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ABSTRACT

In this thesis, we investigate various aspects of tumor progression through forma-

tion, growth, and invasion, by a multidisciplinary approach involving mathematical

modeling and experimental validation. We begin this study by modeling the tran-

sient formation of tumors by a system of reaction-diffusion partial differential equa-

tions (PDEs) that considers adhesion forces, cell proliferation, and pressure-induced

growth. The process of tumor formation includes a preliminary contraction phase

where adhesion forces densify cell aggregation. This phase proceeds until the cell

concentration reaches a threshold, the so-called “relaxed concentration” at equilib-

rium. Afterwards, cell proliferation raises concentration and produces pressure which

breaks the equilibrium. Providing analytical and numerical solutions, the model’s re-

liability is confirmed through experiments with tumor-cultured human glioblastoma

(hGB) cancer cell lines. We expand the model to analyze the instability of radially

symmetric growth in response to asymmetric perturbations. By improving the model

to incorporate additional variables such as nutrient concentration, consumption rates,

and surface tension, we focus on the asymmetric modes of growth, which grow in time

and change the spherical configuration of the tumor. We show that a high nutrient

source concentration allows for a large tumor size, which increases the number of un-

stable excited asymmetric modes. However, high rates of nutrient consumption and

surface tension can lead to a smaller size of the tumor and a smaller number of growing

asymmetric modes. This analysis, indicating the natural instability of the spherical

configuration of tumor was confirmed by a comparison between the shapes of in-vitro

hGB tumors and the configuration of the first few asymmetric modes predicted by

the model.

To further understand the effect of tumor microenvironment (TME) on tumor con-

figuration, we study biomechanical stimulus-induced remodeling of tumors in response

to gradients of external biochemical stimuli, considering the tumor as an evolving ma-

terial. We develop an evolution law for the remodeling-associated deformation which

correlates the remodeling to a characteristic tensor of external biochemical stimuli.

The asymmetric remodeling and the induced mechanical stresses are analyzed for

different types of biochemical distributions. Using a tumor-on-a-chip platform, the

degree of remodeling is estimated for the ellipsoidal tumors over time. Additionally,

we explore invasion as one of the key hallmarks of tumors by introducing a contin-

uum model that integrates various factors to predict a distinctive shell-type invasion
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pattern in which cells at the outer layer of the tumor collectively move away from the

core and form a shell-type shape. We adopt a non-convex free energy that allows for

phase separation to model the motion of the invasive shell.

To develop a more realistic model, we extend our mathematical framework to

include heterogeneities within a tumor as they play a crucial role in cancer diagno-

sis, treatment, and prognosis. We present a hybrid discrete-continuum (HDC) model

incorporating experimental measurements and in-vitro tumor-on-a-chip platforms to

study tumor growth, invasion, and their dependency on matrix stiffness. The model

integrates the continuum field of variables with a discrete approach and incorporates

the random walk method for individual cell migration. Moreover, we study the in-

fluence of matrix stiffness on tumor growth and invasion using a PEGDA-printed

tumor-on-a-chip platform. The presented framework is capable of distinguishing the

growth and invasion of non-resistant versus chemo-resistant tumors, as well as the

inhibitory effect of a chemotherapeutic drug. We also show that U251 non-resistant

tumors grow faster compared to the temozolomide (TMZ)-resistant tumors, whereas

the TMZ-resistant tumors have the longest invasion length. We utilize a stochastic

approach that is consistent with observed biological behavior and provides a more

realistic representation of the invasion process. This hybrid model, validated against

an in-vitro co-culturing of non-resistant and TMZ-resistant hGB tumors with healthy

neurons all embedded within a hydrogel matrix, shows promise in quantitative pre-

dictions on volumetric growth, invasion length, and invasion patterns of tumors.

Our study concludes by highlighting the comprehensive understanding achieved

through analytical modeling, experimental validation, and hybrid modeling tech-

niques. The findings lay the groundwork for future investigations into therapeutic

interventions, considering the intricate interplay between biological and mechanical

factors in the TME.
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function Ĵ = −Df grad(∂f̂/∂C̄) had two nontrivial roots, (a)

right axis. This allowed for the coexistence of high Ch and low

Cl concentrations with a continuous transition (b). . . . . . . . 88



xv

Figure 5.3 Schematic representation of a typical in vitro tumor platform

used to study the growth and invasion of tumors. Tumor-embedded

hydrogels were injected into the chamber of a microfluidic chip

supplied with nutrients via microchannels that resembled the vas-

culatures. The size of the chip is typically in the order of a few

centimeters, and the smallest dimension of the channels is around

a few millimeters. . . . . . . . . . . . . . . . . . . . . . . . . . . 91

Figure 5.4 Steady state distribution of cells in absence of nutrients for β̄ =

{0.1, 1, 2, 4}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

Figure 5.5 Cell distribution corresponding to different values of γ, V̄ , η̄, ψ

and c. (a,b) Higher values of γ and V̄ increased the growth

of cells moving outward the tumor core, yielding a peak in cell

concentration with a distinct interface. (c,d) Higher values of η̄

and ψ reduced cell concentration and eliminated the peak. Pa-

rameter c controlled the formation of a peak and the concentra-

tion of cells within the invasion zone. (e) A higher c corresponds

to a higher sensitivity of the proliferation rate to the gradient

of nutrients giving rise to a larger peak at the leading interface. 95

Figure 5.6 The dynamic progression of tumor invasion within a hydrogel

matrix in the form of the shell-type motion of invasive cells over

time. The shell-type cluster of cells moved up the gradient of nu-

trients due to chemotaxis while sustaining its structure due to

adhesive cell–cell forces. The ability of cells to preserve the shell

as they move was modeled with nonconvex free energy that in-

cluded interfacial stress. . . . . . . . . . . . . . . . . . . . . . . 97



xvi

Figure 6.1 The workflow and data acquisition process in experimental and

HDC modeling frameworks. In experimental module, non-resistant

and TMZ-resistant hGB cells were tumoroid-cultured using SF-

MAs. After four days, allowing to form a compact solid tumor

structure, tumoroids were co-cultured with NPC-differentiated

neurons in a hydrogel matrix within a microfluidic chip. The

growth and invasion of tumoroids were monitored over 7 days and

were quantified via ImageJ. In the HDC framework, non-resistant

and TMZ-resistant cells were 2D cultured, their metabolic rates

were extracted and input to the model, and predictions were val-

idated by comparing with the experimental data. Created with

BioRender.com. . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

Figure 6.2 The non-uniform distribution of oxygen [O2] and glucose [G]

within the three-dimensional structure of tumors gives rise to

the formation of proliferative, hypoxic, and necrotic zones. This

inhomogeneity results in nonuniform glucose consumption and

distribution. Compared to normoxia, hypoxic cells switch their

metabolism to anaerobic glycolysis and uptake glucose faster to

compensate for the low efficiency of ATP production. . . . . . . 108

Figure 6.3 Concentration-dependent glucose uptake and proliferation rates

in hGBM U251 (non-resistant and TMZ-resistant), U87, and

Skov3 cells. Glucose uptake rates in response to a range of

supplied glucose in normoxic (a) and hypoxic (b) conditions are

measured using glucose uptake and trypan blue assays. Hypoxic

cells consume glucose at significantly higher rates as they switch

their metabolism to anaerobic glycolysis. Proliferation rates are

glucose concentration dependent in normoxia (c) and hypoxia

(d). Solid lines represent non-linear interpolations of experimen-

tal data points. . . . . . . . . . . . . . . . . . . . . . . . . . . . 110



xvii

Figure 6.4 In-silico model predicts the rates of growth and glucose uptake in

different tumoroids. Rate of normoxic-to-hypoxic conversion in

monolayer cell culture was obtained using flow cytometry, and

implemented to determine the formation of tumoroid hypoxic

zones (a). Rates of glucose uptake and growth of hGBMs (U251

non-resistant, U251 TMZ-resistant, and U87) and Skov3 tumor-

oids measured experimentally and predicted by the proposed RD

model (solid lines). U251 non-resistant and U251 TMZ-resistant

tumoroids have the highest and the lowest rates of glucose uptake

(b), and the highest and the lowest rates of growth, respectively

(c). The distribution of proliferative and hypoxic cells in U251

non-resistant tumoroids is shown in (d). The schematic repre-

sentation of the tumoroid heterogeneity evolution is shown in

(e). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

Figure 6.5 The HDC model includes continuum, discrete, and neuron mod-

ules, and links their components, e.g., random walk for cell mi-

gration, cellular process for individual cell progress, and neurons

for cell-neuron interaction. Hypoxia upregulates matrix degrada-

tive enzymes such as MMPs that induce haptotactic gradients

and facilitate cell migration (a). The cellular migration mecha-

nism of invasive cells is comprised of directional (mesenchymal)

and random (amoeboid) motions (b). Mesenchymal cells move

via traction and adhesion to the fibers within the ECM, while

amoeboid cells squeeze through pores. The simulation flowchart

displays the interrelation between continuum variables and cel-

lular processes to account for the evolution of a single invading

cell, including cellular age, proliferation, migration, cell-neuron

interaction. (c). . . . . . . . . . . . . . . . . . . . . . . . . . . 116



xviii

Figure 6.6 A tumoroid-on-a-chip platform recapitulates the TME comprised

of U251 non-resistant and TMZ-resistant tumoroids co-cultured

with neurons embedded in a hydrogel matrix. SFMAs (a) used

to generate uniform tumoroids of U251 non-resistant and TMZ-

resistant hGBMs. Tumoroids were mixed with an alginate/Matrigel

hydrogel matrix and injected into the microfluidic chip, display-

ing a finger-type pattern of invasion (b). Tumoroids were co-

cultured with neurons to quantify the variation in their growth

and invasion due to cell-neuron interactions. The growth and in-

vasion of non-resistant and TMZ-resistant tumoroids were mon-

itored by stained with phalloidin and To-pro3 to visualize actin

filaments (green) and nuclei (blue) (c). Scale bars are 250 µm. . 119

Figure 6.7 The growth and invasion pattern of U251 non-resistant and TMZ-

resistant tumoroids. The free growth within microwell arrays and

growth/invasion patterns within the alginate/Matrigel hydrogel

matrix were imaged over five days using a tumoroid-on-a-chip

platform (b, c). The invasion pattern of U251 non-resistant and

TMZ-resistant tumoroids predicted by HDC model (d). Scale

bars are 250 µm. . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Figure 6.8 HDC model accurately predicted the growth and invasion length

of tumoroids. In-vitro finger-type invasion pattern of GBM tu-

moroid vs. HDC model predictions (a). Radial probability dis-

tribution of invasive cells staying stationary, moving forward vs.

moving backward (b). Invasion of GBM tumoroids embedded in

a hydrogel matrix, with and without neurons, using a tumor-on-

a-chip model compared to the pattern of cell invasion using the

HDC model. Growth was estimated by measuring the tumoroid

radius and invasion length was measured as the longest trace of

cell migration (blue arrows) (c). The in-vitro growth and in-

vasion were measured using a tumor-on-a-chip model over seven

days. The radius of tumoroids (d, f) and length of invasion (e, g)

were measured every 24hr and normalized with the initial radius

compared with the model predictions. Scale bars are 250 µm. . 122



xix

Figure 6.9 The HDC model predicts the inhibitory effect of TMZ on GB in-

vasion. Inhibition of invasion in (a) non-resistant and (b) TMZ-

resistant tumoroids treated with TMZ. (c) Viability variation

in 2D-cultured non-resistant and TMZ-resistant GB cells in re-

sponse to TMZ. (d) Model predictions on the invasion lenghth of

GB compared to the invasion observed in TMZ-treated tumor-

oids in a tumor-on-a-chip platform. . . . . . . . . . . . . . . . . 124

Figure 6.10Twenty-four hours of culturing hGB cells in hypoxic chamber

stabilized hif1-α. Scale bar is 100 µm. . . . . . . . . . . . . . . 134

Figure 6.11Linear correlations between experimental result and HDC model

predictions. Pearson correlation coefficient for the free growth

is 0.97 for U251 non-resistant (a) and 0.99 for U87 (b), Skov3

(c), and U251 TMZ-resistant (d) tumoroids. The coefficient for

tumoroids embedded in hydrogel matrix without neurons is 0.89

and 0.70 for the growth (e, f), and 0.83 and 0.90 (g, h) for the

invasion, respectively for U251 non-resistant and U251 TMZ-

resistant tumoroids. The coefficient for tumoroids embedded in

hydrogel matrix with neurons is 0.95 and 0.86 for the growth (i,

j), and 0.82 and 0.97 (k, l) for the invasion, respectively for U251

non-resistant and U251 TMZ-resistant tumoroids. . . . . . . . . 139



xx

Figure 7.1 Optimizing printing variables for horizontal and vertical chan-

nels. (a) Image of the Lumen X DLP printer (left), schematic

of basic DLP printer in operation (middle), and an example of a

CAD model that was used to print vertically oriented channels of

different sizes (right). (b) The change in printable channel diam-

eter when a single component is varied in each row, such as LAP

concentration, tartrazine concentration, or projector power, from

the optimized prepolymer 15PEGDA solution of 2.04 mM LAP,

2.5 mM tartrazine, 21.5 mW/cm2 power intensity, and 5 s/layer

exposure time (left). Microscope images were taken of the sliced

cross sections of the PEGDA channel constructs which featured

channels with diameters of 1.0, 0.50, 0.40, 0.30, 0.20, and 0.10

mm. Channel cross-sections and top view of vertically printed

and horizontally printed PEGDA channels (right). Purple fluo-

rescent dye was injected into the channels to confirm that they

were hollow. (c) Graph demonstrating the effects of tartrazine

and LAP concentration in 15% PEGDA, 21.5 mW/cm2 power

intensity, and 5 s/layer exposure time. When tartrazine concen-

tration was too low, hollow channels could not be printed, as

demonstrated in the case of 1 mM tartrazine with 2.04 mM and

3.06 mM LAP (red crosses). (d) Ten channel diameters from 1.0

to 0.1 mm were printed in optimal condition and compared with

nominal diameters. Scale bars are 1 mm. . . . . . . . . . . . . . 154

Figure 7.2 In vitro tumoroid invasion platform. (a) Single cell suspension

seeded through the loading zone of a self-filling microwell array.

(b) Tumoroids were formed after four days of culture and were

transferred into the tumor-on-a-chip platform. (c) The platform

was capable of growing tumoroids in four different chambers,

each addressed separately, with an inlet and outlet for collagenase

treatment. (d) Tumoroids embedded in bovine fibril collagen

hydrogel were loaded into the open surface tumoroid-on-a-chip

platform and their growth and invasion were monitored over time.156



xxi

Figure 7.3 Patterns of hGB invasion. (a) Individual and collective migra-

tions contribute to the invasion patterns. Finger-type pattern is

mainly derived from individual cells migrating via mesenchymal

motion, and ring-type pattern manifests the collective migration

mainly via amoeboid motion. (b) Mechanism of cellular migra-

tion includes directional (mesenchymal) and random (amoeboid)

motions, which is captured using a hybrid discrete-continuum

model (HDC). (c) The model combines modules of cellular pro-

cesses and random walk with continuum fields of variables, such

as cell and nutrient concentrations. . . . . . . . . . . . . . . . . 159

Figure 7.4 The in vitro invasion of hGB tumoroids. (a) Tumoroids exhibit

both ring- and finger-type invasion patterns in response to differ-

ent concentrations of collagenase; 0 mg/mL (A–C), 0.001 mg/mL

(D–F), and 0.01 mg/mL (G–I). (b,c) Effects of collagenase con-

centration on overall invasion length and invasion pattern are

quantified and compared with model predictions (i.e., circles with

dashed lines). The inserted figure shows a higher increase in

finger-type invasion compared to ring-type invasion length. . . . 162

Figure 7.5 Effect of collagenase on mechanical properties of collagen. A de-

crease in storage and loss moduli was observed in response to 24

h of 0.001 and 0.01 mg/mL collagenase. Further reductions were

observed after 72 h of treatment with 0.001 mg/mL of collage-

nase. Missing results for 72 h of 0.01 mg/mL collagenase is due

to the significant degradation of collagen. . . . . . . . . . . . . 164



xxii

ACKNOWLEDGEMENTS

I would like to express my sincere gratitude to:

My supervisors, Prof. Mohsen Akbari and Prof. Ben Nadler, for their invalu-

able guidance, wonderful support, and scholarly insights throughout my research

journey. Their expertise and encouragement have been instrumental in shap-

ing this work, and I am truly grateful for the opportunity to learn under their

mentorship.

My mentors, Prof. Patrick Walter and Prof. Roderick Edwards, who taught

me not to be afraid of exploring new topics, learning and growing.

My fellow labmates, at Laboratory for Innovation in Microengineering (LiME),

for their help and friendship.

My wife, for her love and support, which has been my anchor throughout this jour-

ney. Her encouragement means the world to me.

This research was financially supported by the Natural Sciences and Engineer-

ing Research Council of Canada (NSERC).

Freedom of thought is best promoted by the gradual illumination of men’s minds

which follows from the advance of science.

Charles Darwin



xxiii

ACRONYMS

DNA Deoxyribonucleic Acid

ODE Ordinary Differential Equation

PDE Partial Differential Equation

CA Cellular Automata

HDC Hybrid Discrete Continuum

ECM Extracellular Matrix

TME Tumor Microenvironment

GBM Glioblastoma Multiforme

hGB Human Glioblastoma

pdGBM patient-derived Glioblastoma Mutiform

3D Three-Dimensional

ENS Enteric Nervous System

CN Crank–Nicolson

DMEM Dulbecco’s Modification of Eagle’s Medium

FBS Fetal Bovine Serum

PBS Phosphate-Buffered Saline

SFMA Self-Filling Micro-Well Array

EMT-TF Epithelial to Mesenchymal Transit-inducing Transcription Factor

AML Acute Myeloid Leukemia Transformation

HA Hyaluronic Acid

IHC Immunohistochemistry

CH Composite Hydrogel



xxiv

DAPI 4’, 6-diamidino-2-phenylindole

MMPs Matrix Metalloproteases

ASCs Adipose Stromal Cells

EGFR Epidermal Growth Factor Receptor

TMZ Temozolomide

HIF Hypoxia-Induced Factor

ATP Adenosine Triphosphate

ROS Reactive Oxygen Species

MDE Matrix Degradative Enzymes

PHC Proliferative-to-Hypoxic Conversion

GOD Glucose Oxidase

POD Peroxidase

UV Ultra-Violate

DLP Digital Light Processing

PEGDA Poly-(Ethylene Glycol) Diacrylate

LAP Lithium phenyl-2,4,6-trimethylbenzoylphosphinate



xxv

DEDICATION

To my beloved wife, Zahra



Chapter 1

Introduction

1.1 Background and Literature Review

Understanding the complexities of tumor biology remains a difficult challenge in the

fields of cancer biology and medicine. Tumors exhibit intricate molecular dynamics,

involving genetic instabilities, therapeutic resistance, and inter- and intra-tumor het-

erogeneity [3]. Despite substantial efforts to develop therapeutic strategies, there is

an ongoing need for deeper insights into these complex aspects of tumor behavior.

Mathematical modeling stands out as a powerful approach to predict various as-

pects of tumor progression [4]. By offering quantitative predictions of biological pro-

cesses, mathematical models aid in interpreting the intricate physiological interactions

within the tumor microenvironment [5]. Collaborative efforts between mathematical

modelers and experimentalists can yield mechanistic solutions with practical implica-

tions, particularly in the field of cancer treatment. The cross-disciplinary integration

of mathematical and biological models, holds significant promise for enhancing cancer

treatment strategies.

Various mathematical approaches, including continuum, discrete, and hybrid mod-

els, have been employed to study tumor formation and growth [6–11]. Continuum

models describe a tumor as a continuous mass and quantify cell concentration. Single

cell models consider cells the only component in the system. They are able to model

tumors made of only one type of cells, typically small spheroids. On the other hand,

multiphase models are capable of tracking multiple cell species and the ECM com-

ponents. Subcellular phenomena and stochastic effects are usually neglected in these

models. Therefore, they are well-suited to investigate the growth of large tumors in
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the range of few millimetres. In the continuum approach, variables are considered con-

tinuous, described by partial differential equations (PDEs) capturing growth, kinetic

interactions, and diffusion for transport phenomena [12–14]. This approach allows for

analysis of oxygen and chemical distributions to determine tumor radius and growth

inhibition [15, 16]. Researchers have utilized the continuum modeling framework to

consider a tumor as an incompressible fluid responding to local nutrient concentra-

tion, and have incorporated cell-cell adhesion to predict modes of instability [17]. pH

and oxygen levels were later identified as key parameters influencing tumor growth

rate [18, 19]. Moreover, the role of mechanical stress was explored via the continuum

framework by considering tumors as hyperelastic materials [20–24]. These studies

used multiplicative decomposition of the deformation gradient to investigate spatial

distribution of stresses. More continuum-based studies reviewed solid tumor growth

[25–28].

Discrete approaches are another framework of modeling tumors that capture cel-

lular responses, signaling pathways, and microenvironment effects, and contribute to

a comprehensive understanding of solid tumor growth [11]. In discrete cell modeling,

each cell in a tumor is assigned to a set of parameter values and behavioural rules

and their collection makes the body of the tumor. This approach has been used to

study tumor invasion and formation of clonal structures. For instance, the effect of

microenvironment, e.g. extracellular matrix density and oxygen concentration, on

the growth of tumor and phenotypic diversity was studied in [11, 29]. It is shown

that a low level of oxygen can change the phenotype of tumor cells to aggressive phe-

notypes. Lattice Monte Carlo is another type of discrete model which could predict

spheroid growth under varying nutrient supply conditions [30]. Another example of

discrete models is cellular automata (CA), which predict the collective behavior of

self-organizing systems, such as tumors, by focusing on the interactions between the

components [31]. It is notable that although discrete cell modeling enables capturing

the effect of cellular response and signaling pathways, the increased complexity and

level of detail raise the cost of calculations required for clinical size tumors [32].

Hybrid discrete continuum (HDC) models, combining both continuum and dis-

crete approaches, offer insights into macroscopic variables and discrete biological in-

teractions, and therefore overcome the weaknesses of both approaches [26, 33–37].

This approach not only provides macroscopic observation on the behaviors of the bi-

ological structure but captures a realistic description of microscopic phenomena [38].

In the case of solid tumor growth, the clinical-size morphology of tumors can be stud-
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ied in hybrid models while the cellular pathways and subcellular interactions are also

involved [37]. For instance, Stokes and Lauffenburger combined RD model of TAF

with the probabilistic equation of endothelial cell movement [39]. They showed that a

significant level of random motility was necessary for growing a vasculature network.

Hybrid models rely on information transfer between cellular and subcellular scales

[40, 41]. Therefore, these models relate the cell-level interactions to macroscopic

morphology of tumors. For more details about discrete and hybrid approaches, the

reader is encouraged to refer to the following papers [26, 33–36].

Mathematical modeling has significant potential for understanding of biological

models of cancer and to accelerate the progress in cross-disciplinary approaches of

cancer treatment. The simplest, yet predominantly used in-vitro model of tumors,

are spheroids. The size of spheroids and their cell number are easy to track, making

them a simple in-vitro model to investigate tumor behavior, quantitatively [42–46].

The growth of tumor spheroids is comprised of three main stages: transient forma-

tion, monotonic growth and a plateau phase. Similar to tumor spheroids, primary

malignant tumors originate from small numbers of cells which become highly prolif-

erative through mutations occurring in oncogenes, tumor suppressors or DNA repair

genes [47]. Although the genetic mutations eventually lead to formation of large and

complex vascular tumors, they all go through an avascular (devoid of blood vessels)

mode at their early stage of growth [48]. Having insight into this stage of growth

is valuable in understanding the behavior of tumors at subsequent phases. Tumor

formation is a crucial phase in tumor development, providing valuable insights into

subsequent phases of growth. Mathematical models focusing on avascular tumors

have been instrumental in in-vitro models, allowing quantitative investigation of fac-

tors such as tumor size, cell numbers, and the fractions of hypoxic, quiescent, and

proliferative cells [42–46, 49–51].

Spanning theoretical studies to clinical trial design, mathematical oncology has

become pivotal in personalized medicine [52]. Applications of continuum-based in-

silico models in simulating vascularized solid tumor growth have been reviewed in

[53]. It has been shown that extracellular cues, including nutrients, growth factors,

oxygen, and stresses, profoundly influence tumor pathophysiology [54]. Remodeling

mechanisms, such as breaking and making adherent junctions, contribute to tumor

response to nutrient supply [55]. The stability of radially symmetric growth to asym-

metric perturbation has been explored within the same mathematical framework [56],

but existing studies lack a comprehensive description of mechanical stress distribu-
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tion, anisotropic growth, and mechanical interaction with the extracellular matrix

(ECM) [57, 58]. While continuum mechanics studies delve into anisotropic growth

and stress distribution, they often overlook remodeling [57, 58]. Tumor progression,

a multi-aspect process involving growth and remodeling requires collaborative efforts

to bridge theoretical models and experimental reality.

After the initial formation and growth, tumor invasion is the subsequent stage,

where cancer cells penetrate surrounding tissues and may spread to other parts of

the body. Cancer cell migration which is integral to tumor invasion and metastasis is

another complex hallmark of tumors [59]. Understanding invasion patterns is critical

for prognosis and treatment planning [60]. Cell migration starts when cells attain a

malignant morphology enabling them to detach the tumor body and move along the

ECM [61]. Cancer cell migration in three-dimensional (3D) tissue involves different

cellular mechanisms; hence, various invasion patterns have been observed [62, 63]. In

general, cancer cells show two main migration patterns in histological sections: single

and collective. In single-cell migration, e.g., in breast cancer, cells break intercellu-

lar contacts and acquire mobility via either mesenchymal or amoeboid morphology.

Details of this invasion mode, the corresponding cell morphology characteristics, and

the cellular mechanisms were reviewed in [64]. Collective and single-cell migration

patterns are influenced by factors such as ECM composition [65–68]. Collective mi-

gration is evidenced by human cancer pathology as the primary pattern of invasion

in most epithelial cancers [69]. The tumor microenvironment (TME) plays a crucial

role in determining invasion patterns, with studies highlighting the impact of ECM

components on migration [67, 68, 70]. The diversity of mechanisms involved in tu-

mor invasion requires different areas of knowledge to contribute to the development

of treatment strategies [71, 72].

Glioblastoma multiforme (GBM), one of the most aggressive brain cancers, presents

unique challenges in invasion modeling [73, 74]. The invasion of glioblastoma involves

intricate routes, including the leptomeningeal space, brain parenchyma, white mat-

ter tracts, and perivascular space [75]. Models focusing on glioblastoma invasion

patterns emphasize the role of ECM stiffness in directing invasion [76]. The me-

chanical properties of the ECM, governed by factors like collagen composition and

organization, significantly influence tumor invasion dynamics [77]. Thus, mathemat-

ical models considering the impact of ECM stiffness on invasion patterns are crucial

for understanding and targeting aggressive cancers like glioblastoma. GBM hetero-

geneity, arising from genetic mutations, epigenetic modifications, and environmental
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factors, is a major challenge in brain tumor diagnosis and treatment [78, 79]. In the

mathematical context, evolutionary game theory and metabolic modeling have been

employed to gain insights into tumor heterogeneity [80–82]. These models provide

a framework for understanding the dynamics of heterogeneous cancer cell popula-

tions, shedding light on the evolutionary processes driving tumor development [80].

Additionally, personalized and precision medicine approaches, guided by mathemat-

ical modeling, aim to tailor treatments based on individual tumors’ unique features

[83].The integration of mathematical models with advanced experimental platforms

is crucial for enhancing the accuracy and relevance of predictions. HGB 3D-tumor

cultures and tumor-on-a-chip systems provide more realistic model parameters and

monitoring techniques compared to traditional 2D culture systems and animal mod-

els [84, 85]. These platforms allow researchers to capture transient aspects, such

as time-dependent metabolite concentrations and spatial heterogeneity in cancer cell

populations [82]. The combination of in-silico models with advanced experimental

setups, including the GBM-neuron interaction, holds promise for developing realistic

models of tumor progression [86, 87].

In summary, the synergy between mathematical modeling and experimental plat-

forms is crucial for a comprehensive understanding of tumor dynamics, from avascular

growth to invasion mechanisms. This cross-disciplinary approach not only enhances

our theoretical understanding of tumor behavior but also holds the potential to revolu-

tionize cancer treatment strategies by predicting optimal and personalized therapeutic

interventions. As we delve deeper into the complex world of tumors, the integration of

mathematical models with advanced experimental technologies becomes increasingly

essential for translating theoretical insights into impactful clinical applications. The

ongoing collaboration between mathematicians and experimental biologists is vital

for overcoming the challenges posed by cancer and developing effective therapeutic

strategies.

1.2 Motivation and Problem Statement

In the current landscape of tumor dynamics research, while significant strides have

been made in developing models of tumors, there are critical gaps in understanding

the role of tumor formation, growth stability, and remodeling, complex biomechani-

cal processes involving cell–cell/ECM adhesion and tumor microenvironmental cues.

Existing mathematical models often oversimplify these processes, hindering a compre-



6

hensive exploration of the dynamics of interactions within tumors. Moreover, despite

the importance of investigating various invasion patterns exhibited by tumors, ex-

isting models frequently overlook several distinct modes and the exciting interplay

between cell–cell and cell–matrix adhesion. Understanding the factors influencing

this invasion pattern is crucial for comprehension of tumor behavior.

Additionally, current models lack realism in metabolic rate schemes, especially in

hypoxic conditions. The absence of consideration for the interaction between cancer

cells and neurons in glioblastomas further limits the accuracy of predictions. A more

comprehensive approach that quantitatively assesses metabolic rates, accounting for

the intricate interplay of glucose and oxygen uptake, is necessary for advancing our

understanding of glioblastoma progression.

Furthermore, exploring the influence of matrix stiffness and presence of neurons,

as functional units of the nervous system surrounding brain tumors, on the inva-

sive behavior of glioblastoma tumoroids is a critical aspect that demands attention.

Integrating experimental and computational approaches can provide a more compre-

hensive understanding of how these key factors influence invasion behavior.

In this work, we provide solutions to bridge the aforementioned gaps in current

tumor dynamics research, which help in advancing our knowledge and enhancing our

ability to predict tumor progression. Addressing these challenges will pave the way

for a more comprehensive understanding of the multi-faceted dynamics underlying

tumor behaviour.

1.3 Thesis overview

In this chapter, a brief summary of the thesis is provided.

In Chapter 1, a background on mathematical modeling of tumor growth and

invasion, followed by motivation and problem statement are provided.

In Chapter 2, modeling of initial transient formation of tumor spheroids is for-

mulated. The analytical and numerical solutions are validated with in-vitro formation

and growth of glioblastoma spheroids.

In Chapter 3, analysis of configurational instability to asymmetric perturbations

in radially symmetric growth of tumor spheroids is presented.
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In Chapter 4, a mathematical framework based on the principles of continuum

mechanics to study the role of biochemical stimuli in tumor remodeling is presented.

In Chapter 5, we study the spherical shell-type pattern of invasion where tu-

moroids exhibit a collective motion of cells moving away from the core and forming

a shell-type shape.

In Chapter 6, we report on a hybrid discrete-continuum (HDC) mathematical

framework focusing on the role of metabolic rate variation in driving tumor hetero-

geneity and controlling growth and invasion.

In Chapter 7, we investigate the effect of matrix stiffness on the invasion pattern

of human glioblastoma tumoroids using an open surface tumor-on-a-chip platform

and HDC model.

In Chapter 8 conclusions and future works are discussed.
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Abstract

Mathematical modeling has significant potential for understanding of biological

models of cancer and to accelerate the progress in cross-disciplinary approaches of

cancer treatment. In mathematical biology, solid tumor spheroids are often studied

as preliminary in vitro models of avascular tumors. The size of spheroids and their

cell number are easy to track, making them a simple in vitro model to investigate

tumor behavior, quantitatively. The growth of solid tumors is comprised of three

main stages: transient formation, monotonic growth and a plateau phase. The last

two stages are extensively studied. However, the initial transient formation phase is

typically missing from the literature. This stage is important in the early dynamics

of growth, formation of clonal sub-populations, etc. In the current work, this tran-

sient formation is modeled by a reaction-diffusion partial differential equation (PDE)

for cell concentration, coupled with an ordinary differential equation (ODE) for the

spheroid radius. Analytical and numerical solutions of the coupled equations were

obtained for the change in the radius of tumor spheroids over time. Human glioblas-

toma (hGB) cancer cells (U251 and U87) were spheroid cultured to validate the model

prediction. Results of this study provide insight into the mechanism of development

of solid tumors at their early stage of formation.

Keywords: tumor formation; reaction–diffusion equation; human glioblastoma can-

cer cells

2.1 Introduction

Understanding tumors has been recognized as one the most challenging problems in

biology and medicine. Their behavior involves complicated molecular biology and cor-

respondingly complicated dynamics. Although tremendous effort has been devoted to

developing therapeutic approaches for tumor suppression, there is still a significant

need for new insights into complex aspects of tumors such as genetic instabilities,

therapeutic resistance, inter- and intra-tumor heterogeneity, etc. Mathematical mod-

eling is one of the most powerful approaches in predicting different aspects of tumor

progression. It can provide quantitative prediction of biological processes and help
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interpret complicated physiological interactions in the tumor microenvironment. Pro-

vided collaboration with experimentalists, mathematical modeling can generate prac-

tical mechanistic solutions. Mathematical oncology, for example, promises to allow

quantitative determination of effective individual therapies [3]. Therefore, the cross-

disciplinary approach of combining mathematical and biological models of cancer has

great potential to enhance cancer treatment.

Primary malignant tumors originate from small numbers of cells which become

highly proliferative through mutations occurring in oncogenes, tumor suppressors or

DNA repair genes [47]. Although the genetic mutations eventually lead to formation

of large and complex vascular tumors, they all go through an avascular (devoid of

blood vessels) mode at their early stage of growth [48]. Having insight into this

stage of growth is valuable in understanding the behavior of tumors at subsequent

phases. Tumor spheroids are predominantly used in in vitro models of avascular

tumor growth [42–46]. They are spherical aggregations of cancer cells which are

supplemented with a controlled amount of nutrient concentration. Spheroid size, cell

numbers, and fractions of hypoxic, quiescent and proliferative cells are easy to track,

which enables researchers to quantitatively investigate the effect of various parameters

on the tumors’ behavior [49–51].

Over the past decades, avascular tumor spheroids have been extensively studied in

the field of mathematical biology [6–10]. In particular, the growth of tumor spheroids

is mathematically modeled from different perspectives, e.g., continuum, discrete and

hybrid (continuum-discrete)[11].

In the continuum approach, the variables are assumed to be continuous, and de-

scribed by means of PDEs that incorporate growth and kinetic interaction between

components, and diffusion for transport phenomena [12–14]. For instance, Burton

developed one of the early mathematical models to determine the radius of tumor

spheroids by analysis of oxygen distribution inside the tumor [15]. The model could

generate a growth curve, which was fitted well by a Gompertzian function. As an

another example of studies that examined the oxygen dynamics of spheroids, Grimes

et al. demonstrated that the growth of spheroids can be obtained using two key pa-

rameters: rates of oxygen consumption and proliferation [88]. Greenspan established

a model focusing on the growth-inhibiting effect of chemicals produced by disinte-

grated dead cells at the core of the tumor [16]. He concluded that the growth pattern

strongly depends on a balance between the inhibitory effect of chemical components

and the proliferation of living cells. Byrne and Chaplain introduced a model that
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provides the growth of tumor spheroids in response to local nutrient concentration

[17]. They assumed that the tumor is an incompressible fluid in which the inside

motion is induced by local proliferation of cells. They also incorporated cell-cell ad-

hesion by the Gibbs-Thomson relation, which maintains the tumor’s compactness.

They further studied asymmetric perturbations to predict the modes of instability

of radially symmetric growth. Further studies considered the effects of pH and the

level of oxygen and nutrient as key parameters for the tumor growth rate [18, 19].

Anisotropic growth of avascular tumor spheroids was also modeled in the context of

continuum mechanics in references [20–24]. These studies modeled the tumor as a hy-

perelastic material and used multiplicative decomposition of the deformation gradient

to investigate spatial distribution of stresses. They highlight the role of mechanical

stress on the growth of tumors. Additional continuum-based studies of solid tumor

growth are reviewed in references [25–28].

On the other hand, discrete approaches are capable of capturing the effects of

cellular response, signaling pathways, inter- and intra-cellular interactions and tumor

microenvironment on the growth of solid tumors [11]. For example, the dynamics

of avascular tumor growth is presented using a lattice Monte Carlo model in [30].

The model predicts the growth of spheroids under various nutrient supply conditions.

