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ABSTRACT

This thesis presents research focused on developing statistical methods with em-
phasis on techniques that can be used for the analysis of data in imaging studies and
sparse estimations for applications in high-dimensional data. The first contribution
addresses the pixel /voxel-labeling problem for spatial hidden Markov models in image
analysis. We formulate a Gaussian spatial mixture model with Potts model used as
a prior for mixture allocations for the latent states in the model. Jointly estimating
the model parameters, the discrete state variables and the number of states (num-
ber of mixture components) is recognized as a difficult combinatorial optimization.
To overcome drawbacks associated with local algorithms, we implement and make
comparisons between iterated conditional modes (ICM), simulated annealing (SA)
and hybrid ICM with ant colony system (ACS-ICM) optimization for pixel labelling,
parameter estimation and mixture component estimation.

In the second contribution, we develop ACS-ICM algorithm for spatiotemporal

modeling of combined MEG/EEG data for computing estimates of the neural source



v

activity. We consider a Bayesian finite spatial mixture model with a Potts model as
a spatial prior and implement the ACS-ICM for simultaneous point estimation and
model selection for the number of mixture components. Our approach is evaluated us-
ing simulation studies and an application examining the visual response to scrambled
faces. In addition, we develop a nonparametric bootstrap for interval estimation to
account, for uncertainty in the point estimates. In the third contribution, we present
sparse estimation strategies in linear mixed model (LMM) for longitudinal data. We
address the problem of estimating the fixed effects parameters of the LMM when the
model is sparse and predictors are correlated. We propose and derive the asymptotic
properties of the pretest and shrinkage estimation strategies. Simulation studies is
performed to compare the numerical performance of the Lasso and adaptive Lasso
estimators with the pretest and shrinkage ridge estimators. The methodology is eval-
uated through an application of a high-dimensional data examining effective brain
connectivity and genetics.

In the fourth and final contribution, we conduct an imaging genetics study to
explore how effective brain connectivity in the default mode network (DMN) may be
related to genetics within the context of Alzheimer’s disease. We develop an analysis
of longitudinal resting-state functional magnetic resonance imaging (rs-fMRI) and
genetic data obtained from a sample of 111 subjects with a total of 319 rs-fMRI
scans from the Alzheimer’s Disease Neuroimaging Initiative (ADNI) database. A
Dynamic Causal Model (DCM) is fit to the rs-fMRI scans to estimate effective brain
connectivity within the DMN and related to a set of single nucleotide polymorphisms
(SNPs) contained in an empirical disease-constrained set. We relate longitudinal
effective brain connectivity estimated using spectral DCM to SNPs using both linear

mixed effect (LME) models as well as function-on-scalar regression (FSR).



Contents
Supervisory Committee ii
Abstract iii
Table of Contents \%
List of Tables viii
List of Figures xi
Acknowledgements Xvi
Dedication xvii
1 Introduction 1
1.1 Background . . . . .. .. ... ..
1.2 Contributions . . . . . . ... Lo 7

2 Parameter and Mixture Component Estimation in Spatial Hidden
Markov Models

2.1
2.2
2.3

24
2.5

Introduction . . . . . . ... 8
Statistical Model . . . . . . ... 11
Estimation . . . . . . . ... 13
2.3.1 Tterated Conditional Modes . . . . . ... .. ... ... ... 13
2.3.2  Annealed Gibbs Sampling . . . . ... ... ... ... ... 14
2.3.3 Ant Colony System - Iterated Conditional Modes . . . . . . . 15
Simulation Studies . . . . . ... oL Lo 16

Discussion . . . . . . . 23



vi

3 Ant Colony System Optimization for Spatiotemporal Modelling of

Combined EEG and MEG Data 24
3.1 Introduction . . . . . . . ... . 24
3.2 Methods . . . . . . . . 28
3.21 Model . ... .. 28
3.2.2 Ant Colony System . . . . . . ... ... ... ... ... ... 30
3.3 Simulation Studies . . . . . . ... ... 39
3.3.1 Simulation Approach . . . . . . ... ... 39
3.3.2 Simulation Results . . . . .. ... .. ... ... ... .. 40
3.4 Application to Scrambled Face Perception MEG/ EEG Data . . . . . 45
3.4.1 Residual Diagnostics for the Scrambled Faces MEG and EEG
Data . . . . . . . 52
3.5 Discussion and Conclusions . . . . . . . .. .. ... ... ...... 56
3.5.1 Numerical Results . . . ... ... ... ... .. ....... 56
3.5.2 Limitations of the Proposed Approach . . . . ... ... ... 57
3.5.3 Prospects for Future Research . . . . . .. ... ... ... .. o7

4 Sparse Estimation Strategies in Linear Mixed Effect Models for

High-dimensional Data Application 62
4.1 Introduction . . . . . . . ... 62
4.2 Model and Estimation Strategies . . . . . . .. ... ... ... ... 65
4.2.1 Linear mixed model . . . . . . .. .. ... ... ... 65
4.2.2 Ridge full model and sub-model estimator . . . .. ... ... 66
4.2.3 Pretest ridge estimation strategy . . . . .. .. ... ... .. 66
4.2.4  Shrinkage ridge estimation strategy . . . . . . . .. ... ... 67
4.3 Asymptoticresults . . . . . ... 68
4.4 Simulation Studies . . . . . ... ... 83
4.4.1 Simulation results . . . . . ... ... L 84
4.4.2 Comparison with Lasso-type estimators . . . . . . . ... ... 85
4.5 Real data application . . . . . ... .. ... ... L. 91
4.5.1 Amsterdam Growth and Health Data (AGHD) . . . . . .. .. 91

4.5.2 Resting-State Effective Brain Connectivity and Genetic data . 92
4.6 Discussion . . . . . . .. 94



vil

5 Spectral Dynamic Causal Modelling of Resting-State fMRI: An
Exploratory Study Relating Effective Brain Connectivity in the

Default Mode Network to Genetics 96
5.1 Imtroduction . . . . . . . . . ... 96
5.2 Data and Preprocessing . . . . . . .. ... 100
5.2.1 rs-fMRI Data Preprocessing and Network Estimation . . . . . 103

5.3 Selection of the Disease-Constrained Set of SNPs . . . . . . ... .. 106
5.4 Resting-State Effective Brain Connectivity by Genetics . . . . . . . . 109
5.4.1 Longitudinal Analysis with Four DMN Regions . . . . .. .. 109

5.4.2 Longitudinal Analysis with Six DMN Regions . . . . ... .. 112

5.5 Discussion . . . . . . ... 118

6 Conclusions and Future Directions 121
A Appendix A 125
AL 131

Bibliography 134



List of Tables

Table 2.1

Table 3.1

Table 3.2

Table 3.3

Table 4.1

Table 4.2

Table 4.3

Table 4.4

Table 4.5

Bias and Mean Square Error (MSE) of estimated number of mix-

A

ture components (K') from the 100 simulation replicates with dif-

viil

ferent spatial correlations when the algorithms are run with K = 10. 21

Simulation study I-—Average (Ave.) correlation between the neu-
ral source estimates and the true values for the ICM and ACS-
ICM algorithms. . . . . . . . ... ...
Simulation study I-Percentage of relative improvement in Total
Mean-Squared Error (TMSE) of the neural source estimators de-
composed into variance and squared bias from ICM to ACS-ICM.
This total was obtained separately for locations in active regions
and then for the inactive region. . . . . . . . . . ... ... ...
Simulation study II-—bias and Mean Square Error (MSE) of es-

timated number of mixture components (/) from the 1000 sim-

ulation replicates when the algorithms were run with K = 10.

RMSEs of RSM, RPT, RSE, and RPS estimators with respect to
@RFM when A >0 forpy=5andn=60. . ...........
RMSEs of RSM, RPT, RSE, and RPS estimators with respect to
BREM when A >0 for py =5, and n=100. . . . . . ... ....
RMSESs of estimators with respect to BRFM when A =0 for p; =
10 .
Estimate, standard error for the active predictors and RPEs of es-
timators with respect to full-model estimator for the Amsterdam
Growth and Health Study data. . . .. ... ... ... ... ..

RPEs of estimators for submodel. . . . . . . . . . .. ... ..

44

38

89



Table 5.1

Table 5.2

Table 5.3

Table 5.4

Table 5.5

Table 5.6

Table 5.7

Table 5.8

The MNI coordinates associated with the regions of interest in
our study. The first four rows correspond to the network DMN4
while DMNG6 corresponds to all eight rows. . . . . . .. .. ...
Distribution of demographic variables (obtained at the baseline
visit) across disease groups within our sample of 111 subjects.
The p-values in the final column are based on a one-way ANOVA
for continuous variables and a Fisher’s exact test for categorical
variables. . . . . . ..
The results of the linear mixed effects model longitudinal analysis
of pairs of network edges with SNPs that are relatively highly
ranked based on the p-values, parametric-bootstrap p-values (B-
p-value) and g-values (after adjusting for 1600 tests) performed
using the DMN4 PACE data. . . . . ... ... .. ... ...
The results of the function-on-scalar regression longitudinal anal-
ysis of pairs of network edges with SNPs that are relatively highly
ranked based on the p-values and g-values after adjusting for 1600
tests performed using the DMN4 data. . . . . .. ... .. ...
The rank (out of 1600) of the intersection of the top 20 DMN4
connection-SNP pairs for FSR and LME combined. These asso-
ciations are highlighted as potential signals as a result of their
stability. . . . . ..o
The results of the linear mixed effects model longitudinal analysis
of pairs of network edges with SNPs that are relatively highly
ranked based on the p-values, parametric-bootstrap p-values (B-
p-value) and g-values (after adjusting for 3600 tests) performed
using the DMN6 PACE data. . . . . ... ... .. .......
The results of the function-on-scalar regression longitudinal anal-
ysis of pairs of network edges with SNPs that are relatively highly
ranked based on the p-values, parametric-bootstrap p-values (B-
p-value) and g-values after adjusting for 3600 tests performed
using the DMN6 PACE data. . . . . ... ... ... ......
The rank (out of 3600) of the intersection of the top 20 DMN6
connection-SNP pairs for FSR and LME combined. These asso-
ciations are highlighted as potential signals as a result of their
stability. . . . . ...

1X

99

114

116



Table A.1 Simulation study I-—Total Mean-Squared Error (TMSE) of the
neural source estimators decomposed into variance and squared
bias for the ICM and ACS-ICM algorithms. This total was ob-
tained separately for locations in active regions and then for the

inactive region. . . . . . . . ... Lo



List of Figures

Figure 2.1

Figure 2.2

Figure 3.4

Figure 3.5

Figure 3.6

Figure 3.7

Distribution (across 100 simulation replicates) of the proportion
of correctly labelled pixels with 8 = 0 (left), 5 = 0.2 (center)
and S =1.1 (right). . . ... ... ... ...
Comparison of objective function values obtained for each dataset
and algorithm with 5 = 0 (top), f = 0.2 (middle) and 5 = 1.1
(bottom). . . . . . ..

The Magnetoencephalography (MEG) and Electroencephalogra-
phy (EEG) data considered in the face perception study: panels
(a,c) show the time series observed at each MEG sensor and
EEG sensor, respectively; panels (b,d) depict the spatially inter-
polated values of the MEG data and the EEG data, respectively,
each observed at t = 80, roughly 200 ms after presentation of the
stimulus. In panels (b,d) the black circles correspond to the sen-
sor locations after projecting these locations onto a 2-dimensional
grid (for presentation). . . . . . . ... ...
Brain activation for scrambled faces—the power of the estimated
source activity ZtT:l S;(t)? at each location j of the cortical sur-
face. Row 1 displays results from our ICM algorithm applied to
the combined MEG and EEG data; Row 2 displays results from
ACS-ICM applied to the combined MEG and EEG data. . . . .
Objective function values obtained from the data with the ACS-
ICM (left) and ICM (right) algorithms. . . . . . . . ... ...
The spatial profile of brain activity from ACS-ICM based on our
bootstrap replicates. Row 1 displays standard deviations of the
total power of the estimated source activity; Row 2 displays the

T-map. . . . . .

X1

20

22

46

49

49



Figure 3.8

Figure 3.9

Figure 3.9

Figure 3.9

Figure 3.1

Figure 3.2

xii

The 95% confidence interval for the estimated temporal profile

of brain activity at the peak location of the T-map from the
bootstrap replicates. . . . . . .. ... o1
Brain activation for scrambled faces—the power of the estimated
source activity Y1, S;(t)? at each location j of the cortical sur-

face. Row 1 displays results from our ACS-ICM algorithm ap-

plied to the combined MEG and EEG data with § = 0.1; Row

2 displays results from ACS-ICM applied to the combined MEG

and EEG data with f =0.44. . . . . .. ... .. .. ... ... 51
Brain activation for scrambled faces using the ACS-ICM algorithm—
residual diagnostics: time series of residuals, (a) EEG, (b) MEG;
residuals versus fitted values, (¢) EEG, (d) MEG; residual nor-

mal quantile-quantile plots, (e) EEG, (f) MEG.. . . . ... .. 54
Brain activation for scrambled faces using icm algorithm—residual
diagnostics: time series of residuals, (a) EEG, (b) MEG; resid-

uals versus fitted values, (c) EEG, (d) MEG; residual normal
quantile-quantile plots, (e) EEG, (f) MEG. . . . ... ... .. 55
Box-plots comparing the objective function values obtained in

the simulation studies for the ICM and ACS-ICM algorithms.

The first row corresponds to the case when K = 2, second row
corresponds to when K = 3, third row is when K = 4 and the

last row is when K =9. . . . . . . ... ... ... ... ... 59
Histograms illustrating the sampling distribution of K in the

case where the true signals were well separated in the simulation
studies. The first row corresponds to the sampling distribution

of Ko panel (a), K = 2; panel (b), K = 3; panel (c), K =4

with three Gaussian signals; panel (d), K = 4 with two Gaussian
signals and one sinusoid; panel (e), K = 9 with eight Gaussian
signals. The second row corresponds to the sampling distribu-

tion of K acg; panel (f), K = 2; panel (g), K = 3; panel (h),

K = 4 with three Gaussian signals; panel (i), K = 4 with two
Gaussian signals and one sinusoid; panel (j), K = 9 with eight
Gaussian signals. In each case the vertical red line indicates the

true number of latent states underlying the simulated data. . . 60



Figure 3.3

Figure 4.1

Figure 4.2

Figure 5.1

Figure 5.2

Figure 5.3

Histograms illustrating the sampling distribution of K in the case
where the true signals were less well-separated in the simulation
studies. The first row corresponds to the sampling distribution
of Ko panel (a), K = 2; panel (b), K = 3; panel (c), K =4
with three Gaussian signals; panel (d), K = 4 with two Gaussian
signals and one sinusoid; panel (e), K = 9 with eight Gaussian
signals. The second row corresponds to the sampling distribu-
tion of K acg; panel (f), K = 2; panel (g), K = 3; panel (h),
K = 4 with three Gaussian signals; panel (i), K = 4 with two
Gaussian signals and one sinusoid; panel (j), K = 9 with eight
Gaussian signals. In each case the vertical red line indicates the

true number of latent states underlying the simulated data.

RMSE of estimators as a function of the non-centrality parameter
A when n=60, and p; =5. . . . ... ... ... ... ...
RMSE of estimators as a function of the non-centrality parameter
A when n=100, and p; =5. . . . . ...

The locations of the four regions within the default mode network
(DMN) examined in our DMN4 study: the medial prefrontal cor-
tex (MPFC), the posterior cingulate cortex (PCC), the left and
right intraparietal cortex (LIPC and RIPC) with MNI coordi-
nates MPFC (3, 54, -2), the PCC (0, -52, 26), LIPC (-50, -63,
32) and RIPC (48,-69,35). . . . . . . . ... ... ... ....
An example of the rs-fMRI data used to estimate the effective
connectivity network for a single subject from the six regions of
interest (PCC, MPFC, LIPC, RIPC, LIT, RIT). ... ... ..
The neuroimaging data preprocessing pipeline used in our study.
Slice-timing correction as implemented in SPM12 is applied to all
of the functional images. All slices of one volume are interpolated
in time to the reference slice (reference slice = 24 out of 48).
Spatial smoothing is performed in SPM12 where we convolve

image volumes with a spatially stationary Gaussian filter (i.e. a

xiii

61

36

87

98

106

Gaussian kernel ) of 8 x 8 x 8 mm? full width half max (FWHM).107



Figure 5.4 The p-values associating disease status with SNPs adjusting for
age, sex, handedness, and education. The blue line represents
the cutoff used to obtain the top 100 SNPs which corresponds to
a p-value threshold of 7.5 x 1075, . . . . . . . .. .. ... ...

Figure 5.5 Distribution of p-values obtained from the x? null distribution
for LME for DMN4 (left) and DMNG6 (right). . . .. ... ...

Figure 5.6 Distribution of p-values obtained from the null F-distribution for
FSR for DMN4 (left) and DMNG6 (right). . . . . . .. ... ...

Figure A.1 Cont. . . . . . . . .
Figure A.1 The true signal S;(t) used in each of the distinct active and
inactive regions in the simulation studies of Section 3.3 for K = 2;
panel (a), K = 3; panel (c) and K = 4; panel (e) & (g) are
depicted in the left column. The right column presents the true
partition of the cortex into active and inactive states for the
corresponding states for K = 2; panel (b), K = 3; panel (d) and
K=4;panel (f) & (h). . ... ... ... ... ... ...
Figure A.2 The true signal S;(¢) in panel (a) and true partition of the cortex
into active and inactive states for the case of K = 9 states (panel
b-f) used in simulation studies of Section 3.3. . . . . . ... ..
Figure A.3 The true signal S;(¢) used in in each of the distinct active and
inactive regions for K = 2; panel (a), K = 3; panel (b), K = 4;
panel (¢) & (d), K = 9; panel (e) in the simulation study
of Section 3.3.2, in the second part of the study where the mix-
ture components were less well separated. . . . . .. . ... ..
Figure A.4 Violin plots comparing the correlation values obtained in the
simulation studies for the ICM and ACS-ICM algorithms. The
first row corresponds to the case when K = 2, the second row
corresponds to when K = 3, the third row is when K = 4 and
the last row is when K =9. . . . . . ... ... ... ... ...
Figure A.5 Brain activation for scrambled faces—the power of the estimated
source activity 321, S;(t)? at each location j of the cortical sur-
face. Row 1 displays results from our ICM algorithm applied
to the combined MEG and EEG data; Row 2 displays results
from ACS applied to the combined MEG and EEG data. . . . .

X1v

108

117

117

125

126

127

128

130

131



Figure A.6 Brain activation for scrambled faces-the power of the estimated
source activity Zthl Sj(t)2 at each location j of the cortical sur-
face. Row 1 and Row 2 displays results from our ACS-ICM
applied to the combined MEG and EEG data with g = 0.1 and
B =0.44 respectively. . . . . ...

Figure A.7 The spatial profile of brain activity from ACS-ICM based on our
bootstrap replicates. Row 1 displays standard deviations of the
total power of the estimated source activity; Row 2 displays the

T-map. . . . . . .

XV



xXvi

ACKNOWLEDGEMENTS

I would like to thank:

my Supervisors, Dr. Farouk Nathoo and Prof. Ejaz Ahmed, for research guid-

ance, mentoring, support, encouragement, and patience.

Committee members, for for helpful comments and insights.



XVvil

DEDICATION

I dedicate this work to my wife Abigial Andoh and my wonderful son Jayden for
their support and love throughout the entire doctorate program.

A special feeling of gratitude to my loving parents, Juliana and Dominic Opoku,

whose words of encouragement and push for tenacity ring in my ears. My siblings

Millicent, Jephter and Obed have never left my side and are very special.



Chapter 1

Introduction

1.1 Background

This thesis mainly focuses on development of statistical methods for applications in
imaging data, imaging genetics and sparse estimations in the linear mixed model
for longitudinal data. This wide range of problems motivated by both theory and
applications provides significant challenges for the development and evaluation of
statistical methodology. In part we address the use of statistical techniques to obtain
better solutions of difficult combinatorial optimization problems that frequently occur
in numerous statistical applications. This thesis develops the Ant colony system
(ACS) algorithm in Chapter 2 and 3 as a tool to help investigate problems in imaging
analysis including source reconstruction and pixel labeling problems to improve the
overall performance over local algorithms. Improvements include higher posterior
density values, pixel labelling accuracy and efficient mixture component estimation.

In addition, in Chapter 4 we consider a field pertaining to the development of sta-
tistical methods of inference for longitudinal data in the context of sparse estimation
strategies. These strategies are motivated by shrinkage and pretest estimation pro-
cedures by Ahmed and Nicol (2012), Ahmed and Raheem (2012), and Lisawadi et al.
(2016). This area of research is discussed further in Chapter 4 which involve estima-
tion problems for the sparse linear mixed model. In Chapter 5 we develop analytical
methods for the joint analysis of imaging phenotypes and high-dimensional genetic
data which presents computational and theoretical challenges for existing analytical
methods. We apply statistical methods in Chapter 5 to analyze brain imaging and

genetic data related to Alzheimer disease to explore the genetic architecture of brain



connectivity. The methodological approaches applied in this thesis are designed to
increase the power to detect small genetic effects in imaging genetic studies, first by
reducing the complexity of the data using an out of sample genome-wide scan of dis-
ease to select priority subset of single nucleotide polymorphism (SNPs); and second
by relating imaging phenotypes to SNPs using linear mixed model and functional
mixed model with varying assumptions about data generating mechanism.

In Chapter 2 we consider the investigation of optimization algorithms for spatial
hidden Markov models (HMMs) for the pixel labeling problem. The pixel labeling
problem involves assigning a label from some set labels to each pixel in an image.
This problem is phrased in terms of combinatorial optimization and based on Markov
Random Fields (MRF). The MRF based pixel labelling allows the label selection
of a pixel to be conditioned on the local interaction between pixel and its neighbors
within a neighborhood system. Combinatorial optimization for pixel labeling has been
extensively used in image segmentation and computer vision (see, e.g., Destrempes
et al., 2005; Ouadfel et al., 2003; Szeliski et al., 2008).

We consider the framework where the data is assumed to constitute a 2-dimensional
image with each pixel represented by a continuous measurement and where the goal
is to classify each pixel into one of a finite number of states. We develop a spatial
mixture model with Gaussian components and labeling based on the Potts model.
The Gaussian mixture model (GMM) incorporates a labelling process allocating each
pixel to one of the latent states. The labelling process is assumed to follow a Potts
model which allows for spatial dependence among neighboring pixels. The optimal
labeling of the image pixels is estimated by maximizing a posterior probability (MAP)
of the labelling space given the image pixels. The GMM framework involves jointly
estimating the model parameters, the discrete state variables and the number of states
(number of mixture components). This problem is known to be a difficult combina-
torial optimization problem and as a result there has been considerable discussion of
algorithms and applications for dealing with such problems where solutions can be
efficiently computed (see, e.g., Kim et al., 2000; Green et al., 2002; Kato et al., 2006;
Zhang et al., 2007; Destrempes et al., 2005).

To address this problem, we consider an application of iterated conditional modes
(ICM) and simulated annealing (SA), a popular and known technique for pixel la-
belling and parameter estimation. We discuss hybrid ICM with ant colony system
(ACS-ICM) optimization as a better alternative. A comparative analysis is performed

between the three algorithms through simulation studies under different levels of spa-



tial dependence in the true image. An important contribution of our study is that we
consider the case where the number of latent states is unknown and we develop an
estimator based on automatic pruning of redundant mixture components for mixture
components estimation.

In Chapter 3 we extend our investigation to the development of an ACS- ICM al-
gorithm for computing solutions to inverse problems. The hybrid ACS-ICM algorithm
is applied for computing estimates of neural source activity for a combined EEG and
MEG data. Magnetoencephalography (MEG) and electroencephalography (EEG) are
neuroimaging modalities used to study the function of the brain non-invasively using
an array of sensors placed on (EEG) or above the scalp (MEG). These sensor arrays
can be used to capture the time-varying electromagnetic field that exists around the
head as a result of electrical neural activity within the brain. This work addresses
the problem of reconstruction of the electrical activity of the brain from the observed
EEG/MEG data which is recognized as an ill-posed inverse problem (von Helmholtz,
1853). The neuro-electromagnetic inverse problem is challenging and ill-posed due
to its non-uniqueness because an infinite number of different source distributions can
produce the same electromagnetic field on the scalp.

The methods that have been proposed in statistical literature for solving the neu-
roelectromagnetic inverse problem fall into several categories. The approach can be
probabilistic/Bayesian including maximum a posterior estimate or maximum like-
lihood estimates. Wipf and Nagarajan (2009) provide an extensive review of this
statistical problem and discuss recent developments on spatiotemporal analysis of
MEG/EEG data including the multiple sparse priors (MSP) approach. Friston et
al. (2008) propose an approach based on Gaussian scale mixtures incorporating a
potentially large number of covariance components representing spatial patterns of
neural activity. This has been extended recently by Henson et al. (2010) who de-
velop methodology for incorporating the spatial patterns found in fMRI data into the
covariance components of the MEG/EEG model. Nathoo et al. (2014) propose a
spatial mixture formulation where the profile of electrical activity within the brain is
represented through location-specific spike-and-slab priors based on a spatial logistic
specification. Daunizeau and Friston (2007) proposed meso-state space model (MSM)
that models the cortical activity in terms of a set of locally distributed and temporally
coherent meso-sources for either MEG or EEG data. Song et al. (2019) builds on
the MSM and develop a joint model that combines MEG/EEG data, whereby brain

neural activity is modeled from the Gaussian spatial mixture model. The neural



source activity is described in terms of a few hidden states, with each state having
its own dynamics and a Potts model used in representing the spatial dependence in
the mixture model.

Iterated Conditional Modes (ICM) algorithm is implemented by Song et al. (2019)
for simultaneous point estimation and model selection for the latent Gaussian mix-
ture model. While useful, ICM present significant challenges such as sensitivity to
initial values and convergence of the algorithm heavy dependence on the initial values
chosen. To address this issue and provide better solution, we design and implement
Ant Colony System (ACS) optimization coupled with Iterated Conditional Modes
(ICM) for computing estimates of the neural source activity and incorporate a non-
parametric bootstrap for interval estimation. The proposed methodology is compared
with ICM through simulation studies, and is applied to the analysis of a multimodal
neuroimaging study examining the neural response to face perception.

In Chapter 4, we present efficient sparse estimation strategies in linear mixed
model for applications in high-dimensional setting. The linear mixed model (LMM)
is used to model longitudinal and repeated measurements data in the fields of medical
and biological science applications. Statistical inference on parameters of the LMM
has been extensively studied (see Searle et al., (2006) for comprehensive review). A
considerable amount of research has been produced on estimation of fixed and random
effects using either maximum likelihood or restricted maximum likelihood (see, e.g.,
Gumedze and Dunne, 2011; Lindstrom and Bates, 1988; Verbeke and Molenberghs,
2009).

In statistical inference, determining the appropriate statistical model estimator
for use in representing the sample data is an interesting and challenging problem.
We investigate the fixed effect estimation problem for sparse model with correlated
predictors. A number of approaches including pretest and shrinkage estimation have
been proposed for regression analysis (see, e.g., Ahmed and Nicol, 2012; Lisawadi et
al., 2016; Ahmed and Raheem, 2012; Raheem et al., 2012; Ahmed and Opoku, 2017).
Ahmed (2012) provide a comprehensive review of Stein-type shrinkage and pretest
estimation for large sample estimation in classical multiple regression model for esti-
mation of regression coefficients. More recently, Ahmed and Opoku (2017) propose
an improved estimation strategy using sub-model selection and post-estimation for
the LMM. Within this framework, linear shrinkage and shrinkage pretest estimation
strategies are developed which combine full model and sub-model estimators in an

effective way as a trade-off between bias and variance. Raheem, Ahmed, and Dok-



sum (2012) extend this study by using a likelihood ratio test to develop James-Stein
shrinkage and pretest estimation methods based on LMM for longitudinal data.

The problem of multicollinearity among predictor variables is common for high-
dimensional data. In this case, some biased estimations, such as shrinkage estimation,
partial least squares estimation (Geladi and Kowalski, 1986) and Liu estimators (Liu,
2003) are proposed to deal with the multicollinearity. We focus on the estimation
of fixed effects parameters in linear mixed models when there are many potential
predictors that have a weak or no influence on the response of interest. We introduce
three estimation strategies using ridge estimation technique as the baseline estima-
tor. These strategies are motivated by pretest estimation and shrinkage estimation
procedures. In the context of two competing LMM (the full model and the candidate
sub-model), we propose the pretest and shrinkage estimation techniques that shrinks
the full model estimate in the direction of the sub-model estimate. The asymptotic
properties of the pretest and shrinkage estimators including the derivation of bias and
risk are established. Simulation studies are used to investigate the Lasso and adaptive
Lasso estimation methods and compare their relative performance with the ridge-type
shrinkage estimators. Our proposed methodology is evaluated through application to
a real genetic and brain connectivity edge weight data.

