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Abstract

Optimization problems with variational inequality constraints are a class
of mathematical programming problems which have variational inequalities
as constraints. Due to the implicit hierarchical structure of the constraint
region induced by variational inequalities, these problems are usually very
difficult to solve. Nevertheless, they have very important applications in the
areas such as economics, operations research and engineering. This thesis
is devoted to necessary optimality conditions for such problems. Using the
penalty methods and nonsmooth analysis technique, two types of necessary
optimality conditions are derived.

Examiners:

Dr. Jane J. Ye, Sup"!rvisor (Department of Math. & Stat.)

ris Bose, Departmental Member (Department of Math. & Stat.)

Dr. ‘William Reed, Departmental Member (Department of Math. & Stat.)

Dr. Deming Zhuang, External Examider (Mount St-Vincent University)

ii



Contents

Abstract ii
Table of Contents iii
Acknowledgement v
1 Introduction 1
2 Nonsmooth Analysis 8
2.1 Notation and terminology . .. .............. 9
2.2 Generalized Gradients . . . ... ............. 11
2.3 Derivatives of Set-valued maps . . ............ 16

3 Necessary Optimality Conditions Involving Paratingent Deriva-

tives 23
3.1 Problem Formulation . ................... 24
3.2 Preliminaries ... . ... .. .. . i i i it i 28



33 Main Theorems . . . .« v v v v v v v v e v s e e e s v s

4 Necessary Optimality Conditions Involving Coderivatives
4.1 Preliminaries ... .. ........ ... ...,

42 Optimalityconditions . . . ... ..............

iv

b1



Acknowledgement

I would like to express my most sincere appreciation to Dr. Jane J. Ye, my
supervisor, for her guidance, encouragement and her great interest in my
research work. This thesis would not have been completed without her help
and incredible patience.

I would like to thank Dr. Chris Bose, Dr. William Reed and Dr. Deming
Zhuang for their time to examine my thesis and provide me with suggestions
and comments.

Thanks are due to the Department of Mathematics and Statistics, Uni-
versity of Victoria, for giving me the opportunity to work on this Master’s
thesis.

Finally I owe a special debt of thanks to my parents and my wife for their
love, support and encouragement. I would like to extend heartful thanks to

my friends and their family members for their emotional support and prayers.



Chapter 1

Introduction

An optimization problem with variational inequality contraints (OPVIC) is
an optimization problem over variables z € R™ and y € R™, in which some or
all of its constraints are defined by a parametric variational inequality with y
as its primary variable and z the parameter. More specifically, this problem

is defined as follows:
(OPVIC) min{f(z,y): z € ,y€ S(x)} (1.1)

where f : R**™ — R is a point-to-point map, €, is 2 nonempty closed subset
of B", and for each z € {;, S(z) is the solution set of a variational inequality

with parameter z, i.e.
S(x)={y€lz): (F(z,¥),z2—y)>0 Vzex)} (1.2)

where €, : R = R™ is a set-valued map and F : R**™ — R™ is a point-to-

point map.



One can interpret the above problem by a hierarchical decision process
where there are two decision makers and the upper level decision maker
always has the first choice as follows: Given a decision vector = by the upper
level decision maker (hereafter the leader) S(x) can be considered to be the
lower level decision maker’s (the follower) decision set, i.e., the set of decision
vectors that the follower agrees to use. Suppose that the game is co-operative,
i.e., if the follower’s decision set S(z) is not a singleton, the follower will allow
the leader to choose which of them is actually used. Having the complete
knowledge of the possible reactions by the follower, the leader then selects
a decision vector z € €; and y € 2(x) to minimize his objective function
f(z,p).

If F(z,y) is the gradient of a real-valued differentiable function, i.e.,
F(z,y)
= V,g(z,y), where g : R® — R is differentiable in y and Qy(z) is convex

then the variational inequality with parameter z,
(F(z,y),2—y) 20 Vz € Qa() (1.3)

is actually a restatement of the first-order necessary optimality conditions

for the following optimization problem with parameter z,

(Pr) min{g(z,y):y € Qa(x)} (14)

(seee.g. [19]). Furthermore, if g{(x, y) is pseudo-convex in y (i.e., (Vy9(z, ¥), 2—
¥} > 0 implies g(z,z) > g(z,y) Yy, 2z € Qa(z)), then a vector y € Q(x) is
a solution to (1.3) if and only if it is a global optimal solution of (1.4). In
this case, (OPVIC) is the following classical bilevel programming problem,



or so called Stackelberg game first introduced in an economic model by Von

Stackelberg [37]:
(BP) min{f(z,y) : = € O,y € E(z)} (1.5)

where X(z) is the set of solutions of the problem (P;). There is a rather large
literature on this important (but difficult) class of mathematical programs;
the recent volume [1] contains a number of interesting articles describing the
diverse applications of bilevel optimization in engineering and economics.
Some selected references on the bilevel programming problem are [1, 4, 13,
24, 32, 37, 40, 43, 44)].

The optimization problem with varitional inequality constraints (OPVIC)
is a generalization of the bilevel program (BP) in which the follower’s decision
problem is modeled by a variational inequality constraint. The last decade
has witnessed a growing interest in the theory of (OPVIC). See [1, 5, 15,
16, 17, 21, 18, 25, 26, 27, 31, 35, 36, 38, 41, 42]. Such problems have wide
applications in areas such as game theory, economics, design of transportation
networks and control of partial differential equations (c.f. [5]) as well as many
others.

A natural approach to obtain a necessary optimality condition for (OPVIC)
is to reduce (OPVIC) to an ordinary (single level} mathematical program-
ming problem and use the existing necessary optimality condition for the
single level problem. There are several equivalent single level formulations
for (OPVIC). To illustrate we assume that

Oo(z) == {y € B™ : 9(z,y) < 0}



where 3 : R"*™ — R%. The Karush-Kuhn-Tucker (KKT) approach is to
interpret the varitional inequality constraint y € S(z) as y being a solution

of the following optimization problem:
min{F(z,y),z)  s.t. z € (z),

and replace it by the KKT necessary optimality conditions for the above opti-
mization problem with is also sufficient if Q(z) is convex for each . Using this
approach, under the assumption that Q(z) is convex, F(z, y) is differentiable
and the usual constraint qualifications such as the Mangasarian-Fromovitz
condition hold for the above optimization problem, (Z,7) is a solution of
(OPVIQ) if and only if there exists # € R? such that (z, %, &).is a solution of
the following problem:

(KS) min f(z,y)
st.  F(z,y) + Vylz,y)Tu=0
(u,%(z,9)) =0 (1.6)
u>0,9(r,y) <0

ze X,ye R™.

Using the single level formulation (KS), one can easily derive Fritz-John
type nessary optimality conditions for (OPVIC). The Fritz-John type con-
dition however is useless when it is degenerate, i.e., the multiplier corre-
sponding to the objective function is zero. Therefore it is very important
to find constraint qualifications which ensure the existence of nondegener-

ate multipliers, i.e., the multiplier corresponding to the objective function is



nonzero. This type of optimality condition is known as Kuhn-Tucker type
optimality condition. However it was shown in [41, Proposition 1.1] that the
Mangasarian-Fromovitz condition will never hold for problem (KS) as long
as the constaint ¥(z,y) < 0 is binding at (Z, 7). Other approaches for single
level formulation of (OPVIC) include the value function approach and the
gap function approach and many others (see [40, 41]}. The common char-
acterization for these equivalent single level formulations is that the usual
constraint qualification will never be satisfied and the clamness condition is
the right constraint qualification (see [40, 41]). For problem (KS) the trou-
ble comes from the constraint (1.6) which reflects the bilevel struction of
(OPVIQ). In [40, 41, 25] some conditions are given under which (1.6) is the
exact penalty function of problem (KS). Since the exact penality formulation
moves the troublesome equality constraint (1.6) to the objective function, a
Kuhn-Tucker type necessary condition for (KS) (equivalent for (OPVIC))
can then be derived easily.

The purpose of this thesis is to find Kuhn-Tucker type optimality condi-
tions which require less or no constraint qualifications.

In [35, 36], for the case where Q(z) is independent of z and convex, a
Kuhn-Tucker type necessary optimality condition involving a kind of set-
valued map deivatives called paratingent derivative is derived for (OPVIC).
This type of condition is almost constraint qualification free. In this thesis,
we extend this result to the case where Q(z) depends on z which has more
applications.

We now illustrate the approach which was suggested by Shi in [35, 36).



Rewrite (OPVIC) as the following single level problem:

(P) min  f(z,9)
st. zE€Q,yE Y
| - F(=z,p)[® =0,

where

ly* 2@ = sup  (¥*,p).
pE(Qa(z)-y)NB

Using the inexact penalty approach, problem (P) can be approximated by
the following penalized problem:

(Pa) min  {f(z,y) + Naofl - F(z,9)]|52*}
s.t. z € R*,y € (=),

where N, > 0 is a “penalty factor” and NN, — -+oo. By applying the Eke-
land’s Variational Principle on the problem (F,), we will be able to find an
almost minimizer sequence {(zn,¥n)} to problem (OPVIC). Then, by using
the lopsided minimax theorem, we will obtain a “Lagrange mlutiplier” se
quence {p,} for (P,). Finally, we will extract a subsequence of {(z., ¥n, Pn) }
which will converge to {(Z,¥,7)}, satisfying the Kuch-Tucker necessary op-
timality condition involving paratingent derivatives.

In [44], for the classical bilevel programming problems (BP), Zhang de-
rived a Kuhn-Tucker type necessary optimality conditions involving coderiva-
tives, In this thesis, for more general problem (OPVIC) , we derive an opti-
mality condition which is similar but easier to compute than the one derived

in [44] with an easier to verify constraint qualification. The main idea is



to rewrite (OPVIC) as an optimization problem with generalized equation

constaints in the following form:

min  f(z,y)
st.  (z,y) €2 x R™.

0€ '_F(m"y)'*'N('ysQ?)

and apply the recent results about the coderivative characterization of a
pesudo-Lipschitz continuity of a set-valued map and the calculus of coderiva-
tives of set-valued maps developed in Mordukhovich [29,.28, 30] to obtain
the results.

Finally we organize the thesis as follows: Chapter 2 contains the nons-
mooth analysis needed in the rest of the thesis. Generalized gradients, multi-
function derivatives and related results are reviewed. In chapter 3, (OPVIC)
is analyzed using the nonsmooth analysis technique and the inexact penalty
method. Existence of the solution to problem (OPVIC) is proved. A Kuhn-
Tucker type necessary optimality condition involving paratingent derivatives
for (OPVIC) is developed. In Chapter 4 by studying the necessary opti-
mality condition for an optimization problem with generalized equation con-
straints we establish Kuhn-Tucker type necessary optimality conditions in-
volving coderivatives to problem (OPVIC). An example is given to illustrate

the usefulness of the optimality condition derived.



Chapter 2

Nonsmooth Analysis

As discussed in Chapter 1, nonsmooth phenomena, or lack of ordinary differ-
entiability, in mathematics and optimization occur naturally and frequently.
The purpose of this chapter is to gather a basic nonsmooth analysis tool kit
which will be used frequently throughout this thesis.

