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Abstract

Many earlier works on the subject of fractional calculus contain inter-
esting accounts of the theory and applications of fractional calculus operators
in a number of areas of mathematical analysis (such as ordinary and par-
tial differential equations, integral equations, summation of series, et cetera).
The main object of the present paper is to examine rather systematically
(and extensively) some of the most recent contributions on the applications
of fractional calculus operators involving power functions and in finding the
sums of several interesting families of infinite series. Various other classes of
infinite sums found in the mathematical literature by these (or other) means,
and their validity or hitherto unnoticed connections with some known results,
are also considered.

Key words: Fractional calculus, power functions, summation of se-
ries, ordinary and partial differential equations, integral equations, differin-
tegral operator, Riemann-Liouville operator, Weyl operator, hypergeometric
function, Leibniz rule, Pochhammer symbol, Psi (or Digamma) function, con-
fluent hypergeometric function, hypergeometric sums and transformations,
analytic continuation formula, Legendre’s duplication formula, reflection for-
mula, Kummer’s summation theorem.

§1. Introduction and Definitions

One of the most frequently encountered tools in the theory of fractional calculus (that

is, differentiation and integration of an arbitrary real or complex order) is furnished by the
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familiar differintegral operator .D# defined by

Dt {f(2)} =
{ e o (2 = O F(Q) ¢ (e € Ry R(p) < 0) (L.1)
L2 D™ {f(2)} (m—1<R(pw) <m; meN:={1,2,3,---}),

provided that the integral exists. For ¢ = 0, the operator D# given by [cf. Equation (1.1)]

Di{f(2)}:== oD {f(2)} (n€C) (1.2)

corresponds essentially to the classical Riemann-Liouville fractional derivative (or integral)
of order y (or —p). Moreover, when ¢ — oo, Equation (1.1) may be identified with the
definition of the familiar Weyl fractional derivative (or integral) of order p (or —p).

In recent years there has appeared a great deal of literature discussing the application
of the aforementioned fractional calculus operators in a number of areas of mathematical
analysis (cf., e.g., [8], [10], [11], [12], [15], [20], [23], and [25]; see also a recent paper
by Ross et al. [19] dealing with functions with no first-order derivative that might have
fractional derivatives of all orders less than 1). In the present paper we aim at examining
rather systematically (and extensively) some of the most recent works on the applications
of fractional calculus operators involving power functions and in finding the sums of several
interesting families of infinite series. We also consider various other classes of infinite sums
[which have been found in the mathematical literature by these (or other) means] and
investigate their validity or hitherto unnoticed connections with some known results.

It should be remarked in passing that the familiar Leibniz rule for ordinary derivatives
admits itself of the following extension in terms of the Riemann-Liouville operator D

given by (1.2):

oo

D} {1} = 3 (1) D" (1)} D (o2 (13)

n=0

(<0 () - r=mter - (.2 Jonec).

which will be required in our present investigation.
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§2. Application Involving Power Functions

Making use of a certain Eulerian integral representing the Beta function, Vyas and

Banerji [29] proved the following fractional integral formula for the power function

(az + B)*:

I'(A+1) (0z + B
FA+v+1)" i

(c=—B/a; R(v)>0; R(N)>-1; a#0; 2% —p/a).

D "{(az—i—@))‘} =a?

i

—~~
[\
B
fomnd

p

z

Nishimoto [13, p. 13], on the other hand, similarly proved the equivalent case a = 1 of
this same fractional integral formula (2.1), which essentially is one of the main results in a
subsequent work by Tu and Nishimoto [28, p. 37, Theorem 1]. In fact, as already observed
by Srivastava and Nishimoto [24], the fractional integral formula (2.1) follows readily from,
and is no more general than, the following well-known (rather classical) result (cf., e.g.,

Erdélyi et al. [5, p. 185, Equation 13.1(7)]):

T(A+1)

SO ey

AT (R(v) > 0; R(A) > —1), (2.2)

which incidentally was used by, among others, S.F. Lacroix in 1819 and P.M.H. Laurent
in 1884.

