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ABSTRACT

In this thesis, we study a two fluid system which describes the motion of two charged
particles in a strict neutral incompressible plasma. We study the well-posdness of the
system in both space dimensions two and three. Regardless of the size of the initial
data, we prove the global well-posedness of the Cauchy problem when the space
dimension is two. In space dimension three, we construct global weak-solutions, and
we prove the local well-posedness of Kato-type solutions. These solutions turn out to
be global when the initial data are sufficiently small. We also study the stability of the
solution around zero given that the initial data is small and has sufficient regularity.
It turns out that our system is a system of regularity-loss and the L? norm of lower
derivatives of the solution decays. At last, this two fluid system can be used to derive
the classic MHD at least formally. Arsenio, Ibrahim and Masmoudi (2015) proved
that the two fluid system converges to MHD under some constraints. We showed
numerically that the two fluid system converges to MHD with no such constraint and

found the approximate converge rate.
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Chapter 1

Introduction

1.1 Background

Plasma which was first introduced by the chemist Irving Langmuir in 1920s (see
[17]), is sometimes called the fourth state of the matter. Plasma is usually formed by
keeping heating the gas so that some of the electrons gain enough energy and run away
from the atoms which become the positive charged ions. This phenomena is called
ionization. Plasmas are easy to see in our nature. For example the lightning, outer
sphere of the sun and outer core of the earth are plasmas. These plasmas usually have
high temperature since the amount of heat added on them to guarantee ionization is
extremely high. For instance the temperature of outer sphere of the sun is around
5500K. These 'hot’ plasmas are called thermal plasma. Meanwhile, there is another
kind of plasma called cold plasma or nonthermal plasma (see [26]). In microscopic
view, a cold plasma is similar to a thermal plasma: part of the electrons leave their
atoms and move freely. However, the difference is that speed of the heavy ions are
extremely slower than the speed of the electrons. In other words, the temperature of
the electrons can be very high but the temperature of the heavy ions is just a little bit
higher than the room temperature. For example, neon lights and it can be touched
by hand.

Since plasma comes from the ionization of neutral atoms, a plasma system should be
nearly neutral. The important thing here is that the moving electrons and atoms can
create electromagnetic field. For instance, in each planet, the outer core is a moving
plasma due to the high temperature and pressure thus the planet has electromagnetic

field around it. This is especially meaningful to our earth. You can image that the



earth would be a dead planet if there was no electromagnetic field preventing the high
energy particles from the sun.

In a plasma, not all atoms become ions. Typically in the lightning, neon light, only
small amount of total atoms are ionized. In extremely high temperature and pressure
environment, all atoms can be ionized such as outer sphere of the sun. Especially,
in controlled nuclear fusion (ref. [26]), the motion of plasma can be predicted under
some suitable models like fluid or kinetic model. Meanwhile, the structure of the fully
ionized plasma is simple. There are only two types of particles: negative charged
electrons and positive charged ions. Furthermore, the distribution of particles are
Maxwellian (see [26]) due to the high temperature and therefore the fluid model is

good enough to simulate the fully ionized plasma.

1.2 Macroscopic equations for a plasma

The plasma dynamics was first given by Braginskii [5] 1965. The following modern
version of derivation refers to [26]. Assume that the plasma is fully ionized, isotropic

and consider the Boltzmann’s equation

0f

F
atf +v- vwf + Evvf = (E)colla (11)

. .. . . 5
where f = f(t,x,v) is the phase distribution function and (z,v) € R? x R3; (5—{)00”
is the collision term; m is the mass of the particle and F' is the lorentz force F' =
q(F + v x B) with ¢ the charge carried by each particle. To derive the equations
of density or momentum, one can multiply (1.1) by the function g = 1 and g = mv

respectively and integrate over v. Assume that the weighted averages of g is (g), i.e.,

_ [gt,z,0)f(t,z,v)dv _ [gt,z,0)f(t,z,v)dv
[ [t z,v)dv n(t, ) ’

(9)

since the number density n(t,z) = [ f(¢, z,v)dv.
Multiplying (1.1) by g and integrating over v, the first three terms on left hand side



are

/gatfdv = /&(gf) — (Og) fdv = Oy(ng) — n(0:g),
/gv - Vefdv = /Vx (gvf)dv — /ng ~vfdv =V, - (n{gv)) —n(V, - (vg)),
[on9utto == [ 19, (2o = 249, (9F)) = = 2 (F - V).

The last step is true because F' = q(E + v x B) so that V, - F' = 0. Putting them
together yields

0i(n(g)) = n(dhg) + V. - (n{gv)) = n{Vy - (gv)) —%(F-Vum = /!ﬂ%)mzdv- (1.2)

For continuity equation, letting g = 1 gives

O+ Vs - (n(v) = / (i—‘f)coudv. (13)

For momentum equation, letting g = mv in (1.2) yields (noting that density p = mn)
3 5f

0, Or, (p{vv)) — n(F) = ) condv. 1.4

L(p(v) + Y Ori(p(viv)) = n(F) /mv( 5 ot (1.4)

i=1

Introducing the random velocity v, (see [26]) such that v = (v) 4+ v,, then it holds that

(vivy) = (Ui){vs) + (Vrivey),

where v; is the i-th component of velocity, i = 1,2, 3.
Using the above equation, the j-th component of nonlinear term in (1.4) can be

expanded in the following way:

O, (p(viv5)) = Or, (p{vi)) (V;) + p(V3i) O, (V5) + O, (P(VriVrj)).-

Therefore



The random velocity term actually gives the gradient of pressure. Indeed, since the
flow is isotropic, (v,svr;) = 5(|ve|?)d;;. Let p = $p(|v,[|?), then
3
> 05, (plvyivy) = Vap. (1.6)

=1

Next we expand the time derivative term of (1.4). Recall that p = mn, so by the

continuity equation (1.3), we have

Up(0) = =V - (o)) + p0ute) + [ m(u)( o (1.7

Plugging (1.5), (1.6) and (1.7) into (1.4) yields
o f
PO (v) + p(v) - Vo (v) —ng(E 4+ v x B) + Vup = /mvr(E)wudv =—R. (1.8)

The right hand side term R measures the change of momentum due to the collision
with particles of other kind. Actually, (1.8) can simplify furthermore. Noting that
E, B depend only on the average velocity (ref. [26]), so

(E4+vxB)=FE+ (v) x B.
Then (1.8) becomes
PO (v) + p(v) - Vo (v)y —ng(E + (v) x B) + V,p = —R. (1.9)

In a plasma, we denote v, v_ as the average velocity of ions and electrons. Then the

momentum transfer term R can be specified:
R=-—-m_n_v,(vy —v_) = —a(vy —v_), (1.10)

where m4, n4 are mass and number density of ions and electrons, v,; is the collision
frequency between ions and electrons which is a constant. A more physical interpre-
. . . . o e 7’L2 62 .
tation is introducing the conductivity o = ——— where e is the elementary charge.
—VYer

Then

(vy —vo). (1.11)



In a plasma setting (1.9) becomes two equations for ions and electrons

p_Ow_+p_v_-Vo_+n_elFE+v_xB)+Vp_=—R,
p+0vy + pyvy - Vup — Znye(E + vy x B) + Vp, = R, (1.12)
where R = —a(vy —v_), Z is the charge number for ions, V = V,, for simplicity.

For continuity equations, since the plasma is fully ionized, the ionization and recom-
bination are neglected. So the right hand side of (1.3) is 0. Thus the continuity

equations are

Op—+ V- (p_v)
Op+ + V- (p1v4)

0,
0 (1.13)

To complete the whole system, we need Maxwell equation and two state equation.
Noting that actually (1.12) is for ideal flow, one can add the viscosity terms. There-

fore, after this completion, the whole system for fully ionized plasma is

(0ip_ +V - (p_v_) =0

Op+ +V - (prv4) =0

p_Ow_=pu - Av_—p_v_-Vo_—n_e(E+v_xB)—R—Vp_
P10y = piAvy — pyvy - Vop + Znge(E+vp X B)+ R—Vp,

1
SOatE = /JJ—V x B —j, &gB =-V x E, (]_]_4)
0

j=2Znievy —n_ev_,
piny ' = constant
R:=—a(vy —v_)

divB =0, divE =Zn,e—n_e,

\

where p1 = myny. The physical meaning of these parameters are
e m4: mass of ion and electron;
e ny: number density of ion and electron;
e c: the elementary charge;

e /: charge number of ion;



e /i, dynamic viscosities of ion and electron;

€0, o: vacuum dielectric constant and permeability;

e «: a positive coefficient for momentum change between ions and electrons. More
N n2 62
specifically, @« = ven_m_ = —;

o

e ~: a constant depends on the heat flux assumption and the isotropy of the
energy distribution. For example, for isothermal plasma, the temperature is
fixed and v = 1.

Remark 1.2.1. Due to the quasi-neutral property of plasma, Zn,e —n_e ~ 0. One
can use this approximation in other equations in (1.14) except divE = Zny e —n_e
which is kept due to the fact that in experiment even very small changes in divE will
lead to an observable changes in electromagnetic field. This is the so-called plasma

approximation (see [17]).

In this thesis, we mainly consider the incompressible isothermal neutral plasma. In

this plasma setting, (1.14) can be greatly simplified:

(p_Ov_ = p_Av_ — p_v_-Vu_ — B(E+v_x B)—R— Vp_
P10y =y Avy — pyvy - Vo + S(E+vy x B) + R— Vpy

1
OF =——V xB— é(m —v_)
Eolho o (115)

8,53 =-VXEFE
R:=—a(vy —v_)

(divo_ = divvy = divB = divE = 0,

where [ = en_ = en, Z meaning that the plasma is strictly neutral.

Remark 1.2.2. The assumption that the plasma is incompressible and isothermal
makes sure two densities and the temperature of the system are constants. So that

(1.15) is a closed system.

A typical example of incompressible plasma is the outer core of the earth. The
motion of ions and electrons around the core of the earth creates the strong magnetic

field around the earth, protecting lives from high energy particles coming from the sun.



1.3 Relation to magnetohydrodynamics equations

The two-fluid system has a strong relation with magnetohydrodynamics equations(MHD).

( 1 1
oww=vAv—v-Vv——Bx (V x B) — =Vp,
PHo P

OB = AB+V x (v x B), (1.16)
O Ho

\V-B:V-v:O,

where p, v are the density and kinematic viscosity of the fluid, ¢ is the conductivity.
If we treat the plasma as a single fluid, for example, considering one ion and several
electron as one neutral particle, the resulting governing equations should be MHD.
Indeed, MHD can be derived formally from (1.14)(see [26]). Here, we use the incom-

pressible neutral plasma system (1.15) to show the derivation for simplicity.

Remark 1.3.1. MHD are valid under the low frequency case which means the char-
acteristic time 7" is much bigger than the characteristic length L divided by the speed
of the light c¢(see [26]):

L
7> —.
c

In other words, the motion of the particles in plasma is much smaller than the prop-
agation speed of EM field.

To derive MHD, we define the following bulk variables

Density: p = p_ + ps+;

p = P=U=tpivt :
p

Velocity:

Current Density: j = f(vy — v_);

e Fluid pressure: p =p_ + py;

e Current pressure: p = % - 7;;.

Furthermore, let us assume that the kinematic viscosity of two fluid is the same:

p— P+



The sum and difference of first two equations of (1.15) give

P+P-
822

1 1
ov=vAv—v-Vuv+ -3 x B —--Vp— j-Vj, (1.17)
p p

1 _
EtvoxB- =" —vAj+j Votuv-Vj)+
o B2p
prp-(p-—ps) 1. . p-—pi B PP o~
-7 Vj+————j X B+ BVp. (1.18
B 2 oz OVP (L18)

A typical plasma in nuclear fusion has the electro number density n_ ~ 10?° meter—3,

so 3 & 16 coulombs/meter? . One can calculate the ratio pﬁtz > ~ 107%. So we neglect

the last term in (1.17) and obtain the momentum equation of MHD:

1 1
ov=vAv—v-Vv+—j x B—-Vp. (1.19)
p p
Similarly, in (1.18),
PP _13 0 pep=(p— —p4) 14 P — Pt 10 PP 13
~ 10713, ~1071, =~ 1071 ~ 10713,
B%p B2 p? B2 pB?

These constants are in the same unit and if other terms are in a comparable size then

we can set the right hand side of (1.18) to be zero and get Ohm’s law:
L.
E+4+vxDB=—j (1.20)
o

Next, we derive simplified Ampere’s law. Rewrite the third equation of (1.15) as

follows 1
00l = —V x B —j. (1.21)
Ho

Neglecting the left hand side gives the simplified Ampere’s law:
V X B = ugpj. (1.22)

Now (1.19), (1.20), (1.22) and the fourth equation of (1.15) together, one can eliminate
E and j and obtain the MHD (1.16).



1.4 Previous work

Mathematical analysis about the well-posedness of system (1.15) goes back to the
work of Giga-Yoshida [16]. They considered the system in a three-dimensional bounded
domain with no-slip and perfectly conductive boundary condition and prove (unique)
local solvability as well as global-in-time solvability for a small initial data whose
magnetic effect is small compared with velocity. Their method is based on nonlinear
semigroup theory initiated by Komura [21] which was applied to the Navier-Stokes
system [35].

We also emphasize that the system (1.15) are in striking difference with the following
slightly modified Navier-Stokes-Maxwell one fluid model studied in [19], [20] and [12].

([ Ow+v-Vo—vAv+Vp = jxB

OF -V xB = —j

OGB+VXE = 0 (1.23)
divv =divB = 0

o(E+vxB) = j.

\

Assuming that the electromagnetic field E, B is just in L?, the term j x B in velocity
equation contains an L! function. This does not allow us to gain any regularity using
the parabolic estimate. That is why the known results about the existence of weak
solution to (1.23) require extra regularity on E, B fields. The existence of global weak
solutions(with regularities) of (1.23) in space dimension three was recently solved by
D. Arsénio and I. Gallagher [1]. The global well-posedness in 2D is treated in [25].
The local well-posedness and the existence of global small solutions were studied in
[19] and [12] for initial data in ug, Ey, By € H2 x H? x H:.

For the stability part, we refer to the pioneer works of Schonbek [28] and [29] where
she derived the optimal decay rate of solutions to 2D and 3D Navier-Stokes system. In
28], she established that for 2D Navier-Stokes equation, if the initial data uy € H*NL?
(no smallness condition), then the solution u satisfies || D*ul|2, < (1+t)71/27%/2 where
D¥ is 9* with some multi index & satisfying |x| = k. Furthermoer if the average of ug
is zero, i.e. [wupdz = 0 then the lower bound holds ||ug||z2 = (1 +¢)~/2 In her later
work [29] a better result is given: if [wuodz =0 and ug € L* N H' then it holds that
Jupl|2, ~ (1 +¢)~¥2+1 d =2,3. When d = 2, u is the classic solution. For d =3, u

is a suitable Leray-Hopf solution in the sense of Caffarell, Kohn, and Nirenberg [6].
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The idea is to decomposed the frequency space into two time depended subsets, then
obtain a first order differential inequality for H* norm of the solution. The difficulty
here is mainly the low frequency part which was overcame by taking advantages of
the linear system of Navier-Stokes equation.

For our system, one can observe that (1.15) is damped Navier-Stokes equations cou-
pled with Maxwell equations. Due to the coupling, the whole linear system requires
more regularity on initial data to get the desired decay (see Lemma 3.2.1). Briefly

speaking, the solution of the linear system in Fourier side satisfies

A~

U(t, &) < e PO, ),

where U = (v_,v,, E,B) and p &~ [£]* for |£] < 1, p~ # for |£] > 1. So that at the

linear level one has
DU 2 S (14 6) 34752\ U g2 + (1 + ) 72| DF U 12, for any integers k, 1.

