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CHAPTER 1

INTRODUCTION

1.1 The General Factorization Problems

It has always been of great interest to represent an arbitrary
square matrix, or a matrix from a wide class of matrices, as a product
of matrices of special type. In addition to 1ts intrinsic interest,
this factorization problem has connections with group theory and
geometry Some of the classical factorization results are the
following
(a) Every real orthogonal matrix 1s a product of reflections [4,
Prop 5, Ch IX, §6, Sect. 4]

(b) Every invertible matrix with determinant 1 1s a product of
transvections [1, p. 163]

(c) The polar decomposition Every complex matrix i1s a product of
a unitary matrix and a positive semidefinite matrix [9, p 343]

(d) The singular value decomposition. Every complex matrix 1s a
product UDV where U and V are unitary and D 1s diagonal
[10, p 157, 414ff].

WVhen the factors in the decomposition belong to a special class &
of matrices, 1t 1s also instructive to determine the smallest number of
factors in such a factorization More precisely, 1f we denote the set

of all products of a finite, but arbitrary, number of matrices from ¥



by %%, 1t 1s of great interest to determine, for T € ¢°, the length
of T with respect to ¥, denoted by £¢(T,¢) and defined as the
smallest integer m such that T can be expressed as a product

Ty Ly=s-Tg vith TJ € € for every j A related problem 1s to
determine, for every positive integer m, the set of matrices, ﬁm,
wvhich may be written as a product of m matrices from %  Another
length problem, which 1s often easier to determine than the
aforementioned two, 1s to determine the length of €, denoted by £(%)
and defined by £(¢) = sup{{(T,46) - T € ¥°} One classical result in
this vein 1s that the length of the set of nxn reflections 1s n

[1, p 131]

In addition to the classical results stated above, quite a few
results have been obtained in the last twenty years Some of these
results turned out to be quite elegant For example, i1n 1969 [15],
Radjavi proved that a complex matrix A 1s a product of four Hermitian
matrices 1f and only 1f det A 1s real, he further proved that a
complex matrix A 1s a product of two Hermitian matrices i1f and only 1f
A 1s similar to A* [16]. For more recent matrices factorization
results, see [7, 12, 13, 18, 22, 23]

A survey of numerous matrix factorizations 1s given by Wu [24].
Classes of matrices considered in that paper include symmetric matrices,
positive semidefinite matrices, involutions, and many others

Although we only consider complex matrices in this thesis, one
might be interested in factoring matrices over an arbitrary field (see

[13, 18] for examples). Factorization of matrices over rings has also




been considered by many authors (see [5, 6, 21] for examples).
Moreover, some are interested in factoring an integer matrix For

example, in [14], Laffey proved that if n > 3, then every nxn

integer matrix with determinant zero is the product of 36n + 217

1dempotent i1nteger matrices and 72n + 434 nilpotent integer matrices.

1.2 0Our Main Problem

In this thesis we restrict ourselves to complex square matrices
even though some of the results are valid for matrices over arbitrary
fields We denote the set of all n x n complex matrices by ln

The main problem discussed below 1s the following: Given A € M
and given complex numbers b1, ,bn and Cqs®e*sCyy cCam A be
expressed as a product of two matrices B and C 1n Hn, such that B
has eigenvalues bl’bz’ ,bn and C has eigenvalues C11Cqs --,cn7
Here, the eigenvalues of matrices are always repeated according to their
algebraic multiplicity, that 1s, their multiplicity as a root of the
characteristic polynomial of the matrix In the case where A 1s
invertible and nonscalar, this problem has been solved by Sourour [18],
who proved that as long as b1b2 bnclc2 C, = det A, such B and C
ex1st A more precise statement of this theorem 1s given in Chapter II
Now the natural question 1s ‘what about when A 1s singular?’ This
will be our main concern in this thesis. It has been observed that the
proof 1n Sourour’s paper [18] establishes one result about factorization

of singular matrices, namely that a sufficient condition for the

existence of B and C as described above 1s that the number of zeros



among the bl’s and c_ ’s be exactly equal to the nullaty of A This
1s given 1n the recent book by Horn and Johnson [11]. Another key
result in this circle of ideas 1s due to Wu [22] who states that except
for nonzero 2x2 mnilpotent matrices, every complex singular matrix 1s a
product of two nilpotent matrices. The above two results will serve as
a tool to prove our main theorem They will be fully stated in Chapter

II, we will also outline the proofs of some of these theorems

Chapter IIT contains our main theorem which gives a necessary and
sufficient condition for factoring a singular matrix A as a product of
two matrices with prescribed eigenvalues The theorem basically says
that as long as the number of zeros among the b ’s and c’s 1s
greater than or equal to the nullity of A, such B and C can be
found Since we are mainly using induction to prove our theorems, and
also since 2x2 matrices are exceptional in as much as the general
statement does not hold for them, we will spend one section to consider
the 2x2 cases In order to prove our main theorem, we are going to
prove three propositions which can also be viewed as special cases to
our main problem The first proposition says that for a singular matrix
A vwhich 1s not a 2x2 mlpotent matnx, 1f those bl’s and cl’s
contain an equal number of zeros, and the total number of zeros among
the bl’s and c,’s 1s greater than or equal to the nullity of A,
then we can find such B and C. The second proposition says that for
a singular matrix A, 1f all the b ’s are zero and all the c,’s are
nonzero, such B and C exist. The third proposition says that if all

the c ’s are nonzero and 1f the number of zeros among the b ’s 1s



greater than or equal to the nullity of A, then B and C can be
found These propositions will be the "bridges" to our final result,
and the complete statements and proofs are given in Chapter III

In Chapter IV, we will show how the factorization theorem described
above can be applied to give new proofs or to shorten proofs of some
previously known results. In Section 4 1 we give a new proof to
Radjavi’s theorem [15] about factoring a matrix into four Hermitian
matrices In Section 4 2, we apply the factorization theorems to
shorten the proof given by Wu [23] about products of positive
semidefinite matrices In fact, more applications can be found in [18],

we will discuss them in Sections 4 3 and 4 4

1.3 Notation and Definitions

Mn the set of all nxn complex matrices

GL(n,C) the set of all invertible matrices in M .

