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ABSTRACT

A teleoperation system is a master-slave robotic system in which the master and

slave robots are at different geographical locations and synchronize their motions

through the communication channel, with the goal of enabling the human operator

to interact with a remote environment. The two primary objectives of bilateral teleop-

eration systems, position tracking and force feedback, are necessary for providing the

user with high fidelity telepresence. However, time delays in communication channels

impede the realization of the two objectives and even destabilize the system. To guar-

antee stability and improve performance, several damping injection-based controllers

have been developed in this thesis for two channel and four channel teleoperation

systems. For two channel teleoperation, an adaptive bounded state feedback con-

troller has firstly been proposed to address teleoperation with time-varying delays,

model uncertainties and bounded actuations. Next, a simplified and augmented glob-

ally exponentially convergent velocity observer has been designed and incorporated

in the conventional P+d control to obtain stable bilateral teleoperation without us-

ing velocity measurements. Then, the more challenging bounded output feedback

control problem has been solved by combining the bounded state feedback control

and output feedback control two techniques with more conservative control gains. In

four channel teleoperation, a hybrid damping and stiffness adjustment strategy has

been introduced to tightly constrain the master and slave robots and achieve robust

stability. Further, the nonsingular version is developed to conquer the singularity

problem in the hybrid strategy, which has been proved to avoid unexpected torque

spikes due to the singularity problem at zero velocities. Besides, this thesis has also

provided a reduced-order controller to guarantee position coordination for arbitrarily

large position errors and maintain the tight coupling between the master and slave

sites. After concluding all the research results, future study directions are pointed

out at the end of this thesis.
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Chapter 1

Introduction

In this chapter, a brief introduction of bilateral teleoperation systems is firstly pre-

sented. Then existing methodologies and available research results within damping

injection-based control are reviewed. Open control problems for bilateral teleopera-

tion systems are pointed out and the research objectives of this research project are

proposed.

1.1 Bilateral Teleoperation Systems

The word teleoperation with the prefix tele meaning at a distance indicates remote

operation. Therefore, a teleoperator naturally refers to a master-slave robotic system

that permits an operator to interact with a remote environment and finish from a

distance manipulation tasks that are inaccessible or hazardous. Generally, a teleop-

eration system consists of at least two robots: the master robot directly operated by

the user, and the slave robot interacting with the unknown remote environment. The

teleoperation system configuration is shown in Figure. 1.1.

From the point of view of the existing and potential applications of teleopera-

tion systems, the two main objectives of teleoperation systems are position tracking

and force feedback, i.e. teleoperation systems should be bilateral to provide telep-

resence [1–3]. For position tracking, the master and slave robot should follow each

Figure 1.1: Teleoperation system configuration.
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other’s motion through control, that is, their motion should be synchronized through

the communication channel [4, 5]. Then the user can control the movement of the

remote slave robot by manipulating the master robot. Particularly, in cases like

robot-assisted surgery, high-precision position control is a fundamental requirement

for the system [6]. If large position errors happened between the master and slave

sides, then the slave might move into unexpected areas and cause tissue damage, so

the position tracking performance is crucial for the effectiveness and safety of this ap-

plication [7]. Existing surgical robotic systems, such as the da Vinci surgical system,

have already obtained satisfactory position control, but cannot provide surgeons with

accurate force feedback during the surgical manipulation [8–11]. Because different

tactile and kinesthetic experiences are elicited when touching different textures and

when manipulating tissues with different stiffness, the teleoperation system should

provide high-fidelity force feedback to help the surgeon distinguish different types of

tissues through palpation and avoid unintended tissue damage due to large interac-

tion forces [12–14]. Further, the mental load of the human operator can be reduced

and their performance in assembly tasks in terms of task success rate and economy

of exerted forces increases when the teleoperator provides force feedback in response

to the user’s motion [15].

Force feedback, also called haptic feedback, is demanded by surgeons during

robotic surgery because it can improve the task performance significantly and thus,

advance the development of the next-generation robotic surgery systems [11]. How-

ever, time delays existing in the forward and backward communication channels be-

tween the master and slave robots would damage the bilateral teleoperation system.

As observed in [4], even small constant communication delays between the two sides

would degrade the system performance and possibly destabilize the system because,

at any moment in time, the forces applied to the operator are physically related to the

operator’s prior rather than current motion. The instability is more severe when the

delays are time-varying since variable delays foil prediction. When the teleoperation

system becomes unstable, the operator looses control of the slave robot and the sys-

tem might be damaged as a result of violent vibrations. In terms of task completion,

like the tele-surgery, the safety of the patient is also endangered since the physician

cannot stop the slave upon contact. Keeping a bilateral teleoperation system stable

and achieving the two main objectives, position tracking and force feedback, is a

trade-off for bilateral teleoperation control [1, 16]. Therefore, an effective and prac-

tical control strategy is still needed for advancing the use of bilateral teleoperation
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systems.

1.2 Damping Injection-Based Control

A large amount of work has been done to achieve stable bilateral teleoperation in the

presence of communication delays, in which nonlinear control techniques, especially

the passivity-based control strategy, play an important role. As an input-output

property of dynamical systems, passivity characterizes the exchange of energy among

interconnected systems. Specifically, a system is passive if and only if it can generate

only limited energy. From the perspective of passivity-based control, the source of

instability is active energy accumulation in the system. Therefore, the essence of

passivity-based control is: 1) finding the redundant active energy accumulated in sys-

tems; 2) using passivity controller to dissipate the redundant energy. Generally, the

redundant energy can be computed through measuring the system input-output pairs

or through Lyapunov-krasovskii energy analysis. Correspondingly, the passivity con-

troller consuming redundant energy by injecting varying or constant damping in the

system because damping is an elementarily dissipative component in all mechanical

systems.

Variable damping has been typically injected in bilateral teleoperation systems

based on the Time Domain Passivity Algorithm (TDPA) that uses a time domain

passivity observer to keep track of the energy generated in the communications and

a time domain passivity controller to inject the damping required to deplete it [17].

An energy-bounding algorithm has achieved robust stability by restricting the energy

generated by the sample-and-hold and communication time delays within the energy

dissipated by the master and slave in [18]. Based on the TDPA, a two-layer approach

has been proposed in [19] where the lower layer thwarts the generation of energy and

thus keeps the system stable. Limited control output has been considered in [20]

within the TDPA control scheme. A sufficient passivity condition has been derived

based on TDPA in [21] by rendering the communication channels passive. Encoding

position and velocity information to construct a composite signal, a feedback passivity

scheme in [22] has mitigated the position drift problem in [17]. Time domain passivity

has also been combined with scattering-based control in a nonlinear four-channel

controller for position and force tracking in [23].

Constant damping injection is primarily based on Lyapunov-Krasovskii energy

analysis. Using the simple Proportional-Derivative (PD) control in a passivity con-
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text, the Lyapunov-Krasovskii technique has firstly been proposed in [24] to achieve

stable teleoperation in the presence of constant time delays. However, the stability

proof in [24] relies on the unverifiable assumption that the human and environment

are defined L∞-stable maps from velocity to force. Replacing this assumption with a

passive external terminators assumption, [25,26] have verified the effectiveness of the

Proportional-Derivative plus damping (PD+d) control and have proposed a simpler

Proportional plus damping (P+d) controller for position tracking in bilateral teleop-

eration with constant time delays. In [27–29], a new stability condition of the P+d

control scheme for bilateral teleoperation systems with time-varying delays has been

derived. Considering joint flexibility and gravity compensation of manipulators, the

P+d controller was then extended by changing coordinates in [30]. A compensation

component has been added to the PD+d controller in [31] to improve the interaction

experience of the operator, but the additional control terms cause wave reflections

similar to scattering-based control. Starting from the Lyapunov-Krasovskii energy

analysis, stability conditions for bilateral teleoperation with time-varying and asym-

metric delays have been derived by a delay-dependent linear-matrix-inequality(LMI)

in [32]. Based on the delay-dependent LMI stability conditions, the P+d controller

has further been applied to teleoperation with no gravity compensation in [33]. To

achieve force feedback, a position-force strategy with P+d control at the slave and

with force transmission to the master has been adopted in [32–34]. However, the

force reflected to the master is the slave control force rather than the environment

force and the round-delayed master position signals would induce wave reflections

and decrease performance.

1.3 Open Problems

1.3.1 Bounded Damping Injection

Due to nonlinearities in the dynamics and torque output of robotic systems, the

control of robot manipulators with actuator saturation is a challenging topic with

a long history. When an actuator saturates, a controller designed without regard

for torque limits is executed only partially, i.e. it loses the control of the robotic

system. Thus, actuator saturation is a safety threat and needs to be considered in

the controller design.

For robotic systems with actuator saturation, global position regulation has been
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achieved via Saturated Proportional-Saturated Derivative (SP-SD) control with state

feedback in [35–37], and with output feedback in [38,39]. Adaptive versions of the SP-

SD controller have been proposed in [40,41] to compensate gravity uncertainties, and

in [42] to compensate both kinematic and dynamic uncertainties. Less conservative

strategies, employing a single saturating function and extending the PD control have

been reported in [43–45]. A saturated Proportional-Integral-Derivative (PID) strat-

egy for semi-globally asymptotic position regulation has been introduced in [46, 47]

using singular perturbation tools. Linear [48–50] and nonlinear [51] saturated PID

controllers have also been developed to achieve globally asymptotic stability. Anti-

windup has been applied in [52,53] to improve the speed of recovery from saturation.

Semi-globally asymptotic trajectory tracking has been achieved without velocity mea-

surements and with model uncertainties in [54] and [55], respectively. Global tracking

has also been obtained using PD plus dynamics compensation control in [56,57], adap-

tive control in [58] and robust integral of the sign of the error control in [59,60].

In bilateral teleoperation, work considering actuator saturation has been largely

based on the classical P+d control strategy [25, 29, 32], and has limited the pro-

portional term [61, 62], the proportional and damping terms independently [63], the

sum of the proportional and damping terms together [64], and has injected dynamic

compensation [65]. Wave variable-based control and formation control with actuator

saturation have also been discussed in [66] and [67]. Unlike in single robot control,

where it needs to dissipate only kinetic energy, in teleoperation damping also needs to

consume the energy created by the time-varying delays in order to guarantee bounded

velocities of, and bounded position error between, the master and slave robots. When

an actuator saturates, a P+d strategy that disregards torque limits cannot inject suf-

ficient damping to guarantee safe teleoperation.

1.3.2 Output Feedback Damping Injection

Damping injection requires velocity information. Because most robots, including

those used in teleoperation systems, lack velocity sensors, practical teleoperators need

damping injection schemes that do not rely on velocity measurements. Velocity es-

timation through carefully designed observers has offered one approach to passivity-

based control with only position measurements. Namely, a PD strategy augmented

with a first-order estimator [68] has been developed for delay-free teleoperation. A

fast terminal sliding-mode observer and a high-gain observer have been employed for
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output feedback P+d control of delayed teleoperation in [62] and [69], respectively.

A first-order velocity estimator has also been introduced for teleoperators with time-

varying delays and actuator saturation [63].

In teleoperation systems, the user and environment are part of the control loop.

Thus, the master and slave velocities are determined not only by the control inputs

but also by the user and environment forces. Even if assumed passive, the user and

environment may exert unexpectedly large forces during a short period of time. Such

large forces can lead to large master and slave velocities despite injecting only limited

energy in the teleoperation system. Therefore, one challenge facing the design of ve-

locity observers for nonlinear bilateral teleoperation systems is the need to guarantee

the convergence of velocity estimates without assuming bounded master and slave

velocities. Recently, the Immersion and Invariance (I&I) velocity observer [70, 71]

has been proven globally exponentially convergent and has been used for trajectory

tracking in Euler-Lagrange systems [72, 73]. A constructive version of it [74], with

simpler dynamics and computed based on the exact solution of a partial differen-

tial equation (PDE), has also been employed for output feedback tracking control of

Euler-Lagrange dynamics [75]. Another challenge when using observers in teleopera-

tion systems is that the estimation errors inject deleterious energy in the closed-loop

system. Practically, damping injection based on velocity estimates dissipates the

delay-induced energy but generates energy through estimation errors. For stability,

the observers should converge fast enough to guarantee that the energy they create

through estimation errors remains in a range that they can consume.

1.3.3 Four Channel Teleoperation

Stability ensures bilateral teleoperation safety, and transparency improves the user’s

telepresence. However, the two are generally in conflict with each other, especially

in the presence of time-varying delays. Keeping a delayed bilateral teleoperation

system stable and achieving precise position tracking and high-fidelity force feedback

simultaneously remains a challenging research topic. From the perspective of stability,

control of two channel teleoperstion in the presence of time-varying delays using

only system states, positions and velocities, is simpler than that of four channel

teleoperation, due to the fact that exchanging interacting forces in the two augmented

channels are not system states. However, in terms of transparency, interacting forces

can assist not only position synchronization but also human-environment interaction
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telepresence.

Transparent teleoperation with time-varying delays has been sought through four-

channel time domain passivity controllers in [76–78]. To the best of our knowledge,

four channel teleoperation with static control has rarely been explored due to the

difficulty of guaranteeing passive force transmission. Yet, four channel control is

best suited to tightly constrain the master to the slave, and implicitly to the remote

environment, during slave-environment contact. Sending the external user and en-

vironment forces to, and directly applying them on, the slave and master robots,

respectively, is not the best method to exploit them. In general, the external forces

include desired components that assist the controller to coordinate the two robots

both in free motion and in contact, and undesirable components that damage the

coupling between the robots and can even lead to finite time escaping velocities.

Distinguishing the desirable from the harmful components and rejecting the latter

without knowing their bounds is not trivial. In P+d control, fixed local damping in-

jection is effective because the disturbances in the proportional term are related to the

robot velocity at the other side. Considering the harmful components of the external

forces as bounded disturbances is not helpful because it is impossible to determine a

fixed damping sufficient to reject them without knowing their bounds.

1.4 Research Contributions

1.4.1 Bounded Damping Injection

A bounded P+d control with projection-based adaptive gravity compensation strat-

egy has been developed to ensure the safety of bilateral teleoperation systems with

model uncertainties, time-varying delays and bounded actuations. It employs two

standard saturation functions: an inner saturation of the proportional term, and

an outer saturation of the sum of the damping and saturated proportional terms.

The outer saturation reserves sufficient actuator capability for gravity compensation,

which keeps the two robots at rest at any point in their workspaces. The inner sat-

uration limits the delay-induced disturbances to a range that leaves enough motor

torque to suppress those disturbances through damping injection. The projection-

based adaptive gravity compensation guarantees that the estimated gravity compen-

sations always staying within the reasonable range without destabilizing the system.
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1.4.2 Output Feedback Control

Globally stable output feedback synchronization has been achieved for bilateral tele-

operation systems with time-varying delays by incorporating the simplified and aug-

mented I&I velocity observer in the conventional P+d control. Compared to the I&I

observers with 3n+1 states in [70,71,79] and with 2n+2 states in [74], our simplified

I&I observer guarantees globally exponential convergence of the velocity estimates

with only n + 2 states, where n is the number of degrees of freedom of the robots.

Compared to [70, 71, 79], the observer design procedure for Euler-Lagrange systems

in this thesis is constructive and, thus, does not require an approximate solution of a

PDE. Compared to [70, 71, 74, 79], the dynamics of the velocity estimates depend on

dynamic scaling factors in this thesis. This augmentation of the observer dynamics

increases the convergence speed of the velocity estimation and, thus, limits the energy

injected by the estimation errors within a range that the observers themselves can

dissipate. The integration of the new observer into conventional P+d control [29] per-

mits the development of a rigorous proof of the global stability of the output feedback

synchronization of teleoperation systems with time-varying delays.

1.4.3 Four Channel Teleoperation

To the best of our knowledge, four channel teleoperation with static control has

rarely been explored due to the difficulty of guaranteeing passive force transmission.

Yet, four channel control is best suited to tightly constrain the master to the slave,

and implicitly to the remote environment, during slave-environment contact. Besides

sharing this advantage of the four channel architecture, by introducing nonlinear posi-

tion error-velocity coupling terms, our strategies render the closed-loop teleoperation

system provably input-to-state stable (ISS), with the hand and environment forces as

input and velocities and position error as state, without assuming passive operator

or environment. The nonlinear coupling terms have a two-pronged effect: (i) it mod-

ulates the stiffness of the coordination between the master and slave to maintain the

system ISS in the presence of non-passive input forces; and (ii) it injects additional

damping to dissipate the energy generated by perturbing non-passive forces. In other

words, the new strategies increase the robustness of teleoperation to the destabilizing

components of the user and environment forces and their transmissions instead of

assuming or rendering them passive.
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Chapter 2

Two Channel Teleoperation

In this chapter, we first introduce the dynamics of bilateral teleoperation systems

with some properties, assumptions and lemmas. Accounting bounded actuations,

a bounded damping injection with adaptive gravity compensation control strategy

has been developed to achieve globally asymptotically stable bilateral teleoperation.

Then, a globally convergent velocity observer has been proposed and integrated into

the conventional P+d control to rigorously stabilize teleoperation systems with time-

varying delays. Further, the augmented I&I observer has also been integrated in

the control with bounded actuations to achieve stable bilateral teleoperation with

time-varying delays.

2.1 Preliminaries

Considering the master and slave robots to be n-degrees-of-freedom (DOF) serial

manipulators with only revolute joints, their joint space dynamics are:

Mm(qm)q̈m + Cm(qm, q̇m)q̇m + gm(qm) =τm + τh

Ms(qs)q̈s + Cs(qs, q̇s)q̇s + gs(qs) =τs + τe
, (2.1)

where the index i = m, s indicates master and slave quantities, respectively, and for

robot i: q̈i, q̇i and qi are the joint acceleration, velocity and position; Mi(qi) and

Ci(qi, q̇i) are the matrices of inertia and of Coriolis and centrifugal effects; gi(qi)

are torques due to gravity; τi are control torques; and τh and τe are the user and

environment torques.

The properties of the dynamics of robot i in Equation (2.1), i = m, s, that facilitate
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the stability analysis in the following sections are listed below.

P.1 The inertia matrices Mi are symmetric, positive definite and uniformly bounded

by 0 ≺ λi1I �Mi � λi2I ≺ ∞, with λi1 > 0, λi2 > 0.

P.2 The matrix Ṁi(qi)− 2Ci(qi, q̇i) is skew-symmetric.

