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Abstract

The advent of relatively mexpensive parallel computing systems has motivated the
mvestigation of parallel algorithms and architectures as a means of achieving more
efficient robot dynamics algorithms In this thesis, both the inverse dynamics and the
forward (simulation) dynamics of rigid body mampulators are considered The paral-
lelism inherent 1n six inverse dynamics formulations 1s analysed to determine the most
efficient algorithm, both theoretically and on a network of transputers An extensive
comparison of the parallel performance of the algorithms 1s made by incorporating a
hardware model of the transputer into a scheduling algorithm which searches for the
best assignment of tasks to processors Thus, new results comparing the performance
of the algorithms including communication costs are presented Although the loga-
rithmic Recursive Newton-Euler algorithm for inverse dynamics 1s theoretically the
fastest, 1ts performance 1s constrained by the need for more tasks and more commu-
nications The Resolved Newton-Euler algorithm 1s shown to execute the fastest on
a transputer network, a result which 1s supported by analysis A recently proposed
macroparallel simulation dynamics algorithm 1s implemented as a proof-of-concept
The analysis of this algorithm concentrates on parallel performance and comparison
with 1ts serial implementation Performance models are partly based on experimental
measurements rather than theoretical predictions and are used to assess the effects of
serial parts of the algorithm on speedup and total execution time Results indicate
that minor serial computations in the algorithm can have a significant effect on the

overall parallel performance
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Chapter 1

Introduction

1.1 Problem Statement

A growing number of robotics applications are requiring a new generation of manipu-
lators These new manipulators may be hghtweight, moving at high speeds, or may be
operated remotely over large distances Such applications 1n turn demand ever more
sophisticated controllers to cope with the increased complexity of the manipulators
and their environments Lightweight manipulators tend to exhibit structural flexibil-
1ty, which can have a significant effect on the manipulator’s motion even at moderate

speeds Teleoperation also leads to transmission delays which must be accounted for

To meet the challenges of the new applications, 1t 1s therefore necessary to model
and control the motion of these new manipulators However, the goals of accurate
modelling and high-speed control are not entirely compatible, achieving one makes the
satisfaction of the other more difficult Improved mathematical models of manipulator
dynamics help us to predict and control the motion of advanced manipulators, but

they are more complex and time-consuming to solve On the other hand, high-
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speed control allows less time 1n which to evaluate the dynamics equations Efficient
dynamics algorithms thus form a necessary part of the reconciliation of these two

goals

There are two dynamics problems commonly associated with robotic manipula-
tors, both of which are addressed mn this thesis The first 1s the wnverse dynamacs
problem, which 1s to calculate the control forces necessary to achieve a desired mo-
tion This problem 1s often solved periodically as part of a control algorithm as a
means of using a dynamics model of the manipulator to account for the dynamics
effects 1n the control law The second problem 1s the simulation (or forward) dynam-
1cs problem, the solution of which produces the accelerations of the manmipulator at
a particular time resulting from the given control forces The accelerations are then
integrated to determine the velocities and positions of the manipulator at the next

time step of the simulation

To achieve accurate modelling and high-speed control, 1t 1s desirable to solve the
dynamics problems as quickly as possible Obviously, improvements in speed can be
realized by using faster computer systems In addition to faster processors, parallel
processing offers an intwitively appealing method of decreasing program execution
time Many researchers have proposed and implemented parallel algorithms for the
mverse dynamics problem, such as LEE & CHANG [1986], HASHIMOTO & KIMURA
[1989] and IZAGUIRRE et al [1992] On the other hand, parallel simulation dynamics
algorithms are still few and remain an active area of research New parallel algorithms
can be created either by specifically formulating an algorithm 1in a manner suitable
for parallel computation, or by partitioning an existing serial algorithm into tasks
For example, BINDER & HERZOG [1986] propose an approximate inverse dynamics
algorithm which uses prediction to eliminate precedence constraints, while ZHENG &

HeMAMI [1986] formulate the inverse dynamics 1n state space Several other inverse
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dynamics are discussed 1n Chapter 2 1n detail For the simulation dynamics problem,
researchers have concentrated on parallehzing existing serial algorithms as in LEE &
CHANG [1988] and scheduling them on microprocessor systems [KASAHARA et al,

1987]

To further reduce the time required to solve a problem 1t 1s desirable to improve
the efficiency of the algorithm being used In this thesis, we are only concerned
with total execution time and, hence, the term efficient refers to the relative speed
with which an algorithm solves a given problem Other efficiency 1ssues, such as
memory usage and speedup per number of processors, are not addressed This 1s
because memory and processors are relatively inexpensive and, for the applications
considered here, the execution time 1s not limited by the availability of these resources
Indeed, experimental results presented 1n the thesis confirm that the optimal number
of processors for typical robotic applications 1s less than the size of most networks 1n

practice

Typically, 1t 1s much simpler to propose a parallel algorithm than 1t 1s to predict
its performance on a given computer system To guide the design and improvement
of parallel algorithms, 1t 1s helpful to have an idea of the factors which affect the
performance of the new algorithm Computational complexity analysis of seral al-
gorithms has been established as a useful method for comparing the performance of
serial algorithms, partly because 1t 1s independent of the system hardware and archi-
tecture Comparing the performance of parallel algorithms, however, 1s not as simple
To determine the total execution time of a parallel algorithm in terms of the number
of floating-point operations required, we must specify which operations can be per-
formed 1n parallel This depends on the choice of tasks and on the levels of parallelism
being exploited, which in turn determine the cost of each task Specialized hardware

to exploit the lowest levels of parallelism 1s not always available or affordable There
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1s also additional overhead introduced in the parallel implementation For example,
the communication costs ncurred in message-passing architectures are difficult to
deduce from the serial implementation of an algorithm Since the performance of
parallel algorithms can be highly dependent on the parallel computer architecture,
the architecture must be included in the algorithm design process and any subsequent

performance comparisons

Many researchers have proposed or implemented parallel computer architectures
for the robot dynamics problems For the inverse dynamics problem, some designs
employ commercial microprocessors [NIGAM & LEE, 1985, ZHANG & PAUL, 1986],
while others use specialized processors such as custom-built microprocessors [KOKAJI,
1986], bit-serial processors [RAHMAN & MEYER, 1987], Very-Long-Instruction-Word
processors [ANDERSSON, 1989], or processors custom-designed for robotics applica-
tions [FIIANY & BEICZY, 1991, SADAYAPPAN et al 1989] Simularly, for the simula-
tion dynamics problem, LIAO & CHERN [1985] have proposed using array processors,

while MCMILLAN et al [1991] have used a Cray Y-MP8 supercomputer

Recent technological advances have made practical, affordable, parallel computer
systems commercially available In particular, the transputer has become a popular
component of relatively inexpensive parallel computer systems Each transputer con-
stitutes a single processing element 1n a message-passing architecture With four serial
communications links, the transputer’s modular design allows networks of transputers
to be easily assembled and connected to host computers To fully support a parallel
processing environment, the transputer also has a micro-coded scheduler which al-
lows each transputer to execute multiple processes Many of the quantitative results
presented 1n this thesis are dependent on data obtained on a transputer network and
are therefore specific to transputers For the inverse dynamics problem, (though not

for the simulation dynamics algorithms), many researchers have published similar



CHAPTER 1 INTRODUCTION 5

experimental results for transputers which will be cited for comparison

1.2 Thesis Outline

This thesis 1s divided into two main chapters, addressing first the inverse dynamaics
problem and then the simulation dynamics problem The objective of this thesis 1s
to mvestigate the performance of several robot dynamics algorithms by quantitative
comparison of performance models with implementation results Though the numer:-
cal performance measurements are specific to transputer networks, the accompanying
analysis 1s more general The analysis of the inverse dynamics algorithms can be
applied to other message-passing architectures, while the analysis of the simulation
dynamics algorithm 1s less specific and can be applied to shared-memory architectures

as well All algorithms are applied to rigid body, serial chain manipulators

Though researchers continue to propose new parallel inverse dynamics algorithms
for robotics a comprehensive comparison of their performance 1s not currently avail-
able Chapter 2 makes such a comparison for a representative sample of inverse
dynamics algorithms, both theoretically in terms of operation counts, and experimen-
tally in terms of execution time First, a standard basis for comparison 1s established
mm §2 1 by determining which level of parallelism will be exploited, what the common
notation for expressing the algorithms will be, and how computation costs will be
tabulated After stating the mverse dynamics algorithms, the maximum parallelism
inherent 1n each at the chosen level 1s depicted 1n a task graph which shows each task
as a node connected to the nodes upon which 1t depends The task graphs provide a
visually intuitive understanding of the parallel properties of the algorithms and the
concepts relevant to the performance analysis In particular, the length of the longest

path through the graph represents the total computational cost of the algorithm inde-
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pendent of computer architecture Analytical expressions for this quantity are given

for each of the mverse dynamics algorithms considered

Since communication costs depend on the parallel computer system, a hardware
model of the transputer 1s proposed and verified in §2 4 1 This model 1s incorporated
mnto a scheduler which searches for the most efficient assignment of tasks to processors
The resulting schedules make accurate predictions of the actual execution speeds
of each of the algorithms An extensive comparison of the best schedules 1s then
conducted which reinforces some of the analytical performance results and brings to

light some 1important differences

The purpose of Chapter 3 1s to analyze the performance of a recently proposed
simulation dynamics algorithm specifically designed for parallel implementation Un-
like other simulation dynamics algorithms, the algorithm exploits a macro level of
parallelism unavailable to other algorithms Because robot simulation dynamics al-
gorithms are more complex than mverse dynamics algorithms in general, practicality
dictates that performance analysis techniques different from those of Chapter 2 must
be apphed Instead of using a hardware model, the performance analysis uses timing
measurements from serial and parallel implementations to determine which parts of
the algorithm most affect parallel performance The experimental results and perfor-
mance analysis presented in Chapter 3 thus provide a necessary proof of concept of

the macroparallel simulation dynamics algorithm

Finally, Chapter 4 concludes this thesis with a summary of the results



|

Chapter 2

Parallel Inverse Dynamics

Algorithms

Currently, there exists a wide variety of inverse dynamics algorithms for robotic ma-
nmipulators Some follow different formulations, and some employ different computa-
tional techniques, but one of the primary goals of each 1s to solve the inverse dynamics
problem as quickly as possible Most of these algorithms were not specifically designed
for parallel implementation but, nevertheless, all algorithms have some inherent par-

allelism

The first step 1in comparing these algorithms 1s to classify them at a concep-
tual level, either according to formulation or according to large-scale computational
structure, such as recursion Six algorithms were chosen which exemplify the main

conceptual differences 1n inverse dynamics algorithms They are Recursive Newton-
Euler (RECNE and RECNEb), Resolved Newton-Euler (RESNE), Classical Lagrangian
(CLASSLE), Recursive Lagrangian (RECLE), and a hybrid algorithm (HYBRID)

It 1s also necessary to establish a common basis for performance comparison of the
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algorithms which 1s independent of hardware and architecture Most importantly, the
algorithms must be expressed within a common level of parallelism Another obvious
impediment to comparison 1s the variety of notation in use, not only among algo-
rithms based on the same formulations, but also for the same quantities in different
algorithms The next section of this chapter defines the level of parallelism and the

notation used for comparison of the six aforementioned algorithms

With the standard basis of comparison established, §2 2 proceeds to describe the

formulations of the algorithms, their differences, their advantages and disadvantages,
and the tasks associated with each one In §2 3, the parallelism inherent 1n each
algorithm 1s presented graphically as a directed task graph Task graphs allow the
minimum theoretical execution time to be determined as the length of the longest

path through the graph

More realistic estimates of the total execution time must include communication
costs, which 1 turn depend on the location of the tasks on the processors Section
2 4 describes scheduling algorithms which assign the tasks onto a set of processors n
such a way as to minimize the total execution time (which would result in an optimal
schedule) For each task, a schedule names the processor on which the task executes

and the start time of the task

Instead of implementing the code for each algorithm, the schedules themselves can
be used for performance prediction A hardware model of a transputer-based message-
passing multicomputer 1s described in §2 4 and 1ts accuracy 1s verified In the final
section, we compare the schedules obtained to determine the fastest algorithm and

the optimal number of processors
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2.1 A Standard Basis for Comparison

This section describes the standards chosen to allow an easy and fair comparison of

the computational methods and costs for each of the algorithms

2.1.1 Levels of Parallelism

For every algorithm, there are various levels at which parallehsm can be exploited
In FuaNy & BEesczy [1991], three levels of parallelism are described for the inverse
dynamics problem of a serial chain manipulator the problem, link, and matriz-vector
levels The problem level, or macro level, assigns the calculations for each body 1n
the chain to a distinct processor At the next lower level, the link level, calculations
which pertain to a particular body are performed in parallel if possible Finally, at
the matrix-vector level, as the name suggests, multiplications and additions required
for matrix-vector calculations, such as matrix-vector multiphcation, are performed
in parallel It should be noted that the matrix-vector level of parallelism can be
appled to all of the inverse dynamics algorithms considered here Usually, specialized
hardware 1s necessary for efficient use of parallelism at this level [SADAYAPPAN et al ,
1989, FuANY & Bejczy, 1991] Since such hardware 1s expensive, and often not

commercially available, we do not consider parallelism at the matrix-vector level

In this chapter, we concentrate on link level parallehsm only This 1s a natural
level in which to express the algorithms since each task generally corresponds to the
calculation of some physical quantity There are exceptions, however, especially in
RECLE, where intermediate tasks are introduced to facilitate recursion Note that by
choosing the tasks at the link level first, the hink level includes the problem level as a
special case Thus, the problem level assigns all tasks pertaining to a particular hink

to the same processor Fixing the task assignment in this way, however, precludes
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the most efficient scheduling of tasks

