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§1 INTRODUCTION

A celebrated result of Oscar Lanford [16, 171 shows that the rescaled
correlation functions associated with the motion of finitely many hard spheres
approach solutions of the Boltzmann hierarchy in the Boltzmann-Grad limit, at
least for sufficiently short times. The importance of this result is that it
settles rigorously the long controversial discussion as to whether statistical
mechanical irreversibility occurs in the Boltzmann—-Grad 1imit or not, and
establishes the relevance of the Boltzmann equation in statistical mechanics.

Because of the restriction to short times, we cannot use Lanford's result
to obtain a rigorous proof of approach to equilibrium, probably the central
problem in non-equilibrium statistical mechanics. The purpose of this paper is
to provide a global (i.e., for all time) existence and validity result for the

Boltzmann hierarchu. KWe show that the set of all weak limits of finite

W

particle reduced correlation evolutions in the Boltemann-Grad limit is
nonempty, and that each such weak limit can be lifted to reduced correlation
evolutions on a nonstandard space which satisfy an integrated nonstandard
version of the Boltazmann hierarchy. The result is thus of the same type (for
the Boltzmann hierarchy) as recent results for the Boltzmann equation

establ ished by Arkerud [5, 6, 71.



Lanford's proof begins with a form of the BBGKY hierarcty for hard
spheres, and unfortunately the usual derivation of this hierarchy (see e.g.
[9, 16]1) is formal. That there was a problem with the formal derivation was
first pointed out by H. Spohn, who then attempted to provide a rigorous proof
in the unpublished (and apparently incomplete) paper [(20]. In this paper we
first present as a lemma an integrated version of the hierarchy which suffices
for our results. A few remarks are perhaps in order concerning the proof of
this lemma. In the usual derivation of the BBGKY hierachy for hard spheres,
the collision integral arises from integration by parts, and it is not at all
clear how the ( infinite) interparticle forces enter into it. In [i1, I.23 H.
Grad makes some relevant comments in this regard. In the proof presented here,
it is made clear that the collision integral arises from collisions, or, maore
precisely, from discontinuities in the momenta iIn collisions. After the
research on the lemma reported here was completed, the author learned of an
independent and different derivation of thé hierarcty by Iliner and Pulvirenti
[1413.

Thanks to Marvin Shinbrot and Reinhard Illner for helpful discussions

during the preparation of this paper.

§2. THE RESULTS

Throughout the paper, A will denote a bounded domain in !R3 with a C'
boundary 3A and velume lAl, and N will denote the set of natural numbex;. The
one particle phase space is the set AXS, where § = [R3 equipped with the usual
Borel structure. Points in the one particle phase space will be denoted by (q,
p), where g is the position in A and p is the momentum of the particle.

Throughout we assume for convenience that each particle is of unit mass. We

let o= (AxS)n {(n—-fold cartesian product), where we define L to be a single



point. On n_ we can define an equivalence relation ~ by putting (xl,...,xn) ~
(gl,...,gn) if there exists a permutation § of {1,2,...,n} with X, = gg(i) for
1 £ 1% n. The quotient space of L under ~ is denoted by Xn, with a resulting
map En:nn — Xn. The grand canonical phase space is then, as usual, defined to
be the set XQ = LJ Xn {(n € N), and is thus the set of all collections of
finitely many particles (with repetitions) in A, If we define n = LJ nn(n z
@), then there is a map E:v —3 X_ which reduces to En on each summand. Points
in Xo and n will be denoted (somewhat loosely considering the repetitions) by
X = {xl, X, ...,xn} = Oy and x = (xl,..., xn) = M respectively, where ki
= (qi’ pi), q; € A, P, € § and we use the notation x' = (xl,...,xn).

Presently we will be considering particles which are hard spheres, so it
will be necessary to discuss subsets of XD in which points cannot come too
close together, or too near the boundary 3A of A, Thus for § 2 @ in R , we

define the set X6 to be the set of points x € Xo such that if x = {xl, X

2 o

= i - : 2 i > by i gl
xn}, and X; (qi,pi), then lnfflqi qu 1 i< j n} > §, and 1n£-‘{lq1 ql: 1

£ 1=2n, g€ dAY > §/2, where I.| denotes the norm in m?. The set X6 inherits

its Borel structure from XD. In the same way, we may define ng = {x€nn: inf

{Iqi—qji t 12 i< jEiny>§8173 inf {lqi—ql: 1 213%n, g€ 3A>4aY and n&
& & &

=LJ nn(n z @), and then £ maps n~ onto X".

e will now use the constructions of the previous paragraph to define

) n, n
measures on X . For us the natural measure to use on n is do = E:du (x )/nt (n
O

z @), where do" is the n-fold normal ized Maxwellian product measure on caxs)y"”

(dag being point mass on the single point n®), defined by

n
(2.1) "™ = do,
i=1



(dcrQ being point mass on the single point “0) where

(2.2) do. = k e dx.,1 £ i £ n,

372

-1 (3 7 2m being the normalizing constant, and dxi = dqidpj. fince

k = 1Al
£ is Borel measurable, we may put { = Gnﬁ—l, the measure induced on X by o.
Also, Cn is { restricted to Xn. This use of Maxwellians is for convenience
only, and will alter slightly the form of some standard expressions, e.g., the
BBGEY hierarchy.

Our states (probability measures) P on XD are obhtained from measurable

densities £ on XD, so that
2.3 pF) = [ £ &,
F

Such states can also be written as

=f{F = T3 ;
(2.4) PE) { £ do =) 1/n.{ £ do (nz@
F F
n
where £ = fo £, F = £ ”1(1?), ?n = £ 4y, En = F n m . Using this

representation, the kth correlation measure Py of p is by definition a measure
on w with a densitu (correlation function) which takes the form
¥

3 - n
(2.5 P (X ) = L 1/n-tf £ OC) doy .udo (n 2 KD

and the inteqgration is ouer L



Suppose now that CTt) is a family (usually a group) of measurabie
transformations Tt: XO —+ XD. We define p(t) by p(tXF) = p(T—t(F)). Clearly,

p{at)(F) = f E(t)da, and the correlation function pk(t) of p{t) is given hy
F

n sy n o
(2.6) ptY ) = Y L/n-k)tf E(G0) dop ..vdo (n 2 k)

where here and throughout, £{(t) = EDT—t. We will also use the notation
ECEY (™) = ECt,x™M).

ke are now going to consider a family of structures on XD indexed by m €
N. The structures will include a family {T;} af hard sphere flows on Xo, a
family of Borel probability measures {p:}, with an associated family of
correlation measures {pg}, and finally an associated family {wg} of reduced
correlation functions to be defined shortly. Throughout the discussion we will

assume given a function §

&{m) which satisfies the condition

(2.7) lim mL&mr1°
m—ioa

it
kS

First we define the dynamical flows. For each m € N, we imagine each
point in XS(A) surrounded by 3 particle of diameter § = &(m). The particles
will move according to the hard sphere dynamics; that is, each particle moves
in a straight line until it encounters another particle or the boundary. In a
collision with the boundary, the particles reflect elastically. In a collision
between two particles having positions and momenta (qj,pi) and (qj,pj), the

ingoing momenta p. and p. are abruptly changed to the outgoing momenta p! and
i J i

p&, where



=)
]

i pi - ki(p‘j, c"‘)1
(2.8)

o
n

pJ + k_i(pJ' M),

0 = (q‘i—qi)/lq‘i—q“ is the unit vector giving the direction between the
centers, and ki(p, @) = m-(pi—p). After this interchange of momenta, the
particles continue in rectilinear motion.

There are several problems with this definition of the dgn_amics. Firstly,
it is not clear that, beginning with given initial conditions, we can find the
positions and momenta of the particles at any later time, and indeed, multiple
and grazing collisions can occur. But Alexander [1]1 has shown that these cases
occur only on a set of measure zero in Xﬁ. Thus we may assume that there

