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ABSTRACT

This project focuses on the conceptual design of the spin rotator for a proposed

electron polarization upgrade of the SuperKEKB. The goal is to achieve the longitu-

dinal electron polarization at the interaction point (IP). In this design, four existing

dipoles will be replaced with four rotator magnets on both sides of the IP. The ro-

tator magnet structure consists of dipole-solenoid combined function magnets with

skew-quadrupoles installed on top to decouple the x-y plane. The advantage of this

design is that the original machine geometry is maintained, and the original machine

can be recovered by turning off the solenoid-quadrupole in the rotator magnet. With

Bmad, a powerful lattice simulation tool applied to perform the optimizations for this

design, the longitudinal spin alignment at the IP reaches a significantly high level,

greater than 99.99%. Furthermore, the influence of the installation of the spin rotator

on the original machine dynamics is minimized to an acceptable level.
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Chapter 1

Introduction

The SuperKEKB is a high luminosity positron-electron particle collider with a cir-

cumference of 3 km located in Japan. SuperKEKB collides 7 GeV electrons with 4

GeV positrons at the centre-of-momentum energy of 10.58 GeV close to the mass

of Υ(4S). A proposed electron polarization upgrade program is being considered for

SuperKEKB [1]. Polarized electron beam provides precise measurements of elec-

troweak parameters in the process e+ + e− → ff̄ , where f denotes the fermion (e,

µ, τ , c-quark, b-quark). The measurement of the left-right asymmetry Af
LR for each

identified final-state of the non-electron fermion-pair (µ, τ , c-quark, b-quark) can

determine neutral current vector coupling gfV of the fermion (µ, τ , c-quark, b-quark)

through the relation for full acceptance, s-channel ff̄ production:

Af
LR =

σL − σR
σL + σR

=
sGF√
2παQf

geAg
f
V ⟨Pol⟩,

with

gfV = T f
3 − 2Qf sin

2 θW ,

where the superscript f denotes the non-electron fermion (µ, τ , c-quark, b-quark),

T f
3 is the 3rd component of weak isospin of f, Qf is the electric charge of f in units of

electron charge, θW is the weak mixing angle, σL, σR denote the left, right interaction

cross sections, geA=T
e
3 =-1

2
is the neutral current axial coupling of the electron, GF is

the Fermi coupling constant, s is the square of the centre-of-mass energy, and ⟨Pol⟩
is the average beam polarization of the electron, which is given by:
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⟨Pol⟩ = 1

2

[( NeR − NeL

NeR + NeL

)
R
−
( NeR − NeL

NeR + NeL

)
L

]
,

where NeR and NeL denote the the number of left-handed and right-handed elec-

trons in the left and right polarized beam bunch, which is denoted by L, R, respec-

tively.

Note that the e+e− → e+e− Bhabha scattering includes a t-channel component

with ALR sensitivity to θW given in Reference [2]. Also, electroweak studies of u-ū,

d-d̄ and s-̄s final states are also possible, but not where they are separately identified.

With the high luminosity of the SuperKEKB and the 70% (with a systematic error

smaller than ± 0.5%) polarized electron beam, the precision of the weak measure-

ments can reach an unprecedented level [1].

Figure 1.1: Left: Existing measurements of sin2 θW and projected measurements at
future experimental facilities as a function of energy scale. Right: Dark blue band
indicates the Q2-dependent shift in sin2 θW caused by a 15 GeV mass dark Z.

Figure 1.1 [1] shows the existing measurements of the sin2 θW as function of

the energy scale and the future measurements including the electron polarization up-

graded SuperKEKB. With 20 ab−1 data and 70% polarized electron beam, the ratio

of the vector couplings gbV /g
c
V will be measured to 0.3% which is more an order-of-

magnitude precise than existing measurements. With 40 ab−1 data, sin2 θW can be

measured with a statistics-dominated uncertainty of ± 0.00016, which is equal to the
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world average from the LEP and SLD experiments at Z0 pole and more than twice

as precise as the current world average from LHC. Also, the electron polarization

upgrade provides the possibility to search for the “Dark Sector”, especially when the

off-shell energy of the Zdark is between ∼ 10 to 35 GeV, or even up the Z0 pole, or it

couples to the 3rd generation [1].

The electron polarization upgrade includes three hardware upgrades for the Su-

perKEKB High Energy Ring (HER)/Electron Ring [1]: a low emittance source to

provide a longitudinally polarized electron beam which will be transversely polarized

before it reaches the injection point, a spin rotator to polarize the beam longitudinally

at the interaction point(IP), and a Compton polarimeter installed before the IP to

measure the beam polarization.

This project focuses on the spin rotator design. There are four types of magnets

(solenoid, dipole, Wien filter, and helical dipole) that can be applied to provide the

spin rotation [3]. The solenoid magnet induces the magnetic field in the longitudinal

direction and provides spin rotation along the longitudinal axis. The dipole magnets

provide the spin rotation in the horizontal plane, and the vertical spin is preserved.

The Wien filter is a combination of the transverse electrical and magnetic fields that

can offer spin rotation without bringing orbit distortion to the beam. The helical

dipole has a helical structure which gives an additional degree of freedom compared

with the normal dipoles and the orbit excursion in the helical dipole magnet.

The spin rotating device introducing a 180 degrees spin rotation for each turn is

called the “Siberian Snake”, which was conceptually developed by Ya.S. Derbenev

and A.M. Kondratenko in Budker Institute in Novosibirsk in 1976 [4]. The Siberian

Snake can be applied to eliminate the depolarization effects, allowing the spin po-

larization to be preserved after the beam undergoes many revolutions in the ring.

Relativistic Heavy Ion Collider (RHIC) is the first polarized proton collider, and with

the installation of two Siberian Snakes made of helical dipoles in each ring, it is also

the first polarized proton collider with no polarization loss [5].

The spin rotator is a spin rotating device for beam polarization purposes. The first

electron storage ring which provided longitudinal spin polarization was the Hadron-

Electron Ring Accelerator (HERA) [6]. It is a lepton-position particle collider at
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DESY in Hamburg and operating from 1992 to 2007. HERA collided a positron or

electron with the proton at a center of mass energy of 318 GeV. With the installation

of the three pairs of the spin rotator, the longitudinal beam polarization was achieved

at three collision points in HERA, as shown in Figure 1.2 [6]. The Mini-Rotator in

HERA was made of six alternating bends, including three horizontal bends and three

vertical bends [7].

Figure 1.2: The HERA electron storage ring

This project aims at designing the spin rotator with the dipole-solenoid combined

function function magnets for the electron polarization upgrade of the SuperKEKB

HER. The left picture [8] in Figure 1.3 shows the SuperKEKB collider, the right

picture shows the spin motion in the KEK frame when rotator is installed in the

HER. As it shows, the full spin rotator structure has two components: the left rota-

tor (L-Rot) is installed before the IP to polarize the electron beam in the longitudinal

direction; the right rotator (R-Rot) is located downstream of the IP to bring thelec-

tron polarization back to the transverse. Thelectron polarization at the IP depends

on thelectron polarization at the injection point. With the injected beam polarized

in the direction aligned with the dipole field, thelectron polarization at the IP is lon-

gitudinal (Right-handed) and anti-aligned with the dipole field corresponds to the

anti-longitudinal polarization (Left-handed). The dipole field direction is downward

in the KEK frame [8].

The structure of this thesis follows: Chapter 2 describes the theory of accelerator
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Figure 1.3: Spin motion of the electron (KEK frame) in the High Energy Ring with
spin rotator installed, the L-Rot is located ∼ 210 m upstream of the IP, and the
R-Rot is located at ∼ 169 m downstream of the IP. The blue arrow at the IP is the
Right-handed polarized spin.

physics and spin dynamics relevant to this project. Chapter 3 gives the fundamental

idea of the rotator design, including the magnet structure, constraints, and discussion

of the installation position. Next, Chapter 4 talks about the lattice simulation

tool, details about the simulation and optimization procedures, and the optimization

results. Finally, Chapter 5 discusses the future steps that need to be performed to

finalize the design of the spin rotator and also includes the implementation of beam

tracking, and Chapter 6 is the conclusion.
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Chapter 2

Theory of Accelerator Physics and

Spin Dynamics

2.1 Linear Optics

In magnetic field, a charged particle experiences the Lorentz force, which provides

the centripetal force causing the particle to follow a circular trajectory. The relation

between the magnetic field and the curvature of the circular motion, R, is given by:

1

R
=
q

p
B, (2.1)

where B is magnetic field, q is the charge of the particle, and p is the momentum of

the particle.

In the ideal case, particles follow the ideal orbit. However, the beam oscillates

around the ideal orbit within a small range in the circular accelerator. Consider a

small horizontal displacement x to the ideal orbit, and Taylor expand the magnetic

field to get the expression for the multipole field:

B = B0 +
dB

dx
x+

1

2!

d2B

dx2
x2 + ..., (2.2)
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Multiplying by q
p
gives the strength of multipoles :

q

p
B =

q

p
B0 +

q

p

dB

dx
x+

1

2!

q

p

d2B

dx2
x2 + ...

=
1

R
+ kx+

1

2!
mx2 + ...

(2.3)

1
R
corresponds to the dipole strength, k the quadrupole strength, m the sextupole

strength, etc [9]. In a circular accelerator, multipoles are installed for different pur-

poses: dipoles are applied to bend the beam, quadrupoles are applied for the beam

focusing, and sextupoles are used for the chromaticity compensation which will be

explained in Section 2.1.4.

2.1.1 Co-Moving Coordinate

The way to track particles’ trajectories in the accelerator is through the ideal orbit,

also called ’orbit’. The ideal orbit passes through the center of the cross-section

of each magnet along the longitudinal direction, so it is defined by the machine’s

geometry. The co-moving coordinate system, introduced to describe each particle’s

trajectory, has an origin moving along the ideal orbit in the longitudinal direction.

As Figure 2.1 [9] shows, in this coordinate system, the transverse position of the

particle relative to the ideal orbit is denoted by x for the horizontal position, y for

the vertical, and s for the origin position in the reference orbit.

Figure 2.1: co-moving coordinate system
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2.1.2 Hill’s Equation

The transverse motion of a particle in the synchrotron is described by Hill’s equation

[9]:

x′′(s) +K(s)x(s) = 0, (2.4)

with

K(s) =
1

R(s)
− k(s), (2.5)

where x is transverse trajectory of the particle, R is the local bending radius, k is the

quadrupole strength.

Hill’s equation can not be solved analyitcally but the solution can be expressed in

following form :

x(s) =
√
εβ(s) cos

(
Ψ(s) + ϕ

)
, (2.6)

where β(s) is the amplitude function depending on local magnetic structure, the con-

stant ε is known as the emittance, ϕ is the initial phase, and Ψ(s) is the phase function

and given by Ψ(s) =
∫ s

0
dσ
β(σ)

. It describes a transverse motion that oscillates around

the reference orbit with a positional dependent amplitude, called betatron oscillation.

The speed of the transverse motion is given by:

x′(s) = −
√
ε

β

[
α cos

(
Ψ(s) + ϕ

)
+ sin

(
Ψ(s) + ϕ

)]
, (2.7)

Where α ≡ −β′(s)
2

.

Manipulating the expression of x and x’ can determine following equations:

cos
(
Ψ(s) + ϕ

)
=

x√
εβ(s)

, (2.8)
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sin
(
Ψ(s) + ϕ

)
=

√
β(s)

ε
x′(s) +

α(s)x(s)√
εβ(s)

. (2.9)

Applying the identity sin2 θ + cos2 θ = 1 can get:

x2

β(s)
+
( α(s)√

β(s)
+
√
β(s)x′

)2
= ε, (2.10)

α, β, γ are known as Twiss parameters, where γ(s) ≡ 1+α2(s)
β(s)

, and rewrite the

equation above in following form:

γx2 + 2αxx′ + βx′2 = ε. (2.11)

It is an ellipse equation, the area of the ellipse is given by πε, as shown in Figure

2.2 [10]. According to Liouville’s theorem, the area of the phase space is invariant,

which indicates the emittance is an invariant quantity.

Figure 2.2: The ellipse in the x-x’ phase space
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2.1.3 Tune

The repeated magnetic structure that the beam travels through in the circular ma-

chine might introduce a resonance to the beam motion, which amplifies the transverse

amplitude rapidly. This is called an optical resonance. The resonant behaviour of

the betatron oscillation significantly depends on the phase advance over a complete

revolution [9]:

∆Ψ = Ψ(s+ L)−Ψ(s), (2.12)

where L denotes the circumference of the ring.

