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ABSTRACT

The first-order textbook formulations of relativistic viscous hydrodynamics are

unstable and acausal. These shortcomings may be rectified by using effective theories

which maintain stability and causality. In this dissertation, which is intended to also

serve as an introduction to the field, causal theories of relativistic hydrodynamics are

developed and explored. Conditions are obtained for a linearized analysis to predict

the non-linear causality of a theory, and constraints are found on short-wavelength

dispersion relations as a consequence of ensuring stability in all reference frames.

First-order causal theories of hydrodynamics are extracted from kinetic theory and

holography descriptions. Finally, causal theories describing charged plasmas (one-

form magnetohydrodynamics), and describing superfluids are developed.
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Glossary of Notation

The following is a glossary of terms and notation frequently used throughout the

dissertation, included here for convenience and reference.

• ω is the frequency, kj is the (d-

dimensional) wavevector.

• O (∂n) refers to a term that comes

with a parameter εn given the scal-

ing ∂µ → ε∂µ.

• ∇µ is the general relativistic covari-

ant derivative.

• ⟨·⟩ refers to an expectation value

taken in some (usually thermal) en-

semble, unless stated otherwise.

• The BDNK framework is a class of

causal first-order theories of hydro-

dynamics. It works via a choice of

hydrodynamic frame.

• A hydrodynamic frame is a choice

for how to define the out-of-

equilibrium effective variables of the

hydrodynamic theory.

• The MIS framework is a class of

causal theories of hydrodynamics.

It works by introducing additional

relaxational equations.

• The hydrostatic generating func-

tional is a tool for obtaining hydro-

static constitutive relations.

• A perfect fluid is described by a fluid

theory with only O (∂0) terms in the

constitutive relations.

• A system is covariantly stable if it

is both stable and causal.

• A physical transport coefficient is a

coefficient in the constitutive rela-

tions which can be obtained from a

microscopic theory via a Kubo for-

mula.

• A transport parameter is any pa-

rameter appearing in the constitu-

tive relations at first order, espe-

cially in a general fluid frame.
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Chapter 1

Introduction

Since ancient times, humanity has been fascinated by water. Correspondingly, the

study of fluids is one of the oldest areas of physics, with contributions dating back

to Archimedes, Newton, Bernoulli, and Euler. This culminated in the works of

Navier (1822), Cauchy (1823), Poisson (1829), Saint-Venant (1837) and then Stokes

(1845) [8, 9], who wrote down (all more or less independently) the viscous theory of

fluid mechanics. These equations, today dubbed the Navier-Stokes equations, form

the basis for most quotidian fluid-dynamic simulations and models. The relativistic

extension of the Navier-Stokes equations were written down by Eckart [10] and by

Landau and Lifshitz [11].

Despite this long history, hydrodynamics remains an active area of research on

a number of different fronts. In this dissertation, our interest resides primarily in

relativistic hydrodynamics. Heavy ion collisions lead to the formation of the quark-

gluon plasma, a microscopic phase which is amenable in some regimes to a hydro-

dynamic description [12, 13]. Binary neutron star mergers may be described in part

using relativistic hydrodynamics [14]. Black hole accretion disks are simulated using

hydrodynamics coupled to magnetic fields (magnetohydrodynamics) [15]. Hydrody-

namics has been found to describe the perturbations of black branes in asymptotically

Anti-de Sitter spacetimes [16, 17, 18, 19, 20], leading to a holographic description of

the hydrodynamic behaviour of strongly-coupled theories via the fluid/gravity corre-

spondence [21, 22, 23]. Field theoretic techniques are being applied to understand

statistical fluctuations which are not captured by the classical equations of motion

for one-point functions, using the closed time path (CTP) and Schwinger-Keldysh

formalisms [24]. It is an exciting time to be a theorist working in relativistic hydro-

dynamics.
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This begs the question: what exactly is hydrodynamics? The answer may be

simply stated as follows:

Hydrodynamics is the long-wavelength, low-frequency effective description of physical

systems which have conserved currents.

In practice, this amounts to the statement that over very long times and long distances

compared to some microscopic scale, systems which have conservation laws may be

effectively described by the transport of effective degrees of freedom which obey those

conservation laws. In a zero-temperature field theory, the most relevant degrees of

freedom are gapless degrees of freedom which are easily excited. In a thermal field

theory, on the other hand, such degrees of freedom are not the appropriate description

– after a fluctuation, they rapidly decohere [24]. With a finite decay time, fluctuations

which are not subject to conservation laws acquire an effective mass, leading to gapped

modes. The only relevant degrees of freedom are a (generally much smaller) collection

of effective variables which are long-lived compared to the decohering modes, due

to the requirement that they relax via transport. These are the subjects of the

conservation laws.

Hydrodynamics was referred to as a “long-wavelength, low-frequency effective de-

scription”, as one usually considers variables which vary slowly in time and space.

This “hydrodynamic regime” is sometimes characterized by a number called the

Knudsen number, which is defined by

Kn =
ℓmicro

Lmacro

(1.1)

where ℓmicro is the microscopic scale (usually taken to be the mean free path for those

theories that admit such a quantity), and Lmacro is the macroscopic scale of the setup

under consideration. The hydrodynamic regime is strictly given by Kn ≪ 1. In terms

of a plane-wave description exp(−iωt + ikjx
j), with the speed of light c = 1, this

limit is that of ω/Γ ≪ 1, |k|/Γ ≪ 1 for some scale Γ, hence the name. Questions

about the exact regime of validity of the hydrodynamic approximation remain open;

in particular, the discovery that the hydrodynamic description seems to still work

in some cases when Kn ≲ 1 has led to discussion of the “unreasonable success of

hydrodynamics” [12].

Relativistic hydrodynamics is formulated in terms of conservation laws for one-

point functions of microscopic operators. In most relativistic hydrodynamic theories,
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the main object under consideration is the one-point function of the stress-energy

tensor operator, ⟨T µν⟩. This one point function obeys the conservation equation

∇µ ⟨T µν⟩ = 0 , (1.2)

where ∇µ is the covariant derivative. In theories with a global U(1) symmetry such

as those we consider in this dissertation, this equation is supplemented by the con-

servation of the charge current one-point function:

∇µ ⟨Jµ⟩ = 0 . (1.3)

In what follows, we will usually neglect the brackets; the one-point function will be

assumed unless otherwise stated. It is clear from simple counting arguments that the

equations (1.2), (1.3) are not “closed” in the sense that the number of variables does

not match the number of equations. There exist two philosophically distinct means

of closing the equations. The first is to write the one-point functions ⟨T µν⟩, ⟨Jµ⟩ in
terms of a smaller set of effective auxiliary fields. The second method is to write

down additional, non-conservation equations for the components of the stress-energy

tensor and charge current one-point functions. At various points in this dissertation,

we will make use of both methods.

The expression of a conserved one-point function in terms of a smaller set of

effective variables is called a constitutive relation. We additionally note that the

equilibrium forms of ⟨T µν⟩ and ⟨Jµ⟩ may be calculated from a partition function,

and are known. The equilibrium state for a theory with a global U(1) symmetry

may be parametrized by a temperature T , and U(1) chemical potential µ, and a fluid

velocity uµ. These parameters are then assumed to sensibly describe the theory out

of equilibrium as well.

More precisely, given the slow variation of the hydrodynamic variables, we assume

that the one-point functions may be expressed in terms of a derivative expansion in

T , µ, and uµ, such that

T µν = T µν
(0) + T µν

(1) + T µν
(2) + ... , (1.4a)

Jµ = Jµ
(0) + Jµ

(1) + Jµ
(2) + ... , (1.4b)

where T µν
(n) denotes the n-th order contribution to the derivative expansion, etc. Trun-

cating the expansion at zeroth order yields (after taking the divergence) the relativistic
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Euler equations. Truncating at first order gives (after taking the divergence) the rel-

ativistic Navier-Stokes equations, while second order yields the relativistic version of

the Burnett equations, and third order yields the super-Burnett equations. The first-

order constitutive relations are given in the formulation of Landau and Lifshitz [11]

by

⟨T µν⟩ = ϵuµuν + (p− ζ∇µu
µ)∆µν

− η

(
∆µα∆νβ +∆µβ∆να − 2

d
∆µν∆νβ

)
∇αuβ , (1.5a)

⟨Jµ⟩ = nuµ − σT∆µν∇ν

(µ
T

)
, (1.5b)

where ∆µν = uµuν+gµν is the projector orthogonal to the fluid velocity uµ, ϵ is the en-

ergy density, n is the charge density, p is the isotropic pressure, ζ is the bulk viscosity,

η is the shear viscosity, and σ is the charge conductivity. All of the scalar functions

above are considered functions of the temperature T and the chemical potential µ.

The relativistic Navier-Stokes equations, which one obtains by inserting (1.5) into

the conservation equations, have a dirty secret – they exhibit parabolic behaviour,

which means that they are acausal. Furthermore, and perhaps more troublingly, the

relativistic Navier-Stokes equations are linearly unstable when considering perturba-

tions in any Lorentz frame aside from the fluid rest frame. This problem has been

known for many years [25, 26], and numerous methods of rectifying the acausality

and its accompanying problems have been proposed in the literature. In this dis-

sertation, we discuss the various means of introducing causal theories of relativistic

hydrodynamics. One method that has been in use for a long time (and is subse-

quently the most common remedy) is the “Müller-Israel-Stewart” (MIS) theory of

hydrodynamics [27, 28, 29], which renders the system of equations causal by supple-

menting the conservation equations with relaxation-type equations. Another more

recent development is the “Bemfica-Disconzi-Noronha-Kovtun” (BDNK) theory of

hydrodynamics [30, 31, 32, 5, 33], which renders the system of equations causal by

adding time-derivative terms to (1.5). Both types of theories will be discussed in the

course of this dissertation.

The structure of the dissertation is as follows. In Chapter 2, we introduce in more

detail the background of hydrodynamics, and the instability and acausality of the

relativistic Navier-Stokes equations. We also formally introduce the MIS and BDNK

theories of hydrodynamics. This chapter is based in part on [5]. In Chapter 3, we
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discuss some of the more mathematical results regarding causality and stability, in

particular focusing on dispersion relations. This chapter is based in part on [2] and [4].

In chapter 4, we discuss how causal theories of hydrodynamics can be obtained by

considerations of microscopic theories, in particular kinetic theory and holography.

This chapter is based in part on [1]. In chapter 5, we discuss some extensions of the

causal theories of hydrodynamics discussed in Chapter 2 to new systems; specifically,

we focus on the one-form theory of relativistic magnetohydrodynamics, and viscous

theory of relativistic superfluids. This chapter is based in part on [3] and [4]. In

Chapter 6, we conclude the dissertation, summarize the results contained herein, and

discuss some potential future lines of inquiry. Finally, in Appendix A, we add more

detail to some of the MIS theories introduced in Chapter 2, in Appendix B, we review

some of the basic ideas behind linear response theory (LRT), and in Appendix C, we

explicitly lay out criteria for stability for various-order controlling polynomials.

Notation: In this dissertation, we will use the mostly positive definition of the

metric: the flat space metric is given by gµν = diag(−1,+1, ...,+1). We also will

set c = kB = ℏ = 1. In general, greek letters will denote spacetime indices, while

lower-case latin letters will denote spatial indices. In the context of the gauge/gravity

duality in Chapter 4, capital latin letters will refer to indices in the AdS bulk. Einstein

summation notation is employed. The coordinate four-vector is given by e.g. xµ =

(t, xj). The momentum four-vector is given by pµ = (E, pi), while the fluid velocity

is defined by uµ = γ(1, vi), where γ = (1 − v2)−1/2 is the Lorentz factor, and vi is

the physical velocity. A vector squared is defined by e.g. p2 = pµp
µ. We will use

d for the number of (boundary) spatial dimensions. Finally, the symmetrization of

two indices will be denoted with the shorthand A(µBν) = 1
2
(AµBν + AνBµ) and the

anti-symmetrization by A[µBν] = 1
2
(AµBν − AνBµ).
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Chapter 2

MIS and BDNK

In this chapter, in order to better understand the philosophical differences between

the Müller-Israel-Stewart (MIS) theory of causal relativistic hydrodynamics and the

Bemfica-Disconzi-Noronha-Kovtun (BDNK) formulation, we will begin by investigat-

ing a far simpler case – namely, diffusion. Once we have thoroughly worked that

example, we shall proceed to review both the MIS and BDNK theories of relativistic

hydrodynamics.

2.1 Diffusion

In the following we restrict ourselves to Minkowski spacetimes. Let us consider a the-

ory which has a global U(1) symmetry; a simple example is complex φ4 theory. This

global U(1) symmetry has a charge current associated with it; in the quantum theory,

this is a charge current operator, Jµ. The one-point function of this operator is con-

served, ∂µ ⟨Jµ⟩ = 0 . The conservation equation is insufficient to uniquely determine

the components of ⟨Jµ⟩; in d + 1 spacetime dimensions, there are d + 1 components

to ⟨Jµ⟩, but only one equation. In order to find a unique solution for ⟨Jµ⟩, one must

introduce additional assumptions into the description (one must “close” the system

of equations).

From here on, we neglect the brackets about Jµ, and assume we are describing

the one-point function. There exist two philosophically distinct means by which we

will close the system of equations. The first is to demand that Jµ is in fact a function

of only one variable, so as to match the number of equations. The other option is to

introduce more equations, so as to match the number of variables.



7

We begin by taking the first route. Let us first consider an equilibrium state

described by an external observer with four-velocity uµ such that u2 = −1. Then we

may write the equilibrium charge current as Jµ
eq. = ρuµ, where ρ is the U(1) charge

density ρ ≡ −Jµ
eq.uµ. We note that the U(1) charge density may be coupled to a

classical source called the chemical potential µ, and ρ = ρ(µ). Therefore, Jµ
eq. =

Jµ
eq.(µ) . We will also assume that the temperature of the system, T , is held constant.

We will now depart from equilibrium. Let us promote µ (and therefore also ρ)

to be a function of spacetime; uµ, being external, remains constant, as does the

temperature of the system. We now postulate that, near equilibrium, the charge

current Jµ is a local functional1 of µ(xµ) and the external parameter uµ, i.e. Jµ =

Jµ[µ(xµ), uµ]. This expression, which describes one-point functions of operators in

terms of variables which parametrize the equilibrium state, is called a “constitutive

relation”. An important caveat, one to which we will later return: the variable µ was

well-defined in equilibrium. Out-of-equilibrium, the field µ(x) upon which Jµ depends

is not well-defined. Instead, µ(x) is simply a variable brought in to parametrize the

theory. The only restriction imposed on µ(x) is that, upon returning to equilibrium,

µ(x) → µ. We will often suppress the spacetime dependence of µ(x); from here-on,

equilibrium parameters will be denoted by a subscript 0, e.g. µ0.

As Jµ is a local functional of µ(x), it may be expressed in terms of µ(x) and

spacetime derivatives of µ(x). We then impose another assumption, namely that the

field µ(x) in a slowly varying function of spacetime. With this assumption, we can

organize Jµ[µ(x)] into a derivative expansion in µ(x). One can then write

Jµ = Jµ
(0) + Jµ

(1) + Jµ
(2) +O

(
∂3
)
, (2.1)

where the subscript denotes the order of the contribution in the derivative expansion.

Given the scaling ∂µ → ε ∂µ, where ε is a counting parameter, a term is said to be

of order O (∂n) if it is proportional to εn. For example, a term2 such as uµuλ∂λµ is

first order in derivatives (O (∂)) and would contribute to Jµ
(1). We fix the zeroth-order

(O (1)) term of this expansion, Jµ
(0), by demanding consistency of the solution with

the equilibrium charge current Jµ
eq.. We therefore write that Jµ

(0) = ρ(µ(x))uµ , where

the charge density3 is given by ρ = −Jµ
(0)uµ. With the constitutive relation (2.1), the

1Functional, as opposed to function, because µ is itself a function of spacetime.
2Note that, throughout the dissertation, µ will be used both as an index and as a variable. When

in a subscript or superscript, it serves as an index; otherwise, it serves as a variable.
3If the higher-derivative terms in Jµ are such that Jµ

(0)uµ = Jµuµ, then ρ is the U(1) charge
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conservation equation ∂µJ
µ = 0 yields (assuming that χ ≡ ∂ρ/∂µ ̸= 0) that uλ∂λµ =

O (∂2) . We will call this equation for µ the “zeroth-order equation of motion”, as it

amount to the statement ∂µJ
µ
(0) = O (∂2).

We have no a priori idea what the first-order contribution Jµ
(1) ought to be. As

such, we will take an effective theory approach and write down all possible terms of

first-order in derivatives which transform covariantly under Lorentz transformations,

parity, and U(1) charge conjugation symmetry. There is one such scalar (uλ∂λµ) and

one transverse vector (∆µν∂νµ). The most general constitutive relation is then given

by:

Jµ
(1) =

(
auλ∂λµ

)
uµ − σ∆µν∂νµ , (2.2)

where ∆µν = uµuν + gµν is the projector orthogonal to uµ, and a, σ are (as yet)

arbitrary O (1) functions of µ. However, we found that uλ∂λµ = O (∂2) by the zeroth

order equation of motion, meaning that the first term of equation (2.2) is actually

higher-order in derivatives. Such a term may be neglected, leaving

Jµ = ρ(µ)uµ − σ(µ)∆µν∂νµ+ Jµ
(2) +O

(
∂3
)
. (2.3)

We will not go to second order. Truncating the derivative expansion at first order

and substituting it into the conservation equation yields

uλ∂λµ− 1

χ
∆αβ∂α (σ∂βµ) = 0 . (2.4)

Let us now consider the specialized case where D ≡ σ/χ is a constant. Evaluating in

the rest frame of the external observer uµ = δµ0 then yields

∂tµ−D∇2µ = 0 , (2.5)

where ∇2 is the Laplacian. The constant D is called the diffusion constant. If

D > 0, then equation (2.5) is the celebrated diffusion equation. If D < 0, this is

the anti-diffusion equation, which is unstable to perturbations away from homoge-

neous equilibrium. This is an undesirable property, as we would like stable equilibria;

we therefore enforce that D ≥ 0. Moreover, we would like stable equilibria for all

observers, a property we will dub “covariant stability”. This seemingly reasonable de-

density. If not, then it is only equal to the charge density up to some order in the derivative
expansion. Nevertheless, we will usually retain the name.
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mand proves to be problematic; in fact, even the regular diffusion equation is unstable

upon boosting due to its parabolic nature.

To show this, we introduce machinery which will be of constant use going forward

– a linearized plane-wave analysis. Let us perturb µ(x) away from a homogeneous

equilibrium solution µ(x) = µ0 + δµ(x). Further, let us take the perturbations to

be in the form of plane waves, such that δµ(x) = δ̃µ(ω, k)e−iωt+ikjx
j
, where ω is the

(angular) frequency and kj is the wave-vector. Inserting this plane-wave solution into

the diffusion equation (2.5) and linearizing in δµ (which is redundant in the case of

equation (2.5), but would not be for e.g. (2.4)) yields

(
−iω +Dk2

)
δ̃µe−iωt+ikx = 0 . (2.6)

We see that there can only be a non-trivial perturbation if ω and kj are not in-

dependent. Such a relation ω = ω(k) is known as a “dispersion relation”; for the

diffusion equation, ω = −iDk2, where k ≡
√
kjkj. We will frequently refer to solu-

tions ω = ω(k) as “modes”. This form, ω ∝ k2, is ubiquitous in dissipative systems.

The perturbation is then proportional to e−Dk2t, and decays with time so long as

D > 0. More generally, we can see that for ω = ω′ + iω′′ with real ω′, ω′′, the plane

wave perturbations take the form exp (−iω′t+ ikjx
j) exp (ω′′t). We therefore have a

more general stability condition,

Im(ω) ≤ 0 . (2.7)

Let us now repeat the procedure for equation (2.4), setting uµ = γ(1, vj), where γ

is the Lorentz factor γ = (1− v2)−1/2. Similarly perturbing µ(x) and linearizing the

equations in δµ yields the dispersion relations

ω±(k) =
γ (i+ 2Dγkiv

i)±
√

4iDγkivi − γ2 + 4D2
(
(1− γ2) k2 + γ2 (kivi)

2)
2D (γ2 − 1)

(2.8)

There are now two possible solutions ω±. To get a feel for their behaviour, let us

expand both solutions in small |v| for finite k. We then find that, to leading order in

|v|, the two solutions become

ω± =

−iDk2 +O (v) Stable ,

i
Dv2

+O (1/v) Unstable .
(2.9)
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We see that for an observer in motion, the diffusion equation exhibits an unstable

mode which was not present for the observer at rest. Moreover, for a slower observer,

the blow-up appears to be worse. Such behaviour is undesirable; if a physical instabil-

ity were to exist in the system, its existence should surely not depend on the velocity

of an external observer. We would like to find a way to fix this, while still keeping

the physical small-k behaviour ω = −iDk2 + ..., the ... denoting higher-order terms

in k. We will discuss two means of doing so.

2.1.1 Maxwell-Cattaneo theory

Instead of implementing the derivative expansion (2.1), let us define the charge density

ρ = −Jµuµ and then write the charge current as

Jµ = ρuµ + nµ , (2.10)

where nµ is the transverse charge current which satisfies nµuµ = 0. Note that, from

the perspective of the power counting used in (2.1), the quantity nµ contains all

orders. Now, we will supply a set of d equations so as to close the system of equations

(i.e. we ensure there are an equal number of variables and equations that evolve those

variables). For now, we simply propose the additional equations; in later sections, we

will do more to motivate them. We take the additional equations to be

τ∆λ
ν ṅ

ν + nλ = −σ(µ)∆λν∂νµ , (2.11)

where we use the notation ṅν = uµ∂µn
ν . The combined system of equations ∂µJ

µ = 0

and equations (2.11) is then given in matrix form by(
χuλ δλβ
σ∆αλ τ∆α

βu
λ

)
∂λ

[
µ

nβ

]
+

[
0

nα

]
=

[
0

0α

]
. (2.12)

We refer to the column of variables UB = (µ, nβ)T as the “state vector”. We can more

compactly write this equation as Mλ
AB[U ]∂λU

B +NA[U ] = 0 , where (A,B) run from

1 to d + 1. We see that in the limit τ → 0, we recover the diffusion equation. Now,

let us consider a perturbation about a homogeneous solution to the equations (2.12).

The chemical potential may take on any constant value µ0, but the only constant

solution for nµ is nµ
0 = 0, as may be seen from the algebraic term in the equations.
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We therefore introduce the plane-wave perturbations UB = UB
0 + δ̃U

B
e−iωt+ikjx

j
=

(µ0, 0)
T +(δ̃µ, δ̃n

µ
)T e−iωt+ikjx

j
. For uµ = δµ0 there only exist non-trivial perturbations

δ̃U
B
so long as (in d = 3)

det

∣∣∣∣∣−iχω ikj

iσki (1− iωτ) δij

∣∣∣∣∣ =
(
ω +

i

τ

)2 (
χτω2 + iχω − σk2

)
= 0 . (2.13)

Unlike in the regular diffusion equation, where we had one mode (ω = −iDk2), we
now have four modes. Two of them are identical, while the other two differ:

ω1,2 = − i

τ
, (2.14a)

ω± = − i

2τ

(
1±

√
1− 4Dτk2

)
. (2.14b)

These modes are stable for τ > 0, D ≥ 0. Note that, unlike the diffusion equation,

three of the modes are gapped (limk→0 ω(k) ̸= 0), a hallmark of relaxational physics

(for Imω ≤ 0). We call these modes “non-hydrodynamic modes”. On the other hand,

one mode is gapless, a hallmark of transport phenomena: we will refer to these modes

as “hydrodynamic modes”. Note that if we expand the modes (2.14b) in small k, they

are of the form

ω+ = − i

τ
+ iDk2 +O

(
k4
)
, ω− = −iDk2 +O

(
k4
)
. (2.15)

This näıvely looks concerning at first glance, as ω+ appears to be moving towards

the upper-half complex plane with increasing k. The situation is saved by a “pole

collision”4, where the modes ω± collide and exhibit non-analytic behaviour. This

occurs5 at a critical value of k∗ = (4Dτ)−1/2, which is the branch point of the square

root in (2.14b). For k > k∗, the imaginary part freezes out and the real part of the

solution begins to grow. For an illustration refer to figure 2.1. Let us now repeat

the analysis for uµ = γ(1, vj) as before. The modes ω1,2 remain stable, given by

ω1,2 = −i
√
1−v2

τ
+ vjkj. The modes ω± become quite complex to write down; instead,

they have been plotted in Figure 2.2 for varying values of the boost velocity vj and

the angle θ = arccos (v·k) between vj and kj. As one can see, the modes remain

4In our current presentation; there are no poles anywhere. However, one can show (see Ap-
pendix B) that dispersion relations appear as poles of retarded two-point functions.

5In this example, the collision occurs at a real value of k. In general, collisions can happen at
complex values of k, see e.g. [34].
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Figure 2.1: A plot of the ω± modes of the Maxwell-Cattaneo model around an equi-
librium state with vi = 0. In the plot, we have introduced the dimensionless variables
w = ω/T0, q = k/T0, where T0 > 0 is the (constant) temperature of the system,
brought in here solely to serve as a dimensionful scale. The above is plotted for
τ = 2/T0, D = 1/(2T0). The orange curve represents ω+, while the blue curve is ω−.
The constant modes ω1,2 are not pictured.

stable for all values plotted. The Maxwell-Cattaneo model is therefore stable in all

reference frames, or “covariantly stable”. Let us now take the other approach.

2.1.2 Telegrapher’s equation

Returning back to the procedure we followed to obtain the diffusion equation, we

note that we removed a term of the form uλ∂λµ via an application of the zeroth-order

equation of motion. More precisely, the equation enforced that the term was of order

O (∂2) in derivatives, and could be neglected. In field theory parlance, this was the

effect of taking the theory “on-shell” with respect to the zeroth-order equations of

motion. Let us now instead consider the theory “off-shell” with respect to the zeroth-

order equation of motion; in other words, we retain a term which is, strictly speaking,

higher-order in derivatives. This term will act, in a sense, as a UV6 regulator to

ensure that the equations are well-behaved (i.e. covariantly stable). Retaining the

term gives back

Jµ =
(
ρ(µ) + auλ∂λµ

)
uµ − σ∆µλ∂λµ+O

(
∂2
)
. (2.16)

6UV in the sense that higher derivatives correspond roughly to shorter length scales and higher
energies in the derivative expansion.
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Figure 2.2: Two plots of the imaginary parts of the ω± modes of the Maxwell-Cattaneo
model for vi ̸= 0. In the first plot, the angle θ = arccos(v·k) is held fixed at zero, and
|v| is varied from 0.1 to 0.7. In the second, |v| is fixed at 0.5, and θ is varied from 0.1
to π− 0.1. In both cases, ω and k have been replaced with w = ω/T0 and q = |k|/T0,
where T0 is the background temperature brought in solely to act as a dimensionful
scale.

Inserting the constitutive relation (2.16) into the conservation equation yields

χuµ∂µµ+au
µuλ∂µ∂λµ−σ∆µλ∂µ∂λµ+

∂a

∂µ

(
uλ∂λµ

)2− ∂σ

∂µ
∆µλ (∂µµ) (∂λµ) = 0 . (2.17)

Taking a and σ to be constants (or, alternatively, linearizing in µ) yields the telegra-

pher’s equation:

uµ∂µµ+ τuµuλ∂µ∂λµ−D∆µν∂µ∂λµ = 0 , (2.18)

where τ ≡ a/χ, and D = σ/χ as before. Considering once again plane-wave pertur-

bations of µ, we find that there only exist non-trivial perturbations if the dispersion

relations

ω± = − i

2τ

(
1±

√
1− 4Dτk2

)
(2.19)

hold. This is, of course, the exact same set of dispersion relations as ω± in the

Maxwell-Cattaneo theory; therefore, we already know that it is stable. We will instead

attempt to answer a different question, namely whether the telegrapher’s equation

is causal. In order to answer this question, we must address what it actually means

for a system of equations to be causal. We will postpone the full question to the

next section, but for now will satisfy ourselves by imposing two conditions on the
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dispersion relations:

−1 ≤ vf ≡ lim
k→∞

Re(ω)

|k|
≤ 1, lim

k→∞

Im(ω)

|k|
= 0 , (2.20)

where vf is the phase velocity. We will later show that these conditions correspond

to the demand that wavefronts for (linearized) perturbations lie inside the lightcone.

One can straightforwardly show that in the large-k limit, ω± ∼ ±
√

D
τ
k+..., where the

... denote subleading terms in large k. Therefore, the conditions (2.20) are satisfied

so long as τ ≥ D ≥ 0. Comparison to the diffusion equation evaluated in the rest

frame of the external observer shows that, for equations (2.4),

vf = 0, lim
k→∞

Im(ω)

k
→ −∞ . (2.21)

We see that the diffusion equation is acausal. This is the reason the diffusion equation

becomes unstable upon performing a Lorentz boost; spacelike separated events do not

have an invariant notion of temporal ordering. Diffusion takes a perturbation (which

propagates acausally) from an excited state to a diffuse state; yet, a boost can reverse

the ordering, taking a diffuse state to an excited state. We therefore see an instability.

For an visual illustration of the acausality, refer to Figure 2.3.

Let us now briefly consider a motivation for the term uλ∂λµ that appears in the

telegrapher’s equation. Suppose this term were not present in (2.18); it could then

be generated by an application of the transformation µ → µ′ = µ + auλ∂λµ, where

we discard terms of second order in derivatives. Such a transformation is easily

motivated; the variable µ is only well-defined in equilibrium. Out of equilibrium,

there is no unique definition of µ, and one can define a new µ′ which differs from µ by

terms which vanish in equilibrium (so that µ′ → µ0). It is not yet clear that uλ∂λµ

does vanish in equilibrium, but it will turn out to be the case. We will make use of

this re-definition freedom frequently when we discuss relativistic hydrodynamics.

2.2 Relativistic Hydrodynamics

2.2.1 Thermodynamics

Before discussing hydrodynamics, which is the study of dynamics out of equilibrium,

we should attempt to understand equilibrium first. To begin with, we can consider
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Figure 2.3: Density plot of the solution to the 1 + 1D diffusion equation ∂tρ(t, x) −
D∂2xρ(t, x) = 0 given an initial condition with compact support ρ(0, x) =

√
1− x2.

The region of initial compact support is shown in grey. The dotted lines denote the
lightcone extending out from the edges of compact support for the initial conditions
at x = ±1. As one can clearly see, the solution extends outside the lightcone; in fact,
the region of support extends out to spatial infinity for all t > 0. See also [6, 7] for
similar plots.

the first law of thermodynamics:7

dU = −p dV + T dS + µ dQ (2.22)

where U is the internal energy, p is the isotropic pressure, V is the volume, T is the

temperature, S is the entropy, µ is the U(1) chemical potential, and Q is the U(1)

charge. We will be primarily interested in intensive quantities; therefore, we will

instead consider the energy density ϵ = U/V , the entropy density s = S/V , and the

7In this subsection, we temporarily drop the 0 subscript on equilibrium values for notational
brevity.
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charge density8 n = Q/V . It is then easy to show that

dϵ = Tds+ µdn+ (−p+ sT + µn− ϵ)
dV

V
(2.23)

However, one can show9 from the first law (2.22) that ϵ = −p + sT + nµ, and so we

arrive at the intrinsic version of the first law, dϵ = Tds + µdn. This can be written

instead as a Gibbs-Duhem relation

dp = s dT + n dµ (2.24)

which is the form we will be using for the majority of the remainder of the dissertation.

One can view T and µ as sources, with s and n being the response of the pressure to

these external sources. This allows us to make the connection s =
(
∂p
∂T

)
µ
, n =

(
∂p
∂µ

)
T
,

and
(

∂s
∂µ

)
T
=
(
∂n
∂T

)
µ
, where the subscript on the derivative indicates that quantity is

being held constant. Finally, we also include a unit timelike vector uµ which describes

the bulk motion of the homogeneous equilibrium state, which we will call the fluid

velocity. This makes the collection of independent degrees of freedom {T, µ, uµ}.
Since uµ is normalized, this means that the equilibrium state is characterized by d+2

independent parameters.

As indicated in Chapter 1, given a theory with diffeomorphism invariance and a

U(1) symmetry, there are conservation equations for the stress-energy tensor T µν and

the charge current Jµ:

∇µT
µν = 0, ∇µJ

µ = 0 , (2.25)

where ∇µ is the covariant derivative. The energy-momentum tensor T µν is the sym-

metrized version, not the “canonical” energy-momentum tensor that arises from con-

sidering the Noether current for spacetime translations. The “canonical” energy-

momentum tensor can be symmetrized10 [37, 38] (for a textbook description, see

e.g. [39]) via the use of a Belinfante-Rosenfeld tensor to arrive at T µν ; in what fol-

8Note that in the previous section, this was denoted by ρ.
9Specifically, by demanding that the internal energy transform homogeneously under scaling. If

U(λV, λS, λQ) = λU(V, S,Q), then U = −pV +TS+µQ by Euler’s homogeneous function theorem.
10For theories in curved spacetimes with torsion (i.e. spacetimes with connections such that

Γµ
ρσ − Γµ

σρ ̸= 0), this procedure can’t be done, and one also ends up with a “spin current”. Defining
the spin current and stress-energy tensor in the torsional case and then taking the torsion-free limit
gives a unique definition of both quantities [35]. Investigations of hydrodynamics involving a spin
current, i.e. “spin hydrodynamics”, are an active area of research [35, 36]; however, these theories
are outside the scope of this dissertation.
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lows, we will always only consider the symmetrized version.

Just as in the case of the diffusion equation, the conservation equations (2.25)

are not “closed”; the stress-energy tensor T µν is a symmetric rank-two contravariant

tensor which therefore has (d+1)(d+2)/2 independent components, while the charge

current Jµ is a (d+ 1)-dimensional contravariant vector. Together, T µν and Jµ have

(d + 1)(d + 4)/2 independent components; in d = 3, this gives fourteen components.

The equations (2.25), on the other hand, number only (d+2). Generically, (d+1)(d+

4)/2 > (d+ 2) for d ≥ 1, and the conservation equations (2.25) are not closed.

The form of the equilibrium stress-energy tensor and charge current in an isotropic,

homogeneous medium has been known for a long time [11, 40], and is given by

T µν
eq. = ϵuµuν + p∆µν , Jµ

eq. = nuµ , (2.26)

where ∆µν = gµν + uµuν is again the projector orthogonal to uµ, now for a general

metric. For a more general equilibrium state, we can find the constitutive relations

by the use of a generating functional.

Hydrostatic Generating Functional

“Hydrostatics” refers to equilibrium contributions to flow (or the absence thereof).

These contributions to the constitutive relations need not be algebraic; for example,

in the study of magnetohydrodynamics, certain magnetovortical terms containing

derivatives remain non-zero in the constitutive relations even after equilibration [41].

These hydrostatic contributions can be determined using techniques from field theory.

In particular, one of the techniques in field theory for computing correlation functions

⟨O1O2...On⟩ is the use of a generating functional. In this section, we will focus

primarily on an operational understanding of the generating functional, rather than

focusing on its origins, or questions of why it works. The interested reader may

instead refer to [42, 43].

Let us consider an operator O which is sourced by a classical source SO. We can

define an equilibrium generating functional W [SO], such that that

⟨O⟩ = δW [SO]

δSO

∣∣∣∣
SO=0

,

where SO = 0 denotes turning the sources off, and ⟨·⟩ denotes the one-point function
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of the operator O. We are interested in obtaining the one-point11 functions for T µν

and Jµ. The source for the stress-energy tensor is the metric, while the source for the

charge current Jµ is the U(1) gauge field. We will therefore introduce a background

metric perturbation gµν and a background gauge field Aµ. The generating functional

can be written

W [gµν , Aµ] =

∫
dd+1x

√
−gF(g, A) (2.27)

where g is the metric determinant, and F is the free energy density. The metric above

is taken to be Lorentzian, rather than Euclidian. The variation of the generating

functional is given by

δW =

∫
dd+1x

√
−g
[
1

2
T µνδgµν + JµδAµ

]
(2.28)

where

T µν =
2√
−g

δ (
√
−gF)

δgµν
, Jµ =

δF
δAµ

. (2.29)

Let us take a moment to consider what it means to be in equilibrium. Equilibrium

states must be time-translation invariant, which implies that there exists a time-like

Killing vector of the background metric Kµ which generates the time-translation

symmetry. This Killing vector by definition obeys the Killing equation £Kgµν = 0,

which implies that

∇µKν +∇νKµ = 0 . (2.30)

Let us now define βµ = β0K
µ, where β0 > 0 is a dimensionful constant with units of

inverse energy. In homogeneous equilibrium, we may then construct the temperature

and the fluid velocity from βµ [42]:

T ≡ 1√
−βµgµνβν

, uµ ≡ βµ√
−βµgµνβν

. (2.31)

When Kµ = δµ0 , the equation for T is referred to as Tolman’s law [44, 45], T =

11In this dissertation, we will only be using this generating functional approach to obtain one-
point functions; however, there is a huge world of application for field theoretic approaches to
hydrodynamics. In particular, a framework for applying field-theoretic techniques to hydrodynamics
called the Schwinger-Keldysh EFT (SK-EFT) is of great interest. The SK-EFT may be used to
consider statistical fluctuations which are not gaussian in nature, among other things. This is an
active area of current investigation – the interested reader may learn more by reading the review of
Liu and Glorioso [24].
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T0/
√
−g00, where T0 = 1/β0. Combining these back together, we find

βµ =
uµ

T
(2.32)

We may similarly define the chemical potential µ from the gauge field by introduc-

ing [46] a gauge parameter Λ,

α ≡ µ

T
= βµAµ + Λ . (2.33)

Under a background gauge transformation Aµ → Aµ + ∂µλ, the parameter Λ trans-

forms as Λ → Λ − βµ∂µλ. Therefore, equation (2.33) is gauge invariant by the

definition of Λ. We may now determine what the equilibrium constitutive relations

for the stress-energy tensor and charge current are. Let us assume we can organize

the constitutive relations into a derivative expansion; then to leading order in the

derivative expansion, the generating functional is given by

W [g, A] =

∫
dd+1x

√
−g (p(T, µ) + ...) (2.34)

where the ... denotes the possible higher-derivative contributions. Noting that

δ
√
−g

δgµν
=

1

2

√
−g gµν , δT

δgµν
=

1

2
Tuµuν ,

δµ

δgµν
=

1

2
µuµuν ,

δµ

δAµ

= uµ , (2.35)

where the final three equalities follow from the definitions (2.31), (2.33) of T and µ

respectively, we can vary W to get

T µν
eq. = ϵuµuν + p∆µν , Jµ

eq. = nuµ , (2.36)

as anticipated in equations (2.26), where ϵ ≡ −p + sT + nµ, s ≡ ∂p/∂T |µ, and n ≡
∂p/∂µ|T . We will extensively make use of the generating functional approach going

forward for understanding hydrostatics. Of particular interest will be determining

what sorts of terms vanish when the fluid approaches equilibrium, and which do not.

Writing out βµ = uµ/T and multiplying through by T , the Killing equation (2.30)

(which must hold in equilibrium) becomes

∇µuν +∇νuµ −
(
uν∇µT + uµ∇νT

T

)
= 0 (2.37)
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We can now project equation (2.37) with uµuν , ∆µν , 1
2
(∆αµuν +∆ανuµ), and ∆αβµν ≡

1
2

(
∆µα∆νβ +∆µβ∆να − 2

d
∆µν∆αβ

)
, where ∆αβµν is the transverse traceless projector.

Applying each of these to the Killing equation, we find (recalling that uν∇µuν = 0)

that

uµ∇µT

T
= 0 , ∇µu

µ = 0 , ∆αµ

(
uν∇νuµ +

∇µT

T

)
= 0 , σαβ = 0 , (2.38)

where we have defined the shear tensor σαβ ≡ 2∆αβµν∇µuν . Similarly, we can consider

the demand that the Lie derivative of the gauge field with respect to βµ vanish in

equilibrium. However, £βµAµ = 0 is not a gauge-invariant constraint, and so we

instead write

£βµAµ +∇µΛ = 0 . (2.39)

Let us project equation (2.39) with uµ and ∆αµ. We then arrive at

uµ∇µ

(µ
T

)
= 0 , ∆αµ

(
−Eµ

T
+∇µ

(µ
T

))
= 0 , (2.40a)

where Eµ = Fµνu
ν is the electric field associated with the background gauge field.

We therefore have the following collection of one-derivative terms which vanish in

equilibrium for a U(1) charged fluid:

s1 ≡
uµ∇µT

T
, s2 ≡ ∇µu

µ, s3 ≡ uµ∇µ

(µ
T

)
,

V µ
1 ≡ ∆µν

(
uλ∇λuν +

∇νT

T

)
, V µ

2 ≡ ∆µν

(
−Eν

T
+∇ν

(µ
T

))
,

σµν = 2∆µναβ∇αuβ .

(2.41)

In particular, note that the acceleration aµ ≡ uλ∇λu
µ and the transverse derivative of

temperature (∆µν∇νT )/T do not go to zero independently in equilibrium. Similarly,

Eµ/T and ∆µν∇ν (µ/T ) are not independently zero in equilibrium.

There is one more equilibrium detail we would like to introduce, which is the static

susceptibility. The static susceptibility describes the change of densities in the theory

(in the rest frame energy density ϵ = T 00, charge density n = J0, and the momentum

density πj = T 0j which we usually do not explicitly write down) due to a change

in the classical sources associated with those densities. One can show [47] that the

sources for perturbations φA = (δϵ, δn, δπj) are given by λB = (δT/T, δvj, T δα). We
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therefore can write the matrix relation

φA = χABλB . (2.42)

The matrix χAB is the static susceptibility. In the case of diffusion, where temperature

and velocity were not perturbed, the only relevant density was the charge density,

and Tδα = δµ meant that (using the notation of the previous section), δρ =
(

∂ρ
∂µ

)
δµ,

which was why we defined χ = ∂ρ
∂µ
.

2.2.2 “Canonical” formulation of relativistic hydrodynamics

Let us now depart from equilibrium. We will choose to parametrize the stress-energy

tensor and charge current in terms of the “hydrodynamic variables” T (x), uµ(x), and

µ(x). Out of equilibrium, the hydrodynamic variables do not have a unique definition,

and may be redefined by terms that vanish in equilibrium (e.g. T → T ′ = T + uµ∂µT

T
).

We once again assume that the hydrodynamic variables are slowly varying functions

of spacetime, such that the constitutive relations may be organized into a derivative

expansion12, as in equation (1.4):

T µν = T µν
(0) + T µν

(1) +O
(
∂2
)
, (2.43a)

Jµ = Jµ
(0) + Jµ

(1) +O
(
∂2
)
, (2.43b)

where the subscript indicates the order in the derivative expansion. We can write

down the form of the stress-energy tensor and charge current based on symmetry.

Given a unit timelike vector uµ, one can decompose a generic symmetric 2-tensor and

generic vector according to

T µν = Euµuν + P∆µν + 2Q(µuν) + T µν , (2.44a)

Jµ = Nuµ + J µ , (2.44b)

12One immediate question that may spring to mind is whether the derivative expansion is conver-
gent. This is an active area of research, with remaining open questions. If it is convergent, what is
its radius of convergence [48, 34]? If it is divergent, what is the optimal truncation point [49, 50]?
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where Qµ, J µ are transverse vector to uµ, and T µν is the transverse traceless contri-

bution to the stress-energy tensor. The curly variables are defined by

E = T µνuµuν , P =
1

d
T µν∆µν , N = −Jµuµ ,

Qα = ∆α
µuνT

µν , J α = ∆α
µJ

µ, T µν = ∆µναβTαβ .
(2.45)

Combining the decomposition (2.44) with the derivative expansion (2.43) leads to the

statement

E = E(0) + E(1) +O
(
∂2
)
, P = P(0) + P(1) +O

(
∂2
)
, (2.46a)

N = N(0) +N(1) +O
(
∂2
)
, Qµ = Qµ

(0) +Qµ
(1) +O

(
∂2
)
, (2.46b)

J µ = J µ
(0) + J µ

(1) +O
(
∂2
)
, T µν = T µν

(0) + T µν
(1) +O

(
∂2
)
. (2.46c)

We will now proceed to consider the derivative expansion at each order.

Zeroth Order (or, Ideal Order)

At zeroth order, the stress-energy tensor and the charge current take on their equi-

librium forms, albeit with the hydrodynamic variables T (xµ), µ(xµ), and uµ(xµ):

T µν = ϵuµuν + p∆µν , Jµ = nuµ . (2.47a)

Matching the constitutive relations (2.47) with the form (2.44), we can say

E(0) = ϵ, P(0) = p, N(0) = n ,

Qµ
(0) = J µ

(0) = T µν
(0) = 0 .

(2.48)

Inserting the constitutive relations (2.47) into the conservation equations yields (pro-

jecting the stress-energy conservation equation with uµ and ∆µν)

uµ∇µϵ+ (ϵ+ p)∇µu
µ = 0, (2.49a)

∆α
ν ((ϵ+ p)uµ∇µu

ν +∆νµ∇µp) = 0 , (2.49b)

∇µ (nu
µ) = 0 . (2.49c)

where we have used the fact that uνu
µ∇µu

ν = 0. A system which obeys the relativistic

Euler equations (2.49) is called a perfect fluid. A perfect fluid is characterized by a
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lack of viscosity; this is not to be confused with the ideal gas, which has infinite

viscosity13. Let us now investigate the perfect fluid.

