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CHAPTER I 

INTRODUCTION 

1.1 The General factor1zat1on Probleas 

It has always been of great interest to represent an arbitrary 

square matrix, or a matrix from a wide class of matrices, as a product 

of matrices of special type. In addition to its intrinsic interest, 

this factorization problem has connections with group theory and 

geometry Some of the classical factorization results are the 

following 

(a) Every real orthogonal matrix is a product of reflections [4, 

Prop 5, Ch IX, §6, Sect. 4] 

(b) Every invertible matrix with determinant 1 is a product of 

transvections [1, p. 163] 

(c) The polar decomposition Every complex matrix is a product of 

a unitary matrix and a positive semidefinite matrix [9, p 343] 

(d) The singular value decompos1t1on. Every complex matrix 1s a 

product UDY where U and V are unitary and D 1s diagonal 

[10, p 157, 414ff]. 

Vhen the factors 1n the decompos1t1on belong to a special class ~ 

of matrices, 1t 1s also 1nstruct1ve to determine the smallest number of 

factors 1n such a factor1zat1on lore precisely, 1f we denote the set 

of all products of a f1n1te, but arbitrary, number of matrices from ~ 



2 

by ~, 1t 1s of great interest to determine, for TE~, the length 

of T with respect to ~, denoted by l(T,~) and defined as the 

smallest integer m such that T can be expressed as a product 

T1T2 Tm with TJ E ~ for every J A related problem is to 

determine, for every pos1t1ve integer m, the set of matrices, ~m, 

which may be written as a product of m matrices from ~ Another 

length problem, which 1s often easier to determine than the 

aforementioned two, is to determine the length of '8, denoted by l(~) 

and defined by l(~) = sup{l(T,'8) ·TE ~00
} One classical result 1n 

this vein 1s that the length of the set of nKn reflections 1s n 

[1, p 131] 

In addition to the classical results stated above, quite a few 

results have been obtained in the last twenty years Some of these 

results turned out to be quite elegant For example, 1n 1969 [15], 

RadJav1 proved that a complex matrix A 1s a product of four Herm1t1an 

matrices 1f and only 1f det A 1s real, he further proved that a 

complex matrix A 1s a product of two Herm1t1an matrices 1f and only 1f 

A 1s similar to A* [16]. For more recent matrices factorization 

results, see [7, 12, 13, 18, 22, 23] 

A survey of numerous matrix factorizations is given by Vu [24]. 

Classes of matrices considered in that paper include symmetric matrices, 

positive semidefinite matrices, involutions, and many others 

Although we only consider complex matrices in this thesis, one 

might be interested in factoring matrices over an arbitrary field (see 

[13, 18] for examples). Factorization of matrices over rings has also 
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been considered by many authors (see [5, 6, 21] for examples). 

loreover, some are interested in factoring an integer matrix For 

example, in [14], Laffey proved that if n ~ 3, then every nxn 

integer matrix with determinant zero is the product of 36n + 217 

idempotent integer matrices and 72n + 434 nilpotent integer matrices. 

1.2 Our Iain Proble■ 

In this thesis we restrict ourselves to complex square matrices 

even though some of the results are valid for matrices over arbitrary 

fields Ve denote the set of all n x n complex matrices by •n 

The main problem discussed below is the following· Given A E Mn 

and given complex numbers b1, ,bn and c1,•••,cn, can A be 

expressed as a product of two matrices B and C in •n' such that B 

has eigenvalues b1,b2, ,bn and C has eigenvalues c1,c2, ·•,en? 

Here, the eigenvalues of matrices are always repeated according to their 

algebraic multiplicity, that is, their multiplicity as a root of the 

characteristic polynomial of the matrix In the case where A is 

invertible and nonscalar, this problem has been solved by Sourour [18], 

who proved that as long as b1b2 bnc1c2 •cn = det A, such B and C 

exist A more precise statement of this theorem is given in Chapter II 

Now the natural question is 'what about when A is singular?' This 

will be our main concern in this thesis. It has been observed that the 

proof in Sourour's paper [18] establishes one result about factorization 

of singular matrices, namely that a sufficient condition for the 

existence of B and C as described above is that the number of zeros 
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among the b1's and c1's be exactly equal to the nullity of A This 

1s given 1n the recent book by Horn and Johnson [11]. Another key 

result 1n this circle of ideas 1s due to Vu [22] who states that except 

for nonzero 2x2 nilpotent matrices, every complex singular matrix 1s a 

product of two nilpotent matrices. The above two results will serve as 

a tool to prove our main theorem They will be fully stated 1n Chapter 

II, we will also outline the proofs of some of these theorems 

Chapter III contains our main theorem which gives a necessary and 

suff1c1ent cond1t1on for factoring a singular matrix A as a product of 

two matrices with prescribed eigenvalues The theorem basically says 

that as long as the number of zeros among the b1's and c1's 1s 

greater than or equal to the nullity of A, such B and C can be 

found Since we are mainly using 1nduct1on to prove our theorems, and 

also since 2x2 matrices are exceptional 1n as much as the general 

statement does not hold for them, we will spend one section to consider 

the 2x2 cases In order to prove our main theorem, we are going to 

prove three propositions which can also be viewed as special cases to 

our main problem The first proposition says that for a singular matrix 

A which 1s not a 2x2 ml potent matnx, 1£ those b1' s and c1' s 

contain an equal number of zeros, and the total number of zeros among 

the b1's and c1's 1s greater than or equal to the nullity of A, 

then we can find such B and C. The second propos1t1on says that for 

a singular matrix A, 1f all the b 's are zero and all the c 's are 
1 1 

nonzero, such B and C exist. The third propos1t1on says that 1£ all 

the C 'S 
1 

are nonzero and 1f the number of zeros among the b 's 1s 
i 



greater than or equal to the nullity of A, then B and C can be 

found These propositions will be the "bridges" to our frnal result, 

and the complete statements and proofs are given in Chapter III 
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In Chapter IV, we will show how the factorization theorem described 

above can be applied to give new proofs or to shorten proofs of some 

previously know results. In Section 4 1 we give a new proof to 

RadJav1's theorem [15] about factoring a matrix into four Hermitian 

matrices In Section 4 2, we apply the factorization theorems to 

shorten the proof given by Vu [23] about products of positive 

semidefinite matrices In fact, more applications can be found in [18], 

we will discuss them in Sections 4 3 and 4 4 

1.3 Notation and Defrn1t1ons 

M n the set of all nxn complex matrices 

GL(n,C) the set of all invertible matrices in M . n 
SL(n,C) the set of all matrices in GL(n,C) with determinant 1. 

