
 

 

Citation for this paper: 

Srivastava, H. M., Dey, U., Chosh, A., Tripathi, J. P., Abbas, S., Taraphder, A., & Roy, M. (2020). 

Growth of tumor due to Arsenic and its mitigation by black tea in Swiss albino mice. Alexandria 

Engineering Journal, 59(3), 1345-1357. https://doi.org/10.1016/j.aej.2020.03.001. 

 

UVicSPACE: Research & Learning Repository 

 

_____________________________________________________________ 

Faculty of Science 

Faculty Publications 

_____________________________________________________________ 

 

Growth of tumor due to Arsenic and its mitigation by black tea in Swiss albino mice 

H. M. Srivastava, Urmimala Dey, Archismaan Ghosh, Jai Prakash Tripathi, Syed 

Abbas, A. Taraphder, & Madhumita Roy 

July 2020 

 

 

 

 

 

 

 

© 2020 H. M. Srivastava et al. This is an open access article distributed under the terms of the 

Creative Commons Attribution License. https://creativecommons.org/licenses/by-nc-nd/4.0/    

 

 

This article was originally published at: 

https://doi.org/10.1016/j.aej.2020.03.001 

https://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.aej.2020.03.001


Alexandria Engineering Journal (2020) 59, 1345–1357
HO ST E D  BY

Alexandria University

Alexandria Engineering Journal

www.elsevier.com/locate/aej
www.sciencedirect.com
ORIGINAL ARTICLE
Growth of tumor due to Arsenic and its mitigation

by black tea in Swiss albino mice
* Corresponding author.
E-mail addresses: abbas@iitmandi.ac.in, sabbas.iitk@gmail.com

(S. Abbas).

Peer review under responsibility of Faculty of Engineering, Alexandria

University.

https://doi.org/10.1016/j.aej.2020.03.001
1110-0168 � 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
H.M. Srivastava a,b,h, Urmimala Dey c, Archismaan Ghosh d, Jai Prakash Tripathi e,

Syed Abbas f,*, A. Taraphder g,c,f, Madhumita Roy d
aDepartment of Mathematics and Statistics, University of Victoria, Victoria, British Columbia V8W 3R4, Canada
bDepartment of Medical Research, China Medical University Hospital, China Medical University, Taichung 40402, Taiwan, Republic
of China
cCentre for Theoretical Studies, Indian Institute of Technology Kharagpur, Kharagpur 721302, India
dDepartment of Environmental Carcinogenesis and Toxicology, Chittaranjan National Cancer Institute, 37 S. P. Mukherjee
Road, Kolkata 700026, India
eDepartment of Mathematics, Central University of Rajasthan, Bandersindri, Kishangarh, Ajmer, 305817 Rajasthan, India
fSchool of Basic Sciences, Indian Institute of Technology, Mandi 175005, India
gDepartment of Physics, Indian Institute of Technology Kharagpur, Kharagpur 721302, India
hDepartment of Mathematics and Informatics, Azerbaijan University, AZ1007 Baku, Azerbaijan
Received 15 January 2020; revised 28 February 2020; accepted 2 March 2020

Available online 20 March 2020
KEYWORDS

Tumor growth dynamics;

Immune response;

Stability theory
Abstract Inorganic arsenic causes carcinogenesis in a large part of the world. Its potential is eli-

cited by the generation of ROS, which leads to damages to DNA, lipid and protein. Black tea,

an antioxidant, can mitigate such deleterious effects by quenching ROS. We study Arsenic-

toxicity and its amelioration by black tea in a colony of albino mice: a homology exists between

the protein coding regions of mice and human. We observe that black tea has salutary effects on

tumor-growth: it arrests damaged cell growth and produces early saturation of the damage. The

experimental data obtained by us are modelled with dynamical equations. This is followed by a

search for steady states and their stability analysis.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Arsenic, plentifully available in earth’s crust [12] is a metalloid,
found in both organic and inorganic forms with two oxidation
states, +3 (arsenite) and +5 (arsenate). It leaches into the

ground water from copper or lead containing rocks. Anthro-
pogenic activities like mining also release it to ground water
[14]. Exposure to arsenic happens primarily from drinking
water, air and food [4]. A lot of health hazards are indeed cor-

related to chronic inorganic arsenic (iAs) exposure and the cur-
rent estimate is about 200 million people in 40 countries have
been exposed to high degree of iAs (much higher than permis-

sible limit, 10 lg/l [16]) from ground water alone. Arsenic
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http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:abbas@iitmandi.ac.in
mailto:sabbas.iitk@gmail.com
https://doi.org/10.1016/j.aej.2020.03.001
http://www.sciencedirect.com/science/journal/11100168
https://doi.org/10.1016/j.aej.2020.03.001
http://creativecommons.org/licenses/by-nc-nd/4.0/