Hybrid models are another approach to modeling the growth of tumors that com-

bine both continuum and discrete approaches to allow descriptions of macroscopic

environmental variables (such as nutrient concentration) as well as discrete biological

interactions. In the case of solid tumor growth, the clinical-size morphology of tumors

can be studied in hybrid models while the cellular pathways and subcellular interac-

tions are also involved [37]. For more details about discrete and hybrid approaches,

the reader is encouraged to refer to the following papers [26, 33–36].

Development of biological patterns, such as animal coat markings and evolution

of the enteric nervous system (ENS), is another type of process that often involves

cellular proliferation and reaction/diffusion of materials [89–91]. In order to describe

such processes, the evolution of a domain boundary is incorporated into the mathe-

matical modeling [92–95]. This boundary evolution of patterns is very similar to that

of tumors, i.e., growth, from a mathematical point of view. In ENS, for instance, the

motion of neural precursor cells is studied by solving a PDE describing migrating cells

[96–98]. Another example is the study done by Simpson to derive an exact solution

for a linear reaction-diffusion PDE on a uniformly growing domain [99]. The method

was verified by comparing the solution with a numerical approximation. Although
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they successfully obtained the exact solution for the density function in a growing

domain, their solution is restricted to one dimensional linear and exponential domain

growth in Cartesian coordinates, whereas in tumor growth the evolution of a tumor’s

boundary is not prescribed and is obtained as the solution in spherical coordinates.

Despite the rich literature on mathematical modeling of solid tumor growth, the

initial stage of tumor formation is either neglected or not comprehensively modeled.

At this stage, the interplay between adhesive force, due to cell-cell interactions, and

repulsive force, due to local pressure gradient, defines the dynamic formation of tumor

spheroids, which further affects the subsequent growth phases. To better understand

the involved mechanisms, there is still a need to conduct more collaborative research

involving biological and mathematical modeling approaches.

Here, we focus on the early phase of tumor spheroid formation, which is mostly

missing from previous studies. In this initial phase of spheroid formation, the cell-cell

adhesion forces are dominant and drag cells toward each other to make a compact

aggregation. This causes the spheroid to shrink. Once cells start to proliferate, the

raised concentration of cells within the spheroid produces a pressure which compen-

sates the adhesion forces. At this point, the balance between forces stops spheroids

from shrinking and leads to monotonic growth. This phase carries on until necrosis

occurs where the competition between mitosis and necrosis defines the growth pat-

tern. This early transient behavior of cells in tumor spheroid formation is modeled

by a reaction-diffusion equation coupled with an ODE. The effect of adhesion forces

between cells are incorporated into the system by prescribing a constant boundary

condition. This fixed concentration, the so-called relaxed concentration, implicitly

models an equilibrium condition at which adhesion forces and intrinsic pressure are

in balance.

Both analytical and numerical solutions were obtained for the change in the ra-

dius of a tumor spheroid at the early stage of formation. The theoretical model

was validated against the formation and growth of tumor spheroids generated from

glioblastoma cell lines.

2.2 Model Formulation

A tumor spheroid is considered as a system of particles (cells) with continuous change

in their properties such as concentration, velocity, etc. To start modeling this system,

the material time derivative of the tumor spheroid’s mass is written as a balance
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equation for the continuum concentration of cells within the system:

∂m

∂t
=

∂

∂t

∫
V

C (x, t) dV =

∫
V

Π dV , (2.1)

where m is the mass of the tumor, C (x, t) is local concentration of cells, x is the

position vector, Π is a volumetric source of mass, dV is a volume element and
∂
∂t

∫
V

C(x, t)dV is a material time derivative when particle locations are held fixed.

Using the Reynolds transport theorem, one can write

∂

∂t

∫
V

C (x, t) dV =

∫
V

(
∂C (x, t)

∂t
+ ∇ · (C (x, t)v (x, t))

)
dV , (2.2)

where v (x, t) is the velocity of particles. Followed by localization, equation (2.1)

gives:
∂C (x, t)

∂t
+ ∇ · (C (x, t)v (x, t)) = Π . (2.3)

A constitutive statement analogous to Darcy’s law can be proposed for the flux of

cells as q = C (x, t)v (x, t) = −k∇p (x, t), where p (x, t) is the pressure inside the

tumor and k is the proportionality of cell flux to the gradient of pressure, noting that

cells move from higher pressure to lower pressure regions. Here we propose that this

pressure is linearly proportional to the concentration of cells. Hence, equation (2.3)

yields:
∂C (x, t)

∂t
= K∇2C (x, t) + Π , (2.4)

where K denotes ability of cells to respond to the gradient of concentration. This

property depends on cell diffusivity (D) in response to the gradient of the concentra-

tion and adhesion forces between cells (f), i.e., K = K̂(D, f). Cell adhesion reduces

the ability of cells to move in response to the gradient of concentration. Therefore,

to simplify the model we propose a linear relation, K = ϵD, where 0 < ϵ < 1. The

volumetric growth depends on the type of cells, concentrations of nutrients, growth

factors and also environmental cues. Here we propose a simple linear relation for

volumetric growth, Π = η C (x, t), where η is the rate of cell proliferation. This as-

sumption is correct for early growth of tumor spheroids since they are usually small,

such that all cells can receive enough oxygen and nutrient and no hypoxia occurs in
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the tumor. Under this assumption, equation (2.4) can be rewritten as:

∂C (x, t)

∂t
= K∇2C (x, t) + η C (x, t) . (2.5)

Spherical coordinates, which are well suited to represent the spherical shape of tumor

spheroids, can be used to advantage. Since the early stage of growth is radially

symmetric, our analysis focuses on radially-symmetric solutions. Equation (2.5) in

spherical coordinates become:

∂C (r, t)

∂t
=
K

r2
∂

∂r

(
r2
∂C (r, t)

∂r

)
+ η C (r, t) , (2.6)

subject to the following boundary and initial conditions:

∂C (r, t)

∂r

∣∣∣∣
r=0

= 0 , (2.7a)

C (r, t)

∣∣∣∣
r=R(t)

= C0 , (2.7b)

C (r, t = 0) = Ci , for 0 < r < R(0) , (2.7c)

where R(t) is tumor radius, C0 is the imposed boundary condition on concentration

of cells, and Ci is the initial cell concentration, assumed spatially constant. Denoting

the free surface boundary by Ω (t) = {x ∈ R3| r − R(t) = 0}, the change in radius

can be derived by integrating cell motion on the entire volume of the tumor as (see

Appendix 2.5.1)
dR (t)

dt
= −K∂C (r, t)

∂r

∣∣∣∣
r=R(t)

; R(0) = R0 , (2.8)

in which R0 is the initial radius. The proliferation inside the tumor increases local

concentration of cells and generates a pressure gradient, and consequently a concen-

tration gradient. Equation (2.5) indicates that cells move from higher concentration

regions to lower concentration regions to create a uniform concentration (relaxed

concentration) everywhere so that cells do not feel any extra pressure. In order for

this pressure increment to be stabilized by the adhesion forces between cells, the

volume of the tumor has to increase to reach the relaxed concentration. To model

this equilibrium, we introduce boundary condition (2.7b) which imposes a constant

relaxed concentration on the boundary of the tumor spheroid. Solutions to equations

(2.6) and (2.8) with corresponding initial and boundary conditions in (2.7) give the
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distribution of cells and change in radius of the tumor spheroids over time.

2.2.1 Analytical Solution

Equation (2.6) is a linear concentration-dependent reaction-diffusion equation with

mixed boundary conditions. The reaction-diffusion form with constant source term

is:
∂C (r, t)

∂t
= K∇2C (r, t) + ηCi . (2.9)

Proposition 1. If C1 (r, t) is a solution of (2.9), the following is a solution of (2.6)

(see Appendix 2.5.2):

C (r, t) = −η
∫ t

0

C1 (r, τ) eητdτ + C1 (r, t) eηt . (2.10)

If a solution to (2.9) satisfies the initial and boundary conditions (2.7), then so

does (2.10). Therefore, the first step is to solve Equation (2.9) subject to initial

and boundary conditions (2.7). Using the variable change C1 (r, t) = U (r, t) + C0,

Equation (2.9) becomes a standard homogeneous PDE with zero boundary conditions

and constant initial condition, as follows:

∂U (r, t)

∂t
= K∇2U (r, t) + ηCi , (2.11a)

∂U (r, t)

∂r

∣∣
r=0

= 0 , (2.11b)

U (R1 (r) , t) = 0 , (2.11c)

U (r, t = 0) = Ci − C0 , for 0 < r < R(0) , (2.11d)

where R1(t) is the radius of tumor spheroids without proliferation. The following

solution is obtained for R1(t) (see Appendix A.3):

R1(t) =
Ci − C0√

ηCi

erfi
√
ηCiKt+R(0) . (2.12)

The solution to the full reaction-diffusion equation (2.5), is obtained as (see Ap-
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pendix 2.5.4):

dR(t)

dt
= −Kfi

(
−η

∞∑
n=1

(−1)n

n

∫ t

0

R(0)e(η−λ2
nK+ηCiK)τF (R(t), n)dτ

+R(0)
∞∑
n=1

(−1)n

n
e(η−λ2

nK+ηCiK)τF (R(t), n)

)
.

(2.13)

2.2.2 Model simplification

By introducing a new variable, R̄ = nπ
R(t)

R1(t)
, F (R(t), n) can be written as

F (R(t), n) =
R̄(t) cos(R̄(t)) − sin(R̄(t))

R(t)2
. (2.14)

The timescale of proliferation is small enough compared to that of cell motility such

that at each instant the radius of the diffusion-only model, R1(t), is close to the

concentration-dependent reaction-diffusion one, R(t). In the limit of separation of

time scales this approximation becomes exact. Therefore, it can be assumed that

R̄(t) ≈ nπ. Substitution of equation (2.14) into equation (2.13) simplifies the rate of

change of radius to

dR(t)

dt
= −πKfi

(
−η
∫ t

0

R(0)

R2(τ)

∞∑
n=1

e(η−λ2
nK+ηCiK)τdτ +

R(0)

R2(t)

∞∑
n=1

e(η−λ2
nK+ηCiK)t

)
,

(2.15)

which simplifies to (see Appendix 2.2.2)

R(t) = α

(√
π (2ηt− 1)

2
√
η

erfi(
√
ηt) −

√
t eηt

)
. (2.16)

2.2.3 Numerical Solution

In this section, numerical solutions of the model expressed in equations (2.6) and (2.8)

are presented. Equation (2.6) is a reaction-diffusion equation with mixed boundary

conditions coupled with the ODE in equation (2.8). To solve this system of equations,

temporal and spatial discretizations are required. The boundary of the tumor spheroid

is moving in time, which requires a new spatial discretization at each time-step. To

keep the number of nodes constant, the position of each node must be able to move
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in time. To this end, a mapping is introduced by non-dimensional variables t̄ =
t

τ
and r̄ (t̄ ) =

r

R (t̄ )
, where τ = tmax and R(t̄) is the moving boundary of the tumor.

Using this change of variables, the moving domain of the solution is mapped to a new

domain which always stays between zero and one. Equations (2.6) and (2.8) can be

rewritten in the new variables as

∂C (r, t̄ )

∂t̄
= λ

(
2

r̄

∂C (r̄, t̄ )

∂r̄
+
∂2C (r̄, t̄ )

∂r̄2

)
+ η τ C (r̄, t̄ ) (2.17a)

dR (t̄)

dt̄
= −λR(t̄)

∂C (r̄, t̄ )

∂r̄

∣∣∣∣
r̄=1

, (2.17b)

where λ =
τK

R (t̄ )2
, subject to the following boundary and initial conditions:

∂C (r̄, t̄)

∂r̄

∣∣∣∣
r̄=0

= 0 , (2.18a)

C (r̄, t̄)

∣∣∣∣
r̄=1

= C0 , (2.18b)

C (r̄, t̄)

∣∣∣∣
t̄=0

= Ci , for 0 < r̄ < 1 , (2.18c)

R(0) = R0 . (2.18d)

Here In order to solve this system of equations, the Crank–Nicolson (CN) finite dif-

ference scheme was employed [100] (see Appendix 2.5.6).

2.3 Results and Discussion

2.3.1 Model Analysis

The term α in equation (2.16) contains the influence of both cell motility in response

to the gradient of concentration, K, and the relaxed concentration of cells, C0. The

higher the absolute difference, C0 − Ci, the more shrinkage is expected. This quali-

tative effect holds for K as well, i.e., the higher the motility, the faster cells respond

to the gradient of concentration. To show this effect quantitatively, the value of the

normalized radius, R∗(t) =
R(t) −R0

R0

, versus normalized time, t∗ =
t

tmax

, is plotted

in Figure (2.1a) for Ci ⩽ C0 and different values of K∗ =
K

K0

holding other parame-
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ters fixed. Note that we selected tmax = 210h to be consistent with the experimental

results in the next section. Also, we take K0 to be 10−10 cm2.s-1 [101]. As can be seen,

the shrinkage of the tumor is faster for cells with higher motility (K). The tumor

spheroid decays further until the concentration of cells reaches the relaxed concen-

tration where the diffusivity of cells and adhesion forces are in balance (minimum

tumor radius). At this point, the proliferation continues to elevate cell concentration

and breaks the balance. To reach a new balance, the tumor spheroid increases its

radius to reduce the local concentration which finally leads to monotonic growth.

Rate of proliferation for highly proliferative cancer cells is normally in the order of

η0 = 10−2 h-1. This value was used as a reference number to non-dimensionalize the

proliferation rates in our analysis. The effect of cell motility on formation of spheroids

is illustrated in Figure (2.1a) in which parameters are set as η = 1.8 × η0,
C0

Ci

= 1.5

and R0 = 0.01 cm. The higher K in the figure corresponds to lower minimum radius

and faster shrinkage. This result also shows that tumor spheroids with higher K grow

faster since cells are able to rapidly respond to local proliferation and reach balance

by moving the boundary of the tumor. Unlike many types of mammalian cells which

have an intrinsic cell program that restricts their proliferation, most cancer cells are

highly proliferative [47]. When cells proliferate, the local concentration increases and

the generated pressure moves cells away. The formation of a tumor spheroid is faster

if cells have a high proliferation rate. To illustrate this effect, the formation of a

tumor spheroid is depicted in Figure (2.1b) for different values of η∗ =
η

η0
, holding

other parameters fixed, i.e., K∗ = 1,
C0

Ci

= 1.5 and R0 = 0.01 cm. As can be seen, a

tumor spheroid with a higher proliferation rate assembles faster.
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Figure 2.1: Formation of tumor spheroids with different values of (a) cell motility,
K∗

1 = 1, K∗
2 = 2 and K∗

3 = 3 ( with η∗ = 1.8, C0

Ci
= 1.5 and R0 = 0.01 cm),

(b) proliferation rate, η∗1 = 1.6, η∗2 = 1.8 and η∗3 = 2 (with K∗ = 1, C0

Ci
= 1.5

and R0 = 0.01 cm). A tumor spheroid with higher cell motility grows faster since
cells are able to rapidly respond to local proliferation and reach balance by moving
the boundary of the tumor. Also, a tumor spheroid with a higher proliferation rate
assembles faster.

To compare the analytical and numerical solutions, the formation of the tumor

spheroids was obtained for two sets of parameters, i) η∗ = 1.6,
C0

Ci

= 1.5, K∗ = 1,

R0 = 0.01 cm, and ii) η∗ = 2,
C0

Ci

= 2, K∗ = 1, R0 = 0.02 cm, using the Crank-

Nicolson scheme outlined in Appendix 2.5.6. Results are compared with the analytical

solution in Figure (2.2).
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Figure 2.2: Formation of tumor spheroid obtained by analytical solution and numer-
ical prediction, using two sets of parameters; set 1: η∗ = 1.6, C0

Ci
= 1.5, K∗ = 1, R0 =

0.01 cm, and set 2: η∗ = 2, C0

Ci
= 2, K∗ = 1, R0 = 0.02 cm. In the contraction phase

the analytical and numerical solutions reasonably match. The analytical solution
loses accuracy once growth becomes dominant. This is a result of the simplification
we made in equation (2.14).

As can be seen in the figure, analytical and numerical solutions match very well

in the contraction phase. The analytical solution loses accuracy once growth be-

comes dominant. This is a result of the simplification we made in equation (2.14).

Both solutions predict that the tumor spheroid in parameter set 2, which has higher

proliferation rate, experiences faster contraction and faster growth.

2.3.2 Model Validation

In this section, the theoretical model is validated against the formation of in vitro

solid tumor spheroids generated from glioma cell lines (U251 and U87 hGB cells), as

the most lethal type of intracranial tumors. Reproducibility, ease of assembly and

ability to provide high-throughput screening make them a promising candidate for in

vitro three-dimensional tumor models. Figure (2.3) shows the rates of proliferation

of the two cell lines, ηU251 = 0.037 ± 0.004h-1 and ηU87 = 0.026 ± 0.003h-1, which

are in the range of data reported in [102], i.e. ηU251 = 0.038h-1 and ηU87 = 0.033h-1.

Results of U251 spheroid formation over 210h are shown in Figure (2.4). During the

formation phase, intercellular interactions generate adhesion forces which pull cells

together and increase the concentration of cells within the spheroid. The size of the

spheroid reduces since the proliferation is not yet dominant. The tumor spheroid
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shrinks until the concentration reaches the relaxed concentration (C0). At this mini-

mum radius, the driving forces are in balance, i.e., adhesion forces and forces due to

high concentration of cells within the spheroid. This balance breaks once the prolifer-

ation of cells becomes dominant, elevating the local concentration above the relaxed

concentration. To remove the produced force, the boundary of the tumor spheroid

moves to increase the volume. This volume increment reduces the concentration of

cells and equilibrates the forces inside the tumor spheroid.
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Figure 2.3: Proliferation rates of U251 and U87 cells cultured in DMEM supplemented
with 10% (v/v) Fetal Bovine Serum (FBS) and 1% (v/v) Penicillin/Streptomycin, and
incubated at 37°C in 5% CO2. Rates were calculated by counting cells using Trypan
blue assay over 24h.
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Figure 2.4: In vitro formation of U251- spheroids over 210 hours. Spheroids undergo
an initial shrinkage and subsequent growth due to the competition between adhesion
forces and proliferation pressure. Scale bars show 500µm.

For spheroids which did not have a full spherical shape, the average of the largest
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and smallest diameters was considered as the spheroid diameter. Figure (2.5) shows

the size of the tumor spheroids over time compared with analytical and numerical

solutions. As shown in the figure, the mathematical model provides a reasonable

prediction of the formation of tumor spheroids and the minimum diameter. The model

predictions were able to follow the trend of formation and growth until approximately

160∼180 hours, after which the tumor spheroids lost their homogeneity in terms of

cell viability level. It is evident that in big spheroids, cells close to the core become

hypoxic and change their metabolism. This can reduce the accuracy of the model.
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Figure 2.5: Formation of a tumor spheroid over time, obtained by spheroid culture
of hGB cancer cell lines (n=3), (a) U251 and (b) U87, and compared with both
analytical and numerical predictions. The model is able to predict the formation of
tumor spheroids and the minimum diameter, but loses accuracy after approximately
160∼180 hours. This divergence from experimental results is started when the tumor
spheroids lose their homogeneity due to hypoxia and/or necrosis initiation.
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2.4 Experimental Methodology

2.4.1 Proliferation Rate

HGB cells were cultured in Dulbecco’s Modification of Eagle’s Medium (DMEM) sup-

plemented with 10% (v/v) Fetal Bovine Serum (FBS) and 1% (v/v) Penicillin/Streptomycin,

and incubated at 37°C in 5% CO2. The umber of cells, N1 and N2, was counted using

a Trypan blue assay after 24h and 48h, respectively (fresh media was added after

24h). Rates of proliferation (1/h) were calculated, shown in Figure (2.3), for both

cell lines as

η =
N2 −N1

N1 ∗ 24
. (2.19)

2.4.2 Spheroid Culture

For culturing spheroids, cells cultured in Sec. (4.1), were dissociated with GibcoTM

Trypsin-EDTA (0.5%) and were centrifuged at 300g for 5min. After removing the

supernatant and suspending the cell pellet in 1 mL of medium, the number of cells was

counted using a Trypan blue assay. Afterwards, self-filling micro-well arrays (SFMAs)

were used to produce uniform tumor spheroids [84]. The desired concentration of cells

was loaded dropwise through guiding channels of SFMAs and were gently seeded into

the wells. The microwells were kept in an incubator and imaging started 5h after

seeding to let the cells fully settle in the wells. Cells were supplemented with fresh

medium every 24h to maintain the concentration of nutrients. The formation of

spheroids was imaged using optical microscopy (Axio Observer, ZEISS, Oberkochen,

Germany) over 210 hours. The size of spheroids was measured using ImageJ [103].

Conclusion

In this work, we have presented an analytical solution for the formation of solid tumor

spheroids. The process of tumor spheroid formation includes a preliminary contrac-

tion phase where adhesion forces densify cell aggregation. This phase proceeds until

the cell concentration reaches a threshold, the so-called “relaxed concentration” at

equilibrium. Afterwards, cell proliferation raises concentration and produces pressure

which breaks the equilibrium. The tumor spheroid evolves in size to compensate

for the generated pressure. This transient phase in formation and growth of tumor

spheroids was mathematically modeled using a system of coupled PDE and ODE with
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appropriate boundary and initial conditions. To validate model predictions, human

glioblastoma cancer cell lines were spheroid cultured and their size was imaged over

210 hours. Results showed that although the model loses accuracy after approxi-

mately 160∼180 hours, it can nevertheless provide reliable prediction of the size of

the spheroids before they become inhomogeneous. It should be noted that this study

is limited to the modeling of solid tumor formation with no access to environmental

stimuli such as stroma, immune cells, etc. However, our approach has the potential to

include the inhibitory effect of drugs using an additional reaction-diffusion equation.

The effect of a drug on the tumor development may be expected either to simply ex-

tend the contraction phase, or to cause a monotonic contraction after the expansion,

in either case due to the apoptotic affect of the drug.
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2.5 Appendix

2.5.1 Rate of Change of Spheroid’s Volume

In this section, we derive an expression to relate the gradient of concentration at the

boundary of a tumor to the time rate of change of its radius.

The rate of change of volume is

dV (t)

dt
=

∫
V

∇ ·v (x, t) dV = −
∫
V

K∇2C (r, t) dV = −
∫
Ω

K∇C (r, t)·n dΩ , (2.20)

where n is normal to the surface, i.e., n = êr. Also, ∇C (r, t) =
∂C (r, t)

∂r
êr,

and
dV (t)

dt
= 4πR2(t)

dR (t)

dt
. The surface element on a sphere of radius R is dΩ =
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R2 sin(ϕ)dθdϕ, where θ and ϕ are azimuthal and polar angles, respectively. Hence,

equation (2.20) gives:

4πR2(t)
dR (t)

dt
= −

∫ π

0

∫ 2π

0

K
∂C (r, t)

∂r
êr · êrR2(t) sin(ϕ) dθdϕ , (2.21)

which further simplifies to:

dR (t)

dt
= −K∂C (r, t)

∂r

∣∣∣∣
r=R(t)

. (2.22)

2.5.2 Proof of Proposition 1

In this section, the proof of Proposition 1, which was utilized as an intermediate step

to solve Equation (2.6), is provided.

Taking derivatives of (2.10) gives:

∂C (r, t)

∂r
= −η

∫ t

0

∂C1 (r, t)

∂r
eητdτ +

∂C1 (r, t)

∂r
eηt , (2.23a)

∂2C (r, t)

∂r2
= −η

∫ t

0

∂2C1 (r, t)

∂r2
eητdτ +

∂2C1 (r, t)

∂r2
eηt , (2.23b)

∂C (r, t)

∂t
=
∂C1 (r, t)

∂t
eηt . (2.23c)

By substitution, it can be shown that (2.23) satisfies Equation (2.6), as follows.

∂C1

∂t
=
K

r2
∂

∂r

(
r2
∂C1

∂r

)
+ ηCi

by assumption. The LHS of (2.6) is

∂C

∂t
=
∂C1

∂t
eηt .
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The RHS of (2.6) is

K

r2
∂

∂r

(
r2
∂C

∂r

)
+ η C =

K

r2
∂

∂r

(
r2
[
−η
∫ t

0

∂C1

∂r
eητdτ +

∂C1

∂r
eηt
])

+ ηC

=
K

r2
∂

∂r

(
r2
∂C1

∂r

)
eηt − η

∫ t

0

K

r2
∂

∂r

(
r2
∂C1

∂r

)
eητdτ + ηC

=

(
∂C1

∂t
− ηCi

)
eηt − η

∫ t

0

(
∂C1

∂τ
− ηCi

)
eητdτ + ηC

=
∂C1

∂t
eηt − ηCie

ηt − η

[
C1e

ητ |t0 − η

∫ t

0

C1e
ητdτ

]
+ ηCi

∫ t

0

ηeητdτ + ηC

=
∂C1

∂t
eηt − ηCie

ηt − η [C − Ci] + ηCi(e
ηt − 1) + ηC

=
∂C1

∂t
eηt .

Hence Equation (2.6) is satisfied.

2.5.3 Solution of R1(t)

Here, we solve Equation (2.11a) and derive an approximate expression for R1(t).

Using separation of variables, U (r, t) = P (r)T (t), one can derive the solution of

(2.11a) as

U (r, t) =
∞∑
n=1

Dne
−(λ2

n−ηCi)Kt sin (λnr)

r
, (2.24)

where Dn = 2R(0) (C0 − Ci)
(−1)n

nπ
and λn =

nπ

R1(t)
. Hence,

C1 (r, t) =
∞∑
n=1

Dne
−(λ2

n−ηCi)Kt sin (λnr)

r
+ C0 . (2.25)

Substitution of (2.25) into (2.22) gives

dR1(t)

dt
=

2K(Ci − C0)

R1(t)

∞∑
n=1

e−(λ2
n−ηCi)Kt . (2.26)

The infinite series in equation (2.26) is convergent and has upper and lower bounds
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as follows: ∫ ∞

1

e−(λ2
n−ηCi)Ktdn ⩽

∞∑
n=1

e−(λ2
n−ηCi)Kt ⩽

∫ ∞

0

e−(λ2
n−ηCi)Ktdn . (2.27)

Using the identity

∫
e−(λ2

n−ηCi)Ktdn =
R1(t) e

ηCiKt

2
√
πKt

erf

(
nπ

√
Kt

R1(t)

)
+ constant, the in-

equalities in (2.27) become

√
K(Ci − C0)√

π
eηCiKt

1 − erf
(

π
√
Kt

R1(t)

)
√
t

 ⩽
2K(Ci − C0)

R1(t)

∞∑
n=1

e−(λ2
n−ηCi)Kt

⩽

√
K(Ci − C0)√

πt
eηCiKt .

(2.28)

Here, we observe that the upper and lower bounds in equation (2.28) are very tight,

at least for system parameters in a reasonable range. Therefore, considering either

bound as an approximate solution for
dR1(t)

dt
is acceptable. To show this, the solution

of R1(t) using the upper bound, R1(t)ub, and lower bound, R1(t)lb, are found by a

finite difference method and the corresponding relative error,
R1(t)ub −R1(t)lb

R1(t)lb
, is

shown in Figure (2.6). System parameters are adopted in the range of biological

properties of tumor spheroids as K = 10−10 cm2/s, R0 = 0.01 cm. We also assume

that the initial phase of growth does not take longer than a few days, tmax =240

hours, and
C0

Ci

= 2.
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Figure 2.6: The relative error in the solution of R1(t) in equation (2.26) using the
upper bound, R1(t)ub, and lower bound, R1(t)lb, of equation (2.28). Parameters are
set as K = 10−10, R0 = 0.01 cm, tmax =240 hours and C0

Ci
= 2.

As can be seen in the figure, the error is very small, indicating that both bounds

are acceptable in this range. To reduce the complexity in the analytical solution

procedure, we used the upper bound as the solution of
dR1(t)

dt
, for which the analytical

solution is available as

R1(t) =
Ci − C0√

ηCi

erfi
√
ηCiKt+R(0) . (2.29)

2.5.4 Solution of Full RD Equation

In this section, the solution to the full reaction-diffusion equation (2.5) is obtained.

By substitution of equation (2.25) into (2.10), one can obtain:

C (r, t) = −ηfiR(0)
∞∑
n=1

(−1)n

n

∫ t

0

e−(λ2
n−ηCi)Kτ sin(λnr)

r
eητdτ − ηC0

∫ t

0

eητdτ

+R(0)fi

∞∑
n=1

(−1)n

n
e−(λ2

n−ηCi)Kt sin(λnr)

r
eηt + C0 e

ηt ,

(2.30)
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which further simplifies to:

C (r, t) = −ηfiR(0)
∞∑
n=1

(−1)n

n

∫ t

0

e−(λ2
n−ηCi)Kτ sin(λnr)

r
eητdτ

+R(0)fi

∞∑
n=1

(−1)n

n
e−(λ2

n−ηCi)Kt sin(λnr)

r
eηt + C0 ,

(2.31)

where fi =
2(C0 − Ci)

π
. It should be noted that there are two radii in this solution,

i.e., R1(t) and R(t). The former is the radius of the reaction-diffusion form with

constant source, equation (2.9), and the latter is the radius of the concentration-

dependent reaction-diffusion form, equation (3.1). By substitution of (2.31) into

(2.22), the first order differential equation for R(t) is obtained as:

dR(t)

dt
= −Kfi

(
−η

∞∑
n=1

(−1)n

n

∫ t

0

R(0)e(η−λ2
nK+ηCiK)τF (R(t), n)dτ

+R(0)
∞∑
n=1

(−1)n

n
e(η−λ2

nK+ηCiK)τF (R(t), n)

)
,

(2.32)

where F (R, n) =
λnR(t) cos(λnR(t)) − sin(λnR(t))

R(t)2
.

2.5.5 Model Simplification

Here, steps to simplify Equation (2.15) are provided. Equation (2.15) gives the rate

of change of radius as

dR(t)

dt
= −πKfi

(
−η
∫ t

0

R(0)

R2(τ)

∞∑
n=1

e(η−λ2
nK+ηCiK)τdτ +

R(0)

R2(t)

∞∑
n=1

e(η−λ2
nK+ηCiK)t

)
.

(2.33)

Using the same identity used in (2.28) and the argument proposed in deriving equation

(2.29), equation (2.33) simplifies to

dR(t)

dt
= −α

(
−η
∫ t

0

R(0)R1(τ)

R2(τ)

eητ(1+CiK)

√
τ

dτ +
R(0)R1(t)

R2(t)

eηt(1+CiK)

√
t

)
, (2.34)

where α =
fi
√
πK

2
. It should be noted that CiK ≪ 1, (1 + CiK ≈ 1). Hence,

equation (2.34) simplifies approximately to the following nonlinear integro-differential



31

equation:

dR(t)

dt
= −α

(
−η
∫ t

0

R(0)R1(τ)

R2(τ)

eητ√
τ
dτ +

R(0)R1(t)

R2(t)

eηt√
t

)
. (2.35)

Note that R(0) is the initial radius, and R1(t) and R(t) are radii for the constant-

source reaction-diffusion equation and the concentration-dependent reaction-diffusion

equation, respectively. It can be shown that the term
R(0)R1(t)

R2(t)
fluctuates around 1

during the shrinkage and early growth phase as follows:

R(0)R1(t)

R2(t)
= 1, at t = 0 , (2.36a)

R(0)R1(t)

R2(t)
> 1, in the shrinkage phase , (2.36b)

R(0)R1(t)

R2(t)
≈ 1, in the transition phase , (2.36c)

R(0)R1(t)

R2(t)
< 1, in the initial growth phase . (2.36d)

Thus, we write
R(0)R1(t)

R2(t)
= 1 + ε(t), where ε(t) denotes the variation around 1

and depends on the intrinsic properties of the system, such as proliferation rate (η),

cell diffusivity (D), etc. Although the form of function ε(t) cannot be specified pre-

cisely, we make the approximation ε(t) ≈ 0 in order to simplify equation (2.35). This

assumption is not accurate, especially for the growth phase. However, the compar-

ison between the analytical solution and both numerical and experimental results

in Sections 2.3.1 and 2.3.2 confirms that this approximation provides an acceptable

prediction on the formation of spheroids in the range of interest. Using the identity∫ t

0

eητ√
τ
dτ =

√
π

η
erfi(

√
ηt), equation (2.35) then yields:

dR(t)

dt
= −α

(
−√

πη erfi (
√
ηt) +

eηt√
t

)
; R(t)

∣∣∣∣∣
t=0

= R0 . (2.37)

Note that if Ci = C0 then α = 0, and the size of the tumor does not change, but

experimentally, the initial seeding concentration, Ci, is always less than C0, since

a compact tumor mass has not yet formed, so this can be considered physically
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implausible. Using the fact that

∫ t

0

erfi(
√
ητ)dτ =

(2ηt+ 1)erfi(
√
ηt) − 2eηt

√
ηt√

π

2η
, (2.38)

the solution to (2.37) can be obtained as

R(t) = α

(√
π (2ηt− 1)

2
√
η

erfi(
√
ηt) −

√
t eηt

)
. (2.39)

2.5.6 Numerical Method

The Crank–Nicolson scheme is implicit, unconditionally stable, and gives second-order

convergence. Considering temporal (i) and spatial (j) discretizations, the following

approximations to temporal and spatial derivatives transform the differential equa-

tions (2.6) and (2.8) into an algebraic system of equations.

∂C(i, j)

∂t̄
=
Ci+1

j − Ci
j

∆t̄
, (2.40a)

dR(i)

dt̄
=
Ri+1 −Ri

∆t̄
, (2.40b)

∂C(i, j)

∂r̄
=

1

2

(
Ci

j+1 − Ci
j−1

∆r̄
+
Ci

j+1 − Ci
j−1

∆r̄

)
, (2.40c)

∂2C(i, j)

∂r̄2
=

1

2

(
Ci+1

j+1 − 2Ci+1
j + Ci+1

j−1

∆r̄2
+
Ci

j+1 − 2Ci
j + Ci

j−1

∆r̄2

)
. (2.40d)

Substitution of these approximations into (2.17) gives a system of linear algebraic

equations in the form of Ax = b, where A is square matrix of coefficients and vector

x contains unknown concentrations at each node. The CN scheme is implicit in

both time and space. Based on this method, the (k + 1)th iteration of unknown

concentrations, C(k+1), is defined as:

C(k+1) = A−1
lower

(
b− AupperC

(k)

)
, (2.41)

where Alower and Aupper are respectively a lower triangular and strictly upper tri-

angular decomposition of matrix A. As the iterations proceed, the approximations

converge until the error reaches a defined tolerance. MATLAB® [104] was used to

perform iterations to obtain unknown concentrations at each node. Note that we
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used explicit value of R(t) in Equation (2.17a), i.e. Ri(t), such that we could solve

for the concentrations first and plug them into Equation (2.17b) to obtain Ri+1(t).
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Abstract

In this work, we studied the stability of radially symmetric growth in tumor

spheroids using a reaction-diffusion model. In this model, nutrient concentration

and internal pressure are local variables that implicitly relate the proliferation of

cells to the growth of the tumor. The analytical solution of the governing model

was presented in an orthonormal spherical harmonic basis. It was shown that the

radially symmetric steady-state solution to the growth of tumor spheroids, under

symmetric growth conditions, was unstable with respect to small asymmetric pertur-

bations. Such perturbations excited the asymmetric modes of growth, which could

grow in time and change the spherical configuration of the tumor. The number of

such modes and their rates of growth depended on parameters such as surface tension,

external energy and the rate of nutrient consumption. This analysis indicated that

the spherical configuration of tumor spheroids, even under experimentally controlled

symmetric growth conditions, were naturally unstable. This was confirmed by a com-

parison between the shapes of in vitro human glioblastoma (hGB) spheroids and the

configuration of the first few asymmetric modes predicted by the model.

Keywords: asymmetric growth; instability; human glioblastoma spheroid

3.1 Introduction

Mathematical modeling has great potential in predicting different aspects of tumor

progression. The complicated behavior of growing tumors can often be interpreted by

understanding the underlying interactions in a mathematical model. In this regard,

avascular tumor spheroids have been extensively studied over the past decades [6–

10]. The growth of tumor spheroids, in particular, has been mathematically described
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from different perspectives such as continuum models, discrete (agent-based) models

and hybrid (continuum-discrete) models [11]. Continuum models are generally built

upon partial differential equations (PDEs) for mass conservation and evolution of the

tumor boundary [105–107]. In some of these models, the concentration of nutrients

defines the cell concentration and type at each point in the tumor body. Indeed,

these models implicitly determine the concentration of cells. They can also show

acceptable qualitative agreement with experimental data. Furthermore, the literature

on mathematical models that explicitly consider the concentration of cells as one of

the variables is rapidly growing [30, 108–110]. In these models, an additional PDE

defines the change in the concentration of cells.

Primary invasive tumors emerge from small aggregations of abnormal cells that

possess cancerous characteristics, such as high proliferation potential, mainly due to

the mutations in their oncogenes, DNA repair genes and/or tumor suppressors [47].