The following is an outline of this chapter.

§2.1 Preliminaries. In this section, some basic terminology is presented.

§2.2. Generalized Gradients. This section is elementary. It presents some
basic concepts and results of Nonsmooth Analysis.

§2.3. Derivatives of set-valued maps. In this section we introduce two
types of derivatives of set-valued maps and some basic results which play an

important role in nonsmooth optimization problems.



2.1 Notation and terminology

In this thesis, the following notations a',nd terminologies will be used.

Let © be a subset of R®. We denote by cl2 the closure of © and cof2
the convex hull of 2. Let R? be the nonnegative orthant of R", (-,-) be the
inner product and ||z|| be the norm of z in a space. B is the closure of B,
the unit ball in a space.

For any two subsets C, K of R™, wedenote by C—K :={c—k:ce€C,k €
K}. K is said to be a cone if and only if tz € K Vz € K, t > 0. Cone(R) is
the conic hull of 2, the smallest cone which contain 2. We denote [z,y] by
theset {u: u=Xx+(1-Ny, VArAe(0,1)}

The symbol z(€ Q) — Z means that x — Z with z € Q. The adjoint
(transpose) matrix to M is denoted by M.

Definition 2.1 A set-valued map ® from R to R™, denoted by ® : R* =
R™, is o map that associates with any z € R™ a subet of R*, called the image

or the value of © at z.

We say that a set-valued map is proper if there exists at least one element
z € R" such that ®(z) # @, that is, if & is not the constant map @. In this
case, we say that the subset Dom(®) = {z : ®(z) # @} is the domain of ®.
The imagine of ®, the subset of R™, defined by Im(®) = Uep- ¥(z).
The graph of a set-valued map @ is the subset of R**™ defined by
gph® = {(z,y) : v € ®(z),z € R"}.
The inverse &1 of ® is the set valued map from R™ to R™ defined by

z € & 1(y) if and only if y € B(z).
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We say a set-valued map is convex if its graph is convex.
If the imagines of a set-valued map ® are closed, convex, bounded, and
so on, we say that ® is a closed-valued map, convex-valued map, bounded-

valued map and so on.

Definition 2.2 An extended-valued function ¢ : R* = RU {400} is called

lower semicontinuous (l.s.c.) if for each point T4 € R", we have

lim inf ¢(x) > ¢(zo).

T—rZ

A function ¢ : R® - R U {—o0} is said to be upper semicontinuous (u.s.c.)
if —¢ is l.s.c.

Definition 2.3 A set-valued map ® : R™ = R™ is said to be upper semicon-
tinuous at xo € R" if for any neighborhood O(®(xy)) of ®(zy), there exists a
neighborhood O(zo) of Ty such that

®(z) C O(B(xo)) for any x € O(xy).
D is said to u.s.c. if D is u.s.c. at every point x € R™.

Definition 2.4 A set-valued map @ : R* = R™ is said to be lower semicon-
tinuous at zo € R® if for any yo € ®(x0) and any neighborhood O(yo) of yo ,
there ezist a neighborhood O(xp) of zy such that

®(z) NO(yo) # @ for any = € O(z).

® is said to be Ls.c. if it is l.s.c. at every =g € R®.
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Definition 2.5 A set-valued map @ : R® = R™ is said to be continuous at
xo € R® if it is both w.s.c. and Ls.c. at zo. It is said to be continuous if it is

conlinuous at every point o € R".

An important class of continuous set-valued maps is provided by Lipschitz

maps.

Definition 2.6 A set-valued map ® : R® = R™ is said to be locally Lipschitz
continuous around zg € R" if there exist a neighborhood O(z¢) and a constant

Lg > 0 such that
o(z) C 2(y) + Lellz— ¢yl B Vz,y € O(xo).

® is said to be Lipschitz continuous if there ezists a constant Ly > 0 such
that
®(z) C ®(y) + Loz —yl|B Vz,y € R"

Definition 2.7 For a set-valued map ® : R* = R™, The set
lim sup ®(z) := {y : Iz = o, Y = Y with y € D(zx)}. (2.1)
Z—To

is called the Kuratowski-Painleve upper limit of ® as x — xy.

2.2 Generalized Gradients

This section is devoted to reviewing some concepts and results in nonsmooth
analysis which will be frequently used in the thesis. Following a geometric
approach to the generalized differentiation, we begin with the definition of a

normal cone to an arbitrary set in finite dimensions.
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Let © be a nonempty subset of R" and let
Pz, Q) ={wedQ : | z—w|=dist(z,Q)}

be the set of best approximations to z in cl? with respect to the Enclidean

distance function dist(z, §2).
Definition 2.8 Given I € clQ, the following closed cone

N(z,Q) = 11111 jgp[cone(a: — P(z,Q)] (2.2)
i3 called the normal cone to the set S at the point Z. By convention, N(Z,2) =
O ifz ¢ Q.

Directly from the definition, one can conclude that the set-valued map
N(-,Q) always has a closed graph. Furthermore, the condition N(z, ) # {0}
is necessary and sufficient for Z being a boundary point € ¢lf2. Observe also
that

N((fl,fg),ﬂl X Qg) = N(.’i‘l,ﬂl) X N(ﬁg,ﬂg) (2.3)

for any sets Q; and Qy with (Z;,Z,) € el X cl€,.
In general, the normal cone (2.2) may be nonconvex in the very simple

situations, e.g., for the set 2 = gph|z| at 0 € R? one has
N©O,Q) ={(zy): y<—l=}u{lz,y): y=|z[}
which is nonconvex.

Definition 2.9 Given Z € clf2, the convez closure of N(%,Q) is called the
Clarke normal cone to cl) at T denoted by N¢(Z, Q) = clcoN(Z, ).
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Remark 2.10 IfQ is a convez set, then both the normal cone and the Clarke
normal cone coincide with the normal cone in the sense of the convez anal-

ysis, i.e., N(Z,Q)={z* € R*: (z—Z,z*)>0 Vz e}

For each z € clQ2 and € > 0 let us consider the set of the Frechet e-normals
to  at x defined by

. 0
N (x,Q) = {z* € R": limsup -(E’,m—@ <e} (2.4)
ez |12 — =l
If € = 0, then the set as defined in (2.4) is a closed convex cone which is
denoted by N(z,2). the following two representations of the normal cone

were first obtained by Krugor and Mordukhovich [23]

Proposition 2.11 For any set 2 C R"® and point z € cl§) one has

N(z,§)) =lim sup N(z,9) = imsup N(z, Q)
T

z2—+F,el0

We are now ready to define the generalized gradient of extended-valued func-
tions (i.e., those taking values in RU {+oo} )

Definition 2.12 Let f : R* — RU {+oco} be finite at point . The Clarke
generalized gradient of f at x, denoted 8o f(z), is the subset of R" given by

Ocf(z) = {£: (§,-1) € Ne((z, f(2)), epi(f))}-

where epi(f) = {(z,7): f(z) <r}.

As the definition implies, 8¢ f(x) may be empty but not, from the following

proposition, if f is locally Lipschitz continuous.
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Proposition 2.13 [9, Clarke] Let f be Lipschitz continuous with modulus

L; near z. Then

(a) 8cf(z) = {¢£ € R": (¢,v) < fU(z;v)Vv € R"} where

fO(x. 'U) = limsup f(y + tru) — f(y)
! y—z,tid t ’

is the Clarke generalized directional derivative of f at = in direction v.

(b) 8cf(zx) is a nonempty, convez, compact subset of R® and ||§|| < K for
every & in O¢ f(z).

(¢) fO(z;) is the support function of Oc f(z). ,i.e., f(z;v) = max{({,v)|€ €
dcf(z)}

(d) The set-valued map A f(x) is closed.

The result below is the characterization of the Clarke generalized gradient.
It facilitates greatly the calculation of 8¢ f(x). We recall Rademacher’s The-
orem which states that a function which is Lipschitz on an open subset of
R" is differentiable almost everywhere ( in the sense of Lebesgue measure)
on that subset. The set of points at which a given function f fails to be
differentiable is denoted £;.

Proposition 2.14 [9, Theorem 2.5.1] Let f be Lipschitz near z, and suppose

S i3 any set of Lebesgue measure 0 in R*. Then

dcf(z) =co{limVf(z;} : z; o z,7: € SUQ;} (2.5)
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Example 2.15 Let f : R — R be given by f(z) = |z|. By using the Propo-
sition 2.14 it is easy to see that 8¢ f(0) = co{-1,1} = [-1,1].

Apparently, if f is continuously differentiable around x then 8¢ f(z) = V f(z).
We now proceed to gather an assortment of formulas that faciliate greatly
the calculation of 8¢ f(z) when, as is often the case, f is built up from simple
function through linear combination, and so on. We still assume that a given

function f is Lipschitz continuous near a given point z.

Proposition 2.16 (Scalar Multiples) [9, Proposition 2.3.1] For any scalar

k, one has

c(kf)(x) = kdcf(z)

Proposition 2.17 (Finite Sums) [9, Proposition 2.3.3]

ey filz) € 3 Bcfilx).

Definition 2.18 Let f : R* — RU{+oo} be Lipschitz continuous and finite
at . [ is said to be strictly differentiable at x if there exists a conlinuous
mapping D,f : R* = R" such that

£ +10) = £(0)

& oz ATy

= (D,f(z),v).

Corollary 2.19 [9, Corollaryl, Proposition 2.3.3] Equality holds in Propo-
sition 2.17 if all but at most one of the functions f; are strictly differentiable

at .
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Corollary 2.20 [9, Corollary2, Proposition 2.3.3] For any scalars s;, one

has

dc Y sifi(x) C Y si0cfilx)

and equality holds if all but at most one of the f; are sirictly differentiable at

T.

As the end of this section, we present below a mean-value theorem which

plays an important role in nonsmooth analysis theory and application.

Proposition 2.21 (Mean-valued theorem) [9, Theorem 2.3.7) Let = and
y be points in R", and suppose that f is Lipschitz on an open sel containing

the line segment [z,y]. Then there exists a point u in (z,y) such that f(y) —
f(z) € {Ocf(u),y — =).

2.3 Derivatives of Set-valued maps

In this section we introduce the concepts of set-valued map derivative which
appear naturally and frequently in the area of optimization; see the books
of Aubin [3, 2] and the paper of Mordukhovich [23] for many examples and

motivations.

Definition 2.22 Let ® : R* = R™ be an arbitrary set-valued map and
(Z,7) € cl(gph®). The set-valued map D*®(Z,F) from R™ into R* defined
by

D*®(z,9)(y") = {z" € R": (=", -y") € N((2,9), 9ph2)} (2.6)
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is called the coderivative of ® at the point (T, ), where by convention
D*®(z,5)(y") = @ if (,7) ¢ clgph.
The symbol D*®(Z) is used when P is single-valued at & and § = ®(Z).

