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Abstract

We show that normal elements in simple AF-algebras with count-
ably many extremal traces (such as U H F-algebras and matroid al-
gebras) can be approximated by normal elements with finite spectra.

Other AF-algebras are shown to have the same property.
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1. Introduction

A C*-algebra A is called an AF-algebra if for any € > 0 and finitely many
elements a1, ay, ..., an € A, there are a finite dimensional C*-subalgebra B of
A and elements by, by, ..., b, € B such that

lla; — bi|| <€, 1=1,2,...,n.

AF-algebras have been intensively studied (See [Br],[Eff],[Ell] etc. It is al-
most impossible to give a complete list.) and appear to be most under-
standable C*-algebras. The most interesting AF-algebras are those simple
separable ones, such as matroid algebras (see [Dix]) and UHF-algebras. One
question conserning A['-algebras is the following question:

Q1 Can every normal element = in an AF-algebra A be approzimated (in
the norm topology) by normal elements in A with finite spectra?

The question was mentioned in [P, 3.11] but we fail to locate its origional
source. In [Bl1,2.6], a C*-algebra A is said to have (F'N) if every normal
element in A is a norm limit of elements with the form Y }_; A¢pk, where A
are complex numbers in the spectrum of z and p; are mutually orthogonal
projections in A. So if the answer to the Q3 is affirmative, then every AF
-algebra has (F'N). It is known that every Von Neumann algebra and every
AW*-algebra have (F'N). It is recently proved that the corona algebras of
finite matroid algebras have (F'NV) ([Lin2]). In [P], Chris Phillips constructs
two separable simple C*-algebras have (F'N) ( They are not AF). To this
author’s knowledge, there are no other non-commutative C*-algebras are
known to have (F'N).

If z is a self adjoint element in an AF-algebra, then for any ¢ > 0, there

are a finite dimensional C*-subalgebra and an element y € B such that
o — gl < e

Set y1 = 1/2(y +y~), then ||z — y1|| < e. Since y; € B, y; has finite spectrum.

So the question Q7 has an affirmative answer for selfadjoint elements. If z
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is a unitary, then the unitary part of the polar decomposition of y (in B)
is close to z, provided that € is small enough. So the question Qi has an
affirmative answer for unitaries too. In general, if z is a normal element, one

hopes that y is close to a normal element (in B). In fact,

lyy™ — vyl < e

Therefore if the following finite dimensional problem:

Q2 Given € > 0, is there a 6 > 0 so that whenever y is a norm 1 element
in a finite dimensional C*-algebra B such that ||lyy* — y*y|| < 6, there is a
normal element z € B satisfying ||y — z|| < €?

has a positive solution, then one can also give an affirmative answer to
the question Q1. The problem Q2 is equivalent to the question whether
two almost commuting Hermitian matrices are close to a commuting pair
of Hermitian matrices. But this is an old problem in linear algebra (see
[V1],[V2] and [D]) and, unfortunately, remains open today.

Without making any effort to solve the problem Q2, we would like to
shed some light on the question Q;. We will show that the answer to Q7 is
affirmative, if A is a matroid algebra ( in particular, A is a U H F-algebra).
In fact, we show that for a more general class of simple AF-algebras, the
answer to the question Q; is affirmative.

Let A be a separable simple AF-algebra. Fix a nonzero projection e € A,
let T' be the set of those (lower semi-continuous and semi-finite) traces 7 such
that 7(e) = 1. With weak*-topology, T is a compact convex set. It is easy to
see that the compact convex space T' does not depend on the choices of the
projection e € A. If 7 € T is an extreme point of T, then we say that 7 is an
extremal trace. The main result of this note is the following:

Theorem A Let A be a separable simple C*-algebra. Suppose that there

is a countable subset {r,} of T such that every T € T has the following form:

o0
T = Z OnTn,
n=1
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where o, > 0 and 352, 0, = 1. Then for every normal element z € A
and € > 0, there are compler numbers A, A, ..., A\, in the spectrum of z and

mutually orthogonal projections py, pa, ..., pn € A such that

llz = > Apll < e.
=1

It is known ([S, 3.1.8]) that T is a metrizable Choquet simplex. By
[Al, 1.49], every point in T is a barycenter of a measure concentrated on its
extreme points. Therefore we have the following:

Corollary B Let A be a separable simple AF-algebra with countably
many extremal traces. Then for every normal elements = € A and € > 0,
there are compler numbers A, Ay, ...\, in the spectrum of = and mutually

orthognal projections py, pa,...,Pn € A such that

n
e =3 hapil < e
i=1

Since matroid algebra has unique trace (up to the scalar mutiples), we
immediately have the following :

Corollary C  Every matroid algebra has (FN).