2.1.2 Nomenclature

The first algorithm described 1n this chapter 1s the recursive Newton-Euler algorithm
RECNE The notation used 1s taken from YOSHIKAWA [1990] The same notation 1s
used whenever an 1dentical quantity appears in the other algorithms For subsequent
algorithms, the notation of the main reference paper 1s preserved, with the restriction
that quantities common to previous algorithms are referred to by the existing nota-
tion The choice of coordinate frames for RECNE does not follow YOSHIKAWA [1990]
but instead follows FIJANY & BEJCzY [1991] in which the body frame 1s placed at the
distal end of the hink (Figure 2 1) for a savings of a few operations Whether or not
such a choice of coordinate frames results in a similar savings for the other algorithms
1s unclear However, the difference should be very minor It 1s more important that
the same choice of frames be used for all of the algorithms to allow common notation

and so that similar computations in different algorithms become apparent

Unless otherwise stated, superscripts and subscripts are chosen such that the

symbol

Kirs

represents the quantity X for the ¢th link expressed in the jth coordinate frame X,
A comma among the subscripts represents partial differentiation with respect to the
generalized coordinates with the succeeding indices, here implied to be ¢, and g¢;
Also, vector quantities such as acceleration and velocity are defined relative to an
mertial frame regardless of the frame in which they are expressed (Since the base

frame, ¥y, may be accelerating, the mertial frame 1s implied to be ¥_;) Overdots
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represent differentiation with respect to time as usual and X 1s the skew-symmetric

matrix representation of the operator xx Note that vectors and matrices appear 1n

boldface

The following summarizes the notation used for the fundamental quantities in the

iverse dynamics algorithms

e. The standard basis vector [0,0,1]7

F, Total force acting on link 2

f, Total interbody force exerted on link 2 by link ¢ — 1

‘g Acceleration due to gravity

g, Gravitational torques

Z, Constant nertia tensor with respect to ¥,

J, Constant ertia tensor with respect to the centre of mass of hink ¢
M,, Elements of the n x n nertia matrix M

m, Mass of link 2

N, Total torque acting on link ¢

n, Total interbody torque exerted on link 2 by hnk 2 — 1

n Number of joints/degrees-of-freedom of the manipulator

p. Constant position of the origin of ¥, with respect to the origin of ¥, 4
p, Position of the origin of ¥, with respect to the origin of ¥,

'p, Linear acceleration of ¥,
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¢, Angular joint displacement, generalized variable for a revolute joint

'R, Rotation matrix representing the orientation of ¥, relative to %,

8, Constant position of the centre of mass of link ¢« with respect to the origin of %,
s, Linear acceleration of the centre of mass of link

7, Control torque apphed to link : about z-axis of ¥,_;

‘w, Angular velocity

'w, Angular acceleration

A schematic diagram of link ¢ 1s shown 1n Figure 2 1 1illustrating the associated

position vectors and points of application of the forces acting on link ¢« The coordinate

fz-}-l

f,

Figure 21 Schematic diagram of link ¢

frame ¥,_; 15 located at the prozumal (to the base) end of the link while ¥, 1s located
at the distal end and 1s fixed to link 2
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2.1.3 Computational Costs

The most common method of comparing the computational cost of an algorithm,
and the first method applied 1n this chapter, 1s to count the number of operations
required The next section provides tables listing the required tasks and their costs
for each algorithm At the hink level of parallelism, the cost of each task can be

expressed 1 terms of the operations given in Table 21 Each operation 1s listed with

Operation Symbol Cost
Matrix-matrix multiplication MM 27TM+184A
Matrix-vector multiplication MV IM+6A
Matrix addition MA 9A
Vector cross-product VC 6M+3A
Vector dot product VD 3M+2A
Vector outer product VO oM
Vector addition VA 3A
Scalar-matrix product SM M
Scalar-vector product CAY 3M
Trace TR 2A

Table 2 1 Task operation costs for 3 dimensional vectors

1ts equivalent cost m terms of scalar floating-point multiphcations (M), additions
(A), and trigonometric function evaluations (T) for 3 dimensional quantities In some
mstances, the cost will be given in terms of M, A, and T directly where such operations

are explicit in the algorithm

It 15 useful to give an example of how these operation costs are evaluated Consider

the following expressions taken from the algorithms of the next section

Task Cost

W, = 1-1R1T(1-1w2_1+e2q1) 1sv+1va+1MV
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3MV+2VD
eZTz—lR]_lj—IIJeZ
My = . T +2vCc+A 1<
+ (€s X " pi-1) Ry (e x77Ly)
IMV+41VD 1=

Because of the unique structure of e, the evaluation of e.g, in the first expression
can clearly be implemented with no cost using efficient programming Since we are
attempting to compare the efficiencies of the algorithms, however, the effect of pro-
gramming technique complicates the analysis We therefore distinguish between the
algorithm and 1ts implementation as a program, and 1gnore the program Thus, n
our cost analysis, we consider only those computational properties of the tasks, such
as sparseness, which are ezplicit in the task description The costs given for the two

expressions above follow by considering e, to be an arbitrary 3-dimensional vector

There are some exceptions, however If, for some values of 1ts indices a quantity
1s zero or the i1dentity matrix, then another cost 1s quoted to take this into account
The cost for M,, above reflects this, since for ¢ = 7, *"'p,_; = 0 and *"'R,_; 1s the
1dentity matrix Also, operations between constant quantities, such as the addition of
two constant vectors, cost nothing since they can be performed offline Rather than
defining a new symbol for the result, the quantities remain distinct for clarity The

task descriptions list the costs explicitly to illustrate both of these simplhifications

To establish a common basis of comparison, we have chosen to express the costs
of the inverse dynamics algorithms n terms of the operations of Table 21 From the
discussion above, however, 1t 1s clear that some costs can be reduced by expanding
the vectors and matrices in terms of their components and simphfying the resulting
expressions symbolically As we will see later in this chapter, two of the algorithms
could benefit significantly from exploitation of the sparseness of some of the matrices
used Several researchers have used symbolic sstmplification not only to express the

algorithms but also to tailor the equations to a specific mampulator of interest [IZA-
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GUIRRE et al , 1992, VUKOBRATOVIC et al, 1988, L1 & SANKAR, 1992] Published
performance results incorporating these techniques will be cited later for comparison

This thesis does not, however, consider symbolic simplification

2.2 Formulations

Although robot nverse dynamics algorithms are usually formulated for both revolute
and prismatic joints, we consider 1n this chapter only the case of serial chain ma-
nipulators with single degree-of-freedom joints revolute about e, of coordinate frame
Y.—1 This simplifies the performance analysis yet does not significantly hmit the

apphicability of the comparisons

We also have not accounted for the application of arbitrary end-effector forces, but,
unless exphecitly indicated otherwise, have assumed them to be zero The primary
reason for domng so 1s to exclude any tasks which use quantities related to hinks or
coordinate frames beyond n 1 order to simphfy the depiction of the task graphs The

complete analysis can be easily extended to include end-effector forces

2.2.1 Recursive Newton-Euler

The Recursive Newton-Euler algorithm (RECNE) 1s probably the best known dynam-
ics formulation 1n robotics and has been used 1n many applications because of 1ts
stmphcity and efficiency [X1A0 & CHENG, 1991, FuuaNy & Beiczy, 1991] The
equations of motion of a rigid body are derived from Newton’s second law and Eu-
ler’s equation The computational cost 1s greatly reduced 1f calculations for each link
are performed in the coordinate frame fixed to that link, ¥,, instead of in the base

frame Yo In this case, the mertia tensor in Euler’s equation, J,, 1s constant This
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choice of coordinate frames requires that the velocities and accelerations of link 2
(with respect to ¥_;), and the forces and torques on the hink, be expressed in 3,
Since the velocity of the base of the manipulator with respect to the inertial frame
Y _1 1s known (usually 0), the calculation of the velocities of the links can begin at
that end and proceed along the length of the chain in what 1s known as forward re-
curston Similarly, for a known force on the manipulator’s end-effector (assumed to
be zero here), the interbody forces can be calculated for each link beginning at the
last and proceeding to the base in what 1s referred to as backward recursion RECNE
has proven to have a very efficient computational structure and 1s currently the most

efficient general serial algorithm for inverse dynamics [FEATHERSTONE, 1987]

Table 2 2 lists the quantities calculated for each hink 2 according to the algorithm
of YOSHIKAWA [1990] (except that ¥, has been moved from the proximal end of the
link to the distal end) Since calculations are performed within a hnk’s local
coordinate frame, but nvolve vectors associated with neighbouring links expressed
m their own coordinate frames, equation (2 1) calculates the coordinate rotation
matrices ‘'R, These are necessary to transform a vector from one coordinate frame
¥, to the neighbouring hink’s coordinate frame ¥,_; This first step 1s common to all
of the algorithms described 1n this chapter Equations (2 2-2 5) express the forward
kinematic recursion for the velocities and accelerations Newton’s law 1s then applied
(2 6) to obtain the total force F, on body @ and, similarly, Euler’s equation (2 7)
calculates the total torque The backward recursion (2 8, 2 9) calculates the interbody
forces f,, and the interbody torques m,, exerted on link ¢« by link : — 1 Finally, the
mterbody torques are projected onto the axis of rotation to determine the desired
applied torques as 1n equation (2 12) Note that gravity can be included 1n an efficient
manner by setting °po = % The gravitational acceleration of each body will then be

carried along implicitly by the forward recursion
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Task
z—le
. -1 T -1
w, = Rz ( w,_1 + ezqz)
sz =5 2_I:R'zT(Z_l"‘Jl—l + €:q, 4 l_lwz—l X ezqz)
1pz = l‘IRle_lpz—l + lwz X lf)z . 2“)z X (lwz X Lf)z)
5, = ptw, x8 +w x(w x8)
F, = mj5,
N, = Jw, +w, x (Jw,)
£ = F, + T
T,
iy . Nz & 7.nz+1 o & (T)z =+ gz) X th + lf)l X 1f1+1
N, + (p. +8,) x F,
z—]f2 - 2—1R11fl
z—ln2 — z—lean
Ty = Z—lnz €.

Cost

4M+-2T
1sv4+1vAa+1MV
2SV+2vA+1vc+1Mv
1Mv43vc+2va
3VC+2VA

1sv

2MV+1VC+1VA
IVA 1< n

0 L= T

2VC+3VA 1< n
1vc+1VvA 1=n

IMv
IBYAY

1vD

Table 2 2 RECNE algorithm and computation costs

1%

It should be pointed out that equations (2 10) and (2 11) can be included directly

in the backward recursion (equations 2 8 and 2 9) by replacing f,4; with R4, 44

However, the calculations for each link would then require both of the rotation ma-

trices 'R, and R,4; Equations (2 10) and (2 11) were introduced as separate tasks

by FuANY & BEjczy [1991] to avoid the dependency on R,y

Eliminating this

dependency leads to a more efficient parallel implementation by reducing the amount

of communication which may be required
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Many variations of the RECNE algorithm exist which simphfy the computation n
certain cases For example, the operator Q was mtroduced by LI & SANKAR [1992]

to eliminate the common subexpression
0 = w,+whw, (2 13)
= w, X +w, X (w,x)

appearing 1n equations (24) and (2 5) of the forward recursion It can be shown,
however, that this operator costs about fifty percent more than the two expressions
which 1t replaces A savings can be realized if symbolic simplification 1s used to

evaluate Equation 2 13 as was originally intended by L1 & Sankar

Another variation of RECNE 1s proposed by LATHROP [1985] using the technique
of logarithmic parallehsm LEE & CHANG [1986] pursue this technique by formu-
lating RECNE 1n the base frame, which requires that all quantities be expressed or
transformed 1nto that frame (hence we will denote this algorithm RECNEb) They
show that the resulting homogeneous linear recurrence relations can be evaluated us-
g a recursive doubling technique which has a computational complexity of O(lgn)
(where lg 2 log, ) rather than O(n)!' Figure 2 2 shows the overlapped binary tree
structure used to accomplish this Computation proceeds from the leaves to the roots
of the binary trees, where each leaf corresponds to a different link 1n the chain Thus,
the evaluation time 1s O(lgn), the height of the tree The recursive calculations for
R,, W,, W, %,, ¥, and %n, are all performed using this technique The other tasks
require only a constant amount of computation, resulting in an O(lgn) computational

complexity for the entire algorithm

The original motivation for using the body coordinate frames was to reduce both

the number of rotation matrices needed and the amount of computation by using a

'In this thesis, we will follow the notation employed 1n the robotics literature and use O( ) to
represent any asymptotic bound and not strictly an asymptotic upper bound
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Figure 2 2 Recursive doubling technmique

constant matrix J, In fact, the cost of evaluating °J, 1s so great that RECNEb also
evaluates Euler’s equation (2 7) in the body coordinate frames and transforms the
results back to the base frame The cost of the extra transformations, however, 1s

more than offset by the logarithmic parallelism as will be shown n §2 3

2.2.2 Resolved Newton-Euler

Hashimoto & Kimura derived a new mverse dynamics algorithm which they called the
Resolved Newton-Euler (RESNE) algorithm, so named because 1t resolves the task of
calculating the manipulator inverse dynamics into subtasks [HASHIMOTO & KIMURA,
1989] It differs from RECNE, however, because 1t 1s based on Kane’s dynamics
equations and uses the concept of partial velocities to determine the desired torques
Thus, the calculation of velocities and torques 1s different, but other quantities are

calculated 1n the same manner as in RECNE

In presenting the algorithm 1n Table 2 3, we use a right superscript to indicate the

1th partial velocity Thus, equations (2 15-2 17) calculate the ¢th partial angular and
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linear velocities for ink ¢ To calculate the angular velocity of link ¢, the products of
the partial angular velocities and the corresponding joint rates are summed, beginning
with equation 2 18 As shown 1n equations 2 19, the addition of each term to the sum
1s histed as a separate task, where the right superscript in parentheses indicates the
loop index n the sum The calculation of the partial velocities and the summing for
the angular velocity are performed in descending order, beginning with the current
hink index For consistency with the other algorithms described in this chapter, the
loop index 1s omitted when the summing for the angular velocity 1s complete, thus,

1
w, = w& )

