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Abstract 

The advent of relatively mexpensive parallel computmg systems has motivated the 

mvestigat10n of parallel algorithms and architectures as a means of achievmg more 

efficient robot dynamics algorithms In this thesis, both the mverse dynamics and the 

forward (simulat10n) dynamics of rigid body mampulators are considered The paral­

lelism mherent m six mverse dynamics formulations is analysed to determme the most 

efficient algorithm, both theoretically and on a network of transputers An extensive 

comparison of the parallel performance of the algorithms is made by mcorporatmg a 

hardware model of the transputer mto a schedulmg algorithm which searches for the 

best assignment of tasks to processors Thus, new results comparing the performance 

of the algorithms mcludmg communication costs are presented Although the loga­

rithmic Recursive Newton-Euler algorithm for mverse dynamics is theoretically the 

fastest, its performance is constramed by the need for more tasks and more commu­

mcations The Resolved Newton-Euler algorithm is shown to execute the fastest on 

a transputer network, a result which is supported by analysis A recently proposed 

macroparallel simulation dynamics algonthm is implemented as a proof-of-concept 

The analysis of this algorithm concentrates on parallel performance and companson 

with its serial implementat10n Performance models are partly based on expenmental 

measurements rather than theoretical predictions and are used to assess the effects of 

senal parts of the algonthm on speedup and total execut10n time Results mdicate 

that mmor senal computations m the algonthm can have a sigmficant effect on the 

overall parallel performance 
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Chapter 1 

Introduction 

1.1 Problem Statement 

A growmg number of robotics apphcat10ns are requmng a new generat10n of mampu­

lators These new mampulators may be hghtwe1ght, movmg at high speeds, or may be 

operated remotely over large distances Such applications m turn demand ever more 

soph1st1cated controllers to cope with the mcreased complexity of the mampulators 

and their environments L1ghtwe1ght mampulators tend to exh1b1t structural flex1b1l-

1ty, which can have a sigmficant effect on the mampulator's motion even at moderate 

speeds Teleoperat10n also leads to transm1ss1on delays which must be accounted for 

To meet the challenges of the new applications, 1t 1s therefore necessary to model 

and control the mot10n of these new mampulators However, the goals of accurate 

modellmg and high-speed control are not entlfely compatible, ach1evmg one makes the 

satisfact10n of the other more difficult Improved mathematical models of mampulator 

dynamics help us to predict and control the motion of advanced mampulators, but 

they are more complex and time-consummg to solve On the other hand, high-
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speed control allows less time m which to evaluate the dynamics equations Efficient 

dynamics algonthms thus form a necessary part of the reconciliation of these two 

goals 

There are two dynamics problems commonly associated with robotic mampula­

tors, both of which are addressed m this thesis The first 1s the znverse dynamics 

problem, which 1s to calculate the control forces necessary to achieve a desJred mo­

tion This problem 1s often solved penod1cally as part of a control algorithm as a 

means of usmg a dynamics model of the mampulator to account for the dynamics 

effects m the control law The second problem 1s the simulation ( or forward) dynam­

ics problem, the solution of which produces the accelerat10ns of the mampulator at 

a particular time resultmg from the given control forces The accelerations are then 

mtegrated to determme the veloc1t1es and pos1t10ns of the mampulator at the next 

time step of the snnulat10n 

To achieve accurate modellmg and high-speed control , 1t 1s desirable to solve the 

dynamics problems as quickly as possible Obv10usly, improvements m speed can be 

realized by usmg faster computer systems In add1t1on to faster processors, parallel 

processmg offers an mtmtively appealmg method of decreasmg program execut10n 

time Many researchers have proposed and implemented parallel algonthms for the 

mverse dynamics problem, such as L EE & CHANG [1986], HASHIMOTO & KIMURA 

[1989] and I ZAGUIRRE et al [1992] On the other hand, parallel simulation dynamics 

algonthms are still few and remam an active area of research ew parallel algonthms 

can be created either by specifically formulatmg an algonthm m a manner smtable 

for parallel computat10n , or by partit10nmg an ex1stmg senal algonthm mto tasks 

For example, B INDER & HERZOG [1986] propose an approximate mverse dynamics 

algonthm which uses pred1ct10n to ehmmate precedence constramts, while ZHENG & 

H EMAMI [1986] formulate the mverse dynamics m state space Several other mverse 
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dynamics are discussed m Chapter 2 m detail For the simulation dynamics problem, 

researchers have concentrated on parallelizmg ex1stmg senal algonthms as m LEE & 

CHANG [1988] and schedulmg them on microprocessor systems [KASAHARA et al , 

1987] 

To further reduce the time reqmred to solve a problem 1t 1s desirable to improve 

the efficiency of the algonthm bemg used In this thesis, we are only concerned 

with total execution time and, hence, the term efficient refers to the relative speed 

with which an algonthm solves a given problem Other efficiency issues, such as 

memory usage and speedup per number of processors, are not addressed This 1s 

because memory and processors are relatively mexpens1ve and, for the applicat10ns 

considered here, the execut10n time 1s not limited by the ava1lab1lity of these resources 

Indeed, expenmental results presented m the thesis confirm that the optimal number 

of processors for typical robotic apphcat10ns 1s less than the size of most networks m 

practice 

Typically, 1t 1s much simpler to propose a parallel algonthm than 1t 1s to predict 

its performance on a given computer system To gmde the design and improvement 

of parallel algonthms, 1t 1s helpful to have an idea of the factors which affect the 

performance of the new algonthm Computat10nal complexity analysis of serial al­

gonthms has been established as a useful method for comparmg the performance of 

senal algonthms, partly because 1t 1s mdependent of the system hardware and archi­

tecture Comparing the performance of parallel algonthms, however, is not as simple 

To determme the total execution time of a parallel algorithm m terms of the number 

of floatmg-pomt operations reqmred, we must specify which operat10ns can be per­

formed m parallel This depends on the choice of tasks and on the levels of parallelism 

bemg exploited , which m turn determme the cost of each task Specialized hardware 

to exploit the lowest levels of parallelism 1s not always available or affordable There 
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is also addit10nal overhead mtroduced m the parallel 1mplementat10n For example, 

the commumcation costs mcurred m message-passmg architectures are difficult to 

deduce from the serial implementat10n of an algorithm Smee the performance of 

parallel algorithms can be highly dependent on the parallel computer architecture, 

the architecture must be mcluded m the algorithm design process and any subsequent 

performance comparisons 

Many researchers have proposed or implemented parallel computer architectures 

for the robot dynamics problems For the mverse dynamics problem, some designs 

employ commercial microprocessors [ IGAM & LEE, 1985, ZHANG & PAUL, 1986], 

while others use specialized processors such as custom-bmlt microprocessors [KOKAJI, 

1986], bit-serial processors [RAHMAN & MEYER, 1987], Very-Long-Instruct10n-Word 

processors [ANDERSSON, 1989], or processors custom-designed for robotics applica­

tions [FIJANY & BEJCZY, 1991 , SADAYAPPAN et al 1989] Similarly, for the simula­

tion dynamics problem, LIAO & CHER [1985] have proposed usmg array processors, 

while McMILLAN et al [1991] have used a Cray Y-\1P8 supercomputer 

Recent technological advances have made practical, affordable, parallel computer 

systems commercially available In particular, the transputer has become a popular 

component of relatively mexpensive parallel computer systems Each transputer con­

stitutes a smgle processmg element ma message-passmg architecture With four senal 

commumcat10ns lmks, the transputer's modular design allows networks of transputers 

to be easily assembled and connected to host computers To fully support a parallel 

processmg environment, the transputer also has a micro-coded scheduler which al­

lows each transputer to execute multiple processes Many of the quantitative results 

presented m this thesis are dependent on data obtamed on a transputer network and 

are therefore specrfic to transputers For the mverse dynamics problem, ( though not 

for the simulat10n dynamics algori thms) many researchers have published similar 
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experimental results for transputers which will be cited for comparison 

1.2 Thesis Outline 

This thesis is divided mto two mam chapters, addressmg first the mverse dynamics 

problem and then the simulat10n dynamics problem The objective of this thesis 1s 

to mvestigate the performance of several robot dynamics algorithms by quantitative 

comparison of performance models with 1mplementat10n results Though the numeri­

cal performance measurements are specific to transputer networks , the accompanymg 

analysis is more general The analysis of the mverse dynamics algorithms can be 

applied to other message-passmg architectures, while the analysis of the s1mulat10n 

dynamics algorithm is less specific and can be applied to shared-memory architectures 

as well All algorithms are applied to rigid body, senal cham mampulators 

Though researchers contmue to propose new parallel mverse dynamics algorithms 

for robotics a comprehensive comparison of their performance 1s not currently avail­

able Chapter 2 makes such a comparison for a representative sample of mverse 

dynamics algorithms, both theoretically m terms of operat10n counts, and experimen­

tally m terms of execut10n time First, a standard basis for comparison 1s established 

m §2 1 by determmmg which level of parallelism will be exploited, what the common 

notation for expressmg the algorithms will be, and how computat10n costs will be 

tabulated After statmg the mverse dynamics algorithms, the maximum parallelism 

mherent m each at the chosen level 1s depicted ma task graph which shows each task 

as a node connected to the nodes upon which 1t depends The task graphs provide a 

vISually mtu1tive understandmg of the parallel properties of the algorithms and the 

concepts relevant to the performance analysis In particular, the length of the longest 

path through the graph represents the total computat10nal cost of the algonthm mde-
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pendent of computer architecture Analytical express10ns for this quantity are given 

for each of the mverse dynamics algorithms considered 

Smee commumcat10n costs depend on the parallel computer system, a hardware 

model of the transputer 1s proposed and verified m §2 4 1 This model 1s mcorporated 

mto a scheduler which searches for the most efficient assignment of tasks to processors 

The resultmg schedules make accurate predictions of the actual execution speeds 

of each of the algonthms An extensive comparison of the best schedules is then 

conducted which remforces some of the analytical performance results and brmgs to 

light some important differences 

The purpose of Chapter 3 is to analyze the performance of a recently proposed 

simulat10n dynamics algorithm specifically designed for parallel implementation Un­

like other simulation dynamics algorithms, the algorithm exploits a macro level of 

parallelism unavailable to other algorithms Because robot simulat10n dynamics al­

gorithms are more complex than mverse dynamics algorithms m general, practicality 

dictates that performance analysis techmques different from those of Chapter 2 must 

be applied Instead of usmg a hardware model, the performance analysis uses timmg 

measurements from serial and parallel 1mplementat10ns to determme which parts of 

the algorithm most affect parallel performance The experimental results and perfor­

mance analysis presented m Chapter 3 thus provide a necessary proof of concept of 

the macroparallel simulation dynamics algonthm 

Fmally, Chapter 4 concludes this thesis with a summary of the results 



Chapter 2 

Parallel Inverse Dynamics 

Algorithms 

7 

Currently, there exists a wide vanety of mverse dynamics algonthms for robotic ma­

mpulators Some follow different formulat10ns, and some employ different computa­

tional techmques, but one of the pnmary goals of each 1s to solve the mverse dynamics 

problem as qmckly as possible Most of these algonthms were not specifically designed 

for parallel implementation but, nevertheless, all algonthms have some mherent par­

allelism 

The first step m comparmg these algonthms 1s to classify them at a concep­

tual level, either accordmg to formulation or accordmg to large-scale computat10nal 

structure, such as recurs10n Six algonthms were chosen which exemplify the mam 

conceptual differences m mverse dynamic algonthms They are Recursive Newton­

Euler (RECN E and RECN Eb), Resolved ewton-Euler (RESN E), Classical Lagrangian 

(CLASSLE), Recursive Lagrangian (RECLE), and a hybnd algonthm (HYBRID) 

It 1s also necessary to establish a common basis for performance companson of the 
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algonthms which 1s independent of hardware and architecture Most importantly, the 

algonthms must be expressed w1thm a common level of parallelism Another obv10us 

1mped1ment to cornpanson 1s the variety of notat10n m use , not only among algo­

nthms based on the same formulations , but also for the same quantities m different 

algonthms The next sect10n of this chapter defines the level of parallelism and the 

notat10n used for comparison of the six aforementioned algori thms 

With the standard basis of comparison established, §2 2 proceeds to describe the 

formulatwns of the algorithms, then differences, their advantages and disadvantages, 

and the tasks associated with each one In §2 3, the parallelism mherent m each 

algonthm 1s presented graphically as a duected task graph Task graphs allow the 

mmimum theoretical execut10n time to be determrned as the length of the longest 

path through the graph 

More realistic estimates of the total execut10n time must mclude commumcat1on 

costs, which m turn depend on the locat10n of the tasks on the processors Section 

2 4 describes scheduling algorithms which assign the tasks onto a set of processors m 

such a way as to mrn1m1ze the total execut10n time (which would result man optimal 

schedule) For each task, a schedule names the processor on which the task executes 

and the start time of the task 

Instead of implementmg the code for each algonthm, the schedules themselves can 

be used for performance prediction A hardware model of a transputer-based message­

passmg multicomputer 1s described m §2 4 and its accuracy 1s venfied In the final 

section, we compare the schedules obtamed to determme the fastest algonthm and 

the optimal number of processors 
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2.1 A Standard Basis for Comparison 

This sect10n descnbes the standards chosen to allow an easy and fa1r companson of 

the computational methods and costs for each of the algonthms 

2.1.1 Le ve ls of P arallelism 

For every algonthm, there are vanous levels at which parallelism can be exploited 

In FIJANY & BEJCZY [1991], three levels of parallelism are descnbed for the mverse 

dynamics problem of a senal cham mampulator the problem, link, and matrix-vector 

levels The problem level, or macro level, assigns the calculations for each body m 

the cham to a d1stmct processor At the next lower level, the lmk level, calculat10ns 

which pertam to a particular body are performed m parallel if possible Fmally, at 

the matnx-vector level, as the name suggests, multiplications and add1t10ns reqmred 

for matnx-vector calculations, such as matnx-vector multiplication, are performed 

m parallel It should be noted that the matnx-vector level of parallelism can be 

applied to all of the mverse dynamics algonthms considered here Usually, specialized 

hardware 1s necessary for efficient use of parallelism at this level [SADAYAPPAN et al, 

1989, FIJANY & BEJCZY, 1991] Smee such hardware 1s expensive, and often not 

commercially available, we do not consider parallelism at the matnx-vector level 

In this chapter, we concentrate on lmk level parallelism only This is a natural 

level m which to express the algonthms smce each task generally corresponds to t he 

calculation of some physical quantity There are except10ns, however, espeoally m 

RECLE, where mtermed1ate tasks are mtroduced to facilitate recursion Note that by 

choosmg the tasks at the lmk level first the lmk level mcludes the problem level as a 

special case Thus, the problem level assigns all tasks pertammg to a particular lmk 

to the same processor F1xmg the ta k assignment m this way, however, precludes 
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the most efficient schedulmg of tasks 

2.1.2 Nomenclature 

The first algorithm described m this chapter 1s the recursive Newton-Euler algorithm 

RECNE The notat10n used 1s taken from YOSHIKAWA [1990] The same notat10n 1s 

used whenever an identical quantity appears m the other algorithms For subsequent 

algorithms, the notation of the mam reference paper 1s preserved, with the restnct10n 

that quantities common to previous algorithms are referred to by the ex1stmg nota­

t10n The chmce of coordmate frames for RECNE does not follow YOSHIKAWA [1990] 

but mstead follows FIJANY & B EJCZY [1991] m which the body frame 1s placed at the 

distal end of the lmk (Figure 2 1) for a savmgs of a few operat10ns Whether or not 

such a chmce of coordmate frames results ma s1m1lar savmgs for the other algorithms 

