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 35 

Abstract 36 

This work developed, validated, and compared Statistical Shape, Statistical Intensity, and Statistical Shape and 37 
Intensity Models (SSMs, SIMs, SSIMs) of scapulae from a clinical population. SSMs efficiently describe bone shape 38 
variation while SIMs describe bone material property variation, and SSIM’s combine description of both variables. 39 
This work establishes these models’ efficacy and whether they can be used in surgical planning. Models were 40 
developed using shoulder arthroplasty data of patients with bone erosion, which is challenging to treat and would 41 
benefit from improved surgical planning. Models were created using previously validated non-rigid registration and 42 
material property assignment processes that were optimized for scapula characteristics. The models were assessed 43 
using standard metrics, anatomical measurements, and correlation analyses. The SSM and SIM specificity and 44 
generalization error metrics were 3.4mm and <1mm & 184 HU and 156 HU, respectively. The SSIM did not achieve 45 
the same level of performance as the SSM and SIM in this study (e.g. Shape Generalization: SSIM – 2.2mm vs SSM – 46 
<1mm). Anatomical correlation analysis showed that the SSM more effectively and efficiently described shape 47 
variation compared to the SSIM. The SSM and SIM modes of variation were not strongly correlated (e.g. rmax=0.56 48 
for modes explaining ≤2.1% of variance). The SSIM is outperformed by the SSM and SIM and the latter two are not 49 
strongly correlated; therefore, using the SSM and SIM in conjunction will generate synthetic bone models with 50 
realistic characteristics and thus can be used for biomechanical surgical planning applications.    51 
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 55 

1. Introduction 56 

Proper classification of bone morphology, bone quality (i.e. material properties), and disease state are critical initial 57 
steps in the orthopaedic surgical planning process. Once the disease state is established, it is necessary for surgeons to 58 
use this information to guide decisions regarding the most appropriate intervention. In the case of shoulder arthritis, 59 
patients are classified with respect to glenoid erosion type (e.g. Walch-type erosion), erosion level (e.g. levels 0, 1, 2, 60 
or 3 of the Walch Classification), and bone quality. Many studies have established classification systems and 61 
assessment protocols to determine these patient characteristics and how they should inform choices that will influence 62 
arthroplasty fixation and function [1–10]. These classification systems help surgeons understand complex patient 63 
characteristics and recently, surgical planning software have begun to assist in these classifications[11,12]. However, 64 
these systems remain limited in that they use a small number of discrete measurements to classify complex disease 65 
conditions including complex heterogeneous bone distributions, and this may oversimplify the information required 66 
to determine the optimal treatment. Therefore, the next generation of surgical planning software should not only 67 
provide classification information, but help to provide context and guidance with respect to preferred surgical 68 
treatments and potential biomechanical outcomes (e.g. fixation quality). Statistical bone modeling is an approach that 69 
can lay the foundation for such surgical planning tools through their efficient description of the full-field 70 
characteristics of a patient’s bones. Some possible uses of statistical model models in future surgical planning 71 
applications include 1) disease state classification to directly inform clinicians or as an input to big data-based 72 
predictive algorithms, 2) morphological characteristic extraction for use in patient matched computational modeling 73 
such as musculoskeletal modeling or finite element analysis, or machine learning derived surrogates of these physics-74 
based modeling methods, and 3) generation of bone instances with a-priori defined characteristics for use in 75 
computational virtual clinical trials.   76 

Statistical Shape Models (SSMs) systematically describe the mutually independent ways geometry varies (i.e. 77 
modes of variation) across a given population of shapes (e.g. a cohort of patient scapulae) by applying Principal 78 
Component Analysis to a set of 3D geometric models that have corresponding point architectures [13]. By describing 79 
mutually independent modes of variation it is possible to capture the variability efficiently and to determine the 80 
significance of each mode of variation. SSMs have become widely published [14–19] with most being used as 81 
descriptive tools to understand bone shape variation. These models have primarily been built using healthy bones that 82 
describe the non-clinical population, while Lee et al. recently published an SSM analysis that determined 83 
differentiating factors between scapulae with and without rotator cuff tears[20]. Others have used SSMs built using 84 
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healthy bones to predict the pre-morbid anatomy of patients with bone defects[21–26]. However, such models are not 85 
appropriate for classifying disease states and for associated next generation planning methods because they are not 86 
able to efficiently describe the patients’ deformed anatomy (e.g. glenoid erosion).  87 
Statistical Intensity Models (SIMs) (aka Statistical Density Models) describe the continuous distribution of bone 88 
material properties. The terms Intensity and Density are used because some models are constructed using Hounsfield 89 
Unit (HU) voxel intensity data from CT scans while others convert the intensity information to density data using 90 
published equations. SIMs are significantly less widely used than SSMs and in the shoulder context have only been 91 
used as a descriptive tool[27,28].  92 

Finally, Statistical Shape and Intensity Models (SSIMs) attempt to efficiently describe shape and bone property 93 
information in a single model[29–32]. The proposed benefit of SSIMs is that correlated changes in shape and bone 94 
properties will be captured within the same mode of variation; however, these combined models are significantly more 95 
difficult to interpret due to the simultaneous changes in both variables. A previous study demonstrated that strong 96 
correlations do not exist between shape and bone properties in healthy populations [27] and thus SSIMs may not be 97 
necessary to generate representative bone instances (N.B. ‘instance’ refers to a 3D bone model that is synthetically 98 
created by adjusting the weights of the statistical model(s)). Rather, an SSM and SIM can be independently used to 99 
generate shape and bone property morphologies that can be combined to create a representative bone instance. 100 
However, it is unclear if this lack of correlation holds true for diseased populations.   101 

With the current state-of-the-art in mind, the goals of this study were: 1) to develop and validate an SSM and an 102 
SIM that would be useful in surgical planning applications by building them using clinical patient scans; 2) to develop 103 
and validate a combined SSIM that integrates shape and bone property information for the same patient population; 104 
3) to describe the variation captured by each model; and 4) to determine whether a combined SSIM is needed to 105 
describe the diseased bone states or if the independent SSM and SIM, which are simpler to understand, can be used. 106 
This will establish the efficacy of these models and whether they can be used in the development of surgical planning 107 
tools that assist with disease state classification and biomechanical analysis.     108 

2. Methods 109 

2.1. Patient & Data Characteristics 110 
A database of 39 pre-operative patient CT scans (Table 1) with posterior glenoid erosions classified as Walch-type B2 111 
& B3 were used for this study with demographic information in Table 2. Research Ethics was obtained for the use of 112 
these data (Certificate #: 18-217 & 18-226).  113 

Table 1. Scan parameters used for imaging by GE Lightspeed CT scanner. 
Beam energy 120 KVp 

Slice thickness 0.5-1.25 mm 
Pixel spacing (Resolution) ~ 0.5 x 0.5 mm 
Total pixels (Matrix size) 512 x 512 
Convolution kernel BonePlus 
Tube current  Auto-adjusted to patient 

 114 

 115 

Table 2. The demographic data of all scapulae in  
training set. 

Sex Quantity Age 
Female 20 72.7 ± 7.1 
Male 19 66.2 ± 8.6 
Left 19 67.5 ± 9.3 
Right 20 71.3 ± 7.2 
All 39 69.4 ± 8.5 

 116 
2.2. Generating Models & Establishing Correspondence 117 
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To create an accurate scapula SSM, SIM, and SSIM, all patient bone geometries must be described using the same 118 
point architecture (e.g. same point quantity and enumeration) with matching enumerated points located on 119 
corresponding anatomical sites across all bone meshes. Mimics and 3-matic (Materialise NV) were used to segment 120 
all scans and generate a 3D scapula surface model for each with a uniform triangular mesh with an average edge length 121 
of 0.6 mm. One mesh was chosen as the ‘source’ model for establishing correspondence between all models by 122 
heuristically choosing the model closest to the median shape.  123 

To create the corresponding surface meshes, three registration steps were undertaken (Fig. 1): 1) rigid registration 124 
to achieve initial alignment between the source and target models, 2) uniform scaling of the source model to match 125 
the size of the target model, which maintains the size information of the target for inclusion in the statistical model 126 
but eases the next step, and 3) mesh morphing to deform the source model to match the exact geometry of the target 127 
while maintaining the original anatomical meaning of each point (i.e. maintaining correspondence). For steps 1 and 128 
2, registration was achieved using algorithms based on Besl et al.’s iterative closest point method [33]. For step 3, the 129 
authors optimized Amberg et al.’s correspondence preserving non-rigid iterative closest point (NR-ICP) registration 130 
algorithm for use with scapula geometries [34]. [See Supplemental Materials for details.]  131 

The quality of fitting of the deformed source mesh to the shape of each target mesh’s geometry was assessed by 132 
measuring the Root Mean Squared (RMS) distance error and the Hausdorff distance error between them. The resulting 133 
correspondence error was evaluated by calculating the Euclidean distance between manually selected ground truth 134 
points and the corresponding point locations produced by the algorithm. Specifically, the error for 12 anatomical 135 
landmarks were evaluated: four points on the glenoid fossa, three on the acromion process, two on the coracoid 136 
process, one at the medial termination of the scapular spine, one on superior angle, and one at the inferior angle. To 137 
assess the manual selection process, an inter- and intra-observer reliability analysis was performed on a set of 10 138 
scapulae with the 12 anatomical landmarks selected by two independent observers and each observer repeated the 139 
landmark selection process two times. [See the Supplemental Materials for details.] 140 