The bad behavior of the solution in high frequency part requires the extra regularity
on initial data to get the time decay. Thus our model is a system of regularity-
loss type. There are plenty of works studying the decay property of equations of
regularity-loss type, for example the work of Hosono and Kawashima [18] on some
nonlinear hyperbolic-elliptic equation, Houari [27] on a nonlinear Bresse system. An-
other well-know system of regularity-loss type is one fluid compressible Euler-Maxwell
system. We refer [32] and [33] for details. Recently Xu and Cao [34] proved the decay

of one fluid compressible Navier-Stokes-Maxwell system.

. . i > 1 : _ 1 — —
Applying the scaling £ = /9 E, B = , /%B and setting € = Bz Ve = VP =
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1 our system becomes

(

d_ =vAv_ —v_-Vo_ — —(cE+v_x B)—R— Vp_

M [ =0 | =

oy =vAvy —vy - Vg + (cE+v+xB)+R—Vp+

1. =~ ~ 1
—-OF =V xXB— —(vy —v_)

c 2 (1.24)
—atB = -V X E
c
1
R := Y (vy —vo)

| divo_ = dive, =divB=0, divE =0,

where ¢ = \/Ei% is the speed of light, o is the electrical conductivity.

In 2015, Arsénio, Ibrahim and Masmoudi [2] proved that the solution of (1.24) actually

converges to the standard MHD system under some relaxing limits both in 2D and

3D. For example in 2D, if lim,_, e = 00, the two-fluid system converges to MHD.
We would like to point it out that when taking the limit ¢ and ¢ is not independent
with each other. It is still open that whether the above system (1.24) converges to
MHD when € — 0, ¢ — oo independently.

The one fluid Navier-Stokes-Maxwell system can converges to MHD as well. For

example, the following one fluid Navier-Stokes-Maxwell system in 2D

(Ou+u-Vu—vAu=—Vp+jx B,

1
“OB+VxE=0,
C

1@E—Vx3:_$ (1.25)
C

N\

j=o0(cE+uxB),
| dive = divB =0,

converges to MHD when ¢ — oo. The result was recently proved by D. Arsénio and
I. Gallagher [1].

Remark 1.4.1. There are two one-fluid Navier-Stokes-Maxwell systems in the above
statement. Actually the two one-fluid systems (1.25) and (1.23) are exactly the
same. The difference comes from using different unit systems. System (1.23) is the

dimensionless version of one fluid Navier-Stokes-Maxwell equation using the SI system
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(International System of Units), meanwhile system (1.25) uses Gaussian units. The
benefit of applying Gaussian units is that the speed of light will be explicitly seen in
the formulation.

Indeed, the two-fluid system (1.24) is also in Gaussian units. The scaling on F, B
to get (1.24) from our two-fluid system (1.15) shows translating formulas from SI
dimensionless system to Gaussian units. For more details about units on measuring,

we refer to [23].

1.5 Main Results and Ideas

Before we state the results, we would introduce the short-hand notation throughout
the paper L. X = LP(0,7;X), and we also use the notation A < B which means
A < OB, where C' > 0 is a universal constant. Also we define the weak solution of

our system:

Definition 1.5.1. A time-dependent vector field (v_,v,, E, B) with components in
L2 ((0,T] x RY),d = 2,3 is a weak solution to (1.15) if for any ¢ < T and any
smooth, compactly supported, divergence-free test function ¢(t,z), the vector field
(v_,vy, E, B) solves

b fralv- - @)(t,2) — (v - @) (0,2)dx — p_ [} fualv- - 00) (¢, 2)drdt
= J§ Jpav—v_ - Ab+pv_®uv_: Vo~ B(E+v_xB)-é— R-pdudt,

Pt Jpa(vs - @)t x) — (vy - ) (0, 2)dx — ps fot Jga (Vg - 00) (V' ) dadt!
= fJfRdV+U+ “Ap+prvy @vy Vo + B(E+vy X B) - ¢+ R pdrdt,

Joa(E - —(E-¢)(0,2)dx — [} [ra(E - 0:0)(t', x)dadt’
=/ fRd LB (Vx¢) = Z(vp —v_) - ¢dadt,

Jra(B - — (B 0)(0,2)dz — [} [ra(B - 0id)(t,x)dxdt’
—L&d VX@MW

R:= —a(vy —v_).
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1.5.1 Well-posedness of The Cauchy problem

The first part of the results is about the well-posdness. In the 2D case, we basically
use the classical compactness argument (c.f. [25], [22]) to prove our result. For the
3D case, the proof of the existence of global weak solutions goes along the same lines
as for the incompressible Navier-Stokes equations. For the sake of completeness, we
outline it in this thesis. Our results extend those of [16] to the space dimension two,
and improve them in terms of requiring less regularity on the velocity fields. These
results already published in [15].

Recall that our system is

(p_O0v_ = p_Av_ —p_v_-Vu_ — B(E+v_x B)—R— Vp_
p+Ovy = pryAvy — pyvy - Vo + S(E+vy X B) + R— Vpy

OE = LV X B — ﬁ(m —v_)
€olo €0 (1.15)

@B =—-VXEFE
R:=—a(vy —v_)

(divo_ = divvy = divB = divE = 0,

Theorem 1.5.1 (Global well-posedness for 2D). Assume that v, (t = 0),v_(t =0) €
L? and E(t =0), B(t =0) € L?. Then for any 0 < s} < 1 and any T > 0, there exists
a unique weak solution of (1.15) such that vy,v_ € LY(0,T; H511) N C([0,T]; L?),
E,B € C([0,T]; L*). Furthermore, the solution satisfies the following estimate,

1Ellcqoryez) + | Blleqomze) S CoCr

and
5 CO 072“’

HUHLlTHS’l“

where Cy = [|v_||z2 +||vs |22 + || Eol|z2 + || Bol|z2, C7 = C max(1,T) with C' a universal

constant, and v = v.
Next we concern the existence of global weak solution to (1.15) in 3D case.

Theorem 1.5.2. For initial data v, (t = 0),v_(t =0) € L? and E(t = 0),B(t =0) €
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L? with div v_ = div v; g = 0, there exists a weak solution

(v L>(0, 003 L?) N L*(0, 00; H')
vy € L(0, 005 L) N L*(0, o0; Hl)
B e C([0,00); L?)

E € C([0,00); L?)
\R = —a(vy —v_) € L*(0,00; L?),

satisfying the following energy inequality

1
1E72 + s—IIBl7: (1.26)
2e0/10
H— 2 H+ 2 @ 2
+5—0||U—||L3H1 + 5_0HU+||L?H1 + g—ollv— — U4 |[72p2

<

2 P+ 2

P 1 1
o v OZ + SIEO)7: + 5— [ BO)IZ-.

P— 2
—lv=(0
2 1= (Ollz= + 5 2o

Next, we move to the problem of global existence. Before going any further, we

first need to rewrite the system as follows and define some constants.

(

- —v_Av_4v_-Vu_=—a_(E+v_x B)+b_(vy —v_) — LVp_

P
8{[)4. — V+AU+ + U+ . VU+ = CL+(E + U+ X B) — b+(U+ — U_) — in_,_
OFE ==V xB-L(v, —v) (1.27)
(9,53 =-VXxFE

divv_ = divv, = divB = divE = 0,

\

where we set vy = £ g, = 2 by = 2 Moreover, we define v = min(v_, v, ).
nms+’ px’ P+ ’ » VA

We construct local-in-time mild-type solution to (1.27) for the 3D case. The proof

combines a priori estimate techniques with the Banach fixed point theorem.

Theorem 1.5.3. If the initial conditions of the physical model (1.15)(or (1.27)) are
such that (v_ g, v, Fo, Bo) € HY? x H'/? x L? x L2, then there exists T > 0 and a
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unique solution (v_, vy, F, B) of system (1.15) such that

v € O([0,T);H?)N L*(0,T; H?)
E, B € O([0,T); L%).

Furthermore, if [|v4(0)||z12 < 55, then the unique solution is global, satisfies the

2c
energy estimate and for any 7" > 0

v

ol oo ity < 50
C(0.T:H2) ~ ¢,
where ¢; is a constant only depending on dimension.

Remark 1.5.1. Since the Rayleigh friction term R does not improve the regularity
of our system (See Lemma 2.1.1), the results we get here are the same as for the

classical Navier-Stokes equations.

The following result is about the existence of smooth solutions of system (1.15).
The proof is based on time-weighted energy method which will be briefly introduced

in next subsection.

Theorem 1.5.4. Let s > 3 be an integer and the initial data of system (1.15)
Up = (v_0,v40,Eo, By) € H®. Then there exists a constant § > 0 such that if
|Uo||lgs < 0, the Cauchy problem of (1.15) has a unique solution and satisfies that
for any T > 0,U € C([0,T]; H5) n CY([0,T); H*™1).

Remark 1.5.2. The above theorem can be considered as a bonus of time-weighted
energy method which is the key method to prove decay of the solution. The above

result and the decay result of next subsection is collected in [14].

1.5.2 Stability and decay of the solution

The second part of results is about the time decay of small solution and the stability
around zero solution.

The difficult is that our system is actually a regularity-loss type system. Time
weighted energy method is a key to prove the decay for a regularity-loss type system.

Here we choose a nonlinear hyperbolic-elliptic system from [18] to briefly introduce
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the time weighted energy method. The system reads

Ou + 0, (u?/2) + d,q = 0,
{tu (w'/2) + e (1.28)

0tq—0%q+q+ 0u=0,

where (t,z) € Rt x R. One can easily solve the linearized system in Fourier side for

u: a(t, &) = e POy, where p(€) = Then the linear solution u satisfies

52
THer+et
| D%l 2 < (14 ) 7Y4F 2 lug | 2 + (1 4+ )72 D¥ g || 12, for any integers k, 1.

Hence system (1.28) is also a system of regularity-loss type. Now back to the nonlinear
system, we want to obtain the decay of k-th derivative of the nonlinear solution w. If
we apply k-th spatial derivative D* to (1.28) and the classic energy method, one gets
with initial data ug € H*®

t
%Is+2/ lal
0

To control the nonlinearity, we need to control the term fg 10:u(7)||57s-1dT. Usually

Frer2dr < [|Uo) fraadT.

[l

t
- / 10su(r) | o= | By

this can be done by the help of dissipative term in the second equation of (1.28).

However, the dissipative term only gives us

[ 1ot

which can not control the nonlinearity due to the loss of regularity.

2
Hs+2 d7—7

t
2 adr < / la(o)|
0

To overcome this difficult of regularity-loss, when applying the classic H* energy
method, instead of multiplying by D*u, we multiply by (1 + ¢)*D*u. This will give

us
t
(4 0 okulzs +2 [ (L+ 720k e
0
t
< 10kuo]2 + a / (14 7)o 0 () Badr
0

t
n / (1 + 7)) utu(7) || o | O (7) | 2.
0

If we choose a < 0, then the term ozfot(l + 7)1 0Fu(T)||2.dT is like an artificial

dissipative term and is good enough to control the nonlinearity if (1 + ¢)||0,u||p is
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small. And usually, if the dissipation in system is strong enough, one can choose
a = k to get the time decay. For system (1.28), we refer to [18] for the detailed
discussion.

After applying the time-weighted energy method, one can obtain the existence of

smooth solution to our system (Theorem 1.5.4) and the following decay result.

Theorem 1.5.5. Let s > 7 and Uy € L' N H* the initial data of system (1.15). Then
there exists a constant § > 0 such that if ||Up||f1ngs < § the unique solution given by

Theorem 1.5.4 satisfies the following decay property,

| DU || gra—er-s < (1 4 p) 3R

~

for all integers 0 < k < [(s —1)/2] — 1.
Remark 1.5.3. Taking vy ¢ = v, £ = B = 0 then the above decay result reads

HDkU’ ae—2e-3 S (1 —|—t)*3/4*k/2’

and thus one recovers Schonbek’s result (see [28] and [29]) for small .

Remark 1.5.4. Unlike the Euler-Maxwell system (see [32]), there is no uniformly
time decay if the initial data is only in H?®. The presence of the dissipation term

requires that Uy € L' to get the uniform decay. See for example [28].

Remark 1.5.5. This remark compares our result with the decay result of classic
one fluid Navier-Stokes-Maxwell system (1.23). Ghoul, Ibrahim and Said-Houari [13]
showed that for s big enough and small initial data U, € L' N H*, it holds that
|DFU| 2 < (14 )73/4%/2 for 0 < k < s. They use Lyapunov functional method

to prove the decay of (F, B) in linear level which actually behaves better than the
solutions to hyperbolic system. So that the whole system (1.23) is not regularity-loss

type.
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1.5.3 Numerical study of the convergence of the two fluid
model to the MHD solutions

Recall that the following system is the special case of our two-fluid model (1.15).

( 1
Gtv_:VAv_—v_-Vv_—g(cE—H)_xB)—R—Vp_
1
atU+ZVAU+—U+'VU++g(CE+U+XB)+R—vp+

1 1
-0 F =V xB——(vy —v_
¢ : g (e = v-) (1.29)
-o0B=-V x FE
c
1
R:= “5o0 (v —v_)

\divv, =divoy =divB =0, divEk =0,

The above system is obtained by applying the transformation from Gaussian units to
ST units and normalizing the two densities in (1.15) to be 1. As we mentioned before,
Arsénio, Ibrahim and Masmoudi [2] proved that system (1.29) converges to MHD
under some special relaxing limits, and ¢ is required as a function of ¢ . However, for
the most general case: ¢ — 0o, — 0 and ¢, € are independent of each other, there is
no rigorous proof that two-fluid system converges to MHD. Fortunately, we can still
show this convergent phenomena numerically in 2D periodic case. The basic scheme
we use is Crank-Nicolson method and pseudo spectral method(see [8] and [11]). The

numerical result shows that
||CUTF — WMHDHLQ + ”ATF — AMHDHL2 ~ max {100682, 1000072} ,

where C,, C. are two constants only depending on the fluid and magnetic viscosities
15

This numerical convergence rate shows no additional relations required between c, €.
In this work we did not simulate the 3D case due to the huge cost. The meshgrid of
x, 1, z coordinate leads to the 3D matrix calculation when the Crank-Nicolson method

is applied.

Much of the original material in the following document is adapted from two of

the author’s research preprints:
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[15] (the research is joint work with his thesis supervisor, Dr. Slim Ibrahim, and
co-author Dr. Yoshizaki Giga and Dr. Tsuyoshi Yoneda) and

[14] (the research is joint work with his thesis supervisor, Dr. Slim Ibrahim, and
co-author Tej Eddine Ghoul).

In particular, all of Chapter 3, which evolves around the proof of Theorem 1.5.5,
along with section 2.5, where the proof of Theorem 1.5.4 is presented, from the main
content of [14], "Long time behavior of a two fluid model”. Chapter 2 is adapted
from [15], ”Global well posedness for a two-fluid model”. The manuscripts have been
accepted in ” Advances in Mathematical Science and Applications” and ” Differential

Integral Equations”, respectively. Chapter 4 will be submitted for publication soon.