For the following, we assume A and B are m )In. 

u(A) the set of all eigenvalues of A repeated according to 

their algebraic multiplicity. 

det A the determinant of A. 

.#'(A) the null space of A, i.e. the set of vectors x E en 
such that Ax= 0. 

v(A) the nullity of A, i e. the dimension of .#'(A). 
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Ve say A 1s s1m1lar to B, denoted by AN B, 1f there exists 

an 1nvert1ble matrix P such that A= P-1BP A 1s called a scalar 

matrix 1f 1t 1s of the form al where a 1s a scalar. A 1s called a 

nilpotent matrix 1f Am= 0 for some pos1t1ve integer m Moreover, 1t 

can be easily shown that A 1s a nilpotent matrix 1f and only 1f u(A) 

contains zero only 

If A= (a1J), we use At= (aJ 1) to denote the transpose of A 

If A= (a1J), we use A*= (aJ 1) to denote the adJ01nt of A 

Moreover, we call A a Herm1t1an matrix 1f A= A*. A 1s pos1t1ve 

sem1def1n1te 1f x*Ax ~ 0 for every x E en S1m1larly, A 1s 

pos1t1ve def1n1te 1f x*Ax > 0 for every nonzero x E en A 1s a 

eA 1f r 

A = 



CHAPTER II 

LITERATURE REVIEW 

In [18] Sourour gave the following result. 

THEOlEV 2.1. Let A E Mn be invertible and nonscalar and let 

,en be given complex numbers such that 
n 

7 

Il b c = det A Then there exists a matrix BE In with eigenvalues 
1=1 1 1 

b1,b2,.,.,bn and a matrix CE In with eigenvalues c1,c2, ·•,en such 

that A= BC 

Later, CR Johnson and others have observed that by using 

virtually the same method one can prove the following theorem which 

appeared 1n [11]. 

THEOlEV 2.2 Let A E In be given with rank A= k < n, let 

b1,b2, ,bn and c1,c2, •,en be given complex numbers, exactly 

n - k of which are zero Then there exist B and CE In with 

eigenvalues b1,b2, .. ,bn and c1,c2,•••,cn respectively such that 

A= BC. 

Notice that to prove Theorem 2 2 (and all the theorems that 

follow), 1t suffices to prove 1t for some matrix s1m1lar to A because 
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similarity preserves eigenvalues, i e. s-1BCS = s-1BSS-1CS and 

u{B) = u(S-1BS) while u(C) = u(S-1CS). Ve will outline the proof of 

Theorem 2 2, but before that, we need three lemmas 

LElllil 2.3. If A E In and if every vector v E en is an eigenvector 

of A, then A is a scalar 

Proof Ve show that A has only one eigenvalue. To prove this 

assume, to the contrary, that Av1 = A1v1 and Av2 = A2v2 where 

Al I A2 and v1 and v2 are nonzero Let v3 = v1 + v2 By 

assumption Av3 = A3v3 for some scalar A3 Therefore 

A1v1 + A2v2 = A3(v1+v2). Thus, v1 and v2 are linearly dependent 

But this implies that Al= A2, a contradiction. This shows that A 

has only one eigenvalue A Since every vector is an eigenvector, we 

have Av= AV for every v, and so A= Al. ■ 

LElllil 2.4. Suppose that A E In is not a scalar matrix, and let a be 

any complex number. Then A is similar to a matrix which has a in 

its (1,1) position 

Proof Since A 1s not a scalar matrix, by Lemma 2 3, we can 

choose a vector e1 such that e1 is not an eigenvector of A - al 

Now let e2 = (A-al)e1 and choose an ordered basis .:.i with e1 and 

e2 as its first and second vectors. 

t .:.i has first column (a,1,0,···,0) . 

The matrix of A with respect to 

■ 
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LElllil 2.5. Let x,y E en and BE •n· Set A_ [: y:] E •n+l where 

a is some nonzero complex number Then 

Proof A = 

is invertible. Thus, 

rank A= rank[: 

¼ Yt1 tl. Notice that 
B - a xy 

1 t l -y a 
1 t 

B - a xy 

■ 

Proof of Theorem 2.2 First we consider the case A= 0. Since 

there are exactly n zeros among b1 ,b2,••·,bn, c1 ,c2,• · ,en, we may 

label them so that bJcJ = 0 for every J· The matrix A may now be 

factored as follows 

Next we consider the case A f O and proceed by induction on n. If 

n = 2, then rank A= 1 and so exactly one of h1 , h2, c1 , c2 1s 



zero, so we may assume that b1 f 0 

s1m1lar to Since A 
[
b1xc1 yz] 

one factor1zat1on 1s 

y 

= 

X z 

10 

and c1 f O By Lemma 2 4, A 1s 

1s singular, we have z = & So 
1 1 

0 

0 0 

1 
0:- y 

1 

Now we assume that n ~ 3 Again, the number of zeros among the 

b1's and c1's 1s less than n and so we may assume that b1 and c1 

are nonzero By Lemma 2 4, A 1s s1m1lar to [b~l ~tl vhere x 

1s a column vector, yt 1s a row vector and SE ln-l Now Lemma 2 5 

says that 

Therefore, we have 

which 1s the total number of zeros among the b1's and 

the 1nduct1on hypothesis, S -~ xyt = B'C' with 
1 1 

C 'S. 
1 

Hence by 
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Ve can factor A in the following way 

b1c1 
t 

1~ 0 cl 
1 t I y ~y 

A = 1 = ■ 
X s B' 0 c, cl 

The following key result was given by Vu [22] about factorization 

of a singular matrix into two nilpotent matrices. 