& & & )

of X~ of full measure, and a group {T:‘ X

= Aaliaaiaie

exists a measurable subset ’)2 — ﬁ

: t € R} of measurable transformations, where T:‘(x) is obtained by ewvolving
the initial conditions x € ’is over a time t using the hard sphere dynamics
associated with particles of diameter § = &{m), Similarly, there is a group,
- t t ~& & ~& -1 .78 .
which we also denote by {Tm}, of maps Tm: n—m, n =§E {(n), obtained hy

labelling the particles and using the hard sphere dunamics; the flows T:‘
&

comnute with the map €. Note that the flows are so far defined only on X® and

;&, which mau even be emptu if &(m) is too large: for convenience we thus
define the T:l everywhere by putting T:i()() = K for X € XD - ’}i(‘\?':J or x € W~ u.
The second and intrinsic problem is that the maps T:‘, though measurable,
are not even continuous, let alone differentiable. Due to the abrupt changes
in momentum, the trajectories are only piecewise continuous. Te be definite we

impose the condition that the trajectories are continuous from the left, that

is,



(2.9) 1im T;(x) = T;(x).
t—1-0

Of most concern to us is the Ffact that the measures do and dC are

invariant under Tﬁ.
le want to consider a special class {pm} of states having {(symmetric)

densities Em on nn of the form

(2.1 M =m g, n=m

where gm satisfies the following conditions:

2.1 (i) [ g" do =1 for all m € N;

(ii) lim gm(t,fn) = gm(T,xm), i.e., the gm are continuous along
t—r '
trajectories;
L.y Mmoo, . ~&
(iii) g iz concentrated on m and is =zero on nm - nm;

(iv) Given £ > @ in R, there are k, 1 € N so that  f g do < £
gt zk "

m
and f gm Z pi dam < g for all m 2 1.

m._ . 1
g 12k

The condition 2.1 (iv) is a kind of uwniform integrability condition on the
s L. m
initial conditions g .

The associated time evoluving correlation functions are

k

< mt
) =

(m—k)¢

m m m . -
(2,11} Py (X J g ttyx? do,, +..do for k < m,

=mt g, ), k = m



=@, k > m.

Since these correlation functions must diverge as m — o, one defines the

rescaled correlation functions th Iy

(2.12) q{'(t,x}") =mr p:‘(t,x]").

The important fact for us is that, for a certain class of smooth

&

L) — R, the function f«p(t,xk)qf:(t,xk)dal...da is

functions P: R X n k

absolutely continuous and hence differentiable almost everywhere as a function
of t, and satisfies an integrated form of the BBGEKY hierarchy.. The functions

P which will be allowed are specified in the following definition.

2.2 Definition

The set @k consists of thnse functions ¢ € ¢t R X ni'(A)) which are

symmetric and for which

&(A) for each t € R,

(i} @(t) has compact support in m

(ii) Whenever lq.i - q‘jl = §, we have

?(t!"'§qispix-"sqjspj)"'!xk) = T(ts'-';qj!p;y-"!qdypdy--'lxk)

= T(ts'--quspgs"-qu!Pj)'-';xk)x
where p; is obtained from (2.1} with P; and p'j replacing P, and P,

Note that any function ¢ which vanishes in a neighborhood of the collision set

£
nk(A) - n;’(A) for all t satisfies condition 2.1(ii), and hence Q)k is dense in

Linfoan
LA,

In the following, we use the notation ‘P’E(t)[‘f(t)] =

}‘)do'..,do .

X The BBGEY hierarchy now takes the form

f‘f’(t,xk)wr:(t,x



2.3 Lemma

Let T € R ' For any ¢ € @k and 1 £ k < m,we have

(2.13) qu(t)cv(t)J = q:';‘(m[q»(@n + mg,’fT{w;'(t)[w(tn +
(o]

C';'Hlp';ﬂ(t)[tp(t)]} dt,

where
(2.14) an=§5f3+§p§5f
at . i ag.'’
i=1 1
2 z k
(2.15) C:+lwk+1[$] = § Z: f Pin) € Wk+l(t,...,qi,pi’,...,qi—am,p) -
i=1 A ’ T

k k
- Tk+l(t,x ,qi+8w,p)} ki(p, w) dx dwdp,

& = &m), and R = { (xk,m,p): w £ Sz’ m-(pi—p) >z @}, The operator C:+1 is

called the caollision integral.

It will be convenient for us to regard the sequence {TQ; k € NY as an
element of a space of sequences of functions, and hence we write fm = {?:: k €
N} The object of this paper is to show that the set of cluster points of the
net {fm(t)} of time evolving rescaled correlation functions fm(t) in the
natural weak topology is non-empty, and that each such cluster point § (t) is
associated with a nonstandard #T which satisfies a nonstandard version of the
Bol tzmann hierarchy, which is a hierarchy of the same form as (2.13 except
that C" is replaced by a similar operator with § = @. For the nonstandard

k+1

analysis, the reader is referred to [12, 19, 211.



HWe now specify the topologies in which the cluster points are to be
taken,

2.4 Definition

1

Let Lloc(ﬂ? X "k) denote the set of measurable functions ?(t,xk) =

w(t)(xk) on R X m for which Iyt € Ll[a,b] for each a,b € R (Il denotes

the norm in Ll(nk)), and let B denote the set of sequences Y

{wﬁtt,xk): k €
N} for which L% € L;Dc(m X "k) for each k € N. A neighborhood subbase of Q €B

in the weak topology is given by sets of the form

o P k
(2.16) N [¥1 = €9 : [ OIP (1) - ¢ ()1do < &,

fb ?(s)[$k(s> - ?k(s)]dgk ds < &, 3,

a

where a = (g, &, ¢, k, a, b and ¢ € @k.

We may now state our main theorem,

2.9 Theorem

The set Qm of all cluster points in the weak topologuy of the family @ ={

TW: mE€NDY in B is nonempty. For any § = {¢k: k € Ny € Qm, the Ffunctions #*k

* ¥
= Wk o st (where st is the standard part map from ns( IRX nk) to Mn

denoting the near standard points) satisfy the Bol tzmann hierarchy

k' NS

(2.17) #wk(t)[$<t)] = #wk(o)[$(o)3 + Kft{#wk<s)[ﬁw(s)1 +
o

. ® (s)[P(s)1} “ds, k € N
k+1 wk+1 silpds ! !



where °p denotes the Loeb measure associated with p, F = “("f), #lfk(s)[i-'] =

f“tpk<s, $r1e051 %", and

k
_ o P
(2.18) He = St + _Z Pi 3.’
1=1 } ]
# s kK, #
(2,19 € Ty TP = igl _g‘f(x AR S S STREY: 1) FRSTRRNT. 195

-~ k o ko o
- Wk+l(t,x ,qi,p)} ki(p, w) dx dw dp,

and A = { ",6,p) € nsin x*Szx*rRa) t k;(p, @) 2 0.

k

§3 PROOF OF THE LETH

Az in [13]1 the proofs to follow use nonstandard analysis. The analysis
will be carried out in a sufficiently saturated enlargement U(*IR) of the
superstructure U(R) over R. HWe write r =~ s if r and s in *IR are
infinitesimally close. The standard part ui-‘ r & *IR is denoted by °r or sti{r),
with the convention that ‘r = 4= or —w if r is positive or negative infinite.

In the ensuing discussion we will need to consider the set of points in

;;m which involve collisions between particles. To this end we define the set
(3.1} K..={ &€nmn :q.=q.+&oi., kj(pJ,a\)‘ﬁ@,mES}

(82 being the unit sphere in fRB) consisting of those points representing an

ingoing collision between the ith and the Jth particlies, and put

(3.2) K:UKiJ(iiifcj_\’.n).

K inherits its topology from ;51, and on K there is defined the natural measure



i

v given by dv = ) duij ¢ 1 i < j £ n), where duij is the measure on Kij

given by
_ B
{ 2% -— Cz 2 ‘i
(3.2} dvlJ = §& da!. dﬂj—l dGJ+1"‘dGn ke ki(pj' @) de dpj.

Here duiIj represents the measure on the unit sphere with center qi in q‘j

space. Note that Kij n K = @ since there are no multiple collisions. In the

ik
same way we may define the set K+, representing outgoing collisions by
replacing the condition ki(pj’ ) = @ by ki(pj' @)y < @ in (3.1). There is a
measure preserving map £ K+ —+ K, where £(y) is obtained from y € K+ by
replacing outgoing by ingoing momenta using (2.8).

We now let =2 = { % € ni : Tt(x) € K for some t > @ 3} denote the set of
points which underge a collision at some time t > @, The set = has a
representation as a special flow with base K [2, 3, 201, To do so, we define
the function T on K by

(3.4) rg) =min £ t €R® T Sty € 87 3,

The function T is never zeroc and may take the uvalue o, but elsewhere is

continuous on K and hence measurable since we have ruled out grazing
~X

collisions for x € n;. For any x € Z, the set {t € [@, o) Tt(x) € K » has no

finite point of accumulation since we have eliminated multiple collisions. We

now let

(2.9 Z={(s,y) : @%s =7y, y€K?



Z inherits a topology and measure from K X [0, o), Next we define a 1-1
bicontinuous measure-preserving map & : = — = hy letting #(x) = (s, uy), where
s = s{(x) =min {t : Tt(x) =y € K}, We can use the rules (2.8) to define a
measurable map § : K - K by the prescription S(y) = g('r"’(”’). Then
corresponding to the semigroup {'I‘—t: t > @) of maps on Z there is the

e

semigroup €S T t > @ of maps on = defined by

s—t(s, y) = (t+s,y) for @ £ t < 7{y) - s,
(3.6) S Ny, ) = Ct+s -1 - ... - sy, s
n—1 n
for t(y) + ... + (S8 "y -s 2L t< Ty + ... + TS Y - s,
-t -t . -t -t
T and § ~ are related by the equation § o T ~ = § o §, We can replace

integration of a function g on = by integration of & = gu(b—l on Z. The
collision integral will involve integration on =,

Throughout the following discussion we will suppress the index m on
functions and dynamics. Suppose then that g is a symmetric function in Ll("r;‘S

m
k).

)
with corresponding time evolved correlation functions pk(x

~ 8
Ay function ¢ € ® can bhe regarded as a function on n':(A) which is

k

independent of the variables Koo k+1 £ n £ m, In the proof of the lemma we

use the fact that for ¢ € @k,

t

~ k m m m
(3.7 Joplt, gt x )dal.‘.d.om = f'{’(t,T (¢ DIF(x )dal...dam.

Note that on the right-hand side we regard xk as being a point in ;‘1-6(1\) by the

m
obvious embedding, and the map Tt, though it acts only on xk, involues the
effects of all m particles. In the following, we denote Tt(x) by »x(t) =

O (B, .. o (1)), where x.(t) = (q.(t), p.(t)), Also we will denote
i ; m ! i i 1



W(t,Tt(xm)) bu ¢(t, x, (1)), remembering that x (t) depends on x ,...,x , as

k k 1 "m

well as t.

The continuity assumption 2.1(ii) is used in the following way. Suppose
that D is a compact subset of K such that D X [@,7]1 & Z for some T € m+; we
want to consider integrals of the function g = god ' on D X [@,7], where g
satisfies condition 2.1(ii1) and 1is integrable on D x {[®,7r]l. Since no
collisions have taken place in the time interval [@,7], i.e., S_t(g) € K+ for
y € D and t € [&,7]1, we see that the Ffunction E(s.g) € Ll([O,T] X D) is
continuous as a function of s € [@,7]. By the Fubini theorem, 6(5,-) is in
LX(D) for a.e. s € [@,71, and f&(s,g)da(g) is continuous as a function of s,

s0 we conclude that fﬁ(@,g)da(g) is finite, and that

(3.8} lim [ gis,udday) = [ g(@,uddaiy).
5—¥

iWith the preliminaries over, we are now ready to begin the proof of the
lemma., ke first assume that the function g is supported in a compact set of
the form ES =AX S, where § = { p = (pl,...,pm) : X:p§ (1 £4i2m £s5, 5 a
positive real number }; the proof will be completed by a limiting argument,
Note that ES 8 Gﬁ(A) is invariant under Tt since } p; is conserved under
callisions. .

The proof will use Reisler's Infinite Sum Theorem [12, 151, which in our
case can be stated as follows: In order to show that (2.13) is true, we need

only show that

(3.9) dp, (£)IPCHT = p (EHAO IPCEHE) T — py (HIIH(E)]

= dt {p, (£)IHP(EIT + C () Ip(t) 13

k+lpk+l



for t * @ in *m, where dt is a positive infinitesimal increment in time and =~
denotes the relation of being infinitesimally close [here and in the following
we make no notational distinction between standard functions and their * -
transforms in the nonstandard model; the context will make clear what is
meant].

lLet t € *m+, and dt be an infinitesimal, positive increment in time.

Using (3.7), we have

(3.1 (mmk’ dp, (DY IP(H)] = FLpCtrdt, xF(t+dt)) - et x (£ 1g0O™ do™,
= fIptrdt, )" (t+dt)) — P, (t+dt)) IgO M rdo™
k
+{%1 J{tf(t,xl(t),...,xi~ (t),q (t+di) ,p. it+dt),...,xk(t+dt))
—wtt,xlct),...,xi_x(t),qi(t),pi(t+dt),...,xk(t+dt))}g(xm)dam
k : '
+y ﬂthMh“”% L8, (8),p, (trdE), L0y x (£4dE))
i=1
—?(t,xl(t),...,xi_‘(t),qj(t),pi(t),...,xk(t+dt))}g(xm)dom.

Uzing the mean value theorem and the fact that ¢ € Cl, we see that the

first integral is infinitesimally close to

(3.11) dt f ctx (t))g(x Yo = dt f (t ) g(t,xMdo™ = dt pk(t)[S%]

Mext we consider the terms in the two sums in (3.1@). We write each

integral in the sums as the sum of integrals, depending on whether the ith
particle dpes or does not undergo a collision with the Jth particle in the
-t

time interval [t, t+dt]. More explicitly, we let Qij(t) =T (nij)' where



(342 A = Lx=0,0..,x) EEANNA : T €ER.., 0 % s < dt).
ij 1 m m ij

niJ.(t) is thus the set of initial conditions x = (xl,...,xm) €EELnN ’r;lf:(A) for
which there is a collision between the ith and ,jth particles in the time
interval [t, t+dt). It is important to note that the momenta P; in X, =
(qi,pi), 1 £ i fmare all finite since ¥ € ¥, and the same is true of the
momenta in T_t(xl,...,xm). From this fact it follows that there is only one
collision jin the infinitesimal time interval [t, t+dt). Because of the fact
that there are no multiple collisions, it is easy to see that the ni,i are
disjoint. ke now let ni(t) = U Rij(t)(l 2 jf£m, It is important to remark
at this point that we do not need to consider collisions with the boundary
since ¢ has compact support.

On Rj’(t) = [Qi(t)]’ there are no cellisions involving the ith particle
in [t, t+dt). Thus we have qi(t+dt) - qi(f:) = pi(t)dt and -pi(t+dt) = pi(t),

and using the mean value theorem and the fact that ¢ € Cl, we get

(3.1 f [PC. .. q (t+dt),p, (t+dt), .. ) -
At
1
~pC. .0, (), p (t+dE), .. )] gix™ da"
=dt [ p, %T R ey g™ ™
A (D) q;

On the other hand, since the dynamics is confinuous in q; and @ is continuous,
!'P(..,,qi(t+dt),pi(t+dt),...) - '?(..,,qi(t),pi(tﬂlt),...)l 2 n where n is

infinitesimal, and so

(3.14) Pof TG, g (t+dt) P (tHdD), L) =

f.(t)
1



=Pl (8),p (tHdt), .. )] g™ do" |

1A

m
n Z f g(xm) do’™
Jj=1 nij(t)

m
n Y [ gttp™ ",
J=1 A..
1J
Now note that

-t

(3.15) [ oto™ ™= | g¢s” 55,y duly) ds
A

1)
ig
i
- 4t 5w, dviwids
[=)

K..
ij

where here and later we use the notation a(t) = g(t)oﬁ_!. Using (2.12) and the
mean-value theorem of the integral caleculus, we see that the right-hand side
of (3.14) is infinitesimally close to nBdt for some positive constant B, and

as a result the first sum in (3.18®) is infinitesimally close to

X 1 _ K
(2.16) dat Y [ p. %T e gt ™ do™ = dt Y [ p. 2 o (6 dot.
i=t e i=1 q; 'k

We now consider a typical term in the second sum in (3.1@). First we note

that p (t+dt) = p.(t) in AI(t), so that

(2.1 J CpC. .. q (£, p, (trdt) .0 -
AL

— Pl g (8, p (E),. 0] gix™ do" = @

th Larticie collides with the j'" particle in the time

interval [t, t+dt). The (outgoing) wvelocity pj(t+dt) of the ith particle after

Now in A .(t), the i



such a collision 1s given by

(3.18) p.{t) - jw. (ttadt) - [p.(t) - p_ (t)]1] w. (ttadt)
i i i J ij
o pj(t) - [mjj(t)'[pj(t) - pj(t)] wij(t)’

where & < a < 1 and mij(t) = [qj(t) - qj(t)]llqj(t) - qi(t)l. Thus, using

2.1(1i}, we have

(3.19) I O, q(t),p Ctadtd,.0) -

PG, g (8, P (0), .03 gix"} do™

m
¥ o, RGN I
j=kt1 A (1)

PG yx (0,0 g™ do"

m .
1

%) g(t, ™ do™

= {m-k) f {?(t,...,qj,p;,...) —?(t,xk)} g(t,xm) dam,

ni,k+1

the last by summetry, where pi = p?! . The last integral iIn (3.19) can again

1,k+1

be treated as an integral over =. Using the definition of the surface measure

dgij and the continuity as before, we have

(3.20) (mk) [ @Ct,xglt,x™Mdo™ = (k) [T [ Fo (W Gt Cr,wdv, L dr
[a)

yk+1
Qi,k+1 Ki,k+1
B e
= (k) dt 82 [ k.(p, @ fCt, ) git,x™ do* do do_ ke | P dwdp
i P ’ ' k+z'



B2

P
$
= dt & iﬂ;ﬁl_ f k. (p, o) P, ) Pra, (1 xk,q + dm,p)da ke *  dedp,

where the integration is over the set A = {(xk, o, p) ! w € Sz, kj(p, w) = @Y,

To deal with the integral [ ®(t,...,q,,p,",...) g(t,x do" over Ay oy e
first use the fact that m-(pi—p) = —m-(p;—p’), and the above argument to
obtain
(3.21) (k) f ?(t,...,qj,p;,...)g(t,xm) do™
g—dtf(wmjw(pm)wn.q%m;“”>x
B2

K k, 2P
X Pk+1(t'x ,qj+dm,p)da ke dendp

Since the transformation (2.8) is orthogonal, and hence dpidp = dpj’ dp’, we

may replace @ by ~w , and we see that the last line in (3.21) is

(2.22) = dt §° ("nk) f k (D, @ O X

B2

P
P k 2
X pk+l(t,...,qi,pj,..,qj—dm,p) do ke dwdp.

Putting all of the above together with Eeisler's Infinite Sum Theorem, we

obtain the desired result for functions of compact support.

To prove the result for general f € Ll(ni) is now simply a matter of

approximating £ in L by ES = Exz . The one point to notice in this connection

=3

iz that the collision integral, when integrated over t, correspoonds to a full

volume integral on Z, as we have seen from the calculations above.



& 4.PROOF OF THE THEOREM

The set Qm of cluster points will be obtained by considering the elements

in *ﬁ = {Tm: m € *N} for which m € *Nw, the set of infinite natural numbers.

Throughout the following discussion, m will denote a fixed element in *Nm.
We first note that an immediate argument by transfer using 2.1(iv) shows
m, m. . . m m,. . .
that g (x' ) is S-integrable [12]. Next we show that g (t,x )} is S-integrable
as a function of X" for any t € *m. Using the invariance of do under Tﬁ we see

that for any internally measurable subset A,

(4.1) [ gt xMds" = [ g"tx™Mda™
A “t
m

and the S-integrability of g (t,x") follows from that of g (x") on putting A =

»
ocEm : 1gMME ™1 2w = THx €m s 1g (™1 > @3) for @ € "N .
m m m m oo

Now we show that the functions ??(t,kk) are S—integrable as functions of

®
xk for any t € R, k € N,, To do so, we need only check condition (iii) of
with [ do®

A
« @ Then [ ¢t do® = — ™ [ g™t,x™ do™ = @ since fda™ =

] m (mk)t Axn AXn
mk m—k
2
fdak ~ @ and ——— 2, and the condition is satisfied. It follows from
A m (m-k}?
the fact that f wﬁ(t,xh) dak is bounded (by one) that it is S—-integrable 35 a

®
Definition 3 in [4). Let A be an internally meaurable subset of m

¥® »*
function of t € R on any finite interval [3,b] € ns ( M), the near-standard
. I
points in IR,
For any k € N, the measures doy are near-standardlu concentrated. It
follows from this fact and the fact that the T? are S-integrable that the

functions Dw@ are integrable with respect to odok and



a2 °f o4, 0 o e o ° Mot x) °wz(t,xk) ®do

111 49 k!
k K
3 4
= [, e °w$(t,xk> “do, ,
ns{ mw )
K
and
.3 P *at o *T(t,xk)vz(t,xk)*dak ~ [P “dt ) Foct, ) wg(t,xk) do,
a2 T a 1T,
K X
= 2%t f, Bt °w$(t,xk)°dak
a ns{ m }

k

for any continuous %, where a,b € ns(*m).

ke now proceed to characterize the set Qm. By §1¢.2 in {81 there are, for

#*

m € N and k € N, functions #w:(t, W) and @:(t,xk), defined on

an

[V

ns(*mx*nk) and R X m_respectively, so that Eft(°¢:) = “WQ = @T o st, where

ESt denotes conditional expectation with respect to the o-algebra generated by

* N
st: ns{ R X “k) — R X “k'

(4.2) and (4.3} that

If a, b €ER and ¢ € @k, k € N, we have, using

.3 3 -~
(4,4} f ?(t)?t(t) dak o f ?(t)@:(t)dak,

”da]r x [P ds [ ¢t @:(s) do

a

.50 [P %ds [ Ve L) .
3

By Theorem 4.2.6 in [191, the nonempty set { gm: m € *N } = Qm.
Finally we show that for any QW = {§?: k € N} € Qm, the functions %Wk =

-~

p ost satisfy the Boltzmann hierarchy. Bu transfer from (2.11) we have



a.6) | *W(t,xk)W?(t,xk)*dak - T e, xM19™@, ") e

- m&zft{$$(s)[*ﬂ?(s)] + o W e e 1 s,
O

k+1
Taking standard parts on both sides of (4.6}, there results

(a.7) °w¢(t>[$<t)1 - °w?(e)c$co)1

(s)Up(t) 1Y ds.

o~t_m ¥ m
= x { (s U He(s)T + O

We can replace Dwr on the left by #@T since $ is measurable with respect to
the o-algebra generated by st.

ke now deal with the first term on the right. First note that

k
¥ 2
(a.8) Wi e 1 = —2 g™ ™ + ¥ p 2y Ma™
k f (m-k) ¢ ot =~ T Tidqy

m
The integrand on the right is in absolute value £ B ig'l ¥ p§ where B depends
1

on ¢ and, applying the arguments above with do™ replaced by the invariant and

m
near—standardly concentrated measure [E: p?] dom, we see that that it is
1

§—-integrable, and

o -
a.sy [t w?(g)[*ﬂw(s)]*ds -t DWT(S)[&?(S)}Dds.
' o

o v

Again, we can replace OWQ by #?:.

There remains to consider the collision term. Notice from (3.19) and



tm [¥p(s}1 "ds is a finite sum of terms of the form
o k+1 "k+1 ?

(3.20) that
mf{mk-1)t t ® ~mn, —tts »*
= f° Ftt)(s,x)g (S (s,g))}duj,k+x ds,

(=)

(4.1®)
‘). The integration on the right

y - Mot

3 #
where F(t)(x™) = @(t,.. -9 3
is over 3 set of positive measure in §, sao the integrand over this set is
S—integrable since gm is S-integrable. We conclude that

¥ ¥ t o o
[p(s)] ds = { c:+l p, [P1 “ds,

ot
(4.1 { CrarPoss
Finallg,owg can be replaced hy #WQ as above, fAfter doing so, we note that C2+1
by the collision term Ck+1 since, e.q.,
)qi!P;;"'squp) because ‘i}:_‘_l 1s

can be replaced
#
!qi'&l‘;p) = k+l(t’

#, /
(t!"'!qispi!"-
constant on monads and § = §(m) is infinitesimal. This completes the proof.

k+1
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