Consider perturbations about a homogeneous equilibrium state characterized by

thermodynamic parameters (T0, µ0, u
µ
0):

T (xµ) = T0 + δT (xµ), µ(xµ) = µ0 + δµ(xµ), uµ(xµ) = uµ0 + δuµ(xµ) . (2.50)

We demand that uµ remain normalized to linear order, and so u0µδu
µ = 0. Let us now

insert the perturbations (2.50) into the relativistic Euler equations (2.49), restrict to

flat space, and linearize in the perturbations. Then, we find (defining ϵ0 = ϵ(T0, µ0),

p0 = p(T0, µ0), n0 = n(T0, µ0), s0 = s(T0, µ0) and ∆µν
0 = ηµν + uµ0u

ν
0)

T0

(
∂ϵ0
∂T0

)
α0

uµ0∂µδT

T0
+

(
∂ϵ0
∂µ0

)
T0

uµ0T0∂µδα + (ϵ0 + p0) ∂µδu
µ = 0 , (2.51a)

∆α
0,ν

(
(ϵ0 + p0)u

µ
0∂µδu

ν +∆νµ
0

(
(ϵ0 + p0)

∂µδT

T0
+ n0T0∂µδα

))
= 0 , (2.51b)

n0∂µδu
µ + T0

(
∂n0

∂T0

)
α0

uµ0∂µδT

T0
+

(
∂n0

∂µ0

)
T0

T0u
µ
0∂µδα = 0 . (2.51c)

where we have written the perturbations in terms of T0δα = δµ − α0δT , and we

have used the fact that ϵ0 + p0 = s0T0 + n0µ0. We also note that T0

(
∂x
∂T0

)
α0

=(
∂x
∂T0

)
µ0

T0 +
(

∂x
∂µ0

)
T0

µ0 for thermodynamic variable x. Re-writing this equation in

matrix form, we find

XABu
µ
0∂µU

B +Bν
AB∆

µ
0,ν∂µU

B = 0A (2.52)

13Broadly speaking, viscosity goes as the mean free path. A perfect fluid has a mean free path of
zero, corresponding to zero Knudsen number. An ideal gas has an infinite mean free path.
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where UB = ( δT
T0
, δuβ, T0δα)

T , and

XAB =


T0

(
∂ϵ0
∂T0

)
α0

0β

(
∂ϵ0
∂µ0

)
T0

0α ∆α
0,β (ϵ0 + p0) 0α

T0

(
∂n0

∂T0

)
α0

0β

(
∂n0

∂µ0

)
T0

 , (2.53a)

Bν
AB =

 0ν (ϵ0 + p0)∆
ν
0,β 0ν

∆αν
0 (ϵ0 + p0) 0ανβ ∆αν

0 n0

0ν n0∆
ν
0,β 0ν

 , (2.53b)

where we have made use of the identity ∂µδu
µ = ∆α

0,β∂αδu
β. The vector of variables

UB is sometimes called the “state vector”. Due to the choice of variables in UB, the

matrix XAB is equal to the susceptibility matrix χAB for the fluid. One can show (see

Appendix B) that the susceptibility matrix has some desirable properties:

• The susceptibility matrix χAB is symmetric, i.e. χAB = χBA. Therefore,(
∂ϵ0
∂µ0

)
T0

= T0

(
∂n0

∂T0

)
α0

= T0

(
∂n0

∂T0

)
µ0

+ µ0

(
∂n0

∂µ0

)
T0

.

• Secondly, one can show that the diagonal entries must be all non-negative, i.e.

χAA ≥ 0 for all A. Therefore, p0 + ϵ0 ≥ 0,
(

∂n0

∂µ0

)
T0

≥ 0, and T0

(
∂ϵ0
∂T0

)
α0

≥ 0.

• From these two, one arrives at the demand that the susceptibility matrix be

positive semi-definite.

Returning to the relativistic Euler equations (2.52), let us specialize to the case of

plane-wave perturbations, i.e. UB(xµ) = UB(Kµ)e
iKµxµ

, where14 Kµ = (−ω, kj). We

then obtain the system of equations

(
XAB (iuµ0Kµ) +Bν

AB∆
µ
0,ν (iKµ)

)
UB(ω, ki)e

iKµxµ ≡MABU
B(ω, ki)e

iKµxµ

= 0A

(2.54)

These equations only have non-trivial solutions for the perturbations if F (ω, ki) ≡
det (M) = 0. The zeroes of the function F (ω, ki) determine the dispersion relations

of the fluid, i.e. they determine ωn = ωn(ki), where n labels the frequency mode. We

will refer to the function F (ω, ki) as the spectral curve, as it is an algebraic curve in

14When appearing in the linearized analysis, Kµ is the momentum four-vector, not to be confused
with the Killing vector Kµ of the previous subsection; we hope context is enough to disambiguate
the two.
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ω and ki. For an equilibrium state at rest (i.e. uµ0 = δµ0 ),

MAB =


−iωT0

(
∂ϵ0
∂T0

)
α0

i (ϵ0 + p0) kj −iω
(

∂ϵ0
∂µ0

)
T0

iki (ϵ0 + p0) −iωδij (ϵ0 + p0) ikin0

−iωT0
(

∂n0

∂T0

)
α0

in0kj −iω
(

∂n0

∂µ0

)
T0

 . (2.55)

Isotropy of the equilibrium state allows us to fix (without loss of generality) kj to point

in the x-direction. The determinant of matrix (2.55) will then factorize, yielding (d−1)

copies of a mode ω = 0. Looking ahead, we will refer to these modes as the “shear

modes”, and denote them by ωη. They describe the propagation (or lack there-of)

of momentum perturbations transverse to the direction of the wave-vector ki. The

remaining factor of the spectral curve is then given by

det

∣∣∣∣∣∣∣∣∣
−iωT0

(
∂ϵ0
∂T0

)
α0

i (ϵ0 + p0) kx −iω
(

∂ϵ0
∂µ0

)
T0

ikx (ϵ0 + p0) −iω (ϵ0 + p0) ikxn0

−iωT0
(

∂n0

∂T0

)
α0

in0kx −iω
(

∂n0

∂µ0

)
T0

∣∣∣∣∣∣∣∣∣ (2.56)

Taking the determinant of this matrix and setting it to zero yields

ω

(
ω2 − B

A
k2x

)
= 0 (2.57)

where

A = (ϵ0 + p0)

((
∂n0

∂µ0

)
T0

(
∂ϵ0
∂T0

)
α0

T0 −
(
∂ϵ0
∂µ0

)2

T0

)
, (2.58a)

B =

(
∂ϵ0
∂T0

)
α0

T0n
2
0 + (p0 + ϵ0)

2

((
∂n0

∂µ0

)
T0

− 2n0

p0 + ϵ0

(
∂ϵ0
∂µ0

)
T0

)
, (2.58b)

where in the above we have made use of the fact T0

(
∂n0

∂T0

)
α0

=
(

∂ϵ0
∂µ0

)
T0

. Inspect-

ing (2.57), we see that another factor of ω factors out of the block matrix (2.56).

Looking ahead, we will call this mode the U(1) charge diffusion mode, or just the

charge mode for short, and will denote it by ωσ. Finally, there are two modes of

the form ω = ±vs|k| where vs =
√
B/A. These modes, which we will denote by ω±,

describes the propagation of a mixture of longitudinal (with respect to ki) momentum

perturbations and temperature perturbations. These modes are sound modes, and
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the coefficient vs the is speed of sound.

At first glance, the expression for v2s = B/A looks somewhat complicated. How-

ever, this is only due to the choice of hydrodynamic variables. If we had used ϵ and

n instead of T and µ, the expressions would have taken on a different form (though

the physics remains the same):

v2s =

(
∂p0
∂ϵ0

)
n0

+
n0

ϵ0 + p0

(
∂p0
∂n0

)
ϵ0

. (2.59)

In a theory without a U(1) charge, this expression simplifies further, to v2s = ∂p0
∂ϵ0

.With

the dispersion relations now established, let us consider the stability and causality

of the relativistic Euler equations. First of all, they are stable so long as
(

∂p0
∂ϵ0

)
n0

+

n0

ϵ0+p0

(
∂p0
∂n0

)
ϵ0

≥ 0, as all of the modes are real. Next, we demand causality. For

simplicity, we simply consider the two conditions (2.20) – we will take a more nuanced

approach at first order in the derivative expansion. The shear mode ωη and the charge

mode ωσ are identically zero, and so satisfy both conditions. For the sound mode, we

find

lim
|k|→∞

|Re(ω)|
|k|

= |vs|, lim
|k|→∞

Im(ω)

|k|
= 0 . (2.60)

We therefore see that the (linearized) relativistic Euler equations are causal so long

as the speed of sound is less than the speed of light.

Finally, let us consider the fate of the second law of thermodynamics for an out-of-

equilibrium system. The second law of thermodynamics states that the total entropy

may never decrease with time: therefore, for a time t and a later time t′,

S(t′)− S(t) ≥ 0 . (2.61)

S(t′) and S(t) may be written as the fluxes going through spacelike hypersurfaces Σt′

and Σt respectively. Then ∫
dΣt′

µS
µ −

∫
dΣt

µS
µ ≥ 0 . (2.62)

Let us denote the volume contained between Σt′
µ and Σt

µ as V∆t. Assuming standard

boundary conditions, we can use Gauss’ law to re-write the boundary integrals (2.62)
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as a volume integral [13] ∫
V∆t

dd+1x∇µS
µ ≥ 0 . (2.63)

However, since t′ and t were arbitrary, we must have that

∇µS
µ ≥ 0 . (2.64)

This is the local version of the second law of thermodynamics. The current Sµ is

called the entropy current, and it is one of the most important objects in relativistic

hydrodynamics. Based on the equilibrium statement that T0s0 = p0 + ϵ0 − µ0n0, we

can define a canonical form for the entropy current:

Sµ =
p

T
uµ − T µνβν − αJµ (2.65)

For the ideal order constitutive relations, this takes on the far simpler form Sµ = suµ.

The relativistic Euler equations (2.49) then enforce that

∇µS
µ = ∇µ (su

µ) = 0 (2.66)

We arrive at the interesting statement that for a perfect fluid, there is no entropy

production except via discontinuous processes such as shocks.15 With the details of

the ideal-order case established, we now turn to the more complicated consideration

of the first-order case. In what follows, the difference between the hydrodynamic

variables T (x), µ(x), uµ(x) and their thermodynamic counterparts will play a central

role.

First-order

We will now endeavour to determine the first-order corrections to the decomposi-

tions (2.46). As a matter of first principles, we may divide the corrections into two

15This last point brings up an interesting property of perfect fluids, which was originally brought
to my attention by D. Wagner. Equilibrium is the global entropy maximum, and a given out-of-
equilibrium configuration must, necessarily, have a smaller overall entropy. However, in a perfect fluid
entropy cannot be generated via dissipation, and so the fluid will eventually arrive at a homogeneous
entropy density profile with a total entropy less than that of global equilibrium. Therefore, in order
to return to the global entropy maximum, a perfect fluid must equilibrate via genuinely entropy-
producing processes, i.e. shocks. This process is, of course, unphysical: all real fluids produce
entropy via dissipative processes, which also serve to smooth out shock profiles. That said, the
study of relativistic shocks in both perfect and dissipative fluids is an active area of research due to
their interesting mathematical and physical properties [51, 11, 52, 53, 54, 55, 56].
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categories – those that arise from the generating functional (“hydrostatic contribu-

tions”) and those that vanish in equilibrium (“non-hydrostatic contributions”):

T µν = T µν
(0) + T µν

(1),n.h.s. + T µν
(1),h.s. +O

(
∂2
)
,

Jµ = Jµ
(0) + Jµ

(1),n.h.s. + Jµ
(1),h.s. +O

(
∂2
)
.

Let us begin by considering the hydrostatic contributions. A first-order hydrostatic

contribution would arise due to a non-vanishing first-order contribution to the grand

canonical free energy, i.e.

F = p+ F(1) +O
(
∂2
)

(2.67)

We do not a priori know what these contributions should be, and so we should write

down any scalars at first order in derivatives which do not vanish in equilibrium. In

the theory under consideration in this section (i.e. the theory of a U(1) charged fluid

which respects time-reversal, parity, and charge-conjugation symmetry), there turn

out not to be any contributions at first order. However, in MHD, there exist non-

trivial contributions e.g. ΩµB
µ, where Bµ is the magnetic field, and Ωµ = ϵµνρσu

ν∂ρuσ

is the vorticity vector. This magnetovortical term is generically present in the consti-

tutive relations of first-order MHD unless charge-conjugation symmetry is imposed

to remove it [41].

Next, let us consider non-hydrostatic terms in the constitutive relations at first

order.16 The form of the non-hydrostatic contribution is constrained by the require-

ments that it be built out of first derivatives of the hydrodynamic variables, and that

it vanish in equilibrium. We may therefore construct the most general expression us-

ing the standard approach of effective field theory: write down everything consistent

with the symmetries of the theory under consideration, and then try to constrain the

parameters accompanying each contribution.

We have already determined which one-derivative quantities vanish in equilibrium

– the “building blocks” (2.41). The most general one-derivative dissipative correction

16Technically, non-hydrostatic contributions can come in two types – dissipative contributions
(terms that describe effects that generate entropy) and non-dissipative contribution. In what follows,
we will be somewhat imprecise, and use the terms non-hydrostatic and dissipative interchangeably;
we will not be discussing non-hydrostatic non-dissipative terms in this dissertation.
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would then be of the form

E = ϵ+
3∑

n=1

εnsn +O
(
∂2
)
, P = p+

3∑
n=1

πnsn +O
(
∂2
)
, (2.68a)

N = n+
4∑

n=1

νnsn +O
(
∂2
)
, Qµ =

2∑
n=1

θnV
µ
n +O

(
∂2
)
, (2.68b)

J µ =
2∑

n=1

γnV
µ
n +O

(
∂2
)
, T µν = −ησµν . (2.68c)

where the sign on η has been chosen for future convenience. There are 14 a priori

independent parameters in the theory. This is a somewhat unpleasant situation to be

in; it would be good if we could find some way to eliminate some of these parameters.

We can do this by considering two facts about the hydrodynamic variables {T, µ, uµ}.

Frame redefinitions. The first fact is that the hydrodynamic variables have no

unique definition out of equilibrium. A set of variables UB = {T, µ, uµ} and a different

set of variables U ′B = {T ′, µ′, u′µ} are both equally valid so long as δUB = {T ′ −
T, µ′ − µ, u′µ − uµ} = {δT, δµ, δuµ} vanishes in equilibrium17. Any particular choice

of variable is called a “fluid frame” or a “hydro frame” – not to be confused with a

Lorentz frame. A change from one set of variables to another set of variables is called a

“frame transformation” or a “frame redefinition”. While the names are unfortunately

somewhat confusing, they are standard.

Let us take δUB to be first order in derivatives. Applying the frame change UB →
U ′B to (2.46) after inserting T µν

(0) and Jµ
(0), and demanding the invariance of the one

point functions under frame transformations18 leads to the first-order contributions

undergoing (up to O (∂2)) shifts:

E(1) → E ′
(1) −

[(
∂ϵ

∂T

)
µ

δT +

(
∂ϵ

∂µ

)
T

δµ

]
, J µ

(1) → J ′µ
(1) − nδuµ , (2.69a)

N(1) → N ′
(1) −

[(
∂n

∂T

)
µ

δT +

(
∂n

∂µ

)
T

δµ

]
, Qµ

(1) → Q′µ
(1) − (ϵ+ p)δuµ , (2.69b)

P(1) → P ′
(1) −

[(
∂p

∂T

)
µ

δT +

(
∂p

∂µ

)
T

δµ

]
, T µν

(1) → T ′µν
(1) . (2.69c)

17In curved space, there remains ambiguity even in equilibrium, see e.g. [57]
18The one-point function of a microscopic operator is independent of which effective variables we

use.
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We see that all of the dissipative contributions are shifted under the change of vari-

ables except for the tensor contribution T µν
(1) . There exist certain linear combinations

of the dissipative contributions that are invariant under reparametrizations. One way

to write these down these so-called “frame invariants” is the following:

F = P(1) −
(
∂p

∂ϵ

)
n

E(1) −
(
∂p

∂n

)
ϵ

N(1) , (2.70a)

Lµ = J µ
(1) −

n

ϵ+ p
Qµ

(1) . (2.70b)

The frame invariants (2.70) may be decomposed with respect to the building blocks (2.41),

such that

F = f1s1 + f2s2 + f3s3 , Lµ = ℓ1V
µ
1 + ℓ2V

µ
2 . (2.71)

Therefore, by (2.68), we may identify

fi = πi −
(
∂p

∂ϵ

)
n

εi −
(
∂p

∂n

)
ϵ

νi (i ∈ {1..3}) , (2.72a)

ℓi = γi −
n

ϵ+ p
θi (i ∈ {1..2}) . (2.72b)

Since the one-point function should be invariant under changes of frame, the under-

lying physics ought to be invariant under a change of frame. Let us therefore use the

redefinition freedom inherent in the equations to write them in a convenient form.

Let us pick a frame such that T 00 = ϵ for a fluid at rest, J0 = n, and the fluid velocity

uµ is aligned with the flow of energy, so that there is no transverse heat flow. Then

εi = νi = θi = 0, and the number of free parameters in the theory has been reduced

from fourteen to six:

T µν = ϵuµuν + (p+ f1s1 + f2s2 + f3s3)∆
µν − ησµν , (2.73a)

Jµ = nuµ + ℓ1V
µ
1 + ℓ2V

µ
2 . (2.73b)

This choice of hydrodynamic frame is usually called the “Landau frame”, or “Landau-

Lifshitz frame”, so-called because of its use in the famous textbook series by Landau

and Lifshitz in volume 6, “Fluid Mechanics” [11]. In writing down the frame invari-

ants (2.70), we tailored them for use with the Landau frame.19 There still remain six

19Another frame which is frequently used in the literature is the “Eckart frame”, which was first
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parameters (f1, f2, f3, ℓ1, ℓ2, η) in equations (2.73); we can do better.

Equations of motion. The second point we can take advantage of is that the rela-

tivistic Euler equations (2.49) may be used to write down relations between the respec-

tive scalar and vector “building blocks”. There are two scalar equations (uν∇µT
µν = 0

and ∇µJ
µ = 0) and one vector equation (∆α

ν∇µT
µν = 0). The relativistic Euler equa-

tions (2.49) may therefore be used to eliminate two scalars, and one vector:(
∂ϵ

∂T

)
α

Ts1 + (ϵ+ p) s2 +

(
∂ϵ

∂µ

)
T

Ts3 = O
(
∂2
)
, (2.74a)(

∂n

∂T

)
α

Ts1 + ns2 +

(
∂n

∂µ

)
T

Ts3 = O
(
∂2
)
, (2.74b)

(ϵ+ p)V µ
1 + nTV µ

2 = O
(
∂2
)
. (2.74c)

We choose to eliminate s1, s3, and V
µ
1 , i.e. all of the variables that contain time

derivatives of the fields in the rest frame. In field-theory parlance, this puts the theory

“on-shell” with respect to the ideal-order equations. After applying the ideal-order

equations of motion, the Landau-frame constitutive relations become

T µν = ϵuµuν + (p− ζs2)∆
µν − ησµν , Jµ = nuµ − σV µ

2 . (2.75)

where we have defined new parameters ζ and σ. These are given by

ζ ≡ −f2 +
((

∂n

∂µ

)
T

(ϵ+ p)−
(
∂ϵ

∂µ

)
T

n

)
f1

T∂(ϵ, n)/∂(T, µ)

+

(
n

(
∂ϵ

∂T

)
α

− (ϵ+ p)

(
∂n

∂T

)
α

)
f3

T∂(ϵ, n)/∂(T, µ)
, (2.76a)

σ ≡ −ℓ2 +
nT

ϵ+ p
ℓ1 , (2.76b)

used by Carl Eckart in [10], and is also used in the textbook “Gravitation and Cosmology” by
Weinberg [58]. This frame choice is the same in the scalar section (εi = νi = 0), but instead aligns
the fluid velocity with the flow of U(1) charge, so that there is no transverse flow (γi = 0). The
constitutive relations in the Eckart frame are given by

Tµν = ϵuµuν + (p+ f1s1 + f2s2 + f3s3)∆
µν − 2(ϵ+ p)

n

(
ℓ1V

(µ
1 + ℓ2V

(µ
2

)
uν) − ησµν ,

Jµ = nuµ .
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where ∂(ϵ, n)/∂(T, µ) is the Jacobian of (ϵ, n) and (T, µ). The negative signs, similarly

to the negative sign in front of η, have been chosen for convenience. We will give the

coefficients appearing in equations (2.75) names: ζ is the bulk viscosity, η is the

shear viscosity, and σ is the charge conductivity. The constitutive relations (2.75)

are the relativistic Navier-Stokes equations. The fluid described by these equations is

dissipative, meaning that for arbitrary non-equilibrium configurations, there should

be an increase of entropy with time as the fluid returns to equilibrium. That the

entropy always increases may be enforced via the entropy current (2.65) and the local

second law. For a generic first-order perturbation from equilibrium, the divergence

of the entropy current may be written

∇µS
µ = −T µν

(1)∇µβν − Jµ
(1)∇µα +O

(
∂2
)
, (2.77)

where we have used the fact ∇µ (su
µ) = O (∂2), and the fact that T µν and Jµ satisfy

the conservation equations. Inserting the constitutive relations for the relativistic

Navier-Stokes equations (2.75) yields (imposing the ideal-order equations on βµ and

α)

∇µS
µ =

ζ

T
s22 +

σ

T
V2,µV

µ
2 +

η

2T
σµνσ

µν +O
(
∂2
)
. (2.78)

Demanding the non-negativity of the entropy current for all possible field configura-

tions immediately leads to the demand that ζ ≥ 0, σ ≥ 0, η ≥ 0 . These coefficients

ζ, σ, η are examples of what we call “physical transport coefficients”. We differenti-

ate the physical transport coefficients from other possible parameters in the theory

(such as those in equations (2.68)) by the fact that the physical transport coefficients

can be obtained from (and are therefore fixed by) the underlying microscopic theory.

This may be achieved via “Kubo formulae” – the interested reader may again refer to

Appendix B for more details. Any parameter in the theory which cannot be obtained

from a Kubo formula is not considered a physical transport coefficient, and we simply

call it a “transport parameter”.

Conformal fluids

If the underlying theory enjoys a conformal symmetry, then the theory is invariant

under Weyl transformations, i.e. rescalings of the metric of the form gµν → e−2ϕgµν .

A field φ which transforms according to φ → ewϕφ is said to transform with Weyl

weight w. It is a well known property of conformal theories that the stress-energy
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tensor is traceless, T µ
µ = 0. For the relativistic Euler equations, this leads to the

celebrated conformal condition ϵ = d p, and so

T µν = d puµuν + p∆µν +O (∂) , Jµ = nuµ . (2.79)

By the definitions (2.31), (2.33) one can show that T , µ, and uµ transform withw = 1,

while uµ transforms with w = −1. By demanding the invariance of the generating

functional under Weyl transformations, we can also determine from (2.28) that T µν

transforms with w = d + 3, while Jµ transforms with w = d + 1. In order for the

constitutive relation (2.79) to transform correctly under the Weyl transformation, the

equation of state is heavily constrained, and must be of the form

p(T, µ) = T d+1f
(µ
T

)
. (2.80)

In particular, this can be shown to lead to the result that (∂p/∂n)ϵ = 0, (∂p/∂ϵ)n =

1/d. We therefore arrive at the statement that for a conformal fluid, the speed of

sound (2.59) is given by vs = ±1/
√
d . Turning now to the first-order theory, the

tracelessness condition imposes that E(1) = dP(1), which imposes from (2.68) that

εi = d πi for i ∈ {1..3}.
We can also note that the building blocks s3, V

µ
1 , V

µ
2 , and σµν all transform

homogeneously under Weyl transformations. However, s1 and s2 do not – only the

linear combination s̃1 = s1− 1
d
s2 transforms homogeneously. We must then also have

the relation ε1 = dε2, π1 = dπ2, and ν1 = dν2. Combining this with the previous

relation between εi and πi there are nine a priori independent parameters in the

constitutive relations for a charged conformal fluid:

T µν = d (p+ dπ2s̃1 + π3s3)u
µuν + (p+ dπ2s̃1 + π3s3)∆

µν

+ 2
(
θ1V

(µ
1 + θ2V

(µ
2

)
uν) − ησµν , (2.81a)

Jµ = (n+ dν2s̃1 + ν3s3)u
µ + γ1V

µ
1 + γ2V

µ
2 . (2.81b)

The frame invariants ℓi are unchanged when conformality is imposed; however, by

the definition (2.72), we can see that (∂p/∂n)ϵ = 0 and εi = dπi implies fi = 0 for all

i. This has the immediate consequence that in the relativistic Navier-Stokes equa-

tions (2.75), the bulk viscosity is identically zero, ζ = 0. This makes physical sense,

as the bulk viscosity is associated with changes in scale, and conformal symmetry
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requires scale-invariance.

2.2.3 Stability and causality at first order

Characteristics and causality

We will now more formally discuss causality. The notions of causality discussed here

are local, rather than statements about any global structure of spacetime. To do

so, we will need to understand some results from the theory of partial differential

equations. This section mostly follows the theory as outlined in [59]; other references

include [60, 61]. A generic second-order quasilinear partial differential equation (PDE)

in some variable Ψ can be written in the following way:

L[U ] = Aµν [Ψ, ∂Ψ]∂µ∂νΨ+ Bµ[Ψ, ∂Ψ]∂µΨ+ C[Ψ] = 0 . (2.82)

Note that the coefficient A depends on Ψ and the first derivative of Ψ, but not the

second derivative. We assume here that A, B, and C are analytic if Ψ is analytic.

Let us now consider supplying initial conditions for the PDE (2.82) on some spacelike

initial hypersurface Σ0. Let us further foliate the spacetime20 with a whole family of

such hypersurfaces, parametrized by a scalar parameter ϕ(xµ) – the initial hypersur-

face is the solution to the condition ϕ = 0. We assume that ϕ is an analytic function

of xµ. The normal to the hypersurface is given by ξµ ≡ ∇µϕ. The parameter ϕ could

be time, or it could be something else. We also consider d parameters which charac-

terize the d-directions internal to the hypersurface: we will call these ηi(xµ), and will

also assume that they are analytic functions of xµ. Finally, we assume that ϕ(xµ),

ηi(xµ) are such that the relationship can be inverted, and we can write xµ = xµ(ϕ, ηi)

so that Ψ = Ψ(xµ(ϕ, ηi)).

The initial conditions are then given on the initial hypersurface by

Ψ0(η
i) = Ψ|ϕ=0, Ψ̇0(η

i) =
∂Ψ

∂ϕ
|ϕ=0 , (2.83)

where we employ the notation Ψ̇ ≡ ∂Ψ
∂ϕ
, and Ψ0, Ψ̇0 are some prescribed functions of ηi.

We now apply the chain rule to the PDE (2.82) to rewrite the equation in coordinates

20Of course, there is nothing special about time from a mathematical point of view; we could
just as well supply a timelike “initial hypersurface” and look for solutions given conditions on that
surface. The same procedure applies.
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(ϕ, ηi). Evaluated on the hypersurface Σ0, equation (2.82) is then written as

(Aµνξµξν)
∂2Ψ

∂ϕ2

∣∣∣∣
ϕ=0

= I[Ψ0, Ψ̇0] , (2.84)

where I contains all terms in equation (2.82) which may be determined entirely from

Ψ0(η
i) and Ψ̇0(η

i). The quantity ξµ = ∇µϕ is, again, the normal to the hypersurface

Σ0. We would now like to answer a very simple question: can we use the PDE (2.82)

to construct a local solution some finite δϕ off of the initial hypersurface? In other

words, can we use the PDE to find ∂2Ψ/∂ϕ2|ϕ=0, ∂
3Ψ/∂ϕ3|ϕ=0, and so on up to infinite

order?

It is clear from equation (2.84) that we can determine ∂2Ψ/∂ϕ2|ϕ=0 from the initial

conditions so long as Aµνξµξν ̸= 0. If this condition is satisfied, higher derivatives may

be found by successive applications of ∂
∂ϕ

to equation (2.84), and a local solution may

be constructed: this is the Cauchy-Kowalevski21 theorem [59]. Since ξµ denotes the

normal to the hypersurface, whether the condition Aµξµξν ̸= 0 holds or not depends

entirely on the hypersurface Σ0 under consideration. In particular, we can identify

one-parameter families of hypersurfaces for which Aµνξµξν vanishes. We refer to these

surfaces as “characteristic surfaces”, or sometimes just “characteristics” for short; we

will also sometimes imprecisely refer to ξµ as the characteristics. As the equation

that determines the characteristics, Aµνξµξν = 0 is called the characteristic equation,

and Aµνξµξν is called the characteristic form. For a point p, the envelope of the

characteristics passing through p will form a conoid for each family of solutions to

the characteristic equations. This conoid is called the Monge conoid [59].

As a simple example, for the wave equation in flat space (ηµν∂µ∂νΨ = 0), the

characteristics are given by the set of hypersurfaces for which ηµνξµξν = ξµξ
µ = 0 .

The Monge conoid is then the light cone.

Characteristic surfaces are critical for understanding the dynamics of classical field

theories. One can show (see e.g. [59], Ch. 6 Sec. 2) that characteristic surfaces are the

only hypersurfaces across which the solution Ψ may experience non-analyticities. In a

causal theory, any solution which is defined on a region of compact support must still

have compact support at a later time. A solution often22 experiences a non-analyticity

when passing outside of a region of compact support, and so the edges of the region

21Sophie Kowalevski, for whom the theorem is named, is considered the first woman to have
received a modern doctorate in mathematics.

22A counterexample is the so-called bump function.
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of support are often marked by characteristics. The Monge conoids for each family of

characteristics therefore act as “spherical” wavefronts for a perturbation localized to

a point p, and in a causal theory they must lie inside of the lightcone at every point.

The technical expression is that characteristics define the “domain of dependence”

and “domain of influence” for a point p. The Monge conoids determine the regions of

spacetime which a disturbance at p affects (and is affected by) – hence the demand

that the Monge conoids lie inside the lightcone.

In what follows, we will usually discuss the characteristics, rather than directly

referring to the Monge conoids. Let us now consider a system of partial differential

equations:

L[U ] = Aµν
AB[U, ∂U ]∂µ∂νU

B + Bµ
AB[U, ∂U ]∂µU

B + CA[U ] = 0 , (2.85)

where UB is once again the state vector. The capital latin labels A, B run from 1

to n, where n is the number of components in UB. In the above, the greek indices

µ, ν label the different matrices AAB, BAB. The same arguments23 lead to an only

slightly modified equation: the characteristics are obtained from the characteristic

form Aµν
ABξµξν via the characteristic equation

Q(ξ0, ξj) = det (Aµν
ABξµξν) = 0 . (2.86)

We are interested in causal theories. In particular, we demand that the system of

PDEs (2.85) be (at least weakly) hyperbolic, meaning that the characteristics are

real and lead to finite (i.e. less than infinite) propagation speeds. Causality may

be quantified by the following three demands [4] on the solutions ξ0 = ξ0(ξj) to the

characteristic equation (2.86) for real ξj:

|Re(ξ0(ξj))|
|ξj|

≤ 1 ∀ ξj , Im(ξ0(ξj)) = 0 ∀ ξj , (2.87a)

O|ξj | (Q(ξ0 = a|ξj|, ξj = sj|ξj|)) = Oξ0 (Q(ξ0, ξj)) (ξ0, |ξj| ≠ 0) , (2.87b)

where OX(Q) refers to the order of the polynomial Q in X, a is an arbitrary non-zero

23In obtaining equation (2.86), there is a subtlety – we have assumed that all of the elements of
UB obey differential equations of the same order, i.e. second order. This may not be true – in that
case, one must consider mixed-order systems of equations, and the situation complicates. We will
not consider such systems of equations in this dissertation; the more mathematically inclined reader
may instead refer to [62].
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constant, and sj is a unit vector.

The first condition is the demand that the characteristic equation (2.86) give rise

to characteristic surfaces that lie inside the lightcone. The second condition enforces

reality of the characteristics (and therefore that the system of equations is not elliptic).

Finally, the third condition24 demands that all solutions to the characteristic equation

can be written in the form ξ0 = ξ0(ξj). In particular, the third condition eliminates

ξ0 = 0, ξj ̸= 0 as a solution, which corresponds to a parabolic system of equations

with an infinite propagation speed. Note that this condition is a constraint on the

characteristic equation itself, not on its solutions.

Let us consider two brief illustrations of these constraints. We previously found

that the characteristics for the wave equation are the light cone. The characteristic

equation is −ξ20 + ξjξ
j = 0, and the solutions are given by ξ0 = ±|ξj|. Therefore,

|Re(ξ0)|
|ξj|

= 1, Im(ξ0) = 0, 2 = O|ξ|
(
(−a2 + 1)|ξ|2

)
= Oξ0

(
−ξ20 + |ξ|2

)
= 2 .

(2.88)

All three conditions are satisfied, and so the wave equation is causal (as expected). We

can also consider the diffusion equation in the observer rest frame, ∂tρ−D∂j∂jρ = 0 .

The characteristic equation is given by ξjξ
j = 0. This violates the third condition

of (2.87):

2 = O|ξ|(|ξj|2) ̸= Oξ0(|ξj|2) = 0 (2.89)

The diffusion equation is therefore acausal as expected. To illustrate this, we note

that any ξµ with ξj = 0 and ξ0 ̸= 0 satisfies the characteristic equation, leading

immediately to
|Re(ξ0)|
|ξj|

= ∞ (2.90)

We therefore find that the diffusion equation has infinite propagation speed. This

defines the diffusion equation as being parabolic. Since infinite speed is (slightly)

faster than the speed of light, we find once again that the diffusion equation is acausal.

Linear theories. Let us now specialize to the case of a homogeneous linear system

of partial differential equations. This may arise either naturally for the full system of

equations (such as in the wave equation), or it may be due to the linearization of a

24As far as I am aware, the third condition was first written down in this form in [2]. While it
may have previously been known in the mathematics literature, it was not present in the literature
for hydrodynamics.
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non-linear (or quasilinear) system of equations. Regardless, let us consider the specific

case where Aµν
AB and Bµ

AB are constant, and CA[U ] = CABU
B. Then the characteristics

are the same for every point in spacetime, and form a family of constant hyperplanes.

Let us assume that condition three of (2.87) is satisfied by the characteristic

equation. Then |ξj| = 0, ξ0 ̸= 0 is not a valid solution to the characteristic equation.

We subsequently take ξj real and |ξj| > 0. Defining Vµ ≡ ξµ/|ξj|, the characteristic

equation can be re-written as

det (AµνVµVν) = 0 . (2.91)

The first two causality constraints may also be re-written as |Re(V0)| ≤ 1, Im(V0) = 0.

Now, let us consider a plane-wave solution UB = ŨB(Kµ) exp(iKµx
µ), where Kµ =

(−ω, kj) as before. Inserting the plane-wave solution into the system of PDEs (2.85),

we find

(Aµν
ABKµKν + Bµ

ABKµ + CAB) Ũ
B exp (iKµx

µ) = 0 (2.92)

The dispersion relations are given by the roots of the spectral curve, such that

F (ω, kj) = (Aµν
ABKµKν + Bµ

ABKµ + CAB) = 0 . (2.93)

In a causal theory, the dispersion relations ω = ω(k) must obey:

lim
|k|→∞

|Re(ω)|
|k|

≤ 1, lim
|k|→∞

Im(ω)

|k|
= 0 , (2.94a)

O|k| (F (ω = a|k|, kj = sj|k|)) = Oω (F (ω, kj)) . (2.94b)

Note the addition of the third condition compared to the previous causality conditions

on dispersion relations. As a simple example of the third condition’s necessity, let us

consider25 the linearized Benjamin-Bona-Mahoney equation in (1 + 1)-dimensions, a

PDE intended for studying surface gravity waves (not to be confused with gravita-

tional waves) [63]. The linearized equation is given by

∂tϕ+ ∂xϕ− ∂2x∂tϕ = 0 (2.95)

25This equation was brought to my attention by L. Gavassino.
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Looking at plane wave solutions ϕ = ϕ̃ exp (iKµx
µ), we find

F (ω, k) =
(
−iω + ik − ik2ω

)
= 0 (2.96)

which is solved by

ω =
k

1 + k2
(2.97)

The dispersion relation (2.97) appears to be totally well-behaved at first glance. In

the limit of large k, we find

lim
|k|→∞

|Re(ω)|
|k|

= 0, lim
|k|→∞

|Im(ω)|
|k|

= 0 . (2.98)

In fact, Im(ω) = 0 for all real values of k, and so the solution is stable as well.

However, if we consider the third condition, we find that

3 = O|k|(F (a|k|, sj|k|)) ̸= Oω(F (ω, k)) = 1 . (2.99)

The Benjamin-Bona-Mahoney equation is therefore acausal – and indeed, we can see

this directly by boosting ω → γ(ω′− vk′), k → γ(k′− vω′) in equation (2.96), leading

to the modified equation

−iγ(ω′ − vk′) + iγ(k′ − vω′)− iγ3(k′ − vω′)2(ω′ − vk′) = 0 (2.100)

This equation now has three solutions ω′ = ω′(k′) – and two of them go as ω′ = 1
v
k′+...

in the large-k′ limit, where the ... indicate subleading contributions in k′. Since v is

the boost parameter, these new solutions are clearly acausal even as accounted for

by the first two conditions. The third condition of (2.94) is necessary for preventing

these acausal modes from appearing in the system upon boosting.

Returning to the linear PDE (2.92), we consider now the same equation divided

through by k2. We will be interested in the large-k limit, and so we also define the

vector V ′
µ = Kµ/k = {−ω

k
,
kj
k
}. The linear PDE may then be written(

Aµν
ABV

′
µV

′
ν +

1

k
Bµ
ABVµ +

1

k2
C
)
ŨB exp (iKµx

µ) = 0 (2.101)

Let us now assume that the theory satisfies the causality constraints (2.94). The

first two conditions may be straightforwardly re-written as lim|k|→∞ |Re (V ′
0) | ≤ 1,
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lim|k|→∞ Im(V ′
0) = 0; it is then clear that as k grows, V ′

µ remains finite, and V ′
µ/k → 0.

Therefore, in the large-k limit, the dispersion relations are given by

det
(
Aµν

ABV
′
µV

′
ν

)
= 0 (2.102)

However, this is simply the characteristic equation (2.91) with Vµ → V ′
µ! We therefore

have found that the large-k limit of the dispersion relations of the linear theory

computes the characteristics of the linear theory – and it is in this sense that we can

claim that they are truly causality constraints.

A natural follow-up question might be the following: when the linear theory arises

from linearizing a quasilinear system of PDEs, can this relationship between large-|k|
dispersion relations and characteristics for the linearized theory tell us anything about

the characteristics of the original quasilinear theory? The answer is “sometimes”. We

will discuss this in more detail in Chapter 3.

Let us now note a result [33, 64]: if a theory is causal, and it is stable in one

reference frame, it is causal in all reference frames. Conversely, if a theory is acausal

and has Im(ω) < 0, it will be unstable in at least one reference frame. This means

that the analysis of the diffusion equation where we boosted and investigated the

stability of the theory was overkill – we could, in fact, have simply established that

the theory was acausal, and left it at that. A theory that is both causal and stable

in one reference frame is therefore covariantly stable. We will discuss this property

in more detail in Chapter 3.3.

Causality of the Navier-Stokes equations

We will now investigate the causality of the relativistic Navier-Stokes equations in the

Landau frame (all of the following results will also hold true for the Eckart frame as

well). To begin with, let us restrict to d = 3 for definiteness, and consider linearized

perturbations about equilibrium in the rest frame of the form

T = T0 + δT e−iωt+ikx, µ = µ0 + δµ e−iωt+ikx, uµ = uµ0 + δuµe−iωt+ikx ,

where again uµ0δuµ = O (∂2). We have also taken advantage of the isotropy of the

equilibrium state to align kj in the x-direction – we use the shorthand k = |kj| as
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before. Inserting these into the relativistic Navier-Stokes equation, we find

F (ω, k) =
(
ηk2 − iω(ϵ0 + p0)

)2 [
aω3 + bk2ω2 + (c4k

4 + c2k
2)ω + dk4

]
= 0 (2.103)

where a, b, c4, c2, and d depend on the transport parameters ζ, η, σ and thermo-

dynamic parameters (T0, µ0, ϵ0, p0, n0), but not on k or ω. We see that, as in the

relativistic Euler equations, two copies of the shear mode factorize, giving dispersion

relations

ω = −i η

(ϵ0 + p0)
k2 . (2.104)

We see now why the mode was called the shear mode – it describes the diffusion of

shear perturbations. However, looking at equation (2.104), there are already alarm

bells ringing. We know from investigating the diffusion equation that the dispersion

relation ω = −iDk2 is acausal if taken to large-k – and equation (2.104) is of the

same form, with D → η/(ϵ0 + p0).

Even without solving for the charge mode and sound modes, we can see that

the longitudinal modes will also have issues, because they violate the third condition

of (2.94). Specifically,

4 = Ok (F (ω = ak, kj = sjk)) ̸= Oω (F (ω, kj)) = 3 (2.105)

Solving for the charge mode and sound mode in the limit of small k, we find

ω = ±vs k − i
Γs

ϵ0 + p0
k2 +O

(
k3
)
, ω = −iΓσk

2 +O
(
k4
)

(2.106)

where

Γs =
ζ + 4

3
η

2
+

(
∂p0
∂n0

)2

ϵ0

σ

2T0v2s
, (2.107a)

Γσ =
(p0 + ϵ0)σ

T 2
0 v

2
s (∂(ϵ0, n0)/∂(T0, µ0))

. (2.107b)

In the limit of large k, the three modes in the longitudinal part go as

ω = −i
(
ζ + (4/3)η

p0 + ϵ0

)
k2 + ... , ω = −i A σk2 + ... , ω = −iB + ... , (2.108)

where A and B are thermodynamic functions, and the ... indicate subleading be-



42

haviour in large k. We can see that two of the modes go as k2, which immediately

violates the causality conditions (2.94). We therefore arrive at the troubling conclu-

sion that the relativistic Navier-Stokes equations are acausal. Worse, because they

are acausal, there must be a frame in which they are unstable. In fact, thanks to

violating the third condition of (2.94), it turns out that the relativistic Navier-Stokes

equations are unstable in every reference frame apart from the fluid rest frame. As

in the diffusion equation, the blow up time is proportional to v, the boost velocity –

and so, the blow-up gets worse the closer to rest one gets.

Whether or not this acausality and instability is a problem depends on what

questions one is trying to answer. If the question is only one of response, e.g. de-

termining what the various viscosities ζ, η, σ are from the microscopic theory, or

looking at stochastic fluctuations, then this is perhaps not such a big issue. However,

if one wishes to actually solve the full quasilinear hydrodynamic equations, as in a

hydrodynamic simulation, this is a massive issue – because one cannot numerically

distinguish the true physical hydrodynamic behaviour from the (unphysical) blowup

due to the acausality of the modes.

This problem has been known for a long time [25, 26], and solutions were soon

established. In the remainder of this chapter, we will discuss the two main means

of rendering the relativistic Navier-Stokes equations stable and causal. The first

is the Müller-Israel-Stewart (MIS) theory of hydrodynamics [27, 28, 29], which is

spiritually the same as the Maxwell-Cattaneo equation for diffusion. The second is

the more recent Bemfica-Disconzi-Noronha-Kovtun (BDNK) formulation of causal

hydrodynamics [30, 31, 32, 5, 33], which is spiritually the same as the telegrapher’s

equation. Both have their strengths and their weaknesses, as we shall see.

2.2.4 Müller-Israel-Stewart (MIS) theory

The stress-energy current and charge current may be written as

T µν = (ϵ+ δE)uµuν + (p+ δP )∆µν + 2δQ(µuν + δT µν , (2.109a)

Jµ = (n+ δN )uµ + δJ µ , (2.109b)

where by the delta of a curly variable, we mean all derivative corrections from first

order up to infinite order. Now, using the field-redefinition freedom built into the

theory, let us put the constitutive relations into the Landau frame. We may then
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parametrize the theory as

T µν = ϵuµuν + (p+Π)∆µν + πµν , (2.110a)

Jµ = nuµ + nµ . (2.110b)

where we will (imprecisely) refer to Π as the bulk viscosity, πµν as the shear viscosity

tensor, and nµ as the charge current. As with J µ and T µν , nµ and πµν are both

transverse to uµ, and πµ
µ = 0. Now, as in the Maxwell-Cattaneo model, we promote

the corrections Π, nµ, and πµν to degrees of freedom on par with T (xµ), µ(xµ),

and uµ(xµ). There are now (d + 2) + 1 + d + (d2 + d − 2)/2 = (d + 1)(d + 4)/2

degrees of freedom, which comprises the degrees of freedom in the hydrodynamic

variables, Π, nµ, and πµν respectively. In order to close the equations (i.e. introduce

enough equations to solve for the variables of interest), we must introduce d(d+3)/2

new equations. These equations are sometimes referred to as “phenomenological

equations”, as they are not associated with any symmetry of the theory.

We briefly present here three means of obtaining MIS-type equations. A fourth,

the DNMR theory, will be discussed in Chapter 4 when we approach kinetic theory.

For more detail on the three approaches presented here, the interested reader may

refer to Appendix A.

Canonical Approach to MIS

The canonical approach uses the entropy current to fix the phenomenological equa-

tions [28, 29, 65]. We present here a summary modified from [66]. Let us modify the

entropy current with a piece that is quadratic in Π, nµ, πµν , which we denote by Qµ.

Then, taking the constitutive relations (2.110) into account, the entropy current is of

the form

Sµ = suµ − αnµ −Qµ , (2.111)

where α = µ/T . We do not, a priori, know the form of Qµ, and so we write down a

general quadratic form:

Qµ =
1

2T

[
βππ

αβπαβ + βΠΠ
2 + βnnαn

α

]
uµ − 1

T

[
αΠnΠn

µ + απnπ
µαnα

]
. (2.112)
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We can also use the equations of motion to find an expression for ∇µ (su
µ):

∇µ (su
µ) = α∇µn

µ + βν∇µπ
µν − Π∆µν∇µβν , (2.113)

Combining these together, we can write the divergence of the entropy current as

∇µS
µ = −Π

T
A− nµ

T
∆µνB

ν − πµν

T
∆µναβC

αβ , (2.114)

where A, Bµ, and Cµν are lengthy expressions in terms of Π, nµ, πµν , T, µ, uµ, and

their first derivatives. We would like to enforce the positivity of entropy production;

we may do this by relating

Π = −ζA, nµ = −σ∆µνBν , πµν = −η∆µναβCαβ . (2.115)

The equations (2.115) are the phenomenological equations in the canonical approach.

They may be cast in a more familiar form by pulling terms out of A, Bµ, and Cµν :

τΠu
λ∇λΠ+Π = −ζ∇µu

µ + ... , (2.116a)

τnu
λ∆µν∇λnν + nµ = −σT∆µν∇να + ... , (2.116b)

τπ∆
µναβuλ∇λπαβ + πµν = −ησµν + ... , (2.116c)

where the ... contain the remaining terms in A,Bµ, Cµν . In the above we defined

τΠ = ζβΠ, τn = βnσ, and τπ = 2ηβπ. The equations (2.116) look very similar to the

equation we wrote down in equation (2.11) for the Maxwell-Cattaneo model. After

the identification (2.115), the entropy current becomes

T∇µS
µ =

Π2

ζ
+
nµnµ

σ
+
πµνπµν
2η

, (2.117)

which is positive so long as ζ, σ, η > 0. The full equations (2.116), which are related

in Appendix A, can be shown to be causal linearly [65] for sufficiently large relaxation

times τΠ,n,Π. In the case of an uncharged fluid, they have also been shown to be causal

non-linearly [67] subject to more complicated causality constraints.
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Resummed BRSSS Approach

The resummed BRSSS [68] approach is not directly a method for deriving MIS-type

equations. Rather, it began as a method of obtaining second-order hydrodynam-

ics. We consider here a conformal fluid with no conserved U(1) charge. Comparing

to (2.110), this means there is no charge current (and therefore no nµ), and Π = 0

identically. At first order, the constitutive relations are given by

T µν = ϵuµuν + p∆µν − ησµν , (2.118)

where p = ϵ/d. At second order, there are five transverse traceless corrections one

could write, which we denote by Oµν
n . Then we can write

πµν = −ησµν + τπηOµν
1 + κOµν

2 + λ1Oµν
3 + λ2Oµν

4 + λ3Oµν
5 +O

(
∂3
)
. (2.119)

Now, let us note that to first order, σµν = −πµν/η. We can then replace σµν with

−πµν/η anywhere it appears in the Oµν
n to get equations for πµν . Schematically, after

this resummation the equations are of the form

τπ∆
µναβuλ∇λπαβ + πµν = −ησµν + ... , (2.120)

where the ... indicate terms which are non-linear in πµν and derivatives of the fluid

velocity. We see that, once again, we have obtained MIS-like equations. These

equations will be (at least linearly) causal for large enough values of τπ [68].