TKEOlEK 2.6. Suppose that A E •n is singular but not a 2x2 

nilpotent matrix. Then A is a product of two nilpotent matrices both 

of which have rank equal to rank A 

Since this is one of the key results used in this thesis and for 

the sake of completeness, we will include the proof of the theorem, but 

first we need two lemmas. In the following we denote the mxm nilpotent 

Jordan block by Jm, that is 

0 0 0 
1 0 

J = 0 1 
m 

0 0 1 0 

In particular, J1 is the 1x1 matrix 0. 

LEW! 2.7. For m f 2, Jm is the product of two nilpotent matrices 

both of which have rank equal to rank Jm. 
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Proof. The proof is obvious for m = 1 For odd m ~ 3, we have 

0 0 0 0 0 1 0 0 0 
0 0 0 1 0 0 1 0 0 
1 0 0 0 . 

J = 0 1 m 1 0 
0 0 0 0 

0 0 1 0 0 1 0 0 0 

and for m even, m 1 2, we have 

0 0 0 0 0 0 0 1 1 0 . 0 0 
0 0 0 0 1 1 0 0 1 0 . 0 0 
1 -1 0 0 0 0 

J = 0 1 0 • m . 0 0 1 0 
0 0 0 0 

0 0 1 0 0 1 0 0 0 

LEIOU. 2.8. For n 1 2, every nxn nilpotent matrix A is a product 

of two nilpotent matrices both of which have rank equal to rank A 

Proof. The result is obvious for n = 1 For n ~ 3, A is 

similar, via the Jordan canonical form, to a direct sum of nilpotent 

Jordan blocks, i e. a block diagonal matrix 

where every AJ is an for some 
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positive integer mJ The existence of 2x2 Jordan blocks complicates 

the proof since they cannot be written as a product of two nilpotents 

If there is more than one 2x2 Jordan block we group them in groups of 

twos and threes. If there is only one of them, we group it with another 

Jordan block of any size (such a block exists because n > 2) 

Therefore A is similar to a direct sum of matrices 

where each Rl is similar to one of the matrices. Jm with m f 2, 

J2 e J1, J2 e Jm with m ~ 2 and J2 e J2 e J2. It suffices to prove 

the theorem for these matrices, since if R =NI with NJ and MJ 
J J J 

nilpotent and rank N = rank I = rank R, then 
J J J 

where N = N1 e e Nl and I= 11 e • e Ml Furthermore, the 

direct sum of nilpotent matrices is always nilpotent and the rank of a 

direct sum equals that sum of ranks of the individual direct summands 

The matrices Jm with m f 2 have been dealt with in Lemma 2 7 

For the matrix J2 e J1 we have the following factorization 

For Jm e J2 with m ~ 2, we have 



[J: OJJ = 

and 

Frnally, 

where 

0 0 

0 0 

0 0 
0 1 

0 
0 

0 0 

0 0 

0 0 
0 1 

14 

0 0 
J2 Jm 0 0 

1 0 0 0 1f m 1s even, 

0 1 
0 0 ... 0 0 0 

0 
1 

0 

0 
0 

1f m 1s odd 

0 0 0 PO Q 0 

0 = J2 0 0 0 0 Q 

J2 0 J2 0 J2 0 0 

■ 

Proof of Theorem 2 6. By the Jordan canonical form, A 1s s1m1lar 

to a matrix L = L1 e e L vhere 
m 



15. 

al 0 

1 al 

Ll = 

0 1 al 

Since the nilpotent case has been dealt with 1n Lemma 2.8, we need only 

consider the nonn1lpotent case. So at least one eigenvalue 1s nonzero 

and we may assume without loss of generality that am f O Notice that 

1t suffices to prove that L = YZ for some nilpotent matrices Y and 

Z such that 

(1) The ith row of Y 1s zero 1f and only 1f the ith row of L 1s 

zero; 

(11) the Jth column of Z 1s zero 1f and only 1f the Jth column of L 

1s zero, 

(111) the nonzero rows of Y are independent; 

(1v) the nonzero columns of Z are independent. 

Ve use 1nduct1on on n For n = 2, A 1s either 

case we take each factor to be o, or A lS s1m1lar to 

a f 0 Ve have 

[~ ~] = [~ ~] [~ i] 

o, 1n which 

rn ~] with 

Next we consider n = 3. It suffices again to consider nonn1lpotent L 

There are three poss1b1l1t1es for L which are factored as follows. 



16 

[~ 
0 

!] [~ 
0 

~~·l~ 
0 J 0 = 1 0 where a 1 0 

0 -a 0 

[~ 
0 

!] [~ 
0 

~rn 
0 

;] 0 = 0 0 where a 1 0 
0 1 0 

[~ 
0 ~] [~ 

0 

~rn 
1 

;] a = 0 0 where a,/J 1 0 

7 fl 0 

Now assume n ~ 4 (and recall that am; 0). Let L' be the 

singular (n-l)x(n-1) matrix obtained by deleting the last row and the 

last column of L So 

L = 
L' 0 t where µ = [O,· ,O,d] 

with d = 0 or 1 By the 1nduct1on hypothesis L' = y,z, where y, 

and z, are (n-l)x(n-1) nilpotent matrices with properties (1), (11), 

(111), and (1v). Let y! be the ith row of y, and zJ be the Jth 

column of z,, we want to show that there exist y! and zn such that 

0 
y, z, z 

L = n 
0 

t 
Yn 0 . 0 0 



with properties (1), (11), (111), and (1v) still holding In other 

words, we want to find y! and zn such that 

(1) 