Corollary D Every U H F-algebra has (FN).

We also have the following result for non-simple AF'-algebras:

Theorem E Let A be a separable unital AF-algebra. Suppose that every
(lower semi-continuous and semi-finite) trace 7, 7(1) < oco. Set T be the set
of (lower semi-continuous and semi-finite) traces T such that (1) = 1. If
there is a countable subset {1,} C T such that for every trace T € T, there is

a sequence of nonnegative numbers {o,} such that 37, an = 1 and

o0
T = Z QnTp.
n=l

Then A has (FN).



Before we end the introduction, we would like to state a few terminologies
we will use later.

Let A be a separable AF'-algebra and p € A be a nonzero projection.
We use the notation [p] for the equivalence class of projections containing p.
Those are the projections ¢ such that there is a partial isometry v € A with
the property that u*u = p ,uu* = q. We write [p] > [g], if there is a partial
isometry u € A such that v*u = ¢, vu* < p and uu* # p.

Let p € A** be an open projection, where A** is the enveloping von-
Neumann algebra of A. We use the notation Her(p) for the hereditary C*-
subalgebra pA**p N A.

2. Proof of the results

Lemma 1 Let A be a unital C*-algebra and = be a normal element in A.
Then for any € > 0, there is 6 > 0 for any finitely many points A, Ag, ..., Ap €
sp(z), if Sk are open subsets of sp(z) such that

forall z € Sy, S, NSy =0 if k £ K, k = 1,2,...,n and projections
pr € Her(gr),k = 1,2,...,n, where qi ts the spectral projection in A*™ corre-
sponding the open subset S, then

e =+ 3 Mep)ll < e,

k=1

where y = (1 — 2% pi)e(l — 20, pi) and

Proof: We have

n

nwgijpk) =S el = [2(30 quk}i:pk) - <2 Aepe)|

k=1
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= | i ge(z — Akgr)pe]] < 6.

k=1
Similarly,
Z 1—Z>\kpk|| <6
Moreover,
=Y p)e(l = > pe) — (1= px)
k=1 k=1 k=1
= || }:Pkl‘(l - ZPk)H
Z .’I‘ —_ Z /\ka Z ” < é.
Similarly,
11 =2 p)z— (1= p)e(1 - |l <6
i=1 1=1 =1
Set . .
=Y pe)z(1 = p)
k=1 k=1
Then
llz = (y + > Aepe)ll < 26
k=1
and

Z m—m1~2pz | < 26.

i=1
So take 6 = ¢/2.
Q.E.D.
Lemma 2 Let A be a separable simple unital AF-algebra satisfying the
trace condition described in Theorem A and = be a normal element in A. For

any ¢ > 0 and K > 0 there are open subsets Oy, Oa, ..., O, such that

0;N0O; =0, [U?l ]uZSP(CU),



Ai € Oy, projections p; € Her(q;), where g; are spectral projections of = in
A** corresponding to the open subsets O; such that

llz = (y+ > Ap)ll < e

1=1

where y = (1 — P Pi)x(l — Yoiet Pi)a

0~ Spde -2 - S mll <e

i=1

and
n

[pe] > K[1 =3 pil.

=1

Prooft Without loss of generality, we may assume that ||z|| < 1. Let D
denote the unit disk. For any open subset O C D, let g, be the spectral
projection of z in A** corresponding to the open subset 0. The projection
¢ is an open projection in A™*. Let B, be the hereditary C*-subalgebra of
A corresponding to the open projection ¢, and let {e3} be an approximate
identity for B, consisting of projections. Let T be a trace on A with 7(1) = 1.
Define '

r(0) = sup{r(e2)}.
By defining
pr(B) = sup{p-(0) : B C 0,0 open},

we know that, from measure theory, this u, defines a normalized Borel mea-
sure on D. Let T denote the countable subset {7,}. For the simplicity, we
use the notation p; for the mesure p,.

Let {L;} be a set of finitely many straight line segments in D such that
D\ (UL; U §1) is a disjoint union of finitely many open subsets which have
diameter < €/4. Take a finite subsets {(;, (2, ..., (m} of UL; US? such that for
any ( € D, there is an integer : such that

G — ¢l < /32
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and for any ¢, there is j # ¢ such that

|C,' - le < 6/16.

