the source lies in. Near the interface between two distinct bands of
layers, the singularity is due to the evanescent mode series of both because the vertical
mode functions extend slightly beyond their boundaries. However, in a band of layers in
contact with an infinitely thick layer of the same type, which do not have a corresponding
evanescent mode series, the singularity is due to the branch line integrals of the infinite

layer,

6.1.3 Proper and improper modes

In Section (4.2.4), it was assumed that the cylindrical wave field in an infinitely
thick basement layer, at depths below all sources, are due to sources and reverberation
in layers above, Thus, the schematic diagram Fig.(4.7) shows a down-going transmission

matrix (Tyr,) directed into a infinite basement, with the up-going wave set to zero (vg = 0) .
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Figure 6.1: Top: The P-SV (circular dots) and SH (square dots) modes for a free ice
plate: a = 3300 — 30.0i m/s, 8 = 1730 — 20.0i m/s, p = 900 kg/m?, thickness H == 3.0
m, and f = 750.0 Hz. Bottom: The vertical mode functions for the first 7 P-SV modes
marked by crosses above, ordered by decreasing real slowness. Shown are the real (solid
line) and imaginary (dotted line) parts of the vertical displacement U for each mode.
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SAMPLE: Complex Slowness Plane
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Figure 6.2: P-SV modes in the Arctic waveguide at 20 Hz. The evanescent modes
separate into three series: one for the water column (the widely spaced modes along the
imaginary axis), one for the deep basement (the closely spaced modes swirling around
the imaginary axis), and one for the floating ice plate (the isolated pair of modes on
both sides of the imaginary axis are the start of this plate mode series).




166

SAMPLE: Complex Slowness Plane
P-SV modes in 3 m floating ice plate at 750 Hz
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Figure 6.3: The P-SV modes for a 3 n. floating ice plate: a = 3300 — 30.0i m/s,
B = 1730 — 20.i m/s, p = 900 kg/m?, thickness H = 3.0 m, and f = 750.0 Hz. Proper
modes are shown using circular dots, and improper by crosses. Low P-wave speed in the
supporting water, a = 1460 m/s, p = 1000 kg/m®, changes the first propagating P-SV
mode of the free ice plate into a Scholte mode at the ice-water interface, and the others
into improper leaky modes (compare Fig.(6.1) top). An infinite series of evanescent
plate modes still appears on the proper Riemann sheet as in the free plate.
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The vertical depth dependence of waves in the basement therefore behaves like

eIz — Warzo—wgiz (66)

Recall, however, that the sign of the vertical slowness ¢ depends on our choice of Riemann
sheet. Each sheet therefore yields a different system of c¢ylindrical waves: one with down-
going waves in the basement layer, and the other with up. Furthermore, if the EJP branch
cut is uaed, then ¢; > 0 when p lies on the proper Riemann sheet (giving exponential decay
of the waves with depth in the basement), and ¢; < 0 on the improper (giving exponential
growth).> So long as we use the EJP cuts, as we did when the residue theorem was used
to separate the field into a discrete (mode sum) and continuous (branch-line integrals)
spectrum in Section (5.1), the discrete spectrnin consists entirely of well-behaved proper
modes.

But we can deform the branch cuts, possibly into straight lines directed vertically
upwards from the branch point, which is how the Pekeris branch cuts are taken [125].
Moving the branch changes how the residue theorem is applied. Not only is the path
of the branch line integral in (5.4) changed, but poles that were hidden on the improper
Riemann sheet may now be -ncircled by the integration centour, adding improper modes to
the discrete spectrum. At ti. v..s this is an advantage because the contribution of dominant
improper (leaky) modes may be included more efficiently as part of the discrete spectrum,
rather than through the EJP branch cuts [125]. The disadvantage is that improper modes
cannot be normalized by integrating vertically through the entire waveguide as we did in
Section (5.5) because the mode function becomes infinitely large with depth.®

When the basement is an infinitely thick solid layer, there are four different types

of proper and improper modes. These can be distinguished according to the Riemann sheet

"See Section (4.2.4),

“The integral identity (5.10) still applies for improper modes, but z4 and zp must always be taken at
some finite value in the unbounded waveguide, making its left side non-zero. Following much the same
method, then, we conld derive somewhat more complicated normalizations for improper modes, but this is
beyond the scope of my project,
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they lie on when the EJP branch cuts are used:

sheet 1 = proper sheet for P waves and proper sheet for § waves,
sheet 2 = proper sheet for P waves and improper sheet for § waves,
sheet 3 = Iimproper sheet for P waves and proper sheet, for S waves,
sheet 4 = improper sheet for P waves and improper sheet for § waves.

All proper modes lie on sheet 1, and all improper modes on sheets 2, 3, or 4.

6.1.4 Vertical energy flux

In Section (5.6) we saw that the sign of the real vertical slowness determines
the direction of vertical energy flow for a propagating mode. Since the vertical slowness
¢ is related to the horizontal slowness p according to (6.2), the sign of its veal part ¢, is
determined by the location of p relative to the EJP branch cut and the choice of Riemann
sheet as showa in Fig. (4.1). In an infinitely deep basement layer, at depths below all
sources, we have naturally assnmed that the field has only down (+) going waves; hence,

the measure of the vertical flux Y in (5.41) is simply

_. yP S . dor_ 1 p42 Gor |2 .
Y=Y"+¥ =5+ 0] |PY|" + 3ol |5t (6.7)

for P-SV waves. And if p for a mode were located in a region of the complei plane where
¢r is negative, it would mean that the waves of its vibrations in the infinite hasement are
actually flowing in reverse, upwards from infinite depth, for Y would be negative. Al first
this may seem impossible, for it implies that energy is propagating upwards from depths
below all sources and all reflecting interfaces in apparent vinlation of the radiation condition,

but this upward flow actually occurs in the following way,

Upward energy flow in a lower half s, e

Consider a lossless waveguide for which the propagating modes lic directly on the
real p axis (because they do not sufter encrgy loss), and for which the EJP branch cuts for
an infinitely thick basement layer lie along the real and imaginary p-axis. If absorption is

added to layers above the basement while keeping the basement media lossless, then the
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propagating modes drift upwards in the complex plane, away from the real axis because they
now lose energy in the upper layers, whereas the EJP cuts for the basement remain fixed
fz the axes hecause they depend ¢nly on the basement media. By inspection of Fig. (4.1),
then, we se: %.at proper modes lying above the EJP cut have a small negative ¢, in the
infinite basemsnt; that is, the “down going” wave a lower half space is actually transporting
its energy slightly upwards.

‘This surprising behavior can be explained in physical terms. The wave disturbance
at the source has excited a mode whose vibrations extend downwards into the lower half
space. The mode loses :nergy as it propagates due to absorption in the upper layers, but how
can the vibrations in the botiom lose energy if the bottom is Icssless? The only possibility
is for the waves to send their energy upwards for dissipation in the lossy layers. Indeed,
the energy flows upward at precisely the rate to needed to preserve the shape of the mode
function through all layers, for the relative shape of the mode function must always be the
same in a range independent waveguide—the mode cannot decay more quickly with range
in lossy layers than in lossless layers for instance, for that would alter the shape of the mode
function during propagation. More generally, this upward energy flow can occur whenever
the duct trapping a mode is particularly losry compared to an infinite half space, just as
ocean sediment layers are usually much more lossy than an underlying rock basement, for
example,

To illustrate, consider the Scholte mode at 50 Hz, in a 10 m sand layer lying on
top of a limestone base in the sea floor described in Table (6.1). The mode function and
vertical energy flux for the mode is pletted in Fig.(6.4). The net energy flow is upwards at
depths where the real vertical flux is negative. In this case, energy in the infinitely deep
litmestone layer is drawn upwards by the relatively high absorption losses in the sand at
procisely the rate needed to preserve the relative shape of the mode function as the mode
propagates,

The real vertical energy flow can also be in opposite directions for P and S waves
in an infinite basement, In an S-leaky mode, for example, the high rate of energy loss due
o § wave energy radiation into the infinite basement can force p for the S-leaky mode to

fie above the P-wave branch ¢ut where ¢, for proper P waves is negative. In physical terms,
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Figure 6.4: Upward energy flow in an infinite basement layer. Top: The Scholte mode
location in the complex slowness plane at 26 Hz. Energy loss due to absorption in the
10 m sand layer forces the proper niode above the P- and S-wave branch points for the
limestone basement, which makes the real vertical slowness negative in the limestone,
and reverses the assumed direction of energy flow in the infinite basement. Rottom:
Upward energy flow occurs where the real vertical flux (solid line) is negative, Slight
upward energy flow in the basement layer (z > 10 m) occurs at precisely the rate neaded
to preserve the relative shape of the mode function as the mode propagates (dotted line
shows the magnitude of the vertical displacement). The imaginary (reactive) vertical

flux is also shown (dashed line).
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z z
layer | upper | lower @ Jij P
no. | (m) | (m) | (m/s) | (mfs) | (ke/m)

~00 0.0 1500.0 0.0 1000.

0.0 10.0 | 1650.-50.0¢ | 200.0-20.0¢ | 1900.
10.0 oo | 3000.-5.50¢ | 1600.-5.867 | 2400.

W N

Table 6.1: 10 m sand layer on a limestone sea floor.

the basement P-wave energy flows upwards to the top of the basement where it is partially
converted to a downward S by reflection from the interface. In a lossless waveguide, upward
energy flow is the only loss mechanism available to the basement P waves for an S-leaky

mode.

6.2 Mode trapping mechanisms

In Section (5.3.1) we saw that modes tend to lie in the “L”-shaped region enclosing
the EJP cuts for all Jayers in the waveguide (possible exceptions being interface modes whose
vibrations are confined to a single interface, and plate modes in a thin distinct layer). To
estimate the mode locations more exactly, we must consider the two mechanisms that are
responsible for trapping modes, both of which have already been introduced: 1) repeated
reflection from layer interfaces and waveguide boundaries, and 2) the intrinsic resonance of
an interface between dissimilar media. The distinction between the two trapping mecha-
nisms is not always clear. The vibrations of an interface mode may extend through several

Jayers, in which case repeated reflections play a role in the interface mode,

6.2.1 Modes trapped by constructive reflection

Reflection traps a mode whenever the repeated reflections of waves interfere con-
structively, ‘This is what the condition for modes (5.5) says when interpreted using rays as

in (4.69).
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Duct modes

The band of layers bounding a phase speed minimum can trap a mode, [or at some
range of w and p the cylindrical waves undergo total internal reflection as they travel into
the bounding high speed layers. A good example of a duct is the deep sound chaunel in
ocean acoustics [17]. It is a simple matter to estimate where propagating modes so trapped

must lie since

1. the modes lie close to the real p axis because their cylindrical waves are efficiontly

trapped by total internal reflection at the duct boundaries;

2. the waves must be vertically evanescent in the bounding high-speed layers, again
because the modes are trapped by total internal reflection, which restricts the modes
to the right of p = 1/¢bound, Where ¢hound is the smallest phase speed ab the upper

and lower boundaries of the duct;

3. the imaginary part of the vertical slowness ¢ of the waves inside the duct must be
small enough for the waves traverse the duct without significant vertical decay, which
restricts the modes to the left of the point g = 1/¢yin , where ey is the minimum

phase speed in the duct;

4, the frequency w must be high enough that the P or S wavelengths in the duet are loss
than about twice the thickness of the duct, otherwise the waves are Loo long to he

strongly affected by the duct.
Conditions 1 to 3 imply the duct modes lie close to the real slowness axis, in the range

1/Cl)ouud <p< l/C'miu' (6.8)

Condition 4 implies that a duct cannot trap modes below a cortain cutoff frequency. The
spacing of duct modes in the complex plane depends strongly on the layer profile and the
frequency, and it cannot be estimated in a generally applicable way.

At times, a duct may be bounded on one side by a perfect reflector such ag the

upper boundary of the waveguide in the case of the ocean surface duct [130] [17], To
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illustrate, let us return to the Gutenburg earth model in Fig. (5.11), which has a phase
speed minimum at depth » = 140 km, where omin = 7850 and Pmin = €min = 4350 m/s.
This creates a duct bounded above by the impenetrable interface with the atmosphere, and
below by the infinitely deep basement layer with o = 11350 and 8 = cpouna = 6320 m/s.