(2) 

and y! 1s independent of Yi, 
,zn-1 

y, z = o, 
n 

,y!_1 while zn 1s independent of 

Since rank y, = rank L' and L' 1s singular, we have that y, 
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1s also singular Therefore there exists a nonzero zn such that (2) 

holds. Next we show that zn 1s independent of the other 

Suppose not - that 1s, suppose that 

n-1 

zn = l wJzJ 
J=1 

for some scalars w 's 
J 

z 's 
J 

Ve may assume that wJ = 0 1f zJ 1s a zero column In other words 

zn = Z'w where w = [w1,•••,vn_1Jt. Now 

L'w = Y'Z'w = Y'z = 0. n 

Notice that the nonzero columns of L' are linearly independent and 

wJ = 0 1f the Jth column of L' 1s zero. Nov let L ,·· ,L1 be all 
11 r 

the nonzero columns of L', then the (n-1)xr matrix 
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formed by these nonzero columns has linearly independent columns, and so 

it has rank r This implies that its null space is {O}, and the 

equation L'w = 0 is satisfied only when w = o. Therefore every 

w = J 
0 and so z = 0 n which is a contradiction. 

Next we prove the existence of a vector Yn satisfying equation 

(1) First we assume that d = 0 Let • z be the nonzero 
' i 

columns of z, 
' 

then the 
r 

(n-1)x(r+1) matrix 

formed by the nonzero columns of z, and zn has linearly independent 

columns and therefore the system 

is consistent Thus there exists a vector y! satisfying equation (1) 

On the other hand, if d = 1, then the size of Lm (the last Jordan 

block of L) is greater than or equal to two, and hence the (n-J)st 

column of L' is not zero. By our assumption, we must have that zn-l 

is not a zero column As before the system of equations 



is consistent. It remains only to show that y! is not linearly 

dependent on the rows of y, To prove this we notice that 

0 
y, z, z 

L = YZ with y = and z n 
0 = 

t 
Yn 0 

and so 

rank Y > rank L = 1 + rank L' = 1 + rank y, 

which implies the required independence 
■ 

19 
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CHAPTER III 

MAIN THEOREM 

THEOlEM 3.1 (the main theorem) Suppose that A E In is not a nonzero 

2x2 nilpotent matrix and rank A= k < n Let b1,b2,• ·,bn and 

c1 ,c2 , · ,en be given complex numbers, exactly t of which are zero 

Then there exist matrices B and C in Mn with eigenvalues 

b1 , b2 , · , bn and c1' c2 , 

only if t ~ n - k 

,en respectively such that A= BC if and 

Bl:MJ.11 3.2. To prove the theorem, we may assume, without loss of 

generality, that the number of zeros among the b1's 1s greater than or 

equal to the number of zeros among the c1's Indeed, 1n the opposite 

case we may factor At as a product RS with u(R) = {c1,c2,••· ,en} 

and u(S) = {b1,b2, ,bn} Since rank At= rank A, u(Rt) = u(R) and 

u(St) = u(S), and since A= (RS)t = StRt, we get the desired 

factorization 

3.1 The 2x2 aatrices 

In this section we prove Theorem 3 1 for 2x2 matrices and we also 

establish a necessary and sufficient cond1t1on for factoring the nonzero 

2x2 nilpotent matrices - the exceptional case. The proof 1s given in 

a sequence of steps 

(1) If A is a nonzero 2x2 nilpotent matrix, then A cannot be 
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written as a product of two nilpotent matrices 

This has first been observed in the paper by Fong and Sourour [7] 

Ve give a proof. 

Proof Every nonzero 2x2 nilpotent is similar to 

Suppose that [~ ~] = N1N2 where N1, N2 are nilpotent matrices 

Take a nonzero x = (x1,x2) E f(N2); ve know that 

[ba22 Oo] This implies x1 = 0 and x2 I 0. Hence, N2 is of the form 

But N2 is a nilpotent matrix, and so b2 = O, this means N2 is of 

the form [1
2 

~] On the other hand [~ i] = N~ Ni, the same argu­

ment shows that N1 is of the form [1
1 

~]. However, 

for any a1 and a2 ■ 

(11) Let E1 = {O,O}, E2 = {c1,o}, c1 f 0. For every 2x2 singular 

matrix A, there exist matrices B and C with u(B) = E1 and 

u(C) = E2 such that A= BC 
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Proof Notice that A 1s s1m1lar to [~ ~J or or 

where a IO and so 1t suffices to establish the desired 

factor1zat1on for these three matrices Ve have 

[~ ~J = [O OJ [ c 1 OJ 0 0 0 0 ' 

[~ ~] = [ 0 0] [ c 1 0] 1/c1 0 0 0 ' and 

[g ~] = [o aJ [c1 OJ 0 0 1 0 . ■ 

(111) Let E1 = {O,O}, E2 = {c1,c2}, c1 IO, c2 I 0. For every 2x2 

singular matrix A, there exist matrices B and C with u(B) = E1 
and u(C) = E2 such that A= BC 

Proof Again 1t suffices to consider the three canonical forms 

-C 1 C2] 
0 . ■ 

(iv) Let E1 = {b1,o}, E2 = {c1,0}, b1 IO, c1 IO For every 2x2 

singular matrix A, there exist matrices B and C with u(B) = E1 
and u(C) = E2 such that A= BC. 
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Proof. If A:/: O, then by Lemma 2.4, A is similar to 

[bi1 !] · Since A is singular, we have z = b:~1· Hence we can 

factor A in the following way: 

[' :] = [ 1b1x :] [:' liJ 
C1 

If A = 0 then 

(v) Let A be a 2x2 matrix, E1 = {b1,o} and _E2 = {c1,c2} where 

b1 , c1 , c2 are nonzero. Then A is a product of some matrices B and 

C with u(B) = E1 and u(C) = E2 if and only if rank A= 1 

Proof If A= BC with u(B) = E1 and u(C) = E2, then C is 

invertible a.nd so rank A= rank B = 1. The converse is contained in 

Theorem 2 2 ■ 

(vi) If A is a singular 2x2 matrix which is not a nonzero 

nilpotent matrix, then A= BC for some matrices B and C such that 

u(B) = u(C) = {O,O} 

Proof If A= O, we may take B = C = 0. If A:/: O, then, by 

the hypothesis, A is similar to [g ~] for some a:/: 0 The 
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factorization 

establishes the conclusion 
■ 

The preceding steps establish a proof of Theorem 3 1 for 2x2 

matrices They also establish the following proposition regarding 2x2 

nonzero nilpotent matrices. 

