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ABSTRACT

The first-order textbook formulations of relativistic viscous hydrodynamics are
unstable and acausal. These shortcomings may be rectified by using effective theories
which maintain stability and causality. In this dissertation, which is intended to also
serve as an introduction to the field, causal theories of relativistic hydrodynamics are
developed and explored. Conditions are obtained for a linearized analysis to predict
the non-linear causality of a theory, and constraints are found on short-wavelength
dispersion relations as a consequence of ensuring stability in all reference frames.
First-order causal theories of hydrodynamics are extracted from kinetic theory and
holography descriptions. Finally, causal theories describing charged plasmas (one-

form magnetohydrodynamics), and describing superfluids are developed.
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Glossary of Notation

The following is a glossary of terms and notation frequently used throughout the

dissertation, included here for convenience and reference.

e w is the frequency, k/ is the (d- e A perfect fluid is described by a fluid

dimensional) wavevector.

O (0™) refers to a term that comes
with a parameter " given the scal-

ing 0, — €0,.

V. is the general relativistic covari-

ant derivative.

() refers to an expectation value
taken in some (usually thermal) en-

semble, unless stated otherwise.

The BDNK framework is a class of
causal first-order theories of hydro-
dynamics. It works via a choice of

hydrodynamic frame.

A hydrodynamic frame is a choice
for how to define the out-of-
equilibrium effective variables of the

hydrodynamic theory.

The MIS framework is a class of
causal theories of hydrodynamics.
It works by introducing additional

relaxational equations.

The hydrostatic generating func-
tional is a tool for obtaining hydro-

static constitutive relations.

theory with only O (9°) terms in the

constitutive relations.

A system is covariantly stable if it

is both stable and causal.

A physical transport coefficient is a
coefficient in the constitutive rela-
tions which can be obtained from a
microscopic theory via a Kubo for-

mula.

A transport parameter is any pa-
rameter appearing in the constitu-
tive relations at first order, espe-

cially in a general fluid frame.
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Chapter 1
Introduction

Since ancient times, humanity has been fascinated by water. Correspondingly, the
study of fluids is one of the oldest areas of physics, with contributions dating back
to Archimedes, Newton, Bernoulli, and Euler. This culminated in the works of
Navier (1822), Cauchy (1823), Poisson (1829), Saint-Venant (1837) and then Stokes
(1845) [8, 9], who wrote down (all more or less independently) the viscous theory of
fluid mechanics. These equations, today dubbed the Navier-Stokes equations, form
the basis for most quotidian fluid-dynamic simulations and models. The relativistic
extension of the Navier-Stokes equations were written down by Eckart [10] and by
Landau and Lifshitz [11].

Despite this long history, hydrodynamics remains an active area of research on
a number of different fronts. In this dissertation, our interest resides primarily in
relativistic hydrodynamics. Heavy ion collisions lead to the formation of the quark-
gluon plasma, a microscopic phase which is amenable in some regimes to a hydro-
dynamic description [12, 13]. Binary neutron star mergers may be described in part
using relativistic hydrodynamics [14]. Black hole accretion disks are simulated using
hydrodynamics coupled to magnetic fields (magnetohydrodynamics) [15]. Hydrody-
namics has been found to describe the perturbations of black branes in asymptotically
Anti-de Sitter spacetimes [16, 17, 18, 19, 20], leading to a holographic description of
the hydrodynamic behaviour of strongly-coupled theories via the fluid /gravity corre-
spondence [21, 22, 23]|. Field theoretic techniques are being applied to understand
statistical fluctuations which are not captured by the classical equations of motion
for one-point functions, using the closed time path (CTP) and Schwinger-Keldysh
formalisms [24]. It is an exciting time to be a theorist working in relativistic hydro-

dynamics.



This begs the question: what exactly is hydrodynamics? The answer may be

simply stated as follows:

Hydrodynamics is the long-wavelength, low-frequency effective description of physical

systems which have conserved currents.

In practice, this amounts to the statement that over very long times and long distances
compared to some microscopic scale, systems which have conservation laws may be
effectively described by the transport of effective degrees of freedom which obey those
conservation laws. In a zero-temperature field theory, the most relevant degrees of
freedom are gapless degrees of freedom which are easily excited. In a thermal field
theory, on the other hand, such degrees of freedom are not the appropriate description
— after a fluctuation, they rapidly decohere [24]. With a finite decay time, fluctuations
which are not subject to conservation laws acquire an effective mass, leading to gapped
modes. The only relevant degrees of freedom are a (generally much smaller) collection
of effective variables which are long-lived compared to the decohering modes, due
to the requirement that they relax via transport. These are the subjects of the
conservation laws.

Hydrodynamics was referred to as a “long-wavelength, low-frequency effective de-
scription”, as one usually considers variables which vary slowly in time and space.
This “hydrodynamic regime” is sometimes characterized by a number called the

Knudsen number, which is defined by

Cimicro

Kn = I (1.1)
where lpicro is the microscopic scale (usually taken to be the mean free path for those
theories that admit such a quantity), and Luyaero 1S the macroscopic scale of the setup
under consideration. The hydrodynamic regime is strictly given by Kn < 1. In terms
of a plane-wave description exp(—iwt + ik;z7), with the speed of light ¢ = 1, this
limit is that of w/T" < 1, |k|/T" < 1 for some scale I', hence the name. Questions
about the exact regime of validity of the hydrodynamic approximation remain open;
in particular, the discovery that the hydrodynamic description seems to still work
in some cases when Kn < 1 has led to discussion of the “unreasonable success of

hydrodynamics” [12].
Relativistic hydrodynamics is formulated in terms of conservation laws for one-

point functions of microscopic operators. In most relativistic hydrodynamic theories,



the main object under consideration is the one-point function of the stress-energy

tensor operator, (T*”). This one point function obeys the conservation equation
VM <le> = 07 (12)

where V, is the covariant derivative. In theories with a global U(1) symmetry such
as those we consider in this dissertation, this equation is supplemented by the con-

servation of the charge current one-point function:
V., (J")=0. (1.3)

In what follows, we will usually neglect the brackets; the one-point function will be
assumed unless otherwise stated. It is clear from simple counting arguments that the
equations (1.2), (1.3) are not “closed” in the sense that the number of variables does
not match the number of equations. There exist two philosophically distinct means
of closing the equations. The first is to write the one-point functions (T*"), (J*) in
terms of a smaller set of effective auxiliary fields. The second method is to write
down additional, non-conservation equations for the components of the stress-energy
tensor and charge current one-point functions. At various points in this dissertation,
we will make use of both methods.

The expression of a conserved one-point function in terms of a smaller set of
effective variables is called a constitutive relation. We additionally note that the
equilibrium forms of (7") and (J") may be calculated from a partition function,
and are known. The equilibrium state for a theory with a global U(1) symmetry
may be parametrized by a temperature 7', and U(1) chemical potential p, and a fluid
velocity u#. These parameters are then assumed to sensibly describe the theory out
of equilibrium as well.

More precisely, given the slow variation of the hydrodynamic variables, we assume
that the one-point functions may be expressed in terms of a derivative expansion in
T, p, and u*, such that

™ = Tl 4+ TW 4+ T + .., (1.4a)
_ K 1% u

where T(‘:Z l; denotes the n-th order contribution to the derivative expansion, etc. Trun-

cating the expansion at zeroth order yields (after taking the divergence) the relativistic



Euler equations. Truncating at first order gives (after taking the divergence) the rel-
ativistic Navier-Stokes equations, while second order yields the relativistic version of
the Burnett equations, and third order yields the super-Burnett equations. The first-
order constitutive relations are given in the formulation of Landau and Lifshitz [11]

by

(r") = eulu” + (p — CV, u") AP

— 7 (AWA”ﬁ + AP AV gA“”A”ﬁ) Valls, (1.5a)
(J") = nut — o TAM'Y, (%) , (1.5b)

where A" = u*u”+ gM is the projector orthogonal to the fluid velocity u*, € is the en-
ergy density, n is the charge density, p is the isotropic pressure, ( is the bulk viscosity,
7 is the shear viscosity, and o is the charge conductivity. All of the scalar functions
above are considered functions of the temperature 7" and the chemical potential u.

The relativistic Navier-Stokes equations, which one obtains by inserting (1.5) into
the conservation equations, have a dirty secret — they exhibit parabolic behaviour,
which means that they are acausal. Furthermore, and perhaps more troublingly, the
relativistic Navier-Stokes equations are linearly unstable when considering perturba-
tions in any Lorentz frame aside from the fluid rest frame. This problem has been
known for many years [25, 26], and numerous methods of rectifying the acausality
and its accompanying problems have been proposed in the literature. In this dis-
sertation, we discuss the various means of introducing causal theories of relativistic
hydrodynamics. One method that has been in use for a long time (and is subse-
quently the most common remedy) is the “Miiller-Israel-Stewart” (MIS) theory of
hydrodynamics [27, 28, 29], which renders the system of equations causal by supple-
menting the conservation equations with relaxation-type equations. Another more
recent development is the “Bemfica-Disconzi-Noronha-Kovtun” (BDNK) theory of
hydrodynamics [30, 31, 32, 5, 33|, which renders the system of equations causal by
adding time-derivative terms to (1.5). Both types of theories will be discussed in the
course of this dissertation.

The structure of the dissertation is as follows. In Chapter 2, we introduce in more
detail the background of hydrodynamics, and the instability and acausality of the
relativistic Navier-Stokes equations. We also formally introduce the MIS and BDNK
theories of hydrodynamics. This chapter is based in part on [5]. In Chapter 3, we



discuss some of the more mathematical results regarding causality and stability, in
particular focusing on dispersion relations. This chapter is based in part on [2] and [4].
In chapter 4, we discuss how causal theories of hydrodynamics can be obtained by
considerations of microscopic theories, in particular kinetic theory and holography.
This chapter is based in part on [1]. In chapter 5, we discuss some extensions of the
causal theories of hydrodynamics discussed in Chapter 2 to new systems; specifically,
we focus on the one-form theory of relativistic magnetohydrodynamics, and viscous
theory of relativistic superfluids. This chapter is based in part on [3] and [4]. In
Chapter 6, we conclude the dissertation, summarize the results contained herein, and
discuss some potential future lines of inquiry. Finally, in Appendix A, we add more
detail to some of the MIS theories introduced in Chapter 2, in Appendix B, we review
some of the basic ideas behind linear response theory (LRT), and in Appendix C, we

explicitly lay out criteria for stability for various-order controlling polynomials.

Notation: In this dissertation, we will use the mostly positive definition of the
metric: the flat space metric is given by g,, = diag(—1,+1,...,+1). We also will
set ¢ = kg = h = 1. In general, greek letters will denote spacetime indices, while
lower-case latin letters will denote spatial indices. In the context of the gauge/gravity
duality in Chapter 4, capital latin letters will refer to indices in the AdS bulk. Einstein
summation notation is employed. The coordinate four-vector is given by e.g. x# =
(t,27). The momentum four-vector is given by p* = (FE,p'), while the fluid velocity
is defined by u* = ~(1,v"), where v = (1 — v?)7%/2 is the Lorentz factor, and v’ is
the physical velocity. A vector squared is defined by e.g. p* = p,p*. We will use
d for the number of (boundary) spatial dimensions. Finally, the symmetrization of
two indices will be denoted with the shorthand A“B") = 1 (A*B” + A”B") and the
anti-symmetrization by A#BY) = 1 (4#B” — AV B").



Chapter 2

MIS and BDNK

In this chapter, in order to better understand the philosophical differences between
the Miiller-Israel-Stewart (MIS) theory of causal relativistic hydrodynamics and the
Bemfica-Disconzi-Noronha-Kovtun (BDNK) formulation, we will begin by investigat-
ing a far simpler case — namely, diffusion. Once we have thoroughly worked that
example, we shall proceed to review both the MIS and BDNK theories of relativistic
hydrodynamics.

2.1 Diffusion

In the following we restrict ourselves to Minkowski spacetimes. Let us consider a the-
ory which has a global U(1) symmetry; a simple example is complex ¢* theory. This
global U(1) symmetry has a charge current associated with it; in the quantum theory,
this is a charge current operator, J*. The one-point function of this operator is con-
served, d, (J*) = 0. The conservation equation is insufficient to uniquely determine
the components of (J*); in d + 1 spacetime dimensions, there are d + 1 components
to (J*), but only one equation. In order to find a unique solution for (J*), one must
introduce additional assumptions into the description (one must “close” the system
of equations).

From here on, we neglect the brackets about J#, and assume we are describing
the one-point function. There exist two philosophically distinct means by which we
will close the system of equations. The first is to demand that J* is in fact a function
of only one variable, so as to match the number of equations. The other option is to

introduce more equations, so as to match the number of variables.



We begin by taking the first route. Let us first consider an equilibrium state
described by an external observer with four-velocity u* such that u? = —1. Then we
may write the equilibrium charge current as J& = pu”, where p is the U(1) charge
density p = —J& u,. We note that the U(1) charge density may be coupled to a
classical source called the chemical potential y, and p = p(u). Therefore, Jk =
J& (1) . We will also assume that the temperature of the system, T', is held constant.

We will now depart from equilibrium. Let us promote g (and therefore also p)
to be a function of spacetime; u*, being external, remains constant, as does the
temperature of the system. We now postulate that, near equilibrium, the charge
current J* is a local functional! of p(x#) and the external parameter u”, i.e. J* =
JH{p(z*), ut]. This expression, which describes one-point functions of operators in
terms of variables which parametrize the equilibrium state, is called a “constitutive
relation”. An important caveat, one to which we will later return: the variable p was
well-defined in equilibrium. Out-of-equilibrium, the field () upon which J# depends
is not well-defined. Instead, p(x) is simply a variable brought in to parametrize the
theory. The only restriction imposed on p(z) is that, upon returning to equilibrium,
w(x) — p. We will often suppress the spacetime dependence of p(z); from here-on,
equilibrium parameters will be denoted by a subscript 0, e.g. pyo.

As J" is a local functional of p(zx), it may be expressed in terms of p(z) and
spacetime derivatives of p(x). We then impose another assumption, namely that the
field p(z) in a slowly varying function of spacetime. With this assumption, we can

organize J*[u(z)] into a derivative expansion in (). One can then write
3

where the subscript denotes the order of the contribution in the derivative expansion.
Given the scaling 0, — €0, where ¢ is a counting parameter, a term is said to be
of order O (") if it is proportional to €". For example, a term? such as ufu 0y is
first order in derivatives (O (0)) and would contribute to J}). We fix the zeroth-order
(O (1)) term of this expansion, J(’f)), by demanding consistency of the solution with
the equilibrium charge current J¥ . We therefore write that J(’B) = p(p(z))u*, where
the charge density? is given by p = —J(‘g)u#. With the constitutive relation (2.1), the

!Functional, as opposed to function, because y is itself a function of spacetime.

2Note that, throughout the dissertation, ;¢ will be used both as an index and as a variable. When
in a subscript or superscript, it serves as an index; otherwise, it serves as a variable.

3If the higher-derivative terms in J* are such that J(‘g)u# = Jtu,, then p is the U(1) charge



conservation equation d,.J* = 0 yields (assuming that x = dp/0u # 0) that u* o u =
O (8?) . We will call this equation for u the “zeroth-order equation of motion”, as it
amount to the statement 9,,Ji = O (0?).

We have no a priori idea what the first-order contribution J(“l) ought to be. As
such, we will take an effective theory approach and write down all possible terms of
first-order in derivatives which transform covariantly under Lorentz transformations,
parity, and U(1) charge conjugation symmetry. There is one such scalar (u*dyu) and
one transverse vector (A" 9,u). The most general constitutive relation is then given
by:

J(“l) = (auO\p) u — s A", (2.2)

where A" = wtu” + g" is the projector orthogonal to u*, and a, o are (as yet)
arbitrary O (1) functions of p. However, we found that u*dyu = O (9?) by the zeroth
order equation of motion, meaning that the first term of equation (2.2) is actually

higher-order in derivatives. Such a term may be neglected, leaving
J* = p(p)u" — o(u) A" o, u + J(’”;) +0(0%) . (2.3)

We will not go to second order. Truncating the derivative expansion at first order

and substituting it into the conservation equation yields
A 1 af
ur o — —AY0, (00su) =0. (2.4)
X

Let us now consider the specialized case where D = o/ is a constant. Evaluating in

the rest frame of the external observer u* = ¢} then yields
O — DV =0, (2.5)

where V? is the Laplacian. The constant D is called the diffusion constant. If
D > 0, then equation (2.5) is the celebrated diffusion equation. If D < 0, this is
the anti-diffusion equation, which is unstable to perturbations away from homoge-
neous equilibrium. This is an undesirable property, as we would like stable equilibria;
we therefore enforce that D > 0. Moreover, we would like stable equilibria for all

observers, a property we will dub “covariant stability”. This seemingly reasonable de-

density. If not, then it is only equal to the charge density up to some order in the derivative
expansion. Nevertheless, we will usually retain the name.



mand proves to be problematic; in fact, even the regular diffusion equation is unstable
upon boosting due to its parabolic nature.

To show this, we introduce machinery which will be of constant use going forward
— a linearized plane-wave analysis. Let us perturb u(x) away from a homogeneous
equilibrium solution u(z) = py + ou(z). Further, let us take the perturbations to
be in the form of plane waves, such that du(z) = @(w, k)e~iwttikir’ where w is the
(angular) frequency and k; is the wave-vector. Inserting this plane-wave solution into
the diffusion equation (2.5) and linearizing in du (which is redundant in the case of
equation (2.5), but would not be for e.g. (2.4)) yields

(—iw + DE?) dpe~ ke — . (2.6)

We see that there can only be a non-trivial perturbation if w and k; are not in-
dependent. Such a relation w = w(k) is known as a “dispersion relation”; for the
diffusion equation, w = —iDk?, where k = \/W . We will frequently refer to solu-
tions w = w(k) as “modes”. This form, w o< k?, is ubiquitous in dissipative systems.

The perturbation is then proportional to e~ Dk*t

, and decays with time so long as
D > 0. More generally, we can see that for w = W’ + iw” with real w’,w”, the plane
wave perturbations take the form exp (—iw't + ik;a?) exp (w"t). We therefore have a

more general stability condition,
Im(w) <0. (2.7)

Let us now repeat the procedure for equation (2.4), setting u* = v(1,v7), where v
is the Lorentz factor v = (1 — v?)~'/2. Similarly perturbing j(z) and linearizing the

equations in du yields the dispersion relations

v (i + 2Dyk;v') + \/41'D7k:ivi — 2 +4D? ((1 — %) k2 + 12 (kivi)Q)

@b = 2D (7 1)

(2.8)

There are now two possible solutions wy. To get a feel for their behaviour, let us
expand both solutions in small |v| for finite k. We then find that, to leading order in

|v|, the two solutions become

—iDk* + O (v) Stable,
W4 = (29)

>+ O(1/v) Unstable.

Dv
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We see that for an observer in motion, the diffusion equation exhibits an unstable
mode which was not present for the observer at rest. Moreover, for a slower observer,
the blow-up appears to be worse. Such behaviour is undesirable; if a physical instabil-
ity were to exist in the system, its existence should surely not depend on the velocity
of an external observer. We would like to find a way to fix this, while still keeping
the physical small-k behaviour w = —iDk? + ..., the ... denoting higher-order terms

in k. We will discuss two means of doing so.

2.1.1 Maxwell-Cattaneo theory

Instead of implementing the derivative expansion (2.1), let us define the charge density

p = —J"u, and then write the charge current as
JE = put +nt, (2.10)

where n# is the transverse charge current which satisfies n*u, = 0. Note that, from
the perspective of the power counting used in (2.1), the quantity n* contains all
orders. Now, we will supply a set of d equations so as to close the system of equations
(i.e. we ensure there are an equal number of variables and equations that evolve those
variables). For now, we simply propose the additional equations; in later sections, we

will do more to motivate them. We take the additional equations to be
TAN Y 0t = —o(u) AN O, (2.11)

where we use the notation n” = u#9,n". The combined system of equations 9,J" = 0
and equations (2.11) is then given in matrix form by

A & 0
X 8 o, - . (2.12)
oA TA 5u>‘ 0
We refer to the column of variables UZ = (u,n?)T as the “state vector”. We can more

compactly write this equation as M) z[U]0\UP + N4[U] = 0, where (A, B) run from

1tod+ 1. We see that in the limit 7 — 0, we recover the diffusion equation. Now,

0

o

1

+
nﬁ

n

let us consider a perturbation about a homogeneous solution to the equations (2.12).
The chemical potential may take on any constant value pg, but the only constant

solution for n* is nff = 0, as may be seen from the algebraic term in the equations.
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: : B B | 5770 —iwttik;ai
We therefore introduce the plane-wave perturbations U” = Uy + 0U e i =

(MoéO)T + (6, 6n" ) Te~t+ikie’  For ui = § there only exist non-trivial perturbations

OU  so long as (in d = 3)

, . -\ 2
— W ik; ( i ) 9 . . 2
det ‘ | =lw+ - Tw* +ixw —ok®) =0. 2.13
iok' (1 —iwT)d; T (X X ) (2.13)
Unlike in the regular diffusion equation, where we had one mode (w = —iDk?), we

now have four modes. Two of them are identical, while the other two differ:

)
= —— 2.14
W12 i ( a)

Wi = —% (1 +VI 4DTI<:2) . (2.14b)

These modes are stable for 7 > 0, D > 0. Note that, unlike the diffusion equation,
three of the modes are gapped (limy_,ow(k) # 0), a hallmark of relaxational physics
(for Imw < 0). We call these modes “non-hydrodynamic modes”. On the other hand,
one mode is gapless, a hallmark of transport phenomena: we will refer to these modes
as “hydrodynamic modes”. Note that if we expand the modes (2.14b) in small k, they

are of the form
Wy =——+iDE*+ O (k'), w_=—iDk*+ 0 (k') . (2.15)
-

This naively looks concerning at first glance, as w; appears to be moving towards
the upper-half complex plane with increasing k. The situation is saved by a “pole
collision”?, where the modes w. collide and exhibit non-analytic behaviour. This

occurs® at a critical value of k, = (4D7)~'/2

, which is the branch point of the square
root in (2.14b). For k > k., the imaginary part freezes out and the real part of the
solution begins to grow. For an illustration refer to figure 2.1. Let us now repeat
the analysis for u* = ~(1,v7) as before. The modes w5 remain stable, given by
Wi = —i@ + v/k;. The modes wy become quite complex to write down; instead,
they have been plotted in Figure 2.2 for varying values of the boost velocity v/ and

the angle § = arccos (v-k) between v/ and k’. As one can see, the modes remain

4In our current presentation; there are no poles anywhere. However, one can show (see Ap-
pendix B) that dispersion relations appear as poles of retarded two-point functions.

5In this example, the collision occurs at a real value of k. In general, collisions can happen at
complex values of k, see e.g. [34].
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Re(w) vs q Im(rv) vs g

Figure 2.1: A plot of the wy modes of the Maxwell-Cattaneo model around an equi-
librium state with v* = 0. In the plot, we have introduced the dimensionless variables
w = w/Ty, q = k/Ty, where Ty > 0 is the (constant) temperature of the system,
brought in here solely to serve as a dimensionful scale. The above is plotted for
T =2/Ty, D =1/(2T5). The orange curve represents w,, while the blue curve is w_.
The constant modes w; o are not pictured.

stable for all values plotted. The Maxwell-Cattaneo model is therefore stable in all

reference frames, or “covariantly stable”. Let us now take the other approach.

2.1.2 Telegrapher’s equation

Returning back to the procedure we followed to obtain the diffusion equation, we
note that we removed a term of the form u*dyp via an application of the zeroth-order
equation of motion. More precisely, the equation enforced that the term was of order
O (9?) in derivatives, and could be neglected. In field theory parlance, this was the
effect of taking the theory “on-shell” with respect to the zeroth-order equations of
motion. Let us now instead consider the theory “off-shell” with respect to the zeroth-
order equation of motion; in other words, we retain a term which is, strictly speaking,
higher-order in derivatives. This term will act, in a sense, as a UV® regulator to
ensure that the equations are well-behaved (i.e. covariantly stable). Retaining the

term gives back

JH = (p(p) + au’\&\u) ut — o AP O+ O (0%) . (2.16)

65UV in the sense that higher derivatives correspond roughly to shorter length scales and higher
energies in the derivative expansion.
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Im(w) vs q (6 =0) Im(w) vs g (Jv| = 0.5)

0, 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3 0, 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3.

q q

Figure 2.2: Two plots of the imaginary parts of the wy modes of the Maxwell-Cattaneo
model for v* # 0. In the first plot, the angle § = arccos(v-k) is held fixed at zero, and
|v| is varied from 0.1 to 0.7. In the second, |v| is fixed at 0.5, and @ is varied from 0.1
to m—0.1. In both cases, w and k have been replaced with o = w/Tj and q = |k|/To,
where T} is the background temperature brought in solely to act as a dimensionful
scale.

Inserting the constitutive relation (2.16) into the conservation equation yields

0 0
Xu“3#u+au“u’\8u8,\u—JA“)‘GMGA/H—a—a (u’\ék,u)z — 8—0A“)‘ (Oup) (Oapr) = 0. (2.17)
H M
Taking a and o to be constants (or, alternatively, linearizing in p) yields the telegra-
pher’s equation:

O p + Turur0,000 — DAY ,001 = 0, (2.18)

where 7 = a/x, and D = o/x as before. Considering once again plane-wave pertur-
bations of u, we find that there only exist non-trivial perturbations if the dispersion

relations

Wy = —22—7 <1 +vVI— 4D7kr2> (2.19)

hold. This is, of course, the exact same set of dispersion relations as w. in the
Maxwell-Cattaneo theory; therefore, we already know that it is stable. We will instead
attempt to answer a different question, namely whether the telegrapher’s equation
is causal. In order to answer this question, we must address what it actually means
for a system of equations to be causal. We will postpone the full question to the

next section, but for now will satisfy ourselves by imposing two conditions on the
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dispersion relations:

I
~1< v = lim <1, qim W)

= 2.2

where vy is the phase velocity. We will later show that these conditions correspond
to the demand that wavefronts for (linearized) perturbations lie inside the lightcone.
One can straightforwardly show that in the large-k limit, wy ~ :l:\/ékjt..., where the
... denote subleading terms in large k. Therefore, the conditions (2.20) are satisfied
so long as 7 > D > 0. Comparison to the diffusion equation evaluated in the rest

frame of the external observer shows that, for equations (2.4),

o i )
or=0 Jim =

- —0. (2.21)

We see that the diffusion equation is acausal. This is the reason the diffusion equation
becomes unstable upon performing a Lorentz boost; spacelike separated events do not
have an invariant notion of temporal ordering. Diffusion takes a perturbation (which
propagates acausally) from an excited state to a diffuse state; yet, a boost can reverse
the ordering, taking a diffuse state to an excited state. We therefore see an instability.
For an visual illustration of the acausality, refer to Figure 2.3.

Let us now briefly consider a motivation for the term u*O\u that appears in the
telegrapher’s equation. Suppose this term were not present in (2.18); it could then
be generated by an application of the transformation p — ' = p + au*O\p, where
we discard terms of second order in derivatives. Such a transformation is easily
motivated; the variable p is only well-defined in equilibrium. Out of equilibrium,
there is no unique definition of u, and one can define a new p’ which differs from p by
terms which vanish in equilibrium (so that ' — ug). It is not yet clear that u*d\p
does vanish in equilibrium, but it will turn out to be the case. We will make use of

this re-definition freedom frequently when we discuss relativistic hydrodynamics.

2.2 Relativistic Hydrodynamics

2.2.1 Thermodynamics

Before discussing hydrodynamics, which is the study of dynamics out of equilibrium,

we should attempt to understand equilibrium first. To begin with, we can consider
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Acausality of the Diffusion Equation

0.8F

0.6

04+

Figure 2.3: Density plot of the solution to the 1 + 1D diffusion equation O;p(t,x) —
D®?p(t,r) = 0 given an initial condition with compact support p(0,z) = V1 — 22.
The region of initial compact support is shown in grey. The dotted lines denote the
lightcone extending out from the edges of compact support for the initial conditions
at x = £1. As one can clearly see, the solution extends outside the lightcone; in fact,
the region of support extends out to spatial infinity for all ¢ > 0. See also [6, 7] for
similar plots.

the first law of thermodynamics:”

dU = —pdV + T dS + pdQ (2.22)

where U is the internal energy, p is the isotropic pressure, V' is the volume, T is the
temperature, S is the entropy, p is the U(1) chemical potential, and @ is the U(1)
charge. We will be primarily interested in intensive quantities; therefore, we will

instead consider the energy density e = U/V, the entropy density s = S/V, and the

"In this subsection, we temporarily drop the 0 subscript on equilibrium values for notational
brevity.
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charge density® n = Q/V. It is then easy to show that

av
de = T'ds + pdn + (—p+sT+,un—6)7 (2.23)
However, one can show? from the first law (2.22) that ¢ = —p + sT + npu, and so we

arrive at the intrinsic version of the first law, de = T'ds 4+ pudn. This can be written

instead as a Gibbs-Duhem relation
dp = sdT +ndpu (2.24)

which is the form we will be using for the majority of the remainder of the dissertation.
One can view T and p as sources, with s and n being the response of the pressure to

these external sources. This allows us to make the connection s = (%)u ,n = (g—ﬁ) ,
T

and (g—;)T = (g_;)u’ where the subscript on the derivative indicates that quantity is
being held constant. Finally, we also include a unit timelike vector u* which describes
the bulk motion of the homogeneous equilibrium state, which we will call the fluid
velocity. This makes the collection of independent degrees of freedom {T, p, u*}.
Since u* is normalized, this means that the equilibrium state is characterized by d+ 2
independent parameters.

As indicated in Chapter 1, given a theory with diffeomorphism invariance and a
U(1) symmetry, there are conservation equations for the stress-energy tensor 7" and
the charge current J*:

V" =0, V,J"=0, (2.25)

where V, is the covariant derivative. The energy-momentum tensor 7" is the sym-
metrized version, not the “canonical” energy-momentum tensor that arises from con-
sidering the Noether current for spacetime translations. The “canonical” energy-
momentum tensor can be symmetrized'® [37, 38] (for a textbook description, see

e.g. [39]) via the use of a Belinfante-Rosenfeld tensor to arrive at T#”; in what fol-

8Note that in the previous section, this was denoted by p.

9Specifically, by demanding that the internal energy transform homogeneously under scaling. If
UMV, A5, Q) = AU(V, S, Q), then U = —pV +T'S + pu@ by Euler’s homogeneous function theorem.

For theories in curved spacetimes with torsion (i.e. spacetimes with connections such that
ey, =Tt # 0), this procedure can’t be done, and one also ends up with a “spin current”. Defining
the spin current and stress-energy tensor in the torsional case and then taking the torsion-free limit
gives a unique definition of both quantities [35]. Investigations of hydrodynamics involving a spin
current, i.e. “spin hydrodynamics”, are an active area of research [35, 36]; however, these theories
are outside the scope of this dissertation.
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lows, we will always only consider the symmetrized version.

Just as in the case of the diffusion equation, the conservation equations (2.25)
are not “closed”; the stress-energy tensor T#” is a symmetric rank-two contravariant
tensor which therefore has (d+1)(d+2)/2 independent components, while the charge
current J* is a (d + 1)-dimensional contravariant vector. Together, T and J* have
(d+1)(d + 4)/2 independent components; in d = 3, this gives fourteen components.
The equations (2.25), on the other hand, number only (d+2). Generically, (d+1)(d+
4)/2 > (d+ 2) for d > 1, and the conservation equations (2.25) are not closed.

The form of the equilibrium stress-energy tensor and charge current in an isotropic,

homogeneous medium has been known for a long time [11, 40], and is given by
T8 = eulu” + pAr, Jh = nut, (2.26)

where A* = g + ufu” is again the projector orthogonal to u*, now for a general
metric. For a more general equilibrium state, we can find the constitutive relations

by the use of a generating functional.

Hydrostatic Generating Functional

“Hydrostatics” refers to equilibrium contributions to flow (or the absence thereof).
These contributions to the constitutive relations need not be algebraic; for example,
in the study of magnetohydrodynamics, certain magnetovortical terms containing
derivatives remain non-zero in the constitutive relations even after equilibration [41].
These hydrostatic contributions can be determined using techniques from field theory.
In particular, one of the techniques in field theory for computing correlation functions
(010,...0,,) is the use of a generating functional. In this section, we will focus
primarily on an operational understanding of the generating functional, rather than
focusing on its origins, or questions of why it works. The interested reader may
instead refer to [42, 43].

Let us consider an operator O which is sourced by a classical source Sp. We can
define an equilibrium generating functional W [Se], such that that
(0) = —5@2‘”] o

0=0

where Sp = 0 denotes turning the sources off, and (-) denotes the one-point function
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of the operator @. We are interested in obtaining the one-point!! functions for 7"
and J*. The source for the stress-energy tensor is the metric, while the source for the
charge current J* is the U(1) gauge field. We will therefore introduce a background
metric perturbation g,, and a background gauge field A,. The generating functional

can be written

Wi 4,) = [ @105 79, 4) (2.27)

where g is the metric determinant, and F is the free energy density. The metric above
is taken to be Lorentzian, rather than Fuclidian. The variation of the generating

functional is given by

W = /dd“x\/—g BT”’”(MW + JH'SA, (2.28)

where 2 §(=gF 5F
T = W=9F) O (2.29)

V=9 09w 0A,

Let us take a moment to consider what it means to be in equilibrium. Equilibrium
states must be time-translation invariant, which implies that there exists a time-like
Killing vector of the background metric K* which generates the time-translation
symmetry. This Killing vector by definition obeys the Killing equation £xg,, = 0,
which implies that

VK, +V,K,=0. (2.30)

Let us now define 5* = Sy K*, where 3y > 0 is a dimensionful constant with units of
inverse energy. In homogeneous equilibrium, we may then construct the temperature
and the fluid velocity from £, [42]:

1 g

ut

vV _ﬂugw//BV7 V _ﬁuguuﬁy .

When K* = §f, the equation for T is referred to as Tolman’s law [44, 45|, T =

T

(2.31)

1Tn this dissertation, we will only be using this generating functional approach to obtain one-
point functions; however, there is a huge world of application for field theoretic approaches to
hydrodynamics. In particular, a framework for applying field-theoretic techniques to hydrodynamics
called the Schwinger-Keldysh EFT (SK-EFT) is of great interest. The SK-EFT may be used to
consider statistical fluctuations which are not gaussian in nature, among other things. This is an
active area of current investigation — the interested reader may learn more by reading the review of
Liu and Glorioso [24].
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To/~/—goo, where Ty = 1/y. Combining these back together, we find

w_ Ut
Pl == (2.32)

We may similarly define the chemical potential p from the gauge field by introduc-
ing [46] a gauge parameter A,

| =

= BrA, +A. (2.33)

Under a background gauge transformation A, — A, 4+ 9, A, the parameter A trans-
forms as A — A — p*9,\. Therefore, equation (2.33) is gauge invariant by the
definition of A. We may now determine what the equilibrium constitutive relations
for the stress-energy tensor and charge current are. Let us assume we can organize
the constitutive relations into a derivative expansion; then to leading order in the

derivative expansion, the generating functional is given by

Wig. A = [ d'ay/=g (T ) + ) (2.34)
where the ... denotes the possible higher-derivative contributions. Noting that

5\’ 1\/_ HV’ 6_T — lT Mo v 5’“ 1 Mo v 5” Iz (2‘35)

59,“, 5gW_2 wus 89 gt E_u’
where the final three equalities follow from the definitions (2.31), (2.33) of 7" and

respectively, we can vary W to get
TY = eutu” + pAr”, Jh, = nut, (2.36)

as anticipated in equations (2.26), where ¢ = —p + sT + nu, s = dp/0T|,, and n =
Op/Op|r. We will extensively make use of the generating functional approach going
forward for understanding hydrostatics. Of particular interest will be determining
what sorts of terms vanish when the fluid approaches equilibrium, and which do not.
Writing out 5* = w*/T and multiplying through by 7', the Killing equation (2.30)

(which must hold in equilibrium) becomes

(2.37)

T T
it + Vo, — (u,,Vu +u,V, ) .

T
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We can now project equation (2.37) with u*u”, A", + (A% u” + A®ut), and AP =
% (A“O‘A”B + AHBAVe %A’“’A"ﬂ ), where AP is the transverse traceless projector.
Applying each of these to the Killing equation, we find (recalling that u"V ,u, = 0)
that

utVv,T
T

v,.T
T

=0, Vu'=0, A (u”Vl,uu + ) =0, o*=0, (2.38)
where we have defined the shear tensor 0*? = 2A*Y u,,. Similarly, we can consider
the demand that the Lie derivative of the gauge field with respect to S vanish in
equilibrium. However, £3:A, = 0 is not a gauge-invariant constraint, and so we

instead write

Lonly +V,A=0. (2.39)

Let us project equation (2.39) with u# and A**. We then arrive at

P o K p
e, (5) =0, o (=29, (5)) =0, (2.400)
where E, = Fj,u” is the electric field associated with the background gauge field.

We therefore have the following collection of one-derivative terms which vanish in

equilibrium for a U(1) charged fluid:

kN, T
slzu TM , s =V, sg=ul'v, <%>,
v, T E 1
M — pv A v I Il __V - 241
Vi =A (uV,\uV—I— = ) Vi =A ( T+VV<T>), (2.41)

o' = 20 P L

In particular, note that the acceleration a* = u*Vu* and the transverse derivative of
temperature (A*V,T)/T do not go to zero independently in equilibrium. Similarly,
E*/T and A"V, (u/T) are not independently zero in equilibrium.

There is one more equilibrium detail we would like to introduce, which is the static
susceptibility. The static susceptibility describes the change of densities in the theory
(in the rest frame energy density € = T%, charge density n = J°, and the momentum
density 7/ = T% which we usually do not explicitly write down) due to a change
in the classical sources associated with those densities. One can show [47] that the

sources for perturbations ¢4 = (d¢,dn, 77) are given by A\g = (6T/T, 6v?, Tda). We
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therefore can write the matrix relation

©A = XABAB - (2.42)

The matrix y 4p is the static susceptibility. In the case of diffusion, where temperature
and velocity were not perturbed, the only relevant density was the charge density,
and T'da = 0p meant that (using the notation of the previous section), dp = (g—Z) O,

which was why we defined y = g_Z‘

2.2.2 “Canonical” formulation of relativistic hydrodynamics

Let us now depart from equilibrium. We will choose to parametrize the stress-energy
tensor and charge current in terms of the “hydrodynamic variables” T'(z), u*(z), and
w(x). Out of equilibrium, the hydrodynamic variables do not have a unique definition,
and may be redefined by terms that vanish in equilibrium (e.g. T — 7" =T+ %)
We once again assume that the hydrodynamic variables are slowly varying functions
of spacetime, such that the constitutive relations may be organized into a derivative
expansion'?; as in equation (1.4):
T =Tg + T + 0 (8%) (2.43a)
Jh = T+ I + O (97) (2.43D)

where the subscript indicates the order in the derivative expansion. We can write
down the form of the stress-energy tensor and charge current based on symmetry.
Given a unit timelike vector u*, one can decompose a generic symmetric 2-tensor and

generic vector according to

T = Eulu’ + PAM 4 2QWy")  TH | (2.44a)
Jh = Nu" + T, (2.44b)

120ne immediate question that may spring to mind is whether the derivative expansion is conver-
gent. This is an active area of research, with remaining open questions. If it is convergent, what is
its radius of convergence [48, 34]? If it is divergent, what is the optimal truncation point [49, 50]?