The progression of these tumors starts with the formation of small avascular tumors,

followed by a volumetric growth and also the initiation of cell heterogeneity, due to

hypoxic/necrotic formation, and finally leads to the formation of large and complex

vascular tumors [111]. Among different aspects, asymmetric growth has gained par-

ticular attention. Studies have tried to provide insight into why, and how, possible

asymmetric configurations may occur during tumor growth [112–114]. For instance,

the response of spherical tumors to asymmetric perturbations was studied by Byrne

and Chaplain [17]. They considered the avascular tumor spheroids as an incom-

pressible fluid where the evolution of the radius depends on the change in internal

pressure. The stability of the steady-state solution was then evaluated by examining

the excited spherical harmonic modes. They have shown that the growth of invasive

tumors evolves according to the unstable modes and that the number of unstable

modes increases as the energy required to preserve the tumor structure is reduced.

They assumed that the rate of nutrient consumption is constant. This is not a realis-

tic assumption; however, experimental evidence shows that the rate of consumption

depends on the nutrient concentration [115]. In addition, the asymptotic stability of

the radially symmetric growth of tumor spheroids has been studied in [116, 117]. In

addition, Li et al. [118], Cristini et al. [119] and Wu et al. [120] carried out numerical

simulations of tumor growth in circumstances where a small perturbation can even-

tually give rise to a radially non-symmetric configuration. The authors investigated

the role of a single parameter, such as either nutrient supply or surface tension.

Most of the existing studies either investigated the role of a single parameter in
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the stability of radially symmetric growth in tumor spheroids, or they lacked an ex-

perimental component. In this work, like that of Byrne and Chaplain, we modeled

the tumor as a incompressible continuum medium, in which the local proliferation of

cells gave rise to a change in internal pressure and, consequently, to growth. How-

ever, we relaxed the assumption of a constant consumption rate, adopting instead

a concentration-dependent rate, which affected the stability of the steady-state so-

lutions. To observe the behavior of the tumor in response to asymmetric excita-

tion, a small perturbation was introduced to the steady-state solutions. It was seen

that increasing the concentration of nutrients, C∞, increased the number of grow-

ing asymmetric modes. However, increasing the rate of consumption led to a smaller

steady-state radius with a smaller number of growing asymmetric modes. In addition,

higher surface tension allowed for a smaller steady-state radius and a smaller number

of growing asymmetric modes. We also compared the predicted asymmetric growth

with experimental results. The growth of in vitro solid tumor spheroids generated

from the glioma cell line (U251 hGB cells) was observed over time. It was seen that

spheroids in a roughly symmetric environment lost their spherical configuration due

to small natural perturbations from perfect symmetry exerted by their environment.

3.2 Model Formulation

We adopted a reaction-diffusion model that considered a tumor as an incompressible

continuum medium where the proliferation depended on the presence of nutrients.

The system of the governing equation is

∂C(x, t)

∂t
= ∇2C(x, t) − η2C(x, t) , (3.1a)

∂P (x, t)

∂t
= µ∇2P (x, t) + ζ (C(x, t) − Cd) , (3.1b)

V Γ · n = −µ gradP (x, t)

∣∣∣∣
Γ

· n , (3.1c)

where C(x, t), P (x, t) are the concentrations of nutrients and the internal pressure,

respectively, and η2C(x, t) is the positive rate of nutrient consumption. A constitutive

relation analogous to Darcy’s law relates the velocity of cells to the pressure gradient

with a constant of proportionality µ that describes cell motility. The pressure is
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assumed to be proportional to the cell density, which does not appear explicitly in

the equations. However, the pressure production is modulated by the rate of cell

proliferation, ζ C, which depends linearly on the concentration of nutrients, and the

natural rate of cell death ζCd. The tumor boundary is Γ, V Γ is the boundary velocity

and n is the outward normal. Hence, Equation (3.1c) denotes the rate of growth of

the tumor boundary, that is, the normal velocity of its boundary. The boundary

of the tumor is a two-phase interface (i.e., cells and nutrients), hence, we impose

boundary conditions as

C(x, t)

∣∣∣∣
Γ

= C∞ (1 − 2γH) , (3.2a)

P (x, t) = P∞ , (3.2b)

where (3.2a) is a thermodynamically consistent boundary condition as proposed in

[121], C∞ is the nutrient supply, γ is the surface tension, H is the mean curvature

and P∞ is the external pressure. Equation (3.2a) allows a nutrient concentration

jump of 2γHC∞ across the boundary interface due to the surface tension. It should

be noted that the boundary condition (3.2a) couples the system of the governing

equations. Next, we present the analytical solution to the governing Equation (3.1a–

3.1c), subjected to the boundary conditions (3.2a,3.2b).

3.2.1 Analytical Solutions

Spherical coordinates, which are well suited to represent the spherical configuration

of tumors, could be used to our advantage. To study the asymmetric instabilities

of tumor growth, we first considered the radially symmetric solutions to the govern-

ing equation, Equation (3.1a–3.1c), and the boundary conditions (3.2a,3.2b). The

equations can be made more meaningful by the following normalization

C̄ =
C

Cd

, C̄∞ =
C∞

Cd

, P̄ =
P

P∞
. (3.3)

Note that in spherical coordinates, the position is x = r er(θ, ϕ) and the Laplace

operator ∇2 has the form

∇2 =
1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2 sin(θ)

∂

∂θ

(
sin(θ)

∂

∂θ

)
+

1

r2 sin2(θ)

∂2

∂ϕ2
, (3.4)
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in the domain θ ∈ [0, π] and ϕ ∈ [0, 2π].

Symmetric Steady-State Solutions

For the radially symmetric case, the fields are only a function of r and t, i.e., C(r, t),

P (r, t) and the tumor boundary Γ is defined by r = R(t), and its velocity is VΓ =

VRer. Thus, Equations (3.1c) and (3.2a) read

VR = −µ∂P (r, t)

∂r

∣∣∣∣
r=R(t)

, (3.5a)

C(r, t)

∣∣∣∣
r=R(t)

= C∞
(
1 − 2γR−1(t)

)
, (3.5b)

where VR is the velocity of the tumor boundary and R(t) is the radius of the tumor.

Note that Equation (3.5b) provides a lower bound for R(t) such that 2γ < R(t). To

eliminate singularities at r = 0, we use

∂C(0, θ, ϕ, t)

∂r
= 0 , (3.6a)

∂P (0, θ, ϕ, t)

∂r
= 0 . (3.6b)

The solution for the nutrient concentration is

C̄(r, t) =
C̄∞(R(t) − 2γ) sinh(ηr)

r sinh(ηR(t))
, (3.7)

and substitution into (3.1b,3.1c) yields

µP∞

ζCd

∂P̄

∂r
(r, t) =

C̄∞(R(t) − 2γ) sinh(ηr)

η2r2 sinh(ηR(t))
− C̄∞(R(t) − 2γ) cosh(ηr)

ηr sinh(ηR(t))
+
r

3
, (3.8a)

1

ζCd

dR(t)

dt
=
C̄∞ (R(t) − 2γ)

sinh(ηR(t))

(
1

ηR(t)
cosh(ηR(t)) − 1

η2R(t)2
sinh(ηR(t))

)
− R(t)

3
.

(3.8b)

To understand the role of the model parameters, the tumor growth rate VR was

plotted against the tumor radius R for different values of nutrient source C∞, surface

tension γ and rate of consumption η.

Figure 3.1 shows that at most two plausible steady-state solutions, VR = 0 existed.
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The plausible steady-state solutions could be stable for dVR/dR < 0 or unstable for

dVR/dR > 0. However, in the current context it was necessary for a steady-state

solution to be stable. Figure 3.1a shows that no steady-state solution existed for

C̄∞ ≤ 1 since the net proliferation was negative due to the limited nutrient supply.

Thus, the tumor continuously diminished to zero. For sufficient nutrient supply,

C̄∞ ≥ 1.25, two steady-state solutions existed. Similarly, Figure 3.1b shows that two

steady-state solutions existed for the low consumption rate η ≤ 3, and no steady-

state solution existed for η ≥ 4 due to the insufficient supply of nutrients. It followed

that, for a particular η = η0 in the range (3, 4), the two solutions coincided into one

unstable solution, such that for 0 ≤ η < η0 one stable solution existed and for η > η0

no solutions existed. Figure 3.1c shows that for large surface tension no steady-state

solution existed. Recall that R > 2γ, hence the curves where R < 2γ were not

physically admissible. When two plausible steady-state solutions existed, the large

radius solution was stable, but the small radius solution was unstable. It was also

observed that the radius of the stable steady-state solution increased with increasing

C̄∞ and decreased with increasing η and γ. It should be noted that only dimensional

stability was investigated above; shape stability is yet to be considered. In what

follows, we investigated shape instability in the form of asymmetric instability of the

radially symmetric steady-state solutions by introducing asymmetric perturbations.

We also explored the growth rate of unstable asymmetric modes to obtain an insight

into the perturbed configuration of the tumor.
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Figure 3.1: Tumor growth rate, VR, vs. R for various values of nutrient supply C̄∞
in (a), nutrient consumption η in (b) and surface tension γ in (c). A maximum of
two plausible steady-state solutions existed, which could be stable (dVR/dR < 0) or
unstable (dVR/dR > 0). It could be seen that the maximum of two steady-state
solutions was achieved for sufficient nutrient supply (a), low consumption rate (b)
and low surface tension (c).

3.2.2 Instability to Asymmetric Perturbation

A tumor microenvironment can exert external stimuli in various non-symmetric ways.

For instance, tumor tissue can apply forces in different directions or cells can be ex-

posed to an asymmetric gradient of chemoattractants, growth factors, etc. In addi-

tion, the heterogeneity of the cell population may change the local properties in large

tumors and lead to an inhomogeneous structure. Therefore, tumors are susceptible

to asymmetric growth. This can be seen in the growth of benign tumors when they

eventually lose their close-to-spherical shape. The vast majority of invasive tumors

are not spherical [122]. To investigate the stability of the steady-state radially sym-
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metric solution, small time-dependent asymmetric perturbations were introduced as

C(r, θ, ϕ, t) = C̄(r) + ϵ Cp(r, θ, ϕ, t) , (3.9a)

P (r, θ, ϕ, t) = P̄ (r) + ϵ Pp(r, θ, ϕ, t) , (3.9b)

R(θ, ϕ, t) = R̄ + ϵRp(θ, ϕ, t) , (3.9c)

where 0 < ϵ ⩽ 1, C̄(r), P̄ (r) and R̄ are the dimensionally stable steady-state radially

symmetric solutions of the governing equations (3.1) and Cp, Pp and Rp are the asym-

metric perturbations. The substitution of (3.9a,3.9b) into (3.1a,3.1b) immediately

yields the governing equations for Cp and Pp, respectively. In order to obtain the

equation of Rp, first substitute (3.9c) into (3.1c), which yields

∂

∂t

(
R̄ + ϵRp

)
= −µ ∂

∂r

(
P̄ + ϵ Pp

) ∣∣∣∣
r=R̄+ϵRp

, (3.10)

and then utilize the Taylor series of (3.9b) about R̄ in the form

∂

∂r

(
P̄ + ϵ Pp

) ∣∣∣∣
r=R̄+ϵRp

=
∂P̄

∂r

∣∣∣∣
r=R̄

+ ϵ
∂Pp

∂r

∣∣∣∣
r=R̄

+ ϵRp
∂2P̄

∂2r

∣∣∣∣
r=R̄

+O(ϵ2) . (3.11)

Finally, substitution of (3.11) into (3.10) yields the governing equation for Cp.

The system of governing equations of the perturbations Cp, Pp and Rp reads

∇2Cp − η2Cp = 0 , (3.12a)

µ∇2Pp + ζ Cp = 0 , (3.12b)

∂Rp

∂t
= −µ

(
∂Pp

∂r
+Rp

∂2P̄

∂r2

) ∣∣∣∣
r=R̄

. (3.12c)

Similarly, substitution of the perturbations into (3.2a,3.2b) yields the perturbed

boundary conditions

Cp

∣∣∣∣
r=R̄

=
γC∞

R̄2

[
2Rp +

1

r2 sin(θ)

∂

∂θ

(
sin(θ)

∂Rp

∂θ

)
+

1

r2 sin2(θ)

∂2Rp

∂ϕ2

]
−Rp

∂C

∂r

∣∣∣∣
r=R̄

,

(3.13a)

Pp

∣∣∣∣
r=R̄

= −Rp
∂P

∂r

∣∣∣∣
r=R̄

. (3.13b)
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Also, the following conditions can be simply inferred from (3.6a,3.6b)

∂Cp

∂r

∣∣∣∣
r=0

= 0 , (3.14a)

∂Pp

∂r

∣∣∣∣
r=0

= 0 . (3.14b)

Separation of variables Cp (r, θ, ϕ) = R(r)Θ(θ)Φ(ϕ) is used to solve Equation

(3.12a). Substitution gives the following equations for the polar and azimuthal angles

1

Φ(ϕ)

d2Φ(ϕ)

dϕ2
= −m2 → Φ(ϕ) = eimϕ , (3.15a)

d

dx

(
(1 − x2)

dΘ(x)

dx

)
+

(
l(l + 1) − m2

1 − x2

)
Θ(x) = 0 → Θ(x) = Pm

l (x) ,

(3.15b)

where m is an integer, x = cos θ and Pm
l (x) = 1

2l l!
(1 − x2)

m
2

dl+m

dxl+m (x2 − 1)l are the

Legendre polynomials. Combining Θ(θ) and Φ(ϕ) forms the spherical harmonics

Y m
l (Θ, ϕ) = χlm P

m
l (x) eimϕ , (3.16)

where the coefficients χlm(t) are determined by the boundary conditions. The equa-

tion for the radial component of Cp (r, θ, ϕ) reads

r2
d2z

dr2
+ r

dz

dr
−

(
η2r2 +

(
l +

1

2

)2
)
z = 0, (3.17)

where z = R(r)(ηr)
1
2 . The known solutions to Equation (3.17) are the modified spher-

ical Bessel functions of the first kind, R(r) = i
(1)
l (ηr), where i

(1)
l (ηr) =

√(
π
2r

)
Il+ 1

2
(ηr);

Il+ 1
2

is Bessel’s function of the first kind. Gathering all components of the solution

yields (note that here we used i
(1)′

l (r) = i
(1)
l+1(ηR(t)) + l

ηR(t)
i
(1)
l (ηR(t))),

Cp (R(r),Θ(θ) ,Φ(ϕ)) =
∑
l≥0

∑
|m|≤l

χlm(t) i
(1)
l (ηr)Y m

l (θ, ϕ) . (3.18)
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To solve for the pressure, we multiply (3.12a) by s
η2

and add it to (3.12b) to obtain

∇2

(
Pp +

s

η2µ
Cp

)
= 0.

It follows that the known solution is

Pp +
ζ

η2µ
Cp =

∑
l≥0

∑
|m|≤l

Πlm(t)rl Y m
l (θ, ϕ) ,

which by (3.18) yields the final solution in the form

Pp (R(r),Θ(θ) ,Φ(ϕ)) =
∑
l≥0

∑
|m|≤l

(
Πlm(t)rl − ζ

η2µ
χlm(t) i

(1)
l (ηr)

)
Y m
l (θ, ϕ) , (3.19)

where the coefficients Πlm(t) are determined by the boundary conditions. From

(3.14a,3.14b), we infer that

χ1m(t) = 0 and Π1m(t) = 0 ,

and from (3.13b), we find ρ1m(t) = 0. For l ̸= 1 we have

χlm(t) i
(1)
l (

ηR(t)

Cd

) =

[
γC̄∞

R2
(2 − l(l + 1)) − ∂C̄

∂r
(R(t))

]
ρlm(t)

=

(
−l(l + 1)

γ

R(t)2
−
(

1 − 2γ

R(t)

)
η coth(ηR(t)) +

1

R(t)

)
C̄∞ρlm(t) ,

(3.20)

and by (3.19)

1

CdP∞

(
Πlm(t)R(t)l − ζ

η2µ
χlm(t) i

(1)
l (ηR(t))

)
= −∂P̄

∂r
(R(t))

ρlm(t)

Cd

(3.21)

=

(
−C̄∞

η2

(
1

R(t)
− 2γ

R(t)2

)
+
C̄∞

η

(
1 − 2γ

R(t)

)
coth(ηR(t)) − R(t)

3

)
ζ

P∞µ
ρlm(t).

Hence, substitution of (3.20) into (3.21) yields

µ

Cdζ
Πlm(t)R(t)l =

(
(1 − l)(l + 2)

γC̄∞

η2R(t)2
− R(t)

3

)
ρlm(t). (3.22)
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By writing the perturbed radius in an orthonormal spherical basis,

Rp(t) =
∑
l≥0

∑
|m|≤l

ρlm(t)Y m
l (θ, ϕ) , (3.23)

and implementing (3.12c), we conclude that dρ1m
dt

(t) = 0 and for l ̸= 1

1

Cdζρlm(t)

dρlm(t)

dt
= − µ

Cd

(
lΠlm(t) l R(t)l−1 − ζ

µη
χlm(t) i

(1)′

l (ηR(t)) +
∂2P

∂r2
(R(t))

)
= − l

µ

Cdζ
Πlm(t)R(t)l−1 +

1

Cdη
χlm(t)

(
i
(1)
l+1(ηR(t)) +

l

ηR(t)
i
(1)
l (ηR(t))

)
− 2C̄∞(R(t) − 2γ) coth(ηR(t))

ηR(t)2
+

2C̄∞(R(t) − 2γ)

η2R(t)3
+
C̄∞(R(t) − 2γ)

R(t)
− 1

3

= − l

R(t)

µ

Cdζ

(
Πlm(t)R(t)l − 1

η
χlm(t) i

(1)
l (ηR(t))

)
+

1

Cdη
χlm(t) i

(1)
l+1(ηR(t))

− 2C̄∞(R(t) − 2γ) coth(ηR(t))

ηR(t)2
+

2C̄∞(R(t) − 2γ)

η2R(t)3
+
C̄∞(R(t) − 2γ)

R(t)
− 1

3

= − l

R(t)

(
−C̄∞

η2

(
1

R(t)
− 2γ

R(t)2

)
+
C̄∞

η

(
1 − 2γ

R(t)

)
coth(ηR(t)) − R(t)

3

)
− 2C̄∞(R(t) − 2γ) coth(ηR(t))

ηR(t)2
+

2C̄∞(R(t) − 2γ)

η2R(t)3
+
C̄∞(R(t) − 2γ)

R(t)
− 1

3

+
1

Cdη
χlm(t) i

(1)
l+1(ηR(t)) .

Finally, from (3.20) we obtain

1

Cdζρlm(t)

dρlm(t)

dt
= (l + 2)

C̄∞(R(t) − 2γ)

η2R(t)3
− (l + 2)

C̄∞(R(t) − 2γ) coth(ηR(t))

ηR(t)2

(3.24)

+
C̄∞(R(t) − 2γ)

R(t)
+ (l − 1)

1

3

+

(
−l(l + 1)

γC̄∞

R2
− C̄∞

(
1 − 2γ

R(t)

)
η coth(ηR(t)) +

C̄∞

R(t)

)
i
(1)
l+1(ηR(t))

λi
(1)
l (ηR(t))

.

Equation (3.24) describes the growth of asymmetric modes ρlm(t) in time, which

depends on both system parameters {C∞, Cd, γ, η} and the system variable R(t).

These modes can be either excited or damped for various ranges of R(t). In order
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to find these ranges, the evolution equation in (3.24) was plotted against R(t) for

particular choices of system parameters in Figure 3.2. Each curve corresponded to a

particular asymmetric mode number. The rate of growth dR(t)/dt was also plotted to

indicate the steady-state radially symmetric solutions. As discussed in Section 3.2.1,

there were at most two steady-state solutions, 0 < R1 < R2, depicted in the figure,

identified by dR/dt = 0; however, only R2 was dimensionally stable. Therefore, we

carried out asymmetric stability analysis only for R2.

For a given R2, high mode numbers were stable, but low mode numbers were

unstable as can be seen in Figure 3.2. Note that changing the system parameters

changed the number of stable and unstable modes. As can be seen in Figure 3.2a,b,

increasing the concentration of nutrients C∞ increased the number of growing asym-

metric modes. This was directly related to the tumor’s access to nutrients, which

increased tumor activity and proliferation, which in turn enabled them to adopt a

new homeostatic equilibrium and become invasive. This allowed the tumor to evolve

from a spherical shape, which was energy-wise preferred, and grow along asymmetric

modes, called invasion modes. Therefore, a higher concentration of nutrients enabled

a tumor to gain invasion modes. On the other hand, as depicted in Figure 3.2c,d,

increasing the rate of consumption led to a smaller steady-state radius with a smaller

number of invasion asymmetric modes. The same behavior can be seen for the change

in surface tension (γ) in Figure 3.2e,f. Higher surface tension allowed for a smaller

steady-state radius and a smaller number of growing asymmetric modes.
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Figure 3.2: Growth rate of asymmetric modes Y m
l (θ, ϕ) with respect to R(t) for

four choices of mode number l = {2, 10, 20, 40}. In each sub-figure, the radii where
the curves cross dR

dt
= 0 indicate the steady-state solutions, i.e., R1 < R2. In (a)

C̄∞ = 1.25 and (b) C̄∞ = 1.5; the number of unstable asymmetric modes for R2 was
reduced by lowering the nutrient source C̄∞. For instance, for l = 20, the steady state
was unstable in (b), while reducing C̄∞ stabilized it in (a). In (c) η = 0.3 and (d)
η = 0.6; a higher rate of consumption led to smaller steady-state R2 with a smaller
number of unstable asymmetric modes. In (e) γ = 0.01 and (f) γ = 0.12; reducing
the surface tension allowed for larger steady-state R2, while more asymmetric modes
became unstable. In all cases, R2 was unstable to low-mode numbers, but was stable
with respect to sufficiently large mode numbers.
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3.2.3 Growing Asymmetric Modes

To achieve insight into the perturbed configuration of the tumor, it was important

to find the fastest growing mode, i.e., the dominant mode number ld. Such mode(s)

could determine the long-term change in the shape of the tumor. In addition, the

surface tension γ could stabilize the growth of this mode. Therefore, we centered

our focus on the variation of ld for different values of γ, in close proximity to the

steady-state solution R2(t). The steady-state solution of (3.8b), dR/dt = 0, takes the

form
C̄∞(R(t) − 2γ)

η2R(t)2
− C̄∞(R(t) − 2γ)

ηR(t)
coth(ηR(t)) +

R(t)

3
= 0.

Substitution of this into (3.24) gives

1

Cdζρlm(t)

dρlm(t)

dt
=
C̄∞(R− 2γ)

R(t)
(3.25)

+

(
(1 − l)(l + 2)

γC̄∞

R2
+
η2R

3

)
i
(1)
l+1(ηR)

ηi
(1)
l (ηR)

− 1 .

To better understand the role of the surface tension, γ, given a particular choice

of system parameters {C∞, Cd, η}, Equation (3.24) can be expressed as in Equation

(3.25) as a function only of l and γ. Figure 3.3 shows the positive rate of growth

of asymmetric modes. Modes with a negative rate of growth (damped modes) were

neglected. Mode numbers that had the maximum rate of growth (maximal modes)

are marked in red. It can be seen that for C̄∞ = 1.5, by increasing the surface tension

the dominant mode dropped from l = 9 to l = 7; however, it had a fixed value of

l = 3 for C̄∞ = 1.2. This behavior could be interpreted as the role of nutrients

and surface tension on tumor invasiveness, that is, a higher concentration of nutrient

source maximized the growth of a higher asymmetric mode number, which dropped

to a lower mode number by increasing the surface tension.
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Figure 3.3: Growth rate of asymmetric modes Y m
l (θ, ϕ) with respect to l (mode

number) for γ = {0.01, 0.1, 0.2, 0.3} and C∞ = {1.25, 1.5}. The mode number that
maximized the asymmetric growth rate (maximal mode) is marked in red, indicating
that increasing surface tension dropped the dominant mode from l = 9 to l = 7 for
C∞ = 1.5; however, it had a fixed value of l = 3 for C∞ = 1.25.

3.3 Asymmetric Configuration

The progression of tumors starts with the formation of small symmetric-shaped avas-

cular tumors (spherical configuration) and proceeds with their volumetric growth.

However, a tumor microenvironment can exert external stimuli that trigger asym-

metric growth and, therefore, tumors lose their symmetric shape and acquire an

asymmetric configuration. Here, we present an instability analysis of such responses

as associated with tumor invasion modes. We considered asymmetric radius pertur-

bation (3.9c) in terms of a spherical harmonic basis, which has the form of (3.23). The

perturbed axisymmetric radius is a superposition of infinitely many modes. However,

only the growing modes, and particularly the maximal mode, eventually dominate

the tumor configuration. The total radius is

Rt(θ, ϕ, t) = R̄ + ϵ
∑
l≥0

∑
|m|≤l

ρlm(t)Y m
l (θ, ϕ) , (3.26)

where R̄ is the steady-state radius. Integration of (3.25) gives the evolution of coef-

ficients
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ρlm(t) = ρ0lm exp

(
ζ

Cd

(
C̄∞(R− 2γ)

R
+

(
(1 − l)(l + 2)

γC̄∞

R2
+
η2R

3

)
i
(1)
l+1(λR)

ηi
(1)
l (ηR)

−1

)
t

)
,

(3.27)

where ρ0lm are the coefficients corresponding to the initial condition Rp0 , i.e.,

Rp0(θ, ϕ) =
∑
l≥0

∑
|m|≤l

ρ0lm Y
m
l (θ, ϕ).

Figure 3.4 depicts the three-dimensional configurations of the tumor (3.26) and

(3.27) after sufficient time when only the growing modes were observable. For the two

choices of parameters used in Figure 3.2a,b, i.e., {C̄∞ = 1.25, η = 0.5, γ = 0.1, R̄ =

3.37} and {C̄∞ = 1.5, η = 0.5, γ = 0.1, R̄ = 5.69}, the corresponding unstable modes

were l = {0, 2, 3, ..., 7} and l = {0, 2, 3, ..., 30}, respectively. Implementing these

parameters and the unstable modes in (3.26), perturbed radii were obtained to plot

the asymmetric configurations.
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Figure 3.4: The asymmetric configuration of a tumor for two different choices of
parameters, (a-1,a-2) {C̄∞ = 1.25, η = 0.5, γ = 0.1, R̄ = 3.37}, the corresponding
growing modes l = {0, 2, 3, ..., 7}, (b-1,b-2) {C̄∞ = 1.5, η = 0.5, γ = 0.1, R̄ = 5.69}
and the corresponding unstable modes l = {0, 2, 3, ..., 30}. The top (left) and side
(right) views are shown in the figure. Colors represent the value of the z component
of the radius; yellow means Rz = 0.

3.4 Results and Discussion

In this section, experimental results are compared to the model predictions presented

in previous sections. To this end, the asymmetric modes were compared against the

formation of in vitro solid tumor spheroids generated from a glioma cell line (U251

hGB cells). HGB cells were cultured in Dulbecco’s Modification of Eagle’s Medium

(DMEM) supplemented with 10% (v/v) Fetal Bovine Serum (FBS) and 1% (v/v)

Penicillin/Streptomycin and incubated at 37 °C in 5% CO2. Cells were then dissoci-

ated with GibcoTM Trypsin-EDTA (0.5%), centrifuged at 300× g (5 min) and counted
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using a Trypan blue assay. Self-filling micro-well arrays (SFMAs) were used to pro-

duce tumor spheroids [84]. Spheroids were then supplemented with fresh medium

every 24h to maintain the concentration of nutrients. To resemble the conditions

considered in the analytical part as closely as possible, only approximately spheri-

cal tumor spheroids were selected, and only small spheriods of ∼200 µm diameter,

to avoid heterogeneity in their cell population, such as hypoxic and necrotic cells.

Presence of such heterogeneity violated the adopted assumption of linear nutrient

consumption throughout the tumor, η2C , η = constant, as hypoxic cells normally

switch their metabolism to anaerobic glycolysis where they consume glucose at a

higher rate compared to normal cells. We also provided them with a constant con-

centration of nutrients C∞ at their boundary by regularly refreshing the medium.

Although the spheroids were kept in a symmetric medium, asymmetric stimuli are

always a part of the natural environment of tumors. Images of tumors were obtained

using optical microscopy (Axio Observer, ZEISS, Oberkochen, Germany). Figure 3.5

shows images of a few representative examples of aspherical tumors frequently ob-

served in experiments, compared with model predictions of the maximal asymmetric

modes. The qualitative comparison showed that the tumor spheroids acquired config-

urations similar to the model predictions. It should be noted that the experimental

results were limited in terms of quantitative measurements due to the complexity in

implementation of the parameters of interest. For instance, the real system could only

start from an approximately spherical shape. In addition, the environment could not

be perfectly uniform. However, reasonable agreement was observed between the ex-

perimental results and the model predictions where the salient features of the tumor

configurations aligned with the model predictions of configurations dominated by the

growth of asymmetric modes.
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Figure 3.5: Asymmetric configurations of in vitro human glioblastoma (hGB)
spheroids (left column) compared with the similar configurations of maximal asym-
metric modes predicted by the model (right column). Nearly spherical tumors with
no heterogeneity in their cell population were provided with constant concentration
of nutrients C∞ at their boundary to resemble a symmetric environmental condition.
Scale bars are 200 µm.
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3.5 Conclusion

The stability of the radially symmetric growth of tumor spheroids was studied by

introducing asymmetric perturbations to the symmetric steady-state solution of a

reaction-diffusion model in which the rate of nutrient consumption was concentra-

tion dependent. The analytical solution, expressed in terms of a spherical harmonic

basis, manifested the growth of asymmetric modes. It was shown that the radially

symmetric steady-state solution for the growth of tumor spheroids in a symmetric

environment was unstable with respect to small asymmetric perturbations. Such per-

turbations excited asymmetric modes of growth. These modes could grow in time

and dominate the tumor configuration. The number of such modes and their rates of

growth depended on surface tension, external nutrient sources and the rate of nutrient

consumption. A high nutrient source concentration allowed for a large tumor size,

which increased the number of unstable excited asymmetric modes. However, high

rates of nutrient consumption and surface tension led to a smaller size of the tumor

and a smaller number of growing asymmetric modes. In addition, we showed that

spherical tumors were unstable since asymmetric growing modes always dominated

the tumor configuration. Hence, the spherical configurations of tumors, even under

experimentally controlled symmetric conditions, were naturally unstable. These an-

alytic results were in agreement with the configurations of growing in-vitro human

glioblastoma (hGB) spheroids.
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Abstract

Among different hallmarks of cancer, understanding biomechanics of tumor growth

and remodeling benefits the most from the theoretical framework of continuum me-

chanics. Tumor remodeling initiates when cancer cells seek new homeostasis in re-

sponse to the microenvironmental stimuli. Cells within a growing tumor are capable

to remodel their inter- and intra-connections and become more mobile to achieve a

new homeostasis. This mobility enables the tumor to undergo large deformation. In

this work, we studied the remodeling of homogeneous tumors, at their early stage of

growth, in the context of continuum mechanics. We developed an evolution law for the

remodeling-associated deformation which correlates the remodeling to a characteristic

tensor of external stimuli. The asymmetric remodeling and the induced mechanical

stresses were analyzed for different types of biochemical distributions. To experimen-

tally investigate the model, we studied the remodeling of human glioblastoma (hGB)

tumoroids in response to the gradient of nutrients. Using a tumoroid-on-a-chip plat-

form, the degree of remodeling was estimated for the ellipsoidal tumoroids over time.

It was observed that higher gradient of nutrients induces higher degree of ellipticity

suggesting that the gradient of nutrient is a characteristic property of nutrient dis-

tribution that derives the remodeling. We also showed that remodeling gives rise to

heterogeneity in cell distribution forming circumferentially aligned cells within the

tumors. Compared to the existing studies on tumor growth, our work provides a

biomechanical module that relates the remodeling to biochemical stimuli, and allows

for large deformation. It also includes experimental component, a necessary but chal-

lenging step, that connects the theory and reality to evaluate the practicability of the

model.

4.1 Introduction

Cancer has been recognized as one the most challenging problems in biology and

medicine. Aggressive tumors are lethal type of cancers characterized by high genomic

instability, rapid progression, invasiveness and therapeutic resistance [123]. Their
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behavior involves complicated molecular biology and consequential dynamics. Di-

versity of mechanisms involved in cancer progression makes the treatment strategies

inevitable to approach from different areas of knowledge. Although tremendous ef-

fort has been devoted to developing new therapeutics, there is still a huge need for

new insights into the less known aspects of tumors such as evolution of heterogeneity,

biomechanical responses, etc. [71]. Mathematical modeling, and continuum mechan-

ics in particular, can play a pivotal role in better understanding the complex behavior

of tumors by providing quantitative predictions of biological processes involved in tu-

mor growth and invasion and helping to interpret complicated mechanical interactions

between tumor and microenvironment [11]. Having insight into mechanical responses

of a growing tumor can contribute in development of cancer therapeutic approaches.

Mathematical oncology, for instance, with a broad scope including theoretical studies

and mathematical models used to design clinical trials, has become a dominant field

of research in personalized medicine [52]. In-silico cancer models have a great poten-

tial to help improving therapeutic efficacy and drug design and delivery in clinical

oncology. Applications of continuum based in-silico models in simulating the growth

of vascularised solid tumours have been reviewed in [53].

The pathophysiology of aggressive tumors is strongly affected by the extracellu-

lar cues such as nutrients, growth factors, oxygen and stresses [54]. For instance, a

growing tumor can change its homeostasis in response to nutrient supply via different

mechanisms [124]. One of such mechanisms is remodeling by breaking and making

adherent junctions [55]. During this process, the tumor stops the rapid proliferation

and begins to remodel its shape to preserve the homeostatic equilibrium state. To

reach this, the tumor in turn upregulates epithelial to mesenchymal transit-inducing

transcription factors (EMT-TFs) [125]. These EMT-TFs are involved in various sig-

naling cascades which are often associated with tumor invasiveness and malignancy

[126].

The growth of solid tumor spheroids has been mathematically studies from differ-

ent perspectives such as continuum, discrete and hybrid (continuum-discrete) meth-

ods [105–107, 127]. These models built upon partial differential equations (PDEs)

for mass conservation and evolution of the tumor boundary, considering the con-

centrations of cells and nutrients as the main variables that define the local prolif-

eration/death of cells. In addition, the stability of the radially symmetric growth

to asymmetric perturbation is explored using the same mathematical framework

[56, 128]. These analyses indicated that the spherical configuration of tumor spheroids
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are naturally unstable to asymmetric perturbations. Despite the success in exposition

of the role of properties such as surface tension and rate of proliferation in the stability

of growth, they lack description of several components including the the mechanical

stress distribution, anisotropic growth, the role of mechanical forces on the net tumor

growth and mechanical interaction between tumor and extracellular matrix (ECM).

These aspects of tumor progression are exclusively investigated in the framework of

continuum mechanics [57, 58]. For instance, the influence of anisotropic growth on

the overall growth and the resultant stress in avascular tumor spheroids is modeled

by introducing a growth tensor [129–131]. Analysis of the radial and circumferential

stresses on the degree of anisotropy revealed that growth rate is inversely proportional

to the magnitudes of stresses. Anisotropic growth was also studied using a biome-

chanical model for the growth of spinal tumors [132]. The isotropic vs. anisotropic

effects on the evolution of stress and interstitial pressure in intramedullary spinal tu-

mours were predicted which revealed a significant difference in tumors shape. Results

of these studies provide a direction to the prediction of different growth patterns, yet

missing the remodeling module that allows for cell rearrangement and large defor-

mation. Including experimental component is another necessary but challenging step

that connects the theory and reality and evaluates the practicability of the models.

Despite the significance of these studies and the important results they provided,

they do not account for the remodeling. Tumor progression is a multi-aspect complex

process that includes growth, remodeling, etc. Remodeling is one of the important

phenomena that occurs in solid tumors in response to external effects. The remodel-

ing process takes place via different biomechanical rearrangements including cell–cell

and cell-ECM adhesion bindings and can give rise to large deformation. Hence, study

of the remodeling can help elucidate the dynamics of cell-cell and cell-matrix inter-

actions stimulated by external influences. In this study, we proposed a mathematical

framework based on the principles of continuum mechanics to better understand the

role of biochemical stimuli in tumor remodeling. A volume-preserving evolution of

remodeling was obtained that relates the characteristic tensor of external stimuli to

the elastic response of tumor and the associated remodeling deformation. The tumor

was taken to be hyperplastic material with Ciarlet strain energy function. The asym-

metric remodelling and the induced stress distribution were analyzed for linear and

quadratic distribution fields of biochemical stimuli. To experimentally validate the

model, the shape of human glioblastoma (hGB) tumoroids exposed to the gradient of

nutrient was studied over 6 days, using an open-well tumor-on-a-chip platform. We
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introduced a gradient of nutrients within a composite hydrogel mimicking the extra-

cellular matrix of hGB, and investigated the asymmetric remodeling of tumoroids in

response to the nutrient gradient.