PlOPOSITIOI 3.3. Let A be a 2x2 nonzero nilpotent, and let b1, b2, 

c1, c2 be complex numbers Then there exist 2x2 matrices B and C 

with eigenvalues {b1 ,b2} and {c1 ,c2} respectively such that A= BC 

if and only if the total number of zeros t among b1, b2, c1, c2 

satisfies the inequalities 1 ~ t ~ 3 

3.2 Proof of the lam Theore■ 

Ve start by proving the necessity of the condition t ~ n - k for 

the factorization in Theorem 3.1. 

Proof of Necessity· Suppose A= BC with u(B) = {b1, ··,bn} 

and u(C) = {c1, • ,en} Two standard facts from linear algebra are 

that the nullity is submultiplicative, i e. v(DE) ~ v(D) + v(E) for 

all nxn matrices D, E and that the nullity of a matrix is less than 

or equal to the number of zeros among its eigenvalues. Using these, we 



have 
n - k = v(A) 

= v(BC) 

< v(B) + v(C) 

< the number of zero eigenvalues of B 
+ the number of zero eigenvalues of C 

= t • 
Before proceeding with the proof of the sufficiency of the 

condition t > n - k we need one lemma 

LEW! 3.4. Let S be an invertible matrix in In and set 

A = [oo Os] E II 1 n+ 

Then A is similar to [~ ~] where x is any nx1 vector 

Proof -1 Let y = S x 
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Now the proof of the suff1c1ency will be established first for 

several special cases pertaining to the distribution of zeros among the 

two sets of eigenvalues {b1,.,.,bn} and {c1,. ,en} This 1s 
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established in the following three propositions. 

PI.OPOSITIOI 3. 5. Suppose that A E In is not a 2x2 nilpotent and 

rank A= k < n Let bl'· ,bm,O' .. '0' and Cl'• • C O · • 
' m' ' 

,o be 2n 

complex numbers such that all the b 's 
1 

and C 'S 
1 

are nonzero and 

2(n--m) ~ n - k. Then there exist matrices B and C with eigenvalues 

A= BC 

Proof. Ve are given that n - k ~ 2(n--m) which 1s equivalent to 

k > 2m - n. Our proof will proceed by using 1nduct1on on m If 

m = O, the proposition is true by Theorem 2 6 Now assume m = 

n = 2, then by Section 3 1(iv), we know that the propos1t1on 1s 

If n = 3, then A is similar to 

[~ 
0 ~l · [; 

0 ~l · [; 

0 ~] p 0 or 0 

0 0 b 

where a, P are nonzero, and a, b are either O or 1 These 

matrices can be factored as follows: 

0 

0 

p 

1 If 

true 
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[; 

0 ~] [1-0. 0 

~l[°o' 
0 

Il · 
0 = 0 0 C 1 
0 0 a b1 0 0 

[; 

0 ~] 
0 0 

b:,1 

C 1 0 0 

and 0 = _!_ a 0 0 0 0 C1 
1 b b 0 0 0 0 Di 

Hence, when m = 1, n = 3, the proposition is true Suppose now that 

we have m = 1 and n ~ 4 If A f O, then by Lemma 2.4, A is 

similar to 

b1C1 i 
X s 

where x 1s a (n-1)x1 column vector, yt 1s a lx(n-1) row vector 

and SE •n-l" By Lemma 2 5, we know that 

So rank[s - 6~ 1 x yt] = k - 1 < n - 1, and hence S - 6~
1 

x yt 1s 

singular 

and C' 

Therefore, by Theorem 2.6, there exist nilpotent matrices B' 

such that S - 1 x yt = B'C'. Now the desired factorization oici 
of A follows from the equations. 

b 1C 1 t b1 0 y 
A ,.,, = 1 

X s -x B' C 1 0 
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So the proposition is true when m = 1. 

Now we complete the proof by using induction on m. Assume m ~ 2 

Case (1). ! = 0 Since rank A= 0 > 2m - n, we have n ~ 2m 

Therefore 

0 0 0 

A = 0 = 
0 

·o 

0 0 
0 Cm 

Case (2). ! # 0. By Lemma 2.4, 

where x is a (n-1)•1 column vector, yt is a 1x(n-1) row vector 

and SE •n-1' Now rank A= k = rank[s - b:cm x yt] + 1 by Lemma 2 5. 

Hence we have 

= 2(m-1) - (n-1) 

Therefore, by the induction hypothesis, there exist (n-1)x(n-1) 

matrices B' and c, with 
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t1(B) = {b1, . ,bm-1 '0' ,0} 

and 

t1(C) = {cl'• ,cm-1'0' . ,0} 

such that [s - h111c11 x Yt] = B1 C1 Consequently, we have 

bmCm yt bm 0 

I 
Cm 

1 t 
Om y 

= 1 
X s -x B' 0 c, 

Cm 

and this completes the proof of Propos1t1on 3 5. 
■ 

PI.OPOSITIOI 3.6. Suppose that A E •n is singular, and let 

,en be nonzero complex numbers. Then there exist matrices B 

and C in In with eigenvalues 0,0, 

respectively such that A= BC. 