22

where O, J* are transverse vector to u*, and 7" is the transverse traceless contri-

bution to the stress-energy tensor. The curly variables are defined by

1
E=T"uu,, P==T"N,, N=—J'u,,
! d ! ! (2.45)

Q= A% u, T, J%=AJ", T = AP,

Combining the decomposition (2.44) with the derivative expansion (2.43) leads to the

statement
E=Ep+EH+O ((92) , P ="Poy+Pa+0O (32) , (2.46a)
N=No+ N +O() . Q=0+ 0 +0(@) . (2460)
T =T +IH+0(0%), T =T +TH +0(9%) . (2.46¢)

We will now proceed to consider the derivative expansion at each order.

Zeroth Order (or, Ideal Order)

At zeroth order, the stress-energy tensor and the charge current take on their equi-

librium forms, albeit with the hydrodynamic variables T'(z#), p(z*), and ut(x*):
™ = eulu” +p A", JF =nut. (2.47a)
Matching the constitutive relations (2.47) with the form (2.44), we can say

Eoy=¢€ Po=p No=n,

or g (2.48)
© = Yo = o =Y

Inserting the constitutive relations (2.47) into the conservation equations yields (pro-

jecting the stress-energy conservation equation with u* and A*)

u'V,e+ (e +p) V,u' =0, (2.49a)
A%, ((e+p) "V, u” + A"V ,p) =0, (2.49b)
V,(nu')=0. (2.49c¢)

where we have used the fact that u,u*V, u” = 0. A system which obeys the relativistic

Euler equations (2.49) is called a perfect fluid. A perfect fluid is characterized by a
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lack of viscosity; this is not to be confused with the ideal gas, which has infinite
viscosity!®. Let us now investigate the perfect fluid.
Consider perturbations about a homogeneous equilibrium state characterized by

thermodynamic parameters (7, 10, uf):
T(z") =To+ 6T (z"), p(ax") = po+ou(z”), u"(at)=ul +dou"(z"). (2.50)

We demand that u* remain normalized to linear order, and so ugéu“ = 0. Let us now
insert the perturbations (2.50) into the relativistic Euler equations (2.49), restrict to

flat space, and linearize in the perturbations. Then, we find (defining €y = €(7g, o),

po = p(To, o), 1o = n(To, o), so = s(To, po) and AF” = 9" + uguy)

Oeo ugaH(ST Jdeo i .
To (8T0)a0 Ty + D10 ) 4, ugTo0, 60 + (€9 + po) Opdu = 0, (2.51a)

T
aﬂé + nQToaM(SCE)) =0 s (251b)
0

ong\  uhd,oT N dng
Ty a0 Ty Do

AG, ((eo + po) uh O 0u” + Ag” ((60 + po)

nod,out + T ( ) Touyd,0a = 0. (2.51¢)
To
where we have written the perturbations in terms of Thda = du — apdT, and we
have used the fact that €y + po = soTo + nopo. We also note that Tj (%) =
o

<§—;;> Ty + (%)T 1o for thermodynamic variable . Re-writing this equation in
Ho 0

matrix form, we find

Xapuh0,U" + BigAl,0,U" =04 (2.52)

13Broadly speaking, viscosity goes as the mean free path. A perfect fluid has a mean free path of
zero, corresponding to zero Knudsen number. An ideal gas has an infinite mean free path.
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where U8 = (%,5uﬁ,T05Oé)T, and

TO <g_§%)ao 05 (g_;%)TO
Xap = 0« Af 5 (€0 + po) 0> , (2.53a)
o), e (),
0¥ (60 + p0> Agﬁ 0¥
Bip = | A§"(eo + po) 03" Ang | (2.53b)
0 noAg 0

where we have made use of the identity J,0u" = A ﬁﬁaéuﬁ. The vector of variables
U® is sometimes called the “state vector”. Due to the choice of variables in U?, the
matrix X 4p is equal to the susceptibility matrix y 4p for the fluid. One can show (see

Appendix B) that the susceptibility matrix has some desirable properties:

e The susceptibility matrix xap is symmetric, i.e. xap = XBa. Therefore,
Jeq — Ing — Ing Ing
(8“0)% = 1o (aT())aO = 1o <6T0>u0 + Ho (8“())7"0'
e Secondly, one can show that the diagonal entries must be all non-negative, i.e.

Xa4 > 0 for all A. Therefore, py + €9 > 0, (g—;‘g) > 0, and T <g—;%) > 0.
To [e74]

e From these two, one arrives at the demand that the susceptibility matrix be

positive semi-definite.

Returning to the relativistic Euler equations (2.52), let us specialize to the case of
plane-wave perturbations, i.e. UB(a#) = UP(K,)e™ " where'* K, = (—w, k;). We

then obtain the system of equations

(Xap (i K,) + BipgAh, (iK,)) UP (w, k;)e™ ™" = MagUP(w, ki)™ =04
(2.54
These equations only have non-trivial solutions for the perturbations if F(w,k;) =
det (M) = 0. The zeroes of the function F'(w, k;) determine the dispersion relations
of the fluid, i.e. they determine w,, = w,(k;), where n labels the frequency mode. We

will refer to the function F'(w, k;) as the spectral curve, as it is an algebraic curve in

14When appearing in the linearized analysis, K* is the momentum four-vector, not to be confused
with the Killing vector K, of the previous subsection; we hope context is enough to disambiguate
the two.
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w and k;. For an equilibrium state at rest (i.e. uf = df),

—iwTy (g;0> i(eo+po)k; —iw <g;0 )T
@
Map =] k' (e +po) —iwd} (eo+ po) ik'ng . (2.55)
—iwT{ <8”°) ok —iW (8”(’)
0\ ar; a oMy o ) 1,

Isotropy of the equilibrium state allows us to fix (without loss of generality) k; to point
in the z-direction. The determinant of matrix (2.55) will then factorize, yielding (d—1)
copies of a mode w = 0. Looking ahead, we will refer to these modes as the “shear
modes”, and denote them by w,. They describe the propagation (or lack there-of)
of momentum perturbations transverse to the direction of the wave-vector k;. The

remaining factor of the spectral curve is then given by

Oe : Oe
—iwTy <8TO> N i(eo+po) ks —iw <8“%>To
det | ik, (o +po) —iw (€0 + po) ik (2.56)

—wTy (ggo ) inoks — W <ng > .
[e74) 0

Taking the determinant of this matrix and setting it to zero yields

w <w2 — gkg) =0 (2.57)

where
() (@) A ()) e
where in the above we have made use of the fact Tj (gg()) » = <g_’€‘(‘;>To' Inspect-

ing (2.57), we see that another factor of w factors out of the block matrix (2.56).
Looking ahead, we will call this mode the U(1) charge diffusion mode, or just the
charge mode for short, and will denote it by w,. Finally, there are two modes of
the form w = +u,|k| where v, = \/B/A. These modes, which we will denote by w.,
describes the propagation of a mixture of longitudinal (with respect to k;) momentum

perturbations and temperature perturbations. These modes are sound modes, and
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the coefficient v, the is speed of sound.

At first glance, the expression for v? = B/A looks somewhat complicated. How-
ever, this is only due to the choice of hydrodynamic variables. If we had used e and
n instead of 7" and p, the expressions would have taken on a different form (though

the physics remains the same):

0 0
2= () T (2P (2.59)
deg noe €0 T Do dng o
In a theory without a U(1) charge, this expression simplifies further, to v? = % . With
€0

the dispersion relations now established, let us consider the stability and causality

of the relativistic Euler equations. First of all, they are stable so long as <g—gj> +
ng

p—— (%> > 0, as all of the modes are real. Next, we demand causality. For
o+po \ Ono o

simplicity, we simply consider the two conditions (2.20) — we will take a more nuanced
approach at first order in the derivative expansion. The shear mode w,, and the charge

mode w, are identically zero, and so satisfy both conditions. For the sound mode, we

find R
lim [Re(w)] = |vs], lim

=0. 2.60
kl—oo |k kl—oo  |K| ( )

We therefore see that the (linearized) relativistic Euler equations are causal so long
as the speed of sound is less than the speed of light.

Finally, let us consider the fate of the second law of thermodynamics for an out-of-
equilibrium system. The second law of thermodynamics states that the total entropy

may never decrease with time: therefore, for a time ¢ and a later time ¢/,
St —S(t)>0. (2.61)

S(t') and S(t) may be written as the fluxes going through spacelike hypersurfaces ¥y
and X; respectively. Then

/dELS“ - /dZZS" >0. (2.62)

Let us denote the volume contained between ZZ and EZ as Va¢. Assuming standard

boundary conditions, we can use Gauss’ law to re-write the boundary integrals (2.62)
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as a volume integral [13]

/ d™av,S" > 0. (2.63)
Vat

However, since ' and t were arbitrary, we must have that
V,.S5*>0. (2.64)

This is the local version of the second law of thermodynamics. The current S* is
called the entropy current, and it is one of the most important objects in relativistic
hydrodynamics. Based on the equilibrium statement that Thsqg = po + €9 — pong, we

can define a canonical form for the entropy current:
S = %u“ — T8, — aJ* (2.65)

For the ideal order constitutive relations, this takes on the far simpler form S* = su*.

The relativistic Euler equations (2.49) then enforce that
VS =V, (su") =0 (2.66)

We arrive at the interesting statement that for a perfect fluid, there is no entropy
production except via discontinuous processes such as shocks.'® With the details of
the ideal-order case established, we now turn to the more complicated consideration
of the first-order case. In what follows, the difference between the hydrodynamic
variables T'(z), u(x), u*(x) and their thermodynamic counterparts will play a central

role.

First-order

We will now endeavour to determine the first-order corrections to the decomposi-

tions (2.46). As a matter of first principles, we may divide the corrections into two

15This last point brings up an interesting property of perfect fluids, which was originally brought
to my attention by D. Wagner. Equilibrium is the global entropy maximum, and a given out-of-
equilibrium configuration must, necessarily, have a smaller overall entropy. However, in a perfect fluid
entropy cannot be generated via dissipation, and so the fluid will eventually arrive at a homogeneous
entropy density profile with a total entropy less than that of global equilibrium. Therefore, in order
to return to the global entropy maximum, a perfect fluid must equilibrate via genuinely entropy-
producing processes, i.e. shocks. This process is, of course, unphysical: all real fluids produce
entropy via dissipative processes, which also serve to smooth out shock profiles. That said, the
study of relativistic shocks in both perfect and dissipative fluids is an active area of research due to
their interesting mathematical and physical properties [51, 11, 52, 53, 54, 55, 56].
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categories — those that arise from the generating functional (“hydrostatic contribu-
tions”) and those that vanish in equilibrium (“non-hydrostatic contributions”):
v o__ v v v 2
™ = T(%) + T(li),n.h‘s. + T(/i),h.s. +0 (8 ) )
2
JH = J(lé)) + Jﬁ),n.h.s. + J(Ml),h.s. +0 (a ) :
Let us begin by considering the hydrostatic contributions. A first-order hydrostatic
contribution would arise due to a non-vanishing first-order contribution to the grand
canonical free energy, i.e.

F=p+Fu+0() (2:67)

We do not a priori know what these contributions should be, and so we should write
down any scalars at first order in derivatives which do not vanish in equilibrium. In
the theory under consideration in this section (i.e. the theory of a U(1) charged fluid
which respects time-reversal, parity, and charge-conjugation symmetry), there turn
out not to be any contributions at first order. However, in MHD, there exist non-
trivial contributions e.g. Q,B*, where B* is the magnetic field, and €2, = €, p,u” 0"t
is the vorticity vector. This magnetovortical term is generically present in the consti-
tutive relations of first-order MHD unless charge-conjugation symmetry is imposed
to remove it [41].

Next, let us consider non-hydrostatic terms in the constitutive relations at first
order.'® The form of the non-hydrostatic contribution is constrained by the require-
ments that it be built out of first derivatives of the hydrodynamic variables, and that
it vanish in equilibrium. We may therefore construct the most general expression us-
ing the standard approach of effective field theory: write down everything consistent
with the symmetries of the theory under consideration, and then try to constrain the
parameters accompanying each contribution.

We have already determined which one-derivative quantities vanish in equilibrium

— the “building blocks” (2.41). The most general one-derivative dissipative correction

16Technically, non-hydrostatic contributions can come in two types — dissipative contributions
(terms that describe effects that generate entropy) and non-dissipative contribution. In what follows,
we will be somewhat imprecise, and use the terms non-hydrostatic and dissipative interchangeably;
we will not be discussing non-hydrostatic non-dissipative terms in this dissertation.
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would then be of the form

3 3
E=e+ Y ensn+0(0°), P=p+)Y ms,+0(0), (2.68a)
n=1 n=1
4 2
N=n+) vs, +0(0°), Q" =) 6,VI+0(9), (2.68b)
n=1 n=1
2
Jh = Z%Vn“ +0(9%), T = —not” . (2.68¢)
n=1

where the sign on 7 has been chosen for future convenience. There are 14 a prior:
independent parameters in the theory. This is a somewhat unpleasant situation to be
in; it would be good if we could find some way to eliminate some of these parameters.

We can do this by considering two facts about the hydrodynamic variables {7, p, u*}.

Frame redefinitions. The first fact is that the hydrodynamic variables have no
unique definition out of equilibrium. A set of variables U? = {T, u, u*} and a different
set of variables U'® = {T" 1/, u'*} are both equally valid so long as dUZ = {T" —
T, 1 — p,u™ —ur} = {6T, 5, Su*} vanishes in equilibrium!”. Any particular choice
of variable is called a “fluid frame” or a “hydro frame” — not to be confused with a
Lorentz frame. A change from one set of variables to another set of variables is called a
“frame transformation” or a “frame redefinition”. While the names are unfortunately
somewhat confusing, they are standard.

Let us take 6UP to be first order in derivatives. Applying the frame change U? —
U'B to (2.46) after inserting T{yy and Ji;), and demanding the invariance of the one
point functions under frame transformations'® leads to the first-order contributions
undergoing (up to O (9?)) shifts:

3} 0 /
Eay = Eqy — {(8%) 0T + (—;)Téu} , Ty = Iy — nou”, (2.69a)
w
, on on ,
oo (2 4 () ], oty e, oo
Iz K/ T
: Ip Ip v v
m

"Tn curved space, there remains ambiguity even in equilibrium, see e.g. [57]
18The one-point function of a microscopic operator is independent of which effective variables we
use.
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We see that all of the dissipative contributions are shifted under the change of vari-
ables except for the tensor contribution (‘1‘;’ . There exist certain linear combinations
of the dissipative contributions that are invariant under reparametrizations. One way

to write these down these so-called “frame invariants” is the following:

dp dp
F=Pu) — (a) Eay — <%) My, (2.70a)
n

The frame invariants (2.70) may be decomposed with respect to the building blocks (2.41),
such that

.F = f1$1 + f282 + f383 s ﬁ“ = 61‘/1'“ + 62‘/; . (271)

Therefore, by (2.68), we may identify

A <%)n5i _ (%l” (ie{1.3)), (2.72)

n
e+p

l; =y 0; (ie{l.2}). (2.72b)
Since the one-point function should be invariant under changes of frame, the under-
lying physics ought to be invariant under a change of frame. Let us therefore use the
redefinition freedom inherent in the equations to write them in a convenient form.
Let us pick a frame such that 7% = € for a fluid at rest, J° = n, and the fluid velocity
ut is aligned with the flow of energy, so that there is no transverse heat flow. Then
g; = v; = 0; = 0, and the number of free parameters in the theory has been reduced

from fourteen to six:

T = eulu” + (p+ f151 + fase + fasg) A* — ot | (2.73a)
JH = nut + OV + LV (2.73Db)

This choice of hydrodynamic frame is usually called the “Landau frame”, or “Landau-
Lifshitz frame”, so-called because of its use in the famous textbook series by Landau
and Lifshitz in volume 6, “Fluid Mechanics” [11]. In writing down the frame invari-

ants (2.70), we tailored them for use with the Landau frame.'® There still remain six

19 Another frame which is frequently used in the literature is the “Eckart frame”, which was first
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parameters (f1, f2, f3, 1, {2,m) in equations (2.73); we can do better.

Equations of motion. The second point we can take advantage of is that the rela-
tivistic Euler equations (2.49) may be used to write down relations between the respec-
tive scalar and vector “building blocks”. There are two scalar equations (u, V,T"" = 0
and V,J" = 0) and one vector equation (ASV,T* = 0). The relativistic Euler equa-

tions (2.49) may therefore be used to eliminate two scalars, and one vector:

Oe Oe
(8_T>a Ts1+ (e +p)sa+ (@)TTS;J, =0 (8 , (2.74a)

on on B 9
(0_T)QT81 + nss + (@)TT% =0(0%), (2.74b)
(e+p) V' +nTV{ =0 (9°) . (2.74¢)

We choose to eliminate s1, s3, and V", i.e. all of the variables that contain time
derivatives of the fields in the rest frame. In field-theory parlance, this puts the theory
“on-shell” with respect to the ideal-order equations. After applying the ideal-order

equations of motion, the Landau-frame constitutive relations become
T = eulu” + (p — (s2) A" — o, JH =nut — oVy'. (2.75)

where we have defined new parameters ( and o. These are given by

= () o0 (), ) s

+(n(o7), -0 (57) ) roar (276

n1
ly, 2.76b
prald (2.76b)

O'E—€2—|—

used by Carl Eckart in [10], and is also used in the textbook “Gravitation and Cosmology” by
Weinberg [58]. This frame choice is the same in the scalar section (g; = v; = 0), but instead aligns
the fluid velocity with the flow of U(1) charge, so that there is no transverse flow (y; = 0). The
constitutive relations in the Eckart frame are given by

2(e +p)

n

TH = eutu” + (p + fis1 + fasa + fzsz) A* —

JH = nut.

(glvl(ll + £2V2(#) uV) _ 770,;1,1/’
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where (e, n)/O(T, 1) is the Jacobian of (¢,n) and (7', u). The negative signs, similarly
to the negative sign in front of 7, have been chosen for convenience. We will give the
coefficients appearing in equations (2.75) names: ¢ is the bulk viscosity, 1 is the
shear viscosity, and o is the charge conductivity. The constitutive relations (2.75)
are the relativistic Navier-Stokes equations. The fluid described by these equations is
dissipative, meaning that for arbitrary non-equilibrium configurations, there should
be an increase of entropy with time as the fluid returns to equilibrium. That the
entropy always increases may be enforced via the entropy current (2.65) and the local
second law. For a generic first-order perturbation from equilibrium, the divergence
of the entropy current may be written

VuS* = =THV,,6, — T3y Ve + 0 (87) (2.77)
where we have used the fact V,, (su*) = O (9?), and the fact that T and J* satisfy
the conservation equations. Inserting the constitutive relations for the relativistic
Navier-Stokes equations (2.75) yields (imposing the ideal-order equations on j, and
a)

Cz
Vo, VI +
T° +T2’” oT

Demanding the non-negativity of the entropy current for all possible field configura-
tions immediately leads to the demand that ( > 0, 0 > 0, n > 0. These coefficients

¢, o, n are examples of what we call “physical transport coefficients”. We differenti-

V5" = ™ + O (7). (2.78)

ate the physical transport coefficients from other possible parameters in the theory
(such as those in equations (2.68)) by the fact that the physical transport coefficients
can be obtained from (and are therefore fixed by) the underlying microscopic theory.
This may be achieved via “Kubo formulae” — the interested reader may again refer to
Appendix B for more details. Any parameter in the theory which cannot be obtained
from a Kubo formula is not considered a physical transport coefficient, and we simply

call it a “transport parameter”.

Conformal fluids

If the underlying theory enjoys a conformal symmetry, then the theory is invariant
under Weyl transformations, i.e. rescalings of the metric of the form g, — e 2?g,,.
A field ¢ which transforms according to ¢ — e®?y is said to transform with Weyl

weight w. It is a well known property of conformal theories that the stress-energy
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tensor is traceless, 7%, = 0. For the relativistic Euler equations, this leads to the

celebrated conformal condition € = d p, and so
™ =dputu” + pA* + O (0) , JH =nu”. (2.79)

By the definitions (2.31), (2.33) one can show that 7', y1, and u* transform with w = 1,
while v, transforms with w = —1. By demanding the invariance of the generating
functional under Weyl transformations, we can also determine from (2.28) that T
transforms with w = d + 3, while J* transforms with w = d + 1. In order for the
constitutive relation (2.79) to transform correctly under the Weyl transformation, the

equation of state is heavily constrained, and must be of the form

p(To) =T (5] (2.80)

In particular, this can be shown to lead to the result that (Op/on). = 0, (Op/0€), =
1/d. We therefore arrive at the statement that for a conformal fluid, the speed of
sound (2.59) is given by v, = £1/+/d. Turning now to the first-order theory, the
tracelessness condition imposes that &;) = dP(;), which imposes from (2.68) that
g; =dm; fori € {1..3}.

We can also note that the building blocks sz, VI, V), and o all transform

homogeneously under Weyl transformations. However, s; and s, do not — only the

1
d

the relation €, = deg, m; = dmy, and vy = dvy. Combining this with the previous

linear combination §; = s; — =59 transforms homogeneously. We must then also have

relation between ¢; and m; there are nine a priori independent parameters in the

constitutive relations for a charged conformal fluid:

TH = d (p + dmed; + m3s3) u'u” + (p + dmasy + m3s3) A
+2 (01\/1(“ + (921/2(“> u”) — ot (2.81a)

JH = (n+ dvesy + vasg) u! + 1V + V3. (2.81D)

The frame invariants ¢; are unchanged when conformality is imposed; however, by
the definition (2.72), we can see that (Op/0n). = 0 and ¢; = dm; implies f; = 0 for all
7. This has the immediate consequence that in the relativistic Navier-Stokes equa-
tions (2.75), the bulk viscosity is identically zero, ¢ = 0. This makes physical sense,

as the bulk viscosity is associated with changes in scale, and conformal symmetry
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requires scale-invariance.

2.2.3 Stability and causality at first order
Characteristics and causality

We will now more formally discuss causality. The notions of causality discussed here
are local, rather than statements about any global structure of spacetime. To do
so, we will need to understand some results from the theory of partial differential
equations. This section mostly follows the theory as outlined in [59]; other references
include [60, 61]. A generic second-order quasilinear partial differential equation (PDE)

in some variable ¥ can be written in the following way:
LIU] = A" [¥,0V]0,0,¥ + B[V, 0V]0,¥ + C[¥] =0. (2.82)

Note that the coefficient A depends on ¥ and the first derivative of ¥, but not the
second derivative. We assume here that A, B, and C are analytic if ¥ is analytic.
Let us now consider supplying initial conditions for the PDE (2.82) on some spacelike
initial hypersurface ¥y. Let us further foliate the spacetime®® with a whole family of
such hypersurfaces, parametrized by a scalar parameter ¢(x#) — the initial hypersur-
face is the solution to the condition ¢ = 0. We assume that ¢ is an analytic function
of z#. The normal to the hypersurface is given by {, = V,¢. The parameter ¢ could
be time, or it could be something else. We also consider d parameters which charac-
terize the d-directions internal to the hypersurface: we will call these 7(z*), and will
also assume that they are analytic functions of z#. Finally, we assume that ¢(z*),
n'(z*) are such that the relationship can be inverted, and we can write z* = z*(¢, n°)
so that ¥ = U(zH(p,n")).

The initial conditions are then given on the initial hypersurface by

; L oV
Uo(n') = Y]p=o, Wo(n') = a—¢|¢:0, (2.83)
where we employ the notation ¥ = ‘g—g, and Uy, U, are some prescribed functions of nt.

We now apply the chain rule to the PDE (2.82) to rewrite the equation in coordinates

200f course, there is nothing special about time from a mathematical point of view; we could
just as well supply a timelike “initial hypersurface” and look for solutions given conditions on that
surface. The same procedure applies.
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(¢,n"). Evaluated on the hypersurface ¥y, equation (2.82) is then written as

0*w

w ¢_0: I{\If(), \Ijo] y (284)

(A"E.8)
where Z contains all terms in equation (2.82) which may be determined entirely from
To(n') and Wy(n'). The quantity &, = V,¢ is, again, the normal to the hypersurface
Y. We would now like to answer a very simple question: can we use the PDE (2.82)
to construct a local solution some finite d¢ off of the initial hypersurface? In other
words, can we use the PDE to find 9*U /0¢?|s—9, 0°¥ /I¢?| 4o, and so on up to infinite
order?

It is clear from equation (2.84) that we can determine 9*W/d¢?|,—¢ from the initial
conditions so long as A*¢,£, # 0. If this condition is satisfied, higher derivatives may
be found by successive applications of % to equation (2.84), and a local solution may
be constructed: this is the Cauchy-Kowalevski®! theorem [59]. Since £, denotes the
normal to the hypersurface, whether the condition A*¢,¢, # 0 holds or not depends
entirely on the hypersurface ¥y under consideration. In particular, we can identify
one-parameter families of hypersurfaces for which A", vanishes. We refer to these
surfaces as “characteristic surfaces”, or sometimes just “characteristics” for short; we
will also sometimes imprecisely refer to &, as the characteristics. As the equation
that determines the characteristics, A"¢,&, = 0 is called the characteristic equation,
and A*E,€, is called the characteristic form. For a point p, the envelope of the
characteristics passing through p will form a conoid for each family of solutions to
the characteristic equations. This conoid is called the Monge conoid [59].

As a simple example, for the wave equation in flat space (9**0,0,¥ = 0), the
characteristics are given by the set of hypersurfaces for which n*"¢,§, = £,£" = 0.
The Monge conoid is then the light cone.

Characteristic surfaces are critical for understanding the dynamics of classical field
theories. One can show (see e.g. [59], Ch. 6 Sec. 2) that characteristic surfaces are the
only hypersurfaces across which the solution ¥ may experience non-analyticities. In a
causal theory, any solution which is defined on a region of compact support must still
have compact support at a later time. A solution often®? experiences a non-analyticity

when passing outside of a region of compact support, and so the edges of the region

21Sophie Kowalevski, for whom the theorem is named, is considered the first woman to have
received a modern doctorate in mathematics.
22A counterexample is the so-called bump function.
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of support are often marked by characteristics. The Monge conoids for each family of
characteristics therefore act as “spherical” wavefronts for a perturbation localized to
a point p, and in a causal theory they must lie inside of the lightcone at every point.
The technical expression is that characteristics define the “domain of dependence”
and “domain of influence” for a point p. The Monge conoids determine the regions of
spacetime which a disturbance at p affects (and is affected by) — hence the demand
that the Monge conoids lie inside the lightcone.

In what follows, we will usually discuss the characteristics, rather than directly
referring to the Monge conoids. Let us now consider a system of partial differential

equations:
LU = AYLU,0U10,0,UP + B4 5[U, 0U10,U" + C4[U] = 0, (2.85)

where UP is once again the state vector. The capital latin labels A, B run from 1
to n, where n is the number of components in UZ. In the above, the greek indices
i, v label the different matrices Aap, Bag. The same arguments® lead to an only
slightly modified equation: the characteristics are obtained from the characteristic

form A’J;€,€, via the characteristic equation

Q(&0,&;) = det (AlpEusy) = 0. (2.86)

We are interested in causal theories. In particular, we demand that the system of
PDEs (2.85) be (at least weakly) hyperbolic, meaning that the characteristics are
real and lead to finite (i.e. less than infinite) propagation speeds. Causality may
be quantified by the following three demands [4] on the solutions & = &(¢;) to the

characteristic equation (2.86) for real ¢;:
[Re(&(&5))]

191
Ol (Q(&0 = al§;, &5 = s;l&51)) = Og, (Q(0,€5)) (S0, 1€ # 0) (2.87b)

<1 Vg,  Im(&(§) =0 V¢, (2.87a)

where Ox(Q) refers to the order of the polynomial @ in X, a is an arbitrary non-zero

23In obtaining equation (2.86), there is a subtlety — we have assumed that all of the elements of
UPB obey differential equations of the same order, i.e. second order. This may not be true — in that
case, one must consider mixed-order systems of equations, and the situation complicates. We will
not consider such systems of equations in this dissertation; the more mathematically inclined reader
may instead refer to [62].
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constant, and s; is a unit vector.

The first condition is the demand that the characteristic equation (2.86) give rise
to characteristic surfaces that lie inside the lightcone. The second condition enforces
reality of the characteristics (and therefore that the system of equations is not elliptic).
Finally, the third condition?* demands that all solutions to the characteristic equation
can be written in the form & = &(&;). In particular, the third condition eliminates
& = 0,&; # 0 as a solution, which corresponds to a parabolic system of equations
with an infinite propagation speed. Note that this condition is a constraint on the
characteristic equation itself, not on its solutions.

Let us consider two brief illustrations of these constraints. We previously found
that the characteristics for the wave equation are the light cone. The characteristic
equation is —&2 + £;&7 = 0, and the solutions are given by & = %|¢;|. Therefore,

1, i) =0, 2= Ol ((=a?+ DIEP) = O (—6 + ) =2

(2.88)

All three conditions are satisfied, and so the wave equation is causal (as expected). We

can also consider the diffusion equation in the observer rest frame, 9,p — D3;07p = 0.

The characteristic equation is given by ;& = 0. This violates the third condition
of (2.87):

2= O (I&1%) # Og (161 = 0 (2.89)

The diffusion equation is therefore acausal as expected. To illustrate this, we note
that any §, with {; = 0 and §, # 0 satisfies the characteristic equation, leading
immediately to
[Re(&o)| — > (2.90)
191
We therefore find that the diffusion equation has infinite propagation speed. This
defines the diffusion equation as being parabolic. Since infinite speed is (slightly)

faster than the speed of light, we find once again that the diffusion equation is acausal.

Linear theories. Let us now specialize to the case of a homogeneous linear system
of partial differential equations. This may arise either naturally for the full system of

equations (such as in the wave equation), or it may be due to the linearization of a

24As far as I am aware, the third condition was first written down in this form in [2]. While it
may have previously been known in the mathematics literature, it was not present in the literature
for hydrodynamics.
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non-linear (or quasilinear) system of equations. Regardless, let us consider the specific
case where A4 and BY 5 are constant, and C4[U] = C4pUP. Then the characteristics
are the same for every point in spacetime, and form a family of constant hyperplanes.

Let us assume that condition three of (2.87) is satisfied by the characteristic
equation. Then |;] = 0, & # 0 is not a valid solution to the characteristic equation.
We subsequently take &; real and [§;| > 0. Defining V,, = ¢,/|¢;|, the characteristic

equation can be re-written as
det (A*"V,V,) =0. (2.91)

The first two causality constraints may also be re-written as |[Re(Vp)| < 1, Im(V4) = 0.
Now, let us consider a plane-wave solution U? = UP(K,) exp(iK,a*"), where K, =
(—w, k;) as before. Inserting the plane-wave solution into the system of PDEs (2.85),
we find

(ALK, K, + B4 g K, 4 Cap) UP exp (iK,a) = 0 (2.92)

The dispersion relations are given by the roots of the spectral curve, such that
F(w, kj) = (A4 KK, + Bz K, +Cap) = 0. (2.93)

In a causal theory, the dispersion relations w = w(k) must obey:

 [Re(w)|  Im(w)
lim <1, lim ——= =0, 2.94a
|k|1aoo 51— \k\gm || ( )
O (F(w = alkl], kj = sjlk|)) = Ou (F(w, k;)) - (2.94D)

Note the addition of the third condition compared to the previous causality conditions
on dispersion relations. As a simple example of the third condition’s necessity, let us
consider® the linearized Benjamin-Bona-Mahoney equation in (1 + 1)-dimensions, a
PDE intended for studying surface gravity waves (not to be confused with gravita-

tional waves) [63]. The linearized equation is given by

Orb+ 0p — 0201 = 0 (2.95)

25This equation was brought to my attention by L. Gavassino.
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Looking at plane wave solutions ¢ = ¢ exp (i/S 4o, we find

Flw, k) = (—iw + ik — ik*w) =0 (2.96)
which is solved by
k

The dispersion relation (2.97) appears to be totally well-behaved at first glance. In
the limit of large k, we find
CRe@] ()

kiooo k| 7 ke K|

=0. (2.98)

In fact, Im(w) = 0 for all real values of k, and so the solution is stable as well.

However, if we consider the third condition, we find that
3 = O (F(alkl, s;|k])) # Ou(F(w, k) =1. (2.99)

The Benjamin-Bona-Mahoney equation is therefore acausal — and indeed, we can see
this directly by boosting w — v(w' —vk'), k — (k' —vw') in equation (2.96), leading

to the modified equation
—iy(W — vk') +iy(k — o) — iy (K — o) (W — vk') =0 (2.100)

This equation now has three solutions w’ = w'(k’) — and two of them go as w’ = £k'+...
in the large-k’ limit, where the ... indicate subleading contributions in &’. Since v is
the boost parameter, these new solutions are clearly acausal even as accounted for
by the first two conditions. The third condition of (2.94) is necessary for preventing
these acausal modes from appearing in the system upon boosting.

Returning to the linear PDE (2.92), we consider now the same equation divided
through by k2. We will be interested in the large-k limit, and so we also define the

vector V,; = K, /k = {—%, %} The linear PDE may then be written

1 1 ~
( apVaVo+ BapVi + @6) P exp (if,a") = 0 (2.101)

Let us now assume that the theory satisfies the causality constraints (2.94). The

first two conditions may be straightforwardly re-written as limyy o |[Re (Vy) | < 1,
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lim k|00 Im (V) = 05 it is then clear that as k grows, V| remains finite, and V| /k — 0.

Therefore, in the large-k limit, the dispersion relations are given by
det (ARZVIV)) =0 (2.102)

However, this is simply the characteristic equation (2.91) with V,, — V;! We therefore
have found that the large-k limit of the dispersion relations of the linear theory
computes the characteristics of the linear theory — and it is in this sense that we can
claim that they are truly causality constraints.

A natural follow-up question might be the following: when the linear theory arises
from linearizing a quasilinear system of PDEs, can this relationship between large-|k|
dispersion relations and characteristics for the linearized theory tell us anything about
the characteristics of the original quasilinear theory? The answer is “sometimes”. We
will discuss this in more detail in Chapter 3.

Let us now note a result [33, 64]: if a theory is causal, and it is stable in one
reference frame, it is causal in all reference frames. Conversely, if a theory is acausal
and has Im(w) < 0, it will be unstable in at least one reference frame. This means
that the analysis of the diffusion equation where we boosted and investigated the
stability of the theory was overkill — we could, in fact, have simply established that
the theory was acausal, and left it at that. A theory that is both causal and stable
in one reference frame is therefore covariantly stable. We will discuss this property

in more detail in Chapter 3.3.

Causality of the Navier-Stokes equations

We will now investigate the causality of the relativistic Navier-Stokes equations in the
Landau frame (all of the following results will also hold true for the Eckart frame as
well). To begin with, let us restrict to d = 3 for definiteness, and consider linearized

perturbations about equilibrium in the rest frame of the form
T = TO + ST e—iwt—i—ikx’ L=l + 5# e—iwt—i—ikm’ ub = ug + 5uue—iwt+ikx’

where again ubdu, = O (9%). We have also taken advantage of the isotropy of the

equilibrium state to align k; in the z-direction — we use the shorthand k = |k;| as
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before. Inserting these into the relativistic Navier-Stokes equation, we find
Flw, k) = (nk* — iw(eo + po))2 aw® + bk*w? + (csk + cok®)w + dk*| =0 (2.103)

where a, b, ¢4, co, and d depend on the transport parameters (,n,c and thermo-
dynamic parameters (7y, o, €0, Po, o), but not on k or w. We see that, as in the
relativistic Euler equations, two copies of the shear mode factorize, giving dispersion
relations
W= —i—l |2, (2.104)
(€0 + po)
We see now why the mode was called the shear mode — it describes the diffusion of
shear perturbations. However, looking at equation (2.104), there are already alarm
bells ringing. We know from investigating the diffusion equation that the dispersion
relation w = —iDk? is acausal if taken to large-k — and equation (2.104) is of the
same form, with D — n/(eo + po).
Even without solving for the charge mode and sound modes, we can see that
the longitudinal modes will also have issues, because they violate the third condition

of (2.94). Specifically,
4 =0 (F(w=ak,kj=s;k)) # O, (F(w,k;)) =3 (2.105)

Solving for the charge mode and sound mode in the limit of small &, we find

r
w = Fv, k — i :p B +0(K), w=-il.k*+0 (k) (2.106)
0 0
where
¢+ 37 op\* o
[y=->"22 2.107
2 "\, 217 (2.1072)
r, (po + co)o (2.107b)

~ T20? (9(eo, 10) /Ty, p10))

In the limit of large k, the three modes in the longitudinal part go as

4
w:—i<w)k2+..., w=—iAck®+.., w=—iB+.., (2.108)
Do + €o

where A and B are thermodynamic functions, and the ... indicate subleading be-



42

haviour in large k. We can see that two of the modes go as k%, which immediately
violates the causality conditions (2.94). We therefore arrive at the troubling conclu-
sion that the relativistic Navier-Stokes equations are acausal. Worse, because they
are acausal, there must be a frame in which they are unstable. In fact, thanks to
violating the third condition of (2.94), it turns out that the relativistic Navier-Stokes
equations are unstable in every reference frame apart from the fluid rest frame. As
in the diffusion equation, the blow up time is proportional to v, the boost velocity —
and so, the blow-up gets worse the closer to rest one gets.

Whether or not this acausality and instability is a problem depends on what
questions one is trying to answer. If the question is only one of response, e.g. de-
termining what the various viscosities (, 1, ¢ are from the microscopic theory, or
looking at stochastic fluctuations, then this is perhaps not such a big issue. However,
if one wishes to actually solve the full quasilinear hydrodynamic equations, as in a
hydrodynamic simulation, this is a massive issue — because one cannot numerically
distinguish the true physical hydrodynamic behaviour from the (unphysical) blowup
due to the acausality of the modes.

This problem has been known for a long time [25, 26|, and solutions were soon
established. In the remainder of this chapter, we will discuss the two main means
of rendering the relativistic Navier-Stokes equations stable and causal. The first
is the Miiller-Israel-Stewart (MIS) theory of hydrodynamics [27, 28, 29|, which is
spiritually the same as the Maxwell-Cattaneo equation for diffusion. The second is
the more recent Bemfica-Disconzi-Noronha-Kovtun (BDNK) formulation of causal
hydrodynamics [30, 31, 32, 5, 33], which is spiritually the same as the telegrapher’s

equation. Both have their strengths and their weaknesses, as we shall see.

2.2.4 Miiller-Israel-Stewart (MIS) theory

The stress-energy current and charge current may be written as

T = (e + 6E) u'u” + (p + SP) A" + 25 QWu” 4 5T, (2.109a)
JH=(n+oN)u' +6T", (2.109b)

where by the delta of a curly variable, we mean all derivative corrections from first
order up to infinite order. Now, using the field-redefinition freedom built into the

theory, let us put the constitutive relations into the Landau frame. We may then
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parametrize the theory as

T" = eufu” + (p + II) A* 4+ 7, (2.110a)
JH = nut 4+ nt. (2.110Db)

where we will (imprecisely) refer to Il as the bulk viscosity, 7 as the shear viscosity
tensor, and n* as the charge current. As with J* and 7", n* and 7" are both

transverse to u#, and ™ = 0. Now, as in the Maxwell-Cattaneo model, we promote

the corrections II, n*, ;nd ™ to degrees of freedom on par with T'(z#), p(z*),
and u”(z"). There are now (d+2)+1+d+ (d*+d —2)/2 = (d+ 1)(d+ 4)/2
degrees of freedom, which comprises the degrees of freedom in the hydrodynamic
variables, II, n*, and 7 respectively. In order to close the equations (i.e. introduce
enough equations to solve for the variables of interest), we must introduce d(d + 3)/2
new equations. These equations are sometimes referred to as “phenomenological
equations”, as they are not associated with any symmetry of the theory.