According to this definition, the set-valued map (2.6) is positive homogeneous
with respect to y* (i.e., D*®(z, y)(ty*) = tD*®(z,y)(y*) for t > 0) and the
set D*®(zZ,5)(0) is a closed cone. Note that the normal cone (2.2) can be

expressed as the coderivative (2.6) of the indicator map of the set €

0O(e ™) ifz e}
A,0)={ UNEFY = 2.7)
@ otherwise.
Indeed,
D*AEFD(Y)=N(EQ VEeQy* € R and m > 1. (2.8)

which follows immediately from the definitions and (2.3).

We now consider an extended real-valued function ¢ : R* = RU {+o0}
and its generalized differentiability concepts associated with the coderivative
(2.6).

Given ¢, we define the epigraphical set-valued map

Ey@) = {neR: > pla)}.
It is obvious that gphE, = epip .

Definition 2.23 Let Z € domp = {z € R™: p(z) # +oo}. The sets

0p(Z) := D*Ey(7,9(2))(1) = {z" € R*|(s*, -1) € N(Z,epip)}  (29)
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and

0%p(Z) == D"E,(Z,p(7))(0) = {z* € R"|(z",0) € N(z,epip)} (2.10)
are called, respectively, the subdifferential and the singular subdifferential of
@ at . If T ¢ domyp, we put dp(T) = 8%p(Z) = O.
The subdifferential (2.9) generalizes the classical concept of subdifferential
for nonconvex functions ¢ and is reduced to the singleton {Vy(Z)} when
¢ is strictly defferentiable at Z. When ¢ is Lipschitz continuous around Z,
the set %p(z) = {0} and Bcp(Z) = clcodp(Z). In general, the set (2.9) is
nonconvex and

Ocp(E) = cleo[dp(T) + 8°p(T)). (2.11)
The following is a finite sum rule for the coderivatives.

Proposition 2.24 (Mordukhovich) Let ®; and ®, be set-valued maps from
R™ to R™ with closed graph hand let § € (®, + ®2)(Z). Assume that the set-
valued map S : R*™ = R™ defined by

S(@,y) = {(y1,%2) € B°™ : 41 € O1(z), 92 € Da(z), ;1 +92 =9}  (2.12)
is locally bounded around (Z,§) and the qualification condition
D*®1(Z,11)(0) N (—D*®2(%, 1) (0)) = {0} V(v1,32) € S(z,%) (2.13)
is fulfilled. Then for any y* € R™ one has
D* (@, + ®2)(z,9)(¥") C

c U De@En)+ DAz, 1)) (2.14)
(y1.42)€S8(2,5)
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The next result follows immediately

Corollary 2.25 [23, Corollary 4.4] Let &, : R* = R™ be strictly differen-
tiable at T and ®, : R® = R™ be an arbitrary closed set-valued map. Then
Jor any § € ®,(Z) + 02(Z) and y* € R™ one has

D*(®1 + 22)(2,5)(y") = V(21(2)) 9" + D*®2(2,5 — 21(2))(¥") (2.15)

Now let us consider some applications of the results obtained above to the
first-order subdifferentials of extended-real-valued functions. We always as-
sume that all functions are finite at the points under consideration. We have
the following sum formula for subdifferential, which is similar to Proposi-

tion 2.17.

Corollary 2.26 (23, Corollary 4.6] Let the functions ¢ : R* = R,i = 1,2,

be l.s.c. around Z. Suppose that the qualification condition

871 (Z) N (—0%¢2(Z)) = {0} (2.16)
is fulfilled. Then one has the inclusions

A1 + 2)(Z) C 0p1(Z) + Opa(T) (2.17)

8% (o1 + 2)(Z) C 871 (Z) + 8% 41(Z), (2.18)
where egualities hold when either p, or @, is sirictly differentiable at Z.

The results in Corollary 2.26 imply the following important representation
of the normal cone (2.2) to the intersection of sets which was first obtained

by Mordukhovich [23]
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Corollary 2.27 [23, Corollary 4.7] Let ; and Q3 be closed sets in R* and
let T € Q;NQ. If N(Z, )N (—N(z,Q5)) = {0}, then one has the inclusion

N(ﬁf, &N 92) C N(ﬂ_i, Ql) + N(E, Qg)

In particular, if both 2, and £ are closed convex sets, we have the following

result.

Proposition 2.28 [3, P.141] If 0 € Int(§y — o), then for any x € £, N,
one has

N($, 91 M 92) = N(.'E, Ql) + N(ﬁ:, 92).

Definition 2.29 2, o subset of R™ is said to be regular at Z if N(%,Q) =
N(z,9Q). f: R* = R is said to be regular ot & if its epi-graph, epi(f) =
{(z,7): f(z) <} is regular ot Z.
Remark 2.30 IfQ is regular at Z, then N(%, ) is convez and hence N(%,Q) =
N¢(z,9).
Apparently, if f(z) is regular at z, then 80 f(z) = 87F(%).

Let f(x,y) be Lipschitz continuous near (Z, ). The following proposition

is a relationship between generalized gradients and their partial generalized

gradients.

Proposition 2.31 [9, Proposition 2.3.15] Let f(z,y) be Lipschitz continuous
neer (Z,%). If f(x,y) is regular at (Z,7) then we have

0f(2,9) C 0. (2,9) x 8,f(Z, 7).
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We now introduce another kind of derivative of set-valued map called paratin-

gent derivative, which will be used in Chapter 3.

Definition 2.32 Let Q be a closed subset of R*, T € §1.

Po(z) = limsup (R —z)/h
h|0,z(et)

is called the paratingent cone to Q at & € Q.

Definition 2.33 Let F : R® = R™ be a closed set-valued map. The parctin-
gent derivative of F' at (Z,7) € gph(F) denoted by DpF(Z,§), is a set-valued
map from R™ to R™, defined by

gphD,F (%, 5) = Popnr(Z, 7)-

By definition, it is easy to see that the following result is true.
Proposition 2.34 Let F is defined as above, (Z,7) € gphF'. Then
v € D, F(z,7)(g) &
Fhn | 0, tn = G, (T, Yu)(€ gPRF) = (%, 7)
and 3y, € F(x, + hauy,) such that im(y} — yn)/hn = v.

Corollary 2.35 Let Q be closed subset in R® and ¢ : R & RU {400} be

Lipschitz continuous. Suppose that & minimizes 1¥(z) on Q. Then we have

0 € Op(z) + N(z,9Q). (2.19)
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Note that from Definition 2.9 and equality (2.11) we also have in this case
that 0 € dc(Z) + Nc(Z, Q). In particular, 0 € () C Acp(Z) if p has a
local minimum at Z.

As the end of this chapter, we introduce the Ekeland’s Variational Prin-
ciple which is a powerful tool in nonsmooth analysis and its application.
Readers who are interested in the details are refered to [14] where lots of

examples are provided.

Proposition 2.36 (Ekeland’s variational principle) Let X be a com-
plete metric space, and f : X = RU{+o0} a proper Ls.c. function, bounded
from below. For every point o € X satisfying inf f < f(zo) < inf f + € and
every A > 0 there ezists some point z* € X such that

(e) f(z*) < f(zo) <inff+e
(b) d(z*,z0) < A

(c) Vz # 2, f(z) > f(2*) — (¢/N)d(2", z).



Chapter 3

Necessary Optimality
Conditions Involving

Paratingent Derivatives

In this chapter, we derive a Kuhn-Tucker type necessary optimality condi-
tions involving paratingent derivatives.

The following is an outline of the chapter.

§3.1. Problem Formulation. In this section, we are concerned with the
problem and its reformulation.

§3.2. Preliminaries. In this section, we derive some lemmas for use in
subsequent arguments.

$3.3. Main Theorems. In this section, we provide a necessary optimality

condition for problem (OPVIC).

23



24

3.1 Problem Formulation

In this chapter, we consider problém (OPVIC) with £, Being a closed convex
subset and €, a closed convex Lipschitz set-valued map. We rewrite the

problem as follows:

(OPVIC) min  f(z,9)
st. x€,y€n)
(F(z,y),z—y) > 0Vz € Qfx). (3.1)

We will assume in this chapter that

(H1) f:R*™ — R is Lipschitz continous and

pmind f@y)=co, inf of@Y)> -

(H2) F : R*™™ — R™ is continuously differentiable and strongly monotone
in y uniformly in z € Bg := {z : ||z] € R} for any R > 0, i.e., there
exists C > 0 such that

(F(z,1) — F(2,92), 11 — v2) = Crlly1 — 1|

Yy, y2 € Q(z), z € Bpg.

Under these assumptions, it is not difficult to prove the existence of a

solution to problem (OPVIC).

Theorem 3.1 Suppose that (H1), (H2) hold. Then the problem (OPVIC)
has a solution % € Q,,7 € (T).
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Proof. Using Browder’s [8] and Hartman and Stampacchin’s [20] theorem,
by the assumption (H2), we have that for any z € €, there exists a unique

¥z € Qa(z) such that (3.1) holds. Choosing sequence {z,} C €; with the
property:

,}LIEO f(wm yn) = xiégl f(LU, yz): (3'2)
where yp = ¥z,. From assumption (H2), we know {z,} is bounded, that is,
there is a R > 0 such that z,, € By for all n. Therefore we can suppose that
Tn = T € . Now let § = yz, then we have

{F(Tn,Yn), 2z — Yn} = 0 Vz € Qa(zn) (3.3)
(F(Z,9),z —F) = 0 Vz € Q(3). (34)
Note that by the Lipschitz continuity of {2, for any m > 0, there exists

6m > 0 such that O5(Z + 0 B) C 2a(Z) + LB and hence there exists Ny,
such that

() C () + %B Vi > N (3.5)

Therefore we can take y* — 7 with y; € Q2(z,) (due to the continuity of )
and z, € (%), &, € B such that y, = 2z, + & (from (3.5)). We obtain,
when n > Ny, and taking z =y in ( 3.3) z = 2, in (3.4), that

(F@ 9.5~ 8) > (F(&0),—&) (56)
(F(zﬂ:yﬂ):y; - yn) 2 0 (37)
which implies

(F(2n,Yn) — F(@n,7) U0~ ) < (F(ia 7)) — F(zn,3), 90 — 9
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HF (), 5~ 9) ~ (FE,0), —60)
(3.8)

Our aim is to show that {yn} converges 7. Indeed, if this is not true, then
there exists § > 0 such that |y, — 7|l > 0 for all k, where {y,,} is a
subsequence of {y,}. By ¥, — 7 we know for large enough n, ||y;, — Il < 6
and hence ||y% — ¥n, || < 2||yn, — || Remembering the assumption (H2) we

have
OR”yﬂk - 5”2 < (F(a:,,,‘, yﬂk) - F(Iﬂmg)"ynk - g)
< (F(f:g) - F(xﬂk’ ﬂ), Yny — 37)
HE @ Y)Y, = 1) = P (5,5),)
that is,
Crlltn, — 7l < (F(5) — F(wn,, ), ”:;:* - y")
1 _ 1 o
+m(F(mnp ynk): yn,, - y) m”ynk — 37” (F(za ),£)
< P& 3) - Flza)l
31 P @ 3o, — 71+ 5= 1F (@ DI (3.9

Apparently, in the inequality of (3.9), the value of right hand side converges
to 0 which contradicts the assumption of [jy,, — #]| > 8. Therefore {y.} = 7
holds and by assumption (H1) as well as (3.2), (3.4), it is easy to see that
(Z,9) is a solution to (OPVIC). O

In the following result we prove that problem (OPVIC) can be reformu-
lated as problem (P) which is more convenient to deal with by the penalty
method.
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Lemma 3.2 The following problem (P) is equivalent to problem (OPVIC).