In Chapter 5, we apply statistical methods to analyze brain imaging and genet-
ics data within the context of Alzheimer’s disease for an imaging genetics study.
This development is to understand the effects of genetic variations on brain func-
tion or structure and their impact on behavior and disease phenotypes. Our study
is motivated by an imaging genetics study of the Alzheimer’s Disease Neuroimaging
Initiative (ADNI), where the objective is to examine the association between effective
brain connectivity in the default mode network (DMN) and a set of single nucleotide
polymorphism (SNPs) candidate genes. Alzheimer’s Disease (AD) is a disease-related
loss of memory and other cognitive abilities of sufficient severity to interfere with ac-
tivities of daily living (Reitz et al., 2011).

There have been a number of applications of imaging genetics in understanding
Alzheimer’s disease (see, e.g., O’Donovan et al., 2008; O’Donovan et al., 2009; Stein
et al., 2010; Hibar et al., 2011; Ge et al., 2012; Zhu et al., 2014; Greenlaw et al.,
2017; Szefer et al., 2017; Lu et al., 2017; Song et al., 2019). Bookheimer et al. (2000)
conducted an MRI-based neuroimaging genetics study that involves a test of the ef-
fect of variation within the apolipoprotein E (APOE) gene, associated with risk for

Alzheimer’s disease, on brain activity during memory tasks in healthy older adults



with intact cognition. They showed that carriers of the risk-associated €4 allele had
greater activity in regions affected by Alzheimer’s disease, including hippocampal,
parietal, and prefrontal regions during a memory task. Meda et al. (2012) used
quantitative intermediate phenotypes derived from magnetic resonance imaging data
from the ADNI database to test for association with gene-gene interactions within 212
known biological pathways. They tested approximately 151 million SNP-SNP inter-
actions for association with 12-month regional atrophy rates using linear regression,
with sex, APOE ¢4 carrier status, age, education, and clinical status as covariates.
Thompson et al. (2013) provide a comprehensive review of recent statistical ap-
proaches for the analysis of genetic data and brain connectivity focusing on both
diffusion tensor imaging (DTI) and fMRI data. More recently, Zhang et al. (2018,
2019) discuss methods for the analysis of brain connectivity with an emphasis on
structural connectomes.

Our analyses involve examining effective connectivity networks from rs-fMRI data
within the default mode network (DMN). We consider networks comprised of four
(DMN4 - 16 connections) and subsequently six (DMNG6 - 36 connections) core regions
of the DMN. The specific choice of regions which represent the nodes of the network
is motivated by existing literature examining connectivity in the DMN (see, e.g.,
Wu et al., 2011; Sharaev et al., 2016; Xu et al., 2017; Glahn et al., 2010; Xu et
al., 2017). Glahn et al. (2010b) estimated the importance of genetic effects on the
default-mode network by examining covariation patterns in functional connectivity.
The heritability for the default-mode functional connectivity was 42%. Although,
neuroanatomical variation in this network was also heritable, the genetic factors that
influence default-mode functional connectivity and grey-matter density seem to be
distinct, suggesting that unique genes influence the structure and function of the
network. Establishing the heritability of default-mode functional connectivity would
authorize the use of resting-state networks as intermediate phenotype and establishing
the heritability of effective connectivity for networks based on these regions.

The methodological approach for the analysis is designed in two stages where we
view both disease and rs-fMRI as measures of the brain and our goal is to relate these
measures of the brain to genetics. The first stage involves using an out-of-sample
genome-wide scan of disease to select a subset of SNPs and this serves as a constraint
on the SNPs that we relate to effective brain connectivity in subsequent analysis.
The second stage is by relating effective brain connectivity as characterized through

spectral DCM to the empirical disease-constrained subset of genetic variables using



longitudinal analyses based on both linear mixed effect (LME) models and function-
on-scalar (FSR) regression. We apply the analysis to both DMN6 and DMN4. In
addition, we implement a parametric bootstrap for testing SNP coefficients and make

comparisons with p-values obtained from asymptotic null distributions.

1.2 Contributions

This thesis makes four contributions to the development of statistical methodology
for the analysis of imaging data, imaging genetics and sparse estimation in linear
mixed model. Chapters 2, 3, 4 and 5 of this thesis each correspond to one paper. The
final chapter concludes with a discussion of future work. As of this writing, Chapters
2, 3 and 5 has been published and Chapter 4 paper has been accepted for publication.

This is summarized as follows:

1. Opoku, E. A.; Ahmed, S. E., Nelson, T., & Nathoo, F. S. (2020, July). Param-
eter and Mixture Component Estimation in Spatial Hidden Markov Models: A
Comparative Analysis of Computational Methods. In International Conference

on Management Science and Engineering Management (pp. 340-355).

2. Opoku, E. A., Ahmed, S. E., Song, Y., & Nathoo, F. S. (2021). Ant Colony Sys-
tem Optimization for Spatiotemporal Modelling of Combined EEG and MEG
Data. Entropy, 23(3), 329.

3. Opoku, E. A., Ahmed, S. E., & Nathoo, F. S. (2021). Sparse Estimation Strate-
gies in Linear Mixed Effect Models for High-Dimensional Data Application.
Accepted for publication in Entropy Journal.

4. Nie, Y., Opoku, E., Yasmin, L., Song, Y., Wang, J., Wu, S., ... & Nathoo,
F. S. (2020). Spectral dynamic causal modelling of resting-state fMRI: an ex-
ploratory study relating effective brain connectivity in the default mode network

to genetics. Statistical Applications in Genetics and Molecular Biology.



Chapter 2

Parameter and Mixture

Component Estimation in Spatial
Hidden Markov Models

2.1 Introduction

The investigation of optimization algorithms for spatial hidden Markov models (HMMs)
for the pixel/voxel-labeling problem is an important area of research and has many
applications including those in image analysis where a Potts model (Wu, 1982) is
often used as a prior for the latent states of an image (see, e.g., Ayasso and Ali,
2010; Johnson et al., 2013; Song et al., 2019). We consider here the setting where the
data constitute a 2-dimensional image with each pixel represented by a continuous
measurement, and where the goal is to classify each pixel into one of a finite number
of states. A discussion of various algorithms and applications for dealing with such
problems can be found in Destrempes et al. (2005), Szeliski et al. (2008) and Ouad-
fel and Batouche (2003). A novel aspect of our study is that we consider the case
where the number of latent states is unknown and we develop an estimator based on
automatic pruning of redundant mixture components.

The iterated conditional modes algorithm (ICM, Besag, 1986) and the expecta-
tion maximization (EM) algorithm (Aleksandar and Zhang, 2006) will converge to a
local optimum and they are the most widely used techniques for parameter estima-
tion within this setting. ICM is a deterministic algorithm that iteratively maximizes

the full conditional densities of model parameters and latent variables. While com-



putationally efficient and widely used, ICM and EM can be very sensitive to initial
values. The EM algorithm is used for simultaneous Markov random field (MRF)
image segmentation and parameter estimation in Destrempes et al. (2005).

A number of global optimization methods have been investigated including the
simulated annealing algorithm (SA, Ingber, 1993) and the genetic algorithm (GA,
Kim et al., 2000). Salzenstein and Pieczynski (1997) considered a Bayesian frame-
work where they propose a general method of estimation applicable to the case of
hidden data called the Iterative Conditional Estimation (ICE) algorithm. Their ap-
proach combines ICE with unsupervised fuzzy Bayesian image segmentation using
hidden fuzzy Markov fields. Maniezzo and Carbonaro (2002) propose a clonal se-
lection algorithm (CSA) and the use of Markov Chain Monte Carlo (MCMC) for
HMM estimation for applications to brain magnetic resonance (MR) image segmen-
tation. Their proposed approach employs a three-step iterative process that consists
of MCMC-based class label estimation, bias field correction and CSA-based model
parameter estimation.

Moving beyond point estimation, Green and Richardson (2002) develop a re-
versible jump MCMC algorithm for fully Bayesian inference for a mixture of Poisson
distributions with the Potts model used as a prior for mixture allocations and with an
unknown number of latent states in the model handled using reversible jump MCMC.
Kato and Pong (2006) develop a Bayesian framework that employs a novel stochas-
tic search algorithm for computing estimates of the hidden MRF model parameters
that also incorporates the EM algorithm for maximizing the posterior density. This
procedure is applied to the estimation of HMMs for images where each pixel has an
associated multivariate observation with the likelihood based on multivariate distri-
butions. Zhang and Seitz (2007) propose MRF-based stereo algorithms that apply
an iterative algorithm for MAP estimation.

To overcome drawbacks associated with local algorithms such as ICM and EM,
one alternative is the simulated annealing algorithm (Ingber, 1993). SA is a stochastic
algorithm for combinatorial optimization that applies Monte Carlo sampling at each
iteration to a modified objective function that corresponds to the original objective
raised to the power 1/T; at successively decreasing values of the temperature 7.
The algorithm is based on initially setting the temperature to relatively high values
leading to easier movement across the parameter space and then decreasing according
to a specified cooling schedule until the temperature is close to zero.

The SA algorithm can use either the Metropolis algorithm or Gibbs sampling and
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the two sampling procedures when used within SA have been shown to be asymptot-
ically equivalent in some settings (see, Li, 2009, Chapter 10) but in general Gibbs-SA
is different from the standard SA algorithm that uses the Metropolis algorithm. For
the Potts-Gaussian mixture model Gibbs-SA is extremely convenient computation-
ally when combined with a chequerboard updating scheme and we will thus focus on
the Gibbs sampling variant of SA in the rest of the paper.

While SA can theoretically reach a global optimum for some theoretically chosen
cooling schedules (Shen et al., 2007), this algorithm is not a panacea as the choice
of an optimal cooling schedule can be difficult in practice with parameter spaces
of high-dimension. This is the case for the spatial mixture model considered here.
Theoretically optimal cooling schedules are too slow to be of practical use and can be
difficult to approximate so more practical faster empirically driven schedules must be
used instead (Geman and Geman, 1993). Thus even when well-tuned empirically the
algorithm may fail to find a global optimum with very complex objective functions
such as the log-posterior density of a spatial hidden Markov model incorporating the
Potts model.

The primary focus of our work lies with the Ant Colony System (ACS) optimiza-
tion algorithm, a search algorithm based on the behaviour of real ants searching for
food (see, e.g., Dorigo and Gambardella, 1997; Ouadfel and Batouche, 2003) and its
application to spatial hidden Markov models when the number of mixture compo-
nents is either known or unknown. ACS is a population-based approach based on a
group of ants each constructing solutions (pixel labellings and parameter estimates)
using pheromone information accumulated by the entire group of ants. Each ant
is guided by a common function representing the distribution of pheromone which
serves as a mechanism for the ants to communicate with each other regarding the
quality of their estimates. In the variant of ACS considered here, we also incorporate
the ICM algorithm within each iteration of ACS to conduct a local search that serves
to improve the quality of the solutions found as well as estimate the mixture model
parameters.

We study the performance of ACS within the context of a Gaussian spatial mix-
ture model (GMM) for continuous data over pixels in a 2-dimensional grid. The
GMM incorporates a labelling process allocating each pixel to one of K latent states.
The labelling process is assumed to follow a Potts model which allows for spatial
dependence among neighbouring pixels with a hyperparameter, known as the inverse

temperature, that controls the degree of spatial dependence. In addition to the ACS
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algorithm, we also consider the estimates obtained from Gibbs-SA and ICM and make
comparisons.

Yang et al. (2012) propose a spatiotemporal model of land use change based on
ant colony optimization using Markov chains and cellular automata. An important
contribution related to our work is Emdadi et al. (2019) who develop an ant colony
optimization algorithm ’AntMarkov’ for temporal hidden Markov models and com-
pare their proposed algorithm with the Baum-Welch algorithm, Viterbi-Training, the
structured nonnegative matrix factorization algorithm and the Tabu-Search method.
An important distinction between their work and our work is our consideration of a
spatial rather than temporal hidden Markov model. Wang and Ju (2011) develop a
hybrid ant colony optimization and Baum-Welch algorithm for estimation in tempo-
ral hidden Markov models. Sagayam and Hemanth (2018) develop an artificial bee
colony (ABC) algorithm for estimation of a 1-dimensional hidden Markov model de-
veloped for hand gesture recognition applications. Bouzbita et al. (2019) consider the
ACS algorithm for a temporal hidden Markov model classifier and focus on dynamic
adaptation of the algorithm’s tuning parameters.

Closely related to our work is the work of Ouadfel and Batouche (2003) who
consider ant colony optimization for image segmentation based on a Markov random
field. There are several key differences between their work and ours. First, we consider
the case where the number of mixture components is unknown and one has the goal
of estimating the number of latent states. Second, we consider estimation of pixel
labels and mixture model parameters which leads to an ACS-ICM algorithm; whereas,
Ouadfel and Batouche (2003) only describe algorithms for the pixel labelling (image
segmentation in their case) problem via ACS. Third, we carefully consider the tuning
of both the ACS-ICM and Gibbs-SA algorithms carefully and adopt formal procedures
for optimizing over tuning parameters. Fourth, we examine differences in the relative
performance of ACS-ICM and competing algorithms under different levels of spatial

dependence in the true scene.

2.2 Statistical Model

Let y = (y1,92,---,Yn)" be a vector of continuous values representing a 2-dimensional
image with n pixels and with y; being the value of the image at the ¥ pixel. We

assume that y; follows a Gaussian-Potts mixture model so that at the first level the
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data are distributed as

K
ind 0=
AT | TRy (2.1)
=1
Pixels are assigned to mixture components through a labelling process Z = (Z, Z,, ..., Z,)'

where Z; is a vector of K binary variables indicating the mixture component to which
observation g; has been assigned with Zzl; Ziyy = 1. We assume that the allocation

process follows a Potts model having the following probability mass function:

exp{B 3 oh; 0(Zj> Zn)}
G(B)

where G() is the normalizing constant for this probability mass function, 5 > 0 is

P(Z|8) = . 0(Z4,Zy) = 22,2y, — 1,

a hyper-parameter, known as the inverse temperature parameter, which governs the
degree of spatial dependence, and ¢ ~ j indicates that pixel ¢ and j are neighbors.
In what follows we assume a first-order neighborhood structure over a 2-dimensional
regular grid of pixels.

The model parameters are the component specific means and variances, p =
(1, pay ooy piig) and @2 = (03,03, .....,0%) . Priors completing the model specifica-

tion are assigned as follows:

ol w Inverse-Gamma(a,z, by2), £ = 1,2, ... K,
i, Z'rivd./\f(vu,wu),f =1,.., K.

For the current study we assume [ is known. In practice its value can be varied as

part of a sensitivity analysis. The model unknowns are thus:

O =1{Z {1, 2, ..., },{03,05,...,0% }}.

The number of mixture components is estimated using automatic pruning of mix-
ture components in the optimization algorithm. Assuming the value of K used in
the algorithms is larger than the true number of mixture components we obtain the
estimated pixel labelings Z and then count the number of non-empty mixture compo-
nents to obtain an estimate of the number of latent states K = ZJK:1 I Zi; > 0}.
After estimation the K non-empty mixture components are re-ordered according to

the estimated component means in decreasing order.



13

2.3 Estimation

The MAP estimate is obtained as

O = argmax log P(®ly) = argmaxlog P(Z, pu, 0”,y)
Z,u,02

where P(Z, i, 02, y) is the joint probability of @ and the data y and takes the form

P(®,y) = P(Z,p,0%y)
= P(y|Z, p,0%) x P(Z|B) x P(p) x P(0)

H (il Z, 1, )] x Potts(Z|8) x P(u) x P(o?)

~ [H P(yi|Z, . 0%)] x PL(Z|B) x | | P(ne)P(o7)

(=1

n K
=11 [HN Yis 1e, 07) Z“”] X [P(ZAZ(_@-),B)} (2:2)
i=1 Ly=1
K K

X HIG(O’?;CZO-Q,bOQ) X HN(W5meu) (2.3)
=1 =1

Where Potts(Z; 5) denotes the joint probability mass function of the Potts model
with inverse temperature parameter [ evaluated at Z and PL(Z|3) is the corre-
sponding pseudolikelihood approximation (Besag, 1977) that we use moving forward;
N(y; i, 0?) denotes the density of the normal distribution with mean g and vari-
ance o evaluated at y; IG(07;a,2,b,2) denotes the density of the inverse-gamma
distribution with parameters a,2 and b,z evaluated at o7. The pseudolikelihood ap-
proximation is used to avoid the difficult computation of the normalizing constant
G(pB) associated with the Potts model. Equations (2.2) and (2.3) together comprise

the objective function that we wish to maximize over @ = {Z, u, o*}.

2.3.1 Iterated Conditional Modes

The iterated conditional modes (ICM) algorithm (Besag,1986) is well known and well

studied. It proceeds by iteratively maximizing full conditional distributions of the
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model parameters and latent variables. For the spatial model under consideration,
the labelling process variables Z are updated using an efficient chequerboard updating
scheme (see Besag,1986 and Song et al., 2019). Within this scheme Z is partitioned
into two blocks Z = {Zy,Zp} according to a 2-dimensional chequerboard arrange-
ment, where Zy, corresponds to the 'white’ pixels and Zp corresponds to the black’
pixels. Under a Markov random field with first-order neighbourhood structure the
elements of Zy, are conditionally independent given Zp, and vice versa. This allows
for simultaneous updating of all elements of Zy, followed by simultaneous updating
of all elements of Zp and this can be made relatively fast using multiple cores. Con-
vergence of the algorithm is based on monitoring the relative change in the objective
function. The ICM algorithm for the spatial hidden Markov model is presented in
Algorithm 1.

2.3.2 Annealed Gibbs Sampling

Simulated annealing (SA), introduced by Metropolis et al. (1953) and by Kirkpatrick
et al. (1983), is a stochastic algorithm for combinatorial optimization (see also, Robert
and Casella, 2013). The algorithm is inspired by the annealing process in which
materials are raised to higher energy levels and then cooled in search of an optimal
low energy configuration. This notion is implemented through the introduction of a
temperature parameter that is used to provide a rescaling of the objective function
that may allow the algorithm to avoid local optima.

At higher values of the temperature parameter the rescaled objective function has
a flatter more uniform shape which makes it easy for the algorithm to move around
the parameter space and explore the values of the function. As the temperature pa-
rameter moves towards zero the rescaled function becomes increasingly concentrated
around small neighbourhoods of its local optima. We work with a variant of SA that
applies the Gibbs sampler at each iteration, which we call Gibbs-SA, successively at
decreasing values of the temperature parameter.

The algorithm is run in stages and each stage consists of a sequence of Gibbs sam-
pling iterations with the target distribution being proportional to P(Z, u, o, y)%j,
where Tj is the temperature for stage j. Initially, this temperature is set to a rela-
tively high value which encourages the Gibbs draws to move around the parameter
space. The value of T} is decreased according to a carefully chosen schedule and as

the temperature approaches zero the system freezes near an optimum of the objective
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function. The sequence of T} values is known as the cooling schedule and in what fol-
lows we create this sequence based on the rule T},o, = Th1q %k for k € (0,1) and where
k is a tuning parameter. The tuning parameters for the algorithm are thus k and the
initial temperature 7Ty and these are chosen using an outer level optimization carried
out over the tuning parameters. We optimize over the tuning parameters (7,, k) using
the Nelder-Mead optimization algorithm (Singer and Nelder, 2009) which is imple-
mented by using the ‘optim’ function in the R programming language (R Development
Core Team, 2017).

2.3.3 Ant Colony System - Iterated Conditional Modes

Ant Colony System (ACS) optimization is a population based metaheuristic method
that can be used to find approximate solutions to combinatorial optimization prob-
lems. This algorithm was introduced by Dorigo and Gambardella (1997) as an ap-
proach to the travelling salesmen problem and is inspired by the behaviour of an ant
colony based on how ants attempt to find an optimal path to a food source.

The ACS algorithm is based on a set of agents each representing an ant searching
for solutions to the problem of maximizing the posterior density. A key idea is the
leaving of a marker representing a pheromone trail quantifying the quality of a path
found by a given agent. The process of constructing a solution is stochastic and is
biased by this pheromone trail which is represented by a function in the algorithm.
Ants modify the pheromone trail (and thus the function that represents it) when a
particular path or estimate is chosen and this represents information available to the
other ants that are also searching for solutions. It is through the pheromone trail
that the ants communicate information about the solutions chosen and the objective
function. Ants follow certain paths probabilistically and the probability of a given
path depends on the current value of the pheromone trail. As more ants find the
same path it becomes reinforced through corresponding changes to the pheromone
trail. The ants incrementally find an optimal solution through the evolving pheromone
function.

Our proposed algorithm for the spatial hidden Markov model combines ACS with
ICM where the model parameters are assumed fixed and the mixture allocations vari-
ables are updated using ACS with a set number of ants and then the ICM algorithm
is used for both updating the model parameters and also for a local search over the

mixture allocation variables. Thus the update steps corresponding to ACS are com-
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bined with running ICM to convergence at each iteration. The combination of ACS
for updating the pixel labels with ICM for updating the mixture model parameters is
a key difference between our algorithm and that described in Ouadfel and Batouche
(2003).

The algorithm has four tuning parameters. The first denoted ¢, € (0, 1) controls
the degree of stochasticity with larger values corresponding to less stochasticity and
thus less random exploration of the parameter space. When a solution is chosen an-
other tuning parameter 7y controls the amount of pheromone reinforcing this solution
in the information available to the other ants. A third tuning parameter p controls
the evaporation of pheromone and finally a fourth tuning parameter N, controls
the number of ants. The number of ants used for this study is 20 (Ngus = 20). As
with Gibbs-SA the remaining tuning parameters (q,, 7o, p) for ACS-ICM are chosen

using an outer level optimization using the Nelder-Mead algorithm.

2.4 Simulation Studies

The algorithms I-IIT described in the previous section are compared using two simu-
lation studies. In the first study we fix the number of mixture components at the true
value (chosen as Ky... = 3) and focus on parameter estimation and pixel labelling
while in the second study the algorithms are run with K = 10 and the data are
generated based on Ky, = 3 and we compare the sampling distributions of K ICM,
Kga and Kacg. The simulated data are based on a 100 (10 x 10) pixel image. In
each study we run three sets of simulations each based on 100 simulation replicates
with the data simulated from the Gaussian Potts mixture model with three mixture
components. The level of spatial dependence in the underlying image varies across
the three sets with the true pixel labels Z drawn from the Potts model (a single draw
is used for each of the three sets) by varying the inverse-temperature parameter as
B =0,6=0.2and g =1.1. The same datasets are used for each of the two studies
with the difference being that K is fixed at the true value (K = 3)) in study I and
K =10 in study II where we focus on the sampling distribution of K. Given the true
labels, each data replicate is simulated from the Gaussian mixture components with
p1 =5, s =7 and uz =9 and 0? =1, 05 = 2 and o2 = 3.

For each dataset we fit the model using ICM, Gibbs-SA and ACS-ICM. To ensure
a fair comparison, the same starting values are used to initialize all of the algorithms

and all algorithms are run to convergence of the objective function. The pixel labelings
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Algorithm 1 - ICM algorithm

1.
2.
3.

© < Set Initial Value
Converged < 0

While Converged = 0 do

Sforl=1,. ... Kdo
3 I(Zu=1)(yi—p)? > I(Zy=1)
of + [lil 5 + ba2i| / [—1:1 5 + a2 + 1}
end for
Sforl=1,. ... Kdo

f: I(Zu=Vyi ‘
W [’:1—2 + —“]DQ, where D? = [—2 + L

oj Uy

end for

Let B denote the indices for 'black’ voxels and W denote the indices for 'white’
voxels.

For k € B simultaneously

Zwg+—land Z,; <0, Vi #q

-----

0';:1 Xexp (7% Z?:l(yifﬂh)2+45 ZvEéK Z’Uh)

P(h) =
( ) Z{i1 Uflxexp (*% Z?:1(yi*#l)2+4ﬁ Zveé,{ Z’ul)

where §,, contains the indices for the neighbours of pixel x.

end for

For k € W simultaneously

Zyg<land Z,; <0, VI #q

.....

P(h) = X (23 2 )44 Do, Zon)
Sitiop xexp (*% S (i) 4B Y s, Zvl)

end for

check for convergence; set Converged = 1 if converged.

end while
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Algorithm 2 Gibbs Simulated Annealing

1. Set tuning parameters: Initial temperature 7 and scaling constant &
2. © <« Initial Value
3. At iteration j, run N iterations of the Gibbs sampler with target
1
x P(Z,p, 0% y)"%

Gibbs sampling:
Begin for 1I=1, . . . . K do

of ~ Inverse-Gamma(a}, b})

N ‘i1 I(Zy=1) o+l ) ‘i1 I(Zy=1)(yi—m)? b
where a] = = 3T + "Tj —1 and bf == 5 + %J
End for
Begin for 1=1,. . . . K do
fu ~ N(my, D})

; I(Zy=1)y; w ) ) Z:lI(Z“:I) L 1!
= |:_ TjUZQ + TJ'X“'UH Dl’ and Dl = TjXO’l2 + T]-XUH:|

End for

Use the chequerboard scheme to sample Z based on the pixel-specific
full conditional distributions:

Z; ~ multinomial(1, prob = (P[Za], ..., P[Zik])),i=1,...,n

—1/T;

4
oy Xexp (*ﬁ Z?:l(yruh)2+T—f > vess th)

PlZy)| = P(Zip=1) =

K -1 4
Dot g, ~ Xexp (_ 2T102 23?:1(%_.“4)2""Tféf ZU@;K Zul)
i%h J

where §,, contains the indices for the neighbours of pixel k. Set © based
on the values of Z, u, 0% obtained from the final iteration of Gibbs sampling.

4. Until T} ~ 0. Update T; = kTj_; and go back to step 3.

Return final values of 7, y; and Z,
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Algorithm 3 - ACS-ICM Algorithm

1: © < Initial Value; set tuning parameters 7,, q,, p and Ngys.

2: Initialize pheromone information 7(i,¢) = 7,, for each (i,¢) € {1,...n} X
{1,... K} representing information gathered by ants about the pixel labelling.

3: Construct candidate solutions for each of N,,;s ants. For ant 7, we find a candidate
pixel labelling Z) = (Z/m v

1(3)\y
1 ’ZQ ’---’Zn )-

e Construct candidate by assigning label [ to pixel s using the rule:

_Jargmax, 7(s,u) if g <gq,

~ | RANDOM if ¢ > q,
where if ¢ > g, the label for pixel s is drawn randomly from {1,..., K} with
probability
7(s, )

PO St

and where ¢ ~ uniform[0, 1].

e Assuming pixel s is assigned label [ set:
7-(87 é) = (1 - p)T(S7 é) + PTo

and for all k # [ set:
T(Sa k) = (1 - p)T(S7 k)

where p is a tuning parameter in (0,1), which represents evaporation of the
pheromone trail and 7, > 0.

4: Run ICM to convergence on the solutions obtained from all ants while also up-
dating mixture component parameters p, 0.

5: For all N, solutions, evaluate the quality of each ant’s solution using objective
function: OBJ(ZY), u@, ¢2”"). Keep track of the best value. The current solution
for each ant serves as the starting value for the next iteration.

6: Apply a global updating of the pheromone function. For the best ever solution
(s,¢) update the function as:

7’(8,6) = (1 - p)7—<87€) + PTo
and for all k& # [ set:

7(s,k) = (1 — p)7(s, k).

Check for convergence. Go back to step 3.
7: Return pixel labelling Z and model parameters g and o? from the best ever
solution.




20

are randomly initialized independently with equal probability for each class. Given
the random labelings, the mixture component means are taken as the average of the
data values for those pixels assigned to a given component and the mixture component
variances are taken as the corresponding sample variances. For pixels in which the
random labelings result in a mixture component having no pixels assigned to it, the
prior mode is used as the initial value for the component model parameters.

To compare the performance of the algorithms, we first store the optimized ob-
jective function value obtained from each of the three algorithms for each of the
300 datasets (100 for each level of spatial dependence). In addition to the objective
function values we compute for each pixel, the proportion of simulation replicates in
which the estimated label is equal to the true label. We then examine the distri-
bution of these proportions across the image and this is displayed in Figure 2.1 A
clear pattern emerges showing that ACS-ICM gives the most accurate pixel labelings,
followed by Gibbs-SA and then ICM and this ordering is constant across levels of

spatial dependence.
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Figure 2.1: Distribution (across 100 simulation replicates) of the proportion of cor-
rectly labelled pixels with § = 0 (left), 5 = 0.2 (center) and 5 = 1.1 (right).