The condition for propagating duct modes (6.8) is therefore
0.158 s/km < p < 0.230 s/km, (6.9)

which is confirmed in Fig. (5.13), for there are 10 propagating modes found in that range.
All of the other modes are leaky modes, except for the Rayleigh interface mode (mode
1). In a similar way, by inspection of the Arctic profile in Table (5.1), we see there is a
duet in the water extending from the surface to the sea floor, with cpmin = 1436.3 m/s and

Chound = 2500.0 m/s; hence
0.400 s/km < p < 0.696 s/km,

which is confirmed in Fig. (5.6), for there are 6 propagating modes in that range. All of
the other modes are radiation modes,” except for the fundamental ice-plate mode (mode
1). A consequence of the fourth condition for a duct (item 4 above) is that distinct layers—
conspicuous for their sharply contrasting elastic parameters—can be ignored when choosing
the bounding layers for the duct provided they are much thinner than wavelength. Thus, the
ice and sediment layers in the Arctic profile and the shallow surface duct in the Gutenburg

model do not significantly affect the ducts at the frequencies considered.

Leaky modes

Alithough the cylindrical waves of a mode reverberate constructively within a band
of layers, their repeated reflections may not be perfect, causing the mode to leak energy
out of the duct.® These leaky modes usually occur when the P or § wave speeds in a thick

basement layer are less than the speeds in other layers of the waveguide, for the low phase

TSee Section(6,2.2) below,

81 disagree with Dr. Frisk 48], who suggests that Jeaky modes are not the constructive intexference of
waves, The condition for modes (5.2) is preciscly the condition for coustructive interference of plane or
eylindrical waves, It holds for leaky modes as well as trapped.
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speeds prevents total internal reflection at the top interface of the basement. Leaky modes
are usually much weaker than propagating modes far from the source due to their energy
loss, but they can dominate the field far from the source in the abseunce of propagating
modes [42]. Estimating where leaky modes should lie is more difficult than trapped modes
because the lower bound in (6.8) does not apply in the absence of total internal reflection.
They are also relatively far from the real slowness axis due to their high energy loss.
There are three types of leaky modes named according to the leaking wave type:?
if the basement layer is solid, there are S-leaky modes, and PS-leaky modes; if the basement
layer is a fluid, there are only P-leaky modes. P-leaky modes do not occnr with solid
basements for S waves invariably leak when P waves do since o > 8. In lossless media, all
leaky modes lie on improper Riemann sheets—S-leaky modes on Riemann sheet 2, PS-leaky
on sheet 4, and P-leaky on sheet 3—causing their mode functions to grow exponentially with
depth. For when the basement is lossless, its EJP cuts lie along the real and imaginary axes
of the complex p-plane, and the dual requirement that the mode lose energy (p; > 0)and
that the radiated energy travel downwards in the basement (¢, > 0), imply that p lie on
an improper Riemann sheet as shown by Fig. 1.1). Improper leaky modes ounly occur
in unbounded waveguides because the impenetrable boundaries of the bonnded waveguide
ultimately trap the energy radiated out of the duct. But in a deep bounded waveguide there
are radiation modes that correspond very «losely to the leaky modes in the unbounded case

as we might expect.10

Proper leaky modes

It was surprising to find that leaky modes can be transferred to the proper Riemann
sheet by absorption in the infinite basement layer, Recall that energy absorption is added
to a half space by adding a small negative imaginary part to the P and 8 phase speeds,
which shifts the LJP branch cuts away from the real p axis, If the absorption is great
enough, it is possible for the branch cut to pass over some leaky modes, tragsferring them

from the improper sheet to the proper sheet. In effect, the exponential growth due to

"The suggestion to name leaky modes this way is due to Zhang [137].
19860 Section (6,2.2).
H8ee Section(2,2).
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leakage in a lossless half space is overcome by exponential decay due to energy absorption.
The relatively high absorption typical of low-speed shear waves in ocean sediment layers is
often sufficient to place the dominant S-leaky modes on the proper Riemann sheet. All of
the S-leaky modes reported by Tindle and (N.R.)Chapman [126] are proper modes for this
reason,'? as are the modes reported by Ellis and (M.F.)Chapman [42]. Though instances
of proper leaky modes can be found in the literature, they have appeared without specific
mention, presumably because leaky modes are always assumed to be improper modes, as
they are in the lossless waveguide commonly used in introductory treatments.

Proper leaky modes are of interest for modeling purposes, for normal mode pro-
grams designed for proper modes with complex p, which ordinarily cannot handle leaky
modes due to their poorly behaved mode functions, should be able to handle proper leaky
modes without modification. In fact, it may be justified to add artificially high absorption
in the basement to make a leaky mode environment amenable to a proper mode program.

We have already encountered proper leaky modes in the Gutenburg earth model
in Fig. (5.13), where the artificial absorption added to the basement layer displaced the
S-wave branch line far enough to pass over some S-leaky modes, transferring them from the
improper Riemann sheet to the proper. For a more realistic example for ocean acoustics,
consider the two layer leaky-mode environment used by Ellis and Chapman [42], detailed
in Table (6.2). The mode locations at 200 Hz are shown in Fig. (6.5). In this case the
realistic S-wave absorption of the chalk sea floor is enough to transfer all of the leaky modes
to a proper Riemann sheet for S-waves (Riemann sheet 1 or 3). The exponential decay with
depth of a proper leaky mode is evident in Fig. (6.6), In the absence of absorption in the

basement they would grow exponentially with depth,

¥ Tindle and Chapman call the five modes left of the P-wave branch poiut in their Fig.(2) “trapped modes”
since, lying close to the real axis, the modes suffer little energy loss, But the modes are S-leaky nonetheless,
for they are imperfectly trapped by the low shear wave speed in the bottont half space: § = 550 ni/s with
absorption 0.2 dB/A in the basement, compared with o = 1500 m/s in the water column, The leakage is very
weak becanse the large o @ 3 contrast prevents the leaking shear waves in the bottom from being strongly
excited, In the absence of absorption in the bottom, these modes would be improper modes because the
EJP branch cut for S-waves would slip down over these modes, transfering them to the improper Riemann
sheet 2,
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Figure 6.5: The P-SV mode locations for the two-layer leakv mode environment at 200
Hz. 22 proper S-leaky modes (circular dots), 7 improper PS-leaky modes (square dots),
and the bottom Scholte interface mode (star) are shown, The S-leaky modes are proper
because S-wave ahsorption in the chalk basement has pushed the S-wave branch line
upwards, transferring them from the improper to proper Biemann sheet.
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Figure 6.6: The vertical mode functions for proper S-leaky modes at 200 Hz. “Shown
are the relative magnitudes of the vertical displacement U (solid line) and hotizontal
displacement V' (dashed line). The modes decay exponentially with depth as all proper
modes in infinitely deep waveguides do.
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z z
layer | upper | lower o I P
no. | (m) | (m) (m/s) (m/s) (kg/m%)

1 0. 100.0 1500.0 0.0 1000.
2 100.0 | oo | 2400.-4.40¢ | 1000.0-18.32¢ | 2200.

Table 6.2: The two-layer leaky mode environment used by Ellis and Chap-
man (1985). The upper interface is a traction free boundary. The chalk
basement layer is infinitely thick. This is a leaky mode environment because
the shear speed in the basement is less than the compressional speed in the

water.

6.2.2 Modes in bounded w-vaguides

The impenetrable boundaries of a hounded waveguide trap waves that trayerse
its entire thickness. Like resonant modes in a duct, these top and bottom interacting
modes tend to have small imaginary vertical stowness ¢; for P or § waves in the thickest
layers traversed by vibrations, otherwise they would suffer significant decay due to vertical
evanescence before spanning the waveguide. Since total internal reflection is not involved,
however, there is no lower bound on the estimated mode locatiouns (6.8). Indeed, there {s an
infinite series of modes located roughly along the EJP branch lines of the thickest layers,
A good example of this, cited carlier for evanescent modes in Section (6.1.2), is the infinite
sories of modes in the ¢lementary oceanic waveguide, in which all of the modes lie directly
on the FJP branch line for P waves its fluid layer [L7], [66]. In this way, the EBJP branch
lines continue to play an important role in hounded wayeguides, even though there are no

hranch line integrals to congider,

Radiation modes in deep bounded waveguides

An infinitely deep waveguide is sometimes modeled using a corresponding hounded
waveguide, identical in every respect except that it is hounded below by a deep perfectly
reflecting boundary, Here *deep™ means that the bottom layer i much thicker than the

wavebength for P and § waves, and much thicker than the combined thickness of all the
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z z
layer | upper | lower @ B P
no. | (m) | (m) | (m/s) | (m/s) | (ke/m®)
1 0. 200.0 1500.0 0.0 1000.
2 l 200.0 l 1700. \ 3000.-16.497 | 1732.-11.0¢ | 2000,

Table 6.3: A simple deep bounded waveguide. The upper interface is a

traction free boundary, and the bottom boundary is rigid in welded contact.

other layers in the waveguide. Bounding the waveguide results in a proliferation of bottom
interacting modes that lie close to the EJP branch lines for the bottom layer where ¢; ~ 0;
otherwise they could not traverse the entire bottom layer. These are often called radiation
modes because they radiate into the bottom layer [24] [5]. There is at least one series
of radiation modes for P-waves in the bounded waveguide, but two series—for P and §
waves-—if the basement is solid.

Ways of estimating the location and spacing of radiation modes, which are helpful
when directing a mode search, are considered below in Section (6.4). The correspondence
between the deep bounded and unbounded waveguide is examined there as well. Toillustrate
radiation modes here, I will use a simple two-layer ocean model in Table (6.3). Figure (6.7)
shows the mode locations for the both the unbounded and deep bounded waveguides at 100
Iz, The modes in the unbounded waveguide also appear in the deep bounded, but with
their locations slightly perturbed (not noticeable at the scale of the figures) due to the finite
basement thickness. The perturbation increases as the deep bounded waveguide is made

thinner.

Leaky modes become radiation modes when the waveguide is bounded

When switching from the unbounded waveguide to the corvesponding deep bounded
waveguide, the role of leaky modes is taken on by the radiation modes. That is, radiation
modes jn the deep bounded waveguide are pulled away from a branch line to be located near
the slowness p of the leaky modes for the unbounded wavegunide. This is evident in Fig.(6.7)

for the two-layer model, where the role of (proper) S-leaky modes in the unbounded waveg-
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Figure 6.7: P-SV modes in the complex slowness plane for the unbounded and corre-
sponding deep bounded waveguides at 100 Hz, In the bounded waveguide, there is a
proliferation of radiation modes along the P- and S-wave branchlines of the basement
media.
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uide is taken on by radiation modes in the deep bounded waveguide. Fig.(6.8) shows that
the vertical mode function for one proper leaky mode and its corresponding radiation mo\".e
are virtually identical. A similar correspondence occurs between dominant improper leaky
modes lying above the S-wave branch line, and radiation modes pulled upwards away from
the line to fill the role of the leaky mode. This correspondence suggests that improper leaky
modes in an unbounded waveguide, whose mode function grow exponentially with depth,
could be replaced by closely matched radiation modes of the corresponding deep bounded

waveguide, whose mode function is well behaved with depth.

6.2.3 Interface modes

An interface mode is the resonance of an interface due to a discontinuity in the
layered media, rather than the repeated constructive reflection of waves between interfaces.
Like gravity waves at the surface of water, they entail elliptical particle motion in a vertical
plane parallel to the direction of travel[66, sect. 8.4.3] [127). This precludes interface modes
consisting of strictly P waves in fluid media since their motion is irrotational, and of SH
waves in solid since their motion is horizontal, leaving only the possibility of P-SV interface
modes. The characteristic vibrations of an interface mode are maximal at the reverberafing

interface.

Rayleigh mode

An interface mode due to a traction free boundary on a solid is called a Rayleigh
mode, The free boundary of a homogeneous solid half space always supports one, and only
one, propagating Rayleigh mode. It is nondispersive, and its horizontal slowness of the

mode typically lies in the range!?

1 1
105 = <p< 12 =, 6.10
5 <P 3 (6.10)

The situation is more complicated when the mode interacts with other layers in the waveg-
uide because the wave is then dispersive. An oceanic waveguide having an infinitely deep

solid bottom, for example, supports a Rayleigh mode at very low frequencies (below 1 Hz)

13The phase speed is typically 0,85 to 0,95 times the minimum phase speed ¢miy in cither medinm [127).
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Figure 6.8: A proper S-leaky mode in the unbounded waveguide and its corresponding
radiation mode in the deep bounded waveguide. Shown are the real (solid line) and imag-
inary (dotted line) parts of the vertical displacement U in the vertical mode functions.
The locations of the modes are alinost identical: p = (5.406443 + 0.024069:) X 10~4 s/m
for the S-leaky mode in the unbounded waveguide, and p = (5.4064281 + 0.0240481) X
10~ s/m for the radiation mode in the deep bounded waveguide. The mode normaliza-
tions are also almost identical; their proportions being (S-leaky : radiation)= 1.0056 :

1.0000.
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when the water column is thin compared with the wavelength, in which case 8 in (6.10)
must be taken from deep within the sclid bottom. At higher frequencies, however, the
same Rayleigh mode is likely to become a Scholte mode (considered below) coniined to the
ocean flcor. We have already encountered a Rayleigh mode in the Gutenburg earth model

in Section (5.8).