4.2 Biomechanical model

In the theory of material evolution, configurational forces are thermodynamically dual

to the evolution rate, driving the growth, remodeling and material evolution [133].

The significance of these forces is explored in different areas of continuum mechanics,

including defects [134], interfaces [135] and biological materials [136]. From the study

of cell morphology, it is observed that a cluster of cells has the ability to break and

form new bonds in the microstructure [137–139]. This mechanism is important when

tumors are subjected to external stimuli such as mechanical stress and biological

signals. From microstructure and continuum mechanics points of view, one may

think of such microstructural rearrangement, analogous to plastic deformation, where

the energy spent on remodeling of tumor microstructure dissipates, while the tumor

conserves the energy associated with small elastic deformations.

4.2.1 Theory of material evolution

In this work we adopt the theory of material evolution to capture the time-dependent

remodeling responses of tumors [140, 141]. We consider the tumor body as a sim-

ple evolving material, i.e. defined by their strain energy function, and neglect the

thermodynamics effects, such as temperature. The invertible linear deformation gra-

dient F is defined to map referential vector Xr from the initial configuration Br

to the spatial vector xs in the current configuration Bs, shown in Figure 4.1. The

multiplicative decomposition of F reads F = FeP, where Fe and P are elastic and

remodelling deformation tensors, respectively. The remodelling, denoted by P, is the

time-dependent induced invertible linear map from the initial configuration Br to the

natural configuration Bn. The natural configuration is taken to be stress-free and

used as a reference configuration for the constitutive law.

We assume that the energy supplied to the system includes mechanical power and

other form of power flux, that stimulates remodeling by microstructural rearrange-
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ment, and has the dissipation inequality form

˙Jρψ − JT · L− JpρS · Lp ⩽ 0 , (4.1)

where ψ is free energy per unit mass, ρ is the mass density, J = detF, T is Cauchy

stress tensor, L = ḞF−1 is the velocity gradient, Jp = det(P), S is the configurations

stress per unit mass associated with external stimuli deriving the remodeling. Also,

Lp = ṖP−1 is the rate of remodeling such that S ·Lp is the remodeling power where

the inner product of two second-order tensors is defined as S · Lp = tr (STLp). Here,

we focus on remodeling while neglecting the growth, that is Jp = 1 and J̇ρ = 0, hence
˙Jρψ = Jρψ̇.

Figure 4.1: Multiplicative decomposition of the deformation F = FeP. Initial con-
figuration Br, natural configuration Bn and the current configuration Bs together
with their area elements and normal vectors are depicted in the figure. Ei and ei,
i = {1, 2, 3}, are orthonormal bases in Br and Bs, respectively.

For elastic material the constitutive law states that strain energy is a function of

the deformation ψ = ψ̂(Fe), which yields ψ̇ = (∂ψ/∂Fe) · Ḟe. Now, equation (4.1)

takes the form

Jρ
∂ψ

∂Fe

· Ḟe ⩽ JT · L + ρS · Lp , (4.2)

where the partial derivative ∂A/∂B stands for the second-order-tensor-valued spatial

derivative of the scalar-valued function A with respect to the second-order tensor
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variable B. Rearranging (4.2) into the convenient form yields

Jρ
∂ψ

∂Fe

· Ḟe ⩽ JT · (ḞF−1) + ρS · ṖP−1

⩽ JT · (ḞeP + FeṖ)(P−1F−1
e ) + ρS · ṖP−1

⩽ JT · (ḞePP−1F−1
e + FeṖP−1F−1

e + ρS · ṖP−1

⩽ JTF−T
e · Ḟe + JFT

e TF−T
e · ṖP−1 + ρS · ṖP−1 ,

hence (
JTF−T

e − Jρ
∂ψ

∂Fe

)
· Ḟe + (M + ρS) · Lp ⩾ 0 , (4.3)

where the Mandel stress is

M = JFT
e TF−T

e . (4.4)

Since Ḟ andLp are independent and the elastic part is non-dissipative, inequality (4.3)

requires that (
JTF−T

e − Jρ
∂ψ

∂Fe

)
· Ḟe = 0 , (4.5)

(M + ρS) · Lp ⩾ 0 . (4.6)

To satisfy (4.5), it is necessary that

T = ρ
∂ψ

∂Fe

FT
e . (4.7)

As Lp involves pure remodeling, it implies that J̇p = trLp = 0. By (4.6), it follows

that only the divatoric part of (M + ρS) yields a non-vanishing power, hence, it can

be expressed as

(M + ρS)div · Lp ⩾ 0 , (4.8)

where the superscript div is the deviatoric part of the argument. It follows that the

form

Lp = (K (M + ρS))div , (4.9)

automatically satisfies (4.8) given that K is a positive semi-definite fourth order ten-
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sor. Finally, the evolution of the remodeling has the form

Ṗ = (K(M + ρS))div P , (4.10)

where (M+ρS) is the remodeling stimuli and K represents the anisotropy relationship

between the direction of the stimuli and the remodeling.

4.2.2 Governing equations

For solids undergoing large deformation it is convenient to use the known referential

configuration, Br, to express the governing equations, rather than the unknown spatial

configuration Bs. The referential forms of the conservation of mass and balance of

linear momentum are

ρ = J−1ρ0 , (4.11)

ρ0V̇R = ρ0b + Div(ΠΠΠ) , (4.12)

where ρ0 and ρ are the spatial and referential densities, respectively, V̇R is the material

time derivative of the velocity, b is the body force, ΠΠΠ is the Piola stress, and Div is

referential divergence operator. Next step is to utilize a constitutive strain energy for

the tumor mass to relate the deformation to the stress.

Observations suggest that small avascular solid tumors, made of single cell type

population, behave as isotropic compressible materials [142, 143]. In addition, bi-

ological tissues show rate-dependent responses, and hence viscoelastic constitutive

equations are used to model their behaviour. However, the solid tumor spheroids

have a small relaxation time compared to the time scale of biological evolution such

as growth, remodelling, invasion, etc. [144]. Therefore, we consider solid tumor

spheroids as hyperelastic isotropic compressible material with strain energy function

that depends only on the deformation gradient. It has been shown that the evolution

of stress in tumors has limited dependency on the specific hyperelastic constitutive

relations [145]. Therefore, we adopt the commonly used Ciarlet strain energy [143]

ψ =
λ

4

[
I3(Be) − ln I3(Be) − 1

]
+
µ

2

[
I1(Be) − ln I3(Be) − 3

]
, (4.13)

where Be = FeF
T
e is the left Cauchy-Green elastic deformation tensor, I1(Be), I3(Be)

are the principal invariants of Be, and λ and µ are Lame’s constants associated with
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the tumor. Substitution of (4.13) in (4.7) gives the Cauchy stress tensor

T = ρ

[
µBe +

λ

2
(I3(Be) − 1) I− µI

]
. (4.14)

The transformation of the Cauchy stress tensor to the Piola stress tensor is

ΠΠΠ = J TF−T . (4.15)

Finally, the spatial boundary condition is

Tn = t, (4.16)

where n is the normal and t is the boundary traction. The boundary normal can be

calculated using Nanson’s equation expressed as

n =
(
n̄ ·C−1 n̄

)− 1
2 F−T n̄ . (4.17)

where n̄ is the boundary normal in the reference configuration and C is right Cauchy-

Green deformation tensor. Equations (4.12) and (4.16) together with the evolution

of remodeling (4.10) form the governing equations. In the next section, we discuss

the solution procedure.

4.2.3 Theoretical study of tumor remodelling

The evolution of remodeling and the governing equation for the stress were presented

in the previous section. In this section, we extend the correlation between the re-

modeling and the nutrient distribution. To that end, it is necessary to associate

configuration stress S with the effect of external stimuli.

Gradient of biochemicals such as nutrient and chemo- attractants are among the

important biological stimuli that can evoke tumor response. For instance, in chemo-

taxis, cells change their morphology, break E-cadherin junctions and move toward

the gradient of chemo-attractant [146]. Another example is the ability of tumors

to remodel their shape in response to external forces that relieves the stress and

preserves the homeostatic equilibrium state [55]. A tumor, that is deprived from

sufficient nutrients can expand its boundaries by remodeling the microstructure (i.e.

binding and unbinding the inter- and intra-cellular junctions) in favor of reaching
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new source. Here, we propose that the gradient of nutrient is the main property of

nutrient distribution that governs the remodeling. Hence, we take the characteristic

tensor associated to the biochemical stimuli in the spatial configuration to be aligned

with gradient of nutrients in the form

s = grad c⊗ grad c , (4.18)

where c is the nutrients concentration. The pullback of this stimuli into the natural

configuration is

S = JFT
e sF−T

e . (4.19)

Here we take the evolution of the remodeling to be isotropic, that is, the remodeling

is aliened with the stimuli (M + ρS)

K = aI , (4.20)

where a ≥ 0 determines the intensity of stimuli that drives the evolution of the

remodeling. Also, this equation shows that the remodeling tensor is aligned with the

tensor of stimuli, and I is the forth order identity. We further assume that there is

a constant supply of nutrients and the time scale of the nutrient diffusion is much

faster then the evolution of the tumor. Therefore, we take the nutrients field to be

time-independent.

Here, we use the mathematical model presented in section 4.2.2 to study the

remodeling of tumor spheroids in response to gradient of external stimuli that is gen-

erated using tumor-on-a-chip platform. For simplicity, we consider two-dimensional

geometry subjected to gradient of nutrients. The tumor is initially circular, hence

X = RÊR (Θ), where {R,Θ} and {ER,EΘ} are standard polar coordinates and basis

in referential configuration, respectively. The position vector in the spatial configu-

ration, i.e. deformed tumor, is x = r êr(θ), where {r, θ} and {er, eθ} are standard

polar coordinates and basis in spatial configuration, respectively. Note that r(R,Θ, t)

and θ(R,Θ, t) are invertible mappings between the referential and spatial configura-

tions. It follows that the deformation gradient F = Gradx and the left and right

Cauchy-Green deformation tensors read

F = r,R er ⊗ ER + r θ,R eθ ⊗ ER +
1

R
(r,Θ er + r θ,Θ eθ) ⊗ EΘ , (4.21)
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C = FTF =

(
r2,R + (r θ,R)2

)
ER ⊗ ER +

(
(

1

R
r,Θ)2 + (

r

R
θ,Θ)2

)
EΘ ⊗ EΘ

+

(
1

R
r,R r,Θ +

r2

R
θ,R θ,Θ

)
(ER ⊗ EΘ + EΘ ⊗ ER) ,

(4.22)

B = FFT =

(
r2,R +

1

R
(r,Θ)2

)
er ⊗ er +

(
(r θ,R)2 + (

r

R
θ,Θ)2

)
eθ ⊗ eθ

+

(
1

R
r,R r,Θ +

r2

R
θ,R θ,Θ

)
(er ⊗ eθ + eθ ⊗ er) ,

(4.23)

where the subscript comma represents the partial derivative with respect to the ar-

gument. Expressing the velocity and acceleration in polar coordinates as

v = r,ter + rθ,teθ , v,t =
(
r,tt − r(θ,t)

2
)
er + (rθ,t + 2r,tθ,t) eθ , (4.24)

the Piola stress and it’s divergence has the form

ΠΠΠ = Πrrer ⊗ er + Πrθer ⊗ eθ + Πθreθ ⊗ er + Πθθeθ ⊗ eθ , (4.25a)

Div ΠΠΠ =

(
Πrr,r +

1

r

(
Πθr,θ + Πrr − Πθθ

))
er +

(
Πrθ,r +

1

r

(
Πθθ,θ + Πrθ + Πθr

))
eθ .

(4.25b)

The interaction between the tumor and the surrounding tissue defines the boundary

condition for (4.12). Here, we simplify this interaction by considering uniform pressure

Tn = −p0n, (4.26)

where p0 is the pressure due to the interaction between the tumor and the surrounding

tissue, and n is the normal to the boundary in spatial configuration. This simplifica-

tion is valid when the surrounding tissue is much softer and its size is larger than the

tumor such that their interface is not affected by the outer boundary of the tissue.

The governing equations are the balance of linear momentum and the evolution

of the remodeling. The balance of linear momentum is obtained by substitution of

(4.14), (4.15), (4.23) and (4.25b) into (4.12), and the evolution of the remodeling is

obtained by substitution of (4.4), (4.19) into (4.10). The associated initial conditions

are taken as

Pi = I , Ti = −p0I , vi = 0 , (4.27)
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and the boundary conditions are (4.16), where we take p0 to be uniform and time

independent. The system of nonlinear equations are solved numerically using the

finite differences method. The referential two dimensional domain is discretized uni-

formly in radial and angular directions. The numerical solution algorithm starts from

a system in equilibrium, such that the stress field is homogeneous with Ti = −p0I,
which gives rise to initial uniform elastic deformation Fi

e, and F = Fi
e. The Mandel

stress (4.4) and the Piola stress (4.15) are calculated, accordingly. Next, the con-

figuration and the remodeling fields are integrated by (4.12) and (4.10) respectively

using explicit forward Euler integration. Convergence of the solution was verified by

a sequence of grid refinements. This process is repeated to obtain the time integra-

tion of reconfiguration and remodeling processes. The model predictions for different

nutrient fields in presented in the next section.

4.3 Results

In this section, we investigate the effect of nutrient distribution on the deformation

and remodeling of the tumor. For convenient we use both Cartesian and Polar coordi-

nates to express the nutrient distribution and thus the gradient. The use of Cartesian

coordinates gives better understanding of the way such distributions, or gradients, of

nutrient can be practically obtained by experiment. We considered two types of nu-

trient distributions; linear (c1) and quadratic (c2) distributions in the x direction.

This practically resembles the gradient of nutrients along the microfluidic channels of

tumoroid-on-a-chip platforms.

c1 =
√
α x̄+ c0, s1 = α i⊗ i , (4.28a)

c2 =

√
α

2
x̄2 + c0, s2 = α x̄ i⊗ i , (4.28b)

where x̄ = x/R0 is normalized length measured from the center of tumor where

the nutrient concentration is c0, i is unit vector in x direction, α is the remodeling

coefficient and R0 is the initial tumor radius. The corresponded representations in
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polar coordinates are

s1 = α

[(
cos2 θ

)
er ⊗ er +

(
sin2 θ

)
eθ ⊗ eθ −

sin 2θ

2
(er ⊗ eθ + eθ ⊗ er)

]
, (4.29a)

s2 = αr̄2
[(

cos4 θ
)
er ⊗ er +

(
sin2 2θ

4

)
eθ ⊗ eθ −

cos2 θ sin 2θ

2
(er ⊗ eθ + eθ ⊗ er)

]
,

(4.29b)

where r̄ = r/R0. These two cases can approximately represent two setups commonly

used in tumor-on-a-chip microfluidic devices. The linear nutrient distribution (4.28a)

represents setup with source and sink reservoirs at the two ends of the channel, while

the quadratic distribution (4.28b) represents setup with two source reservoirs at the

two ends of the channel with a constant sink in the middle. Equations (4.29) are

substituted in (4.10) to find the evolution of P. Figure 4.2 shows the simulation

results of the deformed boundary of tumor and the ratios of Rmax/Rmin for different

values of α in both linear and quadratic distributions of nutrients. Note that Rmax

and Rmin are the vertex (radius of major axis) and the co-vertex (radius of minor axis)

of the ellipsoidal geometry of the deformed tumor, respectively. We scale the time

by the remodelling coefficient a to obtain the intrinsic remodeling characterization

t̄ = ρat s2/cm and used the following values for Lama’s constants, λ = 0.12 N/cm2

and µ = 0.19 N/cm2 and density, ρ0 = 0.01 kg/cm3 [147]. As for the boundary

pressure, we studied two cases. First, we set the boundary pressure p0 = 0 N/cm2 to

look into only residual stresses developed in the tumor due to remodeling.
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(a) Linear distribution (b) Quadratic distribution

(c) Linear distribution
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(d) Quadratic distribution
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Figure 4.2: Deformation of tumor under gradient of nutrients. Schematic represen-
tation of the remodeling in linear distribution of nutrients (a), which lead to ellip-
soidal geometry, and quadratic distribution (b), which gives rise to irregular ellip-
soidal geometry. The corresponding results of theory for α = {4, 8, 12}, p0 = 0 and
t̄ = 1.5 × 10−4s2/cm are shown in (c) and (d). The inset graphs show the ratios of
vertex to covertex Rmax/Rmin for range of α. The rate of remodeling is shown to
increase with nutrient concentration in both types distributions.

The remodeling occurs when cancer cells at the outer layer of tumor acquire elon-

gated morphology and change their local cell-cell and cell-matrix bindings, Figure 4.2

(a) and (b). This heterogeneity in cells behaviour exhibiting circumferentially aligned

cells was shown to be correlated with the mechanical stress field [148]. As can be seen

in Figure 4.2 (c) and (d), the presents of nutrient enhance remolding, that is, the rate

of remodeling increases with nutrient concentration for both linear and quadratic dis-

tributions. However, the shapes of the tumours are different for the two cases. In
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linear distribution, the spherical tumour remodels into an ellipsoidal shape, where

extension and perpendicular contraction occur along the vertex and covertex, respec-

tively. In quadratic distribution, spherical tumour remodels into a irregular ellipsoidal

shape with sharper edges along the vertex and no deformation along the covertex.

These differences are contributed to the different remodeling fields which are propor-

tional to nutrient gradient, hence, for the linear case, the remodeling is homogeneous,

while for the quadratic distribution, the remodeling is inhomogeneous and increasing

with |x̄|. The ratio of Rmax/Rmin is also depicted in this figure for a range of α

where the linear distribution imposes larger ratios compared to the quadratic. This

is also supported by the analysis of the residual stress developed in the tumor due

to remodeling. Figure 4.3 depicts the pressure p and the magnitude of shear stress τ

evaluated by

p = −1

2
(T · I) (4.30a)

τ =
√
τττ · τττ , (4.30b)

where τττ = T + pI is deviatoric part of the stress tensor. The pressure and the shear

stress are invariant measures of the stress and are known to be mechanical stimuli

that induce biological responses such as autophagy [149] . It has been observed that

direct compression of cancer cells can affect gene expression, hence alter the tumor

invasiveness, rate of cancer cell proliferation and death. Shear stress, on the other

hand, has less effect on the growth rate, but alters autophagy and apoptosis. Readers

are referred to [149] for details of the role of different types of stresses on cell behaviour

and the associated signaling mechanochemical pathways. Figure 4.3 shows that for

the linear distribution of nutrients the stress is homogeneous indicating homogeneous

remodeling due to constant gradient of nutrients. However, for the quadratic case,

the stress is inhomogeneous where limited remodeling occurs about the co-vertex,

x̄ = 0, and yields vanishing stresses around that region. This is due to zero gradient

of nutrients across the co-vertex. On the other hand, stress concentration is observed

at the vertex edges indicating significant local remodeling due to the local increase

in the gradient of nutrients. Moreover, the vertex edges are sharper due to the high

gradient of nutrients.
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Figure 4.3: Distribution of residual pressure p and shear τ developed in the deformed
body of tumor due to remodeling and in response to linear and quadratic distributions
of nutrients, for α = 12, p0 = 0 and t̄ = 1.5 × 10−4s2/cm. Stress distributions are
mostly homogeneous in linear nutrient distribution, indicating homogeneous remod-
eling. In quadratic distribution of nutrient, the stress distribution is inhomogeneous,
vanishing around the covertex region. However, stress concentration is observed at
the vertex edges indicating significant local remodeling.

Next, we looked into non-zero pressure boundary condition. The interaction be-

tween tumor and the surrounding tissue is an important source of mechanical stresses

that can trigger biological mechanisms. Different types of tumors, and their surround-

ing tissues, have different mechanical properties. For instance, human colon adeno-

carcinoma, glioblastoma and osteosarcoma are types of solid tumors with different

mechanical stiffnesses [150]. Besides, acute myeloid leukemia (AML) is generally con-

sidered a liquid tumor. The interaction at the interface of tumor and tissue gives rise

to stresses inside the tumor. To model a realistic boundary condition, one may model

the tissue as a hyperplastic material similar to the tumor, and consider appropriate

interaction between the tumor and the tissue, such as zero jumps in displacement

and traction across the interface. Here, we simplify this interaction by considering a

uniform pressure on the boundary of a tumor. Figure 4.4 shows the radial, tangential
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and shear stresses developed in the deformed body of tumor in response to linear and

quadratic distributions of nutrients and in presence of constant boundary pressure. In

linear nutrient distribution, the radial and tangential stresses are maximum along the

covertex and vertex, respectively. The shear stress is maximum along the diagonals.

However, in quadratic nutrient distribution, both radial and tangential stresses are

maximum around the edges of the covertex where the nutrient gradient is maximum,

and zero along the vertex where nutrient gradient is zero. Also, the shear stress is

maximum at the edges of the diagonals. As can be seen, the nutrient distribution

strongly changes the pattern of stress distributions.

Figure 4.4: Distribution of radial Trr, tangential Tθθ and shear Trθ stresses in deformed
body of tumor in response to linear and quadratic distribution of nutrients, for α = 12,
p0 = 0.001 and t̄ = 1.5 × 10−4s2/cm. Radial and tangential stresses are maximum
along the covertex and vertex, respectively, in linear nutrient distribution. However,
the shear stress is maximum along the diagonals. In quadratic nutrient distribution,
both radial and tangential stresses are maximum around the edges of the covertex
where the nutrient gradient is maximum, and zero along the vertex where nutrient
gradient is zero. Similar to the linear distribution, maximum shear stress in quadratic
distribution is seen along the diagonals but only at the edges.

To evaluate the presented theory and simulation results, we designed an exper-

imental model to resemble tumor remodeling. Glioblastoma (GB) multiforme was
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selected to investigate the remodeling capability. GB multiforme accounts for 47.1%

of malignant tumors in the central nervous system [151]. Highly malignant GB tu-

mors grow and spread rapidly in the CNS and hence significantly affects the patient’s

physical and cognitive abilities [152]. The importance of better understanding their

biomechanical responses makes them a proper candidate for remodeling analysis. To

investigate the remodelling behaviour of the GB tumoroids in response to biochem-

ical stimuli, an in-vitro GB tumoroid-on-a-chip model was designed and fabricated.

GB tumoroids were generated using EZ-seed culture plate, Figure 4.5(a-1) and (a-

2). We used an extrusion 3D bioprinter and printable PDMS resin to fabricate a

microfluidic chip with three compartments including a central tumor chamber, where

the GB tumoroid-embedded CH was injected, and the two side chambers as the nu-

trient source and sink reservoirs, as shown in Figure 4.5(b-1). The chip was capable

of generating gradient of biochemicals and incorporates GB tumoroids embedded in-

side the hyaluronic acid (HA)/alginate composite hydrogel (CH) [153]. We replaced

matrigel with HA to avoid the common finger-type invasion of the GB tumoroids,

while providing freedom for tumor remodeling within the ECM. The difference be-

tween the volume of chambers guarantees the gradient of biochemical through the

central chamber. As the platform had no control on producing different types of

gradient, we focused on generating different levels of gradient for which we fabricated

short and long diffusion channels inside the tumor chamber, shown in Figure 4.5(b-

2) and (b-3), respectively. Chamber with longer channels can contain more amount

and CH, leading to longer diffusion length and hence higher gradient of nutrient. To

evaluate the diffusion rate and the generated gradient, the transport profile of fluores-

cein isothiocyanate-Dextran, (FITC-Dextran, 20 kDa), was measured in both chips.

FITC-Dextran solution (1 mg/mL in PBS) was added to the source chambers while

the sink chambers were filled with only PBS Figure 4.5(c-1) and (c-2). To quantify

the overall diffusion, 20µL of the sink chambers were sampled every two hours and

the fluorescent intensity of the diffused FITC was measured using Nano plate reader.

The change in the concentration of FITC over 48h is shown in Figure 4.5(d). As can

be seen, higher concentration of FITC was diffused in low gradient chip, while the

high gradient chip allowed less diffusion but sustained higher level of gradient.
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Figure 4.5: EZ-seed culture plate (a-1) and the schematic of the microwells (a-2) are
shown. GB tumoroids were generated by seeding single cell suspension in the mi-
crowell array. The schematic of open-surface tumoroid-on-a-chip model that induces
gradient of biochemicals is shown in (b-1). The chip consists of a central chamber
for the GB tumoroid-embedded CH connected to a sink and a source reservoirs. To
generate high and low gradients, short (b-2) and long (b-3) channels were designed
to vary the diffusion length. Diffusion of FITC through the CH in channels was im-
aged, (c-1) and (c-2), and measured over time, (d), indicating lower diffusion (higher
gradient) in long channels and higher diffusion (lower gradient) in short channels.
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Figure 4.6: Asymmetric remodeling of GB tumoroids in response to high gradient
(b-1) and low gradient (b-2) of FBS was imaged over 6 days and compared with the
control (a). Spherical tumoroids remodeled to ellipsoidal shapes along the direction
of FBS gradient. Measurement of vertex to covertex ratios Rmax/Rmin of tumoroids
indicated that higher gradient gives rise to higher levels of remodeling (c). Scale bares
are 200µm.

Figure 4.6 depicts the remodeling of tumoroids in response to the zero (a), high

(b-1) and low (b-2) gradients of FBS. A chip with source and sink chambers of the

same size, both filled with the same concentration of FBS and saturated CH with

the diffused FBS was used as a control. Tumoroids were imaged over 6 days and the

vortex to co-vortex ratios (Rmax/Rmin) were measured (c). As can be seen, tumoroids
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were able to respond to the gradient of FBS and undergo remodeling configuration.

Higher gradient of FBS (high gradient vs. low gradient chip) gave rise to higher ratios

(Rmax/Rmin) indicating that gradient of nutrient is indeed the characteristic property

of the biochemical stimuli.

To investigate the effect of remodeling on cell distribution within tumoroids, IHC

technique was used to stain the interior part of tumoroids. Figure 4.7 shows the cross-

Figure 4.7: Remodeling gives rise to heterogeneity in cell distribution within tumor-
oids. Cells alignment in cross sections of GB tumoroids with low (a) to high (c)
degrees of ellipticity. More alignment zones were observed in (c) indicating the corre-
lation between the degree of remodeling and level of cell alignment. Higher alignments
were identified at the circumferential regions of tumoroids where the cells undergo
larger displacement and hence tend to further align with themselves. Cells in interior
regions have no alignment preference, therefore, acquire isotropic orientation. Scale
bars are 200µm

sections of three tumoroids with different degrees of ellipticity due to remodeling.

The tumoroid with higher degree of ellipticity (c) contained more circumferentially

aligned cells compared to less ellipsoidal tumoroid in (a) and (b). These cells undergo
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larger displacement compared to the interior cells, predicted by model and shown

in Figure 4.2(c) and (d), as the tumoroid remodels to an ellipsoidal shape. This is

depicted in the magnified zones marked by red boxes which qualitatively show the

correlation between the degree of remodeling and level of cell alignment. Due to the

movement schematically illustrated in Figure 4.2(a) and (b), these cells tend to align

with themselves as the remodeling takes place. This pattern identifies a heterogeneity

in cell distribution that is corresponded to the remodeling in response to the gradient

of biochemical stimuli.

4.4 Discussion

In this work, we studied asymmetric remodeling of tumor in response to biomechani-

cal stimuli. We considered the tumor body as a simple evolving material, i.e. defined

by their strain energy function, with a volume-preserving isotropic remodeling evo-

lution. A characteristic tensor associated to the biomechanical stimuli, e.g. gradient

of nutrient, was proposed that derives the remodeling. In this framework, princi-

pal balance laws were considered for tumor mass and linear momentum. As for the

boundary conditions, we studied zero pressure, to investigate the residual stresses

due to only the remodeling, and constant pressure to model the tumor-tissue inter-

action. Two types of nutrient distributions, linear and quadratic, were considered

to explore the remodeling response. Results showed that the nutrient distribution

strongly changes the remodeling and the stress distributions. Using the experimental

platform, we were able to validate our hypothesis that the gradient of nutrient is the

main characteristic of nutrient distribution in deriving the remodeling. In addition,

we showed that the degree of remodeling is proportional to the magnitude of gradient.

It was observed that the remodeled shape and the stress distribution are respectively

ellipsoid and homogeneous, while irregular ellipsoid and in-homogeneous, in linear ad

quadratic distributions of nutrient, respectively. To evaluate the model, an in-vitro

open surface GB tumoroid-on-a-chip platform was designed and fabricated. Tumor-

oids were embedded in a HA/alginate composite hydrogel, injected inside the chip and

exposed to gradient of FBS. Results showed that tumoroids were influenced by the

gradient of FBS and undergo asymmetric remodeling. Also, measurement of vertex

to covertex ratios over time indicated that higher gradient of FBS induces higher de-

gree of ellipticity. It was also observed that remodeling induced heterogeneity in cell

alignment forming circumferentially aligned cells within the tumors. The presented
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framework gives a new insight to better understanding the interrelationship between

the mechanical stress and biological responses in tumors. Using the proposed model,

we were able to study the role of gradient of nutrient, as one of the key factors influ-

encing tumor progressions, on biomechanics of tumor including tumor deformation,

asymmetric remodeling, and stress distribution. Future research directions include,

but not limited to, experimental measurements of the correlation between the distri-

bution of stresses and the biological responses, such as cell proliferation, autophagy

and apoptosis, and calibration of model parameters, such a and p0, using quantitative

biological assays. Another promising research direction can be utilizing the proposed

framework to study a more realistic model that includes heterogeneity in terms of cell

population and phenotype, and ECM effects.
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4.5 Methods

4.5.1 Cell and tumoroid culture

Human glioblastoma cancer cells (U251) were cultured in Dulbecco’s Modified Eagle

Medium (DMEM) supplemented with 10% (v/v) fetal bovine serum (FBS), and 1%

(v/v) Penicillin/Streptomycin. The U251 cells were incubated at 37°C in a humidi-

fied atmosphere of 5% CO2, and at 90% confluency were trypsinized with GibcoTM

Trypsin-EDTA (0.5%) into a single cell suspension. The cell suspension was cen-

trifuged at 300g (5 minutes). After removing the supernatant, cells were suspended

in 1 mL of medium and counted using a standard hemocytometer. EZ-seed culture

plate from Apricell biotechnology was used to generate U251 tumoroids. 500 µL of
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1×106 cells/mL cell suspension was loaded dropwise through the guiding channels

and was kept in an incubator for 10 minutes to let the cells fill the microwells. After-

wards, the culture medium was aspirated and exchanged with a new medium. U251

tumoroids were monitored over 4 days until the formation stage is completed and

they start the volumetric growth with average diameter of 500 µm.

4.5.2 Tumoroid-on-a-chip model

To prepare the GB tumoroids embedded in CH, tumoroids were removed from SFMAs

by gentle aspiration of the media from the loading zone of the microwell array and

collected in a Petri dish. To make 500µL of CH, 62.5µL of 5mg/mL alginate, 200µL

of 4mg/mL HA and 234.5µL of DMEM were mixed and crosslinked with 3µL of 1M

CaCl2. The CH solution was pipetted inside the central chamber of the microfluidic

chips. GB Tumoroids in 2 uL media were pipetted inside the CH at the center of the

tumor chambers. The source and sink reservoirs were filled with basal media. 10%

FBS was added to the source chambers while the sink chambers were kept FBS-free.

Every 24h the source chambers were refilled with fresh media containing 10% FBS

and the sink chambers refilled with FBS-free media.

4.5.3 IHC staining

Tumoroids were fixed with 10% neutral buffered formalin for 45 minutes, washed

twice with Dulbecco’s phosphate-buffered saline (DPBS), embedded in 2% agarose

solution and kept in room temperature for 30 min. Agarose-embedded tumoroids were

dehydrated by 10 min of submerging in 70%, 90% and 100% ethanol, respectively, fol-

lowed by twice submerging in 100% Xylene for 20 min. Samples were then embedded

in melted paraffin wax for four hours and placed in cassette for sectioning. Paraffin

blocks were then sliced to approximately 5µm thickness using microtome device and

deparaffinized by two minutes wash with 100% Xylene, 100% ethanol, 90% ethanol

and distilled water, respectively. Tumoroids sections were then counterstained with

4’, 6-diamidino-2-phenylindole (DAPI) and imaged using fluorescent microscopy.

4.5.4 Statistical analysis

All experiments were repeated three times and the average and the standard deviation

are reported. Significance analysis was performed using two-way ANOVA analysis.
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Differences were considered statistically significant at P-value < 0.05.

4.6 Data availability

The datasets generated for the current study are available upon the publication.
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Cancer cell migration, as the principal element of tumor invasion, involves different

cellular mechanisms. Various modes of cell migration including single and collective
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motions contribute to the invasion patterns. The competition between adhesive cell–

cell and cell–matrix forces is a key factor that determines such patterns. In this

paper, we study a distinct shell-type mode of tumor invasion observed in brain and

breast tumors. In this mode, cells at the outer layer of the tumor collectively move

away from the core and form a shell-type shape. Both the core and the shell sustain

a sharp interface between cells and the surrounding matrix. To model the preserved

interface, we adopted a Cahn–Hilliard-type free energy relation with the contribution

of the interfacial stress. This nonconvex form of free energy allows for cells to remain

together and preserve the tumor core via adhesive cell–cell forces while separating

the core from the surrounding matrix across a continuous sharp interface. In addi-

tion, the motion of the shell was modeled using the chemotactic migration of cells

in response to the gradient of nutrients. The associated fluxes of cells were imple-

mented in a general form of balance law. A non-Michaelis–Menten kinetics model

was adopted for the proliferation rate of cells. The flux of nutrients was also modeled

using a simple diffusion equation. The comparison between the model predictions and

experimental observations indicates the ability of the model to manifest the salient

features of the invasion pattern.

Keywords: tumor modeling; shell-type invasion; chemotaxis

5.1 Introduction

Cancer cell migration is the primary component of tumor invasion and metastasis,

which are the main cause of death in patients [60]. Cell migration starts when cells at-

tain a malignant morphology enabling them to detach the tumor body and move along

the extracellular matrix (ECM) [61]. Cancer cell migration in three-dimensional tissue

involves different cellular mechanisms; hence, various invasion patterns have been ob-

served [62, 63]. In general, cancer cells show two main migration patterns in histolog-

ical sections: single and collective. In single-cell migration, e.g., in breast cancer, cells

break intercellular contacts and acquire mobility via either mesenchymal or amoeboid

morphology.

Details of this invasion mode, the corresponding cell morphology characteristics, and

the cellular mechanisms were reviewed in [64]. In collective cell migration, cells main-

tain intercellular adhesion and form an invading front sheet of cells that extend into

the tissue and may or may not maintain their contact with the trailing cells and

the primary tumor [65, 66]. This group of cohesive cells maintains polarity, and ex-
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presses higher level of integrins and matrix metalloproteases (MMPs). Experimen-

tal studies using microfluidic platforms showed that the plasticity of tumor invasion

modes depends on the tissue context, biochemical signals, and mechanical properties

[154, 155]. Collective migration is evidenced by human cancer pathology as the pri-

mary pattern of invasion in most epithelial cancers [69]. The tumor microenvironment

(TME) plays an important role in the invasion pattern [70]. For example, collagen IV

stimulates collective migration, while fibronectin triggers single-cell migration [67, 68].

Collective migration can lead to a distinct pattern of invasion in which a cluster of cells

start to break away from the tumor and form a precursor layer of moving cells. For

instance, Koh et al. [1] showed that the ECM microenvironment can significantly im-

pact patient-derived glioblastoma mutiforme (pdGBM) invasion and dissemination,

as shown in Figure 5.1a. Another study, by Ling et al. [2], showed that altering cell–

cell adhesion and contact in collagen-embedded MCF10AT1 cell-derived spheroids

cocultured with adipose stromal cells (ASCs) isolated from human breast adipose

tissue can lead to a collective invasion, shown in Figure 5.1b. These studies sug-

gested that collective cell migration may give rise to a distinctive pattern of invasion

in various types of tumors.
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Figure 5.1: Three-dimensional tumor model to study tumor invasion and
dissemination. (a) Invasion of patient-derived glioblastoma mutiforme
(pdGBM) into patient-derived extracellular matrix (pdECM) and collagen; re-
produced with permission [1]. PdECM facilitates the dissemination of cells
into the matrix while collagen enhances the collective migration of cells.
(b) Invasion of MCF10AT1 spheroids cocultured with patient-derived adipose stro-
mal cells (ASCs) in collagen; reprinted with permission from [2]. 2020, John Wiley
and Sons. Both cases show that the collective migration of cells led to the forma-
tion of a cluster of cells that preserved a distinct interface with the tumor core and
the surrounding matrix, shown by red arrows.

The diversity of mechanisms involved in tumor invasion requires different areas

of knowledge to contribute to the development of treatment strategies [71, 72]. Math-

ematical modeling can provide both qualitative and quantitative information to better

understand the complex behavior of biological tissues, particularly tumors [156–158].