To study the optical resonance, the Tune value Q is defined to describe the beta-

tron oscillation number over the full orbit

Q ≡ ∆Ψ

2π
=

1

2π

∫ L

0

ds

β(s)
=

1

2π

∮
ds

β(s)
. (2.13)

Also define the normalized quantities: ϕ(s) ≡ Ψ(s)
Q

is the normalized phase;

η(s) ≡ x(s)√
β(s)

is the normalized amplitude. Consider the dipole field offset, ∆B and

applying the Floquet’s theorem can show that [9]

η(ϕ) =
Q

2 sinπQ

∫ ϕ+2π

ϕ

β
3
2
∆B

RB
cos
[
Q(π + ϕ+ θ)

]
dθ. (2.14)

It is obvious to see that the amplitude blows up when Q is an integer. It describes

a physical picture that transverse motion continues to be amplified by the same field

error when a particle reaches the field with the same betatron phase after many revo-

lutions. Thus, integer Q should be avoided. It also can be shown that half-integer Q

corresponds to the resonance caused by quadrupole field error, third-integer Q corre-

sponds to the sextupoles resonance, etc.
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The transverse beam motion has two components, the horizontal and the ver-

tical. Therefore, it has two Tune values, Qx for the horizontal, Qy for the vertical.

The coupled resonances have to be considered, and the optical resonances occur when

mQx + nQy = p, (2.15)

where m,n,p are integers, and |m|+ |n| gives the order of resonance. It describes the

linear relation between Qx and Qy for the optical resonance condition. The choice of

Tunes referred to as the ‘working point’ should avoid these resonance lines. Usually,

the choice of the working point is considered up to fifth-order because of the rapid

reduction of resonance with the order [9]. Also, since p is an arbitrary integer number,

the integer component of the Tunes is irrelevant to the choice of working point; only

the fractional component matters. As Figure 2.3 shows an example of the Tune

diagram, linear lines correspond to the optical resonance, the choice of the working

point should avoid them.

Figure 2.3: Tune Diagram (up to 4th order): the black dot is the working point;
linear lines corresponding to the optical resonance are computed from Eq.2.15; qx =
Qx−⌊Qx⌋, qy = Qy−⌊Qy⌋ denote the fractional component of horizontal and vertical
Tunes
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2.1.4 Chromaticity

For the small quadrupole error ∆k, the tune shift is given by [9]:

4πdQ = ∆kβds. (2.16)

The quadrupole strength k is given by k = q
p
g, where g is the field gradient. Let p0

denote the reference momentum of the particle, and ∆k denotes the quadrupole field

error. Take the first-order approximation, and the quadrupole field error due to the

momentum deviation ∆p is given by:

∆k ≃ ∂k

∂p

∣∣∣
p=p0

∆p = −g q
p0

∆p

p0
= −∆p

p0
k0. (2.17)

Thus, the tune shift introduced by the momentum deviation is given by:

dQ = −∆p

p0

1

4π
k0β(s)ds. (2.18)

The chromaticity is defined as the ratio of the Tune shift and the momentum devia-

tion:

ξ ≡ ∆Q

∆p/p
= − 1

4π

∮
k(s)β(s)ds. (2.19)

It can be seen immediately that the natural chromaticity is a negative value if there

is a strong focusing effect in the ring because k is positive for focusing quadrupoles.

Negative chromaticity can cause head-tail instability [9]. Also, small momentum can

cause a significant Tune shift when chromaticity is large, leading to optical resonances.

Thus, it is necessary to compensate for the chromaticity by installing sextupoles to

provide extra quadrupole strength ksext = mD∆p
p
, where m is the sextupole strength,

and D is the dispersion function. In addition, it is beneficial to overcompensate the

chromaticity, which prevents the field error from driving the chromaticity back to

negative and positive chromaticity leads to head-tail damping [9].
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2.2 Spin Dynamics

The Thomas BMT equation [11] describes the spin motion of a charged particle trav-

eling in the electromagnetic field:

ds⃗

dt
= Ω⃗× S⃗ = − q

mγ

(
(1 + aγ)B⃗⊥ + (1 + a)B⃗// + (aγ +

γ

1 + γ
)
E⃗ × β⃗

c

)
× S⃗, (2.20)

where S⃗ is the spin vector in the rest frame of the particle; t is the time in the lab

frame; q is the charge of the particle; B⃗⊥ and B⃗// are the transverse and longitudinal

component of the magnetic field with respect to the velocity of the particle in the

lab frame; E⃗ is the electric field in the lab frame; the velocity of the particle is given

by β⃗c and c is the speed of light; γ is the Lorentz factor; a = g−2
2

is the anomalous

gyromagnetic g-factor; Ω⃗ is the axial vector of the spin precession.

The derivation of the solution to the Thomas BMT equation is developed as fol-

lowing. For electron, the charge q = -e, where e is the elementary charge. Since there

is no transverse electric field in the SuperKEKB High Energy Ring (HER), the E⃗

field term vanishes. Taking the approximation ds
dt

≃ v can express the equation as:

ds⃗

ds
=
ds⃗

dt

dt

ds
=

1

v

ds⃗

dt
=

e

p0

(
(1 + aγ)B⃗⊥ + (1 + a)B⃗//

)
× S⃗, (2.21)

where s is the s-position, v is the reference speed of the electron in the ring, p0 is

the reference momentum of the electron in the HER, which is about 7 GeV/c. Note

that P0

e
is equal to the magnetic rigidity Bρ of the ring.

There is no vertical bending in the ring, so the transverse field is in the vertical

direction ŷ, the longitudinal direction is denoted as ẑ. Let e
p0
(1 + aγ)B⃗⊥ = ω⊥ŷ,

e
p0
(1 + a)B⃗// = ω//ẑ , and ω =

√
ω2
// + ω2

⊥ is the rotational speed. Express the equa-

tion in the co-moving coordinate:

ds⃗

ds
=
(
ω⊥ŷ + ω//ẑ

)
× S⃗ =

(
− ω//Sy + ω⊥Sz

)
x̂+ ω//Sxŷ − ω⊥Sxẑ. (2.22)



14

Three first order differential equations can be summarized from Eq.2.22:


Ṡx ≡ dSx

ds
= −ω//Sy + ω⊥Sz

Ṡy ≡ dSy

ds
= ω//Sx

Ṡz ≡ dSz

ds
= −ω⊥Sx

. (2.23)

Take the derivative of the equations above and get the second order equations of

motion: 
S̈x ≡ d2Sx

ds2
= −ω//Ṡy + ω⊥Ṡz = −ω2Sx

S̈y ≡ d2Sy

ds2
= ω//Ṡx = −ω2

//Sy + ω//ω⊥Sz

S̈z ≡ d2Sz

ds2
= −ω⊥Ṡx = ω//ω⊥Sy − ω⊥

2Sz

. (2.24)

It describes a simple harmonic oscillation in x and a coupled harmonic oscillation

in the y-z plane. For Sx, the solution is given by:

Sx = A sin (ωs+ ϕ). (2.25)

To solve for the coupled motion in the y-z plane, a matrix formalism is developed

based on Eq.2.24: (
S̈y

S̈z

)
=

(
−ω2

// ω//ω⊥

ω//ω⊥ −ω2
⊥

)(
Sy

Sz

)
. (2.26)

There are two eigenvalues 0, −ω2 can be found, and the corresponding normalized

eigenvector is 1
ω

( ω⊥
ω//

)
, 1

ω

( −ω//
ω⊥

)
respectively. The corresponding eigenvector for the

eigenvalue 0 is parallel to the axial vector, which indicates that the component of the

spin vector which is parallel to the rotational axis remains unchanged. The eigenvalue
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−ω2 has an eigenvector perpendicular to the rotation axis in the y-z plane, it indicates

that the component of the spin vector which is perpendicular to the rotational axis

rotates around the axis with an angular speed of ω. The general solution for the spin

motion in the y-z plane can be written as:

Sy = −ω//

ω
B cos(ωs+ ψ) + ω⊥

ω
C

Sz =
ω⊥
ω
B cos(ωs+ ψ) +

ω//

ω
C

. (2.27)

Given the fact that the length of the spin vector is invariant S2
x + S2

y + S2
z = 1, it

requires B = A, A2 + C2 = 1, and ψ = ϕ. The spin motion in the co-moving frame

can be represented as:


Sx = A sin (ωs+ ϕ)

Sy = −ω//

ω
A cos(ωs+ ϕ) + ω⊥

ω
C

Sz =
ω⊥
ω
A cos(ωs+ ϕ) +

ω//

ω
C

. (2.28)

Giving the arbitrary initial spin S⃗0 = (S̃x, S̃y, S̃z) can determine the constants:


C =

ω⊥S̃y+ω//S̃z

ω

A sinϕ = S̃x

A cosϕ =
−ω//S̃y+ω⊥S̃z

ω

, (2.29)

or 
C =

ω⊥S̃y+ω//S̃z

ω

ϕ = arctan
(

ωS̃x

−ω//S̃y+ω⊥S̃z

)
A =

−ω//S̃y+ω⊥S̃z

ω
cosϕ+ S̃x sinϕ

. (2.30)
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Consider the case that there is no solenoid field and only the dipole field exists,

the spin motion follows:


Sx = S̃x cosω⊥s+ S̃z sinω⊥s

Sy = S̃y

Sz = −S̃x sinω⊥s+ S̃z cosω⊥s

. (2.31)

It describes the spin rotation in the horizontal plane, and the vertical component

of the spin vector remains as a constant. The spin vector, which is parallel to the

dipole field(Sy = ±1) remains unchanged. The natural spin polarization direction is

close to vertical direction in the ring due to bending fields. Thus, the vertical spin is

most stable in the ring.
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2.3 Coupling Formalism

The spin rotator magnet described in Section 3.1 requires using solenoids which

cause the transverse coupling of the beam motion. To study the coupled motion in

the rotator region, the coupling formalism must be developed. Following David Sagan

and David Rubin, the formalism is developed as following [12].

Let T denote the 1-turn map for the transverse beam motion (x, x’, y, y’). T is

a 4 × 4 matrix, and if the off-diagonal terms are zero, the motion is not coupled. T

can be transferred to normal mode through:

T = VUV−1. (2.32)

U is uncoupled and has the following form:

U =

(
A 0

0 B

)
, (2.33)

with

V =

(
γI C

−C+ γI

)
. (2.34)

V is symplectic, which demands γ2+∥C∥ = 1, and where C is a 2×2 matrix and C+

is the symplectic conjugate given by:

C+ =

(
C22 −C12

−C21 C11

)
, (2.35)

and V−1 is given by:

V−1 =

(
γI −C

C+ γI

)
. (2.36)

C is a measure of the coupling, and T is uncoupled if and only if C = 0 [13].
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Chapter 3

Fundamental Idea of the Spin

Rotator Design

As Figure 3.1 shows, the spin rotator has two components: the left side rotator

(L-Rot) located at 210 m upstream of the interaction point (IP), and the right side

rotator (R-Rot) located at 169 m downstream of the IP. When the electron beam

travels upstream and passes through the L-Rot, its vertical spin is rotated to some

direction in the horizontal plane. After the beam exits the L-Rot, the spin preces-

sion continues in the dipole field induced by bending magnets at the region between

the L-Rot and the IP, finally reaching the longitudinal direction at the IP. After the

electron beam coming out of the IP, the R-Rot rotates the horizontal spin back to

the vertical, which remains unchanged in the horizontal bending field. Thus, when

the electron undergoes one revolution in the ring and re-enters the L-Rot, its spin

is still in the vertical direction and follows the same motion as the previous revolution.

Figure 3.1: Overview of the Spin Rotator Structure
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3.1 Spin Rotator Magnet Structure

Uli Wienands at Argonne National Laboratory proposed building the spin rotator

with solenoid-dipole-quadrupole combined function magnets. In 2019, Uli Wienands

and Ningdong Wang explored the possibility of designing the compact spin rotator

with the solenoid-dipole-quadrupole combined function magnets [14]. The basic idea

of the design is to replace some existing dipole magnets on both sides of the IP with

dipole-solenoid combined function magnets and keep the original dipole strength to

preserve the machine geometry. With the additional longitudinal magnetic field pro-

vided by the solenoid, the rotator magnet can produce a constant magnetic field in

the x-y plane, allowing the spin rotation to happen between the vertical direction and

horizontal plane. In addition, there are six skew-quadrupole installed on the top of

the dipole-solenoid to compensate for the x-y plane coupling caused by the solenoid

[15]. One of the motivations of using the solenoid-dipole combined function magnets

is to recover the original machine by turning off the solenoids and the skew-quads in

the rotator and minimizing any disruption to the existing.