1s unclear However, the drfference should be very mmor It 1s more important that 

the same choice of frames be used for all of the algonthms to allow common notat10n 

and so that s1m1lar computations m different algorithms become apparent 

Unless otherwise stated, superscnpts and subscnpts are chosen such that the 

symbol 

represents the quantity X for the ith lmk expressed m the J th coordmate frame ~ J 

A comma among the subscnpts represents partial d1fferentiat10n with respect to the 

generalized coordmates with the succeedmg md1ces , here implied to be qr and qs 

Also, vector quantities such as accelerat10n and velocity are defined relative to an 

mertial frame regardless of the frame m which they are expressed (Smee the base 

frame, ~ 0, may be acceleratmg, the mertial frame 1s implied to be ~-I) Overdots 
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represent d1fferentiat10n with respect to time as usual and x 1s the skew-symmetnc 

matnx representat10n of the operator x x Note that vectors and matnces appear m 

boldface 

The followmg summanzes the notat10n used for the fundamental quantities m the 

mverse dynamics algonthms 

ez The standard basis vector [O, 0, lf 

'F , Total force actmg on lmk z 

1f, Total mterbody force exerted on lmk z by lmk z - 1 

'g Accelerat10n due to gravity 

g, Gravitational torques 

:£, Constant mertia tensor with respect to E, 

'J , Constant mertia tensor with respect to the centre of mass of lmk z 

M,3 Elements of the n x n mertia matnx M 

m, Ylass of lmk z 

'N , Total torque actmg on lmk z 

3n, Total mterbody torque exerted on lmk z by lmk z - 1 

n Number of Jomts/degrees-of-freedom of the mampulator 

p, Constant posit10n of the ongm of E, v, 1th respect to the ongm of E,_1 

1p, Position of the ongm of E, with respect to the ongm of E3 

1p, Lmear accelerat10n of E, 
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q, Angular Jomt displacement, generalized variable for a revolute Jomt 

1R , Rotat10n matrix representmg the orientat10n of :E, relative to :E1 

1s, Constant posit10n of the centre of mass of lmk z with respect to the origm of :E, 

's, Lmear acceleration of the centre of mass of lmk i 

T, Control torque applied to link z about z-axis of I; ,- i 

'w , Angular velocity 

'w, Angular acceleration 

A schematic diagram of lmk z is shown m Figure 2 1 illustratmg the associated 

position vectors and porn ts of application of the forces actmg on lmk z The coordmate 

Figure 2 1 Schematic diagram of lmk z 

frame :E,_1 is located at the proximal ( to the base) end of the lmk while :E, is located 

at the distal end and is fixed to lmk z 
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2.1.3 Computational Cost s 

The most common method of comparmg the computational cost of an algorithm, 

and the first method applied m this chapter, 1s to count the number of operat10ns 

required The next sect10n provides tables hstmg the requned tasks and their costs 

for each algorithm At the lmk level of parallelism, the cost of each task can be 

expressed m terms of the operat10ns given m Table 2 1 Each operation 1s hsted with 

Operat10n Symbol Cost 
Matrix-matrix multiplication MM 27M+18A 
Matrix-vector multiphcat10n MV 9M+6A 
Matrix add1t10n MA 9A 
Vector cross-product vc 6M+3A 
Vector dot product VD 3M+2A 
Vector outer product VO 9M 
Vector addition VA 3A 
Scalar-matrix product SM 9M 
Scalar-vector product sv 3M 
Trace TR 2A 

Table 2 1 Task operation costs for 3 d1mens1onal vectors 

its eqmvalent cost m terms of scalar floatmg-pomt mult1plicat10ns (M), addit10ns 

(A), and trigonometnc function evaluat10ns (T) for 3 dimens10nal quantities In some 

mstances, the cost will be given m terms of M, A, and T directly where such operat10ns 

are exphc1t m the algorithm 

It 1s useful to give an example of how these operat10n costs are evaluated Consider 

the followmg expressions taken from the algorithms of the next sect10n 

Task 

i-lR T(i-1 + ) t W i -l e zqt lsv+lvA+lMV 



CHAPTER 2 PARALLEL INVERSE DYNAMICS ALGORITHMS 

+ ( ,-1 )T , -IR ( J-lL ) ez X P J-1 J-1 ez X J 

3Mv+2vo 

+2vc+A i < J 

l Mv +lvD i = J 

14 

Because of the umque structure of ez, the evaluat10n of ezq, m the first express10n 

can clearly be implemented with no cost usmg efficient programmmg Smee we are 

attemptmg to compare the effic1enc1es of the algorithms, however , the effect of pro­

grammmg techmque complicates the analysis We therefore d1stmgmsh between the 

algorithm and its 1mplementat10n as a program, and ignore the program Thus , m 

our cost analysis, we consider only those computat10nal properties of the tasks, such 

as sparseness, which are explicit m the task description The costs given for the two 

expressions above follow by considering ez to be an arbitrary 3-d1mens10nal vector 

There are some except10ns, however If, for some values of its md1ces a quantity 

1s zero or the identity matrix, then another cost 1s quoted to take this mto account 

The cost for M ,J above reflects this, smce for i = J , ,-iP J - l = 0 and •- 1R J-l 1s the 

identity matrix Also, operat10ns between constant quantities, such as the add1t10n of 

two constant vectors, cost nothmg smce they can be performed offi.me Rather than 

definmg a new symbol for the result, the quantities remam d1stmct for clarity The 

task descriptions list the costs explicit ly to illustrate both of these s1mplificat1ons 

To establish a common basis of comparison, we have chosen to express the costs 

of the mverse dynamics algorithms m terms of the operations of Table 2 1 From the 

d1scuss10n above, however, 1t 1s clear that some costs can be reduced by expandmg 

the vectors and matnces m terms of their components and s1mphfymg the resultmg 

expressions symbolically As we will see later m this chapter, two of the algorithms 

could benefit s1gmficantly from expl01tation of the sparseness of some of the matrices 

used Several researchers have used symbolic s1mplificat10n not only to express the 

algonthms but also to tailor the equations to a specific mampulator of mterest [IZA-
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GUIRRE et al, 1992, VUKOBRATOVIC et al, 1988, LI & SA NKA R , 1992] Published 

performance results mcorporatmg these techmques will be cited later for companson 

This thesis does not, however, consider symbolic s1mphficat1on 

2.2 Formulations 

Although robot mverse dynamics algonthms are usually formulated for both revolute 

and pnsmat1c Jomts, we consider m this chapter only the case of senal cham ma­

mpulators with smgle degree-of-freedom JOmts revolute about ez of coordmate frame 

E1 _ 1 This s1mphfies the performance analysis yet does not s1gmficantly hm1t the 

apphcab1hty of the compansons 

We also have not accounted for the apphcat10n of arbitrary end-effector forces, but, 

unless exphc1tly md1cated otherwise, have assumed them to be zero The pnmary 

reason for domg so 1s to exclude any tasks which use quantities related to lmks or 

coordmate frames beyond n m order to s1mphfy the dep1ct1on of the task graphs The 

complete analysis can be easily extended to mclude end-effector forces 

2.2 .1 Recursive Newton-Euler 

The Recursive ewton-Euler algonthm (RECN E) 1s probably the best known dynam­

ics formulation m robotics and has been used m many apphcat10ns because of its 

s1mphc1ty and efficiency [XIAO & CH E G, 1991, FIJA Y & BEJCZY, 1991] The 

equat10ns of motion of a ng1d body are denved from Newton's second law and Eu­

ler 's equat10n The computational cost 1s greatly reduced if calculat10ns for each lmk 

are performed m the coordmate frame fixed to that lmk, E1 , mstead of m the base 

frame E0 In this case, the mertia tensor m Euler's equation , 1J 1 , 1s constant This 
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ch01ce of coordmate frames reqmres that the velocities and accelerations of lmk i 

(with respect to I;_1 ) , and the forces and torques on the lmk, be expressed m I; 1 

Smee the velocity of the base of the mampulator with respect to the mertial frame 

I;_1 1s known (usually 0), the calculation of the velocities of the lmks can begm at 

that end and proceed along the length of the cham m what 1s known as forward re­

cursion S1m1larly, for a known force on the mampulator's end-effector ( assumed to 

be zero here) , the mterbody forces can be calculated for each lmk begmnmg at the 

last and proceedmg to the base m what 1s referred to as backward recursion RECNE 

has proven to have a very efficient computat10nal structure and 1s currently the most 

efficient general senal algonthm for mverse dynamics [FEATHERSTONE, 1987] 

Table 2 2 lists t he quantities calculated for each lmk i accordmg to the algonthm 

of YOSHIKAWA [1990] (except that I; , has been moved from the proximal end of the 

lmk to the distal end) Smee calculat10ns are performed withm a lmk 's local 

coordmate frame, but mvolve vectors associated with neighbourmg lmks expressed 

m their own coordmate frames , equation (2 1) calculates the coordmate rotation 

matnces i -
1R1 These are necessary to transform a vector from one coordmate frame 

I; 1 to the ne1ghbourmg link 's coordmate frame I;1 _ 1 This first step is common to all 

of the algorithms descn bed m this chapter Equations (2 2-2 5) express the forward 

kmematic recursion for the velocities and accelerations Newton's law 1s then applied 

(2 6) to obtam the total force 1!\ on body i and, s1m1larly, Euler' s equatwn (2 7) 

calculates the total torque The backward recursion (2 8, 2 9) calculates the mterbody 

forces f 1 , and the mterbody torques n,, exerted on lmk i by lmk i - 1 Fmally, the 

mterbody torques are proJected onto the axis of rotat10n to determme the desired 

applied torques as m equation (2 12) Note that gravity can be mcluded man efficient 

manner by settmg ~ o = 0g The gravitational acceleration of each body will then be 

earned along implicit ly by the forward recursion 
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Task Cost 

,-1R , 4M+2T (2 1) 

'w i i- lR T(' -1 + ) i w,-1 ezq, lsv+l VA+lMV (2 2) 

'w , ,-lR T (' -1 + + ,-1 ) i W,- 1 ezq, W,-1 X ezqi 2sv+2vA+l vc+ l Mv (2 3) 

P, i- lR T,-1 + i p W ('w p ) i Pi- 1 w , X i + i X i X i 1Mv+3vc + 2vA (2 4) 

's, 'p, + 'w , X 's, + 'w , X ('w , X 's,) 3vc +2vA (2 5) 

I_F\ mi's, l sv (2 6) 

N , 'J ,'w1 + 'w, x ('J,'w,) 2Mv+ l vc +lvA (2 7) 

{ 'F , + 'f,+1 l VA z < n 
'f, (2 8) 

'F, 0 z = n 

{ N , + 'n,+1 + (p, + 's,) x 'F, + p, x 1f,+1 2vc +3vA z < n 
'rl, (2 9) 

N , + (P i + 's,) X 'F , l v c +lVA z =n 

•- 1f, ,-1R ,1f, l MV (2 10) 

,-111, ,-1R ,'rl, l MV (2 11) 

Ti 
,-1 n, ez l VD (2 12) 

Table 2 2 RECN E algonthm and computat10n costs 

It should be pomted out that equat10ns (2 10) and (2 11) can be mcluded d1rectly 

m the backward recursion ( equat10ns 2 8 and 2 9) by replacmg 'f1+1 with R ,+1 •+1f,+1 

However, the calculat ions for each lmk would then reqmre both of the rotat ion ma­

tnces •- 1R , and R ,+1 Equations (2 10) and (2 11) were mtroduced as separate tasks 

by FIJANY & B EJ CZY [1991] to avoid the dependency on R ,+1 Ehmmatmg this 

dependency leads to a more efficient parallel implementation by reducmg the amount 

of commumcation which may be reqmred 
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Many vanat10ns of the RECN E algonthm exist which simplify the computat10n m 

certam cases For example, the operator n was mtroduced by LI & SANKAR [1992] 

to ehmmate the common subexpression 

n (2 13) 

appearmg m equations (2 4) and (2 5) of the forward recursion It can be shown, 

however, that this operator costs about fifty percent more than the two expressions 

which 1t replaces A savmgs can be realized 1f symbolic simplification 1s used to 

evaluate Equation 2 13 as was ongmally mtended by 11 & Sankar 

Another vanat10n of RECN E 1s proposed by L ATHROP [1985] usmg the techmque 

of logarithmic parallelism LEE & CHANG [1986] pursue this techmque by formu­

latmg RECN E m the base frame, which reqmres that all quantities be expressed or 

transformed mto that frame (hence we will denote this algonthm RECNEb) They 

show that the resultmg homogeneous lmear recurrence relat10ns can be evaluated us­

mg a recursive doublmg techmque which has a computat10nal complexity of O(lg n) 
!:,. 

( where lg = log2 ) rather than 0( n) 1 Figure 2 2 shows the overlapped bmary tree 

structure used to accomplish this Computation proceeds from the leaves to the roots 

of the bmary trees, where each leaf corresponds to a different lmk m the cham Thus, 

the evaluat10n time 1s O(lgn), the height of the tree The recursive calculat10ns for 

°R1 , 
0w 1 , 

0w 1 , °p 1 , Cfi, and °n1 are all performed usmg this techmque The other tasks 

reqmre only a constant amount of computat10n, resultmg m an O(lg n) computat10nal 

complexity for the entire algonthm 

The ongmal motivation for usmg the body coordmate frames was to reduce both 

the number of rotation matnces needed and the amount of computat10n by usmg a 

1 In this thesis , we will follow the notation employed m the robotics literature and use 0( ) to 
represent any asymptotic bound and not stnctly an asymptotic upper bound 
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Figure 2 2 Recursive doublmg techmque 

constant matrix tJ i In fact, the cost of evaluatmg 0Ji 1s so great that RECNEb also 

evaluates Euler's equation (2 7) m the body coordmate frames and transforms the 

results back to the base frame The cost of the extra transformat10ns , however, is 

more than offset by t he logarithmic parallelism as will be shown m §2 3 

2.2.2 Resolved Newton-Euler 

Hashimoto & Kimura derived a new mverse dynamics algorithm which they called the 

Resolved Newton-Euler (RESNE) algorithm, so named because 1t resolves the task of 

calculatmg the mampulator mverse dynamics mto subtasks [HASHIMOTO & KIMURA , 

1989] It differs from RECNE, however, because 1t 1s based on Kane's dynamics 

equations and uses the concept of partial velocities to determme the desired torques 

Thus, the calculat10n of velocities and torques 1s different, but other quantities are 

calculated m the same manner as m RECN E 

In presentmg the algorithm m Table 2 3, we use a right superscript to mdicate the 

zth partial velocity Thus, equat10ns (2 15- 2 17) calculate the zth partial angular and 
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lmear veloc1 ties for lmk z To calculate the angular velocity of lmk z, the products of 

the partial angular velocities and the correspondmg Jomt rates are summed, begmnmg 

with equat10n 2 18 As shown m equat10ns 2 19, the addition of each term to the sum 

1s listed as a separate task, where the nght superscnpt m parentheses md1cates the 

loop mdex m the sum The calculat10n of the partial velocities and the summmg for 

the angular velocity are performed m descendmg order , begmnmg with the current 

lmk mdex For consIStency with the other algonthms descnbed m this chapter, the 

loop mdex 1s omitted when the summmg for the angular velocity 1s complete, thus, 

iw = iw (1) 
i - i 

The calculat10ns of (2 19) are performed m descendmg order so that local mforma­

tion from the current link 1s utilized first , then mformat1on from its neighbour, and so 

on to the base body Thus, mformation which must travel the farthest 1s needed last, 

allowmg tune for 1t to propagate along the cham These steps essentially accomplish 

the forward kmematics recurs10n, s1m1larly to RECN E, except that the recurs10n 1s for 

partial velocities The balanced flow of mformat10n will become more apparent when 

the task graph 1s descnbed m the next sect10n 

The followmg equat10ns, from (2 20) to (2 24), perform the forward accelerat10n 

recurs10n and then employ Newton's and Euler's equat10ns, exactly as m RECN E All 

of the necessary mformat10n 1s now available to calculate the torques accordmg to 