1346 H.M. Srivastava et al.
levels are very high, 50–3200 mg/l in ground water, at several
places in India [4].

Inorganic As is a well-known cause of several diseases, can-

cer included. Excessive ROS generation by iAs is considered
the main reason behind disturbed homeostasis of individuals
[24]. ROS damages the DNA, lipid and protein. It can also

modulate expression of genes [23] implicated in cancer. Regu-
lar iAs exposure is known to decrease the activities of antiox-
idant enzymes, that are required to mitigate the free radicals,

due to the generation of ROS [24].
To check the damaging effects of iAs, it is desirable to halt

carcinogenesis at the initial stage. Carcinogenesis involves mul-
tiple stages: initiation, promotion, progression and finally

metastasis. Chemoprevention, is the use of natural, biological
or synthetic agents to suppress, reverse or prevent the progres-
sion of cancer [29]. To mitigate the effects of iAs-induced tox-

icity, chemopreventive strategies with natural compounds are
preferable. Tea is a good antioxidant and has anticancer prop-
erties [25]. It is also the most preferred beverage. As an antiox-

idant agent, black tea could counter the deleterious effects of
ROS generated by arsenic. Studies have been initiated in Swiss
Albino mice [26,27] to unravel the preventive role of black tea

against iAs-induced carcinogenesis, Black tea quenches the
generation of ROS effectively, lipid peroxidation and diminish
DNA damage, eliciting its anti-cancer potential.

In this work, we have studied a colony of Swiss albino mice

by subjecting them to iAs and a mitigating agent, the black tea.
The experimental data thus obtained over a long period was
then used to develop a mathematical model which is analyzed

thoroughly. The analysis leads us to develop useful conclusions
on the effects of iAs and black tea, and the inherent competi-
tion therein. The novelty of our approach lies in the nature of

the study: a careful, long and detailed experiment is backed by
a mathematical analysis. It is shown that such a combined
experiment-theory project is necessary not only to model the

data, it extends the realm of possibilities beyond the limits of
experiment. For example, we were able to incorporate and
account for other factors like imunogenesis. In the following
we first describe the experiment and then use the data to set

up the model analysis. We draw conclusions at the end.

2. Materials and methods

2.1. Chemicals

Tea Extract Preparation1.25 gm of Assam tea was mixed with
equal amount of Darjeeling tea. The mixture was brewed in
100 ml of boiled water for 5 min. It was then stored, following

lyophilization by a SCANVAC lyophilizer. Prior to adminis-
tering by gavage to the mice, we weighed and reconstituted
the lyophilized powder in water. Catechin and theaflavin con-

tents (both black and green) were then analyzed by HPLC.
Following our previous studies and using the epidemiological
evidences [24], we ascertained the dose and accordingly,
100 ll of tea-extract was given to the mice.

2.2. Animal maintenance

From our animal house, an inbred colony (IAEC 1774/MR-

3/2017/9) 4–5 week old normal, male, Swiss albino mice
(Mus Musculus) was selected. These were fed on synthetic
pellets for mice-feed. During our study, the mice had access
to ad libitum water. Standard conditions with alternate 12 h
light and darkness and a temperature of 22 ± 2 � C were main-

tained. The mice were finally sacrificed by euthanasia with an
overdose of thiopentone sodium.

2.3. Treatment

We divided the colony into four groups, namely I, II, III and
IV: Group I: The Control group of mice: fed normal food and

tap water. Group II: This group was fed with black tea by gav-
age. Group III: Supplied with arsenic water for 360 days at the
rate of 500 lg/l. Group IV: Black tea (100 mg/ml, thrice daily)

and arsenic water (500 lg/ml) both were administered by gav-
age for the same period. We collected and stored the blood and
tissue samples properly for experiments on sacrificing the mice
at different times. Two sets of data were generated to deter-

mine the damaged cells as time progresses: first dataset with
only iAs (for about 360 days) and the second with both iAs
and black tea. For this, the data for 330 days were available.

Group II showed no toxicity from black tea and so we do
not present any data. Some cell damages were already present
in the mice at the outset, and the damage cell count therefore

starts from a finite value. Fig. 1 shows both the data. The
application of black tea clearly brings down the damaged cell
count and the damage shows early saturation.

2.4. Estimation of ROS generation

Following Balasubramanyam et al. [3], with slight modifica-
tions, the amount of generated reactive Oxygen species in the

blood was determined. Solution A (NH4Cl dissolved in TRIS
at pH 7.2) and Solution B (meso-inositol) were used to isolate
leukocytes from mice blood and suspended in HBS (Hepes

Buffered Saline pH 7.4). After adding 10 mM 20,70 dichloro-
dihydro-fluorescein (DCFH-DA), we incubated it for 45 min
in the dark and the fluorescent intensity at 530 nm of the

DCF was then duly recorded.