1.6 Agenda

The thesis is organized as following. The first chapter includes the introduction of a
two-fluid system, related works, the relation with MHD and the main results. The
second chapter shows the result and proofs of local and global well-posedness. The
third chapter contains the proof of the stability result. Then the fourth chapter
presents the simulations of two-fluid system and MHD), including the result compari-
son and scheme analysis. At last Appendices contains the introduction of basic tools
used in this thesis, for example, Littlewood-Paley decomposition, Sobolev spaces and

Lyapunov method, etc.
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Chapter 2

Local and global wellposedness:

Results and their proofs

In this chapter, we focus on the wellposedness results about our two-fluid model.

2.1 Parabolic regularization, product estimates and

energy estimates

Here, we collect the main tools that will help us in the proofs of our results. The
first one concerns a parabolic regularization with or without friction term. Please
see Appendix for the definition of Sobolev spaces (H %), space-time Sobolev spaces
(Lb.H*) and Chemin—Lerner spaces (L5.H?®).

Lemma 2.1.1 (parabolic regularization). Let u be a smooth divergence-free vector
field which solves

ou — pAu+bVp = fi+ fo, divu=0

(2.1)
U|t:0 = Uo

or
ou—+au—pAu+bVp = fi+ fo, divu=0

(2.2)
U|t:0 = U

on some interval [0,7], where a and b are nonnegative constants. Then, for every
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p>ri>1,p>r;>1and s €R,

_1 1. 141
lelloqorpinznsen S (L4 a7 luollge + (L4 p7 o) T full pgp gremesarn
([ } ) T T

1 141
A+ w2 | fall g o2 (2.3)

We also have a similar result in nonhomogeneous spaces but with T-dependent con-

stants. More specifically,

_1 11,1
lullzgaerse S Cr (5% ol + 17755 fill gy s

11,1
T follppgeeasarn ) (2.4)

where Cr = C'max{1, T} with C' a universal constant.

Proof. We only give a sketch of the proof in the case (2.2) with f; = f and f, = 0.
For more details of the proof, we refer to [25]. The equation (2.2) can be written as

the following;:
Ou — (A — al)u + bVr = f.

By Duhamel’s formula, we have
t
u(t) = etma=aly, +/ e(t_t/)(“A_“I)IF’f(t/)dt’. (2.5)
0

Applying A, the frequency localization operator(see Appendix A.2), to (2.5), taking
L? norm in space, and using the standard estimate for A,(see for instance [25] and

Appendix A.2), we get

t
HAqu(t)“p < “e—atAquO||L2e—c22qut +/ 6—c22qu(t—t’)He—a(t—t’)Aq]P)f(t/>||L2dt/
0

t
< Iaguolle 4 [ ORI
0

Then we can follow the same method which is used to get the estimate for (2.1)(See

[25]). Taking L? norm in time and using Young’s inequality (in time) we obtain

_1 2 _ 92
27w [ Aguol| e + [le™* M sl e | Ag £l .2

||Aq“||L§;L2 S
1.2 1.2
S W2 T Aguolle + a2 A, )

L}Lza
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where % +1 =21+ 1 At last, multiplying by 246%) and taking /2 norm over ¢ € Z,
we get the desired result. O

Remark 2.1.1. We should note the universal constant in the estimate is independent
of a. So in the proof of local existence, the small existence time 7" is independent of
« which appears in R. While applying the lemma to physical model, we put R to the

right hand side so that the universal constant will still be independent of «.
The next Lemma is a standard energy estimate for the Maxwell’s system.

Lemma 2.1.2. Let f be in L*((0,7T); H®) for s € R, and a > 0 be a constant. Then,
Maxwell’s equations
OhE—aV xB = f
0B+VxE =0
E(t=0) = E
B(t=0) = B,

has a unique solution (E, B) € C([0,T]; H®), and it satisfies

s + Val||Bo|

1Elleqoryas) + Val Blloqor:ms) < | Eol e+ 1Nl s

Proof. The proof is straightforward (see for example [25]). Applying H*® inner product
with E to the first equation and with aB to the second equation, adding them implies

ad
2dt

1d
57 IEl

2 dt ?'{5_’_ ||B|§{5:(f7E>HS7

where (-, )y stands for H® inner product. Let F' = (E,+/aB), g = (f,0), the above

identity becomes

1d
2dt
Applying Cauchy Schwarz inequality yields

1F % = (9, F)ae

1d

5 g Fllie < Nlglla 1L,

which is equivalent to

s < |9l

d
—||F
ZIF|

Then integrating in time proves the inequality. For the time continuity part, we
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rewrite the system as the following equivalent form

OE — Jav x \JaB = f
O/aB++/aV xE = 0
E(t=0) = E,
B(t=0) = B,

Then Duhamel’s formula gives us

t
F(t) = e'“F(0) +/ 6(t_T)Lg(7‘)d7‘,
0

VaV x 0

operator is a continuous semigroup, then the solution F'(¢) is continuous in time. [

0 —y/aV x
with L = ( va ) . Since the semigroup generated by a skew-symmetric

Next, we set the nonlinear estimates necessary to derive the a priori bounds.

Lemma 2.1.3 (products estimate). For 0 < s < d/2, and u, v, B are functions of z,

we have
[uvl] grs—are S Nwllms[lv]| 2. (2.6)
[uvl| g2s-ar2 S [[ull s 0] ars. (2.7)
In particular, when d = 2, it holds that
[uVo|[ s S Hlull 2ol + llwllm o] g (2.8)
While d = 3, one has
1 1
) < 2 2
- Vol gy, Sl slell, ol (2.10)
1 1 1
fux Bl S Tl ol 1Bl (2.11)

Proof. For (2.6), Holder’s inequality and Sobolev embedding(see Appendix A.1) give
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that

[wv]] jrs-are luv]]

d—s

<
S lull, 2 (10l 2
<
~Y

||U| Hs ’U||L2.

Estimate (2.7) is classic and we refer for example to [3], Corollary 2.55. For (2.8),

estimating the low and high frequencies separately yields
[uVolfs = Y (14277 (Vo)

q
S Do lVo)lg. + Y 22 V)| (vo)|

q<0 a>1
S D I@Vo)lie + Vol ..,
q<0
S D I@Vo)lze + el ol
g<0

where (2.6) is applied in the last step.
Hence we only need to estimate Y- _[|(uVv)|[7.. Thanks to Bony decomposition

(see for example [3]), we have

1@Vo)lF: S Y I1S-1uda(Vo)lFa + Y [Se-1(Vo)AgulZ

|k—q|<2 |k—q|<2
DD (Agud (V)72

k>q+3

|k—1|<1

where S; = >, ., 1 Ar. Applying Bernstein’s lemma (noting that d = 2) and using
q < 0 gives

> 1Skmu(Vo)lle S >0 Skorull 722 oll7e S llullfe Y 1Ak 7,
|k—q|<2 |k—q|<2 |k—q|<2

and therefore,

Yo D ISewu(Vo)lize S llullzellofze: (2.12)

q<0 |k—g|<2
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Again applying Bernstein’s lemma and the fact that ¢ < 0 gives

Z | Se_1Vvul|2, < Z 1Sk-1(V0)|I722%% |u1 72

|k—q|<2 |k—q|<2
Sl D A,
|k—q|<2
yielding
>0 1Sk Voulliz S llullzallvll, (2.13)
9<0 [k—q|<2

as desired. For the last term, applying Bernstein’s lemma and the Holder inequality
implies

1Y (Akudy(Vo))|.e

k>q+3
|k—1<1

<> 29| Al (V)|

k>q+3
|k—1]<1

S D 2 Akulle | Al e

k>q+3
|k—11<1

< 7 2 Al A

k>q+3
|k—11<1

Therefore, Young’s and Holder’s inequalities give

2
S Arud(Vo)lze = |11 D] (Audi(Vo))llr
g<0  k>q+3 k>q+3
|k_l‘§1 |k_”§1 l2(q§0)
2
S |0 Pkl A 2
k>q+3
k=ti<1 2(q<0)
2
S [ 2ullze D 1AW | (295 <0)
|q—l\§1 Al
S @ull22 > | Awl )R

lg—1|<1
S NullFallollZ,. (2.14)
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(2.12), (2.13) and (2.14) together yields

S Vo)l S lullzallollz + lullF ol
q<0

Hence

[uN 0| o1 [ell2llollar + llwllms [0l g+ lull golloll g

N N

[ull 2ol + [l oll g

For the last four estimates, we only show the proof of (2.10) as the others are similar.
Noting that d = 3, we have

- Vol [ Vo]

3 3
3r2 L3r?

<
~Y
< ”U||L4TL6||VU||L2TL3
S Nz 90l 1

Interpolation(see Appendix A.1) gives us

1
T i
o oll,, 5 ([ ltlnde) 1900,

1
T 41
S ([ 1l gat) 190l 0

and using Holder inequality, we obtain

- Vo,

2 2 i
I (R e M T

1 1
S lllp gl ol e
T T

ol

The next lemma is a standard energy identity for the whole two-fluid system.
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Lemma 2.1.4. For system (1.15), we have the following energy identity.

P— 2 P+ 2 1 2 1 2

—||lv= || —||B 2.15

2%mnm+%wwm+ﬂ\m+%wﬂng (2.15)
e B ||L2H1+ ||v+||L2H1+ Ollv——v+lligm

P— 2 P+ 2 1 2 1 2
—||v-(0 — 0 —||E(0 —||B(0 :
Q%M(Nm+%ﬂmUthH(Nm+%wﬂ(Hm

Proof. The proof is standard. Multiply =
(1.15) respectively, integrate over space and add them together. With the divergence

0’ €0’

free condition, we can get the desired result. O

2.2 Global Well-Posedness in the 2D Case

In this section we prove Theorem 1.5.1. Recall the Theorem is

Theorem 1.5.1 (Global well-posedness for 2D). Assuming v, (t = 0),v_(t = 0) € L?
and E(t = 0), B(t = 0) € L% Then for any 0 < sj < 1 and any T > 0, there exists
a unique weak solution of (1.15) such that vy,v_ € LY(0,T; H51*') N C([0,T]; L?),
E,B e C([0,T]; L?). Furthermore, the solution satisfies the following estimate,

I Ellcqorizzy + [ Blleqor;zey S CoCr

and

HUHLI Hb +1 5 COCQ?

where Cy = [|v_|| 2 +||v4 || 2 + || Eol| 22 + | Bol| 2, Cr = C' max(1,T) with C' a universal

constant, and v = v4.

The main idea is to apply the classical compactness method to prove the existence
of a global weak solution then prove the uniqueness of the weak solution so that we
obtain the unique strong solution (c.f. [25]). The whole proof goes into three steps.
Firstly, we provide an a prior:i estimate.

STEP 1: A PRIORI ESTIMATE.

The a priori estimate is given by the following lemma.
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Lemma 2.2.1. If (v_,v;, E, B) solves (1.15) on [0, 77, then for any 0 < s; < 1 the
following estimate holds:

||U’|L§FH51+1 S CoCF
Here Cy = ||v_||z2 + ||ve|lzz + || Eollz2 + || Bollzz, and v = v..
Proof. For simplicity, let v = vy, Cpr = C'max{1,T} with C' a universal constant and
v = vz. By the energy identity,

[ollgere + [0l 2 S vollze + [lvgllze + (| Eollzz + | Bollze < Co.

Now fix s;, there exists s such that 0 < s; < s < 1. Thanks to estimate (2.4) in
Lemma 2.1.1 (replacing s by s — 1, let py =pa =11 =19 = 1),

vl s oer < Cr(llvolls—r + 1Vl £y, 411

F BNz me-r + o X Bllzyro-s + [0Vl 7y o).

The fact that 0 < s1 < s, [[v[|p1gsrer < ||U||E1TH5+1<SGG Appendix A.3) together with

energy identity implies

[ollpy e < Crllvollz2 + Tl |25 22
+T || Ellgere + v x Bllpygs—r + [0Vl pygs-r)
S CT(CO + QTCO + H'U X BHL%,,HS_I + HUVUHL%FHS_l)'

Estimates (2.6) and (2.8) in Lemma 2.1.3 give the following estimates on these non-

linear terms,

lo % Bllpy =1 S 10/l | Bl e 2

S (Tllollgre + Tl o) 1Bl g2 S (T + T2)C,

[0Vl prpe S ollgrzlloll oy + [0l 2 0] 2
S (Tl|vllzsere + Tl/ZHUHLzm)HUHL%L? + [[vllzem [[v]] 2 g
S (Tlvllzgerz + T2 0l o )0l e
T2 ol gz + [0l g2 ) 0l g2
< (14202 +1)C2.
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Hence
0]l 1 re+1 S Cr(Co + 2CoT + CF(1 4 3TY2 + 2T)) < CoC3.

STEP 2: A COMPACTNESS ARGUMENT.
We will approximate the original system by a frequency cutoff system and apply the
classical compactness argument to pass the limit (c.f [25]). Let us define a frequency

cutoff operator J; by
Jpu = f_l(lB(o,k) ()u(f)),

where F and * are the Fourier transform in the space variable. We consider the

following approximating system

(p_0F = p_AJw* — p_ Ju(Jt® - VIk) — en(E* + Ju(Joo® x J.BY))

— RF —Vpk
P10 = e ATk — po T (g - VIgoh) + eZn(EF + Jy (S x JyBY))

+ RF — Vp’fr

1 2.16
OEF = V x JkB’f—@(Zvﬁ—vﬁ) (2.16)
€olo €0

OB* = -V x J E*
RF .= —oz(v_’“F — ")

(dive® = dive® = divB" = divE" =0
with initial data,
v (t = 0) = Jp(v_(t = 0)),0" (t = 0) = Jp(vy (t = 0)),

E*(t=0)= J,(E(t=0)),B*t=0)=J,(B(t =0)).

The above system is now an ODE that has a unique solution (vﬁ,vﬁ,Ek,Bk) €
C([0, Ty]; L*) with a positive maximal time of existence T},. Since JZ = Jy, Ji,(v*, 0%, E*, B¥)
is also a solution. Hence uniqueness implies Jj,(v*, 0%, E¥ B¥) = (v* 0% E* B*) and

therefore we can get rid of Jj, in front of (v¥,v¥, E¥, B*) and only leave Jj in front
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of nonlinear terms:

)
p_ Ok = pu_Av* — p_Jp(v* - VoF) — en(E* + J,(vF x B¥)) — RF — Vp*
POk = AvE — pi (0% - Vok) + eZn(E* + J,(v% x B¥)) + R — Vpk

) OEF = =V x B — 2¢(Zv —oF)

EO0MO0
0,B¥ = -V x EF
RF .= —oz(vf“F — %)

| div ¥ =div o¥ = divB* = divE* = 0.

(2.17)
Now we prove that actually 7}, = oo. We will see that the energy identity still holds
for (2.17),

P— 1 k2 P+ k2 1 k2 1 k2
— — —|E —||B 2.18
g IR + Sk I + SUEME: + 5 IBME - (218)
B— k2 kg2 Qo k k(2
+€—0||v_||LgH1 + gllwlngHl + gHv_ —vilare

P— 2 P+ 2 1 2 1 2
— || Jkv—-(0 — || kv (0 ||/ E(0 — ||/ B(0)]|72-
2eg k0= (O)llz2 + 51k (0) [z + SH B O[22 + 5=k BO) Iz

Hence the L? norm of (v*,v*, E*¥ B*) is bounded uniformly in time and we get
T), = co. Moreover, a priori estimate we get in the previous section also holds, i.e, for

any 1" > 0

1V loqoryzoynezin + 1E ez + 1B ez S Co,

and

HkaLlTHsﬁl < CoCF-

where C() = HU*HLQ + HU+”L2 + HE()HLQ + ||BO||L27 V= V4.
To apply the compactness argument, we need to bound 9,(v*,v"*) in LZH~*? uni-

formly in k. Applying Lemma 2.1.3 we obtain

HatUkHLQTIf?’/2 S ||AUkHL2TH*3/2 + | BF + 0" + U/kHLQTH*?’/?
+Hvk . VUkHL%H—:s/z + ||Uk X BkHL%H—g/z
[0 (| 2 g1 + T 2Co + [0 @ 0" 1z 172 + [0* X B[ 12 e

Co + T2C0 + 10" | g2 l[v* | 2.2 + 10° |z | B[ 12

/AR AN
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By energy estimate, we have
1 Nz 2 < 10" Nz < (T2 0" g + 10" ) 20) S (T2 + 1)C,
leading to the bound on HatkaL%wazi

”at/UkHL%H—S/Q < (]. + TI/Q)(QOg + C())

~Y

Next we introduce Aubin-Lions-Simon Lemma (see for example [4], [30], [22] and
[31]). The proof is given in [4].