Figure 2.2 shows three pairs plots comparing the final objective function values
obtained from each of the algorithms for the three different levels of spatial depen-
dence. Again, a clear pattern emerges showing that ACS-ICM yields the highest
objective function values in almost all cases, followed by Gibbs-SA and then followed
by ICM. It is clear that ICM underperforms substantially compared to ACS-ICM
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and Gibbs-SA as expected and it is also clear that ACS-ICM has the best overall
performance.

For mixture component estimation, Table 2.1 compares the bias and mean-squared-
error of K 1CM, K 54 and K Acs for the three different levels of spatial dependence. We
observe that the estimator of the number of mixture components obtained from ACS-
ICM exhibits the best performance in terms of both bias and MSE with Bias(f( acs) <
Bias(Kgsa) < Bias(Kca) and MSE(K 4cs5) < MSE(Ks4) < MSE(K ;) and that
this ordering is seen at all three levels of spatial dependence. We also note that
the bias is positive in all cases so that the number of mixture components is over-
estimated.

With respect to computation time, with all algorithms programmed in the R
software and run on on an Intel E5-2683 v4 Broadwell 2.1Ghz processsor with 16GB
RAM the average (over simulation replicates) computation time to convergence for
a single image is 15 minutes for the ICM algorithm, 50 minutes for the Gibbs-SA
algorithm and 180 minutes for ACS-ICM.

Table 2.1: Bias and Mean Square Error (MSE) of estimated number of mixture

~

components (K) from the 100 simulation replicates with different spatial correlations
when the algorithms are run with K = 10.

B=0
ICM SA ACS-ICM
Bias(K) 3.13 2.03 1.64
MSE(K) 10.47 4.61 3.10
B=02
ICM SA ACS-ICM
Bias(K) 2.86 1.89 1.42
MSE(K) 870 3.93 2.30
B=11

ICM SA ACS-ICM
Bias(K) 2.69 1.76 1.32

~

MSE(K) 7.71 3.46 1.96
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2.5 Discussion

We have studied the problem of computation for MAP estimation for the spatial
hidden Markov model with both known and unknown number of mixture compo-
nents. Our studies demonstrate a superior performance of the ACS-ICM algorithm
when compared to Gibbs-SA and ICM algorithms in terms of objective function
values, pixel labelling accuracy and mixture component estimation. This relative
performance in the three algorithms appears constant across different levels of spa-
tial dependence. Our most important result is the demonstration that the ACS-ICM
outperforms Gibbs-SA when both algorithms are carefully tuned with an outer-level
optimization that uses the Nelder-Mead algorithm to select tuning parameters. While
theoretical results associated with simulated annealing allow for convergence to a
global optimum for some tuning schedule, in practice this can be difficult to achieve
even after careful tuning as demonstrated in our studies. ACS-ICM exhibits supe-
rior performance with an equal effort made in tuning both algorithms. Our results
suggest that ACS-ICM is a useful and potentially powerful approach for MAP es-
timation with spatial mixture models and may be a preferred approach when the
increased computation time is feasible.

We are currently extending our investigation to the development of an ACS-ICM
algorithm for computing solutions to inverse problems where existing approaches
have used the ICM algorithm in combination with spatial mixture models (Song et
al., 2019). The algorithm may have considerable potential for application to other
statistical problems involving combinatorial optimization such as MAP estimation
with spike-and-slab variable selection (see, e.g., Rockova and George, 2014) and opti-
mization for deep learning (LeCun et al., 2015). Along these lines Desell et al. (2015)
develop an ant colony optimization algorithm for training recurrent neural networks.
These and other statistical and experimental design problems are potentially fruitful
areas for further study of ACS-ICM.
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Chapter 3

Ant Colony System Optimization
for Spatiotemporal Modelling of
Combined EEG and MEG Data

3.1 Introduction

Electroencephalography (EEG) and Magnetoencephalography (MEG) are two non-
invasive approaches for measuring electrical activity of the brain with high temporal
resolution. These neuroimaging techniques allow us to study brain dynamics and the
complex informational exchange processes in the human brain. They are widely used
in many clinical and research applications (see, e.g., Chowdhury et al, 2015; Zhang
et al., 2014), though estimating the evoked-response activity within the brain from
electromagnetic fields measured outside of the skull remains a challenging inverse
problem with infinitely many different sources within the brain that can produce the
same observed data (Baillet et al., 2001).

Proposed solutions to the MEG/EEG inverse problem have been based on dis-
tributed source and dipolar methods (Sorrentino et al., 2017). In the case of dis-
tributed source methods, every location on a fine grid within the brain has associated
neural activation source parameters. In this case, the number of unknown current
sources exceeds the number of MEG or EEG sensors and estimation thus requires
constraints through regularization or priors to obtain a solution. For such methods,
various steps have been taken to regularize the solution by choosing minimum-norm

solutions or by limiting the spatiotemporal variation of the solution. These approaches
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impose Ly or L; (Giraldo et al., 2017) norm regularization constraints that serve to
stabilize and condition the source parameter estimates. However, these methods
do not consider the temporal nature of the problem. Long et al. (2011) propose
a dynamic state-space model that accounts for both spatial and temporal correla-
tions within and across candidate intra-cortical sources using Bayesian estimation
and Kalman filtering. Dipolar methods, on the other hand, assume that the actual
current distribution can be explained by a small set of current dipoles with unknown
locations, amplitudes and orientations (see Sorrentino et al., 2017 for review). Hence,
the resulting inverse problem becomes non-linear and a number of dipoles is to be
estimated. Proposed solutions to this problem include algorithms such as simulated
annealing (Rytsar et al., 2010) to address nonlinear optimization in the localization
of neuromagnetic sources.

From the perspective of Bayesian approaches, the ill-posed nature of the inverse
problem requires incorporation of prior assumptions when choosing an appropriate
solution out of an infinite set of candidates. For instance, Wipf and Nagarajan (2009),
who consider Gaussian scale mixture models, with flexible, large covariance compo-
nents representing spatial patterns of neural activity. Henson et al. (2009) propose a
hierarchical linear model with Gaussian errors in a Parametric Empirical Bayes (PEB)
framework whose random terms are drawn from multivariate Gaussian distributions
and covariances factor into temporal and spatial components at the sensor and source
levels. Friston et al. (2008) propose an application of empirical Bayes to the source
reconstruction problem with automatic selection of multiple cortical sources. Dau-
nizeau and Friston (2007) develop the Mesostate-Space Model (MSM) based on the
assumption that the unknown neural brain activity can be specified in terms of a
set of locally distributed and temporally coherent meso-sources for either MEG or
EEG data, while Olier et al. (2013) extend this approach to propose a Switching
Mesostate-Space Model (SMSM) to allow flexibility by accounting for complex brain
processes that cannot be characterized by linear and stationary Gaussian dynamics.

By extending and building on the MSM, Song et al. (2019) develop a Bayesian
spatial finite mixture model incorporating the following two conditions, taken directly
from Song et al. (2019):

1. relaxing the assumption of independent mizture allocation variables and model-
ing mizture allocations using the Potts model, which allows for spatial depen-

dence in allocations.
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2. formulate the model for combined MEG and EEG data for joint source localiza-

tion.

This spatiotemporal model describes a joint model that combines MEG and EEG
data, in which brain neural activity is modeled from the Gaussian spatial mixture
model. The neural source activity is described in terms of a few hidden states, with
each state having its own dynamics and a Potts model used in representing the spatial
dependence in the mixture model.

For the Bayesian mixture model formulated, an Iterated Conditional Modes (ICM)
algorithm was developed by Song et al. (2019) for simultaneous point estimation
and model selection for the number of mixture components in the latent process.
Whilst ICM is a very simple and computationally efficient algorithm, convergence of
this algorithm is sensitive to starting values and local optima. This issue was left
unresolved in Song et al. (2019). Here we investigate the potential for finding better
solutions, and focus on implementing a population-based optimization algorithm-
based Ant Colony System (ACS) (Dorigo and Gambardella, 1997).

ACS is a metaheuristic optimization algorithm inspired by the biological behav-
ior of ants constructing solutions based on their collective foraging behavior (Dorigo
and Gambardella, 1997). ACS has been successfully applied in several areas such as
clustering, data mining and image segmentation problems (see, e.g., Inkaya et al.,
2015; Parpinelli et al., 2015; Sharma and Buddhiraju, 2018). ACS is a constructive
algorithm that uses an analogue of ant trail pheromones to learn about good features
of solutions in combinatorial optimization problems. New solutions are generated us-
ing a parameterized probabilistic model, the parameters of which are updated using
previously generated solutions so as to direct the search towards promising areas of
the solution space. The model used in ACS is known as pheromone, an artificial
analogue of the chemical substance used by real ants to mark trails from the nest
to food sources. Based on this representation, each artificial ant constructs a part
of the solution based on concentration of pheromone information released by other
ants. The amount of pheromone deposited by an ant reflects the quality of the good
solutions built and the traversed path. The pheromone deposited and volatilized adds
solution components to partial solutions. After some time and based on more ants’
communications through pheromone information, they tend to follow the same opti-
mal paths yielding the optimal solution, in our context maximization of the posterior
density.

As an alternative to the ICM algorithm, we thus implement the ACS algorithm
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coupled with a local search ICM algorithm to provide a new approach to model
estimation and potentially better estimates of the model parameters. This approach
is evaluated and found to provide significant improvements. Within the context of
a simpler spatial mixture, ACS has been implemented for a Gaussian Potts mixture
model in Opoku et al. (2020) and has been shown to outperform both the Simulated
Annealing and ICM algorithms for parameter and mixture component estimation.
The theoretical guarantees associated with simulated annealing to reach a global
optimum is dependent on the choice of a cooling schedule. The choice of an optimal
cooling schedule can be difficult in practice for large spatiotemporal models. ACS
has also proved to be competitive with genetic and other optimization algorithms in
several tasks, mainly in image classification and the traveling salesman problem (see,
e.g., Ouadfel and Batouche, 2003; Shweta and Singh, 2013).

Ant Colony Optimization (ACO) algorithms are implemented to solve Constraint
Satisfaction Problems (CSP) where ACO solutions to CSP face the challenge of high
cost and low solution quality. Motivated by this challenge, Guan et al. (2019) pro-
pose Ant Colony Optimization based on information Entropy (ACOE). The idea is
based on incorporating a local search that uses a crossover operation to optimize the
best solution according to the feedback of information entropy. This is performed by
comparing the difference of the information entropy between the current global best
solution and the best solution in the current iteration. Datasets from four classes of
binary CSP test cases were generated and then ACOE was implemented for compari-
son. Results showed that ACOE outperformed Particle Swarm Optimization (PSO),
a Differential Evolution (DE) algorithm and Artificial Bee Colony (ABC) in terms of
the solution quality, data distribution and convergence performance.

To our knowledge, this is the first attempt at solving the neuroelectromagnetic
inverse problem for combined EEG/MEG data using a population-based optimization
approach combined with a spatial mixture model. The primary contribution of this
paper is the design and implementation of the ACS algorithm to the dynamic spatial
model and its evaluation. Importantly, we demonstrate improved results both in
the estimation of neural activity and model selection uniformly across all conditions

considered.
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3.2 Methods

This section describes the Bayesian spatial mixture model developed in Song et al.
(2019), the design and implementation of both the ICM and ACS-ICM algorithm.

3.2.1 Model

We provide details and mathematical description of the joint model below. Let
M(t) = (My(t), Ma(t), ..., My, (t)) and E(t) = (Ei(t), Es(t), ..., By, (1)) denote the
MEG and EEG, respectively, at time ¢, ¢ = 1,...,T; where ny; and ng denote the

number of MEG and EEG sensors, the model assumes:

M(t) = X S(t) + ex(t), en(t)lod, ~ MVN(0,0%Hy), t=1,....T,
Et)=XpS({t)+ex(t), ent)o: X MVN(,03Hg), t=1,...,T,

where X, and X g denote ny, x P and ng X P forward operators, respectively
computed based on Maxwell’s equations under the quasi-static assumption (Sarvas,
1987) for EEG and MEG; H ), and H g are known ny; X ny and ng X ng matrices,
respectively, which can be obtained from baseline data providing information on the
covariance structure of EEG and MEG sensor noise; and S(t) = (51(t),...Sp(t))
represents the magnitude and polarity of neural currents sources over a fine grid
covering the cortical surface. In this case, P represents a large number of point
sources of potential neural activity within the brain covering the cortical surface. It
is assumed that the P cortical locations are embedded in a 3D regular grid composed
of N, voxels to allow efficient computational implementation. Given this grid of
voxels, a mapping v : {1, ..., P} — {1, ..., N, } is defined such that v(j) is the index of
the voxel containing the jth cortical location. We assume a latent Gaussian mixture

with allocations at the level of voxels:

K
Si(0)l(t), @, Z % T[N Gut), a) 0, (3.1)
I=1
j=1,...,P t=1,...,T; where Z = (Z, Z,, ..., Z'Nv)’ is a labeling process defined
over the grid of voxels such that for each v € {1,...,N,}, Z, = (Zu1, Zu2, ..., Zok)

with Z, € {0,1} and 32,5, Zu = 1; p(t) = (i (t), pa(t), s prc (1)) = (ma(t), p(2)')',
where pu?(t) = (ua(t), ..., x (t))" denotes the mean of the “active” states over different



29

components of activity and py(t) = 0 for all ¢, so that the first component corre-
sponds to an “inactive” state. The variability of the [ mixture component about its
mean (t) is represented by oy, 1 =1,..., K.

The labeling process assigns each voxel to a latent state and is assumed to follow
a Potts model:

exp{f Zth 0(Z5,Zn)}
G(B)

P(Z|p) = , 0(Zj, Zn) =222y — 1,

where G(3) is the normalizing constant for this probability mass function, 5 > 0 is
a hyper-parameter that governs the strength of spatial cohesion, and 7 ~ j indicates
that voxels ¢ and j are neighbors, with a first-order neighborhood structure over the
3D regular grid. The mean temporal dynamics for active components is assumed to

follow a first-order vector autoregressive process:
ph(t) = Api(t — 1) +a(t), a(t)o? "~ MVN(0,021)

t=2,...,T, p*(1) ~ MVN(0,0; I), with o> fixed and known, but o7 unknown
and assigned an inverse-Gamma (a,,b,) hyper-prior. Although Song et al. (2019)
adopted a pseudo-likelihood approximation to the normalizing constant of the Potts
model and then assigned a uniform prior to the spatial parameter to control the
degree of spatial correlation, we fixed the inverse temperature parameter and vary it
as part of a sensitivity analysis.

For model selection, the number of mixture components, the value of K, in
Equation (3.1) will not be known prior and so it is estimated simultaneously with
model parameters. Thus this approach achieves simultaneous point estimation and
model selection. We can obtain a simple estimate for the number of mixture compo-
nents based on the estimated allocation variables Z when the algorithm is run with a
sufficiently large value of K. This is achieved by running the algorithm with a value
of K that is larger than the expected number of mixture components. For example,
the value of K can be set as K = 15 when running the algorithm. The j** location
on the cortex is allocated to one of the mixture components based on the estimated

value of ZU(]-), where Zv(j) = (Zv(j)l,Zv(j)Q, .. .,Zv(j)K)’ and Zv(j)l = 1 if location j
is allocated to component [ € {1,..., K}. When the algorithm is run with a value
of K that is large, there will result empty mixture components that have not been

assigned any voxel locations under Z. In a sense these empty components have been
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automatically pruned out as redundant. The estimated number of mixture compo-
nents can be obtained by counting the number of non-empty mixture components as
follows: . N
K=> I{> Z,#0}

1=1 =1
This estimator requires us to run our algorithm only once for a single value of K
and then the resulting number of mixture components assigned a location in Z is
determined and K < K.

In order to reduce the dimension of parameter space and computing time, we
apply clustering to the estimated neural sources. This is achieved by implementing
a K-means algorithm to cluster the P locations on the cortex into a smaller number
of J < P clusters, assuming that S;(t) = Sj(t) for cortical locations [, j belonging
to the same cluster. We investigated different values of J = 250,500,1000 in our
simulation studies. Within the ICM algorithm, the labeling process Z is updated
using an efficient chequerboard updating scheme (Song et al., 2019). The update
scheme starts with partitioning Z into two blocks Z = {Zy,, Zg} based on a three-
dimensional chequerboard arrangement, where Zy, corresponds to “white” voxels
and Zp corresponds to “black” voxels. Under the Markov random field prior with a
first-order neighborhood structure, the elements of Zy, are conditionally independent
given Z g, the remaining parameters, and the data E, M. This allows us to update
Zyw in a single step, which involves simultaneously updating its elements from their

full conditional distributions. The variables Z g are updated in the same way.

3.2.2 Ant Colony System

Ant Colony System (ACS) is a population-based optimization algorithm introduced
by Dorigo and Gambardella (1997). The basic structure of this algorithm is designed
to solve the traveling salesman problem in which the aim is to find the shortest path to
cover a given set of cities without revisiting any one of them. The inspiring source and
development of this algorithm is the observation of the foraging behavior of real ants
in their colony. This behavior is exploited in artificial ant colonies for the search of
approximate solutions to discrete optimization problems, for continuous optimization
problems, and for important problems in telecommunications, such as routing and
load balancing, telecommunication network design, or problems in bioinformatics
(see, e.g., Reimann et al., 2004; Shmygelska and Hoos, 2005). At the core of this
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algorithm is the communication between the ants by means of chemical pheromone
trails, which enables them to collectively find short paths between their nest and food
source. The framework of this algorithm can be categorized into four main parts: (1)
construction of an agent ant solution, (2) local pheromone update of the solution,
(3) improving solution by local search, and (4) global pheromone update of the best
solution.

At each step of this constructive algorithm a decision is made concerning which
solution component to add to the sequence of solution components already built.
These decisions are dependent on the pheromone information, which represents the
learned experience of adding a particular solution component given the current state
of the solution under construction. The accumulated amount of pheromone mirrors
the quality of the solution constructed based on the value of the objective function.
The pheromone update aims to concentrate the search in regions of the search space
containing high quality solutions while there is a stochastic component facilitating
random exploration of the search space. In particular, the reinforcement of solution
components depending on the solution quality is an important ingredient of ACS
algorithms. To learn which components contribute to good solutions can help assem-
bling them into better solutions. In general, the ACS approach attempts to solve an
optimization problem by iterating the following two steps: (1) candidate solutions
are constructed using a pheromone model, that is, a parameterized probability dis-
tribution over the solution space; (2) the candidate solutions are used to modify the
pheromone values in a way that is deemed to bias future sampling toward high quality
solutions.

The posterior distribution of the dynamic model takes the form P(G®|E, M) =
P(©®,E,M)/P(E, M), where:
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P(©,E, M) = P(E, M|©)P(©) = P(E|©)P(M|©)P(©)

= [[MVN(E(t); XpS(t), 0, HE) x MVN(M(t); Xy S(t), 0%, H)

x IG(0%; ap, bp) x IG(03,; ay, bar) ¥ [HHHN(Sj(t);Ml(t),Oél)Z“(j”]

j=1t=1 =1

X [H MVN(p(t); Ap?(t — 1),020)] x MV N(u(1);0, 0, I) x Potts(Z; )

t=2
(3.2)
K K-1K-1
X H]G(ozl;aa,ba) X X[H HN(Az‘ﬁO,UZﬂ x IG(0%; aq,b,)
I=1 i=1 j=1

where MV N(x; p,3) denotes the density of the dim(x)-dimensional multivariate
normal distribution with mean p and covariance ¥ evaluated at x; IG(x;a,b) de-
notes the density of the inverse gamma distribution with parameters a and b eval-
uated at z; N (z;u,0?) denotes the density of the normal distribution with mean
p and variance o? evaluated at z; Potts(Z; () is the joint probability mass func-
tion of the Potts model with parameter § evaluated at Z. Equation (3.2) repre-
sents the objective function to be maximized over ®. The goal is to optimize over
O ={S(t),Z,ut),a,c%, 0%, A, o2} maximizing the posterior (3.2).

ACS is based on set of agents, each representing artificial ants that construct
solutions as sequences of solution components. Agent ant k builds a solution by
allocating label ¢ from a set of voxel labels A = {1,... K} to the voxel s € {1, ..., N,,;}
based on a probabilistic transition rule p*(s, ). The transition rule quantifies the
probability of ant k, assigning voxel s to label . This transition rule depends on
the pheromone information 7(s,¥) of the coupling (s, /) representing the quality of
assigning voxel s to label ¢ based on experience gathered by ants in the previous

iteration. We let:

/ argmax, 7(s,u) if ¢ <gq,

p*(s, 0) if ¢ > qp

(3.3)
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where ¢ is a label for voxel s selected according to the transition rule above; ¢ ~
Uniform(0,1); ¢, € (0,1) is a tuning parameter. An artificial ant chooses, with
probability qg, the solution component that maximizes the pheromone function 7(s, ¢)
or it performs, with probability 1 — qq, a probabilistic construction step according to
(3.3). The ACS pheromone system consists of two update rules; one rule is applied
whilst constructing solutions (local pheromone update rule) and the other rule is
applied after all ants have finished constructing a solution (global pheromone update
rule). After assigning a label to a voxel, an ant modifies the amount of pheromone of

the chosen couples (s, ¢) by applying a local pheromone update (3.4):
7(8,0) < (1 — p)7(s,¢) + pT, (3.4)

where p € (0,1) is a tuning parameter that controls evaporation of the pheromone
and 7, is the initial pheromone value. This operation simulates the natural process
of pheromone evaporation preventing the algorithm from converging too quickly (all
ants constructing the same solution) and getting trapped into a poor solution. In
practice, the effect of this local pheromone update is to decrease the pheromone
values via evaporation (1 — p)7(s, £) on the visited solution components, making these
components less desirable for the subsequents ants. The value of the evaporation
rate indicates the relative importance of the pheromone values from one iteration
to the following one. If p takes a value near 1, then the pheromone trail will not
have a lasting effect, and this mechanism increases the random exploration of the
search space within each iteration and helps avoid a too rapid convergence of the
algorithm toward a sub-optimal region of the parameter space, whereas a small value
will increase the importance of the pheromone, favoring the exploitation of the search
space near the current solution.

To improve all solutions constructed and also update the other model parameters,
we considered incorporating ICM as a local search method. Here, the ICM algorithm
is used for both updating the model parameters and also for a local search over the
mixture allocation variables. Thus, the update steps corresponding to ACS are com-
bined with running ICM to convergence at each iteration. Finally, after all solutions
have been constructed by combined ACS and ICM steps, the quality of all solutions
is evaluated using the objective function where the corresponding best solution is
selected. We use a global update rule, where pheromone evaporation is again applied

on the best solution chosen. Assuming voxel j is assigned to label v for the best
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solution, the global update is given as:

(1 - p)T(j, U) + PTo,

7(j,v)
(1—p)r(4, k), and for all k # v

The steps described are performed repeatedly until a change in the objective function
becomes negligible and the model parameters from the best solution are returned as
the final parameter estimates. The optimal values for the tuning parameters (g,, 7o, p)
used in our ACS algorithm depend on the data. The strategy we adopt for choosing
the tuning parameters is by using an outer level optimization on top of the ACS algo-
rithm to optimize over tuning parameters (g,, 7, p) within updates at the outer level
based on the Nelder-Mead algorithm (Singer and Nelder, 2009) applied to optimize
over tuning parameters.

It is well-known that the ICM algorithm is sensitive to initial values and the
authors of Song et al. (2019) found this to be the case with the ICM algorithm
developed for the spatiotemporal mixture model. The solution obtained, and even
the convergence of the algorithm depend rather heavily on the starting values chosen.
In the case of ACS, regardless of the initial values, the algorithm finds a better
solution with the optimal tuning parameters and this solution tends to be quite stable.
This is because ACS is a stochastic search procedure in which the pheromone update
concentrates the search in regions of the search space containing high quality solutions
to reach an optimum. When considering a stochastic optimization algorithm, there
are at least two possible types of convergence that can be considered: convergence
in value and convergence in solution. With convergence in value, we are interested
in evaluating the probability that the algorithm will generate an optimal solution
at least once. On the contrary, with convergence in solution we are interested in
evaluating the probability that the algorithm reaches a state that keeps generating
the same optimal solution. The convergence proofs are presented in Gutjahr (2000)
and Gutjahr (2002). Gutjahr (2000) proved convergence with a probability of 1 —e for
the optimal solution and more in general for any optimal solution in Gutjahr (2002)
of the ACS algorithm. This supports the argument that theoretically the application
of ACS to source reconstruction should improve ICM.

The local search ICM algorithm procedure is presented in Algorithm 4 and the
ACS-ICM algorithm is presented in Algorithm 5. Convergence of the ICM algorithms

is monitored by examining the relative change of the Frobenius norm of the estimated
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neural sources on consecutive iterations.

Algorithm 4 presents a detailed description of the ICM algorithm. The ICM
algorithm requires full conditional distributions of each model parameter where the
mode of the distribution is taken as the update step for the parameter. The full
conditional distribution are described and presented in Song et al. (2019). This ICM
algorithm is embedded in our ACS-ICM algorithm.
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Algorithm 4 Iterated Conditional Modes (ICM) Algorithm.
1. ©={S(t),Z,ut),a,c% 0%, A 02} <+ Initial Value

2: Converged « 0
3. while Converged = 0 do

1 02 [ZL L(M(t)— Xy S(t) Hy} (M(t) — X 1 S(t)) + bM] / [aM + TNy 1}
5 0%+ {Zle HE@W) - XpSt) H (E(t) - XpS(t) + bE] / [aE +33E + 1}

6 o2 [ B0 At (- ) (A (1) At (= 1) + b/ [aa+ TR 11

/
7: vec(A) <+ (;(ZzzuA(t)’KrQ X C’ll> , where C; = U%I(K—l)'é’ +
a A
C%g ( Z?:Z Krt’Krt> s
and Kr; = (ﬂA(t — 1)/ ®IK,1>
8: for [=1,....,K do

§1 té Zy(y1(S5 ()= (£))? T Z Zoii
9: al — |:‘77 — 3 + ba]/[i

+aa+1}

10: end for

/
11: p(l) « ((zf:1<sj(1)fK_1)'Dj + U%,uA(z)’A) x By'), where B; =
Z;DZID]‘ + U%QZA'A + é[}(fl, Dj = Dlag( Uml l = 2,...,K), IK,1 =

(1,1,...,1) with dim (Jx_;) = K — 1

N———

12: for t=2,....,T—1do
!/
B )« ((zf (S5 (0 k1) D+ & (MA(t+1))’A+(,fg(uA(t—l)’A’)> ngl)
where By = Z] 1Dj+ = (A'A—I—IK 1)
14: end for
/
15 () ((zf (S(T)Tic1)D; + L (AT - 1>'A’>) >< Bgl)
where B3 = ijl D;+ 51,

16: for j=1,...,P do
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Algorithm 4 Cont.
17: Sj — —%ESjWQj > Sj = (Sj(l), Sj(2), ey Sj(T))/
D5, = Wiilr, Wy, = (Way(1), Wa;(2), ..., Wey(T)

A ryr— . ) py— Z,
where Wi = b (Xl 1 Hy Xl g1) + 4 (X el 1 H X6, 31) + 205, 24
Waj(t) = & (= 2M (8 Hy XL, 5] + 28, X aal, ol Su(0) Hyf X i 1)
+ é( —2B(t)H ;' Xpl.j] +2(3, 4 XE[,v]Sv(t))’H;;lXE[J]) -2yl
X wml,jl, XE[, 7] denote the jth column of X g and X s
18: end for

19: Let B denote the indices for “black” voxels and W denote the indices for “white”

voxels.
20: for x € B simultaneously do

21: Zgg < land Z,; <0, VIl #¢q
where g = argmaxyc ;. gy P(h), and

—TN;,./2

. _ o e (<3 5y O ST (S5 (O—n ()28 e, Zun)
22: P(h) = TN i
im0y ><exp( E ilv()=r & . Zt:l(SJ(t) Ml(t))2+2:32veé,€ vl)

where N is the number of cortical locations contained in voxel .
23: end for
24: for k € W simultaneously do

25: Zgg < land Z,; <0, VIl # ¢
where g = argmaxyc ;. gy P(h), and

—TNj, /2

ap, ><exp( 3 2jlv()=r Y L (Si () Mh(t))Q"‘QBZvEM ”h)
Sitiey Hin 2 Xexp (_521\ ()= w0 Eima (S (=) 428 Xy, ”l)

26: P(h) =
where N is the number of cortical locations contained in voxel .
27: end for

28: Check for convergence. Set Converged = 1 if so.

29: end while
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Algorithm 5 Ant Colony System (ACS)-ICM Algorithm.

1: © < Initial Value; set tuning parameters 7,, ¢o, p and Ngpes.

2: Initialize pheromone information 7(i,¢) = 7,, for each (i,¢) € {1,...N,} x {1,... K}

representing information gathered by ants.