The calculations of (2 19) are performed m descending order so that local informa-
tion from the current link 1s utilized first, then information from 1ts neighbour, and so
on to the base body Thus, information which must travel the farthest 1s needed last,
allowing time for 1t to propagate along the chain These steps essentially accomplish
the forward kinematics recursion, similarly to RECNE, except that the recursion 1s for
partial velocities The balanced flow of information will become more apparent when

the task graph 1s described 1n the next section

The following equations, from (2 20) to (2 24), perform the forward acceleration
recursion and then employ Newton’s and Euler’s equations, exactly as in RECNE All
of the necessary nformation 1s now available to calculate the torques according to
Kane’s equations The value of each torque results from summing the contributions
from each of the partial velocities and, as before, each term of the sum has been given

as a separate task (2 25)

By setting %o = %, the algorithm as stated can also account for the acceleration
due to gravity, similarly to RECNE This 1s unhke what was done in HASHIMOTO &
KIMURA [1989] where a forward recursion was used to find each ‘g, the gravitational

acceleration 1n ¥,
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Task
z—le
Wi o= 1—1R1Tez
P, = WixP
5, = Pt W x5,
W = g
For k =21—1,
— wk Z_leTl_l‘-"f—l
ol 1_1R1T1_ LWk xp,
sk PF+wk x g,
W = Wt
w, = "R, (w1 +e.q+ "W xe.q)
P = HR,T’—lpl_l + w, X P, + w, X (w, XxP,)
5, = pt+w x5 +w X (w, X%,
F. = m5
N, = Jiw +w, x(Jw,)
Fork=1, ,1—1
=N, W T, s
= N, W4T, s

Cost

4M—+2T (2 14)
1MV (2 15)
1ve (2 16)
1vc+1va (217)
1sv (2 18)
1mv

IMV41vec+1va (219)
lvc+1va

1sv+41va
2SV+1MV+1ve+2va (2 20)
1MV+3VC+2VA (221)
3vC+2vA (2 22)
1sv {2.23)
2MV+1vc+1va (2 24)
2VD+2A (2 25)
2vD+1A (2 26)

Table 23 RESNE algorithm and computation costs
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Although RESNE requires partial velocities which were not necessary in RECNE,
the backward recursion for the interbody forces has been completely eliminated and

replaced by a forward running sum which accumulates the scalar torque values from

the base to the tip (2 25-2 26)

2.2.3 Classical Lagrangian

Besides the Newton-Euler formulation, the dynamics equations of mechanical sys-
tems are often formulated using an approach based on the Lagrangian of the system
and employing the Euler-Lagrange equations [HOLLERBACH, 1980] The resulting
equations are generally more compact and more easily analyzed than those of the
Newton-Euler formulation, but are also more computationally expensive The classi-
cal Lagrangian (CLASSLE) algorithm detailed in Table 2 4 follows that of YOSHIKAWA
[1990]

In this formulation, the applied torques are expressed as a sum of the contributions
from the nertial, velocity-dependent, and gravitational force terms, which in matrix

form can be expressed as
r=Mq+q'Cq+g (227)

In the above, 7 1s the vector of joint torques, q and q are the vectors of joint velocities
and accelerations, M 1s the nertia matrix, C 1s a third order tensor, and g 1s the
vector of gravitational torques The main task 1s to determine the elements M,,, C',
and g, of the matrices M, C*, and g Table 2 4 gives the expressions for each of these
elements, and 1t was the original 1dea of VUKOBRATOVIC et al [1988] to calculate

these elements 1n parallel
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G

"

T

Task

TT, 1<i—j<n, k:j-l-’V

°T,_, AT,

T 1 AFIT,_ | AT,

zn: tr (%1Y]kH1%17,T)

=y

i Er <0le][I‘IZOI‘1,zT>
=2

n
o.T %
= Z m;g OIJ»ZJSJ

J=1

14

ijﬂqj + Z M,.q,
=1 1=1+1
1—17—1

n J—1

1=
2

1

- Z Z Cz]k(QQJQk) =+ Z Z C;k(QQqu)

=1 k=1 1=

1+1 k=1

1—1 n
—Z_:ijqf + Z CJZJq?

=1 =141
n

=1 j=1k=1

I 14 1"
=T, T, 8

Z My q, + Z Z Cjqujqk + 9.

Cost

6M-+2T

1MM

2MM 1 #3<
{1MM l=y3<s
A4MM 1 # k<)<
3MM 1=k< <1
2MM 1 #k=37<

23

(2 31)

(n—y+1)(2MM+1TR) (2 32)

+(n—7)A

(n =1+ 1)(2MM+1TR) (2 33)

+(n—12)A

(n—e¢+1)(IMV+41VD) (2 34)

+(n—1)A

nM+ (n —1)A

[n(n—1)/2 =1+ 1]M
+[n(n—1)/2=1]A

(+A if 2 =n)
(n—=1)M+ (n —2)A
(+a1f 2 =n)

3A

Table 24 CLASSLE algorithm and computation costs

(2 35)

(2 36)

(2 37)

(2 38)

(2 39)
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Here, 'r, 1s the homogeneous position vector from the origin of ¥, to a volume element
dv of hink 2 and p 1s the density of the volume element [YOSHIKAWA, 1990, PAUL,
1981] The second inertial moment ‘G, 1s defined by equation (2 42) but using a

3-dimensional vector r,

Instead of evaluating (2 27) to determine the torques all in one step, intermediate
tasks are introduced 1n equations (2 35) to (2 37) which correspond to physical forces

In particular, 7' represents the nertial torques, 7" are the torques resulting from

/4

Coriolis forces, and 7"’ corresponds to centrifugal forces Finally, the contributions

of each of these 1s summed n (2 39) to determine the applied torques

Since the matrices in equations (2 28-2 34) are expressed 1n homogeneous form
and hence are 4-dimensional, the computation costs appearing i the right column
of Table 2 4 represent the corresponding number of multiplications and additions for
4-dimensional quantities Thus, the costs for matrx-vector operations are higher
than those given in Table 2 1 for 3-dimensional quantities, highlighting an inherent

computational disadvantage of the CLASSLE algorithm

Although the expressions for the kinematic transformations are simplified by using
’T,, the sparseness of /T, (shown in Equation 2 40) makes the algorithm computa-
tionally more expensive than if the quantities /R, and ’p, were used separately, as
1s done 1n the other algorithms Multiplication by the matrix A (as 1n equations
2 30 and 2 31) also counts as 64 multiplications and 48 additions, although 1t can be
done 1 only 4 multiplications with specialized code As mentioned earlier, in order
to keep the cost comparison of the algorithms fair, all costs apply to the tasks of the
algorithm as they are stated here and do not account for any improvements which

may be possible in the code

In cases where we do take advantage of some special properties, the appropriate

parts of the algorithm are restated to make these properties exphcit For example,
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in the CLASSLE algorithm above, the elements of the coefficient matrices M,, and
O}y are calculated as separate tasks The symmetry and antisymmetry properties
of these matrices are now an explicit part of the formulation and are exploited to
reduce the total computational burden by reducing the number of tasks As proven
in VUKOBRATOVIC & KIRCANSKI [1985], M and C' are symmetric matrices and

e = —Ch for k <2 <y This imples that only n(n + 1)/2 elements M,;, and
n(n —1)(n +1)/3 elements C}; need to be calculated

Further performance improvements can be made by restating CLASSLE 1n terms of
3 x 3 matrices and vectors By partitioning the 4 x4 matrices of Equations (2 28-2 34)
as 1s done 1 Equation (2 40) for /T, the costs of the tasks were reevaluated in terms
of 3 x 3 matrix-vector operations The resulting total cost for the algorithm 1s 30% to
40% lower than that of CLASSLE presented here However, scheduling experiments
presented later in the chapter show that such an improvement 1s not enough to make

CLASSLE competitive

2.2.4 Recursive Lagrangian

Computationally, the CLASSLE formulation of the preceding section can not match
the efficiency of RECNE on a serial computer To improve 1ts efficiency, Hollerbach
combined two features of RECNE with the CLASSLE algorithm — the recursive struc-
ture, and the use of 3 x 3 rotation matrices mstead of the 4 x 4 homogeneous trans-
formation matrices [HOLLERBACH, 1980] These improvements reduced the O(n*)
computational complexity of CLASSLE to O(n), which 1s the same complexity as
RECNE The result 1s the Recursive Lagrangian algorithm, which we denote RECLE

We can begin to understand the RECLE algorithm if we combine the expressions
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for Cy, M,;, g,, and 7, from (2 32), (2 33), (2 34), and (2 38) mnto

T, = Z [tr (Or,,lfH,Or,T> — m% T, 5 (2 44)

=t

where

l 1 1
Ty = Z °T.,q, + Z Z Tk, qx (2 45)
J=1

1=1k=1

Instead of evaluating °T; as given above, the RECLE algorithm computes 1ts compo-
nents R, and %p, recursively First, ‘R, 1s expressed recursively in (2 48) Its second
derivative gives a recursive equation for R, i (2 50)  In analogy with the 4 x4 A of
the CLASSLE algorithm, ZALZALA & MORRIS [1991] used the symbol Q to represent
the constant 3 x 3 upper-left submatrix of A defined so that *"'R,, = Q*"'R, Hence,
Q and Q? are sparse matrices Having computed R, the linear accelerations %p, can

then be calculated recursively using (2 52)

The strategy of replacing explicit sums by recursive expressions 1s continued for
some of the other quantities First, the sum operation 1s distributed over both terms
m (244) and the trace and sum operations are exchanged n the first term using
Equation (230) for °T;, Then, D, and ¢, are defined to be the resulting sums n
each of the two terms of (2 44) respectively Recursive expressions can be derived
for the 4-dimensional quantities D, and ¢, using the recursive property of R, given
mn (248) Here, however, the algorithm 1s restated using 3-dimensional matrices by
partitioning the 4-dimensional homogeneous matrices as previously discussed The
definitions of D, and ¢, remain the same (though referring to 3-dimensional quantities)
while another recursive expression for e, 1s used to calculate the extra terms created
by reducing the size of D, Other intermediate calculations are presented as separate

tasks and are marked with a * superscript as in ZALZALA & MORRIS [1991]
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z—lthf)z
ORz—ll_le

7.Q" 'R, =1
(Osz—l '+' Ol:{z—quz) Z_I:R'z 1> l

(Q*¢*+Qq.) 'R, =1

R._1 + 2°R.-1Qq,
+R.-1 (Q¢* + Qq.)] 'R,
Q' 'R, i= ]
{ R, :O"R, 2>1
Pi-1 + BB,
m,"R.S,
eq1t+e +mp, 1<n
{ e’ +m'%p, 1=n
m8%, +GR,
{ R, 1D + Pur€en” + D 4<m
D; =9
R,, %
{ R.y1c01 +m8, 1< n

m;'s, 1=n

1> 1

Cost

4AM+2T
1MV

1MM
IMM+1SM

2MM+1MA+1SM

IMM+1MA+2SM+1M

3MM+3MA-+3SM+2M

1IMM

2MM

IMV+1VA

1mv

2VA+1sv
1VA+1sv
IMM+1vVO+1MA
IMM+1VO+2MA
0

1mv

IMv+1va

0

1vD

IMM+2A

1A

Table 25 RECLE algorithm and computation costs

[N)
a0

(251)

(2 52)

(2 53)

(2 54)
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2.2.5 Hybrid

An 1mportant advantage of the CLASSLE formulation (and to a lesser extent, RE-
CLE) 1s that the final expressions for the apphed torques are in a form which explic-
1tly 1dentifies the contributions of the inertial, velocity-dependent, and gravitational
forces (239) This distinction 1s necessary for some control schemes and trajec-
tory planning algorithms, such as, for instance, those which require the mertial and
velocity-dependent torque contribution terms (but not the gravitational term) to be

scaled to produce realizable torques [ZALZALA & MORRIS, 1991]

It has also been observed that the joint accelerations can vary at frequencies that
are an order of magnitude greater than those of the joint positions and velocities
[ZAGUIRRE et al [1992] therefore propose a computational structure comprised of a
high-priority synchronous task and low-priority background tasks The high-priority
task evaluates the product Mq and sums the three contributions to the torque (refer
to (2 69)) The low-priority tasks update the inertial coefficients M,, and the velocity-

dependent and gravitational torque terms

Having adopted the above torque decomposition, the main task 1s to calculate each
of the force terms efficiently Izaguirre et al chose RECNE for the velocity-dependent
terms and an efficient recursive procedure for the ertial and gravitational terms
By setting 9o = 0 (instead of %y = %) and ¢, = 0, RECNE produces the torques
*~In, which result from the velocity-dependent forces only To calculate the inertial
and gravitational terms, the concept of compound links 1s used in which compound
link 2 1s comprised of links ¢ to n and considered a single rigid body Conservation of
momentum was used to derive backward recursions for the 1st moment of nertia and
for the inertia tensor of the compound links, which are given in (2 65) and (2 66) The

mertial coefficients and gravitational terms are then calculated directly using (2 67)

and (2 68)
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Task Cost
—IR, 4AM+2T (2 62)
R, = RyR, 1<i1—<n, k:H[Z;]W 1MM (2 63)
—IR, P, =7—1 1MV
B, = P =0 (2 64)
Pr+Rp. 1< —1 1IMV+1vA
o VIR, (L + Lo + MJD,) 1 <n IMV41vA (2 65)
v IR, (‘iC, + M,p,) 1=n 1MV
~ 2
1_1R1 <21'1 + 1Iz+1 + lef)z ) l_leT
~ ~ \T
T e o o Y 1<n  3MM+3MA
1—1:[1 — 1p ~(2 p T> (2 66)
=R, <z + M.p, ) =R, 3MM+2MA
2 ~\T
_ l—]f)zz_le _ (z—lf)lz—le) 1=n

3MV+42VD
esz—-lRJ_lj—lIJez

M, = " +2veta 1<y (267)
+ (e; x 7 p,—1)” TR, (e, x 7L
IMV+4+1VD 1=

lvc+1vp 1 =1

g = —OgTORZ_I (e, x *L,) IMV+1ve ¢>1 (268)
+1VD
RECNE calculates *~'n,
R = zn: M,q, + g +"n, e, nM + (n+ 1)A + 1vD(2 69)
5=1