In terms of the Riemann-Liouville operator D¥ given by (1.2), Ross [18, p. 87, Theo-
rem 1] made use of the familiar binomial expansion and term-by-term integration in order

to prove the fractional integral formula:

> a\" Zvtm
D7 {(az + B} = p* Z rlj\(i—,t%‘)“ ('g) Twtntl) (2.3)

R() > 0; RN > -1; |az/B] < 1).

He also gave a fractional derivative formula by merely replacing v in (2.3) by —v (¢f. [18,
p. 88, Theorem 2]).
Since
r'(A+1)

g - V(N (AeCineNo=NU{0}), (2.4)
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where (\), denotes the Pochhammer symbol defined by

(Mn = fatn) _ { 1 (=0 (2.5)
() AA+1) (A n—1) (n € N),
the fractional integral formula (2.3) can be rewritten at once in the hypergeometric form:
D7 {(az + B} = o F ( X vl “”) (2.6)
r( + 1) g

R(@) > 0; R(A) > -1 |az/B| < 1),

where, as usual, 3 F7 denotes the Gauss hypergeometric function.

Much more general fractional integral formulas than (2.3) or (2.6) are already available
in the mathematical literature. For example, we have (¢f. Erdélyi et al. [5, p. 186, Equation
13.1(9)])

I'(p+1)
F'(p+v+1)
R(¥) >0 R > -1 |arg(z/7)[Sm—€e  (0<e<m)),

D7V {zf(z+ )} = 2Pt Ry <P+ L=XA v+ ‘“%) (2.7)

which, in its special case when p = 0 and v = 8/, immediately yields Ross’s formula
(2.6). More generally, in terms of the generalized hypergeometric ,Fy function, it is known

that [5, p. 200, Equation 13.1(95)]
v I'(p+1) v
D {2 pFy(on, -+, 0p; B1,-+, B Z)}=mzp+ (2.8)
'P+1Fq+1 (P+ 1,0[1,"',01,; p-|-—1/+ 1’/31)"'a/5q; Z)
(R(v) >0; R(A)>-1; |z|<oowhenp<g; |z| <1 whenp=g+1),
which does yield (2.7) in the special case when

p—1=¢=0, a;=-) and z— —z/y.

With a view to presenting a further generalization of the fractional integral formula

(2.8), we recall the operator I{f”z&’" defined by (¢f. Srivastava et al. [26, p. 413, Equation

(1.4)))
I3 {f(2)} = 1:( —)6 / (2= O oF <u+5 15 1——) fQdg, (29
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so that, obviously,

LW f(2)} =D7*{f(2)}  (R(w)>0),

(2.10)

provided, of course, that the integral in (2.9) exists. For this general fractional integral

operator Ié‘,’z's’", it is also known that (cf. [26, p. 415, Equation (2.3)])

15 () = FA+1IA=8+1n+1) A6
0% TA—6+ DI +v+n+1)

R(v) > 0; R(A) > max{0, R(6 —n)} —1),

which, for § = —v, immediately yields the classical result (2.2).
By comparing the definitions (1.1), (1.2), and (2.9), it is readily seen that

I {f(2)} = 27*~5 D;7* {f(2)}

(R(p) >0; §€C)

and, more interestingly, that

i @y = 3 WD oumsn poun 1)),

n=0

(2.11)

(2.12)

(2.13)

provided that this last series converges. It may be worthwhile to note that, in view of

the relationship (2.12), the fractional integral formula (2.11) would reduce to the classical

result (2.2) also when n = 0.

Making use of the fractional integral formula (2.11), it is not difficult to show that

I'(p+DI(p—6+n+1)

Ié’:j;ﬂ {Zp qu(ah""ap; ﬁls"'aﬂq; Z)} = T

ptlp—6+n+1, a1, -, ap; }
z

. F
p+2+g+2
[P 6[1,,0 v |77|17ﬂ1,"'7ﬂq;

(%(y) > 0; R(\) > max{—1, R(6 — 5 —1)};

|z| < co when p < g; lz]<1whenp:q+1)

(p—6+DI(p+v+n+l)

(2.14)
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and, more generally, that

Flptn+1I(p—é6+n+n+1) -
Iu,ls,ﬂ p(I) — Qn p—b6+n
02" 127 2(2)} nzol"(p——5—|—n+1)I‘(p-|—V+17+n+1) #

(2.15)

<¢>(z) = i Q2" R(v)>0; R(A)>max{-1, R(E-n— 1)}) ,

provided that each member of this last result (2.15) exists.

