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Abstract

Aspheric surfaces play an important role in optical systems[4], but the ap-
plication of such surfaces is constrained due to difficulties of fabrication.

In this thesis, the feasibility of figuring aspheric surfaces is investigated us-
ing the elastic deformation techniques. Specifically, the primary mirror of the
proposed Space Debris Telescope is researched. This mirror consists of a con-
cave hyperboloid with a fast focal ratio of f/0.66 and has a conic constant of
k = —1.255. The combination results in an exceptionally aspheric mirror make
this mirror very difficult to produce.

In this thesis we present a general method for production of aspheric mirrors
by elastic deformation. To do this a general function describing the deflection
and orientation of aspheric surfaces is presented. This function can be used for
most aspheres including a sphere. By means of the elastic plate theory, the load
distributions can be found to produce the desired deformation.

Different finite element models are constructed to estimate the stresses in the

mirror when the deflection is prescribed. The problem of determining an ade-
quate number of discrete points for applying the forces and a best-fitting sphere
for an aspheric surface are investigated. Stresses in the mirror are determined

and checked to see that the chosen material has sufficient strength.
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Chapter 1

Introduction

1.1 The Topic

The object of any engineering analysis is to predict the behaviour of a phys-
ical system. In order to realize this goal, one develops mathematical models of
the physical system. The accuracy of predictions depends on the simplifying
assumptions used in creating the mathematical model, the material properties
and the geometric dimensions.

From the deflection of a plate which is a function of the two coordinates
in the plane of the plate, one can determine all the stress components in the
plate. Moreover, the loads required to produce the desired deflection will be
determined by the elastic plate theory. Thus the deflection function gives all
the necessary information for computing the loads and the stresses at any point
in the plate.

In this thesis a mathematical model of an elastic plate deformation is used to
simulate the behaviour of a mirror, namely the primary mirror of the proposed
Space Debris Telescope (SDT) [27] in a practical manner, and it extends the
analysis to a general case suitable for most aspheric mirrors.

The linear plate theory can yield very good results providing the physical
system, namely the mirror, suffers small deflections.

To make the descriptions clear, the following terminology is defined as



follows|[4]:

e Asphericity:

The difference between a required surface and an osculating (or best fit)

sphere.

e Focal ratio:

The ratio of focal length to aperture of mirror.

e Conic constant(k):

k = —e? (e is the eccentricity). The actual shape of conic mirror depends

on the value of k.

The proposed SDT consists of three different mirrors, called the primary,
secondary and tertiary, mirrors. The optical layout is shown in Fig.(1.1). The
primary mirror is a pure conic and is the most aspheric. The secondary and ter-
tiary mirrors have additional aspheric terms but are less aspheric. The primary
mirror described in this thesis is a concave hyperboloid 1.6 meter in diameter
and vertex radius of curvature of 2.111 meters. This mirror requires a fast fo-
cal ratio of f/0.66 and a conic constant of k = —1.255 which is 25.5 percent
more aspheric than a paraboloid with the same focal ratio. The surface departs
from the best-fitting-sphere by 1.6612 mm peak-to-valley——about 17 times the
asphericity of the fastest 4-meter classical mirror polished to date [22]. A mod-
erately high surface accuracy for good image quality is also required by the
mirror. This fast primary mirror offers great advantages of performance in the
telescope, but it presents great difficulties in fabrication. As a rough guide, the
difficulty of changing the deflection related to the different focal ratios and conic

constants is expressed by a modified formula given by Martin et al [23]:

2408 ) o
Az ~ kT(_f—) (mm) (1.1)
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Figure 1.1: Sketch of optical syvstem for Space Debris Telescope.



where D’ is the diameter in meters, f/D’ is the focal ratio and Az is the
magnitude of deflection.

The deflection changes rapidly with focal ratio and with conic constant as
shown in Table 1.1. As the stress is proportional to the deflection and thickness
of the mirror, high stresses induced by large deflection will rupture the glasses,
or exceed the elastic limit of the materials used. Thus the proposed SDT mirror

presents a serious challenge caused by its fast focal ratio and it is aspheric.

Table 1.1: Deflections as a function of the focal ratio and conic constant. Mirror
diameter of D' is 1600mm and best-fitting spheres are used (unit: mm).

Focal ratio || Deflection | Best fit sphere Deflection | Best fit sphere
(f/D") (k=-1) radius (k = —1.255) radius
0.66 1.3237 2186.8 1.6612 2205.3
1.0 0.3903 3250.0 0.4856 3262.6
1.2 0.2252 3881.7 0.2817 3892.2
2.5 0.0250 8020.0 0.0313 8025.1

One way to manufacture an aspheric mirror is to use the elastic deformation
methods which are both economical and practical.

The elastic deformation methods can be divided into the stressed lap and
stressed mirror methods depending on whether the loads are applied on the lap

or on the mirror blank.

In the stressed lap method, a set of forces is applied along the edge of the
lap-disk to produce the necessary deflection. The lap moves over the entire
mirror surface under computer control and actively changes its shape to match
the aspheric surface.

In the stressed mirror method, a set of forces is applied along the edge of
a mirror rather than the lap-disk. When the desired deflection is achieved,
a sphere is used to grind and polish the mirror blank. After the forces are

removed, the fabricated mirror elastically deforms into an asphere.



Among problems related to the elastic deformation methods, an important
but little studied problem is how to describe a general deflection function which
can deal with most aspheric surfaces rather than a special surface such as a
paraboloid [11] [19] [22]. If such a deflection function can be generated, the
necessary forces can be determined to achieve a desired deflection for the mirror
using elastic deformation technique.

This thesis attempts to develop such a function. To obtain a desired defor-
mation, it is convenient to apply forces at specified edge points, rather than on a
continuous surface. Thus, in this thesis only edge forces are considered. We shall
determine adequate points for the applied forces to obtain the desired deforma-
tion. The problem of determining the number of discrete points where forces
are applied is solved by using the finite element method. The basic requirement
for a viable technique is the need to obtain a specified accuracy of shape. Either
the stressed lap or stressed mirror method satisfy these requirements. A desired
accuracy can be achieved iteratively i.e. by polishing the mirror, measuring the
results, modifying the applied forces, repolishing the mirror again and so on.

The stressed mirror method is suited to producing mirrors with small as-
phericity and slow focal ratios because glass is usually used as the mirror blank
and cannot be stressed beyond a certain level. The stressed lap method is not
limited by the same restriction if the proper geometric parameters of lap are
chosen. The stressed lap and stressed mirror methods require that the deflection

function describe the differences between an off-axis conic and an on-axis conic

sections, and a conic and a spherical surface, respectively.

1.2 Review of Current Technologies

Fabricating techniques for aspheric surfaces have been studied since the be-
ginning of the last century. The proposed methods can be divided into the
following forms(7](8][22] [28]:



e Traditional method:

This method requires many testing and polishing iterations with an ex-
perienced optician to calculate the required pitch pattern and polishing
time at each step. It is difficult to use such a technique to produce an
aspherical mirror with high quality, such as a mirror with a focal ratio of

£/0.66.

e Computer-controlled polishing method:
This method uses a very small lap and short polish strokes to control the
surface shape by dwelling more or less on a spot, depending on whether
the spot is low or high. This method will be slow for mirrors with fast

focal ratios or large asphericity.

e Pressure controlled lap method:
In this method the mirror surface is controlled by varying the pressure
distribution across the lap. The figuring accuracy is maintained by using
a flexible lap. Therefore, a large lap must be used. This technique is

suited to mirrors with small deflections.

e Computer-controlled diamond turning method:
This method uses a small diamond head as the lap to cut material from
the substrate and figure an aspheric mirror, which is then aluminized.
Thus this method is not limited by the asphericity or focal ratio of the
mirror. The materials used for the mirror are typically metals and cannot
be given additional polishing after aluminizing. A disadvantage of this
method is that the reflecting surface eventually corrodes, and destroys

the mirror shape.

e Elastic deformation methods:

In these methods the elasticity of the material is used to achieve a desired
deflection under prescribed forces, either by the stressed lap method or the

stressed mirror method. Obviously, these techniques are limited by the



level of stress in the mirror. A best-fitting sphere can be used to reduce

the induced stresses [33].

It is very difficult to polish non spherical convex mirrors with high accuracy.

Concave mirrors are much easier to manufacture.

Generally, a concave surface is also easier to measure than a convex one in
optical tests. It is possible to obtain an identical non spherical convex mirror
of accurate shape by the replication method. A replicated mirror is composed
of a substrate overlaid with a resin layer and moulded on the polished surface
of a master. The resin surface is coated with a reflecting layer. Since different

materials used in the substrate and resin have different coefficients of thermal

expansion, temperature changes will affect the figuring precision. Shrinkage of
the resin can also affect the mirror’s precision. This method is not suitable for
aspheric mirrors with extreme asphericity or fast focal ratio. The secondary
mirror of the proposed SDT is a good candidate to produce by the replication
method.

The elastic deformation methods are useful for astronomical mirrors in most

cases. Many aspherical mirrors have been developed by these methods [6][10][26][28]
[29][35].

