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Abstract 

Optimization problems with variational inequality constraints are a class 
of mathematical programming problems which have variational inequalities 
as constraints. Due to the implicit hierarchical structure of the constraint 
region induced by variational inequalities, these problems are usually very 
difficult to solve. Nevertheless, they have very important applications in the 
areas such as economics, operations research and engineering. This thesis 
is devoted to necessary optimality conditions for such problems. Using the 
penalty methods and nonsmooth analysis technique, two types of necessary 
optimality conditions are derived. 
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Chapter 1 

Introduction 

An optimization problem with variational inequality contraints (OPVIC) is 

an optimization problem over variables x E R!' and y E R:", in which some or 

all of its constraints are defined by a parametric variational inequality with y 

as its primary variable and x the parameter. More specifically, this problem 

is defined as follows: 

(OPVIC) min{f (x, y) : x E !11, y E S(x)} (1.1) 

where / : Rn+m ➔ R is a point-to-point map, !11 is a nonempty closed subset 

of Rn, and for each x E !11, S(x) is the solution set of a variational inequality 

with parameter x, i.e. 

S(x) = {y E !12(x) : (F(x, y), z - y) ~ 0 '<lz E !12(x)} (1.2) 

where !12 : Rn => R:" is a set-valued map and F : Jl!'+m ➔ Rm is a point-to­

point map. 
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One can interpret the above problem by a hierarchical decision process 

where there are two decision makers and the upper level decision maker 

always has the first choice as follows: Given a decision vector x by the upper 

level decision maker (hereafter the leader) S(x) can be considered to be the 

lower level decision maker's (the follower) decision set, i.e., the set of decision 

vectors that the follower agrees to use. Suppose that the game is co-operative, 

i.e., if the follower's decision set S(x) is not a singleton, the follower will allow 

the leader to choose which of them is actually used. Having the complete 

knowledge of the possible reactions by the follower, the leader then selects 

a decision vector x E n 1 and y E n 2(x) to minimize his objective function 

f(x,y). 

If F(x, y) is the gradient of a real-valued differentiable function, i.e., 

F(x,y) 

= V yg(x, y), where g : Rn ➔ R is differentiable in y and n 2(x) is convex 

then the variational inequality with parameter x, 

(F(x, y), z - y) ;;:: O Vz E n2(x) (1.3) 

is actually a restatement of the first-order necessary optimality conditions 

for the following optimization problem with parameter x, 

(P,,) min{g(x, y) : y E n2(x)} (1.4) 

(see e.g. [19]). Furthermore, if g(x, y) is pseudo-convex in y (i.e., (Vyg(x, y), z­

y) 2:: 0 implies g(x, z) ;;=: g(x, y) Vy, z E n 2(x)), then a vector y E n 2(x) is 

a solution to (1.3) if and only if it is a global optimal solution of (1.4). In 

this case, (OPVIC) is the following classical bilevel programming problem, 
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or so called Stackelberg game first introduced in an economic model by Von 

Stackelberg [37]: 

(BP) min{J(x, y) : x E !11, y E E(x)} (1.5) 

where E(x) is the set of solutions of the problem (P,,). There is a rather large 

literature on this important (but difficult) class of mathematical programs; 

the recent volume [1] contains a number of interesting articles describing the 

diverse applications of bilevel optimization in engineering and economics. 

Some selected references on the bilevel programming problem are [1, 4, 13, 

24, 32, 37, 40, 43, 44]. 

The optimization problem with varitional inequality constraints (OPVIC) 

is a generalization of the bilevel program (BP) in which the follower's decision 

problem is modeled by a variational inequality constraint. The last decade 

has witnessed a growing interest in the theory of (OPVIC). See [1, 5, 15, 

16, 17, 21, 18, 25, 26, 27, 31, 35, 36, 38, 41, 42]. Such problems have wide 

applications in areas such as game theory, economics, design of transportation 

networks and control of partial differential equations ( c.f. [5]) as well as many 

others. 

A natural approach to obtain a necessary optimality condition for (OPVIC) 

is to reduce (OPVIC) to an ordinary (single level) mathematical program­

ming problem and use the existing necessary optimality condition for the 

single level problem. There are several equivalent single level formulations 

for (OPVIC). To illustrate we assume that 
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where '1/J : Rn+m ➔ Rd. The Karush-Kuhn-Tucker (KKT) approach is to 

interpret the varitional inequality constraint y E S(x) as y being a solution 

of the following optimization problem: 

min(F(x, y), z) s.t. z E !1(x), 

and replace it by the KKT necessary optimality conditions for the above opti­

mization problem with is also sufficient if!l(x) is convex for each x. Using this 

approach, under the assumption that !1(x) is convex, F(x, y) is differentiable 

and the usual constraint qualifications such as the Mangasarian-Fromovitz 

condition hold for the above optimization problem, (x, ii) is a solution of 

(OPVIC) if and only if there exists u E Rd such that (x, ii, u) ,is a solution of 

the following problem: 

(KS) min J(x, y) 

s.t. F(x,y) + Vy'I/J(x,yf u = 0 

(u, '1/J(x, y)) = 0 (1.6) 

u ~ 0,'1/J(x,y) ~ 0 

Using the single level formulation (KS), one can easily derive Fritz-John 

type nessary optimality conditions for (OPVIC). The Fritz-John type con­

dition however is useless when it is degenerate, i.e., the multiplier corre­

sponding to the objective function is zero. Therefore it is very important 

to find constraint qualifications which ensure the existence of nondegener­

ate multipliers, i.e., the multiplier corresponding to the objective function is 
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nonzero. This type of optimality condition is known as Kuhn-Tucker type 

optimality condition. However it was shown in [41, Proposition 1.1] that the 

Mangasarian-Fromovitz condition will never hold for problem (KS) as long 

as the constaint -ip(x, y) :::; O is binding at (x, tJ). Other approaches for single 

level formulation of (OPVIC) include the value function approach and the 

gap function approach and many others (see [40, 41]). The co=on char­

acterization for these equivalent single level formulations is that the usual 

constraint qualification will never be satisfied and the clamness condition is 

the right constraint qualification (see [40, 41]). For problem (KS) the trou­

ble comes from the constraint (1.6) which reflects the bilevel struction of 

(OPVIC). In [40, 41, 25] some conditions are given under which (1.6) is the 

exact penalty function of problem (KS). Since the exact penality formulation 

moves the troublesome equality constraint (1.6) to the objective function, a 

Kuhn-Tucker type necessary condition for (KS) (equivalent for (OPVIC)) 

can then be derived easily. 

The purpose of this thesis is to find Kuhn-Tucker type optimality condi­

tions which require less or no constraint qualifications. 

In [35, 36], for the case where !1(x) is independent of x and convex, a 

Kuhn-Tucker type necessary optimality condition involving a kind of set­

valued map deivatives called paratingent derivative is derived for (OPVIC). 

This type of condition is almost constraint qualification free. In this thesis, 

we extend this result to the case where !1(x) depends on x which has more 

applications. 

We now illustrate the approach which was suggested by Shi in [35, 36]. 
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Rewrite (OPVIC) as the following single level problem: 

(.P) min J(x, y) 

s.t. x E fl1, y E fl:i(x) 

II - F(x, Y)ll~2
("') = 0, 

where 

llv*ll~•C"'> = sup (y*,p). 
pE(ll2(:,;)-y)nB 

Using the inexact penalty approach, problem (.P) can be approximated by 

the following penalized problem: 

s.t. x E Rn, y E f!2(x), 

where Nn > 0 is a ''penalty factor" and Nn ➔ +oo. By applying the Eke­

land's Variational Principle on the problem (Pn), we will be able to find an 

almost roiuiroizPr sequence {(xn, Yn)} to problem (OPVIC). Then, by using 

the lopsided minimax theorem, we will obtain a "Lagrange mlutiplier" se­

quence {Pn} for (Pn)- Finally, we will extract a subsequence of {(xn, Yn,Pn)}, 

which will converge to {(x,y,fi)}, satisfying the Kuch-Tucker necessary op­

timality condition involving paratingent derivatives. 

In [44], for the classical bilevel programming problems (BP), Zhang de­

rived a Kuhn-Tucker type necessary optimality conditions involving coderiva­

tives. In this thesis, for more general problem (OPVIC) , we derive an opti­

mality condition which is similar but easier to compute than the one derived 

in [44] with an easier to verify constraint qualification. The main idea is 
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to rewrite (OPVIC) as an optimization problem with generalized equation 

constaints in the following form: 

min f(x,y) 

s.t. (x,y) E !11 x Rm. 

0 E -F(x, y) + N(y, !¾) 

and apply the recent results about the coderivative characterization of a 

pesudo-Lipschitz continuity of a set-valued map and the calculus of coderiva­

tives of set-valued maps developed in Mordukhovich [29, 28, 30] to obtain 

the results. 

Finally we organize the thesis as follows: Chapter 2 contains the nons­

mooth analysis needed in the rest of the thesis. Generalized gradients, multi­

function derivatives and related results are reviewed. In chapter 3, (OPVIC) 

is analyzed using the nonsmooth analysis technique and the inexact penalty 

method. Existence of the solution to problem (OPVIC) is proved. A Kuhn­

Tucker type necessary optimality condition involving paratingent derivatives 

for (OPVIC) is developed. In Chapter 4 by studying the necessary opti­

mality condition for an optimization problem with generalized equation con­

straints we establish Kuhn-Tucker type necessary optimality conditions in­

volving coderivatives to problem (OPVIC). An example is given to illustrate 

the usefulness of the optimality condition derived. 



Chapter 2 

Nonsmooth Analysis 

As discussed in Chapter 1, nonsmooth phenomena, or lack of ordinary differ­

entiability, in mathematics and optimization occur naturally and frequently. 

The purpose of this chapter is to gather a basic nonsmooth analysis tool kit 

which will be used frequently throughout this thesis. 

The following is an outline of this chapter. 

§2.1 Preliminaries. In this section, some basic terminology is presented. 

§2.2. Generalized Gradients. This section is elementary. It presents some 

basic concepts and results of Nonsmooth Analysis. 

§2.3. Derivatives of set-valued maps. In this section we introduce two 

types of derivatives of set-valued maps and some basic results which play an 

important role in nonsmooth optimization problems. 

8 
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2.1 Notation and terminology 

In this thesis, the following notations and terminologies will be used. 

Let n be a subset of Rn. We denote by cl!.1 the closure of n and co!.1 

the convex hull of !.1. Let R'.j. be the nonnegative orthant of R!', (·,•}be the 

inner product and llxll be the norm of a; in a space. B is the closure of B, 

the unit ball in a space. 