§3. The Leibniz Rule (1.3) and Its Consequences

The application of the Riemann-Liouville operator D# in evaluating sums of infinite
series is based largely upon the Leibniz rule (1.3). Many of the workers on this subject
did indeed revive, as illustrations emphasizing the usefulness of the fractional calculus
techniques, various special cases and consequences of the following well-known (rather

classical) result in the theory of the Psi (or Digamma) function v (z):

= () _ _ —
; O, = Pp(A) = (A —v) (3.1)
(%(A—V) >0; ’\7&07"17"’2"")a
where

()
I(z)’

$(z) = - {log T(2)} = (3:2)

For a detailed historical account of the summation formula (3.1), and of its numerous con-
sequences and generalizations, the reader may be referred to one of the recent works on
the subject by Nishimoto and Srivastava [14], who also provided many relevant earlier ref-
erences on summation of infinite series by means of fractional calculus. See also Srivastava
[22], Al-Saqgabi et al. [1], Aular de Durdn et al. [3], and Tu and Chyan [27]. These last

authors (Tu and Chyan [27]) consider many obvious variations of the summation formula

(3.1).



Fractional Calculus Operators and Their Applications 7

Now we turn to the work of Galué et al. [7] who derived the following interesting

consequence of the familiar Leibniz rule (1.3):

(-0 2 3 (1) Dk () D+ (o(2))
k=0

n=1

(3.3)

Il
i |\48

( ) D7 (#(2)) D {a()},

provided that each side of (3.3) exists. Subsequently, as further applications of (3.3), Galué
[6] set

() f(2) = e and g(2) = * (a # 0);
(i) £() = 2* and g(z) = e° (a # O);
(i) £(2) = e** and g(z) = log(bz) (a £ 0; b £0),
and deduced from (3.3) the following summation formulas:

i (m +: B 1) ((;:)): 2Fo (-m, n—b —; i) =1 (meN); (3.4)

az
n==0

S (-1 (m e 1) % Fi(-min4+b+1—az)=1 (meN);  (3.5)

e (3.6)
==Y (_nL')" (I‘;T?;?’ (m € N).

The summation formula (3.5) occurs erroneously in Galué’s paper [6, p. 64, Equation (9)],
where the negative sign in the argument of the confluent hypergeometric ; F; function is
missing. More importantly, the summation formula (3.6) can be shown to follow readily
from (3.4). Observe that, since [c¢f. Definition (2.5)]

T'(n—b)

(=b)n = (=) (n € Ny),
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the summation formula (3.4) can be rewritten at once in its equivalent form:

> () e (e )

az
n=1

= I(=b) {1 — 4 Fy (-m, —b; —; —1—)} (m € N),

az

which, when expressed as a (finite) series on the right-hand side, becomes

i <m+:—1>%;@2p0 (—m,n——b; — _1_)

i - (3.7)
3 ma T

— nl (az)™

(m e N).

The summation formula (3.6) is an obvious special case of this last result (3.7) when b = 0.

In view of the above observation that the summation formula (3.6) is contained in (3.4),
we need only examine the summation formulas (3.4) and (3.5). As a matter of fact, a closer
examination of these summation formulas would suggest the existence of their unification

(and generalization) in the form:

o0 ,u+n—1>(a1)n---(ap)n P = a1+ N, ap Ny — 3.8
Z( n (,Bl)n"'(ﬂq)n prit /Bl+na"'7ﬁq+n;c C ()

n=0

(LeC; (<o when p<g—1; [(|<1 when p=yg),

where the constraints upon (, p, and ¢ may be waived when p =m (m € N).