We briefly present here three means of obtaining MIS-type equations. A fourth,
the DNMR theory, will be discussed in Chapter 4 when we approach kinetic theory.
For more detail on the three approaches presented here, the interested reader may

refer to Appendix A.

Canonical Approach to MIS

The canonical approach uses the entropy current to fix the phenomenological equa-
tions [28, 29, 65]. We present here a summary modified from [66]. Let us modify the
entropy current with a piece that is quadratic in II, n#, 7", which we denote by Q*.
Then, taking the constitutive relations (2.110) into account, the entropy current is of
the form

St = sut —ant — Q" (2.111)

where a = p/T. We do not, a priori, know the form of Q*, and so we write down a

general quadratic form:

1 1
Q" = 5 | Bem™Tag + Pl + Bnna”a} o {O‘nnﬂn“ + Qo ng| . (2.112)
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We can also use the equations of motion to find an expression for V,, (su#):
vV, (su') = aV, n* + 5,V , o — IIA"'NV (6, , (2.113)

Combining these together, we can write the divergence of the entropy current as

II w N
VSt = ——A - %AWB” - %Awﬁcaﬂ , (2.114)

where A, B, and C}, are lengthy expressions in terms of I, n*, 7 T, p, u*, and
their first derivatives. We would like to enforce the positivity of entropy production;

we may do this by relating
I1=—CA n'=—-cA"B,, 7" =-nA"C,,. (2.115)

The equations (2.115) are the phenomenological equations in the canonical approach.

They may be cast in a more familiar form by pulling terms out of A, B*, and C*":

VIl + 1 = —(V,uf + .. (2.116a)
TN AN \n, + 0t = —aTAMV o + ..., (2.116b)
TR AP P s + T = ot L (2.116¢)

where the ... contain the remaining terms in A, B¥*, C*”. In the above we defined
mm = (B, T = Pno, and 7, = 2n8,;. The equations (2.116) look very similar to the
equation we wrote down in equation (2.11) for the Maxwell-Cattaneo model. After
the identification (2.115), the entropy current becomes

I nkn, 771,

T b= — 2.11
A\ €+ —t o (2.117)

which is positive so long as ¢, 0,7 > 0. The full equations (2.116), which are related
in Appendix A, can be shown to be causal linearly [65] for sufficiently large relaxation
times 71, 1. In the case of an uncharged fluid, they have also been shown to be causal

non-linearly [67] subject to more complicated causality constraints.
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Resummed BRSSS Approach

The resummed BRSSS [68] approach is not directly a method for deriving MIS-type
equations. Rather, it began as a method of obtaining second-order hydrodynam-
ics. We consider here a conformal fluid with no conserved U(1) charge. Comparing
to (2.110), this means there is no charge current (and therefore no n#), and II = 0

identically. At first order, the constitutive relations are given by
T" = eul'u” + pA" — not” | (2.118)

where p = ¢/d. At second order, there are five transverse traceless corrections one

could write, which we denote by O#”. Then we can write
™ = —no" + 7O + kOL + M OL + MO + X08 + 0 (8°) . (2.119)

Now, let us note that to first order, o = —x"” /5. We can then replace " with
—m" /n anywhere it appears in the O"” to get equations for 7. Schematically, after

this resummation the equations are of the form
Te AP PN s + T = —nat + L (2.120)

where the ... indicate terms which are non-linear in 7# and derivatives of the fluid
velocity. We see that, once again, we have obtained MIS-like equations. These

equations will be (at least linearly) causal for large enough values of 7, [68].

Generating Functional Approach

The final MIS-type theory we consider in this chapter is a more recent development
due to [69], which extracts MIS-like equations using a combination of the entropy
current and the generating functional. To begin with, we propose auxiliary fields &,
and v,, where k,, is symmetric. We then postulate that the pressure is a function of

scalars formed from r,, and v,:

Wlg, A] = /dd+1x\/—_g (p (T,M,UQ, (trr)?, K2 — é(tr /1)2) + ) , (2.121)

where the ... denote potential higher-order terms in derivatives of the fields (T', i1, v,,, k)
Writing TH = eutu” + pA* + 11" where (in Landau frame) IT# = TIA* + 7t we
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then define II*” and n* in terms of v* and k:

" = aStr kA" + ol k™) LTI (2.122a)
n* = a, vt (2.122b)
where we introduce the notation x*) = APeBi 5. The TIY is the hydrostatic

contribution to II*” arising due to the dependence of p on the fields x and v*, while
ST

K )

Qo o, are arbitrary parameters.

The entropy current is given by
St = sut —ant, (2.123)

where o« = p/T. Taking the divergence, using the equations of motion to express
V. (su*) in terms of 11, and n*, and then finally inserting the definitions of II** and

n* in terms of k¥ and v*, we find

S T
V58 = — g A A, — Sr AmveSp Qe (2.124)
I oT mnz oT (pv) 2% T o :

where A, B,,, and C,, are functions of x,,, v,, a, and g* = u*/T. We can enforce

positivity of entropy production by identifying
aStr kAP = —CAM A, al k) = AP B ant = —cA™C,, (2.125)

where the parameters ((, 7, o) are the usual bulk viscosity, shear viscosity, and charge
conductivity. This is almost good enough, but we note that we want equations for
1" and n*, not k" and v*. We would ideally like to invert the relations (2.122)
to express k,, and v, in the equations (2.125) in terms of II,, and n,; however, the
I11"" contribution to II* makes inverting (2.122) non-trivial. We can at least find a

solution to linear order in II,,, and n,, yielding

1 1
T £ (C—Ztr H‘“’) + Etr " = —(V,u" + ..., (2.126a)
TETAMP L5 g + T = —not” + ..., (2.126h)
T TAM £4n, + 0t = —oTAMY,, <%> 4o (2.126¢)

where the ... once again denote a complicated combination of terms involving non-
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linear combinations of the fields (both hydrodynamics and II*”, n#*) and their deriva-
tives. Note that, unlike in the other approaches, the time-derivatives of the viscous
corrections naturally package themselves as Lie derivatives.

Due to the relative youth of this formulation of the MIS theory, a causality anal-
ysis has not yet been performed — however, given the MIS-like structure of the equa-
tions (2.126), they will presumably be at least linearly causal for large enough values

of 7, i, and 7,.

2.2.5 Bemfica-Disconzi-Noronha-Kovtun (BDNK) theory

We now come to the second, philosophically distinct method of rendering the rela-
tivistic Navier-Stokes equations (2.75) stable and causal. This method, by Bemfica,
Disconzi, Noronha, and Kovtun [30][31][32], is morally the same as the idea behind the
telegrapher’s equation for the diffusion equation: one retains terms that are formally
higher-order on-shell, which act as UV regulators for the theory. This subsection is
based primarily on my paper [5], which found causality constraints for the charged
U(1) fluid; see also [70][33].

The constitutive relations for the BDNK theory of a charged U(1) fluid are given
by equations (2.68), i.e.

3 3 2
S TSR T,
n=1 n=1 n=1

(2.127a)

3 2
JH = (n + Z Vn5n> ut 4 Z%Vn“- (2.127b)

n=1 n=1

Before, we used the relativistic Euler equations to remove s, s3, and V{*. Now, let
us instead keep all possible terms — subject to one constraint. The physical transport
coefficients (, o, and n are not free for us to choose. Instead, they have values fixed by
the underlying microscopic theory, values which may be obtained via the use of Kubo

formulae. Therefore, we must limit ourselves to values for the transport parameters
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that are consistent with these microscopic values:

o ()= (E), - (Y
Td(e,n)/O(T, 1) T29(e,n)/d(T, 1) 5
(2.128a)
ety g (2.128b)
e+p

and, of course, n = 7, where fj23, {12 are as defined in equations (2.72). With the
constitutive relations in hand, we will now follow two paths. First, we will look at
dispersion relations in a linearized analysis, especially in the limit of large k. Then,
we will consider causality conditions on the full quasi-linear system of equations from
the point of view of the theory of partial differential equations. As the full theory is
not linear, there is no guarantee the two notions of causality agree.? We will show in
Chapter 3 that, for most fluid frames, such a disparity does not exist in the BDNK
theory of hydrodynamics.

Linearized Analysis

Let us begin by considering linearized plane-wave perturbations about the rest frame
for d = 3, i.e.

T = To+0T (w, k)e ™ 1 = po+dp(w, k)e ke gyt = §H4-sut(w, k)e wiike

(2.129)
In the above, we have made use of the SO(3) invariance of the equilibrium state to
align k; with the z-direction. Inserting these into the equations of motion (obtained

from substituting the constitutive relations (2.127) into the conservation equations),

we find
a b 0 0 c\ [é7] O]
d e 0 0 1 |ou” 0
0 0 k*n—iw(po+ €) — Orw? 0 0f |du?| =10
0 0 0 k*n —iw(po + €o) — Orw? 0 | |ou? 0
g h 0 0 I) [op] 0]
(2.130)

26In fact, in the MIS theory of hydrodynamics, they do not; there exist field configurations which
the linearized theory would suggest are causal, but are in fact acausal.
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where the parameters a...] are polynomials in w and k which depend on the transport
parameters and the thermodynamics. As before, the spectral curve F'(w, k) is given

by the determinant of the matrix in equation (2.130):

a b c
F(w, k) = (K1 — iw(po + €0) — 01w?)*det |[d e f| =0 (2.131)
g h I

As before, two copies of the shear mode factor out. The shear mode is given explicitly

by
W= —i (po i EO) 1+ 120 o) (2.132)
20, (Po + €0)

We see that this is identical to equation (2.19) upon the identification 7 = 6 /(po+¢€o)

and D = n/(po + €0). By direct comparison with (2.15), we can see that the stabil-
ity of the & — 0 gap leads to the demand that #; > 0. Note that this already
excludes the Landau frame — in the Landau frame, #; = 0! We also know, quali-
tatively, what the behaviour of this mode is by referring back to Figure 2.1. When
k2 = (po + €)* /(4nfy), the hydrodynamic mode and non-hydrodynamic mode collide.
After the collision, Im(w) “freezes out” and becomes independent of k, while Re(w)
gains k dependence that was previously absent. This “pole collision” behaviour is
generic in causal systems, and marks the transition from diffusive behaviour at small
k to transmissive behaviour at large k.

The remaining determinant in the spectral curve is due to the perturbation of
temperature, charge density, and the longitudinal (with respect to k;) component
of the fluid velocity. There are three hydrodynamic modes (the two sound modes
and the charge mode), and three non-hydrodynamic modes. In the & — 0 limit, the

non-hydrodynamic modes are given by w = —i (€y + po) /61, and the roots of

(3%) (%) g1 — Beq ¢
det[—z‘ RGCED S CL [ <1 T=3 3)} = 0. (2.133)

ong > <6n0 > [ 0 v 1o
e o 1— 7. V3 Vs
( 0Ty B0 Ao To 0

These “gaps” must have negative imaginary part to be stable. One of them is already
fixed by 6, > 0. For the other, we must choose a hydrodynamic frame (i.e. values
for the transport parameters) such that the gaps are in the lower half of the complex

plane. There exists a criterion to enforce that roots of polynomials lie in a particular
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half-plane, which is called the Routh-Hurwitz criterion. One can show via an appli-
cation of the Routh-Hurwitz criterion that necessary and sufficient conditions for the
gap (2.133) to be stable are [5]

E1V3 — &3l 2 O7 (2134&)

ano) (3n0) ( 860 ) ( (960 )
— €1 —€e3 | — — | =— v+ | = vz > 0. 2.134b
(auo n o o\ /). \omo)sn = \oT), ( )

Ensuring the stability of the equilibrium state for arbitrary k is quite difficult, because
of the heavy dependence of the spectral curve on the equation of state. For any
particular theory, it can be done numerically. Turning now to the large-k dispersion

relations and causality, the causality constraints on the shear mode are given by
0< L <. (2.135)
01

For the remaining modes, the leading order behaviour of the large-k limit is controlled

by the roots of

—% (91 — 92) — = <51 — _53> kw (2 + 61) _%92 - %83
det ];“_L: (91 — —92 +m = T_7T3) K (%n o 7T2) —w’h %ﬂ (02 +m) [=0
2 w2 k2 w?
T (’h ’72) T <”1 - TVs) wh (1 +v2) TR T s
(2.136)

which were obtained by scaling w — Aw, k — Ak, and taking the limit of large A.
This is justified by the fact that we demand causality, meaning that w must grow (at
most) linearly in k. In a general frame, the controlling equation (2.136) is an order-six
polynomial in w, which therefore does not have a closed-form solution. Nevertheless,
we can constrain its roots to lie within a unit disk in the complex plane via a criterion
called the Schur-Cohn criterion. That said, it is somewhat simpler to instead restrict
from the most general frame to a smaller subset of frames. Two possible choices are
the “decoupled frame” of [5], or the v; = ; = 0 frame of [33]. In the decoupled frame,

one sets £3 = m3 = #5 = 0: then the determinant factorizes, and

o (_k_QT_f(>_ w_z( 1) kw (g2 + 61) ) ( k:2,y2 W_QVS) -0 (2.137)

0, + 1) k2 (%’7 — ) — w?b; Ty To

The final bracket, the large-k limit of the charge mode and its corresponding non-
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hydrodynamic mode, gives

W=t -k (2.138)
V3

where the ... terms are subleading in large-k. This is causal so long as 0 < — (7, /v3) <
1. The remaining modes are the large-k limit of the sound modes and their corre-

sponding non-hydrodynamic modes. They form a quadratic equation in w?/k? (a

“biquadratic”):

w4 4n w2 4n B

€101 <E> — (917T1 +eg (0 +m)+er (? — Wz)) <E> -0, (? - 7T2) =
(2.139)
In general for a biquadratic of the form az* + bx? + ¢ = 0, sufficient conditions for

the roots to be causal by imposing reality and the Schur-Cohn criterion are
b’ —4ac>0, b<0, 0<c<a, a+b+c>0 (2.140)

Inserting a = €101, b = — (917r1 +eo(01+m)+ e (%” — 7r2)), and ¢ = 60, (7r2 — 4?’7)
yields a complicated, non-linear set of constraints on the transport parameters. These
constraints are not empty — there exist frames which can simultaneously satisfy all
of the conditions [5][33]. We have therefore found that the relativistic Navier-Stokes
equations may be rendered (linearly) causal by the BDNK procedure of introducing
formally higher-order terms to regulate the acausality in the theory. These higher-
order terms enforce the causality and stability of the theory via the introduction of
non-hydrodynamic modes. These non-hydrodynamic modes collide with the hydrody-
namic modes at some critical k,, transitioning from diffusive behaviour to subluminal
propagation

The last thing we will do in this chapter is repeat the same analysis, but for the full
quasilinear system of PDEs. We will see that the controlling equations for the modes

are (almost) the same between the linearized and quasilinear systems of equations.

Characteristics

Let us return to the full equations of motion, restricting ourselves to the ¢3 = m3 =
02 = 0 frame for convenience and again setting d = 3. Going forward, it will be more
convenient to work with the unconstrained vector * = u*/T and with o = /7. In

terms of these variables, the principal part A%%50,0,U® of the system of equations is



52

given by [5]
v, =T lslu”u”u‘lu;g + equfu’ A%y + m A utug + m A A%,
+ 26, (uau%“)ﬁ + uﬂu@m)ﬂ) - nN”"‘B} 0,0.° , (2.141a)

V,Jh=T [mu“u%ﬁ Ul A%+t Al o+ 72A”auﬁ} 04008

+ [Vgu"uo‘ + ngW} 0,001, (2.141Db)
or, in matrix form,
Mz/ 0v e 55
N50,0,UP = g 00a , 2.142
ABY 1 ( Nﬁ R) 1% (O{) ( )

where M, N, and R are implicitly defined by reading off the relevant terms from (2.141).
The characteristic form @ = A", is then obtained by simply taking d, — §,. The
characteristic form is given (introducing the shorthand a = (u-§), b* = A*¢,, and

b* = .6 AM) by

T 51a2u”u5 + egau”bg + mab”ug + w0 bg o
Q= +0; (au’bg + a®A” 5 + ugu’b® + augh”) — nA"FE,Eq ’
T (naug + veabg + y1abg + Y2b*ug) vsa? + y3b?
(2.143)
It is now clear that, in this frame, the determinant factors, i.e.
det(Q) = det(M) (v3a® + v3b*) = 0. (2.144)

The second factor gives
73
(wf) ==+ —V—S\/QAW&W (2.145)

and we can immediately recognize the charge mode. With regard to det (M), we may
note the identity [5]

det (Au"ug + BAY 3 + Cu’és + DE ug + EEEg)

. , , (2.146)
B '[-AB+ B(C + D)a— BEa*+ (CD — AE)?] =0,
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where A, B,C, D, E can depend on a and b%. Using the definition of A**? we find
that B = 6,a%> — nb? = 0, and so we find

w0 LT o1

Since d = 3, we find two copies of this mode — and we can once again immediately
recognize the shear mode. Finally, evaluating the final factor, we find

4 4
8191@4 — |:€1 <§’I’] — 7T2> + 62(62 -+ 7T1> + 017T1:| a2b2 — 92 (gn — 7T2) b4 =0. (2148)

Now, det () is a Lorentz scalar, and we may (locally) evaluate it in whatever reference
frame we like. Therefore, let us consider the system locally in the fluid rest frame, i.e.
align u* = §¥. This, of course, cannot be done globally — we will delve deeper into
when this does and does not work in Chapter 3. Taking u* = ¢} for the moment, we

immediately arrive at the fact a = &, b* = [;]?, and

& — (—Z—i) & =0, (2.149a)

& — (gﬂl) &7 =0, (2.149b)

819153 - {51 (gn - 7T2> + 52(92 + 7T1) + 9171} §§|§j|2 — 0, (%7] - 772) |§j‘4 =0.
(2.149¢)

We can see that if we use the SO(3) symmetry of the equations to align ; in the
x-direction, and then identify { — —w, and |§;| — k, we arrive at almost the
same controlling equations (2.137)(2.139) as in the linearized case. We say almost
because the transport parameters in the linearized case are constants depending on
the background solutions Tj, pg, while the transport parameters in equations (2.149)
are functions of spacetime via the hydrodynamic variables T', . However, they can
be made precisely the same if we promote Ty — T'(z#), and pg — p(x*) in the
constraints we identified in the linearized case.

We therefore find the remarkable result that, if we show that the linearized theory
is causal for all values of Ty and pg, then the non-linear theory will be causal as
well. This was not guaranteed to hold — and indeed, there exist certain pathological

frames where it does not. The underlying assumption of this section was that all of
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the equations were second order in derivatives. However, if we set 3 = m3 = 13 =
0y = 72 = 0 (a frame that was first noticed in [71]), then the equation for x is only
first-order in derivatives. This breaks our underlying assumption of no mixed-order
theories, and indeed the equivalence between linearized and non-linear causality does
not hold in that case. However, the equivalence does hold in a general fluid frame
with all transport parameters non-zero and independent. In the next chapter, we will

go into more depth as to why that is the case.



5}

Chapter 3

Mathematical Details

In this chapter, we will introduce some of the more mathematical results related to
causal relativistic hydrodynamics. This chapter is by no means comprehensive — a
great deal of work has been done in recent years pushing the limits of causality in
hydrodynamics from a mathematical point of view. Regarding my particular contri-
butions, this chapter is heavily based on my papers [2] and [4]. Section 3.1 formally
introduces in detail the Routh-Hurwitz and Schur-Cohn criteria which were applied
in the previous section. In Section 3.2, we introduce the mathematical details behind
the equivalence between linearized and non-linear notions of causality. Finally, in Sec-
tion 3.3, we discuss some of the work that has been done regarding covariantly stable
systems, including constraints on dispersion relations required to ensure covariant
stability.

3.1 Routh-Hurwitz and Schur-Cohn criteria

3.1.1 Routh-Hurwitz criterion

The Routh-Hurwitz (RH) criterion is a criterion which may be applied to polynomials
with real coefficients, which enforces that the roots of those polynomials lie in the
left-hand complex plane. This criterion has its origins in the branch of engineering
known as control theory; originally developed by Routh [72] in 1877, and refined by
Hurwitz [73] in 1895, the criterion can be straightforwardly applied to any polynomial
with real coefficients. See also [74] for more detail. In the case of complex coefficients,
the story becomes significantly more complicated, and is an ongoing area of research

(see e.g. [75] for recent work). Thankfully, in the theories under consideration in this
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dissertation, the symmetries mostly only allow k’ to enter the spectral curve in the
form k2, meaning the imaginary factor that accompanies it is also squared. In the
previously discussed BDNK theory of U(1) charged hydrodynamics, this was due to
isotropy. In the theory of magnetohydrodynamics that we will discuss in Chapter 5,
the contraction of the wavevector with the magnetic flux direction, k;h?, is a pseu-
doscalar and can only appear in the spectral curve squared due to the demands of
parity. In Chapter 5, the contraction of the wavevector with the transverse superfluid
velocity k;¢7 is a scalar and can enter the spectral curve linearly, along with an ac-
companying imaginary factor. We will not attempt to make use of the Routh-Hurwitz
criterion in this last case.

On to the actual criterion. This approach calculates the first column of the so-
called “Routh array” [76]; it is related to the “alternative formulation” in section 1.6-6
of [74]. Let us consider a polynomial in a complex variable z with real coefficients,

all of which are different from zero:
P(2) = @p2" + ap12" '+ ...+ ayz +ag (3.1)

Let us now split the polynomial (3.1) into two sub-polynomials: one containing the

odd-power terms, and one containing the even-power terms.

Py(2) = an2" 4 ap_02" 2 + ..., (3.2a)
Pi(2) = an 12" a, 32" (3.2b)

Let us now define a new polynomial, P,(z), which is defined to be the remainder of
Py(z) divided by Py (2):
Py(z) = Rem(Py(z), Pi(2)) . (3.3)

From this polynomial, we may again define a new polynomial P3(z) given by Ps(z) =
Rem(P;(z), P»(z)) . This process is repeated until the resulting polynomial is zeroth
order (but non-zero), or we get zero, at which point we stop. If we arrive at zero
before getting a polynomial of zeroth order, the stability criterion is violated. Now,
let us define by Py the coefficient of the highest-order term of the polynomial P,. The

set of all such highest-order terms is given by:

G={Po,P1,..., Px} (3.4)
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where k here is the final element of the procedure. The set G is the first column of the
Routh array. The Routh-Hurwitz criterion then amounts to demanding that all of the
entries of G have the same sign. For completeness, the RH criterion for polynomials

of order two, three, and four has been computed, and may be found in Appendix C.

3.1.2 Schur-Cohn criterion

The Schur-Cohn (SC) criterion is a criterion which may be applied to polynomials
such that the roots of those polynomials lie within the open unit disk in the complex
plane [77]. The SC criterion is, in essence, a dressed-up version of the RH criterion.
Let us again consider the generic order-n polynomial with real coefficients (3.1). The
RH criterion enforces that roots lie in the left-hand complex plane. Therefore, we
wish to consider a polynomial which has had the unit disk mapped to the left-hand

complex plane. Therefore, let us consider the Mobius-transformed polynomial

P'(2) = (z — 1)"P (Z i 1) . (3.5)
z—1

We then apply the RH criterion to the transformed polynomial P’(z). We should
reiterate that this mapping is for the open unit disk; that is to say, demanding the
RH stability of P’(z) imposes that the roots of P(z) satisfy |z| < 1, not |z| < 1.
In the context of causality, this constraint does not allow propagation at exactly the
speed of light. If one wishes to impose the constraint that the phase velocity equal the
speed of light, some other technique must be used. In particular, we must demand
that P(1) # 0 for the Mdbius transformation to be well-defined.

Generally, “causality constraints” on polynomials with real coefficients require
more than just the SC criterion. They also demand reality of the roots, such that
Re(z) € (—1,1), and Im(z) = 0. This will generally involve a condition on the
discriminant of the polynomial; for n > 4, the condition is more than just positivity,
as positivity of the discriminant only implies that s mod 4 = 0 by Brill’s theorem

(see Lemma 2.2 of [78]), where s is the number of non-real roots.
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Routh-Hurwitz criterion Schur-Cohn criterion

Figure 3.1: An illustration of the constraints imposed by the Routh-Hurwitz criterion
and the Schur-Cohn criterion respectively. The RH-criterion ensures that roots lie in
the left-hand complex plane. The Schur-Cohn criterion ensures that roots lie within
the open unit disc. In terms of stability and causality, the RH criterion are used to
ensure that w lies in the lower half-complex plane, and the SC criterion are employed
the impose that limg_,o, w/k lies in the open unit disk in the complex plane.

3.2 Equivalence of linearized and non-linear theo-
ries

In the previous chapter, we showed that for the BDNK theory of a U(1) charged fluid,
non-linear causality conditions were equivalent to linearized causality conditions. In
this section, we obtain sufficient conditions for this equivalence to hold for a generic
second-order system of partial differential equations. Before evaluating the general
case, however, let us consider some examples which will further illustrate the point.

The following section, especially the examples, has been heavily based on section 2

of [4].
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3.2.1 Examples
Example 1.

Let us begin by considering the following example PDE:
w'u’0,0,0 — ¢ (¢) A" 9,0,¢ =0, (3.6)

where ¢(x) is a real scalar field, u* is some (constant) background timelike unit vector,
and A* = utu” 4+ g" is the projector orthogonal to u*. The equation (3.6) is just
the wave equation in a reference frame specified by u#, with a propagation speed c(¢)
that depends on the local value of the field ¢.

The characteristic equation associated with equation (3.6) is given by

Q = (w)® — A(P)AM™E,E, =0. (3.7)

The equations will be causal so long as 0 < ¢?(¢) < 1, such as if 2(¢) = 1/(1 + ¢?).

Now, let us consider the linearization of equation (3.6) about some constant solution,

e, 6(2) = o+ 00(x):
u'u’9,0,00 — (o) A" 0,0,6¢ = 0. (3.8)
The characteristic equation associated with the linearized PDE (3.8) is

Q= (w€)? — A(go) A" 6, = 0. (3.9)

Both characteristic equations are algebraic equations. It is clear from direct compari-
son that equation (3.9) is equivalent to equation (3.7) under the operation ¢y — ¢(z).
Therefore, so long as the equation (3.8) is causal (as judged by the solutions of equa-
tion (3.9) satisfying the causality conditions (2.87)) for all real ¢g, the non-linear
PDE (3.6) will also be causal. Therefore, for equation (3.6), showing (local) causality
of the linearized system of equations is enough to show (local) causality of the full

system of equations.
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Example 2.
Next, let us consider a somewhat modified version of Example 1:
u'u’9,0,¢ — *(00) A" 8,0,6 =0, (3.10)

with ¢?(0¢) = 1+ A" 9,¢$d,¢. The associated characteristic equation is given by

(ule,)? — () APEE, = 0. (3.11)

Let us now again linearize about the constant solution ¢y. Then equation (3.10)
becomes

W’ 9,0,0 — A 0,0,6 = ¢"0,0,6 = 0, (3.12)

and the characteristic equation is

Q= (u) = A€, = g€, =0. (3.13)

The characteristics for the linearized theory lie along the light cone, and are causal
for all values of ¢y. For the full non-linear theory, however, causality is broken for
any spatially-varying ¢(z) profile. The difference between the two cases is due to the
derivatives in ¢?(0¢), i.e. due to derivatives in the principal part. In this example,

the linearized analysis cannot be used to show causality of the non-linear theory.

Example 3.

Let us now consider another modification to Example 1:
u'u”0,0,¢ — cQ(QS)A“”@M@VQS +¢=0, (3.14)

with ¢?(¢) = 1 + ¢?. Unlike in Example 2, the principal part doesn’t have any
derivatives. Nevertheless, the equivalence between linearized and non-linear causality

will still fail. The characteristic equation associated with equation (3.14) is given by

(u-6)* = *($) AL, = 0. (3.15)

Now, we would like to linearize about a constant solution, ¢(x) = ¢o+dd(z). However,

the zeroth-order term ¢ in equation (3.14) means that the only valid constant solution
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is ¢9 = 0. Therefore, linearizing about ¢y = 0, i.e. ¢(x) = 0+ d¢, equation (3.14)
becomes
u'u”0,0,¢ — A" 0,0,¢ = ¢"0,0,¢ =0, (3.16)

and the characteristic equation is just again that of the lightcone, ¢#¢,{, = 0. The
linearized theory is therefore causal. However, the non-linear theory is acausal for
any ¢(x) # 0, and the connection between linear and non-linear is once again broken.
In this case, the disconnect was due to constraints on the principal part imposed by
the zeroth-order term. A more interesting example of this type is the MIS theory of
hydrodynamics. Considering equations (2.116), we see that there is a similar zeroth-

order term.

Example 4.

Let us now consider the following slightly more general equation,
A" N, 910,0,¢0 +Clg] = 0. (3.17)

In the above, A is some free parameter in the theory. The characteristic equation is
given by
AN 91,6, = 0. (3.18)

“Causality constraints”, as we have previously described them, amount to conditions
on the parameter A and on ¢ such that the solutions &, to the equation (3.18) are
always causal.

As a simple example, if A* = ufu” — (14 gzﬁz)’\ AP then causality conditions
would amount to A < 0. Suppose, however, that C[¢] = ¢. Then, linearizing about the
only constant solution (¢y = 0) with ¢ = 0+ d¢, we arrive once again at ¢*”0,0,0¢ =
0. This is causal for any value of A\ (since the equation doesn’t depend on A at all),
in stark contrast with the original non-linear equation. We find, once again, that the
linearized causality conditions do not enforce the non-linear causality conditions.

There is, however, a workaround. Let us consider the “partner system”
A" (N, x10,0,x =0, (3.19)

which has been obtained from (3.18) by removing C[¢] by hand. The equations (3.18)

and (3.19) do not, generically, have the same solutions. However, the partner sys-
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tem (3.19) admits perturbations about any constant, y = xo + dx. The associated

characteristic equation is given by
AN, Xol€uén = 0. (3.20)

This is an algebraic equation, and so the characteristic equation of the full sys-
tem (3.18) can be obtained from (3.20) via the replacement xo — ¢(x). Therefore,
the (generally ¢-dependent) causality conditions of the original system (3.17) may
be obtained from the (generally xo-dependent) causality conditions of the linearized
partner system (3.19).

This may be immediately generalized to the case of n fields. The system of

equations becomes

s 010,067 + Calo®] = 0. (3.21)

In equation (3.21), the constant solutions ¢? = ¢! are not, in general, independent.
Instead, they are related by the constraint C4 (¢!, ¢?, ...,¢") = 0. Therefore, the
linearized theory obtained by expanding around ¢ cannot in general be used to
determine the causality conditions of the full theory (3.21). However, the causality

conditions of the full theory may be obtained by linearizing the partner system
w1007 = 0 (3.22)
instead. The MIS theory is amenable to such a treatment.

Example 5.

In the previous examples, the failure of the linearized theory to reproduce the causality

constraints of the full theory were due to either
1. the presence of derivatives in the principal part, or

2. constraints on the constant solutions ¢, usually due to the presence of zeroth-

order terms.

Therefore, let us consider the system of equations

N51010,0, + Bl 5[0, 00]0,6" = 0. (3.23)
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This system of equations has no derivative dependence in the principal part, and there
are no zeroth-order contributions to the system of PDEs. The Landau-frame relativis-
tic Navier-Stokes equations (2.75) and the BDNK theory of hydrodynamics (2.127)
are of this form — the MIS theory of hydrodynamics is not. The characteristic equation

for this system of equations is given by

et (ALE,6,) = 0. (3.24)

Suppose we now linearize the system of equations (3.23). So long as we linearize
about the most general constant solution, with all ¢ independent, the causality of
the non-linear system of equations may be assured from the linearized analysis.
This was not what we did in Chapter 2. We linearized about uf = J¢', setting the
spatial parts of ufy zero — and the non-linear causality conditions were still enforced by
the demands of linearized causality. This must be squared with the previous examples
where linearizing about ¢y = 0 ruined the equivalence; therefore, we would like to
determine when linearization about a constrained subset ¢& of #P does not ruin the
equivalence. Given the linear transformation ¢ — GP,¢?, the principal part has
the symmetry G if
GA(9)G™! = A(Go) (3.25)

It turns out that one can linearize about QEOB so long as the transformation that takes
gz%g — ¢F is a symmetry of the principal part. Consider a system of equations where
the principal part has such a symmetry. Then, linearizing about the constrained

solution QEOB, the characteristic equation is given by

det (A“” [&o]gﬂgy> = det (A" [¢o)€,8,) = 0. (3.26)

Therefore, the characteristic equation of the system linearized about ggoB is the same
as that of the system of equations linearized about an arbitrary set of constants ¢F.

Two quick explicit examples may be given. First, consider a vector ¢F in R,
where B € {1,..,n}. Starting with a particular non-zero vector (2369 = (c,0,...,0)
with arbitrary constant ¢, any vector ¢F may be generated via an orthogonal trans-
formation G applied to QEOB . Therefore, for any theory where A4p is of the form
AL, = P (D%)54p + g" (D) dadp, where ®? = §4p¢"¢P, the non-linear causality
constraints can be obtained from the theory linearized about qB(gB.

Another example is that of a timelike vector field 8# and a scalar a: ¢P = (B*, ).
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Let us take the equation (3.23) to be Lorentz covariant; then the characteristic equa-
tion is a Lorentz scalar of the form Q(S% 3-€,£2, ) = 0. Since the characteristic
equation is a Lorentz scalar, it is invariant under Lorentz transformations, and so
we can simply linearize about QEOB = (5,0,...,0,«). This is exactly the case for the

U(1)-charged BDNK fluid (2.127).

Example 6.

Let us now consider the following system of PDEs in two fields, UZ = (x, ¥):

ufu” — Cl(X? ¢)ij f(aX7 a¢)uuuv
0 uru? — co(x, ) AP

0,0, (1’2) + B L[U,0U)0,UB =0,
(3.27)

where c;, ¢y are real functions of y and 1. Note that derivatives have entered the

principal part; however, they do not enter the characteristic equation

Q= ((w&)” — c1(x, V)A™EE) ((w€)? — ea(, V) APELL,) (3.28)

Suppose we now linearize about the constant solution UP = (xo,%y). The principal

part will become

Y utu” — ¢ , Vo) APV 0
‘e = 10xo, o) , (3.29)
0 utu?” — co(xo, Vo) AM
and the characteristic equation of the linearized theory is given by
Q= ()" — c1lxo, o) A" €u60) () — ealxo, o) A€y - (3.30)

It is clear from inspection that the linearized causality conditions arising from equa-
tion (3.30) given the full non-linear causality conditions (3.28) upon taking xo — x(z),
1o — ¥(z), despite the derivatives appearing in the principal part of equation (3.27).
This makes it clear that the quantity affecting the equivalence is not, strictly speaking,

the principal part — rather, it is the characteristic equation.
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Example 7.

Let us now return to Example 1:
u'u”0,0,¢ — 02(¢)A’“’8M8V¢ =0. (3.31)

This is a second-order PDE, which may be generically cast down to a system of first-
order PDEs. Let us introduce the auxiliary parameter x,, = d,¢. The second-order
PDE (3.31) may then be written

uu”9,x, — () A", x, =0, (3.32a)
Xy — Ouxu =0, (3.32b)
0y — X, =0. (3.32¢)

The first equation is simply equation (3.31), the second equation is the statement
0,0,¢ — 0,0,¢0 = 0, and the third equation is just the definition of x,. In d +
1 spacetime dimensions, there are then d + 2 fields (x,,¢) that serve as unknown
variables in the theory. However, there are 2 + d(d + 3)/2 equations, which is more
that d + 2. This is not a problem, as not all of the equations in (3.32) are dynamical
equations. Only (d + 2) of the equations describe the evolution of the fields; the
remaining d(d+1)/2 equations are constraint equations which serve solely to constrain
initial data. The system of equations is therefore, in the parlance of Chapter 2,
“closed”.

In order to isolate the dynamical equations, let us prescribe initial conditions on
some initial spacelike hypersurface, which we will denote by ¥,. At each point p
on Yy, there exists a normal timelike unit covector n, such that P,, = g, + n,n,
projects onto ¥y. We may then split the system of equations (3.32) at any particular
point p into dynamical equations (those with a derivative along n,) and constraint

equations (those which only have derivatives interior to ¥y). The equations are given
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ufu’ 9, x, — () A", x, =0,
Dynamical ¢ n#P* (9,x, — d,x,) =0, (3.33a)
n*0,0 —ntx, =0,

PR P (8,5 — Dyxp) = 0,
Constraint (Gux Xe) (3.33b)

P““(ﬁuqﬁ—x#):o,

where we note that P*” projects onto a d-dimensional subspace. The original equation
is a dynamical equation because u* is timelike, and may be decomposed along n*
according to u* = — (u-n)n* + P*u,. The dynamical equations (3.33a) may be

written in the matrix form
MY ()0, UP + Na(U) =0, (3.34)
where UP = (x”, ¢). The characteristic equation can be shown to be given by

Q = det (M"¢,) = (n-€)" (w€)” — A(P)AMELL,) = 0. (3.35)

We can see that in addition to the characteristic equation (3.7) of the original second-
order system, there are also d factors of (n-£) which were not present in the characteris-
tic equation of the original PDE. The characteristics which solve n-§ = 0 have normal
covectors entirely contained within Yy, and so they correspond to non-propagating
solutions.

It is important to note that the separation of the equations into “dynamical”
and “constraint” equations is not an invariant concept — it depends on the choice of
the hypersurface ¥y, and therefore the choice of n,. A different choice ¥ and nj,
would lead to a different set of dynamical equations, and a different set of constraint
equations. In particular, the set of extra characteristics given by (n’-§) = 0 will
differ. Therefore, the first-order system (3.32), ignoring the constraint equations, is
not covariant. More concretely, for initial spacelike hyperplanes, a change of n, —
nL = A,"n,, where A" is a Lorentz boost, is equivalent to leaving n, unchanged,
and boosting

' = u =AM, =& = AL (3.36)
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The solutions to n-{ = 0 will not be solutions to n-{’ = 0 after applying the
boost, but the solutions to the original second-order characteristic equation (u-& )2 —
A(p) AP e, = 0 are still solutions after applying the boost. Since the non-propagating
characteristics depend on the choice of n,,, neglecting the constraint equations in the

equations (3.32) leads to a loss of boost covariance.

3.2.2 General case

Let us consider a general quasilinear second-order! system of partial differential equa-
tions,

LU = AYLIU,0U10,0,U" + B4 5 [U, 0U10,U" + C4[U] = 0. (3.37)

Based on the examples that were previously laid out, we can lay out the follow-
ing sufficient conditions for the causality of the theory to be assured by linearized
causality constraints. Given the linearization U (x) = UP + §UB(x) of the system of

equations (3.37),
1. The principal part A5 does not depend on derivatives of the fields, OU, and

2. The constant solutions U are not subject to any algebraic constraints, except

for those which also apply to UZ(z).

These conditions are sufficient, rather than necessary, as we have already seen exam-
ples where they are violated, and the equivalence still holds. The primary takeaway
is that, given a system of quasilinear PDEs of the very general form (3.37), one can
assure the non-linear causality of the system of equations from causality conditions
on the linearized system if conditions 1. and 2. hold.