3: Construct candidate solutions for each of Ng,:s ants. For ant j, we find a candidate

voxel labeling Z() = (le(j), Z;j), . Z}\(;:)’ . This is done sequentially for each ant j.

e Construct candidate by assigning label [ to voxel s using the transition probability

rule:

, argmax, 7(s,u) if ¢ < g,

p(s,0) if ¢ > qo
where if ¢ > ¢, the label for voxel s is drawn randomly from {1,..., K} with

probability

He) =

and where ¢ ~ uniform|0, 1].

e Assuming voxel s is assigned label £ set:
7—(87£) A (1 - p)T(Sv E) -+ pTo

and for all k # 1
7(s,0) < (L= p)7(s, k)

where p is a tuning parameter in (0,1), which represents evaporation of the

pheromone trails and 7, > 0.

4: For all ants, improve candidate solutions by running ICM to conver-
gence (this also allows an update to the other model parameters) @ =
A, pA(2), .., w (D)} {a1, a2, oy g}, 02,02, {S;(0),t = 1,2...,T,j =
1,2,..., P}, A, 02}

5: For all Ng,s solutions, evaluate the quality of each ant’s solution using objective func-
tion: P(©,FE, M). Keep track of the best value. The current solution for each ant

serves as the starting value for the next iteration.
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Algorithm 5 Cont.
6: Apply global updating of the pheromone function. For the best solution, (s,#) update

the pheromone as follows:

Assuming voxel s is assigned label £ set:
7(s,0) < (1 - p)T(S,g) + pTo

and for all k # £:
7(s,0) < (1 = p)7(s,k)

Check for convergence via increase in logP(®, E, M). Go back to step 3

7: Return all voxel labeling Z and model parameters @ from the best solution.

3.3 Simulation Studies

In this section, we use a simulation study to evaluate the performance of our algo-
rithm. The simulation study assesses the quality of the source estimates and the
optimized objective function values obtained when using our proposed algorithm in
comparison to the existing ICM algorithm developed in Song et al. (2019). We then
make comparisons between ACS-ICM and the ICM algorithm applied to combined
simulated EEG and MEG data.

3.3.1 Simulation Approach

The MEG and EEG data were both generated from four scenarios with two, three,
four and nine latent states corresponding to regions of neural activity. In each of the
four cases, one of the states is inactive, while the remaining states represent different
regions of brain activity generated by Gaussian signals. The temporal profile of brain
activity at each of the brain locations in the activated regions is depicted in Appendix
A, Figures A.1 and A.2. We projected the source activity at 8196 brain locations
from the cortex onto the MEG and EEG sensor arrays using the forward operators
Xy and X . The simulated data were then obtained by adding Gaussian noise at
each sensor, where the variance of the noise at each sensor was set to be 5% of the
temporal variance of the signal at that sensor. The number of mixture components
K was set to be the true number of latent states (either two, three, four, or nine) in

the model. We simulated 500 replicate datasets and both ACS-ICM and ICM were
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applied to each dataset. For each simulated dataset we applied our algorithm with J
= 250, 500, 1000 clusters so as to evaluate how the performance varies as this tuning
parameter changes. We initialized both algorithms using the same starting values.
For each replicate we computed the correlation between the estimated sources and the
true sources Corr[(S(1),S(2),...,8(T)),(S(1),8(2),...,S(T))] as a measure of
agreement. This measure was also averaged over the 500 replicate datasets to compute
average correlation. In addition, we estimated the Mean-Squared Error (MSE) of the
estimator S;(t) based on the R = 500 simulation replicates for each brain location j
and time point ¢. The Total MSE (TMSE) was computed by adding all the MSE’s
over brain locations and time points. This was done separately for locations in active
and inactive regions.

In our simulation studies, the ACS-ICM algorithm had four tuning parameters.
The first denoted as ¢, € (0, 1) controlled the degree of stochasticity, with larger values
corresponding to less stochasticity and thus less random exploration of the parameter
space. When a solution is chosen, another tuning parameter 7y controlled the amount
of pheromone reinforcing this solution in the information available to the other ants.
A third tuning parameter p controlled the evaporation of pheromone, and finally a
fourth tuning parameter N, controlled the number of ants. The number of ants
(Nants) was fixed at 10, a value for which we have seen generally good performance.
This was chosen based on computing efficiency and similar results (objective function
values) from using Ngpnis > 10. The remaining optimal tuning parameters (q,, 7o, p)
for all simulations cases were chosen using an outer level optimization using the
Nelder-Mead algorithm.

3.3.2 Simulation Results
Evaluation of Neural Source Estimation

We present the average correlation between the estimated values and the truth for the
algorithms considered in our study in Table 3.1. Inspecting Table 3.1, we observe that
for all cases considered for the true number of latent states (either two, three, four, or
nine), the estimates obtained from the ACS-ICM algorithm yielded a higher average
correlation than those obtained from ICM. In addition, with respect to the number of
clusters, ACS-ICM resulted in a higher average correlation than ICM uniformly for all
cluster sizes (250, 500, 1000). In summary, the average correlation was significantly

improved when estimates were computed using the ACS-ICM algorithm for both large
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and small numbers of latent states as well as cluster sizes. In addition, we present in
Appendix A, Figure A .4, violin plots comparing the correlation values obtained from
each of the algorithms for different simulation cases across all replicates. These plots
show the entire distribution and provide a better assessment of each algorithm for
simulation replicates. Observing Figure A.4, we can see that ACS-ICM provides the
highest correlation values uniformly in all simulation scenarios.

The TMSE for all simulation scenarios is presented in Appendix A, Table A.1.
To improve the readability of the results from TMSE values, we computed the rel-
ative percentage improvement in TMSE of the neural source estimators from ICM
to ACS-ICM. Here, using ICM as the reference algorithm, the relative percentage
improvement is defined as the ratio of the difference in TMSE between ICM and
ACS-ICM to its ICM TMSE value multiplied by 100. The results of this computa-
tion are presented in Table 3.2. In all simulation scenarios for Table 3.2, ACS-ICM
performed better and showed a significant improvement as compared to ICM.

Specifically with respect to the number of clusters, ACS-ICM was roughly 10%
better than ICM with respect to TMSE when the cluster size was 250. For both small
and large numbers of latent states, ACS-ICM was better than ICM in the active region
with significant improvements. This shows that ACS-ICM outperforms ICM in active
regions using both small and large numbers of latent states. The total MSEs were
decomposed into total variance and total squared bias for the same distinct cases
of the simulation depicted in Table 3.2. From the results, when we consider active
regions with different numbers of clusters, we observe that ACS-ICM was better than
ICM based on the total squared bias due to the percentage of relative change. Based
on the total variance we also noticed a similar positive change from ICM to ACS-
ICM uniformly for all values of K. It is also clear that for inactive regions, ACS-ICM
was better than ICM for both total variance and squared bias for all simulation
cases considered. Overall, these results from the TMSE demonstrate a significant
improvement obtained from our algorithm when considering total squared bias and
variance for our simulation studies. This improvement was observed uniformly across
all conditions.

We present in Figure 3.1 boxplots comparing the final objective function values
obtained from each of the algorithms for the different simulation scenarios across all
replicates. Again, a clear pattern emerged showing that ACS-ICM yielded the highest
objective function values uniformly in all cases. Overall, ACS-ICM outperformed the

ICM algorithm uniformly with respect to both neural source estimates and the values
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of the objective function. This indicates the superiority of the ACS-ICM algorithm

over ICM for computing neural source estimates for the spatiotemporal model.

Table 3.1: Simulation study I-—Average (Ave.) correlation between the neural source
estimates and the true values for the ICM and ACS-ICM algorithms.

K =2 K =3 K =14 K =9
Algorithm Clusters Ave. Corr. Ave. Corr. Ave. Corr. Ave. Corr.
ICM 250 0.60 0.63 0.62 0.54
ACS-ICM 250 0.64 0.67 0.63 0.59
ICM 500 0.53 0.55 0.49 0.44
ACS-ICM 500 0.56 0.61 0.53 0.46
ICM 1000 0.41 0.43 0.40 0.37
ACS-ICM 1000 0.46 0.47 0.45 0.43

Evaluation of Mixture Component Estimation

In addition to evaluating point estimation and objective function maximization, we
also evaluated model selection, comparing Kacg and K 1M, that is, the estimators
obtained from ACS-ICM and ICM, respectively. We focused on estimating the number
of mixture components and evaluating the sampling distribution of K Acs and K ICM-

The following five scenarios were considered in our experiments:

1. Two latent states with Gaussian source activity in the active regions depicted

in Appendix A, Figure A.1, panel (a).

2. Three latent states with Gaussian source activity in the active regions depicted

in Appendix A, Figure A.1, panel (c).

3. Four latent states with Gaussian source activity in the active regions depicted

in Appendix A, Figure A.1, panel (e).

4. Four latent states with Gaussian and sinusoidal source activity in the active

regions depicted in Appendix A, Figure A.1, panel (g).

5. Nine latent states with Gaussian source activity in the active regions depicted

in Appendix A, Figure A.2, panel (a).

We simulated the data for each of the five scenarios considered, and added 5%

Gaussian noise at the sensors with 1000 replicate datasets used in each case. The
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Table 3.2: Simulation study I-Percentage of relative improvement in Total Mean-
Squared Error (TMSE) of the neural source estimators decomposed into variance and
squared bias from ICM to ACS-ICM. This total was obtained separately for locations
in active regions and then for the inactive region.

Active Region Inactive Region
Algorithm Clusters TMSE (%) (Bias)? Variance TMSE (%) (Bias)? Variance
% % % % % %
K=2
ICM—ACS-ICM 250 9.78 11.11 8.93 9.93 6.15 13.16
ICM—ACS-ICM 500 6.63 4.39 8.57 9.48 9.71 9.26
ICM—ACS-ICM 1000 2.95 2.04 4.03 3.86 1.57 5.70
K =
ICM—ACS-ICM 250 5.10 7.80 2.76 4.97 4.31 5.60
ICM—ACS-ICM 500 24.85 25.42 24.31 15.89 18.26 13.61
ICM—ACS-ICM 1000 36.57 53.61 20 10.83 10 11.61
K=4
ICM—ACS-ICM 250 12.24 11.11 12.88 8.90 14.19 4.94
ICM—ACS-ICM 500 17.94 14.75 20.71 2.86 3.10 2.64
ICM—ACS-ICM 1000 29.28 30.30 30.65 2.76 3.62 2.06
K=9
ICM—ACS-ICM 250 31.14 22.77 27.65 15.44 13.07 17.58
ICM—ACS-ICM 500 14.83 11.40 18.20 17.0 20.39 13.71
ICM—ACS-ICM 1000 23.79 25.52 22.08 8.65 7.03 10.14

algorithms were run with an upper bound of K = 10 for each of the 5000 simulated
datasets. For each dataset, we computed the value of the estimator, and histograms
representing the sampling distributions are presented in Figure 3.2, for each of the five
cases above illustrating the sampling distribution of Ko (panels (a)—(e)) and Kacs
(panels (f)—(j)) corresponding to the first and second row, respectively. Observing
Figure 3.2, where the true signals are well separated in the simulation experiments, in
all cases except for the case with a larger number of latent states (K = 9), the mode
of the sampling distributions corresponds to the true number of latent states for both
the ACS-ICM and ICM algorithms. In the case of nine neural sources, ACS-ICM gave
better and improved results than ICM. Additionally, Table 3.3 reports both the bias
and mean-squared error of the estimators from ACS-ICM (K acs) and ICM (R 1CM)-
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From Table 3.3, both ACS-ICM and ICM are biased and over-estimated for the small
number of latent states but underestimated for the large number of latent states. More
importantly, the estimate for the number of mixture components obtained from ACS-
ICM exhibited the best performance in terms of both bias and MSE uniformly for all
cases considered. This is based on |Bias(K acs)| < |Bias(Kjcar)| and MSE(K acs) <
MSE(K e

We repeated the simulation studies for all five cases but where true signals are less
well separated by altering the true signals depicted in Appendix A, Figure A.3. We
present histograms depicted in Figure 3.3, for each of the five cases above, illustrating
the sampling distribution of Kjcas (panels (a)-(e)) and Kacg (panels (f)-(j)). In
this case, the mode of the sampling distribution corresponds to the true number
of latent states when K = 2 and K = 3 but not for the case with four and nine
latent states with both algorithms. In Table 3.3 we compare the bias and mean
square error of K rom and K Acs under this simulation settings. Similarly, under these
settings, ACS-ICM outperformed ICM in terms of the bias and mean square error;
thus, |Bias(Kacs)| < |Bias(Kjcar)| and MSE(K acg) < MSE(Kcys). In summary,
for model selection, based on the results presented in Table 3.3, ACS-ICM showed an

overall better performance over ICM uniformly for all eight conditions considered.

Table 3.3: Simulation study II-—bias and Mean Square Error (MSE) of estimated

~

number of mixture components (K) from the 1000 simulation replicates when the
algorithms were run with K = 10.

K =2 K =3 K =4 K=9

Algorithm Bias(K) MSE(K) Bias(K) MSE(K) Bias(K) MSE(K) Bias(K) MSE(K)

The case where the true signals were well-separated

ICM 0.11 0.13 0.06 0.42 0.20 0.44 —2.54 6.19
ACS-ICM 0.04 0.06 0.02 0.38 0.10 0.31 —2.01 4.46

The case where the true signals were less well-separated

ICM 0.11 0.13 0.525 0.58 —1.02 1.63 —4.83 16.12
ACS-ICM 0.05 0.07 0.35 0.41 —1.00 1.31 —3.68 10.47

Whereas the ACS-ICM algorithm showed superiority in terms of quality of source
estimates, a drawback is that it is computationally expensive relative to ICM due to
its population-based and iterative procedure. Notwithstanding, this might not be a
serious challenge for source localization problems, which do not require real-time so-
lutions in most situations. With regards to computation time, on the Niagara cluster
running R software on a single core (Intel Skylake 2.4 GHz, AVX512), ICM computed

source estimates in approximately 2 min whereas ACS-ICM computed estimates in
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roughly 6 h and 30 min.

3.4 Application to Scrambled Face Perception MEG /
EEG Data

In this section, we present the application of our methodology for comparison with
EEG and MEG data measuring an event-related response to the visual presentation
of scrambled faces in a face perception study. In addition, we demonstrate how a
nonparametric bootstrap can be used to obtain standard errors, confidence intervals
and T-maps. The data from both MEG and EEG were obtained from a single subject
in an experimental paradigm that involved repeated random presentation of a picture
showing either a face or a scrambled face while the subject was required to make a
symmetry judgement. The scrambled faces were created through 2D Fourier trans-
formation, random phase permutation, inverse transformation and outline-masking
of each face. The experiment involved a sequence of trials, each lasting 1800 ms,
where in each trial the subject was presented with one of the pictures for a period of
600 ms while being required to make a four-way, left-right symmetry judgment while
brain activity was recorded over the array. Both scrambled faces and unscrambled
faces were presented to the subject; however, our analysis will focus only on trials
involving scrambled faces. This produced a multivariate time series for each trial,
and the trial-specific time series were then averaged across trials to create a single
multivariate time series; the average evoked response is depicted in Figure 3.4, panel
(a), for MEG data, and panel (c), for EEG data. Looking from a spatial perspective,
at a given time point, each array recorded a spatial field such as that depicted in
Figure 3.4, panel (b), which shows the MEG spatial field at a particular time point,
and Figure 3.4, panel (d), which shows the EEG spatial field at the same time point.
This experiment was conducted while EEG data were recorded, and then again on
the same subject while MEG data were recorded.

The EEG data were acquired on a 128-sensors ActiveTwo system with a high
sampling rate of 2048 Hz and down-sampled to 200 Hz. The EEG data were re-
referenced to the average over good channels. The resulting EEG data were a trial-
specific multivariate time series and contained 128 sensors, 161 time points and 344
trials. For real data analysis, the trial-specific time series were averaged across trials

to produce a single average evoked response. The MEG data were acquired on 274
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sensors with a CTF/VSM system, with a high sampling rate of 480 Hz and down-
sampled to 200 Hz. The MEG data obtained were a trial -specific multivariate time
series and contained 274 sensors, 161 time points and 336 trials. We obtained a
temporal segment of the data from time point t = 50 to t = 100, resulting in 51 time
points for both the EEG and MEG data. The trial-specific time series were averaged
across trials to produce a single average evoked response. Detailed description of the
data and related analysis can be found in Henson et al. (2003, 2007, 2009a, 2009b,
2010). In addition, a link to the open access data repository used for analysis can be
found here: https://www.fil.ion.ucl.ac.uk/spm/data/mmfaces (accessed on 14
November 2020).

MEG signal

0 50 100 150

Time Points

10

EEG signal

-10

Time Points

Figure 3.4: The Magnetoencephalography (MEG) and Electroencephalography
(EEG) data considered in the face perception study: panels (a,c) show the time series
observed at each MEG sensor and EEG sensor, respectively; panels (b,d) depict the
spatially interpolated values of the MEG data and the EEG data, respectively, each
observed at t = 80, roughly 200 ms after presentation of the stimulus. In panels (b,d)
the black circles correspond to the sensor locations after projecting these locations
onto a 2-dimensional grid (for presentation).

We set the upper bound at K = 10 mixture components, voxels as n, = 560,
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f = 0.3 (hyperparameter of Potts model) and a cluster size of J = 250. For our real
data application, the optimal tuning parameters (q,, 70, p, Nants) = (0.43,0.05,0.64, 10)
were selected similarly using the Nelder-Mead algorithm. First, the ICM algorithm
was run to convergence and the estimates obtained were used as the initial values for
the ACS-ICM algorithm. Our primary interest lies in the estimated neural sources
S (t) and we computed the total power of these estimated sources obtained from both
algorithms at each brain location, which was then mapped onto the cortex. The corti-
cal maps showing the spatial patterns from the estimated power of the reconstructed
sources are displayed in Figure 3.5. The first and second row depict the correspond-
ing results obtained from the ICM and ACS-ICM algorithms, respectively. As shown
in Figure 3.5, the greatest power occurred on the bilateral ventral occipital cortex
for both estimated sources from the ACS-ICM and ICM algorithms. Interestingly,
the results from ACS-ICM estimates also differed when compared with the results
from ICM in the left ventral frontal and right ventral temporal regions. In particular,
the ACS-ICM estimate detected higher power, whereas ICM showed low activation
in these regions. The estimated source locations of these region is responsible for
high-level visual processing. Therefore, the cortical power map seems to represent
regions that would be expected to show scrambled face-related activity. To compare
the general quality of the estimates from ACS-ICM versus ICM, we show the plot of
the final objective function values obtained from the algorithms in Figure 3.6. We
see clearly that the application of ACS-ICM has led to higher quality estimates with
much larger posterior density values.

The ACS-ICM algorithm used to maximize the posterior distribution produces
only point estimates of the neural source activity. In addition to the point estimates,
we applied a nonparametric bootstrap on the trial-specific multivariate time series
to obtain confidence interval estimates and characterize the variability in our source
estimates, which is another extension to Song et al. (2019). The interval estimates
were constructed by resampling the trial-specific MEG/EEG time series data with
replacement. From each resampled dataset, we obtained the average evoked response
and then run the ACS-ICM algorithm for a total of 400 nonparametric bootstrap
replicates. This procedure was made feasible using parallel computation on a large
number of computing cores. We constructed a cortical map of the bootstrap standard
deviations of the total power of the estimated source. To account for uncertainty in
our point estimates, we constructed a T-map and this is depicted in Figure 3.7. A T-

map is the ratio of the ACS-ICM point estimate of the source activity to its bootstrap
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standard deviations. The T-map represents the best depiction of reconstructed power
since it accounts for standard errors that a simple map of the point estimates does
not. Broadly, the T-map seems to indicate similar results to those obtained from
point estimates, in particular with respect to high power activation on the bilateral
ventral occipital cortex and right ventral temporal region. An interesting observation
from the T-map is the detection of a high signal in the left ventral temporal region
but a low activation from the point estimate.

In addition, we present the temporal summary from our bootstrap replicates rep-
resenting the interval estimation for the estimated temporal profile of brain activity
at the peak location of the T-map. The interval estimate represents a 95% confidence
interval depicted in Figure 3.8. One of the key components of our work is varying the
inverse temperature parameter for sensitivity analysis. We fixed the inverse temper-
ature at § = (0.1,0.44) and run the ACS-ICM algorithm to convergence. We run our
algorithm together with K = 10, n, = 560 and a cluster size of J = 250. For g = 0.1,
the corresponding results obtained are depicted in the first row of Figure 9. The
results indicate activation on the bilateral ventral occipital cortex. Additionally, at
£ = 0.44, the power map results from ACS-ICM, depicted in the second row of Figure
3.9, differ when compared with results from ACS-ICM at 8 = 0.1 In particular, the
highest power signals occured in the right ventral temporal region where there was
low activation for using § = 0.1.

For our real data application we applied both algorithms with J = 500 clusters so as
to evaluate how the performance varies as this tuning parameter changes. The results
are displayed in Appendix B. The corresponding results obtained from ACS-ICM are
displayed in the second row of Figure A.5. Examining Figure A.5, ACS-ICM seems to
indicate similar results to those obtained from using a tuning parameter of J = 250,
in particular with respect to activation on the bilateral ventral occipital cortex. For
our sensitivity analysis, we present results obtained from using inverse temperature
(6 =0.1 and g = 0.44) displayed in Figure ??. We observe that from ACS-ICM, the
spatial spread of the high power occurs on the bilateral ventral occipital cortex. In
addition, source estimates obtained from ACS-ICM indicate bilateral activation in
the occipital cortex, and activation in the right temporal and right frontal regions
of the brain. These estimated source locations reveal activation in areas known to
be involved in the processing of visual stimuli. More interestingly, ACS-ICM also
detected high power in a region on the corpus callosum; given that the inverse problem

is ill-posed with an infinite number of possible configurations this may be the reason.
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Figure 3.5: Brain activation for scrambled faces—the power of the estimated source
activity ZtT:1 gj(t)2 at each location j of the cortical surface. Row 1 displays re-
sults from our ICM algorithm applied to the combined MEG and EEG data; Row
2 displays results from ACS-ICM applied to the combined MEG and EEG data.
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Figure 3.6: Objective function values obtained from the data with the ACS-ICM
(left) and ICM (right) algorithms.

In our real data analysis, the required computation time for I[CM was 3 min
on a single core (Intel Skylake 2.4 GHz, AVX512) with R software, whereas the
computation time for the ACS-ICM was roughly 7 h. The choice of cluster size will
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have an impact on the computational time required by the algorithm. With regards to
ACS-ICM, the required computing time for a cluster size of 250 was approximately 7
h, whereas for a cluster size of 500, ACS-ICM required 12 h of computing time. While
there is a substantially increase in computation, the paper has demonstrated uniform
improvements in the quality of the solutions, in terms of both source estimation
and model selection. Furthermore, the bootstrap can be implemented in parallel
on a computing cluster to obtain standard errors with no increase to the required

computation time.

Figure 3.7: The spatial profile of brain activity from ACS-ICM based on our bootstrap
replicates. Row 1 displays standard deviations of the total power of the estimated
source activity; Row 2 displays the T-map.
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Figure 3.8: The 95% confidence interval for the estimated temporal profile of brain
activity at the peak location of the T-map from the bootstrap replicates.

Figure 3.9: Brain activation for scrambled faces—the power of the estimated source
activity Z;le gj (t)? at each location j of the cortical surface. Row 1 displays results
from our ACS-ICM algorithm applied to the combined MEG and EEG data with
£ = 0.1; Row 2 displays results from ACS-ICM applied to the combined MEG and
EEG data with g = 0.44.
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3.4.1 Residual Diagnostics for the Scrambled Faces MEG
and EEG Data

We assessed the goodness of fit of the model by checking the residual time series
plot, normal quantile-quantile plot and residuals versus fitted values after running
the ACS-ICM and ICM algorithms. This was done by computing the residuals for
both EEG and MEG after applying both algorithms. The residuals were computed
as €y(t) = M(t) — Xy S(t) and ég(t) = E(t) — X5S(t) at each time point ¢ =
1,...,T. The assumption made for the residuals was that they should be draws from
a mean-zero Gaussian distribution if the assumed model generated the observed data.
The residual time series plot for EEG and MEG from the ACS-ICM algorithm is
displayed in Figure 3.9, panels (a) and (b). The plots from Figure 3.9, panels (a)
and (b), also depicts residuals time series plots obtained from ICM for EEG and
MEG, respectively. Examining the plots, the residual time series plots obtained
from both algorithms exhibit similar patterns for MEG and EEG. However, there
are significant improvements seen in estimates from ACS-ICM. Specifically for the
EEG data, there are sensors with relatively large peaks remaining from the ICM but
significant improvements from ACS-ICM as we observe no fewer residuals patterns
relative to ICM. In the case of MEG data, we observe that the residuals obtained
from ACS-ICM reveal few sensors with peaks remaining as compared to ICM, where
there are more sensors with large peaks and residuals.

In Figures 3.9 and 3.9, panels (c) and (d), we show plots of the residuals versus
fitted values from ACS-ICM and ICM. For the EEG data, the ACS-ICM residuals
reveal fewer extreme values with smaller residual patterns but more outliers are seen
in the residuals obtained from ICM comparably. The residuals obtained from ICM
are characterized by higher values to the left of zero and lower values to the right
of zero. In the case of MEG data, the residuals obtained from ACS-ICM also show
fewer extreme values with a smaller residual pattern but a similar resemblance for
residuals obtained from the ICM algorithm with few extreme values outside the zero
band. We observe more extreme values in the residual plot obtained from ICM than
that obtained from ACS-ICM. This signifies improvements of the ACS-ICM algorithm
over ICM. Inspecting Figure 3.9, panels (e) and (f), reveals normal quantile-quantile
plots for the EEG and MEG residuals obtained from the ACS-ICM algorithm. There
is no deviation from normality observed from the EEG and MEG data. Hence, the
Gaussian assumption holds from using the ACS-ICM algorithm. In the case of the
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ICM, in Figure 3.9, panels (e) and (f) depict the normal quantile-quantile plots for
the EEG and MEG data. In this case we observe a clear divergence from the normal
distribution for the EEG and MEG residuals. In particular, we see a strong deviation
from normality in the left and right tail of the distribution for the EEG data. There
is also a deviation from normality in the right tail of the distribution for the MEG
data.

In summary, the residual analysis revealed the use of the ACS-ICM algorithm
resulted in estimates with a better fit of the spatial mixture model for the EEG and
MEG data relative to ICM. Thus our proposed approach leads to improvements in
point estimation and model selection uniformly in all settings in simulation studies
and in our application with larger objective function values and improved model fit

based on residual analysis.
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Figure 3.9: Brain activation for scrambled faces using the ACS-ICM algorithm—
residual diagnostics: time series of residuals, (a) EEG, (b) MEG; residuals versus
fitted values, (c¢) EEG, (d) MEG; residual normal quantile-quantile plots, (e) EEG,
(f) MEG.
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3.5 Discussion and Conclusions

In this section, we provide numerical results obtained in the data analysis, limitations
of the proposed approach and the prospects for future research. We have developed
an ACS-ICM algorithm for spatiotemporal modeling of combined MEG/EEG data
for solving the neuroelectromagnetic inverse problem. Adopting a Bayesian finite
mixture model with a Potts model as a spatial prior, the focus of our work has
been to improve source localization estimates, model selection and model fit. The
primary contribution is the design and implementation of the ACS-ICM algorithm
as an approach for source localization that result in better performance over ICM,
which is very positive uniformly in every setting on simulation studies and real data
application. Another key development is the technique implemented in choosing
the tuning parameters for the ACS-ICM by using an outer level optimization that
numerically optimizes the choice of the tuning parameters for this algorithm. This
strategy ensures that the optimal tuning parameters based on the data and problem

complexity are selected.

3.5.1 Numerical Results

In our simulation studies, we observed four significant improvements associated with
ACS-ICM over ICM: (1) ACS-ICM neural source estimates provided improved correla-
tion between estimated and truth sources uniformly across all settings considered; (2)
the objective function values obtained from the posterior density values for ACS-ICM
were larger than those obtained from ICM uniformly across all settings considered;
(3) ACS-ICM showed significant improvement with respect to the total mean square
error for all cluster sizes considered compared to ICM; (4) ACS-ICM exhibited im-
proved performance in terms of both bias and mean square error for the non-regular
problem of estimating number of mixture components.

Moreover, the application of ACS-ICM to real data led to higher quality esti-
mates with larger maximized posterior density values. These improvements have
demonstrated the advantage of the ACS-ICM algorithm when compared with ICM
in both the face perception analysis as well as the simulation studies. In addition to
implementing the ACS-ICM algorithm for point estimation, we demonstrated how a
nonparametric bootstrap can be used to obtain standard errors, confidence intervals
and T-maps for the proposed methodology. This was done to account for uncertainty

in our point estimates of the neural source activity.
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3.5.2 Limitations of the Proposed Approach

An important limitation of the simulation studies is the use of white noise added to the
signals. This is because MEG/EEG data would have structured noise that arise from,
e.g., motion, and such noise would be spatially correlated. The spatially correlated
noise will make the simulation scenarios more challenging, which we expect to result
in a decline in performance. We did not pursue this scenario in our simulation and

we will consider it in our future studies.