Scholte modes

An interface mode due to th~ discontinuity at a fluid-solid interface is called a
Scholte mode. The interface between a fluid and solid half space always supports just one

propagating Scholte mode. It is nondispersive, and its horizontal slowness must be

1
min {solid, Bsolids Cfuid }

p> (6.11)

or else it radiates (leaks) energy. Thus, each fluid-solid interface in a waveguide supports »
Scholte mode when the wavelength is considerably less than the thickness of the adjacent
layers. At longer wavelengths, however, the Scholte mode interacts with other parts of the
waveguide, and is likely to become a different mode altogether, possibly a duct or radiation
mode. We have already encountered a dispersive Scholte mode spanning a lossy sand layer

on the sea floor in Fig.(6.4).

Stonely modes

An interface mode cue to the discontinuity at a solid-solid interface is called a
Stonely mode. Unlike Rayleigh and Scholte modes, Stonely modes rarely occur; they only
exist for narrow ranges of elastic parameters a, 3, and p for both media [6]. They have not

been found in seismology [127], nor have I encountered one in the course of this research.

Rayleigh mode of the second kind

An interface mode due to a rigid boundary in welded contact with a solid also
exists, though it is always a leaky mode. This mode appearts in geoacoustics in an indirect,
way, when the waveguide is bounded below by a rigid impenctrable reflector. Since the

waveguide is bounded, this leaky interface mode appears as a radiation mode at roughly
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z z
layer | upper | lower @ Jij p
no. | (m) | (m) | (m/s) (m/s) | (kg/m?)
1 0. 200.0 1500.0 0.0 1030.
2 200.0 | 1200 | 1704.5-0.532¢ | 200.0-0.0733: | 1150.

Table 6.4: The two-layer leaky mode environment used by Arvelo et al.
(1992). The upper interface is a traction free boundary, and the bottom

boundary is rigid in welded contact.

the same location. Recall from (4.49) for the reflection matrix for P-SV waves at a rigid,
welded contact boundary, the boundary wave occurs when M¥* are singular. By setting
[M*|or |[M~| = 0, we can show that the horizontal slowness for a Rayleigh wave of the
second kind at a rigid boundary homogeneous solid half space lies at p = 1/1/a2 + 82. The
mode is leaky because p < 1/a and 1/8. Mode mode appears in a bounded waveguide in
Table (6.4) studied by Arvelo et al. [5], though they make no mention of it. The upper
figure in Fig.(6.9) duplicates their own figure 4, but I have used the complex slowness
plane rather than horizontal wavenumber.! The fourth mode at p, = 0.5895 x 10~3 s/m
(k, = 0.9260 x 10~! m~!) corresponds to the Rayleigh mode of the second kind, made a
proper radiation mode in the bounded waveguide, which agrees well with the theoretical
estimate p = 1/v/a? + 32 = 1/v/1704.52 + 200.02 = 0.5827 x 103 s/m, which is exact when

the basement layer is infinitely deep. The vibrations of the mode are confined to the bottom

interface as shown in Fig. (6.9).

" Arvelo, et al, [5] report P and § wave absorption rates of 0.1 dB/m-Hz in the solid basement, whereas
[ can only duplicate their results using 0.01 dB/m-Hz, Their figure 4 shows 29 of the 37 modes they found,
with the unplotted modes lying off scale. Unfortunately, mode number 4, which corresponds to the Rayleigh
mode of the second kind, is among those left off the diagram. I also find 37 modes close to the rea! axis
in the range of real of real slowness they consider, but there are many other modes further along the real
axis, and higher above the region considered. These are mostly S-wave radiation modes along the S-wave
branchline for the basement media, and there are very many of them becausc the S wavelength is small
relative to the thickness of the basement layer, There is also the Scholte mode trapped at the seafloor.
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Figure 6.9: Top: P-SV modes for the two-layer bounded waveguide at 256 Hz. All
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6.3 Identifying channels in the channel matrix method

The purpose of the channel matrix method is to accelerate the mode search by
compressing the global matrix before computing its singular values, by combining com-
ponents (layers and interfaces) in the schematic diagram together using the numerically
stable scattering matrix method. The only difficulty is to ensure that the compressed ma-
trix remains sensitive to modes trapped at any depth in the waveguide. This requires that
the unknown wave vector for the compressed matrix sample the field at depths within the
channel of every possible mode, where the vertical mode function for the mode will be
significantly large. This can be done following two simple rules when combining elements.

Earlier in this chapter we saw that the boundary of an efficient duct occurs where
the cylindrical waves undergo total internal reflection, which is where the waves switch
from being vertically propagating inside the duct (mostly real vertical slowness g), to being
vertically evanescent outside (mostly imaginary ¢). The first rule, then, is to retain the
unknown wave vectors at every interface across which the P- or S-wave vertical slowness
change from being mostly real in one layer to mostly imaginary in the other, for in this
way we ensure that the compressed matrix will be sensitive to modes trappad in any duct.
A second rule is to retain the unknown wave vectors at all interfaces that could possibly
support an interface mode—impenetrable interfaces, and all interfaces between solid and
fluid layers—because the vibrations of an interface mode are certain to be significantly large
at the interface trapping it.

We could, for example, start at the top of the waveguide, and work downwards,
combining layers and their interfaces into a single scattering matrix using the combina-
tion rules (4.65). Whenever the complex nature of the vertical slowness in the next layer
changes—from dominantly real to imaginary at the houndary of a duct-—the combination
process is stopped and a new element is begun to retain the wave vector at the transmission
depth as an unknown in the reduced ladder diagram for the waveguide. A new combined
element would also be started whenever the media changes from solid to fluid. The com-
bined elements are coupled using the continuity equation (4.42) for the interfaces between

them. To ensure interface modes are detected at impenetrable boundaries, their boundary
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conditions for P-SV waves would be enforced using the basic forms: (4.46) for rigid bound-
aries, and (4.48) for free, Since the vertical slowness depends on the horizontal slowness p,
the depths between components will change throughout a mode search.

In this way, the Arctic profile in Table (5.1) is reduced to as few as five different
components—the free boundary, the ice plate, the water column, the solid sea floor, and
the deep rigid bottom, depending on the slowness p; rather than sixteen components in the
uncompressed waveguide: the free boundary, fourteen layers, and the deep rigid bottom.
The time savings due to compression are considerable. In this case, the time taken for a
search for modes along the real slowness axis is almost exactly ten times longer using the

global matrix than the channel matrix method.

6.4 Deep bounded waveguides—Theory

An unbounded oceanic waveguide is sometimes modeled by a corresponding bounded
waveguide identical in every respect except that it is bounded below by a deep perfectly ve-
flecting boundary. To approximate the unboun-ed case, the bounded basement layer must
be much thicker than the wavelength for P and § waves in the basement media, and much
thicker than the combined thickness of all the other layers in the waveguide. The modes
characteristic of the deep bounded waveguide and its correspondence with the unhounded

waveguide are examined here.

6.4.1 Radiation modes close to the EJP branch lines

Fig.(6.10) is a schematic diagram for the deep bounded waveguide when the wave
vectors are sampled at the top and bottom of the basement layer. The upper reflection
matrix R~ is due to the layer structure above the basement layer (including the top interface
of the basement layer), and the lower reflection matrix Rt is due to the impenetrable
bottom. Up and down going wave vectors are transmitted equally through the homogencous

hasement layer by the transmission matrix (4.40)

eiwgatl 0
T = , (6.12)
0 etwiphl
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where ¢, or gs are the P and S wave vertical slownesses in the basement media with
Im{¢} > 0. By inspection of the diagram, the equation for the wave vector component vi
is
v{ = R™v{ = R"Tvj = R"TR*v} = R"TR¥Tv{; (6.13)
hence
(I-R-TR*T) v{ =0, (6.14)

and the characteristic equation for modes traversing the entire basement layer to interact
with the deep impenetrable bottom is
[I-R™TR*T|=0. (6.15)
In the limit as H becomes large.

lim el = giwarfl (lim e“‘""'”) =0 (6.16)

—00 H—oo

unless the imaginary part ¢; — 0 simultaneously. Thus,

4

0 if Tm{q,} and Im{gg} # O,
| eiwtaH ]
if qo is real and Im{qp} # 0,
0 0
I}l—rbnooT =1 i (6'17)
[ 9
0 0 e
i if gg is real and Im{g,} # 0;
| 0 ezwqu
and
1 if Im{gy} and Im{qs} # O,
Jim 1 R-TRYT| = 1- R Rfe?iH if q, is real and Im{gp} #0, (6.18)

1- R;, sz e?1H  if g is real and Im{q.} # 0,

indicating two possible sets of modes, called radiation modes, along the P and S branch

lines,
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top of deep e
basement layer +
v
1
bottom of deep v2 v2
basement layer *—

Figure 6.10: The reduced schematic ladder diagram for a deep basement
layer. The upper relection matrix represents all layers except the basement,
and the lower reflection from the impenetrable bettom interface. Transmis-

sion through the basemeny is simply that of a homogeneous layer.

189-




OUHAPTER 6. CATALOGUE OF NORMAL MODES 190

6.4.2 The spacing of radiation modes

Since M is large, the phase terms e?@4a,87 change considerably over a small step
Ag¢ along a branch line, whereas the reflection matrix components R;‘; change very little. If
a radiation mode exists at some value of ¢, neighboring modes should lie along the branch
line at ¢ Ao where

wAqH = 2r. (6.19)

Using Aq = (dq/dp) Ap = — (p/q) Ap, the estimate of the mode spacing along a branch line

is

~ o 7rq n
Ap ~ a}flp. (0.20)

The estimate improves as H is made larger.

Notice that the modes can be very close together near the branch point where
q ¢ 0. By analogy with the elementary oceanic waveguide, let us assume that the first
radiation mode on a branch line—the mode closest to the branch point—occurs when a

quarter P or S wavelength A fits veitically inside the basement layer

Al
He =10 (6.21)

Furthermore, assuming that p & 1/c near the branch point, the estimated mode spacing
(6.20) gives

Ap~ “'é?z’gﬁ (6.22)
near the branch point, where ¢ = « or 3 according to the branch line. The search resolution
needed to resolve radiation modes near the branch point must be somewhat smaller than
this.

Radiation modes are further apart away from the branch point. The largest Ap
occurs near p = 0, at the knec in the EJP branch line. In fact, the estimate (6.20) may
break down at the knee because it assumes Ap is small. Following the EJP branch line high
along the positive imaginary axis, however, ¢ = \/I/¢Z - p? — p, and the mode spacing

approaches a constant independent of the elastic media

A (6.23)

1
PR35
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The radiaticn modes trail indcfinitely along the imaginary axis with roughly this spacing.
This result also applies for high-order evanescent plate modes which might be viewed as a

special case of radiation modes trapped in a distinct plate-like structure.

6.4.3 Estimating tlie number of radiation modes

Let us estimate the number of propagating ra-diation modes close to the real p axis,
along the horizontal portion of the branch line. For simplicity, neglect the small imaginary
part of the phase speed ¢ (a or 3), then the branch line tollows the real slowness axis from
p=1/c to 0, where ¢ = 0 and 1/¢, respectively. For waves travelling the circuit from top to
bottom to top again in the basemeni layer, the change in vertical phase along this horizountal
part of the branch line (ignoring changes in R?j in (6.i8)), is roughly 2wAGH ~ 2wll /e,
Dividing this total change of phase into 27 steps gives an estimate of the minimum number
of propagating radiation modes for one branch line

2wH . o
Np~m—2fll/c~2]1//\, (().Zl)

X being the wavelength of P or S waves in the bottom, depending on which branch line
is under consideration. Notice there are proportionally fewer propagating modes at low
frequencies than at high becanse the mode spacing is inversely proportional to frequency
(6.20).

Applying the estimate to the two-layer occanic model considered carlier in Chapter

6, Table(6.3), we have

H = 1500 m,
Ao = aff =23000./100 = 59.00 m, (6.25)
Ag = B/f=1732./100 = 17.32 m;

hence
Ny~ 100  P-wave radiation ;mnodes,

N,~ 173  S-wave radiation modes, (6.26)
Total = 275
which compares well with the total of 255 radiation modes actually found near the horizontal

branch lines in Fig. (6.7), in the range 0 < p, < 1/1732 = 0.577 s/km, and 0 < p; < 0,02
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s/km.