Generating Functional Approach

The final MIS-type theory we consider in this chapter is a more recent development

due to [69], which extracts MIS-like equations using a combination of the entropy

current and the generating functional. To begin with, we propose auxiliary fields κµν

and vµ, where κµν is symmetric. We then postulate that the pressure is a function of

scalars formed from κµν and vµ:

W [g, A] =

∫
dd+1x

√
−g
(
p

(
T, µ, v2, (trκ)2, κ2 − 1

d
(trκ)2

)
+ ...

)
, (2.121)

where the ... denote potential higher-order terms in derivatives of the fields (T, µ, vµ, κµν).

Writing T µν = ϵuµuν + p∆µν +Πµν , where (in Landau frame) Πµν = Π∆µν + πµν , we
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then define Πµν and nµ in terms of vµ and κ:

Πµν = αS
κtrκ∆

µν + αT
κκ

⟨µν⟩ +Πµν
h.s. , (2.122a)

nµ = αvv
µ , (2.122b)

where we introduce the notation κ⟨µν⟩ = ∆µναβκαβ. The Πµν
h.s. is the hydrostatic

contribution to Πµν arising due to the dependence of p on the fields κ and vµ, while

αS,T
κ , αv are arbitrary parameters.

The entropy current is given by

Sµ = suµ − αnµ , (2.123)

where α = µ/T . Taking the divergence, using the equations of motion to express

∇µ (su
µ) in terms of Πµν and nµ, and then finally inserting the definitions of Πµν and

nµ in terms of κµν and vµ, we find

∇µS
µ = −α

S
κ

2T
trκ∆µνAµν −

αT
κ

2T
κ⟨µν⟩∆

µναβBµν −
αv

T
vµCµ , (2.124)

where Aµν , Bµν , and Cµ are functions of κµν , vµ, α, and β
µ = uµ/T . We can enforce

positivity of entropy production by identifying

αS
κtrκ∆

µν = −ζ∆µνAµν , αT
κκ

⟨µν⟩ = −η∆µναβBαβ, αvv
µ = −σ∆µνCν , (2.125)

where the parameters (ζ, η, σ) are the usual bulk viscosity, shear viscosity, and charge

conductivity. This is almost good enough, but we note that we want equations for

Πµν and nµ, not κµν and vµ. We would ideally like to invert the relations (2.122)

to express κµν and vµ in the equations (2.125) in terms of Πµν and nµ; however, the

Πµν
h.s. contribution to Πµν makes inverting (2.122) non-trivial. We can at least find a

solution to linear order in Πµν and nµ, yielding

τSΠT£β

(
1

d
trΠµν

)
+

1

d
trΠµν = −ζ∇µu

µ + ... , (2.126a)

τTΠT∆
µναβ£βΠ⟨αβ⟩ +Π⟨µν⟩ = −ησµν + ... , (2.126b)

τnT∆
µν£βnν + nµ = −σT∆µν∇ν

(µ
T

)
+ ... , (2.126c)

where the ... once again denote a complicated combination of terms involving non-
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linear combinations of the fields (both hydrodynamics and Πµν , nµ) and their deriva-

tives. Note that, unlike in the other approaches, the time-derivatives of the viscous

corrections naturally package themselves as Lie derivatives.

Due to the relative youth of this formulation of the MIS theory, a causality anal-

ysis has not yet been performed – however, given the MIS-like structure of the equa-

tions (2.126), they will presumably be at least linearly causal for large enough values

of τSΠ , τ
T
Π , and τn.

2.2.5 Bemfica-Disconzi-Noronha-Kovtun (BDNK) theory

We now come to the second, philosophically distinct method of rendering the rela-

tivistic Navier-Stokes equations (2.75) stable and causal. This method, by Bemfica,

Disconzi, Noronha, and Kovtun [30][31][32], is morally the same as the idea behind the

telegrapher’s equation for the diffusion equation: one retains terms that are formally

higher-order on-shell, which act as UV regulators for the theory. This subsection is

based primarily on my paper [5], which found causality constraints for the charged

U(1) fluid; see also [70][33].

The constitutive relations for the BDNK theory of a charged U(1) fluid are given

by equations (2.68), i.e.

T µν =

(
ϵ+

3∑
n=1

εnsn

)
uµuν +

(
p+

3∑
n=1

πnsn

)
∆µν + 2

2∑
n=1

θnV
(µ
n uν) − ησµν ,

(2.127a)

Jµ =

(
n+

3∑
n=1

νnsn

)
uµ +

2∑
n=1

γnV
µ
n . (2.127b)

Before, we used the relativistic Euler equations to remove s1, s3, and V
µ
1 . Now, let

us instead keep all possible terms – subject to one constraint. The physical transport

coefficients ζ, σ, and η are not free for us to choose. Instead, they have values fixed by

the underlying microscopic theory, values which may be obtained via the use of Kubo

formulae. Therefore, we must limit ourselves to values for the transport parameters
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that are consistent with these microscopic values:

ζ =− f2 +


(

∂n
∂µ

)
T
(ϵ+ p)−

(
∂ϵ
∂µ

)
T
n

T∂(ϵ, n)/∂(T, µ)

 f1 +

(
n
(

∂ϵ
∂T

)
α
− (ϵ+ p)

(
∂n
∂T

)
α

T 2∂(ϵ, n)/∂(T, µ)

)
f3 ,

(2.128a)

σ =− ℓ2 +
nT

ϵ+ p
ℓ1 , (2.128b)

and, of course, η = η, where f1,2,3, ℓ1,2 are as defined in equations (2.72). With the

constitutive relations in hand, we will now follow two paths. First, we will look at

dispersion relations in a linearized analysis, especially in the limit of large k. Then,

we will consider causality conditions on the full quasi-linear system of equations from

the point of view of the theory of partial differential equations. As the full theory is

not linear, there is no guarantee the two notions of causality agree.26 We will show in

Chapter 3 that, for most fluid frames, such a disparity does not exist in the BDNK

theory of hydrodynamics.

Linearized Analysis

Let us begin by considering linearized plane-wave perturbations about the rest frame

for d = 3, i.e.

T = T0+δT (ω, k)e
−iωt+ikx, µ = µ0+δµ(ω, k)e

−iωt+ikx, uµ = δµ0+δu
µ(ω, k)e−iωt+ikx .

(2.129)

In the above, we have made use of the SO(3) invariance of the equilibrium state to

align kj with the x-direction. Inserting these into the equations of motion (obtained

from substituting the constitutive relations (2.127) into the conservation equations),

we find
a b 0 0 c

d e 0 0 f

0 0 k2η − iω(p0 + ϵ0)− θ1ω
2 0 0

0 0 0 k2η − iω(p0 + ϵ0)− θ1ω
2 0

g h 0 0 I




δT

δux

δuy

δuz

δµ

 =


0

0

0

0

0


(2.130)

26In fact, in the MIS theory of hydrodynamics, they do not; there exist field configurations which
the linearized theory would suggest are causal, but are in fact acausal.
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where the parameters a...I are polynomials in ω and k which depend on the transport

parameters and the thermodynamics. As before, the spectral curve F (ω, k) is given

by the determinant of the matrix in equation (2.130):

F (ω, k) =
(
k2η − iω(p0 + ϵ0)− θ1ω

2
)2

det

∣∣∣∣∣∣∣
a b c

d e f

g h I

∣∣∣∣∣∣∣ = 0 (2.131)

As before, two copies of the shear mode factor out. The shear mode is given explicitly

by

ω = −i
(
p0 + ϵ0
2θ1

)(
1±

√
1− 4ηθ1

(p0 + ϵ0)
2k

2

)
. (2.132)

We see that this is identical to equation (2.19) upon the identification τ = θ1/(p0+ϵ0)

and D = η/(p0 + ϵ0). By direct comparison with (2.15), we can see that the stabil-

ity of the k → 0 gap leads to the demand that θ1 > 0. Note that this already

excludes the Landau frame – in the Landau frame, θ1 = 0! We also know, quali-

tatively, what the behaviour of this mode is by referring back to Figure 2.1. When

k2 = (p0 + ϵ0)
2 /(4ηθ1), the hydrodynamic mode and non-hydrodynamic mode collide.

After the collision, Im(ω) “freezes out” and becomes independent of k, while Re(ω)

gains k dependence that was previously absent. This “pole collision” behaviour is

generic in causal systems, and marks the transition from diffusive behaviour at small

k to transmissive behaviour at large k.

The remaining determinant in the spectral curve is due to the perturbation of

temperature, charge density, and the longitudinal (with respect to kj) component

of the fluid velocity. There are three hydrodynamic modes (the two sound modes

and the charge mode), and three non-hydrodynamic modes. In the k → 0 limit, the

non-hydrodynamic modes are given by ω = −i (ϵ0 + p0) /θ1, and the roots of

det

[
−i


(

∂ϵ0
∂T0

)
µ0

(
∂ϵ0
∂µ0

)
T0(

∂n0

∂T0

)
µ0

(
∂n0

∂µ0

)
T0

− ω

T0

(
ε1 − µ0

T0
ε3 ε3

ν1 − µ0

T0
ν3 ν3

)]
= 0 . (2.133)

These “gaps” must have negative imaginary part to be stable. One of them is already

fixed by θ1 > 0. For the other, we must choose a hydrodynamic frame (i.e. values

for the transport parameters) such that the gaps are in the lower half of the complex

plane. There exists a criterion to enforce that roots of polynomials lie in a particular
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half-plane, which is called the Routh-Hurwitz criterion. One can show via an appli-

cation of the Routh-Hurwitz criterion that necessary and sufficient conditions for the

gap (2.133) to be stable are [5]

ε1ν3 − ε3ν1 ≥ 0 , (2.134a)(
∂n0

∂µ0

)
T0

ε1 − ε3

(
∂n0

∂T0

)
α0

−
(
∂ϵ0
∂µ0

)
T0

ν1 +

(
∂ϵ0
∂T0

)
α0

ν3 > 0 . (2.134b)

Ensuring the stability of the equilibrium state for arbitrary k is quite difficult, because

of the heavy dependence of the spectral curve on the equation of state. For any

particular theory, it can be done numerically. Turning now to the large-k dispersion

relations and causality, the causality constraints on the shear mode are given by

0 ≤ η

θ1
≤ 1. (2.135)

For the remaining modes, the leading order behaviour of the large-k limit is controlled

by the roots of

det


− k2

T0

(
θ1 − µ0

T0
θ2

)
− ω2

T0

(
ε1 − µ0

T0
ε3

)
kω (ε2 + θ1) − k2

T0
θ2 − ω2

T0
ε3

kω
T0

(
θ1 − µ0

T0
θ2 + π1 − µ0

T0
π3

)
k2
(
4η
3
− π2

)
− ω2θ1

ωk
T0

(θ2 + π3)

− k2

T0

(
γ1 − µ0

T0
γ2

)
− ω2

T0

(
ν1 − µ0

T0
ν3

)
ωk (γ1 + ν2) − k2

T0
γ2 − ω2

T0
ν3

 = 0

(2.136)

which were obtained by scaling ω → λω, k → λk, and taking the limit of large λ.

This is justified by the fact that we demand causality, meaning that ω must grow (at

most) linearly in k. In a general frame, the controlling equation (2.136) is an order-six

polynomial in ω, which therefore does not have a closed-form solution. Nevertheless,

we can constrain its roots to lie within a unit disk in the complex plane via a criterion

called the Schur-Cohn criterion. That said, it is somewhat simpler to instead restrict

from the most general frame to a smaller subset of frames. Two possible choices are

the “decoupled frame” of [5], or the νi = γi = 0 frame of [33]. In the decoupled frame,

one sets ε3 = π3 = θ2 = 0: then the determinant factorizes, and

det

(
− k2

T0
(θ1)− ω2

T0
(ε1) kω (ε2 + θ1)

kω
T0

(θ1 + π1) k2
(
4η
3
− π2

)
− ω2θ1

)(
−k

2

T0
γ2 −

ω2

T0
ν3

)
= 0 (2.137)

The final bracket, the large-k limit of the charge mode and its corresponding non-
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hydrodynamic mode, gives

ω = ±
√
−γ2
ν3
k + ... (2.138)

where the ... terms are subleading in large-k. This is causal so long as 0 ≤ −(γ2/ν3) ≤
1 . The remaining modes are the large-k limit of the sound modes and their corre-

sponding non-hydrodynamic modes. They form a quadratic equation in ω2/k2 (a

“biquadratic”):

ε1θ1

(ω
k

)4
−
(
θ1π1 + ε2 (θ1 + π1) + ε1

(
4η

3
− π2

))(ω
k

)2
− θ1

(
4η

3
− π2

)
= 0

(2.139)

In general for a biquadratic of the form ax4 + bx2 + c = 0, sufficient conditions for

the roots to be causal by imposing reality and the Schur-Cohn criterion are

b2 − 4ac > 0, b < 0, 0 < c < a, a+ b+ c > 0 (2.140)

Inserting a = ε1θ1, b = −
(
θ1π1 + ε2 (θ1 + π1) + ε1

(
4η
3
− π2

))
, and c = θ1

(
π2 − 4η

3

)
yields a complicated, non-linear set of constraints on the transport parameters. These

constraints are not empty – there exist frames which can simultaneously satisfy all

of the conditions [5][33]. We have therefore found that the relativistic Navier-Stokes

equations may be rendered (linearly) causal by the BDNK procedure of introducing

formally higher-order terms to regulate the acausality in the theory. These higher-

order terms enforce the causality and stability of the theory via the introduction of

non-hydrodynamic modes. These non-hydrodynamic modes collide with the hydrody-

namic modes at some critical k∗, transitioning from diffusive behaviour to subluminal

propagation

The last thing we will do in this chapter is repeat the same analysis, but for the full

quasilinear system of PDEs. We will see that the controlling equations for the modes

are (almost) the same between the linearized and quasilinear systems of equations.

Characteristics

Let us return to the full equations of motion, restricting ourselves to the ε3 = π3 =

θ2 = 0 frame for convenience and again setting d = 3. Going forward, it will be more

convenient to work with the unconstrained vector βµ = uµ/T and with α = µ/T . In

terms of these variables, the principal part Aµν
AB∂µ∂νU

B of the system of equations is
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given by [5]

∇µT
µν = T

[
ε1u

µuνuαuβ + ε2u
µuν∆α

β + π1∆
µνuαuβ + π2∆

µν∆α
β

+ 2θ1

(
uαu(ν∆

µ)
β + uβu

(ν∆α)µ
)
− η∆µνα

β

]
∂µ∂αβ

β , (2.141a)

∇µJ
µ = T

[
ν1u

µuαuβ + ν2u
µ∆α

β + γ1u
α∆µ

β + γ2∆
µαuβ

]
∂µ∂αβ

β

+

[
ν3u

µuα + γ3∆
µα

]
∂µ∂αα , (2.141b)

or, in matrix form,

Aµα
AB∂µ∂αU

B =

(
Mν

β 0ν

Nβ R

)µα

∂µ∂α

(
ββ

α

)
, (2.142)

whereM,N , andR are implicitly defined by reading off the relevant terms from (2.141).

The characteristic form Q = Aµνξµξν is then obtained by simply taking ∂µ → ξµ. The

characteristic form is given (introducing the shorthand a = (u·ξ), bµ = ∆µνξν , and

b2 = ξµξν∆
µν) by

Q =

T
(

ε1a
2uνuβ + ε2au

νbβ + π1ab
νuβ + π2b

νbβ

+θ1
(
auνbβ + a2∆ν

β + uβu
νb2 + auβb

ν
)
− η∆µνα

β ξµξα

)
, 0ν

T (ν1auβ + ν2abβ + γ1abβ + γ2b
2uβ) , ν3a

2 + γ3b
2


(2.143)

It is now clear that, in this frame, the determinant factors, i.e.

det(Q) = det(M)
(
ν3a

2 + γ3b
2
)
= 0 . (2.144)

The second factor gives

(u·ξ) = ±
√

−γ3
ν3

√
ξµ∆µνξν , (2.145)

and we can immediately recognize the charge mode. With regard to det (M), we may

note the identity [5]

det
(
Auνuβ +B∆ν

β + Cuνξβ +Dξνuβ + Eξαξβ
)

Bd−1[−AB +B(C +D)a−BEa2 + (CD − AE)b2] = 0 ,
(2.146)
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where A,B,C,D,E can depend on a and b2. Using the definition of ∆µναβ, we find

that B = θ1a
2 − ηb2 = 0, and so we find

(u·ξ) =
√
η

θ1

√
ξµ∆µνξν . (2.147)

Since d = 3, we find two copies of this mode – and we can once again immediately

recognize the shear mode. Finally, evaluating the final factor, we find

ε1θ1a
4 −

[
ε1

(
4

3
η − π2

)
+ ε2(θ2 + π1) + θ1π1

]
a2b2 − θ2

(
4

3
η − π2

)
b4 = 0 . (2.148)

Now, det (Q) is a Lorentz scalar, and we may (locally) evaluate it in whatever reference

frame we like. Therefore, let us consider the system locally in the fluid rest frame, i.e.

align uµ = δµ0 . This, of course, cannot be done globally – we will delve deeper into

when this does and does not work in Chapter 3. Taking uµ = δµ0 for the moment, we

immediately arrive at the fact a = ξ0, b
2 = |ξj|2, and

ξ20 −
(
−γ3
ν3

)
|ξj|2 = 0 , (2.149a)

ξ20 −
(
η

θ1

)
|ξj|2 = 0 , (2.149b)

ε1θ1ξ
4
0 −

[
ε1

(
4

3
η − π2

)
+ ε2(θ2 + π1) + θ1π1

]
ξ20 |ξj|2 − θ2

(
4

3
η − π2

)
|ξj|4 = 0 .

(2.149c)

We can see that if we use the SO(3) symmetry of the equations to align ξj in the

x-direction, and then identify ξ0 → −ω, and |ξj| → k, we arrive at almost the

same controlling equations (2.137)(2.139) as in the linearized case. We say almost

because the transport parameters in the linearized case are constants depending on

the background solutions T0, µ0, while the transport parameters in equations (2.149)

are functions of spacetime via the hydrodynamic variables T , µ. However, they can

be made precisely the same if we promote T0 → T (xµ), and µ0 → µ(xµ) in the

constraints we identified in the linearized case.

We therefore find the remarkable result that, if we show that the linearized theory

is causal for all values of T0 and µ0, then the non-linear theory will be causal as

well. This was not guaranteed to hold – and indeed, there exist certain pathological

frames where it does not. The underlying assumption of this section was that all of
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the equations were second order in derivatives. However, if we set ε3 = π3 = ν3 =

θ2 = γ2 = 0 (a frame that was first noticed in [71]), then the equation for µ is only

first-order in derivatives. This breaks our underlying assumption of no mixed-order

theories, and indeed the equivalence between linearized and non-linear causality does

not hold in that case. However, the equivalence does hold in a general fluid frame

with all transport parameters non-zero and independent. In the next chapter, we will

go into more depth as to why that is the case.
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Chapter 3

Mathematical Details

In this chapter, we will introduce some of the more mathematical results related to

causal relativistic hydrodynamics. This chapter is by no means comprehensive – a

great deal of work has been done in recent years pushing the limits of causality in

hydrodynamics from a mathematical point of view. Regarding my particular contri-

butions, this chapter is heavily based on my papers [2] and [4]. Section 3.1 formally

introduces in detail the Routh-Hurwitz and Schur-Cohn criteria which were applied

in the previous section. In Section 3.2, we introduce the mathematical details behind

the equivalence between linearized and non-linear notions of causality. Finally, in Sec-

tion 3.3, we discuss some of the work that has been done regarding covariantly stable

systems, including constraints on dispersion relations required to ensure covariant

stability.

3.1 Routh-Hurwitz and Schur-Cohn criteria

3.1.1 Routh-Hurwitz criterion

The Routh-Hurwitz (RH) criterion is a criterion which may be applied to polynomials

with real coefficients, which enforces that the roots of those polynomials lie in the

left-hand complex plane. This criterion has its origins in the branch of engineering

known as control theory; originally developed by Routh [72] in 1877, and refined by

Hurwitz [73] in 1895, the criterion can be straightforwardly applied to any polynomial

with real coefficients. See also [74] for more detail. In the case of complex coefficients,

the story becomes significantly more complicated, and is an ongoing area of research

(see e.g. [75] for recent work). Thankfully, in the theories under consideration in this
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dissertation, the symmetries mostly only allow kj to enter the spectral curve in the

form k2, meaning the imaginary factor that accompanies it is also squared. In the

previously discussed BDNK theory of U(1) charged hydrodynamics, this was due to

isotropy. In the theory of magnetohydrodynamics that we will discuss in Chapter 5,

the contraction of the wavevector with the magnetic flux direction, kjh
j, is a pseu-

doscalar and can only appear in the spectral curve squared due to the demands of

parity. In Chapter 5, the contraction of the wavevector with the transverse superfluid

velocity kjζ
j is a scalar and can enter the spectral curve linearly, along with an ac-

companying imaginary factor. We will not attempt to make use of the Routh-Hurwitz

criterion in this last case.

On to the actual criterion. This approach calculates the first column of the so-

called “Routh array” [76]; it is related to the “alternative formulation” in section 1.6-6

of [74]. Let us consider a polynomial in a complex variable z with real coefficients,

all of which are different from zero:

P (z) = anz
n + an−1z

n−1 + ...+ a1z + a0 (3.1)

Let us now split the polynomial (3.1) into two sub-polynomials: one containing the

odd-power terms, and one containing the even-power terms.

P0(z) = anz
n + an−2z

n−2 + ... , (3.2a)

P1(z) = an−1z
n−1 + an−3z

n−3 + ... . (3.2b)

Let us now define a new polynomial, P2(z), which is defined to be the remainder of

P0(z) divided by P1(z):

P2(z) = Rem(P0(z), P1(z)) . (3.3)

From this polynomial, we may again define a new polynomial P3(z) given by P3(z) =

Rem(P1(z), P2(z)) . This process is repeated until the resulting polynomial is zeroth

order (but non-zero), or we get zero, at which point we stop. If we arrive at zero

before getting a polynomial of zeroth order, the stability criterion is violated. Now,

let us define by Pk the coefficient of the highest-order term of the polynomial Pk. The

set of all such highest-order terms is given by:

G = {P0,P1, ...,Pk} (3.4)
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where k here is the final element of the procedure. The set G is the first column of the

Routh array. The Routh-Hurwitz criterion then amounts to demanding that all of the

entries of G have the same sign. For completeness, the RH criterion for polynomials

of order two, three, and four has been computed, and may be found in Appendix C.

3.1.2 Schur-Cohn criterion

The Schur-Cohn (SC) criterion is a criterion which may be applied to polynomials

such that the roots of those polynomials lie within the open unit disk in the complex

plane [77]. The SC criterion is, in essence, a dressed-up version of the RH criterion.

Let us again consider the generic order-n polynomial with real coefficients (3.1). The

RH criterion enforces that roots lie in the left-hand complex plane. Therefore, we

wish to consider a polynomial which has had the unit disk mapped to the left-hand

complex plane. Therefore, let us consider the Möbius-transformed polynomial

P ′(z) = (z − 1)nP

(
z + 1

z − 1

)
. (3.5)

We then apply the RH criterion to the transformed polynomial P ′(z). We should

reiterate that this mapping is for the open unit disk; that is to say, demanding the

RH stability of P ′(z) imposes that the roots of P (z) satisfy |z| < 1, not |z| ≤ 1.

In the context of causality, this constraint does not allow propagation at exactly the

speed of light. If one wishes to impose the constraint that the phase velocity equal the

speed of light, some other technique must be used. In particular, we must demand

that P (1) ̸= 0 for the Möbius transformation to be well-defined.

Generally, “causality constraints” on polynomials with real coefficients require

more than just the SC criterion. They also demand reality of the roots, such that

Re(z) ∈ (−1, 1), and Im(z) = 0. This will generally involve a condition on the

discriminant of the polynomial; for n ≥ 4, the condition is more than just positivity,

as positivity of the discriminant only implies that s mod 4 = 0 by Brill’s theorem

(see Lemma 2.2 of [78]), where s is the number of non-real roots.
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Figure 3.1: An illustration of the constraints imposed by the Routh-Hurwitz criterion
and the Schur-Cohn criterion respectively. The RH-criterion ensures that roots lie in
the left-hand complex plane. The Schur-Cohn criterion ensures that roots lie within
the open unit disc. In terms of stability and causality, the RH criterion are used to
ensure that ω lies in the lower half-complex plane, and the SC criterion are employed
the impose that limk→∞ ω/k lies in the open unit disk in the complex plane.

3.2 Equivalence of linearized and non-linear theo-

ries

In the previous chapter, we showed that for the BDNK theory of a U(1) charged fluid,

non-linear causality conditions were equivalent to linearized causality conditions. In

this section, we obtain sufficient conditions for this equivalence to hold for a generic

second-order system of partial differential equations. Before evaluating the general

case, however, let us consider some examples which will further illustrate the point.

The following section, especially the examples, has been heavily based on section 2

of [4].
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3.2.1 Examples

Example 1.

Let us begin by considering the following example PDE:

uµuν∂µ∂νϕ− c2 (ϕ)∆µν∂µ∂νϕ = 0 , (3.6)

where ϕ(x) is a real scalar field, uµ is some (constant) background timelike unit vector,

and ∆µν = uµuν + gµν is the projector orthogonal to uµ. The equation (3.6) is just

the wave equation in a reference frame specified by uµ, with a propagation speed c(ϕ)

that depends on the local value of the field ϕ.

The characteristic equation associated with equation (3.6) is given by

Q = (u·ξ)2 − c2(ϕ)∆µνξµξν = 0 . (3.7)

The equations will be causal so long as 0 ≤ c2(ϕ) ≤ 1, such as if c2(ϕ) = 1/(1 + ϕ2).

Now, let us consider the linearization of equation (3.6) about some constant solution,

i.e. ϕ(x) = ϕ0 + δϕ(x):

uµuν∂µ∂νδϕ− c2(ϕ0)∆
µν∂µ∂νδϕ = 0 . (3.8)

The characteristic equation associated with the linearized PDE (3.8) is

Q = (u·ξ)2 − c2(ϕ0)∆
µνξµξν = 0 . (3.9)

Both characteristic equations are algebraic equations. It is clear from direct compari-

son that equation (3.9) is equivalent to equation (3.7) under the operation ϕ0 → ϕ(x).

Therefore, so long as the equation (3.8) is causal (as judged by the solutions of equa-

tion (3.9) satisfying the causality conditions (2.87)) for all real ϕ0, the non-linear

PDE (3.6) will also be causal. Therefore, for equation (3.6), showing (local) causality

of the linearized system of equations is enough to show (local) causality of the full

system of equations.
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Example 2.

Next, let us consider a somewhat modified version of Example 1:

uµuν∂µ∂νϕ− c2(∂ϕ)∆µν∂µ∂νϕ = 0 , (3.10)

with c2(∂ϕ) = 1 + ∆µν∂µϕ∂νϕ. The associated characteristic equation is given by

(uµξµ)
2 − c2(∂ϕ)∆µνξµξν = 0 . (3.11)

Let us now again linearize about the constant solution ϕ0. Then equation (3.10)

becomes

uµuν∂µ∂νϕ−∆µν∂µ∂νϕ = gµν∂µ∂νϕ = 0 , (3.12)

and the characteristic equation is

Q = (u·ξ)2 −∆µνξµξν = gµνξµξν = 0 . (3.13)

The characteristics for the linearized theory lie along the light cone, and are causal

for all values of ϕ0. For the full non-linear theory, however, causality is broken for

any spatially-varying ϕ(x) profile. The difference between the two cases is due to the

derivatives in c2(∂ϕ), i.e. due to derivatives in the principal part. In this example,

the linearized analysis cannot be used to show causality of the non-linear theory.

Example 3.

Let us now consider another modification to Example 1:

uµuν∂µ∂νϕ− c2(ϕ)∆µν∂µ∂νϕ+ ϕ = 0 , (3.14)

with c2(ϕ) = 1 + ϕ2. Unlike in Example 2, the principal part doesn’t have any

derivatives. Nevertheless, the equivalence between linearized and non-linear causality

will still fail. The characteristic equation associated with equation (3.14) is given by

(u·ξ)2 − c2(ϕ)∆µνξµξν = 0 . (3.15)

Now, we would like to linearize about a constant solution, ϕ(x) = ϕ0+δϕ(x). However,

the zeroth-order term ϕ in equation (3.14) means that the only valid constant solution
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is ϕ0 = 0. Therefore, linearizing about ϕ0 = 0, i.e. ϕ(x) = 0 + δϕ, equation (3.14)

becomes

uµuν∂µ∂νϕ−∆µν∂µ∂νϕ = gµν∂µ∂νϕ = 0 , (3.16)

and the characteristic equation is just again that of the lightcone, gµνξµξν = 0 . The

linearized theory is therefore causal. However, the non-linear theory is acausal for

any ϕ(x) ̸= 0, and the connection between linear and non-linear is once again broken.

In this case, the disconnect was due to constraints on the principal part imposed by

the zeroth-order term. A more interesting example of this type is the MIS theory of

hydrodynamics. Considering equations (2.116), we see that there is a similar zeroth-

order term.

Example 4.

Let us now consider the following slightly more general equation,

Aµν [λ, ϕ]∂µ∂νϕ+ C[ϕ] = 0 . (3.17)

In the above, λ is some free parameter in the theory. The characteristic equation is

given by

Aµν [λ, ϕ]ξµξν = 0 . (3.18)

“Causality constraints”, as we have previously described them, amount to conditions

on the parameter λ and on ϕ such that the solutions ξµ to the equation (3.18) are

always causal.

As a simple example, if Aµν = uµuν − (1 + ϕ2)
λ
∆µν , then causality conditions

would amount to λ ≤ 0. Suppose, however, that C[ϕ] = ϕ. Then, linearizing about the

only constant solution (ϕ0 = 0) with ϕ = 0+ δϕ, we arrive once again at gµν∂µ∂νδϕ =

0 . This is causal for any value of λ (since the equation doesn’t depend on λ at all),

in stark contrast with the original non-linear equation. We find, once again, that the

linearized causality conditions do not enforce the non-linear causality conditions.

There is, however, a workaround. Let us consider the “partner system”

Aµν [λ, χ]∂µ∂νχ = 0 , (3.19)

which has been obtained from (3.18) by removing C[ϕ] by hand. The equations (3.18)

and (3.19) do not, generically, have the same solutions. However, the partner sys-
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tem (3.19) admits perturbations about any constant, χ = χ0 + δχ. The associated

characteristic equation is given by

Aµν [λ, χ0]ξµξν = 0 . (3.20)

This is an algebraic equation, and so the characteristic equation of the full sys-

tem (3.18) can be obtained from (3.20) via the replacement χ0 → ϕ(x). Therefore,

the (generally ϕ-dependent) causality conditions of the original system (3.17) may

be obtained from the (generally χ0-dependent) causality conditions of the linearized

partner system (3.19).

This may be immediately generalized to the case of n fields. The system of

equations becomes

Aµν
AB[λ, ϕ

A]∂µ∂νϕ
B + CA[ϕB] = 0 . (3.21)

In equation (3.21), the constant solutions ϕB = ϕB
0 are not, in general, independent.

Instead, they are related by the constraint CA (ϕ1, ϕ2, ..., ϕn) = 0 . Therefore, the

linearized theory obtained by expanding around ϕB
0 cannot in general be used to

determine the causality conditions of the full theory (3.21). However, the causality

conditions of the full theory may be obtained by linearizing the partner system

Aµν
AB[λ, χ

B]∂µ∂νχ
B = 0 (3.22)

instead. The MIS theory is amenable to such a treatment.

Example 5.

In the previous examples, the failure of the linearized theory to reproduce the causality

constraints of the full theory were due to either

1. the presence of derivatives in the principal part, or

2. constraints on the constant solutions ϕB, usually due to the presence of zeroth-

order terms.

Therefore, let us consider the system of equations

Aµν
AB[ϕ]∂µ∂

B
ν + Bµ

AB[ϕ, ∂ϕ]∂µϕ
B = 0 . (3.23)



63

This system of equations has no derivative dependence in the principal part, and there

are no zeroth-order contributions to the system of PDEs. The Landau-frame relativis-

tic Navier-Stokes equations (2.75) and the BDNK theory of hydrodynamics (2.127)

are of this form – the MIS theory of hydrodynamics is not. The characteristic equation

for this system of equations is given by

det (Aµν
ABξµξν) = 0 . (3.24)

Suppose we now linearize the system of equations (3.23). So long as we linearize

about the most general constant solution, with all ϕB
0 independent, the causality of

the non-linear system of equations may be assured from the linearized analysis.

This was not what we did in Chapter 2. We linearized about uµ0 = δµ0 , setting the

spatial parts of uµ0 zero – and the non-linear causality conditions were still enforced by

the demands of linearized causality. This must be squared with the previous examples

where linearizing about ϕ0 = 0 ruined the equivalence; therefore, we would like to

determine when linearization about a constrained subset ϕ̃B of ϕB does not ruin the

equivalence. Given the linear transformation ϕB → GB
Aϕ

B, the principal part has

the symmetry G if

GA(ϕ)G−1 = A(Gϕ) (3.25)

It turns out that one can linearize about ϕ̃B
0 so long as the transformation that takes

ϕ̃B
0 → ϕB

0 is a symmetry of the principal part. Consider a system of equations where

the principal part has such a symmetry. Then, linearizing about the constrained

solution ϕ̃B
0 , the characteristic equation is given by

det
(
Aµν [ϕ̃0]ξµξν

)
= det (Aµν [ϕ0]ξµξν) = 0 . (3.26)

Therefore, the characteristic equation of the system linearized about ϕ̃B
0 is the same

as that of the system of equations linearized about an arbitrary set of constants ϕB
0 .

Two quick explicit examples may be given. First, consider a vector ϕB
0 in Rn,

where B ∈ {1, .., n}. Starting with a particular non-zero vector ϕ̃B
0 = (c, 0, ..., 0)

with arbitrary constant c, any vector ϕB
0 may be generated via an orthogonal trans-

formation G applied to ϕ̃B
0 . Therefore, for any theory where AAB is of the form

Aµν
AB = fµν(Φ2)δAB + gµν(Φ2)ϕAϕB, where Φ2 = δABϕ

AϕB, the non-linear causality

constraints can be obtained from the theory linearized about ϕ̃B
0 .

Another example is that of a timelike vector field βµ and a scalar α: ϕB = (βµ, α).
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Let us take the equation (3.23) to be Lorentz covariant; then the characteristic equa-

tion is a Lorentz scalar of the form Q(β2, β·ξ, ξ2, α) = 0. Since the characteristic

equation is a Lorentz scalar, it is invariant under Lorentz transformations, and so

we can simply linearize about ϕ̃B
0 = (β, 0, ..., 0, α). This is exactly the case for the

U(1)-charged BDNK fluid (2.127).

Example 6.

Let us now consider the following system of PDEs in two fields, UB = (χ, ψ):[
uµuν − c1(χ, ψ)∆

µν f(∂χ, ∂ψ)uµuν

0 uµuν − c2(χ, ψ)∆
µν

]
∂µ∂ν

(
χ

ψ

)
+ Bµ

AB[U, ∂U ]∂µU
B = 0 ,

(3.27)

where c1, c2 are real functions of χ and ψ. Note that derivatives have entered the

principal part; however, they do not enter the characteristic equation

Q =
(
(u·ξ)2 − c1(χ, ψ)∆

µνξµξν
) (

(u·ξ)2 − c2(χ, ψ)∆
µνξµξν

)
. (3.28)

Suppose we now linearize about the constant solution UB
0 = (χ0, ψ0). The principal

part will become

Aµν
AB =

[
uµuν − c1(χ0, ψ0)∆

µν 0

0 uµuν − c2(χ0, ψ0)∆
µν

]
, (3.29)

and the characteristic equation of the linearized theory is given by

Q =
(
(u·ξ)2 − c1(χ0, ψ0)∆

µνξµξν
) (

(u·ξ)2 − c2(χ0, ψ0)∆
µνξµξν

)
. (3.30)

It is clear from inspection that the linearized causality conditions arising from equa-

tion (3.30) given the full non-linear causality conditions (3.28) upon taking χ0 → χ(x),

ψ0 → ψ(x), despite the derivatives appearing in the principal part of equation (3.27).

This makes it clear that the quantity affecting the equivalence is not, strictly speaking,

the principal part – rather, it is the characteristic equation.
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Example 7.

Let us now return to Example 1:

uµuν∂µ∂νϕ− c2(ϕ)∆µν∂µ∂νϕ = 0 . (3.31)

This is a second-order PDE, which may be generically cast down to a system of first-

order PDEs. Let us introduce the auxiliary parameter χµ = ∂µϕ. The second-order

PDE (3.31) may then be written

uµuν∂µχν − c2(ϕ)∆µν∂µχν = 0 , (3.32a)

∂µχν − ∂νχµ = 0 , (3.32b)

∂µϕ− χµ = 0 . (3.32c)

The first equation is simply equation (3.31), the second equation is the statement

∂µ∂νϕ − ∂ν∂µϕ = 0, and the third equation is just the definition of χµ. In d +

1 spacetime dimensions, there are then d + 2 fields (χµ, ϕ) that serve as unknown

variables in the theory. However, there are 2 + d(d + 3)/2 equations, which is more

that d+ 2. This is not a problem, as not all of the equations in (3.32) are dynamical

equations. Only (d + 2) of the equations describe the evolution of the fields; the

remaining d(d+1)/2 equations are constraint equations which serve solely to constrain

initial data. The system of equations is therefore, in the parlance of Chapter 2,

“closed”.

In order to isolate the dynamical equations, let us prescribe initial conditions on

some initial spacelike hypersurface, which we will denote by Σ0. At each point p

on Σ0, there exists a normal timelike unit covector nµ such that Pµν ≡ gµν + nµnν

projects onto Σ0. We may then split the system of equations (3.32) at any particular

point p into dynamical equations (those with a derivative along nµ) and constraint

equations (those which only have derivatives interior to Σ0). The equations are given
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by

Dynamical


uµuν∂µχν − c2(ϕ)∆µν∂µχν = 0 ,

nµPαν (∂µχν − ∂νχµ) = 0 ,

nµ∂µϕ− nµχµ = 0 ,

(3.33a)

Constraint

PαµP βν (∂µχν − ∂νχµ) = 0 ,

Pαµ (∂µϕ− χµ) = 0 ,
(3.33b)

where we note that P µν projects onto a d-dimensional subspace. The original equation

is a dynamical equation because uµ is timelike, and may be decomposed along nµ

according to uµ = − (u·n)nµ + P µνuν . The dynamical equations (3.33a) may be

written in the matrix form

Mµ
AB(U)∂µU

B +NA(U) = 0 , (3.34)

where UB = (χν , ϕ). The characteristic equation can be shown to be given by

Q = det (Mµξµ) = (n·ξ)d
(
(u·ξ)2 − c2(ϕ)∆µνξµξν

)
= 0 . (3.35)

We can see that in addition to the characteristic equation (3.7) of the original second-

order system, there are also d factors of (n·ξ) which were not present in the characteris-

tic equation of the original PDE. The characteristics which solve n·ξ = 0 have normal

covectors entirely contained within Σ0, and so they correspond to non-propagating

solutions.

It is important to note that the separation of the equations into “dynamical”

and “constraint” equations is not an invariant concept – it depends on the choice of

the hypersurface Σ0, and therefore the choice of nµ. A different choice Σ′
0 and n′

µ

would lead to a different set of dynamical equations, and a different set of constraint

equations. In particular, the set of extra characteristics given by (n′·ξ) = 0 will

differ. Therefore, the first-order system (3.32), ignoring the constraint equations, is

not covariant. More concretely, for initial spacelike hyperplanes, a change of nµ →
n′
µ = Λ ν

µ nν , where Λ ν
µ is a Lorentz boost, is equivalent to leaving nµ unchanged,

and boosting

uµ → u′µ = Λ µ
ν uν , ξµ → ξ′µ = Λν

µξν . (3.36)
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The solutions to n·ξ = 0 will not be solutions to n·ξ′ = 0 after applying the

boost, but the solutions to the original second-order characteristic equation (u·ξ)2 −
c2(ϕ)∆µνξµξν = 0 are still solutions after applying the boost. Since the non-propagating

characteristics depend on the choice of nµ, neglecting the constraint equations in the

equations (3.32) leads to a loss of boost covariance.

3.2.2 General case

Let us consider a general quasilinear second-order1 system of partial differential equa-

tions,

L[U ] = Aµν
AB[U, ∂U ]∂µ∂νU

B + Bµ
AB[U, ∂U ]∂µU

B + CA[U ] = 0 . (3.37)

Based on the examples that were previously laid out, we can lay out the follow-

ing sufficient conditions for the causality of the theory to be assured by linearized

causality constraints. Given the linearization UB(x) = UB
0 + δUB(x) of the system of

equations (3.37),

1. The principal part Aµν
AB does not depend on derivatives of the fields, ∂U , and

2. The constant solutions UB
0 are not subject to any algebraic constraints, except

for those which also apply to UB(x).

These conditions are sufficient, rather than necessary, as we have already seen exam-

ples where they are violated, and the equivalence still holds. The primary takeaway

is that, given a system of quasilinear PDEs of the very general form (3.37), one can

assure the non-linear causality of the system of equations from causality conditions

on the linearized system if conditions 1. and 2. hold.

The first condition is a property that the system of equations either does or does

not have; however, the second can be a matter of how the linearization is set up. One

aspect of condition 2. above is that the constant solutions UB
0 are all independent

and non-zero. However, as we saw in Example 5, it is sometimes possible to violate

this condition and still have the equivalence hold.

1We assume here that the equations are such that the variables all require both the value of the
variable and its first time derivative to be specified to solve the initial value problem. We do not
consider the case of mixed-order systems.
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3.2.3 Constraint equations

In the previous subsection, we had a baked-in assumption that all of the equations

in (3.37) were dynamical equations. This is certainly not always true, such as in

Maxwell’s equations with the constraint ∇·B = 0. Let us consider a foliation of

spacetime by spacelike hypersurfaces Σt, where the parameter labelling the hypersur-

faces t could be time, or some other parameter. At each point p on Σt, the normal to

the hypersurface is given by a timelike unit covector nµ, and the projector onto the

hypersurface is given by Pµν = nµnν + gµν . We can define the initial hypersurface Σ0

to be the hypersurface given by t = 0. We prescribe initial conditions on the hyper-

surface Σ0; for a second order system of PDEs, the initial conditions are comprised

of the value of the field on the initial hypersurface UB|Σ0 , and the first derivative off

the hypersurface nµ∂µU
B|Σ0 .

With these definitions in place, we may now define a “dynamical equation” as one

which contains nµnν∂µ∂νU
B, and a “constraint equation” as an equation which does

not. Constraint equations constrain the form of the initial data UB|Σ0 and n
µ∂µU

B|Σ0 .

Let us suppose that the full system of N PDEs in n variables UB is covariant. The

dynamical equations can be given by

Ãµν
AB[U, ∂U ]∂µ∂νU

B + B̃µ
AB[U, ∂U ]∂µU

B + C̃A[U ] = 0 , (3.38)

where det
(
Ãµν

ABnµnν

)
must be non-vanishing, and A,B ∈ {1, ..., n}. The dynamical

equations (3.38) are supplemented by Nc = N − n constraint equations of the form

D̃µν
aB[U, ∂U ]∂µ∂νU

B + Ẽµ
aB[U, ∂U ]∂µU

B + F̃a[U ] = 0 , (3.39)

where a ∈ {1, ..., Nc} labels the constraint equations, and D̃µν
aBnµnν = 0. The full

system of equations (3.38) and (3.39) is assumed covariant, but the decomposition of

the system into dynamical and constraint equations breaks covariance, and instead

depends on how one defines the hypersurfaces Σt and the normal vector nµ. In

particular, this means that the dynamical equations (3.38) by themselves are not

covariant, and the characteristics of the dynamical equations will be sensitive to a

choice of n. The only exception to this is if D̃µν
AB = 0.

Let us now specialize to a case where both the dynamical and constraint equations

satisfy the sufficient conditions 1. and 2. of the previous section, i.e. independence

of the principal part from derivatives of the state vector, and no zeroth-order term.
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In other words,

Ãµν
AB[U ]∂µ∂νU

B + B̃µ
AB[U, ∂U ]∂µU

B = 0 , (3.40a)

D̃µν
aB[U ]∂µ∂νU

B + Ẽµ
aB[U, ∂U ]∂µU

B = 0 . (3.40b)

Since covariance is lost if we consider just the dynamical equations alone, let us take

a slightly more straightforward view of causality. Let us define a system of partial

differential equations to be causal if the Monge conoid at a point p lies inside the

lightcone for all p and all choices of timelike unit covector nµ. With this definition

the equivalence will still hold for the system of dynamical equations (3.40a). However,

because the dynamical equations by themselves are not covariant, Lorentz transfor-

mations are not a symmetry of the principal part of (3.40a). Letting G correspond

to a Lorentz transformation, requiring Lorentz symmetry would require the principal

part to transform as GÃ[ϕ, n]G−1 = Ã(Gϕ, n) , which is not the case. In the spe-

cific context of relativistic hydrodynamics, this implies that it would not be sufficient

to ensure causality for the fluid at rest; instead, one must ensure causality for all

reference frames, and look at linearized fluctuations about a general UB
0 .