2.5. Single cell gel electrophoresis

Comet assay [28] or Single Cell Gel Electrophoresis (SCGE)

was used to estimate the DNA damage from leukocytes iso-
lated from blood. 20 ll of leukocytes were suspended in
0.6% low melting agarose (LMA). These were layered over

frosted slide pre-coated with 0.75% normal melting agarose
(NMA). Immersing the cells overnight at a temperature of
4� C in lysis buffer (2.5 M NaCl, 0.1 M Na2EDTA, 10 mM

TRIS, 0.3 M NaOH, 10%DMSO and 1% TritonX; pH 10),
the cells were put to lysis. We then pre-soaked the slides for
20 min in electrophoresis buffer (10 mM NaOH, 0.2 m Na2-

EDTA; pH>13), which were, for 25 min at 15 V, 220 mA, sub-
jected to electrophoresis subsequently. The slides were viewed
under a fluorescence microscope after staining with ethidium
bromide.
2.6. Lipid peroxidation assay

With slight modifications of the principle of Okhawa et al. [22]

and using lipid peroxidation assay, the cell membrane damage



Fig. 1 (upper curve) The cell-damage proportion by iAs. The lower curve is data from the group receiving iAs and black tea both. The

amelioration – limiting the extent of damage due to tea, is evident. There is also an early saturation.
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due to ROS was estimated. Liver tissues were collected from
the sacrificed animals and homogenized. We added 10%
SDS, 20% acetic acid and 0.8% TBA to this homogenate after

that. It was placed in boiling water for 1 h and transferred
straight to ice for 10 min. The samples were subjected to a cen-
trifuge (@2500 rpm, 10 min) then. On collecting the super-

natant, we measured absorbance at 535 nm. The lipid
peroxidation was found out as the number of moles of Malon-
dialdehyde (MDA) generated.
3. A model for cell damage growth

We model the effects of iAs and black tea on the observed

growth of damaged cells in the colony of Swiss albino mice
by a set of simple mathematical equations. We have two sets
of data from the experiment for the growth of damaged cells,
one with iAs only (at 500 lg/l) and the other with As and tea

(100 mg/ml, thrice daily). The black tea is the mitigating agent.
The ROS generated gives a measure of the extent of cell dam-
age. The effect of immunity is ignored to start with and we

understand what iAs and tea do to the cell damage. The
immune cell response will be brought on later. In this and
the following section, we try to model our experimental data

using standard mathematical models, in line with previous
studies on the mathematical models of growth of tumor cells
[15,6,5]. There exist comprehensive articles on such models

and their merits (see, Altrock, et al. [1] and Pillis, et al., [7]).
For more works in the field of mathematical modelling, we
refer to reader [10,18,19,17,2]. There is no need, therefore, to
digress on details of such models here.

The growth of damaged cells is represented by the well
known growth model:

dn

dt
¼ rnð1� n

K
Þ ð1Þ
ROS data give an estimate of N in the above equation, a mea-

sure of the damaged cells. Here n ¼ N
N0
, with N0 being the total

number of cells at t ¼ 0. Note that the actual values of either N

or N0 are irrelevant, only the percentage of damaged cells n, is
needed. The model has two unknown constants, r and
K ¼ B=N0, where B provides the well-known ‘carrying capac-

ity’. The iAs was administered daily from outside at a fixed
rate. It is represented by the term aAn in the model while the
mitigating effects of tea are taken in by bTn term [21]. The
overall model for the cell growth then is

dn

dt
¼ rnð1� n

K
Þ þ aAn� bTn ð2Þ

a and b are unknown constants, fitted from our data. The

equations for the concentration of iAs and tea, (quantities A
and T respectively), are similar [21]. In principle, there ought
to be additional processes; in the minimal model however,

we consider the intake of iAs and tea by standard decay terms
with sources:

dA

dt
¼ A0 � cAA ð3Þ

dT

dt
¼ T0 � cTT ð4Þ

In these equations A0 and T0 are the external source terms of

iAs and tea. Other effects of iAs and tea on the body could be
there and should be considered, which we will in the future.
One effect, usually considered important, but we neglect here

(see next section), is the immune-surveillance. A0 and T0, the
so-called dosage, are reported in mg (or ml)/day. However,
to incorporate them in the Eq. (2), one needs their concentra-

tions at the cellular level. These data are not available to us
from the experiment at hand. We leave them to the fitting.
Note that for the case with only iAs administered (no tea),
the equation for tea is redundant.
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We need to account for the expulsion of iAs and tea from
the body via usual decay rates (very rough estimates of half-
lives of for these are available), cA and cT. Note that different

ingredients decay differently, depend also on the organ in
question. Some approximate values are available in literature
[13], though a considerable degree of latitude in these remain.

We solve Eq. (3) and Eq. (4)

AðtÞ ¼ A0

cA
ð1� e�cAtÞ þ Aie

�cAt ð5Þ
TðtÞ ¼ T0

cT
ð1� e�cTtÞ þ Tie

�cTt ð6Þ

where, Ai ¼ Að0Þ and Ti ¼ Tð0Þ. Substituting of AðtÞ and TðtÞ
in Eq. (2):

dn

dt
¼ rnð1� n

K
Þþmnð1� e�cAtÞþpne�cAt�qnð1� e�cTtÞ� sne�cTt

ð7Þ

here, m = aA0

cA
; p = aAi; q = bT0

cT
and s = bTi. There is no prior

presence of iAs and tea in the mice. Normal tap water, given to

the mice, is tested for iAs (using atomic absorption spec-
troscopy (AAS)). The used tap water was found to be free of
the metalloid As. The presence of iAs at a very small level in

the body cannot be ruled out, but that is negligible for the
model and beyond experimental control. Values of iAs and
tea at t ¼ 0 i.e., Ai;Ti is set to 0. This clearly implies p; s =