1.3 Review of Literature

Plates have been studied extensively since the last half of the nineteenth
century. Detailed accounts of plate theory can be found in texts by Timoshenko
[31][32]. The first aspherical surface made by the elastic deformation of glass was
by Schmidt [30] who developed an axisymmetric correcting lens for the Schmidt
telescope in 1930, using a rigid full size lap to grind and polish a stressed glass

plate. The execution for the Schmidt plate where provided by Couder [7] in
1940.



In 1964 and 1972, Clark [5] and Cox [8] produced some corrector plates by
means of this method. Everhart [9] followed Schmidt’s classic method and gave
a general description in 1966. The desired figure is achieved while the plate is de-
formed with partial vacauum on the one side. Elastic deformation methods have
also been discussed by Lemaitre [13]—[16] to obtain a large variety of aspheric
surfaces. The technique for fabricating off-axis paraboloid surfaces was also de-
scribed by Lemaitre. Variations in plate thickness are deliberately introduced
to determine a set of required deflections governed by external loads. Leonard
and Alvarez [17] have described a related idea of bending a given surface into
another surface by means of a warping harness used to adjust the astigmatism.
Lubliner and Nelson [19] developed and demonstrated the elastic deformation
technique for production of an off-axis paraboloid segment. The Love’s[18] elas-
tic theory was used to obtain the high accuracy of the plate deformation under
the necessary forces.

It is known that very good quality spherical mirrors can be produced by
rubbing two spheres of equal size together. The spherical polished surfaces
currently reach the needed quarter wave accuracy of the Rayleigh rule, or of
other absolute accuracy criteria such as that by Marechal [21], which concerns
a given intensity distribution at the diffraction pattern.

In principle, the difficulty of polishing aspheres can be reduced to the much
simpler one of polishing spheres. A set of forces is applied at several points
around the edge of a plate along with an uniform pressure on the back of the
plate. The required deflection may be developed under such forces. After a
sphere has been ground and polished into the deformed mirror blank, this mirror
will deform elastically into the desired nonaxisymmetric paraboloid surface as
long as the material used behaves elastically. In principle, the aspheric surface
so produced has the same accuracy as the spherical fabrication. Since the basis
of the method is to deform the mirror blank elastically, the technique is limited

to those cases in which the internal stresses remain below the the material elastic



limit. Thus an extremely aspheric mirror would not be a good candidate for

this method.
The recent work on the stressed lap method by Martin et al.[22], applies

the elastic deformation method to the fabrication of a paraboloid mirror with
a focal ratio of f/1. The solutions are expressed in an analytical form for
paraboloid mirrors. It is assumed that the lap to be deformed has ideal elastic
properties and the deflection is kept small by limiting the diameter of the lap.
The stressed lap method can produce an aspheric mirror with high asphericity
and a fast focal ratio. The figuring accuracy is achieved by changing lap shape
to match the required surface and the lap deflection error is limited to less than
10pum [23]. The iterative approach can then be used to improve the figuring
accuracy of the mirror.

A general function of deflection for an aspheric mirror developed in this the-
sis is presented as a power-series in chapter 2. In chapter 3 the basic principle
of the elastic plate theory and the need for finding the load distributions which
can produce a desired deflection are discussed. Chapter 4 uses the finite ele-
ment analysis to evaluate the behaviour of an analytical model for the mirror.
The computed results provide some data of interest for the possible form of
the plate deflection resulting from combination of the applied forces. Through
several finite element models, the adequate number of discrete points along the
boundary of the plate where the forces are applied, is determined.

Chapter 5 presents the conclusions and suggestions for future work.
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Chapter 2

Deflection Function

2.1 Overview

This chapter begins by adopting a system of global coordinates for describing
the shape of a general symmetrically conic mirror used in most optical systems.
To identify a nonaxisymmetric conic surface, a local coordinate system needs
to be established. The relation between the two coordinate systems can be
established by a matrix expression. A deflection function, suitable for most

conic mirrors, is described in the local coordinate system.

2.2 Geometry of Conic Mirrors

[t is known that the shape of an optical mirror, using the cylindrical coordi-
nate system may be expressed by the power series in the cylindrical coordinate

system [1]:

wir,d) = ZAmnrm cosnb (2.1)

where m and n are positive integers, m > n and m — n is even, with the
restriction that for m > 6, the nonvanishing coefficients A,,, are those between

m =n and m = n + 2. With these restrictions, all the commonly used optical
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mirrors may be described by Eq.(2.1). By means of elastic plate theory and the
proper application of the load distributions around the edge of a plate, the plate
may be deformed into any surface described by Eq.(2.1). The relation between
the parameters of the conic surface and the coefficients in Eq.(2.1) must first be
determined.

In a global coordinate system (X,Y,Z), a symmetrically conic mirror of

revolution about the Z axis, with a radius of curvature R at vertex, is described

by [20]:

5'2
7 = 2.2
R+ \/R? — (k +1)82 (22)

where S=v/ X2+ Y?. k is the conic constant (defined in page 2). The actual

shape of the conic mirror depends on the value of &k

k< -1 hyperboloid

k=-—1 parabolid

-1<k>0 ellipsoid rotated about its major axis
k=10 sphere

k>0 ellipsoid rotated about its minor axis

A flat surface can be defined when R = oo.

2.2.1 Development of a General Deflection Function

In order to find an off-axis conic section of the conic mirror, we establish
a local coordinate (z,y,z) shown in Fig.(2.1). Let P be a point on the conic
mirror having a distance d from the Z-axis. The coordinates of P are (d,0, Z,)
in the X — Z plane. The z-y plane and the z-axis are tangent and normal to

the conic mirror surface at point P, respectively. It is convenient to let y = Y.



The local coordinate system (z,y, z) has the origin at P. From Eq.(2.2), we

obtain following since Y = 0,

2
R+ \/R? = (k+1)d2

The angle ¢ between the X-axis and the z-y plane, which is the slope at
P(d,0,Zy), is obtained by differentiating Eq.(2.2) with respect to X:

dz

tang = (d—X‘)d

d
= T (2.4)

From Fig.(2.1), a transformation between the two coordinate systems may

be established by the matrix expression:

(X v z 1]=[z y 2z 1][R)T) (2.5)

where R, is a rotation matrix about the y-axis given by

cosgp 0 sing 0
0 1 0 0
(B =1 _ sing 0 cos¢ 0
0 0 0 1
and [T] is the translation matrix given by
1 0 0 0
01 0 0
= 00 1 0
d 0 Z, 1

A nonaxisymmetric conic mirror may be defined in the local coordinate system

(z,y,2) by substituting Egs.(2.4) and (2.5) into Eq.(2.2):
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conic surface

\ 7
y
X
A
P7\
Z0
¢
O S
d
= .

Figure 2.1: Global and local coordinate systems and corresponding geometric
parameters



14

22[(1 4 kcos® ¢)/R] + 2z[kx sin pcos ¢/ R + [(1 + k) Zo/ R — 1] cos ¢
—dsin ¢/ R] + (kz?sin® ¢/ R 4 2z sin ¢[Zo(1 + k)/R — 1] + 2*/ R

+2dzcos p/R+d*/R+y*/R+ kZi|R+ Zi/R —2Z,) =0  (2.6)

Eq.(2.6) is a quadratic equation with respect to z. Before solving, this equation

may be simplified.

2.2.2 The Simplified Quadratic Equation

A three dimensional curve in a rectangular system (X,Y, Z) may be repre-

sented by a position vector V,

V(b) = X(b)ey+ Y(b)es + Z(b)es (2.7)

for all values of the parameter b in the interval b, < b < b,, where ey, e and es
are the unit basis vectors. If we require that X(b),Y (b),Z(b) be single valued
functions of the parameter b, then we shall insure that a given value of b defines
only one point on the space curve. If the tangent vector exists at point P in
Fig.(2.2), the direction of the differential vector dV /db tends to the direction
of the tangent at that point. If we let b become the arc s used as a parameter
in Eq.(2.7), namely V(s), then | AV | is equal to | As | in the limit. Thus the
unit tangent vector t may be obtained by differentiating the position vector V

with respect to s:

since



(ds)?

the scalar product

(dX)* + (dY)? + (dZ)*

15

(2.9)

1 (2.10)

If we differentiate Eq.(2.10) with respect to s, then the scalar product

e
ds

This result indicates that the vector n

must be the normal vector at point P.

0 (2.11)

dt/ds is perpendicular to t. So, n

By means of the above results we can determine both the tangent and normal

vectors at P for the conic surface shown in Fig.(2.1). Since we only consider

the curve in the X — Z plane, Y = 0, the unit tangent vector t at point P is

given by

dX
ds L

dX

= =={f1 % —=eg)

ds

From Eq.(2.9),

(ds)*

+

(dX)* + (

(dX)*((

dZ dX

€3

dX ds

dz

e (2.12)

(dX)* + (dZ)?

dz
dX
dz

rraae’

dX)?
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Z(bp)

X(bp)

Y (bp)

Figure 2.2: Position vector and tangent vector at point P.
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Thus

el +dZ/dXe3

JdZ]dX)? + 1

where dZ/dX is given by Eq.(2.4). The tangent unit vector may then be ex-

pressed as

e; + heg

Yt

where h=dZ/dX |x-4, and d is the off-axis distance from the mirror center.

t (2.14)

Likewise the inward unit normal vector n at point P may be described as

—hey + e

I

To further simplify Eq.(2.6), some useful relations will be derived from

n (2.15)

Eq.(2.15). First, the angles between the normal vector at P and the X and
Z axes are defined as a and 3, shown in Fig.2.3, respectively.