Let us finish off this section by noting that this (somewhat frustrating) situation

is mitigated in the specific case where the characteristic equation for the dynamical

equations is of the form

Q = (n·ξ)ℓ Q̃ = 0 , (3.41)

where Q̃ is a Lorentz scalar independent of n, and ℓ > 0 is a positive integer. The

characteristic equation in Example 7 was of this form, and in general an arbitrary

unconstrained second-order system of PDEs cast down to first order will be of the

form (3.41). The non-covariance of the characteristic equation (3.41) is entirely con-

tained within n·ξ. Since the solutions of n·ξ = 0 are always causal for any timelike

unit covector nµ, the causality of the system of equations comes down to determining

the solutions to Q̃ = 0. However, Q̃ is a Lorentz scalar, and so may be evaluated with

any choice of nµ.

In a hydrodynamic theory, one can choose to work in the local fluid rest frame.

Since nµ defines the coordinate time, the fluid rest frame is given by nµu
µ = −1 at

a given point p. Once one has fixed this choice of nµ, the only non-zero component

of uµ at p is the component along nµ; in other words, vj = 0. This means that

linearizing about the solution uµ(x) = δµ0 + δuµ(x) no longer violates the sufficient

condition 2., because the condition uµ = δµ0 was inherited from the non-linearized
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variable uµ(x). The sufficient conditions laid out for the equivalence are then fully

satisfied, and enforcing that the roots of Q̃ = 0 are causal in the linearized analysis

in the rest frame is sufficient to enforce causality of the full non-linear theory for any

choice of nµ.

3.3 Covariant stability

Let us now consider what is actually required for a theory to be “covariantly stable”.

No attempt shall be made here to be comprehensive; regarding my own contribu-

tion, this section (specifically in the large-k limit) primarily contains results from my

paper [2].

3.3.1 Stability and causality

In Chapter 2, when investigating the causality of the theory of a U(1) charged fluid,

we made use of a result that may be roughly stated as follows:

If a causal hydrodynamic system is stable in the local fluid rest frame, it is stable in

all Lorentz reference frames.

This result was rigorously shown in [33] for the U(1) charged fluid subject to the

assumption that the system of equations were strongly hyperbolic, formalizing the

intuition of Israel [79]. In [64], this result was extended, and it was shown that

1. If a hydrodynamic theory is acausal and dissipative, there exists a frame in

which it is unstable. This was illustrated by the acausality of the diffusion

equation in a boosted frame in Chapter 2.

2. If a deviation from equilibrium uniformly decays over time in one Lorentz ref-

erence frame, and its support does not leave the lightcone, it decays uniformly

over time in all reference frames.

3. If a causal hydrodynamic theory is unstable in one reference frame, it is unstable

in all reference frames.

Taken all together, we arrive at the unified picture that stability and causality are

intricately tied together: a causal theory which is stable in one reference frame is

stable in all reference frames. This is the condition of “covariant stability”, one

which we will demand of all causal hydrodynamic theories.
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3.3.2 The covariant stability condition

In what follows, for a complex variable z, we will denote the real and imaginary

parts by z = z′ + iz′′. The demands of covariant stability can be packaged into

a single convenient condition. Let us simultaneously consider a complex frequency

ω = ω′ + i ω′′ and a complex wavevector ki = k′i + i k′′i . Note that k′i and k
′′
i are both

real vectors. The covariant stability condition may then be written as [80]

ω′′ ≤ |k′′i | . (3.42)

This condition is known in the QFT literature [81], but its application to quantum

many-body systems in [80] was novel. Roughly speaking, the condition arises by

demanding that the dispersion relations of the theory be consistent with the micro-

scopic causality of the system. Let us consider the origin of this condition, following

the arguments of [80]. The retarded two-point function of a local operator O(xµ) in

Minkowski space is given by

GR
OO(x, y) = −iθ(x0 − y0) ⟨[O(x),O(y)]⟩ , (3.43)

where θ(x0 − y0) is the Heaviside step function, and ⟨[·, ·]⟩ refers to the expectation

value of the commutator taken in some ensemble. We have previously taken causality

as a condition on coupled systems of partial differential equations. However, quantum

field theories are not described by coupled PDEs, but rather by operators; causality

instead amounts to the demand that spacelike-separated operators have a vanishing

commutator. With this consideration in mind, we can note that GR
OO(0, x) is only

non-zero when xµ is in the closed2 past light-cone. We also impose an additional

condition – that the two-point function is a tempered distribution (see e.g. [82] Ch. 2),

which simply means that the two-point function doesn’t grow “too fast” as it goes to

infinity.

Consider now the Fourier transform

G̃R(Kµ) =

∫
dd+1xGR

OO(0, x)e
iKµxµ

. (3.44)

2i.e. in or on the past light-cone.
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Let us take Kµ to be complex, i.e. Kµ = K ′
µ + iK ′′

µ = (−ω′, k′i) + i(−ω′′, k′′i ). Then

G̃R(Kµ) =

∫
dd+1xGR

OO(0, x)e
iK′

µx
µ

e−K′′
µx

µ

, (3.45)

Recall however that GR
OO(0, x) is only non-zero for xµ in the closed past lightcone.

Therefore, the integrand is exponentially suppressed when K ′′
µ is in the open3 future

lightcone, since then K ′′
µx

µ > 0. This combined with GR
OO(0, x) being a tempered

distribution means that when K ′′
µ is in the open future lightcone (ω′′ > |k′′i |), G̃R(Kµ)

is an analytic function [82].

This is a problem, however, because (see Appendix B) dispersion relations are

given by the singularities of the Fourier-transformed retarded two-point function.

Therefore, any dispersion relation which is compatible with microscopic causality

must be such that K ′′
µ lies outside the open future-directed lightcone. We therefore

arrive at the condition (3.42).

The original derivation of the condition (3.42) in [80] only (explicitly) depended on

the causality of the theory; the condition was then re-interpreted in [83] as a condition

on stability in a hydrodynamic system. Specifically, [83] showed that the violation of

condition (3.42) led immediately to the existence of a reference frame in which the

equilibrium state was unstable. Additionally, it was shown that if one has a stable

and causal theory, then the condition (3.42) must hold. The relation arises due to

the close connection (though not equivalence) between stability and the demand that

GR
OO(0, x) be a tempered distribution.

Now that we have investigated the origin and the interpretation of the condi-

tion (3.42), we will discover what it can do. We will first consider the small-k limit,

which was investigated in [80, 83, 84]. We will then consider the large-k limit, which

was investigated in [2, 85]. In all of the following, we will assume an isotropic equi-

librium state, such that the system enjoys an SO(d) rotation symmetry, and we can

consider Kµ = {ω, k, 0, 0, ...}, where ki has been rotated to align with the x-axis.

3i.e. in, but not on, the future lightcone.
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3.3.3 The small-k limit

The following techniques arise from [80]. Let us consider a dispersion relation which

admits an expansion in small k about the origin k = 0. In other words, let us write

ω =
∞∑
n=0

ank
n , (3.46)

where an and k are both complex. Let us further assume that this expansion has a

radius of convergence R, which is set by the nearest singularity to the origin. Within

the disk of radius R, ω is taken to be analytic. Now, let us set k = r exp(iθ), where

0 ≤ r < R, and θ is the argument of k4. Recall that both an and kn are complex; we

can then equivalently write

ω = U(r, θ) + iV (r, θ) (3.47)

Let us write an ≡ αn + iβn = |an| exp (iθn), where θn is the argument of an. Using

deMoivre’s identity, we can write

ω =

(
∞∑
n=0

rn (αn cos(nθ)− βn sin(nθ))

)
+ i

(
∞∑
n=0

rn (αn sin(nθ) + βn cos(nθ))

)
,

(3.48)

leading immediately to the identification

U(r, θ) =
∞∑
n=0

rn (αn cos(nθ)− βn sin(nθ)) , (3.49a)

V (r, θ) =
∞∑
n=0

rn (αn sin(nθ) + βn cos(nθ)) . (3.49b)

The condition (3.42) then amounts to the demand

V (r, θ) ≤ r| sin(θ)| . (3.50)

4We will no longer be making use of the Heaviside function, and so hereafter θ will exclusively
refer to an angle.
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Now, we can use the orthogonality of trigonometric functions to note that for n > 0,

rnαn =
1

π

∫ 2π

0

dθ V (r, θ) sin(nθ) , rnβn =
1

π

∫ 2π

0

dθ V (r, θ) cos(nθ) , (3.51a)

Therefore,

|an|rn = (αn + iβn) e
−iθnrn =

1

π

∫ 2π

0

dθ V (r, θ) sin(nθ + θn) , (3.52)

where we have used the fact that |an|rn is real. We would now like to make use of the

constraint (3.50), but we must ensure the quantity multiplying V (r, θ) is non-negative.

Let us therefore consider the expression |an|rn + 2β0, and write

|an|rn + 2β0 =
1

π

∫ 2π

0

dθ V (r, θ) (sin(nθ + θn) + 1)

≤ r

π

∫ 2π

0

dθ | sin(θ)| (sin(nθ + θn) + 1) .

(3.53)

Evaluating the integral in the last line (recalling that n ∈ Z), we arrive at the condi-

tion for n > 0

|an|rn + 2β0 =
2r

π

(
2(n2 − 1)− (1 + (−1)n) sin(θn)

n2 − 1

)
. (3.54)

Taking r to R yields the following constraint on the magnitude of the coefficients of

the small-k expansion:

|an| ≤
2

πRn−1

(
2(n2 − 1)− (1 + (−1)n) sin(θn)

n2 − 1

)
− 2

Rn
a′′0 , (3.55)

where we have switched to the notation of the previous section, a′′0 = β0. This is the

constraint in Theorem 1 of [80]. Setting |ki| = 0 in condition (3.42) yields that a′′0 ≤ 0.

We should note here that the condition (3.55) constrains the coefficients of the small-

k expansion from above. This differs significantly from the constraints we found in

Chapter 2, in which coefficients of small-k dispersion relations were constrained from

below (e.g. σ ≥ 0). The bound is in terms of the radius of convergence R, which is

assumed to be a microscopically computable quantity5.

We now investigate hydrodynamic dispersion relations. Consider a purely diffusive

5This is indeed the case in theories which admit a holographic dual [48, 86].
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mode (e.g. the shear mode). Then the mode goes as ω = −iDk2 + O (k4). Taking

the condition (3.55) for n = 2 and setting θ2 = −π/2 (which maximizes the bound),

we find that

0 ≤ D ≤ 16

3π

1

R
. (3.56)

Similarly, let us consider a sound mode. Then ω(k) = ±vsk − iDk2 + O (k3). For

the linear term, let us just consider ω = ±vsk. Then ω′′ = ±vsr sin(θ). Inserting this

dispersion relation into the covariant stability constraint (3.42) yields

±vs sin(θ) ≤ | sin(θ)| (3.57)

Demanding that the condition (3.57) hold for all θ leads immediately to the condition

−1 ≤ vs ≤ 1. The diffusive term also obeys the constraint (3.56). Let us now take the

limit R → ∞ in the constraint (3.55). If the Taylor expansion of a complex function

w(z) has an infinite radius of convergence (i.e. the function is analytic over the entire

complex plane except infinity), the function is said to be “entire”. We see that the

condition (3.55) forces an → 0 for all n ≥ 2. Therefore, if ω is an entire function, it

must be a polynomial of at most linear order in k.

This immediately rules out the Landau theory of relativistic hydrodynamics; as we

saw in Chapter 2.2, the shear mode was given by the entire function ω = −i
(

η
p+ϵ

)
k2,

which is of quadratic order in k2. On the other hand, the modes in the BDNK and

MIS theories of hydrodynamics are not entire, as they contain branch points due to

the square root in their dispersion relations. Therefore, they do not immediately

violate the constraint (3.42). Finally, one can show that the condition (3.42) enforces

that ω = ω(k) have no poles or essential singularities. Branch points and branch

cuts are not ruled out, as evidenced by the fact that branch points appear in causal

theories of hydrodynamics.

The hydrohedron

Before moving on to large-k, we briefly discuss the results of [84]. The existence

of two-sided bounds on coefficients for dispersion relations implies the existence of a

polyhedron in coefficient space describing the region of permitted values. The authors

of [84] referred to this polyhedron as the Hydrohedron. While we do not present the

full results here (the interested reader may refer directly to the paper), we note that

one can derive bounds on coefficients in terms of lower-order terms. For example, let
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us consider a diffusion-type dispersion relation, i.e. ω(k) = −i
∑∞

n=1 β2nk
2n . Let us

define the quantity β̄2n ≡ R2n−1β2n. Then the first two bounds are given by [84]

0 ≤ β̄2 ≤
16

3π
,

15πβ̄2
(
8 + 3πβ̄2

)
− 256

90π
≤ β̄4 ≤

64

15π
. (3.58)

If we continue on for all β̄2n, we find an infinite-dimensional polyhedron. One can

repeat a similar exercise for sound modes ω(k) =
∑∞

n=0 α2n+1k
2n+1 − i

∑∞
n=0 β2nk

2n,

finding bounds as well involving the infinite set of parameters.

3.3.4 The large-k limit

Let us turn now to the large-k limit, which was investigated in [2, 87]. As a preface, in

the following we will only be considering dispersion relations which arise from classical

systems of partial differential equations. What we mean here by a “classical” theory is

a theory in d+1 dimensions which has a finite number of partial differential equations

in a set of fields which depend on d + 1 coordinate variables6. One consequence of

demanding that the theory be classical is that the large-k expansion of ω(k) goes as

the same power of k, regardless of the phase of k. This will be a core assumption going

forward – a result that is certainly not true for quantum systems [89]. In what follows,

we find constraints on the form of large-k dispersion relations. These constraints are

quite general, and dispersion relations in both BDNK and MIS-type theories satisfy

the conditions. Let us consider a linearized system of partial differential equations

LAB[∂]δU
B = 0 , (3.59)

where LAB is a differential operator. We assume that the system of equations is

Lorentz covariant. If we insert the plane-wave solution δUB = δŨB exp(iKµx
µ),

where Kµ = (−ω, kj) as before, then non-trivial solutions are given by the spectral

curve

F (ω, kj) = det (L[iK]) = 0 . (3.60)

6Looking ahead to Chapter 4, the governing equations for both kinetic theory and holographic
theories fail the criterion. In kinetic theory, the Boltzmann equation is not a PDE, but rather a
integro-differential equation. In holography, there are a finite number of partial differential equations,
but one typically considers the dynamics of the boundary theory which depends only on boundary
coordinates xµ, and not the AdS radial coordinate r. This leads to holographic systems having an
infinite number of dispersion relations [34, 88] (“quasinormal modes”), rather than the finite number
one finds in a classical theory.
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Assuming a rotationally invariant equilibrium state as in the small-k case, we fix

kj = (k, 0, ...) along the x-axis. The spectral curve F (ω, k) is then a finite-order

polynomial in ω and k, which also describes an algebraic curve7 in C2. We would

like to constrain dispersion relations in the limit of large-k; thanks to the Puiseux

theorem [90], an expansion of ω in terms of k about 1/k = 0 is guaranteed to exist,

and may be written in the form

ω(k) =
∞∑

m=m0

cmζ
m . (3.61)

The series (3.61) is called a Puiseux series. A number of new things have been

introduced in the above. First of all, the parameter ζ is defined by ζr = 1/k. In

the sum, m0 is an integer which depends on the details of the spectral curve F (ω, k).

Secondly, if the order of the polynomial F (ω, k) in ω is given by M , then there will

be M expansions (3.61). These M expansions come in N sets, and each set comes

with ra branches, such that
∑N

a=1 ra = M . As a consequence, for each set ζ is given

by

ζ = e2πiℓ/rak−1/ra (3.62)

where ℓ = 0, 1, ..., ra − 1. Suppose there were a set of expansions with r = 3. Then

there would be three modes of the form

ω0(k) =
∞∑

m=m0

cmk
−m/3 , ω1(k) =

∞∑
m=m0

cme
2πi/3k−m/3 , ω2(k) =

∞∑
m=m0

cme
4πi/3k−m/3 .

(3.63)

As an immediate simple example of a Puiseux series, let us consider a sound mode in

the limit of small-k (the expansion would then be about k = 0, instead of 1/k = 0).

By isotropy, the spectral curve is a function of k2; one then finds that ζ2 = k2 for the

sound mode. Therefore ζ = eπiℓk = (−1)ℓk, where ℓ = 0, 1, and

ω±(k) =
∞∑

m=1

(−1)ℓmcmk
m = ±c1k + c2k

2 ± c3k
3 + ... , (3.64)

which reveals the origin of the ± present in the sound mode. Returning now to large-

k, we combine the expansion (3.61) with the covariant stability condition (3.42).

Consider the leading-order term of the expansion (3.61); we denote this by ω(k) ∼
7Hence the name.
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cpk
p, where p is a real, rational exponent, and cp ∈ C, i.e. cp = c′p + ic′′p. Let us now

complexify k = reiθ; then the condition (3.42) becomes

(
c′′p cos(pθ) + c′p sin(pθ)

)
≤ 1

rp−1
| sin(θ)| . (3.65)

Taking the r → ∞ limit, setting θ = 0, θ = π/p, and θ = ±π/(2p) yields the following
constraints for p > 1:

c′′p ≤ 0, c′′p ≥ 0, c′p ≤ 0, c′p ≥ 0 , (3.66)

which of course just amounts to cp = 0 for p > 1. We have immediately recovered that

which we already knew, namely the condition that ω(k) may not grow faster than

linearly with k in the limit of large k. Referring back to the Puiseux series (3.61), we

see that the condition (3.66) means that we must have m0 ≥ −r for all modes to be

causal. Let us now set p = 1, and consider θ = 0, π,±π
2
. This yields

c′′1 ≤ 0, c′′1 ≥ 0, c′p ≤ 1, c′p ≥ −1 , (3.67)

which amounts to the first two conditions of (2.94).

We can now try to fix the subleading terms in the expansion beyond linear order.

First of all, the next subleading term after linear order must be another integer

term8. The constraints one can impose at next-to-leading order are much weaker

than at leading order, as one can see from the factor of 1/rp−1 in the right-hand side

of (3.65). One can only impose constraints when θ = 0, ±π, as in that limit the right-

hand side vanishes, as does the linear contribution c1k. Investigating these limits, we

find that if the next-to-leading order term is even in k, it must obey the condition

c′′n ≤ 0, and we cannot constrain any further terms (at least with the same method).

If the next-to-leading order term is odd in k, the coefficient is constrained to be real

(c′′n = 0), and we are now free to constrain the next-to-next-to-leading order term. If

the next-to-next-to-leading term is even in k, then it must have negative imaginary

part, and we cannot constrain any further terms. If it is odd, we can continue the

process.

Summarizing the above, non-integer contributions to the large-k dispersion rela-

8The reason for this may be simply stated; the imaginary component of the next term will be
the dominant imaginary contribution to the mode in the large-k limit. However, if the power of
k is non-integer, then there is an accompanying phase factor from (3.61), and the mode will be
generically unstable.
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tions may appear, but only after the first even-integer term in the expansion. There-

fore, the large-k expansion of dispersion relations in a covariantly stable system must

generically be of the form

ω(k) =

n0∑
n=0

c1−2nk
1−2n + c−2n0k

−2n0 + ... , (3.68)

where n0 is a non-negative integer, the coefficients c1−2n are all real (and not neces-

sarily non-zero), |c1| ≤ 1, and c′′−2n0
≤ 0. The dots in (3.68) denote further subleading

terms, which are allowed to have fractional powers of 1/k. Some examples of allowed

expansions presented in [2] are

ω(k) = c1k + c0 + c−1/2k
−1/2 + ... , (3.69a)

ω(k) = c0 + c−1/2k
−1/2 + ... , (3.69b)

ω(k) = c1k + c−1k
−1 + c−3k

−3 + c−4k
−4 + c−9/2k

−9/2 + ... , . (3.69c)

Finally, we note [2] that one can also extract the third condition of (2.94) from

the covariant stability constraint (3.42). As an addendum, one may use the third

condition of (2.94) to prove that unless F (ω, k) is independent of k, all covariantly

stable fluids must have at least one mode which has a non-zero phase velocity at

large-k. We will not present the proof here, but the interested reader may refer to

Appendix B of [2] for more details.
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Chapter 4

Causal Hydrodynamics from

Microscopics

In this chapter, we will be discussing the emergence of causal theories of hydrodynam-

ics from microscopic theories (or at least, microscopic relative to the scales at which

hydrodynamics is well-defined). There are two frameworks that we will consider in

this chapter. The first is kinetic theory, which is a relevant theory when the under-

lying microscopics admits either a particle or quasi-particle description. The other

is holography, which is relevant for microscopic theories which admit a gravitational

dual such as N = 4 Super-Yang-Mills at large N and large ’t Hooft coupling. In both

frameworks, we will discuss how causal hydrodynamics arises. My contributions to

both subjects are contained in [1].

4.1 Kinetic Theory

Kinetic theory is an extremely rich and well-developed branch of theoretical physics [13,

91, 92, 93]. It describes the many-body dynamics of interacting theories via the evo-

lution of distribution functions on phase space. One can, in principle, include all

n-particle distribution functions (this is referred to as the BBGKY hierarchy [94, 95,

96, 97]); however, in practice, one often truncates the infinite coupled system of equa-

tions down to one equation containing only the one-particle distribution function:

the Boltzmann equation. In this section, we will investigate the emergence of causal

hydrodynamics from the Boltzmann equation. In the following, we always assume a

Minkowski background.
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Setup

Let us denote the one-particle distribution function by fp(x
µ) ≡ f(xµ, pµ), where the

momentum 4-vector pµ = (E, pj) is on-shell, so that E2 − pjp
j = m2, where E is

the particle energy and pj is the 3-momentum. Put differently, the condition reads

p0 =
√
pjpj +m2. The distribution function gives the number of particles in a region

of phase space; the normalization of the distribution function is such that the number

density is given by

n(xµ) =

∫
d3p

(2π)3
fp(x

µ) =

∫
p

p0fp(x
µ) , (4.1)

where
∫
p
=
∫
d3p/ ((2π)3p0) is shorthand for an integral over the Lorentz-invariant

phase space measure. We will make use of this shorthand throughout the remainder

of the section. The distribution function depends on time, and therefore describes

the worldlines of particles in phase space; in the absence of any external forces, their

evolution is given by the Liouville operator L[fp] = pµ∂µfp(x
µ). In a collisionless gas

(i.e. in free streaming), the evolution equation would then be

L[fp] = pµ∂µfp = 0 .

However, in real gases, collisions certainly happen, and the equation describing the

evolution of the particles in phase space is appropriately modified. The collisions

are in principle quite complicated, and depend on the underlying microscopic theory.

One can contain all of the effects of the collisions in an integral operator known as

the collision operator, C[fp]. The equation of motion for the distribution function is

then the relativistic version of the Boltzmann equation:

pµ∂µfp = C[fp] . (4.2)

The form of the collision operator depends on which interactions occur, though we

demand that it be at least quadratic in f ; in the case of 2−to−2 elastic collisions,

the collision operator takes the form [91]

C[fp] =
1

2

∫
p′

∫
k

∫
k′
W (p, p′|k, k′)[fkfk′(1±fp)(1±fp′)−fpfp′(1±fk)(1±fk′)] , (4.3)
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where + corresponds to bosons, and − corresponds to fermions. In the following,

whenever a ± appears, the top sign will always refer to bosons, and the bottom for

fermions. The transition rates obey W (p, p′|k, k′) = W (k, k′|p, p′) = W (p′, p|k, k′) =
W (p, p′|k′, k), and are proportional to δ(p+ p′ − k− k′). One can then show that, for

2−to−2 elastic collisions, that∫
p

[a(x) + bµ(x)p
µ]C[fp] = 0 , (4.4)

for any arbitrary functions a(x) and bµ(x). Let us now define the U(1) charge-current

and a stress-energy tensor:

Jµ ≡
∫
p

pµfp, T µν ≡
∫
p

pµpνfp . (4.5)

One can straightforwardly see that these two quantities are conserved by multiplying

both sides of the Boltzmann equation by (a(x) + bµ(x)p
µ) and integrating over p:∫

p

(a(x) + bµ(x)p
µ) (pν∂νfp) =

∫
p

(a(x) + bµ(x)p
µ)C[fp]

a(x)∂νJ
ν + bµ(x)∂νT

νµ = 0 .

Since a(x) and bµ(x) are arbitrary functions, this implies Jµ and T µν must be inde-

pendently conserved.

An irreducible representation

We will now take advantage of a very powerful decomposition; this follows the pre-

sentation of [91]. Let us consider the rank-n tensor πµ1...µn ≡ pµ1 ...pµn , and a unit

timelike vector uµ. Under the little group of SO(3, 1) with respect to uµ, i.e. the

set of Lorentz transformations such that Λµ
νu

ν = uµ, this tensor is reducible. Let

us define Ep = −pµuµ, and denote orthogonality to uµ by an angular bracket, e.g.

p⟨µ⟩ = ∆µνpν . Then we can see the reducibility immediately by decomposing πµ1...µn

with respect to uµ in its first index:

πµ1...µn = π⟨µ1⟩µ2...µn + Epu
µpµ2 ...pµn , (4.6)
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where π⟨µ1⟩µ2...µn = ∆µ1
ν1
πν1µ2...µn . The second term transforms as a rank-(n − 1)

tensor under the action of the little group, while π⟨µ1⟩µ2...µn still transforms as a rank-

n tensor. We can continue in this fashion until we construct the fully symmetric,

transverse tensor π⟨µ1⟩⟨µ2⟩...⟨µn⟩. We can also further reduce the representation by

taking the trace of π; therefore, the fully irreducible set of tensors with respect to the

little group are given by the set of transverse, symmetric, traceless tensors

π⟨µ1...µn⟩ ≡ ∆µ1...µn
ν1...νn

pν1 ...pνn , (4.7)

where ∆µ1...µn
ν1...νn

is the transverse traceless projector of rank n. For n = 1 and n = 2,

these projectors are by now familiar constructs:

∆µ1
ν1

= δµ1
ν1

+ uµ1uν1 , ∆µ1µ2
ν1ν2

=
1

2

(
∆µ1

ν1
∆µ2

ν2
+∆µ2

ν1
∆µ1

ν2
− 2

d
∆µ1µ2∆ν1ν2

)
. (4.8)

For higher-order constructs, the interested reader may refer to Chapter VI, Section

2.a of [91]. The tensors π⟨µ1...µn⟩ are orthogonal, and therefore can then be shown to

have the very useful property [98]∫
p

π⟨µ1...µn⟩π⟨ν1...νm⟩g(Ep) = Nmδmn∆
µ1...µm
ν1...νm

∫
p

g(Ep)
(
p⟨λ⟩p

⟨λ⟩)m . (4.9)

In the above, g(Ep) is an arbitrary (albeit requiring that the integrals converge)

function of Ep, and Nm is an m-dependent normalization constant. For m = 1,

Nm = 1/d, while for m = 2, Nm = 2/d(d+ 2).

Equilibrium

Let us now consider functions of pµ that set the collision operator to zero. Given the

conservation of energy, momentum, and U(1) charge, we can define the function

f eq.
p (xµ) ≡

[
exp (−βµ(x)pµ − α(x))∓ 1

]−1

, (4.10)

which will set C[f eq.
p ] = 0. This is the Fermi-Dirac/Bose-Einstein (+/−) distribution.

Demanding that the distribution function (4.10) satisfy the Boltzmann equation (4.2)

yields the conditions

∂µβν + ∂νβµ = 0, ∂µα = 0 . (4.11)
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In flat space1, α and βµ must therefore be constants, meaning f eq.
p is a function of

only p (more specifically, Ep). These quantities, familiar from the previous chapters,

may once again be written as βµ = uµ

T
, α = µ

T
, where u2 = −1 and T = 1/

√
−β2. Let

us now decompose the definitions (4.5) of the charge current and the stress-energy

tensor with respect to the fluid velocity uµ. One can write

Jµ =

(∫
p

Epfp

)
uµ +∆µν

∫
p

p⟨ν⟩fp ≡ Nuµ + J µ , (4.12a)

T µν =

(∫
p

E2
pfp

)
uµuν +

(
1

d
∆αβ

∫
p

p⟨α⟩p⟨β⟩fp

)
∆µν

+ 2u(µ
(
∆ν)λ

∫
p

Epp⟨λ⟩fp

)
+

(
∆µναβ

∫
p

p⟨αpβ⟩fp

)
≡ Euµuν + P∆µν + 2Q(µuν) + T µν , (4.12b)

where p⟨µ⟩ = ∆µνp
ν and p⟨µpν⟩ = ∆µναβp

αpβ is the transverse traceless projection

of pαpβ. We have implicitly defined the curly variables by equations (4.12). If

we now take the distribution function to be the equilibrium distribution function

f eq.
p = f eq.

p (Ep), then by the orthogonality of the irreducible representation of the lit-

tle group (4.9), the general decompositions (4.12) reduce to the familiar equilibrium

forms

T µν
eq. = ϵuµuν + p∆µν , Jµ

eq. = nuµ , (4.13)

where we can define the equilibrium energy density, isotropic pressure, and charge

density by

ϵ =

∫
p

E2
pf

eq.
p , p =

1

d
∆αβ

∫
p

p⟨α⟩p⟨β⟩f
eq.
p , n =

∫
p

Epf
eq.
p . (4.14)

In particular, because f eq.
p does not depend on p⟨µ⟩ nor p⟨µpν⟩, the orthogonal basis

leads to the condition that Qµ = T µν = J µ = 0 in equilibrium.

4.1.1 BDNK from kinetic theory

We would now like to write down a solution to the Boltzmann equation (4.2) apart

from the equilibrium solution (4.10). The solution should be in some sense “near”

equilibrium, as is the case in hydrodynamics. We will therefore assume spacetime

1In curved space, this would instead amount to the demand that βµ be a Killing vector.
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derivatives are small, and try to write down a solution in a derivative expansion2

fp(x) = f eq.
p (x) + εf (1)

p (x) + ε2f (2)
p (x) +O

(
ε3
)
, (4.15)

where ε is a parameter which keeps track of derivatives (i.e. ε ∼ O (∂), ε2 ∼ O (∂2),

etc.), to eventually be set to unity. One can also think of ε as tracking the order

of the ratio of the mean free path and the macroscopic scale in the theory (in other

words, the Knudsen number Kn) [93]. In the following, we will usually suppress the

distribution function’s x-dependence for notational brevity. Note that f eq.
p is now a

function of x; in other words (note that we have re-labelled βµ → β
(0)
µ and α → α(0)

for later convenience),

f eq.
p (x) =

[
exp

(
−β(0)

µ (x)pµ − α(0)(x)
)
∓ 1
]−1

. (4.16)

which will no longer exactly solve the Boltzmann equation due to the violation of

the conditions (4.11). This will not be a problem: referring back to the Boltzmann

equation (4.2), there was a derivative with respect to the spacetime variables which

also gains a factor of ε:

εpµ∂µ
(
f eq.
p + εf (1)

p + ε2f (2)
p +O

(
ε3
))

= C[f eq.
p + εf (1)

p + ε2f (2)
p +O

(
ε3
)
] (4.17)

We see then that f eq.
p (x) solves equation (4.17) in the limit ε → 0. In equilibrium

the parameters βµ and α could be identified with the fluid velocity, temperature, and

chemical potential. Out of equilibrium, however, no such identification exists, and

the parameters β
(0)
µ , α(0) in (4.16) are just that: parameters.

Inside the collision operator, it will be convenient to instead write the corrections

to the equilibrium distribution function in terms of variables ϕ
(n)
p ≡ f

(n)
p /(f eq.

p (1∓f eq.
p ).

The collision operator C[f ] may be expanded as follows:

C[fp] =εf
eq.
p L[ϕ(1)

p ] + ... + εn
(
f eq.
p L[ϕ(n)

p ]− C(n)[f (n−1)
p , f (n−2)

p , ...]
)

(4.18)

where L is the “linearized collision operator”, and C(n) is the remaining non-linear

parts of the collision operator at nth order. The non-linear part depends only on

terms of order lower than n. The forms of both L and C(n) depend on the details of

2This is the Hilbert series approach [93], later modified into the Chapman-Enskog approach [91,
93]
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the collision operator, and n for C(n). For 2-to-2 elastic collisions, L is of the form

L[ϕp] =
1

2

∫
p′

∫
k

∫
k′
W (p, p′|k, k′)f eq.

p′ (1± f eq.
k ) (1± f eq.

k′ ) (ϕk +ϕk′ −ϕp−ϕp′) . (4.19)

Inserting the expansion (4.18) into the scaled Boltzmann equation (4.17) gives an

infinite tower of equations. Solving order-by-order, we find at nth-order that

pµ∂µf
(n−1)
p + C(n)[f (n−1)

p , f (n−2)
p , ...] = f eq.

p L[ϕ(n)
p ] . (4.20)

We see then the interesting result that the form of the equation repeats order-by-order;

broadly speaking, the equation may be written as f eq.
p L[ϕ(n)

p ] = Sn

(
f
(n−1)
p , f

(n−2)
p , ...

)
where Sn is the nth-order source term which depends only on lower-order terms. We

would like to be able to simply invert L at each order and get the solution fp –

however, we are stymied by a small wrinkle, which is that the operator L is not

formally invertible. To see this, we quickly elucidate some properties of the linearized

collision operator.

Properties of the linearized collision operator

First of all, as the name suggests, the linearized collision operator is linear in momen-

tum, i.e. L[c1(x)a(p)+c2(x)b(p)] = c1(x)L[a(p)]+c2(x)L[b(p)] for arbitrary functions

a, b, c1, c2. Secondly, it is self-adjoint, in the sense that∫
p

f eq.
p g(p)L[h(p)] =

∫
p

f eq.
p h(p)L[g(p)] (4.21)

for arbitrary functions g, h. Finally, and most importantly, in a system with con-

served energy-momentum and charge, the linearized collision operator inherits the

conservation of these quantities:∫
p

f eq.
p (a(x) + bµ(x)p

µ)L[ϕ(n)
p ] = 0 (4.22)

However, by the self adjoint property (4.21), this implies that∫
p

f eq.
p ϕ(n)

p (a(x)L[1] + bµ(x)L[pµ]) = 0 . (4.23)
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Since ϕ
(n)
p is unknown and a(x), bµ(x) are arbitrary functions, this implies that

L[1] = L[pµ] = 0 . (4.24)

However, this means that L has zero modes3, and is therefore not formally invertible.

One may only invert the operator L if the source term is orthogonal to the zero modes,

i.e. ∫
p

f eq.
p (a(x) + bµ(x)p

µ)L[ϕ(n)
p ] =

∫
p

(a(x) + bµ(x)p
µ)Sn = 0 (4.25)

However, the source term is entirely composed of lower-order terms which have already

been solved for. Therefore, in order to solve the equation at nth-order, one must

constrain the (n − 1)th-order data. Let us now investigate how this works at first

order.

First order

At first order, the Boltzmann equation (4.20) reads

pµ∂µf
eq.
p = f eq.

p L[ϕ(1)
p ] (4.26)

We can then identify the source term as S1 = pµ∂µf
eq.
p . In order to invert equa-

tion (4.26), the source term must be projected orthogonal to the zero modes:∫
p

(a(x) + bµ(x)p
µ(x))

(
pν∂νf

eq.
p

)
= a(x)∂νJ

ν
(0)(x) + bµ(x)∂νT

µν
(0)(x) = 0 (4.27)

where T µν
(0) =

∫
p
pµpνf eq.

p and Jµ
(0) =

∫
p
pνf eq.

p are the zeroth-order stress-tensor and

charge current respectively. Since a(x) and bµ(x) are arbitrary, these must indepen-

dently vanish, and so the constraint that the source term be orthogonal to the zero

modes amounts to the demand that the zeroth-order stress-tensor and charge current

are independently conserved.

This in turn imposes constraints on the parameters βµ
(0) and α(0). In particu-

lar, defining ϵ(β(0)(x), α(0)(x)), p(β(0)(x), α(0)(x)), n(β(0)(x), α(0)(x)) analogously to

the equilibrium case (4.14), as well as βµ
(0) = uµ(0)/T(0), α(0) = µ(0)/T(0), the condi-

3Morally speaking, one can think of the integral operator L having zero modes in the same way
as one might think of a matrix having a zero eigenvalue.
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tion (4.27) imposes that

uµ(0)∂µn+ n∂µu
µ
(0) = 0 , (4.28a)

uµ(0)∂µϵ+ (ϵ+ p) ∂µu
µ
(0) = 0 , (4.28b)

(ϵ+ p)∆αν
(0)u

µ
(0)∂µuν,(0) +∆αµ

(0)∂µp = 0 , (4.28c)

where ∆µν
(0) = uµ(0)u

ν
(0) + ηµν . These are, of course, simply the relativistic Euler equa-

tions (2.49) that we saw in Chapter 2. Let us now suppose that the conditions (4.28)

have been imposed, such that we can invert the linearized collision operator. The

source term may be broken up into scalar, vector, and tensor contributions with

respect to the little group:

pµ∂µf
eq.
p

f eq.
p (1± f eq.

p )
=

[
E2

pu
µuν∂µβν,(0) +

1

d
p⟨α⟩p

⟨α⟩∆µν
(0)∂µβν,(0) + Epu

µ
(0)∂µα(0)

]
scalar

+

[(
2Epp⟨λ⟩

)
∆

λ(µ
(0) u

ν)
(0)∂µβν,(0) +

(
p⟨λ⟩
)
∆λµ

(0)∂µα(0)

]
vector

+

[
p⟨αpβ⟩∆

µναβ
(0) ∂µβ(0),ν

]
tensor

(4.29)

We now invert L. Due to the presence of the zero modes, the solution to equa-

tion (4.26) may be written in the form ϕ
(1)
p = ϕh +Φp, where ϕh is the homogeneous

solution, and Φp is the inhomogeneous solution found from inverting the operator L.
The inhomogeneous solution is given by Φp = L−1

[
pµ∂µf

eq.
p /f eq.

p

]
, i.e.

Φp =

[
L−1[(1± f eq.

p )E2
p ]u

µ
(0)u

ν
(0)∂µβν,(0) +

1

d
L−1[(1± f eq.

p )p⟨α⟩p
⟨α⟩]∆µν

(0)∂µβν,(0) (4.30)

+ L−1[(1± f eq.
p )Ep]u

µ
(0)∂µα(0)

]
scalar

+

[
2L−1[(1± f eq.

p )Epp⟨λ⟩]∆
λ(µ
(0) u

ν)
(0)∂µβν,(0)

+ L−1[(1± f eq.
p )p⟨λ⟩]∆

λµ
(0)∂µα(0)

]
vector

+

[
L−1[(1± f eq.

p )p⟨αpβ⟩]∆
µναβ
(0) ∂µβ(0),ν

]
tensor

However, the terms in the solution (4.30) are not all independent, due to the impo-

sition of the ideal-order equations of motion. We can use the ideal-order equations

to eliminate4 uµuν∂µβν,(0), u
µ
(0)∂µα(0) and ∆

λ(µ
(0) u

ν)
(0)∂µβν,(0) in favour of ∆µν

(0)∂µβν,(0) and

∆λµ
(0)∂µα(0), thereby removing all time-derivatives from the solution in the rest frame.

4We note that this decision for how to apply the ideal-order equation is a choice; one could just
as easily choose to use the constraint equations to eliminate some other combination of two scalars
and one vector.
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With this choice, the inhomogeneous solution may be written

Φp = Kζ(x,Ep)∆
µν
(0)∂µβν,(0)+Kσ(x,Ep)p

⟨µ⟩∆ ν
µ,(0)∂να(0)+Kη(x,Ep)p

⟨µpν⟩∆ αβ
µν,(0)∂αββ,(0)

(4.31)

where Kζ(x,Ep), Kσ(x,Ep), and Kη(x,Ep) are functions of βµ
(0)(x), α(0)(x), and Ep

which depend on the details of the microscopic theory by way of L−1. The factors of pµ

in the solution above are determined based on symmetry grounds. The homogeneous

solution is proportional to the zero modes of the linearized collision operator, and so

ϕh = a(1)(x) + b
(1)
µ (x)pµ, where a(1)(x) and b

(1)
µ (x) are integration functions. We then

have the solution for fp up to first order in derivatives:

fp = f eq.
p + εf eq. (1± f eq.)

[
a(1)(x) + b(1)µ (x)pµ +Kζ(x,Ep)∆

µν
(0)∂µβν,(0)

+Kσ(x,Ep)p
⟨µ⟩∆ ν

µ,(0)∂να(0) +Kη(x,Ep)p
⟨µpν⟩∆ αβ

µν,(0)∂αββ,(0)

]
+O

(
ε2
) (4.32)

We will not go to second order5; we will instead do something which at first will seem

somewhat opaque. Let us define new degrees of freedom α, βµ which are implicitly

defined via:

βµ + εb1
(
∆αβ∂αββ

)
βµ + εb2∆

µν∂να− εbµ(1)(x) +O
(
ε2
)
= βµ

(0) , (4.33a)

α + a1ε∆
αβ∂αββ − εa(1)(x) +O

(
ε2
)
= α(0) . (4.33b)

In the above, we have temporarily left a1, b1, b2 undefined – we will fix them mo-

mentarily. Let us now substitute the expressions (4.33) for βµ
(0), α(0) into the solu-

tion (4.32). Anywhere that α(0) and βµ
(0) appear in the first-order contribution f

(1)
p

(including inside Kζ,σ,η), this substitution simply replaces βµ
(0) → βµ, α(0) → α up to

an O (ε2) error, which we neglect.

In the zeroth-order contribution f eq.
p , this replacement is slightly more involved.

Let us define f ′eq.
p as f eq.

p with the simple replacements βµ
(0) → βµ and α(0) → α.

5If we were to proceed to second order, we would find that demanding the invertibility of L
would fix the form of a(1)(x) and b

(1)
µ (x) entirely in terms of Φp, and therefore in terms of βµ

0 and

α0. Correspondingly, a new set of integration functions, a(2)(x) and b
(2)
µ (x) would be introduced at

second order.
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Then, to first order in ε, we find

f eq.
p = f ′eq.

p − εf ′eq.
p (1± f ′eq.

p )

(
a(1)(x) + b(1)µ (x)pµ

− b1
(
∆αβ∂αββ

)
βµp

µ − b2∆
µν∂ναpµ − a1∆

αβ∂αββ

)
+O

(
ε2
)
.

(4.34)

However, this first-order term completely cancels out the integration constants, and

we are left with a solution of the form

fp = f ′eq.
p + εf ′eq.

p

(
1± f ′eq.

p

) [
b1
(
∆αβ∂αββ

)
βµp

µ + b2pµ∆
µν∂να + a1∆

αβ∂αββ (4.35)

+Kζ(x,Ep)∆
µν∂µβν +Kσ(x,Ep)p

⟨µ⟩∆ ν
µ ∂να +Kη(x,Ep)p

⟨µpν⟩∆ αβ
µν ∂αββ

]
+O

(
ε2
)
.

Let us now fix a1, b1, b2. Defining the shorthand ⟨...⟩ ≡
∫
p
f ′eq.
p

(
1± f ′eq.

p

)
(...), we set

b1 =

[
⟨Ep⟩ ⟨E2

pKζ⟩ − ⟨E2
p⟩ ⟨EpKζ⟩

⟨E2
p⟩

2 − ⟨Ep⟩ ⟨E3
p⟩

]
, b2 = −

[
⟨Epp⟨λ⟩p

⟨λ⟩Kσ⟩
⟨Epp⟨λ⟩p⟨λ⟩⟩

]
, (4.36a)

a1 = −

[
⟨E2

p⟩ ⟨E2
pKζ⟩ − ⟨E3

p⟩ ⟨EpKζ⟩
⟨E2

p⟩
2 − ⟨Ep⟩ ⟨E3

p⟩

]
. (4.36b)

Inserting the solution (4.35) along with the definitions (4.36) into the stress-energy

tensor and charge current and decomposing with respect to uµ = βµ/
√

−β2, we find

T µν = (ϵ′ + εE1)uµuν + (p′ + εP1)∆
µν + 2εQ(µ

1 u
ν) + T µν

1 (4.37a)

Jµ = (n′ + εN1)u
µ + εJ µ

1 (4.37b)

where

ϵ′ =

∫
p

E2
pf

′eq.
p , p′ =

1

d
∆αβ

∫
p

p⟨α⟩p⟨β⟩f
′eq.
p , n′ =

∫
p

Epf
′eq.
p , (4.38)
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and

E1 =
∫
p

E2
pf

′eq.
p

(
1± f ′eq.

p

) [
b1
Ep

T
+ a1 +Kζ(x,Ep)

]
∆µν∂µβν = 0 , (4.39a)

P1 =
1

d

∫
p

p⟨λ⟩p
⟨λ⟩f ′eq.

p

(
1± f ′eq.

p

) [
b1
Ep

T
+ a1 +Kζ(x,Ep)

]
∆µν∂µβν ≡ −ζ∂µuµ ,

(4.39b)

N1 =

∫
p

Epf
′eq.
p

(
1± f ′eq.

p

) [
b1
Ep

T
+ a1 +Kζ(x,Ep)

]
∆µν∂µβν = 0 , (4.39c)

Qµ
1 = ∆µλ

∫
p

Epp⟨λ⟩f
′eq.
p

(
1± f ′eq.

p

) [
b2 +Kσ(x,Ep)

]
p⟨α⟩∆

αβ∂βα = 0 , (4.39d)

J µ
1 = ∆µν

∫
p

p⟨ν⟩f
′eq.
p

(
1± f ′eq.

p

) [
b2 +Kσ(x,Ep)

]
p⟨α⟩∆

αβ∂βα ≡ −σT∆µν∂να ,

(4.39e)

T µν
1 = ∆µναβ

∫
p

p⟨αpβ⟩f
′eq.
p

(
1± f ′eq.

p

) (
Kη(x,Ep)p⟨ρpσ⟩

)
∆ρσλξ∂λβξ ≡ −ησµν , (4.39f)

where T = 1/
√

−β2. Inserting these expressions into the stress-energy tensor and

charge current, we find (dropping the primes and scaling ε→ 1)

T µν = ϵuµuν + (p− ζ∂µu
µ)∆µν − ησµν , Jµ = nuµ − σ∆µν∂ν

(µ
T

)
. (4.40)

We have arrived at the Landau-frame formulation of hydrodynamics (2.75), a result

of the definitions of βµ and α in equations (4.33), (4.36). These definitions ultimately

serve to fix6 the integration functions a(1)(x), b
(1)
µ (x) in ϕh(x). With an understanding

of how the Landau frame arises in kinetic theory, let us now consider how to arrive at a

general fluid frame. The integration functions a(1), b
(1)
µ are first order in the derivative

expansion; they can therefore be written in terms of a basis of one-derivative functions

6An alternative (equivalent) approach would have been to send (βµ
(0), α(0)) → (βµ, α), i.e. some

other functions of xµ which are “off-shell” with respect to the ideal-order equations, with no comment
on how (βµ, α) are related to (βµ

(0), α(0)), and then fix the integration functions in terms of α, βµ to

set the frame. This approach is more direct, but the assumptions being made are much less clear,
and so we have avoided it.
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of βµ, α. We will broadly write

βµ + ε

[(
b1u

αuβ∂αββ + b2∆
αβ∂αββ + b3u

α∂αα
)
βµ

+
(
b4∆

λ(αuβ)∂αββ + b5∂λα
)
∆µ

λ

]
− εbµ(1) +O

(
ε2
)
= βµ

(0) (4.41a)

α + ε

[
a1u

αuβ∂αββ + a2∆
αβ∂αββ + a3u

α∂αα

]
− εa(1) +O

(
ε2
)
= α(0) (4.41b)

Substituting the definitions (4.41) into the solution (4.32) and keeping only terms

up to first order in ε yields a solution in terms of α, βµ, and eight free parameters

b1,2,3,4,5, a1,2,3. This is surprising: in Chapter 2, we saw that a general BDNK theory

for a U(1) charged fluid had thirteen free parameters (and the shear viscosity, which

was frame invariant). When the hydrodynamic description arises from kinetic theory,

those thirteen transport parameters become related. This is because the form of the

inhomogeneous term was fixed by an application of the constraint equations (i.e. we

chose to remove all time derivatives). This fixed the form of the frame-invariants f1,2,3,

ℓ1,2, leaving 13−5 = 8 free parameters in the theory. Let us insert the definition (4.41)

into the solution (4.32) and keep to only first order in ε. Then, using the shorthand

⟨...⟩ again, the scalar viscous corrections to the stress-energy tensor and charge current

may be given by in terms of the building blocks (2.41):

E ′ = ⟨E2
p(b1

Ep

T
+ a1)⟩

(s1
T

)
+ ⟨E2

p(b2
Ep

T
+ a2 +Kζ)⟩

(s2
T

)
+ ⟨E2

p(b3
Ep

T
+ a3)⟩ s3 ,

(4.42a)

P ′ = ⟨1
d
p⟨α⟩p

⟨α⟩(b1
Ep

T
+ a1)⟩

(s1
T

)
+ ⟨1

d
p⟨α⟩p

⟨α⟩(b2
Ep

T
+ a2 +Kζ)⟩

(s2
T

)
+ ⟨1

d
p⟨α⟩p

⟨α⟩(b3
Ep

T
+ a3)⟩ s3 , (4.42b)

N ′ = ⟨Ep(b1
Ep

T
+ a1)⟩

(s1
T

)
+ ⟨Ep(b2

Ep

T
+ a2 +Kζ)⟩

(s2
T

)
+ ⟨Ep(b3

Ep

T
+ a3)⟩ s3 ,

(4.42c)

the vector corrections are given by

Q′µ =
1

d
⟨Epp⟨λ⟩p

⟨λ⟩b4⟩
(
V µ
1

T

)
+

1

d
⟨Epp⟨λ⟩p

⟨λ⟩ (b5 +Kσ)⟩V µ
2 , (4.43a)

J ′µ =
1

d
⟨p⟨λ⟩p⟨λ⟩b4⟩

(
V µ
1

T

)
+

1

d
⟨p⟨λ⟩p⟨λ⟩ (b5 +Kσ)⟩V µ

2 , (4.43b)
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while the tensor correction is unchanged. The transport parameters {εi, πi, νi, θi, γi}
may then be straightforwardly read off from equations (4.42), (4.43). It may be

shown using the definition of p, ϵ, and n that f1 = f3 = ℓ1 = 0. We may set the frame

b1,2,3,4,5, a1,2,3, tuning the transport parameters so as to ensure a stable and causal

theory. In this manner, we have arrived at the BDNK theory of hydrodynamics from

kinetic theory.