0. In the present problem, cA = 0.04 day�1 and cT = 4 day�1.
We reiterate that these values are mere approximations,
though within reasonable ranges. The depend on a host of fac-

tors, primarily the organ being considered, the method of
administration and the measurement protocol. The values we
use are in line with Hughes et al. [13] Numerically solving
and fitting Eq. (7) to the given datasets, the values of unknown

coefficients we obtain are: r = 0.00524, K = 0.14706, m =
0.01281 for the first dataset and r = 0.01380, K = 0.21644,
m= 0.00792, q= 0.00041 for the second. For the first dataset,
Fig. 2 Fitting of curves to the given data. Red and green dots repres

fitted curves.
the effect of black tea is not included obviously and q is irrel-

evant for the first dataset.
The curves fitted to the given datasets are shown in Fig. 2:

red and green dots are experimental data. It is clear that the

fitting is very good for both the curves. Although iAs has a
much longer half-life in comparison to black tea, the competi-
tion between the damage by iAs and mitigation by tea is clearly
visible from both the data and the model. The saturation value

and time to reach saturation for the growth with tea and iAs
(lower curve) is considerably lower than the upper curve with
only iAs. It is quite redeeming that from the experiment and

the model, the effect of tea is found to be appreciable.
That the curves for iAs alone and iAs and tea in tandem

could both be fitted with similar models, gives confidence

on the model considered above. This could then be used for
further predictions. A prediction from this is that the damage
appears to saturate in both cases, though earlier for the case
with tea. This kind of saturation implies that the damage

could be limited by an external mitigant like black tea. As
mentioned before, we have not added the effects of immuno-
genicity above, which will indeed abet early saturation. In the

present paper we took the actual data for modelling, which
makes it much more relevant. However, we underline the
remit of data-fitting by mathematical equations once again:

such exercise must be carried out with caution. With the
absence of cellular level data on the concentration of iAs
and black tea, add to it the inherent uncertainty and fluctua-

tion in their values in situ, the predictions from the model are
only indicative at this stage. As we show below, the immune-
cell response dramatically alters the model, bringing it a lot
closer to reality [8].

4. Growth model with immune cells

Choose IðtÞ to denote immune cell count at any instance of

time t with a constant influx of I0 and if the death rate of
immune cells is cI, the overall dynamics may then be repre-
sented by the following four equations:
ent experimental data and the blue and orange lines represent the



Fig. 3 Fitting of the datasets as discussed in text. The dotted orange and blue curves represent experimental data and the green and red

solid lines are our fitting.

Fig. 4 Three null-surfaces from Eqs. (13)–(15) are shown using the coefficients from fitting. Here A0 = 0.4. The points of equilibrium

(n�;A�; I�) would be at the intersections of the three surfaces.
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dn

dt
¼ rnð1� n

K
Þ þ aAn� bnT� �nI ð8Þ

dA

dt
¼ A0 � cAA ð9Þ

dT

dt
¼ T0 � cTT ð10Þ

dI

dt
¼ I0 þ qIn

a1 þ n
� c1In� cII ð11Þ
The rates of decay of iAs and black tea (cA and cT) were
already given in the section above. It is not difficulty to check

the existence and uniqueness of solution of the above model
for a given initial condition ðn0;A0;T0; I0Þ. Since the right hand
side function is Lipschitz, one can apply Picard-Lindeloff the-

orem to ensure the existence and uniqueness of solution.
In the dynamics of immune cells, the second term above

represents the usual kinetics dictated by Michaelis-Menten

expression. A constant influx rate of the immune cells I0 =
0.3 and the rate of decay of the immune cells cI = 0.0208 day�1

is considered [9,20]. Eqs. (9) and (10) are analytically solved



Fig. 5 Three null-surfaces from Eqs. (18)–(21) using the coefficients obtained by the fitting. We have taken A0 = 0.4 and T0 = 0.4

above. For plotting the upper one A is ket fixed at A = A� ¼ 10 and in the lower one, the null-surfaces are shown with T fixed at T =

T� ¼ 0:1. Equilibrium points (T�; I�; n�) and (A�; I�; n�) appear where these surfaces intersect.
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and given in Eqs. (5) and 6. Substituting the expressions for
AðtÞ and TðtÞ in Eq. (8) obtained analytically, one gets

dn

dt
¼ rnð1� n

K
Þ þmnð1� e�cAtÞ þ pne�cAt � qnð1

� e�cTtÞ � sne�cTt � �nI ð12Þ
here, the unknown coefficients m (= aA0

cA
), p (= aAi), q (= bT0

cT
),

s (= bTi), �; q; a1 and c1 are going to be fitted from the data we
have. Initially (t = 0), no iAs, tea and immune cells are pre-

sent. This is reasonable to assume though pre-existing iAs
and immune cells cannot be ruled out altogether. Even if they
existed, the numbers are taken to be small and negligible. It
implies Ai;Ti = 0 and therefore the corresponding coefficients

p; s = 0.
We solve Eqs. (11) and (12) numerically and on fitting with

experimental data, the values of the unknown coefficients we

obtain are: r = 0.00173, K = 0.03166, m = 0.02802, � =
0.00055, q = 0.95103, a1 = 1.30187, c1 = 0.63433 for the first
set of data and r = 0.60516, K = 8.97523, m = 0.08006, q =
0.61760, � = 0.00379, q = 0.02733, a1 = 2.15877, c1 =
0.02718 for the second. The coefficients for the first set are cal-
culated without considering the effects coming from tea. The

curves that fit are shown in Fig. 3 along with the experimental
data points, shown by the orange and blue color dots.