Kane's equat10ns The value of each torque results from summmg the contnbut10ns 

from each of the partial velocities and, as before, each term of the sum has been given 

as a separate task (2 25) 

By settmg °p0 = 0g , the algonthm as stated can also account for the acceleration 

due to gravity, s1m1larly to RECN E This 1s unlike what was done m H ASHIMOTO & 

K IMURA [1989] where a forward recurs10n was used to find each ig , the gravitational 

acceleration m ~ i 
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's' 
t 

t ( t) 
w t 

Task 

t- lR T 
t e z 

tw ' X t;.. t .1-' t 

'p' + 'w ' X 's t t t 

For k = z - 1, , 1 

tw t 

'w k = t-lR Tt-1 k 
, t w,-1 

'pt
k t-lR Tt -1.-,. k + t k i;.. = i P i - 1 w , X P i 

i..,k = 'pk+ i k ~ ::, t t W t X ::, t 

t (k) 
w t 

t - lR Tt - 1 +, ,;:.. + W (t t;.. ) t P t -1 w t X .1-' t t X w, X .1-' t 

'p, + 'w t x 's, + 'w t x ( 'w t x 's,) 

mt 1st 

For k = 1, , z - 1 

[ 
(t) _ (1 - 1) + N tw k + tD 1.-.k 

Tk - Tk t t r t ::. , 

4M+2T 

l MV 

l vc 

1 vc+l VA 

l sv 

l MV 

l Mv+ l vc+lvA 

1 vc+l VA 

(2 14) 

(2 15) 

(2 16) 

(2 17) 

(2 18) 

(2 19) 

l sv+lvA 

2sv+1Mv+lvc+2vA (2 20) 

1Mv+3vc + 2vA 

3vc+2vA 

lsv 

2Mv + l vc+lvA 

2vo+2A 

2vo+1A 

(2 21) 

(2 22) 

(2 23) 

(2 24) 

(2 25) 

(2 26) 

Table 2 3 RESNE algonthm and computation costs 
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Although RESNE reqmres partial velocities whi ch were not necessary m RECNE, 

the backward recursion for the mterbody forces has been completely ehmmated and 

replaced by a forward runnmg sum which accumulates the scalar torque values from 

the base to the tip (2 25- 2 26) 

2.2.3 Classical Lagrangian 

Besides the ewton-Euler formulat10n, the dynamics equations of mechamcal sys­

tems are often formulated usmg an approach based on the Lagrangian of the system 

and employmg the Euler-Lagrange equations [H OLLERBACH , 1980] The resultmg 

equations are generally more compact and more easily analyzed than those of the 

Newton-Euler formulat10n, but are also more computat10nally expensive The classi­

cal Lagrangian (CLASS LE) algonthm detailed m Table 2 4 follows that of YOSHIKAWA 

[1990] 

In this formulat10n , the applied torques are expressed as a sum of the contnbut10ns 

from the mertial, velocity-dependent, and gravitational force terms, which m matnx 

form can be expressed as 

r = Mq + qT Cq + g (2 27) 

In the above, r 1s the vector of Jomt torques, q and q are the \ectors of Jomt velocities 

and accelerations, M 1s the mertia matnx, C 1s a thIId order tensor, and g 1s the 

vector of gravitational torques The mam task 1s to determme the elements M11 , c;k, 
and 91 of the matrices M , C1

, and g Table 2 4 gives the express10ns for each of these 

elements, and 1t was the ongmal idea of VUKOBRATOVIC et al [1988] to calculate 

these elements m parallel 
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Task 

YI \ = YI\ ~ ' 1 < z - J :Sn, 

rm rm A k-lT A J - lT -1. ,,Jk - - 1. k-1 .U. J -1 .U. 1 

n 

c ;k - L tr (°T1,1k 'H1°I'1/) 
l= J 

n 

M,1 - L t r (°T1,3 H1°I'1/) 
1=1 

t n 

< - L M,J q] + L MJ, qJ 

rz - Jl k =J + l-2-

1-l J -1 n J -1 

lMM 

{ 

2MM 1 -/- J '.S z 

lMM 1 = J '.S z 

4MM 1 -/- k < J ~ z 

(2 28) 

(2 29) 

(2 30) 

3MM 1 = k < J '.S z (2 31) 

2MM 1 -/- k = J '.S z 

(n - J + 1)( 2MM+1TR) (2 32) 

+(n-J )A 

(n - z+1)(2MM+1TR) (233) 

+(n- z)A 

(n - z+ l )( lMv+lvD) (234) 

+ (n - z)A 

nM+(n -l )A (2 35) 

T:1 
- - LL C;k(2qJqk) + L L c;k(2qJqk) [n(n - 1) /2 - z + l] M (2 36) 

J = lk=l 

, -1 n 

<" - -I: C;J q; + L c;J q; 
J =l J = i+l 

n n n 

T, - I: M,1q1 + I: I: c;kqJqk + g, 
J =l J =l k=l 

I II Ill 
- T i + Tt + T 1 + 9i 

+[n(n-1)/2-z]A 

( +A 1f z = n) 

(n - l)M + (n - 2)A 

(+A1f z = n) 

3A 

Table 2 4 CLASSLE algonthm and computat10n costs 

(2 37) 

(2 38) 

(2 39) 
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Here, ' r, 1s the homogeneous position vector from the ongm of I;, to a volume element 

dv of lmk i and p is the density of the volume element [YOSHIKAWA, 1990, P AUL, 

1981] The second mertial moment 'G, 1s defined by equat10n (2 42) but usmg a 

3-d1mens10nal vector r, 

Instead of evaluatmg (2 27) to determme the torques all m one step, mtermed1ate 

tasks are mtroduced m equat10ns (2 35) to (2 37) which correspond to physical forces 

In particular , r ' represents the mertial torques, r " are the torques resultmg from 

Coriolis forces, and r "' corresponds to centrifugal forces Fmally, the contnbut10ns 

of each of these 1s summed m (2 39) to determme the applied torques 

Smee the matnces m equat10ns (2 28- 2 34) are expressed m homogeneous form 

and hence are 4-d1mens10nal, the computation costs appeanng m the nght column 

of Table 2 4 represent the correspondmg number of multiphcat10ns and additions for 

4-d1mens1onal quant1t1es Thus, the costs for matnx-vector operations are higher 

than those given m Table 2 1 for 3-d1mens10nal quantities, h1ghhghtmg an mherent 

computat10nal disadvantage of the CLASSLE algonthm 

Although the express10ns for the kmemat1c transformat10ns are simplified by usmg 

71\, the sparseness of J'J', (shown m Equat10n 2 40) makes the algonthm computa­

tionally more expensive than 1f the quantities JR , and Jp , were used separately, as 

1s done m the other algorithms Multiplication by the matrix ~ ( as m equations 

2 30 and 2 31) also counts as 64 multiphcat10ns and 48 add1t10ns, although 1t can be 

done m only 4 mult1phcat10ns with specialized code As ment10ned earlier, m order 

to keep the cost comparison of the algonthms fair, all costs apply to the tasks of the 

algorithm as they are stated here and do not account for any improvements which 

may be poss1 ble m the code 

In cases where we do take advantage of some special properties , the appropriate 

parts of the algorithm are restated to make these properties exphc1t For example, 
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m the CLASSLE algonthm above, the elements of the coefficient matnces M 11 and 

c;k are calculated as separate tasks The symmetry and antisymmetry properties 

of these matnces are now an explicit part of the formulation and are exploited to 

reduce the total computat10nal burden by reducmg the number of tasks As proven 

m VUKOBRATOVIC & KIRCANSKI [1985], M and C' are symmetric matnces and 

C;k = -C;k for k s; i s; J This implies that only n( n + 1) /2 elements M,1 and 

n(n - l)(n + 1)/3 elements c;k need to be calculated 

Further performance improvements can be made by restatmg CLASS LE m terms of 

3 x 3 matrices and vectors By part1t1onmg the 4 x 4 matrices of Equations (2 28-2 34) 

as 1s done m Equat10n (2 40) for 11',, the costs of the tasks were reevaluated m terms 

of 3 x 3 matrix-vector operat10ns The resultmg total cost for the algorithm 1s 30% to 

40% lower than that of CLASSLE presented here However, schedulmg experiments 

presented later m the chapter show that such an improvement 1s not enough to make 

CLASSLE competitive 

2.2.4 Recursive Lagrangian 

Computat10nally, the CLASSLE formulat10n of the precedmg section can not match 

the efficiency of RECN E on a serial computer To improve its efficiency, Hollerbach 

combmed two features of RECNE with the CLASSLE algorithm - the recursive struc­

ture, and the use of 3 x 3 rotat10n matrices mstead of the 4 x 4 homogeneous trans­

format10n matrices [HOLLERBACH, 1980] These improvements reduced the O(n4
) 

computat10nal complexity of CLASSLE to O(n), which 1s the same complexity as 

RECNE The result 1s the Recursive Lagrangian algori thm, which we denote RECLE 

We can begm to understand the RECLE algorithm 1f we combme the express10ns 
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for c;k, M,1, g,, and T, from (2 32), (2 33), (2 34), and (2 38) mto 

T, = t [tr (c,_r1,, fl} J't)-m1°gT°I'1,.'s1] 
l= , 

where 

l ' ' 
°I'1 = L °I'1,JqJ +LL °I't,JkqJqk 

J=l J=lk=l 

27 

(2 44) 

(2 45) 

Instead of evaluatmg °I'1 as given above, the RECLE algorithm computes its compo­

nents °R, and °P, recursively First, °R, is expressed recursively m (2 48) Its second 

derivative gives a recursive equat10n for °R, m (2 50) In analogy with the 4 x 4 .d of 

the CLASSLE algorithm, Z ALZALA & MORRIS [1991] used the symbol Q to represent 

the constant 3 x 3 upper- left submatrix of .d defined so that •-1R ,,, = Q'- 1R , Hence, 

Q and Q2 are sparse matrices Havmg computed °R,, the lmear accelerat10ns °P, can 

then be calculated recursively usmg (2 52) 

The strategy of replacmg exphot sums by recursive expressions is contmued for 

some of the other quantities First, the sum operat10n is distnbuted over both terms 

m (2 44) and the trace and sum operat10ns are exchanged m the first term usmg 

Equation (2 30) for °I'1,, Then, D, and c, are defined to be the resultmg sums m 

each of the two terms of (2 44) respectively Recursive express10ns can be derived 

for the 4-dimensional quantities D , and c, usmg the recursive property of °R, given 

m (2 48) Here, hov.ever , the algorithm is restated usmg 3-dimens10nal matrices by 

partitionmg the 4-dimensional homogeneous matrices as prev10usly discussed The 

defimtions of D , and c, remam the same ( t hough referrmg to 3-dimensional quantities) 

while another recursive express10n for e, is used to calculate the extra terms created 

by reducmg the size of D , Other mtermediate calculations are presented as separate 

tasks and are marked with a* superscript as m Z ALZALA & MORRIS [1991 ] 
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Task Cost 

,-IR, 4M+2T (2 46) 

, -1 p, = ,- lR/p, l MV (2 47) 

°R, = °El ,- lR ,-1 ' lMM (2 48) 

{ q,q •-lR, i = 1 lMM+lsM 
°R, 

(°R,-1 + °R,-1 Q q,) •- 1R , 
(2 49) 

i > 1 2MM+lMA+lsM 

( Q2q; + Qq,) ,-1R , i = 1 lMM + l MA+ 2sM+lM 

°R, [°R,-1 + 2°R,-1 Qq, (2 50) 
i > 1 

+ °R:-1 ( Q 2q; + Qq,)] •-1R , 3MM + 3MA +3sM+2M 

{ q •-lR, i = 1 lMM 
°R,,, - (2 51) 

°R,-1 Q'- 1R , i > 1 2MM 

°P, °P,-1 + °El, p, lMV+lVA (2 52) 

e* 
' 

m,°R,1s, lMV (2 53) 

{ e ,+1 + e; + m, "p, i < n 2VA+lsv 
(2 54) e, 

e; + m,°P, i=n lvA+lsv 

D * 
' 

m,1s,°P,T + 1G,°R,T lMM+lvo+lMA (2 55) 

{ 'R,+1D,+1 + 'p,+1e,+1 T + n; i < n l MM+l vo+2MA 
(2 56) D , 

D * i = n 0 
' 

g; °El To ,,, g l MV (2 57) 

{ 'R.+1C,+1 + m,'s, i<n lMv+lvA 
c, - (2 58) 

m,1s, i=n 0 

7** 
I g~ c, lVD (2 59) 

* T, - tr(°R,,, D ,) 1MM+2A (2 60) 

* ** l A (2 61) T, - T
1 

- T, 

Table 2 5 RECLE algorithm and computation costs 
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2.2.5 Hybrid 

An important advantage of the CLASSLE formulat10n (and to a lesser extent, RE­

CLE) 1s that the final express10ns for the applied torques are m a form which exphc-

1tly 1dent1fies the contnbutions of the mertial, velocity-dependent, and grav1tat10nal 

forces (2 39) This d1stmct1on 1s necessary for some control schemes and traJec­

tory plannmg algorithms, such as, for mstance, those which reqmre the mertial and 

velocity-dependent torque contribut10n terms (but not the gravitat10nal term) to be 

scaled to produce realizable torques [ZALZALA & MORRIS, 1991] 

It has also been observed that the Jomt accelerations can vary at frequencies that 

are an order of magrntude greater than those of the Jomt posit10ns and velocities 

IZAGUIRRE et al [1992] therefore propose a computational structure comprised of a 

high-priority synchronous task and low-pnority background tasks The high-pnonty 

task evaluates the product Mq and sums the three contnbut10ns to the torque (refer 

to (2 69)) The low-pnority tasks update the mertial coefficients MtJ and the velocity­

dependent and grav1tat10nal torque terms 

Havmg adopted the above torque decomposit10n, the mam task 1s to calculate each 

of the force terms efficiently Izagmrre et al chose RECN E for the velocity-dependent 

terms and an efficient recursive procedure for the mertial and gravitat10nal terms 

By settmg C\:>0 = 0 (mstead of C\:>0 = 0g ) and qt = 0, RECNE produces the torques 

i-1n1 which result from the velocity-dependent forces only To calculate the mertial 

and gravitat10nal terms , the concept of compound links 1s used m which compound 

lmk z 1s comprised of lmks z to n and considered a smgle ng1d body Conservation of 

momentum was used to denve backward recurs10ns for the 1st moment of mertia and 

for the mertia tensor of the compound lmks, which are given m (2 65) and (2 66) The 

mertial coefficients and grav1tat10nal terms are then calculated d1rectly usmg (2 67) 

and (2 68) 
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ri - J l 1R / 'Ri 1 < i - J Sn, k = J + -
2

-

1P i = { i-lR i"f> i J = i - 1 
1P k + 1R/ pi J < i - 1 

= { :::Ri (:Ci + iLi+~ + M/p,) i < n 

R i ( C, + M/p,) i = n 

,-lR , (:I, + i ,+1 + M,'Pi
2
) i -

1R? 
- ,-1p: -1Li - ('-1f>; -1Li)T 

,-lR t ( :It + Mi"bi 
2

) • -
1R/ 

~ ( ~ )T - i-1p, ,-1L , - ,-1p, ,- lLt 

i < n 

i =n 

+ ( t -1 )T i -lR ( J- lL ) ez X P 1-l J- 1 ez X J 

0 T 0n ( ,- lL ) 9, = - g -n,i -1 e z X i 

RECN E calculates •-1ni 
n 

Ti - L Mi]q] + 9i + ,-1ni e z 
J=l 

l MM 

lMV 

lMv+lvA 

lMv+lvA 

l MV 

3MM+ 3MA 

3MM+2MA 

3Mv+2vo 

(2 62) 