For each 7 set

D; = {¢:¢/32 <G~ (| < ¢/16}.
Fix ¢, for each €/32 <r < ¢/16, set
Se=A{C: (- Gl=r}.

Since pr(D;) <1 and S, N S, =@, if r 5 r’, there are only countably many
r in (€/32,€/16) such that
,LL[;(ST) > 0.

Since the union of countably many countable sets is still countable, we con-
clude that for each ¢, there is r; € (¢/32,¢/16) such that

pr(Sr) =0

for all k. _
Now D \ US,, is a disjoint union of finitely many open sets 01,0, ...,On
such that the diameter of each O; is < ¢/4 and

#k(USn) =0

for all k.
Let {e)} be an approximate identity for Bp,. Then

7i(e)) /7 p;(0s)

Jj=1,2,...and i =1,2,...,N. Since u;(D \ UY,0;) = 0,

(> ey /1,

=1



asn — 00, j =1,2,..,. Since every 7 € T has the form
o0
T = Zaﬂ'j,
i=1

where a; > 0 and 3°%2; o; = 1, we conclude that

N B
(5> eld) /1
=1

for all 7 € T Since T' is compact, by Dini’s theorem, the continuous functions
N, elW(7) defined on T converges to the constant funiction 1 uniformly on

T. Hence we have projections p; € Bp, such that

N
(p:;) > K7(1 — Zpi)

i=1

for all 7 and 7 € T. It follows from [BI2, Prop. 4.1] that

[p:) > K[1

uM;-

The rest of proof follows from Lemma 1.

Q.E.D.

Lemma 3 Let A be a unital C*-algebra and let = be a normal element

in A. Suppose that there is a projection p € A such that

lpz — zp|| < €/2

and there s an element y € pAp sucht that

lly — pzpl|| < €/2.

Then (in pAp)

(1) sp(y) C {A: dis(A,sp(z)) < e}
(2ll(Ap — )| < [dis(A, sp(z)) — €]~
for those X such that dis(A, sp(z)) > €.



Proof: Suppose that dis(A, sp(z)) > e. Then
Ip—p(A —2)7 (A= p)]|

<|lp(A =) (A = y) = (A — =)pll
<N =2) "y = pplll + llpzp — 2pl| < €/dis(A,sp(z)) < 1.
Similarly,
lp=(p—y)(A —2)7'pll < L.
Therefore Ap — y is invertible in pAp. This proves (1).

For (2), we have the following inequalities:
[Op =) < [1p =)' = p(A = 2)7'pll + [Ip(A — 2)7"pll

<Np =) llle — (Op —y)(A = 2) 7 pl[ +[[(A —2) 7]
< [|(Ap —y)7'|| - €/ dis(A, sp(z)) + 1/ dis(A, sp(z)).
So, we have
1(Ap —y) 7'l < 1/[dis(A, sp(z)) — €].
Q.E.D.

Lemma 4 Let X be a closed subset of the square S, where
S={a+if:-1<a<l,-1<pB<1}.

Let
—l=tg<ti < .. <ty =1

be a partition of the interval [—1,1] and denote
Di = Sﬂ {)\ . ti—l S RG/\ S t,‘},

i =1,2,..,k Forany 0 < & < 1/2(min{(t; — ti_1)}) and n > 0 there is
€ > 0, for any finite-dimensional C*-algebras B, if x € B satisfies
(1) spla) = X
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(2) ||lz*z — z2*||"? < ¢

(3) (A = 2)7H| < [dis(A, Xs) — 7,

where X5 = {A : dis(A, X) < §/2};

then there are normal elements y1,ya, ..., ys—1 € B with sp(y;) C R;, where

Ri={a+if:t;—6/2< a <ty +6/2,]8] < 1)
t=1,2,...,k—1, and 1,24, ...,z € B with
splzy) C{A:dis(A, X;) < 6/2},
where X; = [X N D;]U R; and there is a unitary u such that

20y @ - S yrr —u (21 D z2 - B zi)ul| < 7.