3.5.3 Prospects for Future Research

In our current work, we are implementing ACS-ICM for the spatial mixture model
developed in Song et al. (2019). We hope in the future to extend the model by
considering a robust error structure in the MEG/EEG model. The model currently
assumes that the errors are independent in time. This will be extended by allowing for
an autoregressive structure. A second extension would be to relax the assumption that
the errors have a Gaussian distribution by incorporating a multivariate t distribution
for the error terms. Integrating these extensions, we will develop a new joint model
for the MEG/EEG data and implement the ACS-ICM and ICM algorithms for the
neuroelectromagnetic inverse problem.

Furthermore, when we obtained the source estimates from the ACS-ICM algo-
rithm, we mapped a function of them (the total power) on the cortex and in that
map we used no thresholding. That is to say, the locations were not thresholded so
we can see all the locations with estimated power. For our future studies we hope to
map the total power on the cortex with a threshold so that we can see the locations
with highest power. In a better way to choose the threshold, our next objective is to
extend this work by implementing thresholding of cortical maps using random field
theory (Brett et al., 2003). Random field theory is mainly applied in dealing with
thresholding problems encountered in functional imaging. This is used to solve the
problem of finding the height threshold for a smooth statistical map, which gives the
required family-wise error rate. In going forward with our current work, the idea is to
take the point estimate obtained from ACS-ICM and standard errors (obtained from
bootstrap) to provide estimates of p-values for t-statistics pertaining to the number
of activated voxels comprising a particular region.

It should be noted that the ACS-ICM algorithm and spatial model developed can

also be applied to studies involving multiple subjects. Expanding from a single sub-
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ject model to a model developed for multiple subjects would be of great interest for
the MEG/EEG inverse problem. This will be based on developing a fully Bayesian
analysis based on a divide and conquer Markov Chain Monte Carlo (MCMC) method
(Vehtari et al., 2020). This approach for Bayesian computation with multiple sub-
jects is to partition the data into partitions, perform local inference for each piece

separately, and combine the results to obtain a global posterior approximation.
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Figure 3.1: Box-plots comparing the objective function values obtained in the simu-
lation studies for the ICM and ACS-ICM algorithms. The first row corresponds to
the case when K = 2, second row corresponds to when K = 3, third row is when
K = 4 and the last row is when K = 9.
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Figure 3.2: Histograms illustrating the sampling distribution of K in the case where
the true signals were well separated in the simulation studies. The first row corre-
sponds to the sampling distribution of Kjoa; panel (a), K = 2; panel (b), K = 3;
panel (c), K = 4 with three Gaussian signals; panel (d), K = 4 with two Gaussian
signals and one sinusoid; panel (e), K = 9 with eight Gaussian signals. The second
row corresponds to the sampling distribution of K 4cs; panel (f), K = 2; panel (g),
K = 3; panel (h), K = 4 with three Gaussian signals; panel (i), K = 4 with two
Gaussian signals and one sinusoid; panel (j), K = 9 with eight Gaussian signals. In
each case the vertical red line indicates the true number of latent states underlying
the simulated data.
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Figure 3.3: Histograms illustrating the sampling distribution of K in the case where
the true signals were less well-separated in the simulation studies.
corresponds to the sampling distribution of Kjcar: panel (a), K = 2; panel (b),
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with two Gaussian signals and one sinusoid; panel (j), K = 9 with eight Gaussian
signals. In each case the vertical red line indicates the true number of latent states
underlying the simulated data.
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Chapter 4

Sparse Estimation Strategies in
Linear Mixed Effect Models for
High-dimensional Data Application

4.1 Introduction

In many fields such as bio-informatics, physical biology, and epidemiology, the re-
sponse of interest is represented by repeated measures of some variables of interest
that are collected over a specified time period for different independent subjects or
individuals. These types of data are commonly encountered in medical research where
the responses are subject to various time-dependent and time-constant effects such
as pre- and post-treatment types, gender effect, baseline measures among others. A
widely-used statistical tool in the analysis and modeling of longitudinal and repeated
measures data is the linear mixed effects models (LMM) (Laird and Ware, 1982;
Longford, 1993). This model provides an effective and flexible way to describe the
means and the covariance structures of a response variable, after accounting for within
subject correlation.

The rapid growth in the size and scope of longitudinal data has created a need for
innovative statistical strategies in high-dimensional data analysis. Classical methods
are based on the assumption that the number of predictors is less than the num-
ber of observations. However, there is an increasing demand for efficient prediction
strategies for analysis of high-dimensional data, where the number of observed data

elements (sample size) are smaller than the number of predictors in a linear model
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context. Existing techniques that deal with high-dimensional data mostly rely on
various penalized estimators. Due to the trade-off between model complexity and
model prediction, the statistical inference of model selection becomes an extremely
important and challenging problem in high-dimensional data analysis.

Over the years, many penalized regularization approaches have been developed
to do variable selection and estimation simultaneously. Among them, the least ab-
solute shrinkage and selection operator (Lasso) is commonly used (Tibshirani, 1996).
It is a useful estimation technique in part due to its convexity and computational
efficiency. The Lasso approach is based on an ¢; penalty for regularization of regres-
sion parameters. Schelldorfer, Buhlmann, and Van de Geer (2011) have provided a
comprehensive summary of the consistency properties of the Lasso approach. Related
penalized likelihood methods have been extensively studied in the literature, see for
example Tran (2011), Huang and Zhang (2008), Kim, Choi, and Oh (2008), Wang
and Leng (2007), Yuan and Lin (2006), Leng, Lin, and Wahba (2006). The penalized
likelihood methods have a close connection to Bayesian procedures. Thus the Lasso
estimate corresponds to a Bayes method that puts a Laplacian (double-exponential)
prior on the regression coefficients (Park and Casella, 2008).

In this paper, our interest lies in estimating the fixed effect parameters of the
LMM using ridge estimation technique when it is assumed that some prior infor-
mation is available in the form of potential linear restrictions on the parameters.
Such restrictions can arise in the form of prior information about the fixed effects
predictors. One possible source of prior information is using a Bayesian approach.
An alternative source of prior information may be obtained from previous studies or
expert knowledge that search for sparsity patterns.

We consider the problem of fixed effect parameter estimation for LMMs when there
exist many predictors relative to the sample size that may have weak or no effect on
the response variable. These predictors may be classified into two groups: sparse
and non-sparse. Thus, there are two choices to be considered: a full model with all
predictors, and a sub-model that contains only non-sparse predictors. When the sub-
model based on available subspace information is true (i.e., the assumed restriction
holds), it then provides more efficient statistical inferences than those based on a full
model. In contrast, if the sub-model is not true, the estimates could become biased
and inefficient. The consequences of incorporating subspace information therefore
depend on the quality or reliability of the information being incorporated into the

estimation procedure. One way to deal with uncertain subspace information is to
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use a pretest estimation strategy. The validity of the information is tested before
incorporation into a final estimator. Another approach is shrinkage estimation, which
shrinks the full model estimator to a plausible alternative (sub-model estimator) by
utilizing subspace information. Besides these estimation strategies, there is a growing
literature on simultaneous model selection and estimation. These approaches are
known as penalty strategies. By shrinking some regression coefficients toward zero,
the penalty methods simultaneously select a sub-model and estimate its regression
parameters. Several authors have investigated the pretest, shrinkage, and penalty
estimation strategies in partial linear model, Poisson regression model and Weibull
censored regression model (see Ahmed and Nicol (2012), Ahmed and Raheem (2012),
and Lisawadi, Shah, and Ahmed (2016)).

To formulate the problem, we suppose that the vector of the fixed effects parameter
B in the LMM can be partitioned into two sub-vectors 8 = (8},035) , where 3,
is the coefficient vector of non-sparse predictors and 3, is the coefficient vector of
sparse predictors. Our interest lies in the estimation of 3, when 3, is close to zero.
To deal with this problem in the context of a low dimensional data, Ahmed and
Opoku (2017) propose an improved estimation strategy using submodel selection and
post-estimation for the LMM. Within this framework, linear shrinkage and shrinkage
pretest estimation strategies are develop which combine full model and sub-model
estimators in an effective way as a trade-off between bias and variance. Raheem,
Ahmed, and Doksum (2012) extend this study by using a likelihood ratio test to
develop James-Stein shrinkage and pretest estimation methods based on LMM for
longitudinal data. In addition, the non-penalty estimators are compared with several
penalty estimators (Lasso, adaptive Lasso and Elastic Net) for best performance.

In most real data situations, there is also the problem of multicollinearity among
predictor variables for high-dimensional data. Various biased estimation techniques
such as shrinkage estimation, partial Least squares estimation (Geladi and Kowal-
ski, 1986) and Liu estimators (Liu, 2003) have been implemented to deal with this
problem but the widely used technique is the ridge estimation (Hoerl and Kennard,
1970). The ridge estimator overcome the weakness of least squares estimator with a
smaller mean squared error. To overcome and combat multicollinearity, Yiizbasi and
Ahmed (2016) propose pretest and Stein-type ridge regression estimators for linear
and partially linear models. Furthermore, Yiizbasi and Ahmed (2017) also develop
shrinkage estimation based on Liu regression to overcome multicollinearity in linear

models.
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Our primary focus is on the estimation and prediction problem for linear mixed
effect models when there are many potential predictors that have a weak or no influ-
ence on the response of interest. This method simultaneously controls overfitting us-
ing general least square estimation with a roughness penalty. We propose pretest and
shrinkage estimation strategies using the ridge estimation technique as a base estima-
tor and numerically compare their performance with those of two popular Lasso-type
estimators: Lasso and adaptive Lasso. Our proposed estimation strategy is applied

through application on both low and high-dimensional real data.

4.2 Model and Estimation Strategies

In this section, we present the linear mixed effect model and the proposed estimation

strategies.

4.2.1 Linear mixed model

Suppose that we have a sample of N subjects. For the i** subject, we collect the
response variable y;; for the jth time, where ¢ = 1...,n;j = 1...,n; and N =
Yo ni. Let Y = (Yi1, . .- Yin,)" denotes the n; x 1 vector of responses from the ith
subject. Let X; = (Xi1,...,Xin,) and Z; = (21, .. .,2m,) be n;x p and n;xq known
fixed-effects and random-effect design matrix for the ith subject of full rank p and ¢
respectively. The linear mixed effect model (Laire and Ware, 1982) for a vector of

repeated responses Y; on the ith subject is assumed to have the form

where 3 = (f1,...,0,)" is the px1 vector of unknown, fixed-effect parameters or
regression coefficients, a; is the qx1 vector of unobservable random effects for the
ith subject, assumed to come from a multivariate normal distribution with zero mean
and a covariance matrix G, where G is an unknown ¢ X ¢ covariance matrix and
€; denotes n;x1 vector of error terms assumed to be normally distributed with zero
mean, covariance matrix oI,.. Further, €; are assumed to be independent of the
random effects a;.

The marginal distribution for the response y; is normal with mean X;3 and co-

variance matrix Cov(Y;) = Z;07Z + o*I,. By stacking the vectors, the mixed
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model can be can be expressed as Y = X3 + Za + €. From the Eqn 4.1, the distri-

bution of the model follows Y ~ N, (X8, V), where E(Y) = X3 with covariance,
V =3 Zio?ZT + 071,
=1

(2

4.2.2 Ridge full model and sub-model estimator

The generalized least square estimator (GLS) is defined as BGLS = X'V xX)"'X'vly

and the ridge full model estimator can be obtained by introducing a penalized regres-

sion so that B = argming {(Y —~XB3) VY - X3) + k:ﬁTﬁ} and

B = (XTVIX 4 kD) TIXTV Y,
where BRidge is the ridge full model estimator and k € [0, 00) is the tuning parameter.
It k=0, BRldge is the GLS estimator and BRldge = 0 for k sufficiently large. We select

the value of k using cross validation.

We let X = (X4,X3), where X; is an n X p; sub-matrix containing the non-
sparse predictors and X, is an n X py sub-matrix that contain the sparse predictors.
Accordingly, B = (84, 8,) where 8, and 3, have dimensions p; and p,, respectively,
with p1 +p2 =p, p; > 0 fori =1, 2. A sub-model is defined as
Y = X3+ Za + esubject to 878 < ¢ and B5 = 0 which corresponds to
Y = X181+ Za + € subject to B,” By < ¢.

The sub-model estimator B?SM of 3, has the form B?SM = (XITV X +kD) ' XTV Y.

We denote B?FM as the full model ridge estimator of 3, and given as
ARFM. XTV-12)\ . V-1/2X —1~5Ty7—1/2 ~1/2
51 - ( 1 Xo 1+ M) X1V Mx, V Y,

where My, =1 — P =1 — V7/2X,(X,V1X,) 1 XIv-1/2

4.2.3 Pretest ridge estimation strategy

Generally, the sub-model estimator will be more efficient than the full-model estimator
if the information embodied in the imposed linear restrictions is valid, thus 3, is
close to zero. However if the information is not valid the sub-model estimator is
likely to be more biased and may have a higher risk than the full-model estimator.
There is, therefore, some doubt as to whether or not to impose the restrictions on

the model’s parameter. It is in response to this uncertainty that a statistical test
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may be used to determine the validity of the proposed restrictions. Accordingly, the
procedure to follow in practice is pre-test the validity of the restrictions and if the
outcome of the pretest suggests that they are correct then the model parameters are
estimated incorporating the restrictions. If the pre-test rejects the restrictions then
the parameters are estimated from the sample information alone. This motivates the
consideration of the pretest estimation strategy for the LMM.

The pretest estimator is a combination of the full model estimator ﬁ?FM and sub-
model estimator B?SM, through an indicator function I(L, < d,,,), where L, is an
appropriate test statistic to test Hy : B, = 0 versus Hx : B, # 0. Moreover, d,, , is an
« level critical value based on distribution of L,, under H,. We define test statistics
based on the log-likelihood ratio test as L,, = 2{6*(BRFM |Y) — ¢ (BRSM 1Y)}

Under Hy, the the test statistic L,, follows a chi-square distribution with p, degrees

~RPT
of freedom. The pretest test ridge estimator 3, ~ of B, is then defined by

~RFM ~RSM
B

~RPT ~RFM
/61 = /61 - ( - /81 )I(Ln < dma)a P2 > 1.

4.2.4 Shrinkage ridge estimation strategy

~RSM ~RFM
The pre-test estimator is a discontinuous function of 8,  and B, = and depends
on the hard threshold (dno = x7,.). We address this limitation by defining the
shrinkage ridge estimator based on soft thresholding. The shrinkage ridge estimator

~RSE

of B, denoted as 3, , is defined as
~RFM
By

~RSE ~RSM ~RSM _
B, =05 +( - B4 )(1_(p2_2)Ln1)7 p2 = 3.

Here, B?SE is the linear combination of the full model B?FM and sub-model B?SM.
If L, < (p2 — 2), then a relatively large weight is placed on B?SM otherwise, more
weight is on B?FM A setback with B?SE is that it is not a convex combination of
B?FM and B?SM. This can cause over-shrinkage which gives the estimator opposite
sign of B?FM This could happen if (py — 2)L*

. 1s larger than one. To counter this,

we use the positive-part shrinkage ridge estimator (RPS) defined as

~RPS

ﬁl = ﬁ?SM + (

~RFM  ~RSM B
/31 _161 )(1_(p2_2>Ln1)+7p2 23

where (1 — (py — 2)L,1)* = max(0,1 — (py — 2)L.!). The RPS estimator will control

possible over-shrinking in the RSE estimator.
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4.3 Asymptotic results

In this section, we derive the asymptotic distributional bias and risk of the estimators
considered in Section 2. We examine the properties of the estimators for increasing n

and as 3, approaches the null vector under the sequence of local alternatives defined

as
K
K By = Bomy = T (4.2)
where k = (K1, K2 ..., Kp,) € RP?is a fixed vector. The vector \/iﬁ is a measure of how

far local alternatives K, differ from the subspace information 3, = 0. In order to
evaluate the performance of the estimators, we define the asymptotic distributional

bias of an estimator BI
ADB(8,) = lim E{Vn(B, - B))},

o ARFM  ARSM ARPT ARSE ~RPS
where 3, is any one of the estimators 3, , 8, ,08, ,B3; andf3; .
Assumption 1
We make the following two regularity conditions to establish the asymptotic properties
of the estimators.

1. Lmax; o, X} [XTV_lX} “'x; = 0 as n— oo, where x; is the ith row of X.

_ B, B
2.B,=n"! [XTV_lX} . B, for some finite B = R
By Ba

Theorem 1.
If k,/v/n = X\, and B is non-singular, the distribution of the full model ridge esti-

A~RFM .

mator, B,  is

~RFM

VaB,  —B) B N(E=ABB B,

where 2 denotes convergence in distribution.
For proof, see Theorem 2 of Knight and Fu (2000).

Proposition 1.

Under assumption 1 together with Theorem 1, we have
$1 2} N “Hi12 : B1_11.2 ¢
©3 0 ® P

SRR

Y
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~RFM ~RSM ~RFM ~RSM

where 1 = \/n(8,; — B1), v2 = V(B —B4), w3 = Vn(B; -B )=
Mo +0,0 = BﬁleH , & = Bf1lBlzB§21,1B21Bﬂl , Bog1 = Bay — leBﬁlBlQ,

_ 12 _
n=-AB ‘8= “1 and py19 = py — B12BQ21(<52 — K) = py).
2
Proof: The relationship between the sub-model and full model estimators of 3;, we

~ ARFM
use the argument and equation: Y =Y — X208,

8™ — argmin {(? CXB) VY - XB) + A||ﬁ1||2}

1
= [XTV'X, + AL, ] ' XTVY
_ — ~RFM
= XTIV X, 4+ AL, ] 7 XTVY — [XTV X, + AL, ] T XTIV IX,4,
~RSM _ — _ ~ RFM
=B, - [X\V'Xy + AL, XTIV X, 8,

~RSM 1 ~ RFM
ﬁl - Bll B12/82

~RFM ~RFM
- B

From Theorem 1, we partition \/H(BRFM — B) as /n(B ) = (Vn(B, -
~RFM , ~RFM D _ _

B1), V(B _ﬂz))' We obtain v/n(3, ;{51161\/}) - /;/;glh/g_ﬂ11.27 B111.21){Fxhere B111.2 =

By, — B1oB;,) By, We have shown that 3, = 3, + B'B1o8, . Using this

expression and under the local alternative { K, }, we get

o2 =B, —By)
= \/E(B?FM + B1_1lB12BQRFM - 51)

3 ~ RFM

= ¢, + B Bivng,
ARFM  ARSM

Y3 = ﬁ(ﬁl - 51 )

~RFM ~RSM

= \/5(61 - 61) - \/ﬁ(IBI

= Y1 — P2

- B)

Since ¢, and 3 are linear functions of ¢y, as n — oo, they are also asymptotically
normally distributed. Their mean vectors and covariance matrices are derived as

follows:
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E(pr) = (\/_(B?FM
E(py) = E(<p1 + B Bm/_ﬂl;FM)

= E(¢1) + B B12\/_E(/32RFM)

= —H12+ B11 Biok = — (g5 —06) = —y
E(ps) = E(p1 — 02) = —py19 — (= (1,2 — 9)) =6
Var(p1) = B2_21.1

- 51)) = ~Hin2

Var(ps) = Var ((,01 + B{; B12\/_/32RFM)
= Var(¢1) + By B1aBjy | By By
+2Cov [\/_(B?FM — B, VB, - ﬁz)} (Bi;Bu)"
— B;), - B'B»,B3, By By, = B!

Var(es) = Var (\/_(Q?FM - B?SM))

~RFM ~RFM

= Var (\/_<:31 :81 - B111B12,8§FM))

~ RFM
= B{{B;Var [\/ﬁﬁg } (BiiBi2)"
= Bi'B;;B;) | ByBy = @

RFM ARFM A RSM) }

Cov(gr, ps) — Cou {\/_(ﬁl —8).va(B™ - 8]
_ var(f(g?m - gl)) ~Cov [I(B?FM —B) V(B - ﬁl)}

~RFM ~RFM

= Var(p1) — Cov [\/_(51 ~By). V(B

=B}, B1»B;, By By =@

) —l-\/_B B1262

RFM}
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ARSM ARFM ARSM):|

Cov(ps, 3) = Cov [\/ﬁ(ﬁ1 —B)),Vn(B, -8B
= Con[Va(B!™ = ). V(8™ - )| - Var (Va8 - )

- Bf11.2 - ]31711]312]32721.1]321]31711 - Bfll
- Bf11.2 - (Bf11.2 - Bﬁl) - Bfll =0

Therefore, the asymptotic distributions of the vectors ¢, and @3 are obtained as

follows:

~RSM D _
P2 = \/ﬁ(ﬁ1 - B = Npl(—’YaBnl)
~RFM  aRSM. D

P2 = \/ﬁ(ﬁl - ﬁl ) — '/\/;71(57 (I))

We introduce the lemmas given in Judge and Brock (1978) to aid us with the proof
of the bias and covariance of the estimators.

Lemma 1.

Let V = (Vy, Vy,...V,)T be a p-dimensional normal vector distributed as N, (ttyy p),

then for a measurable function ¥, we have

E[VU(VIV)] =, B[0x2,5(A)]
EIVVIU(VIV)] = 5, B[00, (A)] 4+l [0, (A)]

where x7(A) is a noncentral chi-square distribution with % degrees of freedom and

non-centrality parameter A.

Theorem 2
Under the condition of Theorem 1 and the local alternatives K,, the ADBs of the
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proposed estimators are

ADB(B?FM> = —Hi1.9,

ADB(ﬁ?SM) = —py;, — By B2 = —,

ADB(B," ) = ~pays — 0Hpia(12, 03 D),

ADB(B™) = —py1s — (92 — 2)0E(25(A)),

ADB(BY") =~y s — 6H,1003, 5 A)} — (92— 20E{x; 2 ()02 > 12— 2) ),

where A = k"B, Kk, By, = Boy — ByB'Bys, and H,(2;A) is the cumulative
distribution function of the non-central chi-squared distribution with non-centrality
parameter A and v degrees of freedom, and E(x;%(A)) is the expected value of the
inverse of a noncentral y? distribution with v degrees of freedom and noncentrality

parameter A,

E(XJZj(A)) = /000 x*deHv(x,A).

Proof
ADB(B,"") = B{ lim va(B, " - 8))}
= —H11.2-
ADB(A,™) = B{ lm va(B"" - B,))

_ ~RFM ~ ~RFM

= E{ nh_)rrolo vn(B,  —BBpB, - 51)}

= B{ lim Va(B™ — B1)} - E{ lim Vn(B}B1B;™)}
= —py10 — B ,}320 \/E(Bl_llBHBgFM)}

= —Hi12 — Bf11B12“ = —(My19+90) =—.
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Using Lemma 1,

ADB(B™) = E{ lim vn(B{"" — B1)}
= E{ lim vn(B7™ — (3™ — BY"")I(Ly < dua) — B1) }
= E{ lim va(By™ — B1)} — B{ lim V(8™ — B{*")I(L, < dua)}
= o — B{ lim a(B™ — BII(L, < dya))}

= ~Hi12 — 5Hp2+2(X1272; A).

ADB(BY®) = B{ lim va(B1" — p,))
= E{ lim v/n( M — (B = B (2 - 2)L," — )}
= E{ lim vn(B™ — B1)} — B{ lim V(8™ — B7*")(p2 — 2)L,"}
= —pio — B{ lim /(@™ — B)(p, - 2)L, 1}
= — o — (P2 — 2)0E(x, 1 2(A)).
ADB(B™) = E{ lim vn(B;"™ — B1)}
= 2{ lim V(B 4+ (B — BEM)(1— (po — 2L (L, > o — 2) — )}
= B{va[B, " + (B = A1~ I(L, < pp — 2))
— (B = B (p — 2L, (L, > p2 — 2) — 8] }
= E{ lim vn(B™ — B1)} — B{ lim V(8™ — B (p2 — 2)1(L, < p2 —2)}
— B{ lim Va(B{"™ — B7*™)(ps — 2)L;'I(Ly > p2 — 2)
=ty — OH, 0(X2,_ i A) } — (D2 — 2)0E{x, /o (D)(X, 0 > 12— 2) )

Since the ADBs of the estimators are in non-scalar form, we define the following

asymptotic quadratic bias (AQDB) of ,é: by

A %

AQDB(B;) = (ADB(BI))IBH.Q (ADB(BI)),

Where B11.2 = B11 — B12B521B21.
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Corollary 1
Suppose Theorem 2 hold. Then, under {K,}, the AQDBs of the estimators are

AQDB(B?FM> = N1T1.2B11.2M11.2,
AQDB(B?SM) = ’)’TB11.2%
AQDB(B?PT> = N1T1.2B11.2H11_2 + N1T1A2B11.25Hp2+2(X;2)23 A)
+ 5TB11.2M11.2Hp2+2(X;2;2§ A) + 5TB11-25H22+2(X;2)25 A),

~RSE _
AQDB(B, ) = N?1.2311.2I~b11.2 + (p2 — 2)“?1.2B11.25E(Xp22+2(A))
2
+ (p2 — 2)5TB11.2M11.2E(X;:22+2(A)) + (p2 — 2)°6 " By1.26 (E(X;QQH(A))) ;
~RPS
AQDB(B, )= N?1.2B11.2IJJ11.2 + (5TB11.2H11.2 + N?1.2B11.25) [sz+2(p2 - 2;A)

+ (P2 = 2)E{x; 22 (D)X, 0 (A) > po = 2)}] + 6" Briod {Hp2+2(172 - 2;A)
(2= DB AI0GR(A) > o — 2)}} |

When Bi;5 = 0, the AQDB of all estimators are equivalent, and the estimators are
therefore asymptotically unbiased. If we assume that Bii o # 0, the results for the

bias of the estimators can be summarized as follows
1. The AQDB of B?SM is an unbounded function of v7 By 7.

2. The AQDB of B?PT starts from pl) ,B11opty; 5 at A = 0, and when A increases,

it increases to the maximum point and then decreases to zero.

~RSE ~RPS ARPT ~RSE
3. The characteristics of 3,  and B8, are similar to 3, . The AQDB of 3,
~RPS
and @, ~ similarly start from puf, ,B11opq; 5 at A = 0, and increases to a point,

and then decreases towards zero, since E{ X;22+2(A)} is a non-increasing on of

A.

In order to compute the risk functions, we first compute the asymptotic covariance

. . . . AX .
of the estimators. The asymptotic covariance of an estimator 3, is expressed as

A~ %

Cov(B3,) = lim E{n(,é: - BB - B}

n—o0

Lemma 2
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Suppose Theorem 1 hold, the covariance matrices of the estimators are

Cov/( RFM) B112+N112N1127
Cov( RSM) B11 +’Y’Y )

Cov( RPT) B11 ot My, 2#11 ot 2Mu 26Hp2+2(Xp27 A) - (I)sz+2(Xz2§ A)
+ 56 [2Hp2+2(Xp2; A) - HP2+4<Xp2; A)} 5
COV(ﬁRSE> B11 2 T My, 2#11 o+ 2(p2 — )N1T1.25E <X;22+2(A)>

— (r —22{2B(x;22(8)) = (2 = DE (x32(8)) }

+ (12— 2)58™{ = 2B(5.2.4(8)) + 2B(6,2(8)) + (2 — 2)E (x4 (D)) |,
Cov(B,") = Cov(B,) + 2«m£.2E({1 — (p2 = 2X,22(8) J1(xE, () < 2 - 2))

- 2<I>E({1 = (P2 = X8 P (X2, 2(8) < 2 - z))

= 206" E({1 = (p2 = 224 (A0, () < p —2)

+208 E({1 = 02 = D2 (a8 < - 2) )

- 2 270 (A1 (1 r2a(8) < 12 - 2))

= (= 220075 (A1 (1 20(8) < 12 - 2) )

+ ®H,, 0 (p2 — 2A) + 66 Hypa(p2 — 2;A).