For any two subsets C, K of Rn, we denote by C-K := {c-k: c EC, k E 

K}. K is said to be a cone if and only if tx E K \/a; E K, t 2": 0. Cone(!.1) is 

the conic hull of n, the smallest cone which contain n. We denote [x, y] by 

the set {u: u =AX+ (I - A)y, VA E (0, 1)}. 

The symbol x( E !.1) ➔ x means that x ➔ x with x E n. The adjoint 

(transpose) matrix to Mis denoted by MT. 

Definition 2.1 A set-valued map <I> from R!' to Rm, denoted by <I> : R!' =} 

Rm, is a map that associates with any x E Rn a subet of Rn, called the image 

or the value of <I> at x. 

We say that a set-valued map is proper if there exists at least one element 

a; E Rn such that <I>(x) =fa 0, that is, if <I> is not the constant map 0. In this 

case, we say that the subset Dam(<I>) = {x: <I>(x) t, 0} is the domain of <I>. 

The imagine of <I>, the subset of Rm, defined by /m(<I>) = U.,EJln <I>(x). 

The graph of a set-valued map <I> is the subset of an+m defined by 

gph<I> = {(x, y) : y E <I>(x), a; E Rn}. 

The inverse <1>-1 of <I> is the set valued map from Rm to R!' defined by 

a; E <1>-1 (y) if and only if y E <I>(x). 
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We say a set-valued map is convex if its graph is convex. 

If the imagines of a set-valued map 4> are closed, convex, bounded, and 

so on, we say that 4> is a closed-valued map, convex-valued map, bounded­

valued map and so on. 

Definition 2.2 An extended-valued function <f, : R!' ➔ RU { +oo} is called 

lower semicontinuous (l.s.c.) if for each point x0 E Rn, we have 

lim inf <f,(x) ~ <f,(xo). 
z➔zo 

A function <f, : Rn ➔ RU {-oo} is said to be upper semicontinuous (u.s.c.) 

if -<f, is l.s.c. 

Definition 2.3 A set-valued map q, : Rn => Rm is said to be upper semicon­

tinuous at Xo ER!' if for any neighborhood O(4>(xo)) of4>(xo), there exists a 

neighborhood O(x0 ) of x0 such that 

4>(x) C O(4>(xo)) for any x E O(xo). 

4> is said to u.s.c. if 4> is u.s.c. at every point x E Rn. 

Definition 2.4 A set-valued map 4' : Rn => ~ is said to be lower semicon­

tinuous at xo E R!' if for any y0 E 4>(x0 ) and any neighborhood O(y0 ) of y0 , 

there exist a neighborhood O(x0 ) of x0 such that 

4>(x) n O(yo) -I 0 for any x E O(xo). 

4> is said to be l.s. c. if it is l.s. c. at every x0 E Rn. 
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Definition 2.5 A set-valued map <I> : Rn => Rm is said to be continuous at 

x0 E ~ if it is both u.s.c. and l.s.c. at x0 • It is said to be continuous if it is 

continuous at every point x0 E Rn. 

An important class of continuous set-valued maps is provided by Lipschitz 

maps. 

Definition 2.6 A set-valued map <I> : Rn => Rm is said to be locally Lipschitz 

continuous around x0 E ~ if there exist a neighborhood O(x0 ) and a constant 

L~ ~ 0 such that 

<I>(x) c <I>(y) + L~llx - vllB Vx, y E O(xo). 

<I> is said to be Lipschitz continuous if there exists a constant L~ ~ 0 such 

that 

Definition 2. 7 For a set-valued map <I> : Rn => Rm, The set 

Jimsup<J>(x) := {y: 3xk ➔ Xo, Yk ➔ y with Yk E <I>(xk)}. (2.1) 
:z:➔zo 

is called the Kuratowski-Painleve upper limit of <I> as x ➔ xo. 

2.2 Generalized Gradients 

This section is devoted to reviewing some concepts and results in nonsmooth 

analysis which will be frequently used in the thesis. Following a geometric 

approach to the generalized differentiation, we begin with the definition of a 

normal cone to an arbitrary set in finite dimensions. 



12 

Let n be a nonempty subset of Rn and let 

P(x, f!) = {w E elf! : II x - w 11= dist(x, fl)} 

be the set of best approximations to x in elf! with respect to the Enclidean 

distance function dist(x, fl). 

Definition 2.8 Given x E elf!, the following closed cone 

N(x, fl) = lim sup[cone(x - P(x, fl)] 
,:➔x 

(2.2) 

is called the normal cone to the set n at the point x. By convention, N(x, fl) = 

0 ifx </. n. 

Directly from the definition, one can conclude that the set-valued map 

N(•, fl) always has a closed graph. Furthermore, the condition N(x, fl) =f, {O} 

is necessary and sufficient for x being a boundary point E elf!. Observe also 

that 

(2.3) 

for any sets f!1 and f!2 with (x1, x2) E elf!1 x elf!2. 

In general, the normal cone (2.2) may be nonconvex in the very simple 

situations, e.g., for the set n = gphlxl at O E R2 one has 

N(O, fl) = {(x, y) : y ~ -lxl} U {(x, y) : y = lxl} 

which is nonconvex. 

Definition 2.9 Given x E elf!, the convex closure of N(x, fl) is called the 

Clarke normal cone to elf! at x denoted by N0 (x, fl) = elcoN(x, f!). 
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Remark 2.10 /JO. is a convex set, the,n both the normal cone and the Clarke 

normal cone coincide with the normal cone in the sense of the convex anal­

ysis, i.e., N(x, fl.)= {x* E Rn: (x - x, x*} 2:: 0 Vx E fl.} 

For each x E elf/. and € 2:: 0 let us consider the set of the Frechet €-normals 

to n at x defined by 

N., ( n) { • Rn 1· (x*, x' - x} } 
• x, ., = x E : 1msup II , II ~ € 

z'(Efl)➔z X - X 
(2.4) 

If€ = 0, then the set as defined in (2.4) is a closed convex cone which is 

denoted by N(x, fl.). the following two representations of the normal cone 

were first obtained by Krugor and Mordukhovich [23] 

Proposition 2.11 For any set fl. c Rn and point x E elf/. one has 

N(x, fl.) = limsupN(x, fl.)= limsupN,(x, fl.) 
z➔~ z➔.:D,£.!,0 

We are now ready to define the generalized gradient of extended-valued func­

tions (i.e., those taking values in RU { +oo} ) 

Definition 2.12 Let f: ~ ➔ RU {+oo} be finite at point x. The Clarke 

generalized gradient off at x, denoted 80 /(x), is the subset of Rn given by 

8cf(x) = {e: (e, -1) E Nc((x, f(x)), epi(f))}. 

where epi(f) = {(x, r) : f(x) ~ r }. 

AB the definition implies, fJcf(x) may be empty but not, from the following 

proposition, if / is locally Lipschitz continuous. 
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Proposition 2.13 [9, Clarke] Let f be Lipschitz continuous with modulus 

L1 near x. Then 

(a) 8cf(x) = {e E Rn: (e,v) $ f 0 (x;v)Vv ERR} where 

f 0 (x; v) =: limsup f(y + tv) - f(y), 
y➔x,1-1,0 t 

is the Clarke generalized directional derivative off at x in direction v. 

(b) 8cf(x) is a nonempty, convex, compact subset of Rn and llell $ K for 

every e in 8cf(x). 

(c) f 0 (x;·) isthesupportfunctionof8cf(x). ,i.e., f 0 (x;v) =max{(e,v)leE 

8cf(x)} 

( d) The set-valued map 80 f ( x) is closed. 

The result below is the characterization of the Clarke generalized gradient. 

It facilitates greatly the calculation of 8cf(x). We recall Rademacher's The­

orem which states that a function which is Lipschitz on an open subset of 

Rn is differentiable almost everywhere ( in the sense of Lebesgue measure) 

on that subset. The set of points at which a given function f fails to be 

differentiable is denoted n /. 

Proposition 2.14 [9, Theorem 2.5.1] Let f be Lipschitz near x, and suppose 

S is any set of Lebesgue measure O in Rn. Then 

8cf (x) = co{lim V f(x;) : X; ➔ x, X; r/. SU n, }. (2.5) 
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Example 2.15 Let f : R ➔ R be given by f(x) = lxl, By using the Propo­

sition 2.14 it is easy to see that 8cf(0) = co{-1, 1} = [-1,1]. 

Apparently, if f is continuously differentiable around x then 8cf(x) = V f(x). 

We now proceed to gather an assortment of formulas that faciliate greatly 

the calculation of 8cf(x) when, as is often the case, f is built up from simple 

function through linear combination, and so on. We still assume that a given 

function f is Lipschitz continuous near a given point x. 

Proposition 2.16 (Scalar Multiples) [9, Proposition 2.3.1] For any scalar 

k, one has 

8c(kf)(x) = kocf(x) 

Proposition 2.17 (Finite Sums) [9, Proposition 2.3.3] 

Definition 2.18 Let f; R!' ➔ RU{+oo} be Lipschitz continuous and finite 

at x. f is said to be strictly differentiable at x if there exists a continuous 

mapping D,f: R!' ➔ Rn such that 

, lim f(x' + tv: - f(x') = (D.f(x), v). 
z ➔x,40 

Corollary 2.19 [9, Corollaryl, Proposition 2.3.3] Equality holds in Propo­

sition 2.17 if all but at most one of the functions f; are strictly differentiable 

at x. 
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Corollary 2.20 [9, Corollary2, Proposition 2.3.3] For any scalars s;, one 

has 

and equality holds if all but at most one of the f; are strictly differentiable at 

x. 

AB the end of this section, we present below a mean-value theorem which 

plays an important role in nonsmooth analysis theory and application. 

Proposition 2.21 (Mean-valued theorem) [9, Theorem 2.3. 7] Let x and 

y be points in Rn, and suppose that f is Lipschitz on an open set containing 

the line segment [ x, y]. Then there exists a point u in ( x, y) such that f (y) -

f(x) E (8cf(u), y - x). 

2.3 Derivatives of Set-valued maps 

In this section we introduce the concepts of set-valued map derivative which 

appear naturally and frequently in the area of optimization; see the books 

of Aubin (3, 2] and the paper of Mordukhovich [23] for many examples and 

motivations. 