SL(n,C) the set of all matrices in GL(n,() with determinant 1.

For the following, we assume A and B are in N .

a(A) the set of all eigenvalues of A repeated according to
their algebraic multiplicity.

det A the determinant of A.

A(4) the null space of A, 1.e. the set of vectors x € ("
such that Ax = 0.

v(A) the nullity of A, 1 e. the dimension of (A).



We say A 1s similar to B, denoted by A ~ B, 1f there exists

1BP A 1s called a scalar

an invertible matrix P such that A =P
matrix 1f 1t 1s of the form oI where a 1s a scalar. A 1s called a
nilpotent matrix if A" = 0 for some positive integer m Moreover, 1t
can be easily shown that A 1s a nilpotent matrix if and only 1f ¢(A)
contains zero only

I k= (alJ), ve use A% = (aJl) to denote the transpose of A
If A= (aIJ), we use A* = (5;;) to denote the adjoint of A
Moreover, we call A a Hermitian matrix 1f A = A*¥. A 1s positive
semidefinite 1f x*Ax > 0 for every x € € Similarly, A 1s

positive definite 1f x*Ax > 0 for every nonzero x € (" A 1s a

direct sum of matrices A1’A2’ ,Ar, written A = AleAze eAr 1f



CHAPTER 11

LITERATURE REVIEW

In [18] Sourour gave the following result.

THEOREM 2.1. Let A € Mn be invertible and nonscalar and let

bl’b2’ --,bn and C15Cor  »Cp be given complez numbers such that

n
I b1C1 = det A Then there erists a matriz B € Mn with eigenvalues
3=l

bl,b
that A = BC

2,---,bn and a matriz C € ln with eigenvalues C15Cgs **»Cp such

Later, C R Johnson and others have observed that by using
virtually the same method one can prove the following theorem which

appeared 1n [11].

THEOREM 2.2 et A € M be given with rank A=k<n, let

bl,b2, ,bIl and C15C9y  *5Cy be given complez numbers, ezactly
n —k of which are zero  Then there ezist B and C € Hn with

ergenvalues b1’b2"’ ,bn and C13Cgs*sCy respectively such that

A = BC.

Notice that to prove Theorem 2 2 (and all the theorems that

follow), 1t suffices to prove 1t for some matrix similar to A because



similarity preserves eigenvalues, 1 e. s1pcs = s71Bss1cS and
o(B) = ¢(STIBS) while o(C) = ¢(ST2CS). We will outline the proof of

Theorem 2 2, but before that, we need three lemmas

Lemaa 2.3. If A€ L and 1f every vector v € C° 13 an eigenvector

of A, then A 18 a scalar

Proof Ve show that A has only one eigenvalue. To prove this
assume, to the contrary, that Avl = Alvl and Av2 = A2v2 vhere
Al $ )2 and vy and Vo are nonzero Let Vg = Vg + Y, By
assumption Av3 = A3v3 for some scalar )3 Therefore
Alvl + A2v2 = )3(v1+v2). Thus, vy and v, are linearly dependent
But this implies that Al = Az, a contradiction. This shows that A
has only one eigenvalue A  Since every vector 1s an eigenvector, we

have Av = Jv for every v, and so A =AI. g

LEmmr 2.4. Suppose that A € ln 18 not a scalar matriz, and let a be
any complez number. Then A 18 similar to @ matriz which hes a 1n

1ts (1,1) posttion

Proof Since A 1s not a scalar matrix, by Lemma 2 3, we can
choose a vector e, such that e; 1s not an eigenvector of A - al
Now let e, = (A-al)e; and choose an ordered basis @ with e; and
ey as 1ts first and second vectors. The matrix of A with respect to

2 has first column (a,l,O,---,O)t. .



t
a 'y
Lemia 2.5. et x,y € (" and Be M. Set A= €N vwhere
n - B n+l
a 1S some nonzero complex number Then
1 _t
rank A = rank[B -3 Xy ] + 1.
a yt a off1 % yt
Proof A = = . Notice that

x B X I|/{0 B - % xyt

a O
1s invertible. Thus,
x 1

rank A = rank

1t
= rank_B - = Xy ] +1 g

Proof of Theorem 2.2 First we consider the case A = 0. Since
there are exactly n zeros among b1’b2""’bn’ C15C9s* *»Cys WE may
label them so that chJ = 0 for every j. The matrix A may nowv be

factored as follows

o el 00 e

Next we consider the case A # 0 and proceed by induction on n. If

n =2, then rank A =1 and so exactly one of bl’ b2, Cqy Cy 18
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zero, so we may assume that b1 # 0 and ¢y # 0 By Lemma 2 4, A 1s

b ¢ y
similar to [ b4 ] Since A 1s singular, we have 1z = 55%— So

X Z 1+1

one factorization 1s

b,c y b 0 1
=14
—x O
x z 01 0 C2

Now we assume that n > 3 Again, the number of zeros among the

bl’s and cl’s 1s less than n and so we may assume that b1 and ¢y

t
are nonzero By Lemma 2 4, A 1s similar to [blcl y ] vhere x
X S

1s a column vector, yt 1s a row vector and S € M, Now Lemma 2 5

says that

ek ou - t
rank A = k = rank[S BIEI Xy ] + 1.
Therefore, we have

1 t
(n-1)-rank|§ — —=— xy’| =n -k
1%

which 1s the total number of zeros among the bl’s and cl’s. Hence by

the induction hypothesis, S - BJE_ xyt = B’C’ with
11

o(B") = {b2’ 'abn} and ¢(C’) = {027"'scn}'
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Ve can factor A 1n the following way

t 1.t
A= = | 4 -
S — x B’
¥ ¢y 0 C’

The following key result was given by Wu [22] about factorization

of a singular matrix into two nilpotent matraices.