Lemma 2.2.2 (Aubin-Lions-Simon). Let X C Y C Z be three Banach spaces. We
assume that the embedding of YV in Z is continuous and that the embedding of X in
Y is compact. Let p,r be such that 1 < p,r < oo. For T > 0, we define

E,, ={ue L} X, 0w € L. Z}.

i) If p < 0o, the embedding of E,, in L%Y is compact.
ii) If p = oo and r > 1, the embedding of E,, in C([0,7];Y") is compact.

Before applying this lemma, we summarize the work above. Actually, we have

shown
Hvk||LlTH51+1ﬂC([0,T];L2)ﬂL2TH1 < max(CyC7, Co),
10" | 2 =22 S (1 +T2)(2CF + Co),
and

1B leqo,r:22) + 1B loqo.rz < Co.
Let B, := {x : |x| < n}. Then applying Aubin-Lions-Simon Lemma gives us that
{v*} is compact in L'(0,T; H(B,)) N L*(0,T; L*(B,)) with 0 < s} < s;. Hence,
there exist
vy € LY0,T; H9MY(B,)) N L*(0,T; L*(B,)), E,B e L>(0,T;L*B,))
and a subsequence k,, such that as m — oo,

vim — vy strongly in L'(0,T; HYY(B,)) N L*(0,T; L*(B,)),

(E*m BFm) —~ (E, B) weakly-* in L*(0,T; L*(B,)).
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Indeed, by a diagonal extraction argument the above strong convergences are true for
all B,,n > 0. Therefore we can pass the limit in (2.17) and obtain a weak solution.

The continuity of vy is obtained with the fact that vy is unique and solves Navier-
Stokes equations. Consider —en(F + v_ X B) — R as a body force of the following

Navier-Stokes equation
p_Ow_ —u_Av_~+p_(v_-V)v_+Vp_ = —en(E +vyB)— R.

Since v_ is unique in energy space L°L? N L2 H" which will be proved in next step,
v_ also satisfies that v_ € C([0,T]; L*). The proof of continuity of vy is the same.
The continuity of (F, B) is obtained after applying Lemma 2.1.2.

STEP 3: UNIQUENESS OF SOLUTIONS.

Here we prove the uniqueness of solutions to (1.15) (vy,v_, E, B) in
LELP A LZHY x L¥L2 N LAH' x LL? x LI,

Take (vi,v!, E', B') and (v3,v?, E?, B?) are two solutions of (1.15). Letting (vy,v_, E, B) =
(vi,vl, Bt BY) — (vi,v2, E? B?), then (vy,v_, E, B) satisfies the following system

with zero initial datum:

rp_Otv_ =pu_Av_ —p_v?-Vo_—p_v_-Vol
—en(E+v?2 x B+v_ x BY)— R—Vp_
p+0v = pp Aoy — 10+v<2|» Vg — piug VU}r
+eZn(E + v} x B4+vy x BY)+ R—Vp,
OE = EOLOV X B —2(Zvy —v-)

8tB:—V><E

(2.19)

R:=—a(vy —v_)

divv_ = divvy = divB =divE = 0.

\

Recall that v = vy, v/ = vy, Let X = L¥L* N LAH" so that vy,v). € X and let
¢ >0, 0< s <1 be such that qil = 1= Next we apply Lemma 2.1.1 to estimate
[v][x. For [[v][rser2 we choose p = 00,5 = 0,r1 =1y = g1 in the lemma, for [[v][z2 g

we choose p = 2,5 = 0,7 = ry = ¢;. Finally one obtains

lvllx < Crl|E+ v + v2x B+v x B'+0v*Vou + vVvlﬂquHs/,l, (2.20)



where Cr = C'max(1,T). Since ' — 1 < 0, by (2.6) one has

l0? X Bllygipoes < 0 x Bllggygros

||U2||L’;}Hs’ B||L;°L2

1 —

<
S
1 _ 1
S To 20?2 || Bll es 2
1 _ 1
S T 2|0 x| Bl g2
Similarly it holds that
1 _ 1
lv % B[ a1 ggor-s S T0 2| BY || pge 2 [v] -

With the help of (2.7) we have

||UQVU||L;1}HS/71 S ||U2||L§Q1H5/;1 ||U||L§q1H5/;1 5 ||U2||L;Q1H

and

090 g S 10 00 s 1 S 10"y ol

£

where in last step we use the embedding X C LZT‘“H = for any u € X,

1

o Ze
ol i = ([l 00t

T sl 1-6\ 20 a1
/ @wﬁHWJ) i

1=’ L
< lull g 2 llll g g

IN

< [lullx-
Substituting (2.21) ~ (2.24) back into (2.20) yields

1
lvlx S T«aCr (HE“L%"L? + ||'U,||L%°L2)
11
+T5 2 ([0 x| Bllger2 + 1B | pger2llvllx)

2

2 1
#Cr (1203 Tl + 10,

s'4+1 HvHXv
2

yﬂwm)
H 2
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(2.21)

(2.22)

(2.23)

(2.24)
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Moreover, thanks to Lemma 2.1.2, we have

1
1Bl gz + 4/ KMOHBHL%OH Slolleyee + 101 zyz2 S T(llvllx + [[v']]x)-

Finally, choosing T" small enough, we obtain

1
! Fl| o0 — || B|| 0
[ollx +lv'llx + 1l IILTL2+\/50MOII g r2

1
/
<1/2([lvllx + 0"l x + |1 Ellzge 2 + 4/ KMOHBHL%’L?)»

implying that v, = v_ = 0 and ¥ = B = 0 which yields the uniqueness of the
solution on a small time interval. We can repeat this argument and get the global

uniqueness.

2.3 Global Weak Solutions in the 3D Case

In this section we prove Theorem 1.5.2. Recall that Theorem 1.5.2 is

Theorem 1.5.2. For initial data v, (t = 0),v_(t =0) € L? and E(t = 0),B(t =0) €

L? with div v_ = div vy o = 0, there exists a weak solution

(0. € 170, 00: L2) 1 L2(0, 00; H1)
vy € L0, 00; L2) N L2(0, 00; HY)
B e C(]0, 00); L2)

E € C(]0,00); L?)
R:=—a(v, —v_) € L*(0,00; L?),

\
satisfying the following energy inequality

1 1
lvllZ> + §||E||2L2 + mHBH%Q (2.25)
H— 2 H+ 2 @ 2
+€—0||Uf||Lt2H1 + €—O||U+||L3H1 + 8—0””7 — vll7zp0

<

r-
250

P+

2

P 2 1 2 1 2
O |52 + =||E(0)||52 + —— || B(0)||72.
||U+( )”L + 2” ( )”L + 260MOII ( )HL

2= lo_(0)]2,
2€0||v (0)[|72 +

P+
280
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The proof is similar to the incompressible Navier-Stokes equations. Again, we
consider the frequency cut off system in previous section (2.17) and use the Aubin-
Lions-Simon Lemma (see for example [30] and [31]) to prove that the solutions of cut
off system converges to a weak solution of the original system. We know (2.17) has a
unique solution (v*, 0%, E¥ B¥) € C([0,00); L?). According to the energy estimate,

+

It is sufficient to prove d,v* is bounded in L2H~3/2. Then following the compactness
argument in previous section finishes the proof.
By (2.17), we obtain

||atUkHL2TH—3/2 S HAUk||L§F1L1—3/2 + ||Ek||L2TH—3/2 + Hvk||L2TH—3/2 + ||U/k”L§F1L1—3/2

Y
+||Ukvvk||L2TH—3/2 + [[o* x Bk”L%H—W?
S ||Uk||L2TH1/2 + Tl/Q(HEkHL%OL? + ||Uk||L%°L2 + ||U/k||L°T°L2)

HE VO | L2 sz + |05 X B¥|| 12 a2
By interpolation,
s < oM lzre + 108 i S T7200M gz + (0¥l
Hence
106" | 2,72 S Co + ATY2Co + [V V0¥ || 12 a2 + [[V* X B[ 12 gg-3/2.
Moreover, by Sobolev embedding and Holder’s inequality;,

[V e = [div(e? ® o)l 2 -

IN

[ vk”LQTH*1/2
[ UkHLQTLfW

||Uk||L§s>L2 ||Uk||L2TL6

AR ZANRIA

||Uk||L;9L2||Uk||L2TH1 < G-

~Y
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With the help of (2.6), one gets

[v" x B*|| 12 -3 [0" % B*|| 2 gra-ss2

||Uk||L2TH5 BkHL%oL?
10" 2,112 (| B* || Lo 22
(T 0* || por2 + ”kaLQTHl)HBkHL%OLQ

C2(T'? 4 1).

AR VANRZANR ANV

Therefore, we get the bound for ||8tv||L2TH_3/2,
10w 2 32 S Co + ATY2Cy + C2(TY? 4 2).

This completes the proof.

2.4 Local well-Posedness in the 3D Case

In this section, we prove Theorem 1.5.3:

Theorem 1.5.3. If the initial conditions of the physical model (1.15)(or (1.27)) are
such that (v_, v, Eo, By) € HY? x HY? x L? x L?, then there exists T > 0 and a
unique solution (v_, vy, F, B) of system (1.15) such that

vy € C([0,T);: H?) N L*0,T; H?)
E, B € CO([0,T); L?).

Furthermore, if [|v4(0)||z12 < 55, then the unique solution is global, satisfies the

energy estimate and for any 7" > 0

v

[0l o gty < 50
COT:HZ) ™ 2¢,
where ¢; is a constant only depending on dimension.

The idea is to apply the fixed point argument.
STEP 1: A PRIORI ESTIMATE.
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By Lemma 2.1.1, for any (v_, v, E, B) solution of (1.15), we have

o] < Cr((lo(0)]l,3 + [lv > B +R]

LEHINLZHT =
T n T

L2H2 iLH? B+ VUHL

where v stands for v_ or v.. And by lemma 2.1.2, we obtain:

[EN g2 + 1 Bllgere < v(IE(O)|z2 + 1BO) 22 + [lo-llzyr2 + lvellpyze),  (2.27)

where v = max(1, , / Eoluo)/min(l, \/ aoluo)'

STEP 2: CONTRACTION ARGUMENT.
Let I' := (v_,v,, E, B)T be such that

v. € X" :=LPH:NI.H:
v, € X" :=LFPH:NIL2H:
E € XF.=LyL?
B ¢ XB.=L¥L?

and set X = XY x X¥ x X¥ x X®. Then the norm of I can be defined as ||| x :=
lv—[lx» + llvsllxv + |1 Ellxe + [| Bl x5. We look for a solution in the following integral

form
['(t) = 1(0) + /0 e DAf(T(s))ds.

The operator A and function f(I') are defined as

YA 0 0 0
P I 0 |
0 0 0 Lvux
E0[0
0 0 —-Vx 0

,P(_'U+ . VU+ + Ten_i(E + vy X B) + %)
—Z—E(Z% —v-)

0

P(—v_ Voo — =(E+v_x B) — 1)
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Define a map & : X — X as
t
o) := / U= (54T 4+ T'(s))ds
0

where I'y = (v_¢,v40, Eo, Bo)T. We denote the components

®(T) = (2(I)7, &(I)Y, (1), &(I)").

Note that ®(—eTy) = 0, and by Lemma 2.1.1,

le" Tollx < ClIToll,3 8 g2 e

where C'is a universal constant. Moreover, setting r = C|[Tol| ;1,1 ,, ,, and de-
noting by B, the ball centered at 0 with radius r in the space X. Our goal is to prove

if T' is small enough then ®(B,) C B,.
Assume I' € B, and set I := e!Ty+I" (also define v_, v, E, B, R in the same man-
ner). Then by (2.26) and Lemma 2.1.3,

90 < Cr(lox B+ Vol oy + BNy, + IRl )

IN

_ _ 3 =
Cr (118l gm + 1], 5 + 7% +27) |IP)x

= — 3
< 20r <HUHL2TH1 + 110l 5 3 + T35 + 2T> .

Thus we can choose T' small such that

_ _ 3 1
2Cr (ol + 9], 43 + T +27) < 7.
So
1 1
1) ][x- < 1 (D) [|x+ < e
Similarly, by (2.27) we can also get
12Tl xz + [ 2(T)]| x5
< Ao-llerez + Y4l 21 ze
< 4AyT'r.



By choosing T" small enough, one obtains

1
12D l[xz + 12D xz < 5r-

Thus
[2(T)[[x <.
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And then ®(T') € B,. Let v be v_ or vy, I'|,T5 € B, and ['; = Ty + T, i = 1,2.

By the a priori estimate (2.26):

[2(T1) — @(Ta)[[xe < Crl[(B1 = T2) X By + 01 x (B — Ba)||

[2H" 2
+C7||(01 — 02) - Vg + 01 - V(01 — @2)||E§L2
+OT||E1 - E2||E§L2 + CT”Rl — RQHL%HL

The fact that

IRy — Ry

IA

al|lvyq —vio+v_o—v i

< 20{THF1 - FQHX

1% N
LLH L¥H

together with (2.10) and (2.11) in Lemma 2.1.3, (2.28) becomes

_ 1 1
(1) — ®(Do)||x» < CrpT1 <||B2||L%°L2 + ”T’l”im% ||771||2%Hg

e (||v2||

+COp(TT +2aT)||T; — Ty |x
CrT3 (47)||Ty — Dol

_ 1.4
+Cr (10l 3,3 + 211, s ) I Tl

+Cp(TT + 2aT)|Ty — Ty x.

3
L3H?2 L¥H2

IN

We choose T small enough so that

1
12(T'1) = (L)l < STy = Taflx.

(2.29)

) L) — Dl

1 1
Flol 1ol ) 1T~ ol

Similarly, by (2.27) we can estimate ||®(I';) — ®(I'2)||xz + || P(I'1) — ®(I'2)||x» when
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T is small:

@) = @(T)[lxe + [[©(T1) — D(I'y) || x5

< AC7([[o-g = v-2llprze + (1040 — V4 2llLrre)

< CrT([[o—n — @—,2||L%OH% + 041 — @+,2||L%OH%)
1

< Z”Fl —Iylx,

where v = v

Finally, together with the above estimates
1
12(I1) = ®(T2)llx < 5|7y = Faflx.

Thus a fixed point argument gets the local existence.

STEP 3: GLOBAL EXISTENCE FOR SMALL INITIAL DATA.