The summation formula (3.4) follows from the general result (3.8) when
1
p=m (meN), p—-1=¢=0, a;=-b, and Cz—a—z—,
while (3.8), in its special case when

iu:m(mEN)’ p=q—1=0, p=b+1, and (=-az,

would readily yield the summation formula (3.5).
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Our proof of the general summation formula (3.8) is direct (that is, without using
fractional calculus techniques). If, for convenience, we denote the first member of (3.8) by

A(¢), we readily find that

A(Q) = i (W)n(=m)r(@1)ntk - - (ap)nyr ("HF

n,k=0 (/Bl)n'i‘k T (:Bq)n+k n! k!

o0

(3.9)
(mr(oa)i - (ap)e &
= (Br--(Be R

Fi(=k, p; p—k+1; 1),

where the change of the order of summation is justifiable, by absolute convergence of
the series involved, under the conditions stated with (3.8). Now, by the Vandermonde

summation theorem, we have

(1 — k) 1 (k = 0)
oFi(—k, p; p—k+1;1)= —— = 3.10
1( ) G—F+10: |0 (kem), (3.10)
which, when substituted into the last member of (3.9), yields the desired result:
AQ)=1 (3.11)

under the various constraints stated already with (3.8).
It is not difficult to apply the above proof mutatis mutendis in order to derive the

following further generalization of the summation formula (3.8):

Cn+k

3 (u+n ) g(_y)k Anik 2 =1, (3.12)

n=>0

provided that the series involved converge absolutely, {A,}32., being a suitably bounded

sequence of complex numbers.
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§4. A Symmetrical Generalization of the

Leibniz Rule (1.3)

The Leibniz rule (1.3), which was applied by Galué et al. [7] in order to derive the
summation identity (3.3), suffers from an apparent drawback in the sense that the inter-
change of the functions f(z) and g(z) on the right-hand side is mot obvious. A further
i -onsidered by Watanabe [30] and Osler [16], without
such a drawback, is given by (cf., e.g., Samko et al. [20, p. 316, Equation (17.12)]

Drfe@ = Y (4 ) DT U DI ) ()

n=—oo

(n,0 € C),
which, in the special case when ¢ = 0, yields the Leibniz rule (1.3).
By applying the generalized Leibniz rule (4.1), Aular de Durdn et al. [3] derived the
following summation identity [3, p. 752, Equation (3.9)]:

(—D > <ﬁ + n) D=7 {f(2)} DEFFE {g(2)}

n=—oo

(n70)

= 520 - (1) (4) o ) D2 (5

£ (1) £ ()

n=—0o0

(n#0)

(4.2)

DYttt tR Lg(2)} (a,8,7,1€C),

which, in the special case when o = § = p = 0, would reduce to the simpler summation
identity (3.3).

An obvious special case of the summation identity (4.2) when o = @ = p happens to be
the main result of Al-Zamel and Kalla [2, p. 30, Equation (5)], who also presented several
examples illustrating the usefulness of this particular case of (4.2) in deriving various rela-
tionships involving infinite sums. The general summation identity (4.2), obtained earlier
by Aular de Durdn et al. [3], is potentially more advantageous in this respect than the
special case used by Al-Zamel and Kalla [2].
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§5. Further Applications of the Generalized Leibniz Rules

By setting
f(z)=1 and g(z)=2z" (N € Ny)

in the generalized Leibniz rule (1.3), Owa [17] proved the hypergeometric summation

formula:

N!
(1—p)n

Formula (5.1), as observed also by Owa [17], is a special case of the Gauss summation

2 Fi(—p, —N; 1—p; 1) = (N € No; p ¢ N). (5.1)

theorem:

I'(e)l'(c—a—0)
I'(c—a)T(c—b)

(R(c—a—-0)>0; c#0,-1,-2,--)

2Fi(a,b;¢1) =

(5.2)

when a = —p, b= —-N,and c=1—p (N € No; ¢ ¢ N). In fact, the Gauss summation
theorem (5.2) would also emerge from the generalized Leibniz rule (1.3) upon setting

p=—a, f(z)=2z"""", and g(z)=2",

and applying the formula (2.2) on each side. More interestingly, the generalized Leibniz
rule (4.1) can be shown to yield the well-known Dougall’s formula 4, p. 7, Equation 1.4(1)]:

N T(a+n)(b+n) w2 I'ec+d—a—-b-1)
n_Zoo T(c+n)T(d+n) sin(ma) sin(wd) T(c— a)T(c—b)T(d — a)T(d — b) (5-3)
R(c+d—a—=b)>1; a,b¢ Z:={0,£1,%2,---}),
when we set
p=c—a—1, o=c—1, f(z)=22"%"1 and g(z)=z""1, (5.4)

and make use of the formula (2.2) on both sides of (4.1).
In view of the definition (2.5), a special case of Dougall’s formula (5.3) when d = 1 (or,

equivalently, when ¢ = 1) immediately yields the Gauss summation theorem (5.2).
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Now we turn to a mild extension of the generalized Leibniz rule (4.1) in the form (cf.,
e.g., Samko et al. [20, p. 317]):

oo

D@ = 3 ([ D @y D) (69

(p,o €C; 0< k<1,

which, for £ = 1, reduces at once to (4.1). Indeed, if we choose the parameters y and o
(and the functions f and g¢) just as indicated in (5.4), and apply the formula (2.2) on both

sides of (5.5), we shall obtain the summation formula:

N T(a+ &n)T(b+ kn)
n;oo I(c+ &n)(d + kn)

sin[7(a + &n)] sin [7(b + kn)] (5.6)

_ 2 Me+d—a—-b-1)
"~ kD(c—a)l(c—b)T(d— a)T(d —b)

R(c+d—a—-0)>1; a,b¢Z; 0<k<1),

which, in the special case when x = 1, would readily yield Dougall’s formula (5.3).
Since [5, p. 188, Entry (24)]

r(A+1)
FA—p+1)

®RA) > -1 R(p) <0),

Dt {z* logz} = 27 Hlogz + (A + 1) — (A — p+1)] (5.7)

which yields the following special case when A = 0:

—u

D! {logz} = gy logz—7—w(1-u)]  (R(w)<0), (5.8)
and since
log z (n=0)
D7 {log z} = { (5.9)
(D" (n=Dle™  (neN),

the classical result (3.1) would follow from the generalized Leibniz rule (1.3) when we set

p=-v, flz)=2"""1 and g¢(z)=Ilogz.
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More generally, by setting
f(z2) =21 and g(z)=logz,
and applying the formulas (5.7) and (5.8), in conjunction with (2.2), we find from (5.5)
that
log z + (X)) — p(A — ) (5.10)

- g\ logz—7— (1 — o — kn)[T(A — p)
B Z n(a—l—rm) I'l—o0—&n)I'(A — p+ 0+ kn)

n=—oo

(R(A)>0; woeC; 0<k<1),

provided further that each member of (5.10) exists.

Finally, we rewrite the generalized Leibniz rule (5.5) in the form:

D {7(@)s(2) = € ) D 170} D {o(2)) (5.11)

b3 () P ) D oy

(n0)
(,peC; 0<€<,

which, in view of (5.5) itself, yields the following (presumably new) summation identity:

(F) X, f ) P e D (o)

n=-—oo

(n0)

— )~ en( ) () D7 1) D2 o) 512

£ ) S et

n=—oo

(n#0)

-Dytettntti{g(z2)} (@ B,7meC; 0<Em (<),
The summation identity (4.2), given earlier by Aular de Durdn et al. [3], is an obvious

special case of this last result (5.12) when

E=n=(=1
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§6. Validity of Some Hypergeometric Sums and Transformations

For the Gauss hypergeometric function, the following integral representation is fairly

well-known:

1 oo
2Fi(a,b; ¢; 2) = (@) / et t* L (Fi(b; ¢ 2t)dt (6.1)
0

(R(a) > 0; |2l <1).

And, for the confluent hypergeometric function involved in the integrand of (6.1), there
exist several multiplication theorems expressing this function in series of similar functions
(cf., e.g., Erdélyi et al. [4, p. 283, Equations 6.14(1),(2), and (3)]). Making use of these
multiplication theorems in (6.1), and applying the Gauss summation theorem (5.2), Sam-
tani and Bhatt [21] proved three transformation formulas for the Gauss hypergeometric
function. We choose to recall their main results in the following slightly modified (and,
where necessary, corrected) forms (cf. [21, p. 65, Equation (1.1); p. 66, Equations (3.1)
and (3.2)]):

o _Te(c—a—-b) _, _ ] 1Y\ .
ZFl(a’b’c’z)_I‘(c—a)I‘(c—b)z oFila,a+1—ca+b+1l—c¢1 - ) (6.2)

D(T(c—a=b) ;_.