Applying the estimate to a more realistic model, the Arctic waveguide considered

earlier in Table (5.1), we have

H = 2000 m,
Ao = aff =5250/20 = 262.5 m, (6.27)
Mg = B/f=2500/20 = 125.0 m;

hence
N,~ 15  P-wave radiation modes,

Ny~ 32  S-wave radiation modes, (6.28)
Total = 47
which compares well with the total of 45 radiation modes actually found near the horizontal
branch lines in Fig. (5.6).
It is important to know roughly how many evanescent radiation modes may be
required to computc the field in the bounded waveguide to a specified relative precision e,
To this end, let us assume, as in the convergence test (5.42), that the radiation mode series

has converged when

P~ -121;(;3 (6.29)

Dividing by the magritude of the asymptotic spacing (6.23) gives the number of evanescent
modes

N~ __I_I_l_x_n_(c-_)' (6.30)

r
At small ranges the number of modes may be prohibitively large. At very large ranges, no
evanescent modes may be required. Unlike the propagating modes, the number of evanescent
radiation modes N, needed at close ranges is independent of frequency because both the
maximum imaginary slowness spanned by the significant evanescent modes (6.29), and the

asymptotic mode spacing, are inversely proportional to frequency.

6.4 4 Correspondence with the unbounded waveguide

Radiation modes of the bounded waveguide presumably approximate the contribu-

tion of the branch line integrals of the unbounded, Frisk demonstrates the correspondence
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for a two-layer fluid (Pekeris) waveguide [48]. The extension to elastic media will not be
attempted hexe, excepi to point out that the branch line mode spacing (6.20) vanishes as
H — oo, as it must if the serier »~.ses an integral in the limit; and that the field for
each radiation mode can be written in terms of d»wn and up going waves in the basement
layer, as it must if the series represents the integral along both sides of the EJP branch cut
siinultaneously.

For modeling purposes, it is important to know when tie deep bounded waveguide
accurately models the unbounded case. One rule of thumb can be derived by viewing the
branch line mode series as a numerical approximation to the branch line integrals. Ghviously
the modes cannot be too far apart or the integrand will not be adequately sampled along
the branch line. Indeed, there should only be a small change in the complex phase c®rr
betwean modes

w|Re{Ap}ir < 2. (6.31)

Assuming a lossless bottom medium, Ap is pure real along the ESP branch line from the
branch point to the origin, and using (6.20), (6.31) becomes
< ?f: (6.32)
where p' is the slowness of the mode closest to the origin where |Ap| is maximal. This limit
has a physical interpretation, for equality of both sides in (6.32) is the condition of the firsi
bottom bounce of “rays” having horizontal and vertical clowness, p' and ¢. And as the
range from the source increases from zero, it is the bottom reflections of the mode with the
most vertically directed rays-—the mode at the knee of the branch line- that first vuins the
correspondence between the unbounded and deep bounded waveguides, as we might have
expected.
Unfortunately, p’ for the mode at the knee of the branch line cannot be estimated
in a general way, and the limit on 7 can only be nstimated once the mode has been found.
Nevertheless, it is reasonable to take ¢’ = \/1/c? — (p')? & 1/e¢ since p' lies near the origin,

where |Ap| is a maximum, so that (6.32) simplifies to

r & 2Hpe, (6.33)
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where ¢ = o or 8 according to the branch line.

Adding absorption to the bottom media improves the correspondence with the
unbounded waveguide. By pushing the propagating radiation mo-ies away from the real p
axis, the contribution of the higher order modes at the knee of the branch line decreases,
relaxing the condition (6.32) somewhat. More importantly, absorption makes all of the
propagating radiation modes decay more quickly with range, effectively turning them off at
large ranges. If the dominant radiation modes near the branch point become negligible due

to energy loss, vhen
eYPT < ¢, (6.34)

for some small ¢, taking
prlje=1/(c, +ic;) = 1/e, —ic:/c? (6.35)

near the branch point, where ¢; < 0 and |¢;} <€ ¢, we find

cZ1n ()
= 2nfe;

(6.36)
Thus, the effect of absorpticn in the basement is to eliminate the offending bottom bounce
(propagating radiation) modes beyond this range. When the basement is solid, the largest
bound for P-SV waves results using the P-wave phase speed « for ¢, because « is larger
than 8.

To summarize, then, the correspondence between the unbounded and deep bounded
wavegnide is best in the near field, at ranges satisfying (6.33) where p’ is the slownesses for
the highes: order propagating radiation mode; and best in the far field, when absorption is
included in the basement media, at ranges defined by (6.36). Ideally, these two conditions
wottld overlap to give good correspondence between the two waveguides at all ranges.

To illustrate, let us return to the two-layer oceanic waveguide considered earlier,
in Table (6.3). From the P-SV mode locations in Fig.(6.7), we sce that the modes closest
to the knee of the P and S-wave branch lines are roughly p, = 0.065 and 0.080 s/km,

respectively, for which the first condition for correspondence (6.33) is

r & 2 pa = 2 x 1500 X 0.065 xX 10~ x 3000 ~ 585 m for P waves,

\ (6.37)
r € 2HpB =2 x 1500 x 0.080 x 10~3 x 1732 ~ 416 m for S waves.




CHAPTER 6. CATALOGUE OF NORMAL MODES 195

Assuming precision € = 0.01, the second condition is

olln (€) 30001n (0.01)
2 = S ,
"= orfa; 27 x 100 x (—16.49) 4000 m (6.38)

Fig.(6.11) shows the normal stress due to an explosive point source at z = 25.0 m and
f =20.0 Hz, computed for the waveguide when it is ir.finitely thick, and when the basement
layer 1500.0 m thick. Good correspondence is achieved throughout, but it does look as
though the correspondence worsens beyond = = 585 m, then improves again towards 4000
m. Also shown is the field close to the source when the bounded basement is lossless, The
near field correspondence is good for » < 416 1, as predicted for shear waves, beyond
which bottom bounces obviously ruin the correspondence, as shown by the rapid variations.
Repeated bottom bounces continue to all greater ranges since the condition for restored

correspondence (6.36) is r = oo for a lossless basement.

6.5 Weakly coupled sound channels—Theory

To llustrate how close mode pairs occur in weakly roupled channels,'® consider
the two-channel system in Fig.(6.12). The upper and lower reflection components Ry and
R}, represent reflection from the upper and lower channels A and B respectively. The
intervening scattering matrix network, with reflection and transmission partitions R¥ and
T%, represents a band of evanescent lavers that weakly couples the two channels. From the
schematic diagram we can immediately write the channel matrix equation, omitting sources

because we are concerned with modes,

[ 1 -R; o o |[vi]
-RY 1 0o -T; va
~-T 0 i -R; v}

| o 0 -Rf I |[]|vp

=0. (6.39)

*The study of modes in weakly coupled systems finds application in many (linar) physical problems,
and the analysis in each is much the sa..ie. Perhaps the siniplest instance is that of weakly coupled pendula
in classical physics [119). Even closer to the geoacoustic problem is that of weakly coupled intctnal wave
modes in the ocean, which has been studied in detail by Dawson (1988) [30],
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Figure 6.11: Normal stress 7., as a function of range, at depth z = 25.0 m, in the
infinitely deep waveguide (dashed line), computed using contour integration, and in the
corresponding deep bounded waveguide (solid line), computed asing mode summation.
Top: Near field. The field for the lossless bounded waveguide is also plotted (dotted
line). Bottom: Far field. The source, also at depth z = 25.0m, is operating at f = 20.0

Hz.
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evanescent
layers

Figure 6.12: The reduced schematic ladder diagram for a waveguide support-
ing two weakly coupled channels at once. z4 lies inside the upper channel,

and zg within the lower.
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The decoupling of channels is evident when the transmission T% goes to zero due
to strong vertical evanescence. At the same time, the determinant of the matrix goes to
Ral ) T R |1—R;R;“|-[1—R;Rg|—e, (6.40)
-R¥ 1 -R} I
where € = €(w, p) is a small number whose magnitude is less than some upper bound given
by
lel <€ | TZ| T2, (6.41)
where C is a positive real constant and ||TZ|| denotes a norm of the transmission matrices.
In the scalar case for P waves, for example, when z4 and zp lie in fluid layers, the reflection,
transmission, and identity partitions in (6.39) are all scalars, giving

el = [R3RY| |TH| |5 | (6.42)

In the limit of total decoupling ||T%|| — 0, hence € — 0, and the condition for a mode—that

(6.40) be zero—becomes

II-R;R}| |1 - R;Rgl = en 0. (6.43)
At a mode, either
I-R;R} ~0,
‘ Atve l (6.44)
I-R;R}|~0,

or both determinants are simultaneously small. These determinants are the characteristic
equations for modes in each channel considered separately, so the mcdes of the weakly
coupled channels are located near the modes of each channel considered independently, as
expected.

Close mode pairs occur when both conditions (6.14) are satisfied simultaneously.
The slowness p and frequency w of the modes must be a point on the dispersion curves
where the curves for each channel would cross if the channels were totally decoupled. In
the vicinity of such a crossing point p., the left sides of (6.44) can be approximated by a

Taylor series expansion

1= RER| =04+ Aa(p =)+ 0 ((p-pe)?),

- RRE| =0+ A8 (- p) +0 (- 2e)?), (6.45)
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where A4 and Ap are the first derivatives of the left sides of (6.44) evaluated at pg.!8 Sub-
stituting these into (6.43) and retaining only the first order terms, gives the characteristic

equation for the weakly coupled channels near the crossing point p,
Aadg(p—p) =e (6.46)

Solving for p, we find a pair of modes for the coupled system

p=pc.E \/J€/AaAp = p. + Ap/2. (6.47)

The spacing between a mode pair |Ap| = 2 l\/cm I can be very small indeed since € — 0
exponentially due to vertical evanescence. An extensive search at the resolution needed to
distinguish the pair would usually not be feasible, but they can be identified and resolved
using the singular values of the channel matrix during the mode search function as described
in Section (5.3.3).

The mode functions for a close mode pair are approximately anti-symmetric, just
as the modes for the classic mode problem for weakly coupled pendula are anti-symmetric

[23]

- - - _ -
vi vi vi
vy 0 0 .
A~ or . (6.48)
vE 0 0
LVeJ LvBl L-VB|

Thus, both modes must be almost equally excited when the source lies in just one channel to
achieve cancellation in the other channel. But at large distances from the source, the slightly
different horizontal slownesses for a mode pair causes the mode functions to interfere (heat)
with each other. Assuming a range phase dependence e“?" characteristic of cylindrical

waves in the far field, for example, the sum of the two equally excited modes can be written

1%Here I have assumed that A4 and ) p are not zero, which could only occur if the mode in cither system
was itself a double (or higher) mode, meaning that there are actually three or more resonant modes at
slowness p—a very unlikely situation in naturally occuring waveguides,
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as
[ v ] v} ] [ 2vh e“Per cosww Apr/2 ]
giw(petAp/2)r 0 + ¢iw(pm—Bp/[2)r 0 = 0
0 0 (1]
| v5 | -vg | | 26 vp €PT sinwApr/2 |

(6.49)
The interference causes the sound energy of both modes together to transfer between the
channels over a cycle distance D = 27/ (wRe{Ap}) = (f Re{Ap})™! in range. The sit-
uation is analogous to the transfer of pendulum motion in the coupled pendula problem.
Motion in just one pendulum is in time transferred to its resonant partner, originally sta-
tionary, then back again, and so repeatedly transferring the vibration energy between the
two pendula. What happens in time between resonant pendula, happens in range between
resonant channels in the waveguide: waves travelling in one channel are over long distances
transferred to the other, and the back again, with cycle distance D.

To illustrate, consider the almost symmetric fluid waveguide in Table (6.5), con-
trived for demonstration of weakly coupled resonant modes. Fig. (6.13) shows the first and
second singular values in the search for propagating modes along the real axis at 12 Ha.
Close to a mode pair, the search functions follow the form described earlier in Fig. (5.4),
which is evident for the second pair (modes 3 and 4, spacing Ap = .003475 s/kmn), though
not for the first pair (1 and 2, spacing Ap = .0002484 s/km) at the scale of the figure. The
antisymmetric nature of the vertical mode functions is evident in the bottem figure. Fig.
(6.14) shows the transfer of sound energy between the two channels with range for modes 3
and 4 alone. The source is an explosive point source (12 Hz) in the upper channel at 2z = 50
m.