Proof If n = 1, the proof 1s obvious If n = 2, then by 

Section 3 1(111), the propos1t1on 1s true Now we proceed by 1nduct1on 

on n Assume n ~ 3, we consider two cases. 

Case (1): A has more than one zero eigenvalue Then A 1s s1m1lar to 

0 

0 s 



30 

for some (n-l)x(n-1) singular matrix S So by the induction 

hypothesis, there exist 8', C' in •n-l with u(B) = {O, •· ,O} and 

u(C) = {c1, • ,cn_1} such that S = B'C' Hence we have 

0 t 0 Cn 0 

0 s 0 0 

Case (2): A has exactly one zero eigenvalue. Then A is similar to 

for some invertible (n-l)x(n-1) matrix S By Lemma 3.4, we know that 

[~o os l [~x os l 0 
1 

S 1s s1m1lar to xi S 

( ) 
-1 1 for some nonzero n-1 x1 column vector x. Now let w = S c x, 

n 

then choose a lx(n-1) vector zt such that ztw = 1. So we have 

S - - xz w = Sw - - xz w [ 
1 t] 1 t 

Cn Cn 

1 
= Sw - - x 

Cn 

= 0 
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Hence, 1 t S - - xz is singular. 
Cn 

So, by the induction hypothesis, there 

exist B', C' in •n-l with u(B') = {O,···,O} and 

1 t such that S - - xz = B'C'. Consequently, we have the following 
Cn 

factorization 

~ 
X I s ■ 

PlOPOSITIOI 3.7. Let A E )In be given with rank A=- k < n. Let 

such that all of the bi's and cJ's are nonzero and n - m ~ n - k. 

Then there exist matrices B and C in )In with eigenvalues 

b1 , ·,bm,O' •,O and c1' .. ,en respectively such that A= BC. 

Proof If m = O, then the proposition is true by Proposition 

3.6. Now assume m > 1 Since 

rank A= k ~ m ~ 1, 

we know that At 0. Hence by Lemma 2 4, A 1s s1m1lar to 
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where x 1s a (n-1)x1 column vector, yt 1s a 1x(n-1) row vector 

and SE ln-l' So by Lemma 2 5, rank[s - b:cm xyt] = k - 1 ~ m - 1 

Therefore, by the 1nduct1on hypothesis, there exist (n-1)x(n-1) 

matrices 8' and C' with 

1 t such that S - bmcm xy = B'C'. Consequently, we can factor A 1n the 

following way 

= 
X s 1 -x 

Cm 

0 ~. 
o I c, 

and this completes the proof of Proposition 3 7. ■ 

Proof of Theorem 3 1. V1thout loss of generality, we may assume 

that the number of zeros among the b1's 1s greater than or equal to 

the number of zeros among the c1's since by factoring At instead of 

A we may reverse the roles of the b1's and c1's. Suppose that 

exactly m of the b1's are nonzero; we may assume that b1,••·,bm 

are nonzero and bm+l' ,bn are zero Now suppose that exactly l of 
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the c1's are zero By our assumption l ~ n - m. Ve may assume that 

c1,. ,cm,cm+l+l''' ,cm+l+J = en are all nonzero and cm+l' •,cm+l 

are zero Notice that 1t 1s possible that l or J 1s zero. So now, 

we haven-tuples of complex numbers {b1,••·,bm,O' •·,O} and 

nonzero Notice that 1f t 1s the total number of zeros among these 

2n complex numbers, then t = (n-m) + l So the cond1t1on t ~ n - k 

1n the statement of Theorem 3.1 1s equivalent to k ~ m - l 

Now we break down the theorem into the following cases 

Case (1): l = 0 Then the theorem 1s true by Propos1t1on 3 7 

Case (2): i > 1, J = 0 Then the theorem 1s true by Propos1t1on 3 5 

Case (3): l ~ 1, J ~ 1 The cond1t1on t ~ n - k of Theorem 3 1 

gives n - m + i ~ n - k and so k ~ m - i The case k = m - i, 

equivalently t = n - k, 1s dealt with 1n Theorem 2.2, thus we may 

assume that k ~ m - i + 1 and we will use 1nduct1on on J• 

Subcase (3a) A has more than one zero eigenvalue In this case 

A N [: ~ l for some (n-l)x(n-1) singular matrix s. Now 

rank S ~ rank A - 1 ~ m - i and so 1f s 1s not a 2x2 nonzero 

nilpotent matrix, we get, by the 1nduct1on hypothesis, that S can be 

factored into matrices B' and C' with u(B') = {b1,••·,bm,O,···,O} 

and u(C') = {c1,. ,cm,O, •,O,cm+l +l'··•,cm+i+J-l} Hence, we may 



factor A as follows 

0 

X 

0 

s 
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= 

If S 1s a 2x2 nonzero nilpotent matrix, then by Propos1t1on 3 3, S 

may be factored into two matrices with eigenvalues as above except for 

the case where all the eigenvalues of the factors of S are required to 

be zero It remains only to establish this case. This means that A 

1s a 3x3 matrix and there are at least two zeros among the b 's and 
1 

at least two zeros among the C's 
1 

The cond1t1on that J ~ 1 

that exactly two of the c1's are zero and that all uf the b
1
's are 

zero In other words we wish to factor A as product BC such that 

u(B) = {O,O,O} and u(C) = {O,o,c3}, c3 f O Ve are still assuming 

that the mult1pl1c1ty of zero as an eigenvalue of A 1s at least 2, 

so A 1s s1m1lar to one of the matrices 

0 0 0 0 0 0 0 0 0 

a O O , 1 0 0 , 1 0 0 , or [ 0 ] 