These angles are given by:

n-e —h

cosa = = 2.16
el iome -8
. 1
cosf} = . BN (2.17)
mlles] ~ igm
From Fig.(2.3), we have following result:
cosa = —sing (2.18)

cosf = cos¢ (2.19)
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We obtain following equation from Eq.(2.19):

1

V1 + h?
d2
=\ T R-krne

R? — (k + 1)d?
= \/ R2(— k-d2) (2.20)

Eq.(2.20) multilied by R/4/1 + ksin® ¢ gives:

cos¢p =

Rcos ¢ \/RZ—(k—%-l)dz R
/14 ksin? ¢ R? — kd? /1 + ksin? ¢
R ()22
Ry i

\/1+k (1 — cos? ¢)

R /R"’ !k+1 )d?
—kd?

R2—(k+1)d?
V1+k- k—(ng—

B R\/R?—(Hl)d?\/m—kd?

R? — kd? R?

= \/RZ—(k+1)d2

= R— /R — (k+1)&)
JR— R — (k+1)d?
= R—(k+1)d TESY:
= R—(k+1)Z (2.21)

We obtain following equation from Eqs.(2.16) and (2.18):



SR oy

or

d = sin¢VRE — kd?

Now squaring both sides of Eq.(2.23), obtaining as follows
d* = sin®¢(R? — kd?)
-
d*(1+ ksin®’¢) = R*sin’¢
or

Rsin ¢

- V14 ksin? ¢

We have following equation from Eq.(2.26):

JFirhiap = Boind

d

We also have following result from Eqs.(2.21) and (2.26):

VR = (k+1)d? = R—(k+1)Z
Squaring both sides of Eq.(2.28), it becomes

(k+1)Z2 -2RZy+d*> = 0

or

kZ:|R+ Z}/R-2Zy = —d*/R
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(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)



conic surface

Figure 2.3: Defining the angles about the global coordinate system and the
normal vector at point P.
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Substituting Eqgs.(2.21), (2.26) and (2.30) into Eq.(2.6), the simplified Eq.(2.6)

becomes

22[(1 4 k cos® ¢)/ R] + 2z[kx sin ¢ cos ¢/ R —
1

1+ ksin? ¢

Eq.(2.31) describes a nonaxisymmetric conic mirror in the local coordinate

]+ (kz*sin®’ ¢/ R+ 2*/R+y*/R) = 0 (2.31)

system when the off-axis distance d is not equal to zero. This equation is still

too complicated to be used in the force analysis.

2.3 Solution of Simplified Quadratic Equation

We solve Eq.(2.31) using

g—4/n =§C

%z 2.32
¢ (2.32)
with
14 ksin? ¢

£ = = (2.33)
g = 1 B kx sin ¢ cos ¢ (2.34)

\/1 + ksin® ¢ R

I S

¢ = (1 +kst¢):c +y (2.35)

We also need to find the relation between the coefficients described by

Eq.(2.1) and the conic mirror parameters. So we employ Taylor’s series for
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a function of two variables. For a function f(z,y) expanded at (0,0), Taylor’s

series becomes

fa) = J0.0)+a5-(0,0)+y7-£(0,0)

2% 52 2 y? 9
+ 575270 0)+$yaaf(00)+§mf(0,0)
bt g Y T 00
...... ) pre=r il
+ Ropi(z,y) (2.36)
where the last term is given by
Ru(,y) = T—(oas +yae )™ floz,on)  (0< 0 < 1) (237)

We expand Eq.(2.32) to describe a nonaxisymmetric mirror in the local
coordinate system (z,y, z), as a power series. We denote it by z,,,. We employ
the MAPLE program, which can give the analytical solution, to solve the two
variables Taylor series Eq.(2.36), then obtain the following results

> 2 1/2
Znon = (1 T k;g QS) [(1 + ksin2 d)).’l,'z —+ y2]

k sin ¢ cos ¢
2R?

(1 + ksin® ¢)>/?
8R?

+ (14 ksin®@)(1 + kcos® ¢)]z?

(1 4 ksin? ¢)[(1 4 ksin? ¢)2® + xy?)

([4k* sin? ¢ cos® ¢

+ (1 =kcos®@)y®)[(1 + ksin® @)k + y*] + ...... (2.38)

Terms up to the fourth order can represent most optical mirrors because the

higher order terms are very small and may be neglected.
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We use the same procedure for an axisymmetrically conic surface z,,; which
has a vertex radius [ and a conic constant K, the z-y plane tangent to the conic
surface at P, and centered at (0,0,/) in the local coordinate system (z,y,z).
The constant and linear terms which represent rigid-body displacements are

neglected in the expansion. The result is found to be:

(249 | P+
Vasi = ~ + e (K+1)+...... (2.39)

It is obvious that K = 0, Eq.(2.39) represents a sphere which is tangent to the

conic surface at P.

2.4 The General Deflection Function

For a circular plate it is advantageous to work with the cylindrical coordinate

system instead of the Cartesian coordinate system. The two systems are related

by

x =rcosb y =rsinf (2.40)

From trigonometry, we have the following identities

1

cos’ = 5(1 + cos 20) (2.41)
3 1

cos”f = 2(30030 + cos 30) (2.42)
1

cos’ = g(cos40 + 4 cos20 + 3) (2.43)

Substituting Eqs.(2.40), (2.41), (2.42) and (2.43) into Eqs.(2.38) and (2.39)

give the z,,, and z,, described in cylindrical coordinates.
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A deflection function w which describes a general conic surface can be defined

by the difference of Eq.(2.38) and Eq.(2.39). That is

w(p,0) = Aypp® + Agyp? cos20 + Az p® cos O + Aszp® cos 30
4+ Agop* + Agzp? c0s20 + Agqp® cosdl + ... (2.44)

where p = r/a is a dimensionless quantity. The polynomial Eq.(2.44) is the

same as Eq.(2.1) with the constraints given in Section 2.2.

2.4.1 Deflection Function of Stressed Lap

The stressed lap method requires the lap surface match the surface of the
mirror when the lap grinds and polishes the mirror. It requires the deflection
function describing the difference between a nonaxisymmetric and an axisym-
metric surfaces. Thus the deflection can be expressed as w = z,,, — 24, Hence,

the coefficients A,,, in Eq.(2.44) are given by

2R 1
Ay = —;—RT—§(2+ksm o)1+ ksin®@]  (focus)

Ay = —k sin® ¢\/1 + ksin®*¢  (coma)

3

Az = VT ——ksin ¢ cos ¢(1 + ksin® ¢)(4 + 3ksin® ¢)  (astigmatic)

Asz = 8R2k cos ¢sin® ¢(1 4 ksin? @)
4 R r02 1\3/2
Aw = -_é%((T)S(KH)—(HkS;“ O™ (47 sin? § cos? ¢ (2.45)

+ (14 ksin® @)(1 + kcos® ¢))[(4 + 3k sin® ¢) + (1 + kcos® ¢)(4 + ksin? ¢)))

a4

Ap = 16R3(1+ksin2¢)3/2((4k28in2¢cosz¢+(1+ksin2¢)(l

+ kcos?§))(1 + ksin? ¢) — (1 + kcos® ¢))
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4 i
Ay = —%(1 + k sin? ¢)3/2((1 + k cos? ¢) — (4k* sin? ¢ cos? ¢

+ (14 ksin®¢)(1 + kcos® ¢)))

where a is the radius of the plate. We note that the conic constants in both

Eqs.(2.38) and (2.39) are the same value (that is, K = k).

2.4.2 Deflection Function of Stressed Mirror

The stressed mirror method requires the deflection function describing the
difference between a sphere which is defined in Eq.(2.39) with K = 0, denoted
by 24, and an asphere z,,,. Thus the deflection function is expressed as w =

Zsph — Znon. Hence, the coefficients A,,, in Eq.(2.44) are given by

2
A = ol (@t ksin? 6)/T+ ksin'g]  (foeus)

2
Ay = —:_Rk sin® g\/1 + ksin®¢  (coma)

3
Ay = —%iksingbcoscb(l+ksin2¢)(4+3ksin2¢) (astigmatic)
fyy = = i in ¢(1 + ksin’
B = ~gm cos ¢sin” ¢(1 + ksin® @)
4 -2 1\3/2
Ap = S‘I_W((%B(KH)JH’“SE‘;“ O (442 sin? ¢ cos? 6 (2.46)

+ (14 ksin? ¢)(1 + kcos® 8))[(4 + 3ksin® @) + (1 + k cos® ¢)(4 + ksin? 4)])

a4

Ap = — 16R3(1 + ksin? ¢)*2((4k? sin® ¢ cos® ¢ + (1 + ksin® ¢)(1

+ kcos? $))(1 + ksin? @) — (1 + kcos? ¢))

4k L)
Ay = %};q&(l+ksin2¢)3/2((1+kcos2¢)—(4k2sin2¢c082¢

+ (14 ksin? ¢)(1 + kcos® ¢)))
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In order to estimate the deflection function derived, we compare Eq.(2.44)
with Nelson’s work[24] by using the same data given by Nelson (for details, see
Appendix A). The results show that Eq.(2.44) is reliable to be used.