Resonant sound channels may be encountered occasionally when modeling waves
of one frequency in a range independent waveguide. In practice, the frequency band of an
acoustic signal may span several resonances, and slowly varying layer thicknesses and elastic
properties may cause channels to tune in and out of resonance as the sound propagates,
making the coupled channels much more likely, possibly resulting in a partial transfer of

energy between weakly coupled channels, though without ongoing repetition.
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Figure 6.13: Weakly coupled sound channels: Top: The mode search functions along
the real axis at 12 Hz. Deep minima in the second smallest singular value w, indicate
the presence of a close mode pair. Bottom: The vertical mode functions for close
mode pairs are roughly antisymmetric. Here the real part of the normal stress P in the
stress-displacement vector has been plotted for the first two mode pairs (by decreasing
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Figure 6.14: Repeated transfer of sound energy between weakly coupled sound channels.
The source lies in the upper channel at 2 = 50.0 m. Plotted is the normal stress as a
function of range in the upper (solid line) and lower (dashed line) sound channels for the
sum of inodes 3 and 4 alone. The cycle distance determined from their mode spacing is

23.98 km.
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z

V4

layer | upper | lower a | p P
no. | (m) | (m) | (m/s) | (m/s) | (kg/m?)
1 0.0 | 200.0 | 1500.0 | 0.0 1000,
2 200.0 | 300.0 | 2000.0 [ 0.0 1000.
3 300.0 | 501.0 | 1500.0 | 0.0 1000,

Table 6.5: Almost symmetric fluid waveguide. The top and bottom of the

waveguide are bounded by a rigid plane,
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Chapter 7

BIE method for layered meaia

I haveso far developed a new indirect BIE method for the scattering of elastic waves
and a normal mode method for numerijcally computing the complete Green's function for
layered media. It remains to unite them in a single model of elastic wave scattering. This is
a straightforward task from a programmer's perspective, for we need only make the modal
summation subroutine available to the existing Green’s function subroutine. The matter
is much more complicated from the user’s perspective, for, as we will see, one part of the
scattering problem cannot be freely specified without regard for another since there are
several competing parameters that must be balanced for the model to run successfully. As
in BIE methods generally, the kinds of problems that can be solved are biased towards low
frequency scattering, for the wavelength cannot be too small compared to the dimensions
of the inclusion or the number of elements needed to represent its boundary will exceed a
practical limit, In layered media, when using mode summation for the Green’s function,
the low-frequency bias appears in another way, for the wavelength cannot be too small
compared to the thickness of the waveguide or there will be a proliferation of significant

modes beyond a practical limit. These constraints are reviewed below.

7.0.1 Constraints due to element size

We have seen that the size of the boundary elements must be small compared

to the wavelengths in their vicinity. Frequency and phase speed therefore constrain the
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maximum size of the elements, which in turn determines the minimum number of elements
needed to cover a given scattering inclusion. On the other hand, limitations on the available
computer memory and execution time place a maximum limit on the number of boundary
elements, because increasing the number of elements increases the number of nodes, which
in turn increases the number of unknowns and equations in the dense partitions of the BIE
coefficient matrix. Both constraints must be satisfied to solve a scattering problem. Similar
constraints apply in almost all numerical scattering models, whether or not BIE method is
used or layered media are included.

When specifying the element size, both the P and § ‘wavelengths must be consid-
ered. Sea floor sediments pose particular difficulty since the S wave speeds in the upper
sediment layers can be very small, perhaps 200 to 300 m/s, whercas the P wave speed may
be somewhat higher than that of water, 1500 m/s. This makes the P wavelength roughly
7.5 times larger than the S. In scattering from a sphere, for example, when kr = 3.0 for
P waves, it may be 22.5 for S, which is rather large for any three-dimensional full-wave
model to handle. Thus, low speed sediments can only be included in the waveguide if the
scattering inclusion does not pass through them.

Finally, tall vertical sides to the scattering inclusion should be avoided in the
indirect BIE method for layered media, because the integral coefficients for all elements
above and below a surface computation point are troublesome due to poor convergence in
the mode series, whereas perhaps only as many as six troublesome elements can be handled
reliably.! Hence, a vertical side wall cannot be much greater than the smallest wavelength

near the inclusion.

7.0.2 Constraints due to mode proliferation

We have seen that a complete normal mode treatment of the Green’s function is
only possible for waveguides that are bounded top and bottom by an impenctrable plance
boundaries. Moreover, as the hounded waveguide is made thicker, or frequency is increased,

there is a proliferation of radiation modes that must be included in the mode series,? which

!The indirect method becomes numerically unstable as the number of troublesome elements in an equation
increases; see Section (3.5.1).
%See Section (6,2,2).
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can make the mode search tedious, and the modal summation intolerably slow. The rles
for estimating the number of propagating and evanescent radiation modes in terms of the
frequency and waveguide thickness are given in Section (6.4). It must be remembered that
there may be more than one evanescent mode series, since each plate-like structure in the
waveguide is likely to have its own plate modes trailing along both sides of the imaginary
slowness axis. Fortunately, the vertical mode functions of evanescent plate modes are con-
fined within the plate-like structure that engenders them, so entire series of evanescent plate

modes can be omitted if the scattering inclusion lies outside the plate.

7.1 The particular solutions for layered media

It is important to note that, unlike homogeneous domains, the point sources gen-
erating the particular solutions in layered media cannot lie within, or directly above or
below the scattering inclusions, again because of poor convergence in the mode series when
computing the particular solution (unscattered incident field) at the boundary. To accom-
modate those source locations, while still using a truncated mode series, we would have
to derive a new delta-function sifting term ¢ for the incident field term,3 by excluding the
source using a vanishingly small exclusion cylinder, positioned vertically, reaching from the
top to the bottom of the waveguide and piercing through the scattering inclusion. Although
I have had some success along these lines, I have nothing conclusive at the time of writing.

It is best to use particular solutions that excite both P-SV and SH waves (in solid
layers) in significant proportions, to provide as much information to the indirect solution as
possible. This can be done in layered media by exciting both a horizontal twisting source
plus a randomized point force. The horizontal twisting source is a source of SH waves that
can be imagined as horizontal rotational oscillations of a point in welded contact about its

vertical axis. It consists of a moment tensor in (4.54) having the form

) My 0
M=|-Mp 0 0]. (7.1)
0 0 0

YSee Section(2.4),
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7.2 Interfaces and edges

We have seen that the displacement tangential to an interface with a fluid can be
discontinuous. When the boundary of the scattering inclusion is smooth and passes through
the plane interface adjoining a fluid layer, the component of displacement tangential to both
the plane interface and the inclusion boundary (the horizontal component of displacement
tangential to the boundary) can therefore be discontinuous as well. To permit a displace-
ment discontinuity, we can treat the line of contact between the interface and boundary
using double nodes along the line [8, sect. 7.2.3]. To place nodes on this line of disconti-
nuity, it must be a dividing line between boundary elements. And to place double nodes
on the line, the nodes from elements on both sides of the line must be treated as sepavate
nodes, even if they are coincident. Coupling of the field can be enforced hetween double
nodes using additional coupling equations in the coefficient matrix (3.8) that relate double
nodes in the same perspective. For instance, assuming that the interface hetween a fluid
and solid layer lies outside the boundary, the continuity equations between double nodes
would equate the traction vector, the vertical displacement, and the horizontal displacement
normal to the boundary, while leaving the horizontal component of the tangential displace-
ment discontinuous. If there is an interface both outside and inside the boundary, however,
as there will be in the free-field test in layered domains, the continuity of the horizontal
displacement normal to the line of discontinuity should not be enforced.

The traction vector will be discontinuous across an edge in the boundary, because
the traction depends on the normal vector, The discont*auity in traction can also he handled
using double nodes and additional coupling equations. Here again, the coupling conditions
depend on the media, whether fluid or solid, both inside and outside the scattering inclusion,
Matters become rather complicated if an edge is coincident with an interface between a fluid
and solid layer.

I will not attempt a general treatmeni of lines of discontinuity here. When in
doubt, it seems the best policy is to enforce no coupling between double nodes and let
the BIE solution resolve discontinuities itself. Instead of using coincident double nodes,

for example, we could stagger the nodes across the line of discontinaity, in which case no




CHAPTER 7. BIE METHOD FOR LAYERED MEDIA 208

coupling is the only possibility, The worst policy is to force continuity where it should
not, be, for, like the error of welded contact with fluids (Section (2.3.2) and (3.2.4)), it
forces the B1E method to solve the wrong—if not & meaningless—boundary value problem.
FExamples of edges and extension of the inclusion through a fluid-solid interface are among

the demonstrations given below.

7.3 Demonstration of the BIE method for layered media

After a particular scattering problem has been carefully planned, and it has been
determined that the number of modes and boundary elements are practicable, the new

model proceeds in this way:
1. the modes must be found, and their vertical mode functions computed;

2. the srurce locations for the particular solutions, and their fields u and t at the bound-

ary clement nodes must be computed and saved for quick access;

3. the surface- and null-field computation points must be chosen, and the coefficients
for their corresponding integral equations computed (using the particular solutions to
compute troublesome coeflicients indirectly) and verified using consistency tests and

the free-field test;

4. the integral equations, together with the boundary and continuity conditions, must

be solved for u and t at the boundary nodes, then verified using the null-field test;

b ]

. the displacement u can be computed at points off the boundary using the whole-field

equation.!

It need hardly be mentioned that the new model, like most three-dimensional
modcls of scattering, requires considerable time and effort to setup and run, especially
in its ecarliest stages of development. It also requires many utility programs to specify

the boundary elements, automatically choose points of one kind or another, verify test

*Components of the stress tensor 7 could also be computed as noted in Section (3.2.5).
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results, and plot the boundary and elastic field. It is impossible to review all of this in
detail. Instead, my aim is to show that the method works in elastic waveguides, and to
indicate the diverse range of problems it can undertake, such as scattering from penetrable,
impenetrable, and mixed inclusions that cross a layer interface.

To demonstrate that a model works is one task, but to analyze the corresponding
physics is quite another. At this early stage in the model development, I will not venture
far into the analysis of scattering, by hypothesizing general rules governing scattering in
such cases for example, for that requires considerably more detail than a demonstration
requires, plus many more simulations for verification. Without knowing beforechand what
direction such rules about scattering may take, I hope the demonstrations will be complete
enough to allow readers (and myself at a later date) to make preliminary judgments about,
scattering, or to find confirmation of principles derived in other ways.

Three demonstrations will be given, ordered by increasing complexity; they are
scattering by 1) a cavity in an ice plate, 2) a half-buried sphere on the sea floor in a shallow

ocean, and 3) a circular ice dome in a floating ice plate in an Arctic environment.

7.3.1 Hemispherical cavity in an ice plate

To begin, let us consider scattering from a 1 m radius hemispherical cavity on
the fioor of a 3 m free ice plate. For simplicity, the ice, frequency (750 Hz) and modes
are the same as for the free plate considered earlier in Fig. (6.1). Details of the BIE
setup are summarized in Table (7.1). Twenty boundary elements cover the hemisphere as
shown in Fig. (7.1). The sources generating particular solutions for the indirect coefficient
computations are positioned as shown in Fig. (7.2), the excitation for each source being
the sum of a randomly oriented point force and horizontal twisting source (7.1). More than
enough modes have been found as shown in Fig. (7.3), where the relative strength of each

mode has heen plotted, when evaluated at the edge of the close neighborhood in which

indirect computations are performed.
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1 m Hemispherical Cavity
No. boundary elements: 20

No. boundary nodes: 89
Avg. node spacing: 0.375 m
Symmetry assumed: Bilateral symmetry in y = 0 plane

Ice plate and modes

@ 3300 — 33.0i m/s

A 1730 — 20.0 m/s

) 900.0 kg/m3

H 30m

Upper interface: traction free; t = 0
Lower interface: traction free; t = 0

No. of P-SV modes: 5 propagating; 894 evansecent (max. p; = 0.1s/m)
No. of SH modes: 3 propagating; 448 evansecent (max. p; = 0.1s/m)

Equations for ice domain: Perspective 0
No. surface computation points: 50 points; 5 per element on half the boundasy
No. interior computation points: 100 scattered randomly inside cavity
Straightforward integration: 10 by 10 Gaussian quadrature scheme
for each boundary element
Close neighborhood of elements: ¢ = 0.15 m
No. particular solutions: 428
Boundary Conditions: t=0

Table 7.1: Setup for scattering from a hemispherical cavity on the floor of
an ice plate. There is only one penetrable domain, the 3 m ice plate outside
the hemisphere, and therefore only one perspective for the boundary integral

equations, perspective 0.
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Oblique projection: Viewer in quadrant 1
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Figure 7.1: 20 boundary elements cover the hemispherical cavity. Surface-field compu-
tation points (circular dots) are distributed evenl; over half the boundary, but not at
the element nodes, with the remainder made up using bilateral symmetry. 100 null-field
points (square dots) are randomly distributed inside the cavity. Traction-free boundary
conditions are applied to the cavity and the top and bottom interfaces of the ice plate.