Figure 3.2: Spin Rotator Magnet Structure: two red planes and the blue pipe rep-
resents the dipole and solenoid respectively, and they are wrapped by 6 skew-quads
which are the green planes.
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3.2 Constraints of the Design

The installation of the spin rotator will change the machine dynamics significantly

and lead to beam loss, which brings the first constraint to the design, which is to

make the spin rotator transparent to the ring. The transparency is achieved by re-

covering the original beam dynamics downstream of both the L-Rot and the R-Rot.

To maintain the original dynamics as much as possible, skew-quads are installed to

compensate for the x-y plane coupling, and the ring quads near the Rotator magnets

are tuned to rematch the optics at the exit of the tuning area. Due to the complicated

magnetic fields induced by rotator magnets and variation of the ring quads strength,

the overall machine parameters such as the Tunes and the chromaticities will also be

changed; the Tune needs to be maintained as the original, and the Chromaticity is

not necessary to be matched to the original as long as it stays in a reasonable range.

It can be recovered by tuning the sextupoles, but the more important purpose is to

reach the maximum dynamic aperture, which is achieved by tuning the 45 existing

focusing (SF*) and defocusing (SD*) sextupole pairs that are not in the rotator region

and they are located at four arc sections shown in Figure 3.3 [16]. To match the

Tune, it requires finding a straight section in the High Energy Ring with no bend-

ing magnets. In this region, the dispersion function is zero; varying the strength of

quadrupoles can match the Tune value without affecting the dispersion. Also, the

emittance has to be kept low to maintain the high luminosity.

Another constraint is the technical/physical constraint: all new magnets must be

manufacturable and installable. The particle follows a curved motion in the lab frame

when passing through bending magnets. It will experience the solenoid-quadrupoles

field if the rotator magnet is straight. Thus, the dipole-solenoid-quadrupole combined

function magnet must have the same curvature as the reference orbit. Therefore,

manufacturing the curved rotator magnet is necessary. Also, all new magnets can not

exceed the technical limit. The rotator magnet would use a direct-wind technology

following the method described in Reference [17]. The technical limits we impose on

the fields at this stage were based on private communications [18] with an under-

standing that the limits may be refined in the future as actual magnet designs are

developed. For the solenoid, the technical limit is 5 T. Another reason for restricting

the strength of solenoids is that the strength of skew-quads applied for the decoupling

is positively correlated to the solenoid. Therefore, strong solenoids may lead to skew-
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Figure 3.3: The blue ring is the HER or the Electron Ring, SD/SF sextupoles are
located at four arc sections between s =167 to 630 m, s = 880 to 1385 m, s = 1635
to 2140m, and s = 2338 to 2775 m

quads exceeding their physical limit. The magnetic strength of skew-quads needs to

be limited at 3T at the coil, which corresponds to quadrupole strength of 30 T/m

requiring 3 T at r = 10 cm. The pipe has a width of about 20 cm at the location of

the spin rotator installation, corresponds to radius r = 10 cm. The technical limit of

ring quadrupoles is to be confirmed with the KEK experts. Right now, it is assumed

to be the same as the strongest existing quadrupole in the machine, which is about

13 T/m.
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3.3 Determine the nominal position for spin rota-

tor installation in the HER

As discussed at the beginning of this chapter, the goal is to have the spin rotating

back and forth between the vertical direction and the horizontal plane. We first apply

the Thomas BMT Equation to explore the nominal installation position for the spin

rotator and to study the spin motion in the rotator by building a “toy model” that

does not consider the effects of radiation, fringe fields and etc. Assume there is a

specific spin vector
⃗̂
S = (Ŝx, 0, Ŝz) in the horizontal plane that can be rotated to the

longitudinal direction at the IP by existing dipoles in between. There are three pa-

rameters (Sx = Ŝx, Sy = 0, Sz = Ŝz) to be matched at the exit of L-Rot. Notice that

one spin component can be determined by another two because the length of the spin

vector is invariant. Thus, to match the spin at the exit, it requires at least two vari-

ables (two solenoids), which means at least two ring dipoles have to be replaced with

the Rotator magnets for the L/R-Rot. The main principle for designing the rotator is

to maintain the original machine dynamics as much as possible, so it needs to mini-

mize the number of ring dipoles that will be replaced. Consider the simplest case that

the L-Rot is made of two rotator magnets having the identical dipole-solenoid field

and assume it can reach
⃗̂
S at the exit. Give the vertical spin S⃗0 = (0, 1, 0) at the en-

trance of the L-Rot, plugging it into Eq. 2.28 and 2.30 can determine the spin motion:


Sx = −ω//

ω
sinωs

Sy =
ω2
//

ω2 cosωs+
ω2
⊥

ω2

Sz = −ω//ω⊥
ω2 cosωs+

ω//ω⊥
ω2

. (3.1)

Let L denote the length of the dipole magnets that are going to be replaced, at

the exit of L-Rot s = 2L, and ω⊥ can be determined by the known dipole fields. The

spin is in the horizontal plane at the exit, Sy = 0 gives the equation:

ω2
// cos 2ωL+ ω2

⊥ = 0. (3.2)
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Eq.3.2 can not be solved analytically but can be solved numerically to determine

the desired solenoid strength. Note that it must satisfy 2nπ + π
2
⩽ 2ωL ⩽ 2nπ + 3π

2

(n ∈ N) and |ω//| ⩾ |ω⊥| to guarantee a solution with the real root. This constraint

describes the physical picture that the spin precession trajectory must intersect with

the horizontal plane and have the right amount of rotation to reach the intersection

points. In addition, the solenoid strength should stay below 5 T due to the technical

constraint. Once the desired solenoid strength is found, it is entered into Eq.3.1 to

compute Ŝx and Ŝz. The place of installation of L-Rot can be determined by investi-

gating the High Energy Ring lattice to find where the spin vector that can reach the

longitudinal direction at the IP is close to the ideal spin (Ŝx, 0, Ŝz). The non-identical

dipole-solenoid spin rotator can be considered as an adjustment to the identical case.

Adjusting the solenoid strength around the ideal value can compensate for the small

deviation to the ideal spin (Ŝx, 0, Ŝz). Dipoles that have the exit spin with a large de-

viation to the ideal spin are not candidates because it requires adjusting the solenoid

field significantly to match the exit spin, which may lead to the solenoid strength

exceeding 5 T.

Figure 3.4: The toy model of the L-Rot made of two identical dipole-solenoid com-
bined function magnets : the red curve is the trajectory of the spin vector; the straight
black arrow is the rational axis; the blue arrow is the initial spin vector which is ver-
tical; and the green arrow is the exit spin vector, which is in the horizontal plane
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Another constraint for choosing the rotator candidate position is to avoid the

region where the beta function needs to be maintained as the original, such as the

location of SLX and SLY sextupoles shown in Figure 3.5. These sextupoles are im-

portant to the crab waist, and at their location, the beta function is large; so we avoid

changing the lattice elements at this region as doing so can affect the ring dynamics

significantly. They are located within 100m on both sides of the IP, which should be

avoided. Also, the spin Rotator should be installed as close to the IP as possible.

The natural polarization direction in the ring is close to vertical, and the spin motion

is more stable if it mostly stays in the vertical direction in the ring. Considering all

constraints discussed above, the L-Rot candidate region is decided to be from 120 to

300 m upstream of the IP; the R-Rot candidate region is from 120 to 300 m down-

stream of the IP.

Figure 3.5: Lattice elements near the IP within ± 100 m (output from running BMAD
lattice simulation with the electron): SLX and SLY Sextupoles are located at where
the x,y component of the beta function reaches peaks, respectively.
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As Table 3.1 shows, there are ten dipoles in the L-Rot candidate region, eight

identical B2E with a strength of 0.22075 T and two identical BLA4LE with a strength

of 0.26282 T; all have the same length of 5.902m. The constraint of Eq.3.2 indicates

that the minimum solenoid strength is 3.73, 4.43 T for B2E and BLA4LE, respectively.

For the B2E, the solenoid field is determined to be B// = ±3.90 T (sign determines

the field direction), Ŝx ≃ ∓0.29, Ŝz ≃ ±0.96; for the BLA4LE, the solenoid field is

found to be about ±4.44 T, Ŝx ≃ 0, Ŝz ≃ ±1, both solenoids have the strength below

5T. The B2E (index 4945) has the exit spin (0.53232, -0.0009246, -0.84654), which is

closest to the ideal spin, and the deviation is about 15 degrees; the exit spin (0.17962,

-0.00092468, 0.98374) of the BLA4LE (index 5038) is close to computed exit spin,

and the deviation is about 10 degrees. Although the B2E has an exit spin with a

higher deviation than the BLA4LE, it has a weaker solenoid strength. A priori, it

cannot be determined which solution is better, so there exist two candidates for the

L-Rot; one is made of two B2E with the index 4939 and 4945, another one is made

of two BLA4LE. Due to the deviation of the exit spin, two rotator magnets of the

L-Rot will have non-identical solenoid strength.

Table 3.1: Table listing the HER dipole elements that were considered to be replaced
by L-Rot spin rotators combined function magnets, which is generated from running
the BMAD simulation for the electron in the HER lattice. Elements circled by red
rectangle have the exit spin which is close to the ideal spin.
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Table 3.2: Table listing the HER dipole elements that were considered to be replaced
by R-Rot spin rotators combined function magnets which is generated from running
the BMAD simulation for the electron in the HER lattice. Element circled by red
rectangle has the exit spin close to the ideal spin

Table 3.2 shows dipole magnets in the R-Rot candidate region, and there are

two identical BLA6RE and seven identical B2E. Note BLA4RE is not a candidate,

and it appears in the figure because it shows the entrance spin of the BLA6RE. The

R-Rot follows the same analyzing process, even though the exit spin needs to reach

the vertical, which is opposite to the L-Rot. Eq. 3.1 is still applicable when taking L

→ -L to make the spin vector rotate backward from the exit to the entrance. Notice

flipping the sign of L does not change the sign of Ŝy and Ŝz, but does change the

sign of Ŝx. Thus, the computed solenoid field for the B2E is same as the L-Rot with

B// = ±3.90 T, and Ŝx = ±0.29, and Ŝz = ±0.96. There are two spots that the spin

is close to the computed value. The dipole strength of BLA6RE is close to the B2E,

so the ideal spin should be similar to B2E. BLA6RE is not a candidate because the

exit spin of the BLA4RE is very different from the ideal spin. For the B2E, the first

spot is the exit of BLA6RE (index 1623), and the deviation is about 5 degrees. The

second spot is the exit of the B2E (index 1793), but it is about 150m further away

from the IP. Thus, the R-Rot only has one candidate, made of two B2E magnets with

the index of 1655 and 1675.
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Since the candidate positions for both the L-Rot and R-Rot are determined, now

we focus on building the toy model for the non-identical case. The solenoid field of

the first rotator magnet is denoted as B1//, the second rotator magnet as B2//, and

the dipole field is still B⊥. For the L-Rot, the entrance spin is vertical, following

Eq.3.1, at the exit of the first L-Rot magnet, the spin vector S⃗1 is given by:


S1x = −ω1//

ω1
sinω1L

S1y =
ω2
1//

ω2
1
cosω1L+

ω2
⊥

ω2
1

S1z = −ω1//ω⊥
ω2
1

cosω1L+
ω1//ω⊥

ω2
1

. (3.3)

The exit spin is also known, and it’s denoted as S⃗2 = (S2x, S2y, S2z), and S2y ≃ 0.