THEOREM 2.6. Suppose that A € ln 18 singular but not a 2x2
nilpotent matriz. Then A 18 a product of two nilpotent matrices both

of which have rank equal to rank A

Since this 1s one of the key results used in this thesis and for
the sake of completeness, we will include the proof of the theorem, but
first we need two lemmas. In the following we denote the mxm mnilpotent

Jordan block by Jm, that 1s

00 0]
10 :
o1
I = .
0 010

In particular, J1 1s the 1x1 matrix 0.

Lemaa 2.7. For m# 2, Jm 18 the product of two nilpotent matrices

both of which have rank equal to rank Jm.
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Proof. The proof 1s obvious for m =1 For odd m > 3, we have

[0 0 0 0][0 1 0 O 0
0 0 0 1|10 0 1 O 0
10 o off- - - :
=10 1 .
" . . Z 1 0
. 0 0 0 0
00 10 of[t 0 0 0
and for m even, m # 2, we have
[0 0 0 0 0 O]f0 1 1 0 0 0]
0 0 0 0 1 1{(0 0 1 O 0 0
1-1 0 0 0 O . .
Jm=010 L ]
. 0 0 1 0
. + 110 0 0 0
0 01 0 0/[1 0 0 0

LEmMa 2.8. For n # 2, every nxn nilpotent matriz A 18 a product

of two nilpotent matrices both of which have rank equal to rank A

Proof. The result 1s obvious for n=1 For n> 3, A 1s
similar, via the Jordan canonical form, to a direct sum of nilpotent

Jordan blocks, 1 e. a block diagonal matrix

where every AJ 18 an mxm, nilpotent Jordan block Jm for some
J
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positive integer mJ The existence of 2x2 Jordan blocks complicates
the proof since they cannot be written as a product of two nilpotents

If there 1s more than one 2x2 Jordan block we group them in groups of
twos and threes. If there 1s only one of them, we group 1t with another
Jordan block of any size (such a block exists because n > 2)

Therefore A 1s similar to a direct sum of matrices
R1 ] R2 ® ... © RZ

vhere each Rg 1s similar to one of the matrices. J_ with m # 2,

m
JoeJ, Jpeld, with m > 2 and 32 ® J2 ® J2. It suffices to prove

the theorem for these matrices, since 1f RJ = NJIJ vith NJ and M

nilpotent and rank NJ = rank MJ = rank RJ, then

R, ¢ . ® R[ = NM

vhere N = N1 @ ® Nt and M '1 @ .o MZ Furthermore, the

direct sum of nilpotent matrices 1s always nilpotent and the rank of a

direct sum equals that sum of ranks of the individual direct summands
The matrices Jm with m # 2 have been dealt with in Lemma 2 7

For the matrix J, @ J, we have the following factorization

For Jm ® J2 vith m > 2, we have
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0 O 1 [0 0 J 1
Jm 0 Jm 0 0 2
=0 0 1 0 0 0 if m 1s even,
0 J2
0 0 0 0 1
01 0 0] (o 0 0 0
and
0 0 0o - 0
1
Jm 0 - I[0 J2
=10 0 0 .- 1 if m 1s odd
0 J J 0
2l oo o o/l ™®
0 1 0 0
Finally,
J 0 0T 0 0 P 0 Q O
0 J2 0| = J2 0 0 0 0 0
0 0 J2_ LO J2 0 _J2 0 0-
vhere

Proof of Theorem 2 6. By the Jordan canonical form, A 1s similar

to a matrix L = L1 ® ® Lln vhere



15.

a 0
1 a

L1 =
0 1 01_

Since the nilpotent case has been dealt with in Lemma 2.8, we need only
consider the nonnilpotent case. So at least one eigenvalue 1s nonzero
and we may assume without loss of generality that a, # 0 Notice that
1t suffices to prove that L = YZ for some nilpotent matrices Y and

Z such that

(1) The 2th row of Y 1s zero i1f and only 1f the 2th row of L 1s
zZero;
(11) the jth column of Z 1s zero 1f and only 1f the jth column of L
1S zero,
(111) the nonzero rows of Y are independent;

(1v) the nonzero columns of Z are independent.

Ve use induction on n For n =2, A 1s either 0, ain which

0 0
a] with

case we take each factor to be 0, or A 1s similar to [0

a # 0 Ve have

Next we consider n = 3. It suffices again to consider nonnilpotent L

There are three possibilities for L which are factored as follows.
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1 0 0| = 1|0 1 1/a|| 2 0 1| where a # 0

0 0 0| = (0 0 0110 0 a| wvhere a # 0

0f = |a 0 offo 0 1| where e,/ # 0
v B v B ofl0 0 0

Now assume n > 4 (and recall that a, #0). Let L’ be the
singular (n-1)x(n-1) matrix obtained by deleting the last row and the

last column of L So

where = [0,- ,0,d]

with d =0 or 1 By the induction hypothesis L’ = Y’Z’ where Y’
and Z’ are (n-1)x(n-1) nilpotent matrices with properties (1), (11),
(111), and (1v). let y' be the sth row of Y and 2, be the jth

column of Z’, we want to show that there exist yﬁ and z, such that

OW'
- Y’ : Zt z
B | 0
vy ol =00
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with properties (1), (11), (111), and (1v) still holding In other

vords, we want to find y: and z, such that

t g, t t
(1) Yp 27 = 4, Yp Zp = Qg >
(2) Yz =0,
t t t
and y_ 1s independent of y;, ,y while z_ 1s independent of
n 1 n-1 n
Z1s 'Zp-1

Since rank Y’ = rank L and L’ 1s singular, we have that Y’
1s also singular Therefore there exists a monzero z  such that (2)
holds. Next we show that z, 18 independent of the other zJ’s

Suppose not — that 1s, suppose that

n—1
zZ. = 2 w.z_ for some scalars wJ’s

17
)=1

Ve may assume that vy = 0 af z5 1s a zero column In other words

z_=1'v where w = [wl,---,w Now

n

L'w = YZ'w = Y’zn = 0.