The center of the spherical boundary is at (z,y, 2) = (0,0,3) m.
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Figure 7.2: 428 sources generating particular solutions are distributed randomly in the
3 m ice plate. No sources lie inside or directly above the hemispherical cavity. Top:
View along z axis. Bottom: View along z axis.
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Figure 7.3: The relative strength of evanescent modes in the P-SV (circular dots) and
SH (square dots) mode series decay exponentially with increasing imaginary slowness.
Here the source is a point source at z = 2.0 m, and the receiver is just ¢ = 0.15 m away,
at the same depth. The source excitation is a combined vertical point source (P-SV

waves only) plus horizontal twisting source (SH waves oily).
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Incident P-SV waves

The free-field test was used to verify the BIE setup and the integral equations
computed for the scattering problem. Using boundary condition equations, the traction at
each node was set to the free-field traction due to a vertical point force—a source of P-SV
waves alone—acting at (z,y,2) = (50;0, 0.0,0.01) m in the ice plate, and the BIE method
was used to compute the unassigned displacement. The error in the displacement at the

nodes was found to be 3
Avg. erry = 2.61 %,

Max. err; = 9.25 %, (7.2)
errp /ferr; = 1.19
Fig. (7.4) shows both the BIE computed and exact displacement fields on the boundary for
the test. Notice that we are solving an equation of the second kind in displacement alone
because the traction at the boundary element nodes is known from the outset, as will be
the case when solving the actual scattering problem.®

Then the scattering boundary conditions t = 0 were restored, and the boundary
field for the cavity was computed using the BIE method for the same P-SV incident field.
The result was verified using the null-field test in Fig. (7.5).”7 Recall that the total field
(incident plus scattered) si:ould ideally drop discontinuously to zero in the exterior domain
(inside the cavity); hence, the scattered field should be the negative of the incident inside
the cavity, and their magnitudes (plotted in the figure) should be equal there. Note that
indirect ccefficient coiu,; tations were used at all interior points because they lie directly
below the boundary e'ements.

Once the boundary field is available, the field can be computed at any point off
the boundary. Fig. (7.6) shows the incident field in the vertical y = 0 plane through the
axis of the cavity and tle source. The scattered field is weak, roughly 18 dB lower than the
incident field as shown in Fig. (7.7). Fig. (7.8) shows a far-field polar plot of the P-S§V (u,

and u,) and SH (u¢) components of the scattered displacement field at the top and bottom

*The errors err) and errz are defined in Section (3.8).

%The nature of the integral equation, whether of the first or second kind, was considered in Section (2.7)
and (3.2.2).

"The null-ficld test was described in Section (3.7).
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Figure 7.4: The BIE method was used to compute the free-field displacement on the
boundary (solid line) due to a vertical point force at (2, y, z) = (50.0,0.0,0.01) m (dotted
line, exact). Top: Displacement magnitude on a horizontal line around the walls of the
false cavity at depth 2 = 2.5 m, as a function of azimuthal angle ¢ about its vertical
axis. The incident field approaches from ¢ = 0.0. Bottom: The displacement on the
walls in the vertical plane y = 0 as a function of depth.
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of the waveguide. The SH contribution is zero in the y = 0 plane as required by symmetry.
Fig.(7.9) shows the field along a horizontal line along the surface of the waveguide in the
y = 0 plane. Indirect coefficient computations were needed to compute the field directly

above the scattering inclusion.

Incident SH waves

The computations were repeated for a source of SH waves, a horizontal twisting
source (7.1), positioned at (z,y, z) = (50.0,0.0,2.0) m, operating once again at 750 Hz. This
time bilateral symmetry was not used assumed because the plus-minus symmetry needed
for the SH incident field was not implemented in the BIE program. Instead, additional
surface-field equations were computed at points evenly distributed on elements that went
without surface-field points when bilateral symmetry was used before. The results of the

free-field test were
Avg. erry = 217 %,

Max. err; = 8.25 %, (7.3)
erry [erry = 1.37
The computed and exact fields for the free-field test are shown in Fig. (7.10).

The incident field due to the source is shown in Fig. (7.11), and the scattered field
due to the cavity is shown in Fig. (7.12). Now the effects of scattering are somewhat larger,
lying roughly 13 dB below the incident field, presumably because the incident field consists
purely of S waves. These interact more strongly with the relatively small cavity since their
wavelengths are about half as long as the P wavelengths generated by the vertical point
force. The polar plot in Fig.(7.13) shows the conversion from incident SH waves, which have
no vertical displacement u,, to P-SV waves that do. Fig. (7.14) shows the field along a
horizontal line along the surface of the plate. Here again, indirect coefficient computations
were needed at points directly above the cavity. Finally, Fig. (7.15) and (7.16) show the
total and vertical displacement at the surface of the ice. The vertical displacement is a

purely scattered field since the incident field consists only of horizontal SH waves.
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Figure 7.5: The BIF solution for scattering from the cavity was tested using the null-field
test. Here the magnitude of the total displacement (incident plus scattered, solid line)
is plotted along a horizontal line (y, z) = (0.0,2.95) m, passing through the boundary
between z ~ —1 to +1 m. Ideally the total field should drop to zero inside the cavity
where the boundary integral gives the null-field result. This requires that the magnitude
of the incident field (dotted line) equal that of the scattered field (dashed line) inside
the inclusion.
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Figure 7.6: Incident Field (plotted laterally): The magnitude of the incident displace-
ment field in the vertical y = 0 plane, due to a vertical point force at the surface of the
ice at (z,y, 2) = (50.0,0.0,0.01) m.
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Figure 7.7: Scattered Field (plotted laterally): The magnitude of the scattered dis-
placement field in the vertical y = 0 plane. The dark band is the zone in which indirect
coefficient computations are required, but were omitted to reduce the computation
time. The incident field is that of a vertical point force at the surface of the ice at

(2,9, z) = (60.0,0.0,0.01) m.
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Figure 7.8: A polar plot of the scattered field in a horizontal plane at a radial distance
25.0 m from the axis of the cavity. The magnitude of the displacement vector is the
solid line, vertical u, the small dashed, radial u, the long dashed, and azimuthal Uy the
dotted. The incident field due to a vertical point force approaches the cavity from the

right.
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Scattering from a hemispherical cavity
Displacement along the ice surface, z = 0.01 m
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Figure 7.9: The displacement field along a horizontal line (y, z) = (0, 0.01) passing over
the cattering cavity. The total field is the solid line, the incident the dotted, and the
scattered the dashed. Indirect coefficient computations were used at points directly
above the cavity, between z = -1 to +1.




222

Free-Field Test
Displacement field on boundary of inclusion
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Figure 7.10: The BIE method was used to compute the free-field displacement on the
boundary (solid line) due to a horizontal twisting source of SH waves at (z,y,2) =
(50.0,0.0,2.0) m (dotted line, exact). Top: Displacement magnitude on a horizontal
line on the walls of the false cavity at depth z = 2.5 m as a function of azimuthal angle
¢ about its vertical axis. The incident field approaches from ¢ = 0. Bottom: The
displacement on the walls in the vertical plane y = 0 as a function of depth 2.
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Figure 7.12: Scattered Field (plotted laterally): The magnitude of the scattered dis-
placement field in the vertical y = 0 plane. The dark band is the zone in which in-

direct coefficient computations are required, but were omitted to reduce the compu-

tation time. The incident field is that of a horizontal twisting source of SH waves at

(=,¥, 2) = (50.0,0.0,2.0) m.
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Figure 7.13: A polar plot of the scattered field in a horizontal plane at a radial distance
25.0 m from the axis of the cavity. The magnitude of the displacement vector is the
solid line, vertical u, the small dashed, radial u, the long dashed, and azimuthal u, the
dotted. The incident SH waves due to a horizontal twisting source approaches from the
right.
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Figure 7.14: The displacement field plotted along a horizontal line (y,z) = (0,0.01)
passing over the scattering cavity. The total field is the solid line, incident the dotted,
and scattered the dashed. Indirect coefficient computations were used at points directly
above the cavity, from z = —1 to +1. The incident field is due to a horizonta! twisting

source of SH waves at (2, y, z) = (50.0, 0.0, 2.0).
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Figure 7.15: Total Field (plotted laterally): The magnitude of the total (incident plus
scattered) displacement field at the surface of the ice z = 0.01 m. The incident field is

that of a horizontal twisiting source of SH waves at (z,y, z) = (50.0,0.0,2.0) m.
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Figure 7.16: Scattered Field u, (plotted laterally): The magnitude of the vertical compo-
nent total of the scattered displacement field at the surface of the ice z = 0.01 m. The in-
cident field is that of a horizontal twisting source of SH waves at (z, y, z) = (50.0, 0.0, 2.0)
m. u, is due entrely to scattering by the cavity since the incident field consists purely

of SH waves.
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1.193 m Rigid Sphere
No. boundary elements: 12 in water, 44 in sand

No. boundary nodes: 57 in water, 201 in sand

Avg. node spacing: 0.396 m in water, 0.211 m in sand

Symmetry assumed: Bilateral symm. in y = 0 plane
Modes

No. of P-SV modes: 1922 (max. p; = 0.08s/m)
No. of SH modes: 200 (max. p; = 0.1s/m)

Equations for ocean domain: Perspective 0

No. surface computation points: 168 total; 5 per element on half boundary
and 1 central point per element on other half

No. interior computation points: 30 scattered randomly inside cavity

Straightforward integration: 7 by 7 Gaussian quadrature scheme
for each boundary element

Close neighborhood of elements: €= 0.15m

No. particular solutions: 440

Boundary Conditions: u-n =0

Table 7.2: Setup for scattering from a rigid sphere half buried in a sand
layer. There is only one penetrable domain, the shallow ocean outside the
sphere, and therefore only one perspective for the boundary integral equa-

tions, perspective 0.

7.3.2 Rigid sphere half buried in sand

The next demonstration is of scattering from a small rigid sphere half buried in
sand on the floor of a shallow ocean, as shown in Fig. (7.17). Details of the BIL setup
are summarized in Table (7.2). 56 boundary elements cover the hemisphere as shown in
Fig. (7.18). Since the sphere crosses the water-sand interface—a line of discontinuity in
the horizontal displacement—the perimeter of the boundary elements must lie along that
interface, and double nodes used across it. The sources generating the particular solutions
are shown in Fig. (7.19). The P-SV and SH modes for the waveguide at 200 Hz are shown
in Figures (7.20) and (7.21), respectively.
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The free-field test was used again to verify the BIE setup and the integral equations
computed for the scattering problem. The displacement at each node was assignad the
displacement of the Scholte mode at the sand-water interface excited by an explosive source
at (z,y,2) = (20,0,50.1) m. The BIE method was then used to compute the unassigned
free-field traction. Notice that we are solving an equation of the first kind in traction alone
because the displacement vector at the boundary element nodes is known from the outset.
Double nodes acrass the line of discontinuity on the boundary were left totally uncoupled,
permitting both a displacement and traction discontinuity on the boundary across the sand-

water interface. The errors in traction at the boundary element nodes were

Avg. erry = 251 %, -
Max. err; = 7.5 %, (7.4)

errg /err; = 5.83

Tig. (7.22) compares the computed and exact fields on the boundary for the test. Recall
that the test is somewhat better at points off the boundary due to the smoothing operation
of the whole-field integral equation.®

Then the boundary conditions for the impenetrable rigid sphere were restored,
and the BIE method was used to compute the unknown parts of the boundary field: the
traction at all nodes, and the tangential components of the displacement at nodes in the
water. Fig. (7.23) shows the incident and scattered field in the vertical y = 0 plane through
the axis of the sphere and the source. Fig. (7.24) and (7.25) show the total and scattered
field in a horizontal plane just below the top of the sand layer. Fig. (7.26) is a far-field
polar plot of the P-SV and SH components of the scattered displacement field at the top

and bottom of the waveguide.

¥See Section (3.2.2).
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z=0 free
water
o = 1500. m/s ;
p = 1000. kg/m

rigid sphere, a=1.193 m

0=1650.-24.19imis. - . Ll
CB=3T80- T3
p-= 1900 kghm - LIl

.................................