Chapter 3

Basic Principle of Elastic
Deformation

3.1 Overview

In the following sections the distributions to generate a deflection described
by Eq.(2.44) in a plate will be determined. Generally, this is a straightforward
problem in elastic plate theory[31] when the plate is considered as a linearly

elastic and isotropical material with constant thickness.

3.2 Differential Equation for Plate Deforma-
tion

All structures are three-dimensional, and the exact analysis of stress in them
presents formidable difficulties. However, such precision is seldom needed, nor
indeed justified, for the magnitude and distribution of the applied loading, and
the strength and stiffness of the structural material, are not known accurately.
For this reason it is adequate to analyze certain structures as if they are one or
two-dimensional. Thus the engineer’s theory of plates is two-dimensional. Thin
plates characterized by the fact that the thickness is small compared with other

linear dimensions, may be analyzed in a two-dimensional manner. The simplest
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and most widely used plate theory is the classical small deflection theory [31]

which is summarized below.

Let us consider a thin plate, in other words, a body with parallel faces
and a thickness h which is very small compared to the linear dimension of

the faces. We consider a state of stress in an element cut out of the thin

plate with an arbitrary small deflection w(z,y) as shown in Fig.(3.1). The
plane midway between two faces of the element is called middle plane. The
thickness of the element denoted by h is considered small in comparison with
the other dimensions. The slopes of the middle plane are dw/dz and dw/dy.
The displacements u; (¢=1, 2) in the z-y plane at a distance z from the middle

plane are given by

u; = —Z% (31)

where @ and y are denoted by x; and z, respectively. Therefore the strains in
the z-y plane are given by

1
e = 5luij+uj) (32)

where u;; = Ou;/dz; (i,j=1, 2). Making use of Hooke’s law, the relations
between the strains ¢;; and stresses 7;; are given in tensor form as follows
1+v v

& = —p T~ 7%0 (3.3)

with © = 713 + 732, v is Poisson ratio of the material and E is the Young’s
modulus.

From the above relations, the expression for the stresses 7;; can be obtained

as follows[31]:

Ez 0w Pw
_l—u"’(am"’ V(?y2)

Tl =

(3.4)
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’

Z lamina

middle plane

y,u2

Figure 3.1: An element with an arbitrary small distance z.



Ez 0w 0w

W= T —1/2((9?;2 +V8:v2) (3:3)
Ez dw
M2 = T3, 920y (3:6)

The stresses 7;; vary linearly through the thickness of the plate, and are

equivalent to the moments M;; per unit length acting on the lamina given by

h/2
Mi]'diL',' = / y T,'jZd.’L‘,'dZ (Z,] = 1,2) (37)
—-h/2
or
M, ae d 3.8
o= /_h/zmz z (3.8)

Substituting the expressions of 7;; into Eq.(3.8), the tensor components in Carte-

sian coordinates related to the middle plane can be described by

M,'j = D[(l — I/)w','j -+ I/(S,'J'V2w] (39)

where w;; = 0*w/0z;0z; and §;; denotes the Kronecker delta, which is given by

0t i#j
5,1-{1 il (3.10)

Suppose that an element bounded by z;, x;+dx; is subjected to a distributed
normal loading of intensity ¢, direct along the z-axis direction.

The shearing forces @); per unit length are normal to the z;-axis. Considering

the condition of force equilibrium, 3~ F' = 0, it is found [31] that

T
Q 9Q, }
—dzby + dxdy + qébzdy = 0 (3.11)




Mx

Mxy il

I ==~
My+ Mgy < Myer- 25y

Qy
o | 4
q
W,z
Y |
* Qx+an/ax8X
Qy+dQy/0ydy

Figure 3.2: Forces acting on a plate element.
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or

0Q, 00,
Ox + dy

+q = 0 (3.12)

Consider the condition of moment equilibrium, > M = 0 about the z;-axis.
Taking moments of all the forces acting on the element as shown in Fig.(3.2) with

respect to the x—axis, the equilibrium equation can be obtained as follows[31]:

aszéxéy—aMx6x5y+Qy5w6y = P (3.13)
Ox dy
or
oM., OM, B
5z Oy +Q, = 0 (3.14)

Likewise, by taking moments with respect to the y—axis, we obtain

OM,, OM,
i + e

5t e~ = 0 (3.15)

Obviously, M,, = —M,,. Hence,

The shearing forces per unit length acting on the element are given by

Qi = —M,']"J'= —szw_,' (316)

Since there are no forces in the x and y directions and no moments with
respect to the z—axis, the above equations completely define the equilibrium
of the element shown in Fig.(3.2). Substituting Eq.(3.14) and Eq.(3.15) into
Eq.(3.12) to eliminate the shearing forces (), and @,, we obtain
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0*M, n 282M1y 9*M,
dz? 0zdy dy?

+q = 0 (3.17)

To represent this equation in terms of the deflection function w, Eq.(2.36),
we substitute the expressions for M;;, Eq.(3.9) into Eq.(3.17) to obtain the

Lagrange’s equation [31]

DV (Viw) = ¢ (3.18)
where
D = ER3/12(1 — v?) The plate stiffness modulus
h Plate thickness
v Poisson ratio of glass
V? Laplacian operator
q Load applied per unit area

In the polar coordinate system (r, ), the Laplacian operator is expressed as:

9 10 1 0°
Vi = —4-——+4+—==— 5|
or? * ror + % 992 (3:.19)
If ¢ is a constant, all terms through the forth order described by Eq.(2.44)
can be governed by means of the differential Eq.(3.18). For most mirrors, higher
than forth order terms are not required because the higher order terms will be
very small and be completely negligible in the deflection function.

Since we consider that the plate has an uniform thickness, the values h and

D are constant in Eq.(3.18).
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3.3 The Forces

It is well known that when a plate is loaded statically, it has an elastic re-
action everywhere if the material behaves elastically. The magnitude of elastic
reaction is equal to the applied loading and in the opposite direction. In par-
ticular, when a plate has a constant thickness h and has a set of forces applied
to it, the deflection of the middle plane is governed by Eq.(3.18). The general
solution of Eq.(3.18) can be taken in the form of a sum [31]

w = w;+w, (3.20)

in which w; is the particular solution and w, is the solution of the homogeneous

equation

Viw, = 0 (3.21)

It is obvious in Eq.(2.44) that w; = Agr?. If an uniform pressure ¢ is used,
the relation between the pressure and the coefficient Ay in Eq.(2.44) can be

obtained as:

64D A
q = = (3.22)

at

From Eq.(3.9), we may obtain the moments M,, My and M, per unit length
acting on an element. The moments are only related to the deflection given by
Eq.(2.44) when plate stiffness modulus D is constant. We write them respec-

tively as follows:

*w ow
M,. = —D[W'FV(W)] (3.23)
ow w

—D(m + VW) (324)
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w

Mo = =D =555

(3.25)

with n and t being measured along the normal and the tangent to the side of
the element respectively. Eq.(3.9) may be written in polar coordinates by using

the following transformations:

0* 0?
= Be (3.26)
0? 10 1 02
o e s A 92
ot? ror + r? 002 33T
0* 1 9?
= — 2
onot r? orol 3.28)
Therefore, moment expressions in polar coordinates are as the following
0w ow 0w
M, = D 2
[87"2 A V(rar + r2002)] \8.28)
ow 0w 0w
Mo = D(rar Y r200? 't V5r2) Sl
0w Ow
Meo = D(1=v)(T556 ~ T2g9) i)
Likewise, shear forces in polar coordinates are
9 o2
@ = —-D—(Vw) (3.32)
or
Qs = —Di(v2 ) 3.33
o ro0 " 34}

The shearing forces at the boundary (r=a) along the edge are given by [19]

aMr&

Vo=@

)r=a (3.34)
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In the plate boundary the bending moments and shearing forces depend only
on 0 since the variable r becomes constant at r = a. Substituting Eq.(2.44) into
the Egs.(3.29), (3.31) (3.32) and (3.34) we obtain the bending moments and

shearing forces expressed as the Fourier series:

M@9) = M0+i(Mncosn0) (3.35)
V() = V()+§:(Vncosn9) (3.36)

where the coefficients of both the moment and the shearing force are written in

terms of the coefficients of the deflection function as[19]:

D
M() = E[(2+2V)A20+4(3+I/)A40]

2D
M1 = ?(3 + I/)Agl

32D
Vo = — o Ago (3.37)
2D
‘/1 — —_3(3+ I/)A31
a
and if n > 1,
D
M, = —((L=v)n(n = 1)Ap + (n+ 1)(n +2 = (n = 1)r) Apt.0(3.38)
¥, = D 2
L o= -5((1 —vn‘(n — 1A, +n(n+1)(n—4 —nv)Anen)  (3.39)

A plate deflection described by Eq.(2.44) can be produced by the above
force analysis. By choosing appropriate values of plate thickness h, dimensions

of the plate and by controlling the magnitude of the deflection, the classical
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plate theory can give an accurate solution. The numerical analysis is illustrated

in chapter 4.