That information helps in interpreting the complicated interactions between tumors

and their microenvironment. Tumor growth and invasion were mathematically stud-

ied from different perspectives: continuum, discrete, and hybrid (continuum-discrete)
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[11]. Continuum models, which are typically built upon partial differential equations

(PDEs) to determine the concentrations of cells and nutrients, showed acceptable

agreement with experimental observations [106, 127, 128, 159]. These models corre-

late the growth and invasion with kinetic interactions between the key components,

such as the rates of nutrient/oxygen consumption, cell proliferation, and diffusion

for transport phenomena [16, 88]. The ability of tumors to maintain a compact ag-

gregation of cells was modeled by introducing adhesive cell–cell forces [17]. Further

studies investigated other factors, e.g., level of PH, to predict the growth and invasion

of tumors [19, 160]. Other aspects of tumor progression, such as anisotropic growth

and mechanical stress distribution, were also investigated in the framework of contin-

uum mechanics [58, 129, 130, 161]. On the other hand, discrete mathematical model-

ing incorporates signaling pathways, and inter- and intracellular interactions in tumor

progression.

These models are capable of predicting tumor progression at the subcellular level. For

instance, a lattice Monte Carlo model was utilized to predict the dynamics of avas-

cular tumor growth, and the effects of microenvironmental conditions and growth

promoters/inhibitors on tumor cell survival [30]. Another example of discrete mod-

els is cellular automata (CA), which predict the collective behavior of self-organizing

systems, such as tumors, by focusing on the interactions between the components

[31].

To relate the cellular mechanisms with tissue-level responses, hybrid mathemat-

ical models integrate continuum and discrete approaches, and allow for descriptions

of discrete cellular interactions together with macroscopic variables [11]. The effects

of cellular pathways and interactions on the clinical-size morphology of tumors can

be studied using hybrid models [37].

The results of these studies provide the prediction of various growth and inva-

sion patterns, including the standard dissemination of cells, anisotropic growth, and

asymmetric invasion, but are missing the exposition of the spherical-shell-type inva-

sion pattern observed in breast and brain tumors.

Tumors exhibit different patterns of invasion, among which the spherical shell-type

pattern is a distinct mode that is less studied. In this work, we study this unique mode

of invasion in which cancer cells collectively migrate away from the tumor, forming

the precursor layer of a moving shell. The interplay between cell–cell and cell–matrix

adhesion allows for the shell and the tumor to develop and preserve sharp interfaces.

To capture this, we adopted a nonconvex free energy that allowed for phase separation.
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The motion of the shell was also modeled using chemotactic migration in response

to the nutrient gradient. The role of various parameters in the invasion pattern, such

as cell and nutrient diffusion, cell proliferation, and nutrient uptake, were investigated.

The model was able to predict the formation and movement of the spherical shell

pattern. The novelty of the presented work is in incorporating the interplay between

cell–cell and cell–matrix adhesion using a nonconvex free energy in which the capillary

stress allowed for a continuous transition between low and high concentrations across

the interface

5.2 Model Formulation

Different forces may induce cell migration within a tumor microenvironment.

A typical form of cell migration is due to the nonuniform distribution of cells within tu-

mor aggregation, which governs uniform distribution via random motions. This form

of cell migration is correlated to the gradient of concentration, and the corresponding

cell flux may be obtained using a standard Fick’s law relationship. In contrast, ad-

hesive forces due to cell–cell and/or cell–matrix bindings prevent cell diffusion, hence

maintaining the structure of a tumor. Another stimulus that may regulate cell migra-

tion either collectively or individually is the gradient of chemoattractants such as nu-

trients and growth factors. In this form of motion, cells break their cell–cell bindings,

e.g., E-cadherin junctions, change their morphology, and move in response to the gra-

dients of chemoattractants, so-called chemotaxis [146, 162]. The competition among

diffusive, adhesive, and chemotactic forces determines the ultimate pattern of cell

migration.

To model the contribution of different forces, we adopted a general form of balance

equations for cells and nutrient concentrations,

∂C

∂t
+ div JC = ζ , (5.1a)

∂N

∂t
+ div JN = η , (5.1b)

where C and N are the concentrations of cells and nutrients, i.e., mass per volume

(kg·m−3), JC and JN are the cell and nutrient fluxes (kg·m−2· s −1), η is the rate of nu-

trient consumption (kg·m−3· s −1), and ζ is the rate of cell proliferation (kg·m−3· s −1).
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The flux of nutrients in the tumor microenvironment can be described with a standard

Fick’s law equation. However, cell flux is mainly generated according to the interplay

between diffusive and adhesive forces, and the directional motion due to chemotaxis.

As observed in experimental studies, when cell–cell adhesive forces are dominant, tu-

mors are able to maintain their compact structure, while highly invasive tumors could

exhibit a long trace of cell migration [163]. In addition, the composition of the ECM

surrounding the tumor is an important stimulus that may switch the invasion mode

[1].

To account for the overall flux of cells, we considered a nonconvex form of free

energy and a standard chemotactic model. The total flux of cells and nutrients can

be expressed as follows:

JC = Jf + Jd , (5.2a)

JN = −DN gradN , (5.2b)

where Jf is the flux due to the free energy, Jd is the chemotactic flux and DN is

nutrient diffusivity coefficient. In the next section, we study both fluxes and present

a full formulation for Equation (5.1).

5.2.1 Free Energy and Interfacial Flux

The pattern of invasion in Figure 5.1 shows that the tumor’s sharp interface with

the surrounding gel was sustained. The continuous transition from high to low con-

centrations across the interface required a distributed surface tension. The surface

tension of the diffusive layer between the regions with different concentrations gener-

ated a form of capillary stress. This implies that the properties must depend on the in-

terface contribution, i.e., Ψ = (grad C̄ · grad C̄)/2, as proposed by Anderson et al.

[164]. Hence, the free energy could take the form f = f̂(C̄) + f̌(Ψ). We adopted

a nonconvex form of free energy, similar to Cahn–Hilliard interfacial free energy [165],

which allowed for phase separation:

f =
(
−C̄ + C̄2/10 − C̄3/6 + C̄4/12

)
+ βΨ , (5.3)

in which C̄ is the dimensionless cell concentration, and β is a coefficient related

to the length of transition that should be determined on the basis of the nature

of the interaction between the cells and the ECM. Other coefficients were selected
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such that the corresponding flux retained two nontrivial roots as the equilibrium

states in the domain 0 ≤ C̄ ≤ 1. This form of free energy allows for cells to remain

together and form the tumor body due to cell–cell adhesive forces with a continuous

transition across the interface that could form a sharp edge and separate the tumor

from the surrounding matrix. According to [164], the cell flux takes the following

form:

Jf = −Df grad

[
∂f

∂C̄
− div

(
∂f

∂Ψ
grad C̄

)]
, (5.4)

whereDf is a diffusion coefficient. We considered the isothermal process and neglected

the dependency on temperature. The substitution of (5.3) into (5.4) yields

Jf = −Df grad

[(
C̄

5
− C̄2

2
+
C̄3

3

)
− β div

(
grad C̄

)]
. (5.5)

The proposed form of free energy allows for an equilibrium state of separated

phases, as the term ∂f̂/∂C̄ in (5.4) had two extrema, and the corresponding flux func-

tion

Ĵ = −Df grad(∂f̂/∂C̄) had two nontrivial roots, as depicted in Figure 5.2a.
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Figure 5.2: The equilibrium state of separated phases was acquired as ∂f̂/∂C̄ and had
two extrema, (a) left axis, and the corresponding flux function Ĵ = −Df grad(∂f̂/∂C̄)
had two nontrivial roots, (a) right axis. This allowed for the coexistence of high Ch

and low Cl concentrations with a continuous transition (b).

Cell distribution at equilibrium in the absence of nutrients is shown in Figure 5.2b.

The initial distribution of cells, that is, the initial tumor consisting of a concentrated

core and a sharp interface with the matrix, reached an equilibrium state of high Ch

and low Cl concentrations coexisting with a continuous transition. The values of Ch
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and Cl were determined on the basis of the coefficients in Equation (5.3).

Next, we describe the role of nutrients in cell proliferation and chemotactic flux.

5.2.2 Chemotactic Flux and Cell Proliferation

Cellular migration mechanisms depend on cell morphology and external stimuli. In-

vasive tumor cells become morphologically polarized and develop membrane protru-

sions, allowing for them to migrate forward, the so-called mesenchymal motion, when

cells move via traction and adhesion to the ECM [166]. In addition, cells squeeze

through the pores in the ECM, i.e., amoeboid motion, which is relatively fast and

does not require strong cell–matrix adhesive forces [167]. Nutrients also play a signif-

icant role in inducing directional motion, i.e., chemotaxis [168]. Observations suggest

that the gradient of nutrients is the characteristic property of nutrient distribution

that can drive chemotaxis. Therefore, we adopted a simple form of the chemotactic

flux:

Jd = µC gradN , (5.6)

where µ is the chemotactic coefficient, and the flux was towards larger values of nu-

trient concentration. In addition, the rate of cell proliferation depends on the local

concentrations of nutrients, as they are the main components of cellular metabolism

and essential for cell growth. Cells nonlinearly consume nutrients, i.e., the higher

the concentration of the supplied nutrient is, the higher the consumption rate and

hence the higher the rate of proliferation, which saturates at a certain nutrient level.

In addition to the nutrients, cells require intercellular proteins and enzymes for their

growth. The local concentrations of these components are proportional to the con-

centration of cells. The cellular metabolisms in which nutrients and intercellular

components are involved take place through cooperative enzymatic reactions [169].

Therefore, we adopted a non-Michaelis–Menten kinetics model for the proliferation

rate ζ that included two substrates, nutrient N and cells C concentrations:

ζ = Vmax
1

1 + (k1/C)c1
1

1 + (k2/N)c2
, (5.7)

where Vmax is the maximal (saturated) rate, k1, k2 are reaction constants, and c1, and

c2 are the Hill coefficients. We took c1 = c2 = c for the sake of simplicity. The nutrient

consumption rate is also concentration-dependent. For simplicity, we took the linear

form η = η0CN , where η0 is the consumption coefficient.
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5.2.3 Problem Statement

In vitro studies of tumors often involve using microfluidic chips comprising a main

chamber for the tumor-embedded hydrogel and side channels to supply the nutrients,

as shown in Figure 7.2. In such experiments, tumors are either mixed with the hy-

drogel and injected into the chamber or placed within the hydrogel already filling

the chamber. In either case, the initial condition of tumors is essentially a com-

pact aggregation of cells preserved by adhesive cell–cell forces that start respond-

ing to the matrix and the nutrient when placed inside the chamber. To simulate

such a condition, we set the initial condition of cells to be a uniform axisymmet-

ric spherical distribution that accounted for the tumor, followed by a sharp inter-

face with the surrounding matrix. For nutrients, we took uniform initial concentra-

tion. The radius of the chamber R∞ is typically much larger than that of tumor

R0; hence, we considered zero flux at the boundary, shown by Jc = 0 in the figure.

Nutrients are constantly and symmetrically provided via the microfluidic channels;

therefore, we set a constant concentration of nutrient supply at the boundary, N0 =

Ns. The simulation was performed over a spherical domain, as shown in the figure.

5.2.4 Governing Equations

Balance Equations (5.1) can be expressed using dimensionless parameters. Scaling

the distance with the domain radius R∞, time with total time τ , and cell and nutrient

concentrations with initial cell concentration C0 and the nutrient source concentration

Ns, respectively, yields

∂C̄

∂t̄
= α div

[
grad

(
f̄(C̄) − β̄ div(grad C̄)

)
− γC̄ grad N̄

]
+

V̄

(1 + (k̄1/C̄)c)(1 + (k̄2/N̄)c)
,

(5.8a)

∂N̄

∂t̄
= ψ div

(
grad N̄

)
− η̄ C̄N̄ , (5.8b)

with dimensionless parameters introduced as C̄ = C/C0, N̄ = N/Ns, t̄ = t/τ, r̄ =

r/R∞, α = τDf/R
2
∞, β̄ = βR2

∞, γ = Nsµ/Df , V̄ = τVmax/C0, k̄1 = k1/C0, k̄2 =

k2/Ns, f̄ = f/C0, ψ = τDn/R
2
∞ and η̄ = τη0C0. Using spherical coordinates and as-

suming axisymmetric distributions, cell and nutrient concentrations were only a func-

tion of t and r. The system of equations presented in (5.8) was subjected to the initial

and boundary conditions followed by Section 5.2.3. We took the uniform initial con-
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𝐉𝒄 = 𝟎

𝑁0 = 𝑁𝑠

𝑹∞

𝑹𝟎Radial gradient
of nutrient

Figure 5.3: Schematic representation of a typical in vitro tumor platform used to study
the growth and invasion of tumors. Tumor-embedded hydrogels were injected into
the chamber of a microfluidic chip supplied with nutrients via microchannels that
resembled the vasculatures. The size of the chip is typically in the order of a few
centimeters, and the smallest dimension of the channels is around a few millimeters.
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centrations of cells C0 = const. within R∞ and C0 = 0 elsewhere, and nutrients

N0 = Ns:

C(r, t = 0) =

C0, 0 < r < R0

0, elsewhere
and N(r, t = 0) = Ns , (5.9)

where R0 is the initial radius of the tumor. At the boundary, we took the cell flux

to be zero and applied a fixed nutrient source concentration Ns = const.; hence,

boundary conditions were

∂C(r, t)

∂r

∣∣∣∣
r=R∞

= 0 , (5.10a)

N(r = R∞, t) = Ns . (5.10b)

The symmetry condition at the center of the tumor applied to both cells and

nutrients:
∂C(r, t)

∂r

∣∣∣∣
r=0

=
∂N(r, t)

∂r

∣∣∣∣
r=0

= 0 . (5.11)

The nonlinear system of Equations (5.8) was numerically solved with the finite

differences method. Considering radially symmetric solutions, a uniform spatial dis-

cretization of 1000 grid points was applied, and the Euler method was implemented

for forward integration in time using 5000 time steps. The convergence of the solution

was verified with a sequence of grid refinements. We took the following baseline values

for the parameters, C0 = 1 × 10−2 kg/cm3, Ns = 1 × 10−3 kg/cm3, R∞ = 1 × 10−1

cm, R0 = 5 × 10−2 cm, Df = 1 × 10−8 cm2/s, µ = 1 × 10−7 cm2/s, Dn = 1 × 10−6

cm2/s, k1 = 5 × 10−3, k2 = 5 × 10−4 and τ = 24 h.

In the following section, we study the role of dimensionless parameters in tumor

invasion pattern. First, we obtained the steady-state solution to Equation (5.8a)

in the absence of nutrients. Next, the sustainability of the tumor’s sharp interface,

the distribution of the migrated cells, and the shape and the formation of the shell are

demonstrated in response to the variation of the dimensionless parameters β̄, γ, V̄ , η̄, ψ

and c by solving the full system of Equations (5.8a,b) subjected to (5.9)–(5.11).
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5.3 Results

To better understand the role of free energy and the interfacial stress proposed

in Section 5.2.1, we first look into the steady-state axisymmetric spherical form

of Equation (5.8a):

∇ ·
[
∇
(
f̄(C̄) − β̄∇ · (∇C̄)

)]
= 0 , (5.12)

where ∇(·) = ∂(·)/∂r and ∇·(·) = (2/r)∂(·)/∂r+∂2(·)/∂r2. This equation, in the ab-

sence of nutrients, represents the steady state cell distribution when the adhesive and

diffusive forces are balanced. This equilibrium was determined with parameter β̄, as

shown in Figure 5.4.
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Figure 5.4: Steady state distribution of cells in absence of nutrients for β̄ =
{0.1, 1, 2, 4}.

Dimensionless parameter β̄ controls the transitional length between the high-

and low-concentration regions. Higher values of β̄ led to a smooth edge where the bal-

ance of diffusive and adhesive forces occurred at a longer transitional length. How-

ever, lower values of β̄ allowed for the tumor to sustain a sharp continuous interface.

The physical interpretation of β̄ could be explained by considering the role of ECM

in cell migration. An ECM composition that allows for strong cell–matrix adhesion

and facilitates the mesenchymal motion corresponds to higher values of β̄. In this

case, cells migrated through the matrix and exhibited a typical finger-type invasion

pattern where the tumor interface was generally indistinct. However, lower values
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of β̄ are associated with the ECM composition that regulates weak adhesive bindings

with invasive cells. In this case, invasion is either inhibited or limited to the amoeboid

motion of cells through the matrix pores. In addition, amoeboid-mesenchymal plas-

ticity comprises both migration patterns that could be regulated by a specific ECM

composition, and allows for a switch between the aforementioned modes.

Next, we study the role of dimensionless parameters γ, V̄ , η̄, ψ, and c for the base-

line values presented in Section 5.2.4, depicted in Figure 5.5.
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Figure 5.5: Cell distribution corresponding to different values of γ, V̄ , η̄, ψ and c. (a,b)
Higher values of γ and V̄ increased the growth of cells moving outward the tumor
core, yielding a peak in cell concentration with a distinct interface. (c,d) Higher
values of η̄ and ψ reduced cell concentration and eliminated the peak. Parameter c
controlled the formation of a peak and the concentration of cells within the invasion
zone. (e) A higher c corresponds to a higher sensitivity of the proliferation rate to the
gradient of nutrients giving rise to a larger peak at the leading interface.

Dimensionless cell diffusion number γ = Nsµ//D represents the ratio of chemotac-
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tic flux to the diffusive flux, for particular values of nutrient source concentration Ns.

Higher values of γ correspond to higher chemotactic effects that derive cells migrat-

ing toward the gradient of nutrients and initiate the formation of a peak in the cell

concentration at the precursor cells, as shown in Figure 5.5a. Increasing γ gave rise

to a higher level of chemotactic invasion with a less distinct interface between the tu-

mor core and the matrix, while the leading cluster of cells still preserved the interface.

A similar effect related to V̄ , i.e., dimensionless cell growth number, can be seen

in Figure 5.5b, where a higher growth number V̄ increased cell concentration and led

to the formation of a peak in cell concentration. A comparison between the effects of γ

and V̄ indicates that a variation in γ only changed the concentration of cells outside

the tumor core, while variation in V̄ changed cell concentration everywhere. Dimen-

sionless nutrient consumption number η̄ had an opposite effect to that of growth num-

ber γ.

Higher consumption led to a uniform decrease in cell concentration and eliminated

the leading interface, as shown in Figure 5.5c.

Dimensionless nutrient diffusion number ψ plays a dual role in cell migration, as

shown in Figure 5.5d. Higher values of ψ led to the formation of a more distinct

tumor edge separating the tumor core and migrated cells, but removing the peak

and the leading edge. Higher diffusion reduced the nutrient gradient; hence, less

chemotactic migration occurred within the invasion zone.

Hill coefficient c determines the formation of a peak in the cell concentration

at the leading edge. As depicted in Figure 5.5e, c alters the sensitivity of migrat-

ing cells to the change in cell and nutrient concentrations. Higher values of c reduce

the concentration of cells in the invasion zone due to a significant change in the prolif-

eration rate while leading to the formation of a notable peak at the leading interface.

The peak observed in the axisymmetric radial solution corresponded a spherical-shell-

type cluster of cells in the three-dimensional domain.

Lastly, the dynamic progression of the invasion and the nutrient distribution are

shown in Figure 5.6. As captured by the model, a cluster of cells at the outer layer

of the tumor broke away and formed a shell-type layer of cells moving up the gradient

of nutrients while preserving a notable interface, as the experimental data in Fig-

ure 5.1 show. This can be explained as the interplay between adhesive cell–cell and

cell–matrix forces that led to the separation of a cell cluster in the form of a shell

layer diffusing into the surrounding matrix. As discussed in the previous section,

we modeled this phenomenon by adopting nonconvex free energy and accounting



97

for the interfacial properties, which allowed for the equilibrium states of high and low

concentrations. We also adopted a simple reaction–diffusion model for the chemotac-

tic migration of cells. The formation of the shell was predicted as a peak in the cell

concentration over a small interval followed by a drop denoting the interface. This

peak corresponded to the cell aggregation seen as a ring and marked by red arrows

in Figure 5.1. As shown in the figure, the tumor and the invading cells preserved

their interfaces with the surrounding gel while the invasion proceeded. The same

behavior was predicted by the model, as shown in Figure 5.6, where the shell-type

cluster of cells preserved a sharp continuous interface and broke away. The gradient

of nutrients due to the consumption by the precursor cells evoked the chemotactic

migratory response, hence inducing the radial motion of the shell over time.
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Figure 5.6: The dynamic progression of tumor invasion within a hydrogel matrix
in the form of the shell-type motion of invasive cells over time. The shell-type cluster
of cells moved up the gradient of nutrients due to chemotaxis while sustaining its
structure due to adhesive cell–cell forces. The ability of cells to preserve the shell as
they move was modeled with nonconvex free energy that included interfacial stress.

The proposed model presents a mathematical framework that translates biolog-

ical phenomena, such as cell–cell/–matrix adhesion, chemotaxis, proliferation and

consumption rates, into the context of free energy and capillary stress. Using this

model, we were able to interpret the interplay between various biological factors that

influenced tumor invasion and their effects on inducing a distinctive pattern of inva-
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sion observed in different tumors. In this invasion mode, a cluster of cells migrated

into the surrounding matrix, with a preserved interface exhibiting a spherical-shell-

type layer moving away from the tumor core. This pattern may be perceived as a ring

in experimental studies due to the projection of tumor images onto a two-dimensional

plane in microscopic imaging. The results presented here are limited to the axisym-

metric invasion of tumors with a homogeneous cell population. Anisotropic tumor

invasion may occur due to different stimuli, such as heterogeneity in a cell population,

e.g., hypoxic and normoxic cell phenotypes, and fiber-embedded tumor ECM.

5.4 Conclusion

In this work, we developed a continuum model to study the distinctive mode of tumor

invasion resulting from the interplay between cell–cell and cell–matrix adhesion. A

nonconvex free energy is integrated with a standard chemotactic model to predict

the collective migration of cells in the form of a shell-type invasion. The adopted

Cahn–Hilliard-type free energy with the contribution of the interfacial stress allowed

for the cells to remain together and preserve the tumor core via adhesive cell–cell

forces while separating the shell from the core and the surrounding matrix across

continuous sharp interfaces. Cells moved in response to the gradient of nutrients, i.e.,

chemotaxis, while preserving the shell layer. This indicates that the adhesive cell–cell

force was strong enough to maintain the structure of the shell throughout the migra-

tion. Due to nutrient consumption, the chemotactic effect was reduced as the shell

passed along, leaving behind a region with fewer cells. The effects of different param-

eters, such as diffusion, growth, and consumption numbers, on cell distribution were

studied. Higher values of cell diffusion and growth numbers increased the growth

of cells moving outwards from the tumor core, yielding a peak in cell concentration

with a distinct interface. Higher values of nutrient consumption and diffusion num-

bers reduced cell concentration and eliminated the peak. In addition, the formation

of the peak was controlled by the Hill coefficient, c, which determined the sensitiv-

ity of the proliferation rate to the gradient of nutrients, giving rise to a larger peak

at the leading interface. The proposed model could demonstrate the principal features

of the invasion pattern, including the formation, shape, and movement of the shell,

and the continuous interface separating the tumor from the surrounding matrix.

Nevertheless, empirical studies are required to calibrate the model parameters for quan-

titative predictions. Future research directions include experimental studies on tu-
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mor invasion patterns using tumor-on-a-chip platforms that enable testing different

hydrogel compositions, and help in understanding the role of cell/matrix adhesion.

This further helps in the calibration of model parameters to enhance quantitative

predictions. In addition, the model can be integrated with a discrete mathematical

framework to include cellular interactions. This improves the accuracy of predictions

in the case of anisotropic invasion.
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Abstract

The three-dimensional (3D) structure of solid tumors inherently limits oxygen

and nutrient diffusion to deeper cells, resulting in morphological and metabolic vari-

ations. Non-physiological levels of oxygen and nutrients within the tumors result in

heterogeneous cell populations that exhibit distinct necrotic, hypoxic, and prolifer-

ative zones. Among these zonal cellular properties, metabolic rates strongly affect

the overall growth and invasion of tumors. Here we report on a hybrid discrete-
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continuum (HDC) mathematical framework that uses data from a biomimetic two-

dimensional (2D) in-vitro cancer model to accurately predict three-dimensional (3D)

tumor growth, invasion, and treatment response. The mathematical model integrates

modules of continuum, discrete, and neurons. Model predictions are compared to the

growth and invasion of human glioblastoma (hGB) non-resistant and chemo-resistant

tumoroids co-cultured with healthy neurons within a hydrogel matrix using an in-

vitro tumoroid on-a-chip model. The in-vitro model is composed of tumor organoids

(called tumoroids) co-cultured with healthy neurons all embedded within a hydrogel

matrix. Results indicated that the HDC model is capable of quantitatively predict-

ing volumetric growth and invasion length and tracking the asymmetric finger-type

invasion pattern in hGB tumors. Additionally, the model could predict the resulting

reduction in invasion length of hGB tumoroids in response to temozolomide (TMZ)

by utilizing the viability variation observed in 2D-cultured hGB cells treated with

TMZ. This model has the potential to incorporate additional modules, including im-

mune cells and the corresponding signaling pathways governing cancer/immune cell

interactions. Moreover, the model can be used to investigate targeted therapies, such

as aberrant glucose metabolism in hGB tumors, as a potential therapeutic strategy.

Keywords: tumor growth and invasion; in-silico modeling; metabolic rates

6.1 Introduction

Tumor heterogeneity arises from genetic mutations, epigenetic modifications, envi-

ronmental factors, and selective pressures, playing a crucial role in cancer diagnosis,

treatment, and prognosis. For instance, cells acquire a hypoxia-induced phenotypic

heterogeneity due to change in their metabolism caused by the spatial distribution of

oxygen and nutrients within solid tumors [78, 79, 170–172]. Hypoxic cells over-express

proteins involved in growth signaling pathways such as epidermal growth factor re-

ceptor (EGFR), promoting cell division and invasion [173–175]. Tumor heterogeneity

poses substantial challenges for cancer treatment, given that distinct cells within the

tumor may respond disparately to therapies, with certain cells demonstrating greater

resistance to treatment. To address these challenges, there is considerable interest

in creating personalized and precision medicine approaches that take into account

individual tumors’ unique genetic and phenotypic features. This can include using

genomic profiling and other indicators to identify cell subpopulations within the tu-

mor and tailoring treatment accordingly.
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The cross-disciplinary approach of combining mathematical and biological models

of cancer has great potential to enhance treatment strategies. By giving insights into

the underlying biological processes governing tumor formation and progression, math-

ematical modeling plays an essential role in advancing and refining cancer treatment

approaches [83]. Solid tumors have been extensively studied from continuum and

discrete perspectives in the field of mathematical biology [6, 8–10, 176, 177]. In the

continuum approach, partial differential equations (PDEs) incorporate growth and

kinetic interactions between components, along with diffusion [12, 127, 128]. Discrete

methods instead focus on intra- and intercellular interactions providing a more ac-

curate representation of cellular and sub-cellular behaviors, especially in predicting

single cell responses [11]. However, the computational cost substantially increases for

large systems such as biological tissues and tumors [32]. Hybrid Discrete-Continuum

(HDC) models integrate continuum and discrete approaches to interrelate the cellular

mechanisms with tissue-level responses allowing for the analysis of discrete cellular

interactions alongside macroscopic variables. Therefore, HDC models combine the

precision of discrete descriptions with the computational efficiency of continuum ap-

proaches, providing a comprehensive understanding of complex biological systems

[11].

Mathematical models have been previously used to simulate and study the ef-

fects of cell heterogeneity on tumor growth and response to therapy, as well as to

identify potential strategies for mitigating these effects. Notably, the variation in cel-

lular metabolism—a key regulator of tumor morphology and invasion of multicellular

human glioblastoma (hGBM) tumors has been studied using HDC models [178]. In

addition, the correlation of the interactions between different phenotypes and the level

of malignancy was modeled using evolutionary game theory [80]. It was shown that

cancer cells initially in growth phenotype can switch to an anaerobic or invasive phe-

notypes [81]. Several mathematical models include the preferential invasion direction

of cancer cells via an anisotropic diffusion tensor [179, 180]. The metabolic modeling

method is another technique used in the context of tumor invasion. These models are

typically steady-state stoichiometric models that predict the distribution of fluxes,

but lack the transient aspects such as time-dependent metabolite concentrations as

well as the description of spatial heterogeneity in cancer cell populations [82, 181, 182].

Despite the rich literature on mathematical modeling of solid tumor growth invasion,

there is a lack of integration with multiscale experimental platforms that can provide

more realistic model parameters and monitoring techniques. For instance, many ex-
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isting models consider the rates of proliferation and nutrient uptake to be constant

or a linear functions while they are inherently non-linear parameters [173, 175, 183–

187]. Cellular metabolism is altered when cancer cells change phenotype, generally

following a nonlinear fashion [188]. Additionally, the hypoxic population of cells were

commonly considered passive and quiescent with either negligible or simplified linear

proliferation and consumption rates [38, 175, 183].

Current in-vitro models, particularly drug resistant models, rely mainly on two-

dimensional (2D) culture systems, xenografts, and genetically engineered animal mod-

els that are either unable to recapitulate the complex TME or have physiological

differences and ethical concerns [189–191]. Three-dimensional (3D) tumoroid culture

via tumor-on-a-chip platform is an alternative to traditional models that can simulate

TME characteristics such as cell-cell adhesion, heterogeneity, and diffusion properties

of nutrients in TME [84]. In addition, it is necessary to include the GBM-neurons

interaction for developing realistic in-vitro models [86]. While GBM is more com-

monly associated with white matter, its invasive nature can lead to infiltration into

surrounding brain tissue, which includes both white and gray matter [192]. GBM-

neuron synaptic interactions in TME have a pivotal role in tumor growth and invasion

[87]. We have recently shown that these interactions significantly change the secre-

tome profile of inflammatory and invasion cytokines [163]. More interestingly, the

variation in cytokine profile strongly depends on the state of hGBM cells (i.e., non-

resistant or TMZ-resistant) and plays a dual effect. Additionally, the growth and the

finger-pattern invasion have been observed in in-vitro platforms [193], and is simu-

lated via simulate Gompertzian model based on probabilistic model parameters [194].

However, they lack a comprehensive framework integrating underlying cellular and

subcellular interactions.

In this paper, we present an HDC model to quantitatively assess tumor growth and

invasion. Compared to the existing models, our model offers a more realistic scheme

of metabolic rates by measuring the rate of cell proliferation and glucose uptake in

normoxia and hypoxia, as well as their dependency on glucose concentration. This

extension from the common practice of assuming linear or constant functions allows

us to capture the non-linear heterogeneity of tumoroids’ behaviour more accurately.

This inclusion is essential for modeling solid tumors characterized by a diverse cellu-

lar distribution, wherein cellular metabolism significantly responds to fluctuations in

oxygen and nutrient levels. Additionally, incorporating the hypoxic cells as an active

subpopulation of tumoroid with their nonlinear proliferation and consumption rates is
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another key feature of our model. Moreover, the discrete module captures the effect of

hif1-alpha expression by hypoxic cells in invasiveness of GBM, by including a simpli-

fied representation of the associated signaling pathway. It also considers the effects of

cancer cell-neuron inter- actions on GBMs growth and invasion that is missing from

previous studies on GBMs progression. The model focuses on glucose and oxygen

metabolism, both modulate various signaling pathways and provide energy for the

synthesis of nucleic acids, proteins, and lipids [195]. Moreover, quantitative measure-

ment of the interrelation between glucose and oxygen uptake is especially significant

for hypoxic cells due to the Warburg Effect [196]. To overcome the drawbacks of

previous approaches, a tumoroid-on-a-chip platform was developed to resemble TME

and monitor tumoroid responses over time, where simultaneous growth and invasion

are observed upon integration with the HDC model. This model identifies the inva-

sion zone by tracking the moving boundary of tumor by incorporating a mechanism

for constantly updating the spatial location of tumor boundaries. Capturing the

moving boundary of tumoroids is important in order to quantitatively distinguish the

growth and invasion. The migration of invasive cells into the matrix is modeled via a

random walk module and includes the interaction of single cells with the continuum

field of variables. We developed a comprehensive framework integrating underlying

cellular and subcellular interactions, providing a quantitative basis for predicting the

finger-pattern invasion. The incorporation of these detailed interactions enhances the

predictive capabilities of our model beyond existing in-vitro demonstrations. Our

model relies on a deterministic scheme of cellular interactions. We experimentally

measure growth, consumption, and conversion, linking these factors to a discrete

module that considers mechanical pressure, proliferation time, oxygen, and nutrient

availability, as well as cancer-neuron interactions. Additionally, our model uniquely

predicts finger-type invasion patterns, which was not present in the previous works.

Moreover, the inclusion of chemo-resistant cells with varying metabolic rates allows us

to identify their distinctive growth and invasion behavior compared to non-resistant

cells. Finally, to validate this model, the growth and invasion of hGBM (non-resistant

and temozolomide (TMZ)-resistant) were monitored over time and compared with the

model predictions.
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6.2 Results

In this section, we present the in-vitor in-silico framework including experimental

and HDC ccomponents, model formulation, parameter measurments, and model val-

idation. While the main focus of this study is not to validate biological hypothesis,

it aims to (i) formulate these hypotheses into mathematical frameworks consistent

with physical laws, (ii) solve the resulting governing equations with incorporating

appropriate boundary conditions reflective of biological settings, and finally (iii) de-

rive quantitative predictions, such as growth and invasion patterns of tumoroids.

It’s essential to note that although the presented framework has the capability to

implement and validate biological hypotheses, our immediate focus is on achieving

accurate quantitative predictions. Figure 6.1 elucidates the workflow and data acqui-

sition process, highlighting in-vitro components, experimental timeline, 2D culture

data extraction and integration into the HDC model, and comparisons drawn be-

tween in-vitro observations and model predictions. This visual illustrates intricacies

of the experimental design and the seamless connection between empirical data and

computational modeling.
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Figure 6.1: The workflow and data acquisition process in experimental and HDC
modeling frameworks. In experimental module, non-resistant and TMZ-resistant
hGB cells were tumoroid-cultured using SFMAs. After four days, allowing to form a
compact solid tumor structure, tumoroids were co-cultured with NPC-differentiated
neurons in a hydrogel matrix within a microfluidic chip. The growth and invasion of
tumoroids were monitored over 7 days and were quantified via ImageJ. In the HDC
framework, non-resistant and TMZ-resistant cells were 2D cultured, their metabolic
rates were extracted and input to the model, and predictions were validated by com-
paring with the experimental data. Created with BioRender.com.

6.2.1 Diffusion of external components contributes to tumor

heterogeneity

Tumor evolution can be described as the changes in the properties of a continuous

system in which the local points, i.e., cells, react to the presence of external compo-

nents that diffuse into the 3D structure of the tumor. These reactions that change the

local properties of a tumor depend on the characteristics of cells in the infinitesimal

neighborhood. When the tumor size exceeds a certain level, the diffusion limit de-

prives internal tumor cells of the nutrients necessary for normal metabolism. Oxygen
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and glucose have critical physiological roles in cell growth and survival, modulating

various signaling pathways and providing energy for the synthesis of proteins, nucleic

acids, and lipids. The threshold of normal oxygenation varies among organs, and is

around 4.4% in brain [197]. Hypoxia initiates below this threshold, leading to the

stabilization of hypoxia-related genes such as HIF-1-alpha. Hypoxic cells with the al-

tered proliferation and consumption rates form a hypoxic zone in the center of tumor.

Moreover, insufficiency of adequate growth factors may induce a necrotic zone. Large

tumors are therefore susceptible to developing two distinct interior zones (hypoxic

and necrotic) beneath a proliferative layer of cells, as shown in Figure 6.2.

Figure 6.2: The non-uniform distribution of oxygen [O2] and glucose [G] within
the three-dimensional structure of tumors gives rise to the formation of prolifera-
tive, hypoxic, and necrotic zones. This inhomogeneity results in nonuniform glucose
consumption and distribution. Compared to normoxia, hypoxic cells switch their
metabolism to anaerobic glycolysis and uptake glucose faster to compensate for the
low efficiency of ATP production.

The external growth factors required for cell metabolism were subdivided into

two representative components to model the function of external growth factors in

tumors. Critically, non-physiological levels of oxygen tension in hypoxia can change

cancer cell metabolism and lead to angiogenesis, epithelial-to-mesenchymal transition

(EMT), and upregulation of pro-inflammatory cytokines [198]. In addition, amongst

various nutrients, glucose has a critical physiological role in cell growth and survival.
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Glucose metabolism modulates various signaling pathways and provides energy for

the synthesis of macromolecules such as proteins, nucleic acids, and lipids, as shown

in Figure 6.2. Cancer cells also have the ability to switch their metabolism to aerobic

glycolysis, so-called the Warburg Effect, by increasing glucose uptake to promote

proliferation and long-term survival [196]. Cell growth and survival therefore strongly

rely on the concentration of glucose in the hypoxic zone.