Definition 2.22 Let cl> : R!' => R!" be an arbitmry set-valued map and 

(x, y) E cl(gph<I>). The set-valued map D*<l>(x, y) from R!" into Rn defined 

by 

D*<l>(x,y)(y*) = {x* ER": (x*,-y*) E N((x,y),gph<I>)} (2.6) 
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is called the coderivative of ii> at the point (x, ii), where by convention 

D*il>(x, ii)(y*) = 0 if (x, ii) ¢ dgphil>·. 

The symbol D*il>(x) is used when ii> is single-valued at x and ii= il>(x). 

According to this definition, the set-valued map (2.6) is positive homogeneous 

with respect toy• (i.e.,D*il>(x,y)(ty•) = tD*il>(x,y)(y*) fort> 0) and the 

set D*il>(x, ii)(O) is a closed cone. Note that the normal cone (2.2) can be 

expressed as the coderivative (2.6) of the indicator map of the set n: 

( ) 
{ 

0( E Rm) if x E n 
t:,. x,n = 

0 otherwise. 
(2.7) 

Indeed, 

D* /;;.(x, n)(y*) = N(x, n) Vx E n, y• E Rm and m ~ 1. (2.8) 

which follows immediately from the definitions and (2.3). 

We now consider an extended real-valued function cp : Rn ➔ RU { +oo} 

and its generalized differentiability concepts associated with the coderivative 

(2.6). 

Given cp, we define the epigraphical set-valued map 

Erp(x) = {µ E R: µ ~ cp(x)}. 

It is obvious that gphE,p = epicp . 

Definition 2,23 Let x E domcp = {x E ~: cp(x) -:f +oo}. The sets 

8cp(x) := D* Erp(x, cp(x))(I) = {x* E Rnl(x*, -1) E N(x, epicp)} (2.9) 
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and 

are called, respectively, the subdifferential and the singular subdifferential of 

cp at x. If x <j. dumcp, we put 8cp(x) = 800cp(x) = 0. 

The subdifferential (2.9) generalizes the classical concept of subdifferential 

for nonconvex functions cp and is reduced to the singleton {Vcp(z)} when 

cp is strictly defferentiable at z. When cp is Lipschitz continuous around z, 
the set 8 00cp(x) = {O} and 8ccp(x) = clco8cp(x). In general, the set (2.9) is 

nonconvex and 

(2.11) 

The following is a finite sum rule for the coderivatives. 

Proposition 2.24 (Mordukhovich) Let 4>1 and 4'2 be set-valued maps from 

Rn to Rm with closed graph hand let ii E (4>1 + 4>2)(z). Assume that the set­

valued map S : Rn+m => R2m defined by 

is locally bounded around (x, ii) and the qualification condition 

is fulfilled. Then for any y• E Rm one has 

D*(4>1 + 4>2)(z, ii)(y*) C 

C LJ [D*4>1(z, Y1)(y*) + D*4>2(z, Y2)(y*)]. (2.14) 
(y, ,!/2)ES(;;,g) 
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The next result follows immediately 

Corollary 2.25 [23, Corollary 4.4] Let 4>1 : Rn => Rm be strictly differen­

tiable at x and 4>2 : ~ => ~ be an arbitrary closed set-valued map. Then 

for any y E 4>1(x) + 4>2(x) and y• E Rm one has 

Now let us consider some applications of the results obtained above to the 

first-order subdifferentials of extended-real-valued functions. We always as­

sume that all functions are finite at the points under consideration. We have 

the following sum formula for subdifferential, which is similar to Proposi­

tion 2.17. 

Corollary 2.26 [23, Corollary 4.6] Let the functions tp : Rn -+ R, i = 1, 2, 

be l.s.c. around x. Suppose that the qualification condition 

(2.16) 

is fulfilled. Then one has the inclusions 

(2.17) 

(2.18) 

where equalities hold when either tp1 or 'P2 is strictly differentiable at x. 

The results in Corollary 2.26 imply the following important representation 

of the normal cone (2.2) to the intersection of sets which was first obtained 

by Mordukhovich [23] 
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Corollary 2.27 [23, Corollary 4. 7] Let !11 and !12 be closed sets in Rn and 

let x E !11 n!12. If N(x, !11) n (-N(x, !12)) = {O}, then one has the inclusion 

In particular, if both !11 and !12 are closed convex sets, we have the following 

result. 

Proposition 2.28 [3, P.141] If O E Int(!11 - !12), then for any x E !11 n !12 

one has 

Definition 2.29 !1, a subset of Rn is said to be regular at x if N(x, !1) = 
N(x, !1). f : RR ➔ R is said to be regular at x if its epi-graph, epi(J) = 
{(x,r): f(x) :<::; r} is regular at x. 

Remark 2.30 If!1 is regular at x, then N(x, !1) is convex and hence N(x, !1) = 
Nc(x,!1). 

Apparently, if f(x) is regular at x, then 8cf(x) = 8/(x). 

Let J(x, y) be Lipschitz continuous near (x, y). The following proposition 

is a relationship between generalized gradients and their partial generalized 

gradients. 

Proposition 2.31 [9, Proposition 2.3.15] Let f(x, y) be Lipschitz continuous 

near (x,y). If f(x,y) is regular at (x,y) then we have 

8f(x, y) c 8,J(x, y) x 8y/(x, y). 
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We now introduce another kind of derivative of set-valued map called paratin­

gent derivative, which will be used in Chapter 3. 

Definition 2.32 Let !1 be a closed subset of R!', x E !1. 

Pn(x) = limsup (!1- x)/h 
h.j.O,z(e!l)➔z 

is called the pamtingent cone to !1 at x E !1. 

Definition 2.33 Let F : Rn => Rm be a closed set-valued map. The parotin­

gent derivative of F at (x, ii) E gph(F) denoted by DpF(x, ii), is a set-valued 

map from Rn to ~, defined by 

By definition, it is easy to see that the following result is true. 

Proposition 2.34 Let F is defined as above, (x, ii) E gphF. Then 

V E DpF(x, ii)(u) ¢} 

3hn -I- 0, Un ➔ u, (xn, Yn)( E gphF) ➔ (x, ii) 

Corollary 2.35 Let !1 be closed subset in R!' and cp : Rn ➔ RU { +oo} be 

Lipschitz continuous. Suppose that x minimizes '1/J(x) on !1. Then we have 

o E ocp(x) + N(x, !1). (2.19) 
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Note that from Definition 2.9 and equality (2.11) we also have in this case 

that 0 E 8cr.p(x) + Nc(x, 0). In particular, 0 E 8r.p(x) c 8cr.p(x) if r.p has a 

local minimum at x. 
AB the end of this chapter, we introduce the Ekeland's Variational Prin­

ciple which is a powerful tool in nonsmooth analysis and its application. 

Readers who are interested in the details are refered to [14] where lots of 

examples are provided. 

Proposition 2.36 (Ekeland's variational principle) Let X be a com­

plete metric space, and f : X ➔ RU { +oo} a proper l.s. c. function, bounded 

from below. For every point Xo EX satisfying inf f ~ J(xo) < inf f + f and 

every A > 0 there exists some point x• E X such that 

(a} J(x•) ~ J(xo) < inf f + f 

(b) d(x*,x0 ) ~ A 

(c) \/x =/ x•, J(x) > J(x•) - (e/ A)d(x•, x). 



Chapter 3 

Necessary Optimality 

Conditions Involving 

Paratingent Derivatives 

In this chapter, we derive a Kuhn-Tucker type necessary optimality condi­

tions involving paratingent derivatives. 

The following is an outline of the chapter. 

§3.1. Problem Formulation. In this section, we are concerned with the 

problem and its reformulation. 

§3.2. Preliminaries. In this section, we derive some lemmas for use in 

subsequent arguments. 

§3.3. Main Theorems. In this section, we provide a necessary optimality 

condition for problem (OPVIC). 

23 
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3.1 Problem Formulation 

In this chapter, we consider problem (OPVIC) with !11 being a closed convex 

subset and !12 a closed convex Lipschitz set-valued map. We rewrite the 

problem as follows: 

(OPVIC) min f (x, y) 

s.t. X E !11, y E ~(x) 

(F(x, y), z - y} ~ 0 Vz E !12(x). (3.1) 

We will assume in this chapter that 

(Hl) f: Rn+m ➔ R is Lipschitz continous and 

lim inf J(x, y) = oo, inf J(x, y) > -oo. 
llxll➔oo,yEll2(x) xell1,yEll2(x) 

(H2) F : Rn+m ➔ ~ is continuously differentiable and strongly monotone 

in y uniformly in x E Bn := {x: llxll ~ R} for any R > 0, i.e., there 

exists Cn > 0 such that 

(F(x, Y1) - F(x, Y2), Y1 - Y2} ~ CnllY1 - Y2i1 2 

Vyi, Y2 E !1(x), x E Bn. 

Under these assumptions, it is not difficult to prove the existence of a 

solution to problem (OPVIC). 

Theorem 3.1 Suppose that (Hl), (H2) hold. Then the problem (OPVIC) 

has a solution x E !11,jj E !12(x). 
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Proof. Using Browder's [8] and Hartman and Stampacchin's [20) theorem, 

by the assumption (H2), we have that for any x E f!1, there exists a unique 

y., E f!2(x) such that (3.1) holds. Choosing sequence {xn} C f!1 with the 

property: 

lim J(xn, Yn) = inf J(x, y.,), 
n➔oo 2:E01 

(3.2) 

where Yn = y.,
0

• From assumption (H2), we know {xn} is bounded, that is, 

there is a R > 0 such that Xn E Bn for all n. Therefore we can suppose that 

Xn ➔ x E fl1. Now let y = Yz, then we have 

(F(xn, Yn), Z - Yn) <". 0 Vz E fl2(Xn) 

(F(x, y), z - y) 2'. o Vz E n2(x). 