4.1. Equilibria

4.1.1. Tea-free equilibria

To study the equilibria, the case without tea is considered first.

The steady state solutions are obtained as:

_n ¼ 0

_A ¼ 0

_I ¼ 0

Note that n = 0 solutions are not experimentally relevant. So
we only look for the non-zero n solution only. The Eqs. above



Fig. 6 The solution curves corresponding to the model system (2) and (3).

Fig. 7 Phase-portrait of the model system (2) and (3). The solution trajectories converge to the interior steady state (0.5034, 0.01281),

emerging from different initial points.
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give three null surfaces, and their intersection give the desired

equilibrium point (n�, A�, I�). We derive the non-trivial
solutions:
n� ¼ K 1þ aA�

r
� �I�

r

� �
ð13Þ
A� ¼ A0

cA
ð14Þ
I� ¼ I0ða1 þ n�Þ
c1a1n� þ c1n�2 þ cIa1 þ cIn� � qn�

ð15Þ
As mentioned above, the trivial equilibrium n� ¼ 0 is studied
by other authors [8], it does not correspond to a experimentally
relevant outcome. We do not consider the trivial point thus.
We plot the three null-surfaces given by Eqs. (13)–(15) in

Fig. 4, using the values of the coefficients obtained earlier from
the fit. Numerically solving Eqs. (13) and (15) and using the
values of the coefficients, the equilibrium is found to occur

at (A�; I�; n�) = (10, 4.010730, 0.502892). Here we the constant
influx of iAs was set at A0 = 0.4. Once the non-trivial equilib-
ria are obtained, we go ahead and work out their linear stabil-

ity. The positivity of equilibria need to be maintained and
therefore we need rþ aA� > �I� and q < c1a1 þ cI. From an
observation of the roots, we obtain the other condition

c1n
�2þðc1a1 þ cI �qÞn� þ cIa1 ¼ c1n

�2þ bn� þ cIa1 ¼ ðn� � a1Þ
ðn� � a2Þ,. Here a1;2 ¼ 1

2c1
ð�b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4c1cIa1

q
Þ.
4.1.2. Analysis of stability

A Jacobian matrix can be constructed:

J ¼
aA� � �I� þ r� 2r

K
n� an� ��n�

0 �cA 0
qI�

a1þn� � qI�n�

ða1þn�Þ2 � c1I
� 0 qn�

a1þn� � c1n
� � cI

0
B@

1
CA

¼
L� an� ��n�

0 �cA 0

M� 0 P�

0
B@

1
CA

where L� = aA� � �I� þ r� 2r
K
n�;M� = qI�

a1þn� � qI�n�

ða1þn�Þ2 � c1I
�

and P� = qn�
a1þn� � c1n

� � cI
The corresponding eigenvalues of the Jacobian matrix are:

k1 ¼ �cA < 0 ð16Þ

k� ¼ 1

2
ðL� þ P�Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL� � P�Þ2 � 4�n�M�

q� �
ð17Þ

The eigenvalues must have their real parts negative for stabil-

ity. So, we find the region corresponding to the negative eigen-
values in the n� I� A axes. The values obtained for n�;A� and
I� are shoved back in Eq. (17) to get k� < 0. As the real part of

k1 is negative, it implies stable equilibrium.

4.1.3. With-tea equilibrium

The same procedure leads to a solution of the equations:

_n ¼ 0

_A ¼ 0



Fig. 8 The solution curve for model system (8)–(11). The solution curve converges to its interior steady state (0.5338, 10, 1.1046), having

started from (0.1, 0, 0).

Fig. 9 The phase-portrait for model system (8)–(11). The Solution trajectories converge to interior steady state (0.5338, 10, 1.1046)

having started from separate points.

Fig. 10 The solution curve for model system (8)–(11) without tea. the curve converges to its interior steady state (n�;A�; I�) = (0.502892,

4.010730, 10) initiating from (0.1, 0, 0). The parametric values are the same as for the first experimental set of data.
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_T ¼ 0

_I ¼ 0

Finally the non-zero solutions we get:

n� ¼ K 1þ aA�

r
� bT�

r
� �I�

r

� �
ð18Þ

A� ¼ A0

cA
ð19Þ

T� ¼ T0

cT
ð20Þ
I� ¼ I0ða1 þ n�Þ
c1a1n� þ c1n�2 þ cIa1 þ cIn� � qn�

ð21Þ

In order to ensure the positivity of equilibria,

rþ aA� > bT� þ �I� and therefore q < c1a1 þ cI. The equilib-
rium points (T�; I�; n�) and (A�; I�; n�) can be read off from
the figures in Fig. 5. As before, they appear at the intersections

of these surfaces.