In this step, the universal constant will be written explicitly in order to see how
the physical parameters affect the estimates and how the solutions depend upon
them. This will be needed in a forthcoming work about relaxation limits. We rewrite
Xp=LFH 2 NLAZH 2 to emphasize the dependence upon time 7" and recall the system
(1.27),

(

Oww_ —v_Av_+v_-Vuo_.=—a_(E+v_-xB)+b_(vy —v_)— /%Vp,
6tU+ — I/+AU+ + U+ . VU+ = a+(E + 'U+ X B) — b+('U+ — 'U_) — in+
OE = EOIHOV X B —2(Zvy —v-)

&gB =-VXEFE
\divv_ = divoy = divB = divE =0,

Whereyi:‘;—i[,a+:;—2+,a,: € by =2,
After setting
p—pe 11 }
2807 2507 27 250,&0 ’
and

p— p+ 11 popy o
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Energy estimate given by Lemma 2.1.4 gives us the bounds

[\
loslls s loellogere, [ Ellngere < )\—2307 (2.30)

where By = [[v-(0)][z> + [[v4-(0)[| 22 + |1 E(O) [ 2 + [[B(O) | 2.

Next we do energy estimate in H2, and prove that if Ju(0)|| .1 is small enough, the

[t

H?2

[ve(?)| ;3 remains small after some time and |v.[| v+ remains bounded so that one
T

can extend the time of existence to infinity. Multiplying the first and second equations

of (1.27) by |V]v_ and |V|vy respectively and integrating over R? one obtains

sl s e < (@l Bl 4 balfos — v Dlfos
tase|| Bz o v oo

vl ol o (2.31)
(ax + 2b2) v/ M /e Bollvsl i
tasery/Ar A Bol[v]| g vl s -

terllozll G ozl sz,

IN

where we use the following inequality for nonlinear terms,
(@ x b, [V]c)| < [|bll 2 lall s [[V]ells < ellbllzzllall gillell o2,

and
[(aVb, [V]e)| < lall sVl s [[| Vel e < erllall g llell g ll0ll g2

and ¢; here is a constant only depending on dimension. Letting g = min(u_, ) and

v = vy we rewrite (2.31) by

1d A1 A
S 0l + BllvlFe < (ax +2b1)4 /= Bollvll i + axery/ = Bollvll vl o2
2 dt A2 A2

+ cal[v] 3 o]l oo
(2.32)

Assuming that [|[vL]g1/2(0) < Ag < -, by continuity, there exists time 7% (Ay) such

that for all 0 < ¢ < T"(A), [lvellgi/2(t) < 5. We consider (2.32) for ¢ < T*(Ay).
1/2

After using the interpolation ||v||z;: < HU”le/?HUHHS/? for every terms on the right
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hand side one can get rid of the last term in (2.32) and obtains

1d >\1 1/2 1/2
g il ire + Sl < (as + 2004/ T Bollol g ol

)\1 1/2 3/2
-mﬁmx&mmﬂm%w

By Young’s inequality, there exists a universal constant ¢ such that

4/3
- A1 2/3
2dt|| s + 5 Sl < eu™ ((a:t+2b:|;)\/ >\_230> ol
4
-3 A1 5
+ep™ | axe )\_ZBO 0|32 + = ||v||H3/2
Since ||v|| 12 < p/(2¢1) for t < T*(Ap), we have
4/3 2/
T ~1/3 At 0
ol e < 2ep 3 (ay +2b1) B o
4
_ )\1 ,u 2
e 2B LR
+ 2cp <CL:|:01 N 0) (201)

2/3 1/3 2
Let C = c'/? max(pu!/® ((ai + 2by) i—;BO) (%) 2 (aicl,/i—;Bo) (i)),

we end up with

(2.33)

HUHC([O,t];Hl/Q) < Ay +2Ct.

gy > B
Therefore T*(Ag) > 2 o0

To prove ||v]|xz is bounded, we go back to (2.32). For the right hand side of (2.32),
apply H' interpolation only for the last term to get rid of it and Young’s inequality

for the first and second terms,

1d 1A 1
HUHHl/z +3 ||U||Hs/z < ——1(% +2b4)?Bj + —HUH?p
2d 2 Xy
A
+C, =kl B |lvll%: + HUHH3/2

Ao
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Noticing that [[v]|%,,(t) = Llo|? we have

L2H3/27

1A\ 1 3
(G0l 4 o) < 3w+ 20258 4 G ' B ol

Therefore for T < T*(Ay),

1A
HUHL2 H3/2 = 2A2+__1(ai+2bi) BST—F(

1 2 1 1 A1 a2 2B2) B2
5””“0([0,T];HU2 2 Ay §+CM )\2 ag 1B )B T

which yields the boundedness of ||v||xy since [[v(t)[/z2 is always bounded by energy

estimate. Therefore accordlng to the local existence proof at Step 2, the solution
. . c AD *

exists up to the time T and ) o < T < T*(Ap). Furthermore, [[v(t)[| 1 < 2

for all ¢t < T. One can repeat the extension argument above starting at time 7" and

hence the time of existence can be extended to infinity.

2.5 Existence of smooth solution in the 3D case

In this section, we will prove the last theorem about the wellposedness:

Theorem 1.5.4. Let s > 3 be an integer and the initial data of system (1.15)
Up = (v_0,v40, Eo, By) € H®. Then there exists a constant § > 0 such that if
1Tol
for any T'> 0,U € C([0,T); H*) N C'([0,T); H*™1).

s < 9, the Cauchy problem of (1.15) has a unique solution and satisfies that

Here starts the proof.
By the similar fixed point argument as in the previous section, one can easily construct
a unique solution in U € C([0,T]; H*) with T" small enough. We will prove that
U € C([0,T]; H*) for any T > 0 so that the global existence holds true. Then using

the equation, it is clear that
oy € C([0,T); H?),  0,F,0,B € C([0,T]; H*).

Now, we prove that U € C([0,T]; H*) for any T > 0.
Recall that U = (v_,vy, E,B),v = (v_,vy). Fixing s > 0, we define the following
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norms:

No(t) =

0<r<t

D3 (t) / | Dv||?

Wot) = sup [[Ullwie, JE(E) = / o] dr.

0<r<t

ie v = villigs + | Ellpes + 1D B[ dr (2.34)

It is sufficient to prove the uniform bound of Ny(t) and Dy(t). Recall the notation
*is 9" with some multi index & satisfying |x| = k. Applying D' to (1.15) we have

_oD'v_ —v_ADw_ + p_v_-VDw_+ B(D'E + D'v_ x B) + a(D'v_ — D'

P p +
= —p_[D'(v_-Vv_) —v_-VDw_] - B[D'(v_ x B) = D'v_ x B]+VD'p_,

p+8tD Uy — Z/+AD Vy — P4U4 - VDI’U+ — B(DlE + Dl’U+ X B) — Oé(Dl’U, — DZ’U+>
= —P+[ ‘(04 - Voy) — vy - VD'oy] + B[D'(vy x B) = D'vy x B]+ VD'p_,

OD'E = L v«pB- ﬁDl(m —v_),
oMo €0

8,D'B=—-V x D'E

(2.35)

Next, we will apply standard energy estimate in H'. Multiplying the first equation
by D'w_, second equation by D'v,, third equation by eoD'E, and the last equation
by %DZB then integrating in space and adding together yields.

d 1
D'E — —||D'BJ?
2 dt 2 dt 2 dt” IZ= + dt 240 1D Bz

+v_[[VD'v_ |22 + v4 VD' 72 + || D'o- — D'oy |72 (2.36)
=—p_(D Ho_-Vu_) —wv_-VDw_, Dlv_) — Py (Dl(v+ -Vuy) — vy - VD, Dlm_)
— B (D'(v— x B) = D'v_ x B,D'v_) + B (D'(vy x B) — D'v; x B,D'v.),

|| |3+ B IIDl 2+ 2

where (-, -) is the L? inner product.
Applying the following lemma (we refer to Lemma 3.4 in [24]) to the right hand side
of (2.36),

Lemma 2.5.1. For [ > 0, it holds that

1D (ab)ll22 < llall e[| D'Bl| 2 + || D'al] 2] [b] oo
ID(a - Vb) —a- VDBl 12 < [|D'al| 2| VO]l oo + [|Va] Lo || Db 2



45

we have the classic H' energy estimate,

d 1
th 2dt 2dt dt 2p0

+ v [ VD |3 + v4 [ VD vy |2 + o D'v_ — Do |2
S 1IVoslle | D'vslZe + [ Blloe [ Dvoslle + o]l | Dl 2] D' Bl o,

HDZ B+ HDZ B+ 2 HD E|iz + = 5—|ID'Bl|i

(2.37)

where 1 <[ <'s. When [ = 0, (2.37) becomes the classic energy estimate in which
the right hand side of (2.36) vanishes.
Therefore summing (2.37) from | = 0 to s then integrating in time give us the first

apriori energy estimate
t
No(t) +/ [1D[[7s + lv— — vy lfzrdr < [|Uoll7s + Wo(t) Dg(t) + No(t)Jo(t) Do(t). (2.38)
0

Now we linearize (1.15) around the trivial solution U = 0. Namely, rewrite this

system as

(p_ﬁtv_ —v_Av_+pE+alv. —vy)+Vp. =—p_v_-Vuv_ —v_ X B,

p+8t?]+ — V+AU+ — BE — Oé(’U_ — ’U+) + Vp+ = —pP4+U4 - V'U+ + vy X B,
1 B (2.39)

875E——V XB+_<U+—’U,) :0,

€oto €o

(0B +V x E =0,

To estimate the dissipation term Dy(t), apply D! to (2.39), multiply the first three
equations by iDlE, —iDlE, D'(v_ — v, ) respectively and summing them yields

1 1
(D0 00, DB) + 50+ LD =
- +

(=AD" — “EADWw,, D'E)

p— o P+ | | . , (2.40)
_ (_ + _> (D (U, — U+),D E) + —HD (1}, - er)HL2
p— P+ €o
+ (VXDIB’DZ(U_—U+))+f1+f27
EoMo

where,

fi=—(D'(div(v- ® v_) — div(vy ® vy)), D'E),

1 1
ﬁ:-(—D%AXB}%—D%@XBLUE)
P- P+



By Lemma 2.5.1, f1, fo can be estimated as the following,

fi S el | D™ gl 22| DB e,
2 S (ID" vzl 2| Bllzoe + [l || D'Bl|2) | D'E|l 2.
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Applying Cauchy-Schwarz and Young’s inequality to the other terms on the right
hand side of (2.40), then plugging the estimates of fi, fo into (2.40) yields that for

=0,
1 1
O ((v- —vs), B) + B(— + —)[IEI7:
P— P+

< Cel|Dgvelze + Cell(v- = vy )ll72 + el E|I22 + €| DB||2
+ vl oo [ Do ]| 2] B 2
+ (loxllzz|Blloe + Joxllze | Bl 2) [ ]| L2
For | > 1, using (V x D'B, D (v_ —v,)) = (D'B,V x D'(v_ —v.)), we get

1 1
0, (D'(v- = v:). D'E) + B(-— + )| D'El
+

< G| Do + Co|[ D (v — vi)l[3p + el D'E||Z: + | D'Bl 7
+ vzl | D" gl | D'E|| 2
+ (I1D" vzl 22l Bllzee + [[ve]| ]| D' Bl 2) | D'E] 2.

(2.41)

(2.42)

Remark 2.5.1. Here we deal with the case [ = 0 and [ > 0 in sightly different ways.

Noting that we will integrate in time at last and the L? norms of derivatives of B
should be controlled by the dissipation norm Dg(t), the terms ||B||z2 and ||D*B]| 2

can not appear on the right hand side of (2.41) and (2.42).

By choosing ¢ < B(i + L), integrating (2.41), (2.42) in time and summing from

P+
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[=0tol=s—1yields

t t
/ | perdr < U2 + / 1Dole + lo- — vy |pedr
0 0
t
ALY +g/ DB dr
0
¢ 5=l (2.43)
/ Z||vi||Loo||D’+lvianuD Bl adr

t s—1
DY > (1 osl Bl + ol 1D Bl |D' Bl
0 ;_

By (2.38) and

t s—1
/ > (vl D o]l z2 + |1 D'os g2l Bl + l|vx ]l o | D' Bl 2) | D' E|| 2
0 =0

S No(t)Jo(t) Do(2),
the inequality (2.43) becomes

t t
/ |Eperdr < Uol3e + / | DB|2adr + Wo(t)D2() + No(t)Jo(t)Do(t).  (2.44)
0 0

For the dissipation estimate of B we only use maxwell equations in (2.39). Applying
V x D' to third and fourth equations in (2.39) yields
I 1 I B I
OV x D'E+ —AD'B+ =V x D'(v_ —vy) =0,
€otho €0 (2.45)
OV x D'B— AD'E = 0.

Multiply the first equation by D!B and the second one by D'E then integrate in space
and add together yielding

1
0,(V x D'E,D'B) — —||D""'B||%, +
€olo g

|ID"E|3, + ? (D'(v= —v4),V x D'B) = 0.
0
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Applying Cauchy-Schwarz inequality the above inequality becomes

|DM B, S el DB, + CoID - = vy s + DB

(2.46)
+0,(V x D'E, D'B).

Choosing ¢ small, integrating (2.46) in time and summing from [ = 0 to [ = s — 2

give
t t
/ IDBIE. dr < (U + U3 + / \E| 2 dr
0 (2.47)
/ oo — vy ed
Again using (2.38) and (2.44), (2.47) becomes
t
/ IDB2adr < Vol + Wolt) D2(E) + No(£)Jo(t) Do t). (2.48)
0

By a suitable linear combination of (2.38),(2.44) and (2.48) and choosing small ¢ in
(2.44) we have

NE(t)+ Di(t) < | Uoll32 + Wo(t)Da(t) + No(t)Jo(t) Do(t). (2.49)

For s > 3, it holds that Wy(t) < No(t), Jo(t) S Do(t). Therefore, together with (2.49)
s < 9§, then Ny(t) + Do(t) <6

uniformly in time. This ends the proof of Theorem 1.5.4.

there exists a small constant 6 > 0 such that if ||Up|

Remark 2.5.2. For s > 3, it is clear that Wy(t) < Ny(t). To prove Jo(t) < Do(t), it

is sufficient to prove [[v|7e < ||vllgnllvllg2- Indeed, we have

o Z'a;,gA _ Z‘x.gA
[v] —‘/&Rse vdf‘ = ‘/|<>\+/|>>\6 vdf'

<

_/w |5||v|‘5, /Mm 9 |‘5|2

1
25|24 —d
<(f o) ([ )
o) ()
i </|szx el /§>>\ I35 “

SN vl g+ Aol

(SIS

N|=



Optimizing in A leads to A = lvllz2 - Therefore the desired estimate holds.

lloll 1
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Chapter 3
Asymptotic stability

In this Chapter, we mainly discuss the asymptotic stability result in 3D case including
a more convienent way to develop the linear estimate: Lyapunov method. Further-
moer, the general way of ernergy estimate fails because the system is a regularity-loss

type. Then the time-weighted energy method will be used to overcome this difficult.

3.1 An introduction to equations of regularity-loss

type and time-weighted energy method

The equations of regularity-loss type means that for the linearized model, to obtain
the time decay of H” control of the solution, one actually need H**' or more regularity

on initial data. For example, the following 1D nonlinear Bresse system from [27]:

¢tt - ((bx - ¢ - lw)m - kgl(wx - l¢) - 07
Vip — OVpp — (o — ¥ — W) + 117 = 0,
W — kﬁ(wx - l¢)m - l(¢z - — lw) + Yyowr = 0,

where [, kg, 71,72 are constants and o is a smooth function such that o'(v) > 0 for
v > 0. Furthermore, ¢/(0) = a® where a is a constant. The linear estimate of this

system reads:

105U e S L+ 8) 2Tl + (1 + 1) 72105+ Toll2, a=1

~Y

105U Oz £ 1+ O 2Tl 2 + (14 )07 Vol 2y a# 1,

~Y



51

where U = (¢,1,w). One can see that if we want the time decay control of ||O*U]| 2,
more regularity is required for the initial data.
Another example is a nonlinear hyperbolic-elliptic system from [18] which we will use

to briefly introduce the time-weighted energy method:

{atu +05(u®/2) + 0aq = 0, (3.1)

94q — 02q + q + Opu = 0.