(2 63) 

(2 64) 

(2 65) 

(2 66) 

+2vc+A i < J (2 67) 

l Mv +lvo i=J 

lvc +lvo i = 1 

l Mv+ lvc z > 1 (2 68) 

+lvo 

nM + (n + l)A + lvo (2 69) 

Table 2 6 HYBRID algonthrn and computat10n costs 
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In the express10ns m Table 2 6, the constant masses, 1st moments, and mertia 

tensors of the lmks with respect to I:i are denoted by mi, ic,i, and T i respectively 

The correspondmg quant1t1es for the compound lmk z with respect to I: 1 are Mi, 1Li, 

and 1Ii respectively 

The primary purpose of this algorithm 1s to calculate the desired torques usmg 

the decompos1t10n prev10usly discussed Such a decompos1t10n 1s desirable because 

different torque contnbut10ns are made explicit This decompos1t10n is one of the 

advantages of the CLASS LE algonthm and 1s achieved here by combmmg RECN E 

with an efficient recurs10n for the 1st moments and mertia tensors of the compound 

lmks For these reasons, we refer to this algorithm as HYBRID 

The HYBRID algonthm is umque among those presented here because 1t is almost 

completely separable mto two concurrent sub-algorithms, RECNE and the one given 

m Table 2 6 The task graph of the next sect10n illustrates this property 

2.3 Theoretical Analysis of Parallelism 

The descnpt10ns of the mverse dynamics algorithms given m the prev10us sect10n 

provide little ms1ght mto their properties with respect to parallel computation In 

this sect10n, the parallel computat10n structure of each algorithm will be presented 

and compared m a manner which 1s mdependent of the computer architecture on 

which the algorithm may be executed The value of such a comparison 1s that its 

conclus10ns will reflect the fundamental properties of the parallelism m the algorithms 

and, therefore, will remam valid mdependent of implementation The disadvantage 

of the comparison 1s that the analysis on which 1t is based does not mclude important 

aspects of the hardware 1mplementat10n such as commumcat10n costs, which can 

have a dramatic effect on the actual performance Such considerations will be made 
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m the subsequent sections 

To compare the parallelism mherent m the algorithms, each algorithm is repre­

sented by a directed, acyclic, task graph m which each node represents a task and 

umd1rect10nal edges represent precedence constramts The direct10n of the edges rep­

resent the direct10n of the flow of mformat10n during computat10n This is the most 

common way of representmg the parallel structure of an algorithm Another method 

uses edges to represent all tasks, both computat10n and commumcat10n, and nodes 

to represent synchromzat10n pomts [BARREN, 1987] 

The mam obJective of performance analysis is to determme the execution time of 

the algorithm Each node m the graph is assigned a value representmg the computa­

t10n cost of its task , either m terms of the number of operat10ns reqmred, or as the 

correspondmg execution time Note that commumcat10n costs between processors 

can be accounted for by assignmg weights to the edges between nodes as will be done 

m §2 4 The execution time of a sequence of tasks is determmed by summmg the 

weights of the nodes and edges along the correspondmg path m the graph Smee 

the mverse dynamics problem is solved periodically withm a control algorithm, we 

assume that all of the mputs to the task graph are available at the same time The 

fimshmg time of the algorithm is therefore the critical path length, the length of the 

longest path through the graph When commumcation costs are not mcluded, the 

longest path through the graph is referred to as the computational critical path The 

task graphs illustrate the maximum parallelism at a particular level and, hence, the 

computat10nal critical path length represents the fastest possible execution time for 

an algori thrn 

The task graphs for the mverse dynamics algorithms of the previous sect10n have 

certam properties which greatly simplify the determmat10n of the computat10nal crit­

ical paths Essential to the analysis presented here are the requirements that all tasks 
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be always executed, the cost of each task be a known constant (m terms of the number 

of floatmg-pomt operat10ns), and the graphs be acyclic, that 1s , they do not contam 

any loops These properties imply that t he computat10nal cntical path length 1s 

constant ( for a particular n) and can be determmed The fact that there are no 

cond1t10nal tasks (branches) m the algonthms 1mphes that every task m the graph 

will be executed, which m turn implies that the task graph 1s static We have also 

assumed that the cost of each task 1s constant and not a funct10n of the mput to the 

algonthm 

Some parts of the algorithms can be expressed usmg loops , however It 1s possible 

to define an entire loop to be a smgle task smce the number of 1terat10ns through each 

loop 1s always known and , hence, the cost of executmg a loop 1s constant Because of 

the ch01ce of tasks given m the previous section, however , each step ma loop 1s made 

a d1stmct task Furthermore, the loops are unrolled so that the same step becomes 

a different task each time through the loop This techmque has the desired effect of 

removmg any loops m the task graph representation of the algorithm It 1s important 

from an algorithmic analysis perspective that the task graphs be acyclic Smee we are 

lookmg for the longest path through the graph, a C) cle with positive weights would 

create a path of mfimte length This s1tuat10n occurs because t he task graphs can 

not specify the number of times a loop m the graph should be executed 

In Figures 2 3 to 2 7, the task graphs are presented for five algon thms (but not 

RECNEb) for a three- lmk mampulator (n = 3) The bold edges between nodes show 

the cntical path without commumcat10n costs Termmal nodes , z e those with either 

no predecessor or no successor, are also marked m bold 

The task graph for RECN E (Recursive Newton-Euler algonthm) 1s perhaps the 

simplest Figure 2 3 clearly shows the tasks associated with each lmk as a vertical 

block The recursive components of the algonthm are essentially serial computat10ns 
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and their effects on the cnt1cal path length are clearly v1s1ble First the forward 

recurs10n for the lmear accelerat10ns dommates the computat10n, followed by the 

backward recurs10n for the mterbody torques 

As ment10ned earlier, RESNE ehmmates the need for a backward recursion, and 

mstead uses a forward runnmg sum to calculate the torques This 1s shown m Figure 

2 4 Despite the extra tasks created by the calculat10n of the partial velocities, the 

cnt1cal path 1s 1dent1cal to the forward half of the RECN E cnt1cal path, requmng Just 

one final task mstead of a backward recurs10n 

The RESN E task graph also shows why the summmg for 'w, 1s performed m de-

scendmg order for each lmk, calculatmg the partial sums 3w1k) from k = 3, , 1 Each 

of these tasks depends on the correspondmg partial velocity 3w~ All of these, except 

for 3wt depend on the partial velocities of the previous lmk, 2w~ Therefore, 3w~ will 

be completed first and the sum can begm with 3w13
) The partial veloc1t1es 2w~ from 

the prev10us lmk will also be completed m descendmg order, so that their results will 

be available to the tasks 3w ~ m descendmg order Also, smce the backward recurs10n 

has been replaced by a forward runnmg sum, all mformat1on flows approximately 

down and to the nght w1thm the graph By groupmg some of the tasks shown mto 

larger, approximately equal-sized tasks, HASHIMOTO & KIMURA [1989] proposed a 

systolic pipelmed architecture which takes advantage of these regular computation 

and commumcation patterns 

One of the mam disadvantages of CLASSLE becomes obvious when we consider 

the correspondmg task graph m Figure 2 5 The tasks are highly mterconnected with 

no regular connect10n structure apparent This lack of structure can have a dramatic 

effect on the parallel performance as 1t leads to an excessive amount of, perhaps non­

nearest-neighbour , commumcat10n It 1s also not clear how the graph generalizes to 

an n-lmk system, either m terms of which nodes are added or how they are connected 
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Figure 2 3 RECNE tash. graph for 3 lmks 
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Figure 2 4 RES NE task graph for 3 lmks 
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In fact, the cntical path takes entuely different routes dependmg on n Besides the 

path shown m bold for n=3, the cntical path may take the same route for other n 

or go through the tasks iT n, °I'n,21, Cii, and T{' 

The recursive structure of RECLE is clearly mdicated, similarly to RECNE, by the 

cntical path through its task graph (Figure 2 6) For RECLE, however , the quantities 

bemg evaluated recursively do not have a physically mtmt1ve meanmg Also, the 

cntical path contams tasks which calculate matnx quant1t1es which are more costly 

than the vector quant1t1es m the RECN E cnt1cal path 

Fmally, the task graph of the HYBRID mverse dynamics algonthm 1s shown m 

Figure 2 7 The two sub-algonthms , RECNE and a recursive computat10n usmg com­

pound lmks, are completely concurrent, Jomed only at the very first and last tasks 

Note that the cnt1cal path goes through the recursive part of the compound lmk 

sub-algonthm This implies that 1mprovmg the RECNE sub-algorithm (possibly by 

usmg RESNE) will not improve the overall performance of the HYBRID algonthm 

The computational cntical paths depicted m the task graphs md1cate the path 

through each graph havmg the greatest cost From the task graphs for a 3-lmk system, 

1t 1s possible to generalize the cnt1cal path to the n-lmk case This was done for all of 

the algonthms with the exception of CLASSLE and RECNEb, for which the irregular 

structure of the task graph makes generalization difficult Instead, expressions for 

cntical paths w1thm subgraphs must be combmed to determme the overall cntical 

path Table 2 7 li sts analytical expressions for the cntical path lengths 

For companson, the computat10nal cntical path lengths are plotted m Figure 

2 8 for different numbers of bodies m the cham Note that the cost for CLASSLE 

1s predommantly lmear for the range of cham lengths shown Also, the loganthm1c 

computat10nal complexity of RECN Eb results m the shortest computational cntical 

path for n > 6 Thus, both RESN E and RECN Eb are faster than the more popular 
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Figure 2 6 RECLE task graph for 3 lmks 
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Figure 2 7 HYBRID task graph for 3 lmks 
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Algorithm Critical Path Length 

RECNEb 27flgnlM + 24flgnlA + 9flg(n + l)lA n 2 1 

+ 116M + 84A + 2T 

(27M + 21A )n + 52M + 35A + 2T + { : 
n=l 

RESNE 
n > l 

RECNE (48M + 42A)n + 49M + 32A + 2T n 2 1 

HYBRID (82M + 82A)n + 37M + 14A + 2T n 2 1 

RECLE (146M + 117 A)n - 24M - 33A + 2T n > l 

CLASSLE (129n + 641lg n l + 70)M n = 1,2,3,5,9 

+ (101n + 48flg n l + 49)A + 2T 

[n(n - 1)/2 + 128n + 641lg(n - l)l + 70] M other n 2 1 

+ [n(n - 1)/2 + lOOn + 48flg(n - l)l + 45] A+ 2T 

Table 2 7 General computat10nal critical path lengths 

RECN E algorithm 

LEE & CHANG [1986] show that the theoretical lower bound for the mverse dy­

namics of an n-lmk cham is 0( k1 In/pl + k2 1lg pl) on p processors They therefore 

propose the RECNEb algorithm as a means of achievmg that lower bound Further 

algorithmic improvements must come from reducmg the coefficients of the terms m 

Table 2 7 HASHIMOTO & KIMURA [1989] give (33M+27 A)n+l05M+91A for the com­

putat10nal cntical path length for RES NE The lower length shown m Table 2 7 results 

from ehmmatmg the recurs10n for 1g and from usmg maximum parallelism To sim­

plify the critical path length calculation, some researchers (for example, HASHIMOTO 

& KIMURA [1989] and LEE & CHANG [1 986]) sum the worst case execut10n times 

for each type of task (such as all of the •- 1Ri 's) In effect, the tasks are grouped mto 

larger tasks to simplify the task graph This method does not, however, account for 
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Figure 2 8 Analytical cntrcal path lengths 

the fact that the execut10n of each type of task can overlap another To obtam a 

consistent companson, we have determmed the computational cntical path lengths 

for the common choice of tasks given m the algonthm descnpt10ns of §2 2 

2.4 Performance Modelling 

The next step m our analysis of the parallel mverse dynamics algonthms 1s to mclude 

the cost of commumcat1ons Indeed, 1f commumcat10n 1s as s1gmficant a part of the 

execut10n time as computat10n, then our previous analysis can no longer accurately 
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predict the performance of the algorithms The fastest execut10n of an algorithm on 

a message-passmg network reqmres that a balance be struck between the amount of 

computation, which 1s useful, and the amount of commumcat1on, which 1s necessary 

Other issues such as regulanty of commumcations m time and space can s1gmficantly 

affect the performance of the algon thm 

Before we proceed to mclude the commumcation costs m the analysis, 1t 1s neces­

sary to redefine the performance analysis problem The analysis so far has measured 

the execution time of the algonthms by countmg the number of floatmg pomt op­

erations reqmred along the longest path through the task graph Accordmgly, the 

natural chmce for the umt of cost of commumcat10ns 1s the number of floatmg pomt 

numbers which must be sent Then, a new cntical path through the task graphs which 

mcludes commumcat1ons can be determmed With the aforement10ned measure for 

commumcation costs, however, 1t becomes difficult to compare an algorithm with 

much computation and little commumcation to another with little computation and 

much commumcation Indeed, the true performance measure 1s the total length of 

time reqmred for an algonthm's execut10n As well, m order to compare the relative 

s1gmficance of computat10n versus commumcation, we must be able to express each 

m the same umts Makmg this step m the performance analysis, however, reduces 

the generality of the compansons because the time reqmred for a given operat10n 

necessanly depends on the hardware on which it is executed This m turn implies 

that we need to have a model of the hardware bemg used, a model which can account 

for all of the time spent by each processor Therefore, the problem now becomes 

one of performance modellmg and pred1ct10n which reqmre accurate descnpt10ns not 

only of the algonthms but also of the hardware bemg considered The next sect10n 

attempts to provide such a descnpt10n 
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2.4.1 The Hardware Model 

The essential elements of the hardware model we will be usmg have already been 

encountered m the task graphs 1f we consider a task graph to represent maximum 

parallelism, with one processor per task In our model , each processor executes a 

smgle sequential process Processors must commumcate with each other to exchange 

data, there 1s no shared memory All commumcat10ns are between pairs of processors 

only, there 1s no global commumcat10ns mechamsm A pair of processors must syn­

chromze to mitiate commumcation Until both processors are ready to commumcate, 

one of them must remam idle and can execute no other tasks 

The actual transputer 1s capable of much more than what our model suggests 

However, to improve performance or to fac1htate performance analysis, many features 

were not utilized For example, each transputer can execute concurrent processes us­

mg a bmlt-m scheduler, but this makes 1t difficult to predict exactly when a task 

begms and ends execut10n Commumcat10n buffers can also be used to allow a pro­

cessor to contmue e)._ecut10n while awa1tmg synchromzat10n, or to receive a message 

before the rece1vmg process 1s ready They are not mcluded m our model because of 

the sigmficant overhead mcurred when usmg buffers 

In fact, each transputer has four bit-serial commumcat10n lmks which can commu­

mcate mdependently of the CPU For our purposes, we wISh to know the followmg 

1) how long the CPU 1s occupied (blocked) when mitiatmg a send, before the lmk 

hardware tales over, 2) how long it takes to send the message, and 3) how long the 

receivmg CPU is occupied Experiments were conducted m which the receiver waited 

idle, and the time to send the message was measured by the sender This determmes 

the amount of time for which the sendmg CPU is occupied The receive time was 

measured m the same way and, for confirmation, pmg tests were done to measure the 

round-tnp delay as measured by the sendmg CPU The results show that, over the 
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range of message sizes reqmred for the mverse dynarrncs algorithms (8-128 bytes), the 

measured send and receive times are equal That 1s, both the sender and receiver are 

blocked for the same amount of time The time blocked while sendmg x floatmg-pomt 

numbers ( of 8 bytes each) 1s approximated qm te well by ( 13x + 7) /2 microseconds 