(3.3) 

(3.4) 

Note that by the Lipschitz continuity of f!2 , for any m > 0, there exists 

<Tm > 0 such that f!2 (x + <TmB) C f!2(x) + !B and hence there exists Nm 

such that 

(3.5) 

Therefore we can take y~ ➔ y with y~ E f!2(xn) ( due to the continuity of fl2) 

and Zn E fl2(x), en E B such that Yn = Zn+ !en (from (3.5)). We obtain, 

when n > Nm and taking z = y~ in ( 3.3) z = Zn in (3.4), that 

which implies 

(F(xn, Yn) - F(xn, y), Yn - y) < (F(x, y) - F(xn, y), Yn - y) 

(3.6) 

(3.7) 
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1 
+(F(xn, Yn), y; - fi} - (F(x, fi), -en}-

m 

(3.8) 

Our aim is to show that {Yn} converges fi. Indeed, if this is not true, then 

there exists 6 > 0 such that IIYn• - fill > 6 for all k, where {Yn.} is a 

subsequence of {Yn}- By v:. ➔ fi we know for large enough nk, llv:. -fill ~ 6 

and hence llv:. - Yn• II ~ 2IIYn• - fill- Remembering the assumption (H2) we 

have 

CnllYn• - fill 2 ~ (F(xn., Yn.) - F(xn., fi), Yn• - fi} 

~ (F(x, fi) - F(xn., fi), Yn• - fi} 
1 

+(F(xn., Yn.), v:. - fi} - :;:;:;(F(x, fi), ~} 

that is, 

CnllYn• - fill ~ (F(x, fi) - F(xn•, fi), 11::: =:II} 
1 1 

+11 _ -11(F(xn.,Yn,),Y:. -fi}- II _ -11(F(x,fi),e} 
Yn• Y m Yn, Y 

< IIF(x, fi) - F(xn.)11 
1 1 

+;sllF(xn.,Yn,)llllv:. -fill+ 6mllF(x,fi)II- (3.9) 

Apparently, in the inequality of (3.9), the value of right hand side converges 

to O which contradicts the assumption of IIYn, - fill > 6. Therefore {Yn} ➔ jj 

holds and by assumption (Hl) as well as (3.2), (3.4), it is easy to see that 

(ii, fi) is a solution to (OPVIC). □ 

In the following result we prove that problem (OPVIC) can be reformu­

lated as problem (P) which is more convenient to deal with by the penalty 

method. 
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Lemma 3.2 The following problem (F) is equivalent to problem (OPVIC). 

where 

(P) min J(x,y) 

s.t. x E !l1, y E !l2(x) 

II - F(x, Y)ll~2 (z) = 0, 

IIY*ll~•(z) := sup (y*,p}. 
pE(ll2(z)-y)n1l 

(3.10) 

Proof. First note that if XE n1, y E n2(x) such that II - F(x, Y)ll~·(z) = 0, 

that is, 

sup (-F(x, y),p} = 0, 
pE(ll2(z)-y)nll 

then for any z E !l2 (x) n (y + B) we have 

(-F(x, y), z - y} $ 0. (3.11) 

Now, for any z* E !l2 (x) but llz* - YII > 1, by convexity of gph~ln, where 

gph!l2ln, = (gph!l2)n(n1 X Rm), we know .,\(x, y) +(1-.,\)(x, z*) E gph!l2ln, 

for all .,\ E (0, 1). Talcing .,\ with 0 < 1 - llz'~YII < .,\ < 1, we obtain 

11.,\y + (1 - .,\)z* - YII $ 1 and hence from (3.11) 

(-F(x, y), (1- .,\)(z* - y)} = (-F(x, y), .,\y + (1 - .,\)z* - y} $ 0 (3.12) 

Combining (3.11) and (3.12), it is easy to see (x, y) satisfies the contraints 

(3.1). 

Conversely, if (F(x, y), z - y) ~ 0 Vz E !l2 (x), then apparently 

sup (-F(x, y),p) = 0. □ 
pE(ll2(z)-y)n.ii 
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3.2 Preliminaries 

In this section, we provide some lemmas which will be used as tools in our 

main theorems. In the following we will always assume that f!2 is defined as 

the one in problem (OPVIC). 

Lemma 3.3 Assume F are defined as in problem (OPVIC). Then we have 

(1) <I> : gphf!2 ➔ R defined by 

<I>(x, y) = II - F(x, y)ll~·(x) (3.13) 

is continuous. 

(2) M: gphf!2 => fJ defined by 

M(x, y) = {p E (f!2(x) - y) n fJ: (-F(x, y),p) = II - F(x, Y)II~•(")} 

(3.14) 

is upper semicontinuous. 

Proof: Let g : fJ x gphf!2 ➔ R defined as 

g(p;x,y) = (-F(x,y),p) 

and W : gphf!2 => fJ defined by 

W(x, y) = (f!2(x) - y) n fJ. 

Apparently, g is continuous and W is continuous with nonempty compact 

values. Now notice we have that 

<I>(x, y) = sup g(p; x, y) and 
pEW(x,y) 
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M(x,y) - {pEW(x,y):g(p;x,y)=!t>(x,y)} 

- {p E fJ : g(p; x, y) = !t>(x, y)} n W(x, y). 

Using Berge's Maximum theorem [7] and [2, theorem 8], we have the assertion.□ 

In fact, it is easy to see that for any (x, y) E ghpfl.2, M(x, y) is nonempty, 

compact and convex. 

The following lemma provides a characterization of a convex set-valued 

map. 

Lemma 3.4 A set-valued map G : fl. => Rm is convex if and only if for all 

x1,x2 E fl. and A E (0, 1) one has 

(3.15) 

where fl. is a convex subset of Rn. 

Proof. Suppose G is a convex set-valued map. Then for any z E .XG(x1) + 
(1-.X)G(x2), where x1,x2 E fl., and.XE (0, 1), there exist y; E G(x;),i = 1,2, 

such that z = AY1 + (1 - .X)y2. Since (x;, y;) E gphG, i = 1, 2, we have 

that is z = .Xy1 + (1 - .X)y2 E G(.Xx1 + (1 - .X)x2) and hence .XG(x1) + (1 -

.X)G(x2) C G(.XX1 + (1 - .X)x2), 

Conversely, if for any x1, x 2 E fl., A E (0, 1) (3.15) is true, then for any 

(x;, y;) E gphG, i = 1, 2, we need to show .X(xi, Y1) + (1 - .X)(x2, Y2) E gphG. 

In fact, by y; E G(x;), we have 
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Therefore 

The proof is complete. □ 

Lemma 3.5 Let n be a convex subset of R!', G ; n =? Rm a convex set­

valued map and f ; D ➔ Rn is a convex function where D is a convex 

subset of Rm such that G(y) C D for ally E n. Then the value function 

V(y) = inf,,ea(y) f(x) is convex on n. 
Proof. In fact, for any y1, y2 En, and A E (0, 1), 

inf /(:,;) 
xEG(AYl +(l-A)!/2) 

inf /(:,;) (by le=a 3.4) 
xEAG(y1)+(l-A)G(Y2) 

< 

inf j(Az1 + (1 - A)z.;i) 
•1 EG(y1).z2EG(y2) 

inf {A/(z1) + (1 - A)/(z.;i)} 
z1EG(yi),z2EG(Y2) 

< 

inf A/(zi) + inf (1 - A)f(z2) 
z1EG(y1) z2EG(y2) 

- AV(yi) + (1 - A)V(y2), □ 

The following le=a provides an estimate to a value function. 

Lemma 3.6 Let (a, b) E gph!12, F be defined as in problem (OPVIC), and 

the value function V(x, y) defined by 

V(x, y) = inf U(p) 
pES(x,y) 

where U(p) = (F(a, b),p}, S(x, y) = N[(!12 (a + x) - b - y) n BJ, then 

-v' ((0, 0); (0,p)) $; (NII - F(a, b)ll~2(a))lliill 
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Proof. First, we want to show 

S(0, tp) C (1 + tllP!l)S(0, 0) - tNp. (3.16) 

Indeed, for Vx E S(0, tp), there exists a z E O2(a)-b such that x = N(z-tp), 

that is, N z = x + tNp which implies x + tNp E N(O2(a) - b). Meanwhile, 

by x E NB we have 

Therefore 

x + tNp E NB+ tNp c N(l + tilP!l)B. 

x + tNp E N(O2(a) - b) n N(l + tllPll)B 

c N(l + tllPll)[(n2(a) - b) n BJ 

- (1 + tllPll)S(0, 0). 

It follows that (3.16) holds. Now we turn to estimate the derivative V' ((0, 0), (0,p)). 

Note that we have 

v' ((0, 0), (0,ii)) I
. V(0, tp) - V(0, 0) 

- IID 
tj.0 t 

- lim[ inf U(p) - inf U(p)]/t 
tj.0 pES(O,tji) pES(O,O) 

~ lim[ inf U(p) - inf U(p))/t 
tj.O pE(l+tlliill)S(0,0)-tNjJ pES(O,O) 

- lim[(l + tlliill) inf U(p) - tNlliillU(ii) - inf U(p)]/t 
tj.O pES(O,O) pES(O,O) 

- lliill peWo,o) U(p) - NlliillU(ii) 

- -llii!l(NII - F(a, b)ll~2(a)) + N{-F(a, b),p) 

> -lliill(NII - F(a, b)ll~2
(a)). 

It follows that 
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Lemma 3. 7 Let g/ : Rn => Rm be a set-valued map with a closed graph. 

Then 

(1) (x, y) E gphg/ iff (y, x) E gphg/-1 

(2) (v,w) E N((x,y),gphg/) iff (w,v) E N((y,x),gphg/-1). 

Proof. Obviously, (1) follows by the definition of g/-1• As to (2), by def­

inition of N((x',y'),gphg/) and (1) we have (v,w) E N((x',y'),gphg/) if 

only if (w,v) E N((y',x'),gphg/_1). Using the equality N((x,y),gphg/) = 
limsup(z',y')➔(x,y) N((x', y'), gphg/) (2.11) and definition 2.7 we obtain the re­

sult (2). D 

Lemma 3.8 Suppose f : RR ➔ R is a Lipschitz continuous function, !1 a 

closed convex subset of RR. If f 0 (x; v) ;::: {g(x), v) for all v E !1 - y where 

y E !1 and g is a mapping from Rn to Rn. Then one has 

g(x) E 8cf(x) + N(y, !1). 

Proof. We show it by contradiction. In fact, if g(x) ¢ 8cf(x) + N(y, !1), 

then for any e E 8cf(x) we have 

g(x) - e ¢ N(y, !1) 

which implies that there exists a Vo E !1 - y such that {g(x) - e, Vo) > 0 and 

hence {g(x), Vo) > {e, Vo) for all e E 8cf(x). Therefore, by Proposition 2.13, 

it follows that {g(x), v0) > f 0 (x; v0 ) which contradicts the assumption. □ 

The following result was proved in [2, Corollary 3] . 
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Lemma 3.9 Let g ; Rn ➔ RU { +oo} be a proper lower semicontinuous con­

vex function and S a set-valued mapping from R!" to Rn with closed convex 

graph. We assume that 

0 E Int(Im(S) - Dom(g)). 

Let V ; Rm ➔ R U { +oo} be the value function defined by 

V(y) = inf g(x) 
xeS(y) 

and let x E S(y) achieve the minimum of g on S(y). Then the generalized 

gradient of the value function V is equal to: 

8cV(y) = LJ D*S(y,x)(p). 
pEllg(~) 

3.3 Main Theorems 

The purpose of this section is to derive a necessary optimality condition in­

volving paratingent derivatives for problem (OPVIC). The technique used 

here is similar to [35, 36, Shuzhong Shi] in which n2 is assumed to be in­

dependent of x. In order to simplify our discussion, we first assume that 

f!1 = ~ and then we will generalize the result to the general case. 