Proof

We first start by computing the asymptotic covariance of the estimator 8™ as:

Cov(BR™M) = E{JLHC}O\/E( M — By)Vn(BF™ 5) }

= E(p11) = Cov(p, 1) + E(0,)E(0])
= B1_11.2 + N11.2H1F1.2-



Also, similarly the asymptotic covariance of the estimator BIRSM is obtained as:

Cov(B¥) = E{ lim V(B — )8 — 1))
= E(pap;) = Cov(papy) + E(2) E(03)
=B +v7"
The asymptotic covariance of the estimator BT is obtained as:

Cov(BE7") = B{ lim V(8" — B1)va(B" — B1) )

= E{ lim n[(B{™ — B1) — (B7™ — BI)I(Ly < duo)]

[(BE™M — By) — (BF™ — BEM)I(L, < dy)] '}

= E{[gpl — 3l (Ly < dno)llpr — @3l (Ln < dn,oz)]T}

= E{‘Pﬂorf - 2@3‘??[([% < dn,a) + SOB‘P;F[(LTL < dn,a)}
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Thus, we need to find E{p1p] }, E{@sp1 (L, < dna)} and E{psp3 (L, < dnga)}-
The first term is E{p1p] } = B}y + py1 o] 5. Using Lemma 1, the third term is

computed as:

E{so31(Ly < dpo)} = ®PHp,0(x0yi A) + 86 Hyya(xhy: A).
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The second term E { o301 (L, < dn,a)} can be computed from normal theory as

E{wgsolTI(Ln < dn,a)} = E{E(cpssoff(Ln < dn,a)lsos)} = E{wsE(solTl(Ln < dn,a)|w3)}

= E{ps[—pr2+ (g5 — )" I(Ly < dno)}

= —E{pspial (Ly < dno)} + E{@s(ps — 8) (L, < dna)}
= — o B{osl(Ln < dno)} + E{@s03 I (Ln < dno)}

— E{p36 " I(L,, < dpo)}

= — 1120 12 (x5, A) + {000(903905)Hp2+2(><§2; A)

B0 BT H i35 A) — 86TH o (12 A)}

= _u’?l.Q(SH;DQ-&-?(X?)Q; A) + q)sz-i-? (ngog; A) + 55THP2+4(X]2)2; A)
— 06" Hy,12(x;,: A)

Putting all the terms together and simplifying, we obtain

Cov(B1"™)
:H11.2N1T1.2 + 2N1T1.25Hp2+2(X;272§ A) + B1_11.2 - (I)Hp2+2(X;2023 A) - 55Tsz+4(X12323 A)
+266 " H,,10(x2,; A)
=By + piakiy o + 2N1T1.25Hm+2(X;2;2§ A) - @Hp2+2(X;292§ A)
+ 867 [2H,, 12X}, ) — Hppra (45,3 A) -

can be obtained by

The asymptotic covariance of the estimator BfSE

Cov(By™*) = E{ lim vn(BY" — B1)vn(BYF — B,)7}
= B{ im n[(B" - B) - (B =B w2 - 2L
~RFM ~RSM

(B —B)— (B -8B, )p—-2L,'"}

= E{[% — 3(p2 — 2) L[y — ps(p2 — Z)Lnl]T}
= E{solsolT — 2(ps — 2)301 Ly, + (pa — 2)2¢3¢§Ln2}

We need to compute E{¢3¢3 L, 2} and E{pspiL,'}. By using Lemma 1, the first
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term is obtained as follows:
E{esp3 L") = ®E(x;,h0(A)) + 66T E (3, 44(4)).

The second term is computed from normal theory

E{@s@f@?l} = E{E(wgw?Lgl\%)} — E{sosE(solTLgl\wg)}

= E{@:’)[_Nn‘z + (3 — 5)]TL1;1}
= —E{@ap1,L, "} + E{ps(ps — 0)" L'}
= —pi o E{esL,'} + E{psps L'} — E{p36 L'}

From above, we can find E{p36" L, '} = 56TE(X;22+2(A)) and E{p3L, '} = 6E(x,2(A)).

2

Putting all together and simplifying we obtain

Cov( AiiSE) = Bf11.2 + l’/11.2#{1.2 +2(p2 — 2)#?1.25E (X;22+2(A)>
~ (2~ 2)2{2E(1G22(8)) — (12 = DB (x52(2) ) }

(2 = 2887 = 2B(,24(4)) + 2B06.22(A)) + (12 = 2)E (x;:4(2) ) |-

: : : ~RPS .
We derive the covariance of the estimator 3, . Since
~RPS  ~RSE , ~RFM  ~RSM

Bi =B —(Br B NHl1-(p-2L J (L, <p2—2)
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~RPS ~RPS

Cov B?PS E{ hm VB, = B)Vn(B, —51)T}

{hmfﬁf‘SE— D=8 = BN = (p2 — DL (L, < pa— 2)

[ ~RSE

(B = B) =B, =B {1 = (2~ 2L Ny <o - 2>}T}

~RSE

= B{ lim Va8~ BIVRBL —B)" — 208, — B){1 - (p — 2)L; 10
+ 0T {1 — (pr — 2L VI(L, < po — 2)}
= Cov(B,"") = 2B{ lim uv/n(B)" — B) {1~ (2 — 2L, I, < 2 — 2)}
+E{ lim @03 {1 = (p2 — 2)L; ' I(Ls < po —2)}
o) - 28{ lim el {1~ (po ~ 2L (L, < p —2)}
+25{ lim ¢y (p2 — 21" {1 = (2 — 2L, J(Ly < p2 - 2) }
+ E{ lim @303 {1 = (p2 = 2)L; '} I(Ly < po — 2)}
= Cov(8,"") = 2B{ Tim 0,07 {1~ (1 — 2)L;" J(Ly < p2 —2)}

_ E{ nhjglo 903903T(p2 - 2)2L;21(Ln < p2 — 2)} + E{ nhjEO 9039051([% < py — 2)}

We first compute the last term in the equation above E {goggogI(Ln < py — 2)} as

E{‘P3‘P3 I(L, <p>— 2)} = ®H,, 15(po — 2,4) + 88 Hy,a(po — 2 A).
Using Lemma 1 and from the normal theory, we find,



E{ st {1 = (p2 = 2L (L < p2 - 2)}

= E{B(pspT{1 — (2 — 2L, N(L0 < 12— 2)l6p3) |

= B{@.E (ol {1 = (12 = 21, N(L0 < 12~ 2)lps) }

= E{@ulttrra + (03— O™ {1 = (12 = DL H(Lo < - 2)}
= _H11_2E(‘P3{1 — (P2 = 2) L (Lo < 2 — 2))

+ B s} {1 (2 = DL} (Lo < p2 - 2))

— B(ps8™{1 = (12 = 21" (L0 < p2 — 2))

80
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Putting all the terms together, we obtain

COV(BlRPS) = COV(BTSE) + 25H1T1.2E({1 — (p2 — 2)X;22+2(A)}I<X§2+2(A) <p2— 2))

~288({1- 0~ 22 1 (D) < - 2))
266" B ({1~ (2 — 22 A0, 4(A) < p2 —2)

+ 255TE<{1 — (p2 — 2)X;22+2(A>}1<X;2+2(A> <p2— 2))
- 2 270 (G120l < 12 - 2) )

_ (p2 — 2)265TE (Xp_24+2(A)I<X1272+2(A) < P2 — 2>)
+ @Hp2+2 (pg - 2, A) + 65THp2+4 (pg - 2, A)

Following the asymptotic covariance matrix, we define the asymptotic risk of an
estimator ,[;: as R(B;‘) = tr (QCOV(BD). Q is a positive definite matrix of weights
with dimensions of p x p. A choice of Q is the identity matrix I, which is used in this
study.

Theorem 2. Under the local alternatives (K,) and from Lemma 2, the risk of the
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estimators are

~ RFM

] = tr(QBi,) + T, 2Qunss
B =u(QB) + 7 Q.
tr(Q 1 2) + 1y Qg o + 217, ,QOH,, 1o <Xp2, A)
~ r(Q® ) Hyy o (x5, A) + 0Q0T [2H,, 2 (42,5 A) — Hya (024
R[8)™) = tr(QBiY ) + 1 o Quens + 22 — 21T, .Q8E (x;20(8))
— (2= 291(QP) | B(x;2(8)) — (2 = 2B (1;.2(8))
+ (2= 287Q8 281 2(8)) —2B(5.24(8)) = (e~ 2B (4(8) ) .
s

R[B, ] = R[B?SE] +26Qui, o E ({1 —(p2 — 2)x;f+2(A)}I(x§2+2(A) < py— 2>>

A RPT

- 2tr(Q<I>)E({1 = (12 = 2222 (A) J1(X,12(8) < 2 - 2))
—25"QEE({1 = (p2 — 2,44 (A) (X} 14(A) < p2 — 2)

#207Q0E ({1 - 0~ D2 (D) < 12— 2))
(= 2P Q@) (1O () < 12 - 2) )

- (pz - 2)25TQ5E (ng4+2<A>I<X§2+2(A> < p2— 2))
+tr(Q®)H,, 1o (p2 —2; A) + JTQ5HP2+4 (pg -2 A).

SM 4 S S
From Theorem 2, when By = 0, the risks of estimators ﬂ? M, ﬁ?PT7 ﬁ? . and B?P
are reduced to common value tr(QB',) +ut, ,Quy; 5 , the risk of B?FM If By # 0,

the results can be summarized as follows:

~RFM ~RSM
1. The risk of 3,  remains constant while the risk of 3,  is an unbounded

function of A since A € [0, 00).

. ARPT . . .
2. The risk of 3,  increases as A moves away from zero, achieves it maximum

and then decreases towards the risk of the full model estimator.

3. The risk of B?FM is smaller than the risk of B?PT for small values in the neigh-

~RPT ~ARFM

borhood of A and for the rest of the parameter space, 3,  outperforms ﬂl ,
~RFM ARPT
thus, R [ﬁl } [ﬁl }
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~RSE ~RFM ~RSE
4. Comparing the risks of 8, and B8, , it can be seen that the estimator 3,

outperforms B?FM that is, R[B?SE] < R[B?FM} for all A > 0.

4.4 Simulation Studies

In this section, we conduct a simulation study to assess the performance of the sug-
gested estimators under consideration. The criterion for comparing the performance
of any estimator in our study is the mean square error. We simulate the response
from the following LMM model

Y, =XiB+Z;a; + €,

where €; ~ N(0,0%1,,) with 02 = 1. We generate random effect covariate a; from a
multivariate normal distribution with zero mean and covariance matrix G = 0.5y,
where I5y5 is 2x 2 identity matrix. The design matrix X; = (X1, .. ., X;n,)’ is generated
from a m;-multivariate normal distribution with mean vector and covariance matrix
Y. Furthermore, we consider the off-diagonal elements of the covariance matrix X,
are equal to p, which is the coefficient of correlation between any two predictors,
with p = 0.3,0.7,0.9. The ratio of the largest eigenvalue to the smallest eigenvalue of
matrix X V~!'X is calculated as a condition number index (CNI; Besley, 1991) which
assess the existence of multicollinearity in the design matrix. If the condition number
is larger than 30, then the model have significant multicollinearity. Our simulations
are based on the linear mixed effects model in (1) with n = 60 and 100 subjects.

We consider a situation when the model is assumed to be sparse. In this study
our interest lies in testing the hypothesis H, : 3, = 0, and our goal is to estimate the
fixed effect coefficient (3;. We partition the fixed effects coefficients as 3 = (3], 35) =
(81,0,,)". The coefficients 3, and B3, are p; and p, dimensional vectors respectively,
with p = p1 + pa.

In order to investigate the behavior of the estimators, we define A* = ||8 — 3,||,
where B, = (8{,0,,)" and ||.|| is the euclidean norm. We considered A values
between 0 and 4. If A* = 0, then we will have 3 = (1,1,1,1,0,0,...,0)T to generate

AR

p2
the response under null hypothesis. On the other hand, when A* > 0, say A = 4,
we will have 3 = (1,1,1,1,4,0,0,...,0)T to generate the response under the local
——

p2—1
alternative hypothesis. In our simulation study, we consider the number of fixed
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effect or predictor variables: (p1,p2) € {(5,40), (5,500), (5,1000)}. Each realization is
repeated 5000 times to obtain consistent results and compute the MSE of suggested
estimators with a = 0.05.

Based on the simulated data, we calculate the mean square error (MSE) of all

~

the estimators as MSE(8) = = S0003 — BY(B — ), where B denotes any one

7=1
of BRSM BRPT ZRSE and ARPS in the jth repetition. We use the relative mean
squared efficiency (RMSE), or the ratio of MSE for risk performance comparison.

Ak AP{FI\/I
The RMSE of an estimator 3 with respect to the baseline estimator 3,  is defined

~RFM
A - MSE
as RMSE(,@?FM 1 By) = (—ﬁ{*), where 37 is one of the suggested estimators
MSE(8,)

under consideration.

4.4.1 Simulation results

In this subsection, we present the results from our simulation study. We report the
results for n = 60, 100 and p; = 5 with different values of p are shown in Table 4.1.
Furthermore, we plot the RMSEs against A* for easier comparison in Figures 4.1 and

4.2. The findings can be summarized as follows:

1. When A* = 0, the sub-model RSM outperforms all other estimators. As A* =0

moves from zero, the RMSE of the sub-model decreases and goes to zero.

2. The pretest ridge estimator RPT outperforms shrinkage ridge and positive Stein
ridge estimators in the case of A* = 0. However, for large p, values while keeping
p1 and n fixed, RPT is less efficient than RPS and RSE. In the case of A* being
larger than zero, the RMSE of RPT decreases, and it remains below 1 for
immediate values of A*, after that the RMSE of RPT increases and approaches

one for larger values of A*.

3. RPS performs better than RSE in the entire parameter space induced by A* as
presented in Table 4.1 and 4.2. Similarly, both shrinkage estimators RPS and
RSE outperforms the full ridge model estimator irrespective of the corrected
sub-model selected. This is consistent with the asymptotic theory presented in

Section 3.

4. A* which measures the degree of deviation from the assumption 1 on the pa-

rameter space, it is clear that one cannot go wrong with the use of shrinkage
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estimators even if the selected sub-model is wrongly specified. As evident from
Tables 4.1 & 4.2, Figures 4.1 & 4.2, if the selected sub-model is correct, that is
A* = 0 then the shrinkage estimators are relatively efficient compared with the
ridge full model estimator. On the other hand, if the sub-model is misspecified,
the gain slowly diminishes. However, in terms of risk, the shrinkage estimators
are at least good as the full ridge model estimator. Therefore the use of shrink-
age estimators make sense in real-life application when a sub-model cannot be

correctly specified.

The RMSE of the ridge-type estimators are an increasing function of the amount
of multicollinearity. This indicates the ridge-type estimators perform better
than classical estimator in the presence of multicollinearity among predictor

variables.

4.4.2 Comparison with Lasso-type estimators

We compare our listed estimators with penalty estimators namely Lasso and adap-

tive Lasso. A 10-fold cross-validation is used for selecting the optimal value of the

penalty parameters that minimizes the mean square errors for the Lasso and adap-
tive Lasso estimators. The results for p = 0.3,0.7,0.9, n = 60,100, p; = 10 and
p2 = 50,500, 5000, 1000 are presented in Table 4.3. We observe the following from
Table 4.3.

1.

2.

The performance of the sub-model estimator is the best among all estimators.

The pretest ridge estimator performs better than the other estimators. However,
for larger values of p, the shrinkage ridge estimators outperforms the pretest

estimator.

The performance of the Lasso and al.asso estimators are comparable when p is

small. The pretest and shrinkage estimators remain stable for a given value of

p.

For large values of ps, the shrinkage and pretest estimators outperforms the
lasso-type estimators. This indicates the superiority of the shrinkage estimators
over /1 penalty estimators. Therefore shrinkage estimators are preferable when

there is multicollinearity in our predictor variables.
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Figure 4.1: RMSE of estimators as a function of the non-centrality parameter A when

n=60, and p; = 5.
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Figure 4.2: RMSE of estimators as a function of the non-centrality parameter A when

n=100, and p; = 5.
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Table 4.1: RMSEs of RSM, RPT, RSE, and RPS estimators with respect to BRFM
when A > 0 for p; = 5 and n = 60.

p po A CNT RSM RPT RSE RPS
03 50 0 361 261 207 194 1.96
1 1.05 1.07 1.20 1.25

2 025 095 1.04 1.05

3 0.12 098 0.99 1.00

4 0.08 1.00 1.00 1.00

500 0 613 448 329 348 1.96
1 1.26  1.12 1.26 1.29

2 0.41 097 1.08 1.09

3 0.18 0.99 1.00 1.00

4 0.13 1.00 1.00 1.00
1000 0 693 536 4.53 4.67 4.71
1 1.53 121 1.35 1.39

2 049 1.01 113 1.14

3 028 099 099 0.99

4 0.10 1.00 1.00 1.00

0.7 50 0 1352 3.18 233 217 2.18
1 1.04 1.11 1.20 1.23

2 0.42 1.03 1.04 1.04

3 0.23 098 0.99 1.00

4 0.14 1.00 1.00 1.00

500 0 1789 448 2776 294 3.02
1 1.08 143 1.52 1.53

2 0.67 1.03 1.07 1.06

3 0.35 098 1.00 1.00

4 0.19 1.00 1.00 1.00
1000 0 2134 6.82 524 5.30 3.02
1 1.16  1.32 142 1.53

2 0.75 1.10 1.15 1.16

3 039 099 1.00 1.00

4 0.11  1.00 1.00 1.00
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Table 4.2: RMSEs of RSM, RPT, RSE, and RPS estimators with respect to BRFM

when A > 0 for p; = 5, and n = 100.

p po A CNT RSM RPT RSE RPS
03 50 0 150 238 2.09 188 1.90
1 0.89 1.01 1.05 1.08

2 021 094 101 1.02

3 0.06 094 099 1.00

4 0.02 1.00 1.00 1.00

500 0 340 4.15 265 299 3.17
1 0.87 1.08 1.18 1.21

2 0.14 096 1.03 1.05

3 0.06 099 0.99 1.00

4 0.03 1.00 1.00 1.00
1000 0 536 430 275 3.02 3.08
1 096 1.09 1.13 1.15

2 021 0.8 1.03 1.03

3 0.09 1.00 1.00 1.00

4 0.04 1.00 1.00 1.00

0.7 50 0 997 327 215 209 211
1 0.85 1.02 1.09 1.10

2 0.21 098 1.02 1.02

3 0.06 099 0.99 0.99

4 0.01 1.00 1.00 1.00

500 0 1589 4.13 222 235 2.39
1 1.04 119 1.21 1.20

2 0.30 097 1.05 1.05

3 0.14 1.00 1.00 1.00

4 0.08 1.00 1.00 1.00
1000 0 1751 5.17 3.71 4.03 4.09
1 1.01  1.15 1.24 1.25

2 039 1.04 1.07 1.06

3 0.16 0.99 1.00 1.00

4 0.11  1.00 1.00 1.00




Table 4.3: RMSEs of estimators with respect to 8™ when A = 0 for p; = 10.

n P D2 CNT RSM RPT RSE RPS LASSO aLASSO

60 0.3 50 35.64 331 225 1.82 195 1.23 1.28
500 45276 413 3.71 261 3.01 1.47 1.52

1000 1265.34 5.02 4.28 4.61 4.78 1.96 2.15

2000 4567.56 7.13 5.10 6.18 6.39 2.70 3.06

0.7 50 61.34  3.52 3.06 251 255 1.14 1.21
500  743.17 449 3.65 341 3.50 1.36 1.58

1000 2350.89 5.84 4.11 432 461 1.68 1.95

2000 6908.39 8.10 531 6.24 6.29 1.84 2.02

09 50 120.21 421 3.61 3.34 3.35 1.10 1.05
500 95098 4.82 338 3.72 3.73 1.21 1.16

1000 5892.51 6.35 4.10 5.01 5.13 1.42 1.31

2000 8352.73 851 4.63 524 5.38 1.61 1.35

100 0.3 50 31.21 291 254 212 223 1.32 1.36
500 356.64 3.75 331 284 292 1.54 1.61

1000 97532  4.25 253 342 3.61 1.92 2.06

2000 2764.84 5.61 425 491 5.08 2.31 2.46

0.7 50 52.79  3.18 261 230 237 1.28 1.53

500 57843 428 3.05 3.52 3.59 1.46 2.07
1000 1281.66 5.10 3.26 3.78 3.82 1.84 2.52

2000 3498.30 6.12 3.01 426 4.33 2.27 241
0.9 50 79.41 411 341 3.21 3.28 1.28 1.21
500  681.43 435 3.55 341 3.50 1.43 1.51
1000 1470.32 5.82 3.18 4.01 4.14 1.72 1.79

2000 4105.90 7.04 457 522 5.32 1.87 1.96
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4.5 Real data application

We consider two real data analyses using Amsterdam Growth and Health Data and a
genetic and brain network connectivity edge weight data to illustrate the performance

of the proposed estimators.

4.5.1 Amsterdam Growth and Health Data (AGHD)

The AGHD data is obtained from the Amsterdam Growth and Health Study (Kemper,
1995). The goal of this study was to investigate the relationship between lifestyle and
health in adolescence into young adulthood. The response variable Y is the total
serum cholesterol measured over six time points. There are five covariates: X is the
baseline fitness level measured as the maximum oxygen uptake on a treadmill, X5 is
the amount of body fat estimated by the sum of the thickness of four skinfolds, X3 is
a smoking indicator (0=no, 1=yes), X, is the gender (1=female, 2=male), and time
measurement as Xs.

A total of 147 subjects participated in the study where all variables were measured
at n; = 6 time occasions. In order to apply the proposed methods, we use a two step
approach since we have no uncertain prior information (UPI) owing to acquaintance
with the data.

Firstly, we apply a variable selection based on AIC procedure to select the sub-
model. For the AGHD data, we fit a linear mixed model with all the five covari-
ates for both fixed and random effects by two stage selection procedure for the pur-
pose of choosing both the random and fixed effects. The analysis found X, and
X5 to be significant covariates for prediction of the response variable serum chole-
strol and the other variables is ignored since they are not significantly important.
Based on this information, a submodel is chosen to be X5 and X5 and the full model
includes all the covariates. We construct the shrinkage estimators from the full-
model and sub-model. In terms of null hypothesis, the restriction can be written as
By = (B, 85, B1) = (0,0,0) with p =5, p; =2 and py = 3.

To evaluate the performance of the estimators, we obtain the mean square predic-
tion error (MSPE) using bootstrap samples. We draw 1000 bootstrap samples of the
147 subjects from the data matrix {(Y;;,X;;),7 = 1,2,...,147;5 = 1,2,...,6}. We
then calculate the relative prediction error (RPE) of 8% with respect to B7F™, the
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full model estimator. The RPE is defined as

REM . gey _ MSPE(BT™) (Y = X8 (Y - Xu81™™)
RPEGTT ) = NspR(a) (Y - XA (Y X

where 3} is one of the listed estimators. If RPE > 1, then 8% outperforms B3 ™.
Table 4.4 reports the estimates, standard error of the active predictors and RPEs
of the estimators with respect to the full model. As expected, the sub-model estimator
B M has the maximum RPE because it’s computed when the sub-model is correct
that is, A* = 0. It is evident by the RPE values in Table 4.4 that the shrinkage
estimators are superior to the penalty estimators (Lasso and al.asso). Furthermore,

the positive shrinkage is efficient than the shrinkage estimator.

Table 4.4: Estimate, standard error for the active predictors and RPEs of estimators
with respect to full-model estimator for the Amsterdam Growth and Health Study
data.

RFM RSM RPT RSE RPS LASSO aLASSO
Estimate(f8 )  0.381 0.395 0.392 0.389 0.390 0.624 0.611
Standard error 0.104 0.102 0.100 0.009 0.008 0.081 0.079
Estimate (f5) 0.137 0.125 0.131 0.130 0.133  0.101 0.105
Standard error 0.012 0.010 0.009 0.011 0.010 0.013 0.012
RPE 1.000 1.683 1.355 1.337 1.349 1.109 1.126

4.5.2 Resting-State Effective Brain Connectivity and Genetic
data

This data comprises longitudinal resting-state functional magnetic resonance imag-
ing (rs-fMRI) effective brain connectivity network and genetic data obtained from a
sample of 111 subjects with a total of 319 rs-fMRI scans from the Alzheimers Disease
Neuroimaging Initiative (ADNI) database. The 111 subjects comprise 36 cognitively
normal (CN), 63 mild cognitive impairment (MCI) and 12 Alzheimer’s Disease (AD)
subjects. The response is a network connection between regions of interest estimated
from an rs-fMRI scan within the default mode network, and we observe a longitudinal
sequence of such connections for each subject with the number of repeated measure-
ments. For this data analysis, we consider the network edge weight from the left

intraparietal cortex to posterior cingulate cortex (LIPC — PCC) as our response.
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The genetic data are single nucleotide polymorphism (SNPs) from non-sex chromo-
somes, i.e., chromosome 1 to chromosome 22. SNPs with minor allele frequency less
than 5% are removed as are SNPs with a Hardy-Weinberg equilibrium p-value lower
than 1075 or a missing rate greater than 5%. After preprocessing we are left with
1,220,955 SNPs and the longitudinal rs-fMRI effective connectivity network using the
111 subjects with rs-fMRI data.

In order to apply the proposed methods, we use genome- wide association study
(GWAS) for screening the genetic data to reduce the number of SNPs to 100. We
implement a second screening through multinomial regression to reduce the dimension
to obtain a sub-model. This is done by applying a multinomial logistic regression to
identify a much smaller subset of SNPs and this yields a subset of the top 10 SNPs.
This showed the top 10 SNPs are the most important predictors and the other 90
SNPs are ignored as not significant. We now have two model which are the full model
with all 100 SNPs and submodel with 10 SNPs selected. Finally, we construct the
pretest and shrinkage techniques from the full-model and submodel.

We draw 1000 bootstrap samples with replacement from the corresponding data
matrix {(Y;;,X;;),¢ = 1,...,111;j = 1,...,n;}. We report the RPE based on (5)
of the estimators based on the bootstrap simulation with respect to the full model
ridge estimator in Table 4.5 . We observe that the RPE of the sub-model, pretest,
shrinkage and positive shrinkage ridge estimators outperforms the full model estima-
tor. Clearly, the sub-model estimator has the maximum RPE since it’s computed
when the candidate sub-model is correct, i.e., A = 0. Both shrinkage estimators out-
perform the pretest estimator. Particularly, the postive shrinkage performed better
than the shrinkage estimator. The performance of both ridge shrinkage and pretest
estimators is better than the ¢; (Lasso and adaptive Lasso) estimators. Thus, the

data analysis is in line with our simulation and theoretical findings.

Table 4.5: RPEs of estimators for submodel.

RFM RSM RPT RSE RPS LASSO aLASSO
RPE 1.000 1.521 1.386 1.426 1.473 0.983 0.990
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4.6 Discussion

In this paper, we present efficient estimation strategies for the LMM for a longitudinal
data when the model is sparse. We considered the sparse estimation of fixed effects
parameters in linear mixed model when some of the predictors may have a very weak
influence on the response of interest. We introduced pretest and shrinkage estimation
in our model using the ridge estimation as the reference estimator when predictors are
correlated. In addition, we established the asymptotic properties of the pretest and
shrinkage ridge estimators. Our theoretical findings demonstrate that shrinkage ridge
estimators outperform the ridge full model estimator and perform relatively better
than the sub-model estimator in a wide range of the parameter space.

Additionally, a Monte Carlo simulation was conducted to investigate and assess
the behavior of proposed estimators when a selected sub-model is the true model or
not. As expected, the sub-model ridge estimator outshines shrinkage and penalty
when the selected sub-model is true. However, when this assumption is violated, the
shrinkage and pretest ridge estimators outperform the sub-model. Furthermore, when
the number of sparse predictors are extremely large relative to the sample size , the
shrinkage estimators outperform the pretest ridge estimator. These numerical results
are consistent with our asymptotic results.

We also assess the relative performance of Lasso-type estimators with our ridge-
type estimators. We observe that the performance of pretest and shrinkage ridge
estimators are superior to the Lasso-type estimators when predictors are highly cor-
related. Application of the estimation techniques is applied to the analysis of real
datasets where the shrinkage ridge estimators are superior.

The real data and simulation study confirms the dominance of shrinkage estima-
tors over the Lasso-type estimators for moderate to large numbers of sparse predictors.
The numerical studies indicate that our pretest and shrinkage estimation strategy im-
proved the estimation performance of selected sub-models. In summary, the results of
these data analyses strongly corroborate the findings of the simulation study and sug-
gest the use of the shrinkage estimation strategy when no uncertain prior information
(UPI) is available about the parameter subspace.

In our future work, we will focus on other penalty estimators like the Elastic-Net,
the minimax concave penalty (MCP), and the smoothly clipped absolute deviation
method (SCAD) as estimation strategy in LMM for the longitudinal data. These esti-

mators will be assessed and compared with the ridge estimators. Another interesting
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extension will be integrating two sub-models by incorporating pretest and shrinkage
estimation strategies in high dimensional sparse mixed effect models. The goal is to
improve the estimation accuracy of the active set of the fixed effects parameters by
combining an over-fitted model estimator with an under-fitted one (Ahmed et al.,
2016; Ahmed and Yiizbasi, 2017).
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Chapter 5

Spectral Dynamic Causal
Modelling of Resting-State fMRI:
An Exploratory Study Relating
Effective Brain Connectivity in the
Default Mode Network to Genetics

5.1 Introduction

Alzheimer’s Disease (AD) is a neurodegenerative disorder characterized by cognitive
decline and progressive dementia and is thought to be caused by aberrant connec-
tions between cerebral regions involved in cognitive functioning (Li et al., 2013).
Imaging genetics is an important area of scientific investigation in the search for ge-
netic biomarkers of neurodegenerative disease, and in increasing our understanding
of the genetic basis of brain structure and function in health and disease.

