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Abstract

In this paper, we introduce and study a new subclass M(p, , 3) of mero-
morphically univalent functions with positive coefficients. We first ob-
tain a necessary and sufficient condition for a function to be in the class
M(p, a, ). We then investigate the meromorphically starlikeness and con-
vexity of functions in the class M(p, o, 5). Several other properties of

functions in the class M(p, @, #) are also derived.

1. Introduction
Let M(p) denote the class of functions f(z) of the form:

@)=Y e (en20 pEN={1,23,)), (11)

n=p

which are analytic and univalent in the punctured unit disk
D={z:2eC and 0<|z| <1},

and which have a simple pole at the origin (2 = 0) with residue 1 there. A function

f(z) € M(p) is said to be in the class M(p, a, §) if it also satisfies the inequality:

R{zf(z) —a2® f'(z)} > B (1.2)
for some a (e > 1) and 8 (0 € B < 1), and for all z € D. Other subclasses of the class
M(p) were studied recently by (for example) Cho et al. ([1], [2]).

The main purpose of this paper is to investigate various interesting properties of func-

tions belonging to the class M(p, , ).

2. Distortion Inequalities

Theorem 1. Let a function f(z) be in the class M(p). Then f(z) belongs to the class
M(p, a, B) if and only if

o0

Y (ne-1a, <l+a—-f (a>1 0<F<). (2.1)

n=p



The result 13 sharp.

Proof. Suppose that f(z) € M(p, a, 3). Then we find from (1.2) that
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If we choose z to be real and let z — 1—, we get

oo

l+a-) (na-1)a, <f (a>1; 0<B<1),

n=p

which is equivalent to (2.1).
Conversely, let us suppose that the inequality (2.1) holds true. Then we have

oo

|zf(z) — az2f'(z) -1~ al = |— Z(na _ 1) an ot
< Z(na — 1) an |z|**!

<l4+a-p (zeD; a>1; 0<f(<1),

which implies that f(z) € M(p, o, §).

Finally, we note that the assertion (2.1) of Theorem 1 is sharp, the extremal function

being
1 14+a-p8,
=1+l pem. (22)
Corollary 1. If f(z) € M(p, a, §), then
l1+a-p4
< — > p; . .
nS—— (n>p; peN) (2.3)

Theorem 2. Let the function f(z) defined by (1.1) and the function g(z) defined by

9(z) = % + i bp2®  (bn20; p€N) (2.4)

n=p



be in the same class M(p, a, 3). Then the function h(z) defined by

B(2) = (1= A) f(2) + A g(z) = §+chz"

n=p

(cn:=(1=X)ap+Ab,>0; 0<A<1)

i3 also in the class M(p, a, ).

(2.5)

Proof. Suppose that each of the functions f(z) and g(z) is in the class M(p, o, §).

Then, making use of (2.1), we see that

Z(na—l)cn = Z(na—l)[(l—)\)an—{—/\bn]

n=p

=(1-)) Z(na—l)an+,\ Z(na—l)b

n=p
<A=-MN1+a=-B)+I1+a-p)
=14+a-p4 (a>1; 0<f<1l; 0<AL],

which completes the proof of Theorem 2.

3. Distortion Theorems

Theorem 3. If f(z) € M(p, a, B), then

1 14a- 1 l+a—p
m—pa—Hp<|f(z)| 2 “——THP

The result is sharp for the function f(z) given by

1 1 -
f(z)=;+ﬂzp (a>1; 0<p<1; peN)

pa—1

Proof. Since

1 _
Zan_—+a—ﬁ (a>1; 0<pB<1; peN)

pa—1
n=p

(zeD; peN).

(2.6)
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and
o0

Z <w (a>1; 0<f<1l; peN)
= pa—1

for f(z) € M(p, a, ), we have

£ 2 o7 = 1eP 3 a

n=p

and
lf(z)l S T + |z|P Z apn
n=p
1 l1+a-p

<+

P
SRt a1

which complete the proof of Theorem 3.
Theorem 4. If f(z) € M(p, a, f), then

1 p(1+a_ﬁ) lz]p——

| 2|2 pa—1

1< <
£ < o+ B2
(zeD; peN).
Equalities in (3.7) are attained by the function f(z) given by (3.2).

Proof. We find from (1.1) and (3.4) that
1F(2)l 2 Z e |2~ z nan

S 1 —p(1+a—ﬂ)|’lp—1
~ lz)? pa—1

and

|[f'(2)] SwET |27~ E nan

n=p

p(1+a—ﬂ)l Ip—l
= 2f? pa—1 0

which complete the proof of Theorem 4.

p(l+a-— ﬂ)l p-1
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4. Meromorphically Starlikeness and Convexity of

Functions in the Class M(p, «, 3)

A function f(z) € M(p) is said to be meromorphically starlike of order § (0 < 6 < 1)
if it satisfies the inequality:

w{-2LEAV s e 0<s<1). (4.1)
L f(2) )

Further, a function f(z) € M(p) is said to be meromorphically convez of order §

(0 < § < 1) if and only if zf'(z) is meromorphically starlike of order § (¢f. Duren [3]),
that is, if it satisfies the inequality:

m{— (1+Z1{,'2S))} >6 (zeD; 0<6<1). (4.2)

Theorem 5. If f(z) € M(p,a, ), then f(z) is meromorphically starlike of order §
(0<6<1)im0<|z| <rilp,a,p,6), where

. (1-6)(na—1) 1/(nt1)
rl(P,oz,ﬁﬁ)——TllIéf;){(1+a_ﬂ)(n+2_5) (p € N). (4.3)
The result 13 sharp for the function f(z) given by
1 1 -
f(z)z;-i—%ﬁz" (a>1; 0<f<1l; n>p; peN). (4.4)

Proof. We must show that

_zf'(2)
f(2)

—1l <1-46 for lz| < r1(p, a, B, 6).
Indeed we have

o n 1 n n+1
_zf'(z) _1I< nz=:p( + )a |z|

f(2)

<1-6 (0<6<1), (4.5)

o0

1— Z anlzln—{—l

n=p

if

(n+2—§)|z"*1 < _na— 1
1-4 “l4a-p

(zeD; a>1; 0<f8<1l; 0<d6<1). (4.6)



Solving (4.6) for |z|, we obtain

(1-68)(na—1) Y&

|2| Srl(p’aaﬁ')&) = (1+a_ﬂ)(n+2—-6)

(n>p; peN), (4.7)

which evidently proves Theorem 5.

Theorem 6. If f(z) € M(p,a,B), then f(z) is meromorphically convez of order é
(0<6<1)m0<|z| <rep, o, B,6), where

o (1—-968)(na— 1) 1/(n+1)
7‘2(P701,,3,5)"71}§;) {”(1+a—,3)(n+2—5)} (PEN). (4.8)

The result is sharp for the function f(z) given by (4.4).
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