.......................

rigid

Figure 7.17: Schematic diagram of half-buried rigid sphere. The ocean is 50
m deep, and the sand layer 5 m. The surface of the ocean is a traction-free

boundary, and the bottom of the sand layer is rigid (welded contact).
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Boundary Element Plot

Oblique projection: Viewer in quadrant 1
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Figure 7.18: The radius of the half-buried rigid sphere is 1.193 m. There are 12 boundary
elements in the upper hemisphere touching the water, and 44 on the lower touching the
sand where the S wavelegth is relatively small. The equator is a line of field discontinuity
at the sand-water interface where double nodes are needed. There are 168 surface-field
computation points (circular dots) and 30 randomly placed interior null-field points

(square dots).
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Figure 7.19: There are 440 point sources generating particular solutions for the half-
buried sphere. Top: View along 2 axis. Bottom: View along z axis. The sources are
randomly positioned; the region covered being roughly two P wavelengths in the z and

y directions. There are no sources directly above, below, or inside the sphere.
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Figure 7.20: P-SV modes for the shallow ocean waveguide at 200 Hz. Top: Mode
locations in the complex slowness plane. Notable are the Scholte mode at the sand-
water interface (p, = 2.970 s/km); propagating modes trapped in the sand layer on the
S-wave branch line (solid line); propagating radiation modes (p, < 0.667 s/km); a series
of water-born evanescent modes along the imaginary axis; and a series of evanescent
plate modes for the sand layer on both sides of the imaginary axis. Bottom: The
vertical mode functions for the first eight propagating modes in order of decreasing
pr: vertical displacement U is the solid line, and horizontal V is dotted. The relative

magnitudes are plotted.
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Figure 7.21: SH modes in the 5 m sand layer at 200 Hz. Top: The SH modes lie
along the S-wave branch line (solid line) of the sand layer. Bottom: The vertical
mode functions for the first ten propagating modes in order of decreasing p,: horizontal
displacement W is solid line, shear stress T' is dotted.
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Figure 7.22: Free-Field Test: The BIE method was used to compute the free-field
traction (solid line) at the boundary due to an incident Scholte mode (dotted line,
exact). Top: Traction magnitude on three horizonta! lines around the walls of the false
sphere as a function of azimuthal angle ¢. The incident Scholte mode approaches from
? = 0.0. Bottom: Traction ir the vertical y = 0 plane as a function vertical angle
0 from the center for the sphere; # = 0 points vertically downwards. The sand-water
interface is evident from the discontinuity at 90 degrees due to the edge at the ice-water

interface, z = 3.0 m.
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Figure 7.23: Scattering from the half-buried sphere. Top: Magnitude of the displace-
ment due to the incident Scholte mode in the vertical plane y = 0. Bottom: Magnitude
of the displacement in the field scattered from the half-buried sphere. The white band
is the zone in which indirect coefficient computations are required, but were omitted to
reduce the computation time.
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Figure 7.26: Scattered Field (plotted laterally): The magnitude of the scattered dis-

placement field at the top of the sand layer at z = 50.01 m. The incident field is a

Scholte mode approaching from the right.
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Scattering from half-buried sphere
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Figure 7.26: A polar plot of the scattered field in a horizontal plane just below the top
of the sand layer z = 50.01 m, at a radial distance 150.0 m from the axis of the rigid
sphere. The magnitude of the scattered displacement vector is the solid line, vertical u,
the small dashed, radial u, the long dashed, and azimuthal uy magnified 10 times the
dotted. The incident field is a Scholte mode approaching from the right.
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7.3.3 Circular ice dome

The final demonstration is of scattering from a circular ice dome in a 3 m ice plate.
A schematic of the model is shown in Fig. (7.27). The ice dome extends 2 m spherically up
out of the waveguide, and 4 m down below the ice, into the water, as detailed in Fig. (7.28).
The details for the BIE method are summarized in Table (7.3). There are two penetrable
domains, hence, vwo perspectives for the integral equations: the exterior waveguide (per-
spective 0) and the interior of the ice dome (perspective 1). The two perspectives share 15
boundary elements inside the ice layer and sea wauer, and the field is coupled across those
elements using continuity conditions applied at the nodes. Perspective 1 needs 9 additional
impenetrable elements to close the upper part of its boundary outside the waveguide, where
traction free t = 0 boundary conditions apply; hence, the interior domain is a mixture of
both penetrable and impenetrable boundary elements.

The Green’s function for perspective 0 is for the Arctic waveguide considered earlier
in Table (5.1). The Green’s function for perspective ! is for an unbounded homogencous
ice domain. The P-SV modes for the Arctic profile at 20 Hz have been reported earlior:
the propagating in Fig.(5.6) and evanescent in (6.2). The SH modes for the ice plate at 20
Hz are shown in Fig. (7.29). SH modes in the sediments and bottom of the ocean are not
needed because their vibrations do not enter the water. Each perspective has its own set of
null-field points in their respective interior domain, as shown in Fig. (7.30). Each also has
its own set of particular solutions for the indirect BIE method; those of perspective 0 lying
within the waveguide—though not inside or directly below the scattering inclusion-—, a3
shown in Fig. (7.31), and those for perspective 1 distributed uniformly aronz: the inclusion
in every direction, as shown in Fig. (7.32).

The free-field test was used to test the integral equations and BIE setup for
both perspectives. The free-field was due to a vertical point force acting at (x,y,2) =
(200,0,0.01) m for both perspectives. Two tests were made for each perspective. In the
first the free-field boundary displacement was assigned to the nodes using boundary condi-
tion equations, and the BIE method was used to compute the unassigned traction vector

(equation of the first kind); in the second, traction was assigned and displacement, was
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| ice dome
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z=0 M

ice
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z=3m water \ |/ /

(Arctic profile) T
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Figure 7.27: Schematic diagram of an ice dome in a 3m ice plate. The

waveguide below the ice dome is the Arctic waveguide.

computied (equation of the second kind). Fig. (7.33) and Fig. (7.34) compare the exact
and computed boundary traction for the tests.

The boundary field was then computed for the scattering problem, using the same
integral equations used in the free-field tests, plus the coupling equations between the
common nodes of the two perspectives, plus the coupling equations for vertical displacement
1, across the cdges in each perspeciive, plus the traction-free boundary conditions for
the top of perspective 1. Fig. (7.35) shows the incident and total displacement fields in
a horizontal plane at the surface of the ice. Fig. (7.36) and (7.37) show the scattered
displacement and its three vector components in cylindrical coordinates centered on the
axis of the ice dome. Finally, Fig. (7.38) shows the far-field polar plot of the scattered field

at the ice surface, at a radius 500 m from the axis of the dome.
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Perspective 0: Arctic waveguide

No. boundary elements:
No. boundary nodes:
Symmetry assumed:
No. of P-SV modes:
No. of SH modes:

No. surface computation points:
No. interior computation points:

No. particular solutions:
Straightforward integration:

15

79

Bilateral symm. in y = 0 plane
1168 (max. p; = 0.08s/m)

26 in ice plate only (max. p; = 0.23/m)

38

100

480

7 by 7 Gaussian quadrature scheme
for each boundary element

Close neighborhood of elements: ¢ = 0.95 m
_Perspective 1: ice dome

No. boundary elements: 24

No. boundary nodes: 122

Symmetry assumed:
!
B
p

No. surface computation points:
No. interior computation points:

No. particular solutions:
Straightforward integration:

Close neighborhood of elements:

Bilateral symm. in y = 0 plane
3300. — 33.0i m/s

1730. — 20.0¢ m/s

900 kg/m?

73

194

400

7 by 7 Gaussian quadrature scheme
for each boundary element
e=0.95m

Table 7.3: Setup for scattering ice dome in a floating ice plate.

%

J
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Figure 7.28: There are 24 boundary elements in the ice dome. The ice layer spans
depths z = 0 to 3 m. Top: View along z axis. Bottom: View along y axis. Perspective
0 requires only 15 elements to enclose the dome extending into the waveguide (z > 0).
Persepctive 1 requires ali 24 elements. The surface-field computation points (circular
dots) are the same for both perspectives on their common boundary elements. The
edges of the dome are lines of discontinuity where double nodes are required. Bilateral
symmetry was assumed in the computations.
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Figure 7.29: SH modes for the 3 m ice plate at 20 Hz. Top: The location of the SH
modes in the complex plane. There is only one propagating SH mode at this relatively
low frequency. Bottom: The vertical mode functions for the first 5 modes ordered by
decreasing p,. Shown are the relative magnitudes of the shear displacement W (solid

line) and stress T’ (dotted line).
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Figure 7.30: Interior point locat6ons: Each perspective has its own set of null-field
computation points in their interior domain. Top: Perspective 0 has 100 interior points
inside the ice dome for z > 0. Bottom: Perspective 1 has 194 null-field points dis-
tributed uniformly in a spherical domain outside the ice dome.
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Figure 7.31: Sources for Particular Solutions, Perspective 0: 480 sources generate the
particular solutions for the waveguide. They have been positioned in two regular sets:
one set for the ice, and one for the water column. There are no sources above, helow,
or inside the ice dome. There are no sources in the sea floor because the ice dome is far

from the bottom. Top: View along z axis. Bottom: View along z axis.
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Figure 7.32: Sources for Particular Solutions, Perspective 1: 400 s uzces located ran-
domly inside and outside the ice dome generate the particular solutions ior perspective 1.
There are few restrictions on the source location since this perspective nses the Green’s
function for a homogeneous unbounded domain. Top: View along z axis. Bottom:
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Plot of field on boundary
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Figure 7.33: Free-Field Test, Perspective 0: The BIE method was used to compute the
free-field on the “false” boundary of the dome (solid line) due to an explosive point
source at (z,y,z) = (50,0,1) (dotted line, exact). The test was performed twice: first
the displacement u was computed from the free-field traction, then the iraction t was
computed from the free-field displacement. Top: Magnitude of u and t on a horizontal
line around the wall of the false dome as a function of azimuthal angle ¢ at depth z = 2.0
m. Bottom: The same on a line in the vertical plane y = 0 (z > 0) as a function of
depth.
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Figure 7.34: Free-Field Test, Perspective 1: The BIE method was used to compute the
free-field (solid line) on the false boundary of the dome due to a distant vertical point
force at (z,y, z) = (200,0,0) (dotted line, exact) . The test was performed twice: first
the displacement u was computed from assigned free-field traction, then the traction t
was computed from assigned free-field displacement. Top: Magnitude of u and t on a
horizontal line around the wall of the falss dome as a function of azimuthal angle ¢ at
depth 2 = 2.0 m. Bottom: The same on a line in the vertical plane y =0 (z > 0) as a
function of depth.
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Figure 7.35: Incident and Total Field (plotted laterally): The magnitude of the incident
and total (incident plus scattered) displacement field at the surface of the ice, z = 0.01
m. The incident field is that of a distant vertical point force at (z,y, z) = (200, 0, 0.01)
m operating at 20 Hz. Scattering is due to the 10 m radius ice dome at (z,y) = (0,0).
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Figure 7.36: Scattered Field (plotted laterally): The magnitude of the scattered dis-
placement vector and its vertical 4, component at the surface of the ice, z = 0.01 m.
The incident field is that of a distant vertical point force 2t (z,y, 2) = (200,0,0.01) m
operating at 20 Hz. Scattering is due to the 10 m radius ice dome at (z,y) = (0,0).
The dark region at the dome marks the zone in which indirect coefficient con:putations
were required, but were omitted to reduce the computation time.
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Figure 7.37: Scattered Field (plotted laterally): The magnitude of the horizontal radial
u, and azimuthal uy components of the scattered displacement vector at the surface
of the ice, z = 0.01 m. The incident field is that of a distant vertical point force at
(z,¥, 2z) = (200,0,0.01) m operating at 20 Hz. Scattering is due to the 10 m radius ice
dome at (z,y) = (0,0). The dark region at the dome marks the zone in which indirect
coefficient computations were required, but were omitted to reduce the comgutation
time,
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Figure 7.38: Scattered Field: A polar plot of the scattered field at the ice surface
z = 0.01 m, at a radial distance 500 m from the axis of the ice dome. The magnitude of
the displacement vector is the solid line, vertical u, the small dashed, radial u, the long
dashed, and azimuthal ug the dotted. The incident fizld, due a distant vertical point

force at (z,y, z) = (200, 0, 0.01) operating at 20 Hz, approaches from the right.




