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Abstract: Let S be the class of normalized functions f defined in the open unitdisk D = {z : |z| < 1}
!

such that the quantity Z}((S) lies in an eight-shaped region in the right-half plane and satisfying the

condition Zj:é? < 1+sinz (z € D). In this paper, we aim to investigate the third-order Hankel

determinant H3(1) and Toeplitz determinant T5(2) for this function class S; associated with sine
function and obtain the upper bounds of the determinants H3(1) and T5(2).
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1. Introduction

Let A denote the class of functions f which are analytic in the open unit disk D = {z : |z| < 1} of
the form
fz) =z+a?+a32° +--- (z€D) (1)

and let S denote the subclass of A consisting of univalent functions.
Suppose that P denotes the class of analytic functions p normalized by

p(z) =1+ciz+cz? + 32> + -

and satisfying the condition

R(p(z)) >0 (ze€D).

We easily see that, if p(z) € P, then a Schwarz function w(z) exists with w(0) = 0 and |w(z)| < 1,
such that (see [1])
14 w(z)
p(Z) - 1 —w(z) (

Very recently, Cho et al. [2] introduced the following function class S;, which are associated with
sine function:

zeD).

Sti= {feA:ZJJ:;g)<1+sinz (ze]D))}, 2)

where “ <" stands for the subordination symbol (for details, see [3]) and also implies that the quantity

zﬁg) lies in an eight-shaped region in the right-half plane.
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The ¢"" Hankel determinant for ¢ > 1 and n > 1 of functions f was stated by Noonan and
Thomas [4] as

an Apy1 - Ondg-1
Hy(n) = A+l Gn42 * 0 Gnig (a1 =1).
Antq—1 An+q *°° On4+29-2

This determinant has been considered by several authors, for example, Noor [5] determined the
rate of growth of H,(1) as n — co for functions f(z) given by Equation (1) with bounded boundary
and Ehrenborg [6] studied the Hankel determinant of exponential polynomials.

In particular, we have

Since f € S, a1 =1,
H;3(1) = a3(apas — a3) — ag(ay — aras) + as(az — a3).

We note that |Hp(1)] = |az — a3| is the well-known Fekete-Szego functional (see, for
example, [7-9]).

On the other hand, Thomas and Halim [10] defined the symmetric Toeplitz determinant T (1)
as follows:

An On+1 © " Apyg-1
Ty(n) = | @n+l @n =0 fAnigq (n>1,49>1).
An+q—-1 An+q "~ an

The Toeplitz determinants are closely related to Hankel determinants. Hankel matrices have
constant entries along the reverse diagonal, whereas Toeplitz matrices have constant entries along the
diagonal. For a good summary of the applications of Toeplitz matrices to the wide range of areas of
pure and applied mathematics, we can refer to [11].

As a special case, when n = 2 and g = 3, we have

ap as ag
T3(2) = | a3 ay a3
ag az az

In recent years, many authors studied the second-order Hankel determinant H,(2) and the
third-order Hankel determinant H3(1) for various classes of functions (the interested readers can
see, for instance, [12-25]). However, apart from the work in [10,21,26,27], there appears to be little
literature dealing with Toeplitz determinants. Inspired by the aforementioned works, in this paper,
we aim to investigate the third-order Hankel determinant H3(1) and Toeplitz determinant T5(2)
for the above function class S; associated with sine function, and obtain the upper bounds of the
above determinants.
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2. Main Results

To prove our desired results, we need the following lemmas.
Lemma 1. If p(z) € P, then exists some x, z with |x| < 1(see [28]), |z| < 1, such that
200 =ct+x(4—c}),
deg =3 +201x(4—c3) — (4—D)epx? +2(4 - 3)(1— |x]?)z
Lemma 2. Let p(z) € P (see [29]), then
lenl <2, n=1,2,---.
We now state and prove the main results of our present investigation.

Theorem 1. If the function f(z) € S and of the form Equation (1), then

1 5 47
laa| <1, |az] < 5 lag| < Y |las| < o (3)

Proof. Since f(z) € S, according to subordination relationship, so there exists a Schwarz function
w(z) with w(0) = 0 and |w(z)| < 1, such that

zf'(2)
f(2)

=1+sin(w(z)).

Now,
zf'(z)  z+ Yo nayz"
fz2)  z+ Ly anz"

o
=(1+ Y nayz" Y1 —apz + (a3 — a3)z* — (a3 — 24203 + a4)2°
n=2

+(a§ — 3a%a3 + 2ara4 + a% —as)zt + -]

=1+ ayz+ (2a3 — a3)z% + (a3 — 3azas + 3a4)z°

+(4as — a3 + 4a3a3 — daray — 2a3)z* + - - - . (4)
Define a function . @
+ w(z 5
= — = 1 e,
p(z) 1w +c1z+cz" +

Clearly, we have p(z) € P and

(2) p(z)—1  ciz+oz? 44

: :1+p(z)_2+C1Z+C222+c3z3+...' (5)
On the other hand,
1 7 5¢3 —
1+sin(w(z)) =1+ sz + (%2 _ %)Zer (Tsl wﬁg
ey 53y 3 ez
+(i 12 by a3 1)24_’_“ (6)

27 16 4 2 32
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Comparing the coefficients of z, 72, 23, z* between Equations (4) and (6), we obtain

3 4 2 2
€1 cH 3 €102 o1 C4  C1c3 5ci e o )

= B= M= T o T4 T8 T 4 1152 192 32

By using Lemma 2, we thus know that

1 5 47
< < = < = < —.
|a2| — 1’ |a3| — 2’ |ll4| — 9’ |a5| — 72

The proof of Theorem 1 is completed. [
Theorem 2. If the function f(z) € S and of the form in Equation (1), then we have

1
jas — a3 < 5. (8)

Proof. According to Equation (7), we have

2 =|2_49
a3 — a3 4 4
By applying Lemma 1, we get
2 2
R L
8 8

0 tA—c?) 2
— <
|az —a3| < 3 3
Suppose that
t4—c*)
F(c,t) = —
(c/t) s Tg
then Vt € (0,1), Vc € (0,2),
A
o 8 ’

which shows that F(c, t) is an increasing function on the closed interval [0,1] about ¢. Therefore, the
function F(c, t) can get the maximum value at ¢ = 1, that is, that

maxF(c,t) = F(c,1) =

Thus, obviously,
las — a%| <.

The proof of Theorem 2 is thus completed. O

Theorem 3. If the function f(z) € S and of the form in Equation (1), then we have

1
|LI7_LI3 —614| S 5 (9)
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Proof. From Equation (7), we have

3
_ |c162 a9 c3 €102
|a2a3 —ag| = [Zg* + g — § + %

3
|6 3 4 9
7| 6 6+144'

Now, in view of Lemma 1, we get

76, (A—cPax® (- - |x)z

203 — as| = | 24 B

Let|x| =t t €[0,1], ¢ = ¢, c € [0,2]. Then, using the triangle inequality, we deduce that

7¢3  (4—2)ct? (4—-A)(1-1?)
(285 —as| < g+ 12
Assume that 5 o 5 )
7 4 — t 4 — 1—t¢
G N e )
144 24 12
Therefore, we have, Vt € (0,1), Vc € (0,2)

F(c,t) =

OF  (4—cA)t(c—
OF _(4-He-2)
ot 12

namely, F(c, t) is an decreasing function on the closed interval [0,1] about t. This implies that the
maximum value of F(c, t) occurs at t = 0, which is

_ (4= 7S
maxF(c,t) = F(c,0) = 13 7R
Define ) s
_(4—=c") | Tc
GO ="5%" 1

clearly, the function G(c) has a maximum value attained at ¢ = 0, also which is
1
|a2a3 —Ll4| < G(O) = g
The proof of Theorem 3 is completed. O

Theorem 4. If the function f(z) € S and of the form in Equation (1), then we have

—_

|azay —a§| < e (10)

Proof. Suppose that f(z) € S, then from Equation (7), we have

2 4 2
2| _ |cic3 ] 1 )
lasay — a2 = |95 G2 + 4 - 4

1 8

Now, in terms of Lemma 1, we obtain

4
€163 ) 1 )

lapay — a%\ =

12 48 288 16

o _ﬁ _ x2c2(4—c?) _ x2(4—c2)? 4 o1 (4—2)(1—|x?)z
- 576 48 64 24 :
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Let|x| =t, t €[0,1], ¢ = ¢, c € [0,2]. Then, using the triangle inequality, we get

24 —c*)  (1—1)c(d—c*) t?(4—c?)? 5t
—a3 < —.
e 2 T T
Putting
t224—2 1—t2 4_2 f24—22 54
Fep) = e=c)  (A-)el@-c) | FE—) | 5
48 24 64 576

then, vVt € (0,1), Ve € (0,2), we have

OF  t(c*—8c+12)(4—c?)
ot 9

>0,

which implies that F(c, t) increases on the closed interval [0,1] about t. That is, that F(c,t) have a
maximum value at t = 1, which is

24_2 4_22 54
2a-)  @-2P 5

max F(c,t) = F(c,1) = 5 a e

Settin
i ?(4—c*)  (4—c2)?* 5
+ +—,
48 64 576

then we have
c4—c*) S cd—c?) i g
24 24 16 144°

If G'(c) = 0, then the root is ¢ = 0. In addition, since G”(0) = —{; < 0, so the function G(c) can
take the maximum value at ¢ = 0, which is

1
lasay —a3| < G(0) = e
The proof of Theorem 4 is completed. O

Theorem 5. If the function f(z) € S& and of the form in Equation (1), then we have

5
B-d <7 (1)

Proof. Suppose that f(z) € S, then, by using Equation (7), we have

2 2
2_ 21|19 _ 4
a3 —a3] = |4 — %]
Next, according to Lemma 1, we obtain
2
2_ 21— |49 _ 9
las —a5] = |4 — 3%

Let|x| =t t €[0,1], c; = ¢, c € [0,2]. Then, by applying the triangle inequality, we get

2 4 2 2 2 2\2
tcr(4—c*)  t*(4—c%)
2 _ 21 .
a3 a3|_4+64+ w T a
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Taking
2t n tc?(4 — c?) n t2(4 — c?)?
4 64 32 64 '
Then, Vt € (0,1), Ve € (0,2), we have

oF 2(4 —¢%) 4 — c?)?
_2E=2)  H4=2)

TR n

which implies that F(c, t) increases on the closed interval [0,1] about t. Namely, the maximum value of
F(c,t) attains at t = 1, which is

2 4 2 2 212
B ¢t ctd-c¢) (4—¢)
max F(c,t) = F(c,1) = T tat T m Tt a
Let 2 4 2( 2) ( 2)2
c c cc(4—c 4—¢
CO=3+a ™3 T @
then

G'(c)=45>0,Vce (0,2).

Therefore, the function G(c) is an increasing function on the closed interval [0,2] about ¢, and thus
G(c) has a maximum value attained at ¢ = 2, which is

B-dBl<G@) ="
The proof of Theorem 5 is completed. O

Theorem 6. If the function f(z) € S& and of the form in Equation (1), then we have

13

lazas — azay| < VN

Proof. Assume that f(z) € S, then from Equation (7), we obtain
203 — asa| = |92 + ¢ — 52 + G-
Now, by using Lemma 1, we see that

cc CC2 (518 clc
laxa3 — azay| = |52 + 2% — B2 + o

576
. ﬁ _ i _ 11xc3 (4—c3) n xc1(4 c ) x2cy (4—c3)[3+x(4—cD)] 4 c1x2(4—c3)? i (1—|x[?)z(4—c3)[x(4— c1)+cl]
16 576 1152 192 128 96

Ifwelet x| =t, t € [0,1], c1 = ¢, ¢ € [0,2], then, using the triangle inequality, we have

3 5 11t34—2 f4—2 f2 2+t4—2 4_2 f’24—22 4—2f4—2+2
0203 — aaaa] < & 4 £ 4 WOUS) | 15-C) | PIRHE-CY(4-C) | PUCP | 4-O)f(E-c)+e]

Setting

3 5 11tc3 (4—c2 t(4—c? 2 +1(4—c?)](4—c? 2(4—c2)? 4—c?)[t(4—c?)+c
Fle,t) = & + & + Wele) | te-) | LIl d)d=e) | LEEP | (-d)dc)red]

Then, we easily see that, Vt € (0,1), Vc € (0,2),

2 z24 t(4 4—c2)2
)+ ( C) (35) +(92) >0,

oF 1103(475) (4— c2) 2 +t(4—c?)](4—c
9F = T 152 + pE;
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which implies that F(c, t) is an increasing function on the closed interval [0,1] about ¢. That is, that the

maximum value of F(c, ) occurs at t = 1, which is

5 11342 (4—-3) N (4 —c?) N (4 —c?)? N (4 —c?)

3 c
max F(e,t) = F(e,1) = 10+ 576 + — 755 8 24 64 24
Taking
3 5 3 2 2 2 2\2 2
c C 11c°(4 — ¢ 4 —¢ 4 —¢ 4 —¢ 4 —¢
Gloy=S 1 & ( ) ( )+( )+( )+( )’
16 ' 576 1152 8 24 64 24
then 2 4 2( 2) 4 2)
3c¢=  5c 11c%(4 — ¢ 11c*  c(d—c c
!/ _ - _ —_ P,
Gl =T6t576 T 3 576 16 12/
3c  5¢ 1lc(4—2c%) 113 (4-c2) 2 1
1 _ - _ _ -
G'(e) = g Tqm ™ 192 144 6 8 12

We easily find that ¢ = 0 is the root of the function G'(¢) = 0, sinceG”(0) < 0, which implies that

the function G(c) can reach the maximum value at ¢ = 0, also which is
13

— < G(0) = .
lazaz — azas| < G(0) 5

The proof of Theorem 6 is completed. [

Theorem 7. If the function f(z) € S and of the form in Equation (1), then we have
27
: (13)

H3(1)] < — ~ 0.637.
Hy(1)] < 5 ~ 063

Proof. Since
H3(1) = a3(a2a4 — a%) — a4(a4 — {lzag) + a5(a3 — {Z%),

by applying the triangle inequality, we get
(14)

|Ha(1)| < |as||azas — a3| + |as||as — azas| + |as||as — a3].
Now, substituting Equations (3), (8), (9) and (10) into Equation (14), we easily obtain the desired

assertion (Equation (13)). O

Theorem 8. If the function f(z) € S& and of the form in Equation (1), then we have

1
IT(2)] < % ~ 1.931. (15)

Proof. Because
2

T3(2) = ax(a 2) — a3(azaz — azay) + ag(al — azay),

2 — 43

by using the triangle inequality, we obtain
(16)

|T5(2)| < |a2||a3 — a3| + |as||azas — azas| + |as||a3 — azay.
Next, from Equations (3), (10), (11) and (12), we immediately get the desired assertion

(Equation (15)). O
Finally, we give two examples to illustrate our results obtained.
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Example 1. If we take the function f(z) =e* —1=z+Y, , %n, € &7, then we obtain

|H3(1)| < |a||azay — a3| + |as||as — azaz| + |as||as — a3
1 1 1 1
= _—X|=x=—=
TR TR TINEY

~ 0.004 < 0.637.

1 1 1 1

1 1 1 1
TRl

1
<31t RETIE TR

Example 2. If we set the function f(z) = —log(l —z) =z+ Y, % € S;, then we get

|T5(2)| < |az||a3 — a3| + |az||a2a3 — azas| + |as||a3 — azas

1 1

1 1 1 1
:f><|§><f—

LTINS 11
37273

471373

LI
2 4

2 2 3 3 3 4

~ 0.107 < 1.931.
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