4.1.2 The DNMR theory

In the above discussion of extracting causal hydrodynamics from kinetic theory, we

used a Hilbert expansion. There exists a philosophically distinct method of extracting

equations of hydrodynamics from kinetic theory, which makes use of Grad’s method

of moments [99]. Originally written down in a more limited form by Israel and

Stewart [100], the DNMR theory [98] extracts equations of motion for transient hy-

drodynamics, i.e. Müller-Israel-Stewart. For the sake of brevity, we here only outline

the procedure. In the following, we restrict to d = 3.

Let us consider deviations of the distribution function away from equilibrium, i.e.

fp = f eq.
p + δfp = f eq.

p

(
1 + (1± f eq.

p )ϕp

)
, which we take as the definition of ϕp. Here,

f eq.
p is the xµ-dependent “equilibrium” distribution function (4.16); we will drop the

superscript (0) on βµ and α, so as to disambiguate with quantities we later define.

We will now adopt the following shorthand:

⟨...⟩ =
∫
p

(...) fp, ⟨...⟩0 =
∫
p

(...) f eq.
p , ⟨...⟩δ = ⟨...⟩ − ⟨...⟩0 . (4.44)

Note that this shorthand differs from that used at the end of the previous section.

Note also that xµ-dependence is baked into the various ⟨...⟩ by way of the distribution

function. Let us consider the tensor decomposition of T µν and Jµ in the Landau frame.

Then (note that p with no index is the isotropic pressure)

T µν = ϵuµuν + (p+Π)∆µν + πµν , (4.45a)

Jµ = nuµ + nµ , (4.45b)
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where uµ = βµ/
√

−βµβµ. We can then make the connection

ϵ = ⟨E2
p⟩0 , p =

1

3
∆αβ ⟨p⟨α⟩p⟨β⟩⟩0 , n = ⟨Ep⟩0 ,

Π =
1

3
∆αβ ⟨p⟨α⟩p⟨β⟩⟩δ , πµν = ⟨p⟨µpν⟩⟩δ , nµ = ⟨p⟨µ⟩⟩δ .

(4.46)

We would like expressions for the corrections Π, πµν , and nµ. The method of moments

provides these for us from the transient (i.e. non-hydrodynamic) modes in the system.

In order to find the viscous corrections, we must first find ϕp, which is a function of

both pµ and xµ. To begin with, let us expand ϕp in the irreducible representation of

the little group of SO(3, 1) with respect to uµ, i.e.

ϕp(x) =
∞∑
ℓ=0

λ⟨µ1µ2...µℓ⟩p⟨µ1pµ2 ...pµℓ⟩ , (4.47)

where λ = λ(Ep, x). Next, let us expand the coefficients λ in a basis set of orthogonal

polynomials in Ep:

λ⟨µ1µ2...µℓ⟩ =
∞∑
n=0

c⟨µ1µ2...µℓ⟩
n (x)Pnℓ(Ep) , (4.48)

where the polynomials Pnℓ are a set of orthogonal polynomials in Ep, the details of

which may be found in Appendix E of [98]. Note that while the sum is in principle

infinite, in practice it must be truncated at some Nℓ. We will return to using this

truncation. Note as well that, because of the orthogonality of the polynomials, the

expansion coefficients c
⟨µ1...µℓ⟩
n may be immediately obtained.

Rather than using the polynomials Pnℓ, it turns out to be more convenient to

write coefficients in terms of irreducible moments of δfp = fp − f eq.
p :

ρµ1...µℓ
n = ⟨En

p p
⟨µ1pµ2 ...pµℓ⟩⟩

δ
. (4.49)

where we recall that ℓ is a non-negative integer; ℓ = 0 corresponds to the scalar

case ρn = ⟨En
p ⟩δ. Imposing Landau frame, as was done in equations (4.45), would

correspond to demanding that ρ1 = ρ2 = ρµ1 = 0. Assuming this to be the case

allows us to immediately make the identification (by equations (4.46) and the fact

p⟨µ⟩p
⟨µ⟩ = E2

p −m2)

ρ0 = − 3

m2
Π, ρµ0 = nµ, ρµν0 = πµν . (4.50)
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After obtaining the coefficients c
⟨µ1...µℓ⟩
n in terms of the irreducible moments (4.49),

we can straightforwardly write the complete distribution function:

fp = f eq.
p + f eq.

p (1± f eq.
p )

∞∑
ℓ=0

∞∑
n=0

H(ℓ)
n ρµ1...µℓ

n p⟨µ1 ...pµℓ⟩ , (4.51)

where H(ℓ)
n is a particular linear combination of the Pnℓ [98]. Now, let us define

the irreducible projection of the comoving derivative of the moments as ρ̇⟨µ1...µℓ⟩ =

∆µ1...µℓ
ν1...νℓ

uλ∂λρ
ν1...νℓ . In the following, we will use the shorthand Ȧ = uλ∂λA. We can

then re-write the Boltzmann equation (4.2) in the form (defining D⊥
µ = ∆ ν

µ ∂ν)

˙δf p = − ˙f eq.
p − E−1

p p⟨µ⟩D⊥
µ f

eq.
p − E−1

p p⟨µ⟩D⊥
µ δfp + E−1

p C[fp] , (4.52)

which follows from inserting fp = f eq.
p + δfp and decomposing pµ with respect to uµ.

We can then take irreducible moments of the re-written Boltzmann equation (4.52),

in other words ⟨Er
p (4.52) p⟨µ1 ...pµℓ⟩⟩. The full equations are quite lengthy even only

considering the first few moments; the full details may be found in [98]. Schematically

however, we find

ρ̇r − Cr−1 = α(0)
r θ + ... , (4.53a)

ρ̇r
⟨µ⟩ − C

⟨µ⟩
r−1 = α(1)

r Iµ + ... , (4.53b)

ρ̇r
⟨µν⟩ − C

⟨µν⟩
r−1 = α(2)

r σµν + ... . (4.53c)

A significant amount of new notation has been introduced here. First of all, the ... con-

tain the remaining complexities of the equations; in particular, they contain couplings

between the viscous corrections Π, πµν , and nµ, as well as with the other moments,

including higher moments that do not appear in the equations above. The viscous

corrections have been included via (4.50). The terms appearing in equations (4.53)

are included because, with the power-counting scheme we will later introduce, they

are in some sense “small”. The moment of the collision operator is defined by by

C⟨µ1...µℓ⟩
r =

∫
p

Er
pp

⟨µ1 ...pµℓ⟩C[f ] . (4.54)

Note that C
⟨µ1...µℓ⟩
r is a function of xµ by way of uµ and f . Finally, the shorthand

θ = ∂µu
µ, Iµ = Dµ

⊥α, and σ
µν = 2∆µναβ∂αuβ have been used; the final is, of course,
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the shear tensor. Note that the full equations also contain dependence on the vorticity

tensor ωµν = 1
2

(
D⊥

µ uν −D⊥
ν uµ

)
. One could in principle include higher moments in

the irreducible representation of the little group; however, for our purposes, this will

not be necessary. Regardless, every single moment is either directly or indirectly

coupled to every other moment. We must find some way to truncate this infinite set

of coupled integro-differential equations.

Truncation scheme

To truncate the system of equations, one must introduce a power-counting scheme.

One obvious candidate for a small parameter is the Knudsen number Kn that we

used in the Hilbert expansion. This will be useful for characterizing derivatives of the

hydrodynamic variables, but it is not particularly helpful for handling the corrections

Π, nµ, πµν . With this in mind, the DNMR method uses the following additional

parameters in the theory, which they call inverse Reynolds numbers:

Re−1
Π ≡ |Π|

p
, Re−1

n ≡ |nµ|
n
, Re−1

π ≡ |πµν |
p

, (4.55)

where |·| denotes the “size” of the variable in question, and p (with no index) is the

isotropic pressure. The inverse Reyonolds numbers involve ratios between quantities

defined in terms of moments of δfp = fp−f eq.
p , and equilibrium quantities. Therefore,

when the system is near equilibrium, we expect these inverse Reynolds numbers to be

small. We would like to write equations which describe the evolution of Π, πµν , and

nµ which are accurate up to O
(
Kn2

)
, O
(
(Re−1

i )2
)
, and O

(
Kn Re−1

i

)
. On a practical

level, one may determine this by employing the scaling

Π → ηΠ Π, nµ → ηn n
µ, πµν → ηπ π

µν , D⊥
µ → εD⊥

µ , (4.56)

where ηΠ, ηn, ηπ, and ε are used as counting parameters for the various inverse

Reynolds’ numbers and the Knudsen number7 respectively.

To begin with let us expand the moments of the collision operator in deviations

7Note that a different power-counting scheme is being used here compared to the previous section;
before, we scaled ∂µ → ε∂µ. Now, it is only the transverse derivatives which are scaled. Longitu-
dinal derivatives uµ∂µ of the hydrodynamic variables βµ, α can be consistently removed using the
conservation equations.
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from equilibrium δf :

C
⟨µ1...µℓ⟩
r−1 = −

∞∑
n=0

A(ℓ)
rnρ

µ1...µℓ
n + ... , (4.57)

where the ... are higher-order terms in δf . The term A(ℓ)
rn is the (rn) coefficients of

an, in principle, infinite matrix A(ℓ). In practice, one must truncate; therefore, we

truncate (4.48) to Nℓ as described below that equation. One can write the matrix A(ℓ)
rn

in terms of integrals over the H(ℓ)
n of equation (4.51), and therefore truncating (4.48)

turns A(ℓ)
rn into the element of a finite (Nℓ + 1) × (Nℓ + 1) matrix. Due to the

use of Landau frame, A(0) has rows and columns of zeroes in the second and third

row/column (n, r) = 1, 2, while A(1) has a row/column of zeroes in the second row

and column (n, r) = 1. If we wish to invert A(ℓ), we must exclude those rows and

columns.

Let us now assume that A(ℓ) may be diagonalized, i.e. P−1
(ℓ) A(ℓ)P(ℓ) = D(ℓ) , where

D(ℓ) is a diagonal matrix with the eigenvalues of A(ℓ); we denote the nth eigenvalue by

χ
(ℓ)
n . These eigenvalues are fixed by the microscopics by way of the collision operator;

they are in general functions of βµ and α. We can then define

Xµ1...µℓ
n = (P−1

(ℓ) )nmρ
µ1...µℓ
m , (4.58)

where we recall that since ρµ1...µℓ
r = ρ

⟨µ1...µℓ⟩
r , the same holds for Xµ1...µℓ

r . Let us now

apply a factor of (P−1
(ℓ) )ir from the left to (4.53), with ℓ set as appropriate. This gives

Ẋi + χ
(0)
i Xi =

(
P

(0)
ir α

(0)
r

)
θ + ... , (4.59a)

Ẋ
⟨µ⟩
i + χ

(1)
i Xµ

i =
(
P

(1)
ir α

(1)
r

)
Iµ + ... , (4.59b)

Ẋ
⟨µν⟩
i + χ

(2)
i Xµν

i =
(
P

(2)
ir α

(2)
r

)
σµν + ... , (4.59c)

where the ... are the same as those in equations (4.53), plus the non-linear contri-

butions for C
⟨µ1...µℓ⟩
r−1 . We can denote the terms in brackets above by β

(ℓ)
i . Note as

well that there is no implied summation over i in the second term of each line. The

moment equations (4.59) have now separated into individual relaxation equations

(though there is still coupling in the non-linear regime, contained within the ...). Let

us impose an ordering on the eigenvalues such that χ
(ℓ)
n < χ

(ℓ)
n+1. We can also recall
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that for a relaxation equation of the form

ẏ(x) + χy(x) = f(x) (4.60)

the variable y(x) relaxes towards (1/χ)f(x) with a characteristic time of τ = χ−1.

Therefore, the most significant modes at late times are those with the smallest value

of χ. Referring back to equations (4.59), we see that the most relevant mode for each

equation will be χ
(ℓ)
0 .

We therefore arrive at the central approximation of the DNMR method:

Let all Xµ1...µℓ
r with r > 0 be approximated by their asymptotic values.

In other words, for all r > 0,

Xr ≃

(
β
(0)
r

χ
(0)
r

)
θ , Xµ

r ≃

(
β
(1)
r

χ
(1)
r

)
Iµ , Xµν

r ≃

(
β
(2)
r

χ
(2)
r

)
σµν . (4.61)

Finally, let us return back to the moments ρµ1...µℓ
r , i.e. the quantities which actually

appear in the distribution function. Inverting the relation (4.58) and making use of

the approximations (4.61) yields

ρr ≃ Ω
(0)
r0 X0 +

N0∑
j=1

Ω
(0)
rj

(
β
(0)
j

χ
(0)
j

)
θ , ρµr ≃ Ω

(1)
r0 X

µ
0 +

N1∑
j=1

Ω
(1)
rj

(
β
(1)
j

χ
(1)
j

)
Iµ , (4.62)

ρµνr ≃ Ω
(2)
r0 X

µν
0 +

N2∑
j=1

Ω
(2)
rj

(
β
(2)
j

χ
(2)
j

)
σµν .

This may also be used to eliminate higher-order moments. Now, let us set r = 0

above, and take Ω
(ℓ)
00 = 1 without loss of generality. We know what ρ0, ρ

µ
0 , and ρ

µν
0

are by equation (4.50). The equations (4.62) therefore become

− 3

m2
Π ≃ X0 +

N0∑
j=1

Ω
(0)
0j

(
β
(0)
j

χ
(0)
j

)
θ , nµ ≃ Xµ

0 +

N1∑
j=1

Ω
(1)
0j

(
β
(1)
j

χ
(1)
j

)
Iµ , (4.63a)

πµν ≃ Xµν
0 +

N2∑
j=1

Ω
(2)
0j

(
β
(2)
j

χ
(2)
j

)
σµν . (4.63b)

Inverting these to solve for Xµ1...µℓ
0 , we therefore find that we can eliminate all ρµ1...µℓ

r

for r > 0 in favour solely of quantities that appear in the hydrodynamic constitutive
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relations. Let us define by τ (ℓ) the inverse of A(ℓ), with elements given by τ
(ℓ)
rn . Then

we can write

m2

3
ρr ≃ −Ω

(0)
r0 Π−

(
ζr − Ω

(0)
r0 ζ0

)
θ , ρµr ≃ Ω

(1)
r0 n

µ +
(
κr − Ω

(1)
r0 κ0

)
Iµ , (4.64a)

ρµνr ≃ Ω
(2)
r0 π

µν +
(
ηr − Ω

(2)
r0 η0

)
σµν , (4.64b)

where the coefficients ζr, κr, and ηr are defined by

ζr ≡
m2

3

N0∑
n=0

τ (0)rn α
(0)
n , κr ≡

N1∑
n=0

τ (1)rn α
(1)
n , ηr =

N2∑
n=0

τ (2)rn α
(2)
n . (4.65)

In the above, we have made the implicit assumption that the sum in ζr skips over

n = 1, 2, and that the sum in κr skips over r = 1. Though we will not show it here,

one can additionally show that ρµ1...µℓ
r for ℓ > 2 are higher order in Kn and Re−1

i than

the desired order for all r.

We are now almost done. The final step is as follows: Recall that before, we had

C
⟨µ1...µℓ⟩
r = −A(ℓ)

rnρµ1...µℓ
n + .... Let us now invert A(ℓ); then τ

(ℓ)
mrC

⟨µ1...µℓ⟩
r = −ρµ1...µℓ

m +

... . We therefore apply τ (ℓ) to the left of the equations (4.53), and then use the

relations (4.64) to find the relations [98]

τΠΠ̇ + Π = −ζθ + J +K +R , (4.66a)

τnṅ
µ + nµ = κIµ + J µ +Kµ +Rµ , (4.66b)

τππ̇
µν + πµν = η′σµν + J µν +Kµν +Rµν . (4.66c)

In the above, the J terms denote terms of order O
(
Kn Re−1

i

)
, the K denote terms of

order O
(
Kn2

)
, and the R denote terms of order O

(
(Re−1

i )2
)
. The parameters ζ, κ, η′

are simple ζ0, κ0, and η0. Finally, τΠ =
∑∞

r=0 τ
(0)
0r Ω

(0)
r,0 = 1/χ

(0)
0 , τn =

∑∞
r=0 τ

(1)
0r Ω

(1)
r,0 =

1/χ
(1)
0 , and τπ =

∑∞
r=0 τ

(2)
0r Ω

(2)
r,0 = 1/χ

(2)
0 . We are now essentially done – we have

“closed” the hydrodynamic equations via the method of moments, leading to equa-

tions that can in principle be solved. One may see from inspection that, as promised,

the DNMR method leads to MIS-type equations. We can put the equations into a

form more familiar from Chapter 2 via the substitution

κ = −σT, η′ = −η , (4.67)

where σ is the charge conductivity and η is the shear viscosity, while T−1 =
√
−βµβµ
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is the inverse temperature associated with the “equilibrium” solution f eq.
p (x).

The DNMR theory represents the fourth formulation of the MIS equations that

we have discussed in this dissertation. Often in practice the O
(
Kn2

)
terms are

omitted, as they cause problems for the solvability of the equations. One method

proposed for handling these terms is the so-called “Inverse Reynolds Dominance”

(IReD) approach [101]. In the IReD approach, terms in K end up absorbed into the

transport coefficients inside of J , leading to solvable equations.

4.2 Holography

The Anti-de Sitter/Conformal Field Theories correspondence (AdS/CFT correspon-

dence), also called the gauge/gravity duality or holography, is one of the most exciting

tools in modern high-energy physics. Originally conjectured by Maldacena [102] in

1997, the AdS/CFT correspondence subsequently exploded in popularity, making it

now one of the most active areas of theoretical physics [103]. The simplest, one line

description of the duality is that for some D-dimensional quantum field theories, the

strong-coupling dynamics of the theory can be encoded in the (classical) dynamics of

a D + 1 dimensional gravitational theory. In particular, the prototypical example is

that there is a duality between N = 4 Super-Yang-Mills theory in D = 4 spacetime

dimensions and type IIB string theory compactified of AdS5×S5 [102, 104]; because

type IIB string theory contains supergravity in the low-energy limit, certain observ-

ables can be well-described by classical gravity in the strong-coupling8 limit.

Anti-de Sitter (AdS) spacetimes have a fundamentally different nature to Minkowski,

Schwarzschild, or other asymptotically flat spacetimes. (D+1)-dimensional AdS, of-

ten written as AdSD+1 (e.g. AdS5), has a boundary at infinity [104]. Due to the

structure of AdS, it takes massive particles an infinite amount of time to reach this

boundary; however, massless particles (e.g. photons) can reach this boundary in a

finite amount of time and return to the interior [104]. It is then almost inevitable9

that, given an initial energy distribution, a horizon will eventually form [108]. Space-

times of this form are called “hyperbolic spacetimes”; for an illustration, refer to

Figure 4.1. The AdS boundary is crucial to the duality. Given the AdS theory is

8The λ → ∞ limit, where λ is the t’Hooft coupling, after previously taking the large N limit,
where N is the degree of the gauge group.

9It has been found that there exist “islands of stability” of parameter space in which a pertur-
bation of small enough amplitude will not collapse [105, 106, 107].
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t

r x, y, z

Figure 4.1: A schematic representation of anti-de Sitter spacetime. The spacetime
has a boundary at r = ∞. The spacetime is hyperbolic; the tessellated image which
serves to represent this type of space is “Circle Limit IV (Heaven and Hell)” by M.
C. Escher.

D+1-dimensional, the boundary is a D-dimensional surface. The dual quantum field

theory is said to “live” on this asymptotic boundary; therefore, in common parlance,

the dual field theory is often referred to as the “boundary theory”, and the AdS in-

terior is referred to as the “bulk”. We will adopt this terminology in the remainder

of this chapter.

Holography provides a “dictionary” relating quantities in the bulk and quantities

on the boundary. Fields in the bulk correspond to gauge-invariant operators on the

boundary. Geometries in the bulk correspond to states on the boundary. A black

hole (or black brane, i.e. a solution where the horizon has translational symmetry)

solution in the bulk corresponds to a thermal state on the boundary. As our interest

in this dissertation is hydrodynamics, we will be particularly interested in this final

entry in the dictionary.

Foundations

To begin with, let us consider the simplest possible case: Einstein gravity with a

negative cosmological constant. There is a natural scale in AdS, appropriately referred
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to as the AdS scale LAdS; it arises because AdSD+1 can be embedded as a negatively

curved surface in a D+2 dimensional space the same way a 2-sphere can be embedded

into three-dimensional space. We know that for a 2-sphere, the embedding is given

by x21+x
2
2+x

2
3 = r2, where r is the radius of the sphere. For AdSD+1, the embedding

is given by

x21 + x22 + ...+ x2D − x2D+1 − x2D−2 = −L2
AdS . (4.68)

The AdSD+1 metric is then given in Poincaré coordinates by [103]

ds2 =

(
r

LAdS

)2 (
−dt2 + δijdx

idxj
)
+ L2

AdS

dr2

r2
, (4.69)

where i, j ∈ (1, ..., D). One can write the Einstein-Hilbert action as

SEH =
1

16πGN

∫
dD+1x

√
−g
(
R(D+1) − 2Λ

)
, (4.70)

where R(D+1) is the Ricci scalar, GN is the (D + 1)-dimensional Newton’s constant,

g is the metric, and Λ is the cosmological constant. The cosmological constant is

negative, and is given by Λ = −D(D− 1)/(2L2
AdS). Let us now scale the variables in

the theory such that LAdS = 1; then

SEH =
1

16πGN

∫
dD+1x

√
−g
(
R(D+1) +D(D − 1)

)
. (4.71)

Varying this action with respect to the metric gives rise to the standard vacuum

Einstein equations:

R
(D+1)
MN − 1

2
R(D+1)gMN −

(
D (D − 1)

2

)
gMN = 0 (4.72)

where R
(D+1)
MN is the Ricci tensor, and capital latin lettersM,N run from 0 toD. In the

following, we will use capital latin letters for bulk spacetime indices, greek letters for

boundary spacetime indices, and lowercase latin letters for boundary spatial indices.

Let us now specialize to the caseD = 4, i.e. a 5-dimensional bulk spacetime. There

are many solutions to the Einstein equations (4.72). One solution is the previously

mentioned black brane solution, which is a planar black hole with a horizon which

is translationally invariant in the boundary coordinates xµ. In AdS-Schwarzschild
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coordinates, the black brane solution is given by [88, 21]

ds2 = −r2f(r)dt2 + 1

r2f(r)
dr2 + r2

(
dx2 + dy2 + dz2

)
(4.73)

where t, x, y, z are boundary coordinates, and r ∈ [0,∞) is the bulk radial coordinate

from the origin to the AdS boundary at r = ∞. The factor f(r) is defined by f(r) =

1− r40
r4
. The parameter r0 is the location of the black-brane horizon. The solution (4.73)

has the somewhat inconvenient property shared by all Schwarzschild-like solutions, in

that there is a coordinate singularity at r = r0. It would be more convenient to write

this solution in a coordinate system which is regular on the horizon. As such, we will

transform the metric into infalling Eddington-Finkelstein (EF) coordinates [109].

EF coordinates are adapted to null trajectories. We can define a new coordinate

v = t+ r∗, where r∗ is the tortoise coordinate defined by dr∗/dr = 1/(r2f(r)), or

r∗ =
1

4r0

(
2 arctan

(
r

r0

)
+ ln

(
r − r0
r + r0

))
(4.74)

for r ≥ r0. As r → r0, r
∗ → −∞, as expected of a singular coordinate transformation.

Inserting t = v − r∗ into the metric, we find

ds2 = −r2f(r)dv2 + 2dvdr + r2
(
dx2 + dy2 + dz2

)
(4.75)

where we have used the fact that dr∗ = (dr∗/dr)dr = (r2f(r))
−1
dr. We therefore

have arrived at the black brane solution in EF coordinates; these are the coordinates

we will use going forward. The coordinate singularity at r = r0 has now been removed.

One thing we can consider is how the solution (4.75) changes if one acts on it with

the isometries of AdS5. The isometries of AdS5, i.e. the transformations that leave the

line element of AdS5 invariant, act on the boundary as the Poincaré transformations of

xµ (the “boundary” coordinates, though the transformation acts in the bulk), scaling,

and the special conformal transformation. In other words, the group of isometries is

isomorphic to the group SO(4, 2) which leaves the embedded surface (4.68) invariant.

The black-brane solution (4.75) is not invariant under boosts, and under dilations,

and we use these to generate a family of solutions.

Let us consider the scaling (r, v, x, y, z) → (λr, λ−1v, λ−1x, λ−1y, λ−1z); then f(r) →
f(λr) = 1 − r40

λ4r4
̸= f(r). Dilations therefore shift the horizon location, taking

r0 → r0/λ. Similarly, if one takes dxµ → dxµ
′
= Λµ′

νdx
ν , where dxµ = {dv, dx, dy, dz}
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is raised and lowered with the Minkowski metric, we find that dv → −uµdxµ, and
(dx2 + dy2 + dz2) → ∆µνdx

µdxν , where uµ is the future-directed timelike unit four-

vector (u2 = 1) generated by the boosts, and ∆µν = uµuν + ηµν is the projector

orthogonal to uµ. Since f(r) ̸= 1, this does not leave the metric (4.75) invariant. We

may therefore write the full four-parameter family of solutions generated by dilations

and boosts as

ds2 = −2uµdx
µdr − r2f(r)uµuνdx

µdxν + r2∆µνdx
µdxν . (4.76)

We will hereafter work with the “mass parameter” b = 1/r0 instead of r0. The four-

parameter (b, uµ) family of solutions (4.76) is called the boosted black brane solution.

One can repeat this process for the Einstein-Maxwell equations, including a U(1)

gauge field in the bulk (the gauge field associated with an “R charge”10). This would

correspond to a field theory on the boundary which has a conserved U(1) charge

current. The action is given (with LAdS again scaled to one) by

SEHM =
1

16πGN

∫
d5x

√
−g
(
R(5) + 12− 1

4
FMNF

MN

)
(4.77)

where FMN = ∂MAN − ∂NAM is the five-dimensional field strength tensor for the

U(1)R gauge field AM . Varying this action with respect to the metric and the gauge

field, we arrive at the Einstein-Maxwell equations:

R
(5)
MN − 1

2
R(5)gMN − 6gMN +

1

2

[
FMKF

K
N +

1

4
gMNFKLF

KL

]
= 0 , (4.78a)

∇MF
MN = 0 . (4.78b)

In analogy with the previous case, one can find a boosted black brane solution to the

equations (4.78) [22, 23]:

ds2 = −2uµdx
µdr − r2f(r)uµuνdx

µdxν + r2∆µνdx
µdxν , (4.79a)

AMdx
M =

√
3Q

2r2
uµdx

µ , (4.79b)

10An R charge is a charge associated with a type of global symmetry which may be present
in supersymmetric theories (such as N = 4 Super-Yang-Mills). We know from the holographic
dictionary that global symmetries on the boundary correspond to gauge fields in the bulk; therefore,
we consider the gauge field associated with the boundary R charge. In this particular case, we
consider the case of a U(1) subgroup of an SO(6) R-symmetry [23].
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where f(r) = 1 − 1
b4r4

+ Q2

r6
, once again b is the mass parameter, and Q is related

to the black brane charge. The solution (4.79a) has two horizons; we will exclusively

consider the outer horizon, which we denote by R. We have used the radial gauge,

Ar = 0. The Hawking temperature of the black brane is given by the surface gravity

κ according to the canonical formula [109]

TH =
κ

2π
(4.80)

The surface gravity may be found by [109]

κ2 = −1

2
∇MξN∇MξN

∣∣∣∣
r=R

, (4.81)

where ξM is a Killing vector, the norm of which becomes zero on the (Killing) horizon,

and ∇M is the covariant derivative. We note11 that uµ∂µ satisfies this condition. The

norm of uµ∂µ is given by −r2f(r), which vanishes when r → R. For the charged

boosted black brane (4.79a),12

TH =
3R4b4 − 1

2πR3b4
. (4.82)

In the uncharged limit, R → 1/b, and (4.82) collapses to TH = 1/(πb). Since R =

R(b,Q), the temperature depends on both the mass parameter and the charge, as one

might expect.

Given the presence of a charge in the dual theory, just as we asked about the

temperature of the dual spacetime, we might equivalently ask about the chemical

potential in the boosted black brane spacetime. The chemical potential may be given

by the gauge-invariant difference of gauge fields [23]

µ = uµAµ(r = R)− uµAµ(r = ∞) =

√
3Q

2R2
. (4.83)

Just like the Hawking temperature, the chemical potential depends on both Q and b

by way of R = R(b,Q). These relations can be inverted to find expressions for Q and

b in terms of TH and µ.

The last thing we would like to do is extract details of the relevant boundary

11More clearly, ξM = (0) ∂r + uµ∂µ.
12In the process of this computation we took advantage of auxiliary variables [22] M = 1/(bR)4,

q = Q/R3, and q2 = M − 1 to write the solution in terms of the outer radius R.
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operators from the gravitational solutions (4.79). Following the prescription of [110],

we will extract the one-point function of the dual operator to the metric (the stress-

energy tensor, ⟨T µν⟩) and to the gauge field (the U(1) charge current, ⟨Jµ⟩). Let us

consider a generic field in the bulk ϕ(r, xµ); this could be the gauge field, the metric,

or something else. The general prescription is that

⟨O(xµ)⟩ϕ0
= lim

r→∞
(Π(r, xµ)− Counter terms) (4.84)

where ⟨O(xµ)⟩ϕ0
is the expectation value of the operator O in the presence of a

classical source ϕ0 = limr→∞ ϕ(r, xµ), and Π(r, xµ) is the conjugate momentum to ϕ

with respect to r-foliation. For the gauge field Aµ, no counterterms are required [110],

and the expression is

⟨Jµ⟩Abdry
µ

= lim
r→∞

jµ =
1

16πGN

lim
r→∞

√
−gF rµ , (4.85)

where jµ is the conjugate momentum to the gauge field. For the metric, things

are somewhat more complicated [111]. After taking counter-terms into account and

re-writing, the stress-energy tensor can be given by [21]

⟨T µν⟩g = − 2ηµρ

16πGN

lim
r→∞

r4
(
Kν

ρ − δνρ
)
. (4.86)

where Kν
ρ is the extrinsic curvature of a surface of constant r. The solutions (4.79)

therefore yield (dropping the ⟨·⟩)

Jµ =

( √
3Q

16πGN

)
uµ , T µν =

(
3

16πb4GN

)
uµuν +

(
1

16πb4GN

)
∆µν . (4.87)

Matching with the equilibrium expressions for T µν and Jµ (2.26), we find that

ϵ =
3

16π b(T, µ)4GN

, p =
1

16π b(T, µ)4GN

, n =

√
3Q(T, µ)

16πGN

. (4.88)

Note that ϵ and p obey the conformal relation ϵ = 3p; in other words, the stress-

energy tensor is traceless. With the equilibrium properties of the boosted black brane

and the dual fluid resolved, we now consider deviations away from equilibrium, i.e.

hydrodynamics.
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4.2.1 The fluid/gravity correspondence

There have long been hints that there was a connection between black holes and hy-

drodynamics, beginning with attempts in the 1970s to move beyond the black hole

thermodynamics of Bekenstein [112] and Hawking [113] using the so-called “mem-

brane paradigm” [114]. To an external observer, a black hole appears to behave like

a dynamical fluid membrane; however, asymptotically flat black holes do not behave

like normal fluids. For one, Schwarzschild black holes have a negative heat capac-

ity [115], growing colder as they gain energy. This stymied the usefulness of the

paradigm for a while.

The membrane paradigm gained a second life in the context of the gauge/gravity

duality, and anti-de Sitter spacetimes. As discussed in the previous section, one can

construct a fluid living on the boundary of AdS; some of the earlier calculations done

with the AdS/CFT correspondence were the calculation of the shear viscosity and the

R-charge diffusion constant of a N = 4 Super-Yang-Mills plasma [16, 17]. This led

to the conjecture [19] of a universal lower bound on shear viscosity13, η/s ≥ 1/(4π).

It was also discovered that the long-wavelength limit of quasinormal modes for

black branes displayed hydrodynamic behaviour [18, 20, 110]. All of these things

together led eventually to a methodology for determining hydrodynamic transport

coefficients non-linearly for fluids describing microscopic theories with holographic

duals. This method, the fluid/gravity correspondence [21, 22, 23], is what we shall

discuss from this point on.

Let us begin by considering the solutions (4.79) with the parameters Q, b, and uµ

now promoted to dynamical functions of the boundary spacetime, i.e.

ds2 = −2uµ(x)dx
µdr − r2f(r)uµ(x)uν(x)dx

µdxν + r2∆µν(x)dx
µdxν , (4.89a)

AMdx
M =

√
3Q(x)

2r2
uµ(x)dx

µ , (4.89b)

where f(r) = 1 − 1
b(x)4r4

+ Q(x)2

r6
, and we have made a gauge choice to set Abdry

µ to

zero, a choice we will consistently make throughout the remainder of this chapter.

The expressions (4.89) are no longer solutions to the equations of motion (4.78). If

we assume, however, that b(x), Q(x), and uµ(x) are very slowly varying functions of

the boundary spacetime xµ, then we may “tubewise” approximate a boosted black

brane solution [21]. In practice, we attempt to solve the Einstein-Maxwell equations

13Note that ℏ = 1.
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via a derivative expansion in derivatives with respect to boundary coordinates ∂µ for

gMN and AM .

Let us define the following order-by-order expansion in derivatives

gMN = g
(0)
MN + εg

(1)
MN + ε2g

(2)
MN +O

(
ε3
)
, (4.90a)

AM = A
(0)
M + εA

(1)
M + ε2A

(2)
M +O

(
ε3
)
, (4.90b)

where ε is once again a derivative-counting parameter (∂µ → ε∂µ) which can be taken

to unity at the end of the procedure, as in the previous section. The zeroth-order

pieces g
(0)
MN and A

(0)
M are simply given by equations (4.89). In the following, we will

only consider solving to first order in the expansion; the interested reader may refer

to [21, 22, 23] for a derivation at second order. Taking the expansions (4.90) and

inserting them into the Einstein-Maxwell equations (4.78) yields equations order-by-

order in ε. The equations, like the order-by-order equations in kinetic theory, have

the same form at each order. At nth order, the equations are of the form

H[g(n), A(n)] = Sn[A
(n−1), g(n−1), A(n−2), g(n−2), ..., A(0), g(0)] . (4.91)

The operator H is a derivative operator solely14 in r which repeats order-by-order

just as the linearized collision operator L did in kinetic theory. The right-hand side

of equation (4.91) Sn is the source term, which depends only on lower-order solutions

in ε which have (in principle) already been obtained. To solve for g
(n)
MN , A

(n)
M , all one

need do in principle is invert H at each order.

As the astute reader may have been able to foresee, this is näıve. Just as in the

case of kinetic theory, the operator H has zero modes which make it formally non-

invertible unless the source term is constrained to be orthogonal to the zero modes.

Demanding the invertibility of H leads to imposing

∂µT
µν
(n−1) = 0, ∂µJ

µ
(n−1) = 0 , (4.92)

where T µν
(n−1) is the (n−1)th order contribution to T µν , and Jµ

(n−1) is the (n−1)th order

contribution to Jµ. Note that the contributions to T µν , Jµ are individually conserved

order-by-order. We also note that the parameters of the equilibrium solution b(x),

14Since boundary derivatives ∂µ come with a factor of ε, any boundary derivatives necessarily act
on a lower-order term in the expansion, contributing only to the source term Sn.
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Q(x), and uµ(x) are corrected order-by-order as well:

b(x) = b(0)(x) + εb(1)(x) + ε2b(2)(x) +O
(
ε3
)
, (4.93a)

Q(x) = Q(0)(x) + εQ(1)(x) + ε2Q(2)(x) +O
(
ε3
)
, (4.93b)

uµ(x) = uµ(0)(x) + εuµ(1)(x) + ε2uµ(2)(x) +O
(
ε3
)
. (4.93c)

Let us now consider the expansion taken to first order. Because of the zero-modes of

H, the solution is comprised of of the particular solution found by inverting H, and

the homogeneous solution which is proportional to the zero modes, i.e.

gMN = g
(0)
MN + ε

(
g
(1),p
MN + g

(1),h
MN

)
+O

(
ε2
)
, (4.94a)

AM = A
(0)
M + ε

(
A

(1),p
M + A

(1),h
M

)
+O

(
ε2
)
. (4.94b)

We will not focus on the particular solution here; instead, we shall consider only the

homogeneous solution. We can write more specifically that

g
(1),h
MN dx

MdxN = b(1)

(
− 4

b5(0)r
2
u(0)µ u(0)ν

)
dxµdxν +Q(1)

(
−
2Q(0)

r4
u(0)µ u(0)ν

)
dxµdxν

+ uλ(1)

(
r2(1− f (0)(r))

(
∆

(0)
λµu

(0)
ν +∆

(0)
λν u

(0)
µ

))
dxµdxν , (4.95a)

A
(1),h
M dxM = Q(1)

(√
3

2r2
u(0)µ

)
dxµ + uλ(1)

(√
3Q(0)

2r2
∆λµ

)
dxµ , (4.95b)

where f (0)(r) = 1 − 1
b4
(0)

r4
+

Q2
(0)

r6
, and ∆

(0)
µν = ηµν + u

(0)
µ u

(0)
ν . That the coefficients

b(1), Q(1), u
µ
(1) in (4.95) are in fact the first-order corrections to b, Q, and uµ may

be straightforwardly seen by inserting the order-by-order corrections (4.90) into the

ideal-order solution (4.89) and expanding to first order in ε.

Note that, in order to write down the solution (4.94) in the first place, one had to

invert H, which implies that b(0), Q(0), and u
µ
(0) are all constrained to obey the ideal-

order conservation equations (2.49). Since the hydrodynamic parameters βµ = uµ/T

and α = µ/T are defined in terms of b, Q, and uµ, the hydrodynamic parameters also
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receive order-by-order corrections. At first order, the corrections are given by

α(1) =
∂α(0)

∂b(0)
b(1) +

∂α(0)

∂Q(0)

Q(1) , (4.96a)

βµ
(1) = − 1

T 2
(0)

(
∂T(0)
∂b(0)

b(1) +
∂T(0)
∂Q(0)

Q(1)

)
uµ(0) +

1

T(0)
∆µλ

(0)u
(1)
λ . (4.96b)

Now, finally, let us repeat the same trick as in kinetic theory. We define new degrees

of freedom b′, Q′, and u′µ implicitly via the relations

b′ − 4πGNb
′5ε

[
π1

(
u′λ∂λT

′

T ′ − 1

3
∂µu

′µ
)
+ π3u

µ∂µ

(
µ′

T ′

)]
− εb(1) +O

(
ε2
)
= b(0) ,

(4.97a)

Q′ +
16πGN√

3
ε

[
ν1

(
u′λ∂λT

′

T ′ − 1

3
∂µu

′µ
)
+ ν3u

µ∂µ

(
µ′

T ′

)]
− εQ(1) +O

(
ε2
)
= Q(0) ,

(4.97b)

u′µ + ε

[
a1∆

′µν
(
∂νT

′

T ′ + uλ∂λu
′
ν

)
+ a2∆

′µν∂ν

(
µ′

T ′

)]
− εuµ(1) +O

(
ε2
)
= uµ(0) ,

(4.97c)

where T ′, µ′ above are taken to be functions of b′, Q′. We then replace b(0), Q(0),

and uµ(0) everywhere they appear. In all first-order contributions, {b(0), Q(0), u
µ
(0)} →

{b′, Q′, uµ} in a straightforward fashion, as the further corrections are all O (ε2).

However, in the zeroth-order part of the solution, using equations (4.97) leads to a

O (ε) correction which fixes the homogeneous solution. In this manner, analogously

to in kinetic theory, one may set a choice of hydrodynamic frame. In particular,

one can choose either a “good frame”, where causality and stability are present after

truncating the expansion at O (ε), or a “bad frame” (such as Landau frame) where

the truncated hydrodynamic equations are unstable and acausal. Regardless of frame

choice, the calculation proceeds completely analogously to the kinetic theory case,

with one major difference: the number of parameters.

We see that π1, π3, ν1, ν3 appear directly in (4.97), as opposed to the parameters

a1,2,3, b1,2,3 which appeared in the analogous kinetic theory procedure. The reason

for this is the conformal symmetry of the boundary theory. The reduction in free

parameters in the kinetic theory case was due to f1,2,3 having been fixed. However,

in a conformal theory, f1,2,3 are generically fixed to be zero in any fluid frame, and

so no reduction in the number of free parameters occurs. Note, however, that ℓ1,2
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are not fixed by conformal symmetry, and so there a reduction of degrees of freedom

still occurs in the vector sector; θ1 and γ1 both depend on a1, while θ2 and γ2 both

depend on a2.

One final point to make in this chapter, which applies to both kinetic theory and

holography, is that the acausal nature of the macroscopic theory we extract from the

microscopics in Landau frame is in no way a symptom of anything “wrong” with the

microscopic theory. It is the truncation of the derivative expansion at finite order that

leads to the acausality. The only way to prevent this acausality, as far as we know, is

to either break Lorentz symmetry [116, 117, 7], or introduce some kind of regulation.

In BDNK, this regulation takes the form of the additional transport parameters. In

MIS-type theories, these are the additional relaxational modes in the theory.
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Chapter 5

Extensions of Causal

Hydrodynamics

In this chapter, we will discuss a number of extensions of the causal formulations of

hydrodynamics that have thus-far been discussed in the dissertation. The number

of possible extensions are vast; as such, we will limit to only those extensions on

which I have personally worked. The section on one-form magnetohydrodynamics

is based on my paper [4], while the section on relativistic superfluids is based on

my paper [3]. Both sections primarily focus on the BDNK procedure for rendering

hydrodynamics causal; however, the theories under consideration are amenable to an

MIS-type procedure as well (see e.g. [118, 119] for MIS-type constructions for related

theories).

5.1 Magnetohydrodynamics

Magnetohydrodynamics is the effective theory describing the interactions between

fluids and electromagnetic fields. The subject of interest is usually a plasma which

is electrically neutral on hydrodynamic length scales – electric charges in the plasma

adjust on a microscopic level to screen the electric field. The magnetic field is not

screened, and so remains a relevant degree of freedom even in equilibrium.

The standard formulation of relativistic MHD is textbook material at ideal or-

der [120]; plasmas in the standard formulation are described by the conservation of

the stress-energy tensor, as well as those of Maxwell’s equations in matter that control

the magnetic field. At higher order in a derivative expansion, the dynamics of the
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electric field become relevant, as do viscous effects – see [41]. In astrophysical appli-

cations, there is also often an additional global U(1) charge on top of the gauge U(1)

for electromagnetism. This global U(1) symmetry corresponds to the conservation

of particle number. The constituents are often massive neutral particles, and so the

current associated with this global U(1) is often called the “mass current” Jµ
m = mJµ

(where Jµ is the actual conserved current for the global U(1) charge). We will denote

this global U(1) symmetry by U(1)m.

Let us neglect the dynamics of the electric field entirely. Then the relevant equa-

tions of motion are given by [4]

∇µT
µν = 0 , ∇µJ

µν = 0 , ∇µJ
µ = 0 , (5.1)

where Jµν = (1/2)ϵµνρσFρσ is proportional to the dual field-strength tensor. The

hydrodynamic degrees of freedom are the temperature T , the fluid velocity uµ, the

U(1)m chemical potential µ, and the magnetic field Bµ.

We could at this point write constitutive relations for the conserved quantities;

however, we will instead take a short detour to talk about symmetry. The conservation

equations (5.1) are not all on the same footing. The conservation of the stress-

energy tensor is a manifestation of diffeomorphism invariance, while the conservation

of the U(1)m charge current is a manifestation of the global U(1)m symmetry. The

conservation of the dual field-strength tensor, on the other hand, arises from the

U(1) gauge symmetry – which is not, in truth, a symmetry at all, but rather simply

a redundancy in our description of the theory [121, 122]. There is in fact a global

symmetry which is responsible for the conservation of the dual field-strength tensor;

however, it is not a traditional symmetry in the sense that we are used to thinking of

them.

The symmetry responsible for the conservation of the dual field-strength tensor is

a global one-form symmetry, an example of what is known as a “higher-form symme-

try” [123]. A discussion of all the details behind higher-form symmetries is beyond

the scope of this dissertation. However, a brief summary is included hereafter.
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5.1.1 One-form MHD

Higher-form symmetries

Let us begin by discussing a normal global U(1) symmetry. Under this symmetry, a

local charged field ϕ(x) transforms by a phase ϕ→ ϕ′ = eiqαϕ . By Noether’s theorem,

whenever there is a continuous global symmetry, there exists a conserved current J µ.

In d+1-dimensional Minkowski spacetime, the charge associated with the symmetry

is given by integrating the time component of the current over d-dimensional space

Q =
∫
ddxJ 0 . This can be generalized and re-written in a more suggestive way. First

of all, let us instead consider the integral over a d-dimensional spatial manifold Md

with a time-directed volume element:

Q =

∫
Md

dΣµJ µ . (5.2)

We take Md to be such that it divides the spacetime into two disconnected parts,

and has itself no boundary. Next, let us note (or recall) that the general volume

element
√
−gdd+1x is, in fact, a (d + 1)-form

√
−gdd+1x =

√
−gdx0 ∧ dx1 ∧ ... ∧

dxd. We are considering the directed volume element for a spacelike d-dimensional

hypersurface. Let us denote the internal coordinates of the hypersurface by y1, ..., yd;

then the volume element for the hypersurface is given by
√
γddy =

√
γdy1∧ ...∧dyd =

√
γ

d!
nµϵµν1ν2...νddx

ν1 ∧ ...∧dxνd , where nµ is the timelike future-directed unit normal to

the spacelike hypersurface Md, γ is the determinant of the induced metric on Md,

and ϵ is the Levi-Civita symbol (as opposed to tensor). We can see then that dΣµ

may be written in terms of dxµ by writing

dΣµ = −nµ

√
γ

d!
nλϵλν1ν2...νddx

ν1 ∧ dxν2 ∧ ... ∧ dxνd , (5.3)

and the charge is given by

Q = −
∫
Md

ddy
√
γ nµJ µ (5.4)

Now, let us define J = Jαdx
α. The Hodge dual ⋆J is defined on the hypersurface Md

by

⋆J =

√
γ

d!
Jλg

µλϵµν1ν2...νddx
ν1 ∧ dxν2 ∧ ... ∧ dxνd . (5.5)
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We may now define the projector orthogonal to nµ, P µν = gµν + nµnν . Decom-

posing Jµ with respect to nµ (Jµ = −nµn
λJλ + P λ

µ Jλ) allows us to write ⋆J as

⋆J =
√
γ

d!

(
−nλJλn

µ + P µλJλ

)
ϵµν1...νddx

ν1 ∧ ... ∧ dxνd . The integral over the orthog-

onal projection will vanish due to the Levi-Civita symbol, meaning we can finally

write (5.4) as

Q =

∫
Md

⋆J . (5.6)

This is the standard definition of the charge in terms of differential forms1 [109, 123,

124]. Given the spacetime was d + 1 dimensional, the d-dimensional surface Md

is said to be a codimension one surface, “codimension” referring to the number of

dimensions lower than the total dimension of the spacetime. If the codimension-one

surface is a time slice, we can think of the surface as counting the amount of charge

associated with the particle world-lines that intersect the time slice.

We now generalize the above. Suppose that instead of finding the charge associated

with a local operator, we want to find the charge associated with an extended operator

such as a line operator (e.g. Wilson line) or a surface operator. The procedure above

may be generalized to find the charge associated with these extended operators. The

symmetry from which the charge arises is called a “higher form symmetry”. For a

zero-form symmetry, we integrated over a codimension-one surface. In general, for a

p-form symmetry, we will need to integrate over a codimension-(p+ 1) surface.

We will focus now on so-called “one-form” symmetries. These are the symmetries

associated with line operators, and we can obtain the charge by integrating over a

codimension-two surface. One can think of the codimension-two surface as count-

ing the amount of charge associated with the worldsheets of the line operators that

intersect the surface. In analogy with the above, the charge is given by

Q1 =

∫
M2

⋆J1 (5.7)

where J1 = Jµνdx
µ ∧ dxν . The current associated with the global U(1) one-form

symmetry, Jµν , is antisymmetric and conserved, ∇µJ
µν = 0.

Ideal-Order Magnetohydrodynamics

In the context of MHD, the quantity being conserved is the number of magnetic field

lines. The formulation of MHD in terms of this one-form symmetry was initiated

1Note the differing sign in [109].
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by [125, 126], and has been shown [41, 127, 128] to be entirely equivalent to the

standard formulation of MHD. However, the one-form formulation of MHD has the

benefit of being based entirely on global symmetries. In the following, we will fre-

quently use the terms “one-form MHD” and “dMHD” interchangeably. The name

“dMHD” was introduced in [4] as a shorthand for “dual MHD”, as the one-form

formulation represents a dual formulation of magnetohydrodynamics.

We would like to now determine the equilibrium constitutive relations for one-

form MHD with an additional global zero-form U(1)m symmetry. We will do so using

the equilibrium generating functional [127]. First of all, we will introduce background

source fields to couple to the conserved quantities. For the stress tensor, we bring

in a background metric gµν as before. For the current Jµ, we will introduce a back-

ground U(1)m gauge field Aµ. Finally, for the two-form current Jµν , we introduce

a background two-form gauge field bµν . Under the combination of diffeomorphisms,

zero-form gauge transformations, and one-form gauge transformations generated by

arbitrary parameters G = {ξµ, λ(1)µ , λ(0)} respectively, these background fields trans-

form as

gµν → g′µν = gµν +£ξgµν , (5.8a)

bµν → b′µν = bµν +£ξbµν +
(
∂µλ

(1)
ν − ∂νλ

(1)
µ

)
, (5.8b)

Aµ → A′
µ = Aµ +£ξAµ + ∂µλ

(0) . (5.8c)

One could now be tempted to write down the generating functional in terms of

solely these background source fields, W [g, A, b] =
∫
dd+1x

√
−gF [g, A, b] . However,

this is not quite right. Let us begin by trying to write down gauge-invariant combi-

nations of variables as we did for the U(1) zero-form charged fluid back in Chapter 2.

Let us introduce a timelike Killing vector Kµ, a zero-form gauge parameter Λ(0), and

a one-form gauge parameter Λ
(1)
ν . We then demand the equilibrium conditions

£Kgµν = 0 , £Kbµν + ∂µΛ
(1)
ν − ∂νΛ

(1)
µ = 0 , £KAµ + ∂µΛ

(0) = 0 . (5.9a)

which we take to define Λ(0) and Λ
(1)
µ . Let us now demand that these conditions

are gauge-invariant. This tells us that under a gauge transformation given by G =

{λ(1)µ , λ(0)}, the gauge parameters must transform as

Λ(0) → Λ′(0) = Λ(0) −£Kλ
(0) , Λ(1)

µ → Λ′(1)
µ = Λ(1)

µ −£Kλ
(1)
µ . (5.10)



117

Now, let us define equilibrium variables in analogy to the U(1) zero-form case (i.e. as

in Section 2.2):

T =
T0√
−K2

, uµ =
Kµ

√
−K2

, µ =
KµAµ + Λ√

−K2
, (5.11a)

µΦ
ν =

Kµbµν + Λν√
−K2

, (5.11b)

where the subscript Φ on the vector µΦ
ν denotes the magnetic flux, and µΦ

ν is the vector

serving as the source for the magnetic flux. However, we run into an immediate issue

– while µ is gauge invariant, µΦ
ν is not! Under a U(1) one-form gauge transformation,

µΦ
ν → µ′Φ

ν = µΦ
ν −

∂ν

(
Kµλ

(1)
µ

)
√
−K2

̸= µΦ
ν . (5.12)

This is not an ideal situation; we would like to have a truly gauge-invariant definition

of µΦ
ν . The solution was pointed out in [127, 128]. Let us consider the case where the

one-form symmetry is partially spontaneously broken. When the one-form symmetry

is fully broken, a vector Goldstone boson φµ arises [129, 130, 131] which transforms

as φµ → φ′
µ = φµ + λ

(1)
µ . The symmetry being only partially broken2 leads to there

being only a scalar Goldstone boson φ ≡ Kµφµ, which transforms as

φ→ φ′ = φ+Kµλ(1)µ (5.13)

under a U(1) one-form gauge transformation. We may then treat gµν , bµν , Aµ, and

φ as the fields upon which the generating functional depends. We note that φ is

a dynamical field rather than a background source; however, we still demand the

condition

£Kφ+KµΛ(1)
µ = 0 . (5.14)

We can then modify the definition of µΦ
ν to

µΦ
ν =

Kµbµν + Λ
(1)
ν + ∂νφ√

−K2
. (5.15)

This is now a gauge-invariant quantity. The generating functional is given byW [g, b, A, φ] =

2For more detail on what it means for a symmetry to be “partially broken”, the interested reader
may refer to [128].
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∫
dd+1x

√
−gF(g, A, b, φ). Variation of W yields

δW =

∫
dd+1x

√
−g
[
1

2
T µνδgµν +

1

2
Jµνδbµν + JµδAµ + Eδφ

]
(5.16)

where E = 0 is the equation of motion for the Goldstone. The equations of motion

may be found by setting the perturbations to be due to diffeomorphisms, one-form

gauge transformations, and zero-form gauge transformations, yielding

∇µT
µν = F̄ νλJλ +HνλσJλσ , (5.17a)

∇µJ
µν = EKν , (5.17b)

∇µJ
µ = 0 . (5.17c)

where F̄µν = ∂µAν − ∂νAµ is the field-strength for the zero-form U(1) gauge field Aµ

associated with the mass current, and Hµνρ = ∂[µbνρ] is the (completely antisymmet-

ric) field strength associated with the gauge field bµν . It is therefore clear that the

equilibrium equation of motion for the Goldstone E = 0 is given by uν∇µJ
µν = 0 .

Turning back temporarily to the definition of Jµν = 1
2
ϵµνρσFρσ (recalling that Fρσ is

the field strength tensor for the electromagnetic U(1)), we can see that in the rest

frame of the fluid uµ = δµ0 , this corresponds to the no-monopole condition on B. In

order to fully evaluate the equation of motion for the Goldstone, we will need to know

what Jµν is in more detail.

Let us now compute the ideal-order equilibrium constitutive relations associated

with one-form MHD. It is useful to separate µΦ
ν into a magnitude and a direction

according to µΦ
ν = µΦhν . Since µΦ

ν acts as a (vector) source for the magnetic flux,

we take the magnitude µΦ as the scalar source, and the direction hµ as giving the

local direction of the magnetic flux, with h2 = 1. Generically, hµuµ ̸= 0; however,

we would like µΦ
ν to align with magnetic field lines, and so we can use a redefinition

freedom [128, 132] to take hµuµ = 0. This is a choice we make going forward. As with

the other hydrodynamic variables (5.11a), the definition (5.15) only makes sense in

equilibrium. At zeroth order, we can write

W =

∫
dd+1x

√
−g (p(T, µΦ,µ) + ...) (5.18)

where the ... contain higher-derivative hydrostatic terms. The Goldstone φ is present

in the generating functional by way of µΦ and equation (5.15). Let us also supplement
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this expression with the Gibbs-Duhem relation dp = s dT + ρΦ dµΦ +ndµ , where s is

the entropy density, ρΦ is the scalar magnetic flux density, and n is the U(1) charge

density. The energy density is given by ϵ = −p + sT + nµ + ρΦµΦ . Varying the

generating functional as in (5.16), we find the ideal-order constitutive relations

T µν
eq. = ϵuµuν + p∆µν

⊥ + (p− µΦρΦ)h
µhν , (5.19a)

Jµν
eq. = ρΦ (uµhν − uνhµ) , (5.19b)

Jµ
eq. = nuµ , (5.19c)

where ∆µν
⊥ = uµuν + gµν − hµhν is the projector orthogonal to both uµ and hµ.

Let us now determine which one-derivative quantities vanish in equilibrium. From

the demands (5.9) and the demand that E = 0, we can get (by contracting with uµ,

hµ, and ∆µν
⊥ , and turning off the background gauge fields) the following vanishing

scalars [132][4]

s1 ≡
uµ∇µT

T
, s2 ≡ ∇µu

µ, s3 ≡ uλ∇λ

(µ
T

)
,

s4 ≡ hµhν∇µuν , s5 ≡
T

µΦ

uµ∇µ

(µΦ

T

)
, (5.20a)

p1 ≡ hµ
(
∇µT

T
+ uλ∇λuµ

)
, p2 ≡

1

TρΦ
∇µ (TρΦh

µ) , p3 ≡ hλ∇λ

(µ
T

)
, (5.20b)

vectors,

Y µ
1 ≡ T∆µλ

⊥

(
∇λ

(µΦ

T

)
− µΦ

T
hα∇αhλ

)
, Y µ

2 ≡ T∆µα
⊥

(
∇αT

T
+ uλ∇λuα

)
,

Y µ
3 ≡ T∆µλ

⊥ ∇λ

(µ
T

)
, (5.20c)

Σµ
1 ≡ ∆µα

⊥ hν (∇αuν +∇νuα) , Σµ
2 ≡ ∆µα

⊥ uν (∇αhν −∇νhα) , (5.20d)

and tensors,

σµν
⊥ ≡

(
∆µα

⊥ ∆νβ
⊥ +∆µβ

⊥ ∆να
⊥ − 2

d− 1
∆µν

⊥ ∆αβ
⊥

)
∇αuβ , (5.20e)

Zµν ≡ µΦ∆
µρ
⊥ ∆νσ

⊥ (∇ρhσ −∇σhρ) , (5.20f)

where (5.20a) is the set of parity-even scalars that vanish in equilibrium, (5.20b)

is the set of parity-odd scalars (pseudoscalars), (5.20c) is the set of parity-odd vec-
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tors, (5.20d) is the set of parity-even vectors (pseudovectors), (5.20e) is the parity-

even rank two traceless symmetric tensor, and (5.20f) is the parity-odd rank two

antisymmetric tensor that vanishes in equilibrium. Note that in the above, we have

p2 ≡ 1
TρΦ

∇µ (TρΦh
µ); the vanishing of p2 in equilibrium did not, strictly speaking,

arise from the conditions (5.9), but rather from the demand that the equation of

motion for φ be satisfied. The equation of motion was given by uν∇µJ
µν
eq. = 0; along

with the equilibrium constitutive relation (5.19b), the vanishing of p2 (making use of

p1 = 0) subsequently follows.

Let us now take the fluid slightly out of equilibrium. For notational brevity, we

will suppress subscripts on thermodynamic derivatives; it is assumed we are working

in a basis of T, µΦ,µ. At ideal-order, the constitutive relations are given by (5.19);

together with equations (5.17) (with the sources turned off, and E = 0), they give

us the equations of perfect-fluid MHD. There are eight dynamical equations in equa-

tions (5.17), and so to close the equations, an equation of state p = p(T, µΦ,µ) is

required.

We will now write down the perfect-fluid equations explicitly. Let us define the

shorthand Dχ = ( ∂χ
∂T
T + ∂χ

∂µΦ
µΦ + ∂χ

∂µ
µ). Then the three scalar equations of motion

are given by

−uν∇µT
µν = Dϵ

uµ∇µT

T
+

∂ϵ

∂µΦ

Tuµ∇µ

(µΦ

T

)
+
∂ϵ

∂µ
Tuµ∇µ

(µ
T

)
+ (ϵ+ p)∇µu

µ − µΦρΦh
µhν∇µuν = 0 , (5.21a)

hν∇µJ
µν = DρΦ

uµ∇µT

T
+
∂ρΦ
∂µΦ

Tuµ∇µ

(µΦ

T

)
+
∂ρΦ
∂µ

Tuµ∇µ

(µ
T

)
+ ρΦ∇µu

µ − ρΦh
µhν∇µuν = 0 , (5.21b)

∇µJ
µ = Dn

uµ∇µT

T
+

∂n

∂µΦ

Tuµ∇µ

(µΦ

T

)
+
∂n

∂µ
Tuµ∇µ

(µ
T

)
+ n∇µu

µ = 0 . (5.21c)
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The two pseudoscalar equations of motion are given by

hν∇µT
µν = D(p−µΦρΦ)

hµ∇µT

T
+
∂(p− µΦρΦ)

∂µΦ

Thµ∇µ

(µΦ

T

)
(5.22a)

+
∂(p− µΦρΦ)

∂µ
Thµ∇µ

(µ
T

)
+ (p+ ϵ)hνuµ∇µuν − µΦρΦ∇µh

µ = 0 ,

uν∇µJ
µν = DρΦ

hµ∇µT

T
+
∂ρΦ
∂µΦ

Thµ∇µ

(µΦ

T

)
+
∂ρΦ
∂µ

Thµ∇µ

(µ
T

)
+ ρΦ∇µh

µ − ρΦh
νuµ∇µuν = 0 . (5.22b)

Finally, the (pseudo)vector equations of motion are given by

∆α
⊥ν∇µT

µν = (p+ ϵ)∆αµ
⊥

(
∇µT

T
+ uν∇νuµ

)
+ ρΦT∆

αµ
⊥ ∇µ

(µΦ

T

)
+ nT∆αµ

⊥ ∇µ

(µ
T

)
− µΦρΦ∆

αν
⊥ hµ∇µhν = 0 , (5.23a)

∆α
⊥ν∇µJ

µν = ρΦ∆
αν
⊥ (uµ∇µhν − hµ∇µuν) = 0 . (5.23b)

We now specialize to d = 3. Let us consider perturbations about a homogeneous

rest-frame equilibrium state in flat space, i.e.

T (x) = T0 + δT (x), µ(x) = µ0 + δµ(x), µΦ(x) = µΦ,0 + δµΦ ,

uµ(x) = δµ0 + δuµ(x), hµ(x) = δµz + δhµ(x) ,
(5.24)

where uµδuµ = hµδhµ = 0+O (∂2), and demanding hµ(x)u
µ(x) = 0 hold to quadratic

order in the perturbations implies that δuz = δh0. We have fixed hµ to point in the z-

direction, meaning that the equilibrium state has an SO(2) symmetry corresponding

to rotations in the xy-plane. All scalars, vectors, and tensors are categorized with

respect to the equilibrium SO(2) symmetry. We can, more specifically, consider

plane-wave perturbations, e.g.

T = T0 + δT (ω, kj) exp (−iωt+ ik (x sin(θ) + z cos(θ))) , (5.25)

where θ is the angle between the wavevector kj and the z-axis (i.e. the equilibrium

direction of hµ). The SO(2) symmetry has been used to align kj with the xz-plane.

Once again, k =
√
kjkj. We can compute the spectral curve F (ω, k) in the same way

as in Chapter 2; by demanding that the coefficient matrix for the perturbations in

momentum space be singular. Note that in the following, we only consider the dy-
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namical equations3; having specialized to d = 3, there are eight dynamical equations,

and one constraint equation given by ∇µJ
µ0 = 0. This matches the eight degrees of

freedom in (5.24).

Due to the demand of the SO(2) symmetry, along with the theory respecting

parity P and charge conjugation symmetry C for the charge associated with the

one-form symmetry4 C, the spectral curve factorizes to all orders:

F (ω, k) = FAlfvén(ω, k)Fd−ms(ω, k) = 0 , (5.26)

where the transverse factor FAlfvén is called the Alfvén channel. Named after Swedish

physicist Hannes Alfvén, the Alfvén channel describes (in traditional MHD) the mix-

ing of the components of the magnetic field and the fluid velocity perturbations trans-

verse to both the background magnetic field and the wave vector. In our case, this

corresponds to the mixing of δuy and δhy. For his work on Alfvén waves [133], Alfvén

was awarded the Nobel prize in 1970. The remaining factor, Fd−ms, describes the mix-

ing of δµ, δT , and the remaining components of the fluid velocity and magnetic field

perturbations. For this reason, we refer to this factor as the “diffusion-magnetosonic”

channel.

For the Alfvén channel, there are two hydrodynamic modes. They are given by

ωA = ±
√
µΦ,0ρΦ,0

ϵ0 + p0
cos(θ)k ≡ ±VA cos(θ)k . (5.27)

In the above, VA is the so-called “Alfvén speed”; by the demands of causality, it

must be such that |VA| ≤ 1. In the diffusion-magnetosonic channel, there are six

hydrodynamic modes. Two of them have ω = 0 identically at ideal order; based on

their behaviour at first order, we will differentiate between the two, referring to one

as the “diffusion mode” ωq, and the other as the “spurious mode” ω0. The other four

3It is possible to take the constraints into account in the linearized analysis in a straightforward
way; we neglect to do so because we wish to make a direct comparison to the non-linear theory,
in accordance with the discussion in Chapter 3.2. We will take constraint equations into account
in the linearized analysis at the end of this section, as well as in the next section when we discuss
relativistic superfluids.

4The discrete symmetries P and C are not quite the same symmetries as are usually considered
in MHD (e.g. [41]); see appendix A.2 of [132] for a discussion of discrete symmetry and one-form
charge.
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modes correspond to magnetosonic waves, and are given by

ωms = ±V±k , (5.28)

where V± is a complicated function of thermodynamic parameters and the angle θ;

note that the ± in the label of V is independent of the ± in the coefficient of k, hence

leading to four types of magnetosonic waves. The V+ are the “fast” magnetosonic

modes, while the V− are the “slow” magnetosonic modes. For the expression of V±

in the absence of the U(1)m charge, the interested reader may refer to [132, 126]. By

the demands of causality, we must again have |V±| ≤ 1.

First-Order dMHD

To determine the constitutive relations at first order, we must consider both hydro-

static and non-hydrostatic contributions. The hydrostatic contributions come from

the generating functional, while the non-hydrostatic contributions are built out of the

building blocks (5.20). In particular, we demand that the equations respect parity

(P ) symmetry, charge conjugation symmetry (C) for the one-form charge, and charge

conjugation symmetry (Cm) for the U(1)m charge, which we denote by Cm.

Under the assumption of P and C symmetries for the microscopic theory, one

can show [132] that the first-order contributions to the generating functional vanish.

Therefore, the only contributions to the constitutive relations are non-hydrostatic

contributions. Let us write down a decomposition of T µν , Jµν , and Jµ with respect

to uµ and hµ:

T µν = Euµuν + P∆µν
⊥ + Shµhν + 2Q∥h

(µuν) + 2Q(µ
⊥ u

ν) + T (µ
⊥ hν) + T µν

⊥ , (5.29a)

Jµν = 2B∥u
[µhν] + 2u[µBν]

⊥ + 2D[µ
⊥h

ν] +Dµν
⊥ , (5.29b)

Jµ = Nuµ + J∥h
µ + J µ

⊥ , (5.29c)
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where

E ≡ T µνuµuν , P ≡ 1

d− 1
T µν∆⊥

µν , S ≡ T µνhµhν , (5.30a)

B∥ ≡ Jµνhµuν , N ≡ −Jµuµ , (5.30b)

Q∥ ≡ −T µνuµhν , J∥ ≡ Jµhµ , (5.30c)

Qα
⊥ ≡ −Tµνuµ∆να

⊥ , Dα
⊥ ≡ Jµν∆

µα
⊥ hν , J α

⊥ ≡ ∆αµ
⊥ Jµ , (5.30d)

T α
⊥ ≡ ∆αµ

⊥ hνTµν , Bα
⊥ ≡ ∆αµ

⊥ uνJµν , (5.30e)

T µν
⊥ ≡ ∆µναβTαβ, Dµν

⊥ ≡ ∆
µ[α
⊥ ∆

νβ]
⊥ Jαβ . (5.30f)

Comparing to the ideal-order constitutive relations, we have (listing only the com-

ponenents which are non-zero are ideal order)

E = ϵ+ E1 , P = p+ P1 , S = p− µΦρΦ + S1 ,

B∥ = ρΦ + B∥,1 , N = n+N1 ,
(5.31)

where the subscript 1 denotes the first-order (and beyond) corrections to the consti-

tutive relations. In the notation5 of [4], the first-order derivative corrections are then

given by

E = ϵ+
5∑

n=1

εnsn , P = p+
5∑

n=1

πnsn , S = p− µΦρΦ +
5∑

n=1

σnsn ,

(5.32a)

B∥ = ρΦ +
5∑

n=1

β∥nsn , N = n+
5∑

n=1

νnsn , (5.32b)

Q∥ =
3∑

n=1

θ∥npn , J∥ =
3∑

n=1

γ∥npn , (5.32c)

Qµ
⊥ =

3∑
n=1

θ⊥nY
µ
n , Dµ

⊥ =
3∑

n=1

ρ⊥nY
µ
n , J µ

⊥ =
3∑

n=1

γ⊥nY
µ
n , (5.32d)

T µ
⊥ =

2∑
n=1

τnΣ
µ
n , Bµ

⊥ =
2∑

n=1

β⊥nΣ
µ
n , (5.32e)

T µν
⊥ = −η⊥σµν

⊥ , Dµν
⊥ = −r∥Zµν . (5.32f)

5Note that, in comparison to [4], we use slightly different definitions of P and S. The final results
will be the same.
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In alignment with the notation of Chapter 2, we will refer to the 46 functions

{εn, πn, σn, β∥n, νn, θ∥n, γ∥n, θ⊥n, ρ⊥n, γ⊥n, τn, β⊥n, η⊥, r∥} of (T,µ, µΦ) as “transport pa-

rameters”. Those quantities amongst them which have Kubo formulae may be pro-

moted to the more distinguished status of physical transport coefficients. The trans-

verse shear viscosity η⊥ and the longitudinal resistivity r∥ are two examples of genuine

physical transport coefficients.

There are far more transport parameters in dMHD than in the case of a U(1)

charged fluid. We would like to identify which (combinations of) parameters are

physical transport coefficients. The first step in this process is to identify frame-

invariant quantities. Let us consider an arbitrary first-order frame redefinition

T → T ′ = T + δT, µ → µ′ = µ+ δµ , µΦ → µ′
Φ = µΦ + δµΦ

uµ → u′µ = uµ + δu∥h
µ + δuµ⊥, hµ → h′µ = hµ + δu∥u

′µ + δhµ⊥ .
(5.33)

The redefinitions are such that u2 = −1, h2 = 1, and u·h = 0 are respected up

to second order in derivatives. Since the redefinitions are first order and vanish in

equilibrium, they may be generically decomposed with respect to the basis set (5.20):

δT =
5∑

i=1

δaisi, δµΦ =
5∑

i=1

δbisi, δµ =
5∑

i=1

δcisi , (5.34a)

δu∥ =
3∑

j=1

δdjpj, δuµ⊥ =
3∑

n=1

δenY
µ
n , δhµ⊥ =

2∑
m=1

δfmΣ
µ
m . (5.34b)

Let us now define the the notation δχi ≡ χ′
i−χi for any transport parameter χi, where

χ′
i denotes the transport parameter in the new hydrodynamic frame. Demanding the

frame-invariance of the one-point functions T µν , Jµν , Jµ up to second order, we find

that the transport parameters must transform (defining the notation δχi = χ′
i − χi
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for transport parameter χi) as

δεi =

(
∂ϵ

∂T
δai +

∂ϵ

∂µΦ

δbi +
∂ϵ

∂µ
δci

)
, (i ∈ {1, .., 5}) (5.35a)

δπi =

(
∂p

∂T
δai +

∂p

∂µΦ

δbi +
∂p

∂µ
δci

)
, (5.35b)

δσi =

(
∂(p− µΦρΦ)

∂T
δai +

∂(p− µΦρΦ)

∂µΦ

δbi +
∂(p− µΦρΦ)

∂µ
δci

)
, (5.35c)

δβ∥i =

(
∂ρΦ
∂T

δai +
∂ρΦ
∂µΦ

δbi +
∂ρΦ
∂µ

δci

)
, (5.35d)

δνi =

(
∂n

∂T
δai +

∂n

∂µΦ

δbi +
∂n

∂µ
δci

)
, (5.35e)

δθ∥j = (ϵ+ p+ µΦρΦ) δdj, δγ∥j = nδdj , (j ∈ {1, ..., 3}) (5.35f)

δθ⊥n = (ϵ+ p) δen , δγ⊥n = nδen, δρ⊥n = ρΦδen , (n ∈ {1, ..., 3}) (5.35g)

δτm = −µΦρΦδfm, β⊥m = ρΦδfm, (m ∈ {1, 2}) . (5.35h)

The transport parameters for the tensors (η⊥, r∥) are invariant under frame transfor-

mations. From these transport parameters, we can form 23 frame-invariant quantities:

fi ≡ πi −
(
∂p

∂ϵ

)
(ρΦ,n)

εi −
(
∂p

∂ρΦ

)
(ϵ,n)

β∥i −
(
∂p

∂n

)
(ϵ,ρΦ)

νi , (5.36a)

gi ≡ σi −
(
∂(p− µΦρΦ)

∂ϵ

)
(ρΦ,n)

εi −
(
∂(p− µΦρΦ)

∂ρΦ

)
(ϵ,n)

β∥i

−
(
∂(p− µΦρΦ)

∂n

)
(ϵ,ρΦ)

νi , (5.36b)

hj ≡ γ∥j −
(

n

ϵ+ p− µΦρΦ

)
θ∥j , kn ≡ ρ⊥n −

(
ρΦ
ϵ+ p

)
θ⊥n , (5.36c)

ℓn ≡ γ⊥n −
(

n

ϵ+ p

)
θ⊥n , mm ≡ τm + µΦβ⊥m , (5.36d)

η⊥, r∥ . (5.36e)

Let us now define an equivalent of the Landau frame for dMHD. Note by looking

at the redefinitions (5.33) that there are three scalar parameters, one pseudoscalar

parameter, one vector parameter, and one pseudovector parameter. The redefinition

freedom may therefore be used to set three scalar corrections, one pseudoscalar cor-

rection, one vector correction, and one pseudovector correction to the perfect-fluid
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constitutive relations to zero. We define the Landau frame as

E = ϵ, B∥ = ρΦ, N = n, Q∥ = Qµ
⊥ = Bµ

⊥ = 0 . (5.37)

The constitutive relations are then given by

T µν = ϵuµuν +

(
p+

5∑
i=1

fisi

)
∆µν

⊥ +

(
p− ρΦµΦ +

5∑
i=1

gisi

)
hµhν

+ 2
2∑

m=1

mmΣ
(µ
mh

ν) − η⊥σ
µν
⊥ , (5.38a)

Jµν = 2ρΦu
[µhν] + 2

3∑
n=1

knV
(µ
n hν) − r∥Z

µν , (5.38b)

Jµ = nuµ +
3∑

j=1

hjpjh
µ +

3∑
n=1

ℓnV
µ
n . (5.38c)

There are now 23 parameters in the theory. As in Section 2.2, we can go further

by once again applying the ideal-order equations of motion. There are three scalar

equations of motion (uν∇µT
µν = 0, hν∇µJ

µν = 0, and ∇µJ
µ = 0), two pseudoscalar

equations of motion (hν∇µT
µν = 0 and uν∇µJ

µν = 0), one vector equation of mo-

tion (∆α
⊥ν∇µT

µν = 0), and one pseudovector equation of motion (∆α
⊥ν∇µJ

µν = 0).

We choose to eliminate s1, s3, s5, p1, p2, V
µ
2 , and Σµ

2 . After applying the equations of

motion, we can write

T µν = ϵuµuν +
(
p− µΦρΦ − ζ∥s4 − ζ×(s2 − s4)

)
hµhν +

(
p− ζ ′×s2 − ζ⊥(s2 − s4)

)
∆µν

⊥

− 2η∥Σ
(µ
1 h

ν) − η⊥σ
µν
⊥ , (5.39a)

Jµν = 2ρΦu
[µhν] − 2r⊥Y

[µ
1 hν] − 2σ̃′Y

[µ
3 hν] − r∥Z

µν , (5.39b)

Jµ = nuµ −
(
σ∥p3

)
hµ − σ̃Y µ

1 − σ⊥Y
µ
3 . (5.39c)

Due to their complexity, the expressions for the transport coefficients above in terms

of the frame invariants (5.36) are not reproduced here; they may be straightforwardly

(albeit tediously) obtained by applying the ideal-order equations of motion to the con-

stitutive relations (5.38). Now, let us consider the following “canonical” formulation

for the entropy current: [126]

Sµ = pβµ − T µνβν −
µΦ

T
Jµνhν −

µ

T
Jµ . (5.40)
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The divergence of the entropy current can then be shown (via an application of the

equations of motion) to be

∇µS
µ = −T µν

1 ∇µβν −∇µ

(µΦ

T

)
Jµν
1 hν −∇µ

(µ
T

)
Jµ
1 +O

(
∂2
)
, (5.41)

where the subscript 1 refers to the O (∂) contributions to the conserved currents.

Inserting the constitutive relations (5.39) and demanding the non-negativity of the

divergence of the entropy current in an analogous manner to Chapter 2, we find ten

inequality-type conditions. There are also two Onsager relations: [126, 4]6

ζ× = ζ ′× σ̃′ = σ̃ , (5.42a)

η∥ ≥ 0, η⊥ ≥ 0, σ∥ ≥ 0, r∥ ≥ 0 , (5.42b)

ζ∥ ≥ 0, ζ⊥ ≥ 0, ζ∥ζ⊥ ≥ ζ2× , (5.42c)

σ⊥ ≥ 0, r⊥ ≥ 0, σ⊥r⊥ ≥ σ̃2 . (5.42d)

After fixing a frame, applying the ideal-order equations of motion, and obtaining

Onsager relations between the parameters (see Appendix B for details on Onsager

relations), the number of independent transport coefficients has dropped from 46

to 23 to 10. With the constitutive relations (5.39) in hand, let us discuss dispersion

relations. We once again consider perturbations of the form (5.24). We will investigate

the diffusion-magnetosonic channel and the Alfvén channel separately7. Since the

diffusion-magnetosonic channel is more complicated than the Alfvén channel, we will

consider that channel only in broad strokes. Once again, we only take into account

the dynamical equations.

Alfvén channel. The Alfvén channel has two hydrodynamic modes, as before. The

spectral curve can be written

FAlfvén(ω, k, θ) = ω2 + ik2
(
sin2(θ)

(
η⊥

p0 + ϵ0
+
r∥µΦ,0

ρΦ,0

)
+ cos2(θ)

(
η∥

p0 + ϵ0
+
r⊥µΦ,0

ρΦ,0

))
ω

− µΦ,0

(p0 + ϵ0)ρΦ,0

k4
[
cos4(θ)r⊥η∥ + sin4(θ)r∥η⊥ (5.43)

+ sin2(θ) cos2(θ)
(
r∥η∥ + r⊥η⊥

)]
− V2

A cos2(θ)k2 .

6The parameter σ̃ was missing in previous formulations of dMHD; it was first written down in [4].
7Recall that the spectral curve factorizes to all orders due to the discrete symmetries we impose.
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The dispersion relations for these modes, ωA, are given in the limit of small k by

ωA = ±VA cos(θ)k − i

2

(
ΓA1 sin

2(θ) + ΓA2 cos
2(θ)

)
k2 +O

(
k3
)

(5.44)

where

ΓA1 =
η⊥

p0 + ϵ0
+
r∥µΦ,0

ρΦ,0

, ΓA2 =
η∥

p0 + ϵ0
+
r⊥µΦ,0

ρΦ,0

. (5.45)

Note that ωA is a function of both k and θ. The dispersion relations above were given

in the limit of k ≪ 1 for arbitrary θ. In particular, setting θ = π/2 in the dispersion

relation (5.44) yields

ωA = − i

2

(
η⊥
p+ ϵ

+
r∥µΦ

ρΦ

)
k2 +O

(
k4
)
. (5.46)

Both modes are identical. Let us now instead reverse the ordering, and first set

θ = π/2 in equation (5.43). We then solve for ω in the limit of small k, and find that

the two modes differ:

ωA1 = −i
(
r∥µΦ,0

ρΦ,0

)
k2 +O

(
k4
)
, ωA2 = −i

(
η⊥

p0 + ϵ0

)
k2 +O

(
k4
)
. (5.47)

We see therefore that there is a non-commutativity between the k → 0 limit, and the

θ → π/2 limit [41, 134, 135]. While this non-commutativity may appear surprising at

first glance, another way to think about the limits involved may prove more enlight-

ening. The background magnetic field was fixed to point in the z-direction. There

are therefore two scalars one can form with respect to the SO(2) symmetry of the

background equilibrium state as well as P :

k2z , k2⊥ = kikj
(
δij − δizδ

j
z

)
.

In the above, we used the SO(2) symmetry to fix kj to lie in the xz-plane. The

two scalars k2z and k2⊥ may be independently taken to zero; the two limits are not

necessarily commutative, and this is indeed what we find in this case.

The natural follow-up question is: why do the two limits not commute? This may
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be answered by considering the full solution to the equation FAlfvén = 0:

ωA = − i

2

(
r⊥µΦ,0

ρΦ,0

+
η∥

(p0 + ϵ0)

)
k2z −

i

2

(
r∥µΦ,0

ρΦ,0

+
η⊥

(p0 + ϵ0)

)
k2x

± i

2

√(
k2x

(
r∥µΦ,0

ρΦ,0

− η⊥
(p0 + ϵ0)

)
+ k2z

(
r⊥µΦ,0

ρΦ,0

−
η∥

(p0 + ϵ0)

))2

− 4V2
Ak

2
z .

(5.48)

We see that the solution has a square root, and therefore a branch point when the

discriminant is zero. The branch point sets the radius of convergence of the small-

|k| expansion. In Figure 5.1, the imaginary part of the full solution (5.48) has been

plotted for varying values of θ; one can visually see that as θ → π/2, the radius

of convergence of the small-|k| expansion goes to zero. We also note that in the

fine-tuned case where
r∥µΦ,0

ρΦ,0

=
η⊥

(p0 + ϵ0)
(5.49)

the non-commutativity vanishes, and the radius of convergence goes to infinity at

θ = π/2. As the values of the transport coefficients are microscopically determined,

we should expect such an equivalence to only hold if there were secretly an underlying

symmetry to make it so. There is, to the best of my knowledge, no reason to think

such a symmetry exists.

Finally, it should come as no surprise at this point that the Alfvén channel in

Landau frame in acausal. It inherits all of the issues that the Landau frame has in

the regular U(1) charged fluid of Chapter 2. Just as in that case, there are a number

of ways to resolve the acausality. We will only consider the BDNK formulation here,

though one can also write down an MIS-type formulation of one-form MHD.

Diffusion-magnetosonic channel. The diffusion-magnetosonic channel in Lan-

dau frame has six hydrodynamic modes, as before. One of these is the “spurious

mode” ω0 = 0, which remains identically zero. Another is the diffusion mode ωq,

which is now of the form

ωq = −iΓqk
2 +O

(
k4
)
, (5.50)

where Γq > 0 is a (complicated) function of the transport coefficients and the ther-

modynamic quantities in the theory. The remaining four modes are the magnetosonic

modes, and are given by

ωms = ±V±k − iΓ±k
2 ±O

(
k3
)
, (5.51)
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Figure 5.1: The imaginary parts of the solutions (5.48) with η∥/(p + ϵ) = 2T ,

r⊥µΦ/ρΦ = T , r∥µΦ/ρΦ = T , η⊥/(p + ϵ) = 3T , and VA = 1/
√
3 for θ ∈ {0, π

4
, π
3
, π
2
}.

As θ → π/2, the branch point of the solution at q∗ goes towards zero. We plot the
unitless quantities ϖ ≡ ω/T and |q| ≡ |k|/T .

where the Γ± > 0 are again complicated functions of the transport coefficients and

the thermodynamic quantities in the theory. The diffusive coefficients Γq, Γ± must be

positive to ensure stability. Just like the Alfvén channel, the diffusion-magnetosonic

channel is also acausal, and therefore unstable after boosting. To rectify this, we

consider the BDNK theory of one-form MHD.

5.1.2 BDNK

The BDNK theory for one-form MHD was originally written down in [132]. It was

later extended to include the mass current in my paper [4]; there, it was also shown

that both the original BDNK dMHD and the extended version with the mass current

enjoyed the equivalence between linear and non-linear causality discussed in Chap-

ter 3.2. In the case of dMHD, the constitutive relations for the BDNK formulation

are given by equation (5.32). Of the forty-six parameters, only ten are physical; the
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remaining thirty-six act as regulators in the theory to ensure stability and causality.

Let us once again consider plane-wave perturbations about the equilibrium state as

in equations (5.24). The spectral curve again factorizes into the Alfvén channel and

the diffusion-magnetosonic channel; we will briefly consider each in turn.

Alfvén channel. In the Alfvén channel, there are now two hydrodynamic modes,

and two non-hydrodynamic (gapped) modes. In the limit of small k, they are given

by

ωA = ±VA cos(θ)k − i

2

(
ΓA1 sin

2(θ) + ΓA2 cos
2(θ)

)
k2 +O

(
k3
)
, (5.52a)

ω = −
(
p0 + ϵ0
θ⊥2

)
+O

(
k2
)
, ω = i

(
ρΦ,0

β⊥2

)
+O

(
k2
)
, (5.52b)

where VA, ΓA1, and ΓA2 are as before. Stability of the gaps leads to the demands

p0 + ϵ0
θ⊥2

≥ 0,
ρΦ,0

β⊥2

≤ 0 . (5.53)

It is clear then the issue with Landau frame – it sets both θ⊥2 and β⊥2 to zero. This is

completely analogous to how the Landau frame in regular charged hydro set θ1 = 0,

which killed the non-hydrodynamic mode in the shear sector. Let us move on to

causality. Thanks to the presence of the two non-hydrodynamic modes, one can show

that the third causality condition of (2.94) is satisfied. In the limit of large k, the

dispersion relations are linear (as desired), ω ∼ ck. The solutions for c are given by

the roots of the biquadratic

PAlfvén(c
2) ≡ (−β⊥2θ⊥2) c

4 + ac2 + b = 0 , (5.54)

where

a =
1

T0
(β⊥1θ⊥1µΦ,0 + θ⊥2ρ⊥1µΦ,0 − θ⊥1ρ⊥2µΦ,0 − T0β⊥2τ1 + T0 (β⊥1 − ρ⊥2) τ2) cos(θ)

2

+
(
β⊥2η⊥ − r∥θ⊥2µΦ

)
sin(θ)2 , (5.55a)

b =
µΦ,0

4T0

(
−r∥T0 + ρ⊥1 +

(
r∥T0 + ρ⊥1

)
cos(2θ)

)
(−η⊥ + τ1 + (η⊥ + τ1) cos(2θ)) .

(5.55b)
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One can ensure the causality of the Alfvén channel by applying a sequence of criteria

to the polynomial (5.54). Firstly, we can use the Schur-Cohn criterion (refer to

Chapter 3.1 for a reminder) to ensure that the roots in c2 lie in the open unit disk

in the complex plane. Next, we can enforce reality of the roots by enforcing that

the discriminant of (5.54) in c2 is positive. Finally, we can ensure that 0 ≤ c2 <

1 by imposing the Routh-Hurwitz criterion (refer back to Chapter 3.1 as well) on

PAlfvén(−c2). As the RH-criterion forces roots to lie in the left-hand complex plane,

this condition forces roots in c2 to lie in the right-hand complex plane.

After applying these constraints, sufficient causality conditions are given by [132]

θ⊥1 = − τ2
µΦ,0

or β⊥1 = T0ρ⊥2 , (5.56a)

T0θ⊥2ρ⊥1 −
τ1
µΦ,0

β⊥2 + ρ⊥1τ1 > 0, r∥η⊥ − T0r∥θ⊥2 +
η⊥
µΦ,0

β⊥2 > 0 , (5.56b)

r∥η⊥ + η⊥ρ⊥1 + r∥τ1 + ρ⊥1τ1 < 0 . (5.56c)

These conditions are not empty.

Diffusion-magnetosonic channel. With the inclusion of all the transport param-

eters, the spectral curve of the diffusion-magnetosonic channel becomes an order-12

polynomial in ω which satisfies the third condition of (2.94). In the limit of small-k,

there are the six previously discussed hydrodynamic modes:

ω0 = 0 , ωq = −iΓqk
2 +O

(
k4
)
, ω± = ±V±k − iΓ±k

2 +O
(
k3
)
. (5.57)

In addition to these modes, there are six non-hydrodynamic modes. Three of them

are straightforward to write down in the small-k limit:

ω = −
(
p0 + ϵ0
θ⊥2

)
+O

(
k2
)
, ω = i

(
ρΦ,0

β⊥2

)
+O

(
k2
)
,

ω = −i
(
p0 + ϵ0 − µΦ,0ρΦ,0

θ∥1 + θ∥2

)
+O

(
k2
)
.

(5.58)

Two of these modes have the same k → 0 limit as the non-hydrodynamic modes

of the Alfvén channel. The reason for this is that in the limit k → 0, the SO(2)

symmetry is restored, and a second factor of the Alfvén channel factors out of the

diffusion-magnetosonic channel. The remaining three non-hydrodynamic modes are
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given at leading order in small k by the roots of

P3g(ω) = det

∣∣∣∣∣∣∣∣


∂ϵ0
∂T0

∂ϵ0
∂µΦ,0

∂ϵ0
∂µ0

∂ρΦ,0

∂T0

∂ρΦ,0

∂µΦ,0

∂ρΦ,0

∂µ0

∂n0

∂T0

∂n0

∂µΦ,0

∂n0

∂µ0

+ (−iω)


(ε1−ε5)T0−ε3µ

T 2
0

ε5
µ0

ε3
T0

(β∥1−β∥5)T0−β∥3µ0

T 2
0

β∥5
µ0

β∥3T0
(ν1−ν5)T0−ν3µ0

T 2
0

ν5
µ0

ν3
T0


∣∣∣∣∣∣∣∣

= a (−iω)3 + b (−iω)2 + c (−iω) + d , (5.59)

where a, b, c, d are functions of both the transport parameters and the thermodynamic

parameters of the equilibrium state. Imposing the Routh-Hurwitz criteria on the

polynomial P3g(i∆) for variable ∆ = −iω, we find that the modes are stable so long

as (see Appendix C)

a > 0, b > 0, d > 0, bc− ad > 0 . (5.60)

Let us now consider the large-k limit. Due to the third condition of (2.94) being

satisfied, in this limit all of the modes must go as ω ∼ c k (allowing for the case that

c = 0). The controlling equation for the phase velocity c is then given by

c2Pd−ms(c
2) = 0 . (5.61)

In addition to the spurious mode ω0, there is another mode which is non-propagating

in the limit of large k. This is one of the modes in the cubic gap (5.59). We will also

refer to this mode as a “spurious mode” for reasons that will soon become apparent.

The remaining ten modes are controlled by Pd−ms(c
2), which is a quintic polynomial in

c2. There exists a particular hydrodynamic frame, which we refer to as the “decoupled

frame” in analogy to [5], in which the diffusion mode factors out of Pd−ms. This frame

is given by

ε3 = θ∥2 = θ∥3 = θ⊥3 = π3 = σ3 = ρ⊥3 = β∥3 = 0 . (5.62)

If one chooses to put the equations into the decoupled frame, the controlling equation

factorizes according to

Pd−ms(c
2) =

(
c2ν3ρΦ,0 +

(
∂ρΦ,0

∂µ0

T0γ∥2 + γ∥3ρΦ,0

)
cos2(θ) + γ⊥3ρΦ,0 sin

2 θ

)
Pms(c

2) ,

(5.63)

where Pms(c
2) is a quartic polynomial in c2. One can demand the causality of the

modes in the same manner as in the Alfvén channel, recalling that positivity of
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the roots for a polynomial with real coefficients requires more than positivity of the

discriminant for polynomials of order n ≥ 4.

We now circle back to the two non-propagating modes, which we referred to

as “spurious”. The reason for the name is that the modes are removed from the

spectrum entirely once the constraint equation ∂µJ
µ0 = 0 is fully taken into account.

Let us momentarily return to ideal order. The ideal-order constraint may be solved

by writing the perturbations in the form [4]

δµΦ =
∂ρΦ,0

∂T0
δϕ(ω, kj), δµ =

∂ρΦ,0

∂T0
δψ(ω, kj), δhx =

∂ρΦ,0

∂T0
cos(θ)δχ(ω, kj) ,

δT = −∂ρΦ,0

∂µΦ,0

δϕ(ω, kj)−
∂ρΦ,0

∂µ0

δψ(ω, kj)− ρΦ,0 sin(θ)δχ(ω, kj) ,

(5.64)

with the remaining perturbations still independent, and δϕ, δψ, and δχ being some

new degrees of freedom. On this solution, the spurious mode ω0 vanishes from the

spectral curve even at ideal order.

The solution (5.64) to the ideal-order constraint equations will also be a solution

to the first-order constraint equations (recall that the constraint equation receives vis-

cous corrections) in the following hydrodynamic frame which we term the “constraint

frame”:

β∥1 = −
DρΦ,0

ρΦ,0

β∥4, β∥2 = −β∥4, β∥3 = − T0
ρΦ,0

∂ρΦ,0

∂µ0

β∥4, β∥5 = −µΦ,0

ρΦ,0

∂ρΦ,0

∂µΦ

β∥4 ,

β⊥1 = β∥4, β⊥2 = β∥4 .

(5.65)

In this frame, introducing the solution (5.64) leads to both of the “spurious modes”

vanishing from the spectral curve entirely. The other modes are not affected. If the

hydrodynamic frame (5.65) is used without introducing the solution (5.64), then the

spurious modes do not vanish from the spectrum; however, they do factorize out of

the spectral curve. We note here that the constraint frame (5.65) and the decoupled

frame (5.62) introduced above are not consistent with one another unless β∥4 = 0.

We have not applied the constraint (5.64) in the analysis above for a simple reason

– we would like to be able to apply the equivalence discussed in Chapter 3.2, and it is

more straightforward to do so if one does not take the constraint equation into account

directly. Neglecting a constraint is, however, very unsatisfying. Various means of
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handling constraint equations on an operational level exist in the literature such as

“divergence cleaning” [136] and the CCZ4 formulation of general relativity [13]; the

situation with regard to including constraint equations in the non-linear causality

analysis is murkier. We will not attempt to tackle the subject here.

Finally, speaking of the equivalence, we can note that the spectral curve of the

system is of the form (3.41) with ℓ = 1. This is convenient, as it means that the

equations are amenable to the equivalence between linear and non-linear causality,

and the causality constraints in the linearized theory (e.g. (5.56)) can be promoted

to constraints which ensure the non-linear causality of the equations. It is somewhat

surprising, however, that ℓ = 1; there are two “spurious” modes in the spectrum

which appear non-propagating in the rest frame. However, upon boosting, one of

the modes remains non-propagating, and the other propagates along with the fluid

velocity. In other words, the characteristic equation is given by

Q = (n·ξ) (u·ξ) Q̃ = 0, (5.66)

where Q̃ is a Lorentz scalar. Since u·ξ is a Lorentz-invariant factor, it does not

contribute to the non-invariance of the characteristic equation.

With our investigation of a causal theory of one-form magnetohydrodynamics

complete, let us now move on to the second extension to BDNK hydrodynamics that

we will consider in this dissertation: relativistic superfluids.

5.2 Superfluids

Superfluids describe thermal matter in a spontaneously broken phase, where an op-

erator has acquired a thermal expectation value and a collective massless degree of

freedom (a Goldstone boson) has subsequently emerged. The prototypical example

of a superfluid in a non-relativistic context is that of liquid helium, where the spon-

taneous breaking of a U(1) symmetry (specifically, particle number) at the lambda

point (∼ 2.17K for He-4) gives rise to a superfluid.

Superfluids were first discovered experimentally in He-4 by Kapitza [137], as well

as by Allen and Misener [138]. Almost immediately thereafter, an explanation was

put forward by Tisza [139, 140, 141, 142] in a series of papers, which postulated

that superfluids could be thought of as two fluids coexisting independently on top of

one another, with independent flows. This model was put on more rigorous footing
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by Landau three years later in 1941 [143, 144], explaining superfluidity in terms of

collective excitations, rather than individual atoms. Landau emphasized that one

should not literally consider two fluids on top of one another; rather, the effective

description of the flow is that of two fluids. It was also at that time that Landau

proposed what would come to be called the Landau criterion, whereby if the relative

velocity between the superfluid and normal components grows too large, superfluidity

begins to decay. The cores of neutron stars have also been postulated to be super-

fluidic in nature [145, 146, 147]. The non-relativistic theory is discussed in e.g. [11];

for an interesting history of the discovery of the theory, one may refer to [148]. The

relativistic theory has been worked on by many [149, 150], in particular Carter [151]

for the viscous theory. The modern formulation of the viscous theory of relativis-

tic superfluid hydrodynamics was written down in [152, 153, 154]. In this section,

we will consider the causal theory of relativistic, viscous superfluid hydrodynamics,

which was first written down in my paper [3].

We will consider an equilibrium state in which an operator which is charged under

a global U(1) symmetry gains an thermal expectation value. We denote the phase of

this expectation value by φ. This dynamical variable characterizes the equilibrium

state along with the usual temperature, chemical potential8, and fluid velocity.

5.2.1 Thermodynamics

To begin with, let us describe the equilibrium state via the use of the generating

functional. The conserved quantities in the theory are the stress-energy tensor and

the U(1) charge current9. There is also the Goldstone boson φ, which is dynamical.

Therefore, we will couple the fluid to a background metric gµν and background U(1)

gauge field Aµ, such that

W [g, A, φ] =

∫
dd+1x

√
−gF(g, A, φ) . (5.67)

8There is some subtlety in how to think about the chemical potential in terms of the transition
from the unbroken phase to the broken phase. We will consider here systems sufficiently far enough
away from the critical point so as to not worry about the transition. In addition, this also means we
consider systems which are well-separated enough from the critical point to neglect the dynamics of
the so-called “amplitude mode”[155, 156], the gapped mode describing the (massive) fluctuations of
the radial part of the operator.

9We consider here only zero-form U(1) symmetries.
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Even though φ is dynamical and not a background field, we will imprecisely refer

to the collection {g, A, φ} as “source fields”. Arbitrary variation of the generating

functional gives

δW [g, A, φ] =

∫
dd+1x

√
−g
[
1

2
T µνδgµν + JµδAµ + E δφ

]
. (5.68)

The symmetries of the theory with the background sources (g, A) turned on are

diffeomorphisms and a U(1) gauge symmetry; with the background sources (g, A)

turned off, these reduce to the (physical) spacetime symmetries and global U(1)

symmetry. Under diffeomorphisms generated by a parameter χµ and U(1) gauge

transformations generated by a gauge parameter λ, the source fields transform as

gµν → g′µν = gµν +£χgµν , Aµ → A′
µ = Aµ +£χAµ + ∂µλ, φ→ φ′ = φ+£χφ+λ .

(5.69)

i.e. φ transforms like a phase. Demanding that variations of the generating functional

vanish under diffeomorphisms and gauge transformations respectively, we find the

conservation equations to be

∇µT
µν = F νλJλ , ∇µJ

µ = E . (5.70)

The equation for φ is E = 0; therefore, the equilibrium equation of motion for φ is

∇µJ
µ = 0.

Now, we wish to impose that the fluid is in an equilibrium state, and so let us once

again repeat the procedure of Section 2.2. Let us introduce a timelike Killing vector

Kµ, and a U(1) gauge parameter Λ which transforms as Λ → Λ′ = Λ − £Kλ under

a U(1) gauge transformation. We may then demand the following gauge-invariant

equilibrium conditions:

£Kgµν = 0 , £KAµ + ∂µΛ = 0 , £Kφ+ Λ = 0 . (5.71)

Let us now define the thermodynamic parameters that we use to parametrize the

equation of state. First of all, we can define the temperature, chemical potential, and

fluid velocity:

T =
T0√
−K2

, µ =
KµAµ + Λ√

−K2
, uµ =

Kµ

√
−K2

. (5.72)

Next, while we could parametrize the equation of state via φ directly, it is a bit
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inconvenient to do so. After all, φ is not a gauge-invariant quantity. Let us therefore

instead work with the following gauge-invariant parameter:

ξµ ≡ −∂µφ+ Aµ . (5.73)

It follows immediately from this definition that ∇µξν − ∇νξµ = Fµν . We note that

ξµ has a microscopic definition in terms of the Goldstone boson φ. Therefore, in the

following, we will take ξµ to stand on the same footing as T µν and Jµ. In terms

of derivative counting, we take ξµ ∼ O (1); therefore, φ ∼ O (∂−1). The vector ξµ

is called the “superfluid velocity”, in connection with the Landau-Tisza two-fluid

formulation. It also follows directly from the definition of ξµ in equation (5.73) that

uµξµ = µ . (5.74)

The chemical potential µ is then (in the rest frame) the time-component of ξµ, rather

than an independent variable. The relationship (5.74) is called the Josephson equa-

tion. The superfluid velocity may be decomposed with respect to uµ to yield

ξµ = −µuµ + ζµ . (5.75)

The new parameter ζµ ≡ ∆ ν
µ ξν is the transverse superfluid velocity, or the relative

superfluid velocity. The equilibrium state of the superfluid may then be characterized

by T , µ, uµ, and ζµ. At zeroth order in the derivative expansion, the generating

functional is given by

W [g, A, φ] =

∫
dd+1x

√
−g (p(T, µ, ζ) +O (∂)) , (5.76)

where p is the isotropic pressure, ζ =
√
ζµζµ. Let us supplement this generating

functional with the Gibbs-Duhem relation dp = s dT + ρ dµ + ρ̃ dζ , where s is the

entropy density, ρ is the total U(1) charge density (comprising both the normal and

superfluid components), and ρ̃ is the flux density for the superfluid component. Vary-

ing the generating functional leads to the following equilibrium constitutive relations
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at zeroth-order in the derivative expansion.

T µν = ϵuµuν + ϵ̃zµzν + p∆µν
⊥ + 2µρ̃u(µzν) , (5.77a)

Jµ = ρuµ + ρ̃zµ , (5.77b)

ξµ = −µuµ + ζµ , (5.77c)

where zµ = ζµ/ζ is the unit vector in the direction of ζ, ∆µν
⊥ = uµuν + gµν − zµzν

is the projector perpendicular to both uµ and zµ, as in the case of dMHD. We also

find ϵ ≡ −p + sT + ρµ , ϵ̃ ≡ p − ζρ̃ , where ϵ is the total energy density, and ϵ̃ is

the anisotropic contribution to the pressure in the zµ direction due to the superfluid

velocity. Turning off the background gauge field, the equations of motion are the

conservations equations and the (definitional) antisymmetric equation for ξµ:

∇µT
µν = 0 , ∇µJ

µ = 0 , 2∇[µξν] = 0 . (5.78)

Let us now account for which one-derivative quantities vanish in equilibrium. We are

interested in a superfluid for which the equilibrium state respects P and T . With

some work, we find that the following scalars

s1 =
uα∇αT

T
, s2 = uα∇α

(µ
T

)
, s3 = uα∇α

(
ζ

T

)
, s4 = zα∇α

(µ
T

)
,

s5 = zα
(
∇αT

T
+ aα

)
, s6 = ∇µu

µ, s7 = zαzβ∇αuβ, s8 =
1

T d−1
∆αβ∇α

(
ρ̃zβ
T

)
,

(5.79)

vectors,

V µ
1 = ∆µν

⊥

(
∇νT

T
+ aν

)
, V µ

2 = ∆µν
⊥ ∇ν

(µ
T

)
,

V µ
3 = 2∆µν

⊥ z
λ∇(λuν), V µ

4 = ∆µν
⊥
(
uλ∇λzν + zλ∇νuλ

)
,

V µ
5 = ∆µν

⊥

[
∇ν

(
ζ

T

)
+
µ

T

(
uλ∇λzν + zλ∇λuν

)
+
ζ

T

(
∇νT

T
− zλ∇λzν

)]
,

(5.80)

and tensor

σµν
u =

(
∆µα

⊥ ∆νβ
⊥ +∆µβ

⊥ ∆να
⊥ − 2

d− 1
∆µν

⊥ ∆αβ
⊥

)
∇αuβ , (5.81)

vanish in equilibrium. Of these, the vanishing of s1−7, V
µ
1−4, and σ

µν
u were obtained

from the conditions (5.71), while s8 is the Goldstone equation of motion ∇µJ
µ = 0,
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Quantity T µ uµ uµ ξµ ξµ zµ zµ ζ p ϵ ϵ̃ s ρ ρ̃
w 1 1 1 −1 2 0 1 −1 1 d+ 1 d+ 1 d+ 1 d d d

Table 5.1: A table for the Weyl weights of many of the thermodynamic quantities
appearing in this section. A quantity is said to transform with a Weyl weight w if it
transforms as O → ewϕO under the Weyl transformation gµν → e−2ϕgµν . Reproduced
from [3].

and V µ
5 can be obtained from the demand (which must hold in equilibrium) that

∆ρν
⊥ ξ

µ (∇µξν −∇νξµ) = 0 . (5.82)

In the following, we will be restricting ourselves to conformal superfluids for the

sake of simplicity. We therefore must impose the additional condition that under a

Weyl transformation of the background metric gµν → g′µν = e−2ϕgµν , the vanishing

scalars, vectors, and tensors transform homogeneously. For a list of how all of the

hydrodynamic variables transform under a Weyl transformation, refer to Table 5.1.

In particular, s1, s4, and s5 do not transform covariantly, and so we must work with

covariant linear combinations of these scalars. The set of scalars for the conformal

theory are given by [3]

s1 ≡ s1 +
1

d
s6, s2 = s2, s3 = s3, s4 = s4 ,

s5 = s5, s6 = s7 −
1

d
s6, s7 = s8 .

(5.83)

All of the scalars (5.83) transform with Weyl weight w = 1. The vectors are the same

as (5.80), and transform with Weyl weight w = 2. Finally, the transverse traceless

tensor σµν
u is also the same as (5.81), and transforms with Weyl weight w = 3.

With these “building blocks” in hand, we are now in a position to write down the

constitutive relations for a conformal relativistic superfluid.

5.2.2 Constitutive relations

The constitutive relations for the superfluid relate the stress-energy tensor T µν , the

charge current Jµ, and the superfluid velocity ξµ to the parameters characterizing

the equilibrium state: the temperature T , the fluid velocity uµ, the U(1) chemical

potential µ, and the transverse superfluid velocity ζµ. Now, let us consider taking the

fluid slightly out of equilibrium. Then the equilibrium description is no longer valid;
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nevertheless, we may still use the fields T (x), µ(x), uµ(x), ζµ(x) to characterize the

system. In equilibrium, these variables reduce to their equilibrium values.

We may decompose the stress-energy tensor, charge current, and superfluid veloc-

ity with respect to uµ and zµ = ζµ/ζ. Then

T µν = Euµuν + Vzµzν + P∆µν
⊥ + 2Uu(µzν) + 2Q(µuν) + 2R(µzν) + T µν , (5.84a)

Jµ = Nuµ + Szµ + J µ , (5.84b)

ξµ = −Muµ + Zzµ + X µ , (5.84c)

where the negative sign in front of M is a matter of definition. The curly variables

are given by

E ≡ T µνuµuν , V ≡ T µνzµzν , P ≡ 1

d− 1
T µν∆⊥

µν , U ≡ −T µνuµzν ,

N ≡ −Jµuµ, S ≡ Jµzµ, M ≡ uµξµ, Z ≡ ξµz
µ ,

Qα ≡ −∆α
⊥µuνT

µν , Rα ≡ ∆α
⊥µzνT

µν , J α ≡ ∆αµ
⊥ Jµ, X α ≡ ∆αµ

⊥ ξµ ,

T µν ≡ 1

2

(
∆µα

⊥ ∆νβ
⊥ +∆µβ

⊥ ∆να
⊥ − 2

d− 1
∆µν

⊥ ∆αβ
⊥

)
Tαβ .

(5.84d)

In a conformal theory, the stress-energy tensor must be traceless. This leads to the

relation

V = E − (d− 1)P . (5.85)

With the general form of the constitutive relations set, let us now investigate the

theory at zeroth and first order in the derivative expansion.

Ideal order

In the following, we neglect subscripts on derivatives, and assume we work in a basis

of T , µ, ζ. At ideal order, the constitutive relations are that of equilibrium, but

with variables promoted to slowly varying functions of spacetime. In terms of the

decomposition (5.84), the constitutive relations are given by

E = ϵ, V = ϵ̃, P = p, U = µρ̃ , N = n, M = µ, Z = ζ ,

Qµ = Rµ = T µν = S = J µ = X µ = 0 .
(5.86)
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In a conformal theory, equation (5.85) then becomes

ϵ̃ = ϵ− (d− 1) p , (5.87)

an expression which also follows from the conformal equation of state

p = a T 4f

(
µ

T
,
ζ

T

)
. (5.88)

Let us now consider the equations of motion. Inserting the ideal-order constitutive

relations (5.77) into the equations of motion (5.78), there are four scalar equations,

and three vector equations [3]. The scalar equations are given by

uν∇µT
µν = 0 =⇒ (d+ 1) ϵ s1 + T

∂ϵ

∂µ
s2 + T

∂ϵ

∂ζ
s3 + T ρ̃s4 + 2µρ̃s5

− ζρ̃ s6 + µT ds7 = 0 , (5.89a)

zν∇µT
µν = 0 =⇒ (d+ 1)µρ̃s1 + T

(
ρ̃+ µ

∂ρ̃

∂µ

)
s2 + µT

∂ρ̃

∂ζ
s3

+ Tρs4 + (ϵ+ ϵ̃) s5 + µρ̃s6 − ζT ds7 = 0 , (5.89b)

∇µJ
µ = 0 =⇒ dρs1 + T

∂ρ

∂µ
s2 + T

∂ρ

∂ζ
s3 + ρ̃s5 + T ds7 = 0 , (5.89c)

uµzν (∂µξν − ∂νξµ) = 0 =⇒ ζs1 + T s3 − T s4 − µs5 + ζs6 = 0 , (5.89d)

while the vector equations are given by

∆α
⊥ν∇µT

µν = 0 =⇒ (p+ ϵ)V µ
1 + TρV µ

2 + T ρ̃V µ
5 = 0 , (5.90a)

∆αµ
⊥ uν (∂µξν − ∂νξµ) = 0 =⇒ µV µ

1 + TV µ
2 − ζV µ

4 = 0 , (5.90b)

∆αµ
⊥ zν (∂µξν − ∂νξµ) = 0 =⇒ µV µ

4 − TV µ
5 = 0 . (5.90c)

Note that V µ
3 does not appear in these equations, nor does σµν

u .

We now restrict ourselves to d = 3. We would like to consider linearized pertur-

bations about equilibrium, to understand the mode structure present in the theory.

In order to do so, there is one detail we must first consider. Of the 11 independent

equations in (5.78), only 8 are dynamical. The remaining 3 equations are constraint

equations. Unlike in the case of one-form MHD, we will here take the constraint equa-

tions into account; the followup to this is that we will not compare to the non-linear

causality constraints.
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With this in mind, let us consider perturbations about the rest frame uµ = δµ0

with ζµ aligned along the z-axis. In other words, we consider

T (x) = T0 + δT (ω, k)e−iωt+ikjx
j

, µ(x) = µ0 + δµ(ω, k)e−iωt+ikjx
j

,

uµ(x) = δµt + δuµ(ω, k)e−iωt+ikjx
j

, ζµ(x) = ζ0δ
µ
z + δζµ(ω, k)e−iωt+ikjx

j

.
(5.91)

We demand that u2 = −1 and uµζµ = 0 hold to quadratic order in the perturbations,

as well as demanding that the constraint equations (5.90c) are satisfied. This allows

us to further decompose the perturbations to uµ and ζµ as

δuµ(ω, k) = δµz δu∥(ω, k) + δuµ⊥(ω, k) , (5.92a)

δζµ = ζ0δ
µ
t δu∥(ω, k) + µ0δu

µ
⊥(ω, k) + δζ̂(ω, k)k̂µ , (5.92b)

where δu∥ = δuz, δuµ⊥ = ∆µν
⊥ δuν , and k̂

µ = δµi k
i/|k| is a vector pointing in the direc-

tion of the wave vector. There are only 3 components to δuµ, and only 1 component to

δζµ. That the perturbations to ζµ have only one independent component is reflective

of the true underlying degree of freedom, i.e. the Goldstone boson.

Let us now briefly enumerate the modes that appear in the spectral curve. We will

only express the modes schematically. There are six hydrodynamic modes, four of

which are propagating. Two of these are the sounds modes in the normal component

of the fluid, with speed vs; the other is the so-called “second sound” with speed v2,

which describe the propagation of entropy in the fluid.10 Finally, there is a shear mode,

and a charge diffusion mode, both of which are zero at ideal order. Schematically,

ωs = ±vsk , ω2 = ±v2k , ωσ = 0 , ωη = 0 . (5.93)

The expressions for vs, v2 are fairly complex at arbitrary ζ, and so we do not reproduce

them here. Let us now turn to the first-order result.

10In [157], an interesting observation was made that the Landau criterion, i.e. the condition that
the transverse superfluid velocity not grow too large, could be observed in relativistic superfluid
hydrodynamics. Specifically, when the transverse superfluid velocity grows large enough, one of the
elements of the static susceptibility matrix χab diverges, and then becomes negative. This leads
directly to a hydrodynamic instability, with one of the sound modes moving into the upper-half
complex plane. While we will not make use of this result here, it would be interesting to investigate
this instability further.
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First order

At first order, there are two types of corrections that can appear in the constitutive

relations – hydrostatic corrections which come from the generating functional, and

non-hydrostatic corrections. For a conformal superfluid which respects parity and

time-reversal symmetry of the equilibrium state, there are no first-order scalars that

one can construct which are non-vanishing in equilibrium [3]. Therefore, the only

contributions to the constitutive relations at first order are non-hydrostatic contribu-

tions, which may be written down in terms of the first-order data that vanishes in

equilibrium.

With this in mind, the constitutive relations to first order in derivatives are given

in terms of the decomposition (5.84) by11

E = ϵ+
7∑

n=1

εnsn, V = ϵ̃+
7∑

n=1

(εn − (d− 1)πn) sn , (5.94a)

U = µρ̃+
7∑

n=1

φnsn, N = n+
7∑

n=1

νnsn, (5.94b)

S =
7∑

n=1

λnsn , P = p+
7∑

n=1

πnsn, (5.94c)

M = µ+
7∑

n=1

αnsn, Z = ζ +
7∑

n=1

βnsn , (5.94d)

Qµ =
5∑

n=1

θnV
µ
n , Rµ =

5∑
n=1

ϱnV
µ
n , (5.94e)

X µ =
5∑

n=1

ςnV
µ
n , J µ =

5∑
n=1

γnV
µ
n , (5.94f)

T µν = −ησµν
u . (5.94g)

Looking at the above constitutive relations for a conformal superfluid, we see that

there are seventy12 transport parameters {εn, πn, φn, νn, λn, αn, βn, θn, ϱn, γn, ςn}, dwarf-
ing even the dMHD case. The difference comes down to symmetry; the magnetic flux

direction hµ was a pseudovector, while the transverse fluid velocity ζµ is a regular

vector. We will now attempt to determine the physical transport coefficients. Let us

11The transport parameters φn and the Goldstone φ are unrelated.
12This is after applying conformal symmetry; a non-conformal superfluid has eighty-five transport

parameters.
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begin by considering the following frame transformations:

T → T ′ = T + δT, µ→ µ′ = µ+ δµ ,

u′µ = uµ + δuµ = uµ + δu∥z
µ + δuµ⊥ ,

ζµ → ζ ′µ = ζµ + δζµ = ζµ + ζδu∥u
µ + δζµ⊥ ,

(5.95)

where the perturbations are all O (∂), and the perturbations δuµ⊥ and δζµ⊥ lie in the

plane transverse to both uµ and ζµ. For future convenience, we can write down the

transformations of ζ and zµ as

ζ → ζ ′ = ζ + δζ, zµ → z′µ = zµ + δzµ = zµ + δu∥u
µ +

1

ζ
δζµ⊥ . (5.96)

In (5.96), we assume ζ ̸= 0 (as otherwise the unit vector zµ is not well-defined). With

these transformations, the transformation of the scalar viscous corrections δE ≡ E ′−E
etc. for a generic (i.e. not necessarily conformal) superfluid are given by

δE = − ∂ϵ

∂T
δT − ∂ϵ

∂µ
δµ− ∂ϵ

∂ζ
δζ − 2µρ̃δu∥ , (5.97a)

δV = − ∂ϵ̃

∂T
δT − ∂ϵ̃

∂µ
δµ− ∂ϵ̃

∂ζ
δζ − 2µρ̃δu∥ , (5.97b)

δP = − ∂p

∂T
δT − ∂p

∂µ
δµ− ∂p

∂ζ
δζ , (5.97c)

δU = −µ ∂ρ̃
∂T

δT −
(
ρ̃+ µ

∂ρ̃

∂µ

)
δµ− µ

∂ρ̃

∂ζ
δζ − (ϵ+ ϵ̃) δu∥ , (5.97d)

δN = − ∂ρ

∂T
δT − ∂ρ

∂µ
δµ− ∂ρ

∂ζ
δζ − ρ̃δu∥ , (5.97e)

δS = − ∂ρ̃

∂T
δT − ∂ρ̃

∂µ
δµ− ∂ρ̃

∂ζ
δζ − ρδu∥ , (5.97f)

δM = −δµ+ ζδu∥ , (5.97g)

δZ = −δζ + µδu∥ , (5.97h)

while the transformations of the vector viscous corrections δQµ = Q′µ −Qµ etc. are

given by

δQµ = − (p+ ϵ) δuµ⊥ − µρ̃

ζ
δζµ⊥ , δRµ = −µρ̃δuµ⊥ + ρ̃δζµ⊥ , (5.98a)

δJ µ = −ρδuµ⊥ − ρ̃

ζ
δζµ⊥ , δX µ = µδuµ⊥ − δζµ⊥ . (5.98b)
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Finally, the tensor contribution is invariant, with δT µν = 0 . Using the subscript 1

to denote the first-order viscous contributions, there are four frame-invariant scalar

viscous corrections we can write down. Schematically,

F ≡ V1 − a1E1 − a2N1 − a3S1 − a4Z1 , (5.99a)

G ≡ P1 − b1E1 − b2N1 − b3S1 − b4Z1 , (5.99b)

L ≡ U1 − c1E1 − c2N1 − c3S1 − c4Z1 , (5.99c)

H ≡ M1 − d1E1 − d2N1 − d3S1 − d4Z1 . (5.99d)

The coefficients ai,bi, ci, di, d ∈ {1, .., 4} are purely thermodynamic in nature. They

may be obtained in detail by performing the frame transformations (5.97) on the

frame-invariant quantities (5.99). There are also two vector frame invariants we can

form:

Lµ ≡ Qµ
1 −

(p+ ϵ)ζ + µ2ρ̃

µρ̃+ ζρ
J µ

1 +
Tsρ̃

µρ̃+ ζρ
X µ

1 , (5.100a)

Kµ ≡ Rµ
1 + ρ̃X µ

1 . (5.100b)

We now fix the hydrodynamic frame to be the “Landau-Lifshitz-Clark-Putterman”

frame (LLCP frame), so called due to its use by Landau and Lifshitz [11], Clark [149],

and Putterman [150]. The LLCP frame is defined by

E1 = N1 = S1 = Z1 = J µ
1 = X µ

1 = 0 . (5.101)

Let us now consider the conformal case; then V1 = −(d−1)P1 due to the tracelessness

of the stress-energy tensor. Referring back to the scalar frame invariants (5.99), this

imposes the frame-invariant relation

F = V1 = − (d− 1)P1 = − (d− 1)G . (5.102)

There are therefore three scalar corrections (G, L,H), two vector corrections (Lµ, Kµ),

and one tensor correction (T µν) for a conformal superfluid in the LLCP frame. These

corrections may be decomposed with respect to the scalars (5.83), vectors (5.80), and
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tensor (5.81) that vanish in equilibrium:

T µν = ϵuµuν +

(
ϵ̃− (d− 1)

7∑
n=1

gnsn

)
zµzν +

(
p+

7∑
n=1

gnsn

)
∆µν

⊥ (5.103a)

+ 2

(
µρ̃+

7∑
n=1

ℓ∥nsn

)
u(µzν) + 2

(
5∑

n=1

ℓ⊥nV
(µ
n

)
uν) + 2

(
5∑

n=1

knV
(µ
n

)
zν)

− ησµν
u ,

Jµ = ρuµ + ρ̃zµ , (5.103b)

ξµ = −

(
µ+

7∑
n=1

hnsn

)
uµ + ζzµ , (5.103c)

where gn, ℓ∥n, hn, ℓ⊥n, and kn are defined as the coefficients of G, L, H, Lµ, and Kµ

respectively decomposed with respect to the building blocks. Let us now apply the

ideal-order equations of motion (5.77) and eliminate four scalars and three vectors.

For the scalars, we will choose to eliminate s1,2,3,4, leaving just s5,6,7. Of the vectors

we choose to eliminate V2,4,5, leaving only V µ
1 and the mandatory13 choice V µ

3 . We

may then write the constitutive relations in the form

T µν = ϵuµuν +

(
ϵ̃− (d− 1)

7∑
n=5

π̄nsn

)
zµzν +

(
p+

7∑
n=5

π̄nsn

)
∆µν

⊥ (5.104a)

+ 2

(
µρ̃+

7∑
n=5

φ̄nsn

)
u(µzν) + 2

(∑
n=1,3

θ̄nV
(µ
n

)
uν) + 2

(∑
n=1,3

ϱ̄nV
(µ
n

)
zν)

− ησµν
u ,

Jµ = ρuµ + ρ̃zµ , (5.104b)

ξµ = −

(
µ+

7∑
n=5

ᾱnsn

)
uµ + ζzµ , (5.104c)

where the barred quantities denote transport coefficients in the LLCP frame. For

details of the relationships between the LLCP transport coefficients, the frame in-

variants, and the seventy transport parameters, the interested reader may refer to

Appendix A of [3].

The canonical entropy current is modified for a superfluid, and is given in the

13Recall that the ideal-order equations of motion do not contain V µ
3 .
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LLCP frame by

Sµ = suµ − uν
T
T µν
(1) −

ρ̃

T
M1z

µ , (5.105)

while the divergence is given by

∂µS
µ = −T µν

(1)∂µ

(uν
T

)
−M1∆

µν∂µ

(
ρ̃zν
T

)
. (5.106)

Inserting the constitutive relations (5.104), one can find the following Onsager rela-

tions:

d π̄5 = −φ̄6, d π̄7 = −T dᾱ6, φ̄7 = T dᾱ5, θ̄3 = ϱ̄1 . (5.107)

This brings the number of physical transport coefficients down to ten. These ten

coefficients are further constrained by demanding positivity of entropy production:

φ̄5 ≤ 0, π̄6 ≥ 0, ᾱ7 ≤ 0, π̄2
5 ≤ −1

d
φ̄5π̄6, π̄2

7 ≤ −T
d

d
π̄6ᾱ7, φ̄2

7 ≤ T dφ̄5ᾱ7 ,

θ̄1 ≤ 0, ϱ̄3 ≤ 0, θ̄23 ≤ θ̄1ϱ̄3, η ≥ 0 .

(5.108)

The O (k2) viscous corrections to the modes we previously found may be written down

in terms of the ten parameters {π̄5, π̄6, π̄7, φ̄5, φ̄7, ᾱ7, θ̄1, θ̄3, ϱ̄3, η}. Additionally, in the

LLCP frame, there are three non-hydrodynamic modes in the spectrum. Unsurpris-

ingly, the LLCP frame is acausal, just like the Landau frames in both dMHD 5.1

and the U(1) charged fluid 2.2. The spectral curve of the theory violates the third

condition of (2.94), with

9 = OωF (ω, k, θ) ̸= OkF (ω = a k, kj = sj k, θ) = 12 . (5.109)

Consequently, upon further investigation we find that one mode goes as k3, while

three others go as k4/3. All of these clearly indicate acausality.

5.2.3 BDNK theory of superfluids

Let us repeat the linearized analysis of the superfluid in a more general fluid frame. In

a general frame, the constraint equations receive viscous corrections. However, as in

dMHD, there exists a class of frames (the “constraint frames”) in which the solution
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(5.92) is still valid. The constraint frames are given by the conditions

β1 =
ζ0
T0
β3, β2 = 0, β4 = ς2, β5 = −µ0

T0
β3, β6 =

ζ0
T0
β3, β7 = 0 ,

ς1 = −µ0

T0
β3, ς3 = 0, ς4 =

(
ζ0
T0

)
β3 −

(
µ0

T0

)
ς5 .

(5.110)

We see then that in the constraint frames, there are only three14 independent trans-

port parameters {β3, ς2, ς5} that contribute to Z, X µ. Let us consider the modes

evaluated in the constraint frames. A natural place to start is the k → 0 limit. In

this limit, the spectral curve takes the form

lim
k→0

F (ω, k, θ) = ω6 ×G3(ω)×
(
i+

β3
T0
ω

)
×
[
iζ0(4p− ζ0ρ̃0) +

(
ζ0θ1 + µ0

(
θ4 +

µ0

T0
θ5

))
ω

]2
= 0 .

(5.111)

where G3 is a complicated cubic polynomial which has a strong dependence on the

equation of state. It may be written in the generic form

G3(ω) = a (−iω)3 + b (−iω)2 + c (−iω) + d , (5.112)

where the coefficients a,b, c depend on both the transport parameters and the ther-

modynamic parameters, while d depends solely on the thermodynamic parameters

in the theory, and therefore the details of the equation of state. Let us make the

assumption that the equation of state is such that d ̸= 0. Then, dividing through by

d yields

G′
3 =

G3

d
= a′ (−iω)3 + b′ (−iω)2 + c′ (−iω) + 1 , (5.113)

We may now ensure that the gapped modes are stable by applying the Routh-Hurwitz

criterion (see Chapter 3.1). This yields the conditions

β3 > 0 , (5.114a)

(4p− ζ0ρ̃0)/

(
θ1 +

µ0

ζ0

(
θ4 +

µ0

T0
θ5

))
> 0 , (5.114b)

a′ > 0, b′ > 0, b′c′ − a′ > 0 . (5.114c)

14The LLCP frame was a member of the class of constraint frames, with β3 = ς2 = ς5 = 0; hence,
no modification was needed to the solution (5.92).
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We can immediately see that the condition β3 > 0 is violated by the LLCP frame

(and any other frame that sets Z = 0). These constraints may be simplified slightly

if we introduce an additional class of frames to be layered on top of the constraint

frames. We will refer to this class of frames as the decoupled frame due to its effect

at large-k, rather than the k → 0 limit. The decoupled class of frames are defined by

ε2,3,4,7 = π2,3,4,7 = φ2,3,4,7 = θ2,4,5 = ϱ2,4,5 = 0, α4 = − 1

T 2
0

∂ρ̃

∂µ
α7 . (5.115)

Note that the act of imposing the decoupled frames on top15 of the constraint frames

was a choice – the two classes of frames are, in principle, independent. In this set of

frames, the conditions (5.114) become

ν2T
2
0

d
(ε1φ5 − ε5φ1) > 0 , (4p− ζ0ρ̃) /θ1 > 0 , (5.116a)

b′c′ − νT 2
0

d
(ε1φ5 − ε5φ1) > 0 , β3 > 0 , b′ > 0 . (5.116b)

If the constraints (5.116) are satisfied, then the gapped modes will all be stable. Let

us now turn to the large-k limit. We know that to ensure causality, the modes must

all go linearly in k, i.e.

ω ∼ c k + ... (5.117)

where the ... denotes subleading terms in k and −1 ≤ c ≤ 1. Substituting the linear

ansatz for ω, we find that the spectral curve F (ω, k) factorizes in the large-k limit into

an order-2 polynomial and an order-10 polynomial in c. The order-2 polynomial is

easily handled, but the order-10 polynomial is analytically intractible. The situation

is simplified, however, if one works in the decoupled frames (5.115); then the order-ten

15Unlike in dMHD, the two classes of frames are not inconsistent for a relativistic superfluid.
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polynomial further factorizes into two quadratics and one order-six polynomial in c:

θ1c
2 − cos(θ) (θ3 + ϱ1) c+ ϱ3 cos

2(θ)− η sin2(θ) = 0 ,

(5.118a)

β3c
2 − α3 cos(θ)c−

α7

2T 2
0 ζ0

(
∂ρ̃

∂ζ
ζ0 +

(
∂ρ̃

∂ζ
ζ0 − 2ρ̃0

)(
cos2(θ)− sin2(θ)

))
= 0 ,

(5.118b)

ν2c
2 −

(
λ2 + ν4 +

1

T 2
0

∂ρ̃

∂µ
ν7

)
cos(θ)c+

(
λ4 +

1

T 2
0

∂ρ̃

∂µ
λ7

)
cos2(θ) + γ2 sin

2(θ) = 0 ,

(5.118c)

6θ1 (ε1φ5 − ε5φ1) c
6 + f1 cos(θ)c

5 + f2c
4 + f3 cos(θ)c

3 + f4c
2 + f5 cos(θ)c+ f6 = 0 ,

(5.118d)

where θ is once again the angle between kj and the background direction along which

ζµ0 is aligned, in this case the z-direction. The coefficients f1..6 depend on the trans-

port parameters, thermodynamic quantities, and the angle θ. The first three equa-

tions in (5.118) are straightforward to constrain, and correspond respectively to shear

perturbations, the fluctuations of the transverse superfluid velocity δζ̂, and the fluctu-

ations of the chemical potential. The remaining mode (5.118d) describes the mixing

of the perturbations to T , vx, and vz.

Let us begin with the quadratics, which are easier to constraint. In order to ensure

that the roots of a quadratic Ax2 + Bx + C with A > 0 and B,C ̸= 0 are such that

0 < x2 < 1 (we exclude the possibility of luminal propagation so that the Schur-

Cohn criterion may be used), we find that the coefficients must obey the following

conditions:

∆ ≡ B2 − 4AC > 0, B < 0, 0 < C < A , A+B + C > 0 . (5.119)

It is immediately clear that these conditions cannot possibly be satisfied by the

quadratics in (5.118). The linear term in all three equations is proportional to cos(θ),

and since the transport parameters are not functions of θ, there will always exist a

value of θ such that B > 0. We therefore must have either B or C equal to zero.

Via a further frame choice (thereby further restricting the class of frames within

which we work), the linear term is set to zero in (5.118a), (5.118c). We also set the

constant term to zero in (5.118b), as the thermodynamics does not guarantee the
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term’s sign. This leaves [3]

Shear mode:

v
2 −

(
η sin2(θ)− ϱ3 cos

2(θ)

θ1

)
= 0,

θ3 + ϱ1 = 0,

(5.120a)

Transverse superfluid velocity mode:


v

(
v − α3

β3
cos(θ)

)
= 0,

α7 = 0,

(5.120b)

Charge mode:


v2 +

1

ν2

[(
λ4 +

1

T 2
0

∂ρ̃

∂µ
λ7

)
cos2(θ) + γ2 sin

2(θ)

]
= 0,

λ2 + ν4 +
1

T 2
0

∂ρ̃

∂µ
ν7 = 0.

(5.120c)

We can achieve the frame in which the equations above hold by imposing θ3 =

−ϱ1, α7 = 0, ν7 = 0, λ2 = −ν4. We can therefore clearly see that the three large-k

modes (5.118a), (5.118b), (5.118c) may be rendered causal in this frame via satisfying

the constraints
0 ≤ η

θ1
≤ 1, −1 ≤ ϱ3

θ1
≤ 0 , −1 ≤ α3

β3
≤ 1 ,

−1 ≤
λ4 +

1
T 2
0

∂ρ̃
∂µ
λ7

ν2
≤ 0, −1 ≤ γ2

ν2
≤ 0 .

(5.121)

Let us now turn our attention to the order-six polynomial. As in [3], we will only

consider three cases – the co-aligned limit θ = 0, the transverse limit θ = π/2, and

the anti-aligned limit θ = π.

Co-aligned limit

In the co-aligned limit, with θ = 0, the SO(2) symmetry of the equilibrium state is

restored, and the order-six polynomial factorizes into an quartic polynomial and a

second copy of the shear mode (5.118a) with θ = 0. The quartic polynomial is of the

form

P0(c) ≡ ac4 + bc3 + cc2 + dc+ e = 0 , (5.122)
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with

a = 3 (ε5φ1 − ε1φ5) , (5.123a)

b = 6 (ε5π1 − ε1π5) + 2 (ε1φ6 − ε6φ1) , (5.123b)

c = 4 (ε1π6 − ε6π1) + 4 (ε1φ5 − ε5φ1) + 6 (π5φ1 − π1φ5) + 2 (ε6φ5 − ε5φ6) , (5.123c)

d = 2 (ε1π5 − ε5π1) + 4 (ε6π5 − ε5π6) + 4 (π1φ6 − π6φ1) + 2 (ε6φ1 − ε1φ6) , (5.123d)

e = 2 (π1φ5 − π5φ1) + 4 (π6φ5 − π5φ6) + (ε5φ1 − ε1φ5) + 2 (ε5φ6 − ε6φ5) . (5.123e)

We now must impose that the modes are causal. This involves imposing reality of

the roots, as well as Schur-Cohn stability. These conditions may be found by

Real roots:

∆ ≡ 256s3 − 128q2s2 + 144qr2s+ 16q4s− 27r4 − 4q3r2 > 0,

q2

4
− s > 0,

(5.124a)

Schur-Cohn stability:



S ≡ a+ b+ c+ d+ e > 0,

2a+ b− d− 2e > 0,

P ≡ (2a+ b− d− 2e) (6a− 2c+ 6e)− S (2a− b+ d− 2e) > 0,

2 (2a− b+ d− 2e)P − (a− b+ c− d+ e) (6a− 2c+ 6e)2 > 0,

2a− c+ 2e > 0,

(5.124b)

In the above, the coefficients q, r, s are the coefficients of the depressed quartic asso-

ciated with P0(c). They are given by

q ≡ 1

a2

(
ac− 3

8
b2
)
, (5.125a)

r ≡ 1

a3

(
b3 − 4abc

8
− da2

)
, (5.125b)

s ≡ 1

a4

(
ea3 − b

256

(
3b3 + 16abc+ 64da2

))
, (5.125c)

If the conditions (5.124) are satisfied, then the fluid will be causal when θ = 0.
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Transverse limit

In the limit that θ → π/2, all of the odd-powered terms in (5.118d) vanish. We are

then left with a cubic polynomial in c2, i.e.

Pπ/2(c
2) = ax3 + bx2cx+ d = 0 , (5.126)

where we have defined x = c2. The coefficients a, b, c, d are given by

a = 3θ1 (ε5φ1 − ε1φ5) , (5.127a)

b = −
[
3ϱ21ε1 + ε1 (3θ1ϱ3 − (θ1 + 3η)φ5 + (π5φ6 − π6φ5))

+ θ1 (ε6φ5 − ε5φ6 − 3π1φ5) + π1 (ε6φ5 − ε5φ6)

+ φ1 (ε5 (3η + θ1) + 3θ1π5 + ε5π6 − ε6π5)

+ ϱ1 (3 (ε5π1 − ε1π5) + (ε6φ1 − ε1φ6))

]
, (5.127b)

c = −
[
ϱ21 (ε6 − 3π1 − ε1) + ϱ3 (θ1 (ε6 − 3π1 − ε1) + (ε6π1 − ε1π6)− 3ε1η)

+ ϱ1 ((π1φ6 − π6φ1) + (ε1π5 − ε5π1) + (ε5π6 − ε6π5) + 3η (ε5 − φ1))

+ θ1 ((π5φ6 − π6φ5) + (π1φ5 − π5φ1)− 3ηφ5)

]
, (5.127c)

d = (3η + π6 − π1)
(
ϱ21 + θ1ϱ3

)
. (5.127d)

We now impose that the roots of Pπ/2(x) lie in the open unit disk in the complex

plane, are real, and also lie in the right-hand complex plane; in other words, we

impose that they lie on the real axis in the interval x ∈ (0, 1). This may be done by

imposing the positivity of the discriminant, Schur-Cohn stability, and Routh-Hurwitz
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stability of Pπ/2(−x).

Real roots: ∆ ≡ b2c2 − 4b3d+ 18abcd− a
(
4c3 + 27ad2

)
> 0, (5.128a)

Schur-Cohn stability:



S ≡ a+ b+ c+ d > 0,

3a+ b− c− 3d > 0,

a− b+ c− d > 0,

(3a+ b− c− 3d) (3a− b− c+ 3d)− S (a− b+ c− d) > 0,

(5.128b)

Positivity: a > 0, b < 0, ad− bc > 0, d < 0. (5.128c)

Imposing these constraints ensures causality of the superfluid in the limit θ = π/2.

Finally, let us consider the anti-aligned limit.

Anti-aligned limit

In the anti-aligned limit, when θ = π, the SO(2) symmetry of the equilibrium state

is restored, and the mode (5.118d) again factorizes into a quartic polynomial and a

copy of the shear mode, this time with θ = π. The quartic polynomial is given by

Pπ(c) ≡ ac4 + bc3 + cc2 + dc+ e = 0 , (5.129)

with

a = 3 (ε5φ1 − ε1φ5) , (5.130a)

b = 6 (ε1π5 − ε5π1) + 2 (ε6φ1 − ε1φ6) , (5.130b)

c = 4 (ε1π6 − ε6π1) + 4 (ε1φ5 − ε5φ1) + 6 (π5φ1 − π1φ5) + 2 (ε6φ5 − ε5φ6) , (5.130c)

d = 2 (ε5π1 − ε1π5) + 4 (ε5π6 − ε6π5) + 4 (π6φ1 − π1φ6) + 2 (ε1φ6 − ε6φ1) , (5.130d)

e = 2 (π1φ5 − π5φ1) + 4 (π6φ5 − π5φ6) + (ε5φ1 − ε1φ5) + 2 (ε5φ6 − ε6φ5) . (5.130e)

Note the sign differences between equations (5.123) and (5.130). The constraint equa-

tions are identical to (5.124), but with the definitions of a, b, c, d, e given by (5.130).

Putting all of these conditions together, we can ensure causality of the superfluid in

the cases θ ∈ {0, π/2, π} by simultaneously imposing the constraints (5.124) for both

θ = 0, π, as well as the π/2 constraints (5.128). To illustrate that these conditions

are not empty, let us consider the following “test frame”, which is written in terms
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Figure 5.2: Regions in (ε1/η, φ1/η) parameter space for different values of the ratio
M = (−ϱ3)/η where the large-k modes are causal for θ = 0, π/2, and π for the
demonstrative choice eq. (5.131) within the extended decoupled family of frames.
Figure reproduced from [3].

of M ≡ (−ϱ3)/η ≥ 0:

ε5 = 0, π5 = 0, ϱ5 = 0, ε6 = ε1/2, π6 = ε1/6, φ6 = φ1/2, ϱ6 = 0,

π1 = ε1/3, α3 = β3/2, γ2 = −ν2/2, λ4 = −
(
∂ρ̃

∂µ
λ7/T

2
0 + ν2/2

)
, φ5 = −πη ,

θ1 = 2 (η − ϱ3) , ϱ1 = −
√
1 + 2M

2
(η − ϱ3) . (5.131)

In this test frame, the regions in which the constraints all simultaneously hold are

plotted in Figure 5.2. As is clearly seen, these constraints are not empty. It is

important to note that constraining causality for three discrete values of θ is not

enough to ensure causality for all values of θ. Such an undertaking is best taken with

a particular equation of state in mind, via a numerical procedure.

With these conditions determined, we have gone about as far as we can analyti-

cally with respect to the causality of the relativistic superfluid. For arbitrary θ, the

controlling equation is an order-six polynomial, and order-six polynomial equations

do not generically have closed-form solutions.



158

Chapter 6

Conclusions

This dissertation investigated causal theories of relativistic hydrodynamics. In the

seemingly disparate works that have preceded, a unifying programme existed: the

development of effective theories of the macroscopic transport of conserved densities

(hydrodynamics) which both incorporate viscous effects and respect the demands of

stability and causality. In the various forms this programme took, whether in the

mathematical structure of the hydrodynamic equations (Chapter 3), the connection

to microscopic descriptions (Chapter 4), or extensions of causal frameworks to new

hydrodynamic theories (Chapter 5), there was a shared goal: determining how co-

variant stability manifested itself, and determining its impact on the effective theories

under consideration.

Chapter 3, based on the results of my paper [4], showed there can exist an equiv-

alence between linearized and nonlinear causality conditions, and found sufficient

conditions for the equivalence to hold. This equivalence will greatly ease the analy-

sis of causality for any postulated theories going forward. So long as the sufficient

conditions outlined in Section 3.2 hold, a linearized causality analysis will be enough

to ensure non-linear causality, without needing to perform a separate investigation of

the characteristics of the partial differential equations.

The ways covariant stability constrains dispersion relations ω = ω(k) were also

investigated; in particular, based on the findings of my paper [2], constraints were

found on dispersion relations in the short-wavelength limit due to the demands of

covariant stability. This requirement represents completely new conditions on dis-

persion relations, constraining beyond the previously known causality conditions at

linear order in large-k.

Chapter 4 demonstrated how causal theories of hydrodynamics arise from consid-
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erations of microscopic theories such as kinetic theory and theories with holographic

duals. As I found in my paper [1], the BDNK formulation of hydrodynamics arises

from a careful treatment of zero-modes in a recurring operator in a Hilbert expansion;

fixing the associated integration functions also fixes the hydrodynamic frame. This

result clarifies the relationship between transport parameters in the hydrodynamic

theory and the solutions to the equations of the microscopic theories, providing a

clear map for choosing a hydrodynamic frame.

Finally, Chapter 5 contained the BDNK theory of one-form MHD with a “mass

current” for the first time. Based on results from my paper [4], constitutive relations

in a general frame were written down, and frame-invariant combinations leading to

physical transport coefficients were identified. In the process, a new physical transport

coefficient was identified which had been previously missed. Finally, the controlling

equations for large-k dispersion relation were determined, and causality conditions to

be imposed were identified. This lays the groundwork for astrophysical applications,

work that has already begun for the theory without an additional U(1) in [158].

The BDNK theory of relativistic superfluids was also written down for the first

time. Following the findings in my paper [3], constitutive relations were written down,

frame-invariant quantities and physical transport coefficients were determined, and

then finally the controlling equations for the large-k dispersion relations at linear order

were identified. Causality constraints were imposed, and the resulting inequalities

were explicitly demonstrated to not be empty in a subset of parameter space. This

work can pave the way towards applications in binary neutron star mergers [159], due

to the postulated superfluidity of neutron star cores [145, 146].

There are numerous paths forward prompted by the groundwork I have laid in

this dissertation. Following Section 3.2, an immediate follow-up question arises from

the assumptions made. The analysis was performed under the assumption that all

equations were of the same order; application to systems of equations of mixed order

are an immediate extension. As well, a more complete accounting of the role of

constraints such as ∇·B = 0 in the causality conditions would be very useful for

application to the extensions discussed in Chapter 5.

Another immediate consideration follows from Section 3.3. In that section, an

assumption was made of isotropy. However, many interesting physical systems have

anisotropies in the equilibrium state. Investigating how anisotropy affects causality

constraints at both small- and large-k seems of immediate interest, and is something

to which I intend to return.
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In Chapter 4 both kinetic theory and holography were investigated. In the case of

kinetic theory, we wrote down a BDNK-type theory, and also discussed an MIS-type

theory (DNMR). However, in the case of holography we only considered a BDNK-type

theory. No holographic version of MIS exists in the non-linear regime as of yet. The

development of such a theory is an endeavour upon which I will be actively working

moving forward.

Finally, in Chapter 5 two extensions to the BDNK formulation of causal hydro-

dynamics were written down – one-form MHD, and relativistic superfluids. In both

cases, the theories were presented in Minkowski spacetime. Coupling the theories to

general relativity would be the next important step in their use in astrophysical ap-

plications. Additionally, in Section 5.2 the effect of vortices were not included, which

play a critical role in the theory of superfluidity. Adding in this effect is an immediate

extension.

There is still a great deal left to understand. In this dissertation a programme

focused on the development of causal theories of hydrodynamics was presented, and

this programme continues. Refinement and development of these theories, in par-

ticular with a focus on the minimal necessary number of transport parameters, will

lead to new applications. I hope that this dissertation will prove useful in service

to the formulation of new causal theories of relativistic hydrodynamics, and further

investigation into existing theories.
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Appendix A

Species of MIS

In this appendix, we present in more detail the three Müller-Israel-Stewart-type theo-

ries discussed in Chapter 2.2. They were the “canonical” approach, resummed BRSSS,

and the generating functional approach. We consider each in turn.

“Canonical” Approach

An approach using the entropy current was originally described by Israel and Stew-

art [29], and then was later refined by Hiscock and Lindblom [65]. Here, we present the

formalism as described in [66]. Let us consider the canonical entropy current (2.65)

with a potential second-order modification Qµ:

Sµ = pβµ − T µνβν − αJµ −Qµ (A.1)

Given the constitutive relations (2.110), the entropy current can be re-written in the

form

Sµ = suµ − αnµ −Qµ (A.2)

Let us now postulate a form for Qµ. Since we would like to be agnostic about the

underlying microscopic theory, let us simply write down a general form based on

symmetry:

Qµ =
1

2T

[
βππ

αβπαβ + βΠΠ
2 + βnnαn

α

]
uµ − 1

T

[
αΠnΠn

µ + απnπ
µαnα

]
. (A.3)
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Let us now take the divergence of the entropy current. Inserting the definition (A.3),

we find

∇µS
µ = ∇µ (su

µ)−∇µ (αn
µ)− βπ

T
παβu

µ∇µπ
αβ − βΠ

T
Πuµ∇µΠ− βn

T
nαu

µ∇µn
α

− παβπ
αβ∇µ

(
βπ
2T

uµ
)
− Π2∇µ

(
βΠ
2T

uµ
)
− nαn

α∇µ

(
βn
2T

uµ
)

+
αΠn

T
(Π∇µn

µ + nµ∇µΠ) +
απn

T
(πµα∇µnα + nα∇µπ

µα) (A.4)

+ Πnµ∇µ

(αΠn

T

)
+ πµαnα∇µ

(απn

T

)
Let us now turn to the equations of motion. The scalar equations of motion are given

by

−uν∇µT
µν = ∇µ (ϵu

µ) + (p+Π)∇µu
µ − uν∇µπ

µν = 0 , (A.5a)

∇µJ
µ = ∇µ (nu

µ) +∇µn
µ . (A.5b)

Combining these two equations gives an expression for ∇µ (su
µ):

∇µ (su
µ) = α∇µn

µ + βν∇µπ
µν − Π∆µν∇µβν , (A.6)

where we have made use of the identity ∆µν∇µβν = (1/T )∇µu
µ. Inserting the ex-

pression (A.6) into the divergence of the entropy current (A.4) yields (after some

finessing)

∇µS
µ =− Π

T

[
T∆µν∇µβν + βΠu

µ∇µΠ+ TΠ∇µ

(
βΠ
2T

uµ
)

− αΠn∇µn
µ − γΠnTn

µ∇µ

(αΠn

T

)]
− nµ

T

[
T∇µα + βnu

λ∇λnµ + Tnµ∇α

(
βn
2T

uα
)
− αΠn∇µΠ

− απn∇απ
α
µ − (1− γΠn)TΠ∇µ

(αΠn

T

)
− γπnTπ

α
µ∇α

(απn

T

)]
− πµν

T

[
T∇µβν + βπu

λ∇λπµν + Tπµν∇α

(
βπ
2T

uα
)

− απn∇µnν − (1− γπn)Tnν∇µ

(απn

T

)]
,

(A.7)
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where the parameters γΠn, γπn have been introduced to control the distribution of

the ∇µ (αxx/T ) between the square brackets using the trivial identity X = γX +

(1− γ)X. Now, we demand that the entropy current have non-zero divergence for

all possible field configurations. This leads immediately to the identification

Π =− ζ

[
T∆µν∇µβν + βΠu

µ∇µΠ+ TΠ∇µ

(
βΠ
2T

uµ
)

(A.8a)

− αΠn∇µn
µ − γΠnTn

µ∇µ

(αΠn

T

)]
,

nα =− σ∆αµ

[
T∇µα + βnu

λ∇λnµ + Tnµ∇λ

(
βn
2T

uλ
)
− αΠn∇µΠ (A.8b)

− απn∇λπ
λ
µ − (1− γΠn)TΠ∇µ

(αΠn

T

)
− γπnTπ

λ
µ∇λ

(απn

T

)]
,

παβ =− 2η∆αβµν

[
T∇µβν + βπu

λ∇λπµν + Tπµν∇λ

(
βπ
2T

uλ
)

(A.8c)

− απn∇µnν − (1− γπn)Tnν∇µ

(απn

T

)]
,

With this identification in place, the divergence of the entropy current becomes

∇µS
µ =

Π2

ζT
+
nµn

µ

σT
+
πµνπµν
2ηT

(A.9)

which is always non-negative so long as

ζ ≥ 0, σ ≥ 0, η ≥ 0 .

The identifications (A.8) may be re-written in the following more suggestive form:

τΠΠ̇ + Π = −ζ∇µu
µ + ... , (A.10a)

τnṅ
µ + nµ = −σT∆µν∇ν

(µ
T

)
+ ... , (A.10b)

τππ̇
µν + πµν = −ησµν + ... , (A.10c)

where the ... contain all of the “interaction terms” between {Π, nµ, πµν}, as well as

interactions with derivatives of the hydrodynamic variables. In the above, we have

defined τΠ = ζβΠ, τn = σβn, τπ = 2ηβπ, and Ẋ = uµ∇µX. The equations (A.10)

are relaxation-type equations, morally the same as equation (2.11). In the late-time

limit, the corrections Π, nµ, and πµν reduce to their Navier-Stokes limits as in (2.75),
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and so we identify ζ, σ, and η as the bulk viscosity, charge conductivity, and shear

viscosity respectively.

Finally, we note here that non-linear causality constraints on the parameters ap-

pearing in the MIS theory have been derived [67] for a system with zero chemical

potential. The form of the MIS equations appearing in [67] are those arising from the

DNMR formalism, which we discussed in Chapter 4. These conditions were then later

applied [160] to realistic simulations of heavy ion collisions; it was found that in com-

monly used simulations of the hydrodynamic regime, there were causality violations

at early times.

Resummed BRSSS

The approach of Baier, Romatschke, Son, Starinets and Stephanov (BRSSS) [68]

is not, at its core, an attempt to derive MIS-type equations. Rather, it is instead a

classification of all second-order terms in the derivative expansion that can be written

down for a conformal hydrodynamic theory. For simplicity, in the following, we will

restrict ourselves to an uncharged conformal fluid. Then ∇µT
µν = 0 is the only

conservation equation, and T µνgµν = 0. We know that at first order in the derivative

expansion, a conformal fluid has the following constitutive relations in Landau frame:

T µν = ϵuµuν + p∆µν − ησµν +O
(
∂2
)
, (A.11)

where p = ϵ/d = a T d+1f(µ/T ), with the final equality coming from the demand that

p scale homogeneously under a Weyl transformation. Let us now compare to the

general form of T µν in Landau frame for a conformal fluid:

T µν = ϵuµuν + p∆µν + πµν . (A.12)

By direct comparison, we see that,

πµν = −ησµν +O
(
∂2
)
. (A.13)

Let us now consider the set of second-order transverse, traceless contributions one

could make to πµν . There are five independent tensors one can form which transform
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homogeneously under Weyl transformations:

Oµν
1 = ∆µναβuλ∇λσαβ +

1

d
σµν

(
∇λu

λ
)
, (A.14a)

Oµν
2 = ∆µναβRαβ − (d− 1)∆µναβuρuσRραβσ , (A.14b)

Oµν
3 = ∆µναβσαλσ

λ
β , (A.14c)

Oµν
4 = ∆µναβσαλΩ

λ
β , (A.14d)

Oµν
5 = ∆µναβΩαλΩ

λ
β , (A.14e)

where Ωµν = ∆µα∆νβ∇[αuβ] is the vorticity tensor, Rµναβ is the Riemann tensor, Rµν

is the Ricci tensor, and

∆µναβ =
1

2

(
∆µα∆νβ +∆µβ∆να − 2

d
∆µν∆αβ

)
, (A.15)

is once again the transverse traceless projector. We therefore can write

πµν = −ησµν

+ ητπOµν
1 + κOµν

2 + λ1Oµν
3 + λ2Oµν

4 + λ3Oµν
5 .

(A.16)

For future convenience, τπ has been defined with a factor of η pulled out. Note

that the factors τπ, κ, λ1,2,3 in equation (A.16) are physical second-order transport

coefficients, and can in principle be computed given a microscopic theory.

Now, let us note the following. To a second-order error, σµν = −πµν/η. Of course,

this cannot be an exact statement; σµν is first order in derivatives, while πµν is infinite

order in derivatives. Nevertheless, we may use this relation to perform an infinite-

order re-summation of (A.16). In practice, we replace σµν everywhere it appears in

the second-order part of (A.16) with −πµν/η. Following this prescription, we arrive

(after also using the ideal-order equations of motion) at the following equation [68]:

πµν = −ησµν − τπ∆
µναβ

[
uλ∇λπαβ +

d+ 1

d
παβ

(
∇λu

λ
)]

+ κOµν
2

+
λ1
η2

∆µναβπαλπ
λ

β − λ2
η
∆µναβπαλΩ

λ
β + λ3Oµν ,.

5

(A.17)

These equations are the equations of the resummed BRSSS (rBRSSS) theory [12],

though the resummed theory is often simply called the BRSSS theory. Pulling the

time derivative of πµν over, we arrive at the standard form for MIS equations for a
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conformal fluid,

τππ̇
µν + πµν = −ησµν + ... , (A.18)

where here π̇µν = ∆µναβuλ∇λπαβ, and the ... denote higher-order terms. Note that

the higher-order terms included in (A.17) are not quite the same as (A.8).

Generating Functional Approach

The final approach we will consider in this section is a very recent one, taking ad-

vantage of the idea of “non-equilibrium thermodynamics”. Introduced in [69], the

generating functional approach gives an alternative way of extracting phenomenolog-

ical equations from the entropy current. Let us consider the generating functional of

charged relativistic hydrodynamics. Up to first order in the derivative expansion, it

is given by

W [g, A] =

∫
dd+1x

√
−g (p[T, µ] + ...) (A.19)

We would like to be able to describe the dissipative corrections to the stress-energy

tensor T µν and the charge current Jµ using the language of extended thermodynamics.

In that vein, we will modify (A.19) to include contributions from a symmetric 2-tensor

κµν and a vector vµ. In addition, let us impose that κµνuν = vµuµ = 0. With the

restriction, κµν in particular may be decomposed as:

κµν =
1

d
(trκ)∆µν + κ⟨µν⟩ (A.20)

where κ⟨µν⟩ = ∆µναβκαβ. We see then that we have two independent parts of κ: the

trace, and the traceless part. We would like to connect κµν and vµ to the viscous

corrections to the stress-energy tensor and charge current. The constitutive relations

in Landau frame for T µν and Jµ may be written as

T µν = ϵuµuν + p∆µν +Πµν , Jµ = nuµ + nµ , (A.21)

where Πµν = Π∆µν + πµν . We can write Πµν and nµ in terms of κµν , vµ:

Πµν = αS
κtrκ∆

µν + αT
κκ

⟨µν⟩ +Πµν
h.s. , (A.22a)

nµ = αvv
µ + nµ

h.s. , (A.22b)
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where αS,T
κ and αv are arbitrary coefficients used to fix the relationship between

Πµν , nµ and κµν , vµ. The terms Πµν
h.s. and n

µ
h.s. denote hydrostatic contributions to Π

µν ,

nµ from the generating functional due to the dependence of the isotropic pressure p on

κµν and vµ. To determine the dependence of the pressure, let us begin by considering

the independent scalars that can be formed from these quantities. The first obvious

one is v2 = vµv
µ. The second obvious one is trκ. Finally, we could use κ2 = κµνκ

µν .

However, let us note instead that

κ⟨µν⟩κ
⟨µν⟩ =

(
κµν − 1

d
(trκ)∆µν

)(
κµν −

1

d
(trκ)∆µν

)
= κ2 − 1

d
(trκ)2 (A.23)

Since trκ and κ⟨µν⟩ are entirely independent, let us choose to use (trκ)
2 and κ⟨µν⟩κ

⟨µν⟩ =

κ2 − 1
d
(trκ)2 as the two scalars from κµν . We may then introduce these degrees of

freedom as extended thermodynamic variables. In other words, we write the first law

of thermodynamics as

dϵ = T ds+ µ dn+
1

8
χS
κd (trκ)

2 +
1

4
χT
κd

(
κ2 − 1

d
(trκ)2

)
+

1

2
χvdv

2 . (A.24)

where χS,T
κ , χv are susceptibilities. Equation (A.24) may be straightforwardly re-

written as a Gibbs-Duhem relation using ϵ = −p+ sT + nµ:

dp = sdT + ndµ− 1

8
χS
κd (trκ)

2 − 1

4
χT
κd

(
κ2 − 1

d
(trκ)2

)
− 1

2
χvdv

2 . (A.25)

Let us note at this point that

δ(trκ) =
(
καβ
)
δgαβ , (A.26a)

δ(κ2 − 1

d
(trκ)2) =

(
καλκ

λβ − 2

d
(trκ)καβ

)
δgαβ , (A.26b)

δv2 = vαvβδgαβ (A.26c)

Let us then write the modified generating functional with κµν , vµ dependence as

W [A, g] =

∫
dd+1x

√
−g
[
p

(
T, µ, v2, (trκ)2 , (κ2 − 1

d
(trκ)2)

)
+ ...

]
(A.27)

It is convenient to split the pressure into an equilibrium part P , and a non-equilibrium

part P which vanishes when κ→ 0, v → 0, i.e. p = P +P . Varying, we subsequently
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find

T µν = ϵuµuν + P∆µν (A.28a)

+

[
P∆µν +

χS
κ

2
κµνtrκ+ χT

κ

(
κµλκ

λν − 1

d
trκκµν

)
+ χvv

µvν
]
,

Jµ = nuµ . (A.28b)

We have now determined the “hydrostatic” contribution to the constitutive relations,

and equations (A.22) become

Πµν = αS
κtrκ∆

µν + αT
κκ

⟨µν⟩ (A.29a)

+

[
P∆µν +

χS
κ

2
κµνtrκ+ χT

κ

(
κµλκ

λν − 1

d
trκκµν

)
+ χvv

µvν
]
,

nµ = αvv
µ , (A.29b)

Now, let us turn to the equations of motion. The scalar conservation equations are

given by

−uν∇µT
µν = ∇µ (ϵu

µ) + P∇µu
µ − uν∇µΠ

µν = 0 , (A.30a)

∇µJ
µ = ∇µ (nu

µ) + nµ = 0 . (A.30b)

Let us now note that ϵ = −P − P + sT + nµ, and ∇µP = ∇µp − ∇µP . The two

scalar equations (A.30a) may then be used (with some work) to get a single equation

for the entropy density s:

∇µ (su
µ) =−

(
χS
κ

8
£βtrκ

2 +
χT
κ

4
£β

(
κ2 − 1

d
trκ2

)
+
χv

2
£βv

2

)
+ P∆µν∇µβν +

µ

T
∇µn

µ + βν∇µΠ
µν ,

(A.31)

where £β is the Lie derivative along βµ, and we have again used the fact that

(∇µu
µ)/T = ∆µν∇µβν . Let us now also recall the definitions of Πµν and nµ. Taking

the parameters χS,T
κ,v and αS,T

κ,v to be constant for simplicity1, we can again find with

1This assumption is, in general, not true – more general equations may be obtained by including
derivatives of the χ’s and α’s.
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some work that

βν∇µΠ
µν = −α

S

2
trκ∆µν∇µβν − αTκ⟨µν⟩∇µβν − P∆µν∇µβν

+
χS
κ

2

(
−1

2
trκ∆µν£βκµν +

1

4
£β (trκ)

2

)
(A.32a)

+ χT
κ

(
−1

2
κ⟨µν⟩£βκµν +

1

4
£β

(
κ2 − 1

d
(trκ)2

))
,

µ

T
∇µn

µ =
µ

T
αv∇µv

µ . (A.32b)

Let us now return to the canonical form of the entropy-current (2.65):

Sµ = pβµ − T µνβν −
µ

T
Jµ

Inserting the constitutive relations for T µν and Jµ leads to

Sµ = suµ − Πµνβν −
µ

T
nµ (A.33)

However, Πµνβν = 0, and so we are left with

Sµ = suµ − µ

T
nµ (A.34)

Recall that the divergence of the entropy current ∇µS
µ must be non-negative. Taking

the divergence of (A.34) and replacing ∇µ (su
µ) via equation (A.31), we are left with

∇µS
µ = −

(
χS
κ

8
£βtrκ

2 +
χT
κ

4
£β

(
κ2 − 1

d
trκ2

)
+
χv

2
£βv

2

)
+ P∆µν∇µβν + βν∇µΠ

µν − nµ∇µ

(µ
T

) (A.35)

Inserting the definitions of Πµν and nµ in terms of κµν and vµ yields (after some

simplification)

∇µS
µ =− αS

κ

4
trκ∆µν

(
2∇µβν +

χS
κ

αS
κ

£βκµν

)
− αT

κ

2
κ⟨µν⟩∆

µναβ

(
2∇µβν +

χT
κ

αT
κ

£βκµν

)
− αvv

µ

(
∇µ

(µ
T

)
+
χv

αv

£βvµ

) (A.36)
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We need the divergence of the entropy current to be non-negative for all possible hy-

drodynamic field configurations. This demand is satisfied if we make the identification

αS
κtrκ∆

µν = −ζ∆µν

(
∇µuν +

TχS
κ

2αS
κ

£βκµν

)
, (A.37a)

αT
κκ

⟨µν⟩ = −2η∆µναβ

(
∇αuβ +

TχT
κ

2αT
κ

£βκαβ

)
, (A.37b)

αvv
µ = −σT∆µν

(
∇ν

(µ
T

)
+
χv

αv

£βvν

)
, (A.37c)

where we introduce parameters ζ, σ, and η. The factors of 2 and d are purely for

convention. We can identify ζ as the bulk viscosity, σ with the charge conductivity,

and η with the shear viscosity. This is all well and good, but we want equations

which describe the evolution of Πµν and nµ, not κµν and vµ. However, because of

the hydrostatic piece, the full relationship between {Πµν , nµ} and {χµν , vµ} is non-

linear. We can get a sense of their form by looking at the linearized equations (i.e.

neglecting the hydrostatic contribution): the equations may then be written in terms

of Πµν using the identification

κµν =
1

d
trκ∆µν + κ⟨µν⟩ =

1

d2αS
κ

trΠ∆µν +
1

αT
κ

Π⟨µν⟩ (A.38)

Using equation (A.38) on the equations (A.37) yields the linear equations

τSΠT£β

(
1

d
trΠ

)
+

1

d
trΠ = −ζ∇µu

µ + ... , (A.39a)

τTΠT∆
µναβ£βΠ⟨αβ⟩ +Π⟨µν⟩ = −ησµν + ... , (A.39b)

τnT∆
µν£βnν + nµ = −σT∆µν∇ν

(µ
T

)
+ ... , (A.39c)

where τSΠ = ζχS
κ/(

√
2αS

κ)
2, τTΠ = ηχT

κ/(α
T
κ )

2, and τn = σχv/α
2
v denote relaxation

times for the bulk viscosity, shear viscosity, and transverse charge current. The ...

denote numerous non-linear terms which were not included. We also neglected certain

derivatives of uµ, which would be included in the ... terms. For the full expressions

in the case of a conformal fluid, the interested reader may refer to [69].
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Appendix B

Linear Response Theory

Linear response theory (LRT) investigates how systems respond at a linear level

after begin deformed by a source. This gives us a great deal of valuable information

about the macroscopic properties of the system, from susceptibilities to dispersion

relations to Kubo formulae and more. Here, we will attempt to convey the core idea

behind the framework; a reader interested in more detail may refer to [47, 161], upon

which this appendix has been built. We will work with d = 3, but results may be

straightforwardly generalized to d+ 1 spacetime dimensions.

B.1 Diffusion

In what follows, we will consider the case of a system where we only care about

perturbations in U(1) charge. For example, we could be thinking about spin dif-

fusion [161]. Regardless of the situation, we wish to consider a system with only

one relevant conserved quantity: the one-point function of the U(1) charge current

operator Jµ.

Let us begin by considering the diffusion equation, and a perturbation Jµ =

Jµ
0 +δJ

µ. As we saw in Chapter 2.1, this can be obtained from the one-point function

by writing down the spatial component of the charge current in terms of the time

component via Fick’s law:

δ ⟨J i⟩ = −D∂iδ ⟨J0⟩ , (B.1)

where D is the diffusion constant. Now, let us call J0 the charge density n. Then,
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assuming D is a constant yields the conservation equation

∂tδ ⟨n(t, xj)⟩ −D∂i∂
iδ ⟨n(t, xj)⟩ = 0 . (B.2)

For notational clarity, we hereafter drop the δ. Let us now Fourier-transform this

equation solely in the spatial components, according to

⟨n(t, xj)⟩ =
∫

d3x

(2π)3
eikjx

j ⟨n(t, kj)⟩ , (B.3)

This yields the transformed equation

∂t ⟨n(t, kj)⟩+Dk2 ⟨n(t, kj)⟩ = 0 . (B.4)

This may be easily solved:

⟨n(t, kj)⟩ = e−Dk2t ⟨n(t = 0, kj)⟩ . (B.5)

Let us now further define the Laplace transformation of ⟨n(t, kj)⟩ as

⟨n(z, kj)⟩ =
∫ ∞

0

dt eizt ⟨n(t, kj)⟩ . (B.6)

Inserting the solution (B.5) into the Laplace transformation (B.6) yields

⟨n(z, kj)⟩ = ⟨n(t = 0, kj)⟩
−iz +Dk2

(B.7)

Note that ⟨n(z, kj)⟩ has a pole in the plane of complex z at z = −iDk2. If z were ω,

this would be the dispersion relation for the diffusion equation. However, referring to

equation (B.6), we can see that the integral is only convergent if Im(z) > 0. We will

later analytically continue to the lower-half complex plane; for now, we simply note

the pole.

We would now like to introduce a source term to deform the theory, and see how

the charge density responds. Recall that the charge density represents the expectation

value of J0. In general, if we introduce a perturbation to the Hamiltonian of a system,

the expectation value of an operator O will change according to [47]

δ ⟨O(t, xj)⟩ = −i
∫ t

−∞
dt′ ⟨[O(t, xj), δH(t′)]⟩ . (B.8)
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Let us introduce a source µ for the charge density – this is the U(1) chemical potential.

Let us denote the Hamiltonian of the system without the external source by H; then

the modified Hamiltonian H = H + δH is given by

H = H −
∫
ddxµ(t, xj)n(t, xj) . (B.9)

In what follows, we will be interested primarily in the one-point function and the

retarded two-point function.

B.1.1 Static susceptibility

Let us now consider computing the equilibrium expectation value ⟨n(t, x)⟩eq in the

presence of a constant µ(t, xj) = µ0 at t = 0; we will denote this by ⟨n(xj)⟩µ0
. Let us

also denote the total charge operator by N =
∫
ddxn(xj), and the spatially averaged

charge density by n̄ = N/V . Taking the thermodynamic limit, a constant source

term means we expect n(xj) → n̄. Therefore,

⟨n(xj)⟩µ0
→ ⟨n̄⟩µ0

=
tr
(
e−β(H−

∫
ddxµ0n̄)n̄

)
tr
(
e−β(H−

∫
ddxµ0n̄)

) =
tr
(
e−β(H−Nµ0)n̄

)
tr (e−β(H−Nµ0))

.

We therefore can write

1

β

∂ ⟨n̄⟩µ0

∂µ0

=

(
tr
(
e−β(H−Nµ0)n̄N

)
tr (e−β(H−Nµ0))

)
−

(
tr
(
e−β(H−Nµ0)n̄

)
tr (e−β(H−Nµ0))

)(
tr
(
e−β(H−Nµ0)N

)
tr (e−β(H−Nµ0))

)
=

1

V

(
⟨N2⟩µ0

− ⟨N⟩2µ0

)
.

Taking the limit as µ0 → 0, we find an expression for the static susceptibility χnn:

∂ ⟨n⟩µ0

∂µ0

∣∣∣∣
µ0=0

=
β

V

(
⟨N2⟩eq − ⟨N⟩2eq

)
≡ χnn . (B.10)

Since
(
⟨N2⟩eq − ⟨N⟩2eq

)
≥ 0 for all configurations, we must have χnn ≥ 0. We may

then claim that, for a “small enough” perturbation (i.e. for small k) µ(t = 0, xj), one

can write the charge density as

⟨n(t = 0, xj)⟩ = χnnµ(t = 0, xj). (B.11)
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Figure B.1: A plot of the behaviour of µ(t, xj) with respect to time. The source is
adiabatically turned on from time t = −∞, and then is suddenly quenched at t = 0.
Linear response theory studies how the charge density reacts to the sudden change.

In the above, we have restored the spatial dependence of n and µ, with the under-

standing that n and µ do not vary too quickly.

B.1.2 Two-point functions

Now, let us return to the equation (B.8), and input δH(t′) = −
∫
ddyµ(t′, yj)n(t′, yj).

We also make a particular assumption about the form of µ(t′, yj) in time – that we

adiabatically (i.e. slowly enough that the system never leaves equilibrium) turn on

µ up until t′ = 0, then immediately and sharply shut the source off, thrusting the

system out of equilibrium. In other words, we define

µ(t′, y′j) = eεt
′
µ̄(yj)θ(−t′) , (B.12)

where we define µ̄ as the purely spatial part of µ, and ε is an infinitesimally small

positive constant. This type of sharp change in a parameter is sometimes called a

quench; see Figure B.1. We then have (slightly adjusting the bounds on the integral)

δ ⟨n(t, xj)⟩ = i

∫ 0

−∞
dt′
∫
ddyeεt

′
θ(t− t′)µ̄(yj) ⟨[n(t, xj), n(t′, yj)]⟩ (B.13)
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Let us now define the following shorthand. We define the retarded two-point function

GR
nn(t− t′, xj − yj) by

GR
nn(t− t′, xj − yj) ≡ −iθ(t− t′) ⟨[n(t, xj), n(t′, yj)]⟩ . (B.14)

We can then write

δ ⟨n(t, xj)⟩ = −
∫ 0

−∞
dt′
∫
ddyeεt

′
GR

nn(t− t′, xj − yj)µ̄(yj) (B.15)

Let us now Fourier-transform equation (B.15) in space to find (dropping the δ as

before for convenience)

⟨ñ(t, kj)⟩ = −
∫ 0

−∞
dt′eεt

′
µ̄(kj)GR

nn(t− t′, kj) . (B.16)

We then Fourier transform GR
nn(t− t′, kj) in time, giving

GR
nn(t− t, kj) =

∫ ∞

−∞

dω

2π
GR

nn(ω, k
j)e−iω(t−t′) . (B.17)

Inserting this in to (B.16) and evaluating the t′ integral yields

⟨ñ(t, kj)⟩ = −µ̄(kj)
∫ ∞

−∞

dω

2π

e−iωtGR
nn(ω, k

j)

iω + ε
(B.18)

Let us now Laplace transform both sides of this equation to get

⟨n̄(z, kj)⟩ = −µ̄(kj)
∫ ∞

−∞

dω

2π

GR
nn(ω, k

j)

(iω + ε)(i(ω − z) + ε)
, (B.19)

where a factor of ε > 0 has been added to the second pole for convergence. Now, we

can note that GR
nn(ω, k

j) is analytic in the upper-half plane of complex ω, due to the

fact that GR
nn(t − t′, kj) was only non-zero for t − t′ > 0. This implies that we can

close the integral (B.19) in the upper half-plane without worrying about branch cuts.

Closing in the upper half plane, we pick up the poles at ω = iε and ω = z + iε. By

the residue theorem, we therefore have

⟨n̄(z, kj)⟩ = −µ̄(kj)
(
GR

nn(z + iε, kj)−GR
nn(0 + iε, kj)

iz

)
(B.20)



176

Let us now return to equation (B.5), and set t = 0. Defining a new t′′ = −t′, we find

⟨n(0, kj)⟩ = −µ̄(kj)
∫ ∞

0

dt′′e−εt′′GR
nn(t

′′, kj) (B.21)

However, the integral on the right hand side is simply the Laplace transform with

z = iε, and so we find

⟨n(0, kj)⟩ = −µ̄(kj)GR
nn(iε, k

j) . (B.22)

Comparing to the Fourier transform of equation (B.11), we immediately see that we

can identify

GR
nn(iε, k

j) = −χnn . (B.23)

We can therefore solve for GR
nn(z + iε, kj) in equation (B.20)

GR
nn(z + iε, kj) = − iz

µ̄(k)
⟨n(z, kj)⟩ − χnn (B.24)

Finally, let us insert the expression for ⟨n(z, kj)⟩ that we previously derived all the

way back in equation (B.7), adding in the fact that we know n(0, kj) = χnnµ̄(k). We

then arrive at the final expression for the retarded two-point function, letting ε→ 0:

GR
nn(z, k

j) =
χnnDk

2

iz −Dk2
. (B.25)

This expression is analytic in the upper-half complex plane in z, and undefined in

the lower-half plane. Let us analytically continue to the lower half plane, writing

instead GR
nn(ω, k

j). Then GR
nn(ω, k

j) has a pole in the lower-half complex plane at

ω = −iDk2, which we may now take seriously as the diffusion pole. Finally, let us

define σ = χnnD. Then the retarded two-point function may be written

GR
nn(z, k

j) =
σk2

iz − (σ/χnn)k2
. (B.26)

The transport coefficient σ is what we get if we re-write the diffusion equation (B.2)

in terms of the source µ

∂tn(µ)− σ∂j∂
jµ = 0 . (B.27)
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The transport coefficient σ is not free to choose. Instead, it can be extracted directly

from the retarded two-point function:

σ = − lim
ω→0

lim
|k|→0

ω

k2
ImGR

nn(ω, k) . (B.28)

Expressions of the type (B.28) are known as Kubo formulae. Since one can in principle

compute GR
nn(ω, k) from a microscopic theory, the Kubo formula (B.28) fixes the value

of σ from the microscopic theory. This is why, in the main body of the dissertation,

we did not have control over the transport coefficients.

B.2 Hydrodynamics

The generalization of the above to hydrodynamics is immediate. That said, we will

not spend as much time on the subject here as it deserves, nor delve into as much

detail. There are many more things to say; here, we hope to only convey the bare

essentials. Let us consider a collection of degrees of freedom φa, which are coupled to

classical sources λa via

δH = −
∫
d3yλa(t, y

j)φa(t, y
j) . (B.29)

One can then find

δ ⟨φa(t, x
j)⟩λ = −

∫ ∞

−∞
dt′
∫
d3yGR

ab(t− t′, xj − yj)λb(t
′, yj) , (B.30)

where we again define again

GR
ab(t− t′, xj − yj) ≡ −iθ(t− t′) ⟨[φa(t, x

j), φb(t, y
j)]⟩ . (B.31)

We note that, unlike in the previous case in which we only had GR
nn, we now allow

the possibility of cross correlation GR
ab. As a simple example, we could consider the

correlator GR
ϵn, where ϵ is the energy density, and n is the charge density as before.

Let us again consider the fields at the time t = 0 when we perform the quench, i.e.

φa(t = 0, xj). Assuming that the sources are small and do not vary too much, we can

repeat the analysis of the previous section to find the fields in terms of the sources.

In other words,

φa(0, x
j) = χabλb(0, x

j) . (B.32)
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Let us consider the specific case where a = b. Then

χaa =
∂φa

∂λa

∣∣∣∣
λa=0

≥ 0 , (B.33)

where there is no summation over repeated indices a. The inequality comes from the

fact that, defining Φa =
∫
d3xφa(0, x

j),

χaa ∝ ⟨Φ2
a⟩ − ⟨Φa⟩2 ≥ 0 . (B.34)

Looking back at the main body of the dissertation, this was the source of the demand

that the diagonal terms in the static susceptibility (2.53a) were non-negative.

Repeating the analysis of the previous section, we can also find that in the limit

of small k (i.e. assuming that spatial variations are small) that

GR
ab(z = iε, kj) = −χab . (B.35)

With this in mind, let us consider the equations of motion which the fields φa obey.

We assume that they are first order in time, which is a crucial assumption – in

the body of the dissertation, we considered theories such as the BDNK theory of

hydrodynamics which were second order in time. Such theories are not amenable to

the description described hereafter. The fields obey

∂tφa +Mab(∂j)φb = 0 . (B.36)

Fourier transforming in space yields

∂tφ̃a(t, k
j) +Mab(k

j)φ̃b = 0 . (B.37)

Now, let us apply a Laplace transform to the equation; then, integrating by parts and

imposing that φ̃a(t = ∞, kj) = 0, we find

(−izδab +Mab) φ̄(z, k
j) = φ̃a(t = 0, kj) . (B.38)

However, we know that φ̃a(t = 0, kj) = χabλb(t = 0, kj), and so we can write

φ̄a(z, k
j) =

(
K−1

)
ab
χbcλc(t = 0, kj) , (B.39)



179

where we define K−1 is the inverse of Kab = −izδab +Mab. Now, following the same

approach as in the previous section, we can also write the retarded two-point function

in terms of φ̄a(z, k
j) and χnn. Doing so, and then comparing with (B.39), we can

write down the final form of the retarded two-point function:

GR
ab(z, k

j) = −
(
1 + izK−1

)
ac
χcb , (B.40)

There are two final points to be made here. First of all, one can use the retarded two-

point function (B.40) to extract the microscopic definitions of transport coefficients

in the theory via Kubo formulae, in a directly analogous fashion to (B.28). Of course,

knowledge of the equations under consideration are necessary to know exactly which

limits to take.

The second point requires a little bit more care – the application of Onsager

relations.

B.2.1 Onsager relations

The microscopic theory which we wish to study is assumed to have time reversal

symmetry. This demand has an immediate effect on the two-point functions. Let us

begin by considering an arbitrary operator A acted upon by the time-reversal operator

Θ. It is then the case that

⟨β|A|α⟩ = ⟨α̃|ΘA†Θ−1|β̃⟩ , (B.41)

where |α̃⟩ = Θ |α⟩ is the time-reversed state. Let us now consider Hermitian operators

φa which transform in a well-prescribed way under the application of Θ, namely

Θφa(t, x
j)Θ−1 = ηaφa(−t, xj) (B.42)

where ηa = ±1 is the eigenvalue of φa under Θ. Let us suppose we are taking

expectation values in the grand canonical ensemble. Since time reversal is assumed

here to be a symmetry of the microscopic theory, we assume [H,Θ] = 0. We can also

note that we are free to take the trace in whatever basis we want. We are free to use

the energy eigenbasis |n⟩, and we are also free to use their time-reversed counterparts
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|ñ⟩. We may therefore note that

GR
ab(t, x

j) = −iθ(t) ⟨[φa(t, x
j)φb(0, 0)]⟩

= −iθ(t)
∑
n

⟨n|e−β(H−µQ)[φa(t, x
j), φb(0, 0)]|n⟩

= −iθ(t)
∑
n

⟨ñ|e−β(H−µQ)Θ[φa(t, x
j), φb(0, 0)]

†Θ−1|ñ⟩

= −iθ(t)ηaηb
∑
n

⟨ñ|e−β(H−µQ)[φb(0, 0), φa(−t, xj)]|ñ⟩

= −iθ(t)ηaηb
∑
n

⟨ñ|e−β(H−µQ)[φb(t,−xj), φa(0, 0)]|ñ⟩

= −iηaηbθ(t) ⟨[φb(t,−xj), φa(0, 0)]⟩ = ηaηbG
R
ba(t,−xj) ,

(B.43)

where in the third line we have used the identity (B.41), in the fourth line we have

used the fact that φa,b are assumed Hermitian, and in the fifth line we have used

spacetime translation invariance. Fourier transforming yields the relation [47]

GR
ab(ω, k

j) = ηaηbG
R
ba(ω,−kj) . (B.44)

These are the Onsager relations. Let us now take the limit of ω → 0 and small k;

then we know that GR
ab(0, k

j) = −χab. We therefore have the condition on the static

susceptibility that

χab = ηaηbχba . (B.45)

Referring back to the main body of the dissertation, we see that this is the source

for the demand that the static susceptibility matrix (2.53a) was symmetric, as both ϵ

and n are even under time reversal. If Kubo formulae for GR
ab and G

R
ba yield differing

transport coefficients, the Onsager relations connect them, as we saw indirectly in

Chapter 5.
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Appendix C

Routh-Hurwitz criteria

Here we present the RH criterion for polynomials of order two, three, and four. In the

following, for definiteness, we will always assume that an is positive. This fixes the

criterion from all of the entries of G being the same sign to them all being positive.

C.1 Order two

Consider the polynomial

P (z) = a2z
2 + a1z + a0 (C.1)

Then

P0 = a2z
2 + a0 , (C.2a)

P1 = a1z , (C.2b)

and

P2 = Rem(P0, P1) = a0 . (C.3)

The set G is then given by

G = {a2, a1, a0} (C.4)

and the Routh-Hurwitz criterion is given by the demand that a0 > 0, a1 > 0, and

a2 > 0.
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C.2 Order three

Consider the polynomial

P (z) = a3z
2 + a2z

2 + a1z + a0 . (C.5)

Then the subpolynomials are given by

P0(z) = a3z
3 + a1z , (C.6a)

P1(z) = a2z
2 + a0 , (C.6b)

P2(z) = Rem(P0, P1) =

(
a1 −

a2a3
a0

)
z , (C.6c)

P3(z) = Rem(P1, P2) = a0 . (C.6d)

and so

G = {a3, a2,
(
a1 −

a0a3
a2

)
, a0} (C.7)

leading to the conditions a3 > 0, a2 > 0, a1a2 − a0a3 > 0, and a0 > 0. We have made

use of a2 > 0 to multiply the third condition through by a0.

C.3 Order four

Consider the polynomial

P (z) = a4z
4 + a3z

3 + a2z
2 + a1z + a0 . (C.8)

Then the subpolynomials are given by

P0 = a4z
4 + a2z

2 + a0 , (C.9a)

P1 = a3z
3 + a1z , (C.9b)

P2 = Rem(P0, P1) =

(
a2 −

a1a4
a3

)
z2 + a0 , (C.9c)

P3 = Rem(P1, P2) =

(
a1 −

a0a3
a2 − a1a4

a3

)
z , (C.9d)

P4 = Rem(P2, P3) = a0 . (C.9e)
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and so

G =

{
a4, a3,

(
a2 −

a1a4
a3

)
,

(
a1 −

a0a3
a2 − a1a4

a3

)
, a0

}
. (C.10)

Therefore, the RH conditions for an order-four polynomial are given by

a4 > 0, a3 > 0, a2a3 − a1a4 > 0, a1a2a3 − a21a4 − a0a
2
3 > 0, a0 > 0 , (C.11)

where we have used a3 > 0 to simplify the third inequality and a2a3 − a1a4 > 0 to

then simplify the fourth inequality.
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