The first condition is a property that the system of equations either does or does
not have; however, the second can be a matter of how the linearization is set up. One
aspect of condition 2. above is that the constant solutions U are all independent
and non-zero. However, as we saw in Example 5, it is sometimes possible to violate

this condition and still have the equivalence hold.

'We assume here that the equations are such that the variables all require both the value of the
variable and its first time derivative to be specified to solve the initial value problem. We do not
consider the case of mixed-order systems.
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3.2.3 Constraint equations

In the previous subsection, we had a baked-in assumption that all of the equations
in (3.37) were dynamical equations. This is certainly not always true, such as in
Maxwell’s equations with the constraint V-B = 0. Let us consider a foliation of
spacetime by spacelike hypersurfaces ¥;, where the parameter labelling the hypersur-
faces t could be time, or some other parameter. At each point p on ¥;, the normal to
the hypersurface is given by a timelike unit covector n,, and the projector onto the
hypersurface is given by P,, = n,n, + g,,. We can define the initial hypersurface X
to be the hypersurface given by t = 0. We prescribe initial conditions on the hyper-
surface Yg; for a second order system of PDEs, the initial conditions are comprised
of the value of the field on the initial hypersurface UZ|s,, and the first derivative off
the hypersurface n*9,U?%|s,.

With these definitions in place, we may now define a “dynamical equation” as one
which contains n#n”9,0,U”, and a “constraint equation” as an equation which does
not. Constraint equations constrain the form of the initial data U®|x, and n*9,U®|s,.
Let us suppose that the full system of N PDEs in n variables U? is covariant. The

dynamical equations can be given by
AU, 0U18,0,UP + Bl 5 [U, 0U10,UP + CalU] = 0, (3.38)

where det <A%3nuny> must be non-vanishing, and A, B € {1,...,n}. The dynamical

equations (3.38) are supplemented by N. = N — n constraint equations of the form
DU, 0U)0,0,U" + E,|U, 0U10,U® + F,[U] =0, (3.39)

where a € {1,..., N.} labels the constraint equations, and f)%nuny = 0. The full
system of equations (3.38) and (3.39) is assumed covariant, but the decomposition of
the system into dynamical and constraint equations breaks covariance, and instead
depends on how one defines the hypersurfaces ¥; and the normal vector n,. In
particular, this means that the dynamical equations (3.38) by themselves are not
covariant, and the characteristics of the dynamical equations will be sensitive to a
choice of n. The only exception to this is if D7, = 0.

Let us now specialize to a case where both the dynamical and constraint equations
satisfy the sufficient conditions 1. and 2. of the previous section, i.e. independence

of the principal part from derivatives of the state vector, and no zeroth-order term.
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In other words,

45 [010,0,U° + Bl U, 0U10,U" = 0, (3.40a)
D [U)0,0,UP + EX.[U, 0U10,UP = 0. (3.40b)

Since covariance is lost if we consider just the dynamical equations alone, let us take
a slightly more straightforward view of causality. Let us define a system of partial
differential equations to be causal if the Monge conoid at a point p lies inside the
lightcone for all p and all choices of timelike unit covector n,. With this definition
the equivalence will still hold for the system of dynamical equations (3.40a). However,
because the dynamical equations by themselves are not covariant, Lorentz transfor-
mations are not a symmetry of the principal part of (3.40a). Letting G correspond
to a Lorentz transformation, requiring Lorentz symmetry would require the principal
part to transform as G.A[¢, n]G~" = A(G¢,n), which is not the case. In the spe-
cific context of relativistic hydrodynamics, this implies that it would not be sufficient
to ensure causality for the fluid at rest; instead, one must ensure causality for all
reference frames, and look at linearized fluctuations about a general UP.

Let us finish off this section by noting that this (somewhat frustrating) situation
is mitigated in the specific case where the characteristic equation for the dynamical

equations is of the form

Q=mn€Q=0, (3.41)

where @ is a Lorentz scalar independent of n, and ¢ > 0 is a positive integer. The
characteristic equation in Example 7 was of this form, and in general an arbitrary
unconstrained second-order system of PDEs cast down to first order will be of the
form (3.41). The non-covariance of the characteristic equation (3.41) is entirely con-
tained within n-£. Since the solutions of n-§ = 0 are always causal for any timelike
unit covector n,,, the causality of the system of equations comes down to determining
the solutions to Q = 0. However, Q is a Lorentz scalar, and so may be evaluated with
any choice of n,,.

In a hydrodynamic theory, one can choose to work in the local fluid rest frame.
Since n, defines the coordinate time, the fluid rest frame is given by n,u* = —1 at
a given point p. Once one has fixed this choice of n,, the only non-zero component
of u* at p is the component along n,; in other words, v; = 0. This means that
linearizing about the solution w*(x) = 0f + du*(x) no longer violates the sufficient

condition 2., because the condition u* = 6f was inherited from the non-linearized
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variable u*(x). The sufficient conditions laid out for the equivalence are then fully
satisfied, and enforcing that the roots of Q = 0 are causal in the linearized analysis
in the rest frame is sufficient to enforce causality of the full non-linear theory for any

choice of n,.

3.3 Covariant stability

Let us now consider what is actually required for a theory to be “covariantly stable”.
No attempt shall be made here to be comprehensive; regarding my own contribu-

tion, this section (specifically in the large-k limit) primarily contains results from my

paper [2].

3.3.1 Stability and causality

In Chapter 2, when investigating the causality of the theory of a U(1) charged fluid,

we made use of a result that may be roughly stated as follows:

If a causal hydrodynamic system is stable in the local fluid rest frame, it is stable in

all Lorentz reference frames.

This result was rigorously shown in [33] for the U(1) charged fluid subject to the
assumption that the system of equations were strongly hyperbolic, formalizing the

intuition of Israel [79]. In [64], this result was extended, and it was shown that

1. If a hydrodynamic theory is acausal and dissipative, there exists a frame in
which it is unstable. This was illustrated by the acausality of the diffusion

equation in a boosted frame in Chapter 2.

2. If a deviation from equilibrium uniformly decays over time in one Lorentz ref-
erence frame, and its support does not leave the lightcone, it decays uniformly

over time in all reference frames.

3. If a causal hydrodynamic theory is unstable in one reference frame, it is unstable

in all reference frames.

Taken all together, we arrive at the unified picture that stability and causality are
intricately tied together: a causal theory which is stable in one reference frame is
stable in all reference frames. This is the condition of “covariant stability”, one

which we will demand of all causal hydrodynamic theories.
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3.3.2 The covariant stability condition

In what follows, for a complex variable z, we will denote the real and imaginary
parts by z = 2’ 4+ iz”. The demands of covariant stability can be packaged into
a single convenient condition. Let us simultaneously consider a complex frequency
w=w+iw"” and a complex wavevector k; = k; + i k. Note that k, and k! are both

real vectors. The covariant stability condition may then be written as [80]
W< | (3.42)

This condition is known in the QFT literature [81], but its application to quantum
many-body systems in [80] was novel. Roughly speaking, the condition arises by
demanding that the dispersion relations of the theory be consistent with the micro-
scopic causality of the system. Let us consider the origin of this condition, following
the arguments of [80]. The retarded two-point function of a local operator O(z#) in

Minkowski space is given by

Goolz,y) = —ib(z* —y°) {{O(=), OW))) , (3.43)

where 0(z° — ") is the Heaviside step function, and ([, -]) refers to the expectation
value of the commutator taken in some ensemble. We have previously taken causality
as a condition on coupled systems of partial differential equations. However, quantum
field theories are not described by coupled PDEs, but rather by operators; causality
instead amounts to the demand that spacelike-separated operators have a vanishing
commutator. With this consideration in mind, we can note that G&,(0,z) is only
non-zero when z* is in the closed? past light-cone. We also impose an additional
condition — that the two-point function is a tempered distribution (see e.g. [82] Ch. 2),
which simply means that the two-point function doesn’t grow “too fast” as it goes to
infinity.

Consider now the Fourier transform

GR(KM) = / dHGR (0, )i (3.44)

%i.e. in or on the past light-cone.
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Let us take K, to be complex, i.e. K, = K|, +iK, = (', ki) +i(—w", k]). Then
GR(KM) — / dHGE (0, )it oKt (3.45)

Recall however that G&,(0,z) is only non-zero for z* in the closed past lightcone.
Therefore, the integrand is exponentially suppressed when K L’ is in the open?® future
lightcone, since then Kjz# > 0. This combined with GE&,(0,x) being a tempered
distribution means that when K, is in the open future lightcone (w" > |£]), GR(K™)
is an analytic function [82].

This is a problem, however, because (see Appendix B) dispersion relations are
given by the singularities of the Fourier-transformed retarded two-point function.
Therefore, any dispersion relation which is compatible with microscopic causality
must be such that K lies outside the open future-directed lightcone. We therefore
arrive at the condition (3.42).

The original derivation of the condition (3.42) in [80] only (explicitly) depended on
the causality of the theory; the condition was then re-interpreted in [83] as a condition
on stability in a hydrodynamic system. Specifically, [83] showed that the violation of
condition (3.42) led immediately to the existence of a reference frame in which the
equilibrium state was unstable. Additionally, it was shown that if one has a stable
and causal theory, then the condition (3.42) must hold. The relation arises due to
the close connection (though not equivalence) between stability and the demand that
GE&,(0,7) be a tempered distribution.

Now that we have investigated the origin and the interpretation of the condi-
tion (3.42), we will discover what it can do. We will first consider the small-k limit,
which was investigated in [80, 83, 84]. We will then consider the large-k limit, which
was investigated in [2, 85]. In all of the following, we will assume an isotropic equi-
librium state, such that the system enjoys an SO(d) rotation symmetry, and we can

consider K* = {w, k,0,0, ...}, where k; has been rotated to align with the z-axis.

3i.e. in, but not on, the future lightcone.
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3.3.3 The small-£ limit

The following techniques arise from [80]. Let us consider a dispersion relation which

admits an expansion in small £ about the origin £ = 0. In other words, let us write

[e.9]

w=Y_ak", (3.46)

n=0
where a, and k are both complex. Let us further assume that this expansion has a
radius of convergence R, which is set by the nearest singularity to the origin. Within
the disk of radius R, w is taken to be analytic. Now, let us set k = rexp(if), where
0 <r < R, and 0 is the argument of k*. Recall that both a,, and k™ are complex; we

can then equivalently write
w="U(r,0)+iV(r,0) (3.47)

Let us write a, = «a, + i, = |a,|exp (i0,,), where 0, is the argument of a,. Using

deMoivre’s identity, we can write

w= (Z r™ (av, cos(nf) — G, Sin(n@))) +i <Z r" (au, sin(nf) + B, cos(n&))) ,

n=0 n=0
(3.48)
leading immediately to the identification
U(r,0) = Z'r’” (cv, cos(n@) — B, sin(nd)) , (3.49a)
n=0
V(r,0) = Z " (o, sin(n) + B, cos(nd)) . (3.49b)
n=0
The condition (3.42) then amounts to the demand
V(r,0) < r|sin(6)]. (3.50)

4We will no longer be making use of the Heaviside function, and so hereafter 6 will exclusively
refer to an angle.
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Now, we can use the orthogonality of trigonometric functions to note that for n > 0,

1 2m 1 2
w%:—/‘wvmmmmm,wm:—/ OV (r,0) cos(nd),  (3.51a)
™ Jo ™ Jo
Therefore,
) 1 2w
|ap|r™ = (an + i8,) e Oy = = / dOV (r,0)sin(nf + 6, , (3.52)
T Jo

where we have used the fact that |a,|r™ is real. We would now like to make use of the
constraint (3.50), but we must ensure the quantity multiplying V' (r, 0) is non-negative.

Let us therefore consider the expression |a,|r" + 203y, and write

1 27
|an|r™ + 26y = —/ A0V (r,0) (sin(nf +6,) + 1)
" Jo (3.53)

2T
gﬁ/'wmmw@mw+%wﬂy
0

™

Evaluating the integral in the last line (recalling that n € Z), we arrive at the condi-

tion for n > 0

2r (2(n2 —)-0+ED Sin(@n)> , (3.54)

n|r" 280 = —
|an|r™ + 25 - -

Taking r to R yields the following constraint on the magnitude of the coefficients of

the small-k expansion:

|an| < (3.55)

"
— —a
mRr—1 n?—1 Rn 0’

2 (2(n2 —1) = (14 (=1)") sin(@n)> 2

where we have switched to the notation of the previous section, aj = . This is the
constraint in Theorem 1 of [80]. Setting |k;| = 0 in condition (3.42) yields that af < 0.
We should note here that the condition (3.55) constrains the coefficients of the small-
k expansion from above. This differs significantly from the constraints we found in
Chapter 2, in which coefficients of small-k dispersion relations were constrained from
below (e.g. ¢ > 0). The bound is in terms of the radius of convergence R, which is
assumed to be a microscopically computable quantity®.

We now investigate hydrodynamic dispersion relations. Consider a purely diffusive

This is indeed the case in theories which admit a holographic dual [48, 86].
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mode (e.g. the shear mode). Then the mode goes as w = —iDk* + O (k). Taking
the condition (3.55) for n = 2 and setting 6, = —n/2 (which maximizes the bound),
we find that 161

0<D< R (3.56)
Similarly, let us consider a sound mode. Then w(k) = +v,k — iDk* + O (k3). For
the linear term, let us just consider w = +vsk. Then w” = fversin(f). Inserting this

dispersion relation into the covariant stability constraint (3.42) yields
+uv, sin(f) < |sin(0)] (3.57)

Demanding that the condition (3.57) hold for all € leads immediately to the condition
—1 < wg < 1. The diffusive term also obeys the constraint (3.56). Let us now take the
limit R — oo in the constraint (3.55). If the Taylor expansion of a complex function
w(z) has an infinite radius of convergence (i.e. the function is analytic over the entire
complex plane except infinity), the function is said to be “entire”. We see that the
condition (3.55) forces a, — 0 for all n > 2. Therefore, if w is an entire function, it
must be a polynomial of at most linear order in k.

This immediately rules out the Landau theory of relativistic hydrodynamics; as we
saw in Chapter 2.2, the shear mode was given by the entire function w = —1¢ (#) k2,
which is of quadratic order in k2. On the other hand, the modes in the BDNK and
MIS theories of hydrodynamics are not entire, as they contain branch points due to
the square root in their dispersion relations. Therefore, they do not immediately
violate the constraint (3.42). Finally, one can show that the condition (3.42) enforces
that w = w(k) have no poles or essential singularities. Branch points and branch
cuts are not ruled out, as evidenced by the fact that branch points appear in causal

theories of hydrodynamics.

The hydrohedron

Before moving on to large-k, we briefly discuss the results of [84]. The existence
of two-sided bounds on coefficients for dispersion relations implies the existence of a
polyhedron in coefficient space describing the region of permitted values. The authors
of [84] referred to this polyhedron as the Hydrohedron. While we do not present the
full results here (the interested reader may refer directly to the paper), we note that

one can derive bounds on coefficients in terms of lower-order terms. For example, let
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us consider a diffusion-type dispersion relation, i.e. w(k) = —iY - Bonk*. Let us

define the quantity s, = R?>"!£,,. Then the first two bounds are given by [84]

15735 (8 + 3w [32) — 256
907

64
157

_ 16 _

0<f < o—, <P < (3.58)
3

If we continue on for all B,,, we find an infinite-dimensional polyhedron. One can

repeat a similar exercise for sound modes w(k) = > 07 a9 k2T — i Y0 Bon k",

finding bounds as well involving the infinite set of parameters.

3.3.4 The large-k limit

Let us turn now to the large-k limit, which was investigated in [2, 87]. As a preface, in
the following we will only be considering dispersion relations which arise from classical
systems of partial differential equations. What we mean here by a “classical” theory is
a theory in d+ 1 dimensions which has a finite number of partial differential equations
in a set of fields which depend on d + 1 coordinate variables®. One consequence of
demanding that the theory be classical is that the large-k expansion of w(k) goes as
the same power of k, regardless of the phase of k. This will be a core assumption going
forward — a result that is certainly not true for quantum systems [89]. In what follows,
we find constraints on the form of large-k dispersion relations. These constraints are
quite general, and dispersion relations in both BDNK and MIS-type theories satisfy

the conditions. Let us consider a linearized system of partial differential equations
Lag[0]oUP =0, (3.59)

where L,p is a differential operator. We assume that the system of equations is
Lorentz covariant. If we insert the plane-wave solution sUP = §UP exp(iK at),
where K,, = (—w, k;) as before, then non-trivial solutions are given by the spectral

curve

F(w, k) = det (L[iK]) = 0. (3.60)

6Looking ahead to Chapter 4, the governing equations for both kinetic theory and holographic
theories fail the criterion. In kinetic theory, the Boltzmann equation is not a PDE, but rather a
integro-differential equation. In holography, there are a finite number of partial differential equations,
but one typically considers the dynamics of the boundary theory which depends only on boundary
coordinates x*, and not the AdS radial coordinate r. This leads to holographic systems having an
infinite number of dispersion relations [34, 88] (“quasinormal modes”), rather than the finite number
one finds in a classical theory.
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Assuming a rotationally invariant equilibrium state as in the small-k case, we fix
kj = (k,0,...) along the z-axis. The spectral curve F(w,k) is then a finite-order
polynomial in w and k, which also describes an algebraic curve’ in C2. We would
like to constrain dispersion relations in the limit of large-k; thanks to the Puiseux
theorem [90], an expansion of w in terms of k about 1/k = 0 is guaranteed to exist,

and may be written in the form

(e 9]

wik)= > cnl™. (3.61)

m=mg

The series (3.61) is called a Puiseux series. A number of new things have been
introduced in the above. First of all, the parameter ( is defined by ¢(" = 1/k. In
the sum, my is an integer which depends on the details of the spectral curve F(w, k).
Secondly, if the order of the polynomial F(w,k) in w is given by M, then there will
be M expansions (3.61). These M expansions come in N sets, and each set comes
with r, branches, such that Zivzl ro = M. As a consequence, for each set ( is given
by

¢ = it/ —1/ra (3.62)

where ¢ = 0,1, ...,7, — 1. Suppose there were a set of expansions with » = 3. Then

there would be three modes of the form

wo(k) = Z ek ™3 wy (k) = Z Cm€ ™ BET™S  wy(K) = Z Cme B3
m=mgo m=mgo m=mg

(3.63)
As an immediate simple example of a Puiseux series, let us consider a sound mode in
the limit of small-k (the expansion would then be about k = 0, instead of 1/k = 0).
By isotropy, the spectral curve is a function of k?; one then finds that (? = k2 for the
sound mode. Therefore ¢ = ™k = (—1)‘k, where £ = 0,1, and

wy(k) = Z(—l)zmcmkm = dcik + cok? £esk® + ., (3.64)
m=1

which reveals the origin of the + present in the sound mode. Returning now to large-

k, we combine the expansion (3.61) with the covariant stability condition (3.42).

Consider the leading-order term of the expansion (3.61); we denote this by w(k) ~

"Hence the name.
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c,k?, where p is a real, rational exponent, and ¢, € C, i.e. ¢, = c;, + icg. Let us now

complexify k = re?; then the condition (3.42) becomes

1

(¢ cos(pf) + ¢, sin(pf)) < o

| sin(6)]. (3.65)

Taking the r — oo limit, setting = 0, § = 7/p, and 0 = £7/(2p) yields the following

constraints for p > 1:
/! /! / /
<0, >0, ¢,<0, ¢ >0, (3.66)

which of course just amounts to ¢, = 0 for p > 1. We have immediately recovered that
which we already knew, namely the condition that w(k) may not grow faster than
linearly with £ in the limit of large k. Referring back to the Puiseux series (3.61), we
see that the condition (3.66) means that we must have my > —r for all modes to be

causal. Let us now set p =1, and consider 6 = 0,7, £7. This yields
<0, >0, ¢, <1, ¢,>-1, (3.67)

which amounts to the first two conditions of (2.94).
We can now try to fix the subleading terms in the expansion beyond linear order.
First of all, the next subleading term after linear order must be another integer

term®

. The constraints one can impose at next-to-leading order are much weaker
than at leading order, as one can see from the factor of 1/r?~! in the right-hand side
of (3.65). One can only impose constraints when 6 = 0, 7, as in that limit the right-
hand side vanishes, as does the linear contribution c;k. Investigating these limits, we
find that if the next-to-leading order term is even in k, it must obey the condition
¢’ <0, and we cannot constrain any further terms (at least with the same method).
If the next-to-leading order term is odd in k, the coefficient is constrained to be real
(! =0), and we are now free to constrain the next-to-next-to-leading order term. If
the next-to-next-to-leading term is even in k, then it must have negative imaginary
part, and we cannot constrain any further terms. If it is odd, we can continue the
process.

Summarizing the above, non-integer contributions to the large-k dispersion rela-

8The reason for this may be simply stated; the imaginary component of the next term will be
the dominant imaginary contribution to the mode in the large-k limit. However, if the power of
k is non-integer, then there is an accompanying phase factor from (3.61), and the mode will be
generically unstable.
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tions may appear, but only after the first even-integer term in the expansion. There-
fore, the large-k expansion of dispersion relations in a covariantly stable system must
generically be of the form

no

w(k) = c1ank! ™"+ ek + (3.68)

n=0

where ng is a non-negative integer, the coefficients ¢;_s, are all real (and not neces-
sarily non-zero), [c;| <1, and ¢”,, < 0. The dots in (3.68) denote further subleading
terms, which are allowed to have fractional powers of 1/k. Some examples of allowed

expansions presented in [2] are

w(k) =cik+co+ C_1/2k3_1/2 + ..., (369a)
w(k) = co+c_ypk ™2+ ., (3.69b)
w(k) = cik +coth™ +cgk™ 4 gk +egpk T+ L. (3.69¢)

Finally, we note [2] that one can also extract the third condition of (2.94) from
the covariant stability constraint (3.42). As an addendum, one may use the third
condition of (2.94) to prove that unless F'(w, k) is independent of k, all covariantly
stable fluids must have at least one mode which has a non-zero phase velocity at
large-k. We will not present the proof here, but the interested reader may refer to

Appendix B of [2] for more details.
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Chapter 4

Causal Hydrodynamics from

Microscopics

In this chapter, we will be discussing the emergence of causal theories of hydrodynam-
ics from microscopic theories (or at least, microscopic relative to the scales at which
hydrodynamics is well-defined). There are two frameworks that we will consider in
this chapter. The first is kinetic theory, which is a relevant theory when the under-
lying microscopics admits either a particle or quasi-particle description. The other
is holography, which is relevant for microscopic theories which admit a gravitational
dual such as N = 4 Super-Yang-Mills at large N and large 't Hooft coupling. In both
frameworks, we will discuss how causal hydrodynamics arises. My contributions to

both subjects are contained in [1].

4.1 Kinetic Theory

Kinetic theory is an extremely rich and well-developed branch of theoretical physics [13,
91, 92, 93|. It describes the many-body dynamics of interacting theories via the evo-
lution of distribution functions on phase space. One can, in principle, include all
n-particle distribution functions (this is referred to as the BBGKY hierarchy [94, 95,
96, 97]); however, in practice, one often truncates the infinite coupled system of equa-
tions down to one equation containing only the one-particle distribution function:
the Boltzmann equation. In this section, we will investigate the emergence of causal
hydrodynamics from the Boltzmann equation. In the following, we always assume a

Minkowski background.
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Setup

Let us denote the one-particle distribution function by f,(z*) = f(z*,p"), where the
momentum 4-vector p# = (E,p’) is on-shell, so that E? — p;p’ = m?, where F is
the particle energy and p’ is the 3-momentum. Put differently, the condition reads
P’ = \/W . The distribution function gives the number of particles in a region
of phase space; the normalization of the distribution function is such that the number

density is given by

) = [ e = [, (4.1)

where [ = [d’p/((27)’p°) is shorthand for an integral over the Lorentz-invariant
phase space measure. We will make use of this shorthand throughout the remainder
of the section. The distribution function depends on time, and therefore describes
the worldlines of particles in phase space; in the absence of any external forces, their
evolution is given by the Liouville operator L[f,| = p"0,f,(z"). In a collisionless gas

(i.e. in free streaming), the evolution equation would then be

L[fp] = p“a“fp =0.

However, in real gases, collisions certainly happen, and the equation describing the
evolution of the particles in phase space is appropriately modified. The collisions
are in principle quite complicated, and depend on the underlying microscopic theory.
One can contain all of the effects of the collisions in an integral operator known as
the collision operator, C[f,]. The equation of motion for the distribution function is

then the relativistic version of the Boltzmann equation:

POufy = Clfl- (4.2)

The form of the collision operator depends on which interactions occur, though we
demand that it be at least quadratic in f; in the case of 2—to—2 elastic collisions,

the collision operator takes the form [91]

clid =5 [ [ [ Wk Bl 512 )~ by A1 )], (43
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where + corresponds to bosons, and — corresponds to fermions. In the following,
whenever a + appears, the top sign will always refer to bosons, and the bottom for
fermions. The transition rates obey W (p,p'|k, k") = W(k,K'|p,p) = W (Y, plk, k') =
W {(p,p'|K', k), and are proportional to d(p +p’ — k — k). One can then show that, for

2—to—2 elastic collisions, that

/[a(:v) + b, (2)p!]C|fp) =0, (4.4)
P
for any arbitrary functions a(z) and b,(z). Let us now define the U(1) charge-current

and a stress-energy tensor:
JH = /p“fp, T = /p“p”fp. (4.5)
p p

One can straightforwardly see that these two quantities are conserved by multiplying

both sides of the Boltzmann equation by (a(x) + b,(x)p") and integrating over p:

[ @)+ b0) 470u8) = [ (ata) + bl L)

p p

a(z)0,J” + b,(x)0,T"" = 0.

Since a(x) and b,(z) are arbitrary functions, this implies J* and 7" must be inde-

pendently conserved.

An irreducible representation

We will now take advantage of a very powerful decomposition; this follows the pre-
sentation of [91]. Let us consider the rank-n tensor mt-#» = ptt__ pk» and a unit
timelike vector w*. Under the little group of SO(3,1) with respect to u*, i.e. the

Y = uM, this tensor is reducible. Let

set of Lorentz transformations such that A*, u
us define £, = —p,u", and denote orthogonality to u* by an angular bracket, e.g.
pi = A" p, Then we can see the reducibility immediately by decomposing 7#1-#n

with respect to u* in its first index:

htetin — () p2. + Epu“p”2...p“” ’ (4.6)
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where 7{#)R2 s — At grikz-tn - The second term transforms as a rank-(n — 1)
tensor under the action of the little group, while 7{#1)#2#n still transforms as a rank-
n tensor. We can continue in this fashion until we construct the fully symmetric,
transverse tensor m{#1){H2)(tn) — We can also further reduce the representation by
taking the trace of 7; therefore, the fully irreducible set of tensors with respect to the
little group are given by the set of transverse, symmetric, traceless tensors

Ry — ARt plL | pn (4.7)

Vi...Un

where Afl-fn is the transverse traceless projector of rank n. For n = 1 and n = 2,

these projectors are by now familiar constructs:

2
d

1
Bl St w1 pipe _
Ayl = 51/1 + u'tu,, , AVWQ =5

(A’V‘;Al’fg + ARZAR — A’““?Aym> . (4.8)
For higher-order constructs, the interested reader may refer to Chapter VI, Section
2.a of [91]. The tensors 712 are orthogonal, and therefore can then be shown to
have the very useful property [98]

ltepn) o (E,) = NppOpp AL1-Hm (E,) ( </\>) (4.9)

(Vl...ym>g D m¥ mn=y;.. v, gLy p<>\>p :
P P

In the above, g(E,) is an arbitrary (albeit requiring that the integrals converge)
function of E,, and N,, is an m-dependent normalization constant. For m = 1,

N,, = 1/d, while for m = 2, N,,, = 2/d(d + 2).

Equilibrium

Let us now consider functions of p* that set the collision operator to zero. Given the

conservation of energy, momentum, and U(1) charge, we can define the function

-1

f (@) = Jexp (=Bu(x)p" — alz)) F1] (4.10)

which will set C[f;%] = 0. This is the Fermi-Dirac/Bose-Einstein (+/—) distribution.
Demanding that the distribution function (4.10) satisfy the Boltzmann equation (4.2)

yields the conditions
by + 0,0, =0,  Jua=0. (4.11)
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In flat space!, a and 8, must therefore be constants, meaning f,% 1s a function of
only p (more specifically, E,). These quantities, familiar from the previous chapters,

may once again be written as g* = %, o =4 whereuw? = —land T = 1//—f?. Let
us now decompose the definitions (4.5) of the charge current and the stress-energy

tensor with respect to the fluid velocity u*. One can write

Jh = (/Epfp) ut 4 AR /p<y>fp = Nu* + J*, (4.12a)
p

p

1
T = (/ ng;) utu? + (EAO‘B /p(a)p(ﬁ}fp) AP
p p
+ QU(M (AV)A/Epr\)fp) + (Auuoﬁ /p<apﬁ>fp)
p p

= Eutu” + PAM +2QWy») + T (4.12b)

where pg,y = A,p” and pypyy = ALasp®p” is the transverse traceless projection
of p*p®. We have implicitly defined the curly variables by equations (4.12). If
we now take the distribution function to be the equilibrium distribution function
f5% = f,%(E,), then by the orthogonality of the irreducible representation of the lit-
tle group (4.9), the general decompositions (4.12) reduce to the familiar equilibrium
forms

Ti = eutu” +pA”, JE = nut, (4.13)

where we can define the equilibrium energy density, isotropic pressure, and charge

density by

€ ]' « € e
€ = /E;Z pq.’ p= —-A B /p<a>p<5> pq', n = /Epqu'. (4.14)
p d p p

In particular, because f;% does not depend on p(, nor p(,p,y, the orthogonal basis
leads to the condition that Q* = T = J# = 0 in equilibrium.

4.1.1 BDNK from kinetic theory

We would now like to write down a solution to the Boltzmann equation (4.2) apart
from the equilibrium solution (4.10). The solution should be in some sense “near”

equilibrium, as is the case in hydrodynamics. We will therefore assume spacetime

n curved space, this would instead amount to the demand that 3, be a Killing vector.
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derivatives are small, and try to write down a solution in a derivative expansion?

fo(x) = f3%(x) + gfél)(x) + €2f252) (z) + O (%), (4.15)

where ¢ is a parameter which keeps track of derivatives (i.e. € ~ O (9), 2 ~ O (9?),
etc.), to eventually be set to unity. One can also think of e as tracking the order
of the ratio of the mean free path and the macroscopic scale in the theory (in other
words, the Knudsen number Kn) [93]. In the following, we will usually suppress the
distribution function’s z-dependence for notational brevity. Note that f59 is now a
function of z; in other words (note that we have re-labelled g, — B,SO) and o — o0

for later convenience),

-1

[yt (x) = [exp (—BELO) (x)p* — a(o)(x)) F 1} ) (4.16)

which will no longer exactly solve the Boltzmann equation due to the violation of
the conditions (4.11). This will not be a problem: referring back to the Boltzmann
equation (4.2), there was a derivative with respect to the spacetime variables which
also gains a factor of e:

ep O, (f +efV+2fP+ 0 (%) = Clfsr +efV + 22 + 0 (%)) (4.17)

p p

We see then that fi%(z) solves equation (4.17) in the limit ¢ — 0. In equilibrium
the parameters $* and «a could be identified with the fluid velocity, temperature, and
chemical potential. Out of equilibrium, however, no such identification exists, and
the parameters 6,80), a©® in (4.16) are just that: parameters.

Inside the collision operator, it will be convenient to instead write the corrections
to the equilibrium distribution function in terms of variables ¢\ = £{" /( [ (AFf5%).

The collision operator C[f] may be expanded as follows:

Cfy] = f LBV + .o 4+ €™ (£ LG — O, fin=2) ) (4.18)

where £ is the “linearized collision operator”, and C™ is the remaining non-linear
parts of the collision operator at n'™ order. The non-linear part depends only on

terms of order lower than n. The forms of both £ and C™ depend on the details of

2This is the Hilbert series approach [93], later modified into the Chapman-Enskog approach [91,
93]
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the collision operator, and n for C™. For 2-to-2 elastic collisions, £ is of the form
1 € eq. eq.
Lo =5 [ [ [ Wk R (0 ) 0 £2) oot bnr =y~ 0y). (429)
p JkJE

Inserting the expansion (4.18) into the scaled Boltzmann equation (4.17) gives an
infinite tower of equations. Solving order-by-order, we find at n'"-order that

PrOLFITD 4 [ fm) ] = e LplM)]. (4.20)

p p

We see then the interesting result that the form of the equation repeats order-by-order;
broadly speaking, the equation may be written as f;q'ﬁ[gbén)] =S, ( Finmh | pn=2), )
where S, is the n*P-order source term which depends only on lower-order terms. We
would like to be able to simply invert £ at each order and get the solution f, —
however, we are stymied by a small wrinkle, which is that the operator £ is not
formally invertible. To see this, we quickly elucidate some properties of the linearized

collision operator.

Properties of the linearized collision operator

First of all, as the name suggests, the linearized collision operator is linear in momen-
tum, i.e. Lley(x)a(p)+ca(z)b(p)] = c1(x)L]a(p)]+ ca(z) L[b(p)] for arbitrary functions

a, b, c1, co. Secondly, it is self-adjoint, in the sense that

/ﬁw@awmz/ﬁ%wqmm (4.21)

for arbitrary functions ¢, h. Finally, and most importantly, in a system with con-
served energy-momentum and charge, the linearized collision operator inherits the

conservation of these quantities:
[ Ftata) + o) 2l0) =0 (422)
p
However, by the self adjoint property (4.21), this implies that

/}?¢$Mw@cm+wAmc@ﬂw=u (4.23)
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Since ¢y is unknown and a(z), b,(x) are arbitrary functions, this implies that
L]1]=L}p" =0. (4.24)

However, this means that £ has zero modes®, and is therefore not formally invertible.
One may only invert the operator L if the source term is orthogonal to the zero modes,
ie.

/ £ (a(x) + by (2)p") Lo] = / (a() + b)) Sa =0 (4.25)

P
However, the source term is entirely composed of lower-order terms which have already
been solved for. Therefore, in order to solve the equation at n''-order, one must
constrain the (n — 1)™-order data. Let us now investigate how this works at first

order.

First order

At first order, the Boltzmann equation (4.20) reads

PO = [ L[o)] (4.26)

We can then identify the source term as S; = p"0,f;%. In order to invert equa-

tion (4.26), the source term must be projected orthogonal to the zero modes:

/ (a(x) + bu(@)P(2)) (10, F5) = al()0, Tt () + bu(@)O, T (2) =0 (427)
p
where T = fp ppY [t and Jig = fp p’f5& are the zeroth-order stress-tensor and
charge current respectively. Since a(x) and b,(z) are arbitrary, these must indepen-
dently vanish, and so the constraint that the source term be orthogonal to the zero
modes amounts to the demand that the zeroth-order stress-tensor and charge current
are independently conserved.

This in turn imposes constraints on the parameters ﬁﬁ)) and (). In particu-
lar, defining €(B(0)(), a0)()), P(Bio)(2), 0)(@)), n(Bio)(2), ao)(x)) analogously to
the equilibrium case (4.14), as well as B, = w,/T(0), ) = f1(0)/T(0), the condi-

3Morally speaking, one can think of the integral operator £ having zero modes in the same way
as one might think of a matrix having a zero eigenvalue.
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tion (4.27) imposes that

(0)Oun +ndujg =0, (4.28a)
oy Oue + (€ + p) Oy =0, (4.28Db)
(€ + p) Al gy Outin,0) + Ay Oup = 0, (4.28c¢)

where A’(‘O”) = ué‘o)u(”o) + n*¥. These are, of course, simply the relativistic Euler equa-
tions (2.49) that we saw in Chapter 2. Let us now suppose that the conditions (4.28)
have been imposed, such that we can invert the linearized collision operator. The
source term may be broken up into scalar, vector, and tensor contributions with

respect to the little group:

M = |:E2UMUV Bl/ (0) + 1p< >p a>ij8 5,/ + E U, 0 Oé(o):|
Pq. (1 + qu.) P e d D (0)7# scalar
A v A
+ {(QEpP<A>) Ay (0, 0uBuo) + (pex) A(é”)@ua(o)} (4.29)
vector

=+ |:p(apﬂ Bauﬁ (0),v
tensor

We now invert £. Due to the presence of the zero modes, the solution to equa-

tion (4.26) may be written in the form gb;(,l) = ¢5, + ®,, where ¢y, is the homogeneous

solution, and ®,, is the inhomogeneous solution found from inverting the operator L.

The inhomogeneous solution is given by ®, = £~ [p“@u f5x/ f;q'], ie

— e v 1 - eq. «
B = |L7(1E f) EpJufyuio 0oy + 2L (1 £ £ )Py ™ A OuBro) (4.30)

PO BN dan| o+ 270 B A 00

scalar

— 3 A — . v
O pulAgtew] o+ |0 F mz‘of‘ﬂ@m
vector tensor
However, the terms in the solution (4.30) are not all independent, due to the impo-
sition of the ideal-order equations of motion. We can use the ideal-order equations
to eliminate? w*u”9,05, ), u’{o) 0,,01(0) and A?é)“ u(yg)ﬁuﬁ,,7(0) in favour of Al(‘oy)ﬁuﬁ,,,(o) and

A?gg 0,00y, thereby removing all time-derivatives from the solution in the rest frame.

4We note that this decision for how to apply the ideal-order equation is a choice; one could just
as easily choose to use the constraint equations to eliminate some other combination of two scalars
and one vector.
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With this choice, the inhomogeneous solution may be written

) = K¢ (2, Ep) Al 0uBu0) + Ko, B)p" AL 0)Dyex(o) + Ky (2, Ep)p W0 A, 1 8aB5,00)

(4.31)
where K¢(z, Ey), Ko(z, Ey), and K, (z, E,) are functions of 5 (), a()(z), and E,
which depend on the details of the microscopic theory by way of £~1. The factors of p#
in the solution above are determined based on symmetry grounds. The homogeneous
solution is proportional to the zero modes of the linearized collision operator, and so
on = a®(z) + by (2)p*, where aV(z) and b (z) are integration functions. We then

have the solution for f, up to first order in derivatives:

fo= 50 4 efr (1 £ f) [aW (@) + b (2)p" + K2, By) Al 90 0)
(4.32)
+ Ko, Bp)p™ A 0,000y + Ky, B A, 0 0aBs.0) | + O (€7)

We will not go to second order®; we will instead do something which at first will seem

somewhat opaque. Let us define new degrees of freedom «, 5* which are implicitly

defined via:
BH + eby (Aaﬁaaﬁg) BF + by AP0, 00 — eb‘(‘l)(x) +0 (52) = 55)) , (4.33a)
o+ a,eAP0, 65 — caV(2) + O (%) = o) (4.33Db)

In the above, we have temporarily left a;, by, by undefined — we will fix them mo-
mentarily. Let us now substitute the expressions (4.33) for Bég), a(o) into the solu-
tion (4.32). Anywhere that o) and 6(’6) appear in the first-order contribution f,gl)
(including inside K¢ ), this substitution simply replaces Bﬁ)) — B*, ooy = o up to
an O (&%) error, which we neglect.

In the zeroth-order contribution f;%, this replacement is slightly more involved.

Let us define fz'fq' as fy% with the simple replacements BE‘O) — B* and o) — a.