P.3 There exists ci > 0 such that ‖Ci(qi,x)y‖ ≤ ci‖x‖ · ‖y‖, ∀qi,x,y.

P.4 The gravity torques gi can be linearly parameterized by gi = Z(qi)θi, for i =

m, s, where Z(qi) is the regressor matrices of measurable system states and θi

are unknown but constant vectors of system parameters.

The following assumptions on communication delays and external terminators are

assumed to be true:

A.1 The time delays from robot i to robot j, di, are non-negative and bounded,

0 ≤ di ≤ di, for i, j = m, s and i 6= j.

A.2 The derivatives of the communication delays are bounded, |ḋi| ≤ ḋi, i = m, s.

A.3 The joint torques due to the hand and environment forces are bounded:

|τhk| ≤ τh, |τek| ≤ τ e, ∀k = 1, · · · , n.

A.4 The human operator and environment are passive:

Eh −
∫ t

0

q̇T
mτhdξ ≥ 0, Ee −

∫ t

0

q̇T
s τedξ ≥ 0,

with Eh and Ee are positive constants.

A.5 The gravity joint torques are bounded by γi that are component-wise strictly

smaller than the maximum actuator torques τ i:

|gik| ≤ γik < τ ik, i = m, s, k = 1, · · · , n,

i.e., the actuators can keep the master and slave at rest at any point in their

workspaces.

In the following sections and chapters, the stability analysis relies on the following

three lemmas.
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L.1 For any vector signals x, y, any variable time delay 0 ≤ d(t) ≤ d <∞ and any

constant α > 0, the following inequality holds [29]:

2

∫ t

0

xT(σ)

∫ d(σ)

0

y(σ − θ)dθdσ ≤ α

∫ t

0

‖x(σ)‖2dσ +
d

2

α

∫ t

0

‖y(σ)‖2dσ.

L.2 For a positive definite matrix Υ, the following inequality holds [32]:

±2aT(t)

∫ t

t−d(t)

b(ξ)dξ −
∫ t

t−d(t)

bT(ξ)Υb(ξ)dξ ≤ daT(t)Υ−1a(t)

for all a(t), b(t) and 0 ≤ d(t) ≤ d.

L.3 For a convex set Π = {θ̂ ∈ Rn|P(θ̂) ≤ 0)} with interior Π̊, let us consider an

other convex set Πε = {θ̂ ∈ Rn|P(θ̂) ≤ ε} with boundary layer O(ε) around Π

where P(·) is a smooth convex function, let Γ(t), τ (t) be continuously differen-

tiable and
˙̂
θ = Proj{τ}, θ̂(0) ∈ Πε where

Proj{τ} =

τ , θ̂ ∈ Π̊ or ∇θ̂PTτ ≤ 0(
I− c(θ̂)Γ

∇θ̂P∇θ̂P
T

∇θ̂PTΓ∇θ̂P

)
τ , θ̂ ∈ Πε\Π̊ and ∇θ̂PTτ > 0

with c(θ̂) = min
{

1, P(θ̂)
ε

}
and ∇θ̂P the gradient of P(θ̂). Then, on its domain

of definition, the solution θ̂(t) remains in Πε and −θ̃TΓ−1Proj{τ} ≤ −θ̃TΓ−1τ ,

where θ̃ = θ − θ̂, ∀θ̂ ∈ Πε,θ ∈ Π [80].

In teleoperation control, lemma L.1 and the time integration of lemma L.2 from

0 to t both suggest the fact that scaled redundant energy generated by the delay-

induced disturbances (left-hand side) can be upper-bounded by the energy consumed

by injected damping on master and slave sides (right-hand side). For lemma L.3, the

role of projection operator is to render the estimation θ̂ in the feasible set Πε and

protect estimation convergence.

2.2 Adaptive Bounded State Feedback Control

In the classical P+d control strategy, sufficient damping injection can suppress the

disturbances introduced in the proportional control term by the time-varying delays.

However, the conventional strategy does not account for the torque limitations of
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practical actuators and, therefore, is potentially dangerous. This section proposes

a bounded damping extension of the P+d control that suitably limits the propor-

tional term to reserve sufficient actuator torque for damping injection. Moreover, a

projection-based adaptive law has also been developed to dynamically compensate

uncertain gravities of the system.

For ease of understanding, the conventional P+d control with gravity compensa-

tion [25, 32] is reviewed first before introducing the bounded state feedback control.

In the conventional P+d control strategy, the master and slave control torques τm

and τs are computed as

τm =−P(qm − qsd)−Kmq̇m + gm

τs =−P(qs − qmd)−Ksq̇s + gs
, (2.2)

where qsd = qs(t− ds(t)) and qmd = qm(t− dm(t)) are the delayed slave position at

the master site and the delayed master position at the slave site, respectively; and the

gains P, Km and Ks are constant positive definite diagonal matrices. The framework

of the bilateral teleoperation systems under the P+d control is shown in Figure. 2.1.

Figure 2.1: Teleoperation system with the P+d controller in Equation (2.2).

The velocities of, and the position error between, the master and slave robots are

analyzed by using the following Lyapunov-Krasovskii functional [25]:

Vu =
1

2
q̇T
mMmq̇m +

1

2
q̇T
s Msq̇s +

1

2
(qm − qs)

TP(qm − qs)

−
∫ t

0

q̇T
mτhdξ + Eh −

∫ t

0

q̇T
s τedξ + Ee.

(2.3)

In Equation (2.3): the first three quadratic terms are the kinetic energy of the master

and slave robots and the potential energy stored in the proportional control term;

the two integral terms are the energies input by the operator and the environment.
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Therefore, from assumption A.4, Vu is positive if the velocities of, and the position

error between the two robots are not zero. Further, Vu is bounded if the velocities of,

and the position error between the two robots are bounded, and vice versa.

After substituting Equation (2.2) in Equation (2.1) and using lemma L.1, the

derivative of Vu becomes

V̇u =
1

2
q̇T
mṀmq̇m + q̇T

mMmq̈m + q̇T
mP(qm − qs)− q̇T

mτh

+
1

2
q̇T
s Ṁsq̇s + q̇T

s Msq̈s + q̇T
s Ps(qs − qm)− q̇T

s τe

=
1

2
q̇T
mMmq̇m − q̇T

mCmq̇m − q̇T
mgm − q̇T

mP(qm − qs)− q̇T
mP(qs − qsd)

− q̇T
mKmq̇m + q̇T

mgm + q̇T
mτh + q̇T

mP(qm − qs)− q̇T
mτh

+
1

2
q̇T
s Msq̇s − q̇T

s Csq̇s − q̇T
s gs − q̇T

s P(qs − qm)− q̇T
s P(qm − qsd)

− q̇T
s Ksq̇s + q̇T

s gs + q̇T
s τe + q̇T

s P(qs − qm)− q̇T
s τe

=− q̇T
mP(qs − qsd)− q̇T

mKmq̇m − q̇T
s P(qm − qmd)− q̇T

s Ksq̇s.

(2.4)

Equation (2.4) shows that the disturbances −P(qs − qsd) and −P(qm − qmd) in-

troduced by the time-varying delays in the proportional control terms of the master

and slave robots threaten the safety of the bilateral teleoperation system. Since only

the upper bound of the delays are known, the worst scenario needs to be consid-

ered, in which the time-varying delays continuously inject energy in the system, i.e.,

−q̇T
mP(qs − qsd) > 0 and −q̇T

s P(qm − qmd) > 0, ∀t > 0. Therefore, if the energy

generated by delays can not be dissipated through damping, then V̇u > 0 and Vu →∞
as t→∞, i.e., the system is unstable.

Integration of both sides of Equation (2.4) together with lemma L.1 leads to:

Vu(t)− Vu(0)

=−
∫ t

0

q̇T
mP

∫ σ

σ−ds
q̇sdθdσ −

∫ t

0

q̇T
mKmq̇mdσ

−
∫ t

0

q̇T
s P

∫ σ

σ−dm
q̇mdθdσ −

∫ t

0

q̇T
s Ksq̇sdσ

≤p
2

(
α‖q̇m‖2

2 +
d

2

s

α
‖q̇s‖2

2

)
− km‖q̇m‖2

2 +
p

2

(
β‖q̇s‖2

2 +
d

2

m

β
‖q̇m‖2

2

)
− ks‖q̇s‖2

2

=−

[
km −

p

2

(
α +

d
2

m

β

)]
‖q̇m‖2

2 −

[
ks −

p

2

(
β +

d
2

s

α

)]
‖q̇s‖2

2,

(2.5)
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where: p is the largest eigenvalue of P; km and ks are the smallest eigenvalues of

Km and Ks; and α and β are positive constants. Selecting the damping gains Km

and Ks sufficiently large with respect to the proportional gain P makes the last two

terms strictly negative and guarantees that Vu is bounded. In turn, a bounded Vu

guarantees that the velocities of, and the position error between, the master and slave

are bounded.

The P+d control strategy (2.5) illustrates the fact: injecting sufficiently large local

damping in the system can suppress the instability induced by time-varying delays.

One of the most significant advantages of the P+d control over other approaches is

its simple structure and design criterion as shown above. The proportional control is

used for synchronizing the positions of the master and slave robots, which behaves

like a virtual spring connecting the two robots. As the proportional gain increasing,

the stiffness of the spring becomes larger and larger. In other word, the coupling

relationship of the two sites is kept through proportional control. It should be known

that, due to the special scheme of the system, the master and slave robots have no

other knowledge about the model parameters and motion information of each other,

except the the delayed position information. Therefore, the proportional terms can

only adopt the delayed position of the other sides, which contain the disturbances

induced by time-varying delays. Because the disturbances are related to the velocities

of the other side and the magnitude of time delays, the local damping terms can be

used to suppress instability caused by the disturbances.

To guarantee that teleoperation systems with actuator saturation can fully execute

the control action, this section proposes the following bounded P+d controller:

τm =Satm

(
− Satp

[
P(qm − qsd)

]
−Kmq̇m

)
+ ĝm

τs =Sats

(
− Satp

[
P(qs − qmd)

]
−Ksq̇s

)
+ ĝs

, (2.6)

where:

Sati(u) =
[
sati1(u1), · · · , satin(un)

]T
,

satik(uk) =

uk |uk| ≤ sik

sgn(uk)sik |uk| > sik

and: Satp(·) is the inner saturation of the P term on the master and slave sides;

Satm(·) and Sats(·) are the outer saturations of the P+d term on the master and
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slave sides, respectively; ĝm and ĝs are gravity estimates; k = 1, · · · , n is the joint

index; sgn(·) is the sign function. sik are positive constants to be determined through

stability analysis and with ranges constrained byspk ≤ sik

sik + γik ≤ τ ik
(2.7)

with i = m, s and k = 1, · · · , n to guarantee that control torques remain within the

actuator bounds at all times. The closed-loop bilateral teleoperation system with

dynamics Equation (2.1) under the control of bounded damping injection strategy

with adaptive gravity compensation Equation (2.6) is shown in Figure. 2.2.

Figure 2.2: Teleoperation system under the bounded P+d control with adaptive
gravity compensation in Equation (2.6).

From property P.4 and assumption A.5, gravities are bounded and can be further

linearly parameterized as gi = Z(qi)θi, with Z(qi) are known regressor matrices

depending on position and θi are unknown but constant vectors depending on robots’

physical parameters, masses and lengths of links, and θi ≤ θi ≤ θi. Therefore, the

estimated gravity is designed by

ĝi = Z(qi)θ̂i (2.8)

with parameter update law
˙̂
θi = Projθ̂i (ωi) and ωi = −Z(qi)

Tq̇i, i = m, s. Since
˙̂
θi

are vectors, the projection is element-wise. Define ε a small positive constant used

for making the projection smooth and

clb(θ̂ik) = min

{
1,
θik + ε− θ̂ik

ε

}
, cub(θ̂ik) = min

{
1,
θ̂ik − θik + ε

ε

}
,
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then we design the following smooth projection operator:

˙̂
θik = Projθ̂ik (ωik) =



(
1− clb(θ̂ik)

)
ωik θik ≤ θ̂ik ≤ θik + ε & ωik < 0

ωik θik + ε < θ̂ik < θik − ε

or θik ≤ θ̂ik ≤ θik + ε & ωik ≥ 0

or θik − ε ≤ θ̂ik ≤ θik & ωik ≤ 0(
1− cub(θ̂ik)

)
ωik θik − ε ≤ θ̂ik ≤ θik & ωik > 0

. (2.9)

The performance analysis is based on the following Lyapunov-Krasovskii function:

V =
1

2
q̇T
mMmq̇m +

1

2
q̇T
s Msq̇s +

n∑
k=1

∫ qmk−qsk

0

satpk(pkσ)dσ

−
∫ t

0

q̇T
mτhdξ + Eh −

∫ t

0

q̇T
s τedξ + Ee +

1

2
θ̃Tmθ̃m +

1

2
θ̃Ts θ̃s,

(2.10)

where pk is the k-th diagonal element of P and θ̃i = θi − θ̂i, i = m, s, are parameter

estimation errors. Note that the function in Equation (2.10) uses the quasi-natural

potential function [35],
∑n

k=1

∫ qmk−qsk
0

satpk(pkσ)dσ, in place of the potential energy
1
2
(qm − qs)

TP(qm − qs) used in Equation (2.3). Because the saturation function is

odd, the quasi-natural potential function is positive definite and radially unbounded

in terms of the position error qmk − qsk. Consequently, bounded V is equivalent to

bounded velocities of, and bounded position error between, the master and slave

robots.

After substituting from Equation (2.6) into (2.1), the derivative of V becomes:

V̇ =
1

2
q̇T
mṀmq̇m + q̇T

mMmq̈m +
1

2
q̇T
s Ṁsq̇s + q̇T

s Msq̈s − q̇T
mτh − q̇T

s τe

+
n∑
k=1

(q̇mk − q̇sk)satpk[pk(qmk − qsk)] + θ̃Tm
˙̃θm + θ̃Ts

˙̃θs

=
1

2
q̇T
m

(
Ṁm − 2Cm

)
q̇m − q̇T

mgm − θ̃Tm
˙̂
θm +

1

2
q̇T
s

(
Ṁs −Cs

)
q̇s − q̇T

s ĝs − θ̃Ts
˙̂
θs

+
n∑
k=1

{q̇mksatpk [pk(qmk − qsk)]}+
n∑
k=1

{q̇sksatpk [pk(qsk − qmk)]}

=− q̇T
mgm + q̇T

mSatm (−Satp [P(qm − qsd)]−Kmq̇m) + q̇T
mĝm − θ̃Tm

˙̂
θm

− q̇T
s gs + q̇T

s Sats (−Satp [P(qs − qmd)]−Ksq̇s) + q̇T
s ĝs − θ̃Ts

˙̂
θs
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+ q̇T
mSatp [P(qm − qs)] + q̇T

s Satp [P(qs − qm)] .

Using lemma L.3,

− q̇T
i gi + q̇T

i ĝi − θ̃Ti
˙̂
θi = −q̇T

i Z(qi)θi + q̇T
i Z(qi)θ̂i − θ̃Ti

˙̂
θi

=− q̇T
i Z(qi)θ̃i − θ̃Ti Projθ̂i

(
−Z(qi)

Tq̇i
)

= θ̃Ti
[
−Z(qi)

Tq̇i − Projθ̂i
(
−Z(qi)

Tq̇i
)]
≤ 0,

then the derivative of V can be upper bounded by

V̇ ≤q̇T
mSatm

(
− Satp

[
P(qm − qsd)

]
−Kmq̇m

)
+ q̇T

mSatp [P(qm − qs)]

+ q̇T
s Sats

(
− Satp

[
P(qs − qmd)

]
−Ksq̇s

)
+ q̇T

s Satp [P(qs − qm)] .
(2.11)

In general, each motor has different capability, i.e. τ ik are different for i = m, s

and k = 1, · · · , n and its saturation state is uncertain and time-varying. Nevertheless,

for each pair of corresponding master and slave joints, there are only four different

scenarios: 1) satmk(·) and satsk(·) are both unsaturated; 2) satmk(·) and satsk(·) are

both saturated; 3) satmk(·) is unsaturated while satsk(·) is saturated; 4) satmk(·) is

saturated while satsk(·) is unsaturated. Correspondingly, the derivative of V can be

divided into four parts:

V̇ = V̇uu + V̇ss + V̇us + V̇su, (2.12)

with subscripts uu, ss, us and su representing the cases 1)-4) above, respectively;

and k ∈ kj, j = uu, ss, us, su indexing the joint pairs whose control torques belong

in the four groups.

In V̇ , V̇uu collects all terms that correspond to joint pairs with unsaturated P+d

torques at both the master and slave sides, i.e., P+d torque pairs −satpk[pk(qmk −
qsdk)]− kmkq̇mk and −satpk[pk(qsk− qmdk)]− kskq̇sk for all k ∈ kuu. Therefore, V̇uu can

be upper bounded by:

V̇uu =
∑
k∈kuu

{
− q̇mksatpk[pk(qmk − qsdk)]− kmkq̇2

mk + q̇mksatpk[pk(qmk − qsk)]

− q̇sksatpk[pk(qsk − qmdk)]− kskq̇2
sk + q̇sksatpk[pk(qsk − qmk)]

}
≤
∑
k∈kuu

{
|q̇mk|pk

∫ t

t−ds
|q̇sk|dξ − kmkq̇2

mk + |q̇sk|pk
∫ t

t−dm
|q̇mk|dξ − kskq̇2

sk

}
.

(2.13)

Note that, because spk ≤ smk and spk ≤ ssk by Equation (2.7), only the injected
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damping −kmkq̇mk and −kskq̇sk can saturate the P+d component of a joint control

torque and, therefore, sgn (satik(·)) = sgn(−q̇ik) for any such joint.

In V̇ , V̇ss collects all terms that correspond to joint pairs with P+d torques satu-

rated both on the master and slave sides, i.e., P+d torque pairs satmk(·) and satsk(·)
for all k ∈ kss. Therefore, V̇ss can be bounded by:

V̇ss =
∑
k∈kss

{
q̇mksatpk[pk(qmk − qsk)] + q̇sksatpk[pk(qsk − qmk)]− |q̇mk|smk − |q̇sk|ssk

}
≤
∑
k∈kss

{
− |q̇mk|smk + |q̇mk|spk − |q̇sk|ssk + |q̇sk|spk

}
≤ 0.