Notice that the nonzero columns of L’ are linearly independent and

wJ = 0 1f the sth column of L’ 1s zero. Now let L1 gt ,L1 be all
1 r

the nonzero columns of L‘, then the (n-1)xr matrix
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formed by these nonzero columns has linearly independent columns, and so
1t has rank r This implies that 1ts null space 1s {0}, and the
equation L’w = 0 1s satisfied only when w = 0. Therefore every
vy = 0 and so z, =0 which 1s a contradiction.

Next we prove the existence of a vector y  satisfying equation
(1) First we assume that d = 0 Let zll,- -,z1r be the nonzero

columns of Z’, then the (n-1)x(r+l) matrix

2' = [z. 50:7,2. ,2_]
11’ ) 1r’ n

formed by the nonzero columns of Z’ and z, has linearly independent

columns and therefore the system

1s consistent Thus there exists a vector yz sat1sfying equation (1)
On the other hand, 1f d =1, then the size of L (the last Jordan
block of L) 1s greater than or equal to two, and hence the (n-1)st
column of L’ 1s not zero. By our assumption, we must have that z, 4
1s not a zero column As before the system of equations

[x1’ ' sxn_l]z' = [0,""0’1,am)



1s consistent. It remains only to show that y; 1s not linearly

dependent on the rows of Y’ To prove this we notice that

i
) & . Z’ z,

L=Y2Z with Y = 0 and 7 =
v 0 UL

and so

rank Y > rank L =1 + rank L’ =1 + rank Y’

wvhich implies the required independence -
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CHAPTER III

MAIN THEOREM

TuEoREM 3.1 (the main theorem) Suppose that A € In 18 not a nonzero
2x2 nilpotent matriz and rank A = k < n lLet bl,b2,- -,bn and
Ci3Cor® 5Cp be given complez numbers, ezactly t of which are zero
Then there ezist matrices B and C 1n Mn with ergenvalues

bl’b2" ,bn and C15C9s  4Cy respectively such that A = BC 1f and

only +f t>n-k

REMARK 3.2. To prove the theorem, we may assume, without loss of
generality, that the number of zeros among the b ’s 1s greater than or
equal to the number of zeros among the cl’s Indeed, 1n the opposite
case we may factor oY asa product RS with ¢(R) = {c ,co,---5c }
and 0(S) = {b;,by, b} Since ramk A® = rank A, o(R%) = o(R) and
o(St) = 0(S), and since A = (RS)t = Sth, ve get the desired

factorization

3.1 The 2x2 matrices

In this section we prove Theorem 3 1 for 2x2 matrices and we also
establish a necessary and sufficient condition for factoring the nonzero
2x2 mnilpotent matrices — the exceptional case. The proof 1s given in

a sequence of steps

(1) If A 1s a nonzero 2x2 nilpotent matrix, then A cannot be
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written as a product of two nilpotent matrices
This has first been observed in the paper by Fong and Sourour [7]

Ve give a proof.

Proof Every nonzero 2x2 mnilpotent 1s similar to

1 ol = N1N2 vhere Nl’ N2 are nilpotent matrices

Take a nonzero x = (x;,Xy) € #(Ny); ve know that

3 o] = e = [

This implies x; =0 and Xy # 0. Hence, N2 1s of the form [

Suppose that [O 0]

b, 0
320

But N2 1s a nilpotent matrix, and so b2 = 0, this means N2 1s of

the form [;2 8] On the other hand [8 é] = N; Ni, the same argu-

ment shows that N1 1s of the form [;ﬂ g]. However,

0 Off0 0 4 0 0
ai 0 a; 0 1 0
for any a; and a, =

(11) Let E; = {0,0}, E, = {c;,0}, c; # 0. For every 2x2 singular
matrix A, there exist matrices B and C with ¢(B) = E, and

0(C) = E5 such that A =BC
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0 0 1 0

Proof Notice that A 1s similar to [O 0] or [0 O] or
[g 8] vhere a # 0 and so 1t suffices to establish the desired

factorization for these three matrices We have
0 0] _ [0 O][cy O
0 0] T |0 of{0o of°

0 0] _ [0 0]fc; O
1 0] = [1/c 0][0 o]’ and

(@ 0] 0 al|fcy O
0 o] o of[1 of m

(111) Let E, = {0,0}, E, = {cl,cz}, c, #0, ¢, # 0. For every 2x2

o
I

singular matrix A, there exist matrices B and C with ¢(B) = E;

and ¢(C) = E, such that A = BC

2

Proof Again 1t suffices to consider the three canonical forms

[0 0] _ [o 0][c1 0]

0 0] " |0 0J[O0 c2

0 0] _[ 0 O]f[c; ©

1 0] " |1/cy 0J|0 cof°

[a 0 _ [0 a Ci+Co -C1Co

0 0] [0 o] 1 0 | m

(1v) Let E; = {b;,0}, Ey ={c;,0}, by #0, c, #0 For every 2x2
singular matrix A, there exist matrices B and C with ¢(B) = E;

and ¢(C) = E, such that A = BC.