Taking L→ -L, the entrance spin of the second rotator magnet or the exit spin of the

first rotator magnet can be expressed as :


S1x = A2 sin (−ω2L+ ϕ2)

S1y = −ω2//

ω2
A2 cos(−ω2L+ ϕ2) +

ω⊥
ω2
C2

S1z =
ω⊥
ω2
A2 cos(−ω2L+ ϕ2) +

ω2//

ω2
C2

. (3.4)

Since the spin motion at the second rotator magnet runs backward from the exit to

the entrance, S⃗2 is the initial condition. The constants in Eq.3.4 can be determined as:


C2 =

ω2//S2z

ω2

A2 cosϕ2 =
ω⊥S2z

ω2

A2 sinϕ2 = S2x

. (3.5)
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Substituting Eq.3.5 into Eq.3.4 can find the expression of S⃗1 as functions of ω2//:
S1x = S2x cosω2L− ω⊥S2z

ω2
sinω2L

S1y = −ω2//

ω2

(
ω⊥S2z

ω2
cosω2L+ S2x sinω2L

)
+

ω2//ω⊥S2z

ω2
2

S1z =
ω⊥
ω2

(
ω⊥S2z

ω2
cosω2L+ S2x sinω2L

)
+

ω2
2//

S2z

ω2
2

. (3.6)

There are two expressions, Eq.3.3 and Eq.3.6 for S⃗1, they should be equivalent to

each other.
S2x cosω2L− ω⊥S2z

ω2
sinω2L = −ω1//

ω1
sinω1L

−ω2//

ω2

(
ω⊥S2z

ω2
cosω2L+ S2x sinω2L

)
+

ω2//ω⊥S2z

ω2
2

=
ω2
1//

ω2
1
cosω1L+

ω2
⊥

ω2
1

ω⊥
ω2

(
ω⊥S2z

ω2
cosω2L+ S2x sinω2L

)
+

ω2
2//

S2z

ω2
2

= −ω1//ω⊥
ω2
1

cosω1L+
ω1//ω⊥

ω2
1

. (3.7)

There are three equations and only two variables because one spin component can

be determined by another two. Three equations can be reduced into two by taking

the linear combination of any two of them. For example, multiply the second equation

by ω⊥, and the third equation by ω1//, and adding them together can reduce Eq.3.7

into the following form:

S2x cosω2L− ω⊥S2z

ω2
sinω2L = −ω1//

ω1
sinω1L

(ω1//−ω2//)ω⊥
ω2

(
ω⊥S2z

ω2
cosω2L+ S2x sinω2L

)
+

ω2//ω
2
⊥+ω1//ω

2
2//

ω2
2

S2z = ω⊥

. (3.8)

Again, the non-linear equations can not be solved analytically but can be solved

numerically to determine the solenoid strength for the non-identical case. Solving

Eq.3.8 can find that B1// = 5.5669 T, B2// = 2.8831 T if replacing two BLA4LE;

B1// = −2.2275 T, B2// = −5.2673 T for the B2E. Although both candidates have

one solenoid exceeding 5T with a non-significant amount, they are still potential

candidates because it is only a toy model that does not consider other effects such

as fringe fields, radiation, etc. To see a more realistic model, running the BMAD

simulation is necessary. If the BMAD simulation still yields a result exceeding 5T,
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other models must be considered until an applicable design is determined, such as

investigating further upstream area in the ring, replacing three dipoles or more, etc.

Figure 3.6: The toy model of the B2E L-Rot with non-identical solenoids: the blue
arrow is the entrance spin; the green arrow is the exit spin that can reach the lon-
gitudinal spin orientation at the IP; two black arrows are the rotational axis of two
rotator magnets; red curve is the trajectory of the spin vector

R-Rot follows the same analysis but again needs to take L → -L to make it rotate

backward from the exit to the entrance, Eq.3.8 becomes:S2x cosω2L+ ω⊥S2z

ω2
sinω2L =

ω1//

ω1
sinω1L

(ω1//−ω2//)ω⊥
ω2

(
ω⊥S2z

ω2
cosω2L− S2x sinω2L

)
+

ω2//ω
2
⊥+ω1//ω

2
2//

ω2
2

S2z = ω⊥

. (3.9)

The R-Rot only has one candidate which is a pair of B2E, solving Eq. 3.9 can deter-

mine that B1// = −3.1649 T, B2// = −4.5554 T, both are below 5 T. Note that the

spin rotation in R-Rot is opposite to the L-Rot, so B2// is the solenoid field of the first

rotator magnet, B1// is for the second. Now, both the candidate for the L-Rot and

R-Rot are determined, the toy model can be used as the initial guess to run BMAD

optimization.
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Figure 3.7: The toy model of the BLA4LE L-Rot with non-identical solenoids: the
blue arrow is the entrance spin; the green arrow is the exit spin that can reach the
longitudinal direction at the IP; two black arrows are the rotational axis of two rotator
magnets; red curve is the trajectory of the spin vector

Figure 3.8: The toy model of R-Rot with non-identical solenoids: the blue arrow is
the entrance spin which is in the horizontal plane; the green arrow is the exit spin
which is in the vertical direction; two black arrows are the rotational axis of two
rotator magnets; red curve is the trajectory of the spin vector
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Chapter 4

BMAD Simulation

BMAD is an open-source, subroutine library created/maintained by David Sagan at

Cornell University for simulating charged particles and X-rays [19]. Étienne Forest’s

“Polymorphic Tracking Code” (PTC) is incorporated into it. In addition, Tao, a user-

friendly interface to BMAD, is developed to give general-purpose simulation based

upon BMAD. BMAD via the Tao interface is a powerful tool used to view lattices,

do Twiss and orbit calculations, and perform non-linear optimization on lattices.

The algorithm applied to perform the optimization in this project is the Lmdif

[20], an optimizer based upon the Levenberg-Marquardt algorithm to minimize the

merit function. The general form of merit function M in Tao is given by [20]:

M ≡
∑
i

ωi[δDi]
2 +

∑
j

ωj[δVj]
2, (4.1)

where the δDi and δVj are functions of the data and variables, depending on the

setting of merit type; ωi and ωj are weights that are specified in the fitter and can

not be a negative value when using the Lmdif.

SAD, a computer program complex for accelerator design, has been developed

in KEK since 1986 [21]. The BMAD lattice file of the SuperKEKB High Energy

Ring (HER) is initially translated from SAD [22], in which the particle type is not

defined; the simulation particle is a positron by default. The SAD lattice of HER

is viewed downwardly in KEK frame, which the electron follows a counterclockwise

motion equivalent to positron traveling clockwise in the HER.



32

4.1 BMAD Elements

4.1.1 Multipole Representation in BMAD

The normalized integrated multipole knL is used to specify magnetic multipole com-

ponents [13], which is equivalent to kn in SAD.

knL =
qLBn

p0
, (4.2)

where q is the charge, L is the length of the magnetic multipole, p0 is the reference

momentum of the particle, Bn is the field of the magnetic multipole. For example,

k1 is the strength of the quadrupole and B1 is corresponding magnetic field gradient.

A useful approximation can be taken. The momentum of the electron in the HER

is about 7 GeV/c, plugging it into the equation above can find that kn ≃ 3
70
Bn or

Bn ≃ 70
3
kn.

Another representation that BMAD uses is to divide the field into the normal

component bn and the skew an, and the expression for the nth order multipole is

given by [13]:

qL

p0
(By + iBx) = (bn + ian)(x+ iy)n. (4.3)

If there is no skew component, bn is given by:

bn =
knL

n!
. (4.4)

In particular, b2 is used to represent the integrated strength of the sextupole in BMAD

simuation for this project, which is equivalent to k2L
2
.
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4.1.2 Coordinate System

As it shows in Figure 4.1 [13], three coordinate systems are used in BMAD to de-

scribe the positioning of the lattice elements:

The global coordinate, also called floor coordinate, is a Cartesian coordinate sys-

tem denoted by (X, Y, Z) and independent of the accelerator. It can be used to

describe the building where the machine is located. Usually, Y-axis is taken to point

vertically up, and (X, Z) is the horizontal plane. However, in our case, Y-axis is

aligned with the direction of the horizontal bending field in the HER, which points

downward in the KEK frame.

The local coordinate, also called laboratory and reference coordinate, is denoted

by (x, y, z), which is a Cartesian coordinate in the co-moving frame as mentioned in

Section 2.1.1. The y-axis points the vertical direction, and (x, z) is the horizontal

plane with z aligned with the longitudinal direction. It is useful when tracking the

beam position in the machine.

The element body coordinate is used for describing the actual position of the ele-

ments which are shifted from the nominal position. If there is no shift to the nominal

position, it is the same as the local coordinate.

Figure 4.1: The three coordinate systems used by BMAD: The global (or “floor”)
coordinate system is independent of the accelerator. The local curvilinear coordinate
system follows the bends of the accelerator. Each lattice element has element body
coordinates which, if the element is not “misaligned” is the same as the local coor-
dinates. The x = y = 0 curved line of the laboratory coordinate system is known as
the “reference orbit”.
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As Figure 4.2 [13] shows, for a given s-position on the reference orbit, there are 6

parameters applied to describe the local coordinate system with respect to the global

coordinate system:

(X,Y,Z) global position or floor

θ azimuth angle in the (X, Z) plane

ϕ elevation angle

ψ roll angle

At the beginning of the lattice (s = 0), the local coordinate system (x, y, z) is set

to be aligned with global coordinate (X, Y, Z), and θ, ϕ, ψ to be zero by default. If a

machine lies on the horizontal plane, ϕ(s), ψ(s) = 0 for all s. The HER satisfies this

condition, and the coordinate transformation is given by:xy
z

 =

 cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ


XY
Z

 . (4.5)

Figure 4.2: The reference coordinate system (purple), which is a function of s along
the reference orbit, is described in the global coordinate system (black) by a position
(X(s); Y (s); Z(s)) and and by angles θ(s), ϕ(s), and ψ(s) .
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4.1.3 Element Geometry Types

Figure 4.3 [23] shows three different geometry types that BMAD uses to simulate

the lattice element which are related to the rotator modelling with BMAD.

The straight geometry is used to describe the elements, such as the quadrupoles

and the drifts. The orientation of local coordinate (x, y, z) does not change, and

reference orbit is a straight line.

The bend geometry is used with sbend and rbend dipole elements. Sbend is a

sector magnet which has a curvature, and rbend is a rectangular bending magnet.

The reference orbit follows a curved trajectory in the global coordinate. The local

coordinate (x, y, z) rotates about an axis which is perpendicular to the z-axis.

The patch geometry is used with patch and floor shift elements. With the patch

geometry, the exit coordinates can be arbitrary shifted from the entrance. Patch ele-

ments are applied to shift the reference orbit, which affects the downstream elements.

The original of the exit is coordinates is translated by (x offset, y offset, z offset).

(x pitch, y pitch) are applied to rotate the axis of the exit coordinates.

A machine with a closed-geometry is like a circular machine such as the storage

ring where the particle beam recirculates through the machine. A machine with an

open-geometry is similar to a linear accelerator (Linac) [13].

Figure 4.3: Lattice element geometry types: Straight, Bend, and Patch. All ele-
ments have an entrance coordinate system and an exit coordinate system.
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4.2 Spin Rotator Magnet Modelling in BMAD

To run the BMAD simulation, we first need to model the rotator magnet with

the BMAD elements. As mentioned in Section 3.1, the Rotator magnet com-

prises dipole-solenoid combined function magnets with skew-quads on the top. Thus,

the modelling must contain a dipole-solenoid-quadrupole element. BMAD has the

solenoid-quadrupole (Sol Quad) element but does not have a dipole-solenoid-quadrupole

element because the solenoid-quadrupole is a straight element, but the dipole (sbend)

is a curved element. Following David Sagan’s idea [24], we replace the dipole with a

series of horizontal kicks (“hkicks”) to approximate and model the dipole. The hkick

is a straight element, and the Sol Quad has an attribute of hkick. To preserve the

original machine geometry, the strength and length of the hkick are initially set to be

the same as the Sbends that will be replaced. However, there is still a problem to be

addressed. As a straight element, the hkick has a different reference frame from the

Sbend. As Figure 4.4 shows, the horizontal orbit in the hkick with the same length

and strength is different from the Sbend due to the observation from different frames.

Figure 4.4: Comparison of the orbit: left shows the orbit in the Sbend; right shows
orbit in the hkick

The reference orbit passes through the centre of every element, which is equivalent

to the machine geometry. To keep the particle orbit on track and preserve the machine

geometry, the hkick-sol-quad must be sliced into small pieces and introduce patch

elements to shift the reference orbit. The hkick is initially sliced into 6 pieces called

the stand-alone model to match the number of the skew-quads. Since the Sbend only

bends the particle horizontally, only the horizontal geometry needs to be recovered.

Patch elements (xoffset, xpitch, zoffset) are introduced to shift horizontal orbit the

exit of each piece.



37

4.2.1 Validating the Hkick Simulation

Before running optimization for the solenoid-quad, the validity of simulating Sbend

with hkick must be examined. This simulation begins with recovering the geometry

of the Sbend, which is described by floor coordinate. Table 4.1 shows the floor

coordinate of the entrance and the exit of the original B2E. In order to know the

floor coordinate at the exit of each hkick piece, the B2E is also equally sliced into

six pieces, and the floor data is given in Table 4.2. The exit floor of the six sliced

B2E is the same as the original, so it can be used as the optimization target when

matching the reference orbit of B2E.

Table 4.1: Floor coordinate of the orginal B2E: floor.x, floor.z is the horizontal floor;
floor.y is the vertical floor

Table 4.2: Floor coordinate of the 6-sliced B2E: floor.x, floor.z is the horizontal floor;
floor.y is the vertical floor

We fit patch elements to match the floor coordinate to ten decimal places and

slightly vary the strength of each hkick segment to keep the horizontal orbit at zero

at the exit of every second piece because the horizontal orbit has two parameters(x,

x’) requiring two variables to do the fit. Figure 4.5 shows the geometry of the B2E

and the hkick with the floor matched as the original. In Figure 4.6, it can be seen

that the optics matched to the original, and the particle orbit is also on track. The



38

sawtooth shape orbit excursion is not physical; it is an artificial effect. When a par-

ticle passes through each segment of the hkick, it is not in the co-moving frame, but

once it reaches the exit, patch elements shift it back to the co-moving frame.