(P) min  f(z,y)
st. T €,y € iz
I — F(z, p)lI*® =0, (3.10)

where

"9 = sup  (¥*,p).
PE(Si2(z)—y)NB

Proof. First note that if z € @1,y € Q3(z) such that || — F(z,y)[|3® =0,
that is,

sup (—F(=z,y),p) =0,
pE(Q2(2)-y)NB

then for any z € () N (y + B) we have
(~F(z,y),2 —y) < 0. (3.11)

Now, for any z* € {(z) but [|* — y|| > 1, by convexity of gph{l|n, where
gphQh|a, = (gph2) N (2 X R™), we know Az, y)+ (1 —A)(z, 2*) € gphfh|a,
for all A € (0,1). Taking A with 0 < 1 — =op < A < 1, we obtain
|Ay + (1 — A)z* — y|| < 1 and hence from (3.11)

(—F(z,9), A= N —y)) = (~Flz,9), oy + (1 - N)z" —y) <0 (3.12)
Combining (3.11) and (3.12), it is easy to see (z,y) satisfies the contraints

(3.1).
Conversely, if {F(z,9),z —y) > 0Vz € Q(x), then apparently

sup _('—'F(:L‘, y):p) = 0. .
pE(2(z)-y)NB
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3.2 Preliminaries

In this section, we provide some lemmas which will be used as tools in our
main theorems. In the following we will always assume that €2y is defined as

the one in problem (OPVIC).
Lemma 3.3 Assume F are defined as in problem (OPVIC). Then we have
(1) ®: gphQ; — R defined by
®(z,9) = || - F(z,9)ll7* (3-13)
is continuous.
(2) M : gphQla = B defined by
M(z,y) = {p€ (Q(z)—y)NB: (~F(z,9),p) = | - F(z,y)|7*}

(3.14)

is upper semiconlinuous.
Proof: Let g : B x gph§l; — R defined as
9(p; z,y) = (—F(z,v),p)
and W : gphQs => B defined by
W(z,y) = (Qu(z) —y) N B.

Apparently, g is continuous and W is continuous with nonempty compact

values. Now notice we have that

®(z,y) = sup g(piz,y)and
pEW(m,y)
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M(z,y) = {peWl(zy):9(pzy) = 8(z,v)}
= {pe B:g(p;z,y) = ®(z,9)} NW(z,y).

Using Berge’s Maximum theorem [7] and [2, theorem 8], we have the assertion.[I
In fact, it is easy to see that for any (z,y) € ghpQs, M(z,y) is nonempty,
compact and convex.
The following lemma provides a characterization of a convex set-valued

map.

Lemma 3.4 A set-valued map G : §§ = R™ is convez if and only if for all
%1,Z2 € Q and X € (0,1) one has

AG(z1) + (1 — A)G(za) C G(Azy + (1 — A)xa) (3.15)
where ) is a conver subset of R,

Proof. Suppose G is a convex set-valued map. Then for any z € AG(z1) +
(1—A)G (z3), where 2, 75 € Q, and X € (0,1), there exist y; € G(z;),7i =1, 2,
such that z = Ay; + (1 — A)ye. Since (z;, %) € gphG,i = 1,2, we have

M, 1) + (1 — Az2,42) = Ozy + (1 — A)z2, Ay + (1 — Nye) € gphG

that is z = Ay + (1 — Ay € G(Azy + (1 — A)z2) and hence AG(z;) + (1 —
A)G(z2) C Gz + (1 — A)za).

Conversely, if for any z1,72 € , A € (0,1) (3.15) is true, then for any
(zi, 1) € gphG,i=1,2, we need to show A(zy, 1) + (1 — A)(z2, y2) € gphG.
In fact, by y; € G(z;), we have

A+ (1= Na) € AG(z1) + (1 — NG (xg) C G(Az; + (1 — A)za).
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Therefore
Az1,31) + (1 — A)(Z2,32) = (Azy + (1 — N)z2, Ay + (1 — AN)ya) € ghpG.
The proof is complete. O

Lemma 3.5 Let ) be a conver subset of R*, G : & = R™ a convex sei-

valued map and f : D — R" is a convez function where D is a convez
subset of R™ such that G(y) C D for all y € Q. Then the value funciion
V(y) = infeqyy) f(z) is convez on S2.

Proof. In fact, for any 1,72 € @, and X € (0,1),

VOon+(1-Ng) = a:EG(Ay1+(1 ~A)yz) f@)

< zEAG(yl)if({_A)G(yz)f (z) (by lemma 3.4)
= o oy [P+ (1= Nz)

s zIEG(m),zzea(y,){’\f (21) + 1 — A) f(22)}
= z[&!gf M(z)+ mfyz (1= N F(2)
= AV(n)+ (1 - V(). 0

The following lemma provides an estimate to a value function.
Lemma 3.6 Let (a,b) € gphQd,, F be defined as in problem (OPVIC), end

the value function V(x,y) defined by

V(z,y) = inf Ulp)

where U(p) = (F(a,b),p), S(z,y) = N[(Q(a +2) —b—y)N B, then

~V'((0,0); (0,5)) < (Nl - F(a, 0)li5**)|I]
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Proof. First, we want to show
S(0,p) < (1+¢lp[l)S(0,0) — tNp. - (3.16)

Indeed, for Vz € S(0, ip), there exists a z € Qz(a) —b such that z = N(z—1p),
that is, Nz = z + tNp which implies z + tNp € N((a) — b). Meanwhile,
by x € NB we have

z+tNpe NB+tNpc NQ +¢|p|)B.
Therefore
€ N((a)-b)NN(Q +tjpl)B
C N1 +tplD[(Qe(e) — b) N B
= (1+¢pl)S(0,0).

z+tNp

It follows that (3.16) holds. Now we turn to estimate the derivative V'((0, 0), (0, 7).

Note that we have
V(O: tﬁ) — V(O: 0)

V'((0,0,0,7) = lm ;
= ltll%l[peg(lﬂ 173)] U(p) ES(O 0) (p)]/
2 i craplon-m VP ~ B VN
= Lml(t+tpl) inf U@)-tNIAIUG) - inf UG/t
= liel_Jnf U() - NliplUE)
= —[al(N] - F(a,b)ll5*®) + N(~F(a, ), )
> —|al (VI - Fa,b)[7*®).

It follows that

-V'((0,0), (0,7) < IBIl(N| - F(a,)[p*®). O
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Lemma 3.7 Let @ : R = R™ be a set-valued map with a closed graph.
Then

(1) (z,y) € gph® iff (y,x) € gph®™!
(2) (v,w) € N((z,y), gph®) iff (w,v) € N((y,z), gph®7").

Proof. Obviously, (1) follows by the definition of ®~1. As to (2), by def-
inition of N((z',y"), gph®) and (1) we have (v,w) € N((«,¥'), gph®) if
only if (w,v) € N((y',z'), gph®_,). Using the equality N((z,y), gph®) =
lim Sup(,t 1)y (x.5) N((z',y"), gph®) (2.11) and definition 2.7 we obtain the re-
sult (2). O

Lemma 3.8 Suppose f : R* — R is a Lipschitz continuous function, Q) a
closed convez subset of R*. If fO(z;v) > (g9(z),v) for all v € Q — y where
y € Q and g is a mepping from R™ to R". Then one has

g9(z) € dcf(z) + N(y, Q).

Proof, We show it by contradiction. In fact, if g(z) ¢ dcf(z) + N(y, @),
then for any £ € d¢f(x) we have

9(x) - ¢ ¢ Ny, Q)

which implies that there exists a vy € §2 — y such that {g(z) — &, %) > 0 and
hence {g{z), vo) > (£, vo) for all £ € 8¢ f(x). Therefore, by Proposition 2.13,
it follows that {g(z),vo)} > f°(z;vo) which contradicts the assumption. O

The following result was proved in [2, Corollary 3] .
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Lemma 3.9 Let g: R* » RU{+co} be a proper lower semicontinuous con-
vez function and S a set-valued mapping from R™ to R™ with closed convez

graph. We assume that
0 € Int(Im(S) — Dom(g)).
Let V : R™ — RU {+oo} be the value function defined by

V() = Iof 9(=)

and let T € S(§) achieve the minimum of g on S(§). Then the generalized
gradient of the value function V is equal to:

V@)= U D'5@50).

pEdy(Z)

3.3 Main Theorems

The purpose of this section is to derive a necessary optimality condition in-
volving paratingent derivatives for problem (OPVIC). The technique used
here is similar to [35, 36, Shuzhong Shi] in which £, is assumed to be in-
dependent of . In order to simplify our discussion, we first assume that
) = R™ and then we will generalize the result to the general case.
Consider problem (OPVIC) in (3.1) with ©; = R®, we have the following

theorem:

Theorem 3.10 Suppose that assumptions (H1), (H2) hold. Then there exist
(Z,9), a solution of (OPVIC) in (3.1) and p € R™ such that

V,F(Z,9)'F € 0,f(2,9) - D,&:((2.9),—F(z,5))(0.5) (3.17)
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V.F(E,9)P € 8:f(%9) - U( )Dp%((f,ﬂ),y‘)(o,ﬁ) (3.18)
yeda (2,5

(F(E";g)af_’) = 0 ‘ (319)

where &, (z,y) = N(y,%(z)), ®2(z,¥) = N(z, %' (¥))-

o~

Proof. Due to the equivalence between problem (OPVIC) and (P) (c.f.
Lemma 3.2) we know from the inexact penalty method that the problem
(OPVIC) can be approximated by

(P) min  {f(z,9) + Nall - F(z, )|}
st. T €R"ye€ Q(z)

where N, > 0 is a ‘penalty factor’ and N, — +o00.
Denote G (z,y) = f(z,¥) + Nall — F(z,y)[$2@ for all (z,y) € gphids.