2
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Proof. If A # 0, then by Lemma 2.4, A 1s similar to

bicy y - X
[ x AL Since A 1s singular, we have z = BI%I. Hence we can
factor A 1in the following way:
b b 0 1
11 Yy 1 cy T y
x z| [ oflo 0

If A =0 then

el G B

(v) Let A bea 2x2 matrix, E, = {b,,0} and E, = {c,co} vhere
bl’ Cy» Co are nonzero. Then A 1s a product of some matrices B and

C with ¢(B) =E; and ¢(C) = E, 1f and only 1f rank A =1

2
Proof If A =BC with ¢(B) =E and ¢(C) = E,, then C 1s
invertible and so rank A = rank B = 1. The converse 1s contained in

Theorem 2 2 g

(vi) If A 1s a singular 2x2 matrix which 1s not a nonzero

nilpotent matrix, then A = BC for some matrices B and C such that

o(B) = ¢(C) = {0,0}

Proof If A =0, wemay take B=C=0. If A # 0, then, by

the hypothesis, A 1s similar to [8 8] for some a # 0 The
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factorization

establishes the conclusion g

The preceding steps establish a proof of Theorem 3 1 for 2x2
matrices They also establish the following proposition regarding 2x2

nonzero nilpotent matrices.

ProposSITION 3.3. Let A be a 2x2 nonzero nilpotent, and let bl’ b2,
Cy» Co be compler numbers Then there erist 2x2 matirices B and C
wrth evgenvalues {by,b,} and {c;,co} respectively such that A = BC
1f and only 1f the total number of zeros t among bl’ b2, Cis Co

satisfies the inequalities 1 <t <3

3.2 Proof of the Main Theorem

We start by proving the necessity of the condition t > n — k for

the factorization in Theorem 3.1.

Proof of Necessity - Suppose A = BC with o(B) = {b,, --,b }
and ¢(C) = {cy, - ,c,} Tvo standard facts from linear algebra are
that the nullity 1s submultiplicative, 2 e. w»(DE) < (D) + v(E) for
all nxn matrices D, E and that the nullity of a matrix is less than

or equal to the number of zeros among 1ts eigenvalues. Using these, we
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have

=)
|

-
"

v(A)
v(BC)
v(B) + »(C)

IA "

IA

the number of zero eigenvalues of B
+ the number of zero eigenvalues of C

=t =

Before proceeding with the proof of the sufficiency of the

condition t > n — k we need one lemma

LEMMAr 3.4. Let S be an invertible matriz in Mn and set

Then A 15 swmilar to [2 g] where x 18 any nx1 wvector

Proof Let y = 571y

(1 0 1 0
Avly 1 A[y 1]
[0 o] _[o o
" Sy S| " [x S u

Now the proof of the sufficiency will be established first for
several special cases pertaining to the distribution of zeros among the

two sets of eigenvalues {b;,---,b } and {cips el This as
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established in the following three propositions.

PrOPOSITION 3.5. Suppose that A € ln 18 not @ 2x2 nilpotent and
rank A = k <n Let bl,- ,bm,O, «+,0, and Cys® -,cm,O,-- ,0 be 2n
compler numbers such that all the bl’s and cl’s are nonzero and
2(nm) > n — k. Then there ezist matrices B and C with eigenvalues
bl’ ,bm,O,- -,0 and Cqste ,cm,O,---,O respectively such that

A = BC

Proof. Ve are given that n — k < 2(n-m) which 1s equivalent to

k > 2m — n. Our proof will proceed by using induction on m If

= 0, the proposition 1s true by Theorem 2 6 Now assume m =1 If

-
]

2, then by Section 3 1(1v), we know that the proposition 1s true

If n=3, then A 1s similar to

a 0 0 0 0 0 0
a g o0f, a 0 0|, or a 0 0
0 0 O 0 0 e 0 b 0

vhere a, f are nonzero, and a, b are either 0 or 1 These

matrices can be factored as follows:
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0 0 0 O0]fcy O
|1
a of=|;a 0 0 1,
0 a 0 a by 0O O
0 0 0 0 O0]fcy O 0
and a 0 0| = é%-a 0 O0f|0 o0
1
0 b 0 0 0 byl 0 FTb
Hence, when m =1, n =3, the proposition 1s true Suppose now that
we have m=1 and n>4 If A # 0, then by Lemma 2.4, A 1s
similar to
b1€1| Yt
b
X S

wvhere x 1s a (n-1)x1 column vector, yt 1s a 1x(n-1) row vector

and 5 €M ,. ByLemma 2 5, ve know that

=% = 1 %
rankA_k-ra.nk[S mxy]+1.
So rank|$ - - x yt -k-1<n-1, and hence § — o x yt 18
bic . bicy
singular Therefore, by Theorem 2.6, there exist nilpotent matrices B’
’ 1 t_ ('
and C’ such that S - b XY = B’C’. Now the desired factorization

of A follows from the equations.
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So the proposition 1s true when m = 1.

Now we complete the proof by using induction on m. Assume m > 2

Case (1). A =0 Since rank A =0 > 2m - n, we have n > 2m

Therefore
By, 0 i, 0
B "ba 0
A=Os= 0 Cq1
0 0
0 Cm
Case (2). A # 0. By Lemma 2.4,
t
i bmcm y
X S

where x 1s a (n-1)x1 column vector, yt 1s a 1x(n-1) row vector
= & = _ 1 t

and SeM .. Nov rank A =k = rank[S boeo XY | * 1 by Lemma 2 5.

Hence we have

rank|(S — BJE_ x yt] =k-1>2m-n-1

2(n-1) — (n-1)

Therefore, by the induction hypothesis, there exist (n-1)x(n-1)

matrices B’ and C’ with
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and
d(C) = {cl,- 1Cp_1°0s ,0}

[ 1 £l _ modis
such that LS ~ b XY | = BC Consequently, we have

i t 1.t

mem y bm 0 CN Fm'y

s | |2 B/ ¢ |’
X c—mx 0

and this completes the proof of Proposition 3 5. g4
ProPOSITION 3.6. Suppose that A € ln 18 singular, and let

C15Cgy  5Cp be nonzero compler numbers. Then there erist matrices B
and C 1n Mn with ergenvalues 0,0, ,0, and C13Cgs **sC

n
respectively such that A = BC.

