Graphs

A graph is a network of vertices and edges between pairs of ver-
fices. We define a graph as a pair (V, E), where V, the vertex set, is
any set of objects, and E, the edge set, Is a set of pairs from V.

Figure 1. Example of a graph. G is defined by V' ={a, b, ¢, d} and
E = {ab,bd, dc, ca}.

In a graph G, a path is a sequence of distinct vertices xq, ...,z
where there Is an edge between each vertex x; and the next vertex
x;+1 IN the sequence. A graph is connected if every pair of vertices
has a path between them.

There are some special classes of graphs. Complete graphs have
edges between every pair of vertices. A tree with n vertices is con-
nected and has n — 1 edges. Path graphs and stars are special types

of trees (see Figure 2).
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Figure 2. Examples of special (unlabelled) graphs. Kg is the
complete graph on 6 vertices. Ps is the path on 5 vertices. S5 is the
star on 5 edges. T is an arbitrary tree. G is not a tree because it is
not connected.

The Classic Ramsey Problem

ow many people must a party have so that it always has either a
group of 3 friends or 3 strangers (or both)?

We can restate the above question as the following: it we colour
the complete graph K,, with two colours, red and blue, how many
vertices must K,, have so that it always has a red or blue triangle?
We can call this the Ramsey number R(3, 3). In fact, R(3,3) = 6 (see
Figure 3). Many Ramsey numbers, like R(5, 5) (the size of graphs that
always contain a red or blue K5) are not known exactly.
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Figure 3. The K5 has no red or blue triangle, so R(3,3) > 5. Kg
always has a red or blue triangle, so R(3,3) < 6. The proof uses

the fact that at least 3 edges from each vertex are the same colour.

The Generalized Ramsey Problem

Surprisingly, the Ramsey number R(s, t) exists for arbitrarily large
s and t. We can always find a patch of “order” (few colours) in
enough “disorder’. But if we add in more colours, it becomes
harder to ensure there is a patch of “order”. The question is, how
many colours must we add such that we cannot find a specific
substructure with few colours?

Definition. Let f(n, H,q) be the minimum number of colours
needed to colour the edges of K,, so that every copy of the graph
H has at least ¢ colours.

This Is related to the classic Ramsey problem.  Consider
f(n, K3,2). As in Figure 3, we can colour K; with only 2 colours
so that every K5 (triangle) has at least 2 colours, but we cannot
colour Ky In that way using only 2 colours—we would have to add
another colour. So f(5, K3,2) = 2, but f(6, K3,2) > 2.

It we colour every edge in K,, with a different colour, we can easily
make every copy of a graph H have many colours. K,, has n(n —
1)/2 edges, so the number of colours would increase quadratically
with n. We can potentially do much better, though. It we find a
colouring that uses only a number of colours roughly proportional
to the number of vertices in K,,, we can say that f(n, H, q) is linear
(or sub-linear) in n.

Existing Results

Results for General Trees

In this project, | focused on f(n, T, q) for general trees T'. In some
cases, | found exact values: for example, f(n,T5,3) = 22| — 1,
where 75 is the tree in Figure 4 below.
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Figure 4. No matter how we colour K5 with 4 colours, we always
find a copy of 75 (left) with only 2 colours (centre left). But with 5
colours, we can colour K5 such that every copy of 15 has at least
3 colours (centre right). Therefore, f(5,15,3) = 5. The general
proof follows from the fact that if the star S5 contained in 75 has
all different colours, then T3 has at least 3 colours (right).

| also studied the behavior of f(n,T,q) as n grows large. For
instance, | fully characterized the asymptotic behavior of a class
of trees called subdivided stars.
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Figure 5. Examples of subdivided stars 1; ; from proposition
below.

Proposition (Subdivided Stars). Forany¢t >3and 1 < s <t —1,
let T} s be the tree obtained by replacing s edges in the star .S,
each with paths of length 2. Then f(n, 7}, q) is linear in n for
2<qg<tandquadraticinnfort+1<¢g<t+s.

Future Work

he problem of the function f(n, K,, ¢) was first posed by Erdds ana
Shelah|2]. The linear and quadratic thresholds are the values for ¢
at which f(n, H,q) grows at least linearly and quadratically with n,
respectively. Erdos and Gyarfas determined the linear and quadratic
thresholds for f(n, K,, q), the complete graph case[3]. Axenovich,
FUredi, and Mubayi adapted this to another class of graphs known
as complete bipartite graphs|1]. Krueger opened this up to general
oraphs, focusing on paths|4].

| hope to fully understand the asymptotic behavior of other classes
of trees, including trees that contain long paths. It would be inter-
esting to know for which classes of trees T' f(n, T, q) is in between
inear and quadratic in n for some g.
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