Figure 4.5: Comparison of the geometry between the B2E and the 6-sliced hkick

Figure 4.6: Comparison of Beta functions, dispersion and the orbit between the B2E
and the 6-sliced hkick, note that the saw-tooth pattern is an artifact of using the
hkick model of the dipole.
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The spin motion in the hkick also needs to be examined. Given the same arbitrary

non-vertical initial spin at the entrance of B2E and the hkick, check if they have the

same exit spin. As Table 4.3 shows, the deviation of the horizontal exit spin happens

at the 10th decimal place, so the effect of the artificial orbit excursion on the spin

motion is negligible.

Element position spin.x spin.y spin.z

B2E entrance 0.5321165994 -0.0009243602 -0.8466705795
exit 0.9924121470 -0.0009243602 -0.1229523323

Hkick entrance 0.5321165994 -0.0009243602 -0.8466705795
exit 0.9924121471 -0.0009243602 -0.1229523319

Table 4.3: Comparison the spin of the B2E and the 6-piece sliced hkick

To see the behaviour of the hkick in the High Energy Ring, replace all Rotator

candidate Sbends with 6-piece sliced hkick in the High Energy Ring and check the

floor, optics, and the orbit. Figure 4.7 shows the overall ring geometry, only floor.z

has a deviation at the 10th decimal place, and all the rest floor quantities are the

same; Figure 4.8 shows the comparison of the optics and the orbit, and they are

identical except for the non-physical orbit excursion; As Table 4.4 shows, the ring

parameters are well maintained after replacing the Sbends with the hkicks. All these

comparisons agree that the simulation of Sbend with hkick is quite successful.

Figure 4.7: Comparison of the floor coordinate between the original ring and the
6-piece sliced hkick
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Figure 4.8: Comparison of Beta functions, dispersion and the orbit between the
original ring and Rot candidate replaced with 6-piece sliced hkicks. Note that the
orbit excursion at s ∼ 2200m is associated with the ‘wiggler’ element in the HER,
and the excursions in the hkick version are artifacts of the approach taken to model
dipoles with hkicks.

Machine parameter Original Ring 6-piece sliced hkick
Tune Qx 45.530994 45.531139
Tune Qy 43.580709 43.578638

Chromaticity ξx 1.593508 1.575556
Chromaticity ξy 1.622865 1.658182

Damping partition Jx 1.000064 0.999940
Damping partition Jy 1.000002 1.000002
Emittance εx (m) 4.44061× 10−9 4.43884× 10−9

Emittance εy (m) 5.65367× 10−13 5.70308×10−13

Table 4.4: Comparison the ring parameters of the original ring and the 6-piece sliced
hkick
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4.2.2 Slice Model

Due to the non-physical orbit excursion, the simulation particle experiences the sol-

quad field when passing through the rotator magnet. The dipole field strength of the

quadrupole is proportional to the transverse displacement of the particle with respect

to the reference orbit. Thus, a large orbit excursion could significantly affect the par-

ticle orbit in the simulation. To minimize the effect of the artificial orbit excursion,

we slice each piece of the stand-alone model (6-piece hkick) into 16 pieces, 96 in total.

The slice model has six major components associated with 16 minor pieces sharing

the same hkick-quad field, and all 96 pieces have the same solenoid field. Also, due

to transverse coupling and the orbit excursion, particles following the ideal orbit gain

extra vertical motion when passing through the rotator. Following David Sagan’s

idea [24], this problem is addressed by introducing the vertical kick (vkick) to control

the vertical motion of the particle. Note that the use of vkick is only for the BMAD

simulation; the real rotator magnet does not have this element. Each sol-quad can

only have one attribute of vkick; using six vkicks can control the vertical motion at

three spots because the vertical orbit also has two parameters (y, y’). As with the

horizontal motion, the vertical orbit is matched to be zero at the exit of every second

major section of the rotator model. Summarizing the information above, the rotator

modelling is made of six sol-quad associated with hkicks and vkicks, and each section

is sliced into 16 pieces.

Before running the optimization for the solenoid, we apply the slice model to the

hkick with the sol-quad field off to see how much the orbit excursion can be reduced.

Then, refit the patch elements to match the floor coordinate and the orbit. Once the

patch elements of the slice model are determined, they are no longer touched in future

optimization. As Figure 4.9 shows, applying the slice model can significantly reduce

the orbit excursion; the amplitude of the orbit excursion is reduced to 0.4 percent

level of the stand-alone model. Increasing the number of slicing can further reduce

the orbit excursion but make the simulation more computationally expensive, so we

need to compromise precision and efficiency. It turned out that 96 is approximately

the maximum number to guarantee efficiency; going higher leads to difficulty running

the optimization.
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Figure 4.9: Comparison of stand-alone model and slice model applied to the hkick

Figure 4.10: Rot candidates replaced by hkicks(slice model) in the full lattice
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4.3 Solenoid Optimization

In the previous section, the slice model for the dipole magnet has been established.

This enables us to add the solenoid field. As discussed in Section 3.3, there are

two rotator candidates for the L-Rot; they are a pair of B2E and a pair of BLA4LE.

As mentioned at the beginning of this chapter, the simulation is run by the positron

rather than for the electron, which we actually have in the HER. With the positron

direction reverse to that of the electron in the HER, so the L-Rot in the positron

simulation is located downstream of the IP and needs to rotate the horizontal spin to

the vertical direction. The fit of the solenoid field is performed in the open-geometry

lattice segment shown in 4.12, which contains the L-Rot candidate Sbends and other

lattice elements in between. We replace the candidate Sbends with hkicks and turn

on solenoids with quadrupole field off. The High Energy Ring lattice begins at the IP

and also ends at the IP. Set the initial spin of the lattice to be longitudinal, and run

the open-geometry lattice simulation shown in Figure 4.11 with BMAD to gain the

entrance spin of the L-Rot candidate by looking at the exit of the upstream element.

Figure 4.11: The region in the full lattice which contains the IP and the B2E pair,
and elements in between
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For the B2E, the entrance spin is (0.53215, -0.00092436, -0.84667); The entrance

spin of the BLA4LE is (0.17992, -0.00092446, 0.98368). Use the solenoid field in the

Toy model as the initial guess, and if the solenoid strength in the Toy model exceeds

5 T, set initial guess to be -4.9 T. We impose the following constraint in the fit: set

the max solenoid strength to be 5 T equivalent to ks ≃ 0.214 m−1. It turned out the

pair of BLA4LE can not be replaced for installing the L-Rot. No solution satisfies

the constraint that two solenoids stay below 5T, and the spin reaches the vertical

direction at the exit. Without adding the 5 T limit in the fitter, can find the solenoid

strength are ks = 0.29445 m−1, -0.029988 m−1 equivalent to Bs = 6.882 T, −0.701

T. Instead, we replace the B2E pair with the Rotator magnets and name the first

rotator magnet of the L-Rot as “B2EALSQ” and the second as “B2EBLSQ”. We

then fit the solenoids to restore the vertical spin at the exit of the L-Rot. As it shows

in Table 4.5, the solenoid fields are determined to be ks = -0.20720 m−1, -0.11027

m−1, equivalent to Bs = −4.843 T, −2.578 T, both are below 5 T.

Figure 4.12: Comparison of lattice segment before and after installing the L-Rot with
the solenoid on and the quadrupole off; the orbit excursion is the artificial effect of
the using the hkick and patch
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Rotator Manget Toy Model BMAD
B2EALSQ -5.2672 T -4.8431 T
B2EBLSQ -2.2275 T -2.5774 T

BLA4LEASQ 5.5669 T 6.8824 T
BLA4LEBSQ 2.8831 T -0.70094 T

Table 4.5: Comparison of the solenoid field of between the Toy model and the BMAD
model for the L-Rot; the BLA4LE pairs are not to be replaced with the L-Rot due to
the solenoid strength exceeding 5 T; the naming of the rotator magnet follows: the
dipole name “B2E”,“A”, “B” to distinguish the dipole pairs, “L” for the L-Rot, and
“SQ” is the solenoid-quadrupole
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When simulating with the positron, the L-Rot rotates the vertical spin to the

horizontal plane at the exit that can reach the longitudinal direction at the IP. It fol-

lows the same fitting procedure as the L-Rot. The only difference is that the R-Rot

is located upstream of the IP as shown in Figure 4.13, we cannot acquire the exit

spin of the R-Rot candidate by setting the initial spin to be longitudinal. In order

to know the exit spin, we need to fit the initial spin in the open-geometry full lattice

simulation to match the longitudinal spin at the end. We perform the optimization

and set the optimized spin to be the initial spin, the exit spin of the R-Rot candidate

can be determined by looking directly at the exit of the second B2E. The exit spin

of the R-Rot candidate is determined to be (-0.39583, 0.0011466, -0.91832). We next

replace the B2E candidates with the rotator model, and name the first rotator mag-

net in the R-Rot as “B2EARSQ”, the second as “B2EBRSQ”, as it shows in Figure

4.14. Use the exit spin as the fitting target and solenoid fields for the R-Rot are

determined to be ks = -0.15438 m−1, -0.16865 m−1, equivalent to Bs = −3.608 T,

−3.942 T, both are also below 5 T, as shown in Table 4.6.

Figure 4.13: The region in the full Lattice contains the R-Rot candidate and the IP,
and the elements in between
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Rotator Manget Toy Model BMAD
B2EARSQ -3.1649 T -3.6084 T
B2EBRSQ -4.5554 T -3.9420 T

Table 4.6: Comparison of the solenoid fields between the Toy model and the BMAD
model for the R-Rot, the naming of the rotator magnet follows: the dipole name
“B2E”, “A”, “B” to distinguish the dipole pairs, “R” for the L-Rot, and “SQ” is the
solenoid-quadrupole

Figure 4.14: Comparison of lattice segment before and after installing the R-Rot with
solenoid on and quadrupole off; the orbit excursion is the artificial effect of the using
the hkick and patch
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4.4 Skew-Quads Optimization

The optimization target for achieving the decoupling is to make the C matrix men-

tioned in Section 2.3 to be zero at the exit of each rotator magnet. This procedure

is performed by taking out the lattice segment for each rotator magnet and running

the optimization individually. The skew-quad strength can not exceed 30 T/m, or

k1 ≃ 1.29 m−2 due to the technical constraint. Start with the arbitrary strength k1

between -1 and 1, and tilt between −π to π. In addition,add constraints to quadrupole

strength −1.29 ⩽ k1 ⩽ 1.29, and the tilting angle −π ⩽ tilt ⩽ π in the optimizer.

Only seeking a decoupling solution is not sufficient, it is necessary to consider the

impact on the machine dynamics due to the installation of strong skew-quads. The

stronger the skew-quad field is, the more it changes local optics, which leads to dif-

ficulty proceeding with the optical rematch. Thus, the skew-quad strength needs to

be lowered as much as possible. It is achieved by iterating the optimization process

manually. The basic idea is to lower the limit of the quadrupole strength gradually. It

follows: run the first optimization, manually lower the optimization result below the

new limit, and use it as the initial guess running for the next optimization. Do the

iteration until the skew-quads strength can not be further lowered. For the L-Rot,

the maxim quadrupole strength k1 of the first and the second rotator magnet is about

0.8, 0.5m−2, respectively; for the R-Rot, the max of both magnets is about 0.6m−2.

Furthermore, it is necessary to control the behaviour of the beta function in the

rotator region, and this is achieved by adding extra constraints on the beta function

at the exit of each rotator magnet. The final step is to put individual rotator magnets

back together to observe the behaviour of the beta function in the L/R-Rot and nearby

region. If the beta function rapidly increases and reaches a large value in a short-

range, the skew-quads need to be adjusted. Usually, it happens at the drift regions

nearby the exit of the rotator magnets, and this problem is addressed by adding a

limit to the beta function at these drift regions. Figure 4.15, Figure 4.16 show the

optics and orbit of the L-Rot and R-Rot lattice after the decoupling is accomplished.