(2.14)

Collecting in V̇us all terms that correspond to joint pairs with P+d torques un-

saturated on the master side and saturated on the slave side, i.e., −satpk[pk(qmk −
qsdk)]− kmkq̇mk and satsk(·) for all k ∈ kus, V̇us can be bounded by:

V̇us =
∑
k∈kus

{
− q̇mksatpk

[
pk(qmk − qsdk)

]
+ q̇mksatpk

[
pk(qmk − qsk)

]
− kmkq̇2

mk − |q̇sk|ssk + q̇sksatpk

[
pk(qsk − qmk)

]}
≤
∑
k∈kus

{
|q̇mk|spk − kmkq̇2

mk + |q̇mk|spk − |q̇sk|ssk + |q̇sk|spk
}

≤
∑
k∈kus

{
k−1
mks

2
pk − |q̇sk|(ssk − spk)

}
.

(2.15)

Because |satsk(·)| = ssk and ssk ≥ spk, the slave joint velocity q̇sk must satisfy:

spk + ksk|q̇sk| ≥ ssk ⇔ |q̇sk| ≥ k−1
sk (ssk − spk).

Then, selecting

spk ≤
√
kmk√

kmk +
√
ksk

ssk, (2.16)

guarantees that

V̇us ≤
∑
k∈kus

{
k−1
mks

2
pk − k−1

sk (ssk − spk)2
}
≤ 0. (2.17)

Similarly, collecting in V̇su all terms that correspond to joint pairs with P+d

torques saturated on the master side and unsaturated on the slave side, i.e., satmk(·)
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and −satpk[pk(qsk − qmdk)]− kskq̇sk for all k ∈ ksu, and selecting

spk ≤
√
ksk√

kmk +
√
ksk

smk, (2.18)

guarantees that

V̇su ≤
∑
k∈ksu

{
− k−1

mk(smk − spk)
2 + k−1

sk s
2
pk

}
≤ 0. (2.19)

Equations (2.13), (2.14), (2.17) and (2.19) upper bound V̇ by

V̇ ≤
∑
k∈kuu

{
|q̇mk|pk

∫ t

t−ds
|q̇sk|dξ − kmkq̇2

mk + |q̇sk|pk
∫ t

t−dm
|q̇mk|dξ − kskq̇2

sk

}
. (2.20)

Integration from 0 to t of Equation (2.20) together with lemma L.1 yields

V (t) ≤
∑
k∈kuu

{pk
2

(
α‖q̇mk‖2

2 +
d

2

s

α
‖q̇sk‖2

2

)
− kmk‖q̇mk‖2

2

+
pk
2

(
β‖q̇sk‖2

2 +
d

2

m

β
‖q̇mk‖2

2

)
− ksk‖q̇sk‖2

2

}
+ V (0)

=V (0)−
∑
k∈kuu

{[
kmk −

pk
2

(
α +

d
2

m

β

)]
‖q̇mk‖2

2 +
[
ksk −

pk
2

(
β +

d
2

s

α

)]
‖q̇sk‖2

2

}
,

(2.21)

which implies that V (t) is bounded and the system is stable ifkmk ≥
pk
2

(
α + d

2
m

β

)
ksk ≥ pk

2

(
β + d

2
s

α

) . (2.22)

Theorem 1. For the teleoperation system in Equation (2.1) with bounded actuation,

system uncertainties and time-varying delays under the bounded P+d control Equa-

tion (2.6), if the proportional and local damping gains are selected to obey conditions

(2.7), (2.16), (2.18) and (2.22) and the daptive gravity compensations update follows

Equations (2.8)-(2.9), then:

1 The velocities and position error are bounded, i.e., {q̇m, q̇s,qm − qs} ∈ L∞,

moreover, {q̇m, q̇s} ∈ L2.

2 The velocities and position error globally asymptotically converge to zero when
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the hand and environment forces vanish, i.e., {q̇m, q̇s,qm−qs} → 0 as t→∞.

Proof. The proof is similar to that in [29], so it is omitted here.

The performance of the proposed bounded P+d with adaptive gravity compen-

sation controller is verified through simulations on a planar 2-DOF teleoperation

system as shown in Figure. 2.3. The master and slave masses and link lengths are

mik = 0.1 kg, lik = 0.5 m, i = m, s and k = 1, 2. The upper and lower bounds

of the unknown parameter vectors θi are θi = (0.6 1.1)T and θi = (0.4 0.9)T,

i = m, s, respectively. Then, their gravity torques are upper-bounded by γi =

(1.7 0.6)T Nm. The maximum torques of actuators of the first and second robot

joints are τ i1 = 2.5 Nm and τ i2 = 1 Nm. The asymmetric time-varying delays dm

and ds are upper bounded by dm = 0.2 s and ds = 0.1 s. The simulated environment

is a wall with stiffness ke = 1000 N/m, located at ye = 0.2 m. In the simula-

tions, the robots move in the vertical plane, starting at rest at the configuration(
qT
m0 q̇T

m0

)T
=
(
qT
s0 q̇T

s0

)T
=
(
0T 0T

)T
with initial estimated parameter vectors

θ̂m = θ̂s = (0.5 1)T, and under the user-applied vertical (along the y-axis) sinusoidal

force Fhy = 0.5sin(0.2πt) + 0.2 N.

Figure 2.3: Teleoperation system based on 2-DOF arm robots.

After choosing α = β = 0.2 and Pm = Ps = 10I, condition (2.22) can be fulfilled

by selecting Km = Ks = 2I. Further, conditions (2.7), (2.16) and (2.18) are met

by selecting the inner saturation of the proportional terms sp1 = 0.4 Nm and sp2 =

0.2 Nm and the outer saturation of the damping plus saturated proportional terms

si1 = 0.8 Nm and si2 = 0.4 Nm for all joints of both robots.

To save space, only position, control torque and gravity compensation information

of the master and slave first joints are presented here. The master and slave positions



21

0 2 4 6 8 10 12 14 16 18 20

Time/(s)

-0.1

0

0.1

0.2

0.3

0.4

0.5

Y
/(m

)

 

Master

Slave

Figure 2.4: Simulated position tracking along y-axis, under sinusoidal user force,
during interaction with a passive wall with stiffness ke = 1000 N/m.

along the vertical y-axis are presented in Figure. 2.4. This figure shows that, in free

motion (y < 0.2 m), the slave follows the master, with small fluctuations caused by the

time-varying communication delays. During slave-environment contact (y ≥ 0.2 m),

the master continues to move forward and, similarly to the classical P+d control, the

position error between the master and slave increases.
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Figure 2.5: Unsaturated and saturated proportional terms on master: Pm, SPm and
on slave: Ps and SPs.

Figure. 2.5 depicts the saturated proportional control terms on the master SPm =
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Figure 2.6: Unsaturated and saturated SP+d terms on master: SP+dm, Sm(SP+dm)
and on slave: SP+ds and Ss(SP+ds).
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Figure 2.7: Actual and estimated gravity torques gm1, ĝm1, gs1, ĝs1 in master and
slave controllers.

Satp

(
− P(qm − qsd)

)
and slave SPs = Satp

(
− P(qs − qmd)

)
sides together with

their unsaturated versions Pm = −P(qm − qsd) and Ps = −P(qs − qmd). It il-

lustrates that the inner saturation functions Satp(·) limit the proportional control

terms, especially during slave contact with the environment. Figure. 2.6 shows the

saturated proportional plus damping control terms of the two robots SP+dm =

Satp

(
−P(qm−qsd)

)
−Kmq̇m and SP+ds = Satp

(
−P(qs−qmd)

)
−Ksq̇s together



23

with their saturated versions Sm(SP+dm) = Satm

(
Satp

[
− P(qm − qsd)

]
−Kmq̇m

)
and Ss(SP+ds) = Sats

(
Satp

[
−P(qs−qmd)

]
−Ksq̇s

)
. It illustrates that the outer sat-

urations Satm(·) and Sats(·) have not been breached, which implies that the bounded

P+d strategy is conservative in the sense that it does not exploit actuator capabilities

fully.

The estimated gravity torques through the designed update laws in master and

slave controllers are compared with the real master and slave gravity torques in Fig-

ure. 2.7. It shows that the estimated gravity torques used in the controllers are close

to the system’s gravity torques with only observable estimation errors in ĝm1 at about

4 s and 14 s.

2.3 Output Feedback Control

Stable bilateral teleoperation with time-varying delays under the conventional P+d

control relies on master and slave velocity measurements. To stabilize the system

without using velocity measurements, a simplified and augmented I&I globally con-

vergent velocity observer is introduced in this section, which can be integrated in the

conventional P+d control to stabilize the system with exponential velocity estimation

convergence.

Rewrite the dynamics of the master and slave robots (2.1) in state space:

ẏi =xi

ẋi =M−1
i (yi) [−Ci(yi,xi)xi − gi(yi) + ui]

(2.23)

where: yi = qi, xi = q̇i, um = τm + τh and us = τs + τe with i = m, s. Then the

simplified and augmented I&I observers on the master and slave sides can be designed

as:
x̂i =ξi + kxi(ri, σ̂i)yi

ξ̇i =fi − kxi(ri, σ̂i)x̂i −
∂kxi(ri, σ̂i)

∂ri
ṙiyi −

∂kxi(ri, σ̂i)

∂σ̂i
˙̂σiyi

ṙi =− kr
2

(ri − cri) +
1

λi1
∆̄σi(σi, σ̂i)|σ̃i|ri

˙̂σi =Projσ̂i
(
2
[
x̂T
i fi + kσi(x̂i, ri, σ̂i)σ̃i

])
(2.24)
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where i = m, s and:

fi =M−1
i (yi) [−Ci(yi, x̂i)x̂i − gi(yi) + ui]

∆σi(σi, σ̂i) =ci

∣∣∣√1 + σi −
√

1 + σ̂i

∣∣∣
∆̄σi(σi, σ̂i) =


∆σi(σi,σ̂i)
|σ̃i| ∆σi(σi, σ̂i) > εσi

∆σi(σi,σ̂i)
|∆σi−εσi|+|σ̃i| else

Projσ̂i(τ) =

τ σ̂i > 0 or τ ≥ 0

(1− cσi(σ̂i))τ −εi ≤ σ̂i ≤ 0, τ < 0

kxi(ri, σ̂i) =
1

λi1

[
ci
√

1 + σ̂i +
kr
4

(2λi1 + λi2 + 1) + εσi +
αi
2
kir

2
i

]
kσi(x̂i, ri, σ̂i) =kr +

r2
i

kr

(
∆̄2
σi(σi, σ̂i)

λ2
i1

+ k2
xi(ri, σ̂i)‖x̂i‖2

)
with cri, kr and εσi positive constants and cσi(σ̂i) = min{1, −σ̂i

εi
} for 0 < εi < 1.

The observer output x̂i and the observer state σ̂i are estimates of xi and σi = ‖x̂i‖2,

respectively, with corresponding estimation errors x̃i = xi − x̂i and σ̃i = σi − σ̂i.
The main challenge in the design of observers for Euler-Lagrange systems is posed

by the Coriolis and centrifugal forces that appear as square nonlinearities in the

system dynamics. To dominate the nonlinear Coriolis and centrifugal effects, we

employ the dynamic scaling factor ri and the projection-based adaptive law ˙̂σ. By

design, [cri,+∞) is an invariant set of ri, i.e., if ri(0) ≥ cri > 0, then ri(t) ≥ cri > 0,

∀t ≥ 0.

Compared with [70, 71, 74, 79], the estimates of yi are removed in our observer,

so the dimensions of the new observers are reduced from 2n + 2 in [74] to n + 2,

which simplifies the observer design procedure. It is important that, to dissipate

the redundant energy generated by time delays and velocity estimation errors, the

gains kxi(ri, σ̂i) adapt with dynamic scaling factors ri, indicating that faster velocity

estimation convergence is required for guaranteed stability of bilateral teleoperation

systems with time-varying delays. Further, the new constructive observers avoid using

approximation techniques to solve the PDE of the estimates dynamics [70,71,79].

Given the velocity observers in Equation (2.24), correspondingly, the conventional

P+d teleoperation control can be implemented using the velocity estimates ˙̂qi = x̂i
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Figure 2.8: Teleoperation system under the augmented I&I observer-based P+d con-
trol in Equation (2.25).

instead of the velocity measurements, as shown in Figure. 2.8:

τm =−P(qm − qsd)−Km
˙̂qm + gm

τs =−P(qs − qmd)−Ks
˙̂qs + gs

. (2.25)

Compared to Equation (2.2), since the damping injection in Equation (2.25) is based

on estimated velocities, the estimation errors can also inject energy in the closed-loop

system and potentially lead to instability. The design methodology is then to use the

augmented I&I observers to consume the energy generated by the estimation errors.

To this end, the master and slave observers have more general dynamics than in [74],

with gains kxi(ri, σ̂i) that depend not only on σ̂i but also on the scaling factors ri.

The more general dynamics require additional care to be taken in the observer design

to reduce the partial derivative of kxi(ri, σ̂i) with respect to ri in ξ̇i.

To prove the system stability and velocity estimation convergence, consider the

following Lyapunov-Krasovskii functional:

V = Vp + Vη + Vr + Vσ (2.26)

with

Vp =
1

2
q̇T
mMmq̇m +

1

2
q̇T
s Msq̇s +

1

2
(qm − qs)

TP(qm − qs)−
∫ t

0

q̇T
mτhdξ + Eh

−
∫ t

0

q̇T
s τedξ + Ee +

∫ 0

−dm

∫ t

t+θ

q̇T
mQmq̇mdξdθ +

∫ 0

−ds

∫ t

t+θ

q̇T
s Qsq̇sdξdθ

Vη =
1

2
ηT
mMmηm +

1

2
ηT
s Msηs,

Vr =
1

2
(rm − crm)2 +

1

2
(rs − crs)2,
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Vσ =
1

4
σ̃2
m +

1

4
σ̃2
s .

In Equation (2.26): Vp has already been defined in Section 2.2; Vη, Vr and Vσ are

quadratic terms related to the observer states, with ηi = x̃i
ri

being scaled versions

of the velocity estimation errors, i.e., of the off-the-manifold coordinates according

to the I&I observer design methodology. The Vη, Vr and Vσ will be used to prove

both global convergence of the velocity estimates and that the observers themselves

dissipate the harmful energy generated by the estimation errors.

From Equation (2.4) and lemma L.2, the derivative of Vp is upper bounded by

V̇p ≤− q̇T
mKm

˙̂qm + dmq̇T
mQmq̇m +

1

4
dsq̇

T
mPQ−1

s PTq̇m

− q̇T
s Ks

˙̂qs + dsq̇
T
s Qsq̇s +

1

4
dmq̇T

s PQ−1
m PTq̇s

≤− q̇T
m

(
Km −

1

αm
Km − dmQm −

1

4
dsPQ−1

s PT

)
q̇m +

1

4
αm ˙̃qT

mKm
˙̃qm

− q̇T
s

(
Ks −

1

αs
Ks − dsQs −

1

4
dmPQ−1

m PT

)
q̇s +

1

4
αs ˙̃qT

s Ks
˙̃qs.

(2.27)

And in Equation (2.24), the derivatives of x̂i are

˙̂xi =ξ̇i + kxi(ri, σ̂i)ẏi +
∂kxi(ri, σ̂i)

∂ri
ṙiyi +

∂kxi(ri, σ̂i)

∂σ̂i
˙̂σiyi

=fi − kxi(ri, σ̂i)x̂i + kxi(ri, σ̂i)ẏi = fi + kxi(ri, σ̂i)x̃i.

(2.28)

Therefore, subtracting Equation (2.28) from Equation (2.23) and using property P.2

leads to

˙̃xi =M−1
i (yi) [−Ci(yi,xi)xi − gi(yi) + ui]− fi − kxi(ri, σ̂i)x̃i

=M−1
i (yi) [ui −Ci(yi,xi)xi − gi(yi) + Ci(yi, x̂i)x̂i + gi(yi)− ui]− kxi(ri, σ̂i)x̃i

=M−1
i (yi) [Ci(yi,xi)x̂i −Ci(yi,xi)xi + Ci(yi, x̂i)x̂i −Ci(yi,xi)x̂i]− kxi(ri, σ̂i)x̃i

=−M−1
i (yi) [Ci(yi,xi)x̃i + Ci(yi, x̃i)x̂i]− kxi(ri, σ̂i)x̃i,

(2.29)

where
‖Ci(yi, x̃i)x̂i‖ ≤ ci‖x̃i‖‖x̂i‖ < ci‖x̃i‖

√
1 + σi

≤ci‖x̃i‖
√

1 + σ̂i + ci‖x̃i‖|
√

1 + σi −
√

1 + σ̂i|

≤ci‖x̃i‖
√

1 + σ̂i + ∆̄σi(σi, σ̂i)|σ̃i|‖x̃i‖+ εσi‖x̃i‖,

(2.30)
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because ∆σi(σi, σ̂i) ≤ ∆̄σi(σi, σ̂i)|σ̃i|+ εσi. Further, given the derivative of ηi,

η̇i =
1

ri
˙̃xi −

ṙi
r2
i

x̃i

=−M−1
i (yi)Ci(yi,xi)ηi −

1

ri
M−1

i (yi)Ci(yi, x̃i)x̂i − kxi(ri, σ̂i)ηi −
ṙi
ri
ηi,

(2.31)

the derivative of Vη can be bounded by

V̇η =
1

2
ηT
mṀmηm + ηT

mMmη̇m +
1

2
ηT
s Ṁsηs + ηT

s Msη̇s

=− ṙi
ri
ηT
mMmηm − kxi(ri, σ̂i)ηT

mMmηm −
1

rm
ηT
mCi(yi, x̃m)x̂m

− ṙs
rs
ηT
s Msηs − kxs(rs, σ̂s)ηT

s Msηs −
1

rs
ηT
s Cs(ys, x̃s)x̂s

+
1

2
ηT
m

(
Ṁm − 2Cm(ym,xm)

)
ηm +

1

2
ηT
s

(
Ṁs − 2Cs(ys,xs)

)
ηs

≤− ṙm
rm
λm1η

T
mηm − kxm(rm, σ̂m)λm1η

T
mηm −

1

rm
ηT
mCm(ym, x̃m)x̂m

− ṙs
rs
λs1η

T
s ηs − kxs(rs, σ̂s)λs1ηT

s ηs −
1

rs
ηT
s Cs(ys, x̃s)x̂s.