0 0 a 0 1 0 0 0 0 

where a f O and a= 0 or 1. These matrices can be factored as 

follows 
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0 0 0 0 0 0 C3 0 0 

a 0 0 a 0 0 0 0 1 = -
C3 

0 0 a 0 a 0 0 0 0 

0 0 0 0 0 0 0 1 0 

1 0 0 = 0 0 1 0 C3 0 

0 1 0 1 0 0 1 0 0 

0 0 0 0 0 0 C3 0 0 

1 0 0 1 0 0 0 0 0 = 
C3 

0 0 0 0 0 0 0 0 0 

C3 0 0 

0 = 0 0 0 0 

0 0 0 

Subcase (3b) A has exactly one zero eigenvalue. In this case A 

is similar to 

0 

B1 
0 B2 

0 

where 

0 

0 

. Br 

B = 
i [o

fl 

0 0 

= 0 s 
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with a1 IO This 1s merely the Jordan form of A. By Lemma 3.4, we 

know that 

[
9f-Lo os l [9f-Lxo os l 
01 

S 1s s1m1lar to xi S 

where x = (1,0, ,o)t Define a 1 x (n-1) vector zt as 

,O) Now we have 

a1 O· • O 
0 0 

= s - . 
0 · 0 

which 1s singular and has rank n - 2. So we have 

( -1 t) rank S - en xz = n - 2 = rank A - 1 ~ m - l 

-1 t Hence, by the 1nduct1on hypothesis, S - en x z can be factored into 

some (n-l)x(n-1) matrices B' and C' with 

Now 
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which is the desired factorization This completes the proof of our 

main theorem . 
■ 
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CHAPTER IV 

APPLICATIONS 

4.1 Products of Hera1t1an latr1ces 

In [15], RadJav1 proved that 1£ the determinant of a matrix A is 

real, then A 1s a product of four Herm1t1an matrices In the case 

when A 1s not a scalar matrix, we can apply Theorem 2 1and26 to 

give a different proof 

THE01EK 4.1. Jn nxn complex matrix A is the product of four 

Hermitian matrices if and only if its determinant is real. 

Proof First we prove that the property of a matrix S being the 

product of two (or four) Herm1t1an matrices 1s 1nvar1ant under 

s1m1lar1ty That 1s, 1f a matrix S has the property of being the 

product of two (or four) Herm1t1an matrices, then every matrix s1m1lar 

to S also has that property. Now suppose S = H1H2 where H1 1s 
-1 Herm1t1an, and P SP 1s a matrix s1m1lar to S Then 

-1 *-1 * and both matrices P H1P and P H2P are Herm1t1an matrices, i.e. 

P-1SP 1s the product of two Herm1t1an matrices 



Then 

matrices 

This invariance will be used repeatedly in the remainder of this 

section 

Now we prove Theorem 4 1 by considering the following cases 

Case (1) A = Al, and this is a special case of RadJavi's original 

proof If A= O, the result is obvious So we assume that A I 0 

Ve have 

0 0 A 0 0 
1 

0 1 
0 
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A = = ( 4 1 1) 

Now 

0 
1 

0 

0 

0 1 
0 

1 0 

= 

0 
A 0 

1 0 
0 

0 1 

A 
0 0 

0 
1 

0 1 

0 

1 0 

1 

(4.1 2) 

0 



which are both Hermitian On the other hand, let 

0 A 0 

B = 
0 A 
A O 0 

Then B 1s s1m1lar to C where 

0 1 0 

C = 
0 1 
An O 0 

since 

1 
0 

1 

C = B 

0 0 

However, 

0 
C = 

1 0 0 1 

0 
1 

0 
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0 

which are both Hermitian since An= det A is real. It follows that B 

is the product of two Hermitian matrices, and this, together with 

equation (4 1.1) and (4.1 2) implies that A is the product of four 
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Hermitian matrices. 

Case (2): A is invertible but A# Al Suppose that det A= c # 0 

If n is even, choose E1 = {1,c,p1,~1, ... ,p~_1,~~-l} if c # 1 (or 

choose E1 = {t,2,p1,~1,• ·,P~_1,~~-i} if c = 1) and 

E2 = {11,11, ·,7~,7~} such that the Pi's (respectively the 7J's) 

are distinct non-real complex numbers with IPil = l1JI = 1 for every 

i and J If n is odd, choose 

such that the Pi's (respectively the 7J's) are distinct non-real 

complex numbers with IPil = l1JI = 1 for every i and J By Theorem 

2 1, we know that there exist nxn matrices B and C with u(B) = E1 
and u(C) = E2 such that A= BC Since every nxn matrix with n 

distinct eigenvalues is similar to a diagonal matrix, it follows that 

both B and C are diagonalizable, so each of B and C is similar 

to a direct sum of 2x2 matrices of the form 

together with possible matrices of the form 



[ c ] , or [ 1 ] 

It suffices to show that each of these matrices 1s a product of two 

Hermitian matrices This is quite obvious for the Hermitian ones by 

taking one factor to be I, the identity matrix On the other hand, 

which are both Hermitian 
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Case (3): det A= 0 If A= O, then the result is obvious Now 1f 

A is a nonzero 2x2 nilpotent matrix, then 

Therefore A is a product of two Hermitian matrices and hence is also a 

product of four Hermitian matrices, as we may take two factors to be the 

identity It remains to consider the case when A is not a 2x2 

nilpotent matrix Then, by Theorem 2.6, A= N1N2 where N1, N2 are 

nilpotent matrices Since each of N1 and N2 is similar to a direct 

sum of nilpotent Jordan blocks, it suffices to show that every nilpotent 

Jordan block is a product of two Hermitian matrices. In fact, 



0 
1 

0 

0 

= 

1 0 

0 

0 1 

0 
1 

0 1 

0 

4.2 Products of Pos1t1ve Sea1defin1te latrices 
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1 

■ 
0 

In [23], Vu proved that every singular matrix is the product of 

four positive semidefinite matrices Ve will give a shorter proof of 

this result using Theorem 3 1. But first we need the following lemma 

from Vu's paper, the proof of which will not be given here. 