The linear system is easy to solve in Fourier side for u: a(t,€) = e ?©,, where

p(&) = ﬁ Then the linear solution u satisfies
1D ullze S (1+ )47 ug 2 + (1 + )21 D" g 2.

Hence system (1.28) is also a system of regularity-loss type.
Back to the nonlinear system, the goal is to obtain the decay of k-th derivative of
nonlinear solution u. If we only apply D* to (3.1) and the classic energy method, one

gets with initial data uyg € H*®

t
tov2 [
0

To control the nonlinearity, we need to control the term fot || 0puu(T)|

we12d7 S ([ U]

[l 2 eadr.

t
2t / 10,u(r) | = By

2 o-1d7. Usually
this can be done by the help of dissipative term in second equation of (3.1). However,

the dissipative term only gives us

t t
/0 10,u(r)[2psdr < / la(r) Byesadr,

which can not control the nonlinearity due to the loss of regularity. So the classic
energy method does not help here.
To overcome this difficult of regularity-loss, when applying the classic H* energy

method, instead of multiplying by D*u, we multiply by (1 + ¢)*D*u. This will give
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us
t
(4 0okl +2 | (L+ 720k [
0
t
S okl +a [ (147 0ku(r)|adr
0

t
n / (1 + 7)) utu(7) | o | Ou(7) | 2.
0

If we choose a < 0, then the term ozfot(l + 1) H|OLu()||3.d7 is like an artificial
dissipative term and is good enough to control the nonlinearity if (1 + t)||0,ul| = is
small. And usually, if the dissipation in system is strong enough, one can choose
a = k to get the time decay. For system (1.28), we refer to [18] for the detailed

discussion.

3.2 Linear estimate

Back to our system, we state the linear decay first. We can rewrite system (1.15)
as ;U = LU + N (U), where L is the linear operator. However, in our case, the
two velocity equations and the non-normalized physical constants make the classic
method for linear estimate very complicated and hard. To overcome such complex
computation, we introduce a Lyapunov function that gives in a more systematic way
the linear decay. Such an idea can be implicitly found, for example, in [9] and [10],
for other models.

The linear estimate is the following.

Lemma 3.2.1. The solution to linear system of (1.15): 9,U = LU, where

VA— 2 e —£ 0
p— p— /6/)37
r— P l/JrA — Z E 0
b ~Z 0 -Lwv
€0 €0 EOHMO
0 0 -V X 0,

satisfies that for all £ > 0,1 >0

1D (e Un)lI72 < (1 + )27 VollZs + (1 + )7 D*Up 7.

~
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Proof. Rewrite the linear system of (1.15) in Fourier side,

(p_0i_ = —v_|¢[0- — BE + aliy — 0_)

pr0iy = —v €0y + BE — afdy — )

OE = c1i€ x B — cp8(04 — 0_) (3.2)
Gté = —Zf X E

(§0e=¢ B=¢-E=0,

where ¢; = %7 ¢y = 1/gp and define the energy

00
~ 1 1 1 - C1 |~
E:=—p_o_|* + =pi|oy|* + =—|E]* + —|BJ

310 Spalinl? + 5 -|BI + 51

We immediately have the following energy balance.

£ = —|EP (o]0 + viloy[*) — alo — oy (33)

SE

Define the Lyapunov function
L& ) =71+ [§)E + F,

where

1 A A .
Fi=———<iéxXxBE>4+<0_—0., F >,
[ERTTER !

< a,b >:= R(a - b) for a,b € C* and 7 is a constant which will be determined
later. Now we calculate time derivative of L. Noting that i€ x (i€ x F) = |¢|?F and

€ x BJ? = |¢|?| B> under the divergence free condition of E, B, we obtain

d 1 I
. <iexBE
dt( 1+|§|2<Z£>< B >)
[ s
=—\FK"— ———|B 3.4

1 .
+o——— < X B, B0 —0_) >,



and
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d .
dt(< U — 0y, B >)
v ; 1
=P < Zoy - ol B> (- + )P
P+ p— pP— P+ (3.5)
1 1 .
+Oé(_+_) <@+—@_,E>
P— P+

— 0 < Op —D_, i€ X B> +ey <y —0_, B0y —0_) >,

where ¢;, ¢o are constants only depending on physical parameters. Taking (3.3) into
account we have

d 1
—L: o 2 1 2 . A_2 ~ 12 o E2
L= —Al€R O+ Pl + v o, ) = B + DI
2
e BP a1 P — 6P
L+ [€?
+ & B+ o < it x B, Bl — 0.) >
1+ [¢? L+ €2
11 .
vl <o, T B va(—+ )<y —i B>
P+ P- P— P+

—Cl<1A)+—1A)_,7;§XB>+CQ<U+—U_7/B('I>+—'I>_>>.
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Cauchy-Schwarz inequality and Young’s inequality yields

d 1
L< o 2 = A_2 AN E2
L AP0+ Pl + o) = B + DI
- s B — ay(1+[¢P)]o- — o[
1+ ¢]?
+|E|2+€CQ |£|22| |2+c(5)0252;2|@+—@_|2
+[¢] L+ [¢]
2 U\ 2 A
£ ( ) 042 + (—) 0_|? | +elE)?
ekl ( (22) foal+ ()l ) +<lE)
1 12 A (3.6)
+ c(e)a? (— + —> |0y —9_|> + | E|?
pP— P+
2 NPT |€|2 A2 L a2
+ c(e)er (1 + [€17)]o4 — o] +€1+|€|2|B| + B0y — 0|
< — (v —cle, e, B, pay va)) [P (L + [ (o P + vy |04 )
/8 /B ) 12 |£|2 (2
— | —+——-1—-2¢ | |E|" = (1 —ecy —¢)————|B
<,0_ o |E|" = (a1 — ey )1+|§|2\ |
— (a7 —cle,a, px, c1, ) (14 [E]7) o= — 04 ],
By choosing ¢ small enough, we have
<£+£—1—25>>0, (cp —ecy —e) > 0.
P— P+
After ¢ is fixed, we choose v big enough so that
(7 - C(Evc%ﬁ:l:ap:tvy:l:)) > O’ (Oé’)/ - C(Evavp:l:7clac2)) > 0.
Therefore, there exists a positive constant d; such that
d 1
—L < —dif¢P1+ ¢ )( [0 + 5pel04 )
(3.7)
3 A |£| C1 512 ‘
—di—|E]" - —|BJ.
1+|§|2
Because
E1P(1+ )7 P+ ¢ 3 [P+ g2 2/¢)?
€1 !|)<|€|2(1+|§|2)’ EPL+1E®) 3 KPA+IEP) 2

1+t~ 1+ ¢t =3 1+ ¢* 1+ [E*
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(3.7) implies

Ay POl

dt L+ lef*
g lEra e

1 4

1+ [¢]

2
o _glePrier)
L+

1
2

1 ~ C1 -~
—|E|> + —|BJ? .
[+ 5 1BP) (3.8)

X L
p-lo-|* + §P+|U+|2)

(
(

202
£

On the other hand, since
FI S (o= + [0 + | B + [BI?),
there exists ds, d3 such that
do(1+[E1)E < L < ds(1+ [€%)E. (3.9)

Furthermore, we can notice that d3 can be chosen as large as it can be, Plugging (3.9)
into (3.8) implies

d d ?

~L< _JLLL L.

dt ds (1+ ¢

Integrating the differential inequality gives us, for ¢ > 0,

d_lg?

L(E.1) < L(&,0)e % iem

Again, thanks to (3.9), we end up with
d _lel?

£ t) < Z—zg(f, 0)e T Hem' (3.10)

By (3.10), for any k& > 0, it holds that

Y

A a4
5/ +/ Do e % 1€V de.
[€1<1 l§1>1

Estimating the low and high frequency parts of the above inequality will prove our

A~ d
D015 S / Do~ 51D dg
R3

lemma.
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For €] <1, p(|¢]) > % Therefore, for any k£ > 0

A~ d ~ d
/ |UO|2|§|2k6—%P(\§|)td€ < ||U[)||%oo / |€|2k6—%ﬁ(\5|)td£
[€1<1 1€1<1

< (k) (14 1) 7327M|U 12, (3.11)

For [£] > 1, p(¢]) > 2|é‘2. Therefore, for any [ > 0,

R d N dp 1 _
/ |U|2|§|2k6—§p(|£\)td€ < / |U|2|§|2’fe_d:1% z\sl|2td§
lg]>1 €1>1

T .
< sup(e Bl ) [ 0Pl
lg[>1 2[¢] €[>1
< A+ )TN0 (3.12)
Put (3.12) and (3.11) together and we finish the proof. O

3.3 Proof of Theorem 1.5.5

Recall the stability theorem is

Theorem 1.5.5. Let s > 7 and Uy € L' N H* be the initial data of system (1.15).
Then there exists a constant § > 0 such that if |Upl|pings < 6 the unique solution

given by Theorem 1.5.4 satisfies the following decay property,

| DU || gra—ei-s < (1 4 p) 3R

~

for all integers 0 < k < [(s —1)/2] — 1.

To prove the decay result, we introduce the following time weighted norm and the
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corresponding dissipation norm.

[(s—1)/2]-1

MEt)y= > sup (L+7)"* 2| DU | yeans,
=0 <7<t

[s/2]
N3(t) = Z sup (1 +7)"||D*U |13 o,

k—0 0<r<t

[5/2 (8.13)
DA(0)= Y [ () (1D 0l + 1D (0o = ) )

k=0 "0

[s/2]-1

+ Z /0(1+r)k(||Dk’E|

where U = (v_,vy, E, B),v = (v_,vy).

The goal is to bound M (¢) uniformly in time when the initial data is small enough.

?’-]‘.5721971 + ||Dk+1B|

2
H572k72> dT,

Using Duhamel principle and linear estimate, one can have a self control estimate of
M (t) provided that N(t) is bounded (see Lemma 3.3.4). The boundedness of N ()
can be derived through time weighted energy method as well as D(t).

The proof is based on several lemmas.

Lemma 3.3.1. Let s > 7,0 < k < [s/2]. We have

(1+t)*||D*U|

2+ [ DM = vy)]

2
Hsf2k) dr

t
bt [ () (DM
0

t
< ol +k/ (14 7)1 DM
0

tem2edT + (N (1) + M(1)) D*(1).

Proof. Multiplying (2.37) by (1 + t)* and integrating in time then summing over
k<l <s—Fkyields

t
(1 + DM DU |+ / (1470 (1D 0o + | DF (0 = 04) 3o ) 7
0 (3.14)

t
< \Uli3s + & /0 (14 7)Y DU |2 dr + Ty + T,
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where

s—k

T1:/<1+T) 1Dv]i S [ D|f2adr,

=k

t s—k
o= [ 0 (Bl |0 + ol | Dol DB 2)
I=k

Noting that when [ = 0, (2.37) is a consequence of the classic energy identity

d 2 ﬂ+ d 1 2
T NV—|l12 2 E2 _BQ
o+ B s + 5 1B + S - IBIE
+

IVo-llZe + vl VosllZ: + aflv- — ve][Z. = 0.

So that when k& = 0,
t
ﬂ:/nmmwmﬁmwsmw%wswwww,
0

i1+ [[vl]zo< | D]

Hs—1 ||DB|

H.sfldT

n:Anwmwm
< Wo(t)D2(t) + No(t)Jo(t) Do(t) < N(1)D(¢).

For 1 <k < [s/2], we estimate T3, T, as

t
7= [ (14 Dol Dol
0

t
< sup {(1+T)HDUHL«>}/ (14 7)Y DM} andr
0<r<t 0

S M(t)D*(t),

t
(PRI / (1 +7)* (Bl | D 0|l a2 + [[0l] e | D] -2 || D' B
0

Hs—Qk) dr

pe—2r|| DF B

H572k) dr

< M{)D(1) +M(t)/ (1 + 7)1 (| DM

0

S M(6)D*(t),

where we use supg<,<;(1 +7)||U||w1. < M(t) for s > 7.
Substituting the estimates of 7} and T into (3.14) proves our lemma. ]
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Now comes the estimate of the dissipation of £ and B. More precisely, we have

Lemma 3.3.2. Let s > 7,0 < k < [s/2] — 1. It holds that

?157%71 + ||Dk+1B| ?{572k72> dr

t
/ (1+7)"(|D"E|
0
t
<NUoll3. + k:/ (14 7)Y [ DM andr + (N(£) + M(£)) D(2).
0
Proof. The dissipation estimate for v4,v_ — vy are done in the previous lemma. Let
us first do estimate on E. Like the proof of Theorem 1.5.4 (see Remark 2.5.1), we

deal with the case [ = k and [ > k in different ways. Fixing 0 < k < [s/2] — 1, by
(2.40) for [ = k, we have

1 1
0; (D*(v- —vy), D*E) + ﬁ(p— + p—)HDkE”%2
- +
< Ce||DM20|| 72 + Ce| | D*(v- — vy) |72 + €| D*B[72 + | D' BIJ2. (3.15)
+|[vll e | D 10l| 2| D* B 2 + || B|| o= | D*0]| 2| D* B 2
+[|v]|ze | D" Bl 2| D" B .

For | > k£ we have

9, (D!(v- = v,), D'E) + B(— + —) | D'E|[%
P— P+
< CD 0l + CD o — v ) + el DB +elD'BIR: (31
ol D ol 2l DB+ B e | Dol 2| D' oo
+ [0lll| DB 2| DBl

Multiplying (3.15) and (3.16) by (1 + t)*, integrating in time and summing over
kE<l<s—k—1yields

2
Hs—2k—1 dr

t
JCRERLE
0

t
SIUolle + (U + 1DV acs [ (14 0 DUy
0

(3.17)

t
4G [ (1D 20l + DM = v)lfyemae) dr
0

i[572k72d7— + S,

t
+5/ (1+t)*|D* ! B|
0
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where

5=y

s—k—1
=k
+ vl | D' B 2| D'E|| 12) d.

t
/O (1 +7)" (vl |1D* ol 22 [ D'E|| 2 + | Bl o< | D'l 2| D" E] 2

By Lemma 3.3.1, the inequality (3.17) becomes

t t
| Q4 DI Easdr SO0l + k[ (14 1) DU
0 0

?{5721@72d7' + S (318)

+s/t(1 + t)*|| DF B
+ (N(t) + M () D*(t),

Like the proof of previous lemma, we estimate the remaining term S by the case k = 0
and £ > 1. When k£ = 0, one has

t
55/0 [0l e 1DV | o= [ Ell = + | Bll oo [ 0] o= | B o

+ vllze< || Bll a1 | E]
SNo(t)Jo(t) Do(t) < N (1) D*(2).

Hs—1 dT

For 1 <k < |[s/2] — 1, we have

po—2k1||DFE)|

t

s < /(1+7)k(\|v”m||z>k+lvy I
0

+|| B||so || D*v]| =261 || DF E|

+ [[v]| == | D" B| ggs-2x-1 | DV E|

Hs—2k-1

Hsf2k71) dr

N

Hs—2k + ||DkB|

Hs—2k—1 (||Dk?}|

t
M(t)/ (14 7)Y DFE| pro-2e-1) dT
0

M(t)D*(t).