It may appear that the nonlinear terms could be dominated by 1
ri
‖ηi‖‖Ci(yi, x̃i)x̂i‖

≤ ci‖ηi‖2‖x̂i‖ for suitable gains kxi. However, because kxi are not independent of x̂i,

a term that depends on the partial derivative of kxi with respect to x̂i,
∂kxi
∂x̂i

˙̂xiyi, should

be included in the dynamics of ˙̂xi in Equation (2.28) and also added in the dynamics

of ξ̇i for cancellation. This term makes the dynamics of ξ̇i an analytically unsolvable

PDE. The difficulty caused by the dependence of kxi on x̂i can be avoided through

the additional observer state σ̂i estimating ‖x̂i‖2:

V̇η ≤cm
√

1 + σ̂m‖ηm‖2 + εσm‖ηm‖2 − ṙm
rm
λm1‖ηm‖2 − kxm(rm, σ̂m)λm1‖ηm‖2

+ cs
√

1 + σ̂s‖ηs‖2 + εσs‖ηs‖2 − ṙs
rs
λs1‖ηs‖2 − kxs(rs, σ̂s)λs1‖ηs‖2

+ ∆̄σm(σm, σ̂m)|σ̃m|‖ηm‖2 + ∆̄σs(σs, σ̂s)|σ̃s|‖ηs‖2.

(2.32)

From the dynamics of ri in Equation (2.24), it follows that

− ṙi
ri
λi1‖ηi‖2 ≤ kr

2
λi1‖ηi‖2 − ∆̄σi(σi, σ̂i)|σ̃i|‖ηi‖2,
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∆̄σi(σi, σ̂i)|σ̃i|‖ηi‖2 − ṙi
ri
λi1‖ηi‖2 ≤ kr

2
λi1‖ηi‖2.

Therefore, the derivative of Vη can be bounded by

V̇η ≤cm
√

1 + σ̂m‖ηm‖2 +
kr
2
λm1‖ηm‖2 + εσm‖ηm‖2 − kxm(rm, σ̂m)λm1‖ηm‖2

+ cs
√

1 + σ̂s‖ηs‖2 +
kr
2
λs1‖ηs‖2 + εσs‖ηs‖2 − kxs(rs, σ̂s)λs1‖ηs‖2.

(2.33)

In Equation (2.32), the Coriolis and centrifugal forces of each robot lead to three

nonlinear velocity terms, ci
√

1 + σ̂i‖ηi‖2, εσi‖ηi‖2 and ∆̄σi(σi, σ̂i)|σ̃i|‖ηi‖2. The dy-

namic scaling factors ri are used to dominate the third nonlinear velocity term at each

robot side, ∆̄σi(σi, σ̂i)|σ̃i|‖ηi‖2. Then, −kxi(ri, σ̂i)λi1‖ηi‖2 can be used to dominate

the sum of ci
√

1 + σ̂i‖ηi‖2 and εσi‖ηi‖2 with kr
2
λi1‖ηi‖2 in Equation (2.33), because

εσi and kr
2
λi1 are constants and kxi(ri, σ̂i) depend on σ̂i.

Although the dynamic scaling factors ri dominate the nonlinear velocity terms

∆̄σi(σi, σ̂i)|σ̃i|‖ηi‖2, they are potentially unbounded. Their boundedness can be ana-

lyzed by considering the derivative of Vr:

V̇r =(rm − crm)ṙm + (rs − crs)ṙs

=
rm
λm1

(rm − crm)∆̄σm(σm, σ̂m)|σ̃m| −
kr
2

(rm − crm)2

+
rs
λs1

(rs − crs)∆̄σs(σs, σ̂s)|σ̃s| −
kr
2

(rs − crs)2.

(2.34)

The sign-indefinite terms in Equation (2.34) can be bounded by

ri
λi1

(ri − cri)∆̄σi(σi, σ̂i)|σ̃i| ≤
kr
4

(ri − cri)2 +
r2
i

krλ2
i1

∆̄2
σi(σi, σ̂i)σ̃

2
i , i = m, s. (2.35)

Then, it follows that

V̇r =
r2
m

krλ2
m1

∆̄2
σm(σm, σ̂m)σ̃2

m +
r2
s

krλ2
s1

∆̄2
σs(σs, σ̂s)σ̃

2
s −

kr
4

[
(rm − crm)2 + (rs − crs)2

]
.

(2.36)

The projection-based adaptive laws in ˙̂σi help dominate
r2i

krλ2i1
∆̄2
σi(σi, σ̂i)σ̃

2
i in Equa-

tion (2.36). Since σi = ‖x̂i‖2, it follows that

σ̇i = 2x̂T
i

˙̂xi = 2x̂T
i fi + 2x̂T

i kxi(ri, σ̂i)x̃i (2.37)
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and, further, that

˙̃σi =σ̇i − ˙̂σi = 2x̂T
i fi + 2kσi(x̂i, ri, σ̂i)σ̃i − Projσ̂i

(
2[x̂T

i fi + kσi(x̂i, ri, σ̂i)σ̃i]
)

+ 2x̂T
i kxi(ri, σ̂i)x̃i − 2kσi(x̂i, ri, σ̂i)σ̃i.

(2.38)

From lemma L.3, the projection operator in Equation (2.24) guarantees that

[τ − Projσ̂(τ)] σ̃ ≤ 0, ∀σ ≥ 0, σ̂ ≥ −ε, (2.39)

which leads to

V̇σ =
1

2
σ̃m ˙̃σm +

1

2
σ̃s ˙̃σs

≤σ̃mx̂T
mkxm(rm, σ̂m)x̃m − kσm(x̂m, rm, σ̂m)σ̃2

m

+ σ̃sx̂
T
s kxs(rs, σ̂s)x̃s − kσs(x̂s, rs, σ̂s)σ̃2

s .

(2.40)

Further, σ̃ix̂
T
i kxi(ri, σ̂i)x̃i in Equation (2.40) can be upper bounded by

σ̃ix̂
T
i kxi(ri, σ̂i)x̃i ≤

r2
i k

2
xi(ri, σ̂i)

kr
‖x̂i‖2σ̃2

i +
kr
4
‖ηi‖2, (2.41)

where kr
4
‖ηi‖2 and

r2i k
2
xi(ri,σ̂i)

kr
‖x̂i‖2σ̃2

i can be dominated by −kxi(ri, σ̂i)λi1‖ηi‖2 and

−kσi(x̂i, ri, σ̂i)σ̃2
i , respectively. It can then follows that

V̇σ ≤
r2
mk

2
xm(rm, σ̂m)

kr
‖x̂m‖2σ̃2

m − kσm(x̂m, rm, σ̂m)σ̃2
m +

r2
sk

2
xs(rs, σ̂s)

kr
‖x̂s‖2σ̃2

s

− kσs(x̂s, rs, σ̂s)σ̃2
s +

kr
4
‖ηm‖2 +

kr
4
‖ηs‖2.

(2.42)

Equations (2.28)-(2.42) show that the observer states ri and σ̂i are used to dom-

inate the dynamic nonlinearities due to Coriolis and centrifugal effects. However,

because the velocity estimation errors generate potentially destabilizing energy that

cannot be dissipated by the P+d controllers through damping injection based on ve-

locity estimates, the designed I&I observers need to be augmented to dissipate this

energy themselves.

Considering that the terms dependent on the velocity estimation errors in Equa-

tion (2.27) are bounded by

αi
4

˙̃qT
i Ki

˙̃qi ≤
αi
4
kir

2
i ‖ηi‖2, (2.43)
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and adding Equation (2.33), (2.36), (2.42) and (2.43) leads to

αm
4

˙̃qT
mKm

˙̃qm +
αs
4

˙̃qT
s Ks

˙̃qs + V̇σ + V̇η + V̇r

≤− ψηm‖ηm‖2 − ψηs‖ηs‖2 − ψσmσ̃2
m − ψσsσ̃2

s −
kr
4

(rm − crm)2 − kr
4

(rs − crs)2

(2.44)

with

ψηm =kxm(rm, σ̂m)λm1 − cm
√

1 + σ̂m −
kr
4

(2λm1 + 1)− εσm −
αm
4
kmr

2
m

ψηs =kxs(rs, σ̂s)λs1 − cs
√

1 + σ̂s −
kr
4

(2λs1 + 1)− εσs −
αs
4
ksr

2
s

ψσm =kσm(x̂m, rm, σ̂m)− r2
m

kr

(
∆̄2
σm(σm, σ̂m)

λ2
m1

+ k2
xi(rm, σ̂m)‖x̂m‖2

)
ψσs =kσs(x̂s, rs, σ̂s)−

r2
s

kr

(
∆̄2
σs(σs, σ̂s)

λ2
s1

+ k2
xi(rs, σ̂s)‖x̂s‖2

)
.

For the observer dynamics with parameters properly selected as in Equation (2.24),

then Equation (2.44) can be rewritten as

αm
4

˙̃qT
mKm

˙̃qm +
αs
4

˙̃qT
s Ks

˙̃qs + V̇η + V̇σ + V̇r ≤ −
kr
2

(Vη + Vσ + Vr) . (2.45)

Equation (2.45) indicates that the energy generated by the velocity estimation errors is

dissipated by the velocity observers through the augmented dynamics in the observer,

i.e., by adding
αir

2
i ki

2λi1
in kxi(ri, σ̂i) and reducing ∂kxi(ri,σ̂i)

∂ri
ṙiyi in ξ̇i. More specifically,

the dynamics of x̂i in Equation (2.24) behave like filters, i.e., ˙̂xi = fi + kxi(ri, σ̂i)x̃i.

Correspondingly, the estimation error dynamics in Equation (2.29) suggest that the

augmentations
αir

2
i ki

2λi1
in kxi(ri, σ̂i) increase the speed of convergence of estimation

errors. Hence, making the estimation convergence speed depend on the dynamic

scaling factors limits the energy generated by the estimation errors within a range

that the observers can consume.

After choosing the P+d control gains to obeyKm � dmQm + 1
4
dsPQ−1

s PT + 1
αm

Km

Ks � dsQs + 1
4
dmPQ−1

m PT + 1
αs

Ks

(2.46)

and combining Equation (2.26) and (2.44), the time derivative of V is upper-bounded
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by

V̇ = V̇p + V̇η + V̇r + V̇σ ≤ −
kr
2

(
Vσ + Vη + Vr

)
≤ 0. (2.47)

Theorem 2. For the teleoperation system in Equation (2.1) with time-varying de-

lays under the output feedback control Equation (2.25) with the I&I observer Equa-

tion (2.24), if the proportional and local damping gains are selected to obey condition

(2.46), then:

1 The velocities and position error are bounded, i.e., {q̇m, q̇s,qm − qs} ∈ L∞,

moreover, {q̇m, q̇s} ∈ L2.

2 The velocities and position error globally asymptotically converge to zero when

the hand and environment forces vanish, i.e., {q̇m, q̇s,qm−qs} → 0 as t→∞.

3 The velocity estimations ˙̂qi globally exponentially converge to the robot velocities

q̇i, i = m, s.

Proof. The proof of the first two items in Theorem 2 is the same as in Theorem 1, so

it is omitted here. To prove velocity estimation globally exponential convergence, in

Equation (2.45), αm
4

˙̃qT
mKm

˙̃qm ≥ 0 and αs
4

˙̃qT
s Ks

˙̃qs ≥ 0, it follows that V̇σ + V̇η + V̇r ≤
−kr

2
(Vσ + Vη + Vr), and, further, that

Vσ(t) + Vη(t) + Vr(t) ≤ e−
kr
2
t (Vσ(0) + Vη(0) + Vr(0)) ,

which implies that Vσ + Vη + Vr globally exponentially converges to zero. Because ri

are bounded and x̃i = riηi, it follows that the velocity estimation errors x̃i globally

exponentially converge to zero themselves. The proof is complete.

The performance of bilateral teleoperation systems under the observer-based out-

put feedback P+d control is verified through simulations on the same 2-DOF planar

teleoperation model as in Section 2.2. After choosing Qi = 10I, αi = 2 and P = 10I,

the damping gains are selected Ki = 3I to satisfy Equation (2.46). The observers

have parameters cr = ci = 0.1, kr = 50, εσ = 0.01, ε = 0.01, and initial states

r0 = 0.2, x̂0 = (0.02 0.02)T, σ̂0 = ‖x̂0‖2 and ξ0 = x̂0.

For space saving reasons, Figures. 2.9-2.11 show only the results for the first

joints of the two simulated robots. In Figure. 2.9, the slave tracks the position of

the master in free motion. During slave contact with the environment, when qm1 >

0.06 rad, the slave robot stops in contact with the wall and the master continues to
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Figure 2.9: Master qm1 and slave qs1 positions of the first joint.

move forward, as it would under state feedback P+d control. In Figure. 2.10, the

force feedback to the master reflects the environment torque during contact, and is

noisy due to communication delays during free motion. In Figure. 2.11, the velocity

estimate converges to the master velocity right away and the estimation error remains

about zero even for relatively large initial velocity estimation error (0.02 rad/s). The

simulations illustrate that the proposed output feedback synchronization strategy

has similar performance as state feedback P+d control although it does not rely on

velocity measurements.

0 2 4 6 8 10 12 14 16 18 20

Time/(s)

-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

To
rq

ue
/(N

m
)

 

Environment torque

Master torque

Figure 2.10: Environment τe1 and master τm1 torques at the first joint.
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Figure 2.11: Velocity q̇m1, estimated velocity ˙̂qm1 , and estimation error q̇m1− ˙̂qm1 for
the first joint of the master robot.

Another advantage of the proposed strategy is the simple implementation of the

new constructive I&I observers at the master and slave sides. The new observers

require no state transformations of the robot dynamics and use only scalar gains,

kxi(ri, σ̂i), kσi(x̂i, ri, σ̂i), i = m, s, in their dynamics. These gains and the partial

derivatives of kxi(ri, σ̂i) with respect to ri and σ̂i are independent of n, the number

of master and slave DOFs. In contrast, the I&I observers for Euler-Lagrange systems

in [70, 71, 79] and [74] require several matrices to be derived analytically, including

T(q) and L(q), where M(q) = TT(q)T(q) and L(q) = T−1(q). They also require

the analytical partial derivatives either of an n-dimensional vector β with respect to

two n-dimensional vectors q̂ and x̂ in [70, 71, 79]), or of a n × n-dimensional matrix

Kx(σ̂, ŷ) with respect to the n-dimensional vector ŷ and the scalar σ̂ in [74]. These

derivations can pose a significant practical challenge, especially for 6-DOF master

and slave robots.

2.4 Bounded Output Feedback Control

This section considers a more challenging problem: output feedback control of bi-

lateral teleoperation systems with time-varying delays and bounded actuations. The

augmented I&I observer has been incorporated in the bounded P+d control to esti-

mate velocities of the master and slave robots and to inject damping in the system.
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The observer dynamics are the same as in Equation (2.24) with parameters to

be determined through stability analysis, and the observer-based output feedback

controller is designed as:

τm =Satm

(
− Satp

[
P(qm − qsd)

]
−Km

˙̂qm

)
+ gm

τs =Sats

(
− Satp

[
P(qs − qmd)

]
−Ks

˙̂qs

)
+ gs

, (2.48)

where ˙̂qi with i = m, s are estimated master and slave velocities by the designed I&I

observer.

Figure 2.12: Teleoperation system under the observer-based bounded output feedback
P+d control in Equation (2.48).

Figure. 2.12 displays the closed-loop bilateral teleoperation system Equation (2.1)

under the observer-based bounded output feedback control Equation (2.48). The

system stability is proved by the following Lyapunov-Krasovskii functional:

V = Vp + Vη + Vr + Vσ, (2.49)

where: Vη, Vr and Vσ defined the same as in Equation (2.26) and

Vp =
1

2
q̇T
mMmq̇m +

1

2
q̇T
s Msq̇s +

n∑
k=1

∫ qmk−qsk

0

satpk(pkσ)dσ

−
∫ t

0

q̇T
mτhdξ −

∫ t

0

q̇T
s τedξ + Eh + Ee.

The derivative of Vp along Equation (2.1) controlled by Equation (2.48) is
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V̇p =
1

2
q̇T
mṀmq̇m + q̇T

mMmq̈m +
1

2
q̇T
s Ṁsq̇s + q̇T

s Msq̈s − q̇T
mτh − q̇T

s τe

+
n∑
k=1

{
(q̇mk − q̇sk)satpk

[
pk(qmk − qsk)

]}
=

1

2
q̇T
m

(
Ṁm − 2Cm

)
q̇m − q̇T

mgm + q̇T
mτm +

n∑
k

q̇mksatpk
[
pk(qmk − qsk)

]
+

1

2
q̇T
s

(
Ṁs − 2Cs

)
q̇s − q̇T

s gs + q̇T
s τs +

n∑
k=1

q̇sksatpk
[
pk(qsk − qmk)

]
=q̇T

mSatm

(
− Satp

[
P(qm − qsd)

]
−Km

˙̂qm

)
+ q̇T

mSatp
[
P(qm − qs)

]
+ q̇T

s Sats

(
− Satp

[
P(qs − qmd)

]
−Ks

˙̂qs

)
+ q̇T

s Satp
[
P(qs − qm)

]
.

(2.50)

Similar to the above section, in V̇p, V̇puu collects all terms that correspond to joint

pairs with unsaturated P+d torques at both master and slave side, i.e., P+d torque

pairs −satpk[pk(qmk−qsdk)]−kmk ˙̂qmk and −satpk[pk(qsk−qmdk)]−ksk ˙̂qsk for all k ∈ kuu.
Therefore, V̇puu can be upper bounded by:

V̇puu =
∑
k∈kuu

∑
i=m,s

{
q̇iksatpk

[
pk(qik − qjk)

]
− q̇iksatpk

[
pk(qik − qjdk)

]
− q̇ikkik ˙̂qik

}
≤
∑
k∈kuu

∑
i=m,s

{
|q̇ik|pk

∫ t

t−dj
|q̇jk|dξ − kikq̇2

ik + kikq̇ik ˙̃qik

}
≤
∑
k∈kuu

∑
i=m,s

{
|q̇ik|pk

∫ t

t−dj
|q̇jk|dξ −

(
1− 1

γi

)
kikq̇

2
ik +

γi
4
kik ˙̃q2

ik

}
,

(2.51)

where: subscript k index the k-th element of the correspond vector or the k-th diag-

onal element of the corresponding matrix; γm and γs are two positive constants.