5If we were to proceed to second order, we would find that demanding the invertibility of £
would fix the form of a®)(z) and bf})(x) entirely in terms of @, and therefore in terms of ) and

ap. Correspondingly, a new set of integration functions, a(® () and b,(f ) () would be introduced at
second order.
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Then, to first order in e, we find

L= I = efr (L ) (a“)(x) + by ()"
(4.34)

— b1 (AP0,85) Bup" — beAM D, ap,, — alAaﬁaaﬁﬁ) +0(£%) .

However, this first-order term completely cancels out the integration constants, and

we are left with a solution of the form
fo=FXY efie (1£ fr) {bl (A*P0,85) Bup" + bap A Dy + a1 A 0,85 (4.35)

+ Ke(z, Ep) A" 0,6, + Koz, Ep)p<">A:8y0z + Ky (z, Ep)ppr)Auu aﬁaaﬁﬁ} +0 (52) :

Let us now fix ay, by, by. Defining the shorthand (...) = fp Frea (£ fee) (...), we set

B (EDK) — (ED) (E,Ke)  [(Epp?K) a
" <Ez%>2 — (Ep) (E3) b= [ (Eppoyp™) } ; (4.36a)
o — | B <E§/§<> — (E3) (E,K) .

<E1%> B <Ep> <E;§>

Inserting the solution (4.35) along with the definitions (4.36) into the stress-energy
tensor and charge current and decomposing with respect to u* = §#/1/—52%, we find

TH = (€ + e&) u'u” + (p) + ePr) A™ + 2e QW) + T (4.37a)
JH=(n' +eNp)u* + e Tt (4.37b)

where

(&1 1 [0 (&1 (&1
i /Eif{a ToP=gA B/p<a>P<ﬂ>f{a on= /Epf{a T (43
p p p
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and
£ = [ B2pe (14 pray [ Lo AP =
v = [ E3fe (L£ fro%) bl? +ay + Ke(z, Ep) 9,8,=0, (4.39a)
p
1 E
P = p /p<,\)p<)‘>fz’fq' (1 + f;,eq‘) [bl?p +ay + K¢(z, Ep)} A9, 6, = —(ou",
p
(4.39D)
E
N = / E, 1% (1 f) [bl?” + a1 + Ke(z, Ep)] AM9,B, =0, (4.39¢)
p
Q= A / Epoy [ (14 f) [bQ + K, (z, Ep)] PiayAP 050 =0, (4.39d)
p

Tl = AW /p<l,>f1’fq' (1+ ffq') [62 + K, (z, Ep)l PiyA0pa = —0TA™0,a,
p
(4.39)

T = 80 [ prap % (15 719 (oo, B ) A75035 = ot (4390

p

where T' = 1/4/—[2. Inserting these expressions into the stress-energy tensor and

charge current, we find (dropping the primes and scaling ¢ — 1)
T" = euu” + (p — COu") A — o, J' =nu — cA"™0, (%) . (4.40)

We have arrived at the Landau-frame formulation of hydrodynamics (2.75), a result
of the definitions of §# and « in equations (4.33), (4.36). These definitions ultimately
serve to fix® the integration functions a®")(x), bf}) (x) in ¢p(x). With an understanding
of how the Landau frame arises in kinetic theory, let us now consider how to arrive at a
general fluid frame. The integration functions a, b,(}) are first order in the derivative

expansion; they can therefore be written in terms of a basis of one-derivative functions

6An alternative (equivalent) approach would have been to send (Bﬁ)), aqy) = (8", ), i.e. some
other functions of z# which are “off-shell” with respect to the ideal-order equations, with no comment
on how (fB*, «) are related to (ﬁﬁ)), @(0)), and then fix the integration functions in terms of a, 5" to
set the frame. This approach is more direct, but the assumptions being made are much less clear,
and so we have avoided it.
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of *, a. We will broadly write

B+ e [(bluauﬁaaﬁg + by AP, B + byu®Dac) B

+ (b4A’\(auﬂ)8a65 + 658,\04) A”/\] — eb’é) +0 (52) = ﬂ(‘g) (4.41a)

a+e {alu%ﬁ@aﬁg + ay A0, 85 + aguo‘ﬁaa} —cag) + O (%) = a (4.41D)

Substituting the definitions (4.41) into the solution (4.32) and keeping only terms
up to first order in ¢ yields a solution in terms of «, f*, and eight free parameters
b1 2345, a123. This is surprising: in Chapter 2, we saw that a general BDNK theory
for a U(1) charged fluid had thirteen free parameters (and the shear viscosity, which
was frame invariant). When the hydrodynamic description arises from kinetic theory,
those thirteen transport parameters become related. This is because the form of the
inhomogeneous term was fixed by an application of the constraint equations (i.e. we
chose to remove all time derivatives). This fixed the form of the frame-invariants fi o 3,
{1 9, leaving 13—5 = 8 free parameters in the theory. Let us insert the definition (4.41)
into the solution (4.32) and keep to only first order in €. Then, using the shorthand
(...) again, the scalar viscous corrections to the stress-energy tensor and charge current

may be given by in terms of the building blocks (2.41):

& = (B0 2 + ay)) (2 + (E2(bs 22 + 0y + K0)) (2) + (E2(b522 1 a3) 55,

T T T T T
(4.42a)
1 E s 1 E s
r_ = (@) (p, =P 21 - (o)1, Ep S2
P = (Gpap™ (=2 + ) (F) + Grap™ (b2? + a2+ K0) (F)
1 E
+ <Ep<a>p<a>(b3?p +as)) ss, (4.42D)
E S1 E S9 E
N = (B = + an)) (F) + (Bp(ba=? + a + KO)) (55 + (Eplbs—2 +a)) s,
(4.42¢)
the vector corrections are given by
w1 oy (V) L1 ) "
Q¥ = S {Epponp™ba) | 7 |+ 5 (Bppyp™ (bs + Ko)) Vs, (4.43a)

1 1%

1
T" = = (ppyp™ba) (7) + < (poyp™ (b5 + Ko)) V' (4.43b)
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while the tensor correction is unchanged. The transport parameters {e;, m;, v;, 0;, v; }
may then be straightforwardly read off from equations (4.42), (4.43). It may be
shown using the definition of p, €, and n that f; = f3 = ¢; = 0. We may set the frame
b1 2345, a123, tuning the transport parameters so as to ensure a stable and causal
theory. In this manner, we have arrived at the BDNK theory of hydrodynamics from

kinetic theory.

4.1.2 The DNMR theory

In the above discussion of extracting causal hydrodynamics from kinetic theory, we
used a Hilbert expansion. There exists a philosophically distinct method of extracting
equations of hydrodynamics from kinetic theory, which makes use of Grad’s method
of moments [99]. Originally written down in a more limited form by Israel and
Stewart [100], the DNMR theory [98] extracts equations of motion for transient hy-
drodynamics, i.e. Miiller-Israel-Stewart. For the sake of brevity, we here only outline
the procedure. In the following, we restrict to d = 3.

Let us consider deviations of the distribution function away from equilibrium, i.e.
fo= L% +0f, = )% (1 +(1+ f;q')¢p), which we take as the definition of ¢,. Here,
[y is the x#-dependent “equilibrium” distribution function (4.16); we will drop the
superscript (0) on S and «, so as to disambiguate with quantities we later define.

We will now adopt the following shorthand:

<...>:/(...>fp, <...>0:/(...) ()= ) (. (444)

Note that this shorthand differs from that used at the end of the previous section.
Note also that z#-dependence is baked into the various (...) by way of the distribution
function. Let us consider the tensor decomposition of T#” and J* in the Landau frame.

Then (note that p with no index is the isotropic pressure)

TH = euu? + (p+ II) A + 7 (4.452)
JH = nut +nt, (4.45b)
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where ut = g#/\/—p,0". We can then make the connection

1 (7
e=(EX,, p= gA Plowpe))y, n=1{(E),,

- éAaB< @Dy, ™=@, nt = ("), .

(4.46)

We would like expressions for the corrections II, 7/, and n*. The method of moments
provides these for us from the transient (i.e. non-hydrodynamic) modes in the system.
In order to find the viscous corrections, we must first find ¢,, which is a function of
both p# and x#. To begin with, let us expand ¢, in the irreducible representation of
the little group of SO(3,1) with respect to u”, i.e.

oo

= N D Dy | (4.47)

=0

where A = A\(E,, z). Next, let us expand the coefficients A in a basis set of orthogonal

polynomials in E,:

I‘LLU‘Q 7)) Z C (12 pie) Z(Ep) , (448)

where the polynomials F,, are a set of orthogonal polynomials in £, the details of
which may be found in Appendix E of [98]. Note that while the sum is in principle
infinite, in practice it must be truncated at some N,. We will return to using this
truncation. Note as well that, because of the orthogonality of the polynomials, the

expansion coefficients ¢/

may be immediately obtained.
Rather than using the polynomials P, it turns out to be more convenient to

write coefficients in terms of irreducible moments of 0 f, = f, — f;%:

p;# e (Egp<“1p“2...p“‘>) (4.49)

5
where we recall that ¢ is a non-negative integer; ¢ = 0 corresponds to the scalar
case p, = (E),. Imposing Landau frame, as was done in equations (4.45), would
correspond to demanding that p; = ps = pf = 0. Assuming this to be the case

allows us to immediately make the identification (by equations (4.46) and the fact

pw)PW = Eg —m?)

3
po=——IL py=nt pg =" (4.50)
m



95

(1. phe)

After obtaining the coefficients cy, in terms of the irreducible moments (4.49),

we can straightforwardly write the complete distribution function:

o0

Fo= LS54 [ (LR £ TN T HD o p Dy (4.51)

£=0 n=0

where H is a particular linear combination of the P, [98]. Now, let us define
the irreducible projection of the comoving derivative of the moments as pit1-#e) =
ALty 9y pv- - In the following, we will use the shorthand A = v A. We can

then re-write the Boltzmann equation (4.2) in the form (defining D,y = A 9,)
5'fp = E 1 (M Dljjjf;q _ El:lp(M)Djj(Sfp + Ep—lc[fp] ’ (452)

which follows from inserting f, = f;% + 0 f, and decomposing p* with respect to u”.
We can then take irreducible moments of the re-written Boltzmann equation (4.52),
in other words (£} (4.52) pu,---pp,)- The full equations are quite lengthy even only
considering the first few moments; the full details may be found in [98]. Schematically

however, we find

pr—Cry =90+ ... (4.53a)
g — = aWpr 4 (4.53b)
gl — C = (P (4.53¢)

A significant amount of new notation has been introduced here. First of all, the ... con-
tain the remaining complexities of the equations; in particular, they contain couplings
between the viscous corrections II, 7#¥, and n*, as well as with the other moments,
including higher moments that do not appear in the equations above. The viscous
corrections have been included via (4.50). The terms appearing in equations (4.53)
are included because, with the power-counting scheme we will later introduce, they

are in some sense “small”. The moment of the collision operator is defined by by
Clpeete) = / Erp . pC[f] . (4.54)
P

Note that C##¢ is a function of 2* by way of u* and f. Finally, the shorthand

0 = dut, I" = D' o, and o™ = 2AM*P9,uz have been used; the final is, of course,
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the shear tensor. Note that the full equations also contain dependence on the vorticity
tensor w,, = % (Dju,, — D,fuu). One could in principle include higher moments in
the irreducible representation of the little group; however, for our purposes, this will
not be necessary. Regardless, every single moment is either directly or indirectly
coupled to every other moment. We must find some way to truncate this infinite set

of coupled integro-differential equations.

Truncation scheme

To truncate the system of equations, one must introduce a power-counting scheme.
One obvious candidate for a small parameter is the Knudsen number Kn that we
used in the Hilbert expansion. This will be useful for characterizing derivatives of the
hydrodynamic variables, but it is not particularly helpful for handling the corrections
I, n*, «*. With this in mind, the DNMR method uses the following additional

parameters in the theory, which they call inverse Reynolds numbers:

I m
Rey' = u, Re ! = M, Re ' = , (4.55)
p

where |-| denotes the “size” of the variable in question, and p (with no index) is the
isotropic pressure. The inverse Reyonolds numbers involve ratios between quantities
defined in terms of moments of 4 f, = f, — f;%, and equilibrium quantities. Therefore,
when the system is near equilibrium, we expect these inverse Reynolds numbers to be
small. We would like to write equations which describe the evolution of II, 7#¥, and
n* which are accurate up to O (Kn?), O ((Re;')?), and O (Kn Re;'). On a practical

level, one may determine this by employing the scaling
II—npll, n*—n,n", 7 —=na", Dj — eDi , (4.56)

where 1, Mn, 7., and € are used as counting parameters for the various inverse
Reynolds’ numbers and the Knudsen number” respectively.

To begin with let us expand the moments of the collision operator in deviations

"Note that a different power-counting scheme is being used here compared to the previous section;
before, we scaled 9,, — £0,,. Now, it is only the transverse derivatives which are scaled. Longitu-
dinal derivatives u*d,, of the hydrodynamic variables 5", o can be consistently removed using the
conservation equations.
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from equilibrium ¢ f:

C,f’fl"'w _ _ Z A%L)pzh-ue + (4.57)
n=0

where the ... are higher-order terms in df. The term A% is the (rn) coefficients of
an, in principle, infinite matrix A®. In practice, one must truncate; therefore, we
truncate (4.48) to Ny as described below that equation. One can write the matrix AL
in terms of integrals over the 2 of equation (4.51), and therefore truncating (4.48)
turns AY) into the element of a finite (Aj + 1) x (A, + 1) matrix. Due to the
use of Landau frame, A® has rows and columns of zeroes in the second and third
row/column (n,r) = 1,2, while AV has a row/column of zeroes in the second row
and column (n,7) = 1. If we wish to invert A®), we must exclude those rows and
columns.

Let us now assume that A®) may be diagonalized, i.e. P(;)IA(E)P(Z) = Dy, where
Dy is a diagonal matrix with the eigenvalues of A®): we denote the n' eigenvalue by
ng ). These eigenvalues are fixed by the microscopics by way of the collision operator;

they are in general functions of S* and o. We can then define

Xproht = (P(Z)l)nmpuml"'w ; (4.58)
where we recall that since ptt#t = pﬁ“l"'“d, the same holds for X#t#¢. Let us now

apply a factor of (P(Z)I)W from the left to (4.53), with ¢ set as appropriate. This gives

XMt = (PPa®) 1+ (4.59b)
X P xp = (PPa@) o 4 (4.59)

where the ... are the same as those in equations (4.53), plus the non-linear contri-
butions for C*1* We can denote the terms in brackets above by 8. Note as
well that there is no implied summation over 7 in the second term of each line. The
moment equations (4.59) have now separated into individual relaxation equations
(though there is still coupling in the non-linear regime, contained within the ...). Let

us impose an ordering on the eigenvalues such that X,(f ) < Xfﬁ-l' We can also recall
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that for a relaxation equation of the form

y(x) +xy(r) = f(z) (4.60)

the variable y(z) relaxes towards (1/x)f(z) with a characteristic time of 7 = y 7'

Therefore, the most significant modes at late times are those with the smallest value

of x. Referring back to equations (4.59), we see that the most relevant mode for each

equation will be X((f).

We therefore arrive at the central approximation of the DNMR method:
Let all X##¢ with v > 0 be approximated by their asymptotic values.

In other words, for all r > 0,

(0) 3W 3

X, ~5=10, Xt )1*, XMW |2 ]| o™, (4.61)
(0) r (1) r (2)
Xr Xr Xr

Finally, let us return back to the moments pkt~#¢ ie. the quantities which actually

appear in the distribution function. Inverting the relation (4.58) and making use of

the approximations (4.61) yields

. No . 6(0) . N ) ﬁ(-l)
pr = O Xo+ Y O (%) 0, pre0xr+> ol (%) 1", (4.62)
1 X

J= J Jj=1

N 2
HY Q(Q)X/W - Q(Q) BJ( ) iz
Pr =3 Ao +Z rj @ o .

j=1 Xj

This may also be used to eliminate higher-order moments. Now, let us set r = 0
above, and take Q) = 1 without loss of generality. We know what po, pf, and ph”

are by equation (4.50). The equations (4.62) therefore become

3 No o 3O M " L
~ 7 ~ J
- S Xo+ )y Q) o 0, n'~XE+> O, NO 1", (4.63a)

=1 j =1
N 5(2)

T~ XY + Z QE)?-) (ﬁ) ot (4.63Db)
=1 J

Inverting these to solve for X{" ", we therefore find that we can eliminate all pk1-#

for r > 0 in favour solely of quantities that appear in the hydrodynamic constitutive
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relations. Let us define by 7 the inverse of A®) with elements given by 79 Then

we can write

2
m?p,, ~ Q011 (g 0O¢, ) 0, pre QW (m . Q§g>no> ", (4.64a)

P e 2w (m - Q,Eﬁ)no) o (4.64b)

where the coefficients (., ., and 7, are defined by

m2 M
S D T
n=0

In the above, we have made the implicit assumption that the sum in (, skips over
n = 1,2, and that the sum in x, skips over r = 1. Though we will not show it here,
one can additionally show that p#¢ for £ > 2 are higher order in Kn and Re; ! than
the desired order for all 7.

We are now almost done. The final step is as follows: Recall that before, we had
ol — _ A purne 1 Let us now invert A®); then 7igC# 0 = —ppre 4

. We therefore apply 70 to the left of the equations (4.53), and then use the
relations (4.64) to find the relations [98]

mll+ 1= —¢0+T+K+R, (4.66a)
Tl £t = kM T K RE (4.66Db)
Ta Y = gt TH 4 KR R (4.66¢)

In the above, the J terms denote terms of order O (Kn Re_l) the IC denote terms of

order O (Kn ) and the R denote terms of order C’) ( ) The parameters (, k,n’
are simple (o, Ko, and ng. Finally, 7 = Zfo 0 90 ( 1/ =3 Téi)QSg =

1/x\", and 7, = Yo Téf)ng 1/x%. We are now essentlally done — we have
“closed” the hydrodynamic equations via the method of moments, leading to equa-
tions that can in principle be solved. One may see from inspection that, as promised,
the DNMR method leads to MIS-type equations. We can put the equations into a

form more familiar from Chapter 2 via the substitution
k= —0oT, n =-n, (4.67)

where o is the charge conductivity and 7 is the shear viscosity, while 7! = /=313,
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is the inverse temperature associated with the “equilibrium” solution f5%(x).

The DNMR theory represents the fourth formulation of the MIS equations that
we have discussed in this dissertation. Often in practice the O (Kng) terms are
omitted, as they cause problems for the solvability of the equations. One method
proposed for handling these terms is the so-called “Inverse Reynolds Dominance”
(IReD) approach [101]. In the IReD approach, terms in I end up absorbed into the

transport coefficients inside of 7, leading to solvable equations.

4.2 Holography

The Anti-de Sitter/Conformal Field Theories correspondence (AdS/CFT correspon-
dence), also called the gauge/gravity duality or holography, is one of the most exciting
tools in modern high-energy physics. Originally conjectured by Maldacena [102] in
1997, the AdS/CFT correspondence subsequently exploded in popularity, making it
now one of the most active areas of theoretical physics [103]. The simplest, one line
description of the duality is that for some D-dimensional quantum field theories, the
strong-coupling dynamics of the theory can be encoded in the (classical) dynamics of
a D + 1 dimensional gravitational theory. In particular, the prototypical example is
that there is a duality between N = 4 Super-Yang-Mills theory in D = 4 spacetime
dimensions and type IIB string theory compactified of AdSsxS® [102, 104]; because
type IIB string theory contains supergravity in the low-energy limit, certain observ-
ables can be well-described by classical gravity in the strong-coupling® limit.
Anti-de Sitter (AdS) spacetimes have a fundamentally different nature to Minkowski,

Schwarzschild, or other asymptotically flat spacetimes. (D + 1)-dimensional AdS, of-
ten written as AdSpy; (e.g. AdS;), has a boundary at infinity [104]. Due to the
structure of AdS, it takes massive particles an infinite amount of time to reach this
boundary; however, massless particles (e.g. photons) can reach this boundary in a
finite amount of time and return to the interior [104]. It is then almost inevitable®
that, given an initial energy distribution, a horizon will eventually form [108]. Space-
times of this form are called “hyperbolic spacetimes”; for an illustration, refer to
Figure 4.1. The AdS boundary is crucial to the duality. Given the AdS theory is

8The A — oo limit, where ) is the t’Hooft coupling, after previously taking the large N limit,
where N is the degree of the gauge group.

9Tt has been found that there exist “islands of stability” of parameter space in which a pertur-
bation of small enough amplitude will not collapse [105, 106, 107].
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Figure 4.1: A schematic representation of anti-de Sitter spacetime. The spacetime
has a boundary at r = oo. The spacetime is hyperbolic; the tessellated image which
serves to represent this type of space is “Circle Limit IV (Heaven and Hell)” by M.
C. Escher.

D + 1-dimensional, the boundary is a D-dimensional surface. The dual quantum field
theory is said to “live” on this asymptotic boundary; therefore, in common parlance,
the dual field theory is often referred to as the “boundary theory”, and the AdS in-
terior is referred to as the “bulk”. We will adopt this terminology in the remainder
of this chapter.

Holography provides a “dictionary” relating quantities in the bulk and quantities
on the boundary. Fields in the bulk correspond to gauge-invariant operators on the
boundary. Geometries in the bulk correspond to states on the boundary. A black
hole (or black brane, i.e. a solution where the horizon has translational symmetry)
solution in the bulk corresponds to a thermal state on the boundary. As our interest
in this dissertation is hydrodynamics, we will be particularly interested in this final

entry in the dictionary.

Foundations

To begin with, let us consider the simplest possible case: Einstein gravity with a

negative cosmological constant. There is a natural scale in AdS, appropriately referred
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to as the AdS scale Lpgs; it arises because AdSp,; can be embedded as a negatively
curved surface in a D+ 2 dimensional space the same way a 2-sphere can be embedded
into three-dimensional space. We know that for a 2-sphere, the embedding is given
by z% + 22+ 22 = r?, where r is the radius of the sphere. For AdSp,1, the embedding
is given by

T} a5+ .+ ah —ahy —ah o = —Ligs- (4.68)

The AdSp,; metric is then given in Poincaré coordinates by [103]

2
ds® = ( : ) (—dt® + b;;dx'da’) + L3 - (4.69)
_ v AdS r2 ) :

Lpas
where 7,7 € (1,..., D). One can write the Einstein-Hilbert action as

1
167TGN

Spn = / dPay/=g (RPTD —24) (4.70)
where R(P+Y) is the Ricci scalar, Gy is the (D + 1)-dimensional Newton’s constant,
g is the metric, and A is the cosmological constant. The cosmological constant is
negative, and is given by A = —D(D —1)/(2L345)- Let us now scale the variables in
the theory such that Lags = 1; then

1
167TGN

[ — / dPz/=g (RP™) + D(D - 1)) . (4.71)
Varying this action with respect to the metric gives rise to the standard vacuum

Einstein equations:

D(D -1
R D+1) R(D-l—l)gMN _ (%) gun =0 (4.72)

where Rgf; b

is the Ricci tensor, and capital latin letters M, N run from 0 to D. In the
following, we will use capital latin letters for bulk spacetime indices, greek letters for
boundary spacetime indices, and lowercase latin letters for boundary spatial indices.

Let us now specialize to the case D = 4, i.e. a b-dimensional bulk spacetime. There
are many solutions to the Einstein equations (4.72). One solution is the previously
mentioned black brane solution, which is a planar black hole with a horizon which

is translationally invariant in the boundary coordinates z*. In AdS-Schwarzschild
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coordinates, the black brane solution is given by [88, 21]

1
1)

ds* = —rf(r)dt* + dr* +r® (dz® + dy® + dz°) (4.73)
where ¢, x,y, z are boundary coordinates, and r € [0, 00) is the bulk radial coordinate
from the origin to the AdS boundary at r = oco. The factor f(r) is defined by f(r) =
1—:—!:1l . The parameter r is the location of the black-brane horizon. The solution (4.73)
has the somewhat inconvenient property shared by all Schwarzschild-like solutions, in
that there is a coordinate singularity at » = ry. It would be more convenient to write
this solution in a coordinate system which is regular on the horizon. As such, we will
transform the metric into infalling Eddington-Finkelstein (EF) coordinates [109].

EF coordinates are adapted to null trajectories. We can define a new coordinate
v =t +r*, where r* is the tortoise coordinate defined by dr*/dr = 1/(rf(r)), or

1 _
rf=— (2 arctan (L) +1In (T TO)) (4.74)
47’0 To T+ To

forr > rg. Asr — rg, r* — —00, as expected of a singular coordinate transformation.

Inserting t = v — r* into the metric, we find
ds* = =r* f(r)dv® + 2dvdr + r* (da® + dy® + d=°) (4.75)

where we have used the fact that dr* = (dr*/dr)dr = (r2f(r))""dr. We therefore
have arrived at the black brane solution in EF coordinates; these are the coordinates
we will use going forward. The coordinate singularity at » = ry has now been removed.

One thing we can consider is how the solution (4.75) changes if one acts on it with
the isometries of AdS5. The isometries of AdSs, i.e. the transformations that leave the
line element of AdS; invariant, act on the boundary as the Poincaré transformations of
x# (the “boundary” coordinates, though the transformation acts in the bulk), scaling,
and the special conformal transformation. In other words, the group of isometries is
isomorphic to the group SO(4,2) which leaves the embedded surface (4.68) invariant.
The black-brane solution (4.75) is not invariant under boosts, and under dilations,
and we use these to generate a family of solutions.

Let us consider the scaling (r, v, z,y, 2) — (Ar, \"'o, Atz ALy, A712); then f(r) —
f(Ar) = 1— % # f(r). Dilations therefore shift the horizon location, taking
ro — 7ro/A. Similarly, if one takes da* — dz* = A da”, where da* = {dv, dz, dy, dz}
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is raised and lowered with the Minkowski metric, we find that dv — —u,dz", and
(dz? + dy* + d2?) — A, datdz”, where u# is the future-directed timelike unit four-
vector (u? = 1) generated by the boosts, and A,, = wu,u, + 1, is the projector
orthogonal to u,. Since f(r) # 1, this does not leave the metric (4.75) invariant. We
may therefore write the full four-parameter family of solutions generated by dilations

and boosts as
ds® = —2u,datdr — r* f (r)u,u,da"ds” + r* A, dxtdx” . (4.76)

We will hereafter work with the “mass parameter” b = 1/r¢ instead of ro. The four-
parameter (b, u*) family of solutions (4.76) is called the boosted black brane solution.

One can repeat this process for the Einstein-Maxwell equations, including a U(1)
gauge field in the bulk (the gauge field associated with an “R charge”!?). This would
correspond to a field theory on the boundary which has a conserved U(1) charge

current. The action is given (with Laqs again scaled to one) by

1
167TGN

SEHM =

1
/ Px/—g <R<5> +12 — ZFMNFMN) (4.77)

where Fyy = Oy Ay — Onv Ay is the five-dimensional field strength tensor for the
U(1)g gauge field Ay;. Varying this action with respect to the metric and the gauge

field, we arrive at the Einstein-Maxwell equations:

1 1 1
R§\5/[)N - §R(5)9MN — 6gmn + 3 |:FMKFKN + ZQMNFKLFKL] =0, (4.78a)

VuFMY =0. (4.78b)

In analogy with the previous case, one can find a boosted black brane solution to the
equations (4.78) [22, 23]:

ds® = —2u,dx"dr — r* f (r)u,u,dz"dz” + r* A, dx"dx” (4.79a)
Appda™ = ‘QQ u, dzt (4.79b)

1An R charge is a charge associated with a type of global symmetry which may be present
in supersymmetric theories (such as N' = 4 Super-Yang-Mills). We know from the holographic
dictionary that global symmetries on the boundary correspond to gauge fields in the bulk; therefore,
we consider the gauge field associated with the boundary R charge. In this particular case, we
consider the case of a U(1) subgroup of an SO(6) R-symmetry [23].
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where f(r) =1 — # + (’3—5, once again b is the mass parameter, and () is related
to the black brane charge. The solution (4.79a) has two horizons; we will exclusively
consider the outer horizon, which we denote by R. We have used the radial gauge,
A, = 0. The Hawking temperature of the black brane is given by the surface gravity

r according to the canonical formula [109]

Ty = — 4.
T o (4.80)
The surface gravity may be found by [109]
2 1 M¢N
AT AT (4.81)

r=R

where £M is a Killing vector, the norm of which becomes zero on the (Killing) horizon,
and V), is the covariant derivative. We note'! that u"0, satisfies this condition. The

norm of ud, is given by —r?f(r), which vanishes when r — R. For the charged

boosted black brane (4.79a),?

3R -1

Ty = 4.82
B o R3pe (4.82)

In the uncharged limit, R — 1/b, and (4.82) collapses to Ty = 1/(wb). Since R =
R(b,Q), the temperature depends on both the mass parameter and the charge, as one
might expect.

Given the presence of a charge in the dual theory, just as we asked about the
temperature of the dual spacetime, we might equivalently ask about the chemical
potential in the boosted black brane spacetime. The chemical potential may be given

by the gauge-invariant difference of gauge fields [23]

V3Q
2R?

p=u'A,(r=R)—u'A,(r=o00) = (4.83)
Just like the Hawking temperature, the chemical potential depends on both ) and b
by way of R = R(b, Q). These relations can be inverted to find expressions for () and
b in terms of Ty and p.

The last thing we would like to do is extract details of the relevant boundary

"More clearly, €M = (0) 0, + u*9,,.
12In the process of this computation we took advantage of auxiliary variables [22] M = 1/(bR)*,
q=Q/R?, and ¢*> = M — 1 to write the solution in terms of the outer radius R.
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operators from the gravitational solutions (4.79). Following the prescription of [110],
we will extract the one-point function of the dual operator to the metric (the stress-
energy tensor, (T*)) and to the gauge field (the U(1) charge current, (J*)). Let us
consider a generic field in the bulk ¢(r, z*); this could be the gauge field, the metric,
or something else. The general prescription is that

(O(2")) 4, = lim (II(r, 2") — Counter terms) (4.84)

r—00

where (O(z#)), is the expectation value of the operator O in the presence of a
classical source ¢g = lim, o, ¢(r,z*), and II(r, z*) is the conjugate momentum to ¢
with respect to r-foliation. For the gauge field A4, no counterterms are required [110],

and the expression is

u — lim * — - —gFTH
(J >A2dry = Tlggoj = TonGn Tlggo vV—gF™, (4.85)
where j# is the conjugate momentum to the gauge field. For the metric, things
are somewhat more complicated [111]. After taking counter-terms into account and

re-writing, the stress-energy tensor can be given by [21]

L P A TN R (4.86)
9 167Gy r—o p pre '

where K", is the extrinsic curvature of a surface of constant r. The solutions (4.79)

therefore yield (dropping the (-))

\/EQ v 3 v 1 v
“’”:<167TGN v 1 = (S ) v+ () & 47

Matching with the equilibrium expressions for 7* and J* (2.26), we find that

B 3 B 1  V3BQT, p)
€= , p= , n=-——12 (4.88)
167 b(T, /L>4 GN 167 b(T, /L)4 GN 167TGN

Note that € and p obey the conformal relation € = 3p; in other words, the stress-
energy tensor is traceless. With the equilibrium properties of the boosted black brane
and the dual fluid resolved, we now consider deviations away from equilibrium, i.e.

hydrodynamics.
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4.2.1 The fluid/gravity correspondence

There have long been hints that there was a connection between black holes and hy-
drodynamics, beginning with attempts in the 1970s to move beyond the black hole
thermodynamics of Bekenstein [112] and Hawking [113] using the so-called “mem-
brane paradigm” [114]. To an external observer, a black hole appears to behave like
a dynamical fluid membrane; however, asymptotically flat black holes do not behave
like normal fluids. For one, Schwarzschild black holes have a negative heat capac-
ity [115], growing colder as they gain energy. This stymied the usefulness of the
paradigm for a while.

The membrane paradigm gained a second life in the context of the gauge/gravity
duality, and anti-de Sitter spacetimes. As discussed in the previous section, one can
construct a fluid living on the boundary of AdS; some of the earlier calculations done
with the AdS/CFT correspondence were the calculation of the shear viscosity and the
R-charge diffusion constant of a N' = 4 Super-Yang-Mills plasma [16, 17]. This led
to the conjecture [19] of a universal lower bound on shear viscosity'®, n/s > 1/(4m).

It was also discovered that the long-wavelength limit of quasinormal modes for
black branes displayed hydrodynamic behaviour [18, 20, 110]. All of these things
together led eventually to a methodology for determining hydrodynamic transport
coefficients non-linearly for fluids describing microscopic theories with holographic
duals. This method, the fluid/gravity correspondence [21, 22, 23|, is what we shall
discuss from this point on.

Let us begin by considering the solutions (4.79) with the parameters @, b, and u*

now promoted to dynamical functions of the boundary spacetime, i.e.

ds® = —2u,(x)dxtdr — 2 f(r)u,(z)u, (z)datde” + r* A, (v)dz"dz” ,  (4.89a)
V3Q(x)

Appda™ = Tuu(x)dx“, (4.89Db)
where f(r) =1- b(x)14r4 + Q%)Q , and we have made a gauge choice to set AEdry to

zero, a choice we will consistently make throughout the remainder of this chapter.
The expressions (4.89) are no longer solutions to the equations of motion (4.78). If
we assume, however, that b(z), Q(x), and u*(x) are very slowly varying functions of
the boundary spacetime z*, then we may “tubewise” approximate a boosted black

brane solution [21]. In practice, we attempt to solve the Einstein-Maxwell equations

13Note that & = 1.
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via a derivative expansion in derivatives with respect to boundary coordinates 9, for
gMN and A M-

Let us define the following order-by-order expansion in derivatives

gun = Gyin T egiiy + ey + O (€9) (4.90a)
Ay = A +eAf) + 240 + 0 () (4.90b)

where ¢ is once again a derivative-counting parameter (0, — €d,,) which can be taken
to unity at the end of the procedure, as in the previous section. The zeroth-order
pieces gJ(\S)N and Ag\g) are simply given by equations (4.89). In the following, we will
only consider solving to first order in the expansion; the interested reader may refer
to [21, 22, 23] for a derivation at second order. Taking the expansions (4.90) and
inserting them into the Einstein-Maxwell equations (4.78) yields equations order-by-
order in €. The equations, like the order-by-order equations in kinetic theory, have

the same form at each order. At n'" order, the equations are of the form
Hg™, AM] = G, [APD gD A2 gn=2)  40) (O] (4.91)

The operator H is a derivative operator solely'* in r which repeats order-by-order
just as the linearized collision operator £ did in kinetic theory. The right-hand side
of equation (4.91) S, is the source term, which depends only on lower-order solutions
in € which have (in principle) already been obtained. To solve for gj(\%,, AS\Z), all one
need do in principle is invert H at each order.

As the astute reader may have been able to foresee, this is naive. Just as in the
case of kinetic theory, the operator H has zero modes which make it formally non-
invertible unless the source term is constrained to be orthogonal to the zero modes.
Demanding the invertibility of H leads to imposing

TI =0, 9,J" =0, (4.92)

where " | is the (n— 1)®™ order contribution to T+, and Sy is the (n— 1)™ order
contribution to J*. Note that the contributions to T#", J* are individually conserved

order-by-order. We also note that the parameters of the equilibrium solution b(x),

14Since boundary derivatives 9, come with a factor of £, any boundary derivatives necessarily act
on a lower-order term in the expansion, contributing only to the source term 5,,.
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Q(z), and u,(z) are corrected order-by-order as well:

b(x) = b(m(l‘) + 8b(1)(x) +¢ b (83) , (4.93a)
Q(z) = Qo) + eQq (= )+€2Q 0 (€%, (4.93b)
u (@) = g (@) + eugyy (z) + g Wy (@ (53) (4.93¢)

Let us now consider the expansion taken to first order. Because of the zero-modes of
‘H, the solution is comprised of of the particular solution found by inverting H, and

the homogeneous solution which is proportional to the zero modes, i.e.

garw = g3 + = (4R + gl ) + O (%) . (4.94a)
Ay =AY 4 ¢ (AA; P4 A(Alj’h) +0(£?) . (4.94b)

We will not focus on the particular solution here; instead, we shall consider only the

homogeneous solution. We can write more specifically that

4 2
QﬁwdfﬁMdlﬁN:b(l) —15 3 LO) O datdax” + Q) (— Qio)u/(f])u,(jo)) dz*dx”
b(O)T r

+ UE\1) (7"2(1 — f(o)(r)) (A(O)uf,o) + A(Oy)ufto)» dz*dx” (4.95a)
3

Ag\}f)yhdfM = Q) (2—\/;UELO)> dz" +u <\/_Q(O AM> dz" (4.95b)
r

where fO(r) = 1 — 1T4 Q(m, and AY) = N + w4 That the coefficients

o)

b(l),Q(l),ut‘) (4 95) are in fact the first-order corrections to b, @, and u* may
be straightforwardly seen by inserting the order-by-order corrections (4.90) into the
ideal-order solution (4.89) and expanding to first order in e.

Note that, in order to write down the solution (4.94) in the first place, one had to
invert H, which implies that b, Q (o), and “?o) are all constrained to obey the ideal-
order conservation equations (2.49). Since the hydrodynamic parameters g* = u# /T

and o = p/T are defined in terms of b, @), and u*, the hydrodynamic parameters also
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receive order-by-order corrections. At first order, the corrections are given by

ﬁa(o) 8@(0)
Oé(l) = a b aQ

]_ 0T 8T(0) 1 by (1)
n p p
By = -7 ((% bay + aQ(o)Q(l) Uy + = AlJ Uy . (4.96Db)

—20 (4.96a)

Now, finally, let us repeat the same trick as in kinetic theory. We define new degrees

of freedom ¥', ()', and u/* implicitly via the relations

I T/ 1 /
— 4G pbe lm (u O\ — —(‘Lu'“) + myuto, <i)] —ebay + O ( ) = b ,

T’ 3 T’
(4.97a)
. 167G WPOONT 1., /
Q + \/gNe {1/1 ( T;\ — gauu “) + vsut'o, <%)] —eQu + 0 (52) = Q) ,
(4.97b)
/ uv al/T uv '
ut +e {alA“ ( T +u’\8,\u ) + a, A" 0, (%)} —su +(9( ) u’(‘o),
(4.97¢)

where 1", ;' above are taken to be functions of ¥, Q. We then replace by, Qo)
and u?‘o) everywhere they appear. In all first-order contributions, {b), Q(0), ué‘o)} —
{t/,Q",u"} in a straightforward fashion, as the further corrections are all O (g2).
However, in the zeroth-order part of the solution, using equations (4.97) leads to a
O () correction which fixes the homogeneous solution. In this manner, analogously
to in kinetic theory, one may set a choice of hydrodynamic frame. In particular,
one can choose either a “good frame”, where causality and stability are present after
truncating the expansion at O (¢), or a “bad frame” (such as Landau frame) where
the truncated hydrodynamic equations are unstable and acausal. Regardless of frame
choice, the calculation proceeds completely analogously to the kinetic theory case,
with one major difference: the number of parameters.

We see that 7, 73, 11, 3 appear directly in (4.97), as opposed to the parameters
@123, b1 23 which appeared in the analogous kinetic theory procedure. The reason
for this is the conformal symmetry of the boundary theory. The reduction in free
parameters in the kinetic theory case was due to fi23 having been fixed. However,
in a conformal theory, fi23 are generically fixed to be zero in any fluid frame, and

so no reduction in the number of free parameters occurs. Note, however, that /; 5
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are not fixed by conformal symmetry, and so there a reduction of degrees of freedom
still occurs in the vector sector; #; and ~; both depend on a;, while 3 and ~, both
depend on as.