Table 26 HYBRID algorithm and computation costs
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In the expressions in Table 2 6, the constant masses, 1st moments, and 1nertia
tensors of the links with respect to ¥, are denoted by m,, '’C,, and Z, respectively
The corresponding quantities for the compound link » with respect to ¥, are M,, ‘L,

and I, respectively

The primary purpose of this algorithm 1s to calculate the desired torques using
the decomposition previously discussed Such a decomposition 1s desirable because
different torque contributions are made explicit This decomposition 1s one of the
advantages of the CLASSLE algorithm and 1s achieved here by combining RECNE
with an efficient recursion for the 1st moments and 1nertia tensors of the compound

links For these reasons, we refer to this algorithm as HYBRID

The HYBRID algorithm 1s unique among those presented here because 1t 1s almost
completely separable into two concurrent sub-algorithms, RECNE and the one given

in Table 2 6 The task graph of the next section illustrates this property

2.3 Theoretical Analysis of Parallelism

The descriptions of the mverse dynamics algorithms given 1n the previous section
provide little insight into their properties with respect to parallel computation In
this section, the parallel computation structure of each algorithm will be presented
and compared 1n a manner which 1s independent of the computer architecture on
which the algorithm may be executed The value of such a comparison 1s that 1its
conclusions will reflect the fundamental properties of the parallelism in the algorithms
and, therefore, will remain valid independent of implementation The disadvantage
of the comparison 1s that the analysis on which 1t 1s based does not include important
aspects of the hardware implementation, such as communication costs, which can

have a dramatic effect on the actual performance Such considerations will be made
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in the subsequent sections

To compare the parallelism inherent 1n the algorithms, each algorithm 1s repre-
sented by a directed, acyclic, task graph in which each node represents a task and
unidirectional edges represent precedence constraints The direction of the edges rep-
resent the direction of the flow of information during computation This 1s the most
common way of representing the parallel structure of an algorithm Another method
uses edges to represent all tasks, both computation and communication, and nodes

to represent synchronization pomnts [BARHEN, 1987]

The main objective of performance analysis 1s to determine the execution time of
the algorithm FEach node in the graph 1s assigned a value representing the computa-
tion cost of 1ts task, either in terms of the number of operations required, or as the
corresponding execution time Note that communication costs between processors
can be accounted for by assigning weights to the edges between nodes as will be done
i §24 The execution time of a sequence of tasks 1s determined by summing the
weights of the nodes and edges along the corresponding path in the graph Since
the inverse dynamics problem 1s solved periodically within a control algorithm, we
assume that all of the inputs to the task graph are available at the same time The
finishing time of the algorithm 1s therefore the critical path length, the length of the
longest path through the graph When communication costs are not included, the
longest path through the graph 1s referred to as the computational critical path The
task graphs illustrate the maximum parallelsm at a particular level and, hence, the
computational critical path length represents the fastest possible execution time for

an algorithm

The task graphs for the mnverse dynamics algorithms of the previous section have
certain properties which greatly simplhify the determination of the computational crit-

1cal paths Essential to the analysis presented here are the requirements that all tasks
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be always executed, the cost of each task be a known constant (in terms of the number
of floating-point operations), and the graphs be acyclc, that 1s, they do not contain
any loops These properties imply that the computational critical path length 1s
constant (for a particular n) and can be determined The fact that there are no
conditional tasks (branches) in the algorithms imphes that every task in the graph
will be executed, which in turn implies that the task graph 1s static We have also
assumed that the cost of each task 1s constant and not a function of the input to the

algorithm

Some parts of the algorithms can be expressed using loops, however It 1s possible
to define an entire loop to be a single task since the number of 1terations through each
loop 1s always known and, hence, the cost of executing a loop 1s constant Because of
the choice of tasks given 1n the previous section, however, each step 1 a loop 1s made
a distinct task Furthermore, the loops are unrolled so that the same step becomes
a different task each time through the loop This technique has the desired effect of
removing any loops in the task graph representation of the algorithm It 1s important
from an algorithmic analysis perspective that the task graphs be acyclic Since we are
looking for the longest path through the graph, a cycle with positive weights would
create a path of infimte length This situation occurs because the task graphs can

not specify the number of times a loop 1n the graph should be executed

In Figures 2 3 to 2 7, the task graphs are presented for five algorithms (but not
RECNED) for a three-link manipulator (n = 3) The bold edges between nodes show
the critical path without communication costs Terminal nodes, ¢ ¢ those with either

no predecessor or no successor, are also marked i bold

The task graph for RECNE (Recursive Newton-Euler algorithm) 1s perhaps the
simplest Figure 2 3 clearly shows the tasks associated with each link as a vertical

block The recursive components of the algorithm are essentially serial computations
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and their effects on the critical path length are clearly visible First the forward
recursion for the linear accelerations dominates the computation, followed by the

backward recursion for the interbody torques

As mentioned earlier, RESNE eliminates the need for a backward recursion, and
instead uses a forward running sum to calculate the torques This 1s shown 1n Figure
24 Despite the extra tasks created by the calculation of the partial velocities, the
critical path 1s identical to the forward half of the RECNE critical path, requiring just

one final task instead of a backward recursion

The RESNE task graph also shows why the summing for w, 1s performed n de-
scending order for each link, calculating the partial sums 3wgk) fromk =3, ,1 Each

of these tasks depends on the corresponding partial velocity w5 All of these, except

for w3, depend on the partial velocities of the previous link, w5 Therefore, %w3 will

) The partial velocities 2wk from

be completed first and the sum can begin with nge'
the previous link will also be completed 1n descending order, so that their results will
be available to the tasks %% in descending order Also, since the backward recursion
has been replaced by a forward running sum, all information flows approximately
down and to the right within the graph By grouping some of the tasks shown into
larger, approximately equal-sized tasks, HASHIMOTO & KIMURA [1989] proposed a

systolic pipelined architecture which takes advantage of these regular computation

and communication patterns

One of the main disadvantages of CLASSLE becomes obvious when we consider
the corresponding task graph in Figure 25 The tasks are highly interconnected with
no regular connection structure apparent This lack of structure can have a dramatic
effect on the parallel performance as 1t leads to an excessive amount of, perhaps non-
nearest-neighbour, communication It 1s also not clear how the graph generalizes to

an n-link system, either in terms of which nodes are added or how they are connected
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Figure 23 RECNE task graph for 3 links



36

CHAPTER 2 PARALLEL INVERSE DYNAMICS ALGORITHMS

3 links

Figure 24 RESNE task graph for
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In fact, the critical path takes entirely different routes depending on n  Besides the
path shown 1n bold for n=3, the critical path may take the same route for other n

or go through the tasks 'T,, °T, 21, C3,, and 7/

The recursive structure of RECLE 1s clearly indicated, similarly to RECNE, by the
critical path through 1ts task graph (Figure 2 6) For RECLE, however, the quantities
being evaluated recursively do not have a physically intuitive meaning Also, the

critical path contains tasks which calculate matrix quantities which are more costly

than the vector quantities in the RECNE critical path

Finally, the task graph of the HYBRID inverse dynamics algorithm 1s shown in
Figure 2 7 The two sub-algorithms, RECNE and a recursive computation using com-
pound links, are completely concurrent, joined only at the very first and last tasks
Note that the critical path goes through the recursive part of the compound link
sub-algorithm This imphes that improving the RECNE sub-algorithm (possibly by
using RESNE) will not improve the overall performance of the HYBRID algorithm

The computational critical paths depicted in the task graphs indicate the path
through each graph having the greatest cost From the task graphs for a 3-link system,
1t 15 possible to generalize the critical path to the n-link case This was done for all of
the algorithms with the exception of CLASSLE and RECNEb, for which the wrregular
structure of the task graph makes generalization difficult Instead, expressions for
critical paths within subgraphs must be combined to determine the overall critical

path Table 2 7 lists analytical expressions for the critical path lengths

For comparison, the computational critical path lengths are plotted in Figure
2 8 for different numbers of bodies in the chain Note that the cost for CLASSLE
1s predominantly hinear for the range of chain lengths shown Also, the logarithmic

computational complexity of RECNEb results in the shortest computational critical

path for n > 6 Thus, both RESNE and RECNEb are faster than the more popular
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Figure 26 RECLE task graph for 3 links
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Figure 27 HYBRID task graph for 3 links
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Algorithm | Critical Path Length
RECNEb | 27[lgn|M + 24[lgn]A + 9[lg(n + 1)]A n>1

+ 116M + 84A + 2T
RESNE (27M+21A)n+52M+35A+2T+{ ! nel

A n>1

RECNE (48M + 42A)n + 49M + 32A + 2T el
HYBRID (82M + 82A)n + 3T™M + 14A + 2T n>1
RECLE (146M + 117A)n — 24M — 33A 4+ 2T n>1
CLASSLE | (129n + 64[lgn] 4+ 70)M n=123,59

+ (101n + 48[lgn] + 49)A + 21

[n(n —1)/2 4+ 128n + 64[lg(n — 1)] + 70] M other n > 1
+ [n(n —1)/2 4 100n + 48[lg(n — 1)] + 45] A + 2T

Table 2 7 General computational critical path lengths

RECNE algorithm

LEE & CHANG [1986] show that the theoretical lower bound for the inverse dy-
namics of an n-link chain 1s O(ky [n/p] + k2[lgp]) on p processors They therefore
propose the RECNEb algorithm as a means of achieving that lower bound Further
algorithmic improvements must come from reducing the coefficients of the terms in
Table 2 7 HASHIMOTO & KIMURA [1989] give (33M+27A )n+105M+91A for the com-
putational critical path length for RESNE The lower length shown 1n Table 2 7 results
from eliminating the recursion for 'g and from using maximum parallelism To sim-
plify the critical path length calculation, some researchers (for example, HASHIMOTO
& KIMURA [1989] and LEE & CHANG [1986]) sum the worst case execution times
for each type of task (such as all of the *"'R,’s) In effect, the tasks are grouped into

larger tasks to simphfy the task graph This method does not, however, account for
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Figure 28 Analytical critical path lengths

the fact that the execution of each type of task can overlap another To obtain a
consistent comparison, we have determined the computational critical path lengths

for the common choice of tasks given in the algorithm descriptions of §2 2

2.4 Performance Modelling

The next step 1n our analysis of the parallel inverse dynamics algorithms 1s to include
the cost of communications Indeed, 1f communication 1s as significant a part of the

execution time as computation, then our previous analysis can no longer accurately
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predict the performance of the algorithms The fastest execution of an algorithm on
a message-passing network requires that a balance be struck between the amount of
computation, which 1s useful, and the amount of communication, which 1s necessary
Other 1ssues such as regularity of communications in time and space can significantly

affect the performance of the algorithm

Before we proceed to include the communication costs i the analysis, 1t 1s neces-
sary to redefine the performance analysis problem The analysis so far has measured
the execution time of the algorithms by counting the number of floating point op-
erations required along the longest path through the task graph Accordingly, the
natural choice for the unit of cost of communications i1s the number of floating point
numbers which must be sent Then, a new critical path through the task graphs which
mcludes communications can be determined With the aforementioned measure for
communication costs, however, 1t becomes difficult to compare an algorithm with
much computation and little communication to another with little computation and
much communication Indeed, the true performance measure 1s the total length of
time required for an algorithm’s execution As well, in order to compare the relative
significance of computation versus communication, we must be able to express each
m the same units Making this step in the performance analysis, however, reduces
the generality of the comparisons because the time required for a given operation
necessarily depends on the hardware on which 1t 1s executed This in turn imples
that we need to have a model of the hardware being used, a model which can account
for all of the time spent by each processor Therefore, the problem now becomes
one of performance modelling and prediction which require accurate descriptions not
only of the algorithms but also of the hardware being considered The next section

attempts to provide such a description
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2.4.1 The Hardware Model

The essential elements of the hardware model we will be using have already been
encountered in the task graphs if we consider a task graph to represent maximum
parallelism, with one processor per task In our model, each processor executes a
single sequential process Processors must communicate with each other to exchange
data, there 1s no shared memory All communications are between pairs of processors
only, there 1s no global communications mechanism A pair of processors must syn-
chronize to mitiate communication Until both processors are ready to communicate,

one of them must remain 1dle and can execute no other tasks

The actual transputer 1s capable of much more than what our model suggests
However, to improve performance or to facilitate performance analysis, many features
were not utihized For example, each transputer can execute concurrent processes us-
g a built-in scheduler, but this makes 1t difficult to predict exactly when a task
begins and ends execution Communication buffers can also be used to allow a pro-
cessor to continue execution while awaiting synchromzation, or to receive a message
before the recerving process 1s ready They are not included in our model because of

the significant overhead incurred when using buffers

In fact, each transputer has four bit-serial communication hinks which can commu-
nicate independently of the CPU For our purposes, we wish to know the following
1) how long the CPU 1s occupied (blocked) when imtiating a send, before the link
hardware takes over, 2) how long 1t takes to send the message, and 3) how long the
recerving CPU 1s occupied Experiments were conducted in which the receiver waited
1dle, and the time to send the message was measured by the sender This determines
the amount of time for which the sending CPU 1s occupied The receive time was
measured 1n the same way and, for confirmation, ping tests were done to measure the

round-trip delay as measured by the sending CPU The results show that, over the
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range of message sizes required for the inverse dynamics algorithms (8-128 bytes), the
measured send and receive times are equal That 1s, both the sender and receiver are
blocked for the same amount of time The time blocked while sending x floating-point
numbers (of 8 bytes each) 1s approximated quite well by (13z + 7)/2 microseconds
(ps) (for the INMOS T800 transputer chip) Since this time increases linearly with
the length of the message, 1t seems to 1mply that there 1s no overlapping of commu-
nication with computation Therefore, for our purposes, we have assumed that the
blocked time 1s the entire time required for transmission, and thus, both processors

are blocked beginning at the same time

To predict the computation time of each task, it was found that counting the
number of multiplications, additions, and trigonometric function evaluations was not
sufficient Instead, these three numbers, together with the number of assignments,
were necessary and sufficient To measure the time taken for each of these operations,
a set of six different size tasks were executed and timed to provide sample data points
The execution time of each task was assumed to be a linear function of each of the
four operation times A least-squares estimate of these times produced the values

given 1n Table 2 8, where E 1s the time required for one assignment Note that the