Because of spk ≤ min(smk, ssk) by Equation (2.48), only the pseudo injected damp-

ing based on estimated velocities −kmk ˙̂qmk and −ksk ˙̂qsk can saturate the P+d com-

ponent of a joint control torque and, therefore, sgn (satik(·)) = sgn(− ˙̂qik), i = m, s

for any such joint.

In V̇ , V̇pss collects all terms that correspond to joint pairs with P+d torques

saturated both on the master and slave sides, i.e., P+d torque pairs satmk(·) and
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satsk(·) for all k ∈ kss. Therefore, V̇pss can be bounded by

V̇pss =
∑
k∈kss

∑
i=m,s

{
− q̇iksgn( ˙̂qik)sik + q̇iksatpk

[
pk(qik − qjk)

]}
≤
∑
k∈kss

∑
i=m,s

{
|q̇ik|spk − ( ˙̂qik + ˙̃qik)sgn( ˙̂qik)sik

}
≤
∑
k∈kss

∑
i=m,s

{
− | ˙̂qik|sik + | ˙̃qik|sik + |q̇ik|spk

}
≤
∑
k∈kss

∑
i=m,s

{
− | ˙̂qik|sik + | ˙̃qik|(sik + spk) + | ˙̂qik|spk

}
≤
∑
k∈kss

∑
i=m,s

{
− | ˙̂qik|(sik − spk) +

ρi
4

˙̃q2
ik +

1

ρi
(sik + spk)

2
}

(2.52)

where ρm and ρs are two positive constants.

Because |satik(·)| = sik and sik ≥ spk, i = m, s, the master and slave joint velocities

q̇ik must satisfy

spk + kik| ˙̂qik| ≥ sik, =⇒ | ˙̂qik| ≥ k−1
mk(smk − spk), i = m, s. (2.53)

Then, selecting

spk ≤
√
ρm −

√
kik

√
ρm +

√
kik

sik, i = m, s (2.54)

guarantees that

V̇pss ≤
∑
k∈kss

∑
i=m,s

{( 1

ρi
− 1

kik

)
(sik + spk)

2 +
ρi
4

˙̃q2
ik

}
≤
∑
k∈kss

∑
i=m,s

ρi
4

˙̃q2
ik. (2.55)

Collecting in V̇pus all terms that correspond to joint pairs with P+d torques un-

saturated on the master side and saturated on the slave side, i.e., −satpk[pk(qmk −
qsdk)]− kmk ˙̂qmk and satsk(·) for all k ∈ kus, V̇pus can be bounded by

V̇pus =
∑
k∈kus

{
q̇mksatpk

[
pk(qmk − qsk)− q̇mksatpk

[
pk(qmk − qsdk)

]
− q̇mkkmk ˙̂qmk

]
− q̇sksgn( ˙̂qsk)ssk + q̇sksatpk

[
pk(qsk − qmk)

]}
≤
∑
k∈kus

{
(2|q̇mk|+ |q̇sk|)spk − q̇mkkmk(q̇mk − ˙̃qmk)− ( ˙̂qsk + ˙̃qsk)sgn( ˙̂qsk)ssk

}
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≤
∑
k∈kus

{
2|q̇mk|spk − kmkq̇2

mk +
1

ζm
kmkq̇

2
mk +

ζm
4
kmk ˙̃q2

mk

− | ˙̂qsk|ssk + | ˙̃qsk|ssk + | ˙̂qsk + ˙̃qsk|spk
}

≤
∑
k∈kus

{ ζms
2
pk

(ζm − 1)kmk
+
ζm
4
kmk ˙̃q2

mk − | ˙̂qsk|(ssk − spk) +
1

µs
(ssk + spk)

2 +
µs
4

˙̃q2
sk

}
.

(2.56)

Because |satsk(·)| = ssk, the slave joint velocity must satisfy Equation (2.53), and

V̇pus ≤
∑
k∈kus

{ ζms
2
pk

(ζm − 1)kmk
+
ζm
4
kmk ˙̃q2

mk −
(ssk − spk)2

ksk
+

(ssk + spk)
2

µs
+
µs
4

˙̃q2
sk

}
if

−(ssk − spk)2

ksk
+

(ssk + spk)
2

µs
+

ζms
2
pk

(ζm − 1)kmk
≤ 0 (2.57)

then

V̇pus ≤
∑
k∈kus

{ζm
4
kmk ˙̃q2

mk +
µs
4

˙̃q2
sk

}
. (2.58)

Similarly, collecting in V̇psu all terms corresponding to joint pairs with P+d torques

saturated on the master side and unsaturated on the slave side, i.e., satmk(·) and

−satpk[pk(qsk − qmdk)]− ksk ˙̂qsk for all k ∈ ksu, and if

−(smk − spk)2

kmk
+

(smk + spk)
2

µm
+

ζss
2
pk

(ζs − 1)ksk
≤ 0 (2.59)

then

V̇psu ≤
∑
k∈ksu

{ζs
4
ksk ˙̃q2

sk +
µm
4

˙̃q2
mk

}
. (2.60)

Adding Equations (2.51), (2.55), (2.58) and (2.60) together leads to

V̇p ≤
∑
k∈kuu

∑
i=m,s

{
|q̇ik|pk

∫ t

t−dj
|q̇jk|dξ −

(
1− 1

γi

)
kikq̇

2
ik

}
+
∑
i=m,s

1

4

[
ρi + ki (ζi + γi) + µi

]
˙̃qT
i

˙̃qi.

(2.61)

The last term in Equation (2.61) represent the energy generated by velocity

estimation errors, which is dissipated by the augmented I&I observer. Because

˙̃qi = ˙̃xi = riηi for i = m, s, then ˙̃qT
i

˙̃qi ≤ r2
i ‖ηi‖2. Therefore, the sum of Equa-
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tions (2.33), (2.36), (2.42) and the last term in Equation (2.61) becomes

∑
i=m,s

1

4

[
ρi + ki (ζi + γi) + µi

]
˙̃qT
i

˙̃qi + V̇η + V̇r + V̇σ

≤−
∑
i=m,s

{
ψηi‖ηi‖2 + ψσiσ̃

2
i +

kr
4

(ri − cri)2

} (2.62)

with i = m, s and

ψηi =kxi(ri, σ̂i)λi1 − ci
√

1 + σ̂i −
kr
4

(2λi1 + 1)− εσi

− 1

4

[
ρi + ki (ζi + γi) + µi

]
r2
i ,

ψσi =kσi(x̂i, ri, σ̂i)−
r2
i

kr

(
∆̄2
σi(σi, σ̂i)

λ2
i1

+ k2
xi(ri, σ̂i)‖x̂i‖2

)
.

Combining Equation (2.61) and Equation (2.62) and selecting all observer param-

eters the same as in Equation (2.24) except that

kxi(ri, σ̂i) =
1

λi1

[
ci
√

1 + σ̂i +
kr
4

(2λi1 + λi2 + 1) + εσi +
1

4

[
ρi + ki(ζi + γi) + µi

]
r2
i

]
(2.63)

guarantees that

V̇ ≤
∑
k∈kuu

∑
i=m,s

{
|q̇ik|pk

∫ t

t−dj
|q̇jk|dξ −

(
1− 1

γi

)
kikq̇

2
ik

}
. (2.64)

Then, integration of Equation (2.64) from 0 to t using lemma L.1 shows

V (t)− V (0) ≤
∑
k∈kuu

{pk
2

(
α‖q̇mk‖2

2 +
d

2

s

α
‖q̇sk‖2

2

)
−
(

1− 1

γm

)
kmk‖q̇mk‖2

2

+
pk
2

(
β‖q̇sk‖2

2 +
d

2

m

β
‖q̇mk‖2

)
−
(

1− 1

γs

)
ksk‖q̇sk‖2

2

}
,

(2.65)

which implies that V is bounded and thus the system is stable ifkmk ≥
γmpk

2(γm−1)

(
α + d

2
m

β

)
ksk ≥ γspk

2(γs−1)

(
β + d

2
s

α

) . (2.66)
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Theorem 3. For the teleoperation system in Equation (2.1) with bounded actuation

and time-varying delays under the bounded output feedback control Equation (2.48)

with the I&I observer Equation (2.24), if the proportional and local damping gains are

selected to obey conditions (2.7), (2.54), (2.57), (2.59) and (2.66), and the I&I ob-

server gains kxi(ri, σ̂i) satisfy (2.57), then the system meets three the same properties

as in Theorem 2.

Proof. The proof is similar to the proof of Theorem 2, so it is omitted here.
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Figure 2.13: Simulated position tracking along y-axis, under sinusoidal user force,
during interaction with a passive wall with stiffness ke = 1000 N/m.

The stability and performance of the bilateral teleoperation systems with the

bounded output feedback P+d control has been verified through simulations. The

parameters of the simulated teleoperation system is the same as in Section 2.2. After

selecting P = 10I, α = β = 0.2 and γi = 10, Ki = 3I can be chosen to satisfy condi-

tion (2.66). Then, ρi = 100 and sp = (0.4 0.2)T can be selected from Equation (2.54).

To satisfy conditions (2.57) and (2.59), we can choose sufficiently large µi = 40 and

ζi = 10. For I&I observer design, all parameters are the same as in Section 2.3 except

that kxi(ri, σ̂i) are chosen to satisfy (2.63).

For saving space reason, only motion and control torque informations of the first

joint are presented. Figure. 2.13 shows the position synchronization performance of

the master and slave robots along y-axis. Compared with Figure. 2.3, Figure. 2.13

implies that the simulated bilateral teleoperation system behaves similarly under the



40

0 2 4 6 8 10 12 14 16 18 20

Time/(s)

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

To
rq

ue
/(N

m
)

 

P
m

SP
m

P
s

SP
s

Figure 2.14: Unsaturated and saturated proportional terms on master: Pm, SPm and
on slave: Ps and SPs.
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Figure 2.15: Unsaturated and saturated SP+d terms on master: SP+dm, Sm(SP+dm)
and on slave: SP+ds and Ss(SP+ds).

two different controllers. Figure. 2.14 and Figure. 2.15 display the saturation details of

proportional control and saturated proportional plus damping control torques, which

are similar to Figure. 2.4 and Figure. 2.5. Estimated and real joint velocities of the

master robot are compared in Figure. 2.16. It shows that the estimated velocity is

almost the same as the real version, which implies that the designed observer achieves

velocity estimation convergence.
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Figure 2.16: Actual velocity q̇m1, estimated velocity ˙̂qm1 of the first joint of the master
robot.

2.5 Conclusions

This chapter has explored the two representative open problems: bounded actuation

and output feedback control, in two channel teleoperation. An inner and an outer

saturations have been introduced for bounding the proportional control and bounded

proportional plus damping control, respectively, and a projection-based adaptive grav-

ity compensation law has also been integrated in the bounded state feedback control.

Lyapunov-Krasovskii energy analysis has shown that properly selecting control gains

guarantees stable bilateral teleoepration in the presence of model uncertainties, time-

varying delays and bounded actuations. For output feedback control, an augmented

I&I observer has been proposed and integrated in the conventional P+d control, which

achieves not only stable position synchronization of time-delayed bilateral teleoper-

ation but also globally exponential velocity estimation convergence. For the more

challenging case, bounded output feedback control, this chapter has illustrated that

the developed bounding strategy in Section 2.2 and the augmented I&I observer in

Section 2.3 can be combined together to solve the problem with more conservative

controller design criteria.

Two channel teleoperation with only position exchanges between the master and

slave sites can achieve position synchronization in free motion with simple P+d con-

trol. However, simulation results in this chapter have depicted that it cannot tightly

constrain the master and slave robots, i.e., the position error between the two robots
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increases in hard contact, especially in slave-environment contact. Beside, torque

spikes occur upon slave-environment contact could not be reflected to the master side

through two channel teleoperation. These two problems will be explored in the next

chapter through four channel teleoperation control.
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Chapter 3

Four Channel Teleoperation

To constrain the master and slave sites tightly and reflect interaction forces to the

master side, this chapter explores the control of four channel teleoperation with both

position and force exchanges in communication channels. A hybrid damping and

stiffness adjustment strategy has been firstly developed for ISS teleoperation, which

shows that the augmented force channels can reduce position errors and reflect in-

teraction forces during hard contact. Then, a nonsingular version has been proposed

to deal with the singularity problem in the hybrid strategy, thus unexpected torque

spikes due to singular control can be avoided. Further, this chapter also proposes a

reduced-order strategy to achieve guaranteed position synchronization for arbitrarily

large position errors and to main tight master-slave coupling.

3.1 Hybrid Damping and Stiffness Adjustment

Two channel teleoperation can achieve position coordination in free motion but large

position error and lack of interaction reflection during hard contact would damage

telepresence. To overcome the two problems, external interaction forces are necessar-

ily incorporated in the closed-loop without threatening system stability.

The hybrid damping and stiffness adjustment teleoperation strategy incorporates

nonlinear position- and velocity-dependent terms into conventional P+d with gravity

compensation control [29], to which it also adds direct transmission of hand and

environment torques:

τm =− q̇?m(qm − qsd)
TBm(qm − qsd)−Kmq̇m −P(qm − qsd) + gm + τed

τs =− q̇?s(qs − qmd)
TBs(qs − qmd)−Ksq̇s −P(qs − qmd) + gs + τhd

. (3.1)
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In Equation (3.1), qmd = qm(t − dm(t)) and qsd = qs(t − ds(t)); Bi, Ki and P are

positive diagonal gain matrices, i = m, s; and q̇?i =
[
q̇?i1, · · · , q̇?in

]T
is a vector with

the property

q̇?ik =

 1
lq̇ik

q̇ik 6= 0

0 q̇ik = 0
=⇒ q̇T

i q̇?i =

1 q̇i 6= 0

0 q̇i = 0

where k = 1, · · · , n and l is the number of joints with non-zero velocity.

In Equation (3.1), besides the disturbances introduced in the proportional control

terms P(qm−qmd) and P(qs−qsd) by the time-varying delays, the transmitted hand

and environment torques τhd an τed are not guaranteed passive. The delay-induced

disturbances and non-passive external forces may lead to energy accumulation in

the closed-loop teleoperation system, threatening its stability and safety. Damping

injection can be used to dissipate, or restrict in an acceptable range, the harmful

energy. As Equation (3.1) shows, this section proposes a damping injection scheme

based on a nonlinear control term dependent on the velocity at the local site and

the position error between the two sites. The nonlinear term has the two-sided effect

of adjusting the injected damping and/or the stiffness of the master-slave coupling.

The hybrid nonlinear term behaves as auxiliary damping because it always opposes

velocity. At the same time, it strengthens the proportional term when the velocity is

opposite to proportional control torque and weakens it when the velocity is in the same

direction as the proportional control torque. This behaviour is physically reasonable

because added damping slows down the robots and relaxed coupling between them

increases the stability robustness of closed-loop teleoperation.

Figure 3.1: Teleoperation system under the hybrid damping and stiffness adjustment
control in Equation (3.1).
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Figure. 3.1 shows the frame of the closed-loop four channel teleoperation system

with the hybrid damping and stiffness adjustment strategy. Sending the external

forces τh and τe to, and directly applying them on, the slave and master robots,

respectively, is not the best method to exploit them. In general, the external forces

include desired components that assist the controller to coordinate the two robots

both in free motion and in contact, and undesirable components that damage the

coupling between the robots and can even lead to finite time escaping velocities.

Distinguishing the desirable from the harmful components and rejecting the latter

without knowing their bounds is not trivial. In P+d control, fixed local damping in-

jection is effective because the disturbances in the proportional term are related to the

robot velocity at the other side. Considering the harmful components of the external

forces as bounded disturbances is not helpful because it is impossible to determine a

fixed damping sufficient to reject them without knowing their bounds. The proposed

hybrid damping and stiffness adjustment offers an alternative approach for increasing

the robustness of the system to the bounded but unknown external disturbances. Be-

cause the nonlinear hybrid terms switch at zero velocity, the control torques are not

smooth but chattering and noisy. A modification of the hybrid strategy that aims to

avoid this chattering and lessen the noise in the control torques is introduced in the

nest section.

The stability of the system Equation (2.1) under the control of Equation (3.1) is

investigated using the following Lyapunov-Krasovskii functional:

V = V1 + V2 + V3 (3.2)

with:

V1 =
1

2
q̇T
mMmq̇m +

1

2
q̇T
s Msq̇s

V2 =
1

2
(qm − qs)

TP(qm − qs)

V3 =

∫ 0

−dm

∫ t

t+θ

e−γ(t−ξ)q̇T
m(ξ)Qmq̇m(ξ)dξdθ +

∫ 0

−ds

∫ t

t+θ

e−γ(t−ξ)q̇T
s (ξ)Qsq̇s(ξ)dξdθ.

Here, V3 is a measure of the energy introduced by the time delays in the forward and

backward communication channels. The exponential decay coefficient e−γ(t−ξ) facili-

tates the construction of a function β ∈ KL needed in the ISS proof and maintains

V3 ≥ 0 with positive definite diagonal matrices Qi, i = m, s.
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Using property P2, the derivative of V1 is computed as:

V̇1 =− q̇T
mKmq̇m − q̇T

mP(qm − qsd)− (qm − qsd)
TBm(qm − qsd) + q̇T

m(τh + τed)

− q̇T
s Ksq̇s − q̇T

s P(qs − qmd)− (qs − qmd)
TBs(qs − qmd) + q̇T

s (τe + τhd)

≤− q̇T
mKmq̇m − q̇T

mP(qm − qs)− q̇T
mP

∫ t

t−ds
q̇s(ξ)dξ

− (qm − qs)
TBm(qm − qs) + q̇T

m(τh + τed)− 2(qm − qs)
TBm

∫ t

t−ds
q̇s(ξ)dξ

− q̇T
s Ksq̇s − q̇T

s P(qs − qm)− q̇T
s P

∫ t

t−dm
q̇m(ξ)dξ

− (qm − qs)
TBs(qm − qs) + q̇T

s (τe + τhd)− 2(qs − qm)TBs

∫ t

t−dm
q̇m(ξ)dξ.