From Lemma 3.3 and assumption (H1), we know that G,, is l.s.c. and

i () > 0

Now using Ekeland’s Variational Principle (Proposition 2.36), for any €, { 0
there exists (zn,ys) € gph$l: and a constant C such that

< : < ‘ n .
O (oyiBhsg, On(®:9) < Culomtn) < fnf, o Culm0) + e, (3:20)

and
Gn(xs y) > Gn(xm 'yn) - En(”l’ - mnllz + ”y - yn"2)1/2 (3'21)

for any (z,y) # (@n, Yn)-
Taking any (w, s) € gphS§da — (Zn,¥n), t { 0 we have from (3.21)

G (@n + b0, Yo + 153) > G (T, Yn) — ente({ls]® + fl|®)2. (3.22)
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To complete the proof, we need the following lemmas. Define

Sp : R™™ = R™ by S,.(z,y) = Nu[(Q2(zn + 2) — yu — y) U B),

U.:R" = Rby Un(p) = (F(xm yn)sp):vn(m:y) = inf Un(p)'
PESn(z\y)

Lemma 3.11 Assume M(.,-), defined by (3.14) in Lemma 3.3, is a single-

valued map. Then one has

f;?((wm'yn); 8) — Vv:((oro)! (0,5)) = (VyF(a:,,,y,,)Tp,,, s) — eal|sl},
for any s € Qa(zy) — yn- (3.23)

F2((@n, Yn); ) — Va((0,0), (w, 0)) = (Vo F (2, Yn) TPy w) — eal| w0,
Jor any w € Q5 (ya) — zp- (3.24)

where pn = Mu(Tn, ¥n) = NoM (20, ¥a).
Proof. Let pZf = M, (xy, + txw, yn + t3) where My (z,y) := NoM(z,y). We
have

f(xn + thow, yp + tks) - .f(mm yn) + (_F(:rn + Lw, Yn + tks): pﬁ:)

> {—F(Tn, ¥n), PELY + (F(Tny n), D25) + Null — F (i, ) || 265 —

—enti([}s]* + ]2, (3.25)
Note that
(F(Zn,Yn), Prk) 2 ves. ot 'tks)(F(mm Yn), P)
Nall ~ F(@n gully, ™ = sup (=F(zn,40),P)

i - SR
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It is easy to see that S, is a convex set-valued map. By Lemma 3.5, V,,(z, y)

is a convex function. Therefore, from (3.25} we obtain that

f(mn + tpw, yn + tks) - f(xm yﬂ) + (_F(wn +hw, Yn + tks)’P:flg

- g wo : _ . _
- ( F(xﬂ’ yﬂ)!pnk) +pESn%ll!t£!,tks) Un (p) pEg'E(tl-],O) Un(p)

—enti(]|sl|? + || %)/
= (_F(mm'yn)!pgif) + Vn(tkwstks) - Vn(0,0) -
—eaty(|ls]| + [[w][?)V2. (3.26)

That is

{f(zn + tew, Yo + 88) — F(Tn, Yn) }/ bk~
—{(F(xn + txw, yn + tx8) — F(Tn,Yn))/txs Dok)
> (Va(tew, tis) — Va(0,0)) /b — en(lls]|? + [lw][?)/2.

By assumption of the problem, there exists 8, € [0, 1] such that
P (Zp + tew, Yp + t58) — F(Zn, Un) = VF(2n + tebrw, yp + t:0:5)% (w, 8)t;.
And hence,

fo((xm Yn); (w, 8)) — (VF(Zn, yn)T(w: 3):?1:)
> V,((0,0), (w, 5)) — ea(llsl* + lw[|%) /2, (3.27)

where p, = M, (T, ¥n) (Mn(Zn+Htw, Yn-+tes) = Mp(z,,y,)) for any (w,s) €
gph§Qdz — (zn, yn). Therefore, for any s € Qa(zn) — ya, w = 0 we obtain

f;'((’-”myn); 8) — V,((0,0), (0, 8)) 2 (VyF(zn, Yn) " Pn, 8) — €nlls
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and for any w € ;7 (y) — Zn,8 =0

2 ((%ns n); w) — Vo ((0,0), (w, 0)) > (Vo F (s Yn) " 9ny w) — eal|wl],
which are (3.23) and (3.24) respectively. The proof is complete. O

Lemma 3.12 Suppose the inequalities (3.23) and (3.24) hold. Then there
exists a sub-sequence of (Tn,Yn,Dn) which converges to (%,§,p) such that
(Z,7) is a solution of problem (OPVIC) and the condition (3.17), (3.18) and
(3.19) hold.

Proof. Step 1. We want to show the existence of (z, 7).
First,we show {z,} is bounded. In fact, by the inequality ( 3.20), we have

C < Gul(®n, ¥n) < Gnlz,9) + €& V(z,y) € gphidy.
Especially taking y = y, as defined in Theorem 3.1 we obtain
C £ £(@ny Yn) + Nall = F(a, ) 525 < F(2,95) + €, ¥z € R (3.28)
which implies that

(1) f(2n,¥r) is bounded and therefore by assumption (H1) {z,} is bounded.

We then can assume z,, — .
(2) 60 = || — F(2n, yn)”:}:(:") — 0.
Now we show y, — #. First, we have

(F(ZpyYn)s 2 — Yn) = —8ymax{l, ||z — yn||} V2 € Qa(zn). (3.29)
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Indeed, by definition, Vp € (Q2(zs) — ¥2) N B we have (F(Zn,yn),p) = —6n
which implies for any z € Qa(z,) if ||z — yn|| < 1 then

(F(:z:n,y,,),z - yn) > —0n. (3.30)

For the cace of ||z — y,]| > 1, since (zy, Az + (1 — A)yn) € gphfly, VA € (0,1),

we can choose A such that
Az + (1 = Nya — gl = Alz = gal| = 1.
Hence by ( 3.30) one has
(F(n;Ya)s Az + (1 = N)tn — Ya) 2 —0,
that is,
(F(Zn, Yn)s 2 — Yn) 2 —0n/A = —bpllz — yall. (3.31)

Therefore, combining (3.30) and (3.31), the inequality (3.29) follows. Second,
by definition of § = yz we know

(F(Z,9),2— %) >0 Vz € Q). (3.32)

Third, from the Lipschitz continuity of 5, we have for any m > 0, there
exists om > 0 such that Qa(Z + omB) C £2(%) + =B and hence there exists
N, such that

Q(a) C Du(3) + -%B Vn > No. (3.33)

Therefore we can take g’ — ¥ with y% € Qz(z,) (due to continuity of )
and z, € 2(Z), & € B such that y, = z, + L&, (from (3.33)). By taking
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z =y} in (3.29) and z = 2, in (3.32), we obtain that for n > Ny,

(F(Zn; ¥n)yYn —F) S 0n max{1, [y — ynll} — (F(ZasYn)s T — Yn)
(3.34)
(F(%,9),yn — 5) = (F(3,7), %5,,). (3.35)
Combining (3.35) and (3.34) we have

(F(Zn,Yn) = F(@n, 0)n —9) < Samax{l, |l —33ll} -
—(F (@, §) — F(2,5),yn — F) —
~(F(n, yn}, ¥ — ¥n) —
~(F(,5), ). (3.36)
What we want to show is that {y,} converges §. In fact, if it is not true,
then there exists 4 > 0 such that |y, — 7|l > & for all k, where {yn,} is a

subsequence of {y,}. By y5, —* § we know for large enough n, ||y, — 7|l < &
and hence ||y, — Un, |l < 2[/#m, — 7li. Remembering the assumption (H2) we

have
CR"ynk - 37"2 S (F(mnuynk) - F(znug):ynk - ’g)
< On, ma‘x{]"2"ynk = ﬁ”} -
"'(F(mn,,: g) - F(i‘s g)s Ynp — g) -
_(F(mﬂuynk)sg - y:ak) -
1 o

_E(F(xa'y):g)'

Therefore

CR”ynn - g“ < Jnk max{l/&, 2} - (F(xnu !7) - F(E!g)i H) -
g
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1 o
m(F(%k,yﬂk),y—yﬂk) mllyn,, "(F( z,9),£)
< Guymax{1/6,2) + |F@,5) ~ Flan,, )l +
+3 1P @ )l — 8+ s IFE@DI. (33D)

Apparently, in the inequality (3.37), the value of right hand side converges
to 0 as k — oo which contradicts the assumption of ||y,, — §|| > . By the
penalty method, it is easy to see that (Z,#) is a solution of the problem (P).

Step 2. Now we turn to consider {pn}. First, by Nu|| — F(Zs, yn)[|22¢=)

being bounded and Lemma 3.6 we have
~V,((0,0), (0,74)) < O(llpal)- (3.38)
Now taking s = p,/N,, € Qa(z,) — yn in (3.23) one has
£y (%> ¥n); Pa) — V5 ((0,0), (0,8n)) = (VyF (T, Yn)  Prs Pa) — €nllpall-(3.39)
Remembering that
(F(z,y+tp) — F(z,y),tp) 2 Crt*[Ip|®

we know (V,F(x,y) p, p)Crt?||p||? and hence from (3.39) we obtain

Lf”pn” + O(“pn") + fn”pn” P (va(xm yn)Tpm pn)
> Crlipafl®

which implies that {p,} is bounded. Assume p, — 5, by 6, — 0, it is easy
to see (Z, 3, p) satisfies (3.19).

Step 3. Our tasks remained now is to show that (Z,7,75) satisfies the
condition (3.17) and (3.18). First we prove the condition (3.17) holds. Using
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Lemma 3.8 and the inequality (3.23) we have
VyF(Zn, Yn) Pn € 8y (Tny yn) + N(yn, Q2(zn)) — 3,,V,;(0, 0) + ¢, B, (3.40)

Denote

Sln(y) = Sn(O: 'y) = Nn[(92(xﬂ) —Yn — y) N B]

and Vi, (y) = infpes;a(y) Un(p) = V5(0,y). We have V,:((O, 0); (0,8)) = Vl'n (0; 5)
which means that 3,V,(0,0) = 0V1.(0).

By Lemma 3.9, we have
avln(o) = D*Sm(o: pn)aUn(Pn) = DtSln(O:Pn)(F(Emyn))-

(3.40) becomes:

VyF(En, y")Tpn e ayf(xns yﬂ) + N(’!Jm Q2 (-'Bn))
_D*510(0,52) (F (T, 9a)) + €xB.  (3.41)

Since 9y f(zn,yn) is compact, by extracting a subsequence , we can assume

that there are two sequences u;, € N (¥, 2(z)) and

'U; € D*Sy, (Ospn)(F(mm 'yn))

such that
lim(uy, — ;) = w*.
Our aim is to show that w* € —D,®,((Z,7), —F(Z, 7))(0, ). First we show

that for n large enough

Up € NoN(yn + (1/Np)pn, Q2(2n)) (3.42)
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In fact, from the definition we have

(va, —F(Zn, Yn)) € N((0,pn), gphSin).

Let gln(y) = Nn(ﬂ2(xn) — UYn — y) and Bﬂ(y) = NnB- Then Sln(y) =
gln(y) N By (y). By 2.28 we obtain

(v —F (%n, ¥n)) € N((0, pn), gphSin) + N((0, pn), gphBy).

But {p,} is bounded and so (0,p,) € Int(gphB,), the interior of gphB, for
n large enough which implies N((0, p), gphB,) = {0}. Therefore for large
enough n,

(v}, —F(%n,¥n)) € N((0, pn), gphS1n),

that is, for any v € R*, VYw € §y,(v), we have
('U;, 'U) + (—F(IL‘", yn)1 w— pn) S 0. (343)

Therefore (17, v) < (F(Zn, Yn), W — Do), Y(v, w) € gphSin. Especially, we take

w = p, — N,v then the above inequality become

(’U;,'U) < (F(:L‘,,,yﬂ), ~N,v)
= (_NnF(mm yn);'v) Vv € R". (3.44)

It follows that
vy = ~NpF(Zny Yn)- (3.45)
Now let ¥ =0 in (3.43) we know that

(_F(xm yn): w—= Pn) <0Vwe gln(o)' (3'46)
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Since S1n(0) = Np (Q(2n) — yn), for any z € Qy(z,,) there exists a w € S1,(0)
such that (w — p,) = Na(2 — (¥n + (1/N,)p,)) and hence

(—F(Tn, Yn), (1/Np)(w — pp)) = (—F(Tn, ¥n), 2 — (yn + (1/Na)pa)) < 0
Yz € Qy(xn). (3.47)

Therefore, combining (3.45) and (3.47), (3.42) follows.