Proof If n =1, the proof 1s obvious If n =2, then by
Section 3 1(111), the proposition 1s true Now we proceed by induction

on n Assume n > 3, we consider two cases.

Case (1): A has more than one zero eigenvalue Then A 1s similar to
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for some (n-1)x(n-1) singular matrix S So by the induction
hypothesis, there exist B/, C* in N _, with ¢(B) = {0, --,0} and
0(C) = {cqy, - ¢, 4} such that § =B’C- Hence wve have

o| o] ybet | 0

S 0 B’ 0

Case (2): A has exactly one zero eigenvalue. Then A 1s similar to

for some invertible (n-1)x(n-1) matrix S By Lemma 3.4, we know that

0 g 1s similar to g

for some nonzero (n-1)x1 column vector x. Now let w = § éL x;
n
then choose a 1x(n-1) vector z' such that zv = 1. So we have

I
=5
|
I
»
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Hence, S - 3 xz®
Cn

1s singular. So, by the induction hypothesis, there
exist B/, C in M , with ¢(B’) = {0,---,0} and

0(C’) = {C]_’ "cn—l}

such that S - éL xz® = B/C’. Consequently, we have the following

n

factorization

0] 0 ||lcal z*
~ |1 , . u
c—n-x B 0 C

PropoSITION 3.7. Let A € Mn be given with rank A = k < n. Let

bl’ -,bm,O, «+,0, and Cir  »CpsC c. be 2n complex numbers

SRR R |

such that all of the bl’s and cJ’s are nonzero and n — m > n — k.

Then there ezist matrices B and C n Mn with eigenvalues

bl’ -,bm,O, -,0 and Cist® 5Cp respectively such that A = BC.
Proof If m =0, then the proposition 1s true by Proposition

3.6. Now assume m > 1  Since

rank A=k >m>1,

ve know that A # 0. Hence by Lemma 2 4, A 1s similar to
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wvhere x 1s a (n-1)x1 column vector, yt 1s a 1x(n-1) row vector
1 t] _

and S €M . Soby Lemna 25, ra.nk[S—mxy]_k—IZm—l

Therefore, by the induction hypothesis, there exist (n-1)x(n-1)

matrices B’ and C’ with

J(B') = {b1,' *,b

a0 -0} and ¢(C) = {cy,-

*3Cp1:%p41>" "}

such that S — BJE_ xyt = B’C’. Consequently, we can factor A 1in the

following way

bmcml yt b | 0 le g; Yt
X ' S i g; X B’ 0 ) G ’

and this completes the proof of Proposition 3 7. g

Proof of Theorem 3 1. Without loss of generality, we may assume
that the number of zeros among the bl’s 1s greater than or equal to
the number of zeros among the c,’s since by factoring AY 1nstead of
A we may reverse the roles of the bl’s and cl’s. Suppose that

exactly m of the bl’s are nonzero; we may assume that bl""’bm

are nonzero and b ,b_ are zero Now suppose that exactly ¢ of

m+1°’ n
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the cl’s are zero By our assumption £ { n — m. We may assume that
Cyst sCusChigigr” ’cm+£+J =c, are all nonzero and Cos1>  “2Cmis
are zero Notice that 1t 1s possible that ¢ or j 1s zero. So now,
ve have n-tuples of complex numbers {bl"°"bm’0’ --,0} and

{Cl"' 3¢ 05 --,0,cm+l+1, ’°n+l+3} vhere every b1 and c, 18
nonzero Notice that 1f t 1s the total number of zeros among these
2n complex numbers, then t = (n-m) + £ So the condition t > n -k
in the statement of Theorem 3.1 1s equivalent to k > m — £

Now we break down the theorem into the following cases

Case (1): £ =0 Then the theorem 1s true by Proposition 3 7
Case (2): £>1, 3 =0 Then the theorem 1s true by Proposition 3 5
Case (3): £>1, 3>1 The condition t > n — k of Theorem 3 1

gives n-m+ £>n—-k and so k>m - £ The case k=m- ¢,
equivalently t =n — k, 1s dealt with in Theorem 2.2, thus we may

assume that k > m - £ + 1 and we will use induction on j.

Subcase (3a) A has more than one zero eigenvalue In this case
0 o0
An~ {x S } for some (n-1)x(n-1) singular matrix S. Now

rank S >rank A -1 >m-£¢ and so 1f S 1s not a 2x2 nonzero
nilpotent matrix, we get, by the induction hypothesis, that S can be
factored into matrices B’ and C’ with ¢(B’) = {bysesbps0,--+,0}

and ¢(C’) = {cl,- ,cm,O, "°’°m+e+1""’°m+z+3-1} Hence, we may
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factor A as follows

0 0 0 0 0 ||n+e+3 N xr= D
_ 0
x S cl x B : C
m+{+) 0

If S 1s a 2x2 nonzero nilpotent matrix, then by Proposition 3 3, S
may be factored into two matrices with eigenvalues as above except for
the case where all the eigenvalues of the factors of S are required to
be zero It remains only to establish this case. This means that A

1s a 3x3 matrix and there are at least two zeros among the bl’s and
at least two zeros among the cl’s The condition that 3 > 1 1implies
that exactly two of the c,’s are zero and that all of the bl’s are
zero In other words we wish to factor A as product BC such that
o(B) = {0,0,0} and ¢(C) = {0,0,c5}, cq # 0 Ve are still assuming
that the multiplicity of zero as an eigenvalue of A 1s at least 2,

so A 1s similar to one of the matrices

wvhere a#0 and a =0 or 1. These matrices can be factored as

follows
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0 0 0] [0 0 0]fcs 0 0
- | &

a 0 o= 0 offo 0 1,

0 0 o [0 a 0Jl0 0 o

0 0 0] [o o o]f0 1 o0

1 0 ofl=1{0 o 1|{0 c; 0,

0 0 0] [0 0 O0]fcs 0 0
1
1 0 0|=|5 0 offo o of,
0 0 0 0 0 ollo o o
C300
O |=1 O llo o o
0 0 0