(µs) (for the INMOS T800 transputer chip) Smee this time mcreases lmearly with 

the length of the message, 1t seems to imply that there is no overlappmg of commu­

mcation with computat10n Therefore, for our purposes, we have assumed that the 

blocked time 1s the entue time reqmred for transm1ss10n, and thus, both processors 

are blocked begmnmg at the same time 

To predict the computat10n time of each task, 1t was found that countmg the 

number of multiphcat10ns, add1t10ns, and tngonometnc funct10n evaluat10ns was not 

sufficient Instead, these three numbers, together with the number of assignments, 

were necessary and sufficient To measure the time taken for each of these operations, 

a set of six different size tasks were executed and timed to provide sample data pomts 

The execut10n time of each task was assumed to be a lmear function of each of the 

four operation times A least-squares estimate of these times produced the values 

given m Table 2 8, where E 1s the time reqmred for one assignment Note that the 

Operat10n Time (µs ) 

M 1 37 

A 0 85 

T 42 

E 1 55 

Table 2 8 Computat10n times of the basic operations 

time reqmred for a commumcat10ns task 1s comparable to the t ime reqmred for a 

computation task , and hence 1s not negligible 
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Although 1t would be convernent to use the operat10n times quoted by the hard­

ware manufacturers, the method described above 1s more reliable, because 1t accounts 

for the programmmg style used throughout the tasks In the present 1mplementat10n, 

all tasks were implemented without array mdexmg or control statements such as loops 

so that all computat10n could be accounted for Temporary variables are used to store 

the results of expressions contamed withm parentheses as given m the task descrip­

tions This affects the computat10nal cost only m terms of the number of assignments 

necessary The final code thus uses only the simplest programmmg constructs and 1s 

smtable for automatic computer generat10n which 1s used by I ZAGUIRRE et al [1992] 

and VUKOBRATOVIC et al [1988] 

With the above hardware model, the accuracy of the predicted execut10n times 

was excellent The code for the RESN E algorithm for a 3-lmk mampulator was imple­

mented on a fully-connected network of three transputers accordmg to the schedule 

produced by the scheduler ( discussed m the next section) Tests were conducted us­

mg arbitrary numerical data for the state and physical parameters of the mampulator 

smce 1t was found that zeroes withm the computat10n s1grnficantly reduced the exe­

cut10n time The predicted total execution time on each of the three processors was 

857, 1075, and 1090 µs (mcludmg commumcations), while the actual execut10n times 

were 853, 1077, and 1091 µs respectively 

2.4.2 Scheduling 

The hardware model presented m §2 4 1 allows us to rnclude the effect of commumca­

tions on an algorithm's performance, assummg a message-passmg architecture such as 

the transputer This model differs m a s1gmficant way from the model which the task 

graphs seem to imply We have already determmed that commurncation can not be 

overlapped with computation smce the CP 1s blocked by the entire commurncat10n 
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This also implies that commumcations can not be executed concurrently with each 

other Even though the task graphs show edges fannmg out m parallel from each 

node, the commumcat10ns to and from each task must be executed sequentially In 

a sense, commumcat1ons can be considered as add1t1onal tasks which each processor 

must perform Thus, even if we consider the maximum parallelism illustrated m the 

task graphs, m which each computat10nal task is allotted its own processor, each pro­

cessor must still execute multiple tasks because of the commumcations reqmred We 

have already deterrnmed that the comrnumcat10ns tasks are roughly the same size as 

the computat10n tasks, and so are not negligible The quest10n then anses In which 

order should the commumcat10ns tasks be performed to mm1mize the algorithm's 

overall execution time? 

This question can be generalized when we consider the parallel computer archi­

tectures typically used m robotics applications Usually, maximum parallelism is not 

available, or even desired, so that the number of processors available 1s much less than 

the number of tasks Also, the processors m a particular architecture have their own 

mterconnect1on topology which may affect the cost of commumcat10ns between tasks 

Thus, to implement an algorithm on a given architecture we must first map the task 

graph to the processor graph, ass1gnmg each task to a processor Second, the tasks 

assigned to each processor must be ordered to satisfy the precedence constramts of 

the task graph and to mmimize the total execution time Both of these problems to­

gether are called the scheduling problem The mverse dynamics algonthms described 

m this chapter have the property that they can be statically scheduled, that 1s, the 

schedule is created once, off-hne, before the algonthm 1s executed 

One of the first descript10ns of a scheduling algonthm developed specifically for a 

robot mverse dynamics algonthm 1s presented m LUH & LI [1982] In their 1mple­

mentat10n, the processors are connected ma cham with shared memory between each 
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pan of processors used for commumcations Commumcat10n costs are therefore not 

mcluded First, they fix the mappmg for the tasks so that all quantities pertammg to 

a hnk are calculated on the correspondmg processor Then, they show that the naive 

method of executmg each task as soon as 1t 1s ready leads to sub-optimal schedules 

Instead, they use a variable branch-and-bound algonthm to schedule RECN E for the 

Stanford arm onto six microprocessors , one per lmk 

The schedulmg algonthm of Luh & Lm begms by creatmg an arbitrary schedule 

which satisfies the precedence constramts and the mappmg constraint At the time 

each task completes ( and at the start of schedulmg), the scheduler must choose the 

next task for execution Each of the possible choices forms a branch m a dec1s10n 

tree An arbitrary choice of task to schedule (branch to follow) 1s made at each 

dec1s10n pomt ( node m the tree) until a feasible schedule 1s ob tamed This techmque 

1s called a depth-first search since no other branches are explored until the search has 

proceeded all the way to the goal, in this case, a feasible schedule The execution 

time, mcludmg idle time, of the first schedule obtamed becomes an upper bound on 

the execut10n time of the optimal schedule Then, the scheduler backtracks to the 

last precedmg dec1s10n pomt and chooses a drfferent task to be executed at that time 

If the mm1mum possible execut10n time for this branch is greater than the current 

upper bound, then that branch can be pruned immediately The mm1mum execut10n 

time for a branch 1s determined by addmg the current time at the decis10n pomt to 

the total computat10n time (not mcludmg idle time) remammg on that branch These 

forward and backward searches are alternated until the entire decis10n tree has been 

searched Thus, the scheduler is guaranteed to find an optimal schedule smce the tree 

1s searched exhaustively, branches are only pruned if they can not possibly lead to an 

optimal schedule 

Several heunst1cs have been combmed with the branch-and-bound schedulmg tech-
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mque to reduce the amount of searchmg The heuristic provides a measure of the 

v1ab1hty of each branch m the search tree and 1s used to prune the unlikely candi­

dates for an optimal schedule A depth first/1mphc1t heunstic search 1s descnbed 

by KASAHARA & NARITA [1985] which 1s based on a cnt1cal path/most immediate 

successors first heunstic VUKOBRATOVIC et al [1988] used a largest processmg time 

first heunst1c 

A more complex schedulmg algonthm was presented by LEE & CHEN [1990] 

which mapped task graphs onto processor mterconnect1on graphs Heunstics based 

on the level of a task ( the length of the longest path startmg at that task) and the 

amount of commumcat10ns reqmred by that task were used to pnon t1ze the hst of 

ready tasks (those tasks whose predecessors have all completed) Further improve­

ments were made b:; repeatedly generatmg schedules and usmg simulated annealing 

to approach the optimal schedule To evaluate the success of the1r algonthms, Lee & 

Chen compared the schedules produced for simple problems to the optimal solut10ns 

found by an exhaustive search 

Although Luh & Lm were able to obtam optimal schedules, they also fixed the 

task mappmg, did not consider commumcat1on costs, and performed an exhaustive 

search In general, findmg the optimal schedule 1s an NP-complete problem (there 1s 

no known polynomial-time algonthm), so an exhaustive search 1s not practical for any 

reasonably sized problems In the next section we descnbe a schedulmg algorithm 

which considers the full schedulmg problem, mcludmg commumcat10n costs, and yet 

1s simpler to implement than the algonthm of Lee & Chen This scheduler was 

implemented and used for the performance compansons of §2 5 1 
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The ETF Scheduler 

The Earliest Task F1rst (ETF) schedulmg algonthm, described by HWANG et al 

[1989], pnontizes the ready tasks accordmg to the earliest time at which each task 

can execute, mcludmg commurncat10n delays Smee the location of a task determmes 

which commurncat10ns are necessary, and hence affects a task's start time, the earliest 

start time 1s determmed for all possible pans of ready tasks and available processors 

Then, the task with the earliest possible start time is scheduled to execute on the 

correspondmg processor 

It should be noted that no backtrackmg 1s performed to improve a schedule 

Thus, ETF 1s a greedy algonthm which bases all dec1s10ns only on currently available 

mformat10n The obJect1on raised by Luh and Lm, that executmg tasks as soon as 

they are ready leads to sub-optimal schedules, shows that greedy algonthms do not 

always lead to optunal solutions It 1s easy to show , however: that once the mappmg 

constramt used by Luh and Lm 1s relaxed, the ETF algonthm finds the optimal 

solution for the example they gave 

In order to apply the ETF scheduler to the mverse dynamics algonthms, we first 

need to pro\1de the scheduler with a software descnpt10n of the task graphs which 

1s expressive enough to capture the1r complexity and yet can easily generalize the 

graphs to arbitrary values of n For these reasons the task graphs are expressed as 

Prolog predicates where each predicate states a rule Together , t he rules for a task 

graph specify the nodes and edges which exist for a given n Each node predicate 

also specifies the cost of a task m terms of matnx-vector operations, and the size of 

the task's output for determmmg commurncation costs These costs are evaluated 

as times m microseconds by usmg the hardware model of §2 4 1 and a processor 

mterconnect1on graph, which 1s also expressed m Prolog Prolog's recursive nature 

makes 1t easy to determme properties of the task graphs such as the critical path and 
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its length and expenments were performed to verify the analytical express10ns for the 

critical path lengths presented m §2 3 Fmally, the scheduler 1s also implemented m 

Prolog to ease the mterface to the task graph descnpt10ns 

Some modrficat10ns to the ETF scheduler were necessary to comply with the hard­

ware model described earlier Although commumcations delays are mcluded when the 

scheduler determmes the earliest execut10n time of a ready task, ETF assumes that 

commumcat10ns can be performed concurrently with each other and with computa­

t10n The modified ETF scheduler determmes which commumcations are necessary (1f 

the two tasks are on different processors), and schedules those commumcat10ns tasks 

along with the computat10n tasks The send and receive task pairs are scheduled to 

execute at the same time on their respective processors to ehmmate deadlocks and 

to help mm1mize idle time The hardware model also reqmres that the earliest start 

time calculat10n be changed For each available processor, the modified ETF algo­

rithm sums the commumcat10ns delays and adds the latest fimshmg time of a task's 

predecessors to determme the earliest time at which that task can begm execut10n 

Although it may be possible to schedule some of the commumcations tasks earlier, 

and therefore not delay the start of the task , all of the delays are mcluded m the sum 

because it 1s not known whether they will occur until the tasks are scheduled Once 

the necessary commumcat10ns tasks have been scheduled, the actual start time of the 

task may be earlier than predicted However, the predicted earliest start time is still 

used to priont1ze the ready tasks as 1s done m the ongmal ETF algorithm 

It 1s certam that further improvements can be made to the ETF schedulmg al­

gorithm, such as addmg the heuristics suggested by LEE & CHEN [1990] One pos­

sibility which has not been considered m any of the schedulers mentioned 1s to du­

plicate tasks Rather than assignmg a task to one processor and commumcatmg its 

results, the scheduler may opt to assign that task to multiple processors to reduce 
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the commumcat10n delays This technique would have the greatest effect for tasks 

which require little computation but have much to cornmumcate Obviously, detect­

mg such circumstances would demand a considerably more sophisticated schedulmg 

algorithm Eventually, however, the improvements gamed from add1t10nal heuristics 

are no longer worth the effort needed to modify the schedulmg algorithm It 1s hoped, 

therefore, that the ETF algorithm with the modifications described here has achieved 

an acceptable balance between s1mphc1ty and performance 

2.5 Performance Analysis 

This section compares the efficiency of the six mverse dynamics algorithms of §2 2 

with respect to the hardware model presented earlier The capability of the modified 

ETF scheduler 1s also illustrated by comparmg theoretical performance bounds for 

the algorithms with the performance of the resultmg schedules 

2.5.1 Scheduled Performance Results 

Smee the accuracy of the transputer hardware model has been established, we can use 

the scheduler for performance pred1ct10n mstead of actually 1mplementmg the code 

The scheduler can not, however, determme the optimal schedules and, therefore, the 

best (sub-optimal) schedules must be used to compare the algorithms ote that such 

a comparison 1s not strictly a funct10n of the properties of the algorithms themselves, 

but is necessarily affected by the optimality of the scheduler Figure 2 9 shows the 

execut10n times as a function of n for the best schedules produced for each algorithm 

The correspondmg number of processors used to obtam these schedules 1s not optimal, 

smce the schedules are not optimal, but is the best estimate usmg the modified ETF 

scheduler Performance comparisons of the algorithms based on this graph can only be 
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Figure 2 9 Best schedules for the mverse dynamics algorithms 

qualitative, smce we do not have a useful measure of the optimality of the schedules 

Note also that these performance results are a function of the hardware through the 

hardware model Further improvements can be achieved usmg hardware speoalized 

to each algorithm or level of parallelism which may affect the relative performance of 

the algorithms 

At least on a qualitative basis, however, the performance results confirm the an­

alytical comparison of the task graphs presented m §2 3, with one notable exception 

Recall from that section that the logari thmic complexity of the RECNEb critical path 

length made RECNEb the fastest algorithm when commumcat10n costs were not m-
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eluded Figure 2 9 shows that commurncat10n costs have made RECN Eb more costly 

than both RECNE and RES NE The disadvantages of the recursive doublmg techmque 

are that 1t creates more tasks, and therefore more precedence constramts and more 

commurncat1ons, to calculate s1m1lar quant1t1es These additional costs are more than 

enough to offset the mcreased parallelism offered by the recursive doublmg structure 

It should be noted that only RECN E and RECLE require a number of tasks which vanes 

lmearly with n, all of the other algorithms are quadratic, except CLASSLE, which 1s 

cubic This may be a factor m explammg why RESN E 1s much closer m speed to 

RECNE, and why CLASSLE 1s much worse than RECLE, than what was predicted by 

the cnt1cal path lengths 

As mentioned earlier, 1t 1s not widely known that RESNE 1s more effioent than 

RECNE m parallel 1mplementat10ns The analyses performed m this chapter provide 

solid evidence of the effioency of RES NE for mverse dynamics calculat10ns 

Many other researchers have published experimental execut10n times for the m­

verse dynamics problem The algorithm chosen most often 1s RECN E which has been 

symbolically simplified and implemented usmg highly opt1m1zed code The first par­

allel 1mplementat10n of RECNE was reported by KASAHARA & ARITA [1985] which 

achieved an execut10n time of 5 37 ms for the 6 lmk Stanford arm ( one prismatic 

Jomt) on a 7 processor shared-memory architecture XIAO & CHENG [1991] assigned 

the tngonometnc funct10n evaluat10ns to one transputer and all other computat10ns 

to another transputer to achieve O 98 ms for the 6 lmk Puma 560 Also for the Puma, 

RAJAGOPALAN et al [1990] reported 2 8 ms on 3 transputers, and ZOMAYA & MOR­

RIS [1990] reported~ 2ms (Judgmg from a graph) on 4 transputers We can compare 

these execution times to 2 007ms for 6 lmks on 5 transputers as predicted by the 

modified ETF scheduler Fmally, FIJA Y & BEJCZY [1991] used special hardware 

to expl01t parallelism at the matrix-vector level and achieved an execution time of 
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0 187ms for 6 lmks 