AN
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Therefore, plugging the estimate of S into (3.18) yields for 0 < k < [s/2] — 1

t t
| @ I Bl acsdr SO+ [ (L4 0 DU s
0 0

(3.19)

+g/t<1 + OF | DB adr
+(N(t) + M(t))D2(t).

For dissipation estimate on B, multiplying (2.46) by (1 +t)*, integrating in time and

summing [ from k to s — k — 2 yield

t
/ HDk—&-lB‘
0

S|l + (1 + )" D*U

2
Hs—2k—1 dr

2
Hs—2k

(3.20)

t
Tk / (1475 (1D Bl se s+ | DFB| e ai2) dr
0

t
+ / (1+7) (CAID vy = v )| Fomzime + [ DM E|Fomsiadr)
0

By Lemma 3.3.1 inequality (3.20) becomes

t t
J NPT B e SO + k[ (17 DUy
0 0 (3.21)

+(N(t) + M(t))D*(t).

Choosing € small enough and a suitable linear combination of (3.19) and (3.21) finishes
the proof. O

Using Lemma 3.3.1 and Lemma 3.3.2 we can derive the following key inequality
that shows the self control of N(t) and D(t).

Lemma 3.3.3. Let s > 7. Then it holds that

N*(t) + D*(t) < IVollf + (N(t) + M(2)) D*(2).
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Proof. Tt is sufficient to prove that for 0 < k < [s/2] — 1,

t
(1+ )| DU oo +/ (L+7)" (1D 0 Fromar + D" (04 = v [
0
(3.22)

|DFENyecacs + 1D B as) dr
S ol + (N (2) + D(t)) D*(t),
and for k = [s/2],
t
(L4 0D U By + [ () (D0l + DM = 00) By -
0 .

S Ul + (N(8) + D(1)) D*(1).

The proof can be done easily using an induction argument. Clearly (3.22) is true for
k = 0. Assume that (3.22) is true for k =1 — 1,1 <1 < [s/2] — 1. Then for k = [,
t
(L + )| DU e +/ (L+7) (1D 0l Fear + D' (04 = v) e
0
|D ENyas + | DB ) dr

S [1Uo]

t
b V()4 M) DO +1 [ (140 DU
0
Since

t
/ (14 1) DU adr
0

t
S [ @ D By + 107 0 = 0 esecs
0
HI DB a1 + |D' B fe-z) dr

SIUollfs + (N (2) + M(2)) D*(t),

inequality (3.22) holds for k = [.
When k = [s/2], inequality (3.23) holds for the same reason. O

To proof our main theorem, we still need another inequality that controls M (t).

Lemma 3.3.4. Let s > 3. Then it holds that

M(t) S NWollrnms + M(t) + M(E)N(2).
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Proof. By Duhamel principle,

t
U =e“l, + / IEPN (U (7))dr, (3.24)
0

Where P is Leray projection. Fixing 0 < k < [51] — 1, for 0 < m < s — 2k — 3
applying D¥*™ to (3.24) and taking L? norm yields

| DM U || 12 S [ DFT™e Uy || 12 4+ Ri(m) + Ry(m), (3.25)

where,

t/2
R1 _ / ||Dk+m+1€(t—7)ﬁ(v_ ®RV_, vy Vg, 07 O)T(T)||L2d7'
0

t
+ / D™ DED M v- @ v, vy @ vy, 0,0)7(7)||2dr
t/2

= Ry + Ryg,

t/2
Ry = / | D¥met=E(—y_ x B vy x B,0,0)7(7)]||2d7
0

t
+/ ||Dm€(t—7')£Dk(_U_ X B,U+ X B,O,O)T(T)||L2d7'
t/2

= Ro1 + Ro.

For the estimate of the linear part, applying Lemma 3.2.1 by replacing k£ by k& + m
and [ by k + 2 the summing in m over 0 < m < s — 2k — 3 yields

s—2k—3
ID*e Uy || prs-2n-a ~ > |[DMF™e U || 12
m=0
o~ —3/4—(k+m)/2 —1-k/2|| H2k+m+2 (3.26)
N (1+1) ENUol| g + (L + 1) | DU 2
m=0
S+ )72 U .

To estimate R; and Ry, we separate the time integral into two parts: from 0 to t/2
and t/2 to t, as we showed in the definition of R; and R,. The decay of the first
part comes from the linear estimate while the decay of the second part is due to the
definition of our weighted norms.

For Ryy, applying the linear estimate Lemma 3.2.1 with k = k+m+ 1,/ = k+ 2 and
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summing m over 0 < m < s — 2k — 3 we have

Z/ (14t =) 2y @ of|padr

+ Z / 1—|—t 17k/2||D2k+m+3(U®U>||L2d7_

Z/ (Lt — 7) S/ em2 12, gy
+Z/ (14t —7) 7 2 Dty o | o dr

t/2
s [ - 7)*5/4*’9/2(1 +T)*3/2dr
0

+ sup {(1+7)||v|=} N(t) 1+t 1’k/2(1—|—7)’1d7'
0<7<t/2 0

S+ )3ARRAMR() + (14 6) AP MEN () (1 + )7V In(1 + t)
S+ )72 (MP (1) + M(6)N(1))

where we use Lemma 2.5.1 in the second step. Noting that in above inequality, we
need 2k +m +3 < sforall 0 <m < s — 2k — 3 and this is where the restriction on
k comes from.

For R, we follow the similar procedure as we did for R;;. When applying the linear



estimate, we set k =m + 1,1/ =1 in Lemma 3.2.1 which leads to

s—2k—3

Z ng(m)
m=0
s—2k—3 .t
<3 / (14t — 7)75/4"m/2 Dy @ v)|| dr
m=0 t/2
s—2k—3

t
+ > (14t — 7)Y D2 (v @ v) || p2dr
m=0 /2

s—2k—3

t
S > [ et DR o] e
m=0 /2
s—2k—3 t
+5 [t D e
m=0 vt/2
s—2k—=3 ¢
SME() Y / (14t —7) 7P Am/2(1 1) =327k 27
m=0 t/2

s—2k—3

t
+ sup {(1+7’)HUHLO<>} Z / (1—i—t—T)*l/Z(l—i—T)*lHDk+m+1UHH1dT
t/2<7<t m=0 Jt/2

5(1 + t)73/47k/2M2(t)
t
+ M(t)N(t)/ (1+t—7)" 21+ 7)1+ 7)" B2,
t/2

S(l + t)73/47k/2M2(t)
t

+ M(t)N(t) /t/2(1 +t—7) V214 )+ )R g,

S+ 2 (MP(8) + M(8)N (1))
Together with the estimate of Ry, Ri2, we have

s—2k—3

> Ry(m) < (1+8) A2 (M (t) + M(£)N(2)) .

m=0
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(3.27)

We estimate Ry in a similar way. For Ry; applying the linear estimate Lemma 3.2.1



with k = k 4+ m,l = k 4+ 2 and summing m over 0 < m < s — 2k — 3 yields

m=0
s—2k—3

t/2
<y /0 (14 ¢ — 7)3A=Gm2|y o Bl udr
m=0

s—2k—3

+ Y t/2(1 b — 1) VR DA () B || edr
o L
m=0

s—2k—3

t/2
< Z/O (14t —7) 34 0Em2) 712, dr
m=0

s—2k—3

t/2
+ D / (141 — 7)1 F2 | D2 | | U] o dr
m=0 0
t/2
M) [ (kb= ) I )
0

t/2
+ sup {(1+T)||U|]Loo}N(t)/0 (141 — 721 4 1) L7

0<7<t/2

S+ )3ARRAMR() + (14 0) R M@EN () (1 + )7V In(1 + t)

S+ ) 7A7R2 (M2(t) + M(H)N (1)) -
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For Ry1, just like the way we estimated R but now choosing k = m, [ = 1. Applying
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Lemma 3.2.1 we get

s—2k—3
Z Rzg(m)
m=0
s—2k—3 .t
<S> / (14t —7)73/4™2|D*(v x B)||p1dr
m=0 t/2

s—2k—3 t
+ > (1+t—7)" 2| D" (v x B)||2dr
m=0 /2

s—2k—3 .t
<> //2<1+t—7>—3/4—m—2\D’fUuLzHUandf
t

s—2k—3

+5 [t DY U edr
m=0 vt/2
s—2k—3 ¢
SME() > / (L4t —7)73/47m/2(1 4 1) =3/27k2 g,
m=0 t/2

s—2k—3 .4
+ sup {(14+7)|U||g=} Z / (1—|-t—T>*1/2(1+T)*1|’Dk+m+1quH1dT
t/2<7<t = Jie

t
<M2(1) /t/2(1 )1 7)Y 2y
t

LMEN () /t/2(1 F b= ) V214 ) (L 4 )R 2y

S(1+)73/AR2 (M2 (t) + M(E)N(2)) -

So that we have
Ry S (L+) 34 k2 (M2(t) + M(t)N(t)) . (3.28)

The lemma is proved when we put (3.26), (3.27) and (3.28) together. O

Now we have all the ingredients to prove Theorem 1.5.5. By Lemma 3.3.3 and

Lemma 3.3.4, we have for s > 7

N2(t) + D*(t) < |Uoll3s + (N(t) + M(t)) D*(¢),
M(t) S ||Uollpinms + M?(t) + M(t)N(t).

Let Y = N(t) + M(t) + D(t). So that the above inequalities imply that

Y2(t) S ol +Y2(t) + V().




Thus by choosing ||Up||1ngs < 0 with 6 small enough, one has
Y =M(t)+ N(t) + D(t) <0,

for all t > 0 which proves the theorem.
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Chapter 4
Numerical comparsion with MHD

As we mentioned in the introduction, the two-fluid model can be used to formally
derive the classic Magnetohydrodynamics(MHD) under some relaxing limit. So the
numerical results of two systems are expected to be close to each other when taking
the relaxing limit. In this chapter, we show the numerical comparision between two-
fluid model and MHD.

4.1 Numerical setting

The numerical test is done in space dimension two. Then, the velocity has two
components v(z,y) = (vi(z,y),v2(x,y),0). Besides we can set the magnetic field
having two components too B(z,y) = (Bi(z,y), B2(x,y),0). Thus the vorticity w =
(0,0,w(z,y)) = V x v and vector potential A = (0,0, A(z,y)) (defined by B =V x A
since B is divergence free) have only one component each. Therefore, it will be
much easier if the two systems are written in vorticity and vector potential form and
we compare velocities, vector potentials of these two systems. The one component

vectors are considered as scaler functions below.

4.1.1 Two-fluid model reformulation

Here we use the two-fluid model given in [2] which is basically our two-fluid model

written in Gaussian units after normalizing two densities to one and taking the same
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viscosities.

( 1
Oww_ =vAv_ —v_-Vuo_ ——=(cE+v_xB)—R—Vp_

i}

oy =vAv, —v, - Vo, + g(cE—l—er X B)+ R— Vp,

1 1
E@E’: V x B — 2—(U+ —U_)

c e (4.1)
-00B=-VxFE
C
Rim—g (o~ )
= 90e2 (O vV_

divv_ = divvy = divB =divE = 0.

\
In order to compare (4.1) to MHD solution, we first rewrite the above system using
the bulk velocity v and the current density j:
(Ou+u-Vu+e%j-Vj—vAu=—Vp+jx B,
1
e20j +e*(u-Vj+j-Vu) —e®vAj+=j=-Vp+cE+uxB,
o
1 _ (4.2)
—8tE—V><B:—],
c

1
SO B+VxE=0,

\ C

vy tv— o vy —U—
where u = =5—,j = 5 —

Next, applying curl to the first and second equations of (4.2), scaling the electric field
cE — FE and extracting the equation of A through the fourth equation of (4.2), we

obtain
(O — vAw=B-Vj—u- Vw,

€2atQ+lQ—€2VAQ—V><E:V><(uXB—éQU'Vj),
o

(4.3)

é@E+AA—A”WxQ%:Q

A+ E=0,

where Q0 = (,95,0) = V x j. Notice that in 2D, only the second equation of the
above system has two components while the other three equations have only one.

System (4.3) is then good enough to do the numerical test.
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4.1.2 MHD reformulation

Recall that the MHD system (after normalizing the density and permeability to be
one) is

Oww=vAv—v-Vv—Bx (Vx B)—Vp,

8tB:lAB—|—V>< (v x B), (4.4)
o

V-B=V.v=0,

Applying the curl to first equation of (4.4) and extracting the equation of A from

second equation of (4.4) yielding the right system for numerical test:

Ow—vAw=B-Vj—u-Vw,
1

A ——-AA=—u-VA, j=-AA
o

4.1.3 Initial data, domain and boundary conditions

We choose the domain (z,y) € [0,27) x [0,27) and the two systems (4.3), (4.5) are
subject to periodic boundary condition.

For MHD (4.5) the initial vorticity and vector potential are
1
wp = cos(z) + cos(y), Ao = 5 cos(2x) + cos(y).

Remark 4.1.1. Since this is the periodic setting, all dependent variables are supposed

to have zero mean value, that is, their zero Fourier modes are zero.

Recall that the initial velocity can be recovered from wy by solving Poisson’s
equation:

—AUO =V X wWo-

For the two-fluid system, the initial vorticity and vector potential should be the same
as the initial data for MHD. However, the two-fluid system needs more initial data:
Jo, Eo, Bo, Q, noting that By, 2y should have two components. To ensure two systems

are comparable, these initial data should be computed via MHD system:

1
By=V x Ay, jo=VxBy, =V xjo, Eo=—jo—uox By.
g



73

4.2 Numerical Scheme

Since we are on the periodic setting, it is easy to use pseudo spectral method. Observ-
ing that the diffusion terms are in the equations, an implicit method should be used
to ensure the stability of the scheme. Overall, Crank-Nicolson plus pseudo spectral
method will both ensure the accuracy and calculation speed. For the following partial

differential equation in periodic boundary condition,
Owu = L(u) + N(u),
where L and N are the linear and nonlinear part respectively, the scheme is

~n+1 ~n ~n+1 ~m
u, " — Uy U "+ Uy —

St = L)+ N (), (4.6)

up means the k-th mode of v at the n-th time step. In other words, we are looking
for the solution in Fourier side instead of in the physical side. To recover the original
function u, we just apply the Fourier inverse transform to @}. For the calculation of
nonlinear term, for example if N(u) = u?, in Fourier side it becomes (4" x 4"); at
n-th time step. Knowing uj, the cost is still expensive if the convolution is directly
calculated. A much faster way is taking advantages of fast Fourier transform algo-
rithm(FFT), finding u™ by taking inverse FFT and calculating (u™)? then applying
FFT again to get the desired result in Fourier side.