Beta functions are well behaved even though they are much higher than the original.
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Figure 4.15: Comparison of the L-Rot Tuning Region before performing the optical
rematch

Figure 4.16: Comparison of the R-Rot Tuning Region before performing the optical
rematch
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4.5 Optical Rematch

The installation of the spin rotator is for the electron polarization purpose only, so

it must be kept transparent to the ring. To achieve transparency, quadrupoles near

the spin rotator are tuned to recover optics at the exit of the tuning area. After the

tuning, optical functions will be matched to the original lattice outside the tuning

area but changed inside, resulting in variations in the overall machine parameters

such as chromaticity, Tune, and emittance. The chromaticity and the Tune must be

rematched by taking other tuning measures to make the spin rotator fully transparent

to the ring. However, the emittance can not be corrected as the original, and the best

solution is to keep it as low as possible.

The optical rematch at the exit of the tuning region includes the match of Twiss

parameters βx, βy, αx, αy, and the dispersion functions ηx,ηy, and η
′
x,η

′
y, eight param-

eters in total to be matched. Also, hkicks and vkicks need to be re-fitted to match the

orbit. Performing this step is challenging, not only does it require the eight optical

parameters to match, but also it has to consider the influence on ring parameters,

such as the variation on the Tune and the emittance. If performing the optical re-

match significantly affects the Tune, it is unrealistic to restore the original Tune. The

best situation is that only the fractional component of the Tune is affected. Other

than that, the luminosity directly depends on the horizontal and vertical emittances,

which must be kept low to guarantee high luminosity [8].

Also, the match of vertical dispersion is quite tricky due to no vertical bending

effect in the ring. An effective way to control the behaviour of vertical dispersion is

to add extra constraints when performing the decoupling, which is to fix it at zero at

the exit of each rotator magnet. However, it requires the use of strong skew-quads

to achieve this goal. The stronger skew-quads are, the more they change the Twiss

and overall ring parameters, making it more challenging to match these parameters.

An alternative way is to control the dispersion at the rotator region, which requires

fitting all skew-quads when tuning the ring quads and give up the decoupling at the

exit of the first rotator magnet. Each skew-quad has two variables, strength and tilt.

Thus, six skew-quads in the first rotator magnet will give 12 extra variables to match

optical parameters. Refitting the six skew-quads in the second rotator magnet will

adjust the behaviour of local optics and decouple the plane at the exit.
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4.5.1 Optical Rematch for the L-Rot

The optical rematch for the L-Rot is performed by investigating existing quadrupoles

located in nearby upstream and downstream regions. A finalized tuning plan is shown

in Figure 4.17. As it shows, 12 quadrupoles near the L-Rot, including five identical

pairs, are involved in the optical rematch for the L-Rot. We adjust the first four

quadrupoles to control the upstream optics, the last seven quadrupoles to control the

downstream optics, and QF6E to manipulate the behaviour of optics between two

rotator magnets. Also, the beta functions are limited at two spots: one is located

between two rotator magnets, and another is located at 6 meters downstream of

the exit. In addition, all skew-quads are refitted at the same time, the limit on

their strength k1 is relaxed to 0.88 m−2 and 0.58 m−2 for B2EALSQ and B2EBLSQ

respectively. After taking all these measures, the optics is recovered at the exit of the

second QF2E in the tuning region. Due to the tuning of identical pairs, the symmetric

structure of beta functions is preserved to a certain extent outside the rotator area. In

the rotator region, the optical structure changed significantly due to the installation

of rotator magnets.

Figure 4.17: Comparison of the L-Rot Tuning Area after the match of optics
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Achieving the optics rematch alone is insufficient for the desired solution, which

also must guarantee there is no significant variation in the Tunes and keep the emit-

tance low. Every time a result is determined for the open-geometry optimization, the

L-Rot is put back into the HER lattice to run a closed-orbit simulation and see if

exists a considerable influence on the horizontal, vertical Tunes and emittances. It

turned out the installation of the spin rotator has no critical impact on the horizon-

tal emittance but does have on the vertical emittance. The limit of the new vertical

emittance is set to be 10 times as the original lattice because the overall vertical emit-

tance is approximately the sum of the L-Rot and R-Rot rings when both of them are

installed in the HER lattice. The current design of the machine is about 13 pm [8] for

the vertical emittance, which is about 20 times of the HER lattice. In addition, the

variation of Tunes needs to be limited to one. Some optimization results are used as

better starting points in the new optimizations. It also might require stepping back

to re-perform the decoupling to acquire a reasonable magnetic structure. There is no

practical way to tell what the ideal magnetic design should be like, and it only can

be examined by trial and error. The tuning has been performed dozens of times until

determining the desired solution that satisfies all requirements. The finalized design

of the L-Rot varies the Tunes with ∆Qx = 0.38, ∆Qy = 0.27, and amplifies the ver-

tical emittance by 2.36 times and a negligible variation for the horizontal emittance.

The key to finding the desired solution is to limit the beta function at a small value

between the two rotator magnets, which is achieved by adjusting QF6E and requires

strong magnetic strength. The existing strongest defocusing quadrupole is QLB7RE

with an integrated strength k1L = -0.603 m−1 or B1 = -12.54 T/m; for the focusing

quadrupole, the strongest one is QLA8LE with k1L = 0.32443 m−1 or B1 = 13.303

T/m. The new integrated strength of QF6E is 0.342 m−1, at the same level as the

strongest focusing quadrupole, which is achievable. There is no significant adjustment

for rest quadrupoles, as it is shown in Table 4.7. The maximum skew-quad strength

is around 20 T/m, much lower than the 30 T/m technical limit.

Tune Qx Tune Qy Emittance εx Emittance εy
Original Ring 45.530994 43.580709 4.44061× 10−9 5.65367× 10−13

L-Rot Ring 45.912795 43.848515 4.69578× 10−9 1.338× 10−12

Table 4.7: Comparison the ring parameters of the original ring and L-Rot ring
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Quads L(m) k1L(Original) k1L(L-Rot) B1(Original) T/m B1(L-Rot) T/m

QD3E 0.826 -0.175 -0.177 -4.948 -5.012
QF4E 1.015 0.035 0.071 0.805 1.633
QEAE 0.826 0.183 0.175 5.178 4.961
QD5E 0.826 -0.179 -0.286 -5.074 -8.079
QF6E 0.557 0.163 0.342 6.855 14.366
QF2E 0.557 0.192 0.145 8.050 6.067
QD1E 1.015 -0.255 -0.203 -5.868 -4.682

Table 4.8: Ring qudrupoles used for matching the optics in the L-Rot Tuning Region

Skew-Quad L(m) k1L B1 (T/m) Tilt (rad)

B2EALSQ1 0.9837 0.511 12.133 -0.426
B2EALSQ2 0.9837 0.510 12.130 1.053
B2EALSQ3 0.9837 -0.314 -7.457 -0.988
B2EALSQ4 0.9837 0.855 20.315 0.030
B2EALSQ5 0.9837 0.688 16.350 -0.630
B2EALSQ6 0.9837 0.814 19.340 1.383
B2EBLSQ1 0.9837 0.558 13.266 0.651
B2EBLSQ2 0.9837 -0.482 -11.444 0.992
B2EBLSQ3 0.9837 0.426 10.119 -1.494
B2EBLSQ4 0.9837 0.338 8.024 -0.931
B2EBLSQ5 0.9837 0.562 13.359 0.735
B2EBLSQ6 0.9837 -0.185 -4.404 0.868

Table 4.9: Skew-qudrupoles in the L-Rot
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4.5.2 Optical Rematch for the R-Rot

Compared with L-Rot, the tuning of the R-Rot is relatively easier. The strength of

solenoids in the R-Rot is weaker, which requires weaker skew-quads to perform the

plane decoupling. Thus, the installation of R-Rot less affects local optical functions.

Following the same optimization procedure as the L-Rot, the finalized tuning plan

is shown in Figure 4.18. Fourteen quadrupoles, including three identical pairs, are

adjusted to match the optics at the exit of QLA6RE. Skew-quads are also re-optimized

and only decouple the plane at the exit of the second rotator magnet B2EBRSQ. The

transverse beam motion is coupled in two rotator magnets and the area in between

where the beta functions are limited to a small value. Three quadrupoles (QF2E pair

and QD1E) in that area are tuned to control local optical functions. As Table 4.11

shows, there is no significant adjustment to the existing quadrupoles. The structure

of beta functions is well preserved outside the rotator region. However, compared

with the L-Rot, the R-Rot has a more significant impact on the vertical motion. It

might be due to the long gap between two R-Rot magnets, where the beam motion

is coupled. The installation of the R-Rot changes the Tune values by ∆Qx = −0.14,

∆Qy = 0.60, and amplifies the vertical emittance 5.78 times which is acceptable.

Figure 4.18: Comparison of the R-Rot Tuning Region after the optical rematch
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Tune Qx Tune Qy Emittance εx Emittance εy
Original Ring 45.530994 43.580709 4.44061× 10−9 5.65367× 10−13

L-Rot Ring 45.395765 44.178970 4.63084× 10−9 3.26913× 10−12

Table 4.10: Comparison the ring parameters of the original ring and R-Rot ring

Quads L(m) k1L(Original) k1L(R-Rot) B1(Original) T/m B1(R-Rot) T/m

QD5E 0.826 -0.179 -0.165 -5.074 -4.667
QEAE 0.826 0.183 0.154 5.178 4.362
QF4E 1.015 0.035 0.067 0.805 1.538
QD3E 0.826 -0.175 -0.251 -4.948 -7.088
QF2E 0.557 0.192 0.183 8.050 7.659
QD1E 1.015 -0.255 -0.274 -5.868 -6.311

QLA10RE 0.826 0.202 0.185 5.718 5.234
QLA9RE 0.826 -0.237 -0.226 -6.703 -6.385
QLA8RE 0.557 0.203 0.169 8.527 7.106
QLA7RE 0.826 -0.192 -0.195 -5.438 -5.522
QLA6RE 0.826 0.202 0.205 5.716 5.808

Table 4.11: Ring qudrupoles used for matching the optics in the R-Rot Tuning Region

Skew-Quad L(m) k1L B1 (T/m) Tilt (rad)

B2EARSQ1 0.9837 0.435 10.341 -2.610
B2EARSQ2 0.9837 0.600 14.258 2.290
B2EARSQ3 0.9837 0.043 1.032 2.328
B2EARSQ4 0.9837 -0.566 -13.451 -0.180
B2EARSQ5 0.9837 0.600 14.258 -2.545
B2EARSQ6 0.9837 -0.591 -14.038 0.618
B2EBRSQ1 0.9837 0.495 11.769 -2.480
B2EBRSQ2 0.9837 0.532 12.648 2.238
B2EBRSQ3 0.9837 0.280 6.663 -0.960
B2EBRSQ4 0.9837 -0.565 -13.429 -0.197
B2EBRSQ5 0.9837 0.600 14.258 -2.846
B2EBRSQ6 0.9837 -0.383 -9.098 0.475

Table 4.12: Skew-qudrupoles of the R-Rot
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An alternative solution for the optical rematch of the R-Rot is determined, which

only requires adjusting seven ring quadrupoles, including three identical pairs. As it

shows in Figure 4.19, the alternative solution has a much shorter tuning region, and

the local beta functions structure is almost recovered as the original. The alternative

R-Rot barely changes the horizontal Tune but has a more significant impact on the

vertical Tune. The variations of Tune values are ∆Qx = −0.061117, ∆Qy = 0.696066,

and the vertical emittance is amplified by 5.56 times which is below the constraint of

10 times. To determine which tuning plan for R-Rot is to be implemented, further

studies need to be applied to the HER lattice with both the L-Rot and the R-Rot

installed.