b e 2) =
2F1(a-) y € Z) P(C _ CL)P(C . b) (63)
oFi(a+1l—-cb+l—ca+b+1l—¢l-2);
Ic)(c—a—0 ,
2F1(a'7 b’ c; z) = I‘EC)_(G)P(C — b; 2F1 (Cl,, b, a4 04 1-— C, 1— Z), (64)
in each of which the parameter a is assumed to be a negative integer.
In view of Euler’s transformation [4, p. 64, Equation 2.1.4(23)]:
oFi(a,b;¢;2) = (1 -2 4Fi(c—a,c—b; c; 2) (6.5)

(largl-2)|Sm—e (0<e<m),
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the transformation (6.3) is an immediate consequence of (6.4). As a matter of fact, each
of the transformations (6.2) and (6.4) is itself implied by a known analytic continuation

formula for the Gauss hypergeometric function. For example, since

1
Fay =0 (a=0-1,-2), (6.6)

the transformations (6.2) and (6.4) would follow immediately from the known results (cf.,
e.g., Erdélyi et al. [4, p. 109, Equation 2.10(4); p. 108, Equation 2.10(1)]):

Fe)(c—a—-0b) _, ) ) 1
F(c—a)F(c—-—b)z o Fy a,a+1—-c,a+b+1—c,1—; (6.7)

T(e)Y'(a+b—c¢)
I'(a)L'(d)

2Fi(a,b; ¢; z) =

2271 —2) 7t LR (c—a,l—a; c—a—>b+1; 1—-1—>
z
(Jarg(z)| <7m—€ (0<e<m))

and

F(c)l(c—a—1b)

2F1(a’ab; G z) = P(C—CL)P(C— b)

2Fy (a,b;a+b+1—¢;1—2) (6.8)

I'(e)T(a+b—c)
I'(a)I'(b)

(1—2)°"*? yF(c—a,c—bc—a—b+1;1—2)
(Jarg(l—2)| <7 —€¢ (0<e<n)),

respectively, whenever the parameter a is restricted to take on negative integer values only.
It should be remarked in passing that, since ®(c—a—>b) > 0, the Gauss summation theorem
(5.2) can be deduced readily from (6.7) and (6.8) by letting z — 1.

In the same paper, by setting

1 1 1 1
z—§ and c—§a+§b+§

in the transformation formulas (6.2), (6.3), and (6.4), but seemingly ignoring the various
parametric constraints emerging from their derivations, Samtani and Bhatt [21, Section 4]
obtained three strange (and overly involved) sums for the hypergeometric series

1 1 11
2F1 (a,b, §a+-2—b+ 5, —2-> 5
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each of which is significantly different from the well-known sum:

1 1, 11 rria+ o+ 1
Filabcatsbtoc)=2—4 2 2 6.9
2 1(“’ 1293 +2’2) T(3a+ 3T(30+ 1) (6.9)
1 1 1
Za4 =b4+ = —1.-92....
<2a + 2 + 2 # 07 ? 2, ) ?
which is due, in fact, to Kummer [9, p. 134].
The right-hand side of Kummer’s formula (6.9) vanishes whenever
a or b=-2m-—1 (m € Np).
Furthermore, since ) .
(BrGb+y 1) 610)

T(b+1) ~ T(Ebe+ 1y
by Legendre’s duplication formula, and since (by the familiar reflection formula for the

[-function) L . L .
(3 —2a+30)0(% + 1a—10)

1 (6.11)
whenever

a or b=-2m (m € N),

each of the aforementioned hypergeometric sums (derived by Samtani and Bhatt [21, Sec-
tion 4]) is actually an unnecessarily involved special case of Kummer’s formula (6.9) when
the parameter b is a negative integer. As a matter of fact, Kummer’s formula in its general

form (6.9) would follow from the known analytic continuation formula (6.7) when we set

1 1 1
z=—2— and c=§a+§b+

1

27

and apply Kummer’s summation theorem [9, p. 134]:
Pla—b+1)I'(3a+1)
I(3a—b+1)[(a+1)
(§R(b)<1’ a_b+1#03_1a_2"")

2 Fi(a,b;a—b+1; —1) = (6.12)

in order to sum each of the resulting hypergeometric ; F;(—1) series on the right-hand side
of (6.7). The details involved in this derivation of the general result (6.9) may be left as

an exercise for the interested reader.
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