Usmg RESN E, HASHIMOTO et al [1990] calculated the mverse dynamics for 3 lmks 

on 3 transputers m 0 464ms (g1vmg a 0 66ms samplmg penod for the computed torque 

control techmque) The executwn time predicted by the modrfied ETF scheduler 1s 

1 099ms for 3 lmks on 3 transputers ZOMAYA [1992] executed CLASSLE for the 

Stanford arm on 8 transputers m 4 14 ms The RECLE algonthm was implemented 

by ZALZALA & MORRIS [1991] and executed m 2 46 ms for a 6 lmk problem on 

4 transputers ( compare w1 th 5 365ms for 6 lmks on 7 transputers) All of these 

execut10n times are consistent with the current results Although only XIAO & 

CHENG [1991] state explicitly the programmmg optim1zat10ns they employed, 1t 1s 

probable that other researchers (such as HASHIMOTO et al [1990]) used s1m1lar 

techmques Their results highlight the performance improvements which can be made 

by symbolic simplification and custom programmmg 

The six figures (2 11- 2 16) show theoretical and scheduled execut10n times for each 

of the six mverse dynamics algonthms respectively The lowest executwn times ob­

tamed with the current scheduler are labelled Best This term will be used throughout 

to denote the lowest, though sub-optimal, executwn times predicted by the modified 

ETF scheduler for any possible number of processors (mcludmg maximum paral­

lelism) In many parallel 1mplementat10ns of the mverse dynamics algonthms, the 

number of processors 1s chosen to be equal to the number of lmks Although this 

provides a good rule of thumb, 1t does not always give the optimal performance The 

results correspondmg to the aforementioned rule are denoted by Macro and, as ob­

served from the figures, are often not much worse than the Best results Figure 2 10 

shows the best number of processors as determmed by the modified ETF schedulmg 

algorithm as a function of the number of lmks n Except for CLASSLE, the differ­

ence between the Best number of processors and the Macro number was usually not 
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Figure 2 10 Best number of processors 

more than two In fact, the differences may be sooner attributed to deficiencies m 

the scheduler than any properties of the algorithms If enough processors are pro­

vided for maximum parallelism and each task is forced onto a distmct processor, 

then the scheduler predicts the total execut10n times labelled Maxpar Fmally, as a 

lower bound, the computat10nal cri tical path length derived m §2 3 is also plotted In 

Figure 2 14 for CLASSLE, not all of the curves contmue to 10 lmks because we were 

unable to obtam the results due to msufficient memory on a Sun workstat10n 
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2.5 2 Performance Bounds 

57 

The prev10us section illustrated the kmd of performance to be expected m an actual 

parallel 1mplementat1on m which commurncat10n costs are mcluded However, these 

performance results are a function of the scheduler To compare the mverse dynamics 

algorithms mdependently of the scheduler, while mcludmg commumcat10n costs, 1t 1s 

necessary to determme theoretical bounds on the execution time of each algorithm 

Lower bounds on the execu t10n time of the algorithms perm1 t us to determme the 

potentially most efficient algorithm Upper bounds are useful m real-time applications 

for which worst case performance 1s important 
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Smee the commumcat10n tasks are roughly the same size as the computat10n tasks, 

the computat10nal cntical path length provides only a very weak lower bound, as can 

be seen from the figures, less than half of the best scheduled execution time Whether 

the optimal schedule 1s much closer to the lower bound 1s doubtful 

Obtammg a meanmgful upper bound on the execut10n time of the algonthms 1s 

also drfficult To mclude the cost of commumcations m a theoretical upper bound, 

while mamtammg the hardware model descnbed earlier, 1t 1s necessary to denve a 

bound mdependent of the ordenng of a task's commumcat1ons The only bound which 

appears to do this 1s the sum of all of the computation times ( the smgle processor 
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execution time) plus the sum of all of the commumcat10n t imes which exist m the 

maximum parallelism case This bound 1s equal to the execution time of a schedule 

which executes all possible tasks (mcludmg unnecessary commumcat10n tasks) on 

a smgle processor By companson with the scheduled execut10n times, however, 

this bound 1s very weak, and therefore 1s not plotted Rather than summmg all 

possible commumcat1ons costs, the bound on the amount of commumcation proposed 

by HWANG et al [1989] considers the longest path through the task graph with all 

task costs set to zero However, this longest path assumes that commumcat10ns to 

and from each task can be performed m parallel, which v10lates the hardware model 
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used here It 1s worth notmg that the maximum parallelism case alone 1s no aid m 

denvmg an upper bound because although the number of commumcat1ons tasks 1s 

max1m1zed, they are executed m parallel, as are the computat10ns Thus, the total 

execut10n time 1s not max1m1zed 

2.5.3 Optimality of the Scheduler 

Smee there are no useful performance bounds available, parallel performance com­

panson of the mverse dynamics algonthms remams dependent on the schedules used 
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10 

to implement them It 1s therefore important to choose an efficient schedulmg al­

gonthm Optimal schedules provide the best possible performance for an algonthm 

and allow the relative effic1enc1es of the algonthms to be observed directly, without 

mcludmg meffic1enc1es m the schedule Smee we do not have a useful lower bound 

on the execut10n times of the algonthms, 1t 1s difficult to evaluate the optimality of 

the modrfied ETF schedulmg algonthm evertheless, some progress can be made m 

that d1Iect1on 

Each graph (Figures 2 11- 2 16) shows the best schedule produced by the scheduler 

and the maximum parallelism schedule obtamed by forcmg each task onto a separate 
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processor In each case, however, the best schedule 1s worse than the maximum 

parallelism schedule, 1llustratmg the fact that the scheduler was never able to attam 

the performance of the maximum parallelism schedule even 1f sufficient processors 

were available When usmg the scheduler, we usually observed that the total execution 

time decreased until a certam number of processors were available, after which the 

execut10n time did not change because the scheduler chose not to use the additional 

processors This m turn means that the scheduler was never able to attam the 

maximum parallelism performance on its own In some cases, the scheduler used 

the additional processors but predicted a greater execut10n time than the prev10us 
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mmimum Both of these behav10urs are mdicat10ns that the schedulmg algonthm 

can be improved by mcorporatmg a backtrackmg mechamsm to retam the currently 

best schedule while broademng the search for the optimal schedule A worthwhile 

extens10n of this work would therefore be to mvest1gate the scheduler proposed by 

LEE & CHEN [1990] 

Smee the maximum parallelism schedules reqmre the maximum number of com­

mumcat10ns tasks, it is reasonable to assume that they are not optimal In fact, the 

maximum parallelism performance can be used as an heunst1c to decide how to im­

prove performance In KWAN et al [1990], the maximum parallelism performance 1s 

used when searchmg for the optimal number of processors for a given algonthm (an 

exhaustive search as we have done 1s not always practical) In particular, Kwan et al 

begm with upper and lower bounds on the optimal number of processors and use a 

b1sect1on search A schedule 1s created for the number of processors midway between 

the bounds If the scheduled execut10n time 1s greater than the maximum parallelism 

execution time, then performance can be improved by addmg more processors to the 

current value This current number of processors then replaces the lower bound and 

a new schedule 1s created Otherwise, the current number of processors becomes the 

new upper bound and the process 1s repeated Once the upper and lower bounds are 

equal, 1t may still be possible to improve performance by reducmg the granularity, or 

the size of the tasks, thereby mcreasmg the potential parallelism present and reducmg 

the cnt1cal path length 

2.6 Summary of the Inverse Dynamics Algorithms 

This chapter provides evidence for the relative ment of each of the mverse dynam­

ics algonthms m a real multicomputer 1mplementat10n The analytical performance 
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companson based on the computat10nal cntical path lengths is the first detailed 

companson of the theoretical parallel efficiencies of the algorithms It establishes a 

common basis for comparison which is mdependent of any parallel computer hard­

ware characteristics Further analysis mcludes commumcat10n costs and shows that 

the scheduler can accurately predict the total execution times With the except10n of 

RECNEb, the predicted execut10n times qualitatively agree with the analytical compu­

tat10nal critical path length comparison, m the sense that RESN E is the most efficient 

mverse dynamics algonthm for our apphcat10n The RECN Eb algonthm is a clear ex­

ample of the s1gmficance of commumcation costs and the limitations of performance 

compansons which ignore these costs 

Further conclus10ns, however, are subject to our confidence m the optimality of the 

scheduler For example, the optimal number of processors obviously depends on the 

optimal schedule, as would an analysis of the parallel speedup and efficiency (speedup 

per number of processors) of the algorithms It would also be important to consider 

more realistic processor mterconnect10n topologies All of the results presented m 

this chapter have been for schedules executmg on a fully-connected topology Smee 

each transputer has only four serial commumcations lmks, a fully-connected topology 

is only possible for up to five processors (actually only four, smce one processor 

must connect to the host) Other hardware may allow more local connect10ns, but 

there will still be a physical limit Varymg topologies mtroduce an add1t10nal factor 

which complicates the schedulmg process Investigat10n of this effect, and of more 

sophisticated schedulmg algorithms, would be natural extens10ns to the present work 
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The proposal and mvestigat10n of new robot s1mulat1on dynamics algonthms remams 

an active area of research [FIJANY & BEJCZ Y, 1989, Wo G & LAWREN CE, 1992] 

Smee robot s1mulat10n dynamics algonthms are more complex than mverse dynamics 

algonthms, a detailed parallel performance analysis of the type conducted m the last 

chapter 1s not practical The performance of these algonthms can only be gauged 

either through pred1ct10n based on theoretical models or, preferably, through analysis 

of an actual parallel 1mplementat1on In particular, this chapter considers a novel 

algorithm of SHARF [1990] designed specrfically for parallel implementation An 1m­

plementat10n and performance analysis of the algonthm 1s conducted to validate pre­

hmmary performance models based on a senal 1mplementat10n The 1mplementat10n 

1s also important as a demonstrat10n of the v1ab1hty of the algonthm 

The s1mulat10n dynamics algonthm descnbed m this chapter was specrfically de­

signed to exploit parallelism at a level unavailable to other parallel simulation dy­

namics algonthms In particular, an mtmtive method of parallehzmg robot dynamics 
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algorithms 1s to assign the computat10ns pertammg to each body to the correspond­

mg processor m a cham topology This 1s referred to as the macroparallel level of 

computat10n The clear advantage of this level of parallelism 1s that the complex 

schedulmg process 1s ehmmated Sect10n 3 1 descnbes the macroparallel algorithm 

and the properties which make 1t smtable for such an 1mplementat10n 

As ment10ned m the mtroduct10n to this thesis, the performance of a parallel 

algorithm may be highly dependent on the chosen computer architecture Sect10n 

3 2 discusses the architectural considerat10ns which were made durmg the algonthm 

design and its parallel implementation The subsequent sect10n illustrates how the 

choice of commumcat10n methods can sigmficantly affect the performance of the al­

gonthm on a network of transputers 

The performance of the macroparallel s1mulat10n dynamics algorithm is not ana­

lyzed m the same detail as the mverse dynamics algorithms of the prev10us chapter 

However, the same concepts apply and are used m the analysis For example, the 

algonthm's simple ch01ce of tasks allows us to determme the computational cntical 

path length simply by measuring the execution times of tasks m the serial imple­

mentat10n The analysis 1s then extended to mclude the cost of commumcat10ns 

Performance models are presented m §3 5 which use mformat10n obtamed from the 

senal 1mplementat10n and the actual parallel implementation, as well as theoretical 

properties of the algonthm Fmally, the models are discussed and compared to the 

measured parallel performance 

3.1 Macroparallel Algorithm 

This section descnbes the macroparallel s1mulat10n dynamics algorithm and highlights 

those steps which are relevant to the parallel performance In our presentation, we 
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follow the notat10n used m SHARF [1990] which 1s somewhat different from that used 

m the prev10us chapter The complete derivation of the algonthm can also be found 

m the same reference 

3.1.1 Solution for Constraint Forces 

In the s1mulat10n dynamics problem, the motion equations denved usmg the Newton­

Euler formulat10n for an open cham of ng1d bodies contam two sets of unknowns the 

accelerations of the bodies, and the mterbody constramt forces In most s1mulat10n 

dynamics algonthms, the constramt forces are elimmated m the formulat10n to obtam 

a reduced, mdependent set of equations for the accelerations These equat10ns form 

a system of ordmary d1fferent1al equations which can be mtegrated to obtam the 

pos1t10ns and veloc1t1es of the bodies - the state of the system at the next time step 

In the present formulat10n, however, the constramt forces are explicitly determmed 

by solvmg a lmear system of equations of the form 

Afo = b (3 1) 

where f O represents the assembly of generalized constramt forces f n 0 , startmg with , 

the base body 8 0 to the tip body BN 

f □ = col { f o □ , f 1 o, , ' 
(3 2) 

In the remamder of this chapter, the subscnpt n denotes the quantity correspondmg 

to body Bn and thus will range from O to N The matnx A m (3 1) 1s symmetnc 
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positive-defimte and has a block tridiagonal structure given by 

A = 

0 

where 

Ln 

Dn 

Un 

0 

Q ; T n,n-1 M ;~l Q n- 1 

Q; (M ; 1 + T n,n-1 M ;~l T ;,n- 1) Qn 

Q; M ; 1T ;+l,n Qn+l = L;+l 

(3 3) 

(3 4) 

In (3 4), M n is a constant 6 x 6 generalized mass matrix, Q n is the constramt 

proJect10n matrix of dimension 6 x Pn, where Pn denotes the number of constramed 

degrees of freedom, and T n,n-l is a generalized transformation matrix given by 

(3 5) 

Followmg the convention used m SHARF [1990], the body-fixed coordmate frames 

are located at the proximal ends of the links Hence, the position of coordmate 

frame n with respect to coordmate frame n - 1, given by r n - l,n, is expressed m 

coordmate frame n - 1 and is constant Note that the block tridiagonal structure 

of A corresponds to the physical structure of the open cham, constramt forces exist 

only between consecutive bodies m the cham 

The right-hand side of (3 1) 1s defined as 

(3 6) 
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where 

+M ~1 
( r ';:+1 ,nP n+1 f n+1 ,c - Pnf n,c - f n,ext - f n r) 

+ T n,n-1 V n-1 + P n V n')' ] 

(3 7) 

In the above, we have the 6 x (6-pn) proJection matrices P n, which project the con­

trol forces f n,c onto the body-fixed orthogonal axes Also, f n ,ext denote the external 

forces actmg on Bn, and f nI denotes the nonlmear rnert1al forces Fmally, Vn are the 

generalized absolute velocities, and v n,, are the free Jomt rates correspondmg to the 

Jomt degrees of freedom For dynamics simulation, the control and external forces are 

usually supplied as mputs To s1mphfy the parallel performance analysis, we assume 

them to be dependent on the state of Bn only Smee the system state 1s d1stnbuted 

throughout the entire cham of processors , this assumption aids a macroparallel 1mple­

mentat10n by reducmg the amount of commumcat1011 necessary Each of the mertial 

forces f nI 1s a nonlrnear funct10n of the generalized absolute velocity Vn given by 

(3 8) 

These veloc1t1es are obtamed through a forward recursion from the base to the tip 

given by 

(3 9) 

vVe note that P n, Q n and T n,n-l depend only on the configurat10n of Bn, which 1s 

local state mformat10n Therefore, the blocks of A as defined by (3 4) are mdependent 

of each other for n = 0, , N For example, D 1 does not depend on D 0 or D 2 or 

any other Dn and s1m1larly for Ln and U n These blocks , as well as the blocks of b 

(3 7), can therefore be calculated simultaneously 
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The special properties of the system matrix A motivated Sharf to consider it­

erative methods to solve for f n O In particular, the sparseness of A makes these 
' 

methods computat10nally efficient Moreover, because the matnx A 1s block tridi­

agonal, there 1s a variety of well-established iterative schemes that can be used to 

solve the system (3 1) [H AGEMAN & YO UNG, 1981] With regard to parallelism, 1t 1s 

through employment of iterative methods that a macroparallel solut10n for the f n, □ 

1s feasib le 

A thorough mvest1gation of several iterative techmques has been conducted by 

SHARF [1990] and it was concluded that the polynomially preconditioned conJugate 

gradient methods are computat10nally most efficient for solvmg the lmear system 

(3 1) The method chosen , denoted by J-PPCG(2), 1s a composite 1terat10n that 

mvolves an mner and an outer loop The former comprises two steps of the Jacobi 

iteration and essentially produces the precondit10nmg matrix M For this particular 

scheme, M 1s t he approximate polynomial mverse of A truncated to two terms ( see 

[SHARF, 1990] for details) This preconditioner is used m the conJugate gradient 

1terat10n of the outer loop Table 3 1 li sts the parallel algorithm for J-PPCG(2) The 

notat10n ( u , v ) md1cates the standard mner product of the vectors u and v 

3.1.2 Motion Equations for Bn 

Once the constramt forces are known, the accelerat10ns of t he bodies are calculated 

usmg the dynamics equat10ns for each body m the cham These are 

(3 10) 
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ln1t1alize i = 1 

Do 1n Parallel n = 0, , N 

r ~o) = b n + Ln f ~
021 □ - D n f ~

0b + V n f ~
0l1 □ 

M z (0 ) = r (0) n n n 

Do until convergence ( outer loop) 

Do 1n Parallel n = 0, , N 

f (,) = f (, - 1) + a,p (, - 1) 
n □ n , □ n 

Local convergence check 

_6 (,) = f (,) - f (, -l ) 
n n □ n □ 

" N (,) 
f3 = L..i n=O an " N (, - 1) 

L...,n=O an 

Do 1n Parallel n = 0, , N 

Table 3 1 Parallel J-PPCG(2) Algonthm for Step III (n) 
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where f nT denotes the total external generalized force actmg on B n, and 1s determmed 

by 

T ; +l ,n (- P n+l f n+l ,c - Q n+l f n+1 , □ ) 

+ 'P nf n,c + Qnf n, □ + f n,ext 

(3 11) 

To complete the procedure, we need to specify the mdependent JOmt accelerat10ns 

v n,,, as they are the vanables which are mtegrated to determme the traJectory of 

the cham They can be obtamed by d1fferentiatmg the recursive velocity kmemat1cs 

equat10n (3 9) and solvmg to get 

(3 12) 

It can now be seen that, with the constramt forces known, the dynamics equat10ns 

(3 10) m conJunct1on with (3 11) can be evaluated for all V n m parallel Usmg these 

m Equation (3 12) , we can also calculate the Jomt accelerat10ns V n-y for n = 0, , N 

m parallel 

3.1.3 Summary of the Macroparallel Algorithm 

We can now summanze the macroparallel solut10n algonthm for s1mulat1on dynamics 

of a ng1d-body cham Smee the algonthm 1s executed at every time step durmg the 

mtegrat10n process, the state of the system ( z e , JOmt displacements and velocities) 1s 

assumed to be known and the desued output 1s Jomt accelerations The algonthm 1s 

d1v1ded mto five pnnc1pal computation stages, correspondmg to the logical elements 

of the procedure As was mentioned earlier , we dedi cate one processor to each body 

m the cham Then , the computat10n of each stage can be earned out as listed m 

Table 3 2 
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lnit1al1zat1on 

Do 1n Parallel n = 0, , N 

Update T n,n-1, P n and Q n, f n,c • f n,ext 

II Direct Velocity Kinematics 

Do Recu rs1vely n = 1 to N 

Solve for V n from (3 9) 

Ill Solution for Constraint Forces 

(1) Do in Parallel n = 0, , N 

Evaluate L n, D n and b n from (3 4) and (3 7) 

(11) Do in Parallel n = 0, , N 

Calculate f n O 1terat1vely with J-PPCG(2) method 
' 

IV Evaluation of Motion Equations 

Do in Parallel n = 0, , N 

Solve for V n from (3 10) together with (3 11) 

V Inverse Acceleration Kinematics 

Do in Parallel n = 0, , N 

Calculate V n,y using (3 12) 

Table 3 2 Macroparallel algonthm 
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Let us comment on the parts of the algonthm which are not macroparallehzable 

As md1cated above, Step II of the algonthm mvolves evaluat10n of the absolute veloc-

1t1es V n given the Jomt rates V n"Y This is done accordmg to the velocity kmematics 

relat10ns (3 9) and 1s a recursive computation because of the recursive data depen­

dency Therefore, this calculat10n cannot be executed m parallel for n = 0, , N 

In add1t10n to this, we observe that most of the J-PPCG(2) iterative procedure 1s 

macroparallehzable except for the computation of parameters a and /3 These mvolve 

N summat10ns of the form L n=O dn where dn are appropnate scalars that are mdepen-

dent for n = 0, , N and therefore, can be evaluated m parallel However, the part 

of the calculat10n whereby dn are summed over n 1s not macroparallehzable A pre­

hmmary 1mestigat10n conducted by SHARF [1990] on a senal architecture md1cated 

that these non-macroparallebzable parts of the algonthm constitute a relatively mmor 

part of the whole computation 

We also note that the convergence cntenon implemented m the parallel iterative 

algonthm 1s based on a local relative error It represents the norm of the difference 

between two successive constramt force iterates for each body measured as a fraction 

of the norm of the recent iterate for that body This cntenon 1s different from the 

standard one used for checkmg convergence- the global error-and was proposed by 

SHARF [1990] m order to make the convergence check a macroparallel computat10n 

To achieve this, 1t was necessary to ehmmate the step of summmg the norms of the 

iterates over all bodies, a calculat10n s1m1lar to that earned out m evaluatmg a and 

/3 In t hat case, this step cannot be avoided, while as shov.n m SHARF [1990], the 

local relative error provides a valid test for convergence of the iteration 

Fmally, we observe that the number of 1terat10ns reqmred to achieve convergence 

grows lmearly as the size of the system that 1s, N, mcreases As 1s known [ AXELSSON, 

1985], the use of precond1t10nmg improves the theoretical upper bound on the rate 
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of convergence of the classical conJugate gradient iteration Furthermore, smce the 

iterative solut10n for constramt forces 1s earned out at every step m the s1mulat1on, the 

solut10ns at the prev10us time steps are used to make the m1t1al guess for the 1terat10n 

at the current time step As a result , the number of 1terat10ns taken to converge 1s 

on average considerably better than the aforement10ned theoretical bound [SHARF, 

1990] Smee each 1terat10n mcludes the tasks of summmg for a and /3, we can see 

that the total execut10n time will mcrease proport10nal to N 2 For the timmg results 

presented m the followmg sect10ns, the number of iterations was set to the average 

over time steps observed m s1mulat10ns of a genenc multi-body maneuver for a cham 

of 1 to 10 bodies 

3.2 Architectural Considerations 

When designmg a parallel algonthm, considerat10n must always be given to the ef­

fects that the computer system will have on the performance In fact, for parallel 

implementations, the computer architecture is as much a part of the design as the 

algonthm is This sect10n discusses the design of the parallel simulat10n dynamics 

algonthm m the context of a message-passmg architecture 

As described earlier, the algonthm exploits macroparallehsm m the mult1body 

dynamics problem and can be classified as coarse-gram Each processor executes 

essentially the same mstruct10ns on different data, with the except10n of those as­

sociated with the end bodies We also noted that some port10ns of the algonthm 

are not macroparallehzable, m particular, the computat10n of a and /3 which 1s done 

at every iteration m the solut10n for constramt forces These charactenst1cs make a 

loosely synchromzed multiple-mstruction-st ream, multiple-data-stream (MIMD) ar­

chitecture an appropnate chmce for implementation (Here, the term loosely syn-
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chromzed means that synchromzat1on occurs only between ne1ghbourmg processors 

when commumcat10n 1s reqmred) The algorithm does not reqmre any commumca­

tion beyond a processor's nearest ( t\'io) neighbours Therefore, we have chosen a cham 

topology for the transputer network to match the physical topology of the multibody 

system On the other hand, the non-macroparallehzable parts of the algorithm may 

be more efficiently executed on a network with a richer mterconnect10n topology or a 

shared memory and hence, the present choice of parallel processmg system may not 

be optimal for the algonthm The transputer network was employed for the present 

implementation, however , because of its access1b1hty and popularity 

Now let us consider an example of how the processor cham topology affects the 

design of the algorithm There are many occasions throughout the algorithm when 

each processor must exchange mformat10n with both of its neighbours, for example, 

the current values of the constramt forces Smee each processor can only perform one 

task at a time, we must decide the order m which to perform the two send and two 

receive tasks To prevent deadlock, we must specify the order for each processor such 

that no two ne1ghbourmg processors are both attemptmg to send or receive at the 

same time One option 1s to have each processor receive from its mward neighbour 

(lo\'ier node number) before sendmg to its outward neighbour , and then repeat m 

the other d1Iect10n However, this results m a serial commumcation pattern as the 

commumcahons propagate down the cham and back, creatmg precedence constramts 

which mtroduce idle time A better solution 1s to have every even-numbered node 

send outwards while every odd-numbered node receives from its mward neighbour 

The even-numbered nodes then send mwards, receive from outwards, and receive 

from mwards Although such a simple problem can easily be dealt with durmg the 

programmmg stage of development , s1ID1lar problems may requJie mod1ficat10ns to 

the algorithm itself 
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The issue of how the convergence check is accomplished provides a more substan­

tial example of how the computer architecture can affect the parallel algorithm In 

fact , the choice of a local convergence check m §3 1 was motivated by considerat10n of 

the architecture dunng algonthm design However, the 1mplementat10n of this check 

was not discussed m SHARF [1990] The followmg paragraphs describe a method for 

accomphshmg the local convergence check which has almost no effect on the per­

formance The solution is given here m some detail, both as an illustration of the 

considerat10ns which must be made, and to describe how it could be implemented 

Because the experimental measurements presented m this chapter were obtamed for 

fixed numbers of iterations, m order to match the experiments on the seri al imple­

mentat10n, the convergence check was not needed However, it is a very important 

part of a complete simulation program which comprises not only the solut10n for the 

accelerations, but also their mtegrat10n for the traJectory of the system 

lmplementat10n Solut10n for Local Convergence Check 

The advantage of usmg a local relative error is that each processor can determme 

whether its own iterations have converged, without commumcatmg with the other 

processors Assummg that some other processors may need to contmue the1r own 

iterations, a converged processor can signal its neighbours that it has converged and 

that they should use the last values received m all further calculat10ns Thus, the 

converged processor may now contmue with the next step of the computat10n, takmg 

advantage of its early convergence 

There is an implementat10n problem however, m makmg the convergence check 

a macroparallel computation The problem is created by the processor mterconnec­

t10n topology, which we have specified to be a cham, and arises when a processor 

converges For the other processors to contmue the1r own iterations after a processor 
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has converged, the summmg for a and /3 must contmue Although the last quanti­

ties commumcated by the converged processor can be remembered and used by its 

neighbours, there is no way to perform the sums for a and /3 without mvolvmg the 

converged processor m commumcat1ons along the cham Recall from the transputer 

hardware model of §2 4 1 that the fastest commumcat10ns methods reqmre that each 

transputer execute only a smgle process Therefore, the converged processor must 

either proceed to the next step of the computat10n or contmue passmg mformation 

along the cham If the converged processor 1s held back from further computation, 

it must determme when all processors have converged before it can proceed Estab­

hshmg the convergence of all of the processors, however, is a global decis10n which 

defeats the purpose of the local convergence cntenon Such a boolean global conver­

gence check reqmres the same commumcat10ns ( though slightly shorter messages) as 

a numerical global convergence check (of the absolute error), thus mcurrmg almost 

the same commumcation costs 

The simplest solution to this problem is a compromise between the efficiency of 

the local convergence check and the necessity of global commumcations Rather than 

wait until all processors have converged, as reqmred by a global convergence check, 

a converged processor need only wait until all processors between it and the nearest 

end of the cham have converged After this time, the comerged processor will no 

longer be needed for commumcat10ns along the cham and can contmue to the next 

computat10n Thus, m general, a processor will have to wait for some, but not all, of 

the other processors to converge, only the two end processors will never have to wait 

This solut10n can be implemented with little additional commumcat10ns overhead 

m the followmg way Each of the summmg processes for a and /3 begms at the two 

ends of the cham and accumulates the sum at a node m the middle of the cham (This 

has been mcorporated m the present implementation) The sum is then distributed 
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simultaneously m both duect10ns The convergence state of the processors can be 

commumcated by appendmg a smgle number to both of the mward bound and both 

of the outward bound messages Each number names the node which has converged 

and for which all other nodes farther from the middle of the cham have converged 

Thus, these numbers are m1tially -1 and N + 1 These two nodes form the edge of 

the set of processors no longer participatmg m the 1terat10ns On the mward passes, 

a node normally forwards the same number it receives If it determmes, however, 

that 1t 1s on the edge of the set of remammg processors, the node must do one of two 

thmgs If 1t has not converged, it must remember the partial sums and constramt 

forces last commurncated by its converged neighbour toward the end Otherwise, if 

it has converged, 1t forwards its own number and proceeds to the next step m the 

computat10n after the 1terat1on for the constramt forces A node m the mtenor of the 

cham which has converged but does not receive its neighbour's number must contmue 

to participate m the summmg for a and /3 The central node which performs the final 

sum then distributes the sum and the final two node numbers m both duect10ns along 

the cham These node numbers are used by the remammg nodes durmg the next sum 

to determme the new central node Thus, the node ¥-hich performs the final sum will 

change dynamically to remam m the middle of the 1teratmg processors Experimental 

evidence presented m SHARF [1990] mdicates that, for a fixed-base mampulator, the 

nodes will likely converge from the base to the tip 

The method Just described mtroduces no additional commumcat10n costs other 

than slightly longer messages Smee the s1mulat10n dynamics algorithm requues rel­

atively short messages, commurncat1on costs are mcurred as idle time as much as 

transm1ss10n time Idle time occurs when a processor must wait to synchromze for 

commurncabon Clearly, the most idle time 1s created by the non-macroparallehzable 

parts of the algorithm which reqmre processors to wait as mformat10n 1s propagated 
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along the cham In addition to reducmg the amount of non-macroparallehzable com­

putation, it is also desirable to reduce the amount of synchromzation between neigh­

bourmg processors Therefore, for this algonthm, the number of messages affects the 

commumcat10n costs at least as much as the length of the messages The next sect10n 

illustrates the costs of vanous aspects of cornrnumcation on a network of transputers 

3.3 Communications Overhead 

The experiments described m this chapter were all conducted on a network of TS00 

transputers connected to a UNIX host and runnmg under the Trolhus operatmg 

system supplement [TROLLIUS, 1990] A Trollms kernel runs on each transputer and 

provides access to the host node's operatmg system and file system, often by usmg 

commands identical to UNIX Trolhus also acts as a supplement to UNIX on the host 

node, providmg commands to boot the network, load and execute programs, and 

momtor the execut10n and state of transputer processes Besides host access, other 