(3.3)

The terms coupling velocities and external torques can be upper-bounded by:

q̇T
m(τh + τed) ≤

1

2
q̇T
mΥmq̇m +

1

2
(τh + τed)

TΥ−1
m (τh + τed),

q̇T
s (τe + τhd) ≤

1

2
q̇T
s Υsq̇s +

1

2
(τe + τhd)

TΥ−1
s (τe + τhd),

(3.4)

where Υm and Υs are positive definite diagonal matrices.

Further, the time derivative of V2 is given by

V̇2 = (qm − qs)
TPq̇m − (qm − qs)

TPq̇s, (3.5)

and, after some algebraic manipulation, V3 becomes

V3 =e−γt
∫ 0

−dm

∫ t

t+θ

eγξq̇T
m(ξ)Qmq̇m(ξ)dξdθ + e−γt

∫ 0

−ds

∫ t

t+θ

eγξq̇T
s (ξ)Qsq̇s(ξ)dξdθ,

with derivative

V̇3 =− γV3 + dmq̇T
mQmq̇m −

∫ t

t−dm
e−γ(t−ξ)q̇T

m(ξ)Qmq̇m(ξ)dξ

+ dsq̇
T
s Qsq̇s −

∫ t

t−ds
e−γ(t−ξ)q̇T

s (ξ)Qsq̇s(ξ)dξ

≤− γV3 + dmq̇T
mQmq̇m − e−γdm

∫ t

t−dm
q̇T
m(ξ)Qmq̇m(ξ)dξ

+ dsq̇
T
s Qsq̇s − e−γds

∫ t

t−ds
q̇T
s (ξ)Qsq̇s(ξ)dξ.

(3.6)
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From the lemma L.2, it follows that

−
[
q̇T
mP + 2(qm − qs)

TBm

] ∫ t

t−ds
q̇s(ξ)dξ − e−γds

∫ t

t−ds
q̇T
s (ξ)Qsq̇s(ξ)dξ

=− q̇T
mP

∫ t

t−ds
q̇s(ξ)dξ − ηse−γds

∫ t

t−ds
q̇T
s (ξ)Qsq̇s(ξ)dξ

− 2(qm − qs)
TBm

∫ t

t−ds
q̇s(ξ)dξ − (1− ηs)e−γds

∫ t

t−ds
q̇T
s (ξ)Qsq̇s(ξ)dξ

≤dse
γds

4ηs
q̇T
mPQ−1

s PTq̇m +
dse

γds

1− ηs
(qm − qs)

TBmQ−1
s BT

m(qm − qs)

(3.7)

with 0 < ηs < 1 a scalar constant, and similarly

−
[
q̇T
s P + 2(qs − qm)TBs

] ∫ t

t−dm
q̇m(ξ)dξ − e−γdm

∫ t

t−dm
q̇T
m(ξ)Qmq̇m(ξ)dξ

≤dme
γdm

4ηm
q̇T
s PQ−1

m PTq̇s +
dme

γdm

1− ηm
(qm − qs)

TBsQ
−1
m BT

s (qm − qs)

(3.8)

with 0 < ηm < 1 another scalar constant.

Based on the property P1, the sum of V1 and V2 is upper-bounded by:

V1 + V2 ≤
1

2
λm2q̇

T
mq̇m +

1

2
λs2q̇

T
s q̇s +

1

2
(qm − qs)

TP(qm − qs). (3.9)

Defining the state of the closed-loop teleoperation system to be θ = [q̇T
m q̇T

s (qm−
qs)

T]T, the derivative of the proposed Lyapunov-Krasovskii functional can then be

computed by adding Equations (3.3), (3.5) and (3.6) and using the inequalities (3.4),

(3.7), (3.8) and (3.9):

V̇ ≤ −γV − θTΨθ + χ(τh, τe), (3.10)

where the diagonal elements of the symmetric matrix Ψ = diag{Ψ11,Ψ22,Ψ33} are

Ψ11 =Km −
Υm

2
− dmQm −

1

2
γλm2I−

dse
γds

4ηs
PQ−1

s PT

Ψ22 =Ks −
Υs

2
− dsQs −

1

2
γλs2I−

dme
γdm

4ηm
PQ−1

m PT

Ψ33 =Bm −
dse

γds

1− ηs
BmQ−1

s BT
m + Bs −

dme
γdm

1− ηm
BsQ

−1
m BT

s −
1

2
γP

(3.11)
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and the function χ(τh, τe) is

χ(τh, τe) =
1

2
(τh + τed)

TΥ−1
m (τh + τed) +

1

2
(τe + τhd)

TΥ−1
s (τe + τhd).

Based on the above analysis, the following theorem serves as the design criterion

for the controller proposed in Equation (3.1) for teleoperation systems with asym-

metric time-varying delays.

Theorem 4. Consider the teleoperation system in Equation (2.1) with the controller

in Equation (3.1). If there exist positive definite matrix control gains Ki, P, Bi and

Υi and positive scalars ηi, γ with i = m, s such that the diagonal elements of matrix

Ψ in Equation (3.11) are nonpositive, then

1 The closed-loop system is exponentially input-to-state stable with velocities q̇m,

q̇s and position tracking error qm−qs as the state variables and the human and

environment torques, τh and τe respectively, as the inputs, i.e. {q̇m, q̇s, (qm −
qs)} ∈ L∞ if {τh, τe} ∈ L∞.

2 When the operator applies no force on the master and the slave is not in con-

tact with the remote environment, i.e. τh = τe = 0, the master and slave

velocities asymptotically converge to zero and position tracking is achieved, i.e.

{q̇m, q̇s, (qm − qs)} → 0 as t→∞.

3 In steady state with the slave in contact with the remote environment, i.e. q̇m =

q̇s = 0 and τh + τe = 0, the position error between the master and slave robots

vanishes, i.e. qm − qs = 0.

Remark. Similar to [34], the bounding of the derivative of the proposed Lyapunov-

Krasovskii functional in Equation (3.2) has not required any assumption on the op-

erator or remote environment. In other words, the proposed controller can maintain

the closed-loop teleoperation system ISS even when the user and the environment are

active.

Proof. Together, the condition that Ψ be negative semi-definite and Equation (3.10)

lead to:

V̇ ≤ −γV + χ(τh, τe)



49

for any state θ. Further, because Υm and Υs are gains selected through design, there

always exist constant positive scalars υi such that Υ−1
i ≤ υiI, i = m, s. Then, the

function χ(τh, τe) is bounded by

χ(τh, τe) ≤
1

2
υm(τh + τed)

T(τh + τed) +
1

2
υs(τe + τhd)

T(τe + τhd)

≤(υm + υs)( sup
0≤ξ≤t

||τh(ξ)||2 + sup
0≤ξ≤t

||τe(ξ)||2)

=α( sup
0≤ξ≤t

||τh(ξ)||, sup
0≤ξ≤t

||τe(ξ)||)

and

V̇ ≤ −γV + α( sup
0≤ξ≤t

||τh(ξ)||, sup
0≤ξ≤t

||τe(ξ)||). (3.12)

Time integration of Equation (3.12) yields

V ≤ e−γtVt0 +
1

γ
α( sup

0≤ξ≤t
||τh(ξ)||, sup

0≤ξ≤t
||τe(ξ)||),

where Vt0 is the value of V at time t0 = 0. From its definition, V is lower bounded by

V ≥ 1

2
λm1||q̇m||2 +

1

2
λs1||q̇s||2 +

1

2
p||qm − qs||2, (3.13)

where p is the smallest eigenvalue of P. Therefore, it follows that

||q̇i||2 ≤
2

λi1

{
e−γtVt0 +

1

γ
α( sup

0≤ξ≤t
||τh(ξ)||, sup

0≤ξ≤t
||τe(ξ)||)

}
, i = m, s,

||qm − qs||2 ≤
2

p

{
e−γtVt0 +

1

γ
α( sup

0≤ξ≤t
||τh(ξ)||, sup

0≤ξ≤t
||τe(ξ)||)

}
,

which shows that four channel teleoperation with the proposed hybrid damping and

stiffness adjustment is ISS with input
(
τT
h τT

e

)T
and state

(
q̇T
m q̇T

s (qm − qs)
T
)T

.

To prove the second part of Theorem 4, assume that hand and environment torques

are exerted on the system until some time instant 0 ≤ t1 < ∞ and become zero

afterwards. In this case, the time derivative of the proposed Lyapunov-Krasovskii
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functional is

V̇ ≤


−γV + α( sup

0≤ξ≤t
||τh(ξ)||, sup

0≤ξ≤t
||τe(ξ)||) 0 ≤ t < t1

−γV t1 ≤ t

, (3.14)

which, after integration, yields V ≤ e−γ(t−t1)Vt1 , ∀t > t1, where Vt1 is the value of the

functional at time instant t1:

Vt1 = e−γt1Vt0 +
1

γ
α( sup

0≤ξ≤t1
||τh(ξ)||, sup

0≤ξ≤t1
||τe(ξ)||).

From the first part of Theorem 1, Vt1 is bounded. Hence, V exponentially decreases

to 0 as t → ∞. Since V is also lower bounded as in Equation (3.13), it follows that

{q̇m, q̇s, (qm − qs)} → 0 as t→∞.

For the proof of the last part of Theorem 4, assume zero master and slave velocities,

q̇m = q̇s = 0. Then, the nonlinear control torques q̇−1
m (qm − qsd)

TBm(qm − qsd) and

q̇−1
s (qs − qmd)

TBs(qs − qmd) and the master and slave accelerations are also zero.

The closed-loop system dynamics simplify to

τh + τed −P(qm − qsd) = 0

τe + τhd −P(qs − qmd) = 0.

From τh+τe = 0, it follows that τh+τed = τe+τhd = 0 and, further, that qm−qsd =

qs − qmd = qm − qs = 0. That is, the position error tends to zero in steady state

when the hand and environment torques are balanced.

The first two inferences in the theorem are similar to Theorem 1. They guarantee

that the master and slave velocities do not escape in finite time, and that the two

robots are coupled through the proportional control term. The third inference is

similar to a classical result in robot force control [81]: in static contact with the

environment, i.e., when both the master and slave have zero velocity and the slave

end effector is in contact with the remote object, the hand and environment torques

are also constant and, as a result, the external forces balance each other and the

position error is eliminated.

As in single robot control, the P+d strategy behaves as a virtual spring damper in

teleoperation without time delays: the spring connects the master and slave robots,

and the two local dampers connect each robot to the ground. In the absence of
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perturbations, the virtual spring tends to drive the robots to each other. The potential

energy stored in the spring is converted into kinetic energy of the two robots, which the

local dampers dissipate. As a result, the energy of the teleoperation system in closed

loop with P+d control asymptotically tends to zero and the two robots converge to

the same position. In the presence of perturbing forces, the motion of the two robots

is driven by the virtual spring, the local dampers and the external perturbations

themselves. If the perturbations inject only limited energy, or if the local dampers

can maintain the total energy of the closed loop teleoperation system bounded, then

the P+d control guarantees bounded velocities of, and position error between, the

master and slave robots. For teleoperation systems with time-varying delays, the

P+d controller still builds local dampers on both the master and slave sides, but the

proportional control component behaves as a distorted spring. The delays introduce

disturbances in the master and slave proportional control terms P(qm − qsd) and

P(qs − qmd), disturbances that threaten stability by injecting energy in the closed

loop system. However, because the disturbances depend only on the velocity of the

other side, they can be dissipated through sufficient local damping injection and the

effective proportional control term can work as a spring connecting the two robots.

If the hand and environment torques are not assumed passive, they behave as

perturbations for the master and slave robots. In this paper, the external torques

and their transmissions to the other side τh, τhd, τe and τed are called perturbations

instead of disturbances to distinguish their effects from those of the distortions in

the proportional terms P(qm − qmd) and P(qs − qsd). In the classical definition of

stability, a system is totally stable [82] if it is stable for every input-output pairs,

and it is asymptotically totally stable if the state asymptotically converges to the

equilibrium for every input. According to this definition, a teleoperation system is

totally stable if the master and slave velocities and positions are bounded. However,

it seems unreasonable to design a controller to guarantee bounded positions of the

master and slave robots over infinite time without assuming passive terminations.

If the user keeps moving the master along some direction, with bounded force and

without violating the physical constraints of the system, then the positions both of

the master and of the slave should increase to infinity as the time grows to infinity.

However, teleoperation systems work as human-environment interaction systems that

operate over finite time intervals. Therefore, this paper posits that it is practical to

consider finite-time stability for teleoperation systems under perturbing forces [83].

If the master and slave velocities are bounded, then over the finite time interval when
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the system is in use, the master and slave positions are also bounded.

The effectiveness of the proposed hybrid damping and stiffness adjustment strat-

egy is verified through simulations on a pair of 2-DOF planar manipulators with only

revolute joints, as in Section 2.2. Their link masses and lengths are mmk = 1 kg,

msk = 2 kg, lik = 0.5 m, i = m, s and k = 1, 2. The positive asymmetric time-varying

delays dm and ds are upper bounded by dm = 0.2 s and ds = 0.1 s. The master and

slave robots start to move from
(
qm0 q̇m0

)T
=
(
qs0 q̇s0

)T
=
(
0 0

)T
, under the

sinusoidal user-applied force Fhy = 0.5 + sin(0.1π) N. The environment is located at

ye = 0.5 m. Because the user and environment forces are along the y-axis, it can be

assumed that −π
2
≤ qi2 ≤ π

2
, i = m, s, and it follows that λm2 = 1.46 and λs2 = 2.92.

After selecting ηm = ηs = 0.5, Υm = Υs = I and γ = 0.01, Ψ can be made negative

definite by choosing Km = Ks = 11I, P = 10I and Bm = Bs = 0.1I.
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Figure 3.2: Position tracking comparison between two channel (P+d) and four chan-
nel (hybrid damping and stiffness adjustment) teleoperation: qm1 and qs1.

Case 1. Passive Environment

In the first simulation, the user interacts with a passive environment, a virtual wall

with stiffness ke = 1000 N/m and damping de = 40 Ns/m, as widely used in haptic

interface design [84]. The proposed four channel controller with hybrid damping

and stiffness adjustment is contrasted to the classical P+d controller in Figures. 3.2-

3.4. Because the second joints perform similarly, Figures. 3.2-3.4 present only the

positions and torques of the first joints of the master and slave robots. Figure. 3.2

shows that four channel control with hybrid damping and stiffness adjustment can
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Figure 3.3: Two channel teleoperation with P+d control: τe1 and τm1.

0 5 10 15 20 25 30 35 40

Time/(s)

-6

-5

-4

-3

-2

-1

0

1

To
rq

ue
/(N

m
)

 

τ
e1

τ
m1

Figure 3.4: Four channel teleoperation with hybrid damping and stiffness adjustment:
τe1 and τm1.

coordinate the master and slave positions effectively both during free motion and

during contact, whereas two channel P+d control does not coordinate the master

and slave robots as tightly and incurs larger position error, especially during contact.

Figures. 3.3-3.4 illustrate that only the four channel controller with hybrid damping

and stiffness adjustment reflects to the master the large torques generated by the

environment upon contact. Large forces upon contact lead to large accelerations and

high fidelity force feedback [85] and, therefore, are expected to improve the operator’s
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perception of contact in remote rigid environments.
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Figure 3.5: Position tracking in joint space: qm1 and qs1.
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Figure 3.6: Force tracking in joint space: τe1 and τm1.

Case 2. Active Environment

To verify that the hybrid damping and stiffness adjustment strategy proposed in

this paper guarantees bounded velocities of, and position error between, the master

and slave robots even for non-passive operator or environment, the second simulation

examines the teleoperation within an active environment. The virtual wall at the

slave side has stiffness ke = 1000 N/m and damping de = −10 Ns/m. The simulation
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results in Figure. 3.5 show that the active environment induces master vibrations

upon contact, but the vibrations remain bounded during the interaction with the

active environment. Figure. 3.6 illustrates that maintaining the interaction with an

active environment ISS requires large control torques, as the controller aims to reflect

the environment torques to the master. Such large torques may impose a heavy

burden on the actuators and may damage them.

3.2 Nonsingular Spring-Damper Adjustment

When a joint velocity nears zero in the presence of non-zero position error in (3.1), the

nonlinear term opposing the joint velocity overwhelms the other terms along the joint

space direction and stops the motion of the joint. When the joint velocity becomes

zero, the nonlinear term becomes zero along the kth joint space direction and the

other control terms drive the kth joint again. The controller in Equation (3.1) then

leads to spikes in the control torque and chatters in the joint velocity.

To overcome the limitation of the controller in Equation (3.1), this section proposes

the following singularity-free nonlinear controller:

τm =− Sm(q̇m)(qm − qsd)
TBm(qm − qsd)−Kmq̇m −P(qm − qsd) + gm + τed

τs =− Ss(q̇s)(qs − qmd)
TBs(qs − qmd)−Ksq̇s −P(qs − qmd) + gs + τhd

(3.15)

where:

Si(q̇i) =
[

sat(q̇i1)sgn(q̇i1)
nq̇i1

, · · · , sat(q̇in)sgn(q̇in)
nq̇in

]T
,

sat(q̇ik) =

q̇ik |q̇ik| ≤ q̇i

q̇isgn(q̇ik) |q̇ik| > q̇i

and sgn(·) is the signum function, i = m, s and k = 1, · · · , n. The new controller

in Equation (3.15) replaces the singular terms q̇?m and q̇?s in Equation (3.1) with

the nonsingular terms Sm(q̇m) and Ss(q̇s). When a joint velocity q̇ik nears zero in

the presence of non-zero position error, sat(q̇ik)sgn(q̇ik)
nq̇ik

= sgn(q̇ik)
n

and the singularity is

eliminated.

A teleoperation system with the nonsingular springer-damper adjustment con-

trol is shown in Figure. 3.7. Stability of the system is analyzed using the following
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Figure 3.7: Teleoperation system under the nonsingular spring-damper adjustment
control in Equation (3.15).

Lyapunov-like functional:

V = V1 + V2 + V3, (3.16)

where:

V1 =
1

2
q̇T
mMmq̇m +

1

2
q̇T
s Msq̇s

V2 =
1

2
(qm − qs)

TP(qm − qs)

V3 =

∫ 0

−dm

∫ t

t+θ

e−
∫ t
ξ σduq̇T

mQmq̇mdξdθ +

∫ 0

−ds

∫ t

t+θ

e−
∫ t
ξ σduq̇T

s Qsq̇sdξdθ

with σ = max (σm, σs) and σi = 1
n

∑n
k=1 sat(q̇ik)sgn(q̇ik), i = m, s. Different from the

stability analysis in Section 3.1, the integrands in V3 are bounded by non-constant

exponentials in this section.