Note that lim(u}/N,) = lim(v}/N,) = —F(Z, 7). By (3.47) and the Lip-
schitz continuity of €, it is easy to show that —F(Z,%) € N(7, (7).
Moreover, by u}/Nn € N(yn, Q2(z,)) and the assumption we have

»

i Pe _ A o e
1im([ N, Nn]N" w
Using Proposition 2.34 we have
—w* € Dp(bl((a_": g)s _F(i" g))(oiﬁ)

Therefore condition (3.17) holds.
We now turn back to prove condition (3.18). Similarly we can get

sz(mm yn)Tpn € azf(zm yn) + N(mm 92_1 (yn))
—~D*Sop, (0,3311) (F(xm yn)) + €, B (3'48)

where

San(x) 1= Sulz, 0) = N,[(Qu(zs + ) — ya) N B].

and Van(z) := infycgm() Un (p) = Va(z,0). Suppose u}, € N(z,, Q5 1(y,,)), vy €
D*85,(0, p,) (F (@, ys)) with

lim(u, —v}) = w"
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The idea is to show

—we | Dp®((z,9),¥")(0,5).
Yy €®2(2,5)

Note that we have for n large enough,
v € N(@n, ' (yn + (1/Na)pa))- (3.49)
In fact, similar to the proof of (3.42), we have, for n large enough,
(vn, —F(Zn; Un)) € N((0,Pn), 9PhS3n),
where Son(x) = Na[Q(#n + £) — ya]. Note that
St @) = 02" (4 + (1/Nn)y) — 7.

Using Lemma 3.7, it follows that (—F(za,a),v!) € N((0,p,), 9phS)).
Therefore for any (v,w) € gphS5! one has

(—F (@n, yn), v — Pn) + (V3 w) <0,
that is, (v}, w} < {(F (2, Yn), vV — Py) for any v € R, and
w € Q5 (g + (1/No)v) — T, Vv € R™.
In particular, let v = p, we have
(2 w) <0, Yw € 0 (4 + (1/Na)pr) — - (3.50)

and ( 3.49) holds.

Therefore by
[(08/Na) = (/)] _ _
1/N,

lim
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where
u:/Nn € N(-Tm Qz_l(yn))a '";/Nn € N(xm Qz_l(yn + (I/Nn)iﬂn)):

condition (3.18) follows. The proof is complete. O
Until now, by the Lemma 3.11 and Lemma 3.12 we have learnt that the
theorem is true under the singleton assumption of M,(:,-). For the general

case, we consider

La(z,y) = Na|l — F(z, )|l

By [2, Proposition3.2.24] and ( 3.21} we know Ly(z,y) is locally Lipschitz

and
P2 ((@nr yn); (w, 8)) + Ly ((@n, y); (w, 8)) 2 —ea(|lsl* + [l (3.51)
for any (w, s) € gphQ2 — (Zn, yn). Therefore there exists
@n" € OLn(Zn, Yn)

such that (¢¥°*, (w, 8)} = L%((zp, ¥n); (w, 5)). Hence we have

n

F(@n, yn); (w, 8)) +{ap™", (w, 8))) 2 ~ea(lls]® + [lw]»™2. (3.52)

Now consider the function H : [gph€; — (zn, ¥n)] X OLa(Zn, ¥u) — R defined
by

H(w, 5;9) = f*((n, )i (w, ) + (g, (0, 5))) + ea(ls]|* + Jlo]?) 2

Using the Lopsided Minimax theorem [2, p.319], we can conclude that there
exists gn € OLp(Zn, yn) such that

3 . — i cq) >
(]qul,E) H(w, 5;4n) (Ef)qeaﬂ@axn.yn)ﬂ(w’ 59) 20
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Therefore, for any (w, s) € gph§l2 — (Zn, ¥s), one has

Fo((Zn, 9n); (w, 8)) + (g, (w, 9))) = —en(lsl® + [[|P)2. (3.53)

Our aim now is to estimate the generalized gradient of L,(z,y). We have

the following lemma.

Lemma 3.13

aLn(mm 'yn) C U (_Va:F(xmyn)T r_va(xmyn)Tp)

pGM.-. (311 ryﬂ)

"(an;:(O: 0): ayVn(Or 0)) (3'54)

Proof. To show the estimate (3.54), we choose # | 0, z(€ R®) — 0 and
wi(€ R™) — 0 such that

Ly ((Zns yn); (w, 8)) = kli_{g[Ln (Tn+zx+Hrw, Ynt+wi+tk8) — Lo (Tn+ 2k, Yn+wi)] /tx-
Since

Ln(zn + 25 + teW, Yn + Wi + 48) — L (Tn + 2k, Yn + we)
= Npll— F(z, + 2z + i,y +wi + tks)”?:-(::ﬂ:fkttkm
~Nall = F (@ + 21, Y + w0y | 25
= (—F(zn + 2 + trw, Yo + wi + i), D)
—(=F(zn + 2k, Yn + wi), P22

+{—F(2n + 2k, Yn + W), P22) + Vau(2x, 0; Wy, 0)

IA

—(F(zn + 21 + t;wW, yn + Wy + 1x8) — F(Zy + 2k, Y + wi), PUE)
_1711 (zk: tkw) W, tks) + 17;1 (zka 0; Wi, 0) (3'55)
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where p¥¢ € My (2, + 2z + LW, Yo + Wi + 8) and
Sal(, 432, v) = No[(Q2(zn + 2 + ¥} — yp —u—v) N B]

Vl-fl(mi i u, 'U) = inf (F(xn+xs yn+'y):p>’
PESa(z,yu,v)

Therefore we have

Ln(%n + 2k + tew, Yn + Wi + t&8) — Lin(Tn + 2k, Yn + W)
< ~(F(zn + 2 + 4w, Yn + Wi + 18) — F(Tn + 2k, Yn + i), DER)
*{I_/;.(zk,tkw;wk, tr8) — I_/;,(zk,O; wg, 0)}. (3.56)

Now note that

Jim [(F(n + 25 + tw, Y + Wi + t4S) — F(n + 26, Yn + W), Pui) )/ tr

= (VF('TM yﬂ)T(w! 8)’ Dok

where p¥¢ € M,(Zn,¥s)- On the other hand, by the {2, Proposition3.2.24],
we know V,(z, y; u, v) is Lipschitz and hence using the Mean-value theorem

(Proposition 2.21) we conclude that there exist 8, € (0,1) and
Tk € Oy,oVn(2k, Oxtiw; wy, Oxtys)
such that
Va2, tew; wi, trs) — Vi (2x, 0; wi,y 0) = {Tk, tr(w, 8)).
By [9, Corollary 1,P87] we can assume that

'}Lngornk =1, € By,.,f/(O, 0;0,0) = dVL(0,0)
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and hence
kliglo[l?n(zk: tkw; Wy, tks) - Vn(zk: 0; W, 0)]/tk = ('rn: (’U], 8)).
By —r, € 3(—V3)(0,0) we obtain that

(T, (w,8)) < (Vo) ((0,0); (w, 5))
—V,:((O, O); (w: 8))

IA

Therefore from (3.56) we have that
L3 (% Ya); (w, 8)) < {=VF (20, ya)" (w, 8), 5) — V2 ((0,0); (w, 5)).

Hence
L?l((mﬂiyﬂ); (w! 3)) < EMSI(IP ){(—VF(xmyn)T(w;s):p}} - V,:((0,0); (w: 3))
P nl\Tn.¥n
from which (3.54) follows. The proof is complete. D
We are now ready to complete the proof of the theorem. In fact, by
Lemma 3.13, for any ¢, € 8L, (zs,ys) there exists a p, € M, (z,,¥yn) such
that

in € ("VzF(mm 'yn)Tpm ""VyF(zm yn)Tpn) - (a:z:Vn(O: 0): ayV:':(01 0))

Combining the above inclusion with (3.53), it deduces that (3.23) and (3.24)
hold again. And hence by Lemma 3.12 the assertion follow. O

So far we have known that for problem (OPVIC) with assumptions (H1),(H2),
there must exists a solution (Z,J) which satisfies conditions (3.17)-(3.19).
But what we really interest is whether conditions (3.17)-(3.19) are a neces-
sary optimality condition for any other solutions of problem (OPVIC). The

positive answer is provided in the following theorem.
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Theorem 3.14 Suppose that problem (OPVIC) satisfies the same conditions
as that of theorem 3.10 and (Z,7) is any solution of (OPVIC), then there
ecists f € R™ such that conditions (3.17)-(3.19) hold at (%, 7).

Proof. Let f*(z,y) = f(z,y) + ||z — Z||. We consider the following problem:

(P‘) min f‘(x: y)
st. =z €R" ye€Qz)
| = F(z,9)ly* = 0.

Apparently, f*(z,y) satisfies the condition (H1) and hence there is a solution
of (P*), say, (z*,y*) which satisfies ( 3.17)-( 3.19) where f is replaced by f*.
Now we need to show (z*,y*) = (Z,%). In fact, noting that both problem
(OPVIC) and (P*) have the same feasible solution, we have

f(z,9) < f(=",y") < (2", 9") < f*(2,9) < f(Z,9).
Therefore z* = # which implies y* = 3. On the other hand, note that
8:f*(%,7) = 8:f(%, %), 6,f*(%,9) = 0, f(Z, §) and hence the assertion follows.
O

By the same way we can prove the following general theorem where £2;

may not be R".

Theorem 3.15 Suppose that (H1), (H2) hold and (Z,7) is e solution of
(OPVIC). Then there ezists p € R™ such that

V,F(E,5)P € 8f(Z7) — Dy®i((E,9), —F (&, 5)(0,5)

V.F(E5)'p € fEHN—- U Du®AE1),v7)(0,p)
y*€d2(2,5)



+ N(E: Q1)

(F(z,9),p) = O.
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Chapter 4

Necessary Optimality
Conditions Involving

Coderivatives

We focus in this chapter on necessary optimality conditions involving coderiva-
tives for the optimization problem with variational inequality constraints
(OPVIC). The following is the outline of the chapter.

84.1. Preliminaries. This section is devoted to reviewing some concepts
and results which are used in the main body of the chapter.

84.2. Optimality conditions. This is the main body of the chapter. Some

necessary optimality conditions are derived. An example is given.

51
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4.1 Preliminaries

This section contains some background material which will be used in the

next section.

Definition 4.1 A set-valued map ® : R* = R™ with a closed graph is said
to be upper-Lipschitz continuous at & € R" if there ezist a neighborhood U of

Z and a constant Lg > 0 such that
®(z) C ¥(%) + Lo|z—%||B, Yz €U (4.1)
The constant Lg is called the modulus of ® at Z.