LE1Dil 4.2. Every nilpotent matrix is the product of -three positive 

semidefinite matrices 

The proof can be found in [23] 

TKEO~E» 4.3. Every singular matrix is a product of four positive 

semidefinite matrices. 

Proof. Suppose that A is an nxn singular matrix. By Theorem 

3.1, we know that A= BC where B has eigenvalues 1,2,·· ,n and C 

is nilpotent So B is similar to a positive definite matrix P1, 

-1 f i e. B = S P1S or some invertible matrix S. On the other hand, by 

Lemma 4.2, scs-1 is a product of three positive semidefinite matrices, 

say, P2, P3, and P4. Now we have 
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A= BC 

and each factor is positive semidefinite 
■ 

4.3 Products of Involutions 

A few more applications of Theorem 2.1 can be found 1n Sourour's 

paper [18] One of them 1s about factorization of involutions which was 

first proved 1n [8] by Gustafson, Halmos, and RadJav1. Recall that a 

square matrix is called an involution 1f its square 1s the 1dent1ty 

matrix In [18], a short proof of this result 1s given using Theorem 

2 1 Here we present the theorem and its short proof. 

TIEO~EV 4.4. Suppose that A E In If det A= =1, then A is the 

product of at most four involutions. 

Proof. First we observe that the set of 1nvolut1ons is invariant 

under s1milar1ty. Indeed, 1f B is an involution, then P-1BP is an 

involution for any invertible matrix P It follows that the property 

of a matrix being the product of k involutions 1s invariant under 
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similarity for any positive integer k. 

To prove Theorem 4 4, first we assume that A= Al. From the proof 

of Theorem 4.1 in Section 4.1, we know that, for A f O, A= Al can be 

factored into four matrices, each of which is similar to 

1 0 
0 

0 1 

0 
1 

0 

0 
or 

1 

1 

or 
0 

An 0 
0 

0 1 

0 
1 

0 

Since in this case An= det A= z1, we observe that all of these three 

matrices are involutions, and so the result follows 

Now we assume that A is non-scalar and that det A= 1 By 

Theorem 2 1, we may write A as a product BC where B has distinct 

eigenvalues of the form 

(depending on whether n is even or odd), and C has distinct 

eigenvalues of the form 

-1} { -1 -1 } ,7n,7n or 1,71'71 , · · · ,7n-t,7n-1 • 
1" "2" ,-- ,-

Notice that since B and C both have n distinct eigenvalues, they 

are d1agonal1zable. On the other hand, we know that 



[
8 ~ l = [o 1] [o 8-

1
1 

0 8 1 1 0 8 0 

for any nonzero 8 EC So let 

then we have 

B "' 

0 

1f n 1s even, or 

1 

B "' 

0 

ol [o rr
1
] [o 1] 1 ' B' = ~ ' and Q = 1 0 , 

{J~ 1 fJ 1 

0 

0 

Bn-1 
2 

= 

= 

Q 
Q 

0 

1 
Q 

0 

0 B' 
1 B' 

2 

Q 

0 1 

Q 

0 

0 

8' 1 

0 

0 

I 

Bn-1 
2 

46 

1f n 1s odd. All four factors above are easily seen to be 1nvolut1ons 

S1m1lar factor1zat1on can be obtained for C, and 1t follows that A 

1s a product of four 1nvolut1ons 

Next assume that det A= -1. If n 1s odd, then det(-A) = 1 

and from above we know that -A= B1B2B3B4 where B1 1s an 1nvolut1on 
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It follows that A= (-B1)B2B3B4 and we have the desired factorization 

If n is even, then we may write A as a product BC where B has 

distinct eigenvalues {1,-1,p1,Pt1, ,P¥,~} and C has distinct 

R 

B N 

where 

B = i 

0 

0 Bn-2 
2 

= 

R 
Q 

0 

Similarly, we have 

0 

Q 0 

B' 1 
0 

I 

Bn-2 
2 

[p; p~1] • B' 
i = [:, ~l Q = [: :] . 

R = [: 0 l' and 12 = 
[: :]. -1 

and the two matrix factors are involutions. Similar factorization can 

be obtained for C, and hence A is a product of four involutions. 

4.4 Products of Positive Definite latr1ces and Coantators 

In [18], Sourour also gives short proofs to Ballantine's results 

■ 

[2, 3] about products of positive definite matrices, and to Shoda's and 

Thompson's results [17, 19, 20] about commutators of matrices. Here, we 
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present these two theorems, details of the short proofs can be found in 

[18] . 

TKEOlEM 4.5. Suppose that A E In Then 

(a) A is a product of four positive definite matrices if and only if 

det A> 0 and A is not a scalar matrix AI where A is not 

positive 

(b) A is a product of five positive definite matrices if and only if 

det A> 0 

For the following theorem, given that S ~ GL(n,C), we say that a 

A v f S if A -- BCB-1c-1 for matrix E An 1s a commutator o matrices 1n 

some B and C in S 

THEOlEM 4.6. Let A E SL(n,C). 

(a) Then A is a commutator of matrices in GL(n,C). 

(b) If A is nonscalar, then A is a commutator of matrices in 

SL(n,C). 

(c) If A is nonscalar, then A is a commutator of matrices with 

arbitrarily prescribed nonzero determinants. 



CHAPTER V 

CONCLUSION 
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Ve have shorn that a necessary and sufficient condition for a 

singular matrix, which is not a nonzero 2x2 nilpotent matrix, to be 

factored into two matrices with prescribed eigenvalues 1s that at least 

n - k of these prescribed eigenvalues are zero, where k is the rank 

of the matrix The nonzero 2x2 nilpotent matrices are exceptional 

cases, for they cannot be written as a product of two nilpotent 

matrices 

Ve have also shown that the factorization theorems presented herein 

can be used to shorten the proofs of some old results., replacing some 

computational proofs by more transparent conceptional proofs 
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