Consider problem (OPVIC) in (3.1) with f!1 = Rn, we have the following 

theorem: 

Theorem 3.10 Suppose that assumptions (Hl), (H2) hold. Then there exist 

(x, ii), a solution of (OPVIC) in (3.1) and ji E Rm such that 
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(F(x,y),p) - 0 (3.19) 

where <1> 1(x,y) = N(y,02(x)), <1>2 (x,y) = N(x,021(y)). 

Proof. Due to the equivalence between problem (OPVIC) and (.P) (c.f. 

Lemma 3.2) we know from the inexact penalty method that the problem 

(OPVIC) can be approximated by 

(Pn) min {/(x, y) + Nnll - F(x, Y)ll~'("l} 

s.t. x E Rn,y E 02(x) 

where Nn > 0 is a 'penalty factor' and Nn ➔ +oo. 

Denote Gn(x,y) = f(x, y) + Nnll - F(x, y)ll~•(x) for all (x, y) E gph02. 

From Lemma 3.3 and assumption (Hl), we know that Gn is l.s.c. and 

inf Gn(x, y) > -oo. 
(x,y)Egph!l2 

Now using Ekeland's Variational Principle (Proposition 2.36), for any En -1- 0 

there exists (xn, Yn) E gph02 and a constant C such that 

C ~ inf Gn(x, y) ~ Gn(Xn, Yn) < inf Gn(x, y) + En, (3.20) 
(x,y)Egph!l2 (x,y)Egph!l2 

and 

for any (x, y) 'F (xn, Yn)-

Taking any (w, s) E gph02 - (xn, Yn), tk -l- 0 we have from (3.21) 



To complete the proof, we need the following lemmas. Define 

Sn : Rn+m =} Rm by Sn(X, y) = Nn[(fh(xn + x) - Yn - Y) U .B], 

Un; Rm ➔ R by Un(p) = (F(xn, Yn),p), Vn(x, y) = inf Un(p). 
pESn(z,y) 
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Lemma 3.11 Assume M(•, •), defined by (3.14) in Lemma 3.3, is a single­

valued map. Then one has 

fg((xn,Yn);s)-V~((0,0),(0,s)) 2:: (V9F(xn,Yn)TPn,s)-€nllsll, 

for any s E !12(xn) - Yn• (3.23) 

f2((xn, Yn)i w) - V~((O, 0), (w, 0)) 2:: (V.,F(xn,Yn)T Pn, w) - fnllwll, 

for any w E fl:/(Yn) - Xn, (3.24) 

Proof. Let P'::& = Mn(Xn + tkw, Yn + tks) where Mn(x, y) := NnM(x, y). We 

have 

f(xn + tkw, Yn + tks) - f(xn, Yn) + (-F(xn + tkw, Yn + tks),p';;;} 

2:: (-F(xn, Yn),P'::D + (F(xn,Yn),P'::D + Nnll - F(xn, Yn)ll~:(zn) -

Note that 

-fntk(llsll2 + llwll2)1
~
2. (3.25) 

sup (-F(xn, Yn),p) 
pESn(O,O) 

- - inf (F(XniYn),p). 
pES.(0,0) 
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It is easy to see that Sn is a convex set-valued map. By Lemma 3.5, Vn(x, y) 

is a convex function. Therefore, from (3.25) we obtain that 

f(xn + tkw, Yn + tks) - f(xn, Yn) + (-F(xn + tkw, Yn + tks),P~t} 

~ (-F(xn,Yn),p~Z} + inf Un(p) - inf Un(p)-
pESn(lkw,t••l pESn(0,0) 

-fntk(llsll2 + llwll2)1I2 

= (-F(xn, Yn),p~:} + Vn(tkw, tks) - Vn(O, 0) -

-fntk(llsll2 + llwll2)1I2 • 

That is 

{f(xn + tkw, Yn + tks) - f(xn, Yn)}/tk-

-((F(xn + tkw, Yn + tks) - F(xn, Yn))/tk,P~:} 

~ (Vn(tkw, tks) - Vn(O, 0))/tk - fn(llsll2 + llwll2)1/2. 

By assumption of the problem, there exists Ok E [0, 1] such that 

And hence, 

J0((xn, Yn)i (w, s)) - (VF(xn, Ynf (w, s),Pn} 

~ V~((O, 0), (w, s)) - fn(llsll2 + llwll2)112, 

(3.26) 

(3.27) 

where Pn = Mn(Xn, Yn) (Mn(xn+tkw, Yn+tks) ➔ Mn(Xn, Yn)) for any (w, s) E 

gph0.2 - (xn,Yn)• Therefore, for any s E 02(xn) -Yn,w = 0 we obtain 
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which are (3.23) and (3.24) respectively. The proof is complete. □ 

Lemma 3.12 Suppose the inequalities (3.23) and (3.24) hold. Then there 

exists a sub-sequence of (xn, Yni Pn) which converges to (x, y, p) such that 

(x, y) is a solution of problem (OPVIC) and the condition (3.17), (3.18) and 

( 3.19) hold. 

Proof. Step 1. We want to show the existence of (x, y). 

First,we show {xn} is bounded. In fact, by the inequality ( 3.20), we have 

Especially taking y = y., as defined in Theorem 3.1 we obtain 

which implies that 

(1) f(xn, Yn) is bounded and therefore by assumption (Hl) {xn} is bounded. 

We then can assume Xn ➔ x. 

Now we show Yn ➔ y. First, we have 
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Indeed, by definition, 'rip E (f!2(xn) - Yn) n B we have (F(xn, Yn),p) ;?: -8n 

which implies for any z E n2(xn) if llz - Ynll ::,; 1 then 

(3.30) 

For the cace of llz - Ynll ~ 1, since (xn, AZ+ (1- A)Yn) E gphrl.2, VA E (0, 1), 

we can choose A such that 

Hence by ( 3.30) one has 

that is, 

(3.31) 

Therefore, combining (3.30) and (3.31), the inequality (3.29) follows. Second, 

by definition of jj = Yrt we know 

(3.32) 

Third, from the Lipschitz continuity of n2, we have for any m > O, there 

exists Um> 0 such that r!2 (x + umB) C r!2 (x) +;,.Band hence there exists 

Nm such that 

(3.33) 

Therefore we can take y~ ➔ jj with y~ E n2(xn) (due to continuity of rl.2) 

and Zn E rl2(x), en E B such that Yn =Zn+ ;,.en (from (3.33)). By taking 
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z = Y! in (3.29) and z = Zn in (3.32), we obtain that for n > Nm, 

(F(xn, Yn), Yn - y) $ On max{l, IIYn - Y:11} - (F(xn, Yn), ii - Y:) 
(3.34) 

(3.35) 

Combining (3.35) and (3.34) we have 

(F(xn, Yn) - F(xn,ii), Yn - ii) $ On max{l, IIYn - Y:11} -
-(F(xn, ii) - F(x, ii), Yn - ii) -

-(F(xn, Yn), ii - Y:) -
1 

-(F(x, ii), -en)- (3.36) 
m 

What we want to show is that {yn} converges y. In fact, if it is not true, 

then there exists o > 0 such that IIYn• - fill > o for all k, where {Yn.} is a 

subsequence of {Yn}- By y:. ➔ ii we know for large enough ni., IIY:. -fill $ o 
and hence IIY:. - Yn. II $ 2IIYn. - iill- Remembering the assumption (H2) we 

have 

Therefore 

GnllYn• - iill2 $ (F(xn.,Yn.) - F(xn., ii),Yn• - y} 

$ On• max{l, 2IIYn• - iill} -
-(F(xn., ii) - F(x, ii), Yn• - y) -
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Apparently, in the inequality (3.37), the value of right hand side converges 

to Oas k ➔ oo which contradicts the assumption of !IYn• - iill > 8. By the 

penalty method, it is easy to see that (x, y) is a solution of the problem (P). 

Step 2. Now we turn to consider {Pn}. First, by Nnll - F(xn, Yn)ll~;("'n) 

being bounded and Lemma 3.6 we have 

Now takings= Pn/Nn E fl2(xn) -yn in (3.23) one has 

Remembering that 

(F(x,y + tp) - F(x, y), tp) ~ Gnt2 IIPll2 

we know (VyF(x,y)Tp,p)Gnt2 llpll2 and hence from (3.39) we obtain 

LtllPnll +O(llpnll) +fnllPnll > {VyF(xn,Yn)TPn,Pn} 

> GnllPnll2 

(3.38) 

which implies that {Pn} is bounded. Assume Pn ➔ p, by dn ➔ 0, it is easy 

to see (x, y,p) satisfies (3.19). 

Step 3. Our tasks remained now is to show that (x, y,p) satisfies the 

condition (3.17) and (3.18). First we prove the condition (3.17) holds. Using 



41 

Lemma 3.8 and the inequality (3.23) we have 

Denote 

S1n(Y) = Sn(0, y) = Nn[(fl2(xn) - Yn - y) n B] 

and Vi.n(Y) = infpeS,n(Y) Un(p) = Vn(0, y). We have V~((0, 0); (0, s)) = v;n(0; s) 

which means that 8y V,.(0, 0) = 8½.n(0). 