Formation of distinct zones within the 3D structure of a tumor mainly results

from the diffusion of external components such as glucose and oxygen, as shown

in Figure 6.2. The proliferative zone, which includes normoxic cancer cells, is the

outer layer of cells within the tumor that receives enough oxygen and glucose for

normal metabolism. Cells at the peripheral rim have access to a high level of diffused

components, hence their rate of uptake is generally constant, while the interior rim

may receive levels of nutrients below a certain threshold, resulting in concentration-

dependent uptake rates. The concentration of oxygen and glucose drops inwardly,

reaching the hypoxic zone, where the concentration of oxygen is below a critical level

required for oxidative phosphorylation. In this zone, cells acquire a hypoxia-induced

phenotype, switch their metabolism to anaerobic glycolysis (consequently producing

less ATP), and take up glucose faster. This further reduces the concentration of glu-

cose, ultimately depriving the interior cells of the minimum nutrient requirements for

survival. These central cells undergo necrosis, forming a necrotic zone. A contin-

uum reaction-diffusion model for the evolution of tumor heterogeneity and diffusion

of external components is presented in Section 6.4.1.

Hypoxia significantly alters concentration-dependent rates of

glucose uptake and proliferation

At low glucose concentrations, the cancer cell uptake rate is concentration-dependent

and increases by raising the supplied glucose to a threshold, after which the rate

remains constant [199]. The same concentration-dependent property is expected for

the rate of proliferation. At very low glucose concentrations, cells cannot maintain

the energy required for homeostatic synthesis of proteins, nucleic acids, and lipids.

Among various pathways that may lead to necrosis in glioblastoma [200, 201], alter-

ations in cellular metabolism, particularly glucose deprivation, can induce metabolic

stress and energy depletion, leading to oxidative stress and potentially triggering

various forms of cell death, including necrosis [202]. Moreover, glucose withdrawal
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activates a positive feedback loop involving the generation of reactive oxygen species

(ROS) by NADPH oxidase and mitochondria, ultimately resulting in ROS-mediated

cell death [203]. A minimum glucose concentration is required for cell proliferation,

while cells provided with higher concentrations proliferate at faster rates until they

reach maximum proliferation capacity [204]. This nonlinear behavior is significant

in 3D tumors where their geometry imposes nonuniform oxygen and glucose distri-

butions. Although hypoxic cells consume glucose at a higher rate with anaerobic

glycolysis, they proliferate at a lower rate [205]. Therefore, the distinct zones shown

in Figure 6.2 eventually balance and stop overall volumetric tumor growth. To inves-

a b

c d

Normoxia Hypoxia

Normoxia Hypoxia

Supplied glucose concentration (mg.mL-1)

R
at

e 
of

 p
ro

lif
er

at
io

n 
(h
-1

)

R
at

e 
of

 g
lu

co
se

 u
pt

ak
e 

(m
g.

m
L-
1 .c

el
l-1

.m
in
-1

)

Supplied glucose concentration (mg.mL-1)

Figure 6.3: Concentration-dependent glucose uptake and proliferation rates in hGBM
U251 (non-resistant and TMZ-resistant), U87, and Skov3 cells. Glucose uptake rates
in response to a range of supplied glucose in normoxic (a) and hypoxic (b) conditions
are measured using glucose uptake and trypan blue assays. Hypoxic cells consume
glucose at significantly higher rates as they switch their metabolism to anaerobic
glycolysis. Proliferation rates are glucose concentration dependent in normoxia (c)
and hypoxia (d). Solid lines represent non-linear interpolations of experimental data
points.
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tigate rates dependency on glucose concentration, we measured the rates of glucose

uptake and proliferation in three glioma cell lines (U251 non-resistant, U251 TMZ-

resistant, and U87), and one ovarian cell line (Skov3), to a range of supplied glucose

concentrations in normoxia and hypoxia, shown in Figure 6.3. The associated critical

values such as saturated glucose uptake and proliferation rates are presented in Ta-

ble 6.1 (supplementary data). In brief, hypoxia increased the saturated uptake rates

of U251 non-resistant, U87, Skov3, and U251 TMZ-resistant by 4, 3.6, 3.1, and 1.5

fold, respectively, compared to normoxia (Figure 6.3(a) and (c)). Also, the maximum

proliferation rates dropped by 2, 3, 2 and 1.2 fold in U251 non-resistant, U87, U251

TMZ-resistant, and Skov3 cell, respectively, in hypoxia (Figure 6.3(b) and (d)).

To formulate model parameters, including rates of proliferation and glucose up-

take in normoxia and hypoxia, nonlinear interpolation was obtained for the data in

Figure 6.3. The following exponential plateau function was adopted.

f(X) = Vmax − (Vmax − Vmin) e−KX . (6.1)

where X represents the concentration of supplied glucose, f(x) is the approximated

rates of glucose uptake or proliferation, Vmax is the maximum rate at saturated glu-

cose concentration, Vmin is the minimum rate, and K is the rate constant. The units

for Vmax and Vmin corresponded to the uptake rate is mg.mL−1.cell−1.min−1, and

corresponded to the proliferation rate is h−1. K is in mg.mL−1. Table 6.2 (supple-

mentary data) includes the values of these constants for U251 non-resistant, U251

TMZ-resistant, U87, and Skov3, obtained from Figure 6.3. These non-linear rates

were incorporated into the HDC model as inputs.

In-silico model predicts the evolution of tumor heterogeneity and the

growth rates of different tumoroids

To ensure the applicability of feeding 2D data into a 3D model and validate the re-

sults, glucose consumption and growth rates in 3D tumoroids were experimentally

measured. The rate of normoxic-to-hypoxic conversion was quantified through flow

cytometry analysis and subsequently incorporated into the model to predict hypoxia

development in tumoroids (Fig. 6.4(a)). 24 hour exposure of U251 non-resistant,

U251 TMZ-resistant, U87, and Skov3 cells to 2% oxygen in a hypoxic chamber re-

sulted in the conversion of 69%, 51%, 62%, and 53% of normoxic cells to a hypoxic

state, respectively. These rates were considered as the maximum conversion rates
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in Michaelis-Menten-type kinetic model. The amount and rate of glucose uptake by

U251 non-resistant, U251 TMZ-resistant, U87, and Skov3 tumoroids was measured

using a glucose assay. Using the continuum model and experimental uptake rates

from Figure 6.3, we calculated the overall uptake rates by accounting for tumoroid

heterogeneity (Section 6.4.2). Figure 6.4(b) compares the predicted rates of glucose

uptake with the experimental data for U251 non-resistant, U251 TMZ-resistant, U87,

and Skov3 tumoroids. U251 non-resistant and U251 TMZ-resistant tumoroids had

the highest and the lowest rates of glucose uptake, respectively. The comparison be-

tween experimental data and model predictions, demonstrated the model’s accuracy

despite potential differences between 2D and 3D cultures.
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Figure 6.4: In-silico model predicts the rates of growth and glucose uptake in dif-
ferent tumoroids. Rate of normoxic-to-hypoxic conversion in monolayer cell culture
was obtained using flow cytometry, and implemented to determine the formation of
tumoroid hypoxic zones (a). Rates of glucose uptake and growth of hGBMs (U251
non-resistant, U251 TMZ-resistant, and U87) and Skov3 tumoroids measured exper-
imentally and predicted by the proposed RD model (solid lines). U251 non-resistant
and U251 TMZ-resistant tumoroids have the highest and the lowest rates of glucose
uptake (b), and the highest and the lowest rates of growth, respectively (c). The dis-
tribution of proliferative and hypoxic cells in U251 non-resistant tumoroids is shown
in (d). The schematic representation of the tumoroid heterogeneity evolution is shown
in (e).

The model was validated against the free growth of in-vitro solid tumoroids gen-

erated from hGBMs, U251 non-resistant, U251 TMZ-resistant, U87, and Skove3 cells.

The diameter of tumoroids was measured for seven days and compared with model

predictions. Figure 6.4(c) shows the size of tumoroids over time measured within the

microwell arrays and predicted by the model, where U251 non-resistant and U251

TMZ-resistant cells display the highest and the lowest growth rate, respectively. The
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Pearson correlation coefficient is 0.97 for U251 non-resistant and 0.99 for U251 TMZ-

resistant, U87, and Skov3 tumoroids. The distribution of normoxic and hypoxic cells

over time is depicted in Figure 6.4(d). As predicted by the model, proliferative cell

concentrations internal to the tumoroids decrease over time due to the diffusion limit.

Conversely, the concentration of hypoxic cells increases within the tumoroid near the

center due to low oxygen levels, followed by a reduction in concentration due to cell

necrosis. This leads to the formation of a secondary hypoxic rim behind the prolifera-

tive rim, shown by a peak on day seven. Normoxic cells require a higher concentration

of glucose and oxygen for sustained metabolism. Therefore, their concentration at

the outer boundary of tumoroids increases as they receive a high concentration of

nutrients and proliferate at a higher rate, while their concentration decreases cen-

trally due to a lack of nutrients. Conversely, the oxygen gradient causes normoxic to

hypoxic conversion at the internal regions of tumoroids, leading to a heterogeneity in

cells population within the tumoroids, as illustrated in Figure 6.4(e).

6.2.2 Discrete model links modules of random walk, cellular

processes, and cell-neuron interaction to the continuum

model

Volumetric tumor growth is limited due to environmental restrictions, resulting in

different patterns of invasion. Various stimuli such as mechanical stress, hypoxia,

chemoattractants, and nutrient gradients can trigger such invasion [206]. For in-

stance, the expression of genes that induce matrix degradative enzymes (MDE), met-

alloproteinases (MMP), and epithelial-mesenchymal-transition (EMP) proteins can

be upregulated in hypoxia (Figure 6.5(a)).

In particular, hypoxia-induced reactive oxygen species (ROS) influence integrin

binding to ECM by activating pro-MMPs [207, 208]. These proteins alter cell ad-

hesion properties regulated through surface receptors such as CD-44 and integrins

that down-regulate cell motility. The proteolytic degradation of ECM components

by MDE and MMP can upregulate cell motility [209]. Cellular migration mechanisms

depend on cell morphology and external stimuli. Invasive tumor cells may become

morphologically polarized and develop membrane protrusions allowing them to reach

forward [155]. This mesenchymal motion is slow and requires strong adhesion between

ECM and cells via integrins. On the other hand, amoeboid motion is the process of

cells squeezing through pores in the ECM; this is relatively fast and does not require



115

strong adhesion forces. The former type of migration is directional (haptotaxis) and

the latter can be both directional and random (chemokinesis) (Figure 6.5 (b)). The

two mechanisms are captured by our HDC model (see 6.4.3). Changes take place

at a cellular scale and require a discrete mathematical model to capture the cellular

migration mechanisms. Moreover, these cellular processes strongly depend on the

local properties of the system, such as nutrient concentrations and external stimuli,

which are obtained by a continuum model as field variables.
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GBM-neuron synaptic interactions in the TME play a pivotal role in GBM growth

and invasion. Our secretome analysis has demonstrated significant alterations in the

secretion profile of inflammatory and invasion cytokines due to these interactions

[163]. More importantly, results revealed that TMZ-resistant hGBM cells exhibited

a distinct profile compared to non-resistant hGBMs, underscoring the importance of

incorporating such interactions as a key variable in our HDC model. The secretome

analysis indicated changes in the secretion profile of ECM remodeling cytokines such

as IFN-α2 and IL-21P40, as well as growth factors FGF-2 and VEGF-A, in non-

resistant hGBMs cocultured with neurons, suggesting enhanced growth potential in

the presence of neurons. Conversely, in TMZ-resistant hGBMs, the secretion of the

immunomodulatory transforming growth factor (TGF)-β family increased. We inte-

grated these dual effects into the HDC model by randomly dispersing the initial con-

centration of neurons within the simulation domain (see 6.4.3). These neurons were

considered fixed, with a time-independent secretion of cytokines. A single partial

differential equation (PDE) was employed to capture the diffusion of pro-proliferative

cytokines, including growth factors FGF-2 and VEGF. For invasion, cell-neuron in-

teraction was deemed inactive unless cells were spatially close enough, reducing the

probability of migrating cells remaining stationary due to the effect of secreted cy-

tokines such as TGF-β

To simulate the complex dynamics of the system, the discrete model, which cap-

tures the cellular processes, is coupled with the continuum model. By linking these

two models, the system receives updated information on field variables and implement

them in the discreet model, which allows for more accurate predictions. Addition-

ally, the neurons module is incorporated into both models to account for cell-neuron

interactions, which play a crucial role in GBMs growth and invasion.

Overall, the distribution of field variables such as oxygen, nutrients, and concen-

tration of cells, used in discrete module is continuously updated via the continuum

model. Information on these variables were utilized as criteria in the discrete module

determining cell proliferation, conversion to a hypoxic state, etc. Cell concentrations

obtained by continuum module were used in random walk simulation. Additionally,

continuum module provides information on the hypoxic cell population and subse-

quent upregulation of MMPs production and diffusion. ECM degradation by MMPs

was then used in the discrete model as a pro-invasiveness component contributing

to the haptotactic motion of invasive cells. The border of the bulk tumor and the

discrete domain are continuously updated. This process involves obtaining the radii
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of the tumoroid from the continuum solution and updating the reference location of

invasion. The flowchart in Figure 6.5 (c) provides a detailed illustration of the inter-

play between the components of the HDC model and clarifies the point connections

between the three modules.

6.2.3 Hybrid discrete-continuum model is capable of predict-

ing the growth and invasion of tumoroids in recapitu-

lated TME

In-vitro growth and invasion of tumoroids in the TME is mathematically modeled

using an HDC technique that utilizes the information provided by the continuum

model for the derivation of a discrete model. The volumetric growth of tumoroids

and concentration fields of glucose and oxygen are predicted by the continuum model.

Additionally, the random and directional migration of invasive cells are predicted by a

discrete model. This model utilizes cellular processes to update the state of individual

cells. Details of these models are described in Sections 6.4.3 and 6.4.3.

To study the growth and invasion of hGBMs U251 non-resistant and TMZ-resistant

tumoroids, self-filling micro-well arrays (SFMAs) were used to initially generate uni-

form tumoroids Figure 6.6(a) for a tumoroid-on-a-chip platform. A central tumoroid-

embedded hydrogel matrix chamber was bounded by two side channels for nutrient

delivery Figure 6.6(b). To mimic the ECM of the brain, a combination of alginate, Ma-

trigel, and a chemical cross-linker, CaCl2 was used. This composition has been shown

to recapitulate human brain ECM [153]. U251 non-resistant and TMZ-resistant tu-

moroids were mixed with the hydrogel matrix injected with and without neurons into

the central chamber. After incubation for 10min, side channel reservoirs were filled

with media and refreshed every 24hr to support long-term diffusion. Tumoroids began

to exhibit a finger-type pattern of invasion while their volumetric growth decreased

compared to free-growth samples. The growth and invasion of hGBM tumoroids was

imaged using bTright-field and confocal microscopy Figure 6.6(c). ImageJ software

was used to measure the tumor diameter and invasion lengths [210]. Results were

compared with the HDC model predictions.
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Day 1Non-resistant Day 5Day 1 Day 1

Tumoroid 
chamber
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SFMA

without neurons with neurons

U251 tumoroid 
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Day 5

Non-resistant with neurons

TMZ-resistant with neurons

Seeding cellsa b
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c
To-Pro3 mKate Actin To-Pro3
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Actin

Figure 6.6: A tumoroid-on-a-chip platform recapitulates the TME comprised of
U251 non-resistant and TMZ-resistant tumoroids co-cultured with neurons embed-
ded in a hydrogel matrix. SFMAs (a) used to generate uniform tumoroids of U251
non-resistant and TMZ-resistant hGBMs. Tumoroids were mixed with an algi-
nate/Matrigel hydrogel matrix and injected into the microfluidic chip, displaying
a finger-type pattern of invasion (b). Tumoroids were co-cultured with neurons to
quantify the variation in their growth and invasion due to cell-neuron interactions.
The growth and invasion of non-resistant and TMZ-resistant tumoroids were moni-
tored by stained with phalloidin and To-pro3 to visualize actin filaments (green) and
nuclei (blue) (c). Scale bars are 250 µm.

The growth and finger-type invasion pattern of hydrogel matrix-embedded hGBM

non-resistant and TMZ-resistant tumoroids were monitored over time (Figure 6.7).
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The free growth of tumoroids within microwells involved no invasion (a), however,

matrix-embedded tumoroids exhibited invasion characteristic (b, c). Fluorescent

microscopy imagining of tumoroids, expressing red fluorescent protein mKate, co-

cultured with neurons distinguished the invading cells from neurons (c). Although

TMZ-resistant tumoroids exhibited a lower growth rate, they displayed longer inva-

sion lengths. Compared to non-resistant cells, the resistant cells undergo morpholog-

ical changes featured by elongation, a frequently reported mesenchymal characteris-

tic [211–213]. This indicates higher invasiveness in TMZ-resistant tumoroids versus

non-resistant. To implement this characteristic in the HDC model, we assigned the

resistant cells a higher haptotaxis coefficient. In addition, resistant cells acquire other

characteristics such as mitotic quiescence and OXPHOS metabolism, all of which infer

a lower growth rate [214, 215].

Despite the radially symmetric distribution of nutrients and homogeneous TME,

the in-vitro invasion pattern shown in Figure 6.7 reveals an asymmetric direction.

This invasion pattern is attributed to the stochastic or random movement of cells

within the TME influenced by factors such as Brownian motion, intercellular interac-

tions with neurons, and complex architecture of TME [216, 217]. In addition, GBMs

are often characterized by heterogeneity contributing to the random migratory pat-

terns [218]. This behavior is incorporated in the HDC model by involving a certain

level of randomness in determining the direction of migration for individual cells, with

restrictions by other specific factors presented in 6.4.3.
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Figure 6.7: The growth and invasion pattern of U251 non-resistant and TMZ-resistant
tumoroids. The free growth within microwell arrays and growth/invasion patterns
within the alginate/Matrigel hydrogel matrix were imaged over five days using a
tumoroid-on-a-chip platform (b, c). The invasion pattern of U251 non-resistant and
TMZ-resistant tumoroids predicted by HDC model (d). Scale bars are 250 µm.

As seen in Figure 6.8(a), the model is capable of predicting the overall pattern

of GBM tumoroids invasion. The pattern of invasion demonstrated in Figure 6.8(a)-

right, has similarities with the in-vitro invasion observed in the tumor-on-a-chip plat-

form shown in Figure 6.8(a)-left. Within the proliferative zone, the probability of

stasis is higher than that of moving forwards or backwards Figure 6.8(b). At the

interface of the tumor and the surrounding matrix, the probability of forwards mo-

tion increases as cells are free to migrate into the surroundings, enhanced by the

stimulatory haptotactic effects of the matrix. The quantitative seven day measure-

ment (Figure 6.8(c)) of growth and invasion of U251 non-resistant and TMZ-resistant

tumor-on-a-chip platforms, together with the predictions of the HDC model, are re-

spectively shown in Figure 6.8(d) and (e), similarly for tumoroids co-cultured with

neurons (Figure 6.8(f) and (g)). The initial radii of tumoroids considered in the HDC

model were set according to the experimental results. The hydrogel matrix-embedded

TMZ-resistant tumoroids had an initially larger size but similar hypoxic zone size to

the non-resistant counterparts.
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Figure 6.8: HDC model accurately predicted the growth and invasion length of tu-
moroids. In-vitro finger-type invasion pattern of GBM tumoroid vs. HDC model
predictions (a). Radial probability distribution of invasive cells staying stationary,
moving forward vs. moving backward (b). Invasion of GBM tumoroids embedded in
a hydrogel matrix, with and without neurons, using a tumor-on-a-chip model com-
pared to the pattern of cell invasion using the HDC model. Growth was estimated by
measuring the tumoroid radius and invasion length was measured as the longest trace
of cell migration (blue arrows) (c). The in-vitro growth and invasion were measured
using a tumor-on-a-chip model over seven days. The radius of tumoroids (d, f) and
length of invasion (e, g) were measured every 24hr and normalized with the initial
radius compared with the model predictions. Scale bars are 250 µm.



123

Model predictions were in acceptable agreement with the experimental measure-

ments. U251 non-resistant tumoroids showed faster volumetric growth, but smaller

invasion length compared to U251 TMZ-resistant tumoroids. It should be noted that

the HDC model lost the accuracy of prediction for invasion after day five when the

invasion length significantly dropped. The Pearson correlation coefficient in growth,

excluding day seven, for U251 non-resistant and TMZ-resistant were 0.89 and 0.71,

and 0.83 and 0.90 in invasion, respectively. This coefficient for tumoroids co-cultured

with neurons were 0.95 and 0.86 in growth, and 0.82 and 0.97 in invasion.

The performance of the HDC model was also evaluated by comparing its predic-

tions of drug inhibitory effects with experimental data. To achieve this, we measured

the viability variation in 2D-cultured non-resistant and TMZ-resistant hGB cells in

response to various concentrations of TMZ. Using this data as input, the model’s pre-

dictions regarding the length of invasion were compared to the invasion observed in

TMZ-treated tumoroids, utilizing an EZ-seed-96 platform from Apricell Biotechnol-

ogy Inc. Tumoroids were created in SFMA inserts within a 6-well culture plate and

were embedded in an ECM matrix. Their invasive behavior was monitored over time.

Figure 6.9(a, b) show the reduction in invasion length of non-resistant and TMZ resis-

tant tumoroids treated with 50-500 µM of TMZ over five days, with the highest reduc-

tion caused by 500 µM. The variation in viability was shown in Figure 6.9(c) denoting

the resistance of TMZ-resistant cells to the drug, and susceptibility of non-resistant

cells. Using these data as model input (see 6.4.10), the invasion length of tumoroids

was predicted and compared with experimental observation (Figure 6.9(d)).
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Figure 6.9: The HDC model predicts the inhibitory effect of TMZ on GB invasion.
Inhibition of invasion in (a) non-resistant and (b) TMZ-resistant tumoroids treated
with TMZ. (c) Viability variation in 2D-cultured non-resistant and TMZ-resistant
GB cells in response to TMZ. (d) Model predictions on the invasion lenghth of GB
compared to the invasion observed in TMZ-treated tumoroids in a tumor-on-a-chip
platform.

6.3 Conclusion and Discussion

In this work, we integrated an HDC model with an in-vitro tumor-on-a-chip device

to predict the 3D behaviour of hGBM such as growth, invasion, and drug response

using 2D data acquisition. To that aim, the model integrates the continuum field of

variables with a discrete approach, that includes modules of random walk and cel-

lular processes. Model parameters such as rate of proliferation and glucose uptake

were experimentally measured for 2D-cultured hGBM (U251 non-resistant and TMZ-
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resistant) cell lines. GBM-neuron synaptic interactions were incoorporated to the

model according to the cytokine profile of GB-neuron coculturs. The performance

of the continuum model was checked by comparing the predictions on the rate of

glucose uptake in tumoroids with the experimental measurements. Next, model pre-

dictions on the growth, invasion length, and drug response of hGBMs were compared

with the in-vitro growth and invasion of hGB tumoroids cocultured with neurons in

a tumoroid-on-a-chip platform. Results showed that the HDC model was able to

quantitatively predict the characteristic of GBMs, i.e., U251 non-resistant tumoroids

acquiring a higher growth rate, but lower invasion length, compared to U251 TMZ-

resistant cells. Additionally, the stochastic approach utilized in the discrete module

enabled the HDC model to capture the asymmetric finger-type invasion pattern. Fu-

ture research directions include the incorporation of additional modules, including

immune cells and the corresponding signaling pathways governing cancer/immune

cell interactions, angiogenesis, and autophagy. This integration aims to recapitulate

a more realistic TME. The formulation of each component and its interactions with

others may necessitate the development of new assumptions and hypotheses. Under-

standing the dynamics of these hypothesis-driven components will require compre-

hensive local and global sensitivity analyses. Additionally, the model can be used

to investigate metabolism-targeted cancer therapies. For instance, hGBMs exhibit

an aberrant glucose metabolism that could be targeted as a potential therapeutic

strategy [219].

6.4 Methods

6.4.1 Continuum reaction-diffusion model for tumor growth

A tumor is considered an nonhomogeneous system of particles (i.e. cells) that displays

continuous changes in properties such as local concentration, velocity, and kinetic

rate. To account for these changes, the distribution of key external components

such as oxygen and glucose, and to moderate the common assumptions of constant

proliferation rate and cell mobility, we propose a general form of reaction-diffusion
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model

∂Cp

∂t
= ∇ ·

(
Cp

C
Dc∇Cp

)
+ Cp

(
ηp(G) + ϕ(P ) − S(g)

)
, (6.2)

∂Ch

∂t
= ∇ ·

(
Ch

C
Dc∇Ch

)
+ Chηh(G) + CpS(g) , (6.3)

∂Cn

∂t
= ∇ ·

(
Cn

C
Dc∇Cn

)
− (Cpηp + Chηh) , if ηp < 0 and ηh < 0 (6.4)

∂G

∂t
= ∇ · (DG∇G) − Cpλp(G) − Chλh(G) , (6.5)

∂g

∂t
= ∇ · (Dg ∇g) − Cpθp(g) − Chθh(g) , (6.6)

∂P

∂t
= ∇ · (DP ∇P ) + κg(N0) − κdP , (6.7)

in which Cp(x, t), Ch(x, t), Cn(x, t), G(x, t), g(x, t) and P (x, t) are concentrations of

proliferative cells, hypoxic cells, necrotic cells, glucose, oxygen, and neuron-secreted

cytokines, respectively. x is the position vector and ∂(·)/∂t is material time derivative

when the particle location is held fixed. The diffusion of cells Ci is proportional to the

gradient of cell concentrations ∇Ci, where i = {p, h, n} corresponds to prolifertive,

hypoxic, and necrotic cells, respectively. C = Cp +Ch +Cn is total cell concentration,

implying that all three populations can coexist in the same location. Necrotic cells

undergo a process of functional cessation and no longer function, but their physi-

cal entity persists. This persistence is particularly relevant in the tumor context, as

necrotic cells are primarily located at the center of the tumor and are less exposed to

environmental degradation. In line with the biological understanding, the model does

not remove the population of necrotic cells from the structure of the tumor. Dc, DG,

Dg, DP are the diffusivities of cells, glucose, oxygen, and cytokines. The mobility of

each population is proportional to the ratio of the population to the total concentra-

tion of cells. For example, Ki = (Ci/C)Dc where i = {p, h, n} describes the influence

of the coexistence of different populations on the cell diffusivity. ηp(g) and ηh(G)

are proliferation rates of proliferative and hypoxic cells, respectively. S(g) is the rate

of proliferative-to-hypoxic conversion (PHC). λp(n), λh(n), θp(g) and θh(g) are rates

of glucose and oxygen uptake by proliferative and hypoxic cells, respectively. The

nutrient-corresponding rates are taken to be independent of oxygen concentration,

and vice versa. ϕ(P ) represents the pro-proliferative effect of cytokines, and their

rates of production and degradation are presented by κg and κd, respectively. We as-

sume a fixed time-independent concentration of neurons, i.e., the initial concentration
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N0, at the boundary for the purpose of the continuum model. In the discrete module,

however, we dispersed the neurons randomly within the simulation domain to include

single cell-neuron interactions. A Michaelis–Menten-type kinetic model is adopted

for rates of oxygen consumption and PHC where θmax and Smax are the maximum

uptake and PHC rates, and θcr and gcr are the corresponding critical concentrations

of oxygen and glucose, respectively. We take a constant rate for oxygen consumption

in hypoxia.

θp =
θmax

1 + θcr/g
, S = Smax

(
1 − 1

1 + (gcr/g)2

)
. (6.8)

To solve the system of equations, spherical coordinates are well suited to represent

the spherical shape of tumors. We consider axisymmetric solutions, hence x = rer,

∇(·) = ∂(·)/∂r er and ∇ · (·) = (2/r)∂(·)/∂r + ∂2(·)/∂r2. Following the procedure in

[127] and by denoting the free surface boundary by Ω (t) = {x ∈ R3 | r −R(t) = 0},

the size of tumor can be obtained by

dR (t)

dt
= −µDc

∂Cp (r, t)

∂r

∣∣∣∣
r=R(t)

; where µ = 1 − p

p+ pcr
and p = ϵE , (6.9)

where R(0) = R0 is the initial radius, µ represents the proportionality of the volumet-

ric growth to the gradient of proliferative cells, p = ϵE, and Pcr is the critical pressure

limiting the growth. µ is subject to variation due to the growth limit imposed by the

pressure from the surrounding tissue. As a tumor grows, the increased volume applies

pressure to the surrounding tissue, and vice versa. This pressure restricts growth and

is influenced by factors such as the radial strain of the growing tumor and the me-

chanical properties of the tissue. We adopt a simple form for µ where either µ = 1 for

free growth condition, e.g., in-vitro tumoroids inside the micro-well array surrounded

by media, or µ = 1− p
p+pcr

for tumoroids embedded in a hydrogel matrix. Therefore,

µ becomes a function of the mechanical properties of tissue (i.e., Young’s modulus E,

and the radial strain ϵ). Symmetry condition ∂□
∂r

= 0 applies to the concentration of

cells, nutrient, and oxygen at the center of tumor denoting zero changes at the center.

Constant concentrations Cp = CBC
p , G = G0, and g = g0 are imposed at the radius of

tumor for proliferative cells, nutrients, and oxygen, respectively [127]. Zero gradient
∂C{h,n}

∂r
= 0 is applied to concentration of hypoxic and necrotic cells at the radius of

tumor R(t) defining zero flux at the boundary of tumor. Therefore, equations (6.2) to

(6.7) in spherical coordinates are subjected to the following boundary and symmetry
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conditions

∂Cp (r, t)

∂r

∣∣∣∣
r=0

= 0 , Cp (r, t)

∣∣∣∣
r=R(t)

= CBC

p , (6.10)

∂Ch (r, t)

∂r

∣∣∣∣
r=0

=
∂Cn (r, t)

∂r

∣∣∣∣
r=0

= 0 , (6.11)

∂Ch (r, t)

∂r

∣∣∣∣
r=R(t)

=
∂Cn (r, t)

∂r

∣∣∣∣
r=R(t)

= 0 , (6.12)

∂G (r, t)

∂r

∣∣∣∣
r=0

= 0 , G (r, t)

∣∣∣∣
r=R(t)

= G0 , (6.13)

∂g (r, t)

∂r

∣∣∣∣
r=0

= 0 , g (r, t)

∣∣∣∣
r=R(t)

= g0 . (6.14)

Initial concentration of cells within the tumor is taken to be CIC
p , defining a homo-

geneity in initial cell populations, and GIC , gIC for nutrients and oxygen, respectively.

Hence, the fallowing initial conditions (IC) apply to the system

Cp (r, t = 0) =

CIC
p , 0 < r < R(0)

0, elsewhere
and Cn (r, t = 0) = Ch (r, t = 0) = 0 ,

(6.15)

G (r, t = 0) = GIC , g (r, t = 0) = gIC . (6.16)

6.4.2 Rate of glucose uptake in tumoroids

To simplify the calculation, we considered a linear relationship between the concen-

tration of glucose and the rate of glucose uptake in hypoxia, and in normoxia below

the saturation. This approximation method facilitates the derivation of analytical

solutions for the spatial distribution of glucose. In hypoxia, this is an acceptable

approximation as the tumoroids are supplied with 1 mg/mL of glucose, therefore the

concentration of diffused glucose in the tumoroids is always below 1mg/mL. Accord-

ing to Figure 6.3 (B), the rate of glucose consumption is below the saturation point at

this range, making the linear approximation an acceptable simplification. To obtain

analytical solutions for this equation, a practical approach was taken by dividing the

tumor into four distinct zones characterized by radii as denoted in (6.17), in which

the rate of glucose consumption was approximated by either a constant or a linear
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function of G.

∂G(r, t)

∂t
= D∇2G(r, t) − η(G (r, t)) ,

η(G) =



η̄0 Gc1 ⩽ G1(r, t) ⩽ G0 (Rc1 ⩽ r ⩽ R0)

η̄0G2(r, t)/Gc1 Gc2 ⩽ G2(r, t) < Gc1 (Rc2 ⩽ r ⩽ Rc1)

kG3(r, t) Gc3 ⩽ G3(r, t) < Gc2 (Rc3 ⩽ r ⩽ Rc2)

0 G4(r, t) = Gc3 (0 ⩽ r ⩽ Rc3)

(6.17)

The corresponding axisymmetric steady-state solutions of (6.17) are given below.

G1(r) =
η0
6D

r2 − C1

r
+ C2 , (6.18)

G2(r) =
C3

r
cosh

√
η0

DGc1

r +
C4

r
sinh

√
η0

DGc1

r , (6.19)

G3(r) =
C5

r
cosh

√
k

D
r +

C6

r
sinh

√
k

D
r , (6.20)

G4(r) = C7 . (6.21)

The corresponding axisymmetric steady-state solutions are subjected to the following

boundary and continuity equations, where G1 and G2 are concentrations of glucose

in the proliferative zone, corresponding to the constant and linear uptake rates, re-

spectively. G3 and G4 are concentrations of glucose in hypoxic and necrotic zones,

respectively. G0 is the concentration at the boundary, Gci are critical concentrations

at Rci (critical radii), η0 is the rate of glucose consumption at saturated concentration,

and D is glucose diffusivity.

G1(R0) = G0 ,
∂G1(Rc1)

∂r
=
∂G2(Rc1)

∂r
, (6.22)

G1(Rc1) = G2(Rc1) ,
∂G2(Rc2)

∂r
=
∂G3(Rc2)

∂r
, (6.23)

G2(Rc2) = G3(Rc2) ,
∂G3(Rc3)

∂r
=
∂G4(Rc3)

∂r
, (6.24)

G3(Rc3) = G4(Rc3) . (6.25)

To maintain the proper dimensionality of (6.17), the uptake rate η0, obtained experi-

mentally (see Figure 6.3 (A) and (B)) must be expressed in mg.min−1 per mL of tissue.

Following previous research [199], we approximate a median tumoroid-derived cell vol-
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ume of 1200 µm3 (or 1.2 ×10−9cm3) in tissue where 16.2% of the total volume is extra-

cellular space. We consider a correction factor (α = 0.71) for sphere packing (mean

of face-centered cubic-factor α = 0.74 and body centered cubic factor α = 0.68).

Hence, η̄0 = η0 (mg.mL−1.cell−1.min−1) × (1/1.2 × 10−9cm3) × (83.8/100) × 0.71 =

4.9× 108(mg.mL−1.min−1). The unknowns C1 to C7 can be obtained by substitution

of (6.18)-(6.21) into (6.22)-(6.25). The total amount of glucose taken up by tumoroids

can be found by integrating the uptakes at different zones.∫ Rc2

Rc3

kG3(r)4πr
2dr +

∫ Rc1

Rc2

η0
G2(r)

Gc1

4πr2dr +

∫ R0

Rc1

η04πr
2dr = Gt . (6.26)

6.4.3 HDC mathematical model for tumor invasion

Here, we use the reaction-diffusion model described in the previous section to predict

the growth of tumoroids with a system of PDEs that form the governing equations.

To include the TME, we introduce 2 equations that capture the change in the con-

centrations of matrix degradative enzymes M(x, t), such as MDE and MMP, and

the concentration of macromolecules f(x, t) such as laminin and fibronectin in the

surrounding tissue.

∂M(x, t)

∂t
= DM∇2M(x, t) + γCh(x, t) − λM(x, t)f(x, t) , (6.27)

∂f(x, t)

∂t
= −δM(x, t)f(x, t) , (6.28)

where DM is the diffusivity of MDEs, γ is the rate of enzyme production by hypoxic

cells, λ is the rate at which enzymes bind to the tissue, and δ is the rate of degradation

of tissue by enzymes. The ECM repair is a relatively slow process compared to the

degradation within the tumor microenvironment, hence, the repair term is neglected

[220, 221]. We then take Mi = 0, the initial concentration of MDEs, and the boundary

conditions to determine the following, and equations (6.27)-(6.28) together with the

equations (6.2)-(6.7) form the continuum model.

∂M (r, t)

∂r

∣∣∣∣
r=0

= 0 , M (r, t)

∣∣∣∣
r=R∞

= 0 . (6.29)

To capture both haptotaxis and chemokinesis mechanisms, we write the cell flux J as

the combination of random and directional fluxes where Cin(x, t) is the concentration

of invasive cells, and Din and χhap are the associated coefficients. The first term on
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the right hand side of equation (6.30) represents the random motion of cells, while the

second term accounts for the cell migration in the direction of the collagen gradient.

J = −Din∇Cin + χhapCin∇f . (6.30)

To model cell-neuron interactions in a discrete model, we randomly dispersed the

initial concentration of neurons within the solution domain. The number of neurons

selected for random placement within the discretized domain was determined by the

concentration ratio of neurons to tumoroid cells. For example, if a tumoroid with

concentrations of C0 and an area of A0 (2D projection on the simulation domain)

was co-cultured with N0 neurons within a domain of area At and nt grids, then we

considered ndis = nt× (A0/At)× (N0/C0) neurons. Empty grids were then numbered,

and we randomly selected ndis locations for the neurons. If an invading cell approaches

a neuron, the probability of that cell moving in each direction decreased by 10% and

the probability of staying stationary increased by 40% .