4.2.1 Numerical Schemes of the two fluid model and MHD

For simplicity, we use matrix form to present the numerical schemes of the two sys-
tems.
Recall the two fluid model (4.3) is

(O — vAw =B -Vj—u- Vw,
1
200+ -Q—-WAQ -V x E=V x (ux B—¢&*u-Vj),
a (4.3)
izatEJr AA—-ATH(V xQ)=0,
C

A+ E =0,
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Applying Fourier transform in space yields at the k-th mode

(Do + vIk[*oy = fur,
. 1 . L .
20,y + (; + VK1) — ika B), = forr, — €2 f31n,
. 1 ) o A
20, Qo + (; + e20|k|*)Qop + ik1 B = foor — €% faor, (4.7)

]

| k|2<klﬂzk — kyuy,) = 0,

1 ~ o
OBy — K[ A +
C

\atAk + Ek =0,
where
fi=B-Vj—u-Vw,
f21 = (V X (u X B))l, fgg = (V X (u X B))g,
fa1=(V x(u-Vi), fa2=(Vx(u-Vyj))s.
Let XI? - ((DZ?Q?k?ng? ElrclvAZ)T’ Flr;c - (flnkv fgblkvfg%vo?o)T and ank = (07 f:?lmf??zk?()vo)T?

and define the coefficient matrix by

10 0 0 0
) 0 0 00
Cfc—a 0 0 & 0 0|,

00 0 Lo

0 0 0 0 1
v|k|? 0 0 0 0
0 L+ek? 0 —iky 0
Cs = % 0 0 L e2|k|? ik 0
0 - B0 P
0 0 0 1 0

Then applying Crank-Nicolson method gives us

COXM — XY+ C5(XPH 4 X)) = FI — £2F. (4.8)
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Hence the procedure is that knowing the n-th step data X +, updating the intermediate

variables:

n (Zk‘g ik o, = ik QL — ik,
k — |k’|2 Wi |k’|2 Wi k |]{?|2 ’

B = (iky AT, —iki A}),

then calculating the nonlinear terms F7%, F7 . Finally the next step X,’;H can be

calculated by
Xt = (CFF 4 C5) 7 [(CF° = Co) X7 + By - 2 F3 (4.9)

For MHD (4.5):
Ow—vAw=B-Vj—u-Vw,

1 , (4.5)
A — —AA=—-u-VA, j=-AA
o
Similar to the two-fluid model, applying the Fourier transform in space yields
Oy, + v|k*ar = g,
N . (4.10)
Op A, + ;Uﬂ Ay, = Gok,
where g = B-Vj —u-Vw, gy = —u- VA.
let Y;* = (@, AYT, G = (g7, 95%.)7 and the coefficient matrix
o110 o _ L[ vk 0
1 — 6_[: 0 1 ) 2 — 9 O §|k|2 .
Then the scheme for MHD is
Yt = (O + Cy) ! [(01 )Y+ G;;] . (4.11)

Like two-fluid model’s procedure, the intermediate variables for MHD simulation
should be updated by the following formula

Zkg on ’lkl ~n

Uy = (W S TRER wp), Ik = \kPAZ’ B = (iky AP, —iky A7),
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4.3 Numerical Result

Recall that the periodic domain is [0, 27) x [0,27) and the initial data is
1
wo = cos(z) + cos(y), Ao = B cos(2x) + cos(y).

Remark 4.3.1. Although Crank-Nicolson is unconditional stable when the system
is linear, in our nonlinear system, it seems the big initial data causes unstable of the
scheme. So in our test, we choose the initial data size around 1. A very tiny step is

needed if we increase the initial data size.

We set the fluid and magnetic viscosities are the same, i.e. v = % = 0.005. Grid
sizes in both x,y directions are set to N = 128 and time step is At = 0.00125. Let
us first fix the value of ¢, ¢ and see the solutions of two system. Figure 4.1 shows the
solution comparison when ¢ = 108, = 107® and at time t = 1. One can see that
two systems’ solutions are extremely similar the differences between them are about
10713, Figure 4.2 shows the solutions at a longer time ¢ = 30. The value of solutions
decreases and the differences between two systems does not increase too much and
still stay very small. Eventually, everything will go to zero because of the viscosity. If
one increases the value of v, %, the tendency of solutions to zero will appears at first
few seconds however doing so, the changes of dynamics of the solutions will be hard

to capture since it will happen at the very start then quickly go to zero.



e=1e-08,c=1e+08, »=0.005, o =200, t = 1.0000

ATF

Figure 4.1: Solutions comparison at ¢t = 1.

7
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e=1e-08,c=1e+08, »=0.005, o = 200, t = 30.0000
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Figure 4.2: Solutions comparison at ¢t = 30.
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4.3.1 Numerical convergence rate

Now we focus on how the differences of two system changes with respect to ¢,e. In
the next numerical test, we set logy,(c) changes from 1 ~ 8 and log,,(¢) changes from

—1 ~ —8. For each pair of (¢, &), calculating log, (||wrr — wymapllzz + || Arr — Ayvmpl|z2)-

v = 0.005
2 T T T T
T=1,c=3e+04
— 0F —-—-T=1,c=1e+08 T
- F
= il
<
L 7
<|_ =h] e .) I
+ ,'-///
;_' B P 7
% /4'”/‘/
< e
3 -8r 7
"W
'_
3
= -101 7
o
—
(@)} 4
o
= D faeses .
14 I | I I I I
-8 T 6 -5 -4 3 -2 A
|°g1 o(f-)

Figure 4.3: Fix ¢, the difference of the solution vs. log;,(¢) at time ¢ = 1.

Figure 4.3 and Figure 4.4 shows the results at time ¢ = 1 when fixing ¢ and
fixing ¢ respectively. One can observe clearly that, for example, when fixing c,
logyg (lwrr — wyvmp||z2 + [|Arr — Anmmpl2) changes linearly with respect to log;,(¢)
then becomes a constant. The oscillation for big ¢ case mean the calculation reaches
the computer’s limit, because in the scheme, 1/c? 2 will be calculated and for big
c and small €, and the quantities 1/c?, &% can easily reach the floating-point relative
accuracy 27°2 ~ 107156, Similar behaviour happens for the case of fixing ¢ (see Figure
4.4).
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v = 0.005
0 T T T T
T=1, e=4e-05
— — T=1,e=1e08
~ 2F =
—
=)
% ¥
4+ =
<'u_ S
= L
<
+ 8 == 1
o~
—_
=)
I -8r |
=
TIB
"
3 -10F .
=
o
=
(®)] E
O .2f .
_14 1 | 1 | | |
1 2 3 4 5 6 7 8
10g44(c)

Figure 4.4: Fix ¢, the difference of the solution vs. log;,(c) at time ¢ = 1.

We can fit the slope of the linear changing part which gives us the slope is about 2
for logyy(e) and —2 for logyo(c). It is also clear that the turning point from linear
relation to constant depends on ¢,e. To figure out how these turning points related
on c or €, we show the contour plot of the solution difference vs. log;,(c), log,,(¢) (see
Figure 4.5). The * points are where the linear relation changes to a constant. For
example, fixing log,,(c) the difference between two system at first is nearly a constant
with respect to log;,(¢) then when passing the corresponding * point, the difference
changes linearly (according to Figure 4.3) with respect to log,(e).

Next, we need write down the equation of the curve formed by * points. According
to Figure 4.4, for different log,,(g), the linear change part share the same equation.

So, we can assume that in the domain below * points,

D :=logy (|wrr — wmnpllrz + [[Arr — Aunpllr2) = —2logyg(c) + C,
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10g, ol ypply 2 + A=Ayl s = 0.005, t= 1

log ¢

Figure 4.5: Contour plot of the solution difference vs. log,y(c),log;y(€) at time ¢t = 1.
The point * means the turning point.

Similarly, in the domain above the * points,

At the % point, we have 2log,,(¢) + C. = —2log,,(c) + C. which gives the equation
of * lines: oo

logyo(c) & —logyg(e) + — 5 .
In this case, the data gives us C. =~ 1.2089 and C, ~ 2.7640.

After all the above work, the converge rate with respect to ¢, ¢ is

~ 210g10(6) + Cg, lf lOglO(C) 2 — loglo(g) + Cc;CS
—2logyo(c) + Ce, if logyg(c) < —logyo(e) + £5%.
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In other words, we have

10%¢2,  if ce > 1095, (412)
10%c=2, if ce < 1075, '

lwrr —wrmapllrz + || Are — Avapl|2 = {

Simplify a little bit, the above estimate (4.12) becomes

HWTF — WMHDHLQ + “ATF — AMHDHL2 ~ max {100852, 10060_2} > (413)

where two constant C.,C. may depend on t,v, % We also test for different time,
different u, % to see the corresponding dependence.

Figure 4.6 and Figure 4.7 plot the relations between D and logy,(e), log,y(c) respec-

v =0.05
0 T T T T P
Sl
0
0P
. T=1,c=3e+04 ’00
w21 O  T=10,c=3e+04 ord 7
— T=1,c=1e+08 »600
o O T=10,c=1e+08 o0
T o°
= /OO
<I ki 0600 |
L 0
<I— 600
— 7 oo
'6 [ - o =i
+ 00
N
_CJ  E ,1600
I -8f s -
3 °
£
3 -0t Ao !
— )
~ )
o OO
o e
O .2} o —
Coc0n00
Q
14 I | I I | I
8 7 5 5 -4 3 2 -1
|°g1 0(5)

Figure 4.6: Fix ¢, the difference of the solution vs. log,,(¢) at time ¢t = 1, 10.

tively at two different time ¢ = 1,10. Through these figure, we can conclude that
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=
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+
™
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=
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O .2f
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10g44(0)
Figure 4.7: Fix ¢, the difference of the solution vs. log;y(c) at time ¢t = 1, 10.

even at different time, the linear part can still take the form:
D= —210g10(0) + 007 D = 210g10(5> + Cay

with C. ~ 1.2308 and C. ~ 1.7826. Comparing to the previous p = 0.005 case, we

can conclude that C,, C. only depend on p, % and are independent of time.

Remark 4.3.2. In [2], the convergence rate in 2D case is given by i And if we
want this quantity goes to zero when ¢ — 0,¢ — oo, € should be a function of ¢
and lim, ,,, € = 0. However, the numerical result gives that the convergence rate is

max(10%c=2,10%¢?) which shows no dependence required between ¢ and &.
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Appendix A

A.1 Sobolev spaces

Sobolev spaces are very useful to find the solutions to partial differential equations.

We denote the Fourier transform:
f) = [ e piaydn,
Rd

where £,z € R%. For s € R, the homogeneous Sobolev space H*(RY) (sometimes

denoted by H®) consists of functions with the following norm(see [3])

lul

2 . 25| 2
i [ lEPlaloPde < o

The inhomogeneous Sobolev space H® equips the norm:

Julle = [ 0+ Pl P < o

Remark A.1.1. In the definition of Sobolev spaces, the index s can be any real
number. If s is positive integer, the interpretation of Sobolev spaces is much easier
to understand: H® consists of functions with all of the 1st up to s-th derivatives and
function itself in L2 while H* only consists of functions with their s-th derivatives in
L2

One important property of Sobolev spaces is the Sobolev embedding which is

frequently used in the whole thesis.

Theorem A.1.1. Let s € [0,d/2), then H® is continuously embedded in L%, On
the other hand, if p € (1,2], then L? is continuously embedded in H%2~4/»,
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Theorem A.1.2. The space H® is embedded continuously in L, if 0 < s < d/2 and
2 <p<2d/(d-—2s).

The details of the proofs can be found in [3]. We point out here that the relation

between homogeneous Sobolev space index s and Lebesgue space index p is

2d

p:d—Qs7

which could be easily calculated through a scaling argument. We could define the

scaling function of u by uy = u(Ax), where u is a function on R?. Then

[K5Y

2= [ e lards
= [ et a e g

S LR ORT

:)‘QS_dHU’Hi{sv

where the second step we use one property of Fourier transform: (&) = A"4a(A\71€).

Besides,

lualls, = / fux () P
]Rd
_ / Au(y)Pdy
]Rd

=\ ullZ,.

Therefore

lullgre = A2 [lull e, Nuallze = A~V |lulls.

If the embedding H* C L? is true, then ||ul|z < Cllullze and |uxlle < Clluall g
must be true for the same universal constant C' and for any scaling A. Then it must
have s —d/2 = —d/p. If the embedding is L? C H*, the argument is similar and leads
to the same result.

The next property used in thesis is the interpolation.
Proposition A.1.1. Assume sy < s < 51, 0 < 0 < 1. Then we have

i < Mlull o el e,

I
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where s = (1 — 0)sg + 0s;.
The same result holds for inhomogeneous Sobolev spaces:

0

1— 0
Hso HS1-

ul

[ullms < lul

Proof. We only prove the inhomogeneous version. The homogeneous version is simi-

2
s by

lar. Rewrite ||ul

|

—0)so | ~ — 051 | ~
b= [ IOl s

Then applying Holder’s inequality for p = 1/(1 — #) and ¢ = 1/6 proves the proposi-
tion. [

A.2 Littlewood-Paley Decomposition

The standard Littlewood-Paley decomposition (see [3]) splits a tempered distribution
into dyadic blocks. Basically, it is a frequency based decomposition. Let us first

introduce two smooth positive, compact supported functions: ¥(€), ¢(£) € C>(R?)

¥, ¢ >0, supp ¢ C{|¢{| <1}, Supp¢C{%§!§|§2},

and

Y(E) + Y p(277€) =1, for all € € R™
k=0

The functions satisfying the property above exist (see [3]). Let ¢ (&) = ¢(27%¢), then
for £ # 0, it holds that

The k-th dyadic block of a tempered distribution wu is defined by

Apu = F ! (r(&)u(€)),

where F~! is inverse Fourier transform. Thus u could be decomposed into many
dyadic blocks: v =Y _ Agu.

The Littlewood-Paley decomposition plays key role in parabolic regularization. The
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classic estimate on each dyadic block shows the smoothing effect of heat operator:
tA

e
Proposition A.2.1. For any dyadic block A, it holds that
e Agull 2 < e Agul| 2,

where ¢ is a universal constant independent of k.

Proof. By FourierPlancherel formula,
el = [ e g€
Noticing that supp ¢, C {2871 < |¢] < 25+1}, then it is clear that
e Agullf < e | Agul[7,

and the proposition is proved. O

Remark A.2.1. The above proposition can be extended to any LP with p € [1, 0ol
_ctok
||€tAAkU||Lp S Ce 2 ||Aku||Lp7

where C, ¢ are universal constants independent of k. We refer the proof to [3].

A.3 Chemin—Lerner spaces

The usual Chemin—Lerner spaces were first introduced by Chemin and Lerner [7].
This kind of space appears naturally if one needs to establish a parabolic regulariza-
tion. Before we introduce this kind of spaces, let us see the definition of classic time
dependent Sobolev spaces LP(0,T; H®) (denoted by L% H?). The space L}.H® is a set

of tempered distributions with the following norm being finite.

T T
\|u||1;,%HS_/O ||u(t)|§,5dt_/0 11+ 28" A (t) [t < .

One could see the norms of classic time dependent Sobolev spaces are taking H*®

norm in space first then taking I norm in time. While for the Chemin—Lerner
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spaces LPH s, the norms are taking L?L? first for each dyadic block then taking [*(Z)

to sum all the dyadic blocks. The more precise definition is
lull 2z s = 11+ 25)* | Akl g 2|2 ).

And the homogeneous version is

lull zg e o= 12" | vl g 2z -

The classic parabolic regularization usually applies Proposition A.2(or similar es-
timate) to each dyadic block and then integrating in time leads to the LPL? estimate
for each block. Lastly, applying some weighted [?(Z) norm, we obtain the estimate
in a space of type Chemin—Lerner.

The Chemin—Lerner spaces could be linked with classic time dependent Sobolev

spaces through Minkowski’s integral inequality: for p > 1, it holds that

1

( [/ f<x,y>das|pdy)” </ ( / |f<x,y>|pdy)’l’dx,

where the inequality is still true if the integral changes to infinite summation. Thus

applying the above inequality, we have

Proposition A.3.1. e If 1 <p <2, then
ullgogs S lullzomss Nullzogs S lull o
o If p > 2, then
ullgogs 2 Mullzomss Nullzogs 2wl Lo

o If p <2 s<¢, then

lallzme S Ml zogeer

For more details of Chemin—Lerner spaces, we refer to [3].
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