By Lemma 3.9, we have 

(3.40) becomes: 

v'yF(xn, Yn)T Pn E Oyf(Xn, Yn) + N(yn, fl2(xn)) 

-D* S1n(0,pn)(F(xn, Yn)) + EnB. (3.41) 

Since 8yf(xn, Yn) is compact, by extracting a subsequence ,. we can assume 

that there are two sequences u: E N(yn, fl2 (xn)) and 

such that 

Our.aim is to show that w• E -Dp\l>1((x,y),-F(x,y))(0,p). First we show 

that for n large enough 

(3.42) 
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In fact, from the definition we have 

Let B1n(Y) = Nn(fl2(xn) - Yn - y) and Bn(Y) = NnB. Then S1n(Y) -

S1n(Y) n Bn(y). By 2.28 we obtain 

But {pn} is bounded and so (0,Pn) E lnt(gphBn), the interior of gphBn for 

n large enough which implies N((O,Pn),gphBn) = {O}. Therefore for large 

enough n, 

that is, for any v ER", Vw E S1n(v), we have 

(3.43) 

Therefore (v:, v) ~ (F(xn, Yn), w-pn), V(v, w) E gph81n• Especially, we take 

w = Pn - Nnv then the above inequality become 

(v:, v} ~ (F(xn, Yn), -Nnv) 

= (-NnF(xn,Yn),v) Vv ER". (3.44) 

It follows that 

(3.45) 

Now let v = 0 in (3.43) we know that 

(3.46) 
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Since S1n(O) = Nn(!1(xn) -yn), for any z E !12(xn) there exists aw E S1n(O) 

such that (w - Pn) = Nn(z - (Yn + (I/Nn)Pn)) and hence 

(-F(xn, Yn), (1/Nn)(w - Pn)) = (-F(xn, Yn), Z - (Yn + (1/Nn)Pn)) ~ 0 

Vz E !12(xn)- (3.47) 

Therefore, combining (3.45) and (3.47), (3.42) follows. 

Note that lim(u:/Nn) = lim(v~/ Nn) = -F(x, y). By (3.47) and the Lip­

schitz continuity of !12, it is easy to show that -F(x, y) E N(y, !12(x)). 

Moreover, by u~/Nn E N(yn, !12(xn)) and the assumption we have 

Using Proposition 2.34 we have 

Therefore condition (3.17) holds. 

We now turn back to prove condition (3.18). Similarly we can get 

VzF(xn,Yn)TPn E Ozf(XniYn) +N(xn,nt(Yn)) 

-D•S2n(O,pn)(F(xn,Yn)) +enB (3.48) 

where 

and ½n(x) := infpES2n(z) Un(p) = Vn(x, 0). Suppose u: E N(xn, n;1 (Yn)), v~ E 

D*S2n(O,Pn)(F(xn,Yn)) with 
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The idea is to show 

-w• E u Dp<I>2((x, ii), y*)(O,p)'. 
y•e~.c~.g) 

Note that we have for n large enough, 

(3.49) 

In fact, similar to the proof of (3.42), we have, for n large enough, 

Using Lemma 3.7, it follows that (-F(xn,Yn),v~) E N((O,Pn),gphSi,,1). 

Therefore for any ( v, w) E gphSi,,1 one has 

that is, (v~, w) ~ (F(xn, Yn), v - Pn) for any v E R:', and 

In particular, let v = Pn we have 

(3.50) 

and ( 3.49) holds. 

Therefore by 
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where 

condition (3.18) follows. The proof is complete. D 

Until now, by the Lemma 3.11 and Lemma 3.12 we have learnt that the 

theorem is true under the singleton assumption of Mn(·,·). For the general 

case, we consider 

By [2, Proposition3.2.24] and ( 3.21) we know Ln(x, y) is locally Lipschitz 

and 

for any ( w, s) E gphfl.2 - ( Xn, Yn). Therefore there exists 

such that {q;:i'*, (w, s)) = L~((xn, Yn)i (w, s)). Hence we have 

Now consider the function H: [gphfl.2 - (xn, Yn)] X 8Ln(xn, Yn) ➔ R defined 

by 

Using the Lopsided Minimax theorem [2, p.319], we can conclude that there 

exists Qn E 8Ln(Xn, Yn) such that 

inf H( w, s; qn) = inf max H( w, s; q) 2': 0 
(w,s) (w,s) qE8Ln(zn,Yn) 
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Therefore, for any (w,s) E gph0.2 - (xn,Yn), one has 

Our aim now is to estimate the generalized gradient of Ln(x, y). We have 

the following lemma. 

Lemma 3.13 

Proof. To show the estimate (3.54), we choose tk .j.. 0, zk(E R") ➔ 0 and 

wk( E Rm) ➔ 0 such that 

Since 

(-F(xn + Zk + tkW,Yn +Wk+ tks),p';::) 

-(-F(xn + Zk,Yn + wk),p';::} 

+(-F(xn + Zk, Yn + wk),p';:t} + Vn(Zk, O; wk, 0) 

~ -(F(xn + Zk + tkw, Yn +Wk+ tks) - F(xn + zk, Yn + wk),p';::) 

(3.55) 
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Sn(x, Yiu, v) = Nn[(!12(Xn + X + y) - Yn - U - v) n .B] 

Vn(x,yiu,v) = inf (F(xn+X,Yn+Y),p}. 
pESn(x,y;u,u) 

Therefore we have 

Ln(Xn + Zk + tkW, Yn +Wk+ tks) - Ln(Xn + Zk, Yn + Wk) 

< -(F(xn + Zk + tkw, Yn +Wk+ tks) - F(xn + Zk, Yn + wk),p;:':} 

(3.56) 

Now note that 

Jim [(F(xn + Zk + tkw, Yn +Wk+ tks) - F(xn + Zk, Yn + wk),p;:':}]/tk 
k➔oo 

= (VF(xn,Ynf(w,s),p;:':} 

where P'::t E Mn(Xn,Yn)- On the other hand, by the (2, Proposition3.2.24], 

we know Vn(x, Yiu, v) is Lipschitz and hence using the Mean-value theorem 

(Proposition 2.21) we conclude that there exist 0k E (0, 1) and 

such that 

By [9, Corollary 1,P87] we can assume that 

Jim Tnk = Tn E 8yvV(0, 0i 0, 0) = 8V,.(0, 0) 
k➔oo ' 



and hence 

Jim (Vn(zk, tkWi wk, tks) - Vn(zk, O; wk, 0)]/tk = (rn, (w, s)). 
k➔oo 

By -rn E 8(-Vn)(D,0) we obtain that 

(rn, (w,s)} :::; (-Vn)'((O,O); (w,s)) 

:::; -V~((0,0); (w,s)). 

Therefore from (3.56) we have that 

L~((xn, Yn)i (w, s)) ::; (-V F(xn, Ynf (w, s),p::} - V~((0, O); (w, s)). 

Hence 
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L~((xn, Yn)i (w, s)) ::; sup {(-VF(xn, Ynf (w, s),p)} - V~((O, O); (w, s)) 
pEMn(Zn,Yn) 

from which (3.54) follows. The proof is complete. D 

We are now ready to complete the proof of the theorem. In fact, by 

Lemma 3.13, for any qn E 8Ln(Xn,Yn) there exists a Pn E Mn(Xn,Yn) such 

that 

qn E (-V,,F(xn,Yn?Pn,-VyF(xn,Yn)TPn)-(8,,Vn(D,0),8yV,.(0,0)) 

Combining the above inclusion with (3.53), it deduces that (3.23) and (3.24) 

hold again. And hence by Lemma 3.12 the assertion follow. D 

So far we have known that for problem (OPVIC) with assumptions (Hl),(H2), 

there must exists a solution (x, y) which satisfies conditions (3.17)-(3.19). 

But what we really interest is whether conditions (3.17)-(3.19) are a neces­

sary optimality condition for any other solutions of problem (OPVIC). The 

positive answer is provided in the following theorem. 
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Theorem 3.14 Suppose that problem (OPVIC) satisfies the same conditions 

as that of theorem 3.10 and (x, y) is any solution of (OPVIC), then there 

exists ji E Rm such that conditions (3.17)-(3.19) hold at (x, y). 

Proof. Let f*(x, y) = f(x, y) + llx-xll- We consider the following problem: 

(P*) min f*(x, y) 

s.t. x E Rn, y E fl2(x) 

II - F(x, y) ll~•(z) = 0. 

Apparently, f*(x, y) satisfies the condition (Hl) and hence there is a solution 

of (P*), say, (x•, y•) which satisfies ( 3.17)-( 3.19) where f is replaced by f*. 

Now we need to show (x•, y•) = (x, y). In fact, noting that both problem 

(OPVIC) and (P*) have the same feasible solution, we have 

f(x, y) $ f(x*, y*) $ f*(x*, y*) $ f*(x,y) $ f(x,y). 

Therefore x• = x which implies y• = y. On the other hand, note that 

8,,f*(x, y) = 8,,f(x, y), 8uf*(x, y) = 8yf(x, y) and hence the assertion follows. 

□ 

By the same way we can prove the following general theorem where !11 

may not be Rn. 

Theorem 3.15 Suppose that (HJ), {H2) hold and (x, y) is a solution of 

{OPVIC). Then there exists ji E Rm such that 

V yF(x, y) T ji E 8yf(x, y) - Dp'l!1 ((x, y), -F(x, y))(O,ji) 

V ,,F(x, y) T ji E 8,,f(x, y) - u Dp<I>2((x, y), y*)(O,ji) 
y•E~2(ill,y) 



+ N(x,01) 

(F(x, y),ii) - 0. 
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Chapter 4 

Necessary Optimality 

Conditions Involving 

Co derivatives 

We focus in this chapter on necessary optimality conditions involving coderiva­

tives for the optimization problem with variational inequality constraints 

(OPVIC). The following is the outline of the chapter. 

§4.1. Preliminaries. This section is devoted to reviewing some concepts 

and results which are used in the main body of the chapter. 

§4.2. Optimality conditions. This is the main body of the chapter. Some 

necessary optimality conditions are derived. An example is given. 
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4.1 Preliminaries 

This section contains some background material which will be used in the 

next section. 

Definition 4.1 A set-valued map q, : Rn => R!" with a closed graph is said 

to be upper-Lipschitz continuous at x E Rn if there exist a neighborhood U of 

x and a constant L4, ;;,: 0 such that 

41(x) c 41(x) + L4,l[x - xll.B, Vx EU (4.1) 

The constant L4, is called the modulus of q, at x. 

Definition 4.2 A set-valued map q, : Rn => Rm with a closed graph is said 

to be pseudo-Lipschitz continuous around (x, ii) E gphq, if there exist a neigh­

borhood U of x, a neighborhood V of fj , and a constant L4, ;;,: 0 such that 

41(x') n V C 4>(x) + L4,l[x' - xll.B, Vx', x EU. (4.2) 

Remark 4.3 (1) In general, pseudo-Lipschitz continuity of 4' around (x, y) 

for all y E 41(x) does not imply upper-Lipschitz continuity of q, at x 

and vice versa. 