The development of analytical methods for the joint analysis of neuroimaging
phenotypes and genetic data is an important area of statistical research with many
challenges. Recent reviews are provided in Liu and Calhoun (2014) and Nathoo et
al. (2019). A great deal of work in imaging genetics has focussed on methods and
analysis for examining the relationship between brain structure and genetics (see e.g.,
Stein et al., 2010; Hibar et al., 2011; Ge et al., 2012; Zhu et al., 2014; Greenlaw et
al., 2017; Szefer et al., 2017; Lu et al., 2017; Song et al., 2019). Thompson et al.
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(2013) give an extensive overview of methods for the analysis of genetic data and
brain connectivity with a broad focus on both diffusion tensor imaging (DTI) and
fMRI data. These authors discuss the heritability of both structural and functional
brain connectivity. Methods for the analysis of brain connectivity with an emphasis
on structural connectomes is discussed in Zhang et al. (2018, 2019).

Our focus in this study is in exploring potential associations between brain con-
nectivity and genetics within the context of Alzheimer’s disease and mild cognitive
impairment. Effective brain connectivity and causal inference is discussed in Lindquist
and Sobel (2016), and functional connectivity analysis for fMRI data is reviewed in
Cribben and Fiecas (2016). Patel et al. (2006) and Chen et al. (2016) develop
Bayesian approaches for modelling brain connectivity and Bowman et al. (2012)
consider the analysis of fMRI functional connectivity using a multimodal approach.
Here, effective connectivity refers to a directed measure of dependence from one brain
region to another (see, e.g., Friston, 1994), while functional connectivity refers to the
correlation between measured time series over different locations.

We conduct an analysis examining the relationship between genetics and effective
brain connectivity as measured by rs-fMRI within the default mode network (DMN).
The DMN consists of a set of brain regions that tend to be active in resting-state,
when a subject is mind wandering with no intended task. In this state DMN re-
gions will exhibit low frequency signals that tend to couple together. We consider
networks comprised of four (DMN4 - 16 connections) and subsequently six (DMNG6 -
36 connections) core regions of the DMN. The DMN4 analyses are based on network
nodes located at the medial prefrontal cortex (MPFC), the posterior cingulate cortex
(PCC), the left and right intraparietal cortex (LIPC and RIPC) with the Montreal
Neurological Institute (MNI) locations for these regions depicted in Figure 5.1. The
DMNG6 analyses are based on six regions whose MNI locations are specified in Table
5.1. The regions we consider in DMN4 are a subset of the regions considered in DMNG6
which, in addition to the original four regions, have added the left inferior temporal
region (LIT) and right inferior temporal region (RIT).

Our analyses involve examining effective connectivity networks from rs-fMRI data
using Dynamic Causal Modeling (DCM; Li et al., 2011; Friston et al., 2003; Friston
et al., 2014; Razi et al., 2015; Friston et al., 2017), a nonlinear state-space framework
for inferring interaction between latent neuronal states. We apply DCM to rs-fMRI
using the SPM12 (v7219) software (Penny et al., 2011). Resting-state {MRI data are

examined with the goal of investigating the potential interaction between different



98

Figure 5.1: The locations of the four regions within the default mode network (DMN)
examined in our DMN4 study: the medial prefrontal cortex (MPFC), the posterior
cingulate cortex (PCC), the left and right intraparietal cortex (LIPC and RIPC) with
MNTI coordinates MPFC (3, 54, -2), the PCC (0, -52, 26), LIPC (-50, -63, 32) and
RIPC (48, -69, 35).

areas of the brain and to explore the potential association between this neuronal
interaction in four (DMN4) and then eight (DMNG6) core regions of the DMN and
SNPs that are contained in a disease-constrained set. The DCM framework leads to
directed networks and these networks are related to genetic data using longitudinal
rs-fMRI analysis. Previous literature focussing on AD has found alterations to both
effective and functional resting-state connectivity in the DMN (see e.g., Wu et al.,
2011; Yan et al., 2013; Luo et al., 2018). Zhong et al. (2014) conduct an rs-fMRI
study and demonstrate changes in directed functional connectivity in the DMN for
subjects with AD, while Dipasquale et al. (2015) apply high-dimensional independent
component analysis (ICA) to an rs-fMRI study and demonstrate changes in functional
connectivity in subjects with AD.

Our specific choice of regions which represent the nodes of the network is mo-
tivated by existing literature examining connectivity in the DMN and establishing
the heritability of effective connectivity for networks based on these regions. These
regions are a subset of the DMN regions considered in the rs-fMRI study of Wu et
al., (2011), which demonstrated altered DMN functional and effective connectivity
in AD, and for DMN4 they are the same regions considered in the rs-fMRI study
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DMN Region MNI Coordinate
1 | Posterior cingulate (PCC) 0, -52, 26
2 | Medial Prefrontal (MPFC) 3, 54, -2
3 | Left intraparietal cortex (LIPC)  -50, -63, 32
4 | Right intraparietal cortex (RIPC) 48, -69, 35
5 | Left inferior temporal (LIT) -61, -24, -9
6 | Right inferior temporal (RIT) 58, -24, -9

Table 5.1: The MNI coordinates associated with the regions of interest in our study.
The first four rows correspond to the network DMN4 while DMNG6 corresponds to all
eight rows.

of Sharaev et al. (2016), which investigated internal DMN relationships. Xu et al.
(2017) examine effective connectivity in these four regions of the DMN using DCM
and structural equation modelling in a twin study based on a sample of n = 46 pairs
of twins with rs-fMRI. These authors find evidence for the heritability of effective
connectivity in this network. We note that this study uses stochastic DCM rather
than spectral DCM and the two approaches are not equivalent. They estimate the
heritability of DMN effective connectivity in these regions to be 0.54 (that is, the
proportion of variability in DMN effective connectivity that can be attributed to ge-
netics is 0.54). Their study provides evidence that there are genes involved in DMN
effective connectivity for the network nodes depicted in Figure 1. This work paves the
way for our study of relationships between effective connectivity and genetic markers
in the same network.

Glahn et al. (2010) use an extended pedigree design and rs-fMRI to examine
genetic influence on functional connectivity within the DMN. Their study estimates
the heritability of DMN functional connectivity to be 0.424 + 0.17. That is to say,
these authors estimate the proportion of variability of DMN functional connectivity
that can be attributed to genetics to be 0.42 £ 0.17. This estimate is within error
bounds of the heritability estimate of 0.54 obtained by Xu et al. (2017) for DMN
effective connectivity. Importantly, Glahn et al. (2010) also suggest that the genetic
factors that influence DMN functional connectivity and the genetic factors that in-
fluence gray matter density in these regions seem to be distinct. This result then
motivates the search for genetic markers associated with DMN connectivity. Stingo
et al. (2013) focus on relating brain connectivity to genetics and develop a Bayesian
hierarchical mixture model for studies involving fMRI data. The mixture compo-

nents of the proposed model correspond to the classification of the study subjects
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into subgroups, and the allocation of subjects to these mixture components is linked
to genetic covariates with regression parameters assigned spike-and-slab priors.

Our strategy for data analysis proceeds as follows. We view both disease and rs-
fMRI as measures of the brain and our fundamental interest is to relate these measures
of the brain to genetics. The former is a coarse measure with three categories while
the latter is a far a more detailed measure allowing for the investigation of statistical
dependencies in the temporal rs-fMRI signal at different regions.

We use an out-of-sample genome-wide scan of disease to select a priority subset
of SNPs and this serves as a constraint on the SNPs that we relate to effective
brain connectivity in subsequent analysis. We relate effective brain connectivity as
characterized through spectral DCM to the empirical disease-constrained subset of
genetic variables using longitudinal analyses based on both linear mixed effect (LME)
models and function-on-scalar (FSR) regression (Morris, 2015). When testing for
SNP effects in both models we compare p-values obtained from standard asymptotic

distributions to those obtained from the parametric bootstrap.

5.2 Data and Preprocessing

Data used in the preparation of this article were obtained from the Alzheimer’s
Disease Neuroimaging Initiative (ADNI) database (adni.loni.usc.edu). The ADNI
was launched in 2003 as a public-private partnership, led by Principal Investigator
Michael W. Weiner, MD. The primary goal of ADNI has been to test whether se-
rial magnetic resonance imaging (MRI), positron emission tomography (PET), other
biological markers, and clinical and neuropsychological assessment can be combined
to measure the progression of mild cognitive impairment (MCI) and early AD. For
up-to-date information, see www.adni-info.org. ADNI is an ongoing, longitudi-
nal, multicenter study designed to develop clinical, imaging, genetic, and biochemical
biomarkers for the early detection and tracking of AD.

The selection criteria for our sample is as follows. We first begin with ADNI2
subjects (1437 at this stage) and consider those subjects with genome-wide data (774
left at this stage) and also with at least one resting-state fMRI scan at 3 Tesla (111).
This leads to 111 subjects comprising 36 cognitively normal (CN), 63 MCI and 12
AD subjects, with these subjects having a mean age of 73.8 years with the range
being 56.3-95.6 years, 46 of these subjects being male, 5 being left-handed, and with

education measured in years ranging from 11 to 20.
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Table 5.2 presents several summary statistics associated with our sample, includ-
ing a summary on the Apolipoprotein E (APOE) gene. The APOE gene is a known
genetic determinant of AD risk and individuals carrying the e4 allele are at an in-
creased risk of AD (see, e.g., Liu et al. 2013). Table 5.2 summarizes the number of
APOE €4 alleles for the subjects in each disease category. In line with expectations
from the literature (Genin et al., 2011), a signal from the APOE gene is present in
the data (p-value = 0.0045; Fisher’s Exact Test) with the AD group having a higher
percentage of subjects with at least one e4 allele. In fact, the data summaries in
Table 5.2 indicate that all but one of the AD subjects have at least one €4 allele of
the APOE gene.

Table 5.2: Distribution of demographic variables (obtained at the baseline visit) across
disease groups within our sample of 111 subjects. The p-values in the final column
are based on a one-way ANOVA for continuous variables and a Fisher’s exact test for
categorical variables.

AD MCI CN p-value
n 12 63 36
GENDER (% of group) Female 8 (66.7) 34 (54.0) 23 (63.9) 0.6402
Male 4 (33.3) 29 (46.0) 13 (36.1)
HAND (% of group) Left 1(8.3) 2(3.2) 2 (5.6) 0.5036
Right 11 (91.7) 61 (96.8) 34 (94.4)
Age - mean (sd) 75.82 (7.01) 72.70 (7.66) 75.35 (6.73) 0.15
EDUCATION - mean (sd) 16.33 (2.53) 16.06 (2.66) 16.19 (2.14) 0.929
APOE €4 Alleles (% of group) Zero 1(8.3) 35 (55.6) 24 (66.6) 0.0045
One 9 (75.0) 22 (34.9) 11 (30.6)
Two 2 (16.7) 6 (9.5) 1(2.8)

Diagnostic classification of AD participants was made by ADNI investigators ac-
cording to diagnostic criteria for probable AD established by the National Institute of
Neurological and Communicative Disorders and Stroke and the Alzheimer’s Disease
Related Disorders Association (NINCDS-ADRA; McKhann et al., 1984). Participants
in the AD cohort also exhibited abnormal memory function on the Logical Memory II
subscale of the revised Wechsler Memory Scale (WMS 11, < 8 for 16 years education
and above), a Mini Mental State Exam (MMSE) between 20 and 26 (inclusive), and
a Clinical Dementia Rating of 0.5 (very mild) or 1 (mild). All control participants
were free of memory complaints and deemed cognitively normal based on clinical

assessments by the site physician showing an absence of significant impairment in



102

cognitive functioning and performance of daily activities. Participants in the control
cohort also exhibited normal memory function on the Logical Memory II subscale of
the revised WMS (WMS 11, < 9 for 16 years of education and above), a MMSE score
between 24 and 30 (inclusive), and a Clinical Dementia Rating of 0.

As described in Bondi et al. (2014), the ADNI criteria for MCI are: 1) subjective
memory complaints reported by themselves, study partuner, or clinician; 2) objective
memory loss defined as scoring below an education-adjusted cut-off score on delayed
recall of Story A of the WMS-R Logical Memory Test (score =8 for those with =16
years of education; score =4 for those with 8-15 years of education; score =2 for those
with 0-7 years of education); 3) global CDR score of 0.5; and 4) general cognitive and
functional performance sufficiently preserved such that a diagnosis of dementia could
not be made by the site physician at the time of screening.

Our analysis examines longitudinal rs-fMRI data from 111 subjects with repeated
measurements resulting in a total of 424 rs-fMRI scans to begin with. Each scan leads
to a network which has an associated follow-up time. As the longitudinal data in this
study are quite sparse, we apply the Principal Analysis by Conditional Expectation
(PACE; Muller, 2008) method which focuses on recovering the entire continuous-time
temporal trajectory of the network edge parameters. As a result of the sparsity of
the longitudinal data, it is necessary to borrow information across subjects to recover
the temporal trend of the network edge parameters for individual subjects. Doing
so requires us to restrict the temporal trajectory within a time window (of length
500 days) covering all subjects. The proportion of subjects with scans outside of the
500 day window is not sufficient to recover the temporal trajectory outside of the
window, and thus we restrict our analysis to the 319 rs-fMRI scans falling within it.
The advantage of doing this is that we are able to use the function-on-scalar regression
model where the response is the temporal profile of the network edge parameters.

The function-on-scalar regression model considers the association of the temporal
trend of the network edge parameters with genetic variables, while the linear mixed
effects model only focuses on the association of the network edge parameters with the
genetic variables. The mixed-effects model simply treats the network edge parameters
at multiple time points as repeated measurements and accounts for clustering, which
ignores the time order and trend of the network edge parameters. We view this as
a key aspect of the longitudinal data. Therefore, the function-on-scalar model may
be able to find a stronger association between the network edge parameters with

genetics as it accounts explicitly for time ordering (and not just clustering) in the
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network response. Thus after preprocessing the data in this way we are left with 319
scans obtained from 111 subjects for the longitudinal analysis.

MRI for these subjects are collected at 3 Tesla (3T). MRI data are downloaded
with permission from the ADNI. All images were acquired on 3T Philips MRI scanners
across 10 North American acquisitions sites according to the standardized ADNI
protocol. Whole-brain anatomical MRI scans were acquired sagittally, with a T1-
weighted magnetization-prepared rapid acquisition with gradient echo (MPRAGE)
sequence, with the following parameters: 1.2 mm slice thickness, 256 by 256 by 170
acquisition matrix, echo time (TE) of 3 ms, in-plane voxel dimension of 1 mm?
repetition time (TR) of 7 ms, and flip angle of 9 degrees. Functional MRI scans
were obtained during resting-state; participants were instructed to lay quietly in the
scanner with their eyes open. Resting state fMRI scans were obtained with a T2%*-
weighted echo-planar imaging sequence with the following parameters: 140 volumes,
64 by 64 by 48 acquisition matrix (voxel size = 3.3 mm?), TE of 30 ms, TR of 3000
ms, and flip angle of 80 degrees.

The freely available software package PLINK (Purcell et.al., 2007) is used for
genomic quality control and preprocessing. The genetic data are SNPs from non-
sex chromosomes, i.e., chromosome 1 to chromosome 22. SNPs with minor allele
frequency less than 5% are removed as are SNPs with a Hardy-Weinberg equilibrium
p-value lower than 107% or a missing rate greater than 5%. After preprocessing we are
left with 1,220,955 SNPs for each of 111 subjects for relating genetic data to effective
connectivity and 1,220,955 SNPs for each of an additional 663 subjects for selecting

a disease-constrained subset of SNPs.

5.2.1 rs-fMRI Data Preprocessing and Network Estimation

The fMRI and anatomical data are pre-processed using a combination of the FSL
software (available at http://fsl.fmrib.ox.ac.uk/fsl/fslwiki/) and the SPM12
software (available at http://www.l.ion.ucl.ac.uk/spm/software/spm12/). Non-
brain tissue in the raw T1 images is removed using the automated Brain Extraction
Tool (Smith, 2002), followed by manual verification and optimization for each sub-
ject. Blood-Oxygen-Level Dependent (BOLD) image data preprocessing is performed
in FSL’s FEAT as follows: each functional image is motion corrected and registered
to their high-resolution T1 structural image that is linearly registered to standard

stereotaxic space using a 12 degree-of-freedom transformation. A non-linear registra-



104

tion of the structural image to standard stereotactic space is also applied to account
for potential local deformations in brains of the patient group. Each subject’s imag-
ing data are normalized to a standardized space defined by an MNI template brain.
We conducted manual checking for correct normalization of every image.

Given a set of R brain regions of interest, DCM in the case of fMRI models the
haemodynamic response over these regions through a nonlinear state-space formula-
tion with a model allowing for interaction between regions and with model parameters
that characterize effective connectivity and, when relevant, how this connectivity is
modulated by experimental inputs. In the case of resting-state fMRI with no experi-

mental inputs, the model can be expressed as (see, Razi et al., 2017)

(5.1)

where x(t) = (z1(t),...,xg(t)) are latent variables used to represent the states of
neuronal populations at some time ¢ and &(t) is a time-derivative defining a differential
equation approximating neuronal dynamics, with the R x R matrix A approximating
effective connectivity to first-order; h(x(t),0) is a nonlinear mapping from hidden
neuronal states to the predicted haemodynamic response also depending on param-
eters 0 (see, e.g., Friston, 2007, for details on the form of this nonlinear mapping);
y(t) = (v1(t), ..., yr(t)) with y;(t) being a summary of the response obtained from all
voxels within region j; v(t) and e(t) represent neuronal state noise and measurement
noise respectively.

For resting-state fMRI, the DCM can be fit in the time-domain using Bayesian
filtering based on a mean-field variational Bayes approximation (see, e.g., Li et al.,
2011) which involves inference on both model parameters and latent states. Alter-
natively, the model can be fit in the spectral domain using an approach known as
spectral DCM (Friston et al., 2014). The latter approach involves relating the theo-
retical cross spectra associated with the dynamic model to the sample cross spectra
in order to estimate parameters. Thus, it is somewhat akin to a method of moments
approach. More specifically, Friston et al. (2014) assume a parameterized power law
form for the spectral densities of the noise terms in the state-space model and then
express the empirical cross spectra as the sum of the theoretical cross spectra and
measurement error. This formulation then yields a likelihood for the observed cross

spectra statistic depending on the time-invariant parameters but not depending on
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the latent variables @ (t). This likelihood for the summary statistic is then combined
with a prior distribution for the model parameters and an approximation to the asso-
ciated posterior distribution for these parameters is obtained using variational Bayes.
Razi et al. (2015) report simulation results that demonstrate estimators obtained
from spectral DCM having higher accuracy (in the sense of mean-squared error) than
those obtained from stochastic DCM. In addition, the former has a higher compu-
tational efficiency since estimation of the latent states is not required. We use this
approach to estimate effective connectivity networks within the DMN.

The DMN includes the posterior cingulate cortex/precuneus (PCC), medial pre-
frontal cortex (MPFC), bilateral inferior parietal lobule (IPL), and other regions
including the inferior temporal gyrus. To estimate effective connectivity within the
regions of the DMN depicted in Figure 1 and Table 1, we use spectral DCM as im-
plemented in SPM12. Blood-oxygen-level-dependent (BOLD) time series from the
DMN regions of interest are obtained by extracting time series from all voxels within
an 8mm radius of the associated MNI coordinate, and then applying a principle com-
ponent analysis and extracting the first eigenvariate. For simplicity, the information
contained in the other eigenvariates is not considered in our analysis so that the re-
sult is a single representative time series for each region of interest. This procedure
is repeated to obtain a collection of four (DMN4) or six (DMNG6) time series for each
subject. An example of the resulting time-series data for a single subject over DMNG
is depicted in Figure 5.2.

A 16-parameter (DMN4) or 36-parameter (DMNG6) graph with weights represent-
ing effective connectivity between and within regions is then estimated for each sub-
ject. This graph is based on an estimate of the parameter A, an R x R non-symmetric
matrix, in equation (5.1) obtained from spectral DCM. We fit the DCM in SPM12
with the option of one state per region and with the model fit to the cross spectral
density (which corresponds to spectral DCM). The imaging preprocessing pipeline
is summarized in Figure 5.3. We note that slice-timing correction as implemented
in SPM12 is applied to all of the functional images. All slices of one volume are
interpolated in time to the reference slice (reference slice = 24 out of 48). Spatial
smoothing is performed in SPM12 where we convolve image volumes with a spatially
stationary Gaussian filter (i.e. a Gaussian kernel ) of 8 x 8 x 8 mm? full width half

max (FWHM).
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Figure 5.2: An example of the rs-fMRI data used to estimate the effective connectivity
network for a single subject from the six regions of interest (PCC, MPFC, LIPC,
RIPC, LIT, RIT).

5.3 Selection of the Disease-Constrained Set of SNPs

Beginning with the 1,220,955 SNPs discussed in Section 2, we conduct a genome-
wide association study (GWAS) with the goal of identifying a smaller subset of SNPs
that are potentially associated with disease (CN/MCI/AD). This subset serves as
a constraint in subsequent analysis examining effective brain connectivity and it is
selected out-of-sample. That is to say, the selection of the constrained SNP subset
does not involve the 111 subjects with rs-fMRI data but rather is obtained from taking
the original sample of 774 subjects having genome-wide data and removing those 111
subjects with rs-fMRI. The remaining 663 ADNI2 subjects have genome-wide data
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Figure 5.3: The neuroimaging data preprocessing pipeline used in our study. Slice-
timing correction as implemented in SPM12 is applied to all of the functional images.
All slices of one volume are interpolated in time to the reference slice (reference slice
= 24 out of 48). Spatial smoothing is performed in SPM12 where we convolve image
volumes with a spatially stationary Gaussian filter (i.e. a Gaussian kernel ) of 8 x 8 x8
mm? full width half max (FWHM).

only and we conduct the GWAS on the data from these subjects in order to identify
a smaller subset of SNPs that are potentially associated with disease (CN/MCI/AD).
This yields a subset of top 100 SNPs which we then relate to the longitudinal rs-
fMRI effective connectivity networks using the 111 subjects with rs-fMRI data. This
approach has two primary advantages in producing a more reliable subset of SNPs

than within sample selection:
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1. The disease-constrained set is based on a larger sample size of 663 subjects

compared with 111 subjects.

2. Selecting the subset out-of-sample avoids double usage of the data in selecting
the priority subset of SNPs and in relating that subset to longitudinal rs-fMRI.

A multinomial logistic regression with disease category as the response is fit for
each SNP to assess that SNP’s marginal association with disease after adjusting for
covariates representing age, sex, handedness, and education. SNPs are included in the
model as the number of a particular allele so that a SNP’s effect on the log-odds ratio
is additive. We sort the SNPs by the resulting p-values from a likelihood ratio test,
where the null hypothesis corresponds to the case where the probability distribution
of disease does not depend on the given SNP. A subset of the top 100 SNPs is selected
based on this ranking. The distribution of p-values by chromosome and the cut-off for
selecting the best subset of 100 SNPs is depicted in Figure 5.4. Each of the 100 SNPs
in the selected constrained subset has a p-value below 7.5 x 10~°, which represents
the cut-off indicated in Figure 5.4.

~log1o(p)

7 2 3 4 5 6 e 8 9 1o 17 T2 13 1q 1516177 187920222

Chromosome

Figure 5.4: The p-values associating disease status with SNPs adjusting for age, sex,
handedness, and education. The blue line represents the cutoff used to obtain the
top 100 SNPs which corresponds to a p-value threshold of 7.5 x 107°.

While Table 5.2 indicates an APOE signal in our data from the €4 allele of the
gene, we note that there are no APOE related SNPs in our constrained subset of
the top 100. The highest ranking APOE related SNP is rs4802234 which has a p-
value of 6.9 x 10~%. Thus our choice to use a p-value threshold of 7.5 x 107% in
subsequent analyses eliminates the highest ranking APOE related SNP, even though

there appears to be some evidence of an APOE signal in the data. We note that we
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have defined APOE related SNPs as those within a 1 million base pair range of APOE
and their p-values ranging between 6.9 x 1074 to 0.999. Despite this, all subsequent
regression models that we use will include a variable representing APOE genotype
(coded as number of €4 alleles) in order to account for its known importance and to

adjust for its potential association with effectivity brain connectivity.

5.4 Resting-State Effective Brain Connectivity by

Genetics

5.4.1 Longitudinal Analysis with Four DMN Regions

We conduct the longitudinal analysis using both a linear mixed effects model incor-
porating subject-specific random effects as well as a function-on-scalar regression. In
each case the response is a network connection between two regions of interest esti-
mated from an rs-fMRI scan using DCM, and we observe a longitudinal sequence of
such connections for each subject with the number of repeated measurements ranging
from 1 to 4 with a median of 3 and a third-quartile of 4. In both networks at an
initial g-value threshold of 0.1 no effects are found. We report on exploratory pat-
terns of associations with relatively high ranks that exhibit stability to the differing
assumptions made by the statistical procedures described below.

For a given connection, we will fit a regression model relating that connection to a
single SNP, for each of the 100 SNPs in the disease-constrained set. These regression
models for the time-sequence of connection values also include covariates representing
age, sex, right/left hand, education and APOEe4. With 16 possible connections a
total of 16 x 100 = 1600 models are fit and in each case a test comparing the model
with and without the SNP from the constrained-set is conducted. The resulting set
of 1600 p-values arising from this mass-univariate longitudinal approach are adjusted
for multiplicity using an FDR adjustment (Benjamini and Hochberg, 1995) in order
to produce for each edge-SNP pair a g-value. If a g-value = a cut-off is selected
then among all rejections based on this cut-off, there are about 100 x o % that are
falsely rejected. In this exploratory analysis we focus primarily on the rank of each

edge-SNP pair by the p-value but we present the g-value as well.
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The linear mixed effect (LME; Kuznetsova et al., 2017) model has the form

where Yj; is the network edge weight estimated from the j™ rs-fMRI scan of the i
subject, 7 =1,2,...,111, 7 = 1,2, ..., m;; X; is the SNP coded additively in the model;
Z; contains the remaining covariates with coefficient vector «, b; is a subject-specific
random effect and ¢;; is an error term with the random effect and errors assumed
Gaussian and independent. The likelihood ratio test is conducted for the hypothesis
test Hy : f = 0 against Hy : § # 0 and the corresponding p-value obtained.

In addition to obtaining a p-value from the standard x? asymptotic null distri-
bution for the likelihood ratio statistic we also apply a parametric bootstrap. For
the linear mixed effects model the parametric bootstrap procedure proceeds by first
fitting both the null (excluding the SNP) and alternative (including the SNP) model
using maximum likelihood and the observed value of the likelihood ratio statistic
is obtained. Data are then generated under the null model and both the null and
alternative model are fit to each simulation replicate and a realization of the test
statistic under the null hypothesis is obtained. This is repeated for ng;,, = 300,000
replicates and the bootstrap p-value is obtained as the proportion of null test statistic
realizations as large or larger than the observed test statistic.

We apply the PACE approach for sparse functional data to obtain the estimated
trajectories of network edge weights over time ¢, }A/Z(t) By applying PACE, the

estimated trajectory of each network edge weight can be obtained and expressed as

?z(t) = p(t) + Zfij¢j (1),
Y (1) = (1) + €nxs®(t) 11,

where p(t) represents the mean function common to all n subjects,

& = / (Yi(t) — (1)} (1)t

is the j-th functional principal component (FPC) score for Y;(t), with ¢;(¢) being the
corresponding eigenfunction, and JJ = 3 since three functional principal components

explain over 95% of the total of variation.
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The function-on-scalar regression model has the form
Yi(t) = Xia(t) + Z7 B(t) + i(t),

where X; is the SNP with corresponding regression function «(t), Z; is a vector
holding covariates representing age, sex, right /left hand, education and APOEe4 with
corresponding regression function B(t) and the error term ¢;(t) is a random error
processes. As the raw data Y;(t) is sparse we replace it in the regression model with
the PACE-estimated trajectory of each network edge weight. We test Hy : «(t) =0
corresponding to the model that excludes the genetic marker using an F-test. As
with our use of linear mixed models we apply a mass univariate approach and apply
the model to all 16 x 100 = 1600 possible combinations of network edge and SNP, and
apply an FDR correction for multiplicity. We note that the degrees of freedom for
the F-distribution needs to be carefully computed. In the F-test for FSR the degrees
of freedom are setup by applying the idea of Satterthwaite’s approximation described
in Shen and Faraway (2004).