Chapter 8

Conclusions

I have followed two paths towards a three-dimensional scattering model for layered
media. The first followed Huygens’ principle, which lead to a physical interpretation of the
BIE method in terms of wavelet superposition, then to an indirect method for computing
troublesome integral coefficients using particular solutions in the absence of scattering, and
finally to several numerical tests for every application of the BIE method--the consistency,
free-field and null-field tests. The second followed the schematic diagram for layered media,
which first lead to the scattering matrix method for cylindrical waves, then to the channel
matrix and SVD method for carrying out an exhaustive search for normal modes that was
implemented by the SAMPLE program, which in turn lead to some discoveries regarding
modes. The two paths met in a three-dimensional scattering model for layered media

When faced with a complicated model, we must ask whether the same results could
be achieved in a simpler way. I believe there is just one minor point in which the present
model might have been simplified, and that is by limiting the problem to a single scattering
inclusion rather than generalizing to multiple inclusions. As it happened, computer limi-
tations on the number of borndary elements discouraged me from attempting the multiple
body problem here. Beyond this, further simplifications could only be made by sacrificing
one of the three features I set out to include form the beginning; by simplifying as others
have done, using strictly fluid media instead of layered elastic media, impenetrable inclu-

sions instead of penetrable, or two dimensions instead of three. Bach step towards greater
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realism engenders greater complexity in the model. There is no escape from this general

rule of modeling.

The main developments made in the course of this work are summarized below.

8.1 Conclusions regarding layered media

The elastic field due to a general class of seismic point sources, some of which
are not axially symmetric, was derived here for arbitrarily layered media in terms of the
Fourier-Bessel transform. This topic has been covered by others in geophysics, and to a

lesser extent in ocean acoustics, but my own contribution has been to
1. bring together fluid and solid media in a single comprehensive analysis;

2. press the analysis to completion, to give all nine components of the field—three com-

ponents of displacement, and six of stress—as required by the BIE method;

3. develop a schematic ladder diagram for layered media, based upon the numerically

stable scattering matrix method for two-port networks;

4. develop a robust normal mode search routine which, under the direction of the user,

can perform an exhaustive search for modes in the complex plane.

The upshot of these advances are reviewed below.

8.1.1 Schematic ladder diagram

By treating the waveguide as a linear system whose components and interaction
are easy to visualize and understand, the schematic ladder diagram forms a conceptual
bridge between the physics of cylindrical or plane waves in layered media, and the more
abstract matrix operations needed to compute the field due to a point source. Indeed, the
diagram resembles the schematics an engineer might use to analyze a linear system, and the
corresponding matrix can be written directly by inspection. The scattering matrix method
at the heart of the diagram is an extension of Kennett’s numerically stable recursive scheme
(7!

"I'he schematic diagram was developed step by step in Chapter 4, beginning in Section (4.2).
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8.1.2 Normal modes and SVD

A mode occurs at frequencies w and horizontal slownesses p at which the global
matrix representing vertical propagation of cylindrical (or plane) waves through the layers is
singular.? The smallest singular value w; of the global matrix was used as the mode search
function, for the zeros of w; indicate singularity. To speed up the search for voots, the
dimensions of the global matrix were compressed to give the channel matrix, in a way that
ensures that the search remains sensitive to modes trapped at any depth in the waveguide.

The main advantages of using w, as the search function are that

1. SVD is a robust matrix operation for nonsingular and singular matrices alike;
2. SVD gives the (un-normalized) vertical mode function for a mode;®

3. the second smallest singular value w; can be used to identify and resolve uncommonly
close mode pairs (double roots) that can occur when the waveguide supports two

weakly coupled sound channels.4

Using still other singular values in the search, the method could also be extended to check
for close mode triplets and so forth, in the rare event that the waveguide supports three or

more modes in as many sound channels at virtually the same w and p.

8.1.3 The mode search program SAMPLE

A channel matrix and SVD method for the mode search was implemented in a
program called SAMPLE, which undertakes the mode computations nceded for the rigorous
demands of the BIE method. Under the direction of the user, SAMPLE can perform an
exhaustive search for all of the different types of modes that occur in layered media: whether
P-SV or SH, propagating or evanescent, trapped or leaky, proper or improper (found on
various Riemann sheets), or duct or interface modes. SAMPLE furthermore computes all

nine components of the elastic wave field (1, U, Uz, Trry Ty Trzy Ty Tpzy T2z) due to a class of

Section (5.2).
3Section (5.2.1),
1Section (5.3.3),
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seismic point sources comprising general point forces, and couples with and without moment.
The proper mode series is a complete representation of the field in a bounded waveguide. By
including a long series of evanescent modes in a bounded waveguide, SAMPLE can compute
the field very close to an ideal point source, within a small fraction of a wavelength, and
that is essential for the BIE method.

SAMPLE includes many utilities that make it an excellent tool for the analysis
of modes. It plots the location of modes and EJP branch lines in the complex slowness or
wavenumber plane, plots vertical mode functions, computes group velocity, tracks modes
with changing frequency, computes vertical energy flux in a mode function, and sorts modes
in a number of useful ways. It also incorporates three important tests for mode computa-

tions:
1. verification . each mode using Rayleigh’s principle;’

2. verification of part or all of the mode series using contour integration and the residue

theorem;®

3. and verification of the dominant modes in the medium to far field the spectral FFT—a

special form of contour integration.”

Further possibilities for SAMPLE
The following additions to SAMPLE may prove helpful:

1. Airy functions: SAMPLE now supports homogeneous solid and fluid layers. Another
possibility for fluid layers is to make the square of the phase slowness for P waves vary
linearly with depth in a layer, for which the vertical propagation is governed by Airy
functions [66, sect. 2.5.1]. In this way, the sound speed profile in the water column

can be approximated using fewer layers for greater program efficiency.

2. Pekeris branch cuts: SAMPLE now uses the EJP branch cuts when computing ver-

tical slowness,® but the Pekeris cuts (extending vertically from the branch point) are

58ce Section (5.4.4).
“See Scction (5.4.2).
"See Section (5.8).
®Sce Fig. (4.1).
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convenient for leaky mode environments, when the search is liable to cross the EJP

cuts several times [125]. They could be included as an option in SAMPLE.

3. Improper mode normalization: Although SAMPLE can find improper modes, it can-
not use them in the mode series because the integral identities used to normalize a
mcde function have only been implemented for proper modes. Improper modes could

be normalized using modified integral identities.”-

4, Optimization: As with most modeling programs in the development stage, SAMPLE
could be optimized using specialized computation routines. In particular, an §VD
routine for banded matrices may speed up the mode search for waveguides having

many channels.

5. Anisotropy: Following the method of Takeuchi and Saito [122] it is possible to include
anisotropy in the solid layers, where the phase speeds for waves travelling horizontally

are different from waves travelling vertically.

Items 2 and 3 above are never needed for bounded waveguides because they do

not have improper modes.

8.1.4 The properties of modes

SAMPLE made it possible to investigate modes in great detail, revealing little-
known properties of modes that are of interest in their own right. Fhese propertics are

summarized below,

Upward energy flow from an infinite halfspace

Modes in infinitely deep waveguides sometimes carry energy upwards from depths
below all sources and reflecting interfaces.!® This apparent contradiction to the radiation
condition is actually an energy loss mechanism for the vibrations of waves trapped in the

basement media, when the rate of decay of the mode due to energy loss exceeds the P or §

See note regarding improper mode normalization on page 167,
10Gection (6.1.4).
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wave absorption rate in the bottom. The upward flow is slight, but it may be the cause of

alarm to the conscientious modeler.

Proper leaky modes

It is generally assumed that leaky modes in unbounded waveguides must be im-
proper modes whose vertical mode functions grow exponentially with depth. But leaky
modes radiating into a lossy infinite half space may also be proper modes, with mode func-
tions that decay with depth.!! This happens when the exponential vertical decay due to
absorption overcomes the exponential growth characteristic of leaky modes in lossless me-
dia. The shear wave absorption used to model ocean sediments is often enough to make
S-leaky modes proper.

Proper leaky modes are of interest for modeling purposes, since normal mode
programs designed for proper modes with complex horizontal slowness should be able to
handle proper leaky modes without modification. At times it may be justified to add
artificially high absorption in the basement to make a leaky mode environment amenable

to a proper mode program,

Radiation modes in deep bounded waveguides

A waveguide having a deep bounded basement layer is often used to model the
corresponding unbounded case. Since the basement layer is thick, there is a proliferation of
radiation modes close to the P and S branch lines.'? The range of good agreement between
the two was estimated in Section (6.4). It was also shown that isolated radiation modes
in an unbounded waveguide approximate the dominant leaky modes of the corresponding

unbounded waveguide.

Rayleigh mode of the second kind

It was shown that a leaky interface mode can be trapped at the rigid boundary in

welded contact with a solid layer. This mode can appear as a proper mode in deep bounded

Y8ection (6.2.1),
HSection (6.2,2),
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waveguides, when a thick solid basement layer is bounded by a rigid interface.'®

8.2 The indirect BIE method

The indirect BIE method infers numerically troublesome integral coefficients from
many particular free-field solutions of the boundary integral equations needed for the in-

tended scattering problem.'* The main advantages of the indirect method are that:

1. it makes the BIE method possible in layered media when the Green’s function is
computed using mode summation, for there is presently no other way to avoid poor
convergence of the mode series at the close ranges routinely encountered in the BLE

method;

2. all troublesome integral coefficients are treated in the same way, whether troublesome
due to the sinyularity in the surface-field equation, poor convergence in the Creen’s

function, or for any other reason.

In addition, the indirect BIE method includes features that could be included in

any BIE method for scattering. Most important are the three tests it supports;

1. the free-field test, which is a comprehensive test of all aspects of the BIE method for

each application;!®
2. the null-field test, which tests the boundary field computed by the BIE method;!

3. the consistency test, which verifies that the integral coefficients for a boundary integral

equation have been accurately computed at the time of computation.'”

Of secondary importance is its unprecedented flexibility, for the new method permits

BGection (6,2,3).

"The new indirect BIE method was first described in Chapter 3, then applied to layered media in Chupter
7'
1800 Section (5,4.2),
18Gection (3.7),
YSection (3.3),
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1. any combination of surface-field and null-field equations when determining the bound-

ary fields;

2. any number f surface-field computation points, placed anywhere on the boundary,

rather than just at the element nodes;
3. multiple penetrable, impenetrable and actively vibrating inclusions;

4. lines of discontinuity in the field; in the displacement field where the inclusion crosses

an interface with a fluid layer, or in the traction at an edge on the boundary.

By experimenting with the number of computation points and their location, it is sometimes
possible to improve the numerical stability of the BIE solution.

The main disadvantage of the method is that it is computationally intensive. Many
particular solutions are needed to infer troublesome coefficients indirectly, and in layered
media, computing the particular solutions at the boundary element nodes takes considerable
time, making it best to compute and save them for ready access. This of course increases
the computer disk space used by ihie model. To judge how slow (or fast) the indirect method
may be relative to other three-dimensional BIE methods for layered media, we must wait

until alternative models are developed.,

8.2.1 Future research

The next step is to use the new model to explore general principles of scattering,
by applying it to particular instances of scattering. To say, for example, when and to what
degree scattering from a series of ice keels is a significant loss mechanism for long range
propagation in the Arctic ocean, or whether Scholte modes could be used to detect objects
buried in the sea floor, The model could also be used in the development of faster approx-
imate treatments of scattering, along the lines of the Kirchhoff or Born approximations,

The model itself could be improved by

L. making provisions for the computation of the scattered stress field, especially the

normal stress in fluids commonly used in ocean acoustics;!8

Gection (8.2,5).
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2. permitting layered media inside a penetrable inclusion as well as outside;
3. testing its use with multiple scattering inclusions;

4. conducting a thorough analysis of the continuity conditions for lines of discontinuity

on the boundary: edges and interfaces between layers;

5. and by a theoretical analysis into the stability of integral equations that are both of

the first and second kind.19

8.3 Closing Remarks

I close on a cautionary note for modelers. The BIE method for scattering, whether
or not the indirect method described here is used, supports several excellent tests: the
consistency test, null-field test, and especially the free-field tests. In numerical modeling
it is rare to have such comprehensive tests available. All three tests for the B methods
have been reviewed here, though the null-field and free-field tests have appeared elsewhere
in the literature. It would appear, however, that such tests have varely been used to verify
results published in the literature, probably becanse the tests are litthe known. I find that
worrisome, for my own experience has been that it is not enough to prove the BIF method
by successfully solving a problem that others have solved another way, Rather, every
application of the BIE method must be tested because changes in the boundary, frequency,
clastic media, and boundary conditions, invite a host of difficulties that may le guiescent
in a benchmark test. This is particularly true for scattering in layered media, The tests do
not require much extra effort, provided they have been included in the overall plan for the

BIE model from the outset,

PGection (2.7),
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