Subcase (3b) A has exactly one zero eigenvalue. In this case A

1s similar to

where
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with a, # 0 This 1s merely the Jordan form of A. By Lemma 3.4, we
know that

ol s 1s similar to <| s

wvhere x = (1,0, ,0)t Define a 1 x (n-1) vector z¥ as

@€ 404:+:,0 Now we have
1™n

;| -1 t
5 - cr'xz® = § - ¢ 1(1,0,+++,0)(asc_,0,-+ ,0)
010° 0
0 0
=8 = |s
0 - 0

which 1s singular and has rank n — 2. So we have

rank(S - cglxzt) =n-2=rankA-1>m-/¢

t

Hence, by the induction hypothesis, S - c;1x z  can be factored into

some (n-1)x(n-1) matrices B’ and C’ with

o(8’) = {by,+ »b,0,+-+,0} and

o(C’) = {Cl’ 7cm30,""0acm+l+1"' ’cm+£+‘]—1}

Now



which 1s the desired factorization

main theorem. g

This completes the proof of our

37
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CHAPTER IV

APPLICATIONS

4.1 Products of Hermitian Matrices

In [15], Radjavi proved that 1f the determinant of a matrix A 1s
real, then A 1s a product of four Hermitian matrices In the case
when A 1s not a scalar matrix, we can apply Theorem 2 1 and 26 to

give a different proof

THEoREM 4.1. 4An nxn complez matriz A 18 the product of four

Hermitian matrices i1f and only 1f 1ts determinant 18 real.

Proof TFirst we prove that the property of a matrix S being the
product of two (or four) Hermitian matrices is invariant under
similarity That 1s, 1f a matrix S has the property of being the
product of two (or four) Hermitian matrices, then every matrix similar
to S also has that property. Now suppose § = H1H2 vhere H1 18

Hermitian, and PISP 15 a matrix simlar to § Then
ISP = (PP (PE,P),

and both matrices P_1H1P*—1 and P*HzP are Hermitian matrices, i.e.

PISP 15 the product of two Hermitian matrices
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Similarly, suppose that § = H1H2H3H4 wvhere H1 1s Hermitian

Then
-1 -1 -1 -1 -1
P SE = (P HIP* )(P*H2P)(P H3P* )(P*H4P)
15 px—1 " 15 px—1 *
and P HlP , P H2P, P H3P , and P H4P are all Hermitian
matrices

This i1nvariance will be used repeatedly in the remainder of this
section

Now we prove Theorem 4 1 by considering the following cases

Case (1) A = AI, and this 1s a special case of Radjavi’s original

proof If ) =0, the result 1s obvious So we assume that A # 0
Ve have
A -0 A 0[]0 01
.0 T i 0
4 = = . vl (411)
0 A .
O A A0 0 LO 10
Now
0 01 10 0 1
1 0 0 1 O .
= |- ) . (4.1.2)
0 10 01 0f] 1 O
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vhich are both Hermitian On the other hand, let

02 0
B = :

0 A

A0 0

Then B 1s similar to C where

0 1 0
C =
0 1
An 0 0
since
1 ] 1 1
p @) At O
C = - B g
O An-1 O A1
However,
1 ||An 0 0
O 0 1
£ = .
1 O 0 1 0

which are both Hermitian since A" = det A 1s real. It follows that B
1s the product of two Hermitian matrices, and this, together with

equation (4 1.1) and (4.1 2) implies that A 1s the product of four
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Hermitian matrices.

Case (2): A 1s invertible but A # AI  Suppose that det A =c # 0

If n 1s even, choose E = {l,c,ﬂl,ﬂl,---,ﬂ%_l,ﬂ%_l} if c#1 (or
choose E, = {;,2,ﬂ1,31,- -,ﬂ%_l,ﬂ%_ll if ¢=1) and
E, = {71,71, -,7%,32} such that the A ’s (respectively the 7J’s)

are distinct non-real complex numbers with |ﬂ1| = |7J| =1 for every

1 and 3 If n 1s odd, choose
E1 = {C’ﬁl’323 aﬂgﬁ-_lsﬁgil} and E2 = {13713313 "37&5_1_’725_1}

such that the J ’s (respectively the 7J’s) are distlnct non-real
complex numbers with |4 | = |7J| =1 for every 1 and j By Theorem
2 1, ve know that there exist nxn matrices B and C with ¢(B) = E
and ¢(C) = E;, such that A = BC Since every nxn matrix with n
distinct eigenvalues 1s similar to a diagonal matrix, i1t follows that
both B and C are diagonalizable, so each of B and C 1s similar

to a direct sum of 2x2 matrices of the form

together with possible matrices of the form
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It suffices to show that each of these matrices 1s a product of two
Hermitian matrices This 1s quite obvious for the Hermitian ones by

taking one factor to be I, the identity matrix On the other hand,

which are both Hermitian

Case (3): det A=0 If A =0, then the result 1s obvious Now 1f

A 1s a nonzero 2x2 nilpotent matrix, then

Therefore A 1s a product of two Hermitian matrices and hence 1s also a
product of four Hermitian matrices, as we may take two factors to be the
ident1ty It remains to consider the case when A 1s not a 2x2
nilpotent matrix Then, by Theorem 2.6, A = N1N2 vhere Nl’ N2 are
nilpotent matrices Since each of N1 and N2 1s similar to a direct
sum of nilpotent Jordan blocks, 1t suffices to show that every nilpotent

Jordan block 1s a product of two Hermitian matrices. In fact,
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4.2 Products of Positive Semidefinite Matrices

In [23], Wu proved that every singular matrix 1s the product of
four positive semidefinite matrices We will give a shorter proof of
this result using Theorem 3 1. But first we need the following lemma

from Wu’s paper, the proof of which will not be given here.