3.4 Equilibrium Conditions

The moment and shearing force distributions must be in equilibrium at the
plate boundary. The Fig.(3.3) shows the forces applied on a circular plate in
equilibrium. After the forces are applied on the plate, the equilibrium condition
in the boundary should be checked. The conditions for the equilibrium forces
give

a 27
/ q27rdr + / V(@)rdd = 0 (3.40)
0 0
or,

Vo = —qa/2 (3.41)

Likewise, the moment equilibrium about x and y axes gives

2 2 27 a
/ V(0)a? cos 0d6 + / M(0)acos0df = / / gr cos 8drdd
0 0 0 0

or,

M +aVi =0 (3.42)
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3.5 Stress Analysis

It is important to check the distribution of stress on the plate when the
forces are applied to it. If the maximum stress used is beyond the elastic limit
of a material, the formulas derived in this chapter can not be used.

The stress components can be obtained from Eqs.(3.4), (3.5) and (3.6).
These stresses are proportional to the distance z of the lamina from the middle
plane and also depend upon the magnitudes of the slope of deflection. The stress
level increases rapidly when a mirror is extremely thick and severely aspheric.
The local maximum of each stress component occurring at z = +h/2 is given

by maximizing the following equation|32]:

Mazimize(||,|m]|) (3.43)

where

[ n ] _ [ g (2520 4+ -

e _ \/(11.1.::21)2 + 72,

2 2

since the in-plane stress components are assumed to be changed linearly through

out the thickness. The stress components can also be described as [19]:

T; = —12M;;z/h® (3.45)

Thus the maximum stress components can be determined by the maximum

bending moment components given by[19]
Tmaz = 6Mpa./h? (3.46)

where

Mt_Mg
2 2

)+ M) | (3.47)
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In the next chapter, we shall consider the details of the numerical analysis in
both forces and stresses. We shall also discuss the figuring accuracy simulated

by ANSYS program[12], and the method of improving the accuracy.



circular plate

uniform pressure q

Figure 3.3: Plate with shearing forces, bending moments and uniform pressure
in equilibrium.
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Chapter 4

Simulation Description and
Results

4.1 Overview

In this chapter, the mirror plate is modelled by the finite element method.
The geometric parameters of this model are designed by the requirements of the
strengths of the material and by figuring accuracy. The elastic thin-plate theory
1s used to find the required forces, which are applied in the finite element model,
to deform the plate into the desired shape. The numerical deflections are then
obtained by the ANSYS program[12]. These deflections are then compared with
the prescribed deflections given by Eq.(2.44) at corresponding nodes. In this
way Eq.(2.44) is matched.

4.2 A Numerical Model for Simulation

The geometric properties of the SDT primary mirror are given in Table
4.1 [27]. The primary mirror has a fast focal ratio and is also very aspheric.
These parameters make the primary mirror very difficult to produce by the
elastic deformation methods since the necessary stresses required are quite high.

However, a theoretical model can be constructed to simulate the mirror. There



42

are at least three difficulties to consider in such a model. They are the stress
level in the material, the size of the deflections and the applicability of the
elastic plate theory.

If the required stress is beyond the elastic yield level of the material, the elas-

tic deformation methods cannot be used. When the stress level of the material

is below the elastic limit and the geometric parameters of the physical model
are properly designed, the elastic plate theory will give very good results. The
material responds linearly to the applied forces so long as the internal stress can

be maintained in the elastic range.

Table 4.1: Geometric properties of the primary mirror

radius of curvature | conic constant | diameter | focal ratio

2111.0 mm -1.255 1600.0 mm £/0.66

One requirement for making stressed polishing mirrors is to find a reasonable
arrangement of discrete points where the forces may be applied to accurately
induce the desired shapes. Lubliner and Nelson [19] pointed out that the de-
formed model can be obtained in a plate by a distribution of the forces acting
on the edge of the plate. We use the same principle for the simulation test. The
proposed finite element model is shown in Figs.(4.1) and (4.2). Twenty-four
equally spaced discrete points were chosen along the boundary of the configu-
ration, bearing in mind the required accuracy expected by the finite element
analysis. (see Table 4.5, for details). It is made up of ninety-seven nodes and
ninety-six elements with six degrees of freedom at each element. On this model
various loads, such as pressure, concentrated forces and moments, with either

axisymmetric or nonaxisymmetric distribution, may be applied.
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4.3 Simulation of Stressed Lap Method

In the stressed lap method a set of forces is applied on the lap to deform its
shape elastically so as to match the mirror surface when the lap moves around

the mirror surface.

The optical tolerance of the primary mirror for the proposed SDT is not
very tight since the focal ratio of the telescope is so short. The figuring shape
of the lap is given an allowed error of 10um from peak-to-valley[23].

We use the elastic plate theory to design the lap and determine the required
forces numerically. First the lap dimension should be determined. Generally,
the lap dimension is as small as possible in order to meet the figuring accuracy.
A smaller lap will increase the grinding and polishing iteration times. Thus a
reasonable size should be selected. We first determine a rigid lap size.

If K is zero in Eq.(2.39), the dimension of the rigid lap can be determined
when the value of the maximum deflection given by Eq.(2.44) is less than the
allowed error. We have chosen a value of 8um. The computed results using
Eq.(2.44) show that the rigid lap should be less than 30 mm in diameter. Obvi-
ously, using such a lap to polish a 1.6 meter-f/0.66 mirror would require a long
time.

An alternative lap was investigated because if the lap used is actively chang-
ing its shape (stressed lap) to match the required shape during grinding and
polishing, the dimension of the active lap may be much larger than the rigid one,
for the same degree of accuracy. If the lap shape may accommodate changes up
to 1 mm and the changes of its shape are controlled to within an accuracy of
1%. Eq.(2.44) gives a lap dimension of 320 mm diameter.

A finite element model is developed based on the correct absolute shape for
one position of the lap on the mirror: a distance of 640 mm where it is at the
furtherest point from the mirror center. It is the most difficult part to grind

and polish on the mirror surface. The maximum deflection measured from the
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unstressed lap curve to the stressed one at that point is of 1.039 mm (see Table
4.3, for details).

A 20 mm thick lap was chosen to give it sufficient strength. The diameter-
to-thickness ratio is 16:1; the thickness-to-maximum deflection ratio is 20:1. As
mentioned previously, these ratios are chosen so that the assumption of thin
elastic plate theory may be reasonably satisfied.

The lap consists of a solid aluminum alloy disk. The mechanical properties

of the lap are [3][34]:

Young’s modulus (£) = 70000 M Pa
Poisson’s ratio (v) 0.33

Typical allowable stress for such a material is 140 M Pa. The unstressed
configuration of the finite element model for the lap can be determined by
Eq.(2.39). The load distribution can be determined by the formulas derived
in chapter 3. The desired forces and moments can be calculated by Eqs.(3.35)
and (3.36). Table 4.2 lists the determined values for the forces and moments.
By means of finite element analysis, we applied the forces given in Table 4.2 to
the model shown in Fig.(4.2), and computed the deflections by using ANSYS
program[12]. We estimate the figuring accuracy by comparing the deflections
computed by ANSYS with the prescribed deflection calculated by Eq.(2.44)
at corresponding nodes. Fig.(4.3) shows that the lap is deformed under the

combination of these forces. In order to evaluate the results of the deformed

lap, Table 4.3 compares the values of the prescribed and ANSYS deflections at
all nodes of the configuration when the lap is located at the farest point from
the center of the mirror (see Fig.(4.1), for details of node-number). As expected,
the maximum relative error is no more than 1%. The maximum mismatch is
8um peak-to-valley and the fitting accuracy is within 3 gm rms. The maximum

stress induced in the disk is 69.6 M Pa. This is within the allowed stress limit

for the aluminum alloy used. An iterative procedure can be used to achieve a
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given mirror surface accuracy.

As mentioned by Lubliner and Nelson[19], the shearing forces can be replaced
by an equivalent distribution of twisting moments, which are easy to apply in
the internal system of the lap.

To check the adequacy of the finite element model a series of runs were made
with increasing number of nodes (and therefore degrees of freedom) from the
vertex, at the center of the lap, to the lap’s edge. Computed results for these
runs are shown in Fig.(4.4) where a clear convergence can be seen as the number
of the nodes along the lap’s radius is increased and quite satisfactory solutions

are obtained for four nodes along the radius.
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Table 4.2: Pressure, forces and couples applied to lap disk which is located at

an off-axis distance d = 640mm.