Operation | Time (us)
M 137
A 0385
T 42
E 155

Table 28 Computation times of the basic operations

time required for a communications task 1s comparable to the time required for a

computation task, and hence 1s not negligible
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Although 1t would be convenment to use the operation times quoted by the hard-
ware manufacturers, the method described above 1s more rehable, because 1t accounts
for the programming style used throughout the tasks In the present implementation,
all tasks were implemented without array indexing or control statements such as loops
so that all computation could be accounted for Temporary variables are used to store
the results of expressions contained within parentheses as given in the task descrip-
tions This affects the computational cost only 1in terms of the number of assignments
necessary The final code thus uses only the simplest programming constructs and 1s
suitable for automatic computer generation which 1s used by IZAGUIRRE et al [1992]

and VUKOBRATOVIC et al [1988]

With the above hardware model, the accuracy of the predicted execution times
was excellent The code for the RESNE algorithm for a 3-link manipulator was imple-
mented on a fully-connected network of three transputers according to the schedule
produced by the scheduler (discussed in the next section) Tests were conducted us-
ing arbitrary numerical data for the state and physical parameters of the manipulator
since 1t was found that zeroes within the computation significantly reduced the exe-
cution time The predicted total execution time on each of the three processors was
857, 1075, and 1090 gs (including communications), while the actual execution times

were 853, 1077, and 1091 us respectively

2.4.2 Scheduling

The hardware model presented 1n §2 4 1 allows us to include the effect of communica-
tions on an algorithm’s performance, assuming a message-passing architecture such as
the transputer This model differs in a sigmficant way from the model which the task
graphs seem to imply We have already determined that communication can not be

overlapped with computation since the CPU 1s blocked by the entire communication
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This also imphes that communications can not be executed concurrently with each
other Even though the task graphs show edges fanning out in parallel from each
node, the communications to and from each task must be executed sequentially In
a sense, communications can be considered as additional tasks which each processor
must perform Thus, even 1if we consider the maximum parallelism 1llustrated in the
task graphs, in which each computational task 1s allotted 1ts own processor, each pro-
cessor must still execute multiple tasks because of the communications required We
have already determined that the communications tasks are roughly the same size as
the computation tasks, and so are not neghgible The question then arises In which
order should the communications tasks be performed to minimize the algorithm’s

overall execution time?

This question can be generalized when we consider the parallel computer archi-
tectures typically used in robotics applications Usually, maximum parallelism 1s not
available, or even desired, so that the number of processors available 1s much less than
the number of tasks Also, the processors in a particular architecture have their own
interconnection topology which may affect the cost of communications between tasks
Thus, to implement an algorithm on a given architecture we must first map the task
graph to the processor graph, assigning each task to a processor Second, the tasks
assigned to each processor must be ordered to satisfy the precedence constraints of
the task graph and to minimize the total execution time Both of these problems to-
gether are called the scheduling problem The inverse dynamics algorithms described
in this chapter have the property that they can be statically scheduled, that 1s, the

schedule 1s created once, off-line, before the algorithm 1s executed

One of the first descriptions of a scheduling algorithm developed specifically for a
robot nverse dynamics algorithm 1s presented in LUK & LIN [1982] In their imple-

mentation, the processors are connected 1n a chain with shared memory between each
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pair of processors used for communications Communication costs are therefore not
included First, they fix the mapping for the tasks so that all quantities pertaining to
a link are calculated on the corresponding processor Then, they show that the naive
method of executing each task as soon as 1t 1s ready leads to sub-optimal schedules
Instead, they use a varwable branch-and-bound algorithm to schedule RECNE for the

Stanford arm onto six microprocessors, one per link

The scheduling algorithm of Luh & Lin begins by creating an arbitrary schedule
which satisfies the precedence constraints and the mapping constraint At the time
each task completes (and at the start of scheduling), the scheduler must choose the
next task for execution Each of the possible choices forms a branch in a decision
tree  An arbitrary choice of task to schedule (branch to follow) 1s made at each
decision point (node 1n the tree) until a feasible schedule 1s obtained This technique
1s called a depth-first search since no other branches are explored until the search has
proceeded all the way to the goal, in this case, a feasible schedule The execution
time, including 1dle time, of the first schedule obtained becomes an upper bound on
the execution time of the optimal schedule Then, the scheduler backtracks to the
last preceding decision point and chooses a different task to be executed at that time
If the minimum possible execution time for this branch 1s greater than the current
upper bound, then that branch can be pruned immediately The minimum execution
time for a branch 1s determined by adding the current time at the decision pont to
the total computation time (not including 1dle time) remaining on that branch These
forward and backward searches are alternated until the entire decision tree has been
searched Thus, the scheduler 1s guaranteed to find an optimal schedule since the tree
1s searched exhaustively, branches are only pruned if they can not possibly lead to an

optimal schedule

Several heuristics have been combined with the branch-and-bound scheduling tech-
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nique to reduce the amount of searching The heuristic provides a measure of the
viability of each branch in the search tree and 1s used to prune the unlikely candi-
dates for an optimal schedule A depth first/imphcit heuristic search 1s described
by KASAHARA & NARITA [1985] which 1s based on a critical path/most immediate
successors first heuristic VUKOBRATOVIC et al [1988] used a largest processing time

first heuristic

A more complex scheduling algorithm was presented by LEE & CHEN [1990]
which mapped task graphs onto processor interconnection graphs Heuristics based
on the level of a task (the length of the longest path starting at that task) and the
amount of communications required by that task were used to prioritize the lList of
ready tasks (those tasks whose predecessors have all completed) Further improve-
ments were made by repeatedly generating schedules and using simulated annealing
to approach the optimal schedule To evaluate the success of their algorithms, Lee &
Chen compared the schedules produced for simple problems to the optimal solutions

found by an exhaustive search

Although Luh & Lin were able to obtain optimal schedules, they also fixed the
task mapping, did not consider communication costs, and performed an exhaustive
search In general, finding the optimal schedule 1s an NP-complete problem (there 1s
no known polynomial-time algorithm), so an exhaustive search 1s not practical for any
reasonably sized problems In the next section we describe a scheduling algorithm
which considers the full scheduling problem, including communication costs, and yet
1s simpler to implement than the algorithm of Lee & Chen This scheduler was

implemented and used for the performance comparisons of §2 5 1
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The ETF Scheduler

The Earhest Task First (ETF) scheduling algorithm, described by HWANG et al
[1989], prioritizes the ready tasks according to the earliest time at which each task
can execute, including communication delays Since the location of a task determines
which communications are necessary, and hence affects a task’s start time, the earhest
start time 1s determined for all possible pairs of ready tasks and available processors
Then, the task with the earliest possible start time 1s scheduled to execute on the

correspondlng Processor

It should be noted that no backtracking 1s performed to improve a schedule
Thus, ETF 1s a greedy algorithm which bases all decisions only on currently available
information The objection raised by Luh and Lin, that executing tasks as soon as
they are ready leads to sub-optimal schedules, shows that greedy algorithms do not
always lead to optimal solutions It 1s easy to show, however, that once the mapping
constraint used by Luh and Lin 1s relaxed, the ETF algorithm finds the optimal

solution for the example they gave

In order to apply the ETF scheduler to the inverse dynamics algorithms, we first
need to provide the scheduler with a software description of the task graphs which
1s expressive enough to capture their complexity and yet can easily generalize the
graphs to arbitrary values of n  For these reasons the task graphs are expressed as
Prolog predicates where each predicate states a rule Together, the rules for a task
graph specify the nodes and edges which exist for a given n  Each node predicate
also specifies the cost of a task 1n terms of matrix-vector operations, and the size of
the task’s output for determining communication costs These costs are evaluated
as times 1 microseconds by using the hardware model of §24 1 and a processor
mterconnection graph, which 1s also expressed in Prolog Prolog’s recursive nature

makes 1t easy to determine properties of the task graphs such as the critical path and
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1ts length and experiments were performed to verify the analytical expressions for the
critical path lengths presented in §2 3 Finally, the scheduler 1s also implemented in

Prolog to ease the interface to the task graph descriptions

Some modifications to the ETF scheduler were necessary to comply with the hard-
ware model described earlier Although communications delays are included when the
scheduler determines the earliest execution time of a ready task, ETF assumes that
communications can be performed concurrently with each other and with computa-
tion The modified ETF scheduler determines which communications are necessary (1f
the two tasks are on different processors), and schedules those communications tasks
along with the computation tasks The send and receive task pairs are scheduled to
execute at the same time on their respective processors to eliminate deadlocks and
to help mimimize 1dle time The hardware model also requires that the earliest start
time calculation be changed For each available processor, the modified ETF algo-
rithm sums the communications delays and adds the latest finishing time of a task’s
predecessors to determine the earliest time at which that task can begin execution
Although 1t may be possible to schedule some of the communications tasks earlier,
and therefore not delay the start of the task, all of the delays are included 1n the sum
because 1t 1s not known whether they will occur until the tasks are scheduled Once
the necessary communications tasks have been scheduled, the actual start time of the
task may be earher than predicted However, the predicted earliest start time 1s still

used to prionitize the ready tasks as 1s done n the original ETF algorithm

It 1s certain that further improvements can be made to the ETF scheduling al-
gorithm, such as adding the heuristics suggested by LEE & CHEN [1990] One pos-
sibility which has not been considered mn any of the schedulers mentioned 1s to du-
plicate tasks Rather than assigning a task to one processor and communicating 1ts

results, the scheduler may opt to assign that task to multiple processors to reduce
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the communication delays This technique would have the greatest effect for tasks
which require hittle computation but have much to communicate Obviously, detect-
ing such circumstances would demand a considerably more sophisticated scheduling
algorithm Eventually, however, the improvements gained from additional heuristics
are no longer worth the effort needed to modify the scheduling algorithm It 1s hoped,
therefore, that the ETF algorithm with the modifications described here has achieved

an acceptable balance between simplicity and performance

2.5 Performance Analysis

This section compares the efficiency of the six inverse dynamics algorithms of §2 2
with respect to the hardware model presented earlier The capability of the modified
ETF scheduler 1s also 1illustrated by comparing theoretical performance bounds for

the algorithms with the performance of the resulting schedules

2.5.1 Scheduled Performance Results

Since the accuracy of the transputer hardware model has been established, we can use
the scheduler for performance prediction instead of actually implementing the code
The scheduler can not, however, determine the optimal schedules and, therefore, the
best (sub-optimal) schedules must be used to compare the algorithms Note that such
a comparison 1s not strictly a function of the properties of the algorithms themselves,
but 1s necessarily affected by the optimality of the scheduler Figure 2 9 shows the
execution times as a function of n for the best schedules produced for each algorithm
The corresponding number of processors used to obtain these schedules 1s not optimal,
since the schedules are not optimal, but 1s the best estimate using the modified ETF

scheduler Performance comparisons of the algorithms based on this graph can only be
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Figure 29 Best schedules for the inverse dynamics algorithms

qualitative, since we do not have a useful measure of the optimality of the schedules
Note also that these performance results are a function of the hardware through the
hardware model Further improvements can be achieved using hardware specialized
to each algorithm or level of parallehism which may affect the relative performance of

the algorithms

At least on a qualitative basis, however, the performance results confirm the an-
alytical comparison of the task graphs presented in §2 3, with one notable exception
Recall from that section that the logarithmic complexity of the RECNEb critical path

length made RECNEDb the fastest algorithm when communication costs were not 1n-
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cluded Figure 2 9 shows that communication costs have made RECNEb more costly
than both RECNE and RESNE The disadvantages of the recursive doubling technique
are that 1t creates more tasks, and therefore more precedence constraints and more
communications, to calculate similar quantities These additional costs are more than
enough to offset the increased parallelism offered by the recursive doubling structure
It should be noted that only RECNE and RECLE require a number of tasks which varies
linearly with n, all of the other algorithms are quadratic, except CLASSLE, which 1s
cubic This may be a factor in explaining why RESNE 1s much closer 1n speed to

RECNE, and why CLASSLE 1s much worse than RECLE, than what was predicted by
the critical path lengths

As mentioned earlier, 1t 1s not widely known that RESNE 1s more efficient than
RECNE 1in parallel implementations The analyses performed in this chapter provide

sohid evidence of the efficiency of RESNE for inverse dynamics calculations

Many other researchers have published experimental execution times for the in-
verse dynamics problem The algorithm chosen most often 1s RECNE which has been
symbolically simplified and implemented using highly optimized code The first par-
allel implementation of RECNE was reported by KASAHARA & NARITA [1985] which
achieved an execution time of 537 ms for the 6 link Stanford arm (one prismatic
joint) on a 7 processor shared-memory architecture X1A0 & CHENG [1991] assigned
the trigonometric function evaluations to one transputer and all other computations
to another transputer to achieve 0 98 ms for the 6 ink Puma 560 Also for the Puma,
RAJAGOPALAN et al [1990] reported 2 8 ms on 3 transputers, and ZOMAYA & MOR-
RIS [1990] reported =~ 2ms (judging from a graph) on 4 transputers We can compare
these execution times to 2 007ms for 6 hinks on 5 transputers as predicted by the
modified ETF scheduler Finally, FUANY & BEiczy [1991] used special hardware

to exploit parallelism at the matrix-vector level and achieved an execution time of
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0 187ms for 6 links