Proof : If € is small enough, by applying Lemma 5.2 of [BD] repeat-
edly, we obtain the following: there are normal elements y1, s, ..., yx—1 in B,

T1,%2,...,T; € B and a unitary u such that sp(y;) C Ri,1=1,2,...,k -1,
sp(z;) C {A:dis(A, D;) < §/2}

and
le@y1 @ Byr1 —u (21 D22 B - @ zi)uf <.
Let 2’ =z20y1 @ - Dyprrand 2’ = v (z1 Bz D - D zp)u. If
dis(A, X UUIZ!R;) > 6/2 and 7 is small enough (so ¢ is small), then, by (3),
1= (A =2")7 (A= 2"

<A =2)7H (A = 2") = (A = 2')]|
< n/(dis(A, Xs) —€) <n/(8/2 —¢€) < 1.

Similarly,
11— (=) — ) < 1.
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So, A ¢ sp(z”). In other words,

sp(z") C {A : dis(A\, X UULSLR;) < 6/2}.
This implies that

sp(z:) C {A: dis(A,[X N D;]U R) < §/2).
Q.E.D.

Proof of the Theorem A

We first assume that A is unital.
For any 1 > ¢ > é > 0, since sp(z) is compact, there are finitely many
open balls By, By, ..., B, with diameters less then ¢/4 such that

SP(CE) C U?:lBi'

So we may write z = 3."%; @x;, where each z; is normal and sp(z;) is a subset
of a nice region X; which is comformally equivalent to a rectangular region
with finitely many rectangular holes. Furthermore, for any A € X; there is a
¢ € sp(z;) such that ‘

dis(, ¢) < 6/4.

Without loss of generality, we may assume that sp(z) is a subset of one of
those X; and denote it by X. Moreover, we may assume that X itself is a
rectangular region with & rectangular holes ( & could be zero).

Notice now X is fixed. For any ¢; > 0, by applying lemma 2, there are
complex numbers A1, A, ..., Ay, mutually orthogonal projections py, ps, ..., pn
such that

lz = (y + D Api)ll < eay

=1

where y = (1 — 3%, pi)z(1 — I, pi),

(1= pi)z—a(1= > p)l < e,
=1 i=1
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p] > 20k + 1)1 = > p

i=1

for : = 1,2,...,n and for any { € sp(z), there is A; such that |( — A\ < €.
For the simplicity, without loss of generality, since A is an AF-algebra, we
may assume that y € B, where B is a finite-dimensinal C'*-subalgebra of A.

Now we are ready to cut the spectrum. If ¢; is small enough, combining
Lemma 3 and Lemma 4, by cutting the spectrum properly, we obtain normal
elements y1, Y2, ..., yk—1 € B with sp(y;) C X and elements z1, z,,...,zx € B
with sp(z;) C Y; and a unitary u such that

ly @y @ B yer —u (21 B 22 @ - B zp)ul| < /4,

where Y} is a closed subset X and Y; is comformally equivalent to an annulus
or a disk. (Notice that these Y; depend on X and ¢ only.) If Y; is comformally
equivalent to the unit disk, then we will apply [D, Corollary 4.5]. I Y; is
comformally equivalent to an annulus, let f; be the comformal mapping from
Y; onto the annulus {X : ¢ > |A\| < 1}, where a > 4. Notice that each z;
satisfies the hypothesis of Lemma 3. By applying Lemma 3 and using some
inequalities in the proof Lemma 4, if €; is small enough, we obtain

[ fiz:) 7 < 1/(a = 8/2) ||fi(z)ll S 1+6/2.
Then, by applying Lemma 4.1 of [BD] ( or Theorem 1.5 of [BD]), if ¢; is small
enough, we have normal elements y’ € My,_1(B) and y” € Mai(B) such that
ly@y —y"|| <e/4

and sp(y') C Xs = {A: dis(\, X) < 6}.
Now, if 6 is small enough, since B is finite dimesional and sp(y’) C X, we

may assume that there are mutually orthognal projections ¢; € Ma,_1(B),
i =1,2,...,51 and mutually orthogonal projections ¢; € M (B) such that

ly @ > Nigi— > il < €/2,
=1 7=1

13



where 0 < sy < n. Since [pi] > 2(k+ 1)[1 — %, p;], we may write
pr=pN@p? k=1,2,.. 5

such that there are unitaries v € A such that vkpg)vz = qr, k=1,2,...,51.
Therefore, there is a unitary v € My (A) such that

EZ%R Dy) - E:%v% ) < e/2.

=1

Thus we conclude that

llz — Z Aip; B Z /\1p52) P Z ajv"q;.v)H < €.

i=3s;+1 7=1

This completes the proof for the case that A is unital.