One final point to make in this chapter, which applies to both kinetic theory and
holography, is that the acausal nature of the macroscopic theory we extract from the
microscopics in Landau frame is in no way a symptom of anything “wrong” with the
microscopic theory. It is the truncation of the derivative expansion at finite order that
leads to the acausality. The only way to prevent this acausality, as far as we know, is
to either break Lorentz symmetry [116, 117, 7], or introduce some kind of regulation.
In BDNK, this regulation takes the form of the additional transport parameters. In
MIS-type theories, these are the additional relaxational modes in the theory.
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Chapter 5

Extensions of Causal

Hydrodynamics

In this chapter, we will discuss a number of extensions of the causal formulations of
hydrodynamics that have thus-far been discussed in the dissertation. The number
of possible extensions are vast; as such, we will limit to only those extensions on
which I have personally worked. The section on one-form magnetohydrodynamics
is based on my paper [4], while the section on relativistic superfluids is based on
my paper [3]. Both sections primarily focus on the BDNK procedure for rendering
hydrodynamics causal; however, the theories under consideration are amenable to an
MIS-type procedure as well (see e.g. [118, 119] for MIS-type constructions for related

theories).

5.1 Magnetohydrodynamics

Magnetohydrodynamics is the effective theory describing the interactions between
fluids and electromagnetic fields. The subject of interest is usually a plasma which
is electrically neutral on hydrodynamic length scales — electric charges in the plasma
adjust on a microscopic level to screen the electric field. The magnetic field is not
screened, and so remains a relevant degree of freedom even in equilibrium.

The standard formulation of relativistic MHD is textbook material at ideal or-
der [120]; plasmas in the standard formulation are described by the conservation of
the stress-energy tensor, as well as those of Maxwell’s equations in matter that control

the magnetic field. At higher order in a derivative expansion, the dynamics of the
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electric field become relevant, as do viscous effects — see [41]. In astrophysical appli-
cations, there is also often an additional global U(1) charge on top of the gauge U(1)
for electromagnetism. This global U(1) symmetry corresponds to the conservation
of particle number. The constituents are often massive neutral particles, and so the
current associated with this global U(1) is often called the “mass current” J* = m.J*
(where J* is the actual conserved current for the global U(1) charge). We will denote
this global U(1) symmetry by U(1),.

Let us neglect the dynamics of the electric field entirely. Then the relevant equa-

tions of motion are given by [4]
v =0, VvV, J" =0, V,J'=0, (5.1)

where J" = (1/2)e"*°F,, is proportional to the dual field-strength tensor. The
hydrodynamic degrees of freedom are the temperature 7', the fluid velocity u*, the
U(1),, chemical potential u, and the magnetic field B*.

We could at this point write constitutive relations for the conserved quantities;
however, we will instead take a short detour to talk about symmetry. The conservation
equations (5.1) are not all on the same footing. The conservation of the stress-
energy tensor is a manifestation of diffeomorphism invariance, while the conservation
of the U(1),, charge current is a manifestation of the global U(1),, symmetry. The
conservation of the dual field-strength tensor, on the other hand, arises from the
U(1) gauge symmetry — which is not, in truth, a symmetry at all, but rather simply
a redundancy in our description of the theory [121, 122]. There is in fact a global
symmetry which is responsible for the conservation of the dual field-strength tensor;
however, it is not a traditional symmetry in the sense that we are used to thinking of
them.

The symmetry responsible for the conservation of the dual field-strength tensor is
a global one-form symmetry, an example of what is known as a “higher-form symme-
try” [123]. A discussion of all the details behind higher-form symmetries is beyond

the scope of this dissertation. However, a brief summary is included hereafter.
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5.1.1 One-form MHD

Higher-form symmetries

Let us begin by discussing a normal global U(1) symmetry. Under this symmetry, a
local charged field ¢(x) transforms by a phase ¢ — ¢’ = €¢'*¢ . By Noether’s theorem,
whenever there is a continuous global symmetry, there exists a conserved current J*.
In d + 1-dimensional Minkowski spacetime, the charge associated with the symmetry
is given by integrating the time component of the current over d-dimensional space
Q = [dzJ°. This can be generalized and re-written in a more suggestive way. First
of all, let us instead consider the integral over a d-dimensional spatial manifold My

with a time-directed volume element:

Q= dx,J". (5.2)
Mg

We take My to be such that it divides the spacetime into two disconnected parts,
and has itself no boundary. Next, let us note (or recall) that the general volume
element /—gd?*'z is, in fact, a (d + 1)-form /=gd*™z = \/=gda® A dz' A ... A
dz?. We are considering the directed volume element for a spacelike d-dimensional
hypersurface. Let us denote the internal coordinates of the hypersurface by vy, ..., y4;
then the volume element for the hypersurface is given by ﬁddy = ﬁdyl A Ndyt =
gn”ewmmy LA A oA dxve ) where n* is the timelike future-directed unit normal to
the spacelike hypersurface My, ~v is the determinant of the induced metric on My,
and e is the Levi-Civita symbol (as opposed to tensor). We can see then that d¥,

may be written in terms of dz* by writing
dy, = —nu§ N xvvg. g AT A dz™ A .. A dz? (5.3)

and the charge is given by

Q= —/ d*y\/y n, JT" (5.4)
My

Now, let us define J = J,dx®. The Hodge dual xJ is defined on the hypersurface M,
by

= %j)\g'u}%#mmmuddl’yl N dx”? VANRVAN dz’e . (55)
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We may now define the projector orthogonal to n#, P* = ¢ + n#n”. Decom-
posing J, with respect to n, (J, = —n,n*J\ + P,*J)) allows us to write xJ as
*xJ = % (—nAj,\n" + P“’\j)\) €prn..vgdT”™ N ... A dx¥ . The integral over the orthog-
onal projection will vanish due to the Levi-Civita symbol, meaning we can finally
write (5.4) as

Q= *J . (5.6)
Mgy

This is the standard definition of the charge in terms of differential forms® [109, 123,
124]. Given the spacetime was d + 1 dimensional, the d-dimensional surface M,
is said to be a codimension one surface, “codimension” referring to the number of
dimensions lower than the total dimension of the spacetime. If the codimension-one
surface is a time slice, we can think of the surface as counting the amount of charge
associated with the particle world-lines that intersect the time slice.

We now generalize the above. Suppose that instead of finding the charge associated
with a local operator, we want to find the charge associated with an extended operator
such as a line operator (e.g. Wilson line) or a surface operator. The procedure above
may be generalized to find the charge associated with these extended operators. The
symmetry from which the charge arises is called a “higher form symmetry”. For a
zero-form symmetry, we integrated over a codimension-one surface. In general, for a
p-form symmetry, we will need to integrate over a codimension-(p + 1) surface.

We will focus now on so-called “one-form” symmetries. These are the symmetries
associated with line operators, and we can obtain the charge by integrating over a
codimension-two surface. One can think of the codimension-two surface as count-
ing the amount of charge associated with the worldsheets of the line operators that

intersect the surface. In analogy with the above, the charge is given by

Ql:/MQ*Jl (5.7)

where J; = J,da* A dz¥. The current associated with the global U(1) one-form
symmetry, J#, is antisymmetric and conserved, V,J* = 0.
Ideal-Order Magnetohydrodynamics

In the context of MHD, the quantity being conserved is the number of magnetic field

lines. The formulation of MHD in terms of this one-form symmetry was initiated

!Note the differing sign in [109].
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by [125, 126], and has been shown [41, 127, 128] to be entirely equivalent to the
standard formulation of MHD. However, the one-form formulation of MHD has the
benefit of being based entirely on global symmetries. In the following, we will fre-
quently use the terms “one-form MHD” and “dMHD” interchangeably. The name
“dMHD” was introduced in [4] as a shorthand for “dual MHD”, as the one-form
formulation represents a dual formulation of magnetohydrodynamics.

We would like to now determine the equilibrium constitutive relations for one-
form MHD with an additional global zero-form U(1),, symmetry. We will do so using
the equilibrium generating functional [127]. First of all, we will introduce background
source fields to couple to the conserved quantities. For the stress tensor, we bring
in a background metric g,, as before. For the current J#, we will introduce a back-
ground U(1),, gauge field A,. Finally, for the two-form current J*”, we introduce
a background two-form gauge field b,,. Under the combination of diffeomorphisms,
zero-form gauge transformations, and one-form gauge transformations generated by
arbitrary parameters G = {¢,, )\,(}), MO} respectively, these background fields trans-

form as

Gy — g;w = Guv + £§guy , (58&)
by — by = b + Lebu + (0,0 = 9,20 | (5.8b)
Ay = A=A+ LA+ 90 (5.8¢)

One could now be tempted to write down the generating functional in terms of
solely these background source fields, Wlg, 4,b] = [ d*™'a\/=gF|g, A,b]. However,
this is not quite right. Let us begin by trying to write down gauge-invariant combi-
nations of variables as we did for the U(1) zero-form charged fluid back in Chapter 2.
Let us introduce a timelike Killing vector K*, a zero-form gauge parameter A, and

a one-form gauge parameter AY. We then demand the equilibrium conditions
LG =0, Libu +0,AY —0,AY =0, £xA,+09.,A9 =0, (5.9a)

which we take to define A® and AE}). Let us now demand that these conditions
are gauge-invariant. This tells us that under a gauge transformation given by G =

{)x,(}), MO} the gauge parameters must transform as

A — A0 = AD — £, A0 AN — A = A — £ A (5.10)
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Now, let us define equilibrium variables in analogy to the U(1) zero-form case (i.e. as
in Section 2.2):

T K* KHtA A
T=—L_ u= T s TRl (5.11a)
—K2 VK2 _ K2
K*b,, + A,
= “—4—’ (5.11b)

Nay e

where the subscript ® on the vector u® denotes the magnetic flux, and p? is the vector
serving as the source for the magnetic flux. However, we run into an immediate issue

— while p is gauge invariant, u® is not! Under a U(1) one-form gauge transformation,

® O <Ku>\&l)>

0] 1P 0]
y = N/ , 5.12
My = 1, = e 7 (5.12)

This is not an ideal situation; we would like to have a truly gauge-invariant definition
of u2. The solution was pointed out in [127, 128]. Let us consider the case where the
one-form symmetry is partially spontaneously broken. When the one-form symmetry
is fully broken, a vector Goldstone boson ¢,, arises [129, 130, 131] which transforms
as Py = ¥, = Pu + )\,(}). The symmetry being only partially broken? leads to there

being only a scalar Goldstone boson ¢ = K*¢,,, which transforms as
o= ¢ =p+ K\ (5.13)

A
¢ as the fields upon which the generating functional depends. We note that ¢ is

under a U(1) one-form gauge transformation. We may then treat g, b and

pwvs 4ps

a dynamical field rather than a background source; however, we still demand the
condition
£+ KD =0. (5.14)

We can then modify the definition of u to

o Kl + AD + 8,0

% — (5.15)

This is now a gauge-invariant quantity. The generating functional is given by W{g, b, A, ¢] =

2For more detail on what it means for a symmetry to be “partially broken”, the interested reader
may refer to [128].
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[ d™ x\/=gF (g, A, b, ). Variation of W yields
1 1
oW = /dd“x\/—g ET‘“’(SQMV + §J’“’(5bw + JHOA, + Edp (5.16)
where £ = 0 is the equation of motion for the Goldstone. The equations of motion

may be found by setting the perturbations to be due to diffeomorphisms, one-form

gauge transformations, and zero-form gauge transformations, yielding

vV, " = F"™Jy + H"™ ]y, (5.17a)
V,J" = EK", (5.17b)
vV, J"=0. (5.17¢)

where F,, = 9,4, — 8, A, is the field-strength for the zero-form U(1) gauge field A,
associated with the mass current, and H,,, = d|,b,,) is the (completely antisymmet-
ric) field strength associated with the gauge field b,,. It is therefore clear that the
equilibrium equation of motion for the Goldstone £ = 0 is given by u,V,J* = 0.
Turning back temporarily to the definition of J** = %e“”""Fpo (recalling that F,, is
the field strength tensor for the electromagnetic U(1)), we can see that in the rest
frame of the fluid u* = ¢}, this corresponds to the no-monopole condition on B. In
order to fully evaluate the equation of motion for the Goldstone, we will need to know
what J* is in more detail.

Let us now compute the ideal-order equilibrium constitutive relations associated
with one-form MHD. It is useful to separate p® into a magnitude and a direction
according to u® = ugh,. Since pu? acts as a (vector) source for the magnetic flux,
we take the magnitude pg as the scalar source, and the direction h* as giving the
local direction of the magnetic flux, with h? = 1. Generically, h*u, # 0; however,
we would like u® to align with magnetic field lines, and so we can use a redefinition
freedom [128, 132] to take h*u, = 0. This is a choice we make going forward. As with
the other hydrodynamic variables (5.11a), the definition (5.15) only makes sense in

equilibrium. At zeroth order, we can write

Wz/dd“x\/—_g(p(T,uqnu)Jr---) (5.18)

where the ... contain higher-derivative hydrostatic terms. The Goldstone ¢ is present

in the generating functional by way of e and equation (5.15). Let us also supplement
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this expression with the Gibbs-Duhem relation dp = sdT + pg dpe + ndp, where s is
the entropy density, pe is the scalar magnetic flux density, and n is the U(1) charge
density. The energy density is given by € = —p + sT' 4+ nu + pgape . Varying the

generating functional as in (5.16), we find the ideal-order constitutive relations

Tl = euu” + pAY” + (p — paps) H'h”, (5.19a)
JU = pa (u'h” —u"ht) (5.19b)
Sl = nu, (5.19¢)

where A" = utu” 4+ g" — h*h” is the projector orthogonal to both u* and h*.

Let us now determine which one-derivative quantities vanish in equilibrium. From
the demands (5.9) and the demand that £ = 0, we can get (by contracting with u*,
h* and A", and turning off the background gauge fields) the following vanishing
scalars [132][4]

wv T
51 = T“ , $9 =V, ut, s3 = u'Vy (%) ,
T
sy = W'V u,, S5 = M—q)u#v“ (’L;—q>> : (5.20a)
v, T 1
D= W (% n uAVAuH> =V (Toalt), py = A (%) . (5.20b)
vectors,

o7
vt = At (Vs (5) - “?‘I’havam) Y[ =TAM (VT + uAV,\ua) ,

T
Y/ = TAMY, (%) , (5.20¢)
S = ARRY (Vou, + Vita) S = APy (Vohy — Voha) o (5.20d)

and tensors,

2
ol = (A’f‘Aiﬁ + AN — S AAT ) Vaug, (5.20e)
20 = g AP AY (Y ohy — Voh,) (5.20f)

where (5.20a) is the set of parity-even scalars that vanish in equilibrium, (5.20b)

is the set of parity-odd scalars (pseudoscalars), (5.20c) is the set of parity-odd vec-
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tors, (5.20d) is the set of parity-even vectors (pseudovectors), (5.20e) is the parity-
even rank two traceless symmetric tensor, and (5.20f) is the parity-odd rank two
antisymmetric tensor that vanishes in equilibrium. Note that in the above, we have
po = TL%VM (T'pph*); the vanishing of py in equilibrium did not, strictly speaking,
arise from the conditions (5.9), but rather from the demand that the equation of
motion for ¢ be satisfied. The equation of motion was given by ,V,J&" = 0; along
with the equilibrium constitutive relation (5.19b), the vanishing of ps (making use of
p1 = 0) subsequently follows.

Let us now take the fluid slightly out of equilibrium. For notational brevity, we
will suppress subscripts on thermodynamic derivatives; it is assumed we are working
in a basis of T e, . At ideal-order, the constitutive relations are given by (5.19);
together with equations (5.17) (with the sources turned off, and E = 0), they give
us the equations of perfect-fluid MHD. There are eight dynamical equations in equa-
tions (5.17), and so to close the equations, an equation of state p = p(T, ug, 1) is
required.

We will now write down the perfect-fluid equations explicitly. Let us define the
shorthand D, = (%T + 2y, + g—ﬁu). Then the three scalar equations of motion

ops
are given by

BT D
—u,v, 7 =, 5 “ruy, (47)

T ¥ T
Oe u 5
+ %Tu“v# <?> + (e +p) V,u"' — popeh' b’V u, =0, (5.21a)
u'V, I Ops He
nyo_ K M ~
W = Dy =t ST ( T)
Ipa I g I wpv _
+ a—uTU V'U, f + pq;V#UJ - quZ h Vuul, = 0, (521b)
utv, T On o
b — D K Tut =
Vil A * Oue 'V < T )
on i
+ 5T, <T> VUt =0 (5.21c)
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The two pseudoscalar equations of motion are given by

v, T  O(p—

A (v aulqu))Th“Vy (“%) (5.22a)

ANp — paps).,, , v, w_

+ 8—HTh Vi (T) + (p+ )L 'V, u, — pepaV R =0,
N, T 0

uy NV J" =Dy, Z 8;/1@ THY ( T )

aP<I> m v, 1

8uTh Vi <T>+pq>V h* — pah"u"V,u, = 0. (5.22b)

Finally, the (pseudo)vector equations of motion are given by

(VT .
A%V, T = (p+ €) A% ( C vyuu) + peTAY, (%‘I’)
+nTA%Y, (%) — peps ARV, = 0, (5.23a)
AY VT = poAS (WP uhy, — PV ) = 0. (5.23b)

We now specialize to d = 3. Let us consider perturbations about a homogeneous

rest-frame equilibrium state in flat space, i.e.

T(z) =Ty + T (z), wx)=po+on(x), pae(r)=peo+ius,

(5.24)
ut(x) = o + dut(x), h*(x) =0+ dh"(x),

where u#du,, = h*dh, = 0+ O (9%), and demanding h,(z)u*(z) = 0 hold to quadratic
order in the perturbations implies that du® = dh°. We have fixed h* to point in the 2-
direction, meaning that the equilibrium state has an SO(2) symmetry corresponding
to rotations in the xy-plane. All scalars, vectors, and tensors are categorized with
respect to the equilibrium SO(2) symmetry. We can, more specifically, consider

plane-wave perturbations, e.g.
T =Ty + 0T (w, k;) exp (—iwt + ik (xsin(f) + z cos(h))) , (5.25)

where 6 is the angle between the wavevector k; and the z-axis (i.e. the equilibrium
direction of h*). The SO(2) symmetry has been used to align k; with the zz-plane.
Once again, k = \/W . We can compute the spectral curve F'(w, k) in the same way
as in Chapter 2; by demanding that the coefficient matrix for the perturbations in

momentum space be singular. Note that in the following, we only consider the dy-
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namical equations®; having specialized to d = 3, there are eight dynamical equations,
and one constraint equation given by V,J*® = 0. This matches the eight degrees of
freedom in (5.24).

Due to the demand of the SO(2) symmetry, along with the theory respecting
parity P and charge conjugation symmetry C for the charge associated with the

one-form symmetry* C, the spectral curve factorizes to all orders:
F(w,k‘) = FAlfvén(w,k:)Fd_ms(w,k:) = 0, (526)

where the transverse factor Fajqen is called the Alfvén channel. Named after Swedish
physicist Hannes Alfvén, the Alfvén channel describes (in traditional MHD) the mix-
ing of the components of the magnetic field and the fluid velocity perturbations trans-
verse to both the background magnetic field and the wave vector. In our case, this
corresponds to the mixing of du? and 0hY. For his work on Alfvén waves [133], Alfvén
was awarded the Nobel prize in 1970. The remaining factor, Fy_ s, describes the mix-
ing of o, 07", and the remaining components of the fluid velocity and magnetic field
perturbations. For this reason, we refer to this factor as the “diffusion-magnetosonic”
channel.

For the Alfvén channel, there are two hydrodynamic modes. They are given by

wp =+ He0P20 cos(0)k = £V 4 cos(0)k . (5.27)
€0 + Do

In the above, V4 is the so-called “Alfvén speed”; by the demands of causality, it
must be such that |V4| < 1. In the diffusion-magnetosonic channel, there are six
hydrodynamic modes. Two of them have w = 0 identically at ideal order; based on
their behaviour at first order, we will differentiate between the two, referring to one

as the “diffusion mode” w,, and the other as the “spurious mode” wy. The other four

3Tt is possible to take the constraints into account in the linearized analysis in a straightforward
way; we neglect to do so because we wish to make a direct comparison to the non-linear theory,
in accordance with the discussion in Chapter 3.2. We will take constraint equations into account
in the linearized analysis at the end of this section, as well as in the next section when we discuss
relativistic superfluids.

4The discrete symmetries P and C are not quite the same symmetries as are usually considered
in MHD (e.g. [41]); see appendix A.2 of [132] for a discussion of discrete symmetry and one-form
charge.
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modes correspond to magnetosonic waves, and are given by
Wms = j:Vik, (528)

where V. is a complicated function of thermodynamic parameters and the angle 6;
note that the 4 in the label of V is independent of the 4 in the coefficient of k, hence
leading to four types of magnetosonic waves. The V. are the “fast” magnetosonic
modes, while the V_ are the “slow” magnetosonic modes. For the expression of V.
in the absence of the U(1),, charge, the interested reader may refer to [132, 126]. By

the demands of causality, we must again have |Vy| < 1.

First-Order dMHD

To determine the constitutive relations at first order, we must consider both hydro-
static and non-hydrostatic contributions. The hydrostatic contributions come from
the generating functional, while the non-hydrostatic contributions are built out of the
building blocks (5.20). In particular, we demand that the equations respect parity
(P) symmetry, charge conjugation symmetry (C') for the one-form charge, and charge
conjugation symmetry (C,,) for the U(1),, charge, which we denote by C,,.

Under the assumption of P and C' symmetries for the microscopic theory, one
can show [132] that the first-order contributions to the generating functional vanish.
Therefore, the only contributions to the constitutive relations are non-hydrostatic
contributions. Let us write down a decomposition of 7", J* and J* with respect

to u* and h*:

TH = Eutu’ + PAY + Sh*h” + 20 h"u?) + 201w + THh) + T | (5.29a)
T = 2Bulth 4 2ulBY 4 2DV R 4 D (5.29b)
JH = Nu' + Jih* + J", (5.29¢)



124

where
E =T"u,u, , P = di 1T’“’Aiy, S=T"h,h,, (5.30a)
B = J"h,u,, N = —J*u,, (5.30b)
Q=-T"u.h,, Jj =J"h,, (5.30c)
© = T A DY = J, AR, T = A (5.30d)
T =AYT,,, B =AW I, (5.30e)
T = APeST, . DM = AAP (5.30f)

Comparing to the ideal-order constitutive relations, we have (listing only the com-

ponenents which are non-zero are ideal order)

E=e¢+ &, P=p+P, S=p—pjasps+Si,

(5.31)
BH :P<1>+B||,1, N:n—l—N1,

where the subscript 1 denotes the first-order (and beyond) corrections to the consti-

tutive relations. In the notation® of [4], the first-order derivative corrections are then

given by
5 5 5
5:6+Z£nsn, P:p+27rnsn, S:p—,uq)p@—l—ZOnsn,
n=1 n=1 n=1
(5.32a)
5 5
B = po + Z BiinSn N=n+ Z UnSn s (5.32b)
n=1 n=1
3 3
Q= Ojnpn: T =D Ainbn s (5.32¢)
n=1 n=1
3 3 3
;j_ = Z elnYnM ) Dﬁ = Z plnYnM ) jﬂ = Z /YJ-TLYnM ’ (532d)
n=1 n=1 n=1
2 2
e IR Bl =) B3l (5.32¢)
n=1 n=1
T =—n 0", DY = —riZz". (5.32f)

®Note that, in comparison to [4], we use slightly different definitions of P and S. The final results
will be the same.
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In alignment with the notation of Chapter 2, we will refer to the 46 functions
{en, Tns Oy Bl Vns Oy Vins O 1ms Pins Yins Tns Bins s 7} of (T, 1, pie) as “transport pa-
rameters”. Those quantities amongst them which have Kubo formulae may be pro-
moted to the more distinguished status of physical transport coefficients. The trans-
verse shear viscosity 1, and the longitudinal resistivity r| are two examples of genuine
physical transport coefficients.

There are far more transport parameters in dAMHD than in the case of a U(1)
charged fluid. We would like to identify which (combinations of) parameters are
physical transport coefficients. The first step in this process is to identify frame-

invariant quantities. Let us consider an arbitrary first-order frame redefinition

T =T =T+0T, p—w=pn+0u, pe— e =pao+ 0l

(5.33)
ut — ut = w4 oy bt +oul), WM — B = RF 4 St + ORf .

The redefinitions are such that u? = —1, h? = 1, and u-h = 0 are respected up
to second order in derivatives. Since the redefinitions are first order and vanish in

equilibrium, they may be generically decomposed with respect to the basis set (5.20):

5 5 5
0T = Z 5Cll‘8i, (5/Lq> = Z 552‘82', (5]4 = Z 5ci8i s (534&)
i=1 i=1 i=1
3 3 2
Swp =Y 60;p;, o = e,V W =) 5f. Xk (5.34D)
j=1 n=1 m=1

Let us now define the the notation dy; = x;—x; for any transport parameter y;, where
X; denotes the transport parameter in the new hydrodynamic frame. Demanding the
frame-invariance of the one-point functions 7#", J*, J* up to second order, we find

that the transport parameters must transform (defining the notation dx; = x} — x;
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for transport parameter x;) as

Oe Oe Oe ,
5€i = (a—T(SClZ + %552 + %5%) s (Z S {1, . 5}) (535&)
([ Op dp dp
om; = (aTcSaZ + 8;@@552 + apéq) , (5.35b)
d(p — M¢P<1>) d(p — ,UCDPCP) o(p — paps)
oo; = | ———ba; + ————2L0b; + ———L ¢ .
o; ( 5T a; + Ohia b, + i G, (5.35¢)
Ips Ips Ips
[ 2254, , A 35d
5ﬁ||l ( T oa; + 8;@,561 + m oc; |, (5 35 )
on on on
59”]- = (6 +p+uq>pq>) 5Dj, 5’)/“j = n50j, (] € {1,...,3}) (5.35f)
001, = (e+p)de,, Oy, =nde,, dpi,=psde,, (ne{l, .., 3} (5.35g)
0Tm = —papedfm, Bim = padfm, (m € {1,2}). (5.35h)

The transport parameters for the tensors (., 7)) are invariant under frame transfor-

mations. From these transport parameters, we can form 23 frame-invariant quantities:

%, 9 %,
fmm (a_p) - (a—p) B — (a—p) u, (5.362)
/7 (pam) P2/ (en) "/ (epa)
gi = 0 — (8(}9 - M@P@)) o (8(]) - M<1>pq>)) B
o Oe (onm) 0o Jem)
_ (M) U (5.36b)
on (e:0a)
n Do
hi=v— | ———————— ) 05, kp = pin— 0., .
i = <€+p_ﬂ¢pé> 15> pL <€+p> i (5.36¢)
n
b = Yin — (E) Oln, M =T+ paBim (5.36d)
"L, T - (5.36e)

Let us now define an equivalent of the Landau frame for dMHD. Note by looking
at the redefinitions (5.33) that there are three scalar parameters, one pseudoscalar
parameter, one vector parameter, and one pseudovector parameter. The redefinition
freedom may therefore be used to set three scalar corrections, one pseudoscalar cor-

rection, one vector correction, and one pseudovector correction to the perfect-fluid
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constitutive relations to zero. We define the Landau frame as
526, B”:pq;, N:n, Q”: i:Bi:O. (5.37)

The constitutive relations are then given by

5 5
T = eutu” + (p + Z fz&) A (p — Paie + Zgi3i> h*h”

i=1 =1

2

+2 Z My SEHY) — ) ot (5.38a)
m=1
3
T = 2peul ! + 23 "k VIR — 21 (5.38b)
n=1
3 3
JH = nut + Z h;p;h* + ZﬁnVn’* . (5.38c)
j=1 n=1

There are now 23 parameters in the theory. As in Section 2.2, we can go further
by once again applying the ideal-order equations of motion. There are three scalar
equations of motion (v, V,T" =0, h,V,J* =0, and V,J* = 0), two pseudoscalar
equations of motion (h,V,T" = 0 and «,V,J* = 0), one vector equation of mo-
tion (A7, V,T" = 0), and one pseudovector equation of motion (A{,V,J* = 0).
We choose to eliminate s1, s3, 85, p1, p2, Vo', and 35. After applying the equations of

motion, we can write

T = eu'n” + (p — popo — (51 — Cx (52 — s4)) B*RY + (p — Cs2 — (52 — s4)) ALY

— 2SR — ot (5.39a)
T = 2peul b — 2 YR — 25" YR — 2 (5.39b)
JH = nut — (0'Hp3) ht — 5'}/1“ - O'LYESM . (539(3)

Due to their complexity, the expressions for the transport coefficients above in terms
of the frame invariants (5.36) are not reproduced here; they may be straightforwardly
(albeit tediously) obtained by applying the ideal-order equations of motion to the con-
stitutive relations (5.38). Now, let us consider the following “canonical” formulation

for the entropy current: [126]

Hae H
W=ppt —-THp, — —J"h, — =J". 4
St =pp B TJ TJ (5.40)
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The divergence of the entropy current can then be shown (via an application of the

equations of motion) to be
V.S = —TV,53, — V, (‘%) Jh, —V, (%) T+ 0(0?) (5.41)

where the subscript 1 refers to the O (0) contributions to the conserved currents.
Inserting the constitutive relations (5.39) and demanding the non-negativity of the
divergence of the entropy current in an analogous manner to Chapter 2, we find ten

inequality-type conditions. There are also two Onsager relations: [126, 4]

(x=¢, =0, (5.42a)
n =0, n.=>0, oy =20, r =0, (5.42b)
(>0, >0, >, (5.42c)
o1 >0, 1.>0, oyr >5°. (5.42d)

After fixing a frame, applying the ideal-order equations of motion, and obtaining
Onsager relations between the parameters (see Appendix B for details on Onsager
relations), the number of independent transport coefficients has dropped from 46
to 23 to 10. With the constitutive relations (5.39) in hand, let us discuss dispersion
relations. We once again consider perturbations of the form (5.24). We will investigate
the diffusion-magnetosonic channel and the Alfvén channel separately”. Since the
diffusion-magnetosonic channel is more complicated than the Alfvén channel, we will
consider that channel only in broad strokes. Once again, we only take into account

the dynamical equations.

Alfvén channel. The Alfvén channel has two hydrodynamic modes, as before. The

spectral curve can be written

Faiven(w, k, 0) = w? + ik? (sin2(9) ( L + 7",1@70) + cos2(6) ( Yl 4 TLNCD,O)) "

Do + €o Po.0 Do + €o Pd,0

J22:X1) 4 4 4
— " k*lcost(O)r + sin”*(0)r 5.43
Ry { (@)rom (@)rym. (5.43)

+ sin®() cos*(8) (rymy + mru)} — V3 cos?(0)k?.

6The parameter ¢ was missing in previous formulations of AMHD; it was first written down in [4].
"Recall that the spectral curve factorizes to all orders due to the discrete symmetries we impose.
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The dispersion relations for these modes, w4, are given in the limit of small k£ by

wq = V4 cos(0)k — % (T a1 sin®(6) + Taz cos®(0)) k> + O (k) (5.44)
where
r r
T, = as i ||/L<1>,o, = Yl n LHo0 (5.45)
Do + €o Po.,0 Po + € Po.,0

Note that w4 is a function of both k£ and 6. The dispersion relations above were given
in the limit of k£ < 1 for arbitrary . In particular, setting § = 7/2 in the dispersion
relation (5.44) yields

Cfme | TiHe ) o "
wp=—7|—+— |+ O (k). 5.46

! 2 (P +te  pe > () (548)
Both modes are identical. Let us now instead reverse the ordering, and first set
0 = 7/2 in equation (5.43). We then solve for w in the limit of small &, and find that

the two modes differ:

Mp>4cwﬁ)ﬁ+owﬂ,wmzq(—@—>ﬁ+ow5. (5.47)
P®,0 Do + €o

We see therefore that there is a non-commutativity between the k& — 0 limit, and the
0 — 7/2 limit [41, 134, 135]. While this non-commutativity may appear surprising at
first glance, another way to think about the limits involved may prove more enlight-
ening. The background magnetic field was fixed to point in the z-direction. There
are therefore two scalars one can form with respect to the SO(2) symmetry of the

background equilibrium state as well as P:
K2,k = kiky (69— 5i8)) .

In the above, we used the SO(2) symmetry to fix k; to lie in the xz-plane. The
two scalars k% and k% may be independently taken to zero; the two limits are not
necessarily commutative, and this is indeed what we find in this case.

The natural follow-up question is: why do the two limits not commute? This may
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be answered by considering the full solution to the equation Fapen = 0:
A ul ) s 1 (7’||M<1>,0 un ) )
wqp = —— + kD — = + k;
2 ( pao  (Po+e€o) 2\ pao  (po+t€o)

. 2
+ t (k:?c (7”||,uc1>,0 B nL ) i kg (M/hb,o _ Uil )) _ 4Vikz§.
2 Po.0 (po + €0) P30 (po + €o)

We see that the solution has a square root, and therefore a branch point when the

(5.48)

discriminant is zero. The branch point sets the radius of convergence of the small-
|k| expansion. In Figure 5.1, the imaginary part of the full solution (5.48) has been
plotted for varying values of #; one can visually see that as § — 7/2, the radius
of convergence of the small-|k| expansion goes to zero. We also note that in the
fine-tuned case where

T|He,0 yn

— 5.49
Po.0 (po + €0) ( )

the non-commutativity vanishes, and the radius of convergence goes to infinity at
0 = m/2. As the values of the transport coefficients are microscopically determined,
we should expect such an equivalence to only hold if there were secretly an underlying
symmetry to make it so. There is, to the best of my knowledge, no reason to think
such a symmetry exists.

Finally, it should come as no surprise at this point that the Alfvén channel in
Landau frame in acausal. It inherits all of the issues that the Landau frame has in
the regular U(1) charged fluid of Chapter 2. Just as in that case, there are a number
of ways to resolve the acausality. We will only consider the BDNK formulation here,

though one can also write down an MIS-type formulation of one-form MHD.

Diffusion-magnetosonic channel. The diffusion-magnetosonic channel in Lan-
dau frame has six hydrodynamic modes, as before. One of these is the “spurious
mode” wy = 0, which remains identically zero. Another is the diffusion mode wy,
which is now of the form

wg = —ilgk* + O (k') , (5.50)

where I, > 0 is a (complicated) function of the transport coefficients and the ther-
modynamic quantities in the theory. The remaining four modes are the magnetosonic

modes, and are given by

Wns = £Vik — T4 k* £ O (K°) | (5.51)
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Im() vs |q| (6 = 0) Im(ew) vs |q| (8 = 0.7854)

Im(w) vs |q| (6 =1.047) Im(w) vs |q| (6 = 1.5708)
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Figure 5.1: The imaginary parts of the solutions (5.48) with n/(p +€) = 2T,

ripio/pe =T, rypa/pe =T, ni/(p+€) = 3T, and V4 = 1/V/3 for 6 € {0,%, %, 2}
As 0 — 7/2, the branch point of the solution at ¢, goes towards zero. We plot the
unitless quantities w = w/T and |q| = |k|/T.

where the I'y > 0 are again complicated functions of the transport coefficients and
the thermodynamic quantities in the theory. The diffusive coefficients I'y, I'y must be
positive to ensure stability. Just like the Alfvén channel, the diffusion-magnetosonic
channel is also acausal, and therefore unstable after boosting. To rectify this, we
consider the BDNK theory of one-form MHD.

5.1.2 BDNK

The BDNK theory for one-form MHD was originally written down in [132]. It was
later extended to include the mass current in my paper [4]; there, it was also shown
that both the original BDNK dMHD and the extended version with the mass current
enjoyed the equivalence between linear and non-linear causality discussed in Chap-
ter 3.2. In the case of dMHD, the constitutive relations for the BDNK formulation
are given by equation (5.32). Of the forty-six parameters, only ten are physical; the
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remaining thirty-six act as regulators in the theory to ensure stability and causality.
Let us once again consider plane-wave perturbations about the equilibrium state as
in equations (5.24). The spectral curve again factorizes into the Alfvén channel and

the diffusion-magnetosonic channel; we will briefly consider each in turn.

Alfvén channel. In the Alfvén channel, there are now two hydrodynamic modes,
and two non-hydrodynamic (gapped) modes. In the limit of small &, they are given
by

wa = £V4cos(0)k — % (T a1 sin?(6) + Caz cos®(0)) k> + O (k) , (5.52a)
w=— (p”q’) +OR), w= (p‘”) +0 (K, (5.52b)
012 B2
where V4, I'41, and ' 4o are as before. Stability of the gaps leads to the demands
Pt P20 (5.53)
019 B2

It is clear then the issue with Landau frame — it sets both 6 5 and (3,5 to zero. This is
completely analogous to how the Landau frame in regular charged hydro set 6, = 0,
which killed the non-hydrodynamic mode in the shear sector. Let us move on to
causality. Thanks to the presence of the two non-hydrodynamic modes, one can show
that the third causality condition of (2.94) is satisfied. In the limit of large k, the
dispersion relations are linear (as desired), w ~ ck. The solutions for ¢ are given by

the roots of the biquadratic
Paitven(c®) = (=B12b12) ' +ac® + b =0, (5.54)
where

a= Tio (BL10 11100 + 0120110000 — 01112000 — Tofrom + Ty (Bi1 — pi2) T2) cos(6)?
+ (Brans — ryfiaps) sin(6)?, (5.55a)

Z; (=ryTo + pi1 + (ryTo + pr1) cos(260)) (—nL + 71 + (nL + 1) cos(26)) .
(5.55Db)
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One can ensure the causality of the Alfvén channel by applying a sequence of criteria
to the polynomial (5.54). Firstly, we can use the Schur-Cohn criterion (refer to
Chapter 3.1 for a reminder) to ensure that the roots in ¢? lie in the open unit disk
in the complex plane. Next, we can enforce reality of the roots by enforcing that
the discriminant of (5.54) in ¢? is positive. Finally, we can ensure that 0 < ¢ <
1 by imposing the Routh-Hurwitz criterion (refer back to Chapter 3.1 as well) on
Prtven(—c?). As the RH-criterion forces roots to lie in the left-hand complex plane,
this condition forces roots in ¢? to lie in the right-hand complex plane.

After applying these constraints, sufficient causality conditions are given by [132]

.
01, =——— or B =Topia, (5.56a)
J22:X0)
71 nL
1012011 — —Bro+pum1 >0, mnL —Torfie + —pB12>0, (5.56b)
Ha,0 Ha,0
L +nipir + 1+ pn <0. (5.56¢)

These conditions are not empty.