Using RESNE, HASHIMOTO et al [1990] calculated the inverse dynamics for 3 links
on 3 transputers in 0 464ms (giving a 0 66ms sampling period for the computed torque
control technique) The execution time predicted by the modified ETF scheduler 1s
1 099ms for 3 links on 3 transputers ZOMAYA [1992] executed CLASSLE for the
Stanford arm on 8 transputers in 4 14 ms The RECLE algorithm was implemented
by ZALzZALA & MORRIS [1991] and executed i 246 ms for a 6 link problem on
4 transputers (compare with 5 365ms for 6 links on 7 transputers) All of these
execution times are consistent with the current results Although only X1ao &
CHENG [1991] state exphcitly the programming optimizations they employed, 1t 1s
probable that other researchers (such as HASHIMOTO et al [1990]) used similar
techniques Their results highlight the performance improvements which can be made

by symbolic simplification and custom programming

The six figures (2 11-2 16) show theoretical and scheduled execution times for each
of the six mverse dynamics algorithms respectively The lowest execution times ob-
tained with the current scheduler are labelled Best This term will be used throughout
to denote the lowest, though sub-optimal, execution times predicted by the modified
ETF scheduler for any possible number of processors (including maximum paral-
lehsm) In many parallel implementations of the mverse dynamics algorithms, the
number of processors 1s chosen to be equal to the number of links Although this
provides a good rule of thumb, 1t does not always give the optimal performance The
results corresponding to the aforementioned rule are denoted by Macro and, as ob-
served from the figures, are often not much worse than the Best results Figure 2 10
shows the best number of processors as determined by the modified ETF scheduling
algorithm as a function of the number of hnks n  Except for CLASSLE, the differ-

ence between the Best number of processors and the Macro number was usually not
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more than two In fact, the differences may be sooner attributed to deficiencies in
the scheduler than any properties of the algorithms If enough processors are pro-
vided for maximum parallelism and each task 1s forced onto a distinct processor,
then the scheduler predicts the total execution times labelled Maxpar Finally, as a
lower bound, the computational critical path length derived 1n §2 3 1s also plotted In
Figure 2 14 for CLASSLE, not all of the curves continue to 10 links because we were

unable to obtain the results due to insufficient memory on a Sun workstation
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Figure 2 11 Theoretical and scheduled execution times for RECNE

2.5 2 Performance Bounds

The previous section illustrated the kind of performance to be expected in an actual
parallel implementation in which communication costs are included However, these
performance results are a function of the scheduler To compare the inverse dynamics
algorithms independently of the scheduler, while including communication costs, 1t 1s
necessary to determine theoretical bounds on the execution time of each algorithm
Lower bounds on the execution time of the algorithms permit us to determine the
potentially most efficient algorithm Upper bounds are useful 1n real-time applications

for which worst case performance 1s important
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Figure 2 12 Theoretical and scheduled execution times for RECNEb

Since the communication tasks are roughly the same size as the computation tasks,
the computational cnitical path length provides only a very weak lower bound, as can
be seen from the figures, less than half of the best scheduled execution time Whether

the optimal schedule 1s much closer to the lower bound 1s doubtful

Obtaining a meaningful upper bound on the execution time of the algorithms 1s
also difficult To include the cost of communications in a theoretical upper bound,
while maintaining the hardware model described earlier, 1t 1s necessary to derive a
bound independent of the ordering of a task’s communications The only bound which

appears to do this 1s the sum of all of the computation times (the single processor
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execution time) plus the sum of all of the communication times which exist 1n the

maximum parallelism case This bound 1s equal to the execution time of a schedule

which executes all possible tasks (including unnecessary communication tasks) on

a sigle processor

By comparison with the scheduled execution times, however,

this bound 1s very weak, and therefore 1s not plotted Rather than summing all

possible communications costs, the bound on the amount of communication proposed

by HWANG et al [1989] considers the longest path through the task graph with all

task costs set to zero However, this longest path assumes that communications to

and from each task can be performed in parallel, which violates the hardware model
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Figure 2 14 Theoretical and scheduled execution times for CLASSLE

used here It 1s worth noting that the maximum parallehism case alone 1s no aid n
deriving an upper bound because although the number of communications tasks 1s
maximized, they are executed in parallel, as are the computations Thus, the total

execution time 1s not maximized

2.5.3 Optimality of the Scheduler

Since there are no useful performance bounds available, parallel performance com-

parison of the inverse dynamics algorithms remains dependent on the schedules used
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to implement them It 1s therefore important to choose an efficient scheduling al-
gorithm Optimal schedules provide the best possible performance for an algorithm
and allow the relative efficiencies of the algorithms to be observed directly, without
including efficiencies 1n the schedule Since we do not have a useful lower bound
on the execution times of the algorithms, 1t 1s difficult to evaluate the optimality of
the modified ETF scheduling algorithm Nevertheless, some progress can be made 1n

that direction

Each graph (Figures 2 11-2 16) shows the best schedule produced by the scheduler

and the maximum parallelism schedule obtained by forcing each task onto a separate
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processor In each case, however, the best schedule 1s worse than the maximum
parallelism schedule, illustrating the fact that the scheduler was never able to attain
the performance of the maximum parallelism schedule even 1f sufficient processors
were available When using the scheduler, we usually observed that the total execution
time decreased until a certain number of processors were available, after which the
execution time did not change because the scheduler chose not to use the additional
processors  This i turn means that the scheduler was never able to attain the
maximum parallelism performance on 1ts own In some cases, the scheduler used

the additional processors but predicted a greater execution time than the previous
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minimum  Both of these behaviours are indications that the scheduling algorithm
can be improved by incorporating a backtracking mechanism to retain the currently
best schedule while broadening the search for the optimal schedule A worthwhile
extension of this work would therefore be to investigate the scheduler proposed by

LEE & CHEN [1990]

Since the maximum parallelism schedules require the maximum number of com-
munications tasks, 1t 1s reasonable to assume that they are not optimal In fact, the
maximum parallelism performance can be used as an heuristic to decide how to 1m-
prove performance In KWAN et al [1990], the maximum parallelism performance 1s
used when searching for the optimal number of processors for a given algorithm (an
exhaustive search as we have done 1s not always practical) In particular, Kwan et al
begin with upper and lower bounds on the optimal number of processors and use a
bisection search A schedule 1s created for the number of processors midway between
the bounds If the scheduled execution time 1s greater than the maximum parallelism
execution time, then performance can be improved by adding more processors to the
current value This current number of processors then replaces the lower bound and
a new schedule 1s created Otherwise, the current number of processors becomes the
new upper bound and the process 1s repeated Once the upper and lower bounds are
equal, 1t may still be possible to improve performance by reducing the granularity, or
the size of the tasks, thereby increasing the potential parallelism present and reducing

the critical path length

2.6 Summary of the Inverse Dynamics Algorithms

This chapter provides evidence for the relative merit of each of the inverse dynam-

ics algorithms in a real multicomputer implementation The analytical performance
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comparison based on the computational critical path lengths 1s the first detailed
comparison of the theoretical parallel efficiencies of the algorithms It establishes a
common basis for comparison which 1s independent of any parallel computer hard-
ware characteristics Further analysis includes communication costs and shows that
the scheduler can accurately predict the total execution times With the exception of
RECNED, the predicted execution times qualitatively agree with the analytical compu-
tational critical path length comparison, in the sense that RESNE 1s the most efficient
mnverse dynamics algorithm for our applhication The RECNEb algorithm 1s a clear ex-
ample of the significance of communication costs and the limitations of performance

comparisons which ignore these costs

Further conclusions, however, are subject to our confidence 1n the optimality of the
scheduler For example, the optimal number of processors obviously depends on the
optimal schedule, as would an analysis of the parallel speedup and efficiency (speedup
per number of processors) of the algorithms It would also be important to consider
more realistic processor interconnection topologies All of the results presented in
this chapter have been for schedules executing on a fully-connected topology Since
each transputer has only four serial communications links, a fully-connected topology
1s only possible for up to five processors (actually only four, since one processor
must connect to the host) Other hardware may allow more local connections, but
there will still be a physical limit Varying topologies introduce an additional factor
which complicates the scheduling process Investigation of this effect, and of more

sophisticated scheduling algorithms, would be natural extensions to the present work
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Chapter 3

A Parallel Simulation Dynamics

Algorithm

The proposal and nvestigation of new robot simulation dynamics algorithms remains
an active area of research [FIJANY & BEJCzY, 1989, WONG & LAWRENCE, 1992]

Since robot simulation dynamics algorithms are more complex than inverse dynamics
algorithms, a detailed parallel performance analysis of the type conducted in the last
chapter 1s not practical The performance of these algorithms can only be gauged
either through prediction based on theoretical models or, preferably, through analysis
of an actual parallel implementation In particular, this chapter considers a novel
algorithm of SHARF [1990] designed specifically for parallel implementation An im-
plementation and performance analysis of the algorithm 1s conducted to validate pre-
liminary performance models based on a serial implementation The implementation

1s also important as a demonstration of the viability of the algorithm

The simulation dynamics algorithm described n this chapter was specifically de-
signed to exploit parallehism at a level unavailable to other parallel simulation dy-

namics algorithms In particular, an intwitive method of parallelizing robot dynamics
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algorithms 1s to assign the computations pertaining to each body to the correspond-
ing processor 1n a chain topology This 1s referred to as the macroparallel level of
computation The clear advantage of this level of parallehism 1s that the complex
scheduling process 1s eliminated Section 3 1 describes the macroparallel algorithm

and the properties which make 1t switable for such an implementation

As mentioned 1n the introduction to this thesis, the performance of a parallel
algorithm may be highly dependent on the chosen computer architecture Section
3 2 discusses the architectural considerations which were made during the algorithm
design and 1ts parallel implementation The subsequent section 1llustrates how the
choice of communication methods can significantly affect the performance of the al-

gorithm on a network of transputers

The performance of the macroparallel simulation dynamics algorithm 1s not ana-
lyzed mn the same detail as the inverse dynamics algorithms of the previous chapter
However, the same concepts apply and are used in the analysis For example, the
algorithm’s simple choice of tasks allows us to determine the computational critical
path length simply by measuring the execution times of tasks in the serial imple-
mentation The analysis 1s then extended to include the cost of communications
Performance models are presented i §3 5 which use information obtained from the
serial implementation and the actual parallel implementation, as well as theoretical
properties of the algorithm Finally, the models are discussed and compared to the

measured parallel performance

3.1 Macroparallel Algorithm

This section describes the macroparallel simulation dynamics algorithm and highlights

those steps which are relevant to the parallel performance In our presentation, we



CHAPTER 3 A PARALLEL SIMULATION DYNAMICS ALGORITHM 67

follow the notation used in SHARF [1990] which 1s somewhat different from that used
in the previous chapter The complete derivation of the algorithm can also be found

1n the same reference

3.1.1 Solution for Constraint Forces

In the simulation dynamics problem, the motion equations derived using the Newton-
Euler formulation for an open chain of rigid bodies contain two sets of unknowns the
accelerations of the bodies, and the interbody constraint forces In most simulation
dynamics algorithms, the constraint forces are eliminated in the formulation to obtain
a reduced, independent set of equations for the accelerations These equations form
a system of ordinary differential equations which can be ntegrated to obtain the
positions and velocities of the bodies — the state of the system at the next time step
In the present formulation, however, the constraint forces are explicitly determined

by solving a linear system of equations of the form

where fg represents the assembly of generalized constraint forces f, g, starting with

the base body Bg to the tip body By

fD :COl{fO,Chfl,Eh afN,D} (3 2)

In the remainder of this chapter, the subscript n denotes the quantity corresponding

to body B, and thus will range from 0 to N The matrix A mn (3 1) 1s symmetric
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positive-definite and has a block tridiagonal structure given by

Ln = Qng,n—lMyzil Qn—l
D, = Qf (M +TuaMLT], 1) Q. (34)
U, = QZM;1T£+1,H Qnt1 = LZ«H

In (34), M, 1s a constant 6 x 6 generalized mass matrix, Q, 1s the constraint
projection matrix of dimension 6 X p,, where p, denotes the number of constrained
degrees of freedom, and 7, ,_1 15 a generalized transformation matrix given by
T = Rn-1 —"Ru-1Tp-1n (35)
0 "R,
Following the convention used in SHARF [1990], the body-fixed coordinate frames
are located at the proximal ends of the links Hence, the position of coordinate
frame n with respect to coordinate frame n — 1, given by r,_1,, 1s expressed 1n
coordinate frame n — 1 and 1s constant Note that the block tridiagonal structure
of A corresponds to the physical structure of the open chain, constraint forces exist

only between consecutive bodies 1n the chain

The right-hand side of (3 1) 1s defined as

b= COl{bo,bl, ,bN} (3 6)
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where

by = QI [TunaaMy (PuciFuore = Th s Pufnct Fatoxt + Far)
+M1;1 <TZ+1,ann+1fn+l,c - ‘Pnfnyc - fn,ext - f,ﬂ) (3 7)
+ Tn,n—lvn—l + annv]

In the above, we have the 6 x (6 — p,,) projection matrices P, which project the con-

trol forces f, . onto the body-fixed orthogonal axes Also, f denote the external

n,ext
forces acting on B, and f,; denotes the nonlinear nertial forces Finally, v, are the
generalized absolute velocities, and v, are the free joint rates corresponding to the
joint degrees of freedom For dynamics simulation, the control and external forces are
usually supphed as mputs To simplify the parallel performance analysis, we assume
them to be dependent on the state of B, only Since the system state 1s distributed
throughout the entire chain of processors, this assumption aids a macroparallel imple-

mentation by reducing the amount of communication necessary Each of the inertial

forces f,; 1s a nonlinear function of the generalized absolute velocity v, given by
Fo1 = 0o My, (38)

These velocities are obtained through a forward recursion from the base to the tip

given by
Up = Tn,n—-lvn—l + ’ann'y (3 9)

We note that P, Q, and 7 ,, ,_; depend only on the configuration of B,,, which 1s
local state information Therefore, the blocks of A as defined by (3 4) are independent
of each other for n =0, | N For example, D; does not depend on Dy or D, or
any other D, and similarly for L, and U, These blocks, as well as the blocks of b

(3 7), can therefore be calculated simultaneously



CHAPTER 3 A PARALLEL SIMULATION DYNAMICS ALGORITHM 70

The special properties of the system matrix A motivated Sharf to consider -
eratwe methods to solve for f, 5 In particular, the sparseness of A makes these
methods computationally efficient Moreover, because the matrix A 1s block tridi-
agonal, there 1s a variety of well-established iterative schemes that can be used to
solve the system (3 1) [HAGEMAN & YOUNG, 1981] With regard to parallelism, 1t 1s
through employment of iterative methods that a macroparallel solution for the f, g