Definition 4.2 A set-valued map ® : R* = R™ with a closed graph is said
to be pseudo-Lipschitz continuous around (%, ) € gph® if there exist a neigh-

borhood U of %, a neighborhood V of § , and a constant Ly > 0 such that

®(=') NV C &(z) + Loz’ — =||B, Vo', z € U. (4.2)

Remark 4.3 (1) In general, pseudo-Lipschitz continuity of ® around (Z, )
for all y € ®(%) does not imply upper-Lipschitz continuity of ® at T

and vice versa.

(2) If ® : R® = R™ is Lipschitz continuous around %, then ® is upper-
Lipschitz continuous at z, pseudo-Lipschitz continuous eround (Z,y)

forally € ®(z) .
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Definition 4.4 A set-valued map ® : R* = R™ with a closed graph is said
to be locally upper-Lipschitz continuous at (%,9) € gphd if there exist a
neighborhood U of Z, a neighborhood V of § , and a constant Ly > 0 such
that

®(z) NV C (Z) + Lo|lz — Z[|B, Yz eU. (4.3)

Directly from the definition we have the following lemma

Lemma 4.5 (1) If ® is upper-Lipschitz continuous at ¥ then ® is locally
upper Lipschitz continuous at (Z,y) for all y € ®(Z).

(2) If @ is pseudo-Lipschitz continuous around (%,§) € gph®, then ® is

locally upper-Lipschitz continuous at (%, ).
The following results were given by Mordukhovich in [30, Proposition 3.5].

Proposition 4.6 Let ®: R” = R™ be a set-valued map with a closed graph.

Then ® is pseudo-Lipschitz continuous around (Z,7) if and only if

D*®(z,7)(0) = {0}. (4.4)

Corollary 4.7 Let ® be a set-valued map with a closed graph and (z,7) €
gph®. Then &1 : R™ = R is pseudo-Lipschitz continuous around (§,%) €
gph®~! if and only if

Ker(D*®(z, 7)) = {0}, (4.5)
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where Ker(Q) is the kernal of a set-valued map Q : R* = R™ defined by

Ker(Q={z€R":0¢€ Q(:z:)}

4.2 Optimality conditions

The purpose of this section is to explore the necessary optimality condi-
tion involving coderivatives for the optimization problem with variational
inequlity constraints (OPVIC). First, we consider the following optimization

problem with a generalized equation constraint:

(Po) min  f(2)
s.t.  z € ®(0), (4.6)

where f : R**™ — R is Lipschitz continuous with modulus Ly, @ : R? =
R™™ is a set-valued map with a closed graph. It is obvious that (P,) can

be rewritten as the following problem:

(P) min  f(z)
st. z€ o)
v=0.

4.7)

In the following Lemma, we show that the problem (F,) is actually equivalent
to its penalized problem (P,) when the set-valued map in the generalized

equation constriant of (F) is locally upper Lipschitz continuous.
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Lemma 4.8 Assume that Z solves (Py) and ® is locally upper-Lipschitz con-
tinuous with modulus Ly > 0 around (0, 2) € gph®, then there exist a neigh-
borhood U of 0, a neighborhood V' of Z such that (0,2) solves the following
penalized problem of (P,):

(F) min  f(z) +r|v]
st. ze@(w)NV
velU

where v > L¢Lg.
Proof. Since z solves (Fp), we have that
f(z) = f@) +7l0| < f(z) Vze 2(0).

By virtue of locally upper-Lipschitz continuity of ® around (0, 2), there exist
U neighborhoods of 0 and V neighborhoods of Z such that (4.3) is satisfied.
Therefore, for any v € V and z € ®(v) NV there exists z* € $(0) such that

Iz — 2%l < La|j»[.
Thus we have for any z € ®(») NV, vel

F(&) 2 f(z") = f(2)+(F(z*) — f(2)) < f(2) + Lyll=* — 2|
< f(2) + LeLg|lv]| < f(2) +rf|v]|.

The proof is complete. a
We now give a Kuhn-Tucker type optimality condition for problem (Fp).
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Lemma 4.9 Let Z be a solution of (Fy) and & be locally upper-Lipschitz
continuous around (0,Z). Then for any r > L;Ly there ezists 1 € tB, such

that
0 € 8(2) + D*27'(2,0)(n), (4.8)
where B, denotes the closed unit ball in RI.

Proof. By lemma 4.8 we know that (0, Z) is a solution of (F;). Rewrite (P;)

in the following form:

(Fr) min  f(2)+7|v|
st.  (v,2) € gph®N (U x V).

By Corollary 2.35 we have

(0,0) € (rB,) x 8£(2) + N((0, 2), gph® N (U X V))
= (TBQ) X 6f(2) + N((Os 3),gph‘1)),

since U/ and V are neighborhood of 0, and Z respectively. That is, there exist

(p1,q1) € (rB,) x 8f(2), (p2,¢2) € N((0, ), gph®) such that
n+p=0, a+ge=0. (4.9)

By the definition of coderivatives, (pq, ¢2) € N((0, z), gph®) implies that p, €
D*®(0, z)(—¢z). By Lemma 3.7, that is g2 € D*®1(2,0)(—p»). Therefore
by (4.9)

g; € D*®7(2,0)(p).
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And hence there exists p; € 7B, such that

0=q +¢; € 0f(2) + D*®7'(2,0)(p1)-

The proof is complete. O

Now we consider the following problem (P).

(P) min  f(2)
st 0€—h(2) +Q(2)
z€Q, (4.10)

where z € R*™, 1 is a closed subset of R*™™, f: R*t™ 3 R, h: R*t™ o
R are Lipschitz continuous and continuously differentiable respectively and

Q : R*™ = R is a set-valued map with a closed graph.
Theorem 4.10 Suppose Z solves problem (P). Further we assume
(1) f is locally Lipschitz continuous around Z.
(2) h is continuously differentiable around z.
(3) D*Q(z,h(2))(0) N {-N(z,Q)} = {0}.
(4) VRh(z)"p € D*Q(z, h(2))(p) + N(2,9) implies p = 0.
Then there ezist r > 0,1 € B, such that

Vh(Z)Tn € 8f(2) + D*Q(z, h(2)) () + N(z, Q). (4.11)
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Proof. Denote G(z) = —h(z) +Q(z) and ®(v) = G~(v)NS. Then problem

(P) can be represented as

min  f(z)
st.  z € ®(0).
First we show that
N{((0, 2), gphG~Y) N (—=N((0, 2), R™ x R2)) = {0}. (4.12)

Indeed, for any (0, q) € N((0, 2), gphG~!) where ¢ € —N(Z, 1), by lemma 3.7,
one has (g,0) € N((z,0), gphG) and hence from Corollary 2.25 we know

q € D*G(2,0)(0) = ~VhA(2) "0+ D*Q(2, h(2))(0) = D"Q(z, h(2))(0).

The assertion follows from the assumption (3).

We now prove that ®(v) is pseudo-Lipschitz continuous around (0, z).
By Proposition 4.6 it is sufficient to show D*®(0,z)(0) = {0}. Suppose
that p € D*®(0, 2)(0), which means by the definition of coderivatives that
(p,0) € N((0, 2), gph®). It is easy to see that gph® = gphG~1 N (R™ x Q).
Since (4.12) holds, we can apply Corollary 2.27 and obtain

(p,0) € N((0,2),gphG™") + N((0,2), R" x )
= N((0,2), gphG™") + {0} x N(z,9).

That is, there exist

(pl;QI) € N((O,Z),gth_l), gz € N(Z! Q) (413)



99

such that

p=p, @1+q@=0. (4.14)

By virtue of lemma 3.7,

(p1,41) € N((0,2), gphG™)

implies (q1,p1) € N({Z,0),gphG). By the definition of coderivatives, the
last inclusion implies that ¢, € D*G(Z, 0)(—p,), which implies by (4.14) and
Corollary 2.25 that

0 € D*G(2,0)(—p1) = Vh(2)'p + D*Q(z, h(2))(—p)-
Since —q; = g2 € N(Z,82) by (4.13) and (4.14) the above inclusion becomes
VAh(z)"(-p) € D*Q(%, h(2))(—p) + N(2,9)

By assumption (4) we deduce from above inclusion that p=0. That is
D*®(0,2)(0) = {0}. Hence ® is pseudo-Lipschitz continuous around (0, Z)
by Proposition 4.6.

By lemma 4.5, pseudo-Lipschitz continuity implies locally upper-Lipschitz
continuity. Therefore, by lemma 4.9, there exists r > 0, € rB, such that

0 € 8f(2) + D*®71(z,0)(n). (4.15)

We now try to express D*®~1(z,0)(n) in terms of coderivatives of h and
Q. For this purpose let p € D*®1(z,0)(y). By definition, (p,—7) €
N((z,0), gph®1). By lemma 3.7, we have (—n,p) € N((0, 2), gph®). Hence
from (4.12) and Corollary 2.27 we obtain

(—n,p) € N((0, 2), gph®) C N((0, 2), gphG™1) + {0} x N(z,9Q).
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Thus there exist (py, @) € N((0,2), gphG~1), g2 € N(Z,12) such that

n=-7 aqt+q=p. (4.16)

Moreaver, (p;, q,) € N((0, Z), gphG 1) implies that (¢:,p:) € N((Z,0), gpkG).
By lemma 3.7. That is ¢; € D*G(2,0)(—p;). By virtue of Corollary 2.25 and
(4.16) we have

@ € D'G(7,0)(~p1) = ~VA(z) 1+ D"Q(2, h(2)) (n).
Hence p = q; + g € —Vh(2) 'n+ D*Q(z, h(2)) (1) + N(z,9) by (4.16). That
D*37'(2,0)(n) C —Vh(2) 'n+ D*Q(z, h(2))(n) + N(z, Q).

Therefore (4.15) becomes
0 € 8f(2) — Vh(2) ' + D*Q(z, h(2))(n) + N (2, %),

which is (4.11). The proof of the theorem is complete. O
Now we consider the optimization problems with variational inequality

constraints (OPVIC):

(OPVIC) min f(z,y)
s.t. z €Y, y € Q.
(F(z,y),z—1y) > 0Vz €y, (4.17)

where ;, {2, are closed convex subset of R", R™ respectively.
Since (25 is a convex set, by the definition of normal cone it is easy to

see that problem (OPVIC) can be rewritten as the following optimization
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problem with generalized equation constraints:

min  f(z,y)
8.t. (z,y¥) € Q) x R™.
0 € —F(z,y) + N(y, ). (4.18)

We have following result.

Corollary 4.11 Let (Z,7) be a solution of problem (OPVIC). Further sup-
pose that

(1) f is Lipschitz continuous and regular at (Z,7).
(2) F is continuously differentiable around (Z, 7).

(3) V.F(%,5)"p € N(&,) and V,F(z,5) p € D*N((§, F(z,7)), %) (»)
implies p= 0.