Similar to Section 3.1, using property P.2, the derivative of V1 satisfies:

V̇1 ≤q̇T
m(τh + τed)− q̇T

mKmq̇m − q̇T
mP

∫ t

t−ds
q̇sdξ − q̇T

mP(qm − qs)

− σm(qm − qs)
TBm(qm − qs)− 2σm(qm − qs)

TBm

∫ t

t−ds
q̇sdξ

+ q̇T
s (τe + τhd)− q̇T

s Ksq̇s − q̇T
s P

∫ t

t−dm
q̇mdξ − q̇T

s P(qs − qm)

− σs(qs − qm)TBs(qs − qm)− 2σs(qs − qm)TBs

∫ t

t−dm
q̇mdξ,

(3.17)
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and the derivatives of V2 and V3 are

V̇2 = q̇T
mP(qm − qs) + q̇T

s P(qs − qm), (3.18)

V̇3 ≤− σV3 + dmq̇T
mQmq̇m − e−dmσ

∫ t

t−dm
q̇T
mQmq̇mdξ

+ dsq̇
T
s Qsq̇s − e−dsσ

∫ t

t−ds
q̇T
s Qsq̇sdξ,

(3.19)

where σ = max{q̇m, q̇s}. According to the lemma L.2, we have

− q̇T
mP

∫ t

t−ds
q̇sdξ − e−dsσ

∫ t

t−ds
q̇T
s Qsq̇sdξ − 2σm(qm − qs)

TBm

∫ t

t−ds
q̇sdξ

≤dsσ
2
me

dsσ

1− ηs
(qm − qs)

TBmQ−1
s BT

m(qm − qs) +
dse

dsσ

4ηs
q̇T
mPQ−1

s PTq̇m

(3.20)

− q̇T
s P

∫ t

t−dm
q̇mdξ − e−dmσ

∫ t

t−dm
q̇T
mQmq̇mdξ − 2σs(qs − qm)TBs

∫ t

t−dm
q̇mdξ

≤dmσ
2
se
dmσ

1− ηm
(qs − qm)TBsQ

−1
m BT

s (qs − qm) +
dme

dmσ

4ηm
q̇T
s PQ−1

m PTq̇s

(3.21)

with 0 < ηi < 1, i = m, s, two scalar constants.

From the property L.1 and the definition of V1 and V2, we conclude that

V1 + V2 ≤
1

2
λm2q̇

T
mq̇m +

1

2
λs2q̇

T
s q̇s +

1

2
(qm − qs)

TP(qm − qs), (3.22)

then, adding Equations (3.17)-(3.19) together and using Equations (3.20)-(3.22), the

time derivative of V can be bounded by:

V̇ ≤− q̇T
mKmq̇m + dmq̇T

mQmq̇m +
dse

dsσ

4ηs
q̇T
mPQ−1

s PTq̇m +
1

2
σλm2q̇

T
mq̇m

− σm(qm − qs)
TBm(qm − qs) +

dsσ
2
me

dsσ

1− ηs
(qm − qs)

TBmQ−1
s BT

m(qm − qs)

− q̇T
s Ksq̇s + dsq̇

T
s Qsq̇s +

dme
dmσ

4ηm
q̇T
s PQ−1

m PTq̇s +
1

2
σλs2q̇

T
s q̇s

− σs(qs − qm)TBs(qs − qm) +
dmσ

2
se
dmσ

1− ηm
(qs − qm)TBsQ

−1
m BT

s (qs − qm)
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+
1

2
σ(qm − qs)

TP(qm − qs)− σV + q̇T
m(τh + τed) + q̇T

s (τe + τhd). (3.23)

Consider

q̇T
m(τh + τed) =

n∑
k=1

q̇mk(τhk + τedk), q̇T
s (τe + τhd) =

n∑
k=1

q̇sk(τek + τhdk),

if |q̇mk| ≤ q̇m, ∀k = 1, · · · , n, then

q̇T
m(τh + τed) ≤

n∑
k=1

|q̇mk(τhk + τedk)| ≤ nσm(τh + τ e) ≤ nσ(τh + τ e),

else if |q̇mk| > q̇m, ∃k = 1, · · · , n, then σ ≥ σm ≥ 1
n
q̇m and

q̇T
m(τh + τed) ≤

1

2σ
q̇T
mΥmq̇m +

1

2
σ(τh + τed)

TΥ−1
m (τh + τed)

≤ n

2q̇m
q̇T
mΥmq̇m +

1

2
σ(τh + τed)

TΥ−1
m (τh + τed),

so we conclude

q̇T
m(τh + τed) ≤

n

2q̇m
q̇T
mΥmq̇m + σ

(
1

2
(τh + τed)

TΥ−1
m (τh + τed) + n(τh + τ e)

)
.

(3.24)

Similarly, if |q̇sk| ≤ q̇s, ∀k = 1, · · · , n, then

q̇T
s (τe + τhd) ≤

n∑
k=1

|q̇sk(τek + τhdk)| ≤ nσs(τh + τ e) ≤ nσ(τh + τ e),

else if |q̇sk| > q̇s, ∃k = 1, · · · , n, then σ ≥ σs ≥ 1
n
q̇s and

q̇T
s (τe + τhd) ≤

1

2σ
q̇T
s Υsq̇s +

1

2
σ(τe + τhd)

TΥ−1
s (τe + τhd)

≤ n

2q̇s
q̇T
s Υsq̇s +

1

2
σ(τe + τhd)

TΥ−1
s (τe + τhd),

so we conclude

q̇T
s (τe + τhd) ≤

n

2q̇s
q̇T
s Υsq̇s + σ

(
1

2
(τe + τhd)

TΥ−1
s (τe + τhd) + n(τh + τ e)

)
. (3.25)
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Defining Θ =
[
q̇T
m, q̇

T
s , (qm − qs)

T
]T

and substituting Equations (3.24)-(3.25) in

Equation (3.23), then the derivative of V can be bounded by

V̇ ≤ −σV −ΘTΨΘ + σχ(τh, τe), (3.26)

where Ψ = diag{Ψ11,Ψ22,Ψ33} with

Ψ11 =Km − dmQm −
dse

dsσ

4ηs
PQ−1

s PT − 1

2
σλm2I−

n

2q̇m
Υm

Ψ22 =Ks − dsQs −
dme

dmσ

4ηm
PQ−1

m PT − 1

2
σλs2I−

n

2q̇s
Υs

Ψ33 =σmBm −
dsσ

2
me

dsσ

1− ηs
BmQ−1

s BT
m + σsBs −

dmσ
2
se
dmσ

1− ηm
BsQ

−1
m BT

s −
σ

2
P

(3.27)

and the function χ(τh, τe) is

χ(τh, τe) =
1

2
(τh + τed)

TΥ−1
m (τh + τed) +

1

2
(τe + τhd)

TΥ−1
s (τe + τhd) + 2n(τh + τ e).

In Ψ33, σm+σs upper bounds σ = max (σm, σs). As they represent the master and

slave velocity magnitudes, σm and σs are time-dependent. Then, for Ψ to be positive

semi-definite (i) the gains appearing in Ψ11 and Ψ22 should be selected to make them

positive semidefinite, and (ii) Ψ33 should be positive semidefinite for any σm and σs.

Since Ψ33 is quadratic in σm and σs, and zero when σm = σs = 0, proper choice of Bm

and Bs renders Bm− 1
2
P and Bs− 1

2
P positive definite and the other solution (σ̂m, σ̂s)

for the quadratic positive. Then, selecting sat(q̇ij) such that 0 < σ ≤ min (σ̂m, σ̂s)

makes Ψ33 positive semi-definite.

Theorem 5. Consider the teleoperation system in Equation (2.1) with the controller

in Equation (3.15). If the control gains (Bi, Ki and P), the parameters (Qi, ηi, Υi)

and the nonlinear functions Si(q̇i), i = m, s are selected such that the diagonal matrix

Ψ is positive semi-definite, then the system possesses three the same properties as in

Theorem 4.

Proof. Assuming that Ψ is positive semi-definite, i.e. −ΘΨΘ ≤ 0, ∀Θ then Equa-

tion (3.26) can be rewritten as V̇ ≤ −σV + σχ(τh, τe). Further, Υi are positive
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definite diagonal matrices,

χ(τh, τe) ≤ α

(
sup

0≤ξ≤t
||τh||, sup

0≤ξ≤t
||τe||

)
,

where α(·) is a K∞ function. Then the solution of V̇ becomes

V ≤Vt0e−
∫ t
0 σdξ + α

(
sup

0≤ξ≤t
||τh||, sup

0≤ξ≤t
||τe||

)
,

where Vt0 is the value of V at time t = 0.

From the definition of V and the property P.1, one further has

V ≥1

2
λm1||q̇m||2 +

1

2
λs1||q̇s||2 +

1

2
p||qm − qs||2,

where p is the minimum eigenvalue of P. Using the property that all three terms are

non-negative, we get

||q̇i||2 ≤
2

λi1

[
Vt0e

−
∫ t
0 σdξ + α

(
sup

0≤ξ≤t
||τh||, sup

0≤ξ≤t
||τe||

)]
,

||qm − qs||2 ≤
2

p

[
Vt0e

−
∫ t
0 σdξ + α

(
sup

0≤ξ≤t
||τh||, sup

0≤ξ≤t
||τe||

)]
,

(3.28)

i = m, s, and σ is non-negative, so Vt0e
−

∫ t
0 σdξ ≤ Vt0 . Besides, under the condition

that assumption A.3 holds, τh and τe are bounded, the second term in the above three

inequalities are bounded, i.e., α

(
sup

0≤ξ≤t
||τh||, sup

0≤ξ≤t
||τe||

)
< ∞. Therefore, velocities

of the master and slave robots and the position error between the master and slave

robots all are bounded, i.e. {q̇m, q̇s,qm − qs} ∈ L∞, the proof for the first part of

the theorem is completed.

To prove the second part, let us first look at the first two inequalities in (3.28).

Under the condition that the hand and environment torques disappear from the time

instant t = t1, they can be rewritten as

||q̇i||2 ≤
1

λi1
Vt1e

−
∫ t
t1
σdξ ≤ 1

λi1
Vt1e

−
∫ t
t1
σidξ,
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i = m, s, where

Vt1 = V0e
−

∫ t1
0 σdξ + r( sup

0≤ξ≤t1
||τh||, sup

0≤ξ≤t1
||τe||, τh, τ e).

Obviously, Vt1 is bounded from the above analysis and the function e
−

∫ t
t1
σidξ is de-

creasing with time t as long as q̇m 6= 0 or q̇s 6= 0. If the functions e
−

∫ t
t1
σmdξ and

e
−

∫ t
t1
σsdξ do not tend to zero as t → ∞, we must have

∫ t
t1
σidξ < ∞, i = m, s. The

derivative of σi is d
dt

(σi) = 1
n

∑n
k=1

(
sat(|q̇ik|)

′|q̇ik|
′
q̈ik
)
. Return to (2.1), given the

proof for the first part of the theorem, q̇m, q̇s and qm − qs all are bounded, it is

obvious that the right side of (2.1) is bounded, with the property P.1, we conclude

that q̈m and q̈s both are also bounded. From the fact that q̈m and q̈s are bounded

and

sat(|q̇ik|)
′
=

1 |q̇ik| ≤ q̇
−
i

0 |q̇ik| ≥ q̇
+

i

, |q̇ik|
′
=

1 q̇ik ≥ 0+

−1 q̇ik ≤ 0−
,

so d
dt

(σi) is bounded. Using the Barbalat’s Lemma, we have σi → 0, i = m, s, which

equals that {q̇m, q̇s} → 0. To discuss the convergence of position error qm − qs, it is

clear from (2.1) that the convergence is guaranteed if we can prove that {q̈m, q̈s} → 0

as {q̇m, q̇s} → 0. Because we have concluded that {q̇m, q̇s} → 0, we assume that

from the time instant t = t2 both q̇m and q̇s converge to the linear section of sat(q̇ik),

i.e. Si(q̇i) = 1
n
sgn(q̇i), then the closed-loop system (2.1) can be rewritten as

AiMiq̈i =−AiCiq̇i −AiKiq̇i −AiP(qi − qjd)−
1

n
Aisgn(q̇i)(qi − qjd)

TBi(qi − qjd)

where Ai = diag{|q̇i1|, |q̇i2|, · · · , |q̇in|} with i, j = {m, s} and i 6= j. With Aisgn(q̇i) =

q̇i, the derivative of the closed-loop system is

(ȦiMi + AiṀi)q̈i + AiMi ˙̇q̇i

=− (ȦiCi + AiĊi)q̇i −AiCiq̈i −Ki(Ȧiq̇i + Aiq̈i)−
1

n
q̈m(qi − qjd)

TBi(qi − qjd)

−P

[
Ȧi(qi − qjd) + Ai

(
q̇i −

d

dt
q̇jd(1− ḋj)

)]
− q̇i
n

d

dt
[(qi − qjd)

TBi(qi − qjd)]

Since all other terms are bounded and the derivative of time delays ḋi are bounded, it

is obvious that ˙̇q̇i are bounded. Combined with the conclusion that q̇m and q̇s tend
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to zero, one can conclude that {q̈m, q̈s} → 0 according to the Barbalat’s Theorem.

Therefore, the position error converges to zero when τh = τe = 0, the second part is

proved completely.

The proof of the third conclusion is the same as in the proof for Theorem 4, so it

is omitted here. Then the whole theorem is proved completely.

For simplicity, we use the system model as in Section 2.3 with the same robot

parameters and communication delays. After choosing σ = q̇i = 0.1, Υi = 0.001I,

ηi = 0.5, Qi = 10I, Ψ can be made negative semi-definite by selecting Km = Ks =

12I, Pm = Ps = 10I and Bm = Bs = 3I. The master and slave robots start

from (qT
m q̇T

m)T = (qT
s q̇T

s )T = (0T 0T)T, under the sinusoidal user-applied force

Fhy = 0.7sin(0.1πt)+0.3 N. The environment with stiffness ke = 1000 N/m is located

at ye = 0.5 m.
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Figure 3.8: Position tracking in joint space: qm1 and qs1.

The performance of the proposed nonsingular controller is compared with that

of the hybrid controller in Section 3.1 in Figures. 3.8-3.10. From Figure. 3.8, both

controllers have similar joint space position tracking performance, thus we conclude

that the position tracking performance of the new controller is not worse than the

previous singular controller. Nevertheless, the master and slave torques are quite

different for the two controllers. Compared with Figure. 3.9(a), the control torque

applied on the slave robot in Figure. 3.9(b) is smoother when the slave robot is

interacting with the remote stiff wall. While the force feedback τm1 is smoother than

the slave torque in Figure. 3.10(a), it is clear that the control torques applied on the



63

0 5 10 15 20 25 30 35 40

Time/(s)

-25

-20

-15

-10

-5

0

5

10

15

20

T
o

rq
u

e
/(

N
m

)

 

τ
s1

τ
h1

5 10 15 20 25 30 35 40

 

-1

0

1

 

 

(a) Hybrid damping and stiffness adjustment.
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Figure 3.9: Hand and the slave control torque comparison between the hybrid and
the nonsingular controllers: τh1 and τs1.
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Figure 3.10: Environment and the master control torque comparison between the
hybrid and the nonsingular controllers: τe1 and τm1.

master robot are noisy both in free motion or in contact. On the contrary, the new

nonsingular controller provides force feedback τm1 in Figure. 3.10(b) that is noise-

free and almost the same as the environment torques, τe1, when the slave robot is in

contact with the remote wall.

3.3 Reduced-Order Coupling Control

In Section 3.2, a nonsingular controller is introduced to achieve smooth force feedback.

However, when the position error is unexpectedly large such that the velocity- and

position error-dependent control term overwhelms the proportional control term and
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the master and slave robots cannot be synchronized, which is named sticking. In

practical situations, before telemanipulation tasks, the master and slave robots should

be initialized to start from the same position. Therefore, potential sticking should be

avoided in controller design. This section introduces a new non-sticking controller.

It also provides stability analysis of the closed-loop teleoperation system with the

non-sticking controller and the controller parameters selection method.

For stable and sticking-free teleoperation with time delays, this section proposes

the following controller:

τm =−
[
P + S(q̇m,qm − qsd)

]
(qm − qsd)−Kmq̇m + τed + gm

τs =−
[
P + S(q̇s,qs − qmd)

]
(qs − qmd)−Ksq̇s + τhd + gs

, (3.29)

where: S(q̇i,qi−qjd) = γsgn(q̇i)sgn(qi−qjd)
T and sgn(u) =

[
sgn(u1), · · · , sgn(un)

]T
and sgn(·) represents the signum function; γ is a positive constant scalar; P, Ki are

positive diagonal gain matrices, i, j = {m, s} and i 6= j.

In Equation (3.29), the nonlinear term, Si(q̇i,qi−qjd), together with the diagonal

gain matrix, P, forms a new gain matrix, P + Si(q̇i,qi− qjd). One can find that the

product of the new matrix and the position error generates a position synchronization

term, −pk(qik−qjdk)−γsgn(q̇ik)‖qi−qjd‖1, for each joint. For the joint with the largest

position error, if pk > nγ, then the conventional proportional part(−pk(qik − qjdk))
weighs more than the other part(−γsgn(q̇ik)‖qi−qjd‖), and thus the controller tends

to limit the position error along this joint space direction. Therefore, position tracking

can be achieved even the initial position error is large. This is the main advantage

of the controller in Equation (3.29) over the nonsingular controller in the previous

section.

Figure. 3.11 displays the teleopration system under the control of the reduced-

order damping and stiffness adjustment strategy. To analyze the stability of the

system, we use the following Lyapunov-like energy function:

V = V1 + V2 + V3 (3.30)

with

V1 =
1

2
q̇T
mMmq̇m +

1

2
q̇T
s Msq̇s
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Figure 3.11: Teleoperation system under the reduced-order coupling control in Equa-
tion (3.29).