4.1.4. Stability analysis

The 4�4 Jacobian Matrix is now
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J ¼

L� an� �bn� ��n�

0 �cA 0 0

0 0 �cT 0

M� 0 0 P�

0
BBB@

1
CCCA

where

L� ¼ aA� � bT� � �I� þ r� 2r
K
n�;M� ¼ qI�

a1þn� � qI�n�

ða1þn�Þ2 � c1I
�

and P� ¼ qn�
a1þn� � c1n

� � cI. Note that the both the eigenvalues

of the Jacobian above, k1 ¼ �cA and k2 ¼ �cT are negative.
The two other eigenvalues:

k� ¼ 1

2
ðL� þ P�Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL� � P�Þ2 � 4�n�M�

q� �
ð22Þ

We look for the regions where the real part of k� < 0. Fig. 5,
shows the three null-surfaces given by Eqs. (18)–(21), where we
used the coefficients from the fitting again; the upper one is

when A is fixed at A� ¼ 10. For the lower, the null-surfaces
are plotted with T kept fixed at T� ¼ 0:1. As before, the points
of equilibrium (T�; I�; n�) and (A�; I�; n�) come from the

intersections of these surfaces. We find that equilibrium
appears at the point (A�;T�; I�; n�) = (10, 0.1, 11.48990,
0.35624), where the constant rates of influx of iAs and tea have

been fixed at A0;T0 = 0.4. As we substitute the values for
n�;A�;T� and I� in Eq. (22), it is observed that the real part
of k� < 0. Note that the real parts of the other two eigenvalues

are negative already. So this implies that the coefficients
obtained from the fit do indeed give us stable equilibrium.

4.2. Model including delay

Indeed, immune response is usually a delayed response in any
living organism and therefore it is natural that a delay in IðtÞ in
the functional response term needs to be included for the sake

of connection to reality. And then the overall dynamics of the
system should be represented by the set of equations:

dnðtÞ
dt

¼ rnðtÞð1� nðtÞ
K
Þ þ aAðtÞnðtÞ � bnðtÞTðtÞ � �nðtÞIðtÞ

dAðtÞ
dt

¼ A0 � cAAðtÞ
dTðtÞ
dt

¼ T0 � cTTðtÞ
dIðtÞ
dt

¼ I0 þ qIðt�sÞnðtÞ
a1þnðtÞ � c1IðtÞnðtÞ � cIIðtÞ;

ð23Þ

The history conditions are: nð0Þ ¼ n0;Að0Þ ¼ A0;Tð0Þ ¼
T0; IðtÞ ¼ /ðtÞ for t 2 ½�s; 0�.

4.2.1. Stability without tea

The stability of (non-trivial) equilibrium solutions are revealed
in the following. The set of equilibria are the same as with Eqs.

(8)–(11). We analyze first the tea-free situation.
As before, we the Jacobian matrix is constructed:
Dðk; sÞ ¼ det

ðaA� � �I� þ r� 2r
K
n�Þ � k an� ��n�

0 �cA � k 0
qI�

a1þn� � qI�n�

ða1þn�Þ2 � c1I
� 0 ðqn�e�ks

a1þn� � c1n
�

0
BB@
In the above equations L� = aA� � �I� þ r� 2r
K
n�;M� =

qI�
a1þn� � qI�n�

ða1þn�Þ2 � c1I
�;P�

1 = �c1n
� � cI and P�

2 = qn�
a1þn�. Use the

stability criteria (see Theorem 3.7.1 in Gopalaswamy [11])
for a nonlinear delay equation:

Theorem 1. The necessary and sufficient conditions for any

equilibrium to be asymptotically stable, for all s P 0, are: (1)
The root of Dðk; 0Þ ¼ 0 must have negative real parts.

(2) Dðil; sÞ – 0, for all real l and all s P 0.

An eigenvalue here is trivially �cA and others are obtained
from the root of

ðL� � kÞðP�
1 þ P�

2e
�ks � kÞ þ �n�M� ¼ 0:

Simplifying, we get

k2 þ ð�L� � P�
1 � P�

2e
�ksÞkþ L�ðP�

1 þ P�
2e

�ksÞ þ �n�M� ¼ 0:

The condition for non-delayed case was already found out.
For the other condition, we substitute k ¼ il above,

� l2 þ ð�L� � P�
1 � P�

2e
�ilsÞilþ L�ðP�

1 þ P�
2e

�ilsÞ þ �n�M�

On separating real and imaginary parts,

�l2 � P�
2 sinðlsÞlþ P�

2 cosðlsÞ þ �n�M� ¼ 0

�L� � P�
2 cosðlsÞl� P�

2 sinðlsÞ ¼ 0:
ð24Þ

Then, squaring and adding,

ð�n�M� � l2Þ2 þ L�2 ¼ P�
2
2l2 þ P�

2
2;

which further implies

l4 � ððP�
2Þ2 þ 2�n�M�Þl2 þ �2n�2M�2 þ L�2 � P�

2
2 ¼ 0:

Now the roots are:

l2
� ¼ 1

2
ððP�

2Þ2 þ 2�n�M�Þ
h

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððP�

2Þ2 þ 2�n�M�Þ2 � 4ð�2n�2M�2 þ L�2 � P�
2
2Þ

q �

Condition (2) of the theorem is violated, implying that there

exists a l such that the above relation holds. It holds when

�2n�2M�2 þ L�2 > P�
2
2; the equilibrium is stable if in addition

to the condition for non-delay case (Section 4.1.2),

�2n�2M�2 þ L�2 < P�
2
2 is also satisfied.