Module of random walk

The motion of a single invasive cell is tracked by a discrete method originally devel-

oped by Anderson et al. [34], where it is present for Cartesian coordinates. Here, we

use polar coordinates x = r er (θ) to represent the circular shape of tumors. Con-

sidering temporal (i), radial (j), and angular (k) discretizations, the finite difference

approximations (see supplementary) transform the PDEs (6.30) into an algebraic sys-

tem of equations where Ci
j,k is cell concentration at time i and point (j, k), obtained

from continuum module. Equation (6.30) is used to find the probabilities of cell

motions in different directions on the discretized plane. Implementing central finite

differences technique to the equation (6.30) and solving for Ci+1
j,k gives

Ci+1
j,k = P0C

i
j,k + P1C

i
j+1,k + P2C

i
j−1,k + P3C

i
j,k+1 + P4C

i
j,k−1 , (6.31)

where P0, P1, P2, P3, and P4 are proportional to probabilities of cell staying station-

ary, moving in directions of +r (forward), −r (backward), +θ counter-clockwise and

−θ clockwise, respectively (see supplementary). These movement probabilities are a

function of cell position, collagen gradient, and diffusivity of invasive cells and hence

link the discrete model to the continuum model. Therefore, the discrete model governs

the migration of individual cells based on their interactions with the ECM.
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Module of cellular process

The evolution of a single cell including the age, proliferation rate, phenotype (nor-

moxic and hypoxic), mitosis, etc. is captured as the cell migrates through the ECM.

The model is capable of incorporating cellular processes for individual cells, summa-

rized in Figure 6.5(C). Each individual cell starts at a checkpoint where sufficient

nutrient concentrations allow the process to continue, while low nutrient concentra-

tions for an extended period leads to necrosis. The next checkpoint relates to local

oxygen concentration; if the concentration is below 6%, the cell will be labeled with

hypoxic status, otherwise the process continues. Cells are then assessed based on

age (depending on the time step of simulation); a cell at proliferation age continues

to the next checkpoint. This checkpoint is performed to see if the criteria for cell

doubling is satisfied, i.e., whether the cell is reached maturity and if there is sufficient

space surrounding the parent cell (the four neighbors) for the daughter cells to oc-

cupy. The latter condition is imposed by contact inhibition effect [222]. In the case

of two or more available spaces, the positions of the new daughter cells are selected

randomly. If no space is available, doubling is postponed until the next cycle. The

local concentration of MMPs to the cell will then be checked. If the cell is experi-

encing a high concentration as evaluated by the continuum model, it will be able to

go through EMT and labeled as invasive to assess by the random walk module. The

cyclic process will then continue for the next cell.

Simulation process

Simulation processes were carried out in MATLAB. The first step of the simulation

procedure is labeling individual and newborn cells with a unique identification num-

ber (ID). At each time step of the simulation, the position of invasive cells is first

updated based on the random walk results as follows. The continuum model presented

in Equations (6.2)-(6.7) is used to obtain concentrations of proliferative, hypoxic, and

necrotic cells, as well as the concentrations of oxygen, nutrient, collagen, MMPs, and

fibers within the ECM. This system of equations, subjected to the initial and bound-

ary conditions, was solved using the finite difference method (see supplementary). In

each time step, the five coefficients P0 − P4 were obtained at each location based on

concentrations surrounding that point. Afterwards, five probability ranges, X0 to X4,
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are generated by normalizing the five coefficients.

X0 = 0 − P0∑4
n=0 Pn

, (6.32a)

Xm =

[
m−1∑
n=0

Pn −
m∑

n=0

Pn

]
/

4∑
n=0

Pn ; m = 1, 2, 3, 4 (6.32b)

Five probability ranges were calculated based on probability coefficients P0 − P4 to

determine the invasion direction. A random number between 0 and 1 is then generated

to determine the direction of cell motion, depending on the range where the number

sits. A higher probability coefficient yields a broader range within which the generated

number may fall. Consequently, cell motion in that direction is more likely. The

continuum model therefore determines the probability of migration in each direction,

and the selected direction restricts cell migration. The next step of the simulation is

to update the cellular process based on the flowchart in Figure 6.5 (C). Nutrient and

oxygen availability, age, possibilities of doubling, and the interplay between discrete

and continuum models through MMP concentration are evaluated for each cell and

the status and position of each cell is updated. The simulation then moves on to the

next time step to re-update the migration and cellular process information. It should

be noted that the volumetric growth of tumoroids was determined by evaluating the

moving boundary using Equation (6.9). The time step of simulation was set to 1hr.

6.4.4 TMZ resistance cells

TMZ-resistant hGBM U251 cells were established using a pulsed-selection strategy

[223]. U251 cells were cultured in Dulbecco’s Modification Eagle Medium (DMEM)

(Gibco; Cat#: 11965092), supplemented with 10% (v/v) Fetal Bovine Serum (FBS)

(Gibco; Cat#: 10437-036),) and 1% (v/v) Penicillin/Streptomycin (Gibco, Cat#:15140122)

and were incubated (37 °C, 7.5% CO2) in a humidified incubator. After reaching ap-

proximately 80% confluence, cells were treated with 10 µM of TMZ (Sigma-Aldrich,

CAS#:85622-93-1)over three weeks and recovered in TMZ-free media for four weeks.

Cells were then provided with 250 µM TMZ in their media for three weeks and four

weeks of recovery. Finally, the population of cells resistant to the 250 µM TMZ was

selected and cultured in TMZ-free media for four weeks.
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6.4.5 Rates of proliferation and glucose uptake in normoxia

and hypoxia

Rates of proliferation and glucose uptake were measured for hGBM U251 non-resistant,

U251 TMZ-resistant, U87, and Skov3 cells for different values of glucose concentra-

tions. To simplify the model, these parameters were considered to be independent

of oxygen concentration except for hypoxic cells. 20×103 cells were cultured in 24

well plates with DMEM supplemented with 10% (v/v) FBS and 1% (v/v) Peni-

cillin/Streptomycin, and incubated (37°C, 5% CO2). After reaching desired conflu-

ence, the media was removed from the wells and media with desired glucose concen-

trations (0.025, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 mg/mL)

were added to each well. The rate of change in glucose concentration in each well

was monitored over 10hr. Glucose oxidase (GOD) (Sigma-Aldrich, CAS#: 9001-37-0)

assay was used to monitor the glucose concentration, where glucose oxidase enzyme

catalyses the oxidation of glucose to hydrogen peroxide (H2O2). The peroxidase

(POD) (Sigma-Aldrich, CAS#: 9003-99-0), reaction was then used to colorimetrically

visualize the formed H2O2 [224].

Figure 6.10: Twenty-four hours of culturing hGB cells in hypoxic chamber stabilized
hif1-α. Scale bar is 100 µm.

The number of cells in each well was counted to normalize the uptake rate, and it

was found that the uptake rate is constant above a threshold. Below this threshold,

the rate becomes dependent on the glucose concentration. To measure the prolifera-

tion rate, the number of live cells was counted using trypan blue assay after adding
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desired concentrations of glucose at different time points to obtain the doubling time.

To measure the rates of glucose uptake and proliferation of hypoxic cells, cultured

cells were transferred to a hypoxic chamber (Stemcell Technologies, Cat#: 27310)

filled with a pre-mixed gas of 2% O2, 5% CO2, and 93% N2. After 48hr, a glucose

oxidase assay and trypan blue assay were used to measure the rates of glucose uptake

and proliferation, as described previously. Figure 6.10 shows Hif1-α stabilization in

non-resistant and TMZ-resistan cells.

6.4.6 Formation of tumoroids

In-vitro solid tumoroids were generated from hGBM U251 non-resistant, U251 TMZ-

resistant, U87, and Skov3 cell lines. Cells were cultured in DMEM supplemented

with 10% (v/v) FBS and 1% (v/v) Penicillin/Streptomycin, and incubated (37 °C,

5% CO2). Cells were then dissociated with GibcoTM Trypsin-EDTA (0.5%) (Sigma-

Aldrich, P#: T4049), centrifuged at 300×g for five minutes and counted using a trypan

blue assay (Sigma-Aldrich, CAS#: 72-57-1). Self filling arrays of non-cell adherent

microwell inserts from Apricell Biotechnology Inc. (EZ-seed Plate, LOT #3101) were

used to produce tumoroids. 500 µM of 106 cell ml−1 of cells were gently added to the

loading chamber of SFMAs [84] and kept in a CO2 incubator for four days to ensure

the complete formation of tumoroids [127]. On day four, U251 non-resistant, U87

and Skov3 tumoroids were provided with TMZ-free media, and U251 TMZ-resistant

tumoroids was provided with TMZ 250 µM cell media.

6.4.7 Tumoroid-on-a-chip-platform

A microfluidic chip with a central channel (15000 µm long, 1500 µm wide, and 400

µm hight) and side channels (15000 µm long, 3000 µm wide, and 400 µm high) with

PDMS posts (300 µm high) was fabricated using two-layer photolithography. 400

µm of SU-8 100 layers were coated onto a microscope slide. One minute of corona

treatment and 1300 RPM spin coating was followed by a 30 minute pre-bake at 65

°C and 90 minute bake at 95 °C to form the first layer. The second layer of SU-8 100

was formed similarly. 300sec of 350 Watt ultra-violate (UV) exposure was used to

cross-link the layers. The master mold was built by a SU-8 developer (MicroChem)

for 10 minutes and completed by washing with isopropanol. The ratio of 1:10 PDMS

elastomer to cross-linker (Sylgard 184 Silicone Elastomer Kit, Ellsworth Adhesives)

was used to cast the chip out of the master mold. The inlets and the outlets of the
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chip were punched for the side channels. The chip was soaked in 70% ethanol for 20

minutes, followed by 30 minutes of UV exposure for sterilization.

6.4.8 Tumoroid-neurons co-culture

iPSC-derived neural progenitor cells (NPC) (ATCC, ACS-5003TM) were differenti-

ated to neurons following the ATCC protocol. In brief, sodium alginate was dissolved

in a medium containing 150 mM NaCl and incubated at 37°C for six hours. The

solution was filtered through a 0.22 µm filter and kept on ice. Tumoroids were sepa-

rated from the SFMAs and resuspended in DMEM-F12 (ATCC, 30-2006). Neuronal

axons are primarily found in the white matter of the brain while gray matter contains

the cell bodies of neurons. Considering that, we cocultured small number of neurons

with tumoroids making sure the hydrogel is not packed with neurons resembling brain

tumor microenvironment. 105 neurons were added to 12.5 µL of the tumoroids, and

the mixture was combined with 65 µL of Matrigel, 4% alginate, and 1.2 µL CaCl2

(1M) to create a tumoroid-neuron combination. 10 µL of the mixture was injected

into the central chamber of the tumoroid-on-a-chip-platform and incubated. After 45

minutes, complete differentiation media (DMEM-F12 containing Dopaminergic Neu-

ron Differentiation Kit, ATCC ACS-3004) was added and the chips were returned to

the incubator.

6.4.9 Growth and invasion assay

The tumoroid diameter and invasion lengths were measured using ImageJ [10]. Imag-

ing was initiated after day four, given the tumoroid size reduction observed during

the early stages of formation studied in [127]. This occurs due to dominant intercel-

lular adhesion forces that pull the cells together. When the pressure due to cellular

proliferation balances out the adhesion forces and becomes dominant, tumoroids stop

shrinking and start a monotonic growth phase after day four. The boundary of the

tumoroid was marked to exclude the tumor from the invasion area. A circle was fitted

on the boundary of the marked area to approximate tumoroid diameter. The average

of the largest and smallest diameters was considered for non-spherical tumoroids. To

measure the invasion length, images were converted to 32-bit grayscale, enabling the

software to segment the images into features of interest. The boundary of the invasion

was then highlighted and the invasion length was measured.
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6.4.10 Drug inhibitory

Drug inhibitory effect on the invasion was incorporated into the model for both non-

resistant and TMZ-resistant tumoroids through two analyses. Firstly, considering the

viability of 2D-cultured cells under treatment, we establish the concentration of TMZ

that reduces viability below 50% as the threshold. This threshold is utilized to elim-

inate invasive cells from the discrete model. Secondly, for concentrations below this

threshold, we decrease the probability of movement in all directions. This reduction

is proportional to the ratio of the concentration to the viability threshold. Conse-

quently, the probability of staying stationary will increase. For instance, suppose a

cell with moving probabilities of P0, P1, P2, P3, and P4 (see 6.4.3) is exposed to m

(µM) of TMZ. The following PDE obtains the distribution of TMZ,

∂m

∂t
= ∇ · (Dd ∇m) − λCpCpm− λChChm, (6.33)

where Dd is the diffusivity of TMZ, λCp and λCh are rates of TMZ absorption by

proliferative Cp and hypoxic Ch cells. Given the viability threshold m0 (µM), the

following adjustments occur: (i) if m ≥ m0, the cell will be removed from the model,

(ii) if m < m0, the new probabilities will reduce to P ∗
i = [1 − (m/m0)]Pi, where

i = {1, 2, 3, 4} represents the direction of movement. Afterwards, the new probability

ranges X0, X1, X2, X3, and X4, will be obtained following the procedure in 6.4.3 to

determine the movement of the invasive cell.

6.4.11 Immunofluorescence imaging

Flow cytometry was used for semi-quantitative analysis of hypoxia-inducible factor-1

alpha (Hif1-α). Prior to analysis, the cells were subjected to a series of prepara-

tory steps, including washing in phosphate-buffered saline (PBS), trypsinization with

trypsin-EDTA, resuspension in culture media, and centrifugation at 400 g for three

minutes. These steps were done on ice to prevent Hif1-α degradation. The resulting

pellet was subsequently resuspended in 90% methanol and incubated at -20°C for

15 minutes to fix the cells. All steps were performed on ice to prevent non-specific

interactions and maintain sample integrity. The methanol was then neutralized with

excess PBS, and the cells were washed and centrifuged to remove any remaining

methanol. The resulting cell pellet was resuspended in PBS, and Hif1-α monoclonal

antibody (Mgc3) PE-conjugated (Cat#: 12-7528-82) was added according to the man-
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ufacturer’s protocol for protein detection. To eliminate any non-specific interactions,

a mouse IgG1 kappa isotype control PE (Cat#: 12-4714-41) was employed as a nega-

tive control.

To prepare the tumoroid and neuron cells for immunostaining, they were treated

with 3.7% formaldehyde (VWR) and left at room temperature for 30 minutes. The

samples were washed three times with Dulbecco’s phosphate-buffered saline (DPBS)

for five minutes each time. The fixed samples were then treated with a blocking

buffer containing 5% bovine serum albumin (BSA; Jackson ImmunoResearch) and

0.3% Triton X-100 (Bio Basic) in DPBS and left to incubate at 4°C overnight. After

that, an antibody solution containing 1% BSA and 0.3% Triton X-100 in DPBS was

added and left to incubate overnight at 4°C in the dark, with phalloidin (Thermo

Fischer Scientific, A12379) at dilution ratio of 1:1000. The samples were washed

three times with DPBS and treated with To-pro3 (Thermo Fischer Scientific, T3605)

solution (1:1000) to stain the nuclei, which was left to incubate for 30 minutes at

room temperature in the dark. The nuclei staining solution was removed, and the

samples were washed three times with DPBS and incubated for five minutes. The

samples were then kept at 4°C in the dark until imaging was performed, and all

staining solutions were introduced to tumoroids through the blood channels.

Live/Dead kit (Invitrogen, MP03224) was used to prepare the staining solution

by mixing 1 µM calcein and 4 µM ethidium homodimer-1. Tumoroids were washed

from SFMAs, transferred to 96 well plates, and 100 µL of Live/Dead solution was

added to the wells. After 2hr incubation at room temperature and protection from

light, tumoroids were imaged using confocal microscopy.

6.4.12 Statistical analysis

All experiments were independently repeated at least three times. Simulations involv-

ing randomness, e.g., invasion length, were repeated 10 times. Average values and

standard deviations are reported. Significance analysis was performed using two-way

ANOVA in GraphPad Prism with a p-value of 0.05. Average values and standard

deviations are reported.
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Figure 6.11: Linear correlations between experimental result and HDC model predic-
tions. Pearson correlation coefficient for the free growth is 0.97 for U251 non-resistant
(a) and 0.99 for U87 (b), Skov3 (c), and U251 TMZ-resistant (d) tumoroids. The co-
efficient for tumoroids embedded in hydrogel matrix without neurons is 0.89 and 0.70
for the growth (e, f), and 0.83 and 0.90 (g, h) for the invasion, respectively for U251
non-resistant and U251 TMZ-resistant tumoroids. The coefficient for tumoroids em-
bedded in hydrogel matrix with neurons is 0.95 and 0.86 for the growth (i, j), and
0.82 and 0.97 (k, l) for the invasion, respectively for U251 non-resistant and U251
TMZ-resistant tumoroids.

The pearson correlation coefficient was calculated to measure the linear correlation

between the experimental results and model predictions of free growth (Figure 6.11

(a), (b), (c), and (d)), growth and invasion in hydrogel matrix without neurons (Fig-

ure 6.11 (e), (f), (g), and (h)), and with neurons (Figure 6.11 (i), (j), (k), and (l)).
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6.5 Supplementary Information

Model parameters

To formulate model parameters, including rates of proliferation and glucose uptake in

normoxia and hypoxia, nonlinear interpolation was obtained for the data in Figure 6.3.

The following exponential plateau function was adopted.

f(X) = Vmax − (Vmax − Vmin) e−KX , (6.34)

where X represents the concentration of supplied glucose, f(x) is the approximated

rates of glucose uptake or proliferation, Vmax is the maximum rate at saturated glu-

cose concentration, Vmin is the minimum rate, and K is the rate constant. The units

for Vmax and Vmin corresponded to the uptake rate is mg.mL−1.cell−1.min−1, and

corresponded to the proliferation rate is h−1. K is in mg.mL−1. Table 6.2 (supple-

mentary data) includes the values of these constants for U251 non-resistant, U251

TMZ-resistant, U87, and Skov3, obtained from Figure 6.3. These non-linear rates

were incorporated into the HDC model as inputs. Model parameters obtained from

the literature are shown in Table 6.3.

Finite difference approximation

Spherical coordinates and discretized PDEs in the r and θ direction were used, with

the following operators.

∇□ =
∂□
∂r

er +
1

r

∂□
∂θ

eθ , (6.35)

∇2□ =
1

r2
∂

∂r
(r2

∂□
∂r

) +
1

r2 sin θ

∂

∂θ
(sin θ

∂□
∂θ

) . (6.36)
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Using central finite differences technique, the differential equations were transformed

into an algebraic system of equations where j, k and i are radial, angular and temporal

indices of material points.

∂□
∂t

=
□i+1

j,k −□i
j,k

∆t
, (6.37)

∂□
∂r

=
□i

j+1,k −□i
j−1,k

2dr
,

∂□
∂θ

=
□i

j,k+1 −□i
j,k−1

2dθ
, (6.38)

∂2□
∂r2

=
□i

j+1,k − 2□i
j,k + □i

j−1,k

2dr2
,

∂2□
∂θ2

=
□i

j,k+1 − 2□i
j,k + □i

j,k−1

2dθ2
. (6.39)

Substitution in (6.30) and rearrangement of the terms gives the following, where

P0, P1, P2, P3 and P4 are respectively probabilities of cell staying stationary, moving

backward, forward, clockwise and counter-clockwise, and obtained by the following.

Ci+1
j,k = P0C

i
j,k + P1C

i
j+1,k + P2C

i
j−1,k + P3C

i
j,k+1 + P4 .C

i
j,k−1 (6.40)

P0 = 1 + τdt

[
2Dci

R(t)2

(
− 1

dr2
− 1

θ2r2j,kdθ
2

)
(6.41a)

+
χhap

R(t)2

(
(f i

j+1,k − f i
j−1,k)2

4dr2
+

1

θ2r2j,k

(f i
j,k+1 − f i

j,k−1)
2

4dθ2

)

− χhap

R(t)2

(
f i
j+1,k − 2f i

j,k + f i
j−1,k

dr2
+

1

rj,k

f i
j+1,k − f i

j−1,k

2dr

+
1

θ2r2j,k

f i
j,k+1 − 2f i

j,k + f i
j,k−1

dθ2

)
+ ηp

]
,

P1 = τdt

[
Dci

R(t)2

(
1

dr2
+

1

2rj,kdr

)
− χhap

R(t)2
f i
j+1,k − f i

j−1,k

4dr2

]
, (6.41b)

P2 = τdt

[
Dci

R(t)2

(
1

dr2
+

1

2rj,kdr

)
+

χhap

R(t)2
f i
j+1,k − f i

j−1,k

4dr2

]
, (6.41c)

P3 = τdt

[
Dci

R(t)2
1

θ2r2j,kdθ
2
− χhap

R(t)2
f i
j,k+1 − f i

j,k−1

4θ2r2j,kdθ
2

]
, (6.41d)

P4 = τdt

[
Dci

R(t)2
1

θ2r2j,kdθ
2

+
χhap

R(t)2
f i
j,k+1 − f i

j,k−1

4θ2r2j,kdθ
2

]
. (6.41e)

These probabilities link the discrete method to the continuum model.
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Table 6.3: Model parameters used in the HDC model.

Model parameters
Parameter Definition Value Ref. Note
Dc Cell diffusivity 1 × 10−8 cm2·s−1 [14]
Dn Glucose diffusivity 4.2 × 10−6 cm2·s−1 [183]
Dg Oxygen diffusivity 1.6 × 10−6 cm2·s−1 [183]
Dm Diffusivity of MDEs 1 × 10−9 cm2·s−1 [220]
E Young’s modulus of

alginate/Matrigel hy-
drogel matrix

1 × 10−1 kPa [153]

Pcr Critical stress 1kPa [142] Maximum allow-
able stress is 5
kPa [142]

θmax Maximum oxygen up-
take rate

2.7 ×
10−2 mol·m−3·s−1

[183]

θcr Critical concentration
in oxygen uptake

4.6 × 10−3 mol·m−3 [183]

θh Oxygen uptake rate in
hypoxia

2.7 ×
10−3 mol·m−3·s−1

[183] 10% of the rate
in normoxia

C0 Initial concentration
of cells

1 × 104 mg.mL−1 [147]

n0 Glucose supply con-
centration

4.5 mg·mL−1 Gibco
DMEM

g0 Oxygen supply 177µM [225]
f0 Initial concentration

of matrix fibers
1 × 10−9 M [220]

gcr Critical concentration
of oxygen in PHC

20µM [225]

χhap Haptotaxis coeffi-
cients

2.6×103 (non-
resistant) 5×103

(TMZ-resistant)
cm2·s−1·M−1

[38]

γ Rate of MDEs produc-
tion

1× 10−5 s−1 N/A Value is pro-
posed

λ Rate of MDEs binding 1× 10−6 s−1·M−1 N/A Value is pro-
posed

δ Rate of macro-
molecules degradation

1× 10−2 s−1·M−1 N/A Value is pro-
posed

κp Rate of cytokines pro-
duction

1× 10−5 s−1 N/A Value is pro-
posed

κd Rate of cytokines
degradation

1× 10−6 s−1 N/A Value is pro-
posed
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Abstract

Glioblastoma multiform (GBM) tumor progression has been recognized to be cor-

related with extracellular matrix (ECM) stiffness. Dynamic variation of tumor ECM

is primarily regulated by a family of enzymes which induce remodeling and degra-

dation. In this paper, we investigated the effect of matrix stiffness on the invasion

pattern of human glioblastoma tumoroids. A 3D-printed tumor-on-a-chip platform

was utilized to culture human glioblastoma tumoroids with the capability of evaluat-

ing the effect of stiffness on tumor progression. To induce variations in the stiffness

of the collagen matrix, different concentrations of collagenase were added, thereby

creating an inhomogeneous collagen concentration. To better understand the mech-

anisms involved in GBM invasion, an in silico hybrid mathematical model was used

to predict the evolution of a tumor in an inhomogeneous environment, providing

the ability to study multiple dynamic interacting variables. The model consists of

a continuum reaction–diffusion model for the growth of tumoroids and a discrete

model to capture the migration of single cells into the surrounding tissue. Results

revealed that tumoroids exhibit two distinct patterns of invasion in response to the

concentration of collagenase, namely ring-type and finger-type patterns. Moreover,

higher concentrations of collagenase resulted in greater invasion lengths, confirming

the strong dependency of tumor behavior on the stiffness of the surrounding ma-

trix. The agreement between the experimental results and the model’s predictions

demonstrates the advantages of this approach in investigating the impact of various

extracellular matrix characteristics on tumor growth and invasion.

Keywords: 3D-printing; tumor-on-a-chip; glioblastoma; in silico model

7.1 Introduction

Glioblastoma, an aggressive form of primary brain cancer with a low survival rate and

limited treatment options, is one of the deadliest types of cancer. Despite advances in
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treatment, patients typically survive less than 15 months after diagnosis. This is be-

cause it is difficult to surgically remove the tumor due to its rapid growth and invasion

into adjacent regions of the brain [73, 74]. Understanding tumor invasion mechanisms

may reveal therapeutic targets to stop or slow tumor progression, improving patient

outcomes and leading to improved treatments. There are four different routes or

patterns that the invasion of GBM can take: through the leptomeningeal space, the

brain parenchyma, the white matter tracts, or the perivascular space. Depending on

the invasion route, the GBM cells can produce varying degrees of heterogeneity when

they invade other parts of the brain. This can make it more difficult to determine

the prognosis and appropriate treatments for GBM [75, 226].

Invasion is one of the key hallmarks of tumors [227]. Gaining insights into tumor

invasion mechanisms facilitates the development of combination therapies designed

to disrupt key invasion pathways in the primary tumor [228]. In addition, invasion

mechanisms and patterns may be specific to cancer type. Therefore, understanding

tumor invasion may help develop a personalized approach which not only targets

the cancer’s unique characteristics but also enables early detection through diagnos-

tic tools that are capable of identifying invasive behavior [229]. Moreover, targeted

therapy can benefit from knowledge of tumor invasion, as these therapies can then

be optimized using knowledge of how tumors invade surrounding tissues, ensuring

that drug delivery systems effectively reach and target invasive cells, including those

resistant to conventional treatments [230].

Overall, understanding the mechanism of cancer invasion enhances comprehensive

strategies and treatment efficacy by addressing multiple aspects of cancer growth and

spread, simultaneously.

Tumor modeling has revealed that the invasion and formation of invasive struc-

tures in glioblastoma cells varies depending on the stiffness of their matrix [77]. Recent

research has demonstrated a direct connection between the ECM of the brain and its

modifications surrounding the GBM niche [76]. In the initial phases of GBM, local

changes in the ECM occur throughout the brain [231]. As the disease progresses, these

changes also facilitate the invasive behavior of the tumor. The variations observed in

the ECM of GBM primarily involve modifications in the expression levels of multi-

ple components. They can influence rapid biological and physiological shifts within

cellular functions and give rise to the development and progression of tumors [232].

Therefore, stiffness of the ECM represents a key mechanical factor that influences the

progression of GBM.
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Understanding this mechanism of invasion may help treat invasive tumors cells and

improve patient prognoses [233, 234]. Recently, there has been an increasing focus

on creating three-dimensional cancer models using spheroids, which involves forming

clusters of tumor cells with a spherical shape. Spheroids recapitulate cell–cell inter-

actions, ECM remodeling, and intercellular signaling [235, 236]. Creating tumoroids

can be done using novel approaches, such as 3D bioprinting with different cells, ex-

tracellular matrices, and blood vessel networks [237, 238]. Refs. [239, 240] show

advantages over earlier methods, such as hanging drops [241] and microwells [242].

There are many different 3D bioprinting methods, and digital light processing (DLP)

3D bioprinting can be a high resolution, fast, and high-throughput choice producing

highly vascularized microstructures similar to those found in native tumors using cells

and photocurable biomaterials [85, 243, 244].

Mathematical models are transforming our comprehension of biological systems

through in silico modeling. This enables us to understand the interactions that un-

derlie complex behavior in invasive tumors [127, 128]. These models can be generally

categorized into either continuum or discrete individual-based models [245, 246]. Over

the past several years, a third category that has the advantages of continuum and

discrete models, the so-called Hybrid Discrete-Continuum (HDC) model, has been

developed [240]. HDC models use continuum fields to build up the discrete approach;

therefore, the process is at both micro and macro scales. The continuum part pro-

vides information on the field variables, such as densities and velocities, which are

inputted into a discrete part to update the cellular interactions. In addition, tumor

heterogeneity and TME components are key factors in developing realistic in silico

models [247].

In this study, we investigated how the stiffness of the matrix influences the invasive

behavior of human glioblastoma tumoroids. An open surface tumor-on-a-chip plat-

form was 3D printed using a photocurable poly-(ethylene glycol) diacrylate (PEGDA)

hydrogel. The chip models the human glioblastoma tumoroid microenvironment in

separate chambers with embedded collagen. The current tumor-on-a-chip platform

consists of microchannels that flow around a central chamber. This chamber is where

tumoroids are embedded in the ECM. The microchannel around the ECM chamber

is multifunctional and can either deliver localized therapy or generate a vascularized

lumen network that surrounds the microtumor tissue. Additionally, this platform can

conduct four experimental conditions at once in a single well, which is compatible with

common well-plate tissue cultures. The platform creates a symmetrical distribution
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of MMP1 through the ECM, resulting in a gradient of ECM stiffness for invasion

analysis. This even distribution allows for the study of the effect of stiffness gradient

on tumoroid invasion patterns, such as finger and ring types, from all directions. The

microfluidic platform created a gradient of extracellular matrix stiffness within the

collagen matrix. The impact of this gradient on the tumoroid’s invasion behavior

under varying gradients was investigated. To better interpret the experimental data,

a hybrid mathematical model based on a continuous reaction–diffusion model was

used to model tumor growth. In contrast, a discrete model was used to model cell

movement into the surrounding tissue. This study uses experimental and computa-

tional methods to show how the matrix’s stiffness affects the glioblastoma tumoroid’s

invasion pattern.

7.2 Materials and Methods

7.2.1 Materials

PEGDA (Mw 700 Da), LAP, and tartrazine were purchased from Sigma-Aldrich (St.

Louis, MO, USA). Fetal bovine serum (FBS), phosphate-buffered saline (PBS), Dul-

becco’s modified Eagle’s medium (DMEM) and penicillin were purchased from Gibco

(Grand Island, NE, USA). The 10× phosphate buffered saline (PBS), 0.5 N NaOH

and bovine collagen type 1 (10 mg/mL) were purchased from Advanced BioMatrix

Inc. (San Diego, CA, USA). Collagenase type 2 was purchased from Worthington

Biochemical Corporation (Lakewood, NJ, USA). Tumoroids culture plate was pur-

chased from Apricell Biotechnology Inc. (Victoria, BC, Canada). The rest of the

suppliers are indicated throughout the text.

7.2.2 DLP Stereolithography Apparatus

The bioprinting apparatus used was a DLP stereolithography printer (Lumen X,

Cellink, San Carlos, CA, US). The main hardware components of the printing appa-

ratus were the DLP projector, and the z-axis stage and motor. The projector power

output can be varied from 10–30 mW/cm2 and the wavelength of the projected light

was 405 nm (visible light). The XY pixel resolution of the projector was 50 µm, the

Z resolution of the motor was 5 µm, and the minimum printable layer height was 50

µm. The total build volume is 64 × 40 × 50 mm. Additional components of the
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device are the build platform and vat. The hydrogels are built in a layer-by-layer

fashion on the build platform, which attaches to the Z stage. The vat that contains

the prepolymer solution is a petri dish coated with a layer of poly(dimethyl-siloxane)

(PDMS). The PDMS prevented the construct from sticking to the vat during the

crosslinking process.

7.2.3 3D Printing PEGDA Hydrogel

The prepolymer solution is composed of 15% v/v PEGDA (700 Da, Sigma Aldrich),

0.6% w/v lithium phenyl-2,4,6-trimethylbenzoylphosphinate (LAP; Sigma Aldrich),

and 2.5 mM tartrazine (Sigma Aldrich) in distilled water. The components are mea-

sured into a falcon tube and dissolved by heating to 65 °C and by vortexing. The

design that is to be printed is made in SolidWorks and converted to an STL file. To

print, first the surface of the build platform is sonicated in ethanol for three minutes

and set aside to dry. Next, the PDMS vat is cleaned with isopropanol and distilled

water. With the build platform and vat in place, the printer Z stage is calibrated.

The exposure time per layer is five seconds per layer and the power intensity of the

projector is 21.5 mW. The first layer time scale value is lesser (3×) for smaller con-

structs and higher (5×) for larger constructs. The added exposure time given to the

first layer of the print helps the construct adhere to the build platform. After the

print is complete, the build platform is removed from the Z stage and the construct is

carefully removed using a plastic razor. The construct is placed in a beaker containing

distilled water, and this water is exchanged periodically to remove excess tartrazine

from the construct.

7.2.4 Optimization of PEGDA Photoink

The prepolymer PEGDA solution was optimized for printing small horizontal chan-

nels. A systematic set of experiments were conducted to optimize each component of

the prepolymer solution individually. The parameters of interest were LAP concentra-

tion, tartrazine concentration, and projector power, while the PEGDA concentration

was maintained at 15%. One at a time, each component was varied (three values)

while the other components were kept constant, and the best performing formulation

was maintained for the next component test. Ideal exposure time per layer varied

widely depending on the components in the prepolymer solution, so set values could

not be predetermined prior to testing and a few values were tested with each for-
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mulation. Performance of the printed hydrogel was based on material integrity and

the smallest printable channel diameter. A horizontally oriented channel model with

varying channel sizes (1.0, 0.50, 0.40, 0.30, 0.20, and 0.10 mm) was printed with each

hydrogel formulation to test its performance. The values tested were 1.02, 2.04, and

3.06 mM LAP, 1.0, 2.5, and 4.0 mM tartrazine, and 14.0, 21.5, and 25.0 mW/cm2

projector power. The optimized formulation consisted of 15% PEGDA, 2.04 mM

LAP, and 2.5 mM tartrazine printed with projector power of 21.5 mW/cm2 and 5 s

per layer exposure time.

7.2.5 Glioblastoma Cell Culture and Tumoroid Preparation

Human glioblastoma (hGB) U251 cell lines expressing mKate, a red fluorescent pro-

tein (developed by Dr. Marcel Bally, Experimental Therapeutics, British Columbia

Cancer Agency, Vancouver, BC, Canada) were cultured in DMEM supplemented with

10% FBS, 100 IU/mL penicillin and 100 mg/mL streptomycin. The U251 cells were

incubated at 37 °C in a humidified atmosphere of 5% CO2, and the culture medium

was replaced every other day. At 90% confluency, cells were trypsinized into a single

cell suspension for 5 min and, to neutralize trypsin, 6 mL of growth medium was

added. The cell suspension was centrifuged at 1000 rpm for 5 min to avoid dead

cell sedimentation. After removing the supernatant, cells were suspended in 1 mL

of medium and counted using a standard hemocytometer. U251 multicellular tumor-

oid were grown in EZ-seed 3D culture plate from Apricell Biotechnology Inc. In the

3D tumoroid culture plate, U-shaped microwells made of agarose hydrogel served as

self-filing microwell arrays (SFMA). To generate tumoroids, agarose microwells were

firstly submerged into 1.2 mL culture media per well in 12 well plates, followed by

cell seeding with a concentration of 500 × 103 cells/200 µL. Cell-loaded microwells

were incubated for 4 days to form compact and round tumoroids.

7.2.6 3D Tumoroids Culture On-a-Chip

The four-day old cultured U251 tumoroids were collected from the SFMA platform by

gentle washing with culture media. To mimic the tumor ECM condition of glioblas-

toma, bovine fibril collagen with a concentration of 4 mg/mL was used as the main

hydrogel component of the model. To prepare the hydrogel/tumoroids suspension,

first the pH and ionic concentrations of the collagen solution were adjusted by adding

10× PBS and 0.5 N NaOH to the stock solution of collagen with a ratio of 1:1:8.
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Afterwards, a certain volume of culture media containing one tumoroid was imme-

diately mixed with collagen solution to achieve the desired concentration. The final

collagen solution was gently introduced into the central chamber of the 3D printed

microfluidic device and then incubated in an incubator at 37 °C for 45 min to complete

crosslinking.

7.2.7 Enzyme Treatment and Cell Invasion Analysis

Effect of collagenase on the invasion length of the tumoroids inside the ECM hydrogel

was studied using two different concentrations of collagenase type I, 0.001 and 0.01

mg/mL. Collagenase solutions with each concentration were made in culture media

and introduced symmetrically through the inlet of the microfluidic platform and filled

the side chamber of the device. For the invasion studies, the treatment was started

immediately after tumoroid seeding and enzyme treatment lasted over three days. The

effect of collagenase with different concentrations on tumoroid invasion was analyzed

and quantified every day by fluorescent imaging using the Zeiss microscope.