Then there exist r > 0, n € rB,, such that

VF(Z,9)'n € 0:f(%,9) +N(E, Q)

VyF(Z,9)'n € 0,f(z,9)+D*'N((@ F(z,5),%)n). (4.19)

Proof. Problem (4.18) is a special case of (P) where Q(z,y) = N(y, Q2),

hz,y) = F(z,y),¢g = m and @ = Q; x R™. Denote 0; := 0 € R* for any
k=1,2,--. It is easy to see that gphQ = R" X gphN(-,Q;). Now we want
to show the condition (1) — (4) in Theorem 4.10 are satisfied so that we can

apply the theorem.
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First, note that
D*Q((2,9), h(z,9)) (p) = {0} x D*N((5, h(%, 7)), %)(p).  (4.20)

In fact, for any w = (wy,w2) € D*Q((%, %), h(Z,7))(p), we have by the

definition of coderivatives that

(w1, w2, —p) € N(((z,9), h(z, 7)), gphQ)
= N(((z,9), h(Z,7)), R* X gphN(-, )
= {0} x N((5, h(Z, 7)), gphN (-, 2)).
Therefore, w, = 0 and (wq, —p) € N((7, h(Z, 7)), gphN(-,2)) which implies

that w, € D*N((3, h(Z, 7)), ) (p)-
We now check the condition (3) in Theorem 4.10. Note that

D*Q((z, ), h(z,1))(0) n{-N((z,7), )}
= {{Oﬂ} X D'N((‘ﬂ,h(ﬂ?, ﬁ)), QZ)(D)} N {—N(.’E,Qﬂ X {Om}}

= {0n+m}s

which implies the condition (3) in Theorem 4.10 is satisfied.
As to condition (4) in Theorem 4.10, by virtue of (4.20),

Vh(z,9)'p € D*Q((Z, 9), h(Z, %)) (p) + N((%,9), Q)
implies that
VF(%,5) p € N(z,01)

and
VyF(Z,5)"p € D*'N((3, F(z,9)), %) (D).
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Thus by assumption (3) the constraint qualification (4) in Theorem 4.10 is
satisfied. By Theorem 4.10, there exist 7 > 0,7 € rB,_, such that

VF(E,9)'n € 8f(Z,7)+ D*'Q(Z,9), h(Z, 1)) () + N((Z,9), Q)
C 8:f(%,9) % 0,f(Z,7) + {0n} x D"N((7, h(2, 7)), R2)(n)
+N(fl_7, QI) X {Om},
where the last inclusion follows from the regularity of f (c.f. Proposition

2.31) and equation (4.20). Therefore (4.19) hold. O
The proof of the following corollary is straightforward.

Corollary 4.12 Assume that (Z,%) is a solution of problem (OPVIC) in
which Q; = R". f, F satisfy the condition (1), (2} in Corollary 4.11. More-
over suppose that rank(V,F(Z,5)) = m. Then there ezistr > 0 1 € rBn,
such that

V.F(Z,9)'n € 0.f(%,9)
VoF(Z,9)'n € 8,5z 9)+D'N(@ FZ,9),Q0)n). (4.21)

Now consider the bilevel programming problem.
(BP) min f(z,y)
s.t. € R"
i 4,22
y € arg min g(z,y) (4.22)

where Q(z) = {y € R™ : ¥(z,y) <0}, g, f : R**"™ — R and v are mappings
from R"t™ to R? . The Kuhn-Tucker conditions for the lower problem of



(BP),

Vyg(z,9) + uVy(z, y) = 0,9 (z,y) <0
u >0, (u,¥(z,y)) =0

where uV b = ¥ 4V 4y (x, y), can be written as the generalized equation
0€—F(z,2)+ N(2,Q) (4.23)

where = R™ x Ry z = (y,u,v) € R™" F: Rrt™t? —y R™4 given by

-V v, 4" (z,
Flo,z)=| V8 tuVidli@o) | (4.24)
'(b(x’ y)
Denote
| — V2 V2 ,
A(.'L', z)T = [ zyg + U zy"!)](a" y) . (4.25)
Vaih(z, y)
where uV2 % = 3, ux V2,4, and
92 L.
8z 8y, YUY Bzady
V2, =
L L
z,8ym "' OTndym

And therefore, a necessary optimality conditions of (BP) can be derived from
Corollary 4.11 and 4.12. We have the following results.

Corollary 4.13 Suppose f is Lipschiz continuous, g,% are twice continu-
ously differentiable. Further assume that g is pseudoconver in y, ¥ is quasi-

convez in y. Let (Z,7) solve the problem (BP). Suppose that V,g;(Z, %) for
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i € I = {i: gi(%,7) = 0} are linearly independent and @ is a corresponding

multiplier. If
Az,2)'n=0, V.F(z,2)"ne D'N((z, F(z,2)),Q)(n)
implies that n =0, then there exist r > 0, 7= (1, 70) € 7By, Such that

0€0:f(%,9) — Vo¥(%:9) 'ma + (V5,9 +AVZY)(E5)™m  (4.26)
0 € 8,/(z,9) — Vyb(Z,9) "1 + (Viyg + GV, ) (E,7) 'm (4.27)
(=Vy¥(Z,9)m, —m) € N((%,¢¥(2,5)), gphN(-, RS)) (4.28)

where F(z,2) and A(z,2) are defined as in (4.24) and (4.25) respectively.

Proof. The linear independence assumption of V,g;(Z, %) for i € I implies
that there exists a multiplier % such that the Kuhn-Tucker condition is satis-
fied. Since the objective function of the lower level problem g is pseudocon-
vex in y and the constraint ¢ is quasiconvex in g, by [6, Theorem 4.2.11] the
Kuhn-Tucker condition is a necessary and sufficient condition for optimality.

Therefore we know that (Z,%) is a solution of the following problem:

~

min  f(z,z)
s.t. 0€—F(z,2) + N(z,Q)
where z = (y,u) € R™, Q@ = R™ x R and f(z, 2) = f(z, 7).
It is straightforward to show
V. F(Z,9) = A(Z,7)
and
(V59 +uVi)(z.9) Vy(z,8)"

V.F(%,2) =
—--qub(f:, ?j) 0

(4.29)
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Apparently, the assumptions of the orollary imply that the conditions (1) —
(8} in Corollary 4.11 (for the case of @ = R™) hold. And hence applying
Corollary 4.11, we obtain

V.F(3,2) 0 € 8,f(z,2) = 0,f(%,7) (4.30)
and
V.F(z,2)"n € 8,f(%,2) + D*N((z, F(%,2)), Q) (n) (4.31)

where 7 € 7By, for some r > 0.

Denote 7 = (m,7:) € R™ x R%. (4.30) become

—~(VZ,9+uV2, ) (Z, H)m + V4 (E, ) € 0 (Z,7)-

Thus (4.26) hold.
As to (4.27) and ( 4.28), note that we have

azf(-'i: 2) = (ayf(f’ ﬁ), 0)

Ore the other hand, for any (v,w) € D*N((z, F (&, 2)),2)(n), by the defini-

tion of coderivatives we have
(’U,'UJ, —Tl) = (U,w: —Th, "“7]2) € N((E,F(i‘, 2))sgth(':Q))
Due to

gphN () = {((3,u), (w11w2)) :y € Ry =0,ws € N(M!R?I-)}
= R™ x {(u,0,ws): ws € N(u,R%)}
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we have

v=0, (w,—m)€ N((2,%(z,7)),9phN(-, R})). (4.32)
Therefore combining (4.29),(4.31) and (4.32), we obtain
— (V39 + Vo, )@, 9)m + Vyy(Z, 9)m: € 8,F(Z,7)
(=Vy(Z, 5)m, —m) € N((% ¥(%,7)), gphN (-, RS)).
The proof is complete. O
Example 4.14 Consider the following classical bilevel problem:
min 2% — 2y
st. TE€ER
y € argmin{y® — 2zy:y — 1 < 0,—y < 0}

Suppose that (T, 7) solves the problem. Using the same notation as that of

Corollary 4.13, we have

=27+ 2% — Uy + Uy
F(z,2) = g—1

0 € F(z,2)+ N(z,9Q)

where z € (Z,4,,%,), Q=RxR2.

Therefore
2 -2 1 -1
AEZ,2) =V, F(Z,2) =0, V.FGE2 =|-10 0
0 1 00
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n —2p1 + P2 — P3
Denotep= | p, |. V.F(z,2)Tp= —p
P3 b1
Note that
[ {(0,0)}, iy > 0,3 > 0

- 3021 @ =0,43=0
Ny a), B2) =4 0 T =0%
(—00,0] x {0}, @ = 0,8 >0

| {0} X (—00,0], @ >0,8;=0

gphN(-, Q) =R x {[(0,00) x (0,00) x {0} x {0} x {0}]
U{0} x {0} x {0} x (~00,0] X (—c0, 0]]
U[{0} X (0,00) x {0} x (—o0,0] x {0}]
U[(0, 00) x {0} x {0} x {0} x (—o0, 0]]}.
Thus
gth(',Ri) = [(0! 00) X (0: OO) X {0} X {0}]
U[{0} x {0} x (—o0,0] x (—o0, 0]]

U[{0} x (0, 00) X (—00,0] x {0}]
U[(0, 00) x {0} x {0} x (—o0, 0]].

Suppose A(%,2)"p = 0 and V,F(z,2)"p € D*N((z,F(3,2),0(p). We
obtain from the equality that p, = 0, while the inclusion implies that

(V:F(,2)"p, —p) € N((2, F (3, 2)), gphN (-, Q)),
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that is,

(=2p1 + p2 — pa, —P1, 71, —P1, —P2, —p3) € N((2, —F(Z, 2)), gphN (-, Q)).

It is easy to see that py = p; = 0.
Therefore the condition of Corollary 4.13 are satisfied. Thus, by necessary
condition (4.26)-(4.28), there ezist r > 0, n = (n1,73,73) € rBs such that

(1) m==z.
(2) 22-2=1n;—n3.
(3) (=1, —m, ~13) € N((ay, %, § — 1, —7), gphN (-, RZ)),
(4) (a1, %2) satisfies 0 € F(Z,2) + N(z,9), that is,
2 —2F+08; — Ty =0

>0, 820, &(@E-1)=0, (-7 =0

We now discuss possible cases:

Case (1) Suppose § € (0,1), then @ = %, = 0 by (4). Thus § = Z. On the
other hand, by (3) we have nj = 7§ = 0 and hence = 1 by (2).

Contradiction.

Case (2) Supposey =0. Then @, = 0 by (4). By (3) we knownd = 0. Therefore,
if 4y > 0, using (3) one has 1 =0 and hence T = 0 which contradicts
(4). If iz =0, by (4) we have T = § = 0 which by (1) and (2) implies
m =0, 7 = 2. This contradicts that —n € [0, +00) by (3).
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Case (3) 7 = 1. Then by (4) and (3) we have 4 = 0 and 72 = 0. Suppose
%y > 0, ther 7, = 0,that is, T = 0. By (4), it is easy to see that it is
impossible. Therefore, G, = 0 and by (4) one has T =3 = 1. By (1)
and (2) we havery =1, 3 = 0.

Therefore we conclude that z = =1, 7= (1,0,0).
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