Remark 1. With-tea – the stability of equilibrium: Since the

equation in I now does not depend on T, the same condition

obtains for the stability: �2n�2M�2 þ L�2 < P�
2
2 in addition to

the one in the subSection (4.1.4).
� cIÞ � k

1
CCA ¼ det

L� � k an� ��n�

0 �cA � k 0

M� 0 P�
1 þ P�

2e
�ks � k

0
B@

1
CA
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5. Numerical simulations

Numerical examples and their simulations are presented here
to validate the analytical and stability results of the previous

sections. We show numerical experiments for all the cases with
different sets of parameters.

5.1. Model systems with no delay

We solve the model systems numerically without delay first.
We then discuss both cases, i.e., with and without tea.

5.1.1. Without tea

Consider the parameter values given in Eq. (25). They denote
the parametric values corresponding to the model systems (2)

and (3) (i.e., system without tea as well as immune cells).

r ¼ 0:00524;K ¼ 0:14706; a ¼ 1;A0 ¼ 0:0005124; cA ¼ 0:04;

ð25Þ
Given the parametric values in (25), the model system (2) and

(3) gives an interior equilibrium solution in R2
þ, namely

ðn�;A�Þ ¼ ð0:5034; 0:01281Þ. The solution curves approach

the steady state starting from the initial condition (0.1, 0)
(the solution curves shown in Fig. 6 are referred here as also
the phase plain in Fig. 7).

r ¼ 0:00173;K ¼ 0:03166; a ¼ 0:0002802;A0 ¼ 0:4;

cA ¼ 0:04; I0 ¼ 0:3;

a1 ¼ 1:30187; c1 ¼ 0:63433; c1 ¼ 0:0208; q ¼ 0:25;

� ¼ 0:00055 ð26Þ
In the case of the parametric values in (26), the model sys-

tem (8), (9) and (11) (non-delayed model system, no tea),
admits of a steady state solution (n�;A�; I�) = (0.5338, 10,
1.1046). The solution curves stabilizing to their steady state,
shown in Fig. 8. Corresponding phase-portrait of the model

system (8), (9) and (11) is described in Fig. 9.
Here, for the parametric values in (26), we have

rþaA� ¼0:03148>�I� ¼0:00061;q¼0:25<c1a1þcI¼ 0:84661;
L� ¼�0:02747< 0;P� ¼�0:208974< 0 and hence L� þP� < 0
and also L�P� � �M�n� ¼ 0:00591 > 0. The positivity and local
stability conditions for the steady state solution (n�;A�; I�) of
Section 4 also agree.
Fig. 11 The solution curve for model system (2)–(4). Solution curve

initiating from (0.1, 0, 0).
In the following, we solve the model system (8), (9) and (11)
using the parametric values of the experimental data set (the
first one, in Section 4). These values were calculated without

the effect of black tea. They are same as the ones given in
(26), except q ¼ 0:95103. The solution curves for system (8),
(9) and 11 with parametric values from first experimental data

set show that all the populations stabilizes to its steady state
solution (n�;A�; I�) = (10, 4.010730, 0.502892) (refer the
Fig. 10).

We may therefore get stable solutions the regions of
stability.

5.1.2. Model systems, with-tea

The graphical interpretations for the solution trajectories of
the model system (2)–(4) in the presence of tea cells are dis-
cussed here. Taking parametric values from (27) for the model
system (2)–(4) (non-delayed model system with tea and no

immune cells), we write:

r ¼ 0:01380;K ¼ 0:21644; a ¼ 1; b ¼ 1;A0 ¼ 0:0003168;

cA ¼ 0:04;

cT ¼ 4;T0 ¼ 0:00164 ð27Þ
Consider the parametric values in (27), the model system (2)–
(4) has a steady state solution (n�;A�;T�) =
(0.3338,0.00792,0.00041) and the solution curves stabilize to

its steady state (shown in Fig. 11). The phase portrait of the
model system (2)–(4) has been shown in Fig. 12.

r ¼ 0:60516; K ¼ 8:97523; a ¼ 0:008006; A0 ¼ 0:4;

cA ¼ 0:04; cT ¼ 4;

T0 ¼ 0:4; q ¼ 0:0073; a1 ¼ 2:15877; c1 ¼ 0:02718;

c1 ¼ 0:0208; I0 ¼ 0:3 ð28Þ
For the values of parameters given in (28), the model system
(8)–(11) (non-delayed model system with tea and immune

cells), admits of a steady state solution (n�;A�;T�; I�) =
(0.4838, 10, 0.1, 9.21) and the solution curves converge to
the steady state solution (refer Fig. 13). For the parametric
values in (28), rþ aA� ¼ 0:68522 > bT� þ �I� ¼ 0:6525;
q ¼ 0:0073 < c1a1 þ cI ¼ 0:07948; L� ¼ �0:00840 < 0; P� ¼
�0:22946<0 and hence L�þP�<0 and also L�P��
�M�n�¼0:00069>0. The conditions for the positivity and local
converges to its interior steady state (0.3338, 0.0.00792, 0.00041)



Fig. 12 Phase portrait for model system (2)–(4). Solution trajectories converges to its interior steady state (0.3338, 0.00792, 0.00041)

starting from different initial points.