Figure 4.19: Comparison of the Alternative R-Rot Tuning Region after the optical
rematch
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Tune Qx Tune Qy Emittance εx Emittance εy
Original Ring 45.530994 43.580709 4.44061× 10−9 5.65367× 10−13

Alternative R-Rot Ring 45.469877 44.276775 4.58781× 10−9 3.14703× 10−12

Table 4.13: Comparison the ring parameters of the original ring and alternative R-
Rot ring

Quads L(m) k1L(Original) k1L(R-Rot) B1(Original) T/m B1(R-Rot) T/m

QF4E 1.015 0.035 0.031 0.805 0.716
QD3E 0.826 -0.175 -0.256 -4.948 -7.230
QF2E 0.557 0.192 0.161 8.050 6.766
QD1E 1.015 -0.255 -0.273 -5.868 -6.285

Table 4.14: Ring qudrupoles used for matching the optics in the alternative R-Rot
Region

Skew-Quad L(m) k1L B1 (T/m) Tilt (rad)

B2EARSQ1 0.9837 0.424 10.078 -2.522
B2EARSQ2 0.9837 0.600 14.258 2.266
B2EARSQ3 0.9837 0.086 2.054 2.264
B2EARSQ4 0.9837 -0.493 -11.714 -0.276
B2EARSQ5 0.9837 0.600 14.258 -2.592
B2EARSQ6 0.9837 -0.566 -13.451 0.654
B2EBRSQ1 0.9837 0.499 11.848 -2.457
B2EBRSQ2 0.9837 0.561 13.318 2.222
B2EBRSQ3 0.9837 0.278 6.599 -1.001
B2EBRSQ4 0.9837 -0.577 -13.710 -0.273
B2EBRSQ5 0.9837 0.600 14.258 -2.877
B2EBRSQ6 0.9837 -0.352 -8.355 0.597

Table 4.15: Skew-qudrupoles of the alternative R-Rot
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4.6 Studies of Rotator Ring

Since the optical functions are matched to the original ring, both the L-Rot and R-

Rot are installed in the High Energy Ring lattice to perform a closed-orbit simulation

and studies. The first thing to check is the transparency, including the behaviour of

optics and orbit. As it is shown in Figure 4.20, the beta and dispersion functions

look identical to the original except the rotator area, which indicates the optical re-

match is quite successful. The squiggle that appeared in the orbit plot is the wiggler

effect, which is avoided by rescaling the orbit. As Figure 4.21 shows, compared with

the original, the horizontal and vertical orbits in the rotator ring are approximately

twice amplified; and the Rot has a relatively smaller closed-orbit distortion than the

alternative Rot. More studies will be applied to the lattice of rotator ring to identify

the best design.

Figure 4.20: Comparison of the Full Lattice
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Figure 4.21: Comparison of the orbit of the Full Lattice
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4.6.1 Single-Particle Spin Tracking Result

The spin tracking is performed by using the Polymorphic Tracking Code(PTC) in-

terface in BMAD. Table 4.16 shows the single-particle spin tracking result in the

rotator ring, the longitudinal spin alignment at the IP is greater than 99.99%, and

the spin at both the entrance and exit of the rotator has the vertical spin alignment

also greater than 99.99%, which meets the expectation of spin rotator installation.

Spin Component Entrance of Rot IP Exit of Rot
X -0.000003279202 -0.000004467736 -0.000006374893
Y 0.999999999980 0.000002679620 0.999999999979
Z -0.000005360028 0.999999999986 0.000000782519

Table 4.16: Spin Tracking Result with the Spin Rotator installed in the Ring

Figure 4.22: Spin motion of the electron in the Rotator Ring (Co-moving frame)
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All optimizations are performed with the positron, and the electron simulation is

accomplished by running the reverse lattice simulation with BMAD. The co-moving

frame spin motion of the electron in the rotator ring is shown in Figure 4.22, and

Figure 4.23 shows the simulation of lab frame spin motion. The positive y-direction

is defined to be aligned with the dipole field, which is downward in the KEK frame.

The injected beam must be vertically polarized to acquire the longitudinal polariza-

tion and anti-vertically polarized to reach the anti-longitudinal polarization at the IP.

The ideal spin motion follows that as the vertically polarized beam is injected into the

ring, its vertical spin remains unchanged in the dipole field until it reaches the L-Rot,

where the spin is rotated to the horizontal plane at the exit. The spin precession

continues in the existing dipole fields at the minor arc between the L-Rot and R-Rot

and reaches the longitudinal direction at the IP, then back to vertical when exits the

R-Rot.

Figure 4.23: Spin motion of the electron in the Rotator Ring (Lab frame)
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4.6.2 Ring Parameters

The last thing to check is the impact of the tuning area on the overall machine

parameters. As shown in Table 4.17, the rotator rings do not have considerable

influence on the Damping partitions and the horizontal emittance, but they have a

critical effect on other ring parameters, including the Tunes, chromaticities, and the

vertical emittance. Although the vertical emittance of the rotator ring 4 pm is much

higher than the original lattice 0.57 pm, it is nonetheless substantially smaller than

the HER design vertical emittance of 12.9 pm [8]. The variation on the horizontal

Tune is within 0.5 for both two rotator rings, only affecting the fractional component.

However, there is a significant variation on the vertical Tunes, which almost reach

one and changes the integer part. Although the alternative Rot requires adjusting

fewer quadrupoles to achieve the optical rematch, it has a more significant impact

on horizontal and vertical Tunes. The finalized spin rotator design will be depend-

ing on the Tune match and beam tracking result. The variation in chromaticities is

not worried, which can be fixed by a numerical approach discussed in the next chapter.

Machine parameter Original Ring Rot Installed Alternative Rot Installed
Tune Qx 45.530994 45.777566 45.851677
Tune Qy 43.580709 44.446774 44.544579

Chromaticity ξx 1.593508 -0.725173 -1.244560
Chromaticity ξy 1.622865 1.879936 2.121571

Damping partition Jx 1.000064 0.984214 0.973110
Damping partition Jy 1.000002 1.005265 1.005193
Emittance εx (m) 4.44061× 10−9 4.88965× 10−9 4.84923× 10−9

Emittance εy (m) 5.65367× 10−13 4.01654× 10−12 3.93024× 10−12

Table 4.17: Comparison of the ring parameters before and after the Spin Rotator
installed in the SuperKEKB High Energy Ring
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4.7 Match the First Order Chromaticity

To match the original first-order chromaticity, sextupoles need to be tuned. Consider

the extra quadrupole strength introduced by the sextupoles ksext = mD∆p
p
, the effec-

tive total chromaticity is given by [9]:

ξtot =
1

4π

∮ [
m(s)D(s) + k(s)

]
β(s)ds, (4.6)

where m is sextupole strength, D(s) is the dispersion function, k is the strength of

the quadrupole, and β(s) is the beta function.

Based on Eq.4.1, it can be concluded that the chromaticity is an accumulative

effect of quadrupoles and sextupoles and linearly depends on the sextupole strength

because varying it does not change the local optical functions such as the beta func-

tion. Thus, the variation of the first-order chromaticity can be expressed as a linear

combination of the variation of individual sextupoles strength


∆ξx =

∑
i

pi∆xi

∆ξy =
∑
i

qi∆xi
, (4.7)

where ∆ξx is the variation of the horizontal chromaticity, and ∆ξy denotes the vari-

ation of the vertical chromaticity; the slope pi, qi depends on the horizontal and the

vertical component of local optical functions, respectively; ∆xi is the variation of the

integrated sextupole strength xi.

Assume N (N > 2) sextupoles are tuned to match the first-order chromaticity. N

variables to be determined and exist two equations, so there are N-2 free variables.

Manipulate Eq. 4.2 can find that the variation of the integrated strength of any sex-

tupole ∆xj can be expressed as
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∆xj =

pk∆ξy − qk∆ξx +
∑
i ̸=j

(
piqk − pkqi

)
∆xi

pkqj − pjqk
, (4.8)

with j ̸= k.

Note ∆xk term vanishes in the expression above, ∆xj is expressed as a linear

combination of free variables. For example, pick up ∆x1, ∆x2 to be computed from

the rest {∆x3, ..., ∆xN}.

∆x1 =
p2∆ξy − q2∆ξx +

(
p3q2 − p2q3

)
∆x3 + ...+

(
pNq2 − p2qN

)
∆xN

p2q1 − p1q2
, (4.9)

∆x2 =
p1∆ξy − q1∆ξx +

(
p3q1 − p1q3

)
∆x3 + ...+

(
pNq1 − p1qN

)
∆xN

p1q2 − p2q1
. (4.10)

Due to the high degree of freedom, there exist infinite solutions. The desired

solution is to have all sextupoles staying below the physical limit. Additionally, it

is beneficial to minimize the variation of the sextupole strength, which might allow

the original power supply source to reach the tuning purpose. Lmdif can find a local

minimum but it does not guarantee all sextupoles are physical. Also, it has difficulty

determining the global minimum due to the large degrees of freedom. Therefore, it

is necessary to find a starting point close to the global minimum. An algorithm is

developed to determine a better starting point, and the basic idea is to feed numbers

into Eq.4.3 to compute two unknown variables and compare solutions to approach

the global minimum gradually. The detail of the algorithm follows:

Step 1: Generate nominee data set for N-2 free variables {∆x3,∆x4, ...,∆xN}
within a reasonable range, let αi denote the data set for ∆xi, αij denote jth element

in the data set αi.

Step 2: Pick up an element αij from αi for each variable ∆xi, and generate a data

set for free variables {α3j, α4j, ..., αNj}
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Step3: Compute ∆x1j, ∆x2j from {α3j, α4j, ..., αNj} and only record solutions

which stay in the desired range (x1+∆x1, x2+∆x2 below the physical limit and sign

does not change), denoted as ∆x1k,∆x2k

Step4: Find the maximum strength in each solution set {x1+∆x1k, x2+∆x2k, x3+

α3k, ..., xN + αNk}, denoted as Xk

Step5: make a comparison between Xk, and determine the index of the minimum

in Xk , denoted as m. Then, a local minimum solution is given by {x1 +∆x1m, x2 +

∆x2m, x3 + α3m, ..., xN + αNm}

Iteration: reset a narrower range around αim to generate a new data set for free

variables ∆xi, repeat steps 2 to 5; gradually narrow the data set range until the global

minimum is found, check the solution and make sure the sign of all defocusing and

focusing sextupoles does not change

Figure 4.24: Sextupoles in the Rot Tuning Area
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Before applying the algorithm, it requires figuring out which sextupoles can be

tuned. The phase advance between the sextupole pair needs to be fixed at π to cancel

their lowest order of the transverse nonlinearity to each other [25]. Although the dy-

namics are maintained as the original outside the tuning region, it does change inside

the tuning area and affects local sextupoles. As Figure 4.24 shows, there are three

sextupoles in both the L-Rot and R-Rot tuning regions. The phase advance between

these sextupole pairs is no longer π, as shown in Table 4.18. SD3TRE is affected

slightly due to the adjustment of upstream QD5RE; the phase advance is not π but

close. SD3TRE is not adjusted due to the phase advance slightly shifted from π ,

and all the rest sextupole pairs in Table 4.12 are turned off; their strength is set to

be zero. Putting both the L-Rot and the R-Rot into the HER lattice and turning

these sextupole pairs off yields new chromaticities ξx = −0.616932, ξy = −6.553531;

and the variation of chromaticities needs to be ∆ξx = 1.593508 − (−0.616932) =

2.21044,∆ξy = 1.622865− (−6.553531) = 8.176396.

Index sextupole Ψx Ψy ∆Ψx ∆Ψy

1692 SF4TLE 22.6040 24.9780
2108 SF4TLE 29.1830 30.4680 6.5790 5.4900

2124 SD5TLE 29.5520 30.7900
2150 SD5TLE 31.8170 33.3440 2.2650 2.5540

5306 SF4TRE 263.6200 245.6500
5340 SF4TRE 266.7700 248.600 3.1500 2.9500

5356 SD3TRE 267.1100 248.9300
5762 SD3TRE 269.8800 256.2900 2.7700 7.3600

Table 4.18: Sextupoles located at the rotator tuning area

SLX and SLY sextupoles are not touchable, as mentioned in Section 3.3, so

candidates can only be chosen from the defocusing sextupoles (SD*) and the focus-

ing sextupoles (SF*). In order to reach the maximum dynamic aperture, all SD/SF

sextupoles should be tuned. However, due to computational difficulty applying the

algorithm to all the touchable SD/SF sextupole pairs (45 in total), only six sex-

tupole pairs near the rotator tuning region are tuned, including SD3TLE, SF6TLE,

SD7TLE, SD7TRE, SF6TRE, and SD5TRE. Sextupoles will be re-tuned after Tune
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values are matched to the original. Right now, we only focus on giving an applica-

ble plan for rematching the first-order chromaticities. The non-linear effects will be

explored with beam tracking. According to KEK experts [26], all SF/SD sextupoles

in the High Energy Ring are the same type of magnets. All SF sextupoles share

the same length, so do all SD sextupoles. Thus, the physical limit of the SF and

SD sextupoles is temporarily set to be the same as the strongest existing defocusing

and focusing quadrupoles, respectively. For defocusing, the strongest one is SD7ORE

with b2 = −7.242; for focusing, the strongest one is SF6FRE with b2 = 2.296.

The coefficients pi, qi in Eq.4.3 need to be determined to implement the algorithm,

which is achieved by manually investigating the lattice of the High Energy Ring with

spin rotator installed. The linear relationship in Eq.4.2 holds for the sextupole pair

because of having two identical elements, and the slope is the sum of two elements.

Begin with zero, increase the strength of one sextupole pair by a step of 0.5 until it

reaches b2 = 3, record the corresponding horizontal and vertical chromaticity, and

repeat the same procedure for other sextupoles. Then, plot ξx, ξy as a function of b2

for each pair, and apply linear regression on the data to determine the slope, which

is pi, qi.

Figure 4.25: chromaticity component vs the strength of SD3TLE pair

The algorithm is implemented on Python to determine the nominee solution for

the global minimum and then use it as the starting point to run a BMAD optimization

in closed geometry. The result is given in Table 4.19, all new sextupoles stay within

the physical limit.
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Sextupole length (m) b2 (Original) b2 (Rot) BMAD b2 (Rot) Python
SD3TLE 1.03 -3.577 - 4.027 -4.061
SF6TLE 0.334 0.818 1.008 1.025
SD7TLE 1.03 -3.607 -4.062 -4.061
SD7TRE 1.03 -1.730 -4.042 -4.057
SF6TRE 0.334 0.829 1.596 1.596
SD5TRE 1.03 -1.695 -4.088 -4.058

Table 4.19: Sextupoles used for matching the linear chromaticities



69

As Figure 4.26 shows, only the SD3TRE pair is located in the alternative R-Rot

tuning region, and the SF4TRE pair is no longer affected, which gives one more candi-

date for rematching chromaticities. For the alternative rotator ring, turning SF4TLE,

SD5TLE, and SD3TRE pairs off changes chromaticities to ξx = −1.219330, ξy =

−6.084533, and the variation of chromaticities needs to be ∆ξx = 2.812838,∆ξy =

7.707398 to match the original. Applying the same analyzing process to the alterna-

tive rotator ring with tuning the extra SF4TRE pair. The Python algorithm result

indicates that the variation on SF6TRE is negligible, not touched in Tao Optimiza-

tion. The optimization result is shown in Table 4.20, all sextupoles are below the

physical limit.

Figure 4.26: Sextupoles in the Alternative Rot Tuning Area
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Sextupole length (m) b2 (Original) b2 (Rot) BMAD b2 (Rot) Python
SD3TLE 1.03 -3.577 - 4.065 -4.008
SF6TLE 0.334 0.818 1.080 1.054
SD7TLE 1.03 -3.607 -3.854 -4.007
SD7TRE 1.03 -1.730 -4.150 -4.015
SF6TLE 0.334 0.829 not applicable 0.858
SD5TRE 1.03 -1.695 -4.005 -4.009
SF4TRE 0.334 0.505 1.274 1.276

Table 4.20: Sextupoles used for matching the first order chromaticities for the alter-
native Rotator Ring
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Chapter 5

Future Steps and Beam Tracking

Studies with Bmad

5.1 Tune Match Studies

Machine parameter Original Ring Rot Installed Alternative Rot Installed
Tune Qx 45.530994 45.777566 45.851677
Tune Qy 43.580709 44.446774 44.544579

Chromaticity ξx 1.593508 1.593508 1.593508
Chromaticity ξy 1.622865 1.622865 1.622865

Damping partition Jx 1.000064 0.984214 0.973110
Damping partition Jy 1.000002 1.005265 1.005193

Emittance εx 4.44061× 10−9 4.88965× 10−9 4.84923× 10−9

Emittance εy 5.65367× 10−13 4.01654× 10−12 3.93024× 10−12

Table 5.1: Comparison of the ring parameters after matching the first-order chro-
maticities

The original Tunes must be restored to make the spin rotator fully transparent

to the High Energy Ring. The tuning procedure begins with finding a straight area

where both the horizontal and the vertical dispersion functions are zero. Adjusting

the quadrupoles at this area can match the Tunes without affecting the dispersion.

The optimization target is not just to recover original Tunes, and it also needs to

guarantee the optics to be matched at the exit of the tuning area, including βx, βy,

and αx, αy. Six parameters in total are to be matched, thus, requires at least six

variables. Figure 5.1 shows the straight area between s = 649 to 856 m in the ring
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where the tuning is considered to be performed. Local quadrupoles have a symmetric

distribution about the focusing quadrupole QFRNE at s = 753 m. There are six pairs

of identical quadrupoles labeled from QR7NE to QR2NE symmetrically distributed at

both ends and six groups of alternating defocusing quadrupoles QDRNE and focusing

quadrupoles QFRNE in the middle. Therefore, the beta function follows a symmet-

ric structure. As an overall machine parameter, the match of the Tune requires a

closed-orbit optimization. Adjusting the quarupole in the closed-orbit will affect the

downstream beta function and influence the upstream optical functions. The sym-

metry of the beta functions must be maintained to have the optics matched at both

the entrance and the exit of the tuning area, so the strength of quadrupoles with

the same name must be kept identical. Thus, eight variables can be applied for the

tuning, which gives two degrees of freedom. The adjustment of QDRNE and QFRNE

is mainly for fixing the Tunes, and the tuning of the rest quadrupoles is mostly for

the optical rematch. In addition, the integrated strength of these quadrupoles must

be limited to 0.012 m−1 ⩽ k1L ⩽ 0.31 m−1 according to KEK expert [27].

Figure 5.1: Straight area in the High Energy Ring
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However, due to the difficulty performing the optimization in the closed-orbit lat-

tice, it is challenging to have both the Tunes and the optics matched simultaneously.

Unlike the sextupoles, tuning quadrupoles changes the beta functions, and the vari-

ation can not be analytically determined. Instead of fully matching the Tunes, we

first aim at matching the fractional component of the Tune. Recall Eq.2.16, the Tune

shift is given by: dQ = 1
4π
∆kβds when the quadrupole deviation is small. Notice for

a small quadrupole deviation, the local beta function is barely affected. Thus, the

total Tune shift can be approximated by:

∆Q ∼
∑
i

1

4π
βi∆kiLi, (5.1)

where βi is the local beta function, ∆ki is the variation of the quadrupole strength

ki, and Li is the length of the quadrupole with the index of i.

Based on Eq.5.1, we can conclude that if the deviation is sufficiently small, the

Tune can be gradually shifted without changing the beta function too much, which

might allow optimizing the Tune and optics simultaneously. Thus, a method called

the “Ladder Method” is developed to recover the Tunes. The basic idea is to grad-

ually shift the Tune and approach the optimizing target, as shown in Table 5.2.

For each step, we vary the Tune with a tiny amount by tuning the QDRNE and

QFRNE and then optimize both the Tune and optics by tuning all quadrupoles at

the straight section. However, the optimizer still has difficulty optimizing both the

β and α simultaneously. We have to give up matching the α to perform the “Ladder

Method.” Finally, the fractional component of the Tunes is matched to the original

and the variation in α is small, ∆αx = 0.00028495, and ∆αy = −0.01624934, with

αx = 0.44282337, and αy = 6.77700412 before the tuning. The validation of this

method is to be confirmed with Uli Wienands and KEK experts since the α is not

optimized in this method. Figure 5.2 is the comparison of the straight section. As

it shows, the symmetry of the beta function structure is well preserved. Also, as

it shows in Table 5.3, there is no significant variation in the quadrupole strength,

which indicates the “Ladder Method” might allow it to cross the integer and fully

match the vertical Tune.
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Step 0th 1st 2nd 3rd 4th
Qx 45.777566 45.7282516 45.6296228 45.5803084 45.530994
Qy 44.446774 44.473561 44.527135 44.553922 44.580709

Table 5.2: Ladder Method: taking steps to approach the fraction component of the
orginal Tune

Quadrupole Length (m) k1 (m−2) original k1(m
−2) Rot

QFRNE 1.080 0.122 0.107
QDRNE 1.080 -0.118 -0.122
QR7NE 0.826 -0.252 -0.253
QR6NE 1.015 0.196 0.197
QR5NE 1.080 -0.110 -0.110
QR4NE 1.080 0.144 0.146
QR3NE 1.080 -0.145 -0.145
QR2NE 1.080 0.110 0.103

Table 5.3: Quadrupoles used for matching the fraction Tunes for the rotator ring

Figure 5.2: Comparison of the straight area before and after performing the Tune
match
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Another straight area between s =2157 to 2362m in the ring has a symmetric

beta functions structure but with wigglers installed, which can not be used for the

optimization. If the wiggler is unstalled from this area, it can be used for the Tune

match, giving extra degrees of freedom. Additionally, the Tune is an overall machine

parameter, so more quadrupoles involved in the optimization can lower the adjust-

ment on individual quadrupoles. If only the fractional component of the Tune can be

recovered, either accept the new Tune or step back, modifying the design of the spin

rotator to achieve the restorable Tunes.

Figure 5.3: Straight area containing the wiggler

The Tune match requires the adjustment of quadrupoles, which changes local op-

tics, thus changing the chromaticities. As mentioned in Section 4.6, the adjustment

of sextuopoles does not affect optical functions. Therefor, Tunes need to be matched

before the chromaticities. Once the Tunes are restored, all touchable sextupoles are

adjusted to achieve the maximum dynamic aperture and recover the original chro-

maticities if possible.
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5.2 Long Term Tracking Studies

Once the rotator is fully transparent to the ring, Beam tracking will be taken to

examine the stability of the rotator ring and determine the spin polarization lifetime,

the beam lifetime, and the dynamic aperture. The beam tracking is implemented

with the Long-Term Tracking program built upon the Bmad software toolkit. The

Long Term Tracking program is for long term tracking of a particle or a beam pos-

sibly including tracking of the spin. The available tracking methods include Map,

PTC, and Bmad. The Tracking Method applied to implement the beam tracking is

PTC. Tracking with Map computes the Taylor series with a truncate order, which is

extremely quick but less accurate compared with two other methods. PTC and Bmad

tracks element by element, which is slow but guarantee the accuracy. In addition,

PTC can include radiation damping and fluctuations effects [28].

The required amount of beam tracking is 2 million turns in the rotator ring to

match the beam topping up rate. The beam tracking with PTC is very computational

expensive, the track speed of the current computational device is 70 ms per particle

per turn, which requires approximately 4.5 years to track 1000 particles with 2 million

turns in the ring on a single machine. Therefore, a computing cluster must be used

to perform beam tracking.



77

Chapter 6

Conclusions

The design of the spin rotator with the dipole-solenoid combined function magnet

structure is successfully implemented. The advantage of this design is that the orig-

inal machine geometry is maintained, providing an alternative plan for future polar-

ization projects such as Electron-Ion Collider (EIC). All new magnets’ strengths stay

within the technical limit. The longitudinal spin alignment at the IP reaches a sig-

nificantly high level, greater than 99.99%, which highly satisfies the purpose of beam

polarization. Also, the optical rematch is quite successful. The tuning area where

the rotator is located does not disturb the outside optical functions. Furthermore, an

algorithm is developed which can effectively tune the sextupoles. The original Tunes

must be restored to make the rotator fully transparent to the High Energy Ring, and

the SF/SD sextupoles have to be adjusted to reach the maximum dynamics aperture.

Once the batch computing system is available, beam tracking will be performed to

examine the rotator ring’s stability and determine the beam and spin polarization

lifetime.
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[7] Desmond P. Barber, Michael Böge, H. D. Bremer, Reinhard Brinkmann,
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Appendix A

Additional Information

Figure A.1: Spin moition of the electron in the L-Rot (co-moving frame)
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Figure A.2: Spin moition of the electron in the L-Rot (rest frame)
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Figure A.3: Spin moition of the electron in the area between the L-Rot and the IP
3020m (co-moving frame)

,
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Figure A.4: Spin moition of the electron in the R-Rot (co-moving frame)
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Figure A.5: Spin moition of the electron in the R-Rot (rest frame)



86

Figure A.6: Spin moition of the electron in the area between the IP (at s = 0) and
the R-Rot (co-moving frame)


	Supervisory Committee
	Abstract
	Table of Contents
	List of Tables
	List of Figures
	Acknowledgements
	Introduction
	Theory of Accelerator Physics and Spin Dynamics
	Linear Optics
	Co-Moving Coordinate
	Hill's Equation
	Tune
	Chromaticity

	Spin Dynamics
	Coupling Formalism

	Fundamental Idea of the Spin Rotator Design
	Spin Rotator Magnet Structure
	Constraints of the Design
	Determine the nominal position for spin rotator installation in the HER

	BMAD Simulation
	BMAD Elements
	Multipole Representation in BMAD
	Coordinate System
	Element Geometry Types

	Spin Rotator Magnet Modelling in BMAD
	Validating the Hkick Simulation 
	Slice Model

	Solenoid Optimization
	Skew-Quads Optimization
	Optical Rematch
	Optical Rematch for the L-Rot 
	Optical Rematch for the R-Rot

	Studies of Rotator Ring
	Single-Particle Spin Tracking Result
	Ring Parameters

	Match the First Order Chromaticity

	Future Steps and Beam Tracking Studies with Bmad
	Tune Match Studies
	Long Term Tracking Studies

	Conclusions
	Bibliography
	Additional Information