7.2.8 Mechanical Properties of the Collagen Hydrogel

Rheological properties of the collagen hydrogel with and without treatment with

collagenase was studied using an Anton Paar (MCR 302 Rheometer, Graz, Austria)

rheometer with 25 mm diameter sandblasted plate-to-plate geometry (PP25/s) with

1 mm gap. An amplitude sweep test at the frequency of 1 Hz was performed and the

linear viscoelastic region was determined for all gel formulations. Variations in shear

stress as well as the viscoelastic parameters such as storage modulus, loss modulus,

and complex modulus as a function of shear strain were recorded over the range of

0.1–10%. Oscillatory frequency sweep measurement was carried out at a 0.1–100

rad·s−1 in the viscoelastic region (0.5%) for all conditions to further characterize

viscoelastic properties. Variations of the storage modulus (G′), loss modulus (G′′),

complex modulus (G∗), and complex viscosity (η∗) against angular frequency sweep

were also recorded.

7.2.9 Statistical Analysis

All experiments were repeated three times and the average and the standard deviation

were reported. Significance analysis was performed using two-way ANOVA analysis.
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Differences were considered statistically significant at p–value ≤ 0.05.

7.3 Results and Discussion

7.3.1 PEGDA Bioprinting Parameters Optimization

The Lumen X DLP printer was used to print the tumor-on-a-chip platform, Fig-

ure 7.1a. To optimize channel printing, horizontal and vertical channels were printed

for ranges of variables. The prepolymer PEGDA solution was optimized to print

small, horizontally aligned channels. The variables to be optimized were the LAP

concentration, tartrazine concentration, projector power, and exposure time per layer

(Figure 7.1b). Each variable was tested sequentially with three different test values

while all other components were kept constant except for exposure time per layer

which had to be adjusted for each test case. PEGDA concentration was not a vari-

able that was tested and was maintained at 15% during the optimization process. For

each variable, a horizontal channel model with varying channel sizes from 1.0 mm to

0.1 mm in diameter was printed with each PEGDA formulation. The smallest channel

that could be printed was recorded from each test, with the goal being to print the

smallest possible channels (Figure 7.1c). LAP concentration was the first variable to

be tested, once the best LAP concentration was determined, it was carried forward

and then tartrazine concentration was tested, and once the best tartrazine concen-

tration was determined, it was carried forward to the projector power testing. At the

end of this optimization process, the PEGDA formulation which produced the small-

est channel diameter was 15% PEGDA, 2.04 mM LAP, 2.5 mM tartrazine, 5 s/layer

exposure, and 21.5 mW/cm2 power intensity. This optimal formulation produced hol-

low horizontal channels as small as 0.3 mm in some tests, and consistently produced

hollow 0.4 mm diameter channels. The relationship between LAP and tartrazine con-

centration in the PEGDA formulation is shown in the figure. When the tartrazine

concentration was too low, 1 mM tartrazine with 1.02 mM and 2.04 mM LAP, none of

the channels printed hollow. LAP concentration did not have much effect on channel

printing, but overall made the printed gel stiffer at higher concentrations. To test the

accuracy of printing, a microfluidic chip with ten channel diameters from 1.0 to 0.1

mm was 3D printed, the diameter of each channel was measured using ImageJ, and

the measured values were compared to the nominal diameters,i.e., horizontal lines

(Figure 7.1d).
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Figure 7.1: Optimizing printing variables for horizontal and vertical channels. (a)
Image of the Lumen X DLP printer (left), schematic of basic DLP printer in operation
(middle), and an example of a CAD model that was used to print vertically oriented
channels of different sizes (right). (b) The change in printable channel diameter
when a single component is varied in each row, such as LAP concentration, tartrazine
concentration, or projector power, from the optimized prepolymer 15PEGDA solution
of 2.04 mM LAP, 2.5 mM tartrazine, 21.5 mW/cm2 power intensity, and 5 s/layer
exposure time (left). Microscope images were taken of the sliced cross sections of the
PEGDA channel constructs which featured channels with diameters of 1.0, 0.50, 0.40,
0.30, 0.20, and 0.10 mm. Channel cross-sections and top view of vertically printed and
horizontally printed PEGDA channels (right). Purple fluorescent dye was injected
into the channels to confirm that they were hollow. (c) Graph demonstrating the
effects of tartrazine and LAP concentration in 15% PEGDA, 21.5 mW/cm2 power
intensity, and 5 s/layer exposure time. When tartrazine concentration was too low,
hollow channels could not be printed, as demonstrated in the case of 1 mM tartrazine
with 2.04 mM and 3.06 mM LAP (red crosses). (d) Ten channel diameters from 1.0
to 0.1 mm were printed in optimal condition and compared with nominal diameters.
Scale bars are 1 mm.
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7.3.2 Tumor-on-a-Chip Platform

Directional migration of the GBM is a biological phenomenon dependent on multiple

factors including chemotaxis and hapto-taxis [166–168]. Collagenase type I (MMP1)

as a member of the MMP family secreted in the tumor microenvironment has a

massive effect on changes to local mechanical properties of the tumor ECM and

subsequent migration of the tumor cells [248]. In this regard, we aimed to measure the

effect of collagenase on the invasion behavior of U251 glioma tumoroids inside the fibril

collagen hydrogel which mimics the main component of the ECM of the brain tumor

microenvironment. Using a tumor-on-a-chip platform with multiple chambers, we

cultured U251 tumoroids in collagen, with the capability of separately inducing each

chamber, with different concentrations of collagenase (Figure 7.2a). This platform

can conduct four experimental conditions at once in a single well, which is compatible

with common well-plate tissue cultures. The microfluidic chip has a perfused round

microchannel surrounding the central chamber. Tumoroids will be embedded within

ECM inside the chamber, and they are perfused with the media and collagenase

included media through the surrounding channel. This design creates a symmetrical

distribution of MMP1 through the ECM, resulting in a gradient of ECM stiffness for

invasion analysis. Each chamber contains an inlet and outlet channel, and collagenase

solution with different concentrations was added to the microchannels from the inlet

of the device. The microchannel around the ECM chamber is multifunctional and can

potentially either deliver localized therapy or generate a vascularized lumen network

that surrounds the microtumor tissue. A self-filling microwell array (SFMA) from

Apricell Biotechnology Inc. was utilized to generate uniform tumoroids, which were

then mixed with collagen and placed inside chambers (Figure 7.2b,c) [84]. The thin

floor of the chambers enables clear microscopy imaging of growth and invasion of

tumoroids over time (Figure 7.2d). Collagenase type I solutions with concentrations

of 0.01 and 0.001 mg/mL were introduced to the collagen embedded tumoroids in the

model through the peripheral channels of the microfluidic platform and incubated

for 48 h. This platform enables the quantitative analysis of the tumoroid invasion

over time. Our developed 3D printed microfluidic platform models how solid tumors

behave in their extracellular matrix. Our platform can potentially employ various

strategies that consider gradient physio–mechanical properties in cancer studies. The

circular microchannels surrounding the central ECM chamber are designed to serve

as a localized depot for chemo attractants. This enables us to model how tumor cells
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Figure 7.2: In vitro tumoroid invasion platform. (a) Single cell suspension seeded
through the loading zone of a self-filling microwell array. (b) Tumoroids were formed
after four days of culture and were transferred into the tumor-on-a-chip platform.
(c) The platform was capable of growing tumoroids in four different chambers, each
addressed separately, with an inlet and outlet for collagenase treatment. (d) Tumor-
oids embedded in bovine fibril collagen hydrogel were loaded into the open surface
tumoroid-on-a-chip platform and their growth and invasion were monitored over time.

invade outward from the core tissue. Our platform can be used as an in vitro model

to evaluate therapeutic payloads that trap invaded tumor cells. This leads to more

efficient cancer therapy for invasive solid tumors.

7.3.3 Mathematical Modeling

Cancer cell migration, which plays a pivotal role in tumor invasion, encompasses

diverse cellular mechanisms [61–63]. Multiple modes of cell migration, including in-

dividual and collective motions, contribute to the overall patterns of invasion. These

types of migration can potentially give rise to finger-type and ring-type invasion pat-

terns, respectively [206, 249]. The former accounts for the migration of single cells

into the surrounding tissue and the latter corresponds to the collective motion of

cells in the form of a ring. In single cell motion, cells gain the ability to move by
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adopting either a mesenchymal or amoeboid morphology [64]. However, in the case

of collective cell migration, cells retain their connections with neighboring cells by

maintaining intercellular adhesion and form a leading edge that extends into the sur-

rounding tissue [66]. In this section, the evolution of the tumor is mathematically

modeled using an HDC technique which utilizes a continuum model for the deriva-

tion of a discrete model [249]. The cell flux, diffusion of nutrients and collagenase,

as well as the degradation of collagen, are predicted using a continuum model. The

generation of cell flux primarily occurs through the interplay of diffusive and adhesive

forces, as well as the directional movement resulting from chemotaxis. We adopted a

nonconvex form of free energy and a standard chemotactic model presented in [206]

to model the collective motion of cells (Figure 7.3a). Additionally, the motion of

single invasive cells, including random and directional motions, was predicted by a

discrete model (Figure 7.3b). A reaction–diffusion model that consists of a system

of partial differential equations (PDEs) represented the collective motion of cells. In

this model, state variables, such as concentrations of cells, nutrients, collagen, and

collagenase, were assumed to be continuous, and their local changes are obtained by

the following governing equations [249].

∂Cp

∂t
= ∇ · (Jf + Jd) + Cpηp , (7.1)

∂n

∂t
= Dn∇2n− Cpλp , (7.2)

∂M

∂t
= DM∇2M − ζMf , (7.3)

∂f

∂t
= −δMf. (7.4)

where t is time, and Cp, n, f,M are concentrations of proliferative cells, nutrient,

collagenase and collagen, respectively. Not that potential inhomogeneity in cells pop-

ulation within the tumoroids was neglected. This assumption, which simplifies the

model, becomes more precise as the size of tumoroids becomes smaller, since they

do not develop hypoxia. We should also note that all components in the experi-

mental part, including tumoroids, media, collagen, and collagenase, are continuum

materials, which is aligned with the assumption in the continuum model. Jf and

Jd are the free energy and chemotaxis fluxes. Dn,DM are diffusivity coefficients

of nutrient and collagenase, and Cpηp and Cpλp are rates of proliferation and nutri-
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ent consumption, respectively. Following [249], we assumed that the rate of collagen

degradation is linearly proportional to the concentration of collagenase and, likewise,

collagenase degradation is proportional to the collagen concentration, where ζ and δ

denote the linear proportionalities. Denoting the tumor domain by Ω and the free

boundary by δΩ, Equations (7.1)-(7.4) are subjected to the following boundary and

initial conditions:

Boundary Conditions (BCs):

Cp(x, t)
∣∣
δΩ

= C0, n(x, t)
∣∣
δΩ

= n0, M(x, t)
∣∣
δΩ

= M0. (7.5)

Initial Conditions (ICs):

Cp(x, t = 0) = Ci, n(x, t = 0) = ni, M(x, t = 0) = 0, f(x, t = 0) = f0 , (7.6)

where x is the position, {C0, n0,M0} are the boundary conditions of cells, nutrient,

and collagenase, and {Ci, ni,Mi} are the initial concentrations of cells, nutrient and

collagen, respectively. Here, we only considered the axisymmetric solutions due to the

symmetric boundary and initial conditions. The governing equations of the contin-

uum model predict the ring-type invasion of tumor and the distribution of nutrients,

collagen, and collagenase densities. The next section presents the discrete technique

which employs the state variable fields obtained from the continuum model to derive

cellular interactions such as single cell migration.

Cellular migration mechanisms depend on morphology and external stimuli. Inva-

sive tumor cells become morphologically polarized and develop membrane protrusions,

allowing them to reach forward [155]. This motion is called mesenchymal when cells

move via traction and adhesion to the ECM. On the other hand, the motion can be

amoeboid when cells squeeze through the pores in the ECM, which is relatively fast

and does not require strong adhesion forces [250]. The former type of migration is

directional (hapto-taxis) and the latter can be both directional and random (chemo-

kinesis) [251, 252] (Figure 7.3a). To capture both mechanisms, we write the cell flux

Ji as a combination of random and directional fluxes

Ji = −Di∇Ci + χhapCi∇f, (7.7)

where Di and χhap are coefficients of random and haptotactic migrations. Polar

coordinates, x = rer (θ), are used as they well suited to represent the shape of tu-
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Figure 7.3: Patterns of hGB invasion. (a) Individual and collective migrations con-
tribute to the invasion patterns. Finger-type pattern is mainly derived from indi-
vidual cells migrating via mesenchymal motion, and ring-type pattern manifests the
collective migration mainly via amoeboid motion. (b) Mechanism of cellular migra-
tion includes directional (mesenchymal) and random (amoeboid) motions, which is
captured using a hybrid discrete-continuum model (HDC). (c) The model combines
modules of cellular processes and random walk with continuum fields of variables,
such as cell and nutrient concentrations.
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moroids. Considering temporal (i), radial (j) and angular (k) discretizations, finite

difference approximations transform the differential equations into an algebraic sys-

tem of equations where Ci
j,k is the discretized cell concentration [39]. Equation (8) is

used to find the probabilities of cell motions in different directions on the discretized

plane. Implementing central finite differences technique and solving for Ci+1
j,k gives

Ci+1
j,k = P0C

i
j,k + P1C

i
j+1,k + P2C

i
j−1,k + P3C

i
j,k+1 + P4C

i
j,k−1 , (7.8)

where P0, P1, P2, P3 and P4 are proportional to probabilities of the cell staying sta-

tionary, or moving in directions of +r (forward), −r (backward), +θ counterclockwise

and −θ clockwise, respectively [249]. These movement probabilities are functions of

the cell’s random motion and the collagen gradient and link the discrete model to the

continuum model. Therefore, the discrete model governs the migration of individual

cells based on their interactions with the ECM. The complex dynamics of the system

of the discrete model, which captures the cellular processes, is coupled with the con-

tinuum model. The simulation flowchart depicts the relationship between continuum

variables and cellular processes, such as proliferation, cellular age, mechanical stress,

etc. Using this model, the system receives updated information from the continuum

model and applies this in the discreet model (Figure 7.3c). Model parameters are

presented in Table 7.1.

As shown in Figure 7.4a, there is a gradual and time-dependent increase in inva-

sion length of the tumoroids with no collagenase treatment. It is also demonstrated

that the invasion area after 72 h is significantly increased in both collagenase treat-

ment conditions compared to the non-treated sample. Quantification of the invasion

area did not show any significant difference between the treated and non-treated con-

ditions at day 0, while the invasion length of the tumoroids treated with 0.01 mg/mL

collagenase is significantly increased in comparison with less concentration of colla-

genase (0.001 mg/mL) at day 1 (Figure 7.4b). The difference in invasion potential

of treated and non-treated samples remained consistent at day 3 while there was no

statistical significance between the invasion length of the tumoroids with 0.01 and

0.001 mg/mL collagenase. In the current model, we observed that tumoroids em-

bedded with collagen and treated with varying concentrations of collagenase showed

both finger-type and ring-type invasion patterns, previously observed in glioblastoma

tumors [249, 254]. It was reported that collagen enhances collective migration in

glioblastoma cells, whereby a cluster of cells can invade into the surrounding gel
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Table 7.1: HDC model parameters.

Parameter Definition Value Ref. Note
Di Cell diffusivity 1×10−8 cm2 · s−1 [14]
Dn Nutrient diffusivity 4.2 × 10−6 cm2 ·

s−1

[183]

DM Collagenase diffusivity 1×10−9 cm2 · s−1 [220]
C0 Initial concentration

of cells
1×104 mg ·mL−1 [147]

n0 Nutrient supply con-
centration

4.5 mg · mL−1 Gibco
DMEM

Glucose is taken
as the main com-
ponent of nutri-
ents

f0 Initial concentration
of matrix fibers

1 × 10−9 M [220]

χhap Hapto-taxis coeffi-
cients

2.6×103 cm2·s−1·
M−1

[38]

Pcr Critical stress 1 kPa [253] Maximum al-
lowable stress is
5 kPa

ηp Rate of cell prolifera-
tion

Function is
taken from ref.

[249]

λp Rate of nutrient con-
sumption

Function is
taken from ref.

[249]

ζ Rate of collagenase
binding

1×10−6 s−1 ·M−1 N/A Value is pro-
posed

δ Rate of collagen
degradation

1×10−2 s−1 ·M−1 N/A Value is pro-
posed

[147]. Moreover, finger-type migration in glioblastoma tumoroids was shown to be

the main invasion pattern [61]. Here, we observed the same invasion patterns; (i) clus-

ter migration of cells which manifests a ring, due to the symmetry of model, moving

away from the tumoroid, and (ii) individual cells migrating from the ring and forming

a finger-type pattern. We conducted quantitative analyses of these two patterns and

found that finger-type invasion was more dominant than ring-type invasion in our in

vitro model (Figure 7.4c). Moreover, by increasing the concentration of collagenase

treatment, tumor cells invaded under the finger-type pattern showed a faster rate

than the cells invaded under the ring-type pattern.

The process of invasion involves the local degradation of collagen molecules in

the ECM by MMP1 secretion, increasing the porosity of the ECM hydrogel network
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Figure 7.4: The in vitro invasion of hGB tumoroids. (a) Tumoroids exhibit both ring-
and finger-type invasion patterns in response to different concentrations of collage-
nase; 0 mg/mL (A–C), 0.001 mg/mL (D–F), and 0.01 mg/mL (G–I). (b,c) Effects of
collagenase concentration on overall invasion length and invasion pattern are quan-
tified and compared with model predictions (i.e., circles with dashed lines). The
inserted figure shows a higher increase in finger-type invasion compared to ring-type
invasion length.
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[255]. To investigate the effect of MMP1 on the invasion pattern of tumoroids, ma-

trix stiffness was used as an indication of changes in the mechanical properties of

the ECM after the secretion of collagenase from tumor cells or other elements in the

tumor microenvironment during invasion. Our aim was to demonstrate how chang-

ing the ECM stiffness in an in-vitro model can complementarily explain our findings,

which have been added to the manuscript. To quantify the effect of collagenase

on tumoroid ECM, we measured the variation of viscoelastic properties of collagen.

Storage modulus (elastic modulus) and loss modulus are representative mechanical

properties of viscoelastic materials, such as hydrogels [256]. Storage modulus (G′)

represents a material’s ability to store and recover elastic energy when subjected to

an applied force or deformation, and loss modulus (G′′) represents the viscous or

damping behavior of a material. These two properties together provide insights into

the mechanical behavior of a material across a range of deformation. The interplay

between them defines how the material responds to different mechanical forces and

environments. Therefore, they are crucial for designing biomaterials. Invasion be-

havior of tumoroids was aligned with the mechanical properties trend of the collagen

hydrogel in the presence of different collagenase concentrations (Figure 7.5). Higher

concentration of collagenase significantly reduced both storage and loss moduli. Ac-

cording to previous results in the literature, upregulation of matrix metalloproteinase

9 (MMP-9) and enhanced tumor cell invasion are the downstream consequence of

TGF-β1 secretion through autocrine signaling from glioma cells [257]. The stiffness

of the extracellular matrix (ECM) in solid tumors is a critical physical factor that af-

fects their ability to invade healthy tissue. Observations in vivo show that the ECM’s

stiffness changes during carcinogenesis stemming from ECM remodeling, resulting

from the diverse compositions and densities of collagen [255]. Integrin receptors play

a crucial role in transmitting physical cues from the ECM’s stiffness to tumor cells,

prompting mechano-transduction events that modify their invasive potential. Studies

indicate that changes in tumor tissue matrix stiffness substantially impact how tu-

mor cells respond to chemotherapy and immunotherapy [258]. In vitro model findings

are consistent with in vivo observations of the tumor microenvironment’s mechanical

behavior during progression and invasion within the ECM. These results could be

valuable for cancer biologists and oncologists seeking to understand the significant

impact of ECM stiffness on tumor behavior. Hereby, our in vitro model can be used

to predict the migration behavior of the glioma tumor cells in a 3D microenvironment

in response to localized TME mechanical stiffness alterations. This model can provide
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Figure 7.5: Effect of collagenase on mechanical properties of collagen. A decrease in
storage and loss moduli was observed in response to 24 h of 0.001 and 0.01 mg/mL
collagenase. Further reductions were observed after 72 h of treatment with 0.001
mg/mL of collagenase. Missing results for 72 h of 0.01 mg/mL collagenase is due to
the significant degradation of collagen.

an opportunity for studying the effect of TME associated signaling pathways on the

function of the tumor cells in ECM and their crosstalk with the other components of

the tumor microenvironment. Moreover, this 3D model opens a new venue to study

our hypothesis on directing the migration of the tumor cells from the deeper area of

the white matter within the brain tissue toward the external source of the anticancer

drug. We tested this hypothesis by using MMP 1 with the aim of making a gradient

of the collagenase concentration within the hydrogel, leading to partial degradation

of the collagen ECM. This model could facilitate measurement of the tumor cells’

invasion from the stiffer areas to the less stiff zone of ECM.

Similar to other mathematical techniques, hybrid discrete-continuum (HDC) mod-

els come with certain limitations [259]. For instance, they often demand sophisticated

numerical techniques to integrate the discrete and continuous components, leading to

increased computational complexity. They sometimes require a large number of model
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parameter estimations, which can be difficult, and validating the model against both

discrete and continuous experimental data is complex. Additionally, bridging differ-

ent scales and granularities while considering data requirements and assumptions can

present significant technical hurdles. Despite the above mentioned limitations, HDC

models are valuable tools in mathematical biology for studying complex biological

phenomena that involve both discrete entities and continuous fields, such as tumor

growth and invasion.

7.4 Conclusions

In this study we investigated the influence of matrix stiffness on the growth and

invasion of human glioblastoma tumoroids using a PEGDA-printed tumor-on-a-chip

platform. By incorporating varying concentrations of collagenase to create an inhomo-

geneous collagen matrix, the study successfully demonstrated the strong dependency

of tumor behavior on the stiffness of the surrounding extracellular matrix. The results

showed that tumoroids exhibited higher growth rates and invasion lengths in response

to higher concentrations of collagenase. These findings highlight the potential of in-

vestigating the impact of various matrix characteristics on tumor growth and inva-

sion. Furthermore, the study employed a hybrid modeling technique that combined

a continuum reaction–diffusion model and a discrete model to accurately capture the

growth and invasion in an inhomogeneous environment. The agreement between the

experimental results and the model predictions further confirmed the validity and

potential of this approach. Extending the tumor-on-a-chip platform to incorporate

other components of the tumor microenvironment could offer a more comprehensive

representation of the complex tumor–stroma interactions. This advancement would

enable the study of how different cellular and extracellular components contribute to

glioblastoma progression in response to varying matrix characteristics. Ultimately,

such investigations may unveil novel therapeutic targets and strategies for combatting

glioblastoma’s aggressive behavior in a more physiologically relevant context.
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Chapter 8

Conclusion

In this thesis, we have addressed various aspects of tumor progression, employing di-

verse mathematical models and experimental platforms to deepen our understanding

of the underlying mechanisms governing solid tumor behavior.

First, we studied the transient formation of tumor spheroids. A mathematical

model with the analytical and numerical solutions was presented, elucidating the

intricate interplay between adhesion forces, cell proliferation, and pressure-induced

growth. The model’s validation through the cultivation of human glioblastoma cancer

cell lines underscores its reliability, particularly in predicting spheroid size before the

onset of inhomogeneity.

Expanding our investigation into the growth of tumors, we analyzed the stability

of radially symmetric growth to asymmetric perturbations. Using a mathematical

model, we showed that spherical tumor configurations are inherently unstable under

controlled symmetric conditions. The analytical results were in agreement with ex-

perimental observations of in-vitro hGB spheroids. Results showed the significance of

external factors such as nutrient source concentration, consumption rates, and surface

tension in shaping tumor morphology.

We further investigated tumors response to external factors by studying biome-

chanical stimuli-induced remodeling of tumor. To model this phenomenon, we con-

sidered a tumor body as an evolving material subject to volume-preserving isotropic

remodeling. The evolution of remodeling and stress distribution were obtained using

principles of continuum mechanics. The proposed model was validated through an

in-vitro tumoroid-on-a-chip platform, and establishes a crucial link between nutrient

gradients and configurational remodeling of tumors. The observed asymmetry in re-

modeling and cell alignment within tumoroids highlights the pivotal role of nutrient
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gradients in influencing tumor biomechanics.

Next, we studied invasion as one of the key hallmarks of tumors. We introduced a

continuum model that integrates cell–cell and cell–matrix adhesion with chemotaxis

to predict a distinctive shell-type invasion pattern. The model’s ability to capture

key features of invasion, such as shell formation, shape, and continuous interfaces,

provided valuable insights into the interplay of adhesion forces, nutrient gradients,

and proliferation rates. The model’s predictions aligned with empirical observations,

paving the way for future calibration and integration with discrete mathematical

frameworks for enhanced accuracy.

Building upon these foundations, we presented a hybrid discrete-continuum (HDC)

model integrating experimental measurements and in-vitro tumor-on-a-chip platforms

to study the growth and invasion of tumors. The HDC model, validated against ex-

perimental data, exhibited promise in predicting volumetric growth, invasion length,

and finger-type invasion patterns. The incorporation of randomness in the model

captured the inherent variability in cellular behavior, offering a more realistic rep-

resentation of the invasion process. Additionally, we introduced a drug component

to the model to investigate the inhibitory effect of temozolomide (TMZ) on tumor

invasion, contributing further insights into the model’s applications in drug-related

investigations. Moreover, we studied the influence of matrix stiffness on tumor growth

and invasion using a PEGDA-printed tumor-on-a-chip platform. This study demon-

strated the important role of the extracellular matrix in tumor behavior.

In conclusion, our multifaceted approach, encompassing analytical modeling, ex-

perimental validation, and hybrid modeling techniques, contributed to a comprehen-

sive understanding of solid tumor progression. This work lays the groundwork for

future investigations into therapeutic interventions and strategies that consider the

intricate interplay between biological and mechanical factors in the tumor microen-

vironment.

8.1 Future works

Our investigation of tumor progression has shown various application of mathemati-

cal modeling, continuum and discrete schemes, integrated with experimental studies,

paving the way for future works that extend our understanding of tumor progression.

The following routes represent promising directions for continued research.

While our current work covered modeling tumors’ transient formation, growth, sta-
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bility, remodeling, invasion, and metabolic heterogeneity, there is room for extending

the model’s dynamic capabilities. Future efforts could involve:

• Incorporating time-dependent parameters to simulate the growth over extended

periods.

• Including potential factors influencing stability of tumor growth such as hetero-

geneity to identify the stability criteria.

• Exploring additional factors influencing tumor remodeling, such as cellular

mechano-sensitivity and dynamic changes in the microenvironment, to enhance

the accuracy of predictions and further validate the model against diverse ex-

perimental setups.

• Expanding the application of HDC model by calibrating model parameters with

additional experimental data and incorporating more intricate drug-response

mechanisms to enhance the model’s predictive capabilities and provide a versa-

tile tool for drug-related investigations.

• Combining the influence of multiple factors on tumor invasion, such as matrix

composition, stiffness gradients, and dynamic changes in the extracellular ma-

trix, to offer a more comprehensive understanding of their impact on tumor

behavior.

• Applying our findings to develop innovative therapeutic interventions that con-

sider the intricate interplay between biological and mechanical factors in the

tumor microenvironment

Finally, our current research provides a strong foundation for ongoing and future

investigations into solid tumor progression. Further incorporation of the complexity

of the tumor microenvironment can contribute to the development of targeted and

effective therapeutic strategies, leading to deeper understanding and better solutions

in cancer treatment.
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[237] D. Grimm, H. Schulz, M. Krüger, J.L. Cortés-Sánchez, M. Egli, A. Kraus, J. Sa-

hana, T.J. Corydon, R. Hemmersbach, P.M. Wise, and et al. The fight against

cancer by microgravity: The multicellular spheroid as a metastasis model. Int.

J. Mol. Sci., 23:3073, 2022.

[238] N. Di Caprio and J.A. Burdick. Engineered biomaterials to guide spheroid

formation, function, and fabrication into 3d tissue constructs. Acta Biomater.,

165:4–18, 2022.

[239] M. Amereh, A. Seyfoori, and M. Akbari. In vitro brain organoids and compu-

tational models to study cell death in brain diseases. In Neuronal Cell Death:

Methods and Protocols; Springer: New York, NY, USA, page 281–296, 2022.

[240] D.M. van Pel, K. Harada, D. Song, C.C. Naus, and W.C. Sin. Modelling glioma

invasion using 3d bioprinting and scaffold-free 3d culture. J. Cell Commun.

Signal., 12:723–730, 2018.

[241] D. Del Duca, T. Werbowetski, and R.F. Del Maestro. Spheroid preparation

from hanging drops: Characterization of a model of brain tumor invasion. J.

Neurooncol., 67:295–303, 2004.

[242] F. Mirab, Y.J. Kang, and S. Majd. Preparation and characterization of size-

controlled glioma spheroids using agarose hydrogel microwells. PLoS ONE,

14:e0211078, 2019.

[243] F. Xu, C. Dawson, M. Lamb, E. Mueller, E. Stefanek, M. Akbari, and T. Hoare.

Hydrogels for tissue engineering: Addressing key design needs toward clinical

translation. Front. Bioeng. Biotechnol., 10:849831, 2022.



196

[244] H. Goodarzi Hosseinabadi, E. Dogan, A.K. Miri, and L. Ionov. Digital light

processing bioprinting advances for microtissue models. ACS Biomater. Sci.

Eng., 8:1381–1395, 2022.

[245] Jr. Pliego, J.R. and J.M. Riveros. Hybrid discrete-continuum solvation methods.

Wiley Interdiscip. Rev. Comput. Mol. Sci., 10:e1440, 2020.

[246] E. Gacek, R.R. Mahutga, and V.H. Barocas. Hybrid discrete-continuum multi-

scale model of tissue growth and remodeling. Acta Biomater., 163:7–24, 2023.

[247] M. Amereh, M. Akbari, and B. Nadler. In-silico study of asymmetric remodeling

of tumors in response to external biochemical stimuli. Sci. Rep., 13:941, 2023.

[248] T. Hayami, Y.L. Kapila, and S. Kapila. Mmp-1 (collagenase-1) and mmp-13

(collagenase-3) differentially regulate markers of osteoblastic differentiation in

osteogenic cells. Matrix Biol., 27:682, 2008.

[249] M. Amereh, S. Shojaei, T. Walsh, P. Dogra, V. Cristini, B. Nadler, and M. Ak-

bari. Unveiling the role of metabolic rates variation in driving tumor heterogene-

ity and controlling growth and invasion: Insights from an integrated multiscale

in-vitro in-silico framework. Res. Sq., 2023.

[250] N.V. Krakhmal, M.V. Zavyalova, E.V. Denisov, S.V. Vtorushin, and V.M.

Perelmuter. Cancer invasion: Patterns and mechanisms. Acta Naturae, 7:17,

2015.

[251] P. Friedl and S. Alexander. Cancer invasion and the microenvironment: Plas-

ticity and reciprocity. Cell, 147:992–1009, 2011.

[252] D.A. Murphy and S.A. Courtneidge. The ‘ins’ and ‘outs’ of podosomes and

invadopodia: Characteristics, formation and function. Nat. Rev. Mol. Cell

Biol., 12:413–426, 2011.

[253] G. Helmlinger, P.A. Netti, H.C. Lichtenbeld, R.J. Melder, and R.K. Jain. Solid

stress inhibits the growth of multicellular tumor spheroids. Nat. Biotechnol.,

15:778–783, 1997. [Google Scholar] [CrossRef] [PubMed].

[254] I. Koh, J. Cha, J. Park, J. Choi, S.-G. Kang, and P. Kim. The mode and dynam-

ics of glioblastoma cell invasion into a decellularized tissue-derived extracellular



197

matrix-based three-dimensional tumor model. Sci. Rep., 8:4608, 2018. [Google

Scholar] [CrossRef] [PubMed].

[255] B. Deng, Z. Zhao, W. Kong, C. Han, X. Shen, and C. Zhou. Biological role of

matrix stiffness in tumor growth and treatment. J. Transl. Med., 20:540, 2022.

[Google Scholar] [CrossRef] [PubMed].

[256] J. Hao and R.A. Weiss. Mechanical behavior of hybrid hydrogels composed

of a physical and a chemical network. Polymer, 54:2174–2182, 2013. [Google

Scholar] [CrossRef].

[257] S. Quintero-Fabián, R. Arreola, E. Becerril-Villanueva, J.C. Torres-Romero,

V. Arana-Argáez, J. Lara-Riegos, M.A. Ramı́rez-Camacho, and M.E. Alvarez-

Sánchez. Role of matrix metalloproteinases in angiogenesis and cancer. Front.

Oncol., 9:480558, 2019. [Google Scholar] [CrossRef].

[258] E. Henke, R. Nandigama, and S. Ergün. Extracellular matrix in the tumor

microenvironment and its impact on cancer therapy. Front. Mol. Biosci., 6:160,

2020. [Google Scholar] [CrossRef].

[259] Z. Wang and T.S. Deisboeck. Computational modeling of brain tumors: Dis-

crete, continuum or hybrid? In Scientific Modeling and Simulations, page

381–393. Springer, Berlin/Heidelberg, Germany, 2009. [Google Scholar].


	Supervisory Committee
	Abstract
	Table of Contents
	List of Tables
	List of Figures
	Acknowledgements
	Acronyms
	Dedication
	Introduction
	Background and Literature Review
	Motivation and Problem Statement
	Thesis overview

	In-Silico Modeling of Tumor Spheroid Formation and Growth
	Introduction
	Model Formulation
	Analytical Solution
	Model simplification
	Numerical Solution

	Results and Discussion
	Model Analysis
	Model Validation

	Experimental Methodology
	Proliferation Rate
	Spheroid Culture

	Appendix
	Rate of Change of Spheroid's Volume
	Proof of Proposition 1
	Solution of R1(t)
	Solution of Full RD Equation
	Model Simplification
	Numerical Method


	Asymmetric Growth of Tumor Spheroids in a Symmetric Environment
	Introduction
	Model Formulation
	Analytical Solutions
	Instability to Asymmetric Perturbation
	Growing Asymmetric Modes

	Asymmetric Configuration
	Results and Discussion
	Conclusion

	In-Silico Study of Asymmetric Remodeling of Tumors in Response to External Biochemical Stimuli
	Introduction
	Biomechanical model
	Theory of material evolution
	Governing equations
	Theoretical study of tumor remodelling

	Results
	Discussion
	Methods
	Cell and tumoroid culture
	Tumoroid-on-a-chip model
	IHC staining
	Statistical analysis

	Data availability

	Mathematical Modeling of Spherical Shell-Type Pattern of Tumor Invasion
	Introduction
	Model Formulation
	Free Energy and Interfacial Flux
	Chemotactic Flux and Cell Proliferation
	Problem Statement
	Governing Equations

	Results
	Conclusion

	Unveiling the role of metabolic rates variation in driving glioblastoma multiforme (GBM) heterogeneity and controlling growth and invasion: insights from an integrated multiscale in-vitro in-silico framework
	Introduction
	Results
	Diffusion of external components contributes to tumor heterogeneity
	Discrete model links modules of random walk, cellular processes, and cell-neuron interaction to the continuum model
	Hybrid discrete-continuum model is capable of predicting the growth and invasion of tumoroids in recapitulated TME

	Conclusion and Discussion
	Methods
	Continuum reaction-diffusion model for tumor growth
	Rate of glucose uptake in tumoroids
	HDC mathematical model for tumor invasion 
	TMZ resistance cells
	Rates of proliferation and glucose uptake in normoxia and hypoxia
	Formation of tumoroids
	Tumoroid-on-a-chip-platform
	Tumoroid-neurons co-culture
	Growth and invasion assay
	Drug inhibitory
	Immunofluorescence imaging
	Statistical analysis

	Supplementary Information

	3D-Printed Tumor-on-a-Chip Model for Investigating the Effect of Matrix Stiffness on Glioblastoma Tumor Invasion
	Introduction
	Materials and Methods
	Materials
	DLP Stereolithography Apparatus
	3D Printing PEGDA Hydrogel
	Optimization of PEGDA Photoink
	Glioblastoma Cell Culture and Tumoroid Preparation
	3D Tumoroids Culture On-a-Chip
	Enzyme Treatment and Cell Invasion Analysis
	Mechanical Properties of the Collagen Hydrogel
	Statistical Analysis

	Results and Discussion
	PEGDA Bioprinting Parameters Optimization
	Tumor-on-a-Chip Platform
	Mathematical Modeling

	Conclusions

	Conclusion
	Future works

	Bibliography