Diffusion-magnetosonic channel. With the inclusion of all the transport param-
eters, the spectral curve of the diffusion-magnetosonic channel becomes an order-12
polynomial in w which satisfies the third condition of (2.94). In the limit of small-%,

there are the six previously discussed hydrodynamic modes:
wo=0, wy=—Lk>+0 k"), ws==2Vik—ilsk>+0 (k). (5.57)

In addition to these modes, there are six non-hydrodynamic modes. Three of them

are straightforward to write down in the small-%£ limit:

w:—(p0+60>+0(k2)7 wzi(@)w(ﬁ)’
B

012

. [ Po+ €0 — Ha0P3,0 9
- _ ’ k?) .
¢ Z( 011+ 0)2 >+O( )

(5.58)

Two of these modes have the same k& — 0 limit as the non-hydrodynamic modes
of the Alfvén channel. The reason for this is that in the limit £ — 0, the SO(2)
symmetry is restored, and a second factor of the Alfvén channel factors out of the

diffusion-magnetosonic channel. The remaining three non-hydrodynamic modes are
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given at leading order in small k by the roots of

dea 0o de (e1=e5)To—esp & £
0To  Opao  Ouwo ( T)02 Ho To
_ Opao  9pao  Opa,0 . Bi1—Bys)To—Byako By
P 39(“) = det dTo  Opso  Omo + (—iw T2 Ho
Ong  Ong  Ong (v1—v5)To—v3pg s v3
87’0 BHCD,O 8“’0 T02 Ko To

~—

= a(—iw)® 4+ b (—iw)* + ¢ (—iw) + d, (5.59)

where a, b, ¢, d are functions of both the transport parameters and the thermodynamic
parameters of the equilibrium state. Imposing the Routh-Hurwitz criteria on the
polynomial Ps,(iA) for variable A = —iw, we find that the modes are stable so long

as (see Appendix C)
a>0, b>0, d>0, bc—ad>0. (5.60)

Let us now consider the large-k limit. Due to the third condition of (2.94) being
satisfied, in this limit all of the modes must go as w ~ ck (allowing for the case that

¢ = 0). The controlling equation for the phase velocity c is then given by
P Py_ms(c®) = 0. (5.61)

In addition to the spurious mode wy, there is another mode which is non-propagating
in the limit of large k. This is one of the modes in the cubic gap (5.59). We will also
refer to this mode as a “spurious mode” for reasons that will soon become apparent.
The remaining ten modes are controlled by Py_,s(c?), which is a quintic polynomial in
c2. There exists a particular hydrodynamic frame, which we refer to as the “decoupled
frame” in analogy to [5], in which the diffusion mode factors out of Py_,s. This frame
is given by

eg3=0p=0)3=03=m3=03=p13=pF3=0. (5.62)

If one chooses to put the equations into the decoupled frame, the controlling equation

factorizes according to

0 .
Py_ms(c®) = (027/3pc1>,0 + < ;E’O Toy)2 + 73Pq>,o> cos?(0) + V.L3pp,0 sin® 9) Pos(c?),
0
(5.63)
where Pys(c?) is a quartic polynomial in ¢®. One can demand the causality of the

modes in the same manner as in the Alfvén channel, recalling that positivity of
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the roots for a polynomial with real coefficients requires more than positivity of the
discriminant for polynomials of order n > 4.

We now circle back to the two non-propagating modes, which we referred to

s “spurious”. The reason for the name is that the modes are removed from the

spectrum entirely once the constraint equation 9,.J*° = 0 is fully taken into account.

Let us momentarily return to ideal order. The ideal-order constraint may be solved

by writing the perturbations in the form [4]

0 0
10 = 220500, ky), O = LB, k), 6T = 2200 cos(B)ox (w, ky).

0Ty 0Ty 0Ty
9pa.,0 0pa o .

0T = — ) ki) — =0 ki) — 0)o k:
8,U<I>,0 ¢(w’ J) 3uo w(“” J) P20 Sm( ) X(w> J)?

(5.64)

with the remaining perturbations still independent, and d¢, d1, and dy being some
new degrees of freedom. On this solution, the spurious mode wy vanishes from the
spectral curve even at ideal order.

The solution (5.64) to the ideal-order constraint equations will also be a solution
to the first-order constraint equations (recall that the constraint equation receives vis-
cous corrections) in the following hydrodynamic frame which we term the “constraint

frame”:

D Tt 8p¢
B =B, Biz= B, Biz= =2 05||4> Bis = 5
Po.0 P@,O pq»,o Ko

Bi1 =B, Bi2= Pja-
(5.65)

In this frame, introducing the solution (5.64) leads to both of the “spurious modes”
vanishing from the spectral curve entirely. The other modes are not affected. If the
hydrodynamic frame (5.65) is used without introducing the solution (5.64), then the
spurious modes do not vanish from the spectrum; however, they do factorize out of
the spectral curve. We note here that the constraint frame (5.65) and the decoupled
frame (5.62) introduced above are not consistent with one another unless 34 = 0.
We have not applied the constraint (5.64) in the analysis above for a simple reason
— we would like to be able to apply the equivalence discussed in Chapter 3.2, and it is
more straightforward to do so if one does not take the constraint equation into account

directly. Neglecting a constraint is, however, very unsatisfying. Various means of
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handling constraint equations on an operational level exist in the literature such as
“divergence cleaning” [136] and the CCZ4 formulation of general relativity [13]; the
situation with regard to including constraint equations in the non-linear causality
analysis is murkier. We will not attempt to tackle the subject here.

Finally, speaking of the equivalence, we can note that the spectral curve of the
system is of the form (3.41) with ¢ = 1. This is convenient, as it means that the
equations are amenable to the equivalence between linear and non-linear causality,
and the causality constraints in the linearized theory (e.g. (5.56)) can be promoted
to constraints which ensure the non-linear causality of the equations. It is somewhat
surprising, however, that ¢ = 1; there are two “spurious” modes in the spectrum
which appear non-propagating in the rest frame. However, upon boosting, one of
the modes remains non-propagating, and the other propagates along with the fluid

velocity. In other words, the characteristic equation is given by

Q = (n-§) (u§) Q =0, (5.66)

where Q is a Lorentz scalar. Since u-{ is a Lorentz-invariant factor, it does not
contribute to the non-invariance of the characteristic equation.

With our investigation of a causal theory of one-form magnetohydrodynamics
complete, let us now move on to the second extension to BDNK hydrodynamics that

we will consider in this dissertation: relativistic superfluids.

5.2 Superfluids

Superfluids describe thermal matter in a spontaneously broken phase, where an op-
erator has acquired a thermal expectation value and a collective massless degree of
freedom (a Goldstone boson) has subsequently emerged. The prototypical example
of a superfluid in a non-relativistic context is that of liquid helium, where the spon-
taneous breaking of a U(1) symmetry (specifically, particle number) at the lambda
point (~ 2.17K for He-4) gives rise to a superfluid.

Superfluids were first discovered experimentally in He-4 by Kapitza [137], as well
as by Allen and Misener [138]. Almost immediately thereafter, an explanation was
put forward by Tisza [139, 140, 141, 142] in a series of papers, which postulated
that superfluids could be thought of as two fluids coexisting independently on top of

one another, with independent flows. This model was put on more rigorous footing
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by Landau three years later in 1941 [143, 144], explaining superfluidity in terms of
collective excitations, rather than individual atoms. Landau emphasized that one
should not literally consider two fluids on top of one another; rather, the effective
description of the flow is that of two fluids. It was also at that time that Landau
proposed what would come to be called the Landau criterion, whereby if the relative
velocity between the superfluid and normal components grows too large, superfluidity
begins to decay. The cores of neutron stars have also been postulated to be super-
fluidic in nature [145, 146, 147]. The non-relativistic theory is discussed in e.g. [11];
for an interesting history of the discovery of the theory, one may refer to [148]. The
relativistic theory has been worked on by many [149, 150], in particular Carter [151]
for the viscous theory. The modern formulation of the viscous theory of relativis-
tic superfluid hydrodynamics was written down in [152, 153, 154]. In this section,
we will consider the causal theory of relativistic, viscous superfluid hydrodynamics,
which was first written down in my paper [3].

We will consider an equilibrium state in which an operator which is charged under
a global U(1) symmetry gains an thermal expectation value. We denote the phase of
this expectation value by ¢. This dynamical variable characterizes the equilibrium

state along with the usual temperature, chemical potential®, and fluid velocity.

5.2.1 Thermodynamics

To begin with, let us describe the equilibrium state via the use of the generating
functional. The conserved quantities in the theory are the stress-energy tensor and
the U(1) charge current?. There is also the Goldstone boson ¢, which is dynamical.
Therefore, we will couple the fluid to a background metric g, and background U(1)
gauge field A,,, such that

Wig, A, ¢] = / I/ G F (9, Ay ). (5.67)

8There is some subtlety in how to think about the chemical potential in terms of the transition
from the unbroken phase to the broken phase. We will consider here systems sufficiently far enough
away from the critical point so as to not worry about the transition. In addition, this also means we
consider systems which are well-separated enough from the critical point to neglect the dynamics of
the so-called “amplitude mode”[155, 156], the gapped mode describing the (massive) fluctuations of
the radial part of the operator.

9We consider here only zero-form U(1) symmetries.
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Even though ¢ is dynamical and not a background field, we will imprecisely refer
to the collection {g, A, p} as “source fields”. Arbitrary variation of the generating

functional gives
1
dWlg, A, p] = /dd“x\/—g [ﬁT’“’égW + JHOA, + Edp| . (5.68)

The symmetries of the theory with the background sources (g, A) turned on are
diffeomorphisms and a U(1) gauge symmetry; with the background sources (g, A)
turned off, these reduce to the (physical) spacetime symmetries and global U(1)
symmetry. Under diffeomorphisms generated by a parameter y, and U(1l) gauge

transformations generated by a gauge parameter \, the source fields transform as

G = G = G+ Ex Gy, Ay = A, = A+ LA F N, o=@ =p+ Lo+

(5.69)
i.e. o transforms like a phase. Demanding that variations of the generating functional
vanish under diffeomorphisms and gauge transformations respectively, we find the

conservation equations to be
v, T" =F?*], V,J'=FE. (5.70)

The equation for ¢ is £ = 0; therefore, the equilibrium equation of motion for ¢ is
V,J* = 0.

Now, we wish to impose that the fluid is in an equilibrium state, and so let us once
again repeat the procedure of Section 2.2. Let us introduce a timelike Killing vector
K*", and a U(1) gauge parameter A which transforms as A — A" = A — £x\ under
a U(1) gauge transformation. We may then demand the following gauge-invariant

equilibrium conditions:
£Kg/ux:07 £KA#+8HA:0, £KQO+A:0 (571)

Let us now define the thermodynamic parameters that we use to parametrize the
equation of state. First of all, we can define the temperature, chemical potential, and

fluid velocity:
T KFrA, + A K"

T = \/?[(2’ = ——==, U,u = . (572)

K2 — K2

Next, while we could parametrize the equation of state via ¢ directly, it is a bit
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inconvenient to do so. After all, ¢ is not a gauge-invariant quantity. Let us therefore

instead work with the following gauge-invariant parameter:
§u=—0up+ A, (5.73)

It follows immediately from this definition that V,§, — V,§, = F,, . We note that
&, has a microscopic definition in terms of the Goldstone boson ¢. Therefore, in the
following, we will take £, to stand on the same footing as T and J*. In terms
of derivative counting, we take &, ~ O (1); therefore, ¢ ~ O (07'). The vector &~
is called the “superfluid velocity”, in connection with the Landau-Tisza two-fluid

formulation. It also follows directly from the definition of , in equation (5.73) that

utE, = . (5.74)

The chemical potential y is then (in the rest frame) the time-component of &,, rather
than an independent variable. The relationship (5.74) is called the Josephson equa-

tion. The superfluid velocity may be decomposed with respect to u, to yield

§p=—Huy+ G (5.75)

The new parameter ¢, = A "¢, is the transverse superfluid velocity, or the relative
superfluid velocity. The equilibrium state of the superfluid may then be characterized
by T, p, u*, and (*. At zeroth order in the derivative expansion, the generating

functional is given by
Wig, A, o] = / /=g (p(T, 1, ) + O () . (5.76)

where p is the isotropic pressure, ( = \/W Let us supplement this generating
functional with the Gibbs-Duhem relation dp = sdT + pdu + pd(, where s is the
entropy density, p is the total U(1) charge density (comprising both the normal and
superfluid components), and p is the flux density for the superfluid component. Vary-

ing the generating functional leads to the following equilibrium constitutive relations
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at zeroth-order in the derivative expansion.

TH = eulu” + E2"2" + pAYY + 2uput2”) | (5.77a)
Jt = put + p2", (5.77b)
g,u = Uy + C,u ) (577C)

where z# = (#/( is the unit vector in the direction of ¢, A" = ufu” + g — z+z¥
is the projector perpendicular to both u* and z*, as in the case of AMHD. We also
find e = —p+ sT + pu, € = p — (p, where € is the total energy density, and € is
the anisotropic contribution to the pressure in the z* direction due to the superfluid
velocity. Turning off the background gauge field, the equations of motion are the

conservations equations and the (definitional) antisymmetric equation for &,:
vV, ™ =0, vV, Jh=0, 2V6 = 0. (5.78)

Let us now account for which one-derivative quantities vanish in equilibrium. We are
interested in a superfluid for which the equilibrium state respects P and T'. With

some work, we find that the following scalars

§1 = uavaT, s =u*V, <ﬁ> , s3=u"V, (Q) , S4= 2"V, <ﬁ> )

T T T T
V.T 1 )
S5 = 2¢ ( - + aa) , s¢ = Vyut, s7= zo‘zﬁva%, = TdilAO"BVa (%) ,
(5.79)
vectors,
v (VT v 7
= ()= arv ()
VI =202V, V=AY (b Vaz, + 2 V), (5.80)
v ¢ L ¢ (V,T
‘/5“ = A/j_ |:VV (T + T (UAV)\ZV + ZAV)\UV) + T T — Z)‘v,\z,, R
and tensor 5
ot = (A’f“Ajﬁ + AP A ﬁAﬁ”Aiﬁ) Vatig, (5.81)

vanish in equilibrium. Of these, the vanishing of s;_7, VI ,, and ¢/ were obtained

from the conditions (5.71), while sg is the Goldstone equation of motion V,J* = 0,
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Quantity | T | p | u* | u, | E* | & | 2" | 20 | C P € € siplp
w 111 |-1}2 (0|1 |-1|1|d+1|d+1|d+1|d|d|d

Table 5.1: A table for the Weyl weights of many of the thermodynamic quantities
appearing in this section. A quantity is said to transform with a Weyl weight w if it
transforms as O — e*?O under the Weyl transformation g,,, — e=*%g,,,. Reproduced
from [3].

and VZ* can be obtained from the demand (which must hold in equilibrium) that
AT (V& = V&) = 0. (5.82)

In the following, we will be restricting ourselves to conformal superfluids for the
sake of simplicity. We therefore must impose the additional condition that under a
Weyl transformation of the background metric g,, — g, = e *%g,,, the vanishing
scalars, vectors, and tensors transform homogeneously. For a list of how all of the
hydrodynamic variables transform under a Weyl transformation, refer to Table 5.1.

In particular, s1, s4, and s5 do not transform covariantly, and so we must work with
covariant linear combinations of these scalars. The set of scalars for the conformal

theory are given by [3]
S1 Esl+c_lsﬁ’ Sp = S2, S3 =83, S4= 84,
1

S5 = S5, S¢ =87 — =S¢, St = Sg.

d

(5.83)

All of the scalars (5.83) transform with Weyl weight w = 1. The vectors are the same
as (5.80), and transform with Weyl weight w = 2. Finally, the transverse traceless
tensor o/ is also the same as (5.81), and transforms with Weyl weight w = 3.
With these “building blocks” in hand, we are now in a position to write down the

constitutive relations for a conformal relativistic superfluid.

5.2.2 Constitutive relations

The constitutive relations for the superfluid relate the stress-energy tensor T+, the
charge current J*, and the superfluid velocity &* to the parameters characterizing
the equilibrium state: the temperature 7', the fluid velocity w*, the U(1) chemical
potential i, and the transverse superfluid velocity ¢,. Now, let us consider taking the

fluid slightly out of equilibrium. Then the equilibrium description is no longer valid;
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nevertheless, we may still use the fields T'(x), p(x), v (x), (,(x) to characterize the
system. In equilibrium, these variables reduce to their equilibrium values.

We may decompose the stress-energy tensor, charge current, and superfluid veloc-
ity with respect to u* and z* = (*/(. Then

TH = Eulu” + V2lz" + PAY 4 2Uu¥2) 4+ 2QWy”) + 2RW2Y) + TH | (5.84a)
JH = Nut + S+ T+, (5.84b)
&= —-Mut+ Z2M 4+ XM (5.84c¢)

where the negative sign in front of M is a matter of definition. The curly variables

are given by

1
¥ 1T‘“’Aiw = —T"u,z,,

N=—-Ju,, S=J'z, M=ul, Z=¢.:2",
* =A% uT", RY=AT,2T", J%= AT, XY= AT,

E=TMuu, V=T"2,2,, P=
(5.84d)

v 1 167 14 ro 2 174 «
T =3 (A’i AP 4 ARP AT T AY Af) Top -
In a conformal theory, the stress-energy tensor must be traceless. This leads to the

relation

V=E—(d-1)P. (5.85)

With the general form of the constitutive relations set, let us now investigate the

theory at zeroth and first order in the derivative expansion.

Ideal order

In the following, we neglect subscripts on derivatives, and assume we work in a basis
of T, u, ¢. At ideal order, the constitutive relations are that of equilibrium, but
with variables promoted to slowly varying functions of spacetime. In terms of the

decomposition (5.84), the constitutive relations are given by

E=¢, V=¢ P=p U=pp, N=n, M=y Z=¢,

(5.86)
Q=R =T =8 =7J"=X"=0.
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In a conformal theory, equation (5.85) then becomes
E=e—(d—1)p, (5.87)

an expression which also follows from the conformal equation of state

B p G
p=aT*f (T’ f> . (5.88)

Let us now consider the equations of motion. Inserting the ideal-order constitutive
relations (5.77) into the equations of motion (5.78), there are four scalar equations,

and three vector equations [3]. The scalar equations are given by

0 0
UVVMT“V =0 = (d + 1) €S + T—ESQ + T—633 + TﬁS4 + 21085

ol ¢
—(psg+ puT%; =0, (5.89a)
. N op ap

NI =0 = (d+ 1) pupsy + T — s T—s

2wV (d+1) pups; + (p+uaﬂ) 2+ 15088
+ Tpsy + (€ + &) S5 + pupss — CT%; =0, (5.89b)
VMJM =0 = dp81 + TS—ZSQ + Tg—gs;g + ﬁ35 + TdS7 =0, (5890)
ut'z¥ (auf,, - 8,,{’“) =0 = (S + 7153 —T1TS4 — uSs + (s =0, (589d)

while the vector equations are given by

ALV I =0 = (p+e) VI'+TpVy + TpVy =0, (5.90a)
A (0,8, — 0,€,) =0 = pV' + TV = (VI =0, (5.90b)
A2 (0,6 — 0,8,) =0 = pV =TV} =0. (5.90¢)

Note that V{* does not appear in these equations, nor does o#*.

We now restrict ourselves to d = 3. We would like to consider linearized pertur-
bations about equilibrium, to understand the mode structure present in the theory.
In order to do so, there is one detail we must first consider. Of the 11 independent
equations in (5.78), only 8 are dynamical. The remaining 3 equations are constraint
equations. Unlike in the case of one-form MHD, we will here take the constraint equa-
tions into account; the followup to this is that we will not compare to the non-linear

causality constraints.
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With this in mind, let us consider perturbations about the rest frame u* = 4§

with ¢, aligned along the z-axis. In other words, we consider

T(w) = To -+ 6T )7 pfa) = o + Sy, K)e

it ik zd o 5.91
w () = 6 + du(w, k)e @R ci(g) = (oot + 6CH (w, k)e R (5.91)

We demand that u* = —1 and u#(, = 0 hold to quadratic order in the perturbations,
as well as demanding that the constraint equations (5.90c) are satisfied. This allows

us to further decompose the perturbations to v and (* as

out(w, k) = oLouy(w, k) + ouf (w, k), (5.92a)
5CH = Codtduy(w, k) + podul; (w, k) + 5 (w, k)k* | (5.92b)

where du = du?, dul = AW Su,, and k* = 5%k /|k| is a vector pointing in the direc-
tion of the wave vector. There are only 3 components to du*, and only 1 component to
0C*. That the perturbations to (* have only one independent component is reflective
of the true underlying degree of freedom, i.e. the Goldstone boson.

Let us now briefly enumerate the modes that appear in the spectral curve. We will
only express the modes schematically. There are six hydrodynamic modes, four of
which are propagating. Two of these are the sounds modes in the normal component
of the fluid, with speed vy; the other is the so-called “second sound” with speed v,,
which describe the propagation of entropy in the fluid.1° Finally, there is a shear mode,

and a charge diffusion mode, both of which are zero at ideal order. Schematically,
ws = £k, wy=xwk, w,=0, w,=0. (5.93)

The expressions for v, vy are fairly complex at arbitrary ¢, and so we do not reproduce

them here. Let us now turn to the first-order result.

0Tn [157], an interesting observation was made that the Landau criterion, i.e. the condition that
the transverse superfluid velocity not grow too large, could be observed in relativistic superfluid
hydrodynamics. Specifically, when the transverse superfluid velocity grows large enough, one of the
elements of the static susceptibility matrix y,; diverges, and then becomes negative. This leads
directly to a hydrodynamic instability, with one of the sound modes moving into the upper-half
complex plane. While we will not make use of this result here, it would be interesting to investigate
this instability further.
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First order

At first order, there are two types of corrections that can appear in the constitutive
relations — hydrostatic corrections which come from the generating functional, and
non-hydrostatic corrections. For a conformal superfluid which respects parity and
time-reversal symmetry of the equilibrium state, there are no first-order scalars that
one can construct which are non-vanishing in equilibrium [3]. Therefore, the only
contributions to the constitutive relations at first order are non-hydrostatic contribu-
tions, which may be written down in terms of the first-order data that vanishes in
equilibrium.

With this in mind, the constitutive relations to first order in derivatives are given

in terms of the decomposition (5.84) by!!

7 7
E =€+ eusn, V=¢+) (en—(d—1)m)s,, (5.94a)
n=1 n=1
7 7
U =pp+ Z OnSn, N =n+ Z UnSn, (5.94b)
n=1 n=1
7 7
S = AiSu. P =p+Y Tusn, (5.94c)
n=1 n=1
7 7
M=p+> s,  Z=C+Y Pusa, (5.94d)
n=1 n=1
5 5
Q" => 0,V R =D oVl (5.94¢)
n=1 n=1
5 5
X =gV, T =YV, (5.94f)
n=1 n=1
TH = —nok”. (5.94g)

Looking at the above constitutive relations for a conformal superfluid, we see that
there are seventy!? transport parameters {,, T, ©n, Vns Ans Qs B, Ons Ons Yoy Sn ) dwart-
ing even the dMHD case. The difference comes down to symmetry; the magnetic flux
direction h* was a pseudovector, while the transverse fluid velocity ¢* is a regular

vector. We will now attempt to determine the physical transport coefficients. Let us

"The transport parameters ,, and the Goldstone ¢ are unrelated.
12This is after applying conformal symmetry; a non-conformal superfluid has eighty-five transport
parameters.
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begin by considering the following frame transformations:

T—T =T+0T, p—p =p+ou,
u™ = vt + out = ut + duy 2t + oul) (5.95)
¢t — "=+ 6¢H = "+ Couyut 4 6¢Y
where the perturbations are all O (9), and the perturbations du/| and 0¢/ lie in the

plane transverse to both u* and (*. For future convenience, we can write down the

transformations of ¢ and z* as
1
(= =C+0(, 2M—P =241 =21+ oyt + Z(Sfﬁ . (5.96)

In (5.96), we assume ¢ # 0 (as otherwise the unit vector z# is not well-defined). With
these transformations, the transformation of the scalar viscous corrections 0 = £ —&

etc. for a generic (i.e. not necessarily conformal) superfluid are given by

Oe Oe
o€ = —8—T§T - 8_6 8C6C — 2ppouy (5.97a)
0€ 8(—: _
_ Op 019
0P = (‘)TCST o op 3C6C (5.97¢)
op ap op -
ou = _'u6T5T (p—l—,ua ) o — M(‘?Q(SC (e +€) oy, (5.97d)
_ Op dp
ON = 8T5T o —u C&C pouy , (5.97e)
_0p ap
0S = ﬁéT o —0u Cé( pou (5.97f)
oM = —op + Couy, (5.97g)
0Z = —6C + ,LL(5U|| , (5.97h)

while the transformations of the vector viscous corrections 0Q* = Q'* — QF etc. are

given by

%Mﬁ, ORY = —ppdu; + poc! (5.982)

g(sCﬁ , SX" = psult — 5 (5.98b)

Q" = —(p+e)ou| —

ST = —pou'] —



147

Finally, the tensor contribution is invariant, with 67#” = 0. Using the subscript 1
to denote the first-order viscous contributions, there are four frame-invariant scalar

viscous corrections we can write down. Schematically,

F =V —a& — aN; — a8 — a2, (5.99a)
G =P —bi& —boNy — b3S — by 2y, (5.99Db)
L=U — & — N, —C38) — C 2, (5.99¢)
H=M;—d& —doN; —d3S; —dy 2y . (5.99d)

The coefficients a;,b;, c;,d;, d € {1,..,4} are purely thermodynamic in nature. They
may be obtained in detail by performing the frame transformations (5.97) on the
frame-invariant quantities (5.99). There are also two vector frame invariants we can
form:

(p+f)4+u2ﬁ 2 Tsp P (5.100a)
pwp =+ Cp pp =+ Cp

KH =R+ pxl. (5.100Db)

Lh =9 —

We now fix the hydrodynamic frame to be the “Landau-Lifshitz-Clark-Putterman”
frame (LLCP frame), so called due to its use by Landau and Lifshitz [11], Clark [149],
and Putterman [150]. The LLCP frame is defined by

E =M =8 =2 =J'=X'=0. (5.101)

Let us now consider the conformal case; then V; = —(d—1)P; due to the tracelessness
of the stress-energy tensor. Referring back to the scalar frame invariants (5.99), this

imposes the frame-invariant relation
F=Vi=—Wd-1)P;=—(d-1)G. (5.102)

There are therefore three scalar corrections (G, £, H), two vector corrections (L, CH),
and one tensor correction (7#) for a conformal superfluid in the LLCP frame. These

corrections may be decomposed with respect to the scalars (5.83), vectors (5.80), and
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tensor (5.81) that vanish in equilibrium:

7 7
T = eutu” + (e —(d-1))" gnsn) 22+ (p +> gnsn> AR (5.103a)
n=1

n=1
7 5
+ 2 <,u/3 + Z Ennsn) u(/”zl’) + 2 (Z gj_nvn(ﬂ> ull) + 2 (Z knvn('u) ZV)
n=1 n=1 n=1
- 770-51/ )
U= put + p2t, (5.103b)

7
f,u« = - (,u + Z hnsn> u‘u -+ C’ZH y (5103C)
n=1

where g, £, hn, £1n, and k,, are defined as the coefficients of G, £, H, L, and KH
respectively decomposed with respect to the building blocks. Let us now apply the
ideal-order equations of motion (5.77) and eliminate four scalars and three vectors.
For the scalars, we will choose to eliminate $; 534, leaving just S5 7. Of the vectors
we choose to eliminate V345, leaving only V/* and the mandatory'® choice V. We

may then write the constitutive relations in the form

7

7
T" = eutu” + <€ —(d—1) Z ﬂ'nsn) 22" + (p + Z WnSn) A (5.104a)
n=>5

n=>5
7
+2 (uﬁ +) @nsn> w2 42 (Z e‘nv,fﬂ) u) 4 2 <Z @nvrfﬂ> )
n=>5 n=1,3 n=1,3
- 770—51/ 5
JH = put + pzt (5.104b)

7
€= — (u +> ansn> Uy + (2 s (5.104c)
n=>5

where the barred quantities denote transport coefficients in the LLCP frame. For
details of the relationships between the LLCP transport coefficients, the frame in-
variants, and the seventy transport parameters, the interested reader may refer to
Appendix A of [3].

The canonical entropy current is modified for a superfluid, and is given in the

13Recall that the ideal-order equations of motion do not contain V.
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LLCP frame by

S — syt — %T{{’)’ - %Mlz“, (5.105)

while the divergence is given by
v Uy v 1521/
98" = =T(10, (T) — M;A*9, (7) : (5.106)

Inserting the constitutive relations (5.104), one can find the following Onsager rela-
tions:
dits = —@g, dir=—-T"ag, @7 =T, 63=0:. (5.107)

This brings the number of physical transport coefficients down to ten. These ten
coefficients are further constrained by demanding positivity of entropy production:

- _ - _2 1 ) T =2 d— =

05 <0, mm=>0, ar<0, 75< — P76 M7 < g 60T, #7 < T%gsar,
01 <0, 030, 05<0i85, n>0.

(5.108)

The O (k?) viscous corrections to the modes we previously found may be written down
in terms of the ten parameters {7, g, 77, Ps, P, a7, 01, 03, 03,1}. Additionally, in the
LLCP frame, there are three non-hydrodynamic modes in the spectrum. Unsurpris-
ingly, the LLCP frame is acausal, just like the Landau frames in both dMHD 5.1
and the U(1) charged fluid 2.2. The spectral curve of the theory violates the third
condition of (2.94), with

9=0,F(w,k,0) # O,F(w=ak,kj =s;k,0)=12. (5.109)

Consequently, upon further investigation we find that one mode goes as k2, while

three others go as k*3. All of these clearly indicate acausality.

5.2.3 BDNK theory of superfluids

Let us repeat the linearized analysis of the superfluid in a more general fluid frame. In
a general frame, the constraint equations receive viscous corrections. However, as in

dMHD, there exists a class of frames (the “constraint frames”) in which the solution
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(5.92) is still valid. The constraint frames are given by the conditions

Co

637 52 = 07 54 = G2, 65 _% 3 56 CO 637 57 = 07
0 0

§1=—@3 =20 §4:(C0) 3—(—)§
TO ) ) 0

We see then that in the constraint frames, there are only three'* independent trans-

b=
(5.110)

port parameters {fs,<,¢5} that contribute to Z, X*. Let us consider the modes
evaluated in the constraint frames. A natural place to start is the £k — 0 limit. In
this limit, the spectral curve takes the form

: 6 Bs
lim F(w, k,0) = w® X G3(w) X i+ =w
k—0

Ty
(5.111)

2
X {Z'CO(ZLP — Copo) + <C091 + Mo (94 + ;—295>) w} =0.

where G5 is a complicated cubic polynomial which has a strong dependence on the

equation of state. It may be written in the generic form
Gs(w) = a(—iw)’ + b (—iw)” + ¢ (—iw) +d, (5.112)

where the coefficients a, b, ¢ depend on both the transport parameters and the ther-
modynamic parameters, while d depends solely on the thermodynamic parameters
in the theory, and therefore the details of the equation of state. Let us make the
assumption that the equation of state is such that d # 0. Then, dividing through by
d yields

Gs
We may now ensure that the gapped modes are stable by applying the Routh-Hurwitz

—a (—iw)’ + b’ (—iw)* + ¢/ (—iw) + 1, (5.113)

criterion (see Chapter 3.1). This yields the conditions

85 >0, (5.114a)

(4p — Copo)/ (01 + = % (94 + = 95)> >0, (5.114b)
0

a >0, b'>0 bd-a=>o0. (5.114c¢)

14The LLCP frame was a member of the class of constraint frames, with 83 = ¢» = ¢5 = 0; hence,
no modification was needed to the solution (5.92).
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We can immediately see that the condition 83 > 0 is violated by the LLCP frame
(and any other frame that sets Z = 0). These constraints may be simplified slightly
if we introduce an additional class of frames to be layered on top of the constraint
frames. We will refer to this class of frames as the decoupled frame due to its effect

at large-k, rather than the k — 0 limit. The decoupled class of frames are defined by

1 9p

———qr. A1

€234,7 = T2347 = Q2347 = Ooas = 0245 =0, ay=
Note that the act of imposing the decoupled frames on top'® of the constraint frames
was a choice — the two classes of frames are, in principle, independent. In this set of

frames, the conditions (5.114) become

T2
”2d O (15 —e501) > 0, (4p— Cop) /01 > 0, (5.116a)
T2
b'c’ — VTO (81@5 — 85§01) >0, B3>0, b >0. (5116b)

If the constraints (5.116) are satisfied, then the gapped modes will all be stable. Let
us now turn to the large-£k limit. We know that to ensure causality, the modes must
all go linearly in £, i.e.

wrck+ .. (5.117)

where the ... denotes subleading terms in k£ and —1 < ¢ < 1. Substituting the linear
ansatz for w, we find that the spectral curve F'(w, k) factorizes in the large-k limit into
an order-2 polynomial and an order-10 polynomial in ¢. The order-2 polynomial is
easily handled, but the order-10 polynomial is analytically intractible. The situation

is simplified, however, if one works in the decoupled frames (5.115); then the order-ten

15Unlike in dMHD, the two classes of frames are not inconsistent for a relativistic superfluid.



152

polynomial further factorizes into two quadratics and one order-six polynomial in c:

01¢* — cos(0) (03 + 1) ¢ + o3 cos*(0) — nsin®(0) =0,
(5.118a)

Byc® — a3 cos(B)c — %&7@ ( e+ ( T > (cos®(8) — sin2(9)))
(5.118Db)

1 0p 1 dp
e = (dat ot v ) cosBle + (At 7 5o ) cos(0) + sin’(6) =
(

0,

5.118c)

601 (2105 — e501) € + f1 cos(0)® + Fac' + f3 cos(0)c® + fac® + f5 cos()c + §5 = 0,
(5.118)

where 0 is once again the angle between k; and the background direction along which
¢} is aligned, in this case the z-direction. The coefficients f; ¢ depend on the trans-
port parameters, thermodynamic quantities, and the angle 6. The first three equa-
tions in (5.118) are straightforward to constrain, and correspond respectively to shear
perturbations, the fluctuations of the transverse superfluid velocity 56 , and the fluctu-
ations of the chemical potential. The remaining mode (5.118d) describes the mixing
of the perturbations to T, v,, and v,.

Let us begin with the quadratics, which are easier to constraint. In order to ensure
that the roots of a quadratic Az? + Bx + C with A > 0 and B, C # 0 are such that
0 < 22 < 1 (we exclude the possibility of luminal propagation so that the Schur-
Cohn criterion may be used), we find that the coefficients must obey the following

conditions:
A=B*—-4AC >0, B<0, 0<C<A, A+B+C>0. (5.119)

It is immediately clear that these conditions cannot possibly be satisfied by the
quadratics in (5.118). The linear term in all three equations is proportional to cos(f),
and since the transport parameters are not functions of 6, there will always exist a
value of @ such that B > 0. We therefore must have either B or C' equal to zero.
Via a further frame choice (thereby further restricting the class of frames within
which we work), the linear term is set to zero in (5.118a), (5.118¢c). We also set the

constant term to zero in (5.118b), as the thermodynamics does not guarantee the
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term’s sign. This leaves [3]

o (77 sin?(6) — o3 0082(9)) 0
Shear mode: 01 ’ (5.120a)
03+ 01 =0,
v (v — cos(@)) =0,
Transverse superfluid velocity mode: Bs (5.120b)
ar =0,
v? + = {()\4 + %@)\7) cos®(6) + 7o sinz(H)] =0,
Charge mode: "2 NTO On (5.120c)
)\2+V4+iap1/7—0
T Ou

We can achieve the frame in which the equations above hold by imposing 03 =
—o01, ar = 0, vy = 0, Ay = —vy. We can therefore clearly see that the three large-k
modes (5.118a), (5.118b), (5.118¢) may be rendered causal in this frame via satisfying
the constraints

Ui
0<L<1, —1<B<0, “1<2<1,
S " % (5121)
)\4—|—L@)\7 '
_1_¢§0’ _1<ﬁ§0
V2 Vo

Let us now turn our attention to the order-six polynomial. As in [3]|, we will only
consider three cases — the co-aligned limit § = 0, the transverse limit § = 7/2, and

the anti-aligned limit 6 = 7.

Co-aligned limit

In the co-aligned limit, with # = 0, the SO(2) symmetry of the equilibrium state is
restored, and the order-six polynomial factorizes into an quartic polynomial and a
second copy of the shear mode (5.118a) with § = 0. The quartic polynomial is of the

form

Py(c) = ac + b +cc® +oc+e=0, (5.122)
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with

E501 — €15) (5.123a
(

(51906 - 56901) )

3( )
6 (e5m —e1ms) + 2 )
4 (e1mg — e6m1) + 4 (6105 — e5001) + 6 (T501 — m105) + 2 (g605 — €506) , (5.123¢)
2( +4 )
2( )

E1Ty — 857’(’1) (8671'5 — 557’(’6) + 4 (7T1g06 — 7T6g01) + 2 (66(p1 — 61@6) s (5123d

Y5 — 7T5g01) +4 (7T6(p5 — 7T5g06) + (85901 — 51@5) + 2 (85@6 — 56905) . (51236

We now must impose that the modes are causal. This involves imposing reality of

the roots, as well as Schur-Cohn stability. These conditions may be found by

A = 2565% — 128¢°s% + 144qr?s + 16¢*s — 27r* — 4¢>r* > 0,

Real roots: ¢ 2 (5.124a)
q
Z —s>0,

(S=a+b+c+d+e>0,

20 4+b—0—2¢ >0,

Schur-Cohn stability: ¢ P = (2a+b — 0 — 2¢) (6a — 2c + 6¢) — S (2a — b+ 0 — 2¢) > 0,
2020 —b+0—2)P —(a—b+c—0+e)(6a—2c+6e)° >0,
K2a—c+22>0,

(5.124D)

In the above, the coefficients ¢, r, s are the coefficients of the depressed quartic asso-

ciated with Py(c). They are given by

_ 1 3
4= (ac - gb ) : (5.125a)
1 (/6% —4dabc )
= (—— - 5.125b
= ( 2O ) , (5.125)
o= (e - 2 (36° + 16abc + 640a%) |, (5.125¢)
Coat 256 '

If the conditions (5.124) are satisfied, then the fluid will be causal when 6 = 0.
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Transverse limit

In the limit that 6 — 7/2, all of the odd-powered terms in (5.118d) vanish. We are

then left with a cubic polynomial in ¢?, i.e.
Py jo(c®) = az® + br’ecx +0 =0, (5.126)
where we have defined z = ¢?. The coefficients a, b, ¢, ? are given by

a = 391 (85901 — 51@5) s (5127&)
b=— {39351 + €1 (30103 — (61 + 3n) @5 + (506 — T65))

+ 01 (€65 — €506 — 3m1p5) + 1 (€605 — €506)
-+ @1 (65 (37] -+ 91) —+ 3(9171'5 + ExTlg — 667'('5)

+ 01 (3 (esm1 — e175) + (€601 — 51‘?6))} ; (5.127b)

c= - [Q% (g6 — 3m —€1) + 03 (01 (€6 — 3™ — €1) + (€61 — €176) — 3€17)
+ 01 ((mps — meepr) + (€175 — €5m1) + (€576 — €675) + 31 (€5 — 1))
+ 01 (5006 — o) + (M105 — T501) — 377905)} , (5.127¢)

0= (@3n+m—m) (o] +610s) . (5.127d)

We now impose that the roots of Pry(x) lie in the open unit disk in the complex
plane, are real, and also lie in the right-hand complex plane; in other words, we
impose that they lie on the real axis in the interval = € (0,1). This may be done by
imposing the positivity of the discriminant, Schur-Cohn stability, and Routh-Hurwitz



156

stability of Py /o(—x).

Real roots: A = b*c® — 4b°0 4 18abcd — a (4¢® + 27a0?) > 0, (5.128a)

(S=a+b+c+0>0,

3a+b—c—30>0,

Schur-Cohn stability:

a—b+c—0>0,

([ (Ba+b—-c—30)(Ba—-b—-c+30)-S(a—b+c—0)>0,
(5.128Db)

Positivity: a>0, b<0, ad—bc>0, 0<O0. (5.128¢)

Imposing these constraints ensures causality of the superfluid in the limit 6 = 7/2.

Finally, let us consider the anti-aligned limit.