1s feasible

A thorough 1nvestigation of several iterative techniques has been conducted by
SHARF [1990] and 1t was concluded that the polynomially preconditioned conjugate
gradient methods are computationally most efficient for solving the linear system
(31) The method chosen, denoted by J-PPCG(2), 1s a composite iteration that
involves an mner and an outer loop The former comprises two steps of the Jacob:
iteration and essentially produces the preconditioning matrix M For this particular
scheme, M 1s the approximate polynomial inverse of A truncated to two terms (see
[SHARF, 1990] for details) This preconditioner 1s used 1n the conjugate gradient
iteration of the outer loop Table 3 1 lists the parallel algorithm for J-PPCG(2) The

notation (u,v) indicates the standard mner product of the vectors u and v

3.1.2 Motion Equations for B,

Once the constraint forces are known, the accelerations of the bodies are calculated

using the dynamics equations for each body in the chain These are

,UTL:M;I (fnT+nt) (3 10)



CHAPTER 3 A PARALLEL SIMULATION DYNAMICS ALGORITHM

Initiahize 2 =1
Do in Paralleln =0, N
) = by + Lo fi2) g — D5 + Unffloll c

anﬁf) = rgo)

) = £
o = (9,19)

Do until convergence (outer loop)

Do in Parallel n =0, N

wi™) = —Lap{Z)) + Dapl ™) - Unply)

17 = (o=, wit=)

ZV § agll—l)
n=
S
n=
Do in Parallel n=0, | N

o= £ia +epf

Local convergence check

AY = filb - £
A, APy
(£, £/

r® = p0=1 _ qw(-D

<Ep,set fog= fg,’)n and terminate iteration for f, o

Solve MnZSf) SI’) for zﬁl’) using the mner-loop iteration

=r
o) = (a4 28))

IB - ZnNzo (1511)
ZN—O ai ™"
Do in Parallel n =0, | N

e R

1=1+4+ 1

Table 31 Parallel J-PPCG(2) Algorithm for Step III (n)
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where f, 1 denotes the total external generalized force acting on B,,, and 1s determined

by

fur = Tian (~Prsifurie = Qunfara) (311)
+Pr~fn,c + ann,[:l + fn,exl;

To complete the procedure, we need to specify the independent joint accelerations
V,y, as they are the variables which are integrated to determine the trajectory of

the chain They can be obtained by differentiating the recursive velocity kinematics

equation (3 9) and solving to get
vn’y = (Pztpn)_l ’PZ (vn - Tn,n—-lvn—l - Tn,n—lv'n—l - ann7> (3 12)

It can now be seen that, with the constraint forces known, the dynamics equations
(3 10) 1n conjunction with (3 11) can be evaluated for all v, 1n parallel Using these
1 Equation (3 12), we can also calculate the joint accelerations v, forn =0, | N

n parallel

3.1.3 Summary of the Macroparallel Algorithm

We can now summarize the macroparallel solution algorithm for simulation dynamics
of a rigid-body chain Since the algorithm 1s executed at every time step during the
mtegration process, the state of the system (2 e , joint displacements and velocities) 1s
assumed to be known and the desired output 1s joint accelerations The algorithm 1s
divided 1nto five principal computation stages, corresponding to the logical elements
of the procedure As was mentioned earlier, we dedicate one processor to each body

i the chain  Then, the computation of each stage can be carried out as lsted n

Table 3 2
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Initialization

Do in Parallel n =0, | N

Update Tnyn_l, Pn and Qnr .fn,cv fn,ext

Direct Velocity Kinematics

Do Recursively n =1 to N
Solve for v,, from (3 9)
Solution for Constraint Forces

(1) Do in Parallel n =0, | N
Evaluate L,,, D,, and b,, from (3 4) and (3 7)
(1) Do in Parallel n =0, ,N

Calculate f, 5 iteratively with J-PPCG(2) method

Evaluation of Motion Equations

Do in Parallel n =0, N
Solve for v,, from (3 10) together with (3 11)

Inverse Acceleration Kinematics

Do in Parallel n =0, N

Calculate v, using (3 12)

Table 3 2 Macroparallel algorithm

73



CHAPTER 3 A PARALLEL SIMULATION DYNAMICS ALGORITHM 74

Let us comment on the parts of the algorithm which are not macroparallelizable
As indicated above, Step Il of the algorithm involves evaluation of the absolute veloc-
ities v, given the joint rates v,, This 1s done according to the velocity kinematics
relations (3 9) and 1s a recursive computation because of the recursive data depen-
dency Therefore, this calculation cannot be executed in parallel for n = 0, N
In addition to this, we observe that most of the J-PPCG(2) iterative procedure 1s
macroparallelizable except for the computation of parameters o and 3 These involve
summations of the form S-"_. d,, where d,, are appropriate scalars that are indepen-
dent for n =0, , N and therefore, can be evaluated 1n parallel However, the part
of the calculation whereby d,, are summed over n 1s not macroparallelizable A pre-
limmary mvestigation conducted by SHARF [1990] on a serial architecture indicated
that these non-macroparallelizable parts of the algorithm constitute a relatively minor

part of the whole computation

We also note that the convergence criterion implemented 1in the parallel iterative
algorithm 1s based on a local relative error It represents the norm of the difference
between two successive constraint force 1terates for each body measured as a fraction
of the norm of the recent iterate for that body This criterion 1s different from the
standard one used for checking convergence—the global error—and was proposed by
SHARF [1990] 1n order to make the convergence check a macroparallel computation
To achieve this, 1t was necessary to eliminate the step of summing the norms of the
iterates over all bodies, a calculation similar to that carried out n evaluating « and
S In that case, this step cannot be avoided, while as shown in SHARF [1990], the

local relative error provides a valid test for convergence of the iteration

Finally, we observe that the number of 1terations required to achieve convergence
grows linearly as the size of the system, that 1s, N, increases As1s known [AXELSSON,

1985], the use of preconditioning improves the theoretical upper bound on the rate
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of convergence of the classical conjugate gradient iteration Furthermore, since the
iterative solution for constraint forces 1s carried out at every step in the simulation, the
solutions at the previous time steps are used to make the imitial guess for the iteration
at the current time step As a result, the number of 1terations taken to converge 1s
on average considerably better than the aforementioned theoretical bound [SHARF,
1990] Since each 1iteration includes the tasks of summing for o and /3, we can see
that the total execution time will increase proportional to N* For the timing results
presented 1n the following sections, the number of iterations was set to the average
over time steps observed 1n simulations of a generic multi-body maneuver for a chain

of 1 to 10 bodies

3.2 Architectural Considerations

When designing a parallel algorithm, consideration must always be given to the ef-
fects that the computer system will have on the performance In fact, for parallel
implementations, the computer architecture 1s as much a part of the design as the
algorithm 1s  This section discusses the design of the parallel simulation dynamics

algorithm 1n the context of a message-passing architecture

As described earlier, the algorithm exploits macroparallehsm m the multibody
dynamics problem and can be classified as coarse-grain  Each processor executes
essentially the same instructions on different data, with the exception of those as-
sociated with the end bodies We also noted that some portions of the algorithm
are not macroparallehizable, in particular, the computation of a and 8 which 1s done
at every 1teration 1n the solution for constraint forces These characteristics make a
loosely synchronized multiple-instruction-stream, multiple-data-stream (MIMD) ar-

chitecture an appropriate choice for implementation (Here, the term loosely syn-
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chronized means that synchronization occurs only between neighbouring processors
when communication 1s required ) The algorithm does not require any communica-
tion beyond a processor’s nearest (two) neighbours Therefore, we have chosen a chain
topology for the transputer network to match the physical topology of the multibody
system On the other hand, the non-macroparallelizable parts of the algorithm may
be more efficiently executed on a network with a richer interconnection topology or a
shared memory and hence, the present choice of parallel processing system may not
be optimal for the algorithm The transputer network was employed for the present

implementation, however, because of 1ts accessibility and popularity

Now let us consider an example of how the processor chain topology affects the
design of the algorithm There are many occasions throughout the algorithm when
each processor must exchange information with both of 1ts neighbours, for example,
the current values of the constraint forces Since each processor can only perform one
task at a time, we must decide the order in which to perform the two send and two
recerve tasks To prevent deadlock, we must specify the order for each processor such
that no two neighbouring processors are both attempting to send or receive at the
same time One option 1s to have each processor receive from 1ts mnward neighbour
(lower node number) before sending to 1ts outward neighbour, and then repeat n
the other direction However, this results in a serial communication pattern as the
communications propagate down the chain and back, creating precedence constraints
which mtroduce 1dle time A better solution 1s to have every even-numbered node
send outwards while every odd-numbered node receives from 1ts inward neighbour
The even-numbered nodes then send inwards, receive from outwards, and receive
from mwards Although such a simple problem can easily be dealt with during the
programming stage of development, similar problems may require modifications to

the algorithm 1tself
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The 1ssue of how the convergence check 1s accomplished provides a more substan-
tial example of how the computer architecture can affect the parallel algorithm In
fact, the choice of a local convergence check i §3 1 was motivated by consideration of
the architecture during algorithm design However, the implementation of this check
was not discussed 1n SHARF [1990] The following paragraphs describe a method for
accomplishing the local convergence check which has almost no effect on the per-
formance The solution 1s given here 1n some detail, both as an illustration of the
considerations which must be made, and to describe how 1t could be implemented
Because the experimental measurements presented 1n this chapter were obtained for
fixed numbers of iterations, in order to match the experiments on the serial imple-
mentation, the convergence check was not needed However, 1t 1s a very important
part of a complete ssmulation program which comprises not only the solution for the

accelerations, but also their integration for the trajectory of the system

Implementation Solution for Local Convergence Check

The advantage of using a local relative error 1s that each processor can determine
whether 1ts own 1terations have converged, without communicating with the other
processors Assuming that some other processors may need to continue their own
iterations, a converged processor can signal 1ts neighbours that 1t has converged and
that they should use the last values received 1n all further calculations Thus, the
converged processor may now continue with the next step of the computation, taking

advantage of 1ts early convergence

There 1s an 1implementation problem, however, in making the convergence check
a macroparallel computation The problem 1s created by the processor interconnec-
tion topology, which we have specified to be a chamn, and arises when a processor

converges For the other processors to continue their own iterations after a processor
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has converged, the summing for @ and 8 must continue Although the last quanti-
ties communicated by the converged processor can be remembered and used by 1ts
neighbours, there 1s no way to perform the sums for @ and  without involving the
converged processor 1n communications along the chain Recall from the transputer
hardware model of §2 4 1 that the fastest communications methods require that each
transputer execute only a single process Therefore, the converged processor must
either proceed to the next step of the computation or continue passing information
along the chain If the converged processor 1s held back from further computation,
1t must determine when all processors have converged before 1t can proceed Estab-
lishing the convergence of all of the processors, however, 1s a global decision which
defeats the purpose of the local convergence criterion Such a boolean global conver-
gence check requires the same communications (though shghtly shorter messages) as
a numerical global convergence check (of the absolute error), thus incurring almost

the same communication costs

The simplest solution to this problem 1s a compromise between the efficiency of
the local convergence check and the necessity of global communications Rather than
wait until all processors have converged, as required by a global convergence check,
a converged processor need only wait until all processors between 1t and the nearest
end of the chain have converged After this time, the converged processor will no
longer be needed for communications along the chamn and can continue to the next
computation Thus, in general, a processor will have to wait for some, but not all, of

the other processors to converge, only the two end processors will never have to wait

This solution can be implemented with hittle additional communications overhead
in the following way Each of the summing processes for a and 3 begins at the two
ends of the chain and accumulates the sum at a node 1n the middle of the chamn (This

has been mcorporated in the present implementation ) The sum 1s then distributed
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simultaneously 1n both directions The convergence state of the processors can be
communicated by appending a single number to both of the inward bound and both
of the outward bound messages FEach number names the node which has converged
and for which all other nodes farther from the middle of the chain have converged
Thus, these numbers are mitially —1 and N +1 These two nodes form the edge of
the set of processors no longer participating in the iterations On the inward passes,
a node normally forwards the same number 1t receives If 1t determines, however,
that 1t 1s on the edge of the set of remaining processors, the node must do one of two
things If 1t has not converged, 1t must remember the partial sums and constraint
forces last communicated by 1ts converged neighbour toward the end Otherwise, 1f
1t has converged, 1t forwards 1ts own number and proceeds to the next step in the
computation after the iteration for the constraint forces A node in the interior of the
chain which has converged but does not receive 1ts neighbour’s number must continue
to participate in the summing for @ and § The central node which performs the final
sum then distributes the sum and the final two node numbers 1n both directions along
the chain These node numbers are used by the remaining nodes during the next sum
to determine the new central node Thus, the node which performs the final sum will
change dynamically to remain in the middle of the 1terating processors Experimental
evidence presented in SHARF [1990] indicates that, for a fixed-base manipulator, the

nodes will likely converge from the base to the tip

The method just described introduces no additional communication costs other
than shghtly longer messages Since the simulation dynamics algorithm requires rel-
atively short messages, communication costs are incurred as idle time as much as
transmission time Idle time occurs when a processor must wait to synchromze for
communication Clearly, the most 1dle time 1s created by the non-macroparallelizable

parts of the algorithm which require processors to wait as information 1s propagated
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along the chain In addition to reducing the amount of non-macroparallehizable com-
putation, 1t 1s also desirable to reduce the amount of synchronization between neigh-
bouring processors Therefore, for this algorithm, the number of messages affects the
communication costs at least as much as the length of the messages The next section

illustrates the costs of various aspects of communication on a network of transputers