No.of | Angle Force Couple
load | (degree) (N) (x10° K N-mm)
1 0 2.389 -2.3892
2 15 37.7949 -2.3254
3 30 133.5682 -2.1448
4 45 260.1260 -1.8785
) 60 374.2290 -1.5717
6 75 428.4971 -1.2750
7 90 384.1285 -1.0339
8 105 224.0714 -0.8777
9 120 -37.7274 -0.8132
10 135 -355.3798 -0.8235
11 150 -660.5776 -0.8742
12 165 -880.8712 -0.9257
13 180 -961.1546 -0.9469
14 195 -880.8712 -0.9257
15 210 -660.5776 -0.8742
16 225 -355.3798 -0.8235
17 240 -37.7274 -0.8132
18 255 224.0714 -0.8777
19 270 384.1285 -1.0339
20 285 428.4971 -1.2750
2l 300 374.2290 -1.5717
22 315 260.1260 -1.8785
23 330 133.5682 -2.1448
24 345 37.7949 -2.3254
pressure: 47.968 K Pa
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Table 4.3: Prescribed and numerical deflections at each node. The prescribed
deflections are computed by Eq.(2.44) and the numerical deflections are from
ANSYS results. Maximum misfit is 8 ym from peak-to-valley.

node | prescribed | numerical | node | prescribed | numerical
No. | defl.(mm) | defl.(mm) | No. | defl.(mm) | defl.(mm)
1 0 0 29 -0.321 -0.313
' -0.059 -0.058 30 -0.022 -0.022
3 -0.245 -0.242 31 -0.086 -0.083
4 -0.568 -0.565 32 -0.188 -0.182
5 -1.039 -1.038 33 -0.324 -0.316
6 -0.057 -0.056 34 -0.028 -0.028
7 -0.234 -0.232 35 -0.109 -0.106
8 -0.544 -0.541 36 -0.235 -0.230
9 -0.996 -0.995 37 -0.399 -0.392
10 -0.050 -0.049 38 -0.037 -0.037
11 -0.206 -0.204 39 -0.143 -0.140
12 -0.478 -0.475 40 -0.307 -0.303
13 -0.877 -0.875 41 -0.521 -0.515
14 -0.040 -0.039 42 -0.046 -0.046
15 -0.166 -0.164 43 -0.177 -0.175
16 -0.388 -0.384 44 -0.383 -0.379
17 -0.712 -0.710 45 -0.650 -0.645
18 -0.030 -0.030 46 -0.053 -0.052
19 -0.126 -0.124 47 -0.203 -0.201
20 -0.293 -0.289 48 -0.439 -0.435
21 -0.538 -0.533 49 -0.748 -0.743
22 -0.023 -0.022 50 -0.055 -0.055
23 -0.095 -0.093 51 -0.213 -0.211
24 -0.219 -0.213 52 -0.460 -0.456
25 -0.397 -0.390 53 -0.784 -0.780
26 -0.020 -0.194 54 -0.053 -0.052
27 -0.080 -0.078 55 -0.203 -0.201
28 -0.181 -0.176 56 -0.439 -0.435




48

Continuing Table 4.3

node | prescribed | numerical | node | prescribed | numerical

No. | defl.(mm) | defl.(mm) | No. | defl.(mm) | defl.(mm)
57 -0.748 -0.743 7 -0.321 -0.313
58 -0.046 -0.046 78 -0.023 -0.022
59 -0.177 -0.175 79 -0.095 -0.092
60 -0.383 -0.379 80 -0.219 -0.213
61 -0.650 -0.645 81 -0.397 -0.390
62 -0.037 -0.037 82 -0.030 -0.030
63 -0.143 -0.140 83 -0.126 -0.124
64 -0.307 -0.303 84 -0.293 -0.289
65 -0.521 -0.515 85 -0.538 -0.532
66 -0.028 -0.028 86 -0.040 -0.039
67 -0.109 -0.106 87 -0.166 -0.164
68 -0.235 -0.230 88 -0.388 -0.384
69 -0.399 -0.392 89 -0.712 -0.707
70 -0.022 -0.021 90 -0.050 -0.049
71 -0.086 -0.083 91 -0.206 -0.204
72 -0.188 -0.182 92 -0.478 -0.475
73 -0.324 -0.316 93 -0.877 -0.875
74 -0.020 -0.019 94 -0.057 -0.056
75 -0.080 -0.078 95 -0.234 -0.232
76 -0.181 -0.176 96 -0.544 -0.541

97 -0.996 -0.995

4.4 Simulation of Stressed Mirror Method

In the stressed mirror technique the forces are applied on the mirror blank
rather than the lap disk. The general idea is to produce a required deflection
through application of a set of forces. The blank is then ground by a sphere.
After the forces are removed, the spherical surface ground deforms elastically
into the desired aspheric surface, for instance a hyperboloid.

The glass CerVit has been chosen as the mirror blank, with the following
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mechanical properties[24]:

Young’s modulus (F) = 90000 M Pa

Poisson’s ratio (v) = 025

The stress level is critical for this approach since the glass blank may break
if stresses in it exceed a given level. For this, Nelson et al [24] determined an
experimental stress level below 19.6 M Pa for safe application.

First, we intended to figure a one-piece mirror using the elastic deformation
method. There are two limitations for the stressed mirror technique for one-
piece mirrors. One is that a one-piece mirror has an initial curvature before
it is deformed; thus the flat plate theory cannot not give a good solution to

such cases. The other limitation can be found from deflection Eq.(2.44). The

error could not be ignored if Agyp® is not included in the deflection function
when the focal ratio of the mirror is fast. Lubliner and Nelson[19] pointed out
that the stressed mirror technique cannot take account of such high terms (see
Eq.(3.18)). Thus we must consider another structure for the primary mirror.
One choice is a structure of segmented mirrors.

A segmented mirror consists of a number of mirrors. The segments can be
produced by the stressed mirror method one by one. The procedure for finding
the forces and moments for a segment is similar to that used in the stressed
lap method. We choose a set of thirty-six hexagonal segments to conform to
a single hyperboloid surface. This is the maximum number to fit the mirror
surface. There are six different surface figures for the mirror segments as shown
in Fig.(4.5). The surface figure depends on the off-axis distance d (shown in
Fig.(2.1)) from the center of the mirror. The figure type is also numbered in
Fig.(4.5).

A segment of the primary mirror, number 3, was chosen for the test: it is
the most difficult to produce because of the large deflections required in this

position. A best-fitting sphere to the mirror surface was chosen in order to
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reduce the stresses in the mirror blank. The parameters of the numerical model
are listed bearing in mind the limitations imposed by the stress and stiffness

requirements as following:

Radius of segment (a) = 155.0 mm
Thickness of segment (h) = 5mm
Off-axis distance (d) = 800 mm
Radius of best fit sphere (I) = 2500.0 mm

The arrangement shown in Fig.(4.6) can be used in the case of stressed
mirrors for application of the forces. Obviously it is simpler to apply the forces
on the mirror blank than on the lap, because the stressed lap is required to
change its shape in different positions and orientations on the mirror as it moves
to polish the mirror blank. The best-fitting sphere reduces the maximum value

of the deflection from 1.39 mm to 0.492 mm. The diameter-to-thickness and

thickness-to-deflection ratios are 31:1 and 60:1 respectively. The forces and
moments required are listed in Table 4.4.

Fig.(4.7) shows that the segment is deformed under a set of imposed forces.
The maximum value of deflection is 0.492 mm. The circular paths have been
constructed at four different radii through all nodes shown in Fig.(4.2). The
results are given in Figs.(4.8) and (4.9). The worst mismatch occurs near the
segment edge due to the strong astigmatism. The maximum value of mismatch
1s 3 um peak-to-valley and the figuring accuracy is 0.5 gm rms. The maximum
induced stress on the segment is 14.20 M Pa which occurs along the edge of
the mirror segment. This is below the stress level proposed by Nelson[24], so
breakage is not a problem.

A numerical example of calculating the prescribed displacement and the

forces are given in Appendix B.
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Table 4.4: Pressure, forces and couples applied to mirror segment which is
located at an off-axis distance d = 800mm.

No.of Angle Force Couple
discrete | ( degree )| (N ) | (N —mm)
1 0 2.2261 2235.617
2 15 1.0093 2072.295
3 30 -2.3287 | 1612.825
1 45 -6.8949 943.419
) 60 -11.3620 190.224
6 75 -14.2382 | -506.045
7 90 -14.2480 | -1021.659
8 105 -10.7476 | -1280.732
9 120 -4.0336 | -1276.119
10 135 4.5997 | -1071.890
il 150 13.1339 -783.872
12 165 19.3861 | -542.460
13 180 21.6796 -449.241
14 195 19.3861 -542.460
15 210 13.1339 | -783.872
16 225 4.5997 | -1071.890
17 240 -4.0336 | -1276.119
18 255 -10.7476 | -1280.732
19 270 -14.2480 | -1021.659
20 285 -14.2382 | -506.045
21 300 -11.3620 | 190.224
22 315 -6.8949 943.419
23 330 -2.3287 1612.825
24 345 1.0093 2072.295
pressure: 364.910 Pa

The remaining segments can be fabricated by choosing different values of
off-axis distance d (see Fig.(2.1), for details). The maximum stress induced
in a mirror segment, when deformed, can be described as a function of offset

distance d.

We may determine the maximum stresses when the segments have different
off-axis distances. The local maximum stress my be determined when an off-

axis distance d is fixed. The local maximum stress can be obtained from either
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Eq.(3.41) or Eq.(3.44). An optimization program may be used to search for
the values of (z,y) which gives rise to maximum stresses. Two segment sizes
of radii, a; = 155 mm and a; = 75 mm, with conic constant & = —1.255,
vertex radius R = 2111.0 mm, and with a thickness h = 5 mm, were chosen to

show the relations between the local maximum stresses and off-axis distances

of the segments for CerVit glass. Maximum stresses, as a function of off-axis
distance d, are plotted in Fig.(4.10). The best-fitting spheres are assumed at
each position.

A fair accuracy can be obtained by an iterative polish. If a single polish
contains errors of order €3 and the required deflection is of order @, then after

n-th polishing iteration, errors can be approximated as follows [19]:

€n ~ (%)"w (4.1)

Usually, the fabricating error is much smaller than the deflection. In the case
of the primary SDT mirror, ¢y/w is of order 10~% in the first polishing cycle.
The stressed mirror technique converges to the required figuring accuracy fast.

