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ABSTRACT 

Supervisor: Dr. Charles Picciotto 

Phenomenological models for single pion production 

from proton collisions with nuclei at rest are reviewed • 

11 

. The incident energies considered are from threshold to 

approximately 800 MeV. Due to the short range of the strong 

interaction at these energies, compared with internucleon 

distances in the nuclei, the scattering with a nucleus is 

highly incoherent, and the production is predominantly the 

single nucleon-nucleon interaction (ie. the impulse 

approximation). Modifications of the free nucleon-nucleon 

interaction due to the nuclear medium, such as the inclusion 

of the Fermi motion of the target nucleon, multiple 

scattering effects and nuclear potentials, are included in 

an ad hoc manner. The upper energy limit of 800 MeV for the 

models considered, restricts the dominant production 

mechanism to the formation of the 6 (1236) isobar in the 

intermediate state. 

,Due to the li.mi ted available data, the models 

considered are con.cerned only with the characteristics of 

the emerging pion, and the final state of the nucleus is 

ignored. This often results in one or more free parameters 

which may give reas·onably good fits to experimental data, 
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but this correlation may have little physical meaning. 

Certain aspects of the production mechanisms and of nuclear 

structure can, however, be investigated successfully with 

these models. More success can be expected with models 

in which the final state of the nucleus is taken into account. 
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CHAPTER 1 

INTRODUCTION 

Much of the work done in studying collisions of two 

hadrons (e.g. nucleons) has been concentrated on collisions 

in which there are only two particles in the final state. 

This may include either elastic scattering in which the final 

particles are the same as the initial particles or exchange 

processes in which the final particles differ from the 

initial pair by certain quantum numbers, such as isospin. 

In recent years, increased interest has been shown in 

production processes in which there are three or more 

particles in the final state. It is expected from both a 

theoretical and an experimental s t andpoint that the 

production processes woul.d be more difficult to deal with 

than would be the two particle final state cases. This can 

be seen from a consideration of the dimensionality of the 

two cases. For a particle incident upon a target at rest, 

which results inn particles .in the final state, there 

will be 3n momentum components limited by only 4 energy­

momentum constraints leaving 3n-4 independent variables 

for each production event. This gives only two independent 

variables for a two body process (n=2) which are 

normally taken to be the incident particle momentum 
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and the scattering angle. For single particle production, 

where n=3, there are 5 independent variables, and 8 for 

double particle production, where n=4. For simplicity, only 

single particle production will be considered in these models. 

The problem of dimensionality for production processes 

is compounded by the difficulty in the application of quantum 

field theory to strongly interacting particles. This 

results from a perturbation expansion in terms of the 

coupling constant for the interaction; this has been a 

successful approach for the electromagnetic interaction 

where the coupling constant is small (*1/137), but not for the 

strong interaction which has a large coupling constant (~1). 

A field-theoretical approach has been successful only in 

giving a qualitative picture of the strong interaction. 

The picture which emerges from quantum field theory 

is that the interactions between elementary particles occur 

through exchanges of "virtual" or "off-the-mass-shell" 

particles. They are virtual in the sense that they are not 

observable, and they do not obey the Einstein condition 

that the suare of the rest mass of a particle equals the 

square of its four-momentum. The quantization of the 

electromagnetic field indicates that the electomagnetic field 

is composed .of virtual photons, and an electromagnetic 

interaction between particles -is interpreted as the exchange 

of one or more photons. Analogously, quantization of the 
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strong field predicts that the strong interaction is equivalent 

to the exchange of one or more virtual mesons. The type and 

number of mesons exchanged will depend on the magnitude of 

the . interaction. 

If strongly interacting particles have sufficient 

relative kinetic energy, this energy can be used to change 

one or more virtual mesons into real, i.e. observeable, 

mesons which obey the Einstein condition. The seven possible 

reactions for single pion production from nucleon-nucleon 

collisions are given by 
+ ( 1 • 1 a) pp-rr pn 

PP➔rr0pp (1.1b) 
+ ( 1 • 2a) pn--,>rr nn 

pn-,,.rr0 pn ( 1 • 2b) 

- (1.2c) pn-.rr pp 
0 nn-rr nn ( 1 • 3a) 

- (1.3b) nn~rr pn 

(Note that proton collisions include only Eq.(1.1) and (1.2).) 

The theoretical threshold for single pion production 

from nucleon-nucleon collisions is easily calculated using 

standard relativistic kinematics. At threshold, by definition, 

all particles are at rest in the centre-of-mass frame. For 

single pion production for a nucleon incident upon another 

nucleon at rest, the threshold involves an initial kinetic 

energy of approximately 290 MeV. 



It might seem that with only a qualitatively successful 

idea of the two nucleon interaction, it might be futile 

to consider production processes in which there are more 

than two final particles. It is felt by many, however, 

that an understanding of nucleon dynamics, and hadron 

dynamics in general, may come from a combine~ study of the 

2-body and then-body processes. It is likely that the 

dynamics of the two types of processes possess many 

similarities. It is hoped that a study of production 

processes may offer information for models for 2-body 

scatterings. In terms of available data alone, the 

importance of considering production processes can be 

seen. Above threshold, the p-p inelastic cross section 

rises quickly, and comµ'ises 50% of the total cross section 

by 900 MeV. The same is true for n-p collisions (Figs. 1 .1 

and 1.2). 

Production processes are, however, not merely an 

extension of 2-body processes, but also possess characteristics 

which are unique to production. This is seen, for example, 

in the formation of intermediate resonant states which 

subsequently decay to form the final particles, including 

the "produced" particle(s). 

The formulation of a theoretical model for pion 

production from nucleon-nucleon or nucleon-nucleus 

collisions may be attempted using a field-theoretical or a 

phenomenological approach. As mentioned, field-theoretical 



calculations have had limited success for strong interactions. 

Although not a complete theory, a phenomenological model 

offers insight into the mechanisms of the processes involved 

and yields a strong theoretical foothold for the explanation 

of experimental data. Increasing experimental data will 

allow the development of increasingly sophisticated 

phenomenological models, and a better understanding of the 

dynamics involved will, hopefully, result. 

The first phenomenological model for pion production 

was developed by Watson and Brueckner (1951) in order to 

analyze recently obtained data for production near threshold 

for free nucleon-nucleon collisions. They found that the 

data could be easily analyzed, at low energies, using an 

angular momentum analysis of the scattering matrix, and 

applying conservation of angular momentum, parity and 

isotopic spin. An angular momentum analysis was a natural 

approach. Near threshold most of the incident energy 

goes into the rest mass of the pion, implying large 

momentum transfers. This, in turn, implies a range of 

interaction for the production process (*h/Q, where Q is the 

momentum transfer) which is very small compared to the range 

of the nuclear force. The short range of the interaction 

and the low kinetic energies involved both motivated the 

angular momentum analysis. 

Rosenfeld (1954) extended the angular momentum analysis 

to incident energies of about 400 MeV. An extensive angular 
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momentum and isotopic spin analysis, valid up to 600-650 MeV, 

was derived by Mandelstam (1958); this was extended, by 

Vovchenko (1966), to energies of about 700-800 MeV. Above 

these energies, there are too many angular momentum states, 

and a partial wave decomposition becomes too complicated. 

The most significant feature to emerge from the angular 

momentum and isotopic spin analysis of pion production was 

that, above threshold and up to 800MeV, the pion and one of 

the final state nucleons are in a resonant J=T=3/2 state 

(where J is the total angular momentum, and Tis the total 

isotopic spin). This was recognized by Rosenfeld as a result 

of his analysis, and was supported by rr-p scattering 

experiments. 

The discovery of a pion-nucleon resonant state was 

the basis for the Isobar Model, postulated by Lindenbaum 

and Sternheimer (1958), in which pion production from 

nucleon-nucleon collisions takes place via an intermediate 

state which consists of an isobar, or a resonant state, and 

a nucleon. The isobar then decays to a pion and a nucleon. 

This is given schematically by 

(1.4-) 

The final states of the parti•cles are, thus, not determined 

purely by statistical weights, as predict.ed by Fermi ( 1950), 

but there exist preferred final states which are determined 

by the requirement that the final rrN state have a fixed 

angular momentum and isotopic spin. At the energies with 



which we are concerned, this is a J=T=3/2 state, also called 

the 6(1236); at higher energies, different isobars _will be 

formed. 
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The concepts behind these free nucleon models, and the 

models themselves, are directly useful for constructing 

models for nucleon-nucleus collisions. This is due to the 

fact that, for nucleon-nucleus collisions at incident nucleon 

energies which are above the single pion production threshold 

for nucleon-nucleon collisions, the interaction with the 

nucleus is highly incoherent. This is easily seen by noting 

that the de Broglie wavelength (h/p, where pis the particle 

momentum) for a 500 MeV proton is 0.2 fm., while a typical 

internucleon distance is 1.9 fm. At energies relevant to 

this thesis, the incident nucleon will tend to interact with 

only one target nucleon at a time, as described by the impulse 

approximation, so that the pion production process will be a 

result·, predominantly, of free nucleon-nucleon interactions. 

The number of nucleon-nucleon interactions assumed to 

occur within the nucleus will be a variable of the model 

used, but due to the strong absorption within the nucleus, 

the assumption of only a single scattering of each incident 

nucleon is not unrealistic. This latter assumption greatly 

simplifies the calculations involved; very lengthy and 

complicated computations are a main difficulty of multiple 

scattering models. Indeed, it is found by Yang, Sparrow, 

Holstein and Sternheim (1976), that results from multiple 
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scattering models are no better than simpler single scattering 

models with the same parameters. · Ignoring higher order 

scattering tends to underestimate the number of low energy, 

large angle pions produced, but the total cross sections 

are not expected to be affected., 

An alternative to multiple scatteri~calculations for the 

scattering of particles off nuclei is multiple diffraction 

theory, developed by Glauber (1952 and 1958), which treats 

the nucleus as an optically diffracting medium. It is a high 

energy calculation, but it is also applicable to the 

intermediate energy range which is of interest here. The 

impulse approximation is assumed, and each target nucleon 

acts as an independent diffracting centre. Its applicability 

to intermediate energies is limited by the assumption of only 

forward scattering. The advantage of multiple diffraction 

theory over multiple scattering theory is that it results in 

an expansion of different orders of scattering off the target 

nucleons; then-th order scattering term gives the 

contribution from scattering of the incident nucleon off 

n target nucleons. 

Glauber theory was applied directly to pion production 

by Margolis (1968) and Kolbig and Margolis (1968) in which 

the formation of the intermediate (3/2,3/2) resonant rrN state 

is assumed. - Only the first term in Glauber's expansion 

for incoherent, quasi-elastic scattering is used, that is to 

say, only single scattering is assumed. Although Kolbig and 
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Margolis were able to obtain information on nuclear density 

distributions, an outstanding limitation to their calculation 

was their neglect of many nuclear effects which greatly alter 

the free production rate. 

These effects are included,,to varying degrees, in 

papers by Beder and Bendix (1971) and by Sternheim and Silbar 

(1972 and 1973); they also account for the angular distribution 

of the exiting pions. Their models assume the impulse 

approximation, and are thus mathematically equivalent to 

Glauber theory for incoherent, quasi-elastic scattering, but 

are conceptually and computationally much easier to deal with. 

Both models assume that the free nucleon-nucleon production 

reaction proceeds via the (3/2,3/2) resonance: Beder and 

Bendix use a free production cross section based upon 

Mandelstam's T-matrix and Sