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Abstract. The max algebra consists of the set of real numbers, along with negative
infinity, equipped with two binary operations, maximization and addition. This
algebra is useful in describing certain conventionally nonlinear systems in a linear
fashion. Eigenvalues and eigenvectors of matrices over the max algebra are
investigated, and proofs are presented for new results as well as for some known
results not readily available in the literature. Properties of eigenvalues and
eigenvectors that depend solely on the pattern of finite and infinite entries in the
matrix are studied. Inequalities for the maximal eigenvalue of a matrix, motivated by

those for the Perron root of a nonnegative matrix, are proved.



1. Introduction. The algebraic system called "max algebra" has been used to describe in a
linear fashion phenomena which are nonlinear in the conventional algebra. Examples include
transportation networks, machine scheduling, and parallel computation. A system in which
one component must wait for results from other components (a "discrete event dynamic
system") can be modelled in max algebra. See [11, Ch. 1] for a detailed description of such
systems. As described there, the question of regularizing a system, that is of initiating a
system in such a way that all components begin cycles at the same time, is answered by
solving the eigenproblem in max algebra.

An early exposition of max algebra is the monograph of Cuninghame-Green [11].
Related works are Carré [6, Ch. 3], and Gondran and Minoux [16], which discuss more
general "path algebras" and describe Gaussian and related solutions of linear systems over
path algebras. Currently work on max algebra systems is progressing in many directions,
see [1, 5, 9, 15, 22]. Eigenproblems for irreducible matrices over the max algebra were
studied in [11]. An extension of this work, in a direction other than that taken in this paper,
appears in [21].

Briefly put, the scalars in max algebra are the real numbers together with -e. The
sum of two scalars is their maximum, and the product is their conventional sum. Matrix
operations are defined as usual, but using the max algebra scalar operations. The
exponential function provides a natural one-to-one map from R U {-«} onto the
nonnegative reals. Under this correspondence, matrices over max algebra correspond to
nonnegative matrices over the reals, and much of our work is motivated by the theory of
nonnegative matrices. Techniques of proof for max algebra sometimes reflect those for
conventional algebra. In particular, the directed graph of a matrix, which provides much
information in the study of nonnegative matrices, plays an even more central role in matrices
over max algebra. A glance at the definition of p(4) in Section 2 and at Theorem 2.8 will
confirm this.

In Section 2 we give the basic definitions and results for eigenvalues and eigenvectors
of general square matrices over the max algebra. Some of these results can be found

scattered in the literature [1, 8, 11, 15, 24, 25]; we have put them together in a more



accessible form

In Section 3 we study reducible matrices. We give necessary and sufficient conditions
for the eigenvalue of an irreducible component (or -<) to be an eigenvalue of A
(Theorems 3.3, 3.4). We also characterize matrices that admit a finite eigenvector. We
remark that in the context of a discrete event dynamic system, the existence of a finite
eigenvector implies that the system can be regularized. As our work was nearing
completion, we discovered that some of these spectral results had been presented in the thesis
of Gaubert [15, Ch. 4] and in [24].

In applications to discrete event dynamic systems such as machine scheduling or
parallel computing, it may be useful to obtain information about eigenvalues and eigenvectors
given only partial information concerning the entries of the matrix. In particular, it may be
known which components of the system must wait for input from which other components,
while the waiting times are unknown. It will then be known where the finite entries of the
matrix of interest occur, but their magnitudes will be unknown; that is, only the "pattern" of
the matrix will be specified. In Section 4, we obtain results concerning eigenvalues and
eigenvectors which depend only on the pattern of the given matrix.

Finally, in Section 5 we present inequalities concerning the maximal circuit mean of a
matrix over the max algebra. Most of these are motivated by known corresponding

inequalities for the spectral radius of a nonnegative matrix.

2. Eigenvalues and Eigenvectors. The max algebra consists of the set M = R U {-oo},
where R is the set of real numbers, equipped with two binary operations, addition and

multiplication, denoted by @ and & respectively. The operations are defined as follows

a®b
and a®b

max(a, b), the maximum of a and b

a + b.



Clearly, -« and O serve as identity elements for the operations @ and &

n
respectively. We denote x, © .. @ x_ by x,, or by x, when the range of
1 n i i
i=1 :

summation of the index i is clear from the context.
We deal with vectors and matrices over the max algebra. Basic operations on

matrices are defined in the natural way. Thus, if A = [ai].], B = [b,.j] are m x n matrices
over M, then A © B isthe m x n matrix with (i,)-entry a,; &b b, If ¢ € M, then
¢ ® A is the matrix [c®aij] = [c+aij]. If Ais mxn and B is n x p, then

A ®B isthe m x p matrix with (i,j)-entry

n

Z@ a, ® by = mf'x(aik +by;).

k=1

It is easily verified that matrix multiplication is associative and that it distributes over matrix

addition. If A is n x n, wedenote A ® .. ® A taken k timesby A*.

The transpose of the matrix A is denoted by A”. The n x n matrix with each
diagonal entry zero and each off-diagonal entry - is the identity matrix over the max
algebra. If we permute the rows (and/or columns) of the identity matrix then we obtain a

permutation matrix over the max algebra. If A, B are m x n matrices over M, then

A > B means that a; > b,; forall i,j. Similarly 4 > B means that a; > b; for all

i,].
A column or row vector x over M is said to be finite if each component x; of
the vector is finite. A vector is called partly infinite if it has a finite component as well as

an infinite component. A matrix or vector with each component - is called infinite and



we denote it by - as well; this should not cause any confusion.
ILet A bean n x n matrix over M. We associate a directed graph (digraph)
G(A) with A as follows. The vertices of G(4) are 1, 2, .., n. There is an edge

from vertex i to vertex j, denoted by (i,j), if a; is finite and in that case we say that

a;; is the weight of the edge (i,j). We use standard terminology from the theory of

digraphs. Thus a path of length ¢ in a digraph is a sequence of edges
(il,iz), (iz, i3), ey (iﬂ’ilhl)’ also denoted by i, ~ i, -~ .. = i, ~ i,,;. The weight of a path
is the sum of the weights of the edges in the path. The average weight of the path

iy, ~ iy, » ..~ 1, isdefined as

A circuit of length { is a closed path i, -~ i, ~ .. ~ i, » i;, where i, .., i, are
distinct. We write this circuit as (il iy .. ie) and while doing so we make the convention
that i, be the least among the integers i, .., {,. A circuit of length one is a loop. We

denote the set of circuits in G(4), orin A4, by C(4). If © € C(A) then the average

weight of t is called the mean of the circuit <, denoted by M,(v). We define the

maximal circuit mean of A, denoted by p(4), as

pA) = max  M,(7)
T € CA)

if C(A) # ¢, and we set p(A) = -« otherwise. A circuit t € C(4) iscalled a



critical circuit if M,(t) = p(4). The set of all critical circuits in A is denoted by
C).

A digraph is strongly connected if there exists a path from any vertex to any other
vertex. We say that the matrix A is irreducible if G(A) is strongly connected. If A is

not irreducible then we say that it is reducible. If A isan » x n matrix over M then
clearly A is irreducible if and only if [ea" ] is a nonnegative, irreducible matrix in the

usual sense (see e.g. [3]). We also remark that A is reducible if and only if either A is

1 x 1 containing - or there exists a permutation matrix Q over the max algebra such

that

Ay -=
0®A4AR®QT-=

AZl . AZZ

where A, and A,, are square matrices of order at least one.
We now define the concepts of eigenvalues and eigenvectors over the max algebra.
Let A bean n x n matrix over M. We say that A € M is an eigenvalue of 4 if

there exists a vector x # —< such that

AQx =218 x. 2.1)

In this case we say that x is an eigenvector of A corresponding to the eigenvalue A.
Furthermore, we call (A,x) an eigenpair of A. Note that (A,x) is an eigenpair of A

if and only if x # -« and max(aij+xj) =A+x, i=12,.,n Forexample, if
j .

3 -0 - - 00

A= ,then A ® , thus 4 is an eigenvalue of A. It can be

=4®[

2 4 0 0



checked that 4 is the only eigenvalue of A. Note that AT has both 3 and 4 as

eigenvalues.

If Q isa permutation matrix over the max algebra and A € M then (A,x) isan
eigenpair of A if and only if (A, Q®x) is an eigenpairof Q ® 4 ® Q7. In
particular, A and Q ® A ® QT have the same eigenvalues. In view of these

observations we often find it convenient to deal with Q ® A ® QT with a suitable
permutation matrix Q instead of the matrix A itself. Note that G(4) and
G(Q ® A ® QT) are identical except for the labelling of the vertices.

The first three results deal with the occurrence of -« as an eigenvalue.

LEMMA 2.1. Let A be an n x n matrix over M and suppose C(A) = ¢.
Then - is the unique eigenvalue of A.

Proof. Since C(A) has no circuit, we can relabel the vertices of G(4) such that

there is no edge from i to j if i <j (seee.g. [6, p. 50]). Thus we may assume,

without loss of generality, that

_w ese —.w
a; -
A =
a, a,. -«
The vector x = [-..-=0]F satisfies 4 ® x = ~» ® x and hence -« isan

eigenvalue of A. Now suppose (A,y) is an eigenpair of A, so that

A®y=1Qy. 2.2)



Suppose A # -o. Then the first equation in the system (2.2) gives y, = —. The
second equation in (2.2) is a,, + y, = A +y,, and since y, = -, we have y, = -,
Continuing in this way we conclude that all components of y are -, whichisa
contradiction. Thus A = - and the proof is complete. [l

We remark here that the converse of Lemma 2.1 is also true, thus C(4) = ¢ if
- ig the only eigenvalue of A. This will follow from Theorem 2.8.

LEMMA 2.2. Let A bean n x n matrix over M. Then - is an eigenvalue
of A ifand only if A has an infinite column.

In fact, if (-,x) is an eigenpair of A and if X; is finite, then the j-th column of
A is -e. In particular, if (-o,x) is an eigenpair of A and x is finite, then

A = —o. The "only if" part of Lemma 2.2 is contained in [11, p. 201]. The next result is

an immediate consequence of Lemma 2.2.

COROLLARY 2.3. If A is an irreducible matrix then any eigenvalue of A is
finite.

We will see later in this section that if A is irreducible, then p(4) is the only
eigenvalue of A.

LEMMA 2.4. Let A bean n x n matrix over M. If A has a partly infinite
eigenvector then A is reducible.

Proof. Let (A,x) be an eigenpair of A with x partly infinite. If A = - then
by Lemma 2.2 we conclude that A has an infinite column and hence A is reducible.
So suppose that A is finite. We assume, after permuting the rows and columns of A4 in

an identical fashion if necessary, that x = [-=" yT]T where y is finite. Partition A

conformally so that we have



11 All

21 A22

Then A, ® y = A ® ~». Since y is finite, A;, = -« and hence A is reducible. [

COROLLARY 2.5. If A isan n x n irreducible matrix over M then any
eigenvector of A is finite.

We now state a simple fact about digraphs.

LEMMA 2.6. Let G be a digraph in which every vertex has out-degree at least
one. Then G has a circuit.

Proof. If G has no circuit, then, as noted in the proof of Lemma 2.1, we can
relabel the vertices of G so that there is no edge from i to j if i < j. But then

vertex 1 has out-degree zero which is a contradiction. Therefore G must have a

circuit. [

THEOREM 2.7. Let A bean n x n matrix over M, let (A,x) be an eigenpair
of A and suppose x is finite. Then A = p(A).

Proof. If A = -« then A = -« (see the remark following Lemma 2.2) and

hence A = p(4). So we can assume that A is finite. We have
max(a; +x;) = A + X, i=1,2,.,n (2.3)
i

and hence, in particular

a; + % - x <) B, j=1,2,.,n (2.4)



Since A is finite, we must have C(A4) # ¢ by Lemma 2.1. Let

T = (i1 .. ik) € C(4). Apply (2.4) to the entries of A in positions

(1o )5 (B E3)5 > (§» 4), and add the resulting inequalities to conclude that M, (t) < A.
Construct a digraph H with vertices 1,2,..,n and an edge (i,j) if and only if

there is equality in (2.4), i.e., a;+x;-X; = A. Tt follows from (2.3) that each vertex in H

has out-degree at least one and hence by Lemma 2.6, H has a circuit, say, t. Since A is

finite, H is clearly a subgraph of G(4). Thus t € C(A) and furthermore, M,(x) = A.

Therefore, A = p(A) and the proof is complete. [
ILet A bean n x n matrix over M with C(A) = ¢ andlet B bethe n x n

matrix with bij =a; - p(d) forall i, j. Define I'(B) by

T'(R) =B®B*® .. ® B™. (2.5)

First observe that the (i,j)-entry of B is precisely the maximal weight of a path of length
k from vertex i tovertex j in G(B). Any path in G(B) of length more than n

must contain a circuit and since any circuit mean in C(B) is at most zero, we have

I'(B) = B*, k>n+1. (2.6)

L1

Y& A
i1

.y PO IS £ o TV ~4 Ve B A WVX £ 4l £2 2 L
LHOWS 11IUIIL (£.J), {£.0) Uldl UIC i, /) -Clily Ol

B), denoted by TI'(B), is the maximal
weight of a path (of any length) from i to j in G(B).

The next result is known in the case that the matrix is irreducible, see [11, p. 185-
190]; our proof technique is similar. The result for an irreducible matrix will be stated as a

corollary.
THEOREM 2.8. Let A bean n x n matrix over M. Then p(4) is an
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eigenvalue of A.

Proof. If C(A) = ¢, then p(A) = -~ and it is an eigenvalue of A by Lemma
2.1. So we assume that C(A) = ¢, in which case p(4) must be finite. Let B be the
matrix with bl.j =a; - p(d) forall i,j (thus A = p(4) ® B) and let T'(B) be as in
(2.5). Let j € {1,2,.,n} be a vertex which belongs to a critical circuitin C(B). Any
path from j toitselfin G(B) must have weight at most zero and since j belongs to a

critical circuit, there is at least one path from j to itself of weight zero. Thus I‘jj B) =0
and, in particular, I‘j(B), the j-th column of T'(B), is not -oo.

Now observe that for any i, the maximal weight of a path, of any length, from i

to j may also be expressed as

3 b, ® T(B) @.7)
=1

)

~

since there exists such a path (in which a vertex may occur more than once) of length at least
two, in view of the fact that j is on a critical circuit. However, (2.7) is precisely the i-th
entry of B ® I,(B). Therefore B &® I;(B) =Ty(B) = 0 ® I;(B) and hence (0,T;(B))
is an eigenpair of B. Now A & I.(B) = p(d) ® B I.(B) = p@) ® I;(B) and
therefore p(4) is an eigenvalue of 4. [

COROLLARY 2.9. Let A be an irreducible n x n matrix over M. Then p(4)
is the only eigenvalue of A and every eigenvector corresponding to p(A) is finite.

Proof. By Theorem 2.8, p(4) isan eigenvalué of A. Suppose (A,x) isan
eigenpair of A. Since A is irreducible, by Corollary 2.3, A% o, By Corollary 2.5, x
is finite and then it follows from Theorem 2.7 that A = p(4). Any eigenvector

corresponding to p(4) is finite by Corollary 2.5 and the proof is complete. []
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Let A bean n x n matrix over M. The critical graph of A is a digraph with
vertices 1, 2, .., n, defined as follows. For i,je{1,2,..,n}, (i,j) is an edge in the
critical graph of A if and only if it belongs to a critical circuit in C(4). The next result is
known (see [11, p. 191]) and will be used in Sections 4 and 5.

THEOREM 2.10. Let A be an n x n irreducible matrix over M. Then the
Jollowing conditions are equivalent.

(i) The critical graph of A is strongly connected.
(i) If x and y are both eigenvectors of A then x = o ® y for some « € R.

According to Theorem 2.10, for an irreducible matrix A, the critical graph of A4

is strongly connected if and only if A has a unique eigenvector, up to a scalar multiple

over the max algebra.

3. Reducible Matrices. Let A bean n x n matrix over M. It is well-known (see e.g.
[3, p. 39]) that by permuting the rows and columns of A in an identical fashion we can

bring A to the Frobenius Normal Form. More precisely, there exists a permutation matrix Q

over the max algebra such that Q ® 4 ® QT equals

A11 - ,, -0
A21 A22 . —00 o
.A q! qu Aqq.

where each A;; is either square and irreducible oris 1 x 1 containing - .

Let A bean n x n matrix over M and let G(A) be the digraph associated with

m

A asin Section 2. If i,j € {1,2,.,n} then we say that i is equivalentio j if i=j
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or if in G(4) there exists a path from i to j and a path from j to i. This is clearly

an equivalence relation.

Now suppose that A is in Frobenius Normal Form (3.1). The following notation
will be used throughout this section. For k = 1,2,..,q let V. denote the set of indices of
rows in A that intersect the diagonal block A4,,, and let o, be the number of elements
in V,. Thesets ¥V, are called the classes of A. Observe that i,j€ {1,2,.,n} are
equivalent if and only if there is a class containing both i and j.

LEMMA 3.1. Let A bean n x n )natrix over M which is in Frobenius Normal

Form (3.1) and let (A,x) be an eigenpair of A. Suppose x is partitioned as

[T ,TIT 3.2
where Xy isoforder «,, i=12,.,q. Thenforany i, either Xiy = ~® O Xy is

finite.
Proof. If x is finite then there is nothing to prove so suppose that x is partly
infinite. Fix k € {1,2,..,q}. If «, =1 then the result is obvious, so suppose o, > 2.

Let
Wy={i: i€V, x,=-%}, Z={i: ieV, x+-=)

If x, = - and X; # —o for some i,j in V., then we must have a; = -, for
otherwise, the i-th equationin A ® x = A @ x is not satisfied. Thusif i€ W, JE€EZ,
then a; = —. Since A, is irreducible, we must have either W,=¢ or Z, =¢.

Thus either x,, is finite or x,, = - and the proof is complete. [

THEOREM 3.2. Let A bean n x n matrix over M which is in Frobenius
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Normal Form (3.1). Then each eigenvalue of A is in the set {p.(An), s p(A a q)}.

Proof. Let (A,x) be an eigenpair of A and let x be partitioned as in (3.2). By

Lemma 3.1 there exists F < {1,2,..,q9} such that Jé(k) is finite if &k € F and
X4 = — otherwise. Let B be the principal submatrix of A formed by the rows and

columns indexed by |J V;. It follows from A ® x = A ® x that the finite part of x
ieF '

(which is precisely the subvector of x formed by x,,, K € F) is an eigenvector of B

corresponding to the eigenvalue A. It follows from Theorem 2.7 that A = p(B). Clearly

p(B) = max ”(Aii) and therefore p(B) € {u<Au),..., p(Aqq)}. [

ieF

The following two theorems are the main results of this section. The case q = 2 is
stated in [1, p. 115; 10, p. 56], and Theorem 3.4 is given in [15, Ch. 4, Cor. 2.2.5].
THEOREM 3.3. Let A bean n x n matrix over M which is in Frobenius

Normal Form (3.1). Let i € {1,2,..,q}, let T, = {j: p(Ajj) < p.(A“.)} and let

T, = {j: p(Ajj) = u(A“)). Then p.(Aﬁ) is an eigenvalue of A if and only if there exists

T<TyUT, suchthat TNT, =¢ andsuchthat Ay = -« forany j ¢ T, keT.
Prodf. First suppose that there exists 7 < T, U T, with TN T, = ¢ and suppose

A, = - whenever j ¢ T, k € T. Let F be the principal submatrix of A indexed by

the rows and columns in |J V,. Then p(F) = k(4;). It follows by Theorem 2.8 that
keT

u(A“) is an eigenvalue of F and we let z be a corresponding eigenvector. Index the

coordinates of z by U VJ For j e T, let Zj) be the subvector of z with
. jer

coordinates indexed by V,. Now construct the vector x of order n, partitioned as in

(3.2) as follows. If j € T then set Xy =%, andif j ¢ T then set Xy = —°. We
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then claim that A @ x = p.(A,.,.) ® x. To verify the claim we must show that

Ay —® o - X *w
Ay Ay - X2 X2
B |7 = rd) ®
Ay A Ay %@ *@ ]
which is equivalent to
j
Y 4, ® X = BA) ® X § =12 ..q. (3.3)

(=1

If j €T then (3.3) reducesto Y o 4, ® z, = k(4;) ® z;), which holds
teT

since z is an eigenvector of F corresponding to p.(Ai,.). If j¢T then A, = -~ for
any k € T. Since Xy = = if j ¢ T, (3.3) reduces to - = -, which is obvious.
Thus the claim is proved and p(4;) is an eigenvalue of A.

To prove the converse, suppose p(A.) is an eigenvalue of A. First suppose that
(4

R(4;) = —«. Then by Lemma 2.2 A must have a column equal to ~c. Thus there
exists ¢ € {1,2,.,q9} suchthat 4, is 1 x 1, «, =1 and the column of A indexed

by V, (which is a singleton) is -.. Now T = {{} satisfies the required conditions and
the result is proved. So we assume that W(A;) is finite and let x be an eigenvector
corresponding to p(A“) partitioned as in (3.2) so that (3.3) holds.

If x is finite then by Theorem 2.7, p(A“) = p(A) and hence
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T,UT, = {1,2,.,q9}. Set T ={1,2,.,q} sothat TN T, # ¢ and the condition
A].k = -» forany j ¢ T, k € T is vacuously true. Finally, suppose x is partly

infinite. By Lemma 3.1 there exists T < {1,2,..,q} such that x,

© is finiteif 0 e T

and x, = - otherwise. Let F be the principal submatrix of A determined by the

rows and columns in U V;. The finite part of x is an eigenvector of F with
JET

eigenvalue p(A.) and by Theorem 2.7, p(A4,) = p(F). In particular, p(4,.) = p(4,
( u) i u 5

forany j € T. Therefore T < T, U T,. Since u(F) = max p,(A“), we have
teT

TN T, # ¢. Now suppose that for some j ¢ T, k € T, we have Ay # -». Since x4

J
is finite, Y o 4, @ x4, * -=, whereas B(4;) ® x;) = -«. Thus (3.3) is not
e=1

satisfied, which is a contradiction. Therefore forany j ¢ T, k € T we have Ajk =~
and the proof is complete. [J
If V. and V; are classes, we say V. has access to V¥, provided either i =j or

i J

thereisa u € ¥V, anda v € ¥, such that there is a path from # to v in G(4). Since
each Ajj is either irreducible or [-<], the relation "has access to" is reflexive and

transitive. If p(A;) > p(4;) then we say that class ¥, dominates class V..
Ji ii Y J i

THEOREM 3.4. Let A bean n x n matrix over M which is in Frobenius
Normal Form (3.1), and let A € M. Then A is an eigenvalue of A if and only if there
isan i such that u(Aﬁ) = A and no class which dominates V, has access to V..

Proof. Suppose i exists as described. Let T, = {j: p(Ajj) < p(A“)},

T, = {j: p(Ajj) = p.(A‘.i)}, andlet T = {j: 4 has access to V.}. If meT then V,

does not dominate V;, so p(4,,) < p(4;) and m e ; UT,. Hence T< T, UT,.
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Since i € T, TNT, # ¢. Let j ¢ T and k € T and suppose A, # -. Then ¥,

has access to V,, and since V. has access to V, V] has access to V,, contradicting the

’

factthat j ¢ T. Thusif j ¢ T and k € T, we have Ajk = -, and so by Theorem 3.3
A

B(4;) isan eigenvalue of A.

Now suppose A is an eigenvalue of A. By Theorem 3.2, there isa p such that
b - nid,,) Let T, - (J k) < w(d,)} T = (: BAy) = B,,)} By Theorem
33thereisa TcT,UT, with TN T, # ¢ suchthatif j ¢ T and k € T then
A, = - Let i e TNT, Then kA;) = »{4,,) = A. Suppose that ¥, dominates

V, butthat ¥, hasaccessto V;. Let u €V, and v € V; such that there is a path

4

~,

U =x -=x,~=>x =v in GA). Let m be the smallest index such that x, € V,
for some ¢ € T. Now x, € VJ and j ¢ T since p.(Ajj) > p.(Aii) = p,(App). Hence

m>1, and x, , € ¥V, forsome s ¢ T. But (x ’_l,xm) is an edge in G(A) from

m
x, €V, tox, €V, s0 A, # -, contradicting the choice of T. Hence if V]
dominates V;, then VJ does not have access to V,, and the theorem is proved. [l

As an example, consider A in Frobenius Normal Form with five diagonal blocks

0 3 -® -© -% -® -
1 -5 ~% @ ~% -® -o
—% -0 § ~00 — —e —oo
A=|2 -3 6 4 -1 -» -w
0 1 2 1 1 -» -
co — ] - ~w 3 -
7 -4 2 3 -o 1 -o

For this matrix, p{dy;) = 2, B(dy) = 5, w(ds) = 4, B(dy) = 3, B(ds) = - Thus,
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by the above results, the eigenvalues of A are -, 3, 4, 5.

We now present some applications of Theorems 3.3 and 3.4.

COROLLARY 3.5. Let A bean n x n matrix over M in Frobenius Normal

Form (3.1). Then the following assertions are true.

(i) max p(A;) is an eigenvalue of A.

(ii) Let j € {1,2,.,q} and suppose A.-,- = - for i #j, then p(Ajj) is an
eigenvalue of A. In particular, p.(Aq q) is an eigenvalue of A.

(iii)  Suppose k € {1,2,..,q} and suppose p(Ajj) < P(Akk) Jor k <j<q. Then
W(Ag) is an eigenvalue of A.

Proof. Apply Theorem 3.3 with T = {1,2,..,q} for (i), T = {j} for (ii), and
T=1{k, k+1, .,q} for (iii)). O

COROLLARY 3.6. Let A bean n x n mairix over M in Frobenius Normal
Form (3.1). Suppose q > 1, p(A ) > w(4;) and A, # -~ fori=1,2, .sq-1. Then
p.(A ‘ q) is the only eigenvalue of A. Furthermore any eigenvector of A is partly infinite.

Proof. By Theorem 3.2 each eigenvalue of A4 is B(4;) for some i. Suppose
i<q then V, dominates V; and has access to V,. Hence, by Theorem 3.4, p(4,,) is

not an eigenvalue, and thus p(4, ) is the only eigenvalue of A. If x is an eigenvector

of A, partition x asin (3.2). Then (2.1) implies that x,) = x, = - = Xg-p =~ U
A decerintion of the eicenenacec of 4 icogiven in 158 Ch 4 Section 2 3:- 24 Th
A description of the eigenspaces of A 15 given 1n {15, Ch. 4, Section 2.3; 24, Th.

1]. Here we characterize matrices which admit a finite eigenvector. It is easily checked that
if p(d) = -, A has a finite eigenvector if and only if A = -«. We now consider the

case p(4) > -«. For k€ {1,2,.,q}, V, issaid fo be a basic class provided

P'(Akk) = p).
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THEOREM 3.7. Let A bean n x n matrix over M which is in Frobenius

Normal Form (3.1), and suppose w(A) is finite. Then A has a finite eignevector if and

only if each class has access to a basic class.
Proof. If we subtract p(A) from each entry in A, we obtain a matrix with the
same eigenvectors and accessibility properties as A, but with maximal circuit mean 0.

Hence we may assume without loss of generality that p(4) = 0.

Suppose each class has access to a basic class. Let I = {i: V, is basic}. Define

I' =T'(4) asin (2.5),and for i € I let B, € V, such that P, lies on a critical circuit of

A. As in the proof of Theorem 2.8, I‘p’, the ﬁ;h column of T, is an eigenvector of

A corresponding to 0. We will show that x = ) o T} is finite, and hence is a finite

iel
eigenvector of A.

Suppose 1 < k < n. There exists j suchthat k € ¥, and there exists i € [
such that V] has access to V,. Let u € V; and v € ¥, such that G(4) has a path
from u to v. Since A].J. is irreducible or [-«] and A4, is irreducible, either u = k

or there is a path in G(A) from k to u, and there is a pathin G(4) from v to B,.

Hence there is a path in G(4) from k to B,. Now Fkﬂi = -0 only if there is no such

pathin G(A), so the k* entry of rﬂ: is finite. Hence x = Z@ 1‘ﬂi is finite, and x

iel
is a finite eigenvector of A.

To prove the converse, suppose x is a finite eigenvector of A. Let B = [bij] be
defined by b, = a;; + x; - x,. Since x corresponds to p(4) = 0 by Theorem 2.7, it
can be seen that the maximal entry in each row of B is O; that is, B is row stochastic in

the max algebra. Furthermore since x is finite, B has the same classes and the same
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accessibility properties as A. Hence we may assume without loss of generality that A is

row stochastic in the max algebra. We must show that each class has access to a basic class.

Let 1 <k <gq. If V, isbasic, we are done. Otherwise, we claim there is an m with
m < k such that V, hasaccess to V,. Thereis arowin A,, whose maximal entry is

negative. Let i index this row in the matrix A, and let j be a column index such that
a; =0. Then j € V, forsome m <k and the claim is proved. If ¥V, is basic, we

are done; otherwise we repeat the process. Since ¥V, must be basic, we eventually arrive at
a basic class to which ¥, has access, and the theorem is established. O

We remark that matrix B can be written as diag(-x) ® A ® diag(x). It follows

that in the max algebra, analogous to the case of nonnegative matrices [3, p. 49], A hasa

finite eigenvector if and only if it is diagonally similar to a scalar multiple of a row

stochastic matrix.

4. Pattern Properties in Max Algebra. In this section we investigate spectral properties
that depend only on the placement of finite and infinite entries in the matrix, and not on the
magnitudes of the finite entries. Such properties are called "pattern properties" of the
matrix.

A (square) pattern isan n x n array P = [pu] of symbols chosen from {*, —}.
If A isan n x n matrix over M, we write A € P provided

a,‘jER lfpij=*: a,-j="°° lfp,'j=_°°-

Following [18], a pattern P is said to allow a particular property if there is a matrix

A € P which has the property. P is said to require the property if every matrix A € P
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has the property. We determine which patterns allow and which require various spectral

properties in the max algebra.

The digraph G(P) ofan n x n pattern P has vertices {1,2,..,n}, and an edge
from i to j if and only if p; = *. We denote the set of circuits in G(P) by C(P).
The concept of reducibility of a square matrix, introduced in Section 2, extends in an
obvious way to patterns. P is irreducible if and only if G(P) is strongly connected. It

follows that P is reducible if and only if P is 1 x 1 containing -, or if by an

Py -=

identical permutation of rows and columns P can be brought to the form , Where

21 22

P,, and P,, are square with order at least one. We will also deal with the Frobenius

Normal Form of the pattern, defined analogously to that of a matrix, see Section 3.

We first discuss properties of the eigenvalues of a matrix determined by its pattern.
LEMMA 4.1. Let P be a pattern. The following are equivalent.

(i) P requires a finite eigenvalue,

(ii) P allows a finite eigenvalue,

(iii) C(P) is not empty.
Progf. The proof follows easily from Lemma 2.1 and Theorem 2.8. [
LEMMA 4.2. Let P be a pattern. The following are equivalent.

(i) P requires -« as an eigenvalue;

(ii) P allows -« as an eigenvalue,

(iii) P has an infinite column.
Proof. The proof follows immediately from Lemma 2.2. [
The following corollary is an immediate consequence of Lemmas 4.1 and 4.2.

COROLLARY 4.3. Let P be a pattern.

(i) P requires that -« be the only eigenvalue if and only if P allows the same
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property, and this occurs if and only if C(P) is empty.
(ii) P requires that all eigenvalues be finite if and only if P allows the same property,
and this occurs if and only if P has no infinite column.
THEOREM 4.4. Let P be a pattern.
(i) P requires a unique and finite eigenvalue if and only if P has no infinite column
and the Frobenius Normal Form of P has exactly one irreducible diagonal block.
(i) P allows a unique and finite eigenvalue if and only if P has no infinite column.
Proof. (i). We may assume without loss of generality that P is in Frobenius Normal
Form. Suppose P requires a unique and finite eigen?alue. By Lemma 4.2, P has no
infinite column. If P hada 1 x 1 diagonal block [-«] in the lower right corner, P
would have an infinite column. Hence the lower right diagonal block is irreducible. If P
had another irreducible diagonal block, a matrix A € P could be constructed with the
lower right diagonal block having eigenvalue O and another irreducible diagonal block
having a positive eigenvalue. It follows from Corollary 3.4 that A would have two
eigenvalues, one 0 and one positive, violating the fact that P requires a unique eigenvalue.
Now suppose that P has no infinite column and exactly one irreducible block, which

then must be Pq -

the lower right block. Let A € P. By Lemma 2.2, -« is not an
eigenvalue of A. By Theorem 2.8, A has an eigenvalue which, by Theorem 3.2, is

k(d;) for some diagonal block A; in A. Since A, is the only irreducible diagonal

blockin A, p(4 ) > - is the only eigenvalue of A.

(ii) If P allows a unique and finite eigenvalue, then P does not require - as an
eigenvalue, so by Lemma 4.2 P has no infinite column. Conversely, if P has no infinite
column, then the matrix A € P which has 0 in all the * positions will have the unique

and finite eigenvalue 0. [l

We now turn to pattern properties concerning the eigenvectors of a matrix.
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We obtain necessary and sufficient conditions on a pattern that it allow (or require) all (or
some) eigenvectors to be finite (or partly finite). Some of the results parallel those

concerning partly zero eigenvectors in the conventional algebra presented in [20]. Note that
the eigenpairs of the matrix (pattern) with each entry -« are of the form (-, x) with
x # -, We exclude that pattern from consideration in the following.

THEOREM 4.5. Let P be a pattern with at least one *. Then P requires that all
eigenvectors be partly infinite if and only if P has an infinite row.

Proof. First suppose P has no infinite row. Let A € P be obtained by replacing
all *’s with (’s. Then the vector of all 0’s is a finite eigenvector of A corresponding
to the eigenvalue 0. Hence P does not require that all eigenvectors be partly infinite.

Now suppose that row i of P is infinite, but that A € P has a finite eigenvector

x corresponding to eigenvalue A. Thenentry i of A @ x is -, 50 A ®x, is
-e. Since x; isfinite, A = -e. Nowif a; is finite, then entry j of 4 @ x is
finite, whereas entry j of A ® x = -». Hence 4 = -», 50 P= -, a
contradiction. Therefore if P has an infinite row, then P requires that all eigenvectors be
partly infinite. [

COROLLARY 4.6. Let P be a pattern with at least one *. Then P allows a
finite eigenvector if and only if P has no infinite row.

THEOREM 4.7 Let P be a pattern with at least one *. The following are

equivalent.
(i) P is irreducible;
(ii) P requires that all eigenvectors be finite;
(iii) P allows all eigenvectors to be finite.
Proof. (i) =(@i)): If A € P then A is irreducible, so by Corollary 2.5, all

eigenvectors of A are finite. Therefore (i) =(ii).
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(i) =(iii) is trivial.

(iii) =(): Suppose that P is reducible, so that without loss of generality we may

P, - Ay - . -
assume P = . Let A = € P be partitioned as P is. Let x, bean
P, Py 21 422

eigenvector of A,, corresponding to p(Azz), and let x = [x } Then
@

AQx = p,(Azz) ® x, so x isan eigenvector of A which is partly infinite. Hence P
does not allow all eigenvectors to be finite. Therefore (i) = (). U

COROLLARY 4.8. Let P be a pattern with at least one *. The following are

equivalent.

(i) P is reducible;

(ii) P allows a partly infinite eigenvector;

(iii) P requires a partly infinite eigenvector.
Proof. The equivalence of (i) through (iii) in Theorem 4.7 implies the corollary. [l
THEOREM 4.9. Let P be a pattern with at least one *. Then P requires a finite

eigenvector if and only if P has no infinite row and the Frobenius Normal Form of P has

exactly one irreducible diagonal block.
Proof. We may assume without loss of generality that P is in Frobenius Normal
Form. Suppose P requires a finite eigenvector. By Theorem 4.5, P has no infnite row.

Therefore the upper left diagonal block P, in P is irreducible. Suppose there is a
k > 1 such that P, is irreducible. We will construct a matrix A € P with all
21

31
eigenvectors partly infinite, contradicting the hypothesis on P. To do this, let U, =

" q1]
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P?.Z - =0 - 00
Py Py -~ - - Py - . .
and U, =| . Then P = , and P, is one of the diagonal
H : i H 1 2
Py Pg ) Pq¢1.

blocks in U,. Since P, is irreducible, P, has a circuit. Select a circuit in P, and

set all its * entries equal to 1. Set the other * entries in U, to 0 to create a matrix

A, -oo
A, € U,. Setall * entriesin P,; and U, to O to complete A = H € P with
1 4
o X
B{dy) =0and p(4) = p{4,) = 1. Suppose A has a finite eigenvector x =
X
@

partitioned to conform to the partition of A above. Since x is finite, the corresponding

eigenvalue must be p(4,;) by Theorem 2.7. But then 4, ® Xgy =1 ® X3y

which is
impossible because the only eigenvalue of A4,, is 0. Hence A cannot have a finite
eigenvector and the desired contradiction is reached.

Now suppose P has no infinite row and has exactly one irreducible diagonal block,

which must then be P,. Let A € P be partitioned as P is. We construct a finite
eigenvector of A inductively as follows. Since A, is irreducible, 4,; has a finite
eigenvector x,, corresponding to its eigenvalue p(d,;). Let ¢ be the number of

digaonal blocks in P and suppose that, for 2 <i < ¢, x,,..,X; have been selected from

M. Let x,, , = [Ai+l,1Ai+i,2 ---A“l‘i] ® [x(f)x2 ---xi]T - 1(4,), afinite member of M.

T o .
It then follows that x = [x(f) X, ---xq] is a finite eigenvector of A corresponding to
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K(4,), so P requires a finite eigenvector. [

COROLLARY 4.10. Let P be a pattern with at least one *. Then P allows all

eigenvectors to be partly infinite if and only if P has an infinite row or the Frobenius
Normal Form of P has two irreducible diagonal blocks.

Proof. Upon observing that a pattern with no infinite row must have a Frobenius
Normal Form with the upper left diagonal block irreducible, the corollary follows
immediately from Theorem 4.9. [

THEOREM 4.11. Let P be a pattern. Then P requires a unique and finite
eigenvector if and only if P is irreducible and the directed graph G = G(P) does not

contain two vertex-disjoint circuits.

Proof. Assume P is irreducible and G does not have two vertex-disjoint circuits.
Let A € P. Then A has a unique eigenvalue which is p(A4), each eigenvector of A is
finite, and A has a unique eigenvector if and only if the critical graph C of A is
strongly connected. Now C is a subgraph of G, and is a union of circuits. Since G
does not have two vertex-disjoint circuits, C does not have two vertex-disjoint circuits. If
i and j are verticesin C, then i lies on acircuit C; and j lies on a circuit C; If
C; = C; there are paths from i to j and from j to i in C. Otherwise C; and C;
share a vertex, and again there are paths from i to j and from j toi in C. Hence C
is strongly connected and the eigenvector of A is unique up to scalar multiples in the max
algebra. Therefore P requires a unique and finite eigenvector.

Now assume P requires a unique and finite eigenvector. If P were reducible, then
by Corollary 4.8 P would allow a partly infinite eigenvector. Hence P is irreducble.
Suppose G has two vertex-disjoint circuits. Then we may select two vertex-disjoint circuits
in G and construct a matrix A € P which has 1 in the positions belonging to either of the
two circuits and 0 and - elsewhere. Then the circuit means are 1 on each of the two
circuits and less than 1 on each other circuit, so the critical graph of A is the union of the
two disjoint circuits and is not strongly connected. Hence the eigenvector of A is not

unique, contradicting the assumption on P. Hence G does not have two vertex-disjoint

circuits.
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5. Imequalities. The first few results in this section are motivated by known inequalities for
the spectral radius (or the Perron root) p(B) of a nonnegative matrix B. Thus, Lemmas

5.1, 5.2 and Corollary 5.3 are analogs of well-known bounds for the Perron root, see, for

example, [3, p. 28; 23, p. 31]. Theorem 5.4 is the max algebra version of a result due to
Birkhoff and Varga [4]. The parallels between inequalities for p(4), where A is a matrix

over M and p(B), where B is a nonnegative matrix, are quite striking and remain to be

fully explored. Theorem 5.12 is yet another result in this direction.
Let A bean n x n matrix over M, then p(4) is an eigenvalue of A and there

isavector x # —» suchthat A @ x = p(4) ® x. Werefer to x as a right
eigenvector of A corresponding to p(4). Since p(4) = p(d47T), there is a vector

y # - suchthat AT®y = p(4) ® y, or equivalently y” ® 4 = p(4) ® y7. We
refer to y as a left eigenvector of A. If A isirreducible, then x and y are finite and

p(A) is the only eigenvalue of A. The following two lemmas appear in a stronger form in
[15, Ch. 4, Lemmas 1.3.8, 1.3.9].

LEMMA 5.1. Let A bean n x n irreducible matrix over M. Suppose there
exist t € M and a vector z #+ -» suchthat AQx >t ®z. Then pd) 2 t.

Proof. 1et y be a left eigenvector of A. Since A ® z > © ® z, we have

yTRAR®z>1®yTQz. 6.1

- 4 PV RN T 1 . s \
However, y? ® 4 = p(d) @ y” and therefore, by (5.1),

PA OyT®z>21®yT® 2. (5.2)

Since A is irreducible, y is finite. Also, z # -, and hence y7 ® z # -. It follows

from (5.2) that p(4) = . U
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The proof of the next result is similar.

LEMMA 5.2. Let A bean n x n irreducible matrix over M. Suppose there
exist 1 € M and a vector w # - suchthat AQw <n ® w. Then p) < 1.

COROLLARY 5.3. Let A bean n x n matrix over M. Then

min max a; < p4) < max a,.
i i i,j
Proof. We prove the result when A is irreducible. The general result can then be

obtained by a continuity argument. Let « = min max 4, andlet 0 denote the vector
i

with each component zero. Then A ® 0 > « ® 0. It follows from Lemma 5.1 that

p(A) 2 a. Itis easy to sec that forany ¢ € C(4) , M,(0) < max a;;, and hence
i,j

p(4) < max g, giving the second inequality. [

i,j
THEOREM 5.4. Let A be an n x n irreducible matrix over M. Then the

following assertions hold.

(i) pA) =max min yT®AQ x - yT® x)
X>-—w y> -
(i) p@) =min max (yT® AR x - yT® x).

y>r-m XxX> -0

Proof. For any finite vectors x, y, we have
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T -
y ®A®x—n:§x(au+yi+xj)

= max(a,; v - Xty tx)
’J

> min maxa; +x - x) +y’ ® x.
i J

Therefore,

YT ®A®x -y"®x 2 min max(a; +x - x). (5.3)
i j

Suppose min max(aij X - x,.) = max(a,q. + X - xk). Let z be the vector with
i j i

z, = -X,, with the remaining components chosen finite so that z T® x = 0 and satisfying

max(a,.j +z; +xj) < max(akj +2Z, +xj), i =1,2,.,n. When we set y = z, equality holds in
J j

(5.3) and hence we have shown that for any finite x,

min(y" @ 4 @ x -y ® x) (5.4)

yr =

exists. Thus by (5.3)

min (y"®A®x -y’ ® x) = min max(g; + x; - x,).
y> - i j

Let
S = [ gt X x,.]. (5.5

y

Then p(4) = p(S) and by Corollary 5.3
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m;'n mgx(aii + X - xi) < p(@S). (5.6)
i j

Therefore, we conclude that

pd) > sup min(yT® A Q@ x - yT ® x). (5.7)

x> -~o y>-=

When we set x to be a right eigenvector of A, we see that for any finite vy,

yT@®ARx -yT ®x = p(4). Thus, (i) follows from (5.7). The proof of (ii) is
similar. []

In the next few results we will be concerned with additive properties of p in both

the conventional and the max algebra.

THEOREM 5.5. Let X,,.,X, be n x n marrices over M. Then
P(E X,.) < E p.(X,.). | (5.8)
i=1 i=1

m

Furthermore, if C(E X,.) # &, then equality holds in (5.8) if and only if

i=1

c(fjl x,.) < C¢(X) (5.9)

i=1

Proof. First suppose C(}, X;) = ¢. Then by Lemma 2.1, p(}_ X;) = -~ and
(5.8) is obvious. Note that in this case equality holds in (5.8) if and only if C(X,) = ¢ for
some k € {1,2,.,m}.

Now suppose C(E Xl.) * ¢, sothat C(X,)# ¢, i=12,.,m. Let

g€ C(Z Xi). Then
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B(E X) = My (0 =¥ My(0) < T pX). (5.10)

Hence (5.8) holds. If (5.9) holds, then ¢ € é(Xi), i=12,.,m. It follows that
MX‘(o) = I"'(Xi)’ i =1,2,..,m and equality must hold in (5.10) and hence in (5.8).
Conversely, if equality holds in (5.8) and if (5.9) is not true, then there exists
G € é(z Xi), such that ¢ € é(Xk) for some k. Then My (o) < p(X;). Thus the
inequality in (5.10) must be strict. Then (5.8) is strict as well, which is a contradiction.
That completes the proof. [l

LEMMA 5.6. Let X,Y be n x n matrices over M such that X > Y. Then

pX) 2 p(¥).
Proof. The result is obvious if C(Y) = ¢, since in that case, p(Y) = -=. So

suppose C(Y) # ¢. Forany o € é(Y),
p(Y) = My(o) < My(o) < p(X)

and the proof is complete. [

Observe that Lemma 5.6 shows that if Z is a principal submatrix of X, then
p(X) 2 p(2).

To discuss the case of equality in Lemma 5.6, we now introduce some notation.
Suppose ¢ is the circuit (i;i,..4;). Recall that in this notatipn we assume i, to be the
least integer among i, i,, .., i, and this convention makes the representation of the circuit
uniquely determined. If X isan n x n matrix and if o = (i1 i .. ik) € C(X), then we
define X(o) as the vector [xilizx% ---xl.kil]T.

LEMMA 5.7. Let X, Y be n x n matrices over M suchthat X > Y and

suppose W (Y) is finite. Then the following conditions are equivalent.
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(i) pX) = p@);
(ii)  there exists o € C(X) N C(Y) such that My(0) = My(0);
(iii)  there exists o € é(X) such that M,(c) = My(o);
vy C()c CX) andforall o € C(Y), X(0) = Y(0).;
(v} C(¥) ¢ C(X) and there exists o € C(Y) such that X(c) = Y(o).
Proof. First observe that since p(Y) is finite,and X > Y, p(X) is finite and
C({), C(X) are nonempty.
(i) ~ (ii). Let o € C(¥). Then

k() = My(o) < My(o) < p(X) G.11)

and since p(X) = p(Y), equality holds throughout in (5.11). It follows that
o € CX)N CF) and M,(0) = My(o).
Assertion (ii) = (iii) is trivial.

(iii) = (i). Let o € C(X) such that M,(c) = My(c). Then
p(X) = My(o) = My(o) < p(Y) < p(X), and hence p(X) = p(¥).

(i) = (iv). Let o € (:‘(Y ) so that (5.11) holds. As we claimed in the proof of (i) = (ii),
since p(X) = p(Y), equality holds throughout in (5.11). It follows that o € é(X)
and M,(c) = M,(0). Since X 2> Y, we have X(0) 2 Y(0). If X(o) # Y(o), then
it will follow, after taking the sum of the entries in X(o0), Y(o), that
My (o) > M,(0), which is a contradiction. Thus X(o) = Y(o).

It is easy to see that (iv) = (v) and (v) = (9). That completes the proof. [l

THEOREM 5.8. Let X,,..,X, be n x n martrices and let X = E@ X,. Then
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pX) 2 Y o B (X;)- (5.12)

Furthermore, equality holds in (5.12) if and only if one of the following conditions is
satisfied.

M rE) = -
(i) R (X) is finite and there exists & € é(X) and k € {1,2,-,m} such that

X, (0) 2 X,(0), i=1,2,-,m.

Proof. If p(X) = -, then p.(Xi) = -o j = 1,2,-.,m and both sides in (5.12)
are —o. So we assume that p(X) is finite. Since X 2 X, i = 1,2,-,m, by Lemma
5.6, we have p(X) 2 ll(X,-): i =1,2,-,m and hence (5.12) holds.

If equality holds in (5.12) then there exists k € {1,2,--,m} such that
pX) = P'(Xk)- Thus p(Xk) is finite. By Lemma 5.7 (see ({) = (v)), there exists
o€ é(X) such that X(o) = X, (o). It follows that X, (o) 2 X,(0), i = 1,2, -, m.

Conversely, if (iii) holds, then X(o) = X, (¢). Thus u(Xk) is finite. Set Y = X,
and use implication (iii) = (i) of Lemma 5.7 to conclude that equality holds in (5.10). []

We say that a square matrix D is a diagonal matrix over the max algebra if
d,.j = - forall i #j. A well-known result due to Cohen [7], see also [17, p. 364],
asserts that the Perron root of a nonnegative matrix B 1is a convex function of the diagonal
entries of B. In this context the next result is somewhat surprising since it says that p(4),
considered as a function of the diagonal entries of A, is linear over the max algebra.

THEOREM 5.9. Let X bean n x n matrix over M andlet D,,-,D, be

n x n diagonal matrices over the max algebra. Then
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p(xeaz@ Dj) =Y o rX D D) (5.13)

Proof. Let X, =X® D, j=1,2-,m. Then X® Y D, =3%_ X.If

p,(X SR PR Dj) = -, then (5.13) is true by Theorem 5.8. So let u(X Sl PR Dj) be
finite. If there exists o € C(X D z@ Dj) of length more th;m one, then

o€ é(X S5 DJ.) J=12,-,m and (5.13) is proved, in view of (ii) = (i) of Lemma 5.7.
So suppose that every circuit in é(X S Dj) is of length one, and let ¢ be one
such. Clearly, there exists k € {1,2,.,m} suchthat D, (o) 2 Dj(o), and hence

X, (o) 2 X,(0), i =1,2,-,m. Thus (ii), Theorem 5.8 is satisfied and (5.13) holds. U

Let B bean n x n nonnegative, irreducible matrix. Then it is known, see [13],

that

F™Bg = pB)fTg (5.14)

where f and g are right and left Perron eigenvectors of B respectively. We now
obtain a max algebra analog of (5.14). We first introduce some notation and prove certain

preliminary results. Let C # -« bean n x rn matrix over M and

QC) = {(i,j): ¢ = nllgax cke}. Construct a (0, 1) matrix € = [c‘ij] by setting é,.j =1
[

if (i,/) € Q(C) and ¢, =0 otherwise. Let y = Y Y ¢, and for
s=1 t=1

n

Y &, and B,(C) = = ¥ &, With this notation, we
r=1 Y s-=1

i,j = 1,2’ -y n, let Oti(C) =

< |-

have the following result, which is the max algebra analog of [2 Th. 3].
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LEMMA 5.10. Let A be an n x n matrix over M, with A # -, let

u, v, w, z be vectors over M with w and z finite, and let C = [ai ; 2z ® wj]. Then

vVIQAQuU - zTRAQwW > Z @, (C)(v;-z,) + }: B,(C)(u; - w,)).
i=1

i1

Proof. For any i, j, we have

a‘.j®vi®uj - a‘.j®z‘.®wj =V -z tu - W, (5.15)

If (i,)) € Q(C), then a, ®z.Qw, = zTRA®w. Apply (5.15) to each (i,/) € Q(C)
ij i j y

and add the resulting equations to get

a;@v,Qu - yT@A®w)= 3  (v-z)+ Y (W) (5.16)

L) eRC) () eQ(C) @GN eE)

Now Y -z - }j {(v,.—z,.)j" c‘,.j}= y Zl o0, (C)W; - z,),

(i,J) € Q) i=1

and similarly E (4 - w.> =y ﬁj(C)(uj - wj).
(.j) € Q) ji=1

Since Y a,;®v,®u < y(T®A®u) the result follows from (5.16) after a

L. e )

trivial simplification. O

LEMMA 5.11. Let G be a digraph with vertices (1,2, ...k} such that the in-

degree and the our-degree of each vertex is at least one. Suppose G has a unique circuit.
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Then G itself'is a circuit of length k.

Proof. Let o be the circuitin G and suppose that the length of o is less than
k. Let v beavertex noton o. Using the degree requirements, we can construct paths
of arbitrary length leading out of and into v. But then there must be a circuit containing
v. This contradicts the uniqueness of o. Thus the length of o must be k. Again,
using the uniqueness of ¢, G cannot have edges other than those in o. O

THEOREM 5.12. Let A be an n x n irreducible matrix over M and suppose
G(A) has a unique critical circuit. Let x and y be right and left eigenvectors of A
respectively. Let u, v be vectors over M such that u,.®vi =xi®yl., i=1,2,.,n.
Then

vIRAQu 2p1) ®yT ® x.

In particular,
xTOARYy>pA) O yIQx

Proof. Let C bethe n x n matrix with c; = a,;, ® y, ® x;, and define

C, o, (C), Bj(C) as before. Note that

1’ 2’ .

max c,; = max(aij®yi®xj) = pA)®y Qx, i
j J

max ¢, = max(a,;®y,®x) = p(A)®y,®x;, j = 1,2,,n.

i i
We assume, without loss of generality, that

$3WOx = =y08x>y,, ®x, 22y Ox.
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If i > k, then the maximum entry in the i-th row of C is
A Oy ®x,<p(A)®y, ®x,. Thus ¢; = 0. Similarly, {; =0 if j> k.
We now claim that there exists a circuit of length k& on ({1,2,..,k} such that ¢

has 1 precisely at these positions and O elsewhere. To prove the claim, first note that for

1<i,jsk, ¢ =1 ifandonlyif a; Ry, Ox = p@) ® y, ® x;, which is equivalent
to a, ®x, = p(d) ® x,, since y, is finite. Thus, circuits in G(©6) with positive edge
weights correspond to critical circuits in G(4).

Let H be the digraph defined on {1,2,..,k} as follows: (i,j) isanedgein H
if and only if ¢; = 1. Then, using the assumption that G(A) hés a unique critical circuit,

we see that H satisfies the hypotheses of Lemma 5.11. Therefore the claim is proved by
Lemma 5.11. It follows that

-’1;, i=1,2, ..k
ai(C) = p,(c) =
0, i=k+1,.,n.
Now by Lemma 5.10, we have
o1
vT®A®u—yT®A®xz; ;(vi_yi+ui—xi)' (6.17)

Since u, ® v, = x ® y;, i =1,2,..,k, the result follows from (5.17). The second
inequality in the theorem follows by setting v =x, w =y. [
We conjecture that Theorem 5.12 holds for arbitrary matrices. Thus suppose A4 is

an n x n matrix over M and let x and y be right and left eigenvectors of 4
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(corresponding to p(4)). Then we conjecture that x7 @ A ® y > p(4) ® y" ® x. Let

A bean n x n matrix over M and let B be the Hadamard exponential of A, i.e.,

y

b, = e™ forall i,j. Then e**“ is the maximal circuit geometric mean of the

nonnegative matrix B. We remark that the maximal circuit geometric mean of a

nonnegative matrix has been considered in the literature, see, e.g. [12, 14, 19].
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