A general procedure for the stressed mirror method is illustrated in the flow

chart in Fig.(4.11).

4.5 Discussion of the Model

4.5.1 Adequacy of Discrete Points

Most mirrors only require the lower order deflection described in Eq.(2.44).
The higher oder deflection terms tend to be very small so that they can be
neglected. Thus it is possible to obtain these lower deflection terms by means of
applying the forces only along the plate boundary with an uniform pressure on
its back. In practice the forces are applied to discrete points along the plate’s

edge.
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It is interesting to consider how many such discrete points should be chosen
so that a given accuracy can be ensured. Finite element analysis was performed
to determine the adequate number of discrete points. Eight, ten, twelve and
twenty-four discrete points along the edge were chosen to apply the necessary
forces, respectively. Fig.(4.12) illustrates that the increasing figuring accuracy
increases as the number of points are increased. When the discrete points reach
twenty four, the numerical profile converges to the analytical one. Accordingly
twenty-four discrete edge points were chosen for the simulation of the primary
mirror in the previous sections.

Table 4.5 gives the different accuracies associated with different number of

discrete points.

Table 4.5: The number of discrete point in lap edge with corresponding accuracy.

Discrete Point Maximum Error
Numbers From Peak-to-valley
8 33um
10 16um
12 10pm
24 Sum

4.5.2 Finding the Best Fit Curvature

The problem of finding the best fitting sphere to a known asphere is one
of optimizations. The best-fitting sphere is very useful for the stressed mirror
method. This best-fitting sphere to a known aspheric mirror can be determined

by minimizing the difference between the sphere and asphere geometry in a least

squares manner,

min| /0 " /0 " A(r, 0)rdrdf) (4.2)
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where v is equal to 1/l and w is described by Eq.(2.44). The sphere is presented
by setting K = 0 in Eq.(2.39). We substitute Eq.(2.44) with the coefficients
given by Eq.(2.46) into Eq.(4.2). The result of integration may be obtained as

follows

27 a
T(y) = / / WA (r, 0)rdrdd
o Jo
= ma®[40A2, + 60a% Ay Aso + 2042, 4+ 30a® Ay Agy
+ 15a%A%, 4+ 15a? A%, + 24a* A%y + 120442, 4+ 12a% Ay)  (4.3)
where A,,, for m =2,3,4 and n = 0,1,2,3,4 are defined by the coefficients of
Eq.(2.46) in chapter 2 with [ = 1/4.

Minimizing Eq.(4.3), we need to differentiate I' with respect to v and let the

derivatives be equal to zero. Thus

20 Az Ay 4 15a2 Ao Ay + 15a2 AgoAng + 12a* A A,y = 0 (4.4)
Substituting coefficients Ay and A4 into the above equation, we obtain the

polynomial equation:

18a*y° + 120a*y® — 45a*[(1 + ¥*)W/R + a*/20(¥/ R)3((1
+30%)(WU?(1 + k cos® ¢) + 4k*sin® ¢ cos? ¢) + (1 + kcos? ¢)(3 + U?))]4?
+160y — 80[(1 + ¥*)W/R + 3a?/64(V/R)*((1 4+ 3W?)(V?(1 + k cos? §)

+4k* sin® ¢ cos® ¢) + (1 + kcos® ¢)(3 + ¥?))] =0 (4.5)
where W = 1/1 + ksin? ¢. It can be expressed as

Cs7°+Cav* +C37° + Coy* + C1y+Co = 0 (4.6)
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where the polynomial coefficients C; (: = 0,1, ...,5) are given by

2 3a*
Co = —80[(1+W )J+—64—J I]
C; = 160

a?

¢y = —45a2[(1+\P2)J+2—0J3I] (4.7)
Cs = 1204°
04 =
Cs = 18(1,4

and

I = (14 3U)(V2A + 4k*sin® ¢ cos® ¢) + A(3 + ¥?)

A = 1+kcos’d (4.8)
1\
7= %

The best-fitting sphere is obtained by solving the polynomial Eq.(4.6). The
polynomial equation has at least one real root since its highest term is odd. In
Section 4.4, the best-fitting sphere was chosen by the above optimum procedure.
At an off-axis distance d equal to 800 mm and a segment diameter of 310 mm,

Eq.(4.7) takes on the following values:

Co = —0.6445
C: = 160
C; = —87.1028

C; = 2.8830 x 10*
C4 = O

Cs = 1.0390 x 10°
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By Abel’s principle[2], we cannot find an analytical solution of a polynomial
equation of order five or higher. Thus we must use a numerical method such as
the Newton-Raphson method[2] to obtain a solution of the polynomial equation.

Five roots of Eq.(4.6) are obtained as follows:

M2 = -0.00213 £ 0.14175j
734 = 0.00012 £ 0.08757)
Y5 = 0.0040

The real root of the polynomial Eq.(4.6) is v = 0.0040, hence, lyes; = 2500.0 mm.
Table 4.6 gives the computing results of deflection before and after using the
best-fitting sphere for the same segment. By means of the best-fitting sphere,

the magnitude of deflections can be reduced rapidly.

Table 4.6: Dependence of deflection on both before and after using the
best-fitting spheres.

Stressed Mirror Method
( unit: mm )
[, radius of sphere, segment radius a = 155.0
with off-axis distance 800

lbefore:21]-1'0 wmu'=1.380
lyes:=2500.0 Winaz.=0.492
with off-axis distance 533.0
lbefore:21 11.0 wmaz.:0-733
s =2272.7 Winiag =0.326
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33 3 25
37 21
28
41 *2 <4 17
36 20
40 16
A3 31 27 23 13
35 19
44 38 18 12
49 43 30.2622 11 9
=7 e 11
A48 38 14 8
a7 42 & 10 i
46 6
53 52 51 50 L__x 2 3 A 5
54 94
55 58 90 95
62 86
56 : 96
: 82
57 59 '66.70,74.78 91 97
60 63 87 42
67 83
.71 7 ,79 '93
- 64 o 88
68 84
65 72 - 80 89
69 85
73 s 81

Figure 4.1: Proposed configuration with 97 nodes as an numerical model of
finite element analysis.
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Finite Element Analysis Configuration

Figure 4.2: Proposed configuration with 96-cell as an numerical model of finite
elements and 4 paths modeled.
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Figure 4.3: The original and elastically loaded patterns of the lap disk.
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Test Finite Element Model
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Figure 4.4: Testing configuration model
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266.7 mm

310 mm

Figure 4.5: Segmentation geometry of the proposed SDT primary mirror with
segment surface figure types.
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Figure 4.6: Showing the system of applying the forces and moments.
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elastically loaded pattern

original pattern

Stressed Mirror Segment Model

Figure 4.7: The original and elastically loaded patterns of the mirror segment.
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Figure 4.8: Displacement profiles along segment surface. Test Path-1 and Test
Path-2 correspond to the first and second path.
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Figure 4.9: Displacement profiles along segment surface. Test Path-3 and Test
Path-4 correspond to the third and fourth path.



Stress in the Hyperboloid Mirror Segment
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Figure 4.10: Local maximum stress induced in mirror segments during deform-
ing as function of off-axis distance. Best-fitting sphere is used at each position.
Hyperboloid segments with different radii: a; =155 mm and a, =75 mm are

plotted.
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Figure 4.11: General procedure for stressed mirror method.
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Chapter 5

Conclusion and Suggestions for
Further Work

5.1 Conclusion

In this thesis, a deflection function which can be used for most aspheric mir-
rors is derived. This function can describe the deflection between an axisym-
metric and a nonaxisymmetric aspheres, or a sphere and a nonaxisymmetric
asphere according to the value of the conic constant k used. The feasibility of
figuring a mirror is investigated by utilizing the finite element analysis. Both
stressed lap and stressed mirror techniques, based on the elastic plate theory,
are considered for simulation of the primary mirror of the proposed SDT in a
practical manner. The proposed model in figure 4.1 was tested by finite element
analysis using different parameters and discrete points in order to analyze the
performance characteristics of the model. From the results of the simulations,
the capabilities and limitations of the elastic deformation methods to figure the
primary mirror can be summarized.

The elastic deformation methods have the primary advantage of generating
aspheric mirrors with a desired accuracy in an iterative manner. Thus mea-

surements of error in the fabricated surface can be used to calculate corrective

forces, which when reapplied with the original set of forces, will deform the

mirror properly for the second grinding and polishing cycle and so on.
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It is significant to extend the application of the elastic deformation meth-
ods from the paraboloid to the hyperboloid mirrors because the derived gen-
eral deflection function can be suitable for most optical mirrors (including the
paraboloid and spherical mirrors). It offers more information to opticians about
how to figure various optical mirrors by means of elastic deformation methods.
The procedure of finding a best fitting sphere to a known surface can also be
used in a general manner, particularly for the stressed mirror method.

Eq.(4.1) describes that the figuring accuracy may be obtained after the n-th
polishing iterations. Generally, the fabrication error €, is much smaller than
the deflection value. Thus the stressed mirror method converges to the required
figuring accuracy rapidly. In principle, this technique allows mirror fabrication
of a quality limited only by the quality of the spherical polish. The stress level
is important in the sense that if it exceeds some given value, the mirror may
break. Since stress is proportional to the deflection required and the thickness
of the mirror, the maximum allowed stress level limits the applicability of this
technique to mirrors that are not very thick or highly aspheric.