(2) If 4' : Rn =} Rm is Lipschitz continuous around x, then 4' is upper­

Lipschitz continuous at x, pseudo-Lipschitz continuous around (x, y) 

for ally E 41(x) . 
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Definition 4.4 A set-valued map <I> : Rn => Rm with a closed graph is said 

to be locally upper-Lipschitz continuous at (x, ii) E gph<I> if there exist a 

neighborhood U of x, a neighborhood V of ii , and a constant L11, 2:: 0 such 

that 

<I>(x) n V c <I>(x) + L11,Jlx - xll.B, Vx EU. (4.3) 

Directly from the definition we have the following lemma 

Lemma 4.5 (I) If <I> is upper-Lipschitz continuous at x then <I> is locally 

upper Lipschitz continuous at (x, y) for ally E <I>(x). 

(2) If <I> is pseudo-Lipschitz continuous around (x, ii) E gph<I>, then <I> is 

locally upper-Lipschitz continuous at (x, ii). 

The following results were given by Mordukhovich in [30, Proposition 3.5]. 

Proposition 4.6 Let <I> : RR => Rm be a set-valued map with a closed graph. 

Then <I> is pseudo-Lipschitz continuous around (x, y) if and only if 

D*<I>(x, ii)(O) = {O}. (4.4) 

Corollary 4. 7 Let <I> be a set-valued map with a closed graph and (x, y) E 

gph<I>. Then <1>-1 : Rm=> RR is pseudo-Lipschitz continuous around (ii,x) E 

gph<1>- 1 if and only if 

K er(D*<I>(x, ii)) = {O}, (4.5) 
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where Ker(Q) is the kemal of a set-valued map Q: Rn=> Rm defined by 

Ker(Q) = {x E Rn: 0 E Q(x)}. 

4.2 Optimality conditions 

The purpose of this section is to explore the necessary optimality condi­

tion involving coderivatives for the optimization problem with variational 

inequlity constraints (OPVIC). First, we consider the following optimization 

problem with a generalized equation constraint: 

(Po) min f(z) 

s.t. z E <I>(O), (4.6) 

where f : Rn+m ➔ R is Lipschitz continuous with modulus Li, <I> : Rq => 

Rn+m is a set-valued map with a closed graph. It is obvious that (Po) can 

be rewritten as the following problem: 

(P~) min f(z) 

s.t. z E <I>(v) 

v=O. 

(4.7) 

In the following Lemma, we show that the problem (P~) is actually equivalent 

to its penalized problem (P,) when the set-valued map in the generalized 

equation constriant of (Po) is locally upper Lipschitz continuous. 
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Lemma 4.8 Assume that z solves (Po) and q, is locally upper-Lipschitz con­

tinuous with modulus L;:, 2:: 0 around (0, z) E gph4>, then there exist a neigh­

borhood U of 0, a neighborhood V of z such that (0, z) solves the following 

penalized problem of ( P~): 

where r > L1L;:,. 

(P,) min f(z) + rllvll 
s.t. z E '1>(v) n V 

v EU 

Proof. Since z solves (Po), we have that 

f(z) = f(z) + rllOII ~ f(z) 't/z E 4>(0). 

By virtue of locally upper-Lipschitz continuity of 4> around (0, z), there exist 

U neighborhoods of 0 and V neighborhoods of z such that (4.3) is satisfied. 

Therefore, for any v EV and z E 4>(v) n V there exists z* E 4>(0) such that 

Thus we have for any z E 4>(v) n V, v EU 

f(z) ~ f(z*) - f(z) + (J(z*) - f(z)) ~ f(z) + L1llz* - zll 

~ f(z) + L~L,llvll < f(z) + rllvll-

The proof is complete. □ 

We now give a Kuhn-Tucker type optimality condition for problem (Po). 
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Lemma 4.9 Let z be a solution of (Po) and iI> be locally upper-Lipschitz 

continuous around (0, z). Then for any r > L1Lil! there exists 1/ E rBq such 

that 

(4.8) 

where Bq denotes the closed unit ball in R!1. 

Proof. By lemma 4.8 we know that (0, z) is a solution of (P,). Rewrite (P,) 

in the following form: 

(P,) min f(z) + rllvll 
s.t. (v, z) E gphiI> n (U x V). 

By Corollary 2.35 we have 

(0, 0) E (rBq) x 8/(z) + N((0, z), gphiI> n (U x V)) 

= (rBq) x 8/(z) +N((0,z),gphiI>), 

since U and V are neighborhood of O, and z respectively. That is, there exist 

(p1,q1) E (rBq) x 8f(z), UJ2,q2) E N((0,z),gphiI>) such that 

Pl + P2 = 0, q1 + q2 = 0. (4.9) 

By the definition of coderivatives, (p2, q2) E N((0, z), gphiI>) implies that P2 E 

D*iI>(0, z)(-q2 ). By Lemma 3.7, that is q2 E n•<I>-1(z, 0)(-p2). Therefore 

by (4.9) 



And hence there exists Pi E r Bq such that 

The proof is complete. D 

Now we consider the following problem (P). 

(P) min f(z) 

s.t. 0 E -h(z) + Q(z) 

zEfl, 

57 

(4.10) 

where z E Rn+m, fl is a closed subset of Rn+m, f: ~+m ➔ R, h: Rn+m ➔ 

Rq are Lipscliitz continuous and continuously differentiable respectively and 

Q : Rn+m =? Rq is a set-valued map with a closed graph. 

Theorem 4.10 Suppose z solves problem (P). Further we assume 

(I) f is locally Lipschitz continuous around z. 

(2) h is continuously differentiable around z. 

(3) D*Q(z, h(z))(O) n {-N(z, fl)}= {O}. 

(4) Vh(z)TpED*Q(z,h(z))(p)+N(z,n) impliesp=O. 

Then there exist r > 0, 1J E r Bq such that 

Vh(z)T1J E 8J(z) +D*Q(z,h(z))(11) +N(z,n). (4.11) 
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Proof. Denote G(z) = -h(z) +Q(z) and 'P(v) = a-1(v) nfl. Then problem 

(P) can be represented as 

min f(z) 

s.t. z E 'P(0). 

First we show that 

N((0, z),gphG-1
) n (-N((0, z), Rn x fl))= {0}. (4.12) 

Indeed, for any (0, q) E N((0, z), gphG-1) where q E -N(z, fl), by lemma 3.7, 

one has (q, 0) E N((z, 0), gphG) and hence from Corollary 2.25 we know 

q E v•c(z, o)(o) = -Vh(z)To + v•Q(z, h(z))(0) = v•Q(z, h(z))(o). 

The assertion follows from the assumption (3). 

We now prove that 'P(v) is pseudo-Lipschitz continuous around (0, z). 

By Proposition 4.6 it is sufficient to show D•<J)(0, z)(0) = {0}. Suppose 

that p E D•<J)(0, z)(0), which means by the definition of coderivatives that 

(p, 0) E N((0, z), gph'P). It is easy to see that gph'P = gphG- 1 n (Rn x fl). 

Since (4.12) holds, we can apply Corollary 2.27 and obtain 

(p, 0) E N((0, z), gphG-1
) + N((0, z), Rn x fl) 

= N((0, z), gphG-1
) + {0} X N(z, fl). 

That is, there exist 
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such that 

(4.14) 

By virtue oflemma 3.7, 

implies (q1,p1) E N((z,0),gphG). By the definition of coderivatives, the 

last inclusion implies that q1 E D•G(z, 0) (-pi), which implies by ( 4.14) and 

Corollary 2.25 that 

Since -q1 = q2 E N(z, fl) by (4.13) and (4.14) the above inclusion becomes 

Vh(z? (-p) E n·Q(z, h(z))(-p) + N(z, n) 

By assumption (4) we deduce from above inclusion that p=0. That is 

D•41(0, z)(0) = {0}. Hence 41 is pseudo-Lipschitz continuous around (0, z) 

by Proposition 4.6. 

By lemma 4.5, pseudo-Lipschitz continuity implies locally upper-Lipschitz 

continuity. Therefore, by lemma 4.9, there exists r > 0, 11 E rBq such that 

(4.15) 

We now try to express n•41-1 (z, 0) (1J) in terms of coderivatives of h and 

Q. For this purpose let p E n•41-1(z, 0)(11). By definition, (p, -11) E 

N((z, 0), gph41-1). By lemma 3.7, we have (-1J,p) E N((0, z), gph41). Hence 

from (4.12) and Corollary 2.27 we obtain 

(-11,p) E N((0, z), gph41) c N((0, z), gphG- 1
) + {O} x N(z, n). 



60 

Thus there exist (p1,q1) E N((0,z),gphG-1), q2 E N(z,fl) such that 

Pl = _,,,, Q1 + q2 = p. (4.16) 

Moreover, (p1, qi) E N((0, z), gphG-1
) implies that (q1,p1) E N((z, 0), gphG). 

By lemma 3. 7. That is q1 E D*G(z, O)(-p1). By virtue of Corollary 2.25 and 

(4.16) we have 

Hence p = q1 + q2 E -Vh(z)T 'T/+ D*Q(z, h(z))('T/) +N(z, fl) by (4.16). That 

is 

Therefore (4.15) becomes 

which is (4.11). The proof of the theorem is complete. □ 

Now we consider the optimization problems with variational inequality 

constraints (OPVIC): 

(OPVIC) min f(x,y) 

(F(x, y), z - y} ~ 0 \/z E fl2, (4.17) 

where fl1 , fl2 are closed convex subset of Rn, R:" respectively. 

Since fl2 is a convex set, by the definition of normal cone it is easy to 

see that problem (OPVIC) can be rewritten as the following optimization 
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problem with generalized equation constraints: 

min J(x,y) 

s.t. (x,y) E n1 X Rm. 

0 E -F(x,y) +N(y,!1:i). (4.18) 

We have following result. 

Corollary 4.11 Let (x, ii) be a solution of problem (OPVIC). Further sup­

pose that 

(1) f is Lipschitz continuous and regular at (x, ii)­

(2) F is continuously differentiable around (x, ii). 

(3) V .,F(x, ii)T p E N(x, fl1) and VyF(x, iif p E D*N((ii, F(x, ii)), fl2)(p) 

implies p = 0. 