V2 =
1

2
(qm − qs)

TP(qm − qs)

V3 =

∫ 0

−dm

∫ t

t+θ

e−
∫ t
ξ σduq̇T

m(ξ)Qmq̇m(ξ)dξdθ +

∫ 0

−ds

∫ t

t+θ

e−
∫ t
ξ σduq̇T

s (ξ)Qsq̇s(ξ)dξdθ,

where: σ = min (σ, σm + σs) with

σm =
max(|q̇mk|)max(|qmk − qsk|)ε

1
2
(qm − qs)TP(qm − qs)

, σs =
max(|q̇sk|)max(|qmk − qsk|)ε

1
2
(qm − qs)TP(qm − qs)

and: min(a, b) is the minimum of a and b; max(uk) is the maximum of uk for all

possible k; σ and ε are two positive constants.

With the property L.2, the time derivative of V1 is

V̇1 =− q̇T
mKmq̇m + q̇T

m(τh + τed)− q̇T
mP(qm − qs)− q̇T

mP

∫ t

t−ds
q̇s(ξ)dξ

− q̇T
s Kq̇s + q̇T

s (τe + τhd)− q̇T
s P(qs − qm)− q̇T

s P

∫ t

t−dm
q̇m(ξ)dξ

− q̇T
mS(q̇m,qm − qsd)(qm − qsd)− q̇T

s S(q̇s,qs − qmd)(qs − qmd).

(3.31)

The derivatives of V2 and V3 are

V̇2 = q̇T
mP(qm − qs) + q̇T

s P(qs − qm), (3.32)
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V̇3 ≤dmq̇T
mQmq̇m − e−σdm

∫ t

t−dm
q̇T
m(ξ)Qmq̇m(ξ)dξ

+ dsq̇
T
s Qsq̇s − e−σds

∫ t

t−ds
q̇T
s (ξ)Qsq̇s(ξ)dξ − σV3.

(3.33)

Further, from the definition of S(q̇i,qi − qjd), we have

− q̇T
mS(q̇m,qm − qsd)(qm − qsd)

=− γq̇T
msgn(q̇m)sgn(qm − qsd)

T(qm − qsd) = −γ

(
n∑
k=1

|q̇mk|

)(
n∑
k=1

|qmk − qsdk|

)

≤− γ

(
n∑
k=1

|q̇mk|

)(
n∑
k=1

|qmk − qsk|

)
+ γ

n∑
k=1

(
|q̇mk|T

∫ t

t−ds
|q̇s(ξ)|dξ

)
(3.34)

and similarly

− q̇T
s S(q̇s,qs − qmd)(qs − qmd)

≤− γ

(
n∑
k=1

|q̇sk|

)(
n∑
k=1

|qsk − qmk|

)
+ γ

n∑
k=1

(
|q̇sk|T

∫ t

t−dm
|q̇m(ξ)|dξ

)
(3.35)

where q̇ik =
[
q̇ik, q̇ik, · · · , q̇ik

]T
, i = m, s. Using the lemma L.2,

(
−q̇T

mP + γ
n∑
k=1

|q̇mk|T
)∫ t

t−ds
q̇s(ξ)dξ − e−σds

∫ t

t−ds
q̇T
s (ξ)Qsq̇s(ξ)dξ

=− q̇T
mP

∫ t

t−ds
q̇s(ξ)dξ − ηse−σds

∫ t

t−ds
q̇T
s (ξ)Qsq̇s(ξ)dξ

+ γ

n∑
k=1

(
|q̇mk|T

∫ t

t−ds
|q̇s(ξ)|dξ

)
− (1− ηs)e−σds

∫ t

t−ds
q̇T
s (ξ)Qsq̇s(ξ)dξ

≤ dsγ
2eσds

4(1− ηs)

(
n∑
i=1

n∑
j=1

|q̇mi|TQ−1
s |q̇mj|

)
+
dse

σds

4ηs
q̇T
mPQ−1

s PTq̇m

≤ndsγ
2eσds

4(1− ηs)
trace(Q−1

s )q̇T
mq̇m +

dse
σds

4ηs
q̇T
mPQ−1

s PTq̇m

(3.36)
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where trace(Q−1
s ) is the trace of Q−1

s and 0 < ηs < 1. Similarly,(
−q̇T

s P + γ
n∑
k=1

|q̇sk|T
)∫ t

t−dm
q̇m(ξ)dξ − e−σdm

∫ t

t−dm
q̇T
m(ξ)Qmq̇m(ξ)dξ

≤ndmγ
2eσdm

4(1− ηm)
trace(Q−1

m )q̇T
s q̇s +

dme
σdm

4ηm
q̇T
s PQ−1

m PTq̇s

(3.37)

where trace(Q−1
m ) is the trace of Q−1

m and 0 < ηm < 1, and

σV1 ≤
1

2
σλm2q̇

T
mq̇m +

1

2
σλs2q̇

T
s q̇s, (3.38)

σV2 ≤
1

2
(σm + σs)(qm − qs)

TP(qm − qs)

≤max(|q̇mk|)max(|qmk − qsk|)ε+ max(|q̇sk|)max(|qmk − qsk|)ε.
(3.39)

Because σ is a state-dependent function, it is varying and switching between σ

and σm + σs with time. We discuss the two cases independently as following.

Case 1. σ = σm + σs

q̇T
m(τh + τed) ≤

1

2σ
q̇T
mΥmq̇m +

σ

2
(τh + τed)

TΥ−1
m (τh + τed)

≤υmp
4ε

(
∑n

k=1 q̇
2
mk) (

∑n
k=1 |qmk − qsk|2)

max(|q̇mk|)max(|qmk − qsk|)
+
σ

2
(τh + τed)

TΥ−1
m (τh + τed)

≤υmp
4ε

(
n∑
k=1

|q̇mk|

)(
n∑
k=1

|qmk − qsk|

)
+
σ

2
(τh + τed)

TΥ−1
m (τh + τed)

=
υmp

4ε

n∑
i=1

n∑
j=1

|q̇mi||qmj − qsj|+
σ

2
(τh + τed)

TΥ−1
m (τh + τed) ,

(3.40)

where Υm is a positive diagonal matrix and υm is its maximum eigenvalue; p is the

maximum eigenvalue of P. Similarly,

q̇T
s (τe + τhd) ≤

υsp

4ε

n∑
i=1

n∑
j=1

|q̇si||qmj − qsj|+
σ

2
(τe + τhd)

TΥ−1
s (τe + τhd), (3.41)

where Υs is a positive diagonal matrix and υs is its maximum eigenvalue.

Adding Equations (3.31)-(3.33) together and using Equations (3.34)-(3.41), the
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derivative of V can then be bounded by

V̇ ≤− σV + σχ(τh, τe)− q̇T
mΨm1q̇m − q̇T

s Ψs1q̇s

− ψm1

n∑
i=1

n∑
j=1

|q̇mi||qmj − qsj| − ψs1
n∑
i=1

n∑
j=1

|q̇si||qmj − qsj|

where χ(τh, τe) = 1
2
(τh + τed)

TΥ−1
m (τh + τed) + 1

2
(τe + τhd)

TΥ−1
s (τe + τhd) and

Ψm1 =Km − dmQm −
1

2
σλm2I−

ndsγ
2eσdstrace(Q−1

s )

4(1− ηs)
I− dse

σds

4ηs
PQ−1

s PT,

Ψs1 =Ks − dsQs −
1

2
σλs2I−

ndmγ
2eσdmtrace(Q−1

m )

4(1− ηm)
I− dme

σdm

4ηm
PQ−1

m PT,

ψm1 =γ − ε− υmp

4ε
, ψs1 = γ − ε− υsp

4ε
.

Therefore, if we choose proper parameters such that Ψi1 � 0 and ψi1 ≥ 0, i = m, s,

then the derivative of V can be simplified to

V̇ ≤ −σV + σχ(τh, τe).

Case 2. σ = σ

q̇T
m(τh + τed) ≤

1

2σ
q̇T
mΥmq̇m +

σ

2
(τh + τed)

TΥ−1
m (τh + τed),

q̇T
s (τe + τhd) ≤

1

2σ
q̇T
s Υsq̇s +

σ

2
(τe + τhd)

TΥ−1
s (τe + τhd)

(3.42)

where Υi, i = m, s, are the same positive diagonal matrices as in case 1.

Adding Equations (3.31)-(3.33) together and using Equation (3.42), then the

derivative of V becomes

V̇ ≤− σV + σχ(τh, τe)− q̇T
mΨm2q̇m − q̇T

s Ψs2q̇s

− ψm2

n∑
i=1

n∑
j=1

|q̇mi||qmj − qsj| − ψs2
n∑
i=1

n∑
j=1

|q̇si||qmj − qsj|

where χ(τh, τe) = 1
2
(τh + τed)

TΥ−1
m (τh + τed) + 1

2
(τe + τhd)

TΥ−1
s (τe + τhd) and

Ψm2 =Km − dmQm −
1

2σ
Υm −

dse
σds

4ηs
PQ−1

s PT − ndsγ
2eσdstrace(Q−1

s )

4(1− ηs)
I− 1

2
σλm2I,
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Ψs2 =Ks − dsQs −
1

2σ
Υs −

dme
σdm

4ηm
PQ−1

m PT − ndmγ
2eσdmtrace(Q−1

m )

4(1− ηm)
I− 1

2
σλs2I,

ψm2 =ψs2 = γ − ε.

Therefore, if we can choose proper parameter such that Ψi2 � 0 and ψi2 ≥ 0,

i = m, s, then the derivative of V can be simplified to

V̇ ≤ −σV + σχ(τh, τe).

Although σ is a state-dependent function that switches between σ and σm + σs

with time, from the analysis of the above two cases, if we can select parameters

properly such that

Ψi =min{Ψi1,Ψi2} = Ψi2 � 0

ψi =min{ψi1, ψi2} = ψi1 ≥ 0
(3.43)

with i = m, s, then the Lyapunov-like function satisfies

V̇ ≤ −σV + σχ(τh, τe)

for each case of σ.

Theorem 6. Consider the teleoperation system in Equation (2.1) with the controller

in Equation (3.29). If the control gains(Ki, P and γ), the parameters(Qi, ηi, Υi,

σ, ε) are selected properly such that Equation (3.43) is satisfied, then the system

possesses three the same properties as in Theorem 1 and avoids sticking and noisy

control torques.

Proof. The proof is similar to the proof of Theorem 4 and Theorem 5, for saving

space, it is omitted here.

The parameter selection is carried out as follows:(1) select P; (2) choose γ, ε and

Υi small enough to satisfy the second condition in Equation (3.43) and γ < npk;

(3) select Qi, σ and ηi such that the damping Ki can be selected small enough to

guarantee the first condition in Equation (3.43). The parameter selection procedure

is more straightforward than solving the matrix in the parameter design procedure in

Section 3.2, which is second contribution of this section.

Simulation results are presented to verify the effectiveness of the reduced-order

coupling control in Equation (3.29). The simulated robots with communication delays
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are driven by the sinusoidal user force and interact with a stiff environment, of which

parameters are the same as in Section 3.2. After choosing P = 5I and Υm = Υs =

0.0001I, ε = 0.1, γ = 0.05, ηm = ηs = 0.5 and Qm = Qs = 10I, ψm and ψs can

be made nonpositive by choosing σ = 0.1, and Ψm and Ψs can be made negative

semi-definite by choosing Km = 5I and Ks = 10I.
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Figure 3.12: Position tracking in joint space: qm1 and qs1.
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Figure 3.13: Hand and slave control torques: qm1 and qs1.

Figure. 3.12 shows that the master is tightly constrained to the slave when the

slave is in contact with the remote wall and that position tracking is achieved both in



71

0 5 10 15 20 25 30 35 40

Time/(s)

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

To
rq

ue
/(N

m
)

 

τ
e1

τ
m1

Figure 3.14: Environment and master control torques: qm1 and qs1.

free motion and in hard contact. Figure. 3.13 illustrates the controller torques applied

on the slave robot, τs1, track the hand torques, τh1, in contact, but they are a little

bit noisy in free motion, which is caused by time-varying delays and is harmful for the

actuators. Figure. 3.14 shows the force feedback performance of the system along the

first joint space direction. Upon slave contact with the remote environment, torque

spikes in τm1 indicate to the user the beginning of interaction on the remote side.

3.4 Conclusions

This chapter has introduced a hybrid damping and stiffness adjustment strategy to

guarantee ISS bilateral teleoperation when hand and environment forces are incor-

porated in the closed control loop. It has shown that four channel teleoperation

can maintain a tight coupling between the master and slave sites, and hence a tight

user-environment coupling. However, since the nonlinear hybrid adjusting terms in

controller become singular at zero velocities, chattering problem may damage the

system performance and even destroy actuators. The nonsingular version employs

a saturation function to avoid the singularity problem, and, thus, torque spikes due

to controller singularity are eliminated. Because the nonlinear velocity and position

error coupling terms is quadratic in position error, sticking problem occurs when

the position error becomes unexpected large. The reduced-order strategy has been

developed to solve the sticking problem, i.e., to guarantee position coordination for
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arbitrarily large position errors, and maintain the main advantages of four channel

teleoperation.

Simulation results have shown the effectiveness of the proposed strategies for four

channel teleoperation. However, all these results are still needed to be experimentally

tested. ISS teleoperation is not the best choice from the perspective of control, so

deeper research efforts are expected to exploit the transmitted forces, distinguish the

harmful components from the wanted part and reject the disturbing transmissions.

Four channel teleoperation requires precise force measurements, which is hard to be

achieved because force sensors exposed to environments are easily to be disturbed

and destroyed.
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Chapter 4

Conclusions and Future work

Time-varying delays in communication channels damage bilateral teleoperation sys-

tem performance, and, more importantly, threaten the safety of the system. To

improve performance and guarantee stability of time-delayed bilateral teleoperation

systems, this thesis has explored several damping injection-based controllers of two

channel and four channel bilateral teleoperation systems to provide a systematic con-

trol strategy.

Within the scheme of two channel teleoperation with only position exchanges,

a bounded state feedback with adaptive gravity compensation controller has firstly

been proposed to tackle the teleoperation control in the presence of time-varying de-

lays, model uncertainties and bounded actuations. By incorporating an inner and an

outer saturation functions to bound the proportional control and saturated propor-

tional plus damping control, respectively, the designed controller can reserve sufficient

damping injection and adaptive gravity compensation capabilities for stabilizing the

system. Then, an augmented I&I velocity observer has been designed and incorpo-

rated in the conventional P+d control to obtain stable teleoperation with time-varying

delays with no velocity measurement and to achieve globally exponential velocity es-

timation convergence. The main advantage of the augmented I&I observer over other

related observer designs is that it dramatically simplifies observer design procedure

and satisfies the specific requirement of teleoperation systems on global velocity es-

timation. For the more challenging bounded output feedback control, this thesis has

also proved that the former developed techniques, bounded state feedback control

and globally convergent I&I velocity observer, can be combined together to globally

stabilize bilateral teleoperation system in the presence of time-varying delays without

using velocity measurements through more conservative gains selections.
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In terms of four channel teleoperation, a hybrid damping and stiffness strategy

has been introduced which employs the user and environment force transmissions and

applies them on the slave and master robots directly to keep tight master-slave cou-

pling. The nonlinear velocity and position error coupling terms are adopted to vary

the stiffness of proportional control and/or to adjust the injected damping, which

guarantee ISS teleoperation with no assumption on external terminators passivity.

Further, the nonsingular version avoids unexpected control torque spikes due to sin-

gularity at zero velocity of the hybrid damping and stiffness adjustment strategy and

achieves stable teleoperation by introducing a saturation function in the singular non-

linear control term. However, the nonlinear velocity and position error coupling terms

in the two strategies are quadratic in position errors, so sticking problems occur when

the position errors become unexpected large. To this end, a reduced-order controller

has been proposed to ensure effective position synchronization for arbitrarily large

position errors and maintain the tight constraints between the master and slave sites.

The above research results discussed in this thesis provide several theoretical

methodologies for achieving stable bilateral teleoperation with time-varying delays

and some other constraints, which has been verified through Lyapunov-Krasovskii

energy analysis and numerical simulations. Nevertheless, they are not necessarily the

best options from the perspective of performance.

In the bounded state feedback with adaptive gravity compensation control, only

the worst cases are considered in each saturation scenarios. For example, in the sit-

uation that only the outer saturation function on one side is breached, the derived

stability criterion employs the minimum possible velocity of that saturated side. An-

other example is that the gravity compensations have not been incorporated in the

outer saturation functions and the bounds of outer saturation functions are limited

to stay within the linear actuator output section when maximum gravities occur.

Therefore, the actuator capabilities have not been fully exploited and the designed

controller is conservative. For the output feedback control, the designed I&I observer

guarantees globally exponential velocity estimation convergence under the assumption

that the model of the system is exactly known and the exerting user and environment

forces can be precisely measured, which is obviously impractical for teleoperation

realization.

In four channel teleoperation control, the three proposed damping and stiffness ad-

justment strategies employs the user and environment force transmissions and applies

them on the slave and master robots directly. It is known that the communication
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delays are time-varying and might randomly jumping within a certain range, so the

transmitted forces are disturbed by the communication delays and become noisy as it

can seen in simulations. It is worth mentioning that the reduced-order strategy over-

comes the sticking problem of the other two strategies by using the sign of velocities

and position errors. Therefore, the reduced-order velocity and position error coupling

terms would switch signs around zero velocities and/or zero position errors, which

varies the master-slave coupling stiffness and thus deteriorates human-environment

interaction experience. Another problem in four channel teleoperation is measuring

force. Most commercial robots are not equipped with force sensors, of which the

reason is that external force sensors can be easily disturbed and destroyed.

As discussed above, several open problems are still remained to be addressed.

Future directions to continue this research can be given in the following different

areas:

1. Less conservative state feedback control for fully exploiting actuator capabilities

and improving position synchronization performance.

2. Adaptive output feedback control of two channel teleoperation in the presence

of model uncertainties without using velocity measurements.

3. Filtering noisy force transmissions or decreasing the sensitivity of the system to

transmission noises without destabilizing four channel teleoperation.

Besides, it is interesting that the developed techniques for stable bilateral teleop-

eration with time-varying delays in this thesis can be easily extended to consensus

control of multi-agent systems in the presence of time-varying communication delays

if the network topology is undirected and connected. Therefore, future study can

also explore more general applications in multi-agent systems with different types of

network topologies and physical constraints.
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