As the primary SDT mirror requires large deflections, due to its fast focal
ratio, and severe asphericity, the stressed mirror technique is not suitable to
figure a one-piece mirror due to the limitations of the flat plate theory.

The segmented mirror is a good candidate for such a technique since each
segment is approximated by a thin flat plate with small deflection. But the
segmented mirror would be very complicated and expensive to construct and
keep aligned. The figuring accuracy of the segment is limited by the testing
procedures since the segment is nonaxisymmetric. For the primary SDT mirror,
this model is useful.

In the stressed lap method a small lap is actively flexed to fit the mirror
surface. Thus this method may overcome the limitations of the stressed mir-
ror method for producing a one-piece mirror. The stress level with lap can be

controlled in a practical manner by choosing appropriate lap dimensions. As
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mentioned previously, a large deflection is associated with a smaller lap dimen-
sion so the corresponding grinding and polishing will normally be slower. For
instance, a paraboloid mirror of diameter 1.8 meter with a focal ratio of f/1
needs a lap diameter about 1/3—the diameter of the mirror [22]; a primary
mirror of diameter 1.6 meter with a focal ratio of {/0.66 needs a lap diameter
about 1/5—the diameter of the mirror.

It is obvious that the stressed lap system is more complicated than the
stressed mirror system because a computer-controlled polishing machine is re-
quired in the stressed lap system to actively change the lap shape and match
it to the mirror surface. Small polishing zones may remain on the mirror due
to the lap being much smaller than the mirror. However, this technique is

applicable to the primary SDT mirror.

5.2 Suggestions for Further Work

This model presented here may be applied to the secondary and tertiary mir-
rors by means of various figuring techniques. As mentioned in chapter 1, the
secondary mirror is a good candidate for the replication technique because such
a technique is suitable for convex mirrors. The computer-controlled diamond
turning technique is able to deal with a very complicated surface no matter what

the asphericity is, except for the disadvantage of corrosion in metal blanks.
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Appendix A

Estimation of Work

In order to estimate the work done, we substitute the data given by Nelson[24]
for the parabolic mirror into the deflection function derived in thesis, and set
k= —1and K =0 in Eq.(2.44) with the coefficients given by Eq.(2.46). We use
the model created in chapter 4, which is of 97-nodes (see Fig.(4.1) and Fig.(4.2),
for details). The estimation of work is done by comparing with both deflection
functions given by Nelson and Eq.(2.44) to describe the nodal displacement in

all nodes.

Table A.1: Parameters of the mirror given by Nelson (unit: cm).

Geometric Parameters of Mirror Segment

Radius of segment (a) 17.94
Sphere (1) 373.87

Off-axis distance (d) 35.88
Vertex radius of asphere (R) 368.8

The deflections given by Nelson and Eq.(2.44) are calculated. The computing

results are listed in Table A.2 as following:
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Table A.2: Comparing the numerical results in Eq.(2.44) with the work of
Nelson, using the parameters listed in Table A.1 (unit: cm).

Path-1 nodal displacement | path-2 nodal displacement

degree | Nelsons’ Thesis’ Nelsons’ Thesis’
0 0.0001 0.0000 0.0003 0.0003
15 0.0000 0.0000 0.0003 0.0002
30 -0.0000 -0.0000 0.0001 0.0000
45 -0.0001 -0.0001 -0.0002 -0.0003
60 -0.0002 -0.0002 -0.0005 -0.0006
75 -0.0002 -0.0002 -0.0008 -0.0008
90 -0.0002 -0.0002 -0.0009 -0.0010
105 -0.0002 -0.0002 -0.0009 -0.0009
120 -0.0002 -0.0002 -0.0008 -0.0008
135 -0.0001 -0.0001 -0.0006 -0.0006
150 -0.0001 -0.0001 -0.0004 -0.0004
165 -0.0000 -0.0000 -0.0002 -0.0002
180 -0.0000 -0.0000 -0.0002 -0.0002
195 -0.0000 -0.0000 -0.0002 -0.0002
210 -0.0001 -0.0001 -0.0004 -0.0004
225 -0.0001 -0.0001 -0.0006 -0.0006
240 -0.0002 -0.0002 -0.0008 -0.0008
255 -0.0002 -0.0002 -0.0009 -0.0009
270 -0.0002 -0.0002 -0.0009 -0.0010
285 -0.0002 -0.0002 -0.0008 -0.0008
300 -0.0002 -0.0002 -0.0005 -0.0006
315 -0.0001 -0.0000 -0.0002 -0.0003
330 -0.0000 -0.0000 0.0001 0.0000
345 0.0000 0.0000 0.0003 0.0002




( continued Table A.2:)

Path-3 nodal displacement | path-4 nodal displacement

degree | Nelsons’ Thesis’ Nelsons’ Thesis’
0 0.0011 0.0010 0.0025 0.0024
15 0.0009 0.0009 0.0022 0.0021
30 0.0004 0.0004 0.0013 0.0012
45 -0.0003 -0.0004 -0.0001 -0.0002
60 -0.0010 -0.0011 -0.0015 -0.0016
75 -0.0017 -0.0017 -0.0027 -0.0028
90 -0.0020 -0.0021 -0.0035 -0.0036
105 | -0.0021 -0.0022 -0.0038 -0.0039
120 | -0.0019 -0.0020 -0.0035 -0.0036
135 | -0.0015 -0.0016 -0.0029 -0.0030
150 -0.0011 -0.0011 -0.0022 -0.0023
165 -0.0007 -0.0008 -0.0017 -0.0018
180 -0.0006 -0.0007 -0.0015 -0.0016
195 | -0.0007 -0.0008 -0.0017 -0.0018
210 -0.0011 -0.0011 -0.0022 -0.0023
225 -0.0015 -0.0016 -0.0029 -0.0030
240 | -0.0019 -0.0020 -0.0035 -0.0036
255 -0.0021 -0.0022 -0.0038 -0.0039
270 | -0.0020 -0.0021 -0.0035 -0.0036
285 | -0.0017 -0.0017 -0.0027 -0.0028
300 | -0.0010 -0.0011 -0.0015 -0.0016
315 | -0.0003 -0.0004 -0.0001 -0.0002
330 0.0004 0.0004 0.0013 0.0012
345 0.0009 0.0009 0.0022 0.0021
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It is obvious that the maximum mismatch is 1pum in Table A.2. The results

show that Eq.(2.44) is reliable to be used in a practical manner.
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Appendix B

A Numerical Example

B.1 Calculation of Displacements

The prescribed nodal displacements listed in Table 4.3 are calculated by
Eq.(2.44) with the coefficients given by Eq.(2.45).
The data of the lap geometric dimension and location on the mirror surface

are rewritten as following:

Table B.1: The lap location and its geometric parameters.

Lap dimension (2a) | 310 mm
Lap radius () 2500 mm

Conic constant (k) -1.255

Off-axis distance (d) | 800 mm

Substituting the above data into Eq.(2.45), the prescribed nodal displace-
ments are only determined by the positiontion of the node in the lap model
described by Figs.(4.1) and (4.2). It is obvious that the nodal displacement
given by Eq.(2.44) is the function of angle 6 and p. For instance, when 6 = 30°
and p = 1, which is determined a edge node number 13 in the lap model (for de-
tails, see Iig.(4.1)). We substitute the above data into Eq.(2.45), the coefficients

of the displacement in the node number 13 are obtained as follows:
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Table B.2: Values of displacement coefficient in the node number 13.

Ay = —0.6190 mm
A22 = —0.2970 mm
A31 = —0.1310 mm
Asz = 3.6766 x 107> mm

A40 = 2.8357 x 10_3 mm
Ay = 16887 x 10~ mm
Ay = —4.7029 x 107° mm

Substituting the values of the coefficients listed in Table B.2 with § = 30°
and p = 1 into Eq.(2.44), the displacement at node number 13 is determined:

w(1,30°) = —0.877Tmm (see the row 13 and column 2 in Table 4.3).

B.2 Calculation of Forces

The forces and deflections are related through Eqs.(3.35) and (3.36) which
are expressed as Fourier series in Chapter 3. The force components in the Fourier
series are associated with the coefficients of the deflection function given by
Eq.(2.44) in Chapter 2. The mechanical properties of the lap plate are rewritten

as follows:

Table B.3: Mechanical properties of the lap

Thickness of lap (h) 5 mm
Young’s modulus (£) | 90000 M Pa
Poisson’s ratio (v) 0.25

We substitute the data listed in Table B.2 and Table B.3 into Eqs.(3.37),
(3.38) and (3.39) to obtain the force components. Then the forces are calculated
by Eqs.(3.35) and (3.36). We note that the forces are presented in per unit
length; thus the results of the force obtained from Eqs(3.35) and (3.36) must be

multiplied with the corresponding arc length between the two nodes in the lap
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edge. Therefore, we obtain the results listed in Table B.4 which is the same as

the values given in the 3rd row and 3rd and 4th columns in Table 4.2 as follows

Table B.4: Results of the calculated forces

No. of Load

Angle (degree)

Force (N)

Couple (KN — mm)

3

30

133.5682

-2.1448x10°
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