In addition to obtaining p-values from the F-distribution we also apply a paramet-
ric bootstrap. To the best of our knowledge, there is no existing package or function
in R that can be used for simulation with the function-on-scalar regression (FSR)
model. We therefore propose the following procedure to generate functional data
for bootstrapping the test statistics under the null and its corresponding p-value for
hypothesis testing the SNP regression function in FSR models.

The two FSR models considered in the hypothesis test for the SNP effect are:

1. Null model: Y;(t) = 25:1 Z;iB;i(t) + €(t), where the SNP regression function
at) =0.

2. Alternative hypothesis: Y;(t) = X;a(t) + Zle Z;;iB;(t) + €(t), where a(t) # 0.

For each bootstrap sample we simulate the residual function ¢;(t) with the empirical
mean and covariance functions of the estimated residual function €;(t) of the FSR
model under the null. We note that in the FSR model, each residual term ¢;(¢) is
assumed to arise from a Gaussian process with mean zero and covariance function
r(s,t) = COV[ei(t),€;(s)]. We then generate the functional response Y;(t) using the
null FSR model with the original scalar covariates Z;;, their corresponding estimated
functional coefficients Bj(t), and the simulated residual functions from the previous

step. We then re-fit the two FSR models from the null and alternative hypotheses
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to the functional responses simulated under the null and compute the F-statistic
as a realization under the null. This procedure is repeated to obtain ng;,, = 10,000
replicates and the bootstrap p-value is obtained as the proportion of null test statistic
realizations as large or larger than the observed test statistic.

The LME assumes that the effective-connectivity is time-invariant and all of the
session-specific fluctuations are captured by the noise term in the LME. The FSR
model on the other hand allows for session-specific fluctuations through the time-
varying regression functions. This allows the FSR analysis to be potentially more
powerful since all of the fluctuations are not allocated to the noise term. An impor-
tant point is that LME and FSR are approaches that make fundamentally different
assumptions about the data generating mechanism.

In Tables 5.3 and 5.4 we display the top ten ranked edge-SNP associations with
the smallest p-values for DMN4 as obtained from both LME and FSR. The bootstrap
p-values (B-p-values) as well as the FDR adjusted g-values are also indicated in the
tables. As an exploratory analysis of these results we intersect the top 20 edge-SNP
associations out of 1600 (based on the p-value) from LME with the top 20 edge-SNP
associations out of 1600 (based on the p-value) from FSR. Our rationale for doing
this is that both LME and FSR are based on different modelling assumptions with
different model fitting procedures used in each. Therefore, signals that appear as
highly ranked from both approaches simultaneously may represent genuine signal in
the data since it is unlikely that noise will be stable to the different assumptions
and procedures applied to the data. Intersecting the top 20 associations from both
methods produces a very clear pattern of 8 associations that are presented in Table
5.5. The pattern reveals a potential signal involving connections LIPC — RIPC,
LIPC — PCC and PCC — PCC and SNPs from chromosome 9 and 13.

5.4.2 Longitudinal Analysis with Six DMN Regions

We apply the same approaches to the networks estimated using spectral DCM for
the network of 6 regions listed in Table 5.1. In this case the models are applied to
36 x 100 = 3600 possible combinations of network edge and SNP, and a p-value, B-p-
value and FDR corrected g-value are obtained to adjust the p-value for multiplicity.

In Tables 5.6 and 5.7 we rank the ten associations with the smallest p-values for
DMNG6 as obtained from LME and FSR. We again conduct an exploratory analysis
of these results by intersecting the top 20 edge-SNP associations out of 3600 (based
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Rank | Network Edge  SNP p-value B-p-value ¢-value Chromosome
1 LIPC — PCC  kgp9433690_-G  0.00025 0.00040 0.28 9
2 LIPC — PCC  rs13287994_A 0.00035 0.00065 0.28 9
3 PCC — PCC rs9317920_G 0.0013  0.0022 0.45 13
4 LIPC — RIPC rs13287994_A 0.0020  0.0026 0.45 9
5 LIPC — PCC  kgp4931190.C  0.0021  0.0030 0.45 9
6 PCC — PCC kgp12216228_G  0.0025  0.0036 0.45 13
7 PCC — PCC rs1935110_T 0.0025  0.0033 0.45 13
8 PCC — MPFC kgpl147116_A  0.0027  0.0039 0.45 9
9 LIPC — RIPC  kgp4931190_.C  0.0028  0.0042 0.45 9
10 | LIPC — LIPC 1rs2646852_G 0.0030  0.0033 0.45 1

Table 5.3: The results of the linear mixed effects model longitudinal analysis of
pairs of network edges with SNPs that are relatively highly ranked based on the
p-values, parametric-bootstrap p-values (B-p-value) and g-values (after adjusting for
1600 tests) performed using the DMN4 PACE data.

Rank | Network Edge SNP p-value B-p-value ¢-value Chromosome
1 LIPC— RIPC rs13287994_A 0.00074 0.0010 0.24 9
2 RIPC— PCC rs7935380_T 0.00093 0.0010 0.24 11
3 RIPC— PCC rs2646852_G 0.0011  0.0014 0.24 1
4 MPFC— MPFC  kgp2936399_A  0.0012  0.0013 0.24 5
5 LIPC— RIPC kgp9433690_.G  0.0013  0.0022 0.24 9
6 LIPC — RIPC kgp4931190_.C  0.0014  0.0014 0.24 9
7 RIPC — RIPC kgp12216228 G 0.0014  0.0020 0.24 13
8 RIPC — RIPC rs1935110_T 0.0014  0.0020 0.24 13
9 MPFC — MPFC 1rs2646852_G 0.0014  0.0023 0.24 1
10 | RIPC — RIPC rs9317920_G 0.0017  0.0029 0.24 13

Table 5.4: The results of the function-on-scalar regression longitudinal analysis of
pairs of network edges with SNPs that are relatively highly ranked based on the
p-values and g-values after adjusting for 1600 tests performed using the DMN4 data.
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Rank LME Rank FSR Network Edge SNP Chromosome
4 1 LIPC — RIPC 1s13287994_A 9
9 6 LIPC — RIPC kgp4931190_C 9
11 5 LIPC — RIPC kgp9433690_G 9
1 14 LIPC — PCC  kgp9433690_G 9
2 18 LIPC — PCC  1rs13287994_A 9
3 16 PCC — PCC  1s9317920_G 13
6 19 PCC — PCC  kgpl2216228_G 13
7 20 PCC — PCC  1s1935110_T 13

Table 5.5: The rank (out of 1600) of the intersection of the top 20 DMN4 connection-
SNP pairs for FSR and LME combined. These associations are highlighted as poten-
tial signals as a result of their stability.
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Rank | Network Edge SNP p-value B-p-value g-value Chromosome
1 LIPC — PCC rs13287994 A 7.33e-05  2.00e-04  0.18 9
2 LIPC — PCC kgp9433690_G  1.21e-04  3.00e-05  0.18 9
3 LIPC — LIT kgp9433690_G  1.59e-04  9.99e-05  0.18 9
4 LIPC — LIT rs13287994 A 2.041e-04 1.50e-04  0.18 9
5 MPFC — MPFC 1rs17102906_C 3.61e-04  1.50e-04  0.26 11
6 RIPC — RIT kgpl0801842_G  4.52e-04  3.50e-04  0.27 5
7 LIPC — LIT kgp4931190_C  6.25e-04  4.50e-04  0.29 9
8 LIT — LIT kgp3071374_.C  7.53e-04  4.70e-04  0.29 6
9 LIT — LIT rs9388153_T 8.63e-04  5.20e-04  0.29 6
10 | LIPC — PCC kgp4931190_.C  8.69e-04  0.0012 0.29 9

Table 5.6: The results of the linear mixed effects model longitudinal analysis of
pairs of network edges with SNPs that are relatively highly ranked based on the
p-values, parametric-bootstrap p-values (B-p-value) and g-values (after adjusting for
3600 tests) performed using the DMN6 PACE data.

on the p-value) from LME with the top 20 edge-SNP associations out of 3600 (based
on the p-value) from FSR. For DMNG6 we see seven intersecting top 20 associations
involving self connections (regions modulating their own activity) for MPFC, LIT and
RIT involving SNPs on chromosomes 11 and 6. Regions in chromosome 6 have been
previously implicated for Late-Onset Alzheimer Disease (Naj et al., 2010). There are
also two intersecting top 20 associations between PCC — RIPC and SNPs on chro-
mosome 18, and an intersecting association between LIT — LIPC and SNP rs6021246
on chromosome 20. The stability of these associations makes them of potential in-
terest as signal between the larger network and disease-constrained SNPs though we
emphasize that these results are exploratory. While we see a non-trivial change in the
results when moving from DMN4 to DMNG6 this can be explained simply by noting
that many of the higher ranked SNP-edge pairs in DMNG6 involve the two added nodes
corresponding to ROIs RIT and LIT.

Tables 5.3, 5.4, 5.6 and 5.7 make comparisons between the p-values obtained
from the x? and F-distribution and the B-p-values obtained from the parametric
bootstrap procedures developed for both LME and FSR. Generally, the p-values are
inline with the B-p-values and the comparison from the four tables suggest that the
asymptotic distributions provide an adequate approximation for the case of these
data. To investigate this further we plot in Figures 5.5 and 5.6 the histograms of
the 3600 (1600 in the case of DMN4) p-values obtained from all of the tests relating

SNPs to effective connectivity as obtained from the y? and F-distribution. As most
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Rank | Network Edge SNP p-value  B-p-value ¢-value Chromosome
1 RIPC — LIT rs11601321. G 2.00e-04 1.00e-04  0.30 11
2 LIT — LIT rs17102906_.C  2.70e-04 2.00e-4 0.30 11
3 RIT — RIT rs17102906_C  3.50e-04 7.00e-4 0.30 11
4 LIT — LIT kgp3071374_C  3.60e-4  8.00e-4 0.30 6
5 LIT — LIT rs9388153_T 4.90e-04  5.00e-4 0.30 6
6 MPFC — MPFC 1rs17102906_.C  5.10e-4  7.00e-4 0.30 11
7 RIPC — RIPC kgp3071374_C  9.40e-4  1.50e-3 0.42 6
8 MPFC — MPFC kgp3071374.C 1.07e-3  1.40e-3 0.42 6
9 RIT — RIPC rs3862175_C 1.15e-3  1.10e-3 0.42 18
10 | PCC — RIPC r$949200_T 1.28¢-3  1.40e-3 0.42 18
10 | PCC — RIPC kgp8588069_A 1.28e-3  1.70e-3 0.42 18

Table 5.7: The results of the function-on-scalar regression longitudinal analysis of
pairs of network edges with SNPs that are relatively highly ranked based on the
p-values, parametric-bootstrap p-values (B-p-value) and g-values after adjusting for
3600 tests performed using the DMN6 PACE data.

Rank LME Rank FSR Network Edge SNP Chromosome
5 6 MPFC — MPFC 1rs17102906_C 11
14 14 MPFC — MPFC 1s9388153.T 6
11 8 MPFC — MPFC kgp3071374_C 6
8 4 LIT — LIT kgp3071374_C 6
9 5 LIT — LIT rs9388153.T 6
17 2 LIT — LIT rs17102906_C 11
18 3 RIT — RIT rs17102906_C 11
12 19 LIT — LIPC rs6021246_C 20
19 10 PCC — RIPC rs949200_T 18
20 10 PCC — RIPC kegp8588069_A 18

Table 5.8: The rank (out of 3600) of the intersection of the top 20 DMNG6 connection-
SNP pairs for FSR and LME combined. These associations are highlighted as poten-
tial signals as a result of their stability.



117

SNPs should be under the null, adequate performance of the asymptotic distributions
should be indicated by uniform distributions. In all four cases (DMN4-LME, DMNG6-
LME, DMN4-FSR, DMN6-FSR) the distributions of the p-values look reasonably
uniform which, in addition to the comparisons between p-values and B-p-values made
in Tables 5.3, 5.4, 5.6 and 5.7, further suggests that the asymptotic null distributions

are preforming adequately in the cases considered here.
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Figure 5.5: Distribution of p-values obtained from the x? null distribution for LME
for DMN4 (left) and DMNG (right).
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Figure 5.6: Distribution of p-values obtained from the null F-distribution for FSR
for DMN4 (left) and DMNG (right).
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5.5 Discussion

We have examined the association between longitudinal effective brain connectivity
and genetics based on an empirically derived disease-constrained set of SNPs using
LME and FSR, with networks estimated from rs-fMRI time series using spectral
DCM. Our analysis is based on obtaining a disease-constrained subset of SNPs from
the outcome of the out-of-sample GWAS in Section 5.3, the purpose being to focus
attention on potential associations that are empirically most relevant for disease. We
have examined both a 4-region and a 6-region network depicted in Figure 5.1 and
Table 5.1.

We have examined both a 4-region and a 6-region network so as to obtain a
more complete picture of the data. Indeed, our results from DMN4 obtained after
intersecting the top associations reveal an interesting pattern that would not have
been noticed if only the larger DMN6 network was analyzed where many of the top-
ranked edge-SNP pairs involve LIT and RIT. As part of future work we intend to
increase the number of regions to a much larger size (e.g. networks where the number
of nodes is an order of magnitude greater and spanning multiple known resting-state
networks) and examine measures of network topology as opposed to network edge
values as a potential useful low-dimensional phenotype.

After adjusting for multiple comparisons none of the associations examined have
a ¢-value below 0.1. By intersecting the top 20 associations and focussing on stability
to the assumptions made by LME and FSR we do observe some patterns that may
be of interest from an exploratory point of view. The most interesting patterns can

be summarized as follows:

1. DMN4: LIPC — RIPC and three SNPs on chromosome 9 (rs13287994, kgp4931190,
kgp9433690) exhibit top 20 associations that are stable under LME and FSR.

2. DMN4: LIPC — PCC and two SNPs on chromosome 9 (kgp9433690, rs13287994)
exhibit top 20 associations that are stable under LME and FSR. The large ge-
nomic screen conducted by Pericak-Vance et al. (2000) identified potential

AD-related regions on chromosome 9.

3. DMN4: PCC — PCC and three SNPs on chromosome 13 (rs9317920, kgp12216228,
rs1935110) exhibit top 20 associations that are stable under LME and FSR.

4. DMN6: PCC — RIPC and two SNPs on chromosome 18 ( 1949200, kgp8588069)
exhibit top 20 associations that are stable under LME and FSR.
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5. DMNG6: Several self-connections involving the MPFC, LIT, RIT on chromo-
somes 6 and 11. Regions in chromosome 6 have been previously implicated for
Late-Onset Alzheimer Disease (Naj et al., 2010).

Our comparisons of the parametric bootstrap procedures for LME and FSR to
the p-values obtained from the x? and F-distribution suggest that the asymptotic
distributions are performing adequately for the cases considered here. This is evident
both in the comparisons made in Tables 5.3, 5.4, 5.6 and 5.7 as well as in Figures
5.5 and 5.6. Further investigation of this issue, in particular for testing regression
functions in FSR, is an avenue for future work.

Our current analysis suggests follow-up analyses looking at high resolution anatom-
ical and diffusion tensor imaging and structural connectivity in a separate sample of
subjects with such an analysis focussed on a small number of targeted SNPs sug-
gested by the current analysis. From a methodological perspective, our approach
of determining the disease-constrained set first and subsequently examining relation-
ships with effective brain connectivity motivate the development of a joint model
examining both disease and longitudinal effective connectivity simultaneously with a
model structure that allows for joint variable (SNP) selection.

While connectivity may be related to the degeneration of gray matter our regres-
sion analyses have not incorporated gray matter density as a covariate in either the
LME or FSR models. In future work we will look to reporting on an analysis that
includes gray matter density in the ROIs for each subject as well as examine a much
larger set of ROIs including bilateral hippocampi and the combination of structural
and effective connectivity.

We note again that our analysis summarizes ROI specific activity by extracting
the time series at all voxels within a sphere having radius 8mm around an associated
MNI coordinate for the ROI. A principal component analysis is applied to these time
series and the first eignenvariate is used as a region-specific summary. Subsequent
analysis may consider additional eigenvariates which may hold useful information
representing effective connectivity.

While our analysis has focussed on hypothesis tests examining individual SNPs,
an alternative is to cluster the SNPs using hierarchical clustering and fit the LME
and FSR models to the first genetic principal component scores of each cluster. In
supplementary analyses not reported in Section 4 we have clustered the top 100 SNPs
into 22 clusters based on hierarchical clustering to facilitate dimension reduction prior

to relating genetics to effective brain connectivity. After applying SNP clustering and
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relating the first principal component score of the SNP clusters to effective connec-
tivity network edges both LME and FSR find simultaneously a rank 1 association be-
tween a specific cluster of 12 SNPs (rs2465362, kgp9051645, kgp5238984, kgp9055011,
kgp3071374, rs9388153, rs2860410, kgp22784175, rs7335304, rs9317920, kgp12216228,
1s1935110) and the self connection PCC — PCC (p-value = 3.52 x 1074, g-value =
0.0502 for LME; p-value = 3.05 x 1074, g-value = 0.0585 FSR). This potential associ-
ation between the resting-state activity of the posterior cingulate cortex and genetics
is further supported by our results reported in Table 5.5 where individual associations
between three SNPs in this cluster and PCC — PCC are also reported in the high
ranking intersection set obtained from combining LME and FSR.

The neuropathological mechanisms that underly the effective connectivity ob-
served in this study could be related to the usual hallmarks of AD and MCI. For
example, amyloid plaques, neurofibrillary tangles and/or structural neurodegenera-
tion may underly effective connectivity as well. Therefore, our current results suggest
follow-up studies incorporating measures of amyloid beta and tau (as measured in
CSF or by PET imaging) and measures of brain structure (as measured by high res-
olution anatomical and diffusion tensor imaging) and examination of the relationship

between these measures and the genetic variables suggested by this analysis.
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Chapter 6
Conclusions and Future Directions

In this thesis we have developed statistical methods for the analysis of imaging data
and sparse estimations in linear mixed models.

In Chapter 2, we discuss the problem of computation for MAP estimation for
the spatial hidden Markov model with both known and unknown number of mixture
components. A spatial mixture models with Gaussian components and labelings
based on the Potts model is developed. Our primary focus lies with the design and
implementation of hybrid ACS-ICM optimization algorithm and its application to
spatial hidden Markov models when the number of mixture components is either
known or unknown. In addition to the ACS algorithm, we implement Gibbs-SA and
ICM and make comparisons. Our studies demonstrate a superior performance of the
ACS-ICM algorithm when compared to Gibbs-SA and ICM algorithms in terms of
objective function values, pixel labelling accuracy and mixture component estimation.
This relative performance in the three algorithms appears constant across different
levels of spatial dependence. Our results suggest that ACS-ICM is a useful and
potentially powerful approach for MAP estimation with spatial mixture models and
may be a preferred approach when the increased computation time is feasible.

The algorithm may have considerable potential for application to other statistical
problems involving combinatorial optimization such as MAP estimation with spike-
and-slab variable selection (Rockova et al., 2014) and optimization for deep learning
(Lecun et al., 2015). A potentially important extension of this work would be to
develop an ant colony optimization algorithm for training recurrent neural networks.
These and other statistical and experimental design problems are potentially fruitful
areas for further study of ACS-ICM.

In Chapter 3, we implement ACS-ICM algorithm for solving the inverse problem
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associated with combined EEG and MEG data that appears to result in some im-
provements over the ICM algorithm developed in Song et al. (2019). We adopt a
Bayesian finite mixture model with a Potts model as a spatial prior, the focus of our
work has been to improve source localization estimates, model selection and model fit.
Our first contribution is the design and implementation of the ACS-ICM algorithm
as an approach for source localization that result in better performance over ICM,
which is very positive uniformly in every setting on simulation studies and real data
application.

Comparing the results in several simulation scenarios, with those obtained with
ACS-ICM and the ICM shows revealing performance, at the price of a higher com-
putational complexity. ACS-ICM neural source estimates provided improved corre-
lation, larger objective function values, significant improvement with respect to the
total mean square error, and improved performance in terms of both bias and mean
square error for the non-regular problem of estimating number of mixture components
uniformly across all settings considered. Furthermore, the application of ACS-ICM
to real data led to higher quality estimates with larger maximized posterior density
values. These improvements have demonstrated the practical advantage of the of the
ACS-ICM algorithm when compared with ICM in both the face perception analysis
as well as in our simulation studies.

Our second contribution is the technique implemented in choosing the tuning
parameters for the ACS-ICM by using an outer level optimization that numerically
optimizes the choice of the tuning parameters for this algorithm. This strategy en-
sures that the optimal tuning parameters based on the data and problem complexity
are selected. For our third contribution, to account for uncertainty in our point esti-
mates we compute the interval estimation for the estimated temporal profile of brain
activity at the cortical location with greatest power in the estimated signal of the
T-map. While our algorithm requires a larger amount of computing time than the
alternative approach considered here, we emphasize that an MCMC implementation
of our model would require a prohibitively large amount of computing time. We note
that our approach, as with most in the literature for spatiotempoal model-based so-
lutions to the electromagnetic inverse problem assume Gaussian errors. We hope in
the future to extend the model by considering a robust error structure by incorporat-
ing a multivariate t distribution and allowing for an autoregressive structure in the
MEG/EEG model. In addition, the ACS-ICM algorithm and spatial model developed

is only applicable to data from a single subject. A great interest and development is
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to expand from a single subject model to a model developed for multiple subjects for
the MEG/EEG inverse problem. This will be based on developing a fully Bayesian
analysis based on a divide and conquer Markov Chain Monte Carlo (MCMC) method.

In Chapter 4, we consider the fixed effects estimation problem in a linear mixed
model for a longitudinal data when some of the predictors may have a very weak
influence on the response of interest. We introduced pretest and shrinkage estimation
in our model using the ridge estimation as the reference estimator when predictors are
correlated. We compare the performance of the full model, sub model, pretest and
shrinkage estimators when the full model may be sparse. The asymptotic properties
including risk and bias of the pretest and shrinkage ridge estimators are derived and
established. We evaluate the risk properties of the proposed estimators numerically
through simulation studies. Our simulation studies demonstrate that the sub-model
ridge estimator outshines shrinkage and penalty when the selected sub-model is true.
However, when this assumption is violated, the shrinkage and pretest ridge estima-
tors outperform the sub-model. In addition, the shrinkage estimators perform better
than the pretest estimators for large or moderate number of sparse predictors. We
further investigate the Lasso-type penalty estimators and compare their relative per-
formance with the ridge estimators. We observe that the performance of pretest and
shrinkage ridge estimators are superior to the Lasso-type estimators when predic-
tors are highly correlated. An interesting and useful development is an extension of
the estimation strategies to other penalty estimators like the Elastic-Net, the mini-
max concave penalty (MCP), and the smoothly clipped absolute deviation method
(SCAD) in LMM for the high-dimensional data. These estimators will be evaluated
and compared with the proposed ridge estimators.

In Chapter 5, we examined the association between longitudinal effective brain
connectivity and genetics based on an empirically derived disease-constrained set of
SNPs using LME and FSR, with networks estimated from rs-fMRI time series us-
ing spectral DCM. The analysis is based on obtaining a disease-constrained subset
of SNPs from the outcome of the out-of-sample GWAS. The LME assumes that the
effective-connectivity is time-invariant and all of the session-specific fluctuations are
captured by the noise term in the LME whilst the FSR model allows for session-
specific fluctuations through the time-varying regression functions. Due to different
modelling assumptions with different model fitting procedures used in each, we con-
sider signals that appear as highly ranked from both approaches simultaneously may

represent genuine signal in the data. From an exploratory point of view, after inter-
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secting the top 20 associations from LME and FSR, we observe a pattern that reveals
a potential signal involving connections LIPC — RIPC, LIPC — PCC and PCC —
PCC and SNPs from chromosome 9 and 13 in the DMN4. For the six regions of the
DMN (DMNG6), a pattern for MPFC, LIT and RIT involving SNPs on chromosomes
11 and 6 is seen. This result corroborates a study by Naj et al., 2010 where regions
in chromosome 6 have been previously implicated for Late-Onset Alzheimer Disease.
Moving beyond hypothesis tests examining individual SNPs, we cluster the SNPs
using hierarchical clustering and fit the LME and FSR models to the first genetic
principal component scores of each cluster. We find a potential association between
the resting-state activity of the posterior cingulate cortex and genetics (12 SNPs). A
limitation of the proposed methodology is that our analysis summarizes ROI specific
activity by extracting the time series at all voxels within a sphere having radius 8mm
around an associated MNI coordinate for the ROI and principal component analysis
is applied to these time series and the first eigenvariate is used as a region-specific
summary. Extending the approach to hold useful information representing effective
connectivity, subsequent analysis may consider additional eigenvariates. There are
some neuropathological mechanisms that underlay the effective connectivity observed
in this analysis which could be related to AD and MCI. A potentially important ex-
tension of the proposed work would be incorporating measures of amyloid beta and
tau (as measured in CSF or by PET imaging) and measures of brain structure (as
measured by high resolution anatomical and diffusion tensor imaging) and examina-
tion of the relationship between these measures and the genetic variables suggested

by this analysis.
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Figure A.1: The true signal S;(t) used in each of the distinct active and inactive
regions in the simulation studies of Section 3.3 for K = 2; panel (a), K = 3; panel (c)
and K = 4; panel (e) & (g) are depicted in the left column. The right column presents
the true partition of the cortex into active and inactive states for the corresponding
states for K = 2; panel (b), K = 3; panel (d) and K = 4; panel (f) & (h).
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Figure A.2: The true signal S;(¢) in panel (a) and true partition of the cortex into
active and inactive states for the case of K = 9 states (panel b—f) used in simulation
studies of Section 3.3.
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Figure A.3: The true signal S;(¢) used in in each of the distinct active and inactive
regions for K = 2; panel (a), K = 3; panel (b), K = 4; panel (c) & (d), K = 9; panel
(e) in the simulation study of Section 3.3.2, in the second part of the study where
the mixture components were less well separated.
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Table A.1: Simulation study I-—Total Mean-Squared Error (TMSE) of the neural
source estimators decomposed into variance and squared bias for the ICM and ACS-
ICM algorithms. This total was obtained separately for locations in active regions
and then for the inactive region.

Active Region Inactive Region

Algorithm Clusters TMSE (Bias)? Variance TMSE (Bias)? Variance

K =2
ICM 250 92 36 56 141 65 76
ACS-ICM 250 83 32 51 127 61 66
ICM 500 196 91 105 211 103 108
ACS-ICM 500 183 87 96 191 93 98
ICM 1000 271 147 124 285 127 158
ACS-ICM 1000 263 144 119 274 125 149
K =3
ICM 250 490 237 253 523 255 268
ACS-ICM 250 465 219 246 497 244 253
ICM 500 1203 582 621 705 345 360
ACS-ICM 500 904 434 470 593 282 311
ICM 1000 1657 817 840 674 321 353
ACS-ICM 1000 1051 379 672 601 289 312
K —
ICM 250 776 378 396 674 289 385
ACS-ICM 250 681 336 345 614 248 366
ICM 500 1404 651 753 804 387 417
ACS-ICM 500 1152 555 597 781 375 406
ICM 1000 2493 1100 1393 796 359 437
ACS-ICM 1000 1763 797 966 774 346 428
K=9
ICM 250 2100 918 1182 1541 727 814
ACS-ICM 250 1446 709 737 1303 632 671
ICM 500 2515 1246 1269 1260 618 642
ACS-ICM 500 2142 1104 1038 1046 492 554
ICM 1000 3561 1720 1839 1549 740 809

ACS-ICM 1000 2714 1281 1433 1415 688 727
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Figure A.4: Violin plots comparing the correlation values obtained in the simulation
studies for the ICM and ACS-ICM algorithms. The first row corresponds to the case
when K = 2, the second row corresponds to when K = 3, the third row is when
K =4 and the last row is when K = 9.
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Al

We present results from the ACS-ICM and ICM algorithms with tuning parameters
for the cluster size of 500. The cortical maps displaying the spatial patterns of the

total power for estimated sources are represented below.

Figure A.5: Brain activation for scrambled faces—the power of the estimated source
activity Zthl S'j ()% at each location j of the cortical surface. Row 1 displays results
from our ICM algorithm applied to the combined MEG and EEG data; Row 2 dis-
plays results from ACS applied to the combined MEG and EEG data.
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Figure A.6: Brain activation for scrambled faces-the power of the estimated source
activity Z;‘le S*j (t)? at each location j of the cortical surface. Row 1 and Row 2
displays results from our ACS-ICM applied to the combined MEG and EEG data
with § = 0.1 and 8 = 0.44 respectively.
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Figure A.7: The spatial profile of brain activity from ACS-ICM based on our boot-
strap replicates. Row 1 displays standard deviations of the total power of the esti-
mated source activity; Row 2 displays the T-map.
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