Fig. 13 Solution curve for model system (8)–(11). Solution curve converges to its interior steady state (0.4838, 10, 0.1, 9.21) initiating

from (0.1, 0, 0, 0).
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stability of steady state solution ð0:4838;10;0:1;9:21Þ are there-
fore satisfied.

Now we solve the model system (8)–(11) for the paramet-
ric values obtained via second experimental data set (see

Section 4). These parametric values are calculated with the
effect of black tea and are same as parametric given in
(28) except q ¼ 0:02733. The solution curves for system

(8)–(11) with parametric values from second experimental
data set show that all the populations stabilizes to its steady
state solution (n�;A�;T�; I�) = (0.3564, 10, 0.1, 11.48990)

(refer the Fig. 14).
Fig. 14 Solution curve for model system (8)–(11) with black tea. So

(0.3564, 10, 0.1, 11.48990) initiating from (0.1, 0, 0, 0). Parametric va
5.2. Model systems with delay

Now here we discuss solution curves for the model systems
with delay in immune response for both the cases with tea
and without tea.

5.2.1. Model systems without tea

We consider same set of parametric values taken as in (26) for
immune system without tea (i.e., model system with first, sec-

ond and fourth equation of (23)). For the parametric values
in (26), the steady state solution of delayed model system
lution curve converges to its interior steady state (n�;A�;T�; I�) =
lues are same as obtained by second experimental data set.



Fig. 15 Solution curve for the delayed model system (23) without tea. Solution curve converges to its interior steady state (0.5338, 10,

1.1046). Here s ¼ 2.

Fig. 16 Solution curve for the delayed model system (23) with tea. Solution curve converges to its interior steady state (0.4838, 10, 0.1,

9.21). Here s ¼ 2.

Table 1 Interior equilibrium with respect to the constant rate

of administration of tea (T0) externally.

T0 n� I�

0.05 8.952 1.162

0.1 7.799 1.321

0.2 5.48 1.824

0.3 3.127 2.957

0.7 2.368e-96 � 0 14.42
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(23) without tea is same as that of associated non-delayed sys-
tem (8), (9) and (11). Here we have take the delay parameter

s ¼ 2. The positivity condition is same as in case of model sys-
tem (8), (9) and (11), which we have already discussed. The sta-
bility condition is also well satisfied because

�2n�2M�2 þ P�2 ¼ 0:00075 < M�
2
2 ¼ 0:022631 (the reader may

refer the Theorem 1). The solution curves are illustrated in

the Fig. 15, which clearly converge to steady state equilibria.

5.2.2. Model systems with tea

Same set of parametric values, as in (28), are taken now for

immune system with tea. We numerically solve the model sys-
tem (23) adding delay and tea. The same set of parametric val-
ues are taken as in (28), considered for the corresponding non-

delayed model (8)–(11). For the parameters in (28), the steady
state solution of delayed model system (23) turns out to be the
same as that of the associated non-delayed system (8)–(11).
The delay parameter is taken to be s ¼ 2. The positivity condi-

tion is the same as model system (8)–(11). As worked out in
case of delayed model system in the absence of tea, one can

easily show that �2n�2M�2 þ L�2 < P�
2
2(refer to the Remark

1). The corresponding solution curves are illustrated in the
Fig. 16, and they converge to steady state equilibria.

Table 1 shows how the co-ordinates of the interior steady
state changes if we change the constant rate of administration
of tea (T0) externally. We observe that initially the steady state

value of damaged cell decreases slowly and after a certain
value of T0, it start decreasing more faster as we increase the
value of T0, while the just opposite happens for the steady state
density of immune cells. Actually, due to faster increase of

immune cell, the faster decrease of damaged cell occur.

6. Conclusion

An attempt has been made to model the data obtained from the
in vivo studies, using Swiss albino mice. Mice are maintained
under the influence of iAs for a long period, with iAs-loaded

water as the only source of drinking water. Black tea infusion
is administered on a regular basis to a subset of the mice. The
data obtained on the cell-damage in these two groups of mice
were then modelled by the standard dynamical equations. It

is redeeming to note that even simple models could fit the data
well and predict long-term behavior of the cell damage by iAs
and its alleviation by black tea. Further studies using experi-

mentally obtained fitting parameters would reveal more inter-
esting underlying dynamics that are testable in real systems.
The predictions thereof would be reliable and useful for the

study of growth and limitation of tumors.
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