Then there exist r > 0, TJ E r Bm such that 

V .,F(x, ii) T TJ E 8.,J(x, ii) + N(x, fl1) 

VyF(x, ii) T TJ E Oyf(x, ii)+ D* N((ii, F(x, ii)), fl2)(ri)- (4.19) 

Proof. Problem (4.18) is a special case of (P) where Q(x, y) = N(y, f!2), 

h(x, y) = F(x, y), q = m and n = n1 X Rm. Denote Ok := 0 E Rk for any 

k = 1, 2, · • •· It is easy to see that gphQ = R!' x gphN(•, f!2). Now we want 

to show the condition (1) - (4) in Theorem 4.10 are satisfied so that we can 

apply the theorem. 
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First, note that 

D*Q((x, ii), h(x, ii))(p) = {On} x D* N((ii, h(x, ii)), n2)(p). (4.20) 

In fact, for any w = (w1,w2) E D•Q((x,ii),h(x,tJ))(p), we have by the 

definition of coderivatives that 

(w1,w2,-p) E N(((x,y),h(x,y)),gphQ) 

- N(((x, ii), h(x, ii)), Rn X gphN(•, n2)) 

- {On} x N((ii, h(x, tJ)), gphN(•, n2)). 

Therefore, w1 = 0 and (w2 , -p) E N((ii, h(x, ii)), gphN(•, n2)) which implies 

that W2 En· N((iJ, h(x, ii)), n2)(p). 

We now check the condition (3) in Theorem 4.10. Note that 

D*Q((x, ii), h(x, y))(o) n {-N((x, ii), n)} 

- {{On} x D* N((tJ, h(x, ii)), n2)(0)} n {-N(x, ni) x {Om}} 

which implies the condition (3) in Theorem 4.10 is satisfied. 

As to condition (4) in Theorem 4.10, by virtue of (4.20), 

'ilh(x,ii?P E D*Q((x,ii),h(x,ii))(p) +N((x,ii),n) 

implies that 

'i;7 .,F(x, tJ) T p E N(x, n1) 

and 
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Thus by assumption (3) the constraint qualification (4) in Theorem 4.10 is 

satisfied. By Theorem 4.10, there exist r > 0,77 E rBq such that 

V F(x, ii) T 77 E 8f(x, ii) + D*Q((x, ii), h(x, ii))(77) + N((x, ii), !1) 

C 8.,f(x, ii) X 8yf(x, ii)+ {On} X D* N((ii, h(x, ii)), !12)(77) 

+N(x, !1i) x {Om}, 

where the last inclusion follows from the regularity of f (c.f. Proposition 

2.31) and equation (4.20). Therefore (4.19) hold. □ 

The proof of the following corollary is straightforward. 

Corollary 4.12 Assume that (x, ii) is a solution of problem (OPVIC) in 

which !11 = R". f, F satisfy the condition (1), (2) in Corollary 4.11. More­

over suppose that rank(V .,F(x, ii)) = m. Then there exist r > 0 1) E rBm 

such that 

V .,F(x, ii)T 77 E 8.,f(x, ii) 

'vyF(x,ii)T11 E 8yf(x,ii)+D*N((ii,F(x,ii)),!12)(11). (4.21) 

Now consider the bilevel programming problem. 

(BP) min f(x, y) 

y E arg min g(x, y) 
yE!l(z) 

(4.22) 

where !1(x) = {y E Rm : '1/J(x, y) ~ O}, g, f; R"+m ➔ R and '1/J are mappings 

from Rn+m to ~ . The Kuhn-Tucker conditions for the lower problem of 



(BP), 

Vyg(x, y) + uV y'I/J(x, y) = 0, '1/J(x, y) $; 0 

u ;::=,: 0, (u,'1/J(x,y)) = 0 
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where uVy'I/J = "E;uk Vy'I/Jk(x, y), can be written as the generalized equation 

Denote 

0 E -F(x, z) + N(z, fl) 

F(x,z) = [-[Vyg+uVy'I/JJT(x,y)]. 
'1/J(x,y) 

(J2 (J2 

8x1{Jy1 8zn8Y1 

v2 = xy 

(J2 (J2 

8x18ym 8xn.8Ym 

(4.23) 

(4.24) 

(4.25) 

And therefore, a necessary optimality conditions of (BP) can be derived from 

Corollary 4.11 and 4.12. We have the following results. 

Corollary 4.13 Suppose f is Lipschiz continuous, g, 'ljJ are twice continu­

ously differentiable. Further assume that g is pseudoconvex in y, 'ljJ is quasi­

convex in y. Let (x, jj) solve the problem (BP). Suppose that Vyg;(x, y) for 
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i E J = { i : g;(x, y) = O} are linearly independent and u is a corresponding 

multiplier. If 

implies that 1J = 0, then there exist r > 0, 1/ = (TJ1 , TJ2) E rBm+q such that 

0 E 8.,J(x, y) - V .,'1/J(x, y) T 1/2 + (V;yg + uV;y'I/J)(x, y) T 1/1 (4.26) 

0 E Oyf(x, y) - Vy'I/J(x, y) T 1/2 + (V~yU + uV!y'I/J)(x, y)T 1/1 (4.27) 

(-Vy'I/J(x,iJ)TJ1,-TJ2) E N((u,'1/J(x,y)),gphN(•,m_)) (4.28) 

where F(x, z) and A(x, z) are defined as in (4.24) and (4.25) respectively. 

Proof. The linear independence assumption of Vyg;(x, y) for i E J implies 

that there exists a multiplier u such that the Kuhn-Tucker condition is satis­

fied. Since the objective function of the lower level problem g is pseudocon­

vex in y and the constraint <f, is qua.siconvex in y, by [6, Theorem 4.2.11] the 

Kuhn-Tucker condition is a necessary and sufficient condition for optimality. 

Therefore we know that (x, y) is a solution of the following problem: 

min i(x,z) 

s.t. Oe-F(x,z)+N(z,n) 

where z = (y, u) E Rm+q, n = Rm x Ri and /(x, z) = J(x, y). 

It is straightforward to show 

V .,F(x, y) = A(x, y) 

and 
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Apparently, the assumptions of the orollary imply that the conditions (1) -

(3) in Corollary 4.11 (for the case of !1 = Rm) hold. And hence applying 

Corollary 4.11, we obtain 

v .,F(x, z) T 11 E a.,j(x, z) = a.,J(x, ii) (4.30) 

and 

V,F(x,z)T11 E a,J(x,z) +D*N((z,F(x,z)),!1)(11) (4.31) 

where 1/ E rBm+q for some r > 0. 

Denote 1/ = (111,712) E R!" x Rq. (4.30) become 

Thus ( 4.26) hold. 

As to (4.27) and ( 4.28), note that we have 

a,J(x, z) = (8uf(x, ii), o). 

One the other hand, for any (v,w) E D*N((z,F(x,z)),!1)(11), by the defini­

tion of coderivatives we have 

(v, w, -TJ) = (v, w, -TJ1, -1J2) E N((z, F(x, z)), gphN(•, !1)) 

Due to 

gphN(•, !1) - {((y, u), (w1, w2)) : y E Rm, W1 = 0, W2 E N(u, mn 
- Rm X {(u,0,w2): W2 E N(u,m)} 
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we have 

v = o, (w,-712) E N((u,'1/J(x,ii)),gphN(•,R!+)). (4.32) 

Therefore combining (4.29),(4.31) and (4.32), we obtain 

-(V!yg + V~'I/J)(x, ii)111 + v'y'I/J(x, ii)112 E Oyf(x, ii) 

(-V y'I/J(x, ii)'IJ1, -112) E N((u, '1/J(x, ii)), gphN(•, R!+)). 

The proof is complete. D 

Example 4.14 Consider the following classical bilevel problem: 

min x 2 
- 2y 

s.t. x ER 

y E argmin{y2 
- 2xy: y - l::; 0, -y :::o O} 

Suppose that (x, ii) solves the problem. Using the same notation as that of 

Corollary 4.13, .we have 

F(x,z) -

-2ii+2x-u1+u2 

ii- l 

-ii 

o E F(x, z) + N(z, !1) 

where Z E (z, fi.1, ¾), !1 = R X R!, 

Therefore 

2 -2 1 -1 

A(x,z)T =V,,F(x,zjT = o , V,F(x,z)T = -1 o o 
0 1 0 0 



Pl 

Denotep = P2 

Pa Pl 

Note that 

Thus 

{(0,0)}, 

(-oo, 0]2, u1 = 0, u2 = 0 

(-oo,O]x{O}, u1 =0,~>0 

{O} X (-oo,0], U1 > O,u2 = 0 

gphN(•, 0.) = R x {[(0, oo) x (0, oo) x {0} x {0} X {0}] 

U[{O} X {0} X {0} X (-oo, 0] X (-oo, Ol] 

U[{O} X (O,oo) X {O} X (-oo,O] X {O}] 

U[(O, oo) x {0} X {0} x {0} x (-oo, 0]]}. 

gphN(•, R!) - [(O, oo) x (0, oo) x {0} x {0}] 

U[{O} X {0} X (-oo, 0] x (-oo, 0]] 

U[{O} X (0, oo) X (-oo, 0] X {0}] 

U[(O, oo) x {0} x {O} x (-oo, 0]]. 
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Suppose A(x,z)Tp = O and V,F(x,z)Tp E D*N((z,F(x,z)),O.)(p). We 

obtain from the equality that p1 = 0, while the inclusion implies that 

(V.F(x, z)T P, -p) E N((z, F(x, z)), gphN(•, n)), 
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that is, 

It is easy to see that P2 = Pa = 0. 

Therefore the condition of Corollary 4.13 are satisfied. Thus, by necessary 

condition (4.26)-(4.28), there exist r > 0, 77 = (771, 77t 77?) E rB3 such that 

(4) (u1, u2) satisfies OE F(x, z) + N(z, !1), that is, 

2y - 2x + u1 - U2 = 0 

U1 2:: 0, U2 2:: o, u1(fJ- l) = 0, u2(-y) = 0. 

We now discuss possible cases: 

Case (1) Suppose y E (0, 1), then u1 = u2 = 0 by (4). Thus y = x. On the 

other hand, by ( 3) we have 77J = 'IT2 = 0 and hence x = 1 by ( 2). 

Contmdiction. 

Case (2) Suppose y = 0. Then u1 = 0 by (4). By (3) we know 77J = 0. Therefore, 

if u2 > 0, using (3) one has 771 = 0 and hence x = 0 which contradicts 

(4). If u2 = 0, by (4) we have x = y = 0 which by (l) and (2) implies 

771 = 0, 77? = 2. This contradicts that -77~ E [0, +oo) by (3). 
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Case (3) ii = 1. Then by ( 4) and (3) we have u2 = 0 and 11? = 0. Suppose 

u1 > 0, then 111 = 0,that is, x = 0. By (4), it is easy to see that it is 

impossible. Therefore, u1 = 0 and by (4) one has x =ii= 1. By (1) 

and (2) we have 111 = 1, 11½ = 0. 

Therefore we conclude that x = y = 1, 11 = (1, 0, 0). 
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