Now we assume that A is not unital. Then 0 € sp(z). Let h be a con-
tinuous function define on the unit disk D such that ||A]| < 1, 2(¢) = ¢ if
I¢] > €/2 and A({) = 0 if || < ¢/4. Then

|h(z) — 2| < €/2.

Now let p be the spectral projection of z in A** corresponding to the open
subset {{ € D :|(| > ¢/16} and ¢ be the spectral projection of z correspond-
ing to the closed subset {¢ € D :|(| > ¢/8}. Then p is an open projection in
A** and ¢ is a closed projection in A**. Moreover, ¢ < p. Suppose that g is
a continuous function defined on D such that [jg|| £ 1, g(¢) = 1 if |{]| > ¢/8
and g(¢) = 0if || > ¢/16. Then g(z) € A and g(z) > ¢. So ¢ is compact. It
follows from [Bn] that there is a projection e € A such that

g<es<p.

Clearly,
h(z)g = qgh(z) = h(z).
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So h(z) € eAe. Since eAe is a unital simple AF-algebra with the same
compact convex space T, from what we have established, there is a normal

element 2 € eAe with finite spectrum contained in sp(z) such that
lh(z) — z]| < €/2.

Therefore
|z — z|| < e

Q.E.D.
Proof of Theorem E

By [BI2, Prop.4.1}, we know that if p and ¢ are two projections in A and
for every (lower semi-continuous and semifinite) trace 7 on A 7(p) > 7(g)
then [p] > [¢]. So the proof is exactly the same as that of Theorem A.
Q.E.D.

Acknowlegdements This work was done when the author was in the
University of Victoria and supported by grants from Natural Sciences and
Engineering Research Council of Canada. The author is very grateful to both
Professor John Phillips and Ian Putnam for their support and hospitality. He
would also like to thank Ken Davidson for a helpful e-mail correspondence

and Chris Phillips for some comments.

15



References

[Al | Alfsen, E. M.,” Compact Convex Sets and Bounded Integrals”, Ergeb-
nisse Der Math. vol 57, Springer-verlag, Berlin Heidelberg New York,
1971.

[BD ] Berg, I. D. and Davidson, K., Almost commuting matrices and a

quatitive version of Brown-Douglas-Fillmore theorem, Acta Math., 166

(1991), 121-161.

[BI1 | Blackadar, B., Notes on the structure of projections in simple C*-

algebras, Semesterbericht Funktionalanalysis, Tunbingen, Wintersemester

1982/83.

[B12 | Blackadar, B., Traces on simple AF-algebras, J. Funct. Anal., 38
(1980), 156-168.

[Br ] Bratteli, O., Inductive limits of finite dimensional C *-algebras, Trans.

Amer. Math. Soc., 17 (1972), 195-234.

[Bn | Brown, L. G., Interpolation by projections in C'*-algebras of real rank

zero, preprint.

[D ] Davidson, K., Almost commuting Hermitian matrices, Math. Scand.

56 (1985), 222-240.

[Dix | Dixmier, J. On some C ~-algebras considered by Glimm, J. Functional

Analysis, I (1967), 182-203,

[Eff | Effros, E, Dimensions and C*-algebras, CBMS Reginal Conf. Ser. in
Math., no.46, Amer. Math. Soc., Providence,R.1., 1981.

[Ell ] Elliott, G. A., On the clssification of inductive limits of sequences
semisimple finite-dimesinal algebras, J. Algebra 38 (1976),29-44.

16



[Lin1 ] Lin, H., Ideals of multiplier algebras of simple AF C *-algebras, Proc.
Amer. Math. Soc., 104 (1988), 239-244.

[Lin2 ] Lin, H., C*-algebra Extensions of C'(X), preprint.
[P ] Phillips, N. C., Simple C *-algebras with property weak (FU), preprint.

[S ]Sakai, S.,”C~-algebras and W=-algebras”, Springer-verlag, New York/Berlin
1971.

[V1 ] Voiculescu, D., Remarks on the singular extension in the C*-algebra
of the Heisenberg group, J. Operator Theory, 5 (1981),147-170.

[V2 | Voiculescu,D., Asymptotically commuting finite rank unitaries without
commuting approximants, Acta. Sci. Math. 451 (1983), 429-431.

Department of Mathematics
University of Victoria
Victoria, B.C., V8W 3P3
Canada

and

Department of Mathematics
East China Normal University
Shanghai, 200062, China

17