LEmua 4.2. Every nilpotent matriz 18 the product of three positive

semidefinite matrices

The proof can be found 1n [23]

THEOREM 4.3. Every singular matriz 18 a product of four positive

semidefinite matrices.

Proof. Suppose that A 1s an nxn singular matrix. By Theorem
3.1, ve know that A = BC where B has eigenvalues 1,2,:-- ,n and C
1s nilpotent So B 1s similar to a positive definite matrix Pl’
1 e. B= S_lPIS for some invertible matrix S. On the other hand, by
Lemma 4.2, SCS_1 1s a product of three positive semidefinite matrices,

say, P2, P3, and P4. Now we have
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o
1l

BC

-1 -1
(ST',S) (T'P,P,P,S)

-1
S P1P2P3P4S

15 o1 -1, o1
(5 P45 %) (5*P,S) (S "PaS "*) (5*P,S)
and each factor 1s positive semidefinite g

4.3 Products of Involutions

A few more applications of Theorem 2.1 can be found in Sourour’s
paper [18] One of them 1s about factorization of involutions which was
first proved in [8] by Gustafson, Halmos, and Radjavi. Recall that a
square matrix 1s called an involution 1f 1ts square 1s the identity
matrix In [18], a short proof of this result 1s given using Theorem

2 1 Here we present the theorem and 1ts short proof.

THEOREM 4.4. Suppose that A € ln If det A = #1, then A 13 the

product of at most four involutions.

Proof. TFirst we observe that the set of involutions 1s invariant
under similarity. Indeed, 1f B 1s an involution, then plpp 1S an
involution for any invertible matrix P It follows that the property

of a matrix being the product of k 1nvolutions 1s invariant under
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similarity for any positive integer k.
To prove Theorem 4 4, first we assume that A = AI. From the proof
of Theorem 4.1 1n Section 4.1, we know that, for A # 0, A = AI can be

factored into four matrices, each of which 1s similar to

—1 0 0 - 1 ‘ -,\n 0 0.
0 1 0 . 0 1
3 y Or , Or .

01 0 1 O 01 0

Since 1n this case A" = det A = 1, we observe that all of these three
matrices are involutions, and so the result follows

Now we assume that A 1s non-scalar and that det A =1 By
Theorem 2 1, we may write A as a product BC where B has distinct

eigenvalues of the form
—1 —1 —1 —1
{ﬂl’ﬂl ) "’ﬂ%a %} or {1»513/31 ,""ﬂgi_l, &5_1}

(depending on whether n 1s even or odd), and C has distinct

eigenvalues of the form
-1 -1 -1 -1
{71971 ’ a7%,7%} or {1971’71 9“"7£§_1’7£§_1}-

Notice that since B and C both have n distinct eigenvalues, they

are diagonalizable. 0On the other hand, we know that
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for any nonzero § € ¢ So let

B, 0 o A o 1
Bl = 112 Bi = , and Q= ’
A g, 0 1 0

then we have

r .
B O Q B O
le Q O Bé
BN =
@) B, O ] @) B,
] i '2'_
1if n 1s even, or
oo | [t , o 0
i B, ) 0 B’l
O B, o dl O 7 B
i 2] 1 Il T

1if n 1s odd. All four factors above are easily seen to be involutions
Similar factorization can be obtained for C, and 1t follows that A
1s a product of four involutions

Next assume that det A = -1. If n 1s odd, then det(-A) =1

and from above we know that -A = BIB2B3B4 where B1 1S an 1involution
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It follows that A = (_BI)B2B3B4 and we have the desired factorization

If n 1s even, then we may write A as a product BC where B has
distinct eigenvalues {1,—1,ﬂ1,ﬂ—1, ,ﬂnq,ﬂ;{g} and C has distinct
3 %

1

. -1
eigenvalues {1,—1,71,71 g ,7253,7252}. Similarly, we have

R 1 [r 1l
5, O @ Of|" s O
B ~N = . y
O Bn-2 O O Bn-2
4 Q 3
where
—1
ﬂl 0 0 ﬂl 0 1
Bl = 112 Bi = ’ q = ’
A B, 0 10
i ! 0 1 0
R = 9 a.nd 12 = )
0 -1 0 1

and the two matrix factors are involutions. Similar factorization can

be obtained for C, and hence A 1s a product of four involutions. g

4.4 Products of Positive Definite Matrices and Commutators

In [18], Sourour also gives short proofs to Ballantine’s results
[2, 3] about products of positive definite matrices, and to Shoda’s and

Thompson’s results [17, 19, 20] about commutators of matrices. Here, we
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present these two theorems, details of the short proofs can be found in

[18].

THEoREM 4.5. Suppose that A € N Then
(a) A 13 a product of four positive definite matrices 1f and only if
det A > 0 and A 13 not a scalar matriz AL where ) 18 not
positive
(b) A 138 a product of five positive definite matrices 1f and only 1f
det A>0

For the following theorem, given that § C GL(n,(), we say that a
matrix A € M 1s a commutator of matrices in § 1f A = BB IC! for

some B and C in S

TueoREM 4.6. Let A € SL(n,().
(a) Then A 13 a commutator of mairices in GL(n,().
(b) If A s nonscalar, then A 18 a commutator of matrices in
SL(n,().
(c) If A 18 nonscalar, then A 13 a commutator of matrices with

arbitrarily prescribed nonzero determinants.
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CHAPTER V

CONCLUSION

Ve have shown that a necessary and sufficient condition for a
singular matrix, which 1s not a nonzero 2x2 nilpotent matrix, to be
factored into two matrices with prescribed eigenvalues 1s that at least
n — k of these prescribed eigenvalues are zero, where k 1s the rank
of the matrix The nonzero 2x2 nilpotent matrices are exceptional
cases, for they cannot be written as a product of two nilpotent
matrices

Ve have also shown that the factorization theorems presented herein
can be used to shorten the proofs of some old results, replacing some

computational proofs by more transparent conceptional proofs
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