3.3 Communications Overhead

The experiments described 1n this chapter were all conducted on a network of T800
transputers connected to a UNIX host and running under the Trollius operating
system supplement [TROLLIUS, 1990] A Trollius kernel runs on each transputer and
provides access to the host node’s operating system and file system, often by using
commands 1dentical to UNIX Trollius also acts as a supplement to UNIX on the host
node, providing commands to boot the network, load and execute programs, and
monitor the execution and state of transputer processes Besides host access, other
Trollius libraries provide communications functions which allow C or FORTRAN
programs running on a transputer to pass messages to other processes on the same

or different nodes, or to interact with the kernel

There are four communications levels within Trollius which allow the user to
trade off speed ws functionality They are, in order of decreasing functionality,
the transport, network, datalink, and physical levels The physical level offers the
fastest communication speed, and uses virtual circuitsin which only nearest-neighbour
communications are possible A virtual circuit prevents other processes, including
system processes, from accessing the communication link The datalink level provides
optional message buffering on both the sending and receiving nodes Messages can

also be labelled as different events and types, thereby allowing the receiving process to
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synchromze only with certain messages The network level supports virtual circuits
among non-neighbouring nodes and adds routing and long message packetization
In addition to this, the transport level ensures that both the sending and receiving
processes have synchronized before the message 1s sent This prevents the sender from

filling the message buffers and communications links with too many messages

To obtain the best performance, 1t 1s often necessary to fine-tune the code to bet-
ter smt a particular application or implementation All of the communications levels
utilize the same data structure for specifying the necessary attributes of a message,
such as the event, type, length, destination, and memory location of the message
The lower communications levels simply 1gnore the entries in the data structure not
needed by their reduced functionalities This makes 1t easy to successively improve
performance by changing the name of the communication routine 1n the calling state-
ment Also included mn the structure 1s a 32-byte “data pouch” which allows short
numeric messages to be passed along with longer messages During the development
phase, 1t was discovered that all of the communications levels, including the physical
level, send the data pouch whether 1t 1s used or not This represents a significant
overhead when the actual message of interest 1s only eight bytes, the length of one
double precision number This feature was therefore removed, essentially reducing the
physical communication level to the primitive communications functions provided by
Occam, the transputer’s native language Since the simulation dynamics algorithm
has a ssmple nearest-neighbour communication pattern and does not require the ca-
pabilities of the higher communication levels, we are able to take advantage of the

most efficient mode of communication provided by Occam
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3.4 Experimental Measurements

For the purpose of parallel performance analysis and modelling, an algorithm 1s often
subdivided into components which are either parallelizable or strictly serial This
means that a given portion can either keep all processors busy or only one Clearly, 1t
1s desired to minimize the serial part in order to maximize the potential speedup We
have seen 1n §3 2, however, that the summing for a and /3 begins at both ends of the
chain at once and therefore 1s not a strictly serial computation Nevertheless, we will
use the term “serial” to refer to all non-macroparallelizable parts of the algorithm
This section discusses how the execution times associated with the serial components
of the macroparallel algorithm for simulation dynamics were determined This data

1s subsequently employed by the performance modelling in the next section

As described 1n §3 1, the serial parts of the macroparallel algorithm are the compu-
tation of e, #, and v,, n =0, N Measuring their execution times in the parallel
immplementation was not straightforward Imtially, the program execution was traced
by recording the times at which all communications began and ended Although this
method can provide a wealth of information such as processor utilization, load bal-
ancing, and 1dle times, 1t was found that too much overhead was required to generate
this information To find a timing method which did not add significant overhead,
the number of 1terations were set to be constant as the length of the chain mcreased
Thus, the total execution time of the macroparallel parts of the algorithm should also
remain constant However, even measuring the times at the beginning and ending
of the non-macroparallelizable tasks was found to add an increasing (though small)
amount to the total execution time as the length of the chain increased In both cases
the Trollius trace facihity was used, and 1t 1s thought that this was the source of the

additional overhead
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Figure 31 Execution times of the complete algorithm and for the non-macroparal-

lelizable parts

Because of these complications, a different approach to measuring the execution
times of the non-macroparallelizable tasks 1s taken Instead of directly timing them,
the source code for each of these tasks 1s deleted in turn and the resulting execution
time for the algorithm 1s measured Thus, the difference between the total execution
times with and without each task represents the execution time of each serial compo-
nent of the algorithm, including computation, communication, and 1dle times Figure
3 1 shows the total execution time using the Occam level of communications and the

execution times attributed to the velocity recursion and the summing required for o
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and 3, as a function of the size of the system

There are two aspects of Figure 3 1 which should be commented on The first 1s
the unusually high execution time required for N =2 This behaviour only appears
when communication modes without buffers are used so 1t 1s supposed that, for N = 2,
the performance gain from parallelism 1s offset by the additional communications
overhead The second unusual aspect 1s that, for N < 10, the time required to
perform the velocity recursion peaks at N=T Since there 1s no overhead incurred by
the timing method, this phenomenon 1s probably caused by changes in the amount of
1dle time between tasks In some cases, better synchronization between the processors

may reduce the total idle time, thereby accomplishing more work 1n less time

A better alternative for obtaining the execution time of the serial parts of the pro-
cedure would be to manage the trace information storage from within the algorithm,
avoiding the Trollius trace facility completely This was not done because 1t was felt

that the indirect timing method was sufficiently reliable

3.5 Performance Models

Accurate performance models are important not only for predicting the behaviour
of an algorithm beyond the observed test cases, but also for aiding the design of
new algorithms by exposing the limitations of the current one Using the timing
measurements obtained 1n the previous section, as well as serial execution times, this
section presents performance models which attempt to predict the execution time of

the macroparallel algorithm as a function of N

Let us denote the actual execution time for an N-body chain on a single transputer
by Ty and that on N transputers by Tx (Note that 7; 1s a function of N and

represents the corresponding uniprocessor execution time for whatever value of N 1s
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being discussed ) Next, we consider the experimental speedup of an N transputer
implementation over a single transputer given by

I

Sy =
NTN

(3 13)

For comparison, we describe two theoretical models for predicting the speedup of
parallel algorithms The first model, based on Amdahl’s law [DONGARRA et al , 1991],
attempts to predict the parallel execution time using the single processor execution
time It requires the number of operations that can be executed in parallel on N
processors as a fraction of the total operation count We denote this fraction by f;

The predicted parallel execution time 1s then

_ AT

i N

+(1- fi)Th (3 14)

and the corresponding predicted speedup 1s

B N
i+ (1= f)N

To determine Sy, we estimated f; by timing the serial parts of the algorithm on one

84 (3 15)

transputer We denote those seral parts by 1'y; and T{4 ), the times required on
one transputer for the velocity recursion (Step Il) and for the summing for « and

respectively

GUSTAFSON [1988] proposed to estimate the single processor execution time using
the execution time of an N-body problem on a chain of N processors In contrast
to the original premise of Amdahl’s law, the problem size does not remain fixed but
1s allowed to change to fit the available number of processors Another distinction
of Gustafson’s model 1s that the fraction fy 1s measured as the time spent in evalu-
ating the parallel parts of the algorithm in the actual parallel implementation The

predicted uniprocessor execution time 1s then

TG1 = (1 - fN = NfN)TN (3 16)
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resulting 1n a speedup of

S = N = (¥ =1)(L - 5 (3 17)

We determined fy according to

TapyN+Tun

1 fy = 2B

(3 18)

where T, gy~ and T ) n are the execution times 1n the parallel implementation of the
non-macroparallelizable parts of the algorithm (averaged over n =0, | N) These
were measured as was described 1n §3 4 and are represented by lines B and C 1n Figure

31
SHARF [1990] predicted the macroparallel algorithm’s execution speed on a parallel
processing system using the following expression

Ty — T -T
[T1 — Tia,p)1 i) .

ITp=1
p=13 N

T+ T (3 19)

This model allocates 30% of the parallel computation time to the associated over-
head and adds to this the time for the serial parts of the algorithm The estimate
of 30% overhead was based on practical experience with a similar multi-processor

implementation [ICASAHARA et al , 1987, KASAHARA, 1989

It 1s interesting to combine Gustafson’s and Sharf’s models by adding a 30%
overhead to the parallel fraction of Gustafson’s model Figure 3 2 shows the exper-
imental speedup and the speedup predicted by Amdahl’s, Gustafson’s, Sharf’s, and

the combined models

It 1s worthwhile to observe that the above performance models all relate the single

processor execution time T} and the parallel execution time T Indeed, one can show
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Figure 3 2 Experimental and theoretical speedups

that (3 18) implies (3 19) with zero overhead (the coefficient n (3 19) equal to 1) This

1s also true of Amdahl’s model if we express f; as

_ dy =T ma—4 iia
T

h (3 20)

The salient feature of Gustafson’s model, however, 1s that the execution times of the
serial parts of the algorithm are measured in the parallel implementation rather than
the single processor implementation Amdahl’s model predicts the maximum speedup
possible for a given algorithm assuming no communications overhead Gustafson’s

model also measures the fraction of execution time spent on the serial parts of the
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algorithm This fraction varies mostly with the number of processors, not the size
of the problem, and so can not be accurately determined from measurements of the
serial implementation Sharf’s model includes an estimate of the overhead incurred in
the parallel implementation of the parallel parts of the algorithm Thus, the combined

model attempts to account for the varying serial fraction and the parallel overhead

The difference between Amdahl’s and Gustafson’s speedup models 1llustrates the
following aspect of the parallel implementation The single processor execution times
of the non-macroparallelizable parts form only a small fraction of the total execution
time This 1s reflected 1n Figure 3 2 by the near 1deal speedup (of N) predicted by
Amdahl’s law However, these “serial” parts of the algorithm comprise a significant
portion of the total parallel execution time as shown in Figure 31 For example,
summing N scalars distributed over N processors requires considerably more time
than 1t does on 1 processor Although 1t can be said that the computation has been
effectively distributed across N processors, since only a small fraction of the number of
operations 1s not macroparallehizable, 1t 1s clear that a more precise model 1s required

to account for the significance of the non-macroparallelizable parts of the algorithm

Including the overhead of the macroparallelizable parts of the algorithm more
closely reflects the observed speedup, as shown by Sharf’s model in Figure 3 2, but
the speedup still increases linearly Only Gustafson’s and the combined models, which
include the effect of a varying serial fraction, predict speedups which increase less than

linearly as observed experimentally

Perhaps the most important measure of the macroparallel algorithm’s usefulness
18 1ts absolute speedup It 1s defined as improvement in performance over the best

serial algorithm, the recursive algorithm for simulation dynamics

T r
= 21
S P/R TN (3 )
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Figure 33 Absolute speedup

The plot of S p/r1s given 1in Figure 3 3 The execution times of the recursive algorithm
were measured on a workstation and thus were adjusted for differences in CPU speed
Although the absolute speedup 1s worse than the relative speedup, there 1s still a

significant gain over the best serial algorithm

This chapter has thus demonstrated that the macroparallel algorithm 1s a viable
solution to the simulation dynamics problem The discussion throughout this chapter
has shown that there are many 1ssues that arise in the design and analysis of a parallel
algorithm In fact, there are so many implementation considerations which must be

made during the design process that 1t becomes necessary to use a detailed hardware



CHAPTER 3 A PARALLEL SIMULATION DYNAMICS ALGORITHM 90

model and an accurate accounting of the computation and communication costs to
predict the parallel performance of an algorithm For algorithms for which this 1s
not practical, such as the macroparallel algorithm, 1t 1s essential that the algorithm
be mmplemented on a parallel computer system for there to be any certainty of 1ts
relative merits This chapter has also conveyed the experience gained during the
implementation of the macroparallel algorithm Hopefully, this experience will aid

further development of parallel algorithms for simulation dynamaics of robotic systems
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Chapter 4

Conclusions

The goal of this thesis was to gain an understanding of the factors which affect the
parallel performance of parallel dynamics algorithms in robotics This was accom-
plished by modelling the performance of the algorithms and comparing predictions
of their performance with actual implementation results The algorithms were 1m-
plemented on a message-passing architecture composed of transputers It was shown
that the architecture of the computer system being used 1s an important consider-
ation not only 1n analyzing performance results, but also during the design of the

algorithms

Chapter 2 provided an extensive comparison of the parallel performance proper-
ties of six robot mverse dynamics algorithms Such a comparison becomes a necessity
as more new algorithms are proposed 1n the literature The algorithms were described
1 a common notation for easy comparison, and were also presented visually as task
graphs The graphs illustrated the maximum parallelism of each algorithm and high-
lighted their important computational properties With the aid of the task graphs,
analytical expressions were derived which expressed the minimum possible execution

time of each algorithm in terms of floating-point operations Although similar expres-
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sions were given 1n the literature, the expressions presented here are the first derived
from a common choice of tasks and level of parallehsm Therefore, they provide the
first meaningful theoretical comparison of several parallel algorithms for the inverse

dynamics problem

For the parallel computer system chosen, a transputer network, 1t 1s known that
communication costs have a significant effect on the performance of the inverse dy-
namics algorithms There 1s no published parallel performance comparison of the in-
verse dynamics algorithms which includes communication costs This thesis provides
such a comparison After verifying a hardware model of the transputer, the analy-
s1s uses a scheduling algorithm which incorporates the hardware model to search for
the optimal assignment of tasks to processors Although the predicted performances
are only directly vahd for a transputer network, the relative performance comparison
1s more generally applicable to other message-passing architectures An important
original result 1s that although the logarithmic parallelism of the RECNEb algorithm
gives 1t the fastest execution time in terms of floating-point operations, 1t also re-
quires a large number of precedence constramts, and hence communications, making
the RECNEb algorithm a mediocre performer Also, the Resolved Newton-Euler al-
gorithm was shown to be consistently the best performer The analysis of Chapter 2
makes the reasons for 1ts success clear It 1s important that such experimental evi-
dence, combined with performance analysis, be presented, since the slower Recursive

Newton-Euler algorithm continues to be the popular choice

The purpose of Chapter 3 was to provide a proof-of-concept for a recently proposed
simulation dynamics algorithm Since 1t 1s not practical to undertake the kind of in-
depth analysis applied to the imnverse dynamics algorithms, simpler performance mod-
els were proposed and evaluated The execution times of the non-macroparallelizable

parts of the algorithm were measured (both in the single and multi-processor 1m-
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plementations) in an attempt to model the overall performance of the parallel im-
plementation It was found that although these non-macroparallelizable parts were
msignificant 1n a single processor implementation, they had a substantial effect on the
parallel performance This illustrates the difficulty of predicting parallel performance
based on serial performance, and the need for better models of parallel performance
Detailed discussions of the architectural considerations in algorithm design and the
effects of communication overhead on performance are given to relate the experience
gained Hopefully, this experience will be useful for future algorithm development
The parallel implementation on a transputer network also showed that the macropar-

allel algorithm achieves an absolute speedup over the best serial algorithm
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