 141 

Fig. 1 – Illustration of registration process on a target sample model using optimized NR-ICP method. 142 
Volumetric meshes with both surface and internal correspondence were then generated using Soltanmohammadi et  143 
al.’s method[30]: 1) using 3-matics (Materialise NV), generate a source volumetric mesh using the vertices of the 144 
source surface mesh as seed points, 2) calculate the deformation of each surface mesh point from its original source 145 
coordinates to its deformed source coordinates for a given patient, 3) generate a finite element simulation in Abaqus 146 
(Dassault Systems) using the source volumetric mesh from step 1 as the model geometry, 4) define the surface point 147 
deformations calculated in step 2 as displacement boundary conditions of the simulation, and 5) solve the system to 148 
yield the deformed volumetric mesh for that patient. [See the Supplemental Materials for details.]  149 
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With the corresponding volume meshes established, 3-matics and Mimics (Materialise NV) were used to assign 150 
Hounsfield Unit values to each volumetric mesh element based on the respective patient CT scan. Prior to material 151 
property assignment, internal intensity calibration and partial volume correction was applied [32, 33].     152 

2.3. Calculating & Evaluating Statistical Models 153 
SSM generation was undertaken by conducting Principal Component Analysis (PCA) on an N x N covariance matrix 154 
computed for all surface point coordinates of each patient model (N=39). This yields N-1 mutually independent modes 155 
of variation (i.e. eigenvectors or principal components) ordered from most to least variance explained (i.e. descending 156 
eigenvalues). The SIM was created using the same process but with the covariance matrix calculated based on the HU 157 
value of each volumetric element across all patient models. Finally, the SSIM was created by combining the spatial 158 
coordinates for all points that make up the nodes of the volumetric mesh along with the intensity data for each 159 
volumetric element such that the first P*3 rows represent the x, y, and z coordinates of the P volume nodes, and the 160 
remainder of the rows contain the volumetric element intensity. To account for differences in the unit magnitudes and 161 
number of data points for the shape and intensity data, a scaling factor method was adapted from the work of Cootes 162 
and Taylor [35]. To equalize the variance, after subtracting the mean shape, the shape data of each input bone was 163 
multiplied by the square root of the ratio of the total intensity variance to the total shape variance [See the Supplemental 164 
Materials for details of the scaling method]. The same covariance and PCA calculations were then conducted in the 165 
same way they were conducted for the SSM.  166 

Each of the statistical models were assessed using three accepted metrics[36]: 1) Compactness gives the cumulative 167 
variance explained by modes from 1 to N-1; 2) Specificity is the average approximation error between object class 168 
instances generated by the model and the most similar object in the training dataset where this study averaged across 169 
10,000 generated instances that were generated with mode weightings within the range of ±3 SDs; 3) Generalization 170 
ability is the average approximation error of the model to an unseen dataset and is assessed by performing a Leave 171 
One Out analysis across all input datasets. Standard-Generalization is typically assessed by fitting the model to the 172 
unseen dataset for varying numbers of modes of variation. An additional use is Sample-Size-Generalization where 173 
models are generated with increasing numbers of input datasets to assess at what number of input datasets (i.e. sample 174 
size) the fitting error stabilizes, indicating more data will not improve the model quality. [See the Supplemental 175 
Materials for details of these metrics including their equations.]   176 

2.4. Characteristic Variation Captured by Principal Components of Statistical Models 177 
It is useful to describe the characteristic variation captured by the most important principal components (i.e. modes of 178 
variation representing the largest percentage of variance) for each model. The results present a systematic description 179 
of the characteristic variation for the 2nd to 7th modes of the SSM and SIM. Mode 1 is not shown in the results as it 180 
captures uniform changes in scale and homogeneous intensity changes that are intuitive in nature; however, for 181 
completeness these modes can be seen in the Supplemental Materials. The characteristic variation captured by Modes 182 
1, 2, and 3 of the SSIM are also described. 183 

2.5. SSM Anatomical Measurements 184 
Specific anatomical measurements have previously been shown to be important to shoulder surgical planning [37–185 
41]. Therefore, the SSM and SSIM were assessed in terms of their ability to generate anatomical measurements that 186 
are in agreement with the training datasets and published values. Given the nodal correspondence of any shape instance 187 
generated by a given SSM/SSIM, measurement of a desired anatomical variable can be automated across the range of 188 
variation by specifying the nodes that form that measurement (e.g. two points defining a distance). Sixteen anatomic 189 
parameters are calculated including 9 length and 7 angular measurements (Table 3). [Definitions of the measurements 190 
and illustrative images can be found in the Supplemental Materials]. The required points were extracted from the 39 191 
deformed source meshes in the training dataset and from the 10,000 shape instances generated for the SSM and SSIM 192 
as described for the Specificity evaluation, which generated mode weightings within ±3 SDs of the mean.  193 

A correlation analysis was undertaken to evaluate the characteristic shape effect of each mode of variation of the 194 
SSM and SSIM, and to assess the degree to which each mode of variation affects one or more bone characteristics 195 
simultaneously. Specifically, the weight of each of the modes of variation used to generate each of the 10,000 instances 196 
generated by each model were correlated to each of the 16 measurements taken for that instance.   197 

2.6. SSM-SIM Correlations 198 
The final goal of this study was to assess whether bone instances would be realistic when they are generated by 199 
independently varying the principal component weights of the developed SSM and SIM. If the variations in scapula 200 
shape and intensity are weakly correlated or if moderate correlations only exist for modes of variation that explain 201 
little variance, then bone instances generated by independently varying SSM and SIM parameters would have bone 202 
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shape and intensity characteristics that can be observed in the population. Therefore, a correlation analysis was 203 
undertaken similar to Burton et al. in which the developed SSM and SIM were fit to each of the 39 patient datasets, 204 
which resulted in 38 principal component weighting factors for each patient dataset for each of the SSM and SIM [27]. 205 
All permutations of the weighting factors for each of the first 30 principal components of the SSM and SIM (i.e. the 206 
30 describing the most variance) across all 39 patients were correlated against each other (i.e. resulting in 30 SSM 207 
mode weights correlated to 30 SIM mode weights = 900 correlations). It was then determined whether/which 208 
combinations of SSM and SIM principal components vary together and their significance based on the variance each 209 
mode explains.     210 

 211 

3. Results 212 
3.1. Geometric Fitting and Correspondence Evaluation 213 

Across all datasets in this study, geometric fitting RMS distance error was 0.25±0.04mm (mean±SD) while the 214 
Hausdorff error was 0.76±0.14mm. Across the 12 landmarks and 10 scapulae assessed, the correspondence error was 215 
2.5±1.0mm. The inter-observer reliability was ±0.3mm and the intra-observer reliability was ±0.06mm.   216 

3.2. Compactness, Specificity, and Generalization 217 
Regarding Compactness, the SSM was markedly more compact than the SIM or SSIM, capturing 90% of data variance 218 
in the first 7 modes whereas the SIM required 30 modes to capture 90% of variance, and the SSIM’s Compactness 219 
fell roughly halfway between the SSM and SIM across all numbers of modes as it was describing the variance 220 
contained in both, and required 26 modes to capture 90% of variance (Fig. 2). 221 
 222 

 223 
Fig. 2 – Compactness of SSM, SIM, SSIM. Compactness describes the cumulative variance explained by 1 to m modes 224 
of variation, where m≤N-1, where N is the number of training datasets (N=39 in this study). 225 
 226 
The SSM, SIM, and SSIM Specificity error increases as the number of modes used to generate the instances increases 227 
(Fig. 3 & Fig. 4). Comparing the SSM and SSIM, for instances generated with sufficient modes to capture 90% of 228 
variance (7 modes for the SSM and 26 modes for the SSIM) (Fig. 3), the median Shape Specificity error was 0.39mm 229 
lower for the SSM (3.40mm vs 3.79mm, respectively). Comparing the SIM and SSIM, the median Intensity Specificity 230 
error was on average 15.7 HU lower with the SIM than the SSIM across all number of modes. For models generated 231 



Paper #BIO-23-1014; Giles; 7 
 

with sufficient modes to capture 90% of variance (30 modes for the SIM and 26 modes for the SSIM), the Specificity 232 
was 184.3HU for the SIM and 200.8HU for the SSIM (Fig. 4). The SSIM Intensity Specificity exhibits minimal 233 
variance when using only Mode 1 indicating that this mode primarily describes shape variation, which agrees with 234 
Figure 8. However, except for when using only Mode 1, the SSIM exhibited greater variance in Intensity Specificity 235 
and more outliers with markedly higher error.    236 
 237 