Trolhus hbranes provide commumcat10ns funct10ns which allow C or FORTRAN 

programs runnmg on a transputer to pass messages to other processes on the same 

or different nodes, or to mteract with the kernel 

There are four commumcations levels withm Trollms which allow the user to 

trade off speed vs functionality They are, m order of decreasmg functionality, 

the transport, network, datalmk, and physical levels The physical level offers the 

fastest commumcat10n speed, and uses virtual circuits m which only nearest-neighbour 

commumcat10ns are possible A vutual cucmt prevents other processes, mcludmg 

system processes, from accessmg the commumcation lmk The datalznk level provides 

optional message buffermg on both the sendmg and receivmg nodes Messages can 

also be labelled as different events and types, thereby allowmg the receivmg process to 
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synchromze only with certam messages The network level supports virtual c1rcmts 

among non-ne1ghbourmg nodes and adds routmg and long message packet1zat10n 

In addition to this, the transport level ensures that both the sendmg and rece1vmg 

processes have synchromzed before the message 1s sent This prevents the sender from 

fillmg the message buffers and commumcat10ns lmks with too many messages 

To obtam the best performance, 1t 1s often necessary to fine-tune the code to bet­

ter smt a particular apphcat10n or 1mplementat10n All of the commumcations levels 

utilize the same data structure for spec1fymg the necessary attributes of a message, 

such as the event, type, length , destmation, and memory location of the message 

The lower commumcat1ons levels snnply ignore the entries m the data structure not 

needed by the1r reduced funct10nahties This makes 1t easy to successively improve 

performance by changmg the name of the commumcation routme m the callmg state­

ment Also mcluded m the structure 1s a 32-byte "data pouch" which allows short 

numeric messages to be passed along with longer messages Durmg the development 

phase, 1t was discovered that all of the commumcat10ns levels, mcludmg the physical 

level, send the data pouch whether 1t 1s used or not This represents a s1gmficant 

overhead when the actual message of mterest 1s only eight bytes, the length of one 

double prec1s10n number This feature was therefore removed, essentially reducmg the 

physical commumcat1on level to the primitive commumcat10ns funct10ns provided by 

Occam, the transputer's native language Smee the s1mulat1on dynamics algorithm 

has a simple nearest-neighbour commumcation pattern and does not reqmre the ca­

pab1ht1es of the higher commumcat1on levels, we are able to take advantage of the 

most efficient mode of commumcat10n provided by Occam 
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3.4 Experimental Measurements 

For the purpose of parallel performance analysis and modelling, an algorithm 1s often 

subd1v1ded mto components which are either parallehzable or strictly serial This 

means that a given port10n can either keep all processors busy or only one Clearly, it 

is desired to mmimize the serial part m order to max1m1ze the potential speedup We 

have seen rn §3 2, however, that the summrng for a and (3 begms at both ends of the 

cham at once and therefore 1s not a strictly serial computat10n Nevertheless, we will 

use the term "serial" to refer to all non-macroparallehzable parts of the algorithm 

This sect10n discusses how the execut10n times associated with the serial components 

of the macroparallel algorithm for simulat10n dynamics were determmed This data 

is subsequently employed by the performance modellmg m the next sect10n 

As described m §3 1, the serial parts of the macroparallel algorithm are the compu­

tat10n of a, (3, and V n , n = 0, , N Measurmg their execution times m the parallel 

implementation was not straightforward Imtially, the program execution was traced 

by recordmg the tunes at which all commurncations began and ended Although this 

method can provide a wealth of mformat10n such as processor utilization, load bal­

ancmg, and idle times, 1t was found that too much overhead was reqmred to generate 

this mformat10n To find a timmg method which did not add s1gmficant overhead, 

the number of 1terat10ns were set to be constant as the length of the cham mcreased 

Thus, the total execution time of the macroparallel parts of the algorithm should also 

remam constant However, even measuring the times at the begmnmg and endmg 

of the non-macroparallehzable tasks was found to add an mcreasmg (though small) 

amount to the total execution time as the length of the cham mcreased In both cases 

the Trollms trace facility was used, and 1t 1s thought that this was the source of the 

add1t10nal overhead 
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Figure 3 1 Execut10n times of the complete algonthm and for the non-macroparal­

lehzable parts 

Because of these complications, a different approach to measurmg the execution 

times of the non-macroparallehzable tasks is taken Instead of directly timmg them, 

the source code for each of these tasks is deleted m turn and the resultmg execut10n 

time for the algon thm is measured Thus the difference between the total execu t10n 

times with and without each task represents the execution time of each senal compo­

nent of the algorithm, mcludmg computat10n, commumcat10n, and idle times Figure 

3 1 shows the total execution time usmg the Occam level of commumcat10ns and the 

execution times attributed to the velocity recurs10n and the summmg reqmred for a 
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and /3, as a function of the size of the system 

There are two aspects of Figure 3 1 which should be commented on The first is 

the unusually high execut10n time requ1red for N = 2 This behav10ur only appears 

when commumcat10n modes without buffers are used so it is supposed that, for N = 2, 

the performance gam from parallelism is offset by the addit10nal commumcat10ns 

overhead The second unusual aspect is that, for N :S 10, the time requ1red to 

perform the velocit) recurs10n peaks at N =7 Smee there 1s no overhead mcurred by 

the t1mmg method, this phenomenon is probably caused by changes m the amount of 

idle time between tasks In some cases, better synchromzation between the processors 

may reduce the total idle time, thereby accomphshmg more work m less time 

A better alternative for obtammg the execution time of the serial parts of the pro­

cedure would be to manage the trace mformat1on storage from withm the algorithm, 

av01dmg the Trollms trace facility completely This was not done because it was felt 

that the md1rect timmg method was sufficiently reliable 

3.5 Performance Models 

Accurate performance models are important not only for pred1ctmg the behav10ur 

of an algorithm beyond the observed test cases, but also for a1dmg the design of 

new algorithms by exposmg the hm1tat10ns of the current one Usmg the timmg 

measurements obtamed m the prev10us sect10n, as well as senal execution times, t his 

sect10n presents performance models which attempt to predict the execution time of 

the macroparallel algorithm as a function of N 

Let us denote the actual execut10n time for an N-body cham on a smgle transputer 

by T1 and that on N transputers by T (Note that T1 is a funct10n of N and 

represents the correspondmg umprocessor execution t ime for whatever value of N 1s 
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bemg discussed ) Next, we consider the experimental speedup of an N transputer 

1mplementat1on over a smgle transputer given by 

(3 13) 

For companson, we describe two theoretical models for pred1ctmg the speedup of 

parallel algorithms The first model, based on Amdahl's law [DONGARRA et al, 1991], 

attempts to predict the parallel execut10n time usmg the smgle processor execution 

time It reqmres the number of operations that can be executed m parallel on N 

processors as a fraction of the total operat10n count We denote this fract10n by Ji 

The predicted parallel execut10n time 1s then 

and the correspondmg predicted speedup 1s 

N 
SA=------

!1 + (1 - f1)N 

(3 14) 

(3 15) 

To determme SA, we estimated f 1 by timmg the senal parts of the algonthm on one 

transputer We denote those serial parts by T 11 ,1 and T( cx,{3 ),I, the times reqmred on 

one transputer for the velocity recurs10n (Step II) and for the summmg for a and /3 

respectively 

GUSTAFSON [1988] proposed to estimate the smgle processor execution time usmg 

the execut10n time of an N-body problem on a cham of N processors In contrast 

to the origmal premise of Amdahl's law, the problem size does not remam fixed but 

1s allowed to change to fit the available number of processors Another d1stmct10n 

of Gustafson's model 1s that the fract10n f N 1s measured as the time spent m evalu­

atmg the parallel parts of the algorithm m the actual parallel implementation The 

predicted umprocessor execut10n time 1s t hen 

(3 16) 
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resultmg ma speedup of 

Sa= N - (N -1)(1 - !N) (3 17) 

We determmed fN accordmg to 

(3 18) 

where T( o:,/3 ),N and T 11,N are the execut10n times m the parallel 1mplementat10n of the 

non-macroparallehzable parts of the algonthm (averaged over n = 0, , N) These 

were measured as was descnbed m §3 4 and are represented by Imes Band Cm Figure 

3 1 

SHARF [1990] predicted the macroparallel algonthm's execut10n speed on a parallel 

processmg system usmg the followmg expression 

T _ 1 3 [T1 - T(a,/J),1 - T 11 ,1] + T: + T 
P - N (a,/3),i 11 ,1 (3 19) 

This model allocates 30% of the parallel computat10n time to the associated over­

head and adds to this the time for the senal parts of the algonthm The estimate 

of 30% overhead was based on practical expenence with a similar multi-processor 

1mplementat1on [KASAHARA et al, 1987, KASAHARA, 1989] 

It 1s mterestmg to combme Gustafson's and Sharf's models by addmg a 30% 

overhead to the parallel fraction of Gustafson's model Figure 3 2 shows the exper­

imental speedup and the speedup predicted by Amdahl's, Gustafson's , Sharf 's, and 

the combmed models 

It 1s worthwhile to observe that the above performance models all relate the smgle 

processor execution time T1 and the parallel execution time T.N Indeed, one can show 
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Figure 3 2 Experimental and theoretical speedups 

that (3 18) implies (3 19) with zero overhead (the coefficient m (3 19) equal to 1) This 

1s also true of Amdahl's model 1f we express Ji as 

(3 20) 

The salient feature of Gustafson's model, however, 1s that the execution times of the 

serial parts of the algorithm are measured m the parallel 1mplementat10n rather than 

the smgle processor 1mplementat10n Amdahl's model predicts the maximum speedup 

possible for a given algorithm assummg no commumcations overhead Gustafson's 

model also measures the fraction of execut10n time spent on the serial parts of the 
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algorithm This fract10n vanes mostly with the number of processors, not the size 

of the problem, and so can not be accurately determmed from measurements of the 

senal 1mplementat10n Sharf's model mcludes an estimate of the overhead mcurred m 

the parallel 1mplementat10n of the parallel parts of the algorithm Thus, the combmed 

model attempts to account for the varymg senal fract10n and the parallel overhead 

The difference between Amdahl's and Gustafson's speedup models illustrates the 

followmg aspect of the parallel 1mplementat1on The smgle processor execut10n times 

of the non-macroparallelizable parts form only a small fract10n of the total execut10n 

time This 1s reflected m Figure 3 2 by the near ideal speedup ( of N) predicted by 

Amdahl's law However , these "senal" parts of the algorithm comprise a s1gmficant 

port10n of the total parallel execution time as shown m Figure 3 1 For example, 

summmg N scalars d1stnbuted over N processors reqmres considerably more time 

than 1t does on 1 processor Although 1t can be said that the computat10n has been 

effectively d1stnbuted across N processors, smce only a small fract10n of the number of 

operations 1s not macroparallehzable, 1t 1s clear that a more precise model 1s reqmred 

to account for the s1gmficance of the non-macroparallehzable parts of the algorithm 

Includmg the overhead of the macroparallehzable parts of the algorithm more 

closely reflects the observed speedup, as shown by Sharf's model m Figure 3 2, but 

the speedup still mcreases lmearly Only Gustafson's and the combmed models, which 

mclude the effect of a varymg senal fraction, predict speedups which mcrease less than 

lmearly as observed experimentally 

Perhaps the most important measure of the macroparallel algorithm's usefulness 

1s its absolute speedup It 1s defined as improvement m performance over the best 

senal algori thm, the recursive algorithm for simulation dynamics 

(3 21) 
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The plot of S P/R 1s given m Figure 3 3 The execution times of the recursive algonthm 

were measured on a workstation and thus were adJusted for differences m CPU speed 

Although the absolute speedup 1s worse than the relative speedup , there 1s still a 

s1gmficant gam over the best senal algonthm 

This chapter has thus demonstrated that the macroparallel algonthm 1s a viable 

solution to the s1mulat10n dynamics problem The d1scuss10n throughout this chapter 

has shown that there are many issues that arise m the design and analysis of a parallel 

algonthm In fact, there are so many 1mplementat10n cons1derat10ns which must be 

made durmg the design process that 1t becomes necessary to use a detailed hardware 
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model and an accurate accountmg of the computation and commum cat10n costs to 

predict the parallel performance of an algorithm For algorithms for which this 1s 

not practical, such as the macroparallel algorithm, 1t 1s essential t hat the algorithm 

be implemented on a parallel computer system for there to be any certamty of its 

relative merits This chapter has also conveyed the experience gamed durmg the 

implementation of the macroparallel algorithm Hopefully, this experience will aid 

further development of parallel algorithms for s1mulat10n dynamics of robotic systems 
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Chapter 4 

Conclusions 

The goal of this thesis was to gam an understandmg of the factors which affect the 

parallel performance of parallel dynamics algorithms m robotics This was accom­

plished by modellmg the performance of the algorithms and comparmg pred1ct10ns 

of the1r performance with actual 1mplementat10n results The algorithms were im­

plemented on a message-passmg architecture composed of transputers It was shown 

that the architecture of the computer system bemg used 1s an important cons1der­

at10n not only m analyzmg performance results, but also durmg the design of the 

algorithms 

Chapter 2 provided an extensive comparison of the parallel performance proper­

ties of six robot mverse dynamics algorithms Such a comparison becomes a necessity 

as more nev. algorithms are proposed m the literature The algorithms were described 

m a common notat10n for easy comparison, and were also presented visually as task 

graphs The graphs illustrated the maximum parallelism of each algorithm and high­

lighted then important computat10nal properties With the aid of the task graphs, 

analytical express10ns were derived which expressed the mm1mum possible execut10n 

time of each algorithm m terms of floatmg-pomt operations Although s1m1lar expres-
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s10ns were given m the literature, the express10ns presented here are the first denved 

from a common ch01ce of tasks and level of parallelism Therefore, they provide the 

first meanmgful theoretical companson of several parallel algonthms for the mverse 

dynamics problem 

For the parallel computer system chosen, a transputer network, 1t is known that 

commumcat10n costs have a s1gmficant effect on the performance of the mverse dy­

namics algorithms There is no published parallel performance companson of them­

verse dynamics algonthms which mcludes commumcat10n costs This thesis provides 

such a companson After venfymg a hard¥.are model of the transputer, the analy­

sis uses a schedulmg algonthm which mcorporates the hardware model to search for 

the optimal assignment of tasks to processors Although the predicted performances 

are only directly vahd for a transputer network, the relative performance companson 

is more generally applicable to other message-passmg architectures An important 

ongmal result 1s that although the loganthm1c parallelism of the RECN Eb algonthm 

gives 1t the fastest execut10n time m terms of floatmg-pomt operations, it also re­

qmres a large number of precedence constramts, and hence commumcations, makmg 

the RECN Eb algonthm a mediocre performer Also, the Resolved Newton-Euler al­

gonthm was shown to be consistently the best performer The analysis of Chapter 2 

makes the reasons for its success clear It 1s important that such expenmental evi­

dence, combmed with performance analysis, be presented, smce the slower Recursive 

Newton-Euler algorithm contmues to be the popular ch01ce 

The purpose of Chapter 3 was to provide a proof-of-concept for a recently proposed 

s1mulat10n dynamics algonthm Smee 1t 1s not practical to undertake the kmd of m­

depth analysis applied to the mverse dynamics algonthms, simpler performance mod­

els were proposed and evaluated The execution times of the non-macroparallelizable 

parts of the algonthm were measured (both m the smgle and multi-processor 1m-
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plementat10ns) m an attempt to model the overall performance of the parallel im­

plementat10n It was found that although these non-macroparallehzable parts were 

msigmficant m a smgle processor implementat10n, they had a substantial effect on the 

parallel performance This illustrates the difficulty of predictmg parallel performance 

based on senal performance, and the need for better models of parallel performance 

Detailed discuss10ns of the architectural considerations m algonthm design and the 

effects of commumcat10n overhead on performance are given to relate the experience 

gamed Hopefully, this expenence will be useful for future algonthm development 

The parallel implementat10n on a transputer network also showed that the macropar­

allel algorithm achieves an absolute speedup over the best serial algorithm 
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