Anti-aligned limit

In the anti-aligned limit, when 6 = 7, the SO(2) symmetry of the equilibrium state
is restored, and the mode (5.118d) again factorizes into a quartic polynomial and a

copy of the shear mode, this time with § = m. The quartic polynomial is given by

P.(c)=ac' + b +cc? +0oc+e=0, (5.129)

with
a=3 (65@1 — 61305) s (5130&)
b=6 (617’(’5 — 8571'1) + 2 (56901 - 81(,06) s (5130b)
c=4 (517'['6 — 56771) + 4 (81905 — 65(,01) + 6 (7T5(,01 — 7T1g05) + 2 (66g05 — 85§06) s (51300)
0 =2(esm —e175) + 4 (6576 — €675) + 4 (61 — T1ps) + 2 (6106 — 601) , (5.130d)
e =2 (7T1Q05 — 7T5901) + 4 (776()05 — 7T5g06) + (55@1 — 51@5) + 2 (55906 — 56905) . (51306)

Note the sign differences between equations (5.123) and (5.130). The constraint equa-
tions are identical to (5.124), but with the definitions of a, b, ¢, 9, ¢ given by (5.130).

Putting all of these conditions together, we can ensure causality of the superfluid in
the cases 6 € {0, 7/2, 7} by simultaneously imposing the constraints (5.124) for both
6 = 0,7, as well as the 7/2 constraints (5.128). To illustrate that these conditions

are not empty, let us consider the following “test frame”, which is written in terms
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03 =—0.5n 03=—1) 03 =—1.0n 03 = —2.281)

n 7 ;7
03 = —2.29 03 = —5n

=

3 30
€1 €1

n U

Figure 5.2: Regions in (g1/n, ¢1/n) parameter space for different values of the ratio
M = (—p3)/n where the large-k modes are causal for § = 0, 7/2, and 7 for the
demonstrative choice eq. (5.131) within the extended decoupled family of frames.
Figure reproduced from [3].

of M = (—p3)/n > 0:

65:0, 7T5:O, 95:0, 86:81/2, 7T6:81/6, (pGZQOl/Q, QGZO,
95
m=e1/3, a3=0/2, m=-1n/2, M=- (£A7/T02 + ’/2/2> o Y5 =T,

142M

5 (11— 0s) . (5.131)

h=2(n—03), 01=-—

In this test frame, the regions in which the constraints all simultaneously hold are
plotted in Figure 5.2. As is clearly seen, these constraints are not empty. It is
important to note that constraining causality for three discrete values of 6 is not
enough to ensure causality for all values of #. Such an undertaking is best taken with
a particular equation of state in mind, via a numerical procedure.

With these conditions determined, we have gone about as far as we can analyti-
cally with respect to the causality of the relativistic superfluid. For arbitrary 6, the
controlling equation is an order-six polynomial, and order-six polynomial equations

do not generically have closed-form solutions.
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Chapter 6
Conclusions

This dissertation investigated causal theories of relativistic hydrodynamics. In the
seemingly disparate works that have preceded, a unifying programme existed: the
development of effective theories of the macroscopic transport of conserved densities
(hydrodynamics) which both incorporate viscous effects and respect the demands of
stability and causality. In the various forms this programme took, whether in the
mathematical structure of the hydrodynamic equations (Chapter 3), the connection
to microscopic descriptions (Chapter 4), or extensions of causal frameworks to new
hydrodynamic theories (Chapter 5), there was a shared goal: determining how co-
variant stability manifested itself, and determining its impact on the effective theories
under consideration.

Chapter 3, based on the results of my paper [4], showed there can exist an equiv-
alence between linearized and nonlinear causality conditions, and found sufficient
conditions for the equivalence to hold. This equivalence will greatly ease the analy-
sis of causality for any postulated theories going forward. So long as the sufficient
conditions outlined in Section 3.2 hold, a linearized causality analysis will be enough
to ensure non-linear causality, without needing to perform a separate investigation of
the characteristics of the partial differential equations.

The ways covariant stability constrains dispersion relations w = w(k) were also
investigated; in particular, based on the findings of my paper [2], constraints were
found on dispersion relations in the short-wavelength limit due to the demands of
covariant stability. This requirement represents completely new conditions on dis-
persion relations, constraining beyond the previously known causality conditions at
linear order in large-k.

Chapter 4 demonstrated how causal theories of hydrodynamics arise from consid-
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erations of microscopic theories such as kinetic theory and theories with holographic
duals. As I found in my paper [1], the BDNK formulation of hydrodynamics arises
from a careful treatment of zero-modes in a recurring operator in a Hilbert expansion;
fixing the associated integration functions also fixes the hydrodynamic frame. This
result clarifies the relationship between transport parameters in the hydrodynamic
theory and the solutions to the equations of the microscopic theories, providing a
clear map for choosing a hydrodynamic frame.

Finally, Chapter 5 contained the BDNK theory of one-form MHD with a “mass
current” for the first time. Based on results from my paper [4], constitutive relations
in a general frame were written down, and frame-invariant combinations leading to
physical transport coefficients were identified. In the process, a new physical transport
coefficient was identified which had been previously missed. Finally, the controlling
equations for large-k dispersion relation were determined, and causality conditions to
be imposed were identified. This lays the groundwork for astrophysical applications,
work that has already begun for the theory without an additional U(1) in [158].

The BDNK theory of relativistic superfluids was also written down for the first
time. Following the findings in my paper [3], constitutive relations were written down,
frame-invariant quantities and physical transport coefficients were determined, and
then finally the controlling equations for the large-k dispersion relations at linear order
were identified. Causality constraints were imposed, and the resulting inequalities
were explicitly demonstrated to not be empty in a subset of parameter space. This
work can pave the way towards applications in binary neutron star mergers [159], due
to the postulated superfluidity of neutron star cores [145, 146].

There are numerous paths forward prompted by the groundwork I have laid in
this dissertation. Following Section 3.2, an immediate follow-up question arises from
the assumptions made. The analysis was performed under the assumption that all
equations were of the same order; application to systems of equations of mixed order
are an immediate extension. As well, a more complete accounting of the role of
constraints such as V-B = 0 in the causality conditions would be very useful for
application to the extensions discussed in Chapter 5.

Another immediate consideration follows from Section 3.3. In that section, an
assumption was made of isotropy. However, many interesting physical systems have
anisotropies in the equilibrium state. Investigating how anisotropy affects causality
constraints at both small- and large-k seems of immediate interest, and is something

to which I intend to return.
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In Chapter 4 both kinetic theory and holography were investigated. In the case of
kinetic theory, we wrote down a BDNK-type theory, and also discussed an MIS-type
theory (DNMR). However, in the case of holography we only considered a BDNK-type
theory. No holographic version of MIS exists in the non-linear regime as of yet. The
development of such a theory is an endeavour upon which I will be actively working
moving forward.

Finally, in Chapter 5 two extensions to the BDNK formulation of causal hydro-
dynamics were written down — one-form MHD, and relativistic superfluids. In both
cases, the theories were presented in Minkowski spacetime. Coupling the theories to
general relativity would be the next important step in their use in astrophysical ap-
plications. Additionally, in Section 5.2 the effect of vortices were not included, which
play a critical role in the theory of superfluidity. Adding in this effect is an immediate
extension.

There is still a great deal left to understand. In this dissertation a programme
focused on the development of causal theories of hydrodynamics was presented, and
this programme continues. Refinement and development of these theories, in par-
ticular with a focus on the minimal necessary number of transport parameters, will
lead to new applications. I hope that this dissertation will prove useful in service
to the formulation of new causal theories of relativistic hydrodynamics, and further

investigation into existing theories.
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Appendix A

Species of MIS

In this appendix, we present in more detail the three Miiller-Israel-Stewart-type theo-
ries discussed in Chapter 2.2. They were the “canonical” approach, resummed BRSSS,

and the generating functional approach. We consider each in turn.

“Canonical” Approach

An approach using the entropy current was originally described by Israel and Stew-
art [29], and then was later refined by Hiscock and Lindblom [65]. Here, we present the
formalism as described in [66]. Let us consider the canonical entropy current (2.65)

with a potential second-order modification Q*:
St =ppt —-T"B, —aJ' — Q" (A.1)

Given the constitutive relations (2.110), the entropy current can be re-written in the

form

St = sut —ant — Q" (A.2)

Let us now postulate a form for Q*. Since we would like to be agnostic about the
underlying microscopic theory, let us simply write down a general form based on

symmetry:

1 1
Q“ = ﬁ 67777@677045 + 5HH2 + ﬂnnana:| ut — f [O‘Hnnnu + awnﬁuana . (A3)
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Let us now take the divergence of the entropy current. Inserting the definition (A.3),

we find

V,S* =V, (su") =V, (an") — %Wa,guuvuﬂaﬁ — B?HHUNVMH — %nau“vuno‘

—_ OCB & I _ 2 /B_H 12 _ o & w
TaBT VM<2TU) HV“(QTU) NN Vu(2Tu)

+ % IV, 4+ "'V II) + % (THV g + 1oV, mhe) (A.4)

s, () + 70, ()

Let us now turn to the equations of motion. The scalar equations of motion are given
by

—u,V, " =V, () + (p + 1)V, 0/ —u, V7" =0, (A.5a)
V,J' =V, (nu) +V, n". (A.5b)

Combining these two equations gives an expression for V,, (su*):
V, (sut) = aV, " + 3V, o — IIA"NV 6, , (A.6)

where we have made use of the identity A"V ,5, = (1/T)V u*. Inserting the ex-

pression (A.6) into the divergence of the entropy current (A.4) yields (after some

finessing)
wo_ I v I Pu I
V/JS = — ? TA Vuﬁy + BHU VuH + THVH ﬁu

— amn, V' — vy ITn''V, (a;n)}
n' A ﬁn o

— — |TV,a+ BuVan, +Tn, Vo, | zu” | — am, V11
T 2T (A7)

a OTIn a Qrn ‘
_ Oéﬂ-nvaﬂ' w (1 — ’YHn)THvu < T ) — ’}/ﬂ-nT’/T MVQ <T>:|

Nz

T

[Tvuﬁu + 57Tu)\v)\7r/u/ + Tﬂ-,uuva (25_;“&)

— ey Vny, — (1 = Yen) TV, <%)} ,
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where the parameters Vi,, 7.» have been introduced to control the distribution of
the V,, (/T between the square brackets using the trivial identity X = X +
(1 —v)X. Now, we demand that the entropy current have non-zero divergence for
all possible field configurations. This leads immediately to the identification

S

m=— ngAWV,ﬁV + BrutV I+ TTIV, <ﬁu“) (A.8a)

—am, V" — vy, Tnt'V, <%)} ,

n® = — oA {Tvua + ﬁnu’\VAnM + 1T,V (f—;uA) — o, V11 (A.8b)

_ Oéﬂ-nV)\ﬂ')‘M — (1 — ym,)TIIV, <a;n> — ’)/ﬂnTﬂ')\Mv/\ (%)} :

T
ﬂ_aﬁ - QT]AaﬁuV |:Tv,u5u + 67FUAV)\7TMV T TﬂuuvA (%10\) (A8C)

— e Vg — (1 = Yan) TV, (%)} ,

With this identification in place, the divergence of the entropy current becomes

I n,n* o
SH = — K i A9
Vi (T + ol + 2nT (A-9)

The identifications (A.8) may be re-written in the following more suggestive form:

ll + 11 = —(V,ub + ..., (A.10a)
Tttt = —gTAR'Y, (%) b (A.10D)
Tp 4+ = —not” + .., (A.10c)

where the ... contain all of the “interaction terms” between {II,n* 7#*}, as well as
interactions with derivatives of the hydrodynamic variables. In the above, we have
defined 711 = CBu, T = 0By, T = 21Bx, and X = u*V,X. The equations (A.10)
are relaxation-type equations, morally the same as equation (2.11). In the late-time

limit, the corrections II, n*, and 7" reduce to their Navier-Stokes limits as in (2.75),
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and so we identify ¢, o, and n as the bulk viscosity, charge conductivity, and shear
viscosity respectively.

Finally, we note here that non-linear causality constraints on the parameters ap-
pearing in the MIS theory have been derived [67] for a system with zero chemical
potential. The form of the MIS equations appearing in [67] are those arising from the
DNMR formalism, which we discussed in Chapter 4. These conditions were then later
applied [160] to realistic simulations of heavy ion collisions; it was found that in com-
monly used simulations of the hydrodynamic regime, there were causality violations

at early times.

Resummed BRSSS

The approach of Baier, Romatschke, Son, Starinets and Stephanov (BRSSS) [68]
is not, at its core, an attempt to derive MIS-type equations. Rather, it is instead a
classification of all second-order terms in the derivative expansion that can be written
down for a conformal hydrodynamic theory. For simplicity, in the following, we will
restrict ourselves to an uncharged conformal fluid. Then V,T"” = 0 is the only
conservation equation, and T*"g,,, = 0. We know that at first order in the derivative

expansion, a conformal fluid has the following constitutive relations in Landau frame:
™ = eu'u” + pA* —no"” + O (82) , (A.11)

where p = €/d = a T f(u/T), with the final equality coming from the demand that
p scale homogeneously under a Weyl transformation. Let us now compare to the

general form of 7" in Landau frame for a conformal fluid:
" = eutu” + pA* + . (A.12)
By direct comparison, we see that,
™ = —not + O (9°) . (A.13)

Let us now consider the set of second-order transverse, traceless contributions one

could make to 7. There are five independent tensors one can form which transform
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homogeneously under Weyl transformations:

O = AOBAY s + éa’“’ (Vaut) | (A.14a)
O = ABR 5 — (d— 1) AP uPu’ R gy | (A.14b)
o — A“mﬂaax%’)‘a (A.14c)
O = AP ,Q > (A.14d)
o — Aumﬁgw\gﬂx’ (A.14e)

where Q# = AHCAVB Viaug) is the vorticity tensor, R,,qg is the Riemann tensor, R,

is the Ricci tensor, and
1 2
AHeB — 3 (A“O‘A”ﬁ + AFBAYe EA“”AO‘B) , (A.15)

is once again the transverse traceless projector. We therefore can write

™ = —pot

(A.16)
+ n1, O + KO + M O5” + M0 + A308 .

For future convenience, 7, has been defined with a factor of n pulled out. Note
that the factors 7., k, A1 23 in equation (A.16) are physical second-order transport
coefficients, and can in principle be computed given a microscopic theory.

Now, let us note the following. To a second-order error, o# = —7#" /5. Of course,
this cannot be an exact statement; o is first order in derivatives, while 7 is infinite
order in derivatives. Nevertheless, we may use this relation to perform an infinite-
order re-summation of (A.16). In practice, we replace o everywhere it appears in
the second-order part of (A.16) with —7*” /5. Following this prescription, we arrive

(after also using the ideal-order equations of motion) at the following equation [68]:

d+1
T = —77(7’“/ — Tﬂijaﬁ UAVAWaﬁ + —(; Tap (VAU)‘) + KO;W
(A.17)
A A
+ S AP gt — ZZARBr QN+ AOL
n

7
These equations are the equations of the resummed BRSSS (rBRSSS) theory [12],
though the resummed theory is often simply called the BRSSS theory. Pulling the

time derivative of 7 over, we arrive at the standard form for MIS equations for a
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conformal fluid,
Tﬁﬁ_,uzz + T — _T]O-W/ + ..., <A18>

where here 7 = A“”O‘ﬁu’\v,\wag, and the ... denote higher-order terms. Note that

the higher-order terms included in (A.17) are not quite the same as (A.8).

Generating Functional Approach

The final approach we will consider in this section is a very recent one, taking ad-
vantage of the idea of “non-equilibrium thermodynamics”. Introduced in [69], the
generating functional approach gives an alternative way of extracting phenomenolog-
ical equations from the entropy current. Let us consider the generating functional of
charged relativistic hydrodynamics. Up to first order in the derivative expansion, it

is given by

Wig, A = / /=g (pIT, ] + ) (A.19)

We would like to be able to describe the dissipative corrections to the stress-energy
tensor 7" and the charge current J* using the language of extended thermodynamics.
In that vein, we will modify (A.19) to include contributions from a symmetric 2-tensor
kM and a vector v*. In addition, let us impose that x*"u, = v#u, = 0. With the

restriction, k" in particular may be decomposed as:

1
KM = pi (tr k) A 4 gl (A.20)

where k(") = Al 5. We see then that we have two independent parts of x: the
trace, and the traceless part. We would like to connect x,, and v, to the viscous
corrections to the stress-energy tensor and charge current. The constitutive relations

in Landau frame for 7" and J* may be written as
T = eulu” + pA* + 11" J" = nut +n*, (A.21)
where 1" = I[TA* + 7. We can write II*” and n* in terms of k**, vH:

" = aStr kAP + oF k™) 4TI (A.22a)
nt = vt +nk (A.22b)
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ST

K

where a2 and «, are arbitrary coefficients used to fix the relationship between
I1* n# and ", v*. The terms II}". and nj . denote hydrostatic contributions to IT*,
n* from the generating functional due to the dependence of the isotropic pressure p on
K and v,. To determine the dependence of the pressure, let us begin by considering
the independent scalars that can be formed from these quantities. The first obvious
one is v? = v, v*. The second obvious one is tr k. Finally, we could use £? = K, k".

However, let us note instead that
(pv) v 1 v 1 2 1 2
Ky = [ K" — pi (tr k) A* K — (tre) A | =K — p (trw)”  (A.23)

Since tr x and £,y are entirely independent, let us choose to use (tr li)Q and ky W>/£<“”> =
K2 — é (tr H)Q as the two scalars from «"”. We may then introduce these degrees of
freedom as extended thermodynamic variables. In other words, we write the first law

of thermodynamics as

1 1 1 1
de =Tds+ pdn+ gxfd (trr)® + ngd (I{2 — 3 (tr 11)2) + 5deU2 : (A.24)

where Y37, y, are susceptibilities. Equation (A.24) may be straightforwardly re-
written as a Gibbs-Duhem relation using € = —p + sT + npu:

1 1 1 1
dp = sdT + ndp — gxgd (trr)® — ngd (/@2 — (tr /<;)2> — §dev2 . (A.25)
Let us note at this point that
5(tr k) = (k) 8gag , (A.26a)
1 2
§(k? — pi (trr)?) = (/ia/\/i)\ﬂ — (tr k) /€a6> 09up (A.26D)
602 = 10785 g,p (A.26¢)

Let us then write the modified generating functional with x,,, v, dependence as

WA, g| — / ddﬂm\/—_g{p (T, v, (tr )2, (2 — é (tr K)Q)) + } (A.27)

It is convenient to split the pressure into an equilibrium part P, and a non-equilibrium

part P which vanishes when x — 0, v — 0, i.e. p = P+ P. Varying, we subsequently
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find

™" = eutu” + PAM (A.28a)
v Xg v T W Av 1 v v
+ |PA* + 7/{“ tre 4 x, | 7\ — atr kMY ) + xvt oY |
JH = nu". (A.28Db)
We have now determined the “hydrostatic” contribution to the constitutive relations,
and equations (A.22) become
1" = adtr kAP + oL ) (A.29a)
v Xg v T w Av 1 v v
+ |PA* + 7/-#‘ tre 4+ x, | K7\ — atr k&MY ) 4 x0H 0" |
nt = a, o, (A.29D)
Now, let us turn to the equations of motion. The scalar conservation equations are
given by
—u,V, " =V, (eu) + PV, u" —u,V, 1" =0, (A.30a)
VuJ' =V, (nu) +nt =0. (A.30b)
Let us now note that e = =P — P + sT'+ nu, and V,P = V,p — V,P. The two

scalar equations (A.30a) may then be used (with some work) to get a single equation

for the entropy density s:

8 d
+PAY B, + %V”n“ + BV, I

S T 1 "
V, (sut) =— &fgtr/ﬂ2+x—“£ﬁ - +X—£g?}2
4 2 (A.31)

where £ is the Lie derivative along $*, and we have again used the fact that
(V,ut)/T = A"V ,5,. Let us now also recall the definitions of II* and n#. Taking

the parameters x27 and a7 to be constant for simplicity', we can again find with

!This assumption is, in general, not true — more general equations may be obtained by including
derivatives of the x’s and a’s.
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S

B, = =t kAT, B, — aT kY, 6, — PAT
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X5 1 1 2
+ 7” (—étr KA £k, + Z£B (tr k) ) (A.32a)
1 1 1
+ X% (—éﬁml’)i’ﬁﬁw + Z£5 (IiQ — 3 (tr n)z)) :
%V,m” _ %%vuvu, (A.32D)
Let us now return to the canonical form of the entropy-current (2.65):
w3l 2% Horu
T
Inserting the constitutive relations for T*” and J* leads to
B oyt v Hoou
St =sut — 11" 3, — " (A.33)
However, 11" 3, = 0, and so we are left with
po_ e Hop
St = sut — 7" (A.34)

Recall that the divergence of the entropy current V,5* must be non-negative. Taking

the divergence of (A.34) and replacing V,, (su*) via equation (A.31), we are left with

S T 1
V“S‘u = — (%fﬂﬁl‘ /<L2 -+ %fﬁ </<L2 — —tI’/iQ) + &6551]2)

+PAY B, + B,V I — iV, (%)

(A.35)

Inserting the definitions of II* and n* in terms of k" and v* yields (after some
simplification)

s S
V,SF =— %tr KAHY (ZV,,ﬂV + %ifﬂ/my)

K
T
Y

T
ro XK/
T K () AF g (QVM@/ + ﬁfﬁ’fw)

K

— a, " (Vu <%> + z—:£gv#>

(A.36)
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We need the divergence of the entropy current to be non-negative for all possible hy-

drodynamic field configurations. This demand is satisfied if we make the identification

S pv pv TXE
atr kA" = —CA" | V,u, + M—Si’@ﬁ,ﬂ, : (A.37a)
T () s Ty
a, kM = —2nA Vaug + M—ngmaﬁ , (A.37b)
a0 = —a T AW (VV (%) + z—:i’gvl) , (A.37¢)

where we introduce parameters ¢, o, and 7. The factors of 2 and d are purely for
convention. We can identify ¢ as the bulk viscosity, o with the charge conductivity,
and n with the shear viscosity. This is all well and good, but we want equations
which describe the evolution of II*” and n*, not k" and v*. However, because of
the hydrostatic piece, the full relationship between {II*” ,n#*} and {x*",v*} is non-
linear. We can get a sense of their form by looking at the linearized equations (i.e.
neglecting the hydrostatic contribution): the equations may then be written in terms

of II" using the identification

1 1 1
KM = Etr KAM 4+ ) = d2a5tr I[TA" + —TH<W> (A.38)

K K

Using equation (A.38) on the equations (A.37) yields the linear equations

1 1
T £s (Etr H) + EtrH = —(V,ut + .., (A.39a)
T AR L4511 g + T#) = —po” + ..., (A.39b)
T TAM £on, + 1t = —oTA™V, (%) +o, (A.39¢)

where 75 = (x2/(V2a5)?, i = nxL/(al)?, and 7, = ox,/a? denote relaxation
times for the bulk viscosity, shear viscosity, and transverse charge current. The ...
denote numerous non-linear terms which were not included. We also neglected certain
derivatives of u*, which would be included in the ... terms. For the full expressions

in the case of a conformal fluid, the interested reader may refer to [69].
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Appendix B

Linear Response Theory

Linear response theory (LRT) investigates how systems respond at a linear level
after begin deformed by a source. This gives us a great deal of valuable information
about the macroscopic properties of the system, from susceptibilities to dispersion
relations to Kubo formulae and more. Here, we will attempt to convey the core idea
behind the framework; a reader interested in more detail may refer to [47, 161], upon
which this appendix has been built. We will work with d = 3, but results may be

straightforwardly generalized to d + 1 spacetime dimensions.

B.1 Diffusion

In what follows, we will consider the case of a system where we only care about
perturbations in U(1) charge. For example, we could be thinking about spin dif-
fusion [161]. Regardless of the situation, we wish to consider a system with only
one relevant conserved quantity: the one-point function of the U(1) charge current
operator J*.

Let us begin by considering the diffusion equation, and a perturbation J* =
Ji+06J". As we saw in Chapter 2.1, this can be obtained from the one-point function
by writing down the spatial component of the charge current in terms of the time

component via Fick’s law:

§(J") = —Da'§ (J°) , (B.1)

where D is the diffusion constant. Now, let us call J° the charge density n. Then,
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assuming D is a constant yields the conservation equation
06 (n(t,x7)) — DO;0'6 (n(t,z7)) = 0. (B.2)

For notational clarity, we hereafter drop the §. Let us now Fourier-transform this

equation solely in the spatial components, according to

. Br 4
(nft.) = [ e ) (B.3)
This yields the transformed equation
O (n(t, k")) + DE* (n(t, k")) = 0. (B.4)
This may be easily solved:
(n(t, k7)) = e P (n(t = 0, k7)) . (B.5)

Let us now further define the Laplace transformation of (n(t, k7)) as

(n(z, k7)) = /00 dt e (n(t, k7)) . (B.6)

0

Inserting the solution (B.5) into the Laplace transformation (B.6) yields

, n(t =0,k
(n(z,k)) = <—(12+—Dk2)> (B.7)
Note that (n(z,k’)) has a pole in the plane of complex z at z = —iDk?. If 2 were w,
this would be the dispersion relation for the diffusion equation. However, referring to
equation (B.6), we can see that the integral is only convergent if Im(z) > 0. We will
later analytically continue to the lower-half complex plane; for now, we simply note
the pole.

We would now like to introduce a source term to deform the theory, and see how
the charge density responds. Recall that the charge density represents the expectation
value of J°. In general, if we introduce a perturbation to the Hamiltonian of a system,

the expectation value of an operator O will change according to [47]

t

5Ot a7)) = —i / dt' ([O(t,27), sH(t')]) . (B.8)

—00
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Let us introduce a source p for the charge density — this is the U(1) chemical potential.
Let us denote the Hamiltonian of the system without the external source by H; then
the modified Hamiltonian H = H + 0 H is given by

H=H— /ddx w(t, 2 n(t, 7). (B.9)

In what follows, we will be interested primarily in the one-point function and the

retarded two-point function.

B.1.1 Static susceptibility

Let us now consider computing the equilibrium expectation value (n(t,z)),, in the
presence of a constant pu(t, #7) = pg at t = 0; we will denote this by (n(z7)),, . Let us
also denote the total charge operator by N = [ d?zn(x7), and the spatially averaged
charge density by n = N/V. Taking the thermodynamic limit, a constant source

term means we expect n(x’) — n. Therefore,

tr (e B~ fddwon)ﬁ> tr (e PUH-Nio)p)

J ) =
<n(.§U )>,uo - <n>,uo tr <e H fddmuo tr ( B(H— Npo)) :

We therefore can write

18<ﬁ>uo [t ( B(H— Nuo)nN) tr ( B(H=Npo)p ) tr ( B(H— Nuo)]\[)
3 om  \ o (efumm) | T\ T (e piNm) tr (e BT Npo))
= & (1, 2,

Taking the limit as pp — 0, we find an expression for the static susceptibility Xp.:

— é <<N2>eq - <N>§q> = X - (B.10)

Since ((Nz)eq — (N)iq) > 0 for all configurations, we must have x,, > 0. We may
then claim that, for a “small enough” perturbation (i.e. for small k) u(t = 0,27), one

can write the charge density as

(n(t=0,27)) = Xpuu(t = 0,27). (B.11)
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Quenching the source

-25 —20 —15 -10 -5 0

Figure B.1: A plot of the behaviour of u(t,z?) with respect to time. The source is
adiabatically turned on from time t = —oo, and then is suddenly quenched at ¢t = 0.
Linear response theory studies how the charge density reacts to the sudden change.

In the above, we have restored the spatial dependence of n and u, with the under-

standing that n and p do not vary too quickly.

B.1.2 Two-point functions

Now, let us return to the equation (B.8), and input 6H (') = — [ d®yu(’,y")n(t’,y?).
We also make a particular assumption about the form of u(#',4?) in time — that we
adiabatically (i.e. slowly enough that the system never leaves equilibrium) turn on
w4 up until ¢ = 0, then immediately and sharply shut the source off, thrusting the

system out of equilibrium. In other words, we define
u(t',y7) = e m(y))o (1), (B.12)

where we define ji as the purely spatial part of p, and € is an infinitesimally small
positive constant. This type of sharp change in a parameter is sometimes called a

quench; see Figure B.1. We then have (slightly adjusting the bounds on the integral)

0 (n(t, ")) Zi/_ dt’/ddye”?(t—t’)ﬂ(y]’)<[n(t,£€j),n(t’,yj)]) (B.13)
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Let us now define the following shorthand. We define the retarded two-point function
Gﬁn(t - tlv xj - y]) by

GE (t—t 27 — o)) = —if(t — ') ({n(t,27),n(t', ")) . (B.14)

We can then write
§ (n(t, 7)) / dt’/ddye“ GE (t —t' 27 — y))a(y’) (B.15)

Let us now Fourier-transform equation (B.15) in space to find (dropping the J as

before for convenience)

Guukﬂ>:>—/¢ 4t GG (t— 1 1) (B.16)

We then Fourier transform G (t — ¢/, k7) in time, giving

%ﬁ%ﬁpji%wwwrwﬂ (B.17)

Inserting this in to (B.16) and evaluating the ¢’ integral yields

: [ dw e ™IGE (w, k)
%) J — (kI s nn\""

Let us now Laplace transform both sides of this equation to get

dw GE (w, k)
27 (iw + ) (i(w — 2) + &)

(n(e. ) = ) [ (B.19)
where a factor of € > 0 has been added to the second pole for convergence. Now, we
can note that GE (w, k7) is analytic in the upper-half plane of complex w, due to the
fact that GE (t — ', k%) was only non-zero for ¢ — ¢’ > 0. This implies that we can
close the integral (B.19) in the upper half-plane without worrying about branch cuts.
Closing in the upper half plane, we pick up the poles at w = ic and w = z 4 ie. By

the residue theorem, we therefore have

(n(z, k7)) = —nu(k)

(Gﬁn(z—i—ie,kj) — (B.20)

12

GE (0 + ie, k:f))
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Let us now return to equation (B.5), and set ¢ = 0. Defining a new t" = —¢t', we find
(n(0, k7)) = —a(k?) / dt"e™"" GE (t" k) (B.21)
0

However, the integral on the right hand side is simply the Laplace transform with

z = ie, and so we find
(n(0, 1)) = — (k) GE, (ie, 1. (B.22)

Comparing to the Fourier transform of equation (B.11), we immediately see that we
can identify
GE (ie, k) = —xun - (B.23)

We can therefore solve for GE (z + ie, k7) in equation (B.20)

12

GE (2 +ig, k) = —=
( ) fi(k)

(n(z,5)) = Xnn (B.24)

Finally, let us insert the expression for (n(z,k’)) that we previously derived all the
way back in equation (B.7), adding in the fact that we know n(0, k%) = x..fi(k). We

then arrive at the final expression for the retarded two-point function, letting ¢ — 0:

Xnn DE?

GE (2, k) = DR

(B.25)
This expression is analytic in the upper-half complex plane in z, and undefined in
the lower-half plane. Let us analytically continue to the lower half plane, writing
instead G2 (w,k?). Then GE (w,k?) has a pole in the lower-half complex plane at
w = —iDk?, which we may now take seriously as the diffusion pole. Finally, let us

define 0 = x,,D. Then the retarded two-point function may be written

ok?
1z — (U/Xnn)kQ ‘

G2, k) = (B.26)
The transport coefficient o is what we get if we re-write the diffusion equation (B.2)

in terms of the source
om(p) — 00;0'u=0. (B.27)
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The transport coefficient o is not free to choose. Instead, it can be extracted directly

from the retarded two-point function:

_ R

o= }JIL% \ilcl\r—l?o EImG (w, k). (B.28)

Expressions of the type (B.28) are known as Kubo formulae. Since one can in principle
compute GE (w, k) from a microscopic theory, the Kubo formula (B.28) fixes the value
of o from the microscopic theory. This is why, in the main body of the dissertation,

we did not have control over the transport coefficients.

B.2 Hydrodynamics

The generalization of the above to hydrodynamics is immediate. That said, we will
not spend as much time on the subject here as it deserves, nor delve into as much
detail. There are many more things to say; here, we hope to only convey the bare
essentials. Let us consider a collection of degrees of freedom ¢,, which are coupled to

classical sources \, via
0H = —/d?’yka(t,yj)%(t,yj)- (B.29)
One can then find
& {a(t,x7) / dt' /d3yG (t—t" 27—y N(t,97), (B.30)
where we again define again

Goplt =2 —y') = —if(t — 1) {[pa(t, 2"), (L, 1)) - (B.31)

We note that, unlike in the previous case in which we only had G£ | we now allow

nn?

the possibility of cross correlation GE. As a simple example, we could consider the

correlator GE | where ¢ is the energy density, and n is the charge density as before.

ens
Let us again consider the fields at the time ¢ = 0 when we perform the quench, i.e.
@a(t = 0,27). Assuming that the sources are small and do not vary too much, we can
repeat the analysis of the previous section to find the fields in terms of the sources.
In other words,

2a(0,27) = XapAs(0,27) . (B.32)
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Let us consider the specific case where a = b. Then

0pq
aa — 2 07 B.33
Xao = 51 L (B.33)

where there is no summation over repeated indices a. The inequality comes from the
fact that, defining @, = [ d*zp,(0, 27),

Xaa O (PF) — (4)" > 0. (B.34)

Looking back at the main body of the dissertation, this was the source of the demand
that the diagonal terms in the static susceptibility (2.53a) were non-negative.
Repeating the analysis of the previous section, we can also find that in the limit

of small k (i.e. assuming that spatial variations are small) that
GaRb<Z = i€, kj) = ~Xab - (B35)

With this in mind, let us consider the equations of motion which the fields ¢, obey.
We assume that they are first order in time, which is a crucial assumption — in
the body of the dissertation, we considered theories such as the BDNK theory of
hydrodynamics which were second order in time. Such theories are not amenable to

the description described hereafter. The fields obey
Dipa + Ma(D5) 05 = 0. (B.36)
Fourier transforming in space yields
0uPalt, k') + Muy(k)@y = 0. (B.37)

Now, let us apply a Laplace transform to the equation; then, integrating by parts and

imposing that @, (t = oo, k) = 0, we find
(—i20ap + Map) @(2, k) = @u(t = 0, k7). (B.38)
However, we know that @, (t = 0,k7) = xapX\s(t = 0, k%), and so we can write

Palz, k) = (K1), XoeAe(t = 0,K7) (B.39)
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where we define K1 is the inverse of Ky, = —i204 + My,. Now, following the same
approach as in the previous section, we can also write the retarded two-point function
in terms of @,(z,k’) and X,,. Doing so, and then comparing with (B.39), we can

write down the final form of the retarded two-point function:
Gh(z k) =—(1+izK™") Xa, (B.40)

There are two final points to be made here. First of all, one can use the retarded two-
point function (B.40) to extract the microscopic definitions of transport coefficients
in the theory via Kubo formulae, in a directly analogous fashion to (B.28). Of course,
knowledge of the equations under consideration are necessary to know exactly which
limits to take.

The second point requires a little bit more care — the application of Onsager

relations.

B.2.1 Onsager relations

The microscopic theory which we wish to study is assumed to have time reversal
symmetry. This demand has an immediate effect on the two-point functions. Let us
begin by considering an arbitrary operator A acted upon by the time-reversal operator
O. It is then the case that

(BlAla) = (a]©ATO713) | (B.41)

where |@) = O |a) is the time-reversed state. Let us now consider Hermitian operators

o which transform in a well-prescribed way under the application of ©, namely
O, (t, )07 = Ny, (—t, 27) (B.42)

where 1, = +1 is the eigenvalue of ¢, under ©. Let us suppose we are taking
expectation values in the grand canonical ensemble. Since time reversal is assumed
here to be a symmetry of the microscopic theory, we assume [H,©] = 0. We can also
note that we are free to take the trace in whatever basis we want. We are free to use

the energy eigenbasis |n), and we are also free to use their time-reversed counterparts
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|n). We may therefore note that

Gap(t,2”) = —i0(t) ([a(t, 27)2s(0, 0)])
= —i0(t) Y _ (nle” "D, (t,27), 04(0,0)]|n)

n

=—i0(t) Y (a]e "TDO[p,(t, 7), ¢1(0,0)]FO )

n , (B.43)
= —if(t)nam Y (Ale "D [i0,(0,0), pu(—t, 27)]|72)

= _ie(t)nanb Z <ﬁ|eiﬁ(HiuQ) [@b(tv _xj)v Soa(ov 0)] |ﬁ>
= _inanbe(w <[§0b(t7 _‘Tj>7 Qpa(()? 0)]> = Uaanf;@? _xj) )

where in the third line we have used the identity (B.41), in the fourth line we have
used the fact that ¢,; are assumed Hermitian, and in the fifth line we have used

spacetime translation invariance. Fourier transforming yields the relation [47]
Gfb(wa kj) = UanGz};z(W, _kj) . <B44)

These are the Onsager relations. Let us now take the limit of w — 0 and small k;
then we know that G (0, k%) = —y,,. We therefore have the condition on the static
susceptibility that

Xab = Na"lbXba - (B.45)

Referring back to the main body of the dissertation, we see that this is the source
for the demand that the static susceptibility matrix (2.53a) was symmetric, as both €
and n are even under time reversal. If Kubo formulae for GE and Gf yield differing
transport coefficients, the Onsager relations connect them, as we saw indirectly in
Chapter 5.
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Appendix C

Routh-Hurwitz criteria

Here we present the RH criterion for polynomials of order two, three, and four. In the
following, for definiteness, we will always assume that a,, is positive. This fixes the

criterion from all of the entries of G being the same sign to them all being positive.

C.1 Order two

Consider the polynomial

P(2) = apz* + a1z + ag (C.1)
Then
Py = axz* +ag, (C.2a)
P1 = a1z, (C2b)
and
PQ = Rem(Po, Pl) = Q. (CS)
The set G is then given by
g = {(12, az, CLU} (04)

and the Routh-Hurwitz criterion is given by the demand that ag > 0, a; > 0, and
as > 0.
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C.2 Order three

Consider the polynomial
P(2) = azz® + ap2® + a1z +ag . (C.5)

Then the subpolynomials are given by

Py(2) = a3z + a2, (C.6a)

Pl(Z) = CLQZ2 + ay 5 (C6b)

Py(z) = Rem(Py, P) = (a1 - %) z, (C.6¢)
0

Pg(Z) = Rem(Pl, PQ) = Qo . (C6d)

and so

G = {43, az ( _ —) a0} (1)

a2
leading to the conditions as > 0, as > 0, ajas — agag > 0, and ag > 0. We have made

use of as > 0 to multiply the third condition through by ag.

C.3 Order four

Consider the polynomial
P(2) = ayz* + asz® + ap2® + a1z 4+ aq . (C.8)

Then the subpolynomials are given by

Py = agz* + as2* + ag , (C.9a)
P = a3’ +a;2, (C.9Db)
Py, = Rem(Py, P,) = (ag — M> 22 +ag, (C.9¢)
as
P3 == Rem(Pl, PQ) == <a1 — %) Z, (ng)
ag — Tas

P4 = Rem(PQ, Pg) = Qo . (CQe)
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and so

g = 4 4, as, <a2 - a1a4) , | a1 — % » Ao : (ClO)
as Az — =5~

Therefore, the RH conditions for an order-four polynomial are given by
ay >0, as>0, agas—ajays >0, ajasas — aay — agag >0, ao>0, (C11)

where we have used a3z > 0 to simplify the third inequality and asaz — ajas > 0 to

then simplify the fourth inequality.
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