 238 
Fig. 3 – Shape specificity of SSM & SSIM. Shape specificity indicates the amount of error between an artificially 239 
generated shape instance and the closest dataset used to create the statistical model, which varies with the number of 240 
modes of variation used to create the instance. Here specificity is calculated for instances generated using 1 to m 241 
modes, where m≤M90 where M90 is the number of modes capturing 90% of variance as determined by Compactness. 242 
M90 is 7 for the SSM and 26 for the SSIM. 243 
 244 
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 245 
Fig. 4 – Intensity Specificity of SIM and SSIM. Intensity specificity indicates the amount of error between an artificially 246 
generated bone material property instance and the closest dataset used to create the statistical model, which varies 247 
with the number of modes of variation used to create the instance. Here specificity is calculated for instances 248 
generated using 1 to m modes, where m≤M90 where M90 is the number of modes capturing 90% of variance as 249 
determined by Compactness. M90 is 30 for the SIM and 26 for the SSIM. 250 
 251 
It is generally accepted that when the Sample-Size-Generalization error changes by less than 1% after adding an 252 
additional training dataset, addition of more datasets will not add more meaningful description of bone variability, and 253 
thus is used to determine the required sample size. For the SSM, Sample-Size-Generalization error change dropped 254 
below 1% for models created with more than 23 datasets (Fig. 5a); further, the median Standard-Generalization error 255 
decreased with increasing modes used and dropped below 1mm when using more than four modes (Fig. 5a). Regarding 256 
SSIM Shape-Sample-Size-Generalization, error change dropped below 1% for models created with more than 31 257 
datasets (Fig. 5b), and the median Shape-Standard-Generalization error dropped from 4.1mm when using only Mode 258 
1 to 2.2mm when using the first 26 modes (Fig. 5b). For the SIM, Intensity-Sample-Size-Generalization error change 259 
dropped below 1% for models created with more than 17 of the 39 datasets (Fig. 5c). For the SIM, the median 260 
Standard-Generalization error dropped only moderately from 167.3HU when using only Mode 1 to 155.9HU when 261 
using the first 30 modes (Fig. 5c). For the SSIM, Intensity-Sample-Size-Generalization error change dropped below 262 
1% for models created with more than 14 of the 39 datasets (Fig. 5d). For the SSIM, the median Standard-263 
Generalization error dropped only moderately from 170.3HU when using only Mode 1 to 161.5HU when using the 264 
first 26 modes (Fig. 5d). It can also be seen that for both Shape and Intensity, the SSIM’s Standard Generalization 265 
exhibits outliers with much larger magnitude, especially when using only the first few modes to fit an unseen shape.  266 
 267 
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 268 

Fig. 5 – SSM, SIM, & SSIM Generalization. (a) SSM Generalization, (b) SSIM Shape Generalization, (c) SIM Generalization, (d) SSIM Intensity Generalization. Generalization is 269 
the error when a statistical model is fit to an input dataset not used to train the model. Standard-Generalization is calculated for instances generated using 1 to m modes of models 270 
created using N-1 datasets (N=39), where m≤M90 and M90 is the number of modes capturing 90% of variance as determined by Compactness. M90 is 7 for the SSM, 30 for the SIM, 271 
and 26 for the SSIM. Sample-Size-Generalization is calculated the same way, but the fitting is conducted using all available modes of variation of the model, which equals one less 272 
than the number of datasets used to make it, which ranges from 2 to N-1. 273 
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3.3. Characteristic Variation Captured by Principal Components of Statistical Models 
The characteristic variations captured by Modes 2-to-7 of the SSM and SIM are shown in Fig. 6 & Fig. 7, respectively, 
and by Modes 1-3 for the SSIM in Fig. 8. Mode 1 is not shown for the SSM or SIM as it captures homogeneous 
size/intensity changes, which are not important in interpreting the model. [Refer to the Supplemental Materials for 
detailed descriptions of the characteristic variations.]  
 

 
Fig. 6 – SSM Characteristic Shape Changes. The scapula in each pane represents the average shape with changes in 
shape shown by the colormap variation. The colormaps represent the magnitude of spatial variation when the 
weighting for the given mode of variation is set to 1.96 SDs. 
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Fig. 7 – SIM Characteristic Bone Property Changes. The colormaps represent the change in intensity when the 
weighting for the given mode of variation is set to 1.96 SDs. Given that change happens throughout the bone volume, 
to enable improved visualization, only points with increases or decreases in intensity in the top 20% of absolute 
change for each mode (i.e. each figure pane) are displayed. Furthermore, to improve readability of the colorbar, any 
point whose increase or decrease is in the top 10% across all modes (i.e. top 10% of all changes shown in entire 
figure) is shown as having maximal red or blue saturation, respectively (i.e. if the change is above a given HU 
threshold the color saturation remains constant). Note that the sign of the weightings of each mode of variation is 
arbitrary and thus a + or - SD does not inherently infer increases and decreases in intensity, respectively.  
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Fig. 8 – SSIM characteristic shape and intensity variations. These shape and intensity subplots were created using 
the same process as for the SSM and SIM in the previous two figures.  
 

3.4. Anatomical Measurements 
Table 3 shows the results for the 16 anatomical measurements. The average values of all measurements are comparable 
between the input datasets and the 10,000 generated instances for the SSM and the SSIM while the standard deviations 
of the measurements are consistently lower for the SSM and SSIM than for the input datasets.  

Regarding the correlation between mode of variation weights and anatomical measurements, it was found that 
there were strong correlations for the SSM and SSIM. Specifically, for the weights and measurements across the 
10,000 SSM instances generated, 1 measurement was very strongly correlated (r>0.9) to one mode of variation, 7 
measurements were strongly correlated (0.7<r≤0.9) to one mode of variation, and 8 measurements were moderately 
correlated (0.5<r≤0.7) to one mode of variation. For the weights and measurements across the 10,000 SSIM instances 
generated, there were no measurements that were very strongly correlated (r>0.9) to any mode of variation, 2 
measurements were strongly correlated to a mode of variation (0.7<r≤0.9), only 9 measurements were moderately 
correlated (0.5<r≤0.7) to a mode of variation, and the remainder were weakly correlated. Furthermore, for the SSM 
instances, each measurement was primarily correlated to a single mode of variation, but some had a correlation to 
another mode of secondary strength (e.g. Glenoid height was primarily correlated to Mode 1 (r=0.76) and secondarily 
correlated to Mode 2 (r=0.57)). Conversely, for the SSIM instances, with the exception of the first two measurements 
(e.g. scapular height and width) that were almost exclusively correlated to Mode 1, almost all measurements had 
noticeable correlations to multiple modes of variation (e.g. Glenoid width was correlated to Mode 1 to 3 with r values 
of 0.55, 0.51, 0.39, respectively).   
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Table 3. Scapular measurement results for 16 parameters. 

Parameter name Input 
Datasets 

SSM Generated 
(7 Modes)* 

SSIM Generated 
(26 Modes)* Unit 

Scapula Height 155.5 ± 14.2 155.3 ± 13.6 155.7 ± 14.0 mm 
Scapula Width 99.1 ± 8.6 99.0 ± 8.4 99.1 ± 8.4 mm 
Glenoid Height 38.2 ± 4.4 38.1 ± 3.8 38.2 ± 4.3 mm 
Glenoid Width 28.3 ± 3.9 28.1 ± 3.1 28.3 ± 3.7 mm 
Acromion Length 45.7 ± 4.8 45.6 ± 3.9 45.8 ± 4.4 mm 
Lateral Acromion to 
Glenoid Center Distance 23.6 ± 6.0 23.6 ± 5.2 23.6 ± 5.9 mm 

Coracoid Tip to Glenoid 
Center Distance 

13.3 ± 4.7 13.3 ± 3.3 13.4 ± 4.5 mm 

PI Acromion to Glenoid 
Center Distance 36.6 ± 4.7 36.6 ± 4.0 36.6 ± 4.5 mm 

SA Acromion to Glenoid 
Center Distance -1.2 ± 6.2 -1.2 ± 4.5 -1.2 ± 5.9 mm 

Fulcrum Axis 91.9 ± 4.4 91.9 ± 3.4 92.0 ± 4.1 degrees 
Inclination Angle 97.2 ± 4.6 97.3 ± 1.8 97.2 ± 4.2 degrees 
Version Angle 19.5 ± 7.2 19.5 ± 3.6 19.4 ± 6.5 degrees 
Acromial Tilt Angle 32.5 ± 3.7 32.4 ± 0.9 32.4 ± 3.5 degrees 
Critical Shoulder Angle 
(CSA) 

28.4 ± 5.8 28.4 ± 3.4 28.4 ± 5.3 degrees 

SI Glenoid-Acromion 
Angle 61.1 ± 5.0 60.9 ± 3.7 61.1 ± 4.8 degrees 

SI Glenoid-Acromion-
Coracoid Angle 94.9 ± 4.9 94.9 ± 2.8 94.9 ± 4.5 degrees 

*10K shapes generated using modes of variations with random weights ranging within ±3 SDs. 

 
3.5. SSM, SIM Correlations 

With respect to correlations between SSM and SIM modes, no correlation exceeded r=0.56 (i.e. a moderate 
correlation) (Fig. 9). This strongest correlation was between Shape Mode 30 and Intensity Mode 15, which 
respectively accounted for only 0.1% and 2.1% of variance. The correlation accounting for the most shape variance 
(Mode 1: 50.4%) had only a weak, r=0.36, relationship to intensity Mode 8, which only accounts for 3.0% of variance. 
Conversely, the correlation accounting for the most intensity variance (Mode 1: 14.9%) had a moderate, r=0.49, 
correlation to shape Mode 22, which only accounts for 0.2% of variance. Finally, there were 7 correlations with a 
weak to moderate correlation (0.4≤r≤0.5), but the shape and intensity variance their modes explained was always 
<2.5% and <2.2%, respectively, except for the one correlation described above.   
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Fig. 9 – Variance explained and strength of correlation. Correlations are particularly important if their correlation 
coefficient (r) was high, and they explained a large amount of variance in both modes. These three factors are 
visualized in this figure, where strong correlations of modes that explain a high percentage of shape and intensity 
variation would be represented as bright dots in the top right of the graph. Note that x and y axes are logarithmic. 
 
4. Discussion 

To lay the foundation for future shoulder surgical planning tools, this work created three types of models, assessed 
their comparative efficacy, and determined that use of an independent SSM and SIM to model patient morphological 
variation instead of a combined SSIM is permissible and would provide more accurate, efficient, and understandable 
results.  

4.1. SSM, SIM, and SSIM Validity 
SSM, SIM, and SSIM model validity was assessed using standard methods and demonstrated strong results. 
Specifically, the input shape data showed high quality with very little shape error (RMSE: 0.25mm) and low 
correspondence error of 2.5±1.0mm, which is comparable to a published method [42]. Regarding compactness, the 
SSM accounted for 90% of shape variance with 7 modes of variation, which is more compact than the 9 modes required 
by Soltanmohammadi et al.’s scapula SSM, which may relate to the patient cohort [28]. The SIM and SSIM 
respectively required 30 and 26 modes to capture 90% of variance, which is fewer modes than Soltanmohammadi et 
al.’s scapula SIM. This difference compared to Soltanmohammadi et al.’s work may be as a result of the patient cohort 
in this study being more homogenous than their general subject sampling and smaller cohort used in this study. 
Additionally, as seen in Figure 2, the compactness curve of the SSIM falls approximately halfway between the SSM 
and SIM indicating that the variance normalization method applied to the SSIM input data was effective at equalizing 
the importance of the shape and intensity datasets despite their differing unit magnitudes and number of data points 
per bone.  
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The SSM’s specificity is better than that of the SSIM’s Shape Specificity as the median error is ~0.4mm lower 
when using sufficient modes to capture 90% of variance (i.e. 7 for the SSM and 26 for the SSIM). Furthermore, the 
SSM produces somewhat smaller variance and outliers compared to the SSIM. From a practical standpoint, the SSM’s 
ability to achieve better error using significantly fewer modes is advantageous for potential surgical planning 
applications. Although, the SIM and SSIM produce approximately parallel trends in Specificity, the SSIM’s error is 
consistently ~16HU higher and more importantly demonstrates markedly great standard deviations, many more 
outliers, and outliers with greater magnitude. There is no published Specificity data for scapula models for comparison 
purposes.  

The SSM and SIM Sample Size Generalization error dropped below a 1% change for models created with 23 and 
17 inputs, respectively, indicating that the addition of more input data will not significantly improve the models’ 
ability to create realistic instances. For the SSIM, Intensity Sample Size Generalization error dropped below a 1% 
change when using 15 or more inputs; and for Shape when using 32 or more available inputs.  

With respect to Standard-Generalization ability, the SSM achieved a median error below 1mm when using 5 or 
more modes of variation whereas the SSIM’s Shape-Generalization median error demonstrated an expected marked 
decay as the number of modes increased, but still remained above 2mm when using 26 modes. Importantly, the 
difference was most pronounced when using 5 or fewer modes (e.g. differences >2mm), meaning that a sub-set of the 
SSIM’s 26 modes could not be used when needing to achieve low shape error, while the SSM could use as few as 5 
modes. The SIM and SSIM achieve similar Generalization error, with the SIM having a median value less than or 
equal to 157 HU when using 15 or more modes and the SSIM having a consistent 6HU higher error. However, the 
SSIM also exhibits outliers that are approximately 40-50HU higher than the SIM. It is important to note that although 
an error of 157 HU appears high, it is reasonable in the context of patients with osteoporotic and sclerotic bone, where 
intensity can range by up to 2000 HU [43,44]. This indicates that the SSIM is able to be accurately fit to unseen bones 
almost to the same level as the SIM, and in fact do so more compactly (using 26 vs 30 modes) but may be limited in 
that some cases may result in large outliers not seen with the SIM.  

Considering these standard metrics together indicates that the developed SSM and SIM are capable of compactly 
capturing the variation across the patient population and accurately fitting to unseen patient data (i.e. generalization 
error), both of which are important characteristics for these models to be useful as part of future surgical planning 
tools where the model is meant to efficiently describe characteristics of patient morphology. The standard metrics 
indicate that the SSIM is largely as effective as the SIM at fitting to unseen intensity data and produces acceptable 
shape fitting accuracy but is not as accurate or compact as the SSM and produces markedly higher outliers with respect 
to shape and intensity in some cases. As a result, using the SSM and SIM separately for surgical planning tools that 
are meant to fit to patient data is likely to produce better results. Furthermore, the SSM and SIM perform better (e.g. 
lower specificity error and/or smaller variance/outliers) than the SSIM at generating synthetic bone instances that 
replicate the patient population, which make the former two models preferrable for biomechanical and surgical 
planning applications where synthetic bones need to be created. The SSIM’s poorer performance can likely be 
attributed to the challenge in accurately capturing both the shape and intensity variance in one model. It may be 
possible to improve the efficacy of the SSIM in the future by devising an application/bone specific shape and intensity 
normalization methodology that balances the importance of the shape and intensity variance better than the method 
adopted in this study, which was derived from the work of Cootes and Taylor [35].    

4.2. Anatomical Measurements and Characteristic Variations  
Comparison of the measurements from the datasets used to construct the statistical models are in overall good 
agreement with previously published measurements [37]. Specifically, the glenoid height and width, and fulcrum axis 
are in close agreement to Jacobson et al., while the glenoid version angle is greater in this cohort as expected due to 
this cohort’s Watch-type glenoid erosion. The acromion length and posterior-inferior acromion to glenoid center 
distance are in good agreement to Jacobson et al. with differences of only 8-15%, which can be attributed to the likely 
differences in selection of the posterior-inferior acromion point which has low inter-rater reliability. Lateral acromion 
and lateral coracoid distance to the glenoid center differs to Jacobson et al., which is explained by the different 
definitions of the glenoid center. Specifically, here the glenoid center is identified as the center of the inferior glenoid 
circle while Jacobson et al. used the glenoid centroid, which is not as relevant in reverse shoulder arthroplasty. 
Comparing the measurements of the input data to those extracted from 10,000 instances generated by each of the SSM 
and SSIM, all measurements are in very close agreement. The only noticeable difference is that the SSM measurements 
have lower standard deviations, however, this is likely attributable to the fact that the variance for the measurements 
on the input shapes would be more strongly affected by any outliers given there are only 39 samples compared to the 
10,000 generated instances. 
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Consideration of the anatomical measurement to mode of variation weight correlation analysis clearly 
demonstrates that each mode of variation of the SSM is moderately to very strongly correlated to an anatomical 
measurement indicating that the model is very efficiently capturing meaningful anatomical features. Furthermore, the 
fact that each measurement has only one primary and one secondary mode that it is correlated to indicates that different 
morphological characteristics can be efficiently modeled by generating instances containing variations of only one or 
two modes. This is in agreement with the results of Burton et al., who performed a similar analysis on an SSM of a 
health scapula population and found that their model’s modes correlated strongly with anatomical measurements [27]. 
Conversely, with the SSIM, many modes of variation are moderately correlated to the anatomical measurements 
indicating that the model is not efficiently capturing anatomical features. As well, when generating shape instances, it 
would be necessary to vary many SSIM modes to mimic the variability of a given morphological feature, but this 
would also change multiple other features, which is not ideal for multiple research and planning applications. The 
interactions between SSIM modes does allow for capturing variations that do not directly correspond to a single mode, 
as the partial effects of a mode may be canceled by varying another mode, but this also makes the SSIM less intuitive 
and more difficult to use in applications where the intent is to generate bone instance with specific characteristics. 

With regard to the characteristic changes observed in the SSM, SIM, and SSIM, modes of variation of these models 
each capture important morphological changes with some commonalities between the SSM and SSIM with respect to 
shape. Specifically, SSM Mode 3 and SSIM Mode 3 both capture the expected posterior glenoid erosion characteristic 
of this patient population. Conversely, the modes of variation of the SIM and SSIM appear to describe the populations 
intensity variation patterns differently as similarities cannot be identified between them. This can likely be attributed 
to the fact that the SIM is able to describe intensity variation as efficiently as possible, while the SSIM’s modes are a 
balance between describing shape and intensity variation.  

Therefore, although the SSIM when used in its entirety can generate shapes with realistic anatomical 
measurements, considering the measurement to model weight correlation analysis and the characteristic shape and 
intensity model variations, it is clear that the SSIM does not efficiently capture and isolate variation of key anatomical 
shape and intensity features and thus would be more challenging to use for research and planning applications where 
understanding the model’s mode of variation characteristics is critical.   
 

4.3. SSM-SIM Correlation          
Given the SSM and SIM’s superior performance compared to the SSIM with respect to specificity, generalization 
ability, and ease of distinguishing the effects of each of their modes of variation, it would be preferable to use these 
two models in research and surgical planning applications where synthetic bone instances must be generated. 
However, independent specification of weightings for the modes of variation in these two models will only yield bone 
instances with realistic shapes and bone property distributions if the modes of each model are uncorrelated and thus 
any combination of SSM and SIM weightings chosen by a user would yield a plausible bone. Therefore, consideration 
of the correlation analysis results is critical to assessing whether the SSM and SIM can be used in conjunction for such 
applications or if the SSIM must be used despite its poorer performance. Considering the correlation results, it is clear 
that none of the modes of variation of the SSM and SIM are strongly correlated. Furthermore, only a few correlations 
reached a moderate level (0.4≤r≤0.56) and these were between SSM and SIM modes accounting for little variance. 
This finding is in agreement with past work by Burton et al. who performed a similar analysis of SSM-SIM correlation 
for a healthy scapula population [27]. This lack of correlation is despite characteristic shape and bone property changes 
associated with the glenoid erosion present in this cohort. Therefore, in research and surgical planning applications 
where bone instances must be generated, independent specification of SSM and SIM mode of variation weightings 
(i.e. without considering correlations) are unlikely to produce implausible shape and bone property characteristic 
combinations. Indeed, the level of error that may be introduced by random weight specification is unlikely to be any 
more significant than noise-related errors introduced in traditional methods based on patient CT scans. However, for 
any future work that creates new SSMs and SIMs a similar correlation and variance analysis must be undertaken to 
confirm this result holds.             

4.4. Limitations & Strengths 
This study has a number of limitations. First, the models were generated using 39 patient datasets due to the difficulty 
of acquiring datasets with the specific type of glenoid erosion. This is fewer than in previous studies that used healthy 
subjects; however, the sample size generalization results presented indicate that 39 patient datasets are sufficient, such 
that addition of further data does not significantly improve the model’s ability to accurately describe unseen bone 
datasets. Second, the available datasets did not provide information about the patient race, which may limit the general 
applicability of the model; therefore, future research should seek to build a similar model that can ensure equal 
representation of all racial groups. Third, sex-specific models were not created; however, this was deemed unnecessary 
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because the SSM and SIMs had nearly equal male and female representation and their specificity and generalization 
metrics were deemed sufficiently accurate without making sex-specific models.     

This work benefits from a number of strengths. First, this is the first set of scapula statistical models that was 
constructed using clinical patient datasets (i.e. of B2/B3 glenoid erosion), which is required for future research and 
surgical planning tool development where understanding the unique characteristics of patients is essential. Second, 
these models are based on approximately equal male and female cohorts (19 vs 20), which ensures that the models are 
not biased to one sex. Third, this is the first study to compare the efficacy of SSM and SIM models to an SSIM, which 
is an essential step in laying the foundation for the use of these models in future surgical planning tools.      

4.5. Conclusions 
This study successfully developed and validated an SSM, SIM, and SSIM for a patient population having Walch-type 
glenoid erosions, who have poor outcomes and who could benefit from improved understanding of their characteristics 
and through future development of statistical model-derived surgical planning tools. The work demonstrated that the 
SSM and SIM outperform the SSIM at describing bone shape and material property variation, and that SSM and SIM 
generated synthetic bone instances will produce realistic results because their respective modes of variation are not 
correlated. Therefore, the developed SSM and SIM can be used in conjunction for future surgical planning tools that 
are based on the concept of generating and analysing synthetic bone instances or fitting models to patient’s bone. 
Additionally, if a specific surgical planning application or patient cohort (e.g. one with strong shape-to-intensity 
correlations) necessitates the use of an SSIM, further work should first be undertaken to devise improved shape and 
intensity weighting strategies that decrease error and outliers.    
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Figure Captions 

Fig. 1 – Registration Process. Illustration of registration process on a target subject model using optimized NR-ICP 
method. 

Fig. 2 – Compactness of SSM, SIM, SSIM. Compactness describes the cumulative variance explained by 1 to m 
modes of variation, where m≤N-1, where N is the number of training datasets (N=39 in this study). 

Fig. 3 – Shape Specificity of SSM & SSIM. Shape specificity indicates the amount of error between an artificially 
generated shape instance and the closest dataset used to create the statistical model, which varies with the number of 
modes of variation used to create the instance. Here specificity is calculated for instances generated using 1 to m 
modes, where m≤M90 where M90 is the number of modes capturing 90% of variance as determined by Compactness. 
M90 is 7 for the SSM and 26 for the SSIM. 

Fig. 4 – Intensity Specificity of SIM and SSIM. Intensity specificity indicates the amount of error between an 
artificially generated bone material property instance and the closest dataset used to create the statistical model, 
which varies with the number of modes of variation used to create the instance. Here specificity is calculated for 
instances generated using 1 to m modes, where m≤M90 where M90 is the number of modes capturing 90% of variance 
as determined by Compactness. M90 is 30 for the SIM and 26 for the SSIM. 

Fig. 5 – SSM, SIM, & SSIM Generalization. (a) SSM Generalization, (b) SSIM Shape Generalization, (c) SIM 
Generalization, (d) SSIM Intensity Generalization. Generalization is the error when a statistical model is fit to an 
input dataset not used to train the model. Standard-Generalization is calculated for instances generated using 1 to 
m modes of models created using N-1 datasets (N=39), where m≤M90 and M90 is the number of modes capturing 
90% of variance as determined by Compactness. M90 is 7 for the SSM, 30 for the SIM, and 26 for the SSIM. 
Sample-Size-Generalization is calculated the same way, but the fitting is conducted using all available modes of 
variation of the model, which equals one less than the number of datasets used to make it, which ranges from 2 to N-
1.   

Fig. 6 – SSM Characteristic Shape Changes. The scapula in each pane represents the average shape with changes 
in shape shown by the colormap variation. The colormaps represent the magnitude of spatial variation when the 
weighting for the given mode of variation is set to 1.96 SDs. 

Fig. 7 – SIM Characteristic Bone Property Changes. The colormaps represent the change in intensity when the 
weighting for the given mode of variation is set to 1.96 SDs. Given that change happens throughout the bone volume, 
to enable improved visualization, only points with increases or decreases in intensity in the top 20% of absolute 
change for each mode (i.e. each figure pane) are displayed. Furthermore, to improve readability of the colorbar, any 
point whose increase or decrease is in the top 10% across all modes (i.e. top 10% of all changes shown in entire 
figure) is shown as having maximal red or blue saturation, respectively (i.e. if the change is above a given HU 
threshold the color saturation remains constant). Note that the sign of the weightings of each mode of variation is 
arbitrary and thus a + or - SD does not inherently infer increases and decreases in intensity, respectively.  

Fig. 8 – SSIM characteristic shape and intensity variations. These shape and intensity subplots were created using 
the same process as for the SSM and SIM in the previous two figures.  

Fig. 9 – Variance explained and strength of correlation. Correlations are particularly important if their correlation 
coefficient (r) was high, and they explained a large amount of variance in both modes. These three factors are 
visualized in this figure, where strong correlations of modes that explain a high percentage of shape and intensity 
variation would be represented as bright dots in the top right of the graph. Note that x and y axes are logarithmic. 
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Table Captions 

Table 1. Scan parameters used for imaging by GE Lightspeed CT scanner. 

Table 2. The demographic data of all scapulae in the training set. 

Table 3. Scapular measurement results for 16 parameters. 
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Supplemental Materials 
 
Additional Methods Details 
 
Generating Models & Establishing Correspondence 
To create an accurate scapula SSM, SIM, and SSIM, all of the patient bone geometries must be described using the 
same point architecture (e.g. same number and enumeration) with matching enumerated points located on 
corresponding anatomical sites across all bone meshes. Surface meshes with correspondence are generated first for 
each bone and used to create an SSM, while volumetric meshes with correspondence are subsequently generated based 
on the created surfaces meshes and used to create an SIM and SSIM as described below. Mimics (Materialise NV) 
was used to segment all scans and generate a 3D scapula surface mesh for each. Subsequently, 3-matic (Materialise 
NV) was used to mirror right scapulae to appear as left and to uniformly remesh the models to have an average edge 
length of 0.6 mm resulting in an average of 106k nodes per model. From the 39 models, one was chosen as the ‘source’ 
model when establishing correspondence between all models. This source model was chosen by finding the model 
that was closest to the median shape of the 39 models.  

To create the corresponding surface meshes, three registration steps were undertaken (Figure 1): 1) rigid registration 
to achieve initial alignment between the source and target models (N.B. ‘target’ refers to the patient model for which 
the source is trying to be registered), 2) uniform scaling of the source model to match the size of the target model, and 
3) mesh morphing to deform the source model to match the exact geometry of the target while maintaining the original 
anatomical meaning each vertex (i.e. maintaining correspondence). The first two steps were achieved using well 
established algorithms based on Besl et al.’s iterative closest point method [33], while for the third step, the authors 
optimized Amberg et al.’s correspondence preserving non-rigid iterative closest point (NR-ICP) registration algorithm 
for use with scapula geometries [34,45]. In this approach, affine transformations are iteratively assigned to each vertex 
of the source model to progressively deform its geometry to match the target. This is achieved by using a regularisation 
that initially has high stiffness to maintain correspondence but is iteratively relaxed to allow progressively more 
localized deformation. Further details can be found in the dissertation of Sharif-Ahdmadian [32].   

To construct a meaningful SSM it is critical to achieve high quality fitting of the deformed source mesh to the shape 
of each target mesh’s geometry. This was assessed by measuring the Root Mean Squared (RMS) distance error and 
the Hausdorff distance error between the target and deformed source meshes. RMS distance error measures the 
distance from each point of deformed source surface to the closest point on the target surface. Hausdorff distance 
measures the greatest of all the distances from a point in one deformed source surface to the closest point in its target 
surface, which gives a measure of the worst fit node in the model.  

To produce a meaningful SSM, it is also critical to achieve high quality nodal correspondence where the same 
enumerated point is accurately located on the same anatomical location across all surface meshes after the NR-ICP 
algorithm converges. Therefore, the resulting correspondence error was evaluated by comparing the positions of 
ground truth points and the corresponding point locations produced by the algorithm. This was achieved by manually 
selecting anatomical landmarks on the source surface mesh and recording their enumeration, as well as identifying the 
same anatomical landmarks on a set of target meshes and recording their spatial coordinates. After non-rigid 
registration, the coordinates of the previously recorded source nodes were captured based on their unchanged 
enumerated index values. The Euclidean distance between the landmarks manually identified on the target meshes 
and those algorithmically determined from the deformed meshes were then calculated for each model in our evaluation 
set. Specifically, the error for 12 anatomical landmarks were evaluated: four points on the glenoid fossa (superior, 
inferior, anterior and posterior side of the glenoid), three on the acromion process, two on the coracoid process, one 
at the medial termination of the scapular spine, one on superior angle, and one at the inferior angle. It is important to 
understand the level of variability in the manual selection process to place the registration error results in context. 
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Therefore, an inter- and intra-observer reliability analysis was performed on a set of 10 scapulae with the 12 anatomical 
landmarks selected by two independent observers and each observer repeated the landmark selection process two 
times per set. 

 

Figure 1. Illustration of registration process on a target sample model using optimized NR-ICP method. 

With the corresponding surface meshes created for each of the 39 patient scans, volumetric meshes with both 
surface and internal correspondence can be generated. To create volumetric meshes with correspondence, a ‘source’ 
volumetric mesh is required. This is created in 3-matics (Materialise NV) by using the vertices of the source surface 
mesh as seed points to generate a uniform volumetric mesh with average edge length of 0.6mm, which resulted in 
~1.1 million elements. Use of the source surface mesh ensures the surface nodes of the volumetric model has the 
same enumeration as the source surface mesh, which allows later integration of SSM and SIM results, and greatly 
simplifies the volumetric mesh morphing process required to deform the volumetric source to each target scapula. 
As a result of this common enumeration of the vertices on the surface of the volumetric source, creating 
corresponding volumetric meshes for each of the 39 patients is easily achieved. This was done using the method 
described by Soltanmohammadi et  al.[30]: 1) calculating the deformation of each vertex in the mesh from their 
original coordinates in the source surface mesh to their coordinates in the deformed source surface mesh for a given 
patient, 2) generating a finite element simulation in Abaqus (Dassault Systems) with the source volume mesh as the 
model and the calculated surface vertex deformations as displacement boundary conditions, and 3) solving the 
system to yield the deformed volumetric mesh for that patient. 

Once the 39 volumetric meshes with correspondence were established, using 3-matics and Mimics software 
(Materialise NV), they were each aligned with their respective patient CT scan and the Mimics material assignment 
feature was used to assign a Hounsfield Unit value to each volumetric element. Prior to material property 
assignment, two steps were taken to improve the accuracy of the assigned Housfield Unit value: 1) a partial volume 
correction algorithm derived from Pakdel et al. was applied to each patient scan to mitigate the effects of the cortical 
shell Hounsfield Unit values being reduced due to their inclusion of both cortical bone and soft tissues, 2) the scans 
were internally calibrated using the method of Michalski et al. to ensure the accuracy of the Hounsfield Unit values 
as clinical scans are not routinely acquired with a calibration phantom within the field of view[46,47]. With these 
properties assigned, the surface and volumetric meshes are ready for use in making statistical shape and intensity 
models.      
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Calculating & Evaluating Statistical Models 
SSM generation was undertaken by first calculating the covariance matrix of an array with rows composed of the x, 
y, and z coordinates of each node of a mesh and each of N columns representing a given patient’s geometry, where N 
= 39 patients. To yield a tractable problem, covariance was computed to yield an N x N matrix. Principal Component 
Analysis (PCA) was then applied to the covariance matrix yielding N-1 mutually independent modes of variation (i.e. 
eigenvectors or principal components) ordered from most to least variance explained (i.e. descending eigenvalue). 
The SIM was created using the same process but with its data values representing the HU values of each volumetric 
element with no reference to variation in spatial coordinates (i.e. each row was an HU value for a given volumetric 
element and each column represented a given subject’s intensity data). Finally, the SSIM was created by combining 
the spatial coordinates for all points that make up the nodes of the volumetric mesh along with the intensity data for 
each volumetric element such that the first P*3 rows represent the x, y, and z coordinates of the P volume nodes, and 
the remainder of the rows contain the volumetric element intensity. To account for differences in the unit magnitudes 
and number of data points for the shape and intensity data, a scaling factor method was adapted from the work of 
Cootes et al. (2004). The scaling factor is the square root of the ratio of the total intensity variance to the total shape 
variance and was applied to all of the shape data to equalize the variance. The scaling adapted from Cootes is calculated 
as follows: 1) create the input data matrix, S, with dimensions (3P+I x 39) where P is the number of shape points, I is 
the number of intensity data elements, and 39 is the number of subjects; 2) calculate the average scapula S_avg with 
dimensions (3P+I x 1) and subtract this from each column of S to give a matrix, D, which is the variability of each 
scapula from the mean; 3) calculate the variance of each row of the matrix D to give a vector, V, with dimensions 
(3P+I x 1); 4) calculate the total shape variance by summing rows 1:3P and the total intensity variance by summing 
rows (3P+1):(3P+I); 5) calculate the scaling factor r^2 = total intensity variance/total shape variance; 6) multiply all 
shape data [D(1:3P,1:39)] by r, while leaving all intensity data [D((3P+1):(3P+I)),1:39)] unchanged. The data is now 
scaled in an analogous manner to the method proposed by Cootes and Taylor and the matrix, D, can be used for 
computation of the covariance matrix. The same covariance and PCA calculations were then conducted as with the 
SSM and SIM. 

Each of the statistical models (i.e. the SSM, SIM, and SSIM) were evaluated using three widely accepted metrics to 
assess their efficacy[36]: 
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1. 0BCompactness: The compactness is defined as the cumulative variance of the Mth mode used in 
the object reconstruction (e.g. shape for an SSM).  

𝐶𝐶(𝑀𝑀) =
∑ 𝜆𝜆𝑚𝑚𝑀𝑀
𝑖𝑖=1
∑ 𝜆𝜆

 

Where 𝜆𝜆𝑚𝑚 is the eigenvalue of the mth component of the PCA. 

2. 1BSpecificity: Specificity measures a model’s ability to generate instances of the object class that 
are similar to those in the training set. It is measured by generating a large set of object instances 
using the constructed model. The approximation error is defined as the difference between the 
generated object instance and its most similar sample in the training data. The specificity is the 
average approximation error of all the generated object instances. 

𝑆𝑆(𝑀𝑀) =
1
𝑁𝑁
� ∥ 𝑆𝑆𝑖𝑖(𝑀𝑀) − 𝑆́𝑆𝑖𝑖 ∥2

𝑁𝑁

𝑖𝑖=1

 

Where 𝑆𝑆𝑖𝑖(𝑀𝑀) are object instances randomly generated using M principal modes and 𝑆́𝑆𝑖𝑖 is the deformed source 
model (N.B. there it has point correspondence with the generated instance) from the training dataset that is 
nearest in characteristics (i.e. shape or intensity)  to 𝑆𝑆𝑖𝑖(𝑀𝑀). 𝑆𝑆𝑖𝑖(𝑀𝑀) is given by: 

𝑆𝑆(𝑀𝑀) = 𝑆𝑆̅ + � 𝑃𝑃𝑚𝑚𝑏𝑏𝑚𝑚

𝑀𝑀

𝑚𝑚=1

 

Where 𝑆𝑆̅  is the mean shape, m is the mth principal component, M is the total number of components used to 
generate the object instance, 𝑃𝑃𝑚𝑚 is the eigenvector from the PCA and 𝑏𝑏𝑚𝑚 is a principal component weighting 
factor such that: 

𝑏𝑏𝑚𝑚𝜖𝜖[−3�𝜆𝜆𝑚𝑚, 3�𝜆𝜆𝑚𝑚] 
Where 𝜆𝜆𝑚𝑚 is the eigenvalue of the mth component of the PCA and its square root equals the standard deviation 
in the population. Calculation of average Specificity was conducted by generating 10,000 instances with 
randomly generated weighting factors for M = 1 to Mmax principal components, where Mmax is chosen based on 
the Compactness of the model such that it includes the number of modes need to capture 90% of the variance. 

3. 2BGeneralization ability: Generalization measures a model’s ability to represent unseen instances 
of the class of object. Two forms of Generalization assessment as possible and each provide 
useful information. First, Generalization can be assessed for an increasing number of principal 
components (i.e. modes of variation) to assess the influence that number has on the ability to 
accurately generate unseen objects. Second, 
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3BGeneralization can also be used to assess the number of samples that are needed to produce a model for which 
adding more samples would not improve the quality of generalization; this can be termed “Sample Size 
Generalization”. For the former, the Generalization ability of each model is measured from the training set 
using leave-one-out (LOO) cross validation. A model is built using all but one member of the training set (i.e. 
N-1) and the resulting model is fit to the excluded sample using increasing principal components from 1 to N-
2. The accuracy to which the model can describe the unseen sample is measured and the process is repeated 
until all samples are tested. The approximation error (i.e. Generalization ability) is given by: 

𝐺𝐺(𝑀𝑀) =
1
𝑁𝑁
� ∥ 𝑆𝑆𝑖𝑖 − 𝑆́𝑆𝑖𝑖(𝑀𝑀) ∥2

𝑁𝑁

𝑖𝑖=1

 

Where 𝐺𝐺(𝑀𝑀) is the Generalization when the excluded sample is fit using M principal components, 𝑆𝑆𝑖𝑖 is the 
excluding model, N is the number of LOO repetitions (NB: this equals the total training dataset size), and 
 𝑆́𝑆𝑖𝑖(𝑀𝑀) is the fitted object defined by: 

𝑆́𝑆(𝑀𝑀) = 𝑆𝑆̅ + � 𝑃𝑃𝑚𝑚𝑏𝑏𝑚𝑚

𝑀𝑀

𝑚𝑚=1

 

Where the variables on the right have the same meaning as for Specificity. 
 
For the latter, Sample Size Generalization is assessed by excluding one sample and generating models using an 
increasing number of randomly selected samples drawn from the remaining training set from 2 to (N-1), and, 
for each model, fitting it to the excluded sample and calculating the approximation error. This is repeated with 
each sample being excluded and then the approximation error is averaged across all excluded samples for each 
model made with a given number of samples. The approximation error (i.e. Sample Size Generalization ability) 
is given by: 

𝐺𝐺(𝑛𝑛) =
1
𝑁𝑁
� ∥ 𝑆𝑆𝑖𝑖 − 𝑆́𝑆𝑖𝑖(𝑀𝑀) ∥2

𝑁𝑁

𝑖𝑖=1

 

Where 𝐺𝐺(𝑛𝑛) is the Sample Size Generalization for models made using n randomly selected samples and fit to 
the excluded sample using all available principal components (n-1). 𝑆𝑆𝑖𝑖 is the excluding sample, N is the number 
of LOO repetitions (NB: this equals the total training dataset size), and  𝑆́𝑆𝑖𝑖(𝑀𝑀) is the fitted object defined by: 

𝑆́𝑆(𝑀𝑀) = 𝑆𝑆̅ + � 𝑃𝑃𝑚𝑚𝑏𝑏𝑚𝑚

𝑀𝑀

𝑚𝑚=1

 

Where M = n-1 and all other variables on the right have the same meeting as for Specificity. 
 

 

Anatomical Measurements 
Although the above described Specificity and Generalization metrics are effective at assessing the quality of SSMs in 
replicating overall shape characteristics, specific anatomical measurements have previously been shown to be 
important to shoulder surgical planning [37–41]. Therefore, the SSM was also assessed in terms of its ability to 
generate shape instances with specific anatomical measurements that are in agreement with the training dataset used 
and with previously published values. 

Given the nodal correspondence of any shape instance generated by a given SSM, measurement of a desired 
anatomical variable can be automated across the range of variation by simply defining the node enumerations that 
yield a desired anatomical measurement and applying that to a set of generated instances. The reliability of this 
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automated measurement method is dependent on the correspondence quality of the data used to create the SSM, the 
evaluation of which was described above and results of which are presented in the Results section. 

To calculate the desired set of anatomical measurements, fourteen points needed to be identified on the source mesh. 
Once identified, these points are extracted from the deformed source meshes of the 39 samples used to create the SSM, 
and from two sets of 10,000 shape instances each generated as described for the Specificity evaluation: 1) the first set 
using the SSM, 2) the second set using the SSIM. Sixteen anatomic parameters are calculated in different anatomical 
regions of the scapula including 9 length-related and 7 angle-related measurements which are presented in Table 3.  

Prior to undertaking anatomical measurements, the scapular geometries were transformed to an anatomical coordinates 
system as some measurements are defined with respect to anatomical axes. The points used to define the coordinate 
system are given in Table 1 and the result is shown in Figure 2. The 14 scapular points used to calculate each of the 
measurements are defined in Table 2 and shown in Figure 3. The definitions of the 16 measurements and their 
equations are given in Table 3 & 4 and shown in Figure 4, 5, 6, & 7. 

Table 1. Description of three characteristic points of scapula. 

Point Point Name Point Description 

A Glenoid center The center of the best-fitting inferior circle on the glenoid cavity while 
facing the glenoid from lateral to medial. 

B Trigonum spinae 
The point on the most medial part of scapular spine located at the 
intersection of the scapular spine and medial border of the scapular 
body while facing directly from anterior to posterior. 

C Angulus inferior The most inferior point on the scapula body while facing directly from 
posterior to anterior. 

 

 

Figure 2. Schematic view of coronal and transverse planes along with three characteristic points and corresponding 

coordinate system for a left shoulder. 
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Table 2. Description of 14 anatomical points for measurement purposes. 

Point 
Number Anatomical Point Name Point Description 

P1 Superior border point The most superior point on the scapula body while facing directly from 
posterior to anterior. 

P2 Inferior border point The most inferior point on the scapula body while facing directly from 
posterior to anterior. 

P3 Glenoid center point The center of the best-fitting inferior circle on the glenoid cavity while 
facing the glenoid from lateral to medial [119]. 

P4 Trigonum spinae point. 
The point on the most medial part of scapular spine located at the 
intersection of the scapular spine and medial border of the scapular 
body while facing directly from anterior to posterior. 

P5 Superior glenoid point Position on superior glenoid rim where long head of biceps inserts 
while facing the glenoid from lateral to medial.  

P6 Inferior glenoid point Position most inferior on glenoid rim while facing the glenoid from 
lateral to medial. 

P7 Posterior glenoid point Position on posterior glenoid rim at most extreme point of lower width 
of glenoid while facing the glenoid from lateral to medial. 

P8 Anterior glenoid point Position on anterior glenoid rim at most extreme point of lower width 
of glenoid while facing the glenoid from lateral to medial. 

P9 Acromion tip point_1 The most anterior point at the end of acromion process while facing the 
scapula from the lateral to medial. 

P10 Acromion process point _1 The most inferio-posterior point of the acromion process while facing 
the scapula from the lateral to medial. 

P11 Acromion tip point_2 The most lateral point at the end of acromion process while facing the 
scapula from posterior to anterior. 

P12 Coracoid tip point_1 The most lateral point at the end of coracoid process while facing the 
scapula from anterior to posterior. 

P13 Acromion process point_2 The most posterior-lateral point of the acromion process while facing 
the scapula from superior to inferior. 

P14 Coracoid tip point_2 The most anterior point at the end of coracoid process while facing the 
scapula from both superior to inferior and lateral to medial. 
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                   (a)       (b)     (c) 
Figure 3. Location of 14 points selected on a left scapula for the anatomical measurements is illustrated in three 

different views. (a): Anterior view, (b): Lateral view and (c): Superior view. 

 

Table 3. List of length-related parameters for the anatomic measurements. 

Parameter 
Number 

Parameter Name Parameter Description Measurement 
Formula 

1 Scapula Height Distance between the most superior and inferior 
aspects of the scapula body. |𝑃𝑃�1 − 𝑃𝑃�2| 

2 Scapula Width 
Distance between the center of the glenoid and medial 
end of the spine where it intersects the medial 
scapular border. 

|𝑃𝑃�3 − 𝑃𝑃�4| 

3 Glenoid Height Height of the glenoid cavity along the superior-
inferior (SI) direction or Y axis. |𝑌𝑌𝑃𝑃5 − 𝑌𝑌𝑃𝑃6| 

4 Glenoid Width 
Distance between the most anterior and posterior 
points of the glenoid cavity and which is 
perpendicular to the SI axis. 

|𝑃𝑃�7 − 𝑃𝑃�8| 

5 Acromion Length Length of the acromion process from the anterior apex 
to the most posterior point.  |𝑃𝑃�9 − 𝑃𝑃�10| 

6 
Lateral Acromion to 
Glenoid Center 
Distance 

Distance between the most lateral point of the 
acromion and the center of the glenoid cavity along 
the medial-lateral direction or Z axis. 

𝑍𝑍𝑃𝑃11 − 𝑍𝑍𝑃𝑃3 

7 
Coracoid Tip to 
Glenoid Center 
Distance 

Distance between the most lateral point of the 
coracoid process to the center of the glenoid cavity 
along the medial-lateral direction or Z axis. 

𝑍𝑍𝑃𝑃12 − 𝑍𝑍𝑃𝑃3 

8 
Posterior Inferior (PI) 
Acromion to Glenoid 
Center Distance 

Distance between the most posterior point of the 
acromion process to the center of the glenoid cavity 
along the anterior-posterior (AP) direction or X axis. 

𝑋𝑋𝑃𝑃10 − 𝑋𝑋𝑃𝑃3 

9 
Superior Anterior 
(SA) Acromion to 
Glenoid Center 
Distance 

Distance between the most anterior point of the 
acromial tip to the center of the glenoid cavity along 
the anterior-posterior (AP) direction or X axis. 
Positive indicates acromial tip is anterior to glenoid 
center. 

𝑋𝑋𝑃𝑃9 − 𝑋𝑋𝑃𝑃3 
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Figure 4. Illustration of anterior view of a left shoulder showing measurement parameter 1, 2, 6 and 7. 

 

  

Figure 5. Illustration of lateral view of a left shoulder for measurement parameter 3, 4 and 5 in the left circle and 

measurement parameter 8 and 9 in the right circle.  
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Table 4. List of angle-related parameters for the anatomic measurements. 

Parameter 
Number 

Parameter 
Name Parameter Description Measurement Formula 

10 Fulcrum 
Axis 

Angle between the line connecting the most 
anterior point of the coracoid to the most 
posterior-lateral point of acromion and the medial 
lateral direction or Z axis. 

cos−1
(𝑃𝑃�13 − 𝑃𝑃�14). 𝑍̅𝑍

|𝑃𝑃�13 − 𝑃𝑃�14|  

11 Inclination 
Angle 

Angle between the superior-inferior (SI) glenoid 
axis and the medial-lateral direction or Z axis. cos−1

(𝑃𝑃�5 − 𝑃𝑃�6). 𝑍̅𝑍
|𝑃𝑃�5 − 𝑃𝑃�6|  

12 Version 
Angle 

Angle between the anterior-posterior (AP) 
glenoid axis and the medial-lateral direction or Z 
axis minus 90 degrees. 0 degrees indicates neutral 
version. 

cos−1
(𝑃𝑃�7 − 𝑃𝑃�8). 𝑍̅𝑍

|𝑃𝑃�7 − 𝑃𝑃�8|  

13 Acromial 
Tilt Angle 

Projected angle on the sagittal plane (X-Y plane) 
between the acromion process and the line 
connecting the most posterior point of the 
acromion to the most anterior point of the 
coracoid process. 

cos−1
(𝑃𝑃�9 − 𝑃𝑃�10). (𝑃𝑃�14 − 𝑃𝑃�10)
|𝑃𝑃�9 − 𝑃𝑃�10||𝑃𝑃�14 − 𝑃𝑃�10|  

𝑍𝑍𝑃𝑃�9  ,𝑃𝑃�10  ,𝑃𝑃�14 = 0 

14 
Critical 
Shoulder 
Angle 
(CSA) 

Angle between the SI glenoid axis and the 
connecting line the most lateral point of the 
acromion to the most inferior point of the glenoid 
cavity. 

cos−1
(𝑃𝑃�5 − 𝑃𝑃�6). (𝑃𝑃�11 − 𝑃𝑃�6)
|𝑃𝑃�5 − 𝑃𝑃�6||𝑃𝑃�11 − 𝑃𝑃�6|  

15 
SI Glenoid-
Acromion 
Angle 

Projected angle on the sagittal plane (X-Y plane) 
between the acromion process and superior-
inferior (SI) glenoid axis. 

cos−1
(𝑃𝑃�5 − 𝑃𝑃�6). (𝑃𝑃�9 − 𝑃𝑃�10)
|𝑃𝑃�5 − 𝑃𝑃�6||𝑃𝑃�9 − 𝑃𝑃�10|  

𝑍𝑍𝑃𝑃�5  ,𝑃𝑃�6  ,𝑃𝑃�9  ,𝑃𝑃�10 = 0 

16 
SI Glenoid-
Acromion-
Coracoid 
Angle 

Projected angle on the sagittal plane (X-Y plane) 
between the superior-inferior (SI) glenoid axis 
and the line connecting the most posterior point 
of acromion to the most anterior point of the 
coracoid. 

cos−1
(𝑃𝑃�6 − 𝑃𝑃�5). (𝑃𝑃�14 − 𝑃𝑃�10)
|𝑃𝑃�6 − 𝑃𝑃�5||𝑃𝑃�14 − 𝑃𝑃�10|  

𝑍𝑍𝑃𝑃�5  ,𝑃𝑃�6  ,𝑃𝑃�10 ,𝑃𝑃�14 = 0 

  

Figure 6. Illustration of superior view of a left shoulder for measurement parameter 10 and 12 in the left circle and 

lateral view for measurement parameter 13, 15 and 16 in the right circle. 
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Figure 7. Illustration of anterior view of a left shoulder for Inclination angle (measurement parameter 11) in the left 

circle and Critical Shoulder Angle (measurement parameter 14) in the right circle. 

Furthermore, to evaluate the characteristic effect of each mode of variation of the SSM and SSIM on shape, and to 
help assess the degree to which each mode of variation effects one or more bone characteristics simultaneously, the 
weight of each of the modes of variation used to generate each of the 10,000 instances generated by each model were 
correlated to each of the 16 measurements taken for that instance (i.e. for the SSM, each of the 7 mode weights were 
correlated to each of the 16 measurements for all 10,000 generated instances).   

Supplemental Results 
 
Characteristic Variation Captured by Principal Components of Statistical Models 
The characteristics variations captured by Modes 1-to-7 of the SSM and SIM are shown in Figure 8-12, respectively, 
and by Modes 1-3 for the SSIM in Figure 10.  
 
Regarding the SSM, Mode 1 represents homogenous size changes. Regarding the SSM, Mode 2 represents changes 
in scapular breadth as indicated by the largest deformations occurring at the medial border. The largest deformations 
seen in Mode 3 are located in the inferior glenoid region corresponding to changes in glenoid erosion, which are 
expected due to the patients in this cohort all having Walch-type B2 and B3 glenoid erosions. Modes 4 & 5 show 
changes in coracoid and acromion morphology with Mode 4 shifting the coracoid in the superior-inferior direction 
and the anterior acromial tip shifting antero-posterior; while with Mode 5, the entire acromion shifts posterior due to 
changes in the angle of projections of the scapular spine as indicated by the high deformation shown along its entire 
length. Mode 6 exhibits changes primarily in the extent to which the acromion projects laterally; while Mode 7 
captures changes in the supero-inferior inclination of the glenoid, which is a secondary characteristic of the type of 
erosion in this patient cohort.
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Figure 8 - SSM Characteristic Shape Changes. The scapula in each pane represents the average shape with changes in shape shown by the colormap variation. 
The colormaps represent the magnitude of deformation when the weighting for the given mode of variation is set to 1.96 SDs. 
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Figure 9 - SSM Mode 1 to 4 Variations. Instances of the SSM model are shown with -2SD, 0SD (i.e. mean), +2SD 
weights for modes 1 to 4. 
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Figure 10 - SSM Mode 5 to 7 Variations. Instances of the SSM model are shown with -2SD, 0SD (i.e. mean), +2SD 
weights for modes 5 to 7. 
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Regarding the SIM, Mode 1 captures homogeneous intensity changes across the scapula as shown in Figure 9. Mode 
1 is displayed separate from Modes 2 – 7 as the highly regional changes in those modes are better displayed using a 
different display method. Regarding the SIM, Mode 2 captures broad changes in the cortical shell and glenoid vault 
bone quality that have opposing changes in the interior cancellous bone of the lateral and medial border, coracoid, and 
scapular spine (N.B. ‘opposing changes’ indicates, for example, a decrease in intensity in one region while another 
region increases and vice versa). Mode 3 represents changes throughout the glenoid vault and interior of the acromion 
with opposing changes of lesser magnitude in the cortical shell of the scapular blade. Mode 4 captures large, highly 
localized changes in the infero-posterior glenoid surface and vault with lesser changes to the acromion and coracoid 
as well as opposing changes of smaller magnitude in the inferior scapular pillar (i.e. medial border). Mode 5 captures 
moderate changes in the posterior glenoid vault cortical shell and root of the scapular spine where it meets the glenoid 
vault as well as on the superior aspect of the spine, which are opposed by changed in the acromion bone quality. Mode 
6 captures significant changes in the anterior glenoid vault along its entire supero-inferior length and the interior of 
the scapular pillar with opposing changes to the root of the spine at the posterior glenoid vault. Mode 7 captures 
localized changes in the acromion and coracoid. It can also be seen that across the 6 modes, changes generally become 
more diffuse and of smaller magnitude.  
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Figure 11 - SIM Mode 1 Characteristic Bone Property Changes. The colormaps represent the HU intensity for various weighting levels for Mode 1. It can be 

seen that this results in largely homogeneous changes in intensity as the weighting changes. 
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Figure 12 - SIM Characteristic Bone Property Changes. The colormaps represent the change in intensity when the weighting for the given mode of variation is 
set to 1.96 SDs. Given that change happens throughout the bone volume, to enable improved visualization, only points with increases or decreases in intensity in 
the top 20% of absolute change for each mode (i.e. each figure pane) are displayed. Furthermore, to improve readability of the colorbar, any point whose 
increase or decrease is in the top 10% across all mode (i.e. top 10% of all changes shown in entire figure) is shown as having maximal red or blue saturation, 
respectively (i.e. if the change is above a given HU threshold the color saturation remains constant). Note that the sign of the weightings of each mode of 
variation is arbitrary and thus a + or - SD does not inherently infer increases and decreases in intensity, respectively.  
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Regarding the SSIM, Mode 1 captures overall size change as well as medial-lateral shifting of the superior glenoid. 1 
Mode 1 also captures intensity changes that are largely homogeneous across the entire scapula. Mode 2 captures 2 
changes in medial-lateral scapular width and minor medial-lateral shifting of the superior glenoid. Mode 2 also 3 
captures changes in intensity across the scapular body and acromion with opposing changes in the lateral root of the 4 
spine.  Mode 3 captures posterior glenoid erosion, and coracoid and acromion superior-inferior shifting. Mode 3 also 5 
captures intensity changes in the inferior scapular pillar and the scapular spine with opposing changes in the anterior 6 
side of the glenoid vault.  7 

 8 

Figure 13 – SSIM characteristic shape and intensity variations. These shape and intensity subplots were created 9 
using the same process as for the SSM and SIM in the previous two figures.  10 
 11 

Table 5 provides a list of the Shape and Intensity mode of variation combinations that demonstrate the strongest 12 
correlations and provides the amount of variance explained by each mode.  13 
 14 
 15 
 16 
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Table 5. 10 Strongest Correlations between Shape and Intensity Modes of Variation 17 

Rank 

Shape Mode 
(%Variance 
Explained) 

Intensity Mode 
(%Variance 
Explained) 

Correlation 
(r) 

1 30 (0.09) 15 (2.1) 0.563 
2 22 (0.20) 1 (14.9) 0.490 
3 9 (1.14) 22 (1.73) -0.488 
4 6 (2.36) 25 (1.61) -0.456 
5 20 (0.23) 14 (2.2) 0.432 
6 14 (0.51) 20 (1.88) -0.427 
7 14 (0.51) 14 (2.2) 0.420 
8 7 (1.61) 26 (1.57) 0.410 
9 4 (4.56) 12 (2.44) 0.398 
10 12 (0.66) 25 (1.61) 0.397 

 18 

 19 

 20 

 21 


	Generalization can also be used to assess the number of samples that are needed to produce a model for which adding more samples would not improve the quality of generalization; this can be termed “Sample Size Generalization”. For the former, the Generalization ability of each model is measured from the training set using leave-one-out (LOO) cross validation. A model is built using all but one member of the training set (i.e. N-1) and the resulting model is fit to the excluded sample using increasing principal components from 1 to N-2. The accuracy to which the model can describe the unseen sample is measured and the process is repeated until all samples are tested. The approximation error (i.e. Generalization ability) is given by:
	1. Compactness: The compactness is defined as the cumulative variance of the Mth mode used in the object reconstruction (e.g. shape for an SSM). 
	3. Generalization ability: Generalization measures a model’s ability to represent unseen instances of the class of object. Two forms of Generalization assessment as possible and each provide useful information. First, Generalization can be assessed for an increasing number of principal components (i.e. modes of variation) to assess the influence that number has on the ability to accurately generate unseen objects. Second,
	2. Specificity: Specificity measures a model’s ability to generate instances of the object class that are similar to those in the training set. It is measured by generating a large set of object instances using the constructed model. The approximation error is defined as the difference between the generated object instance and its most similar sample in the training data. The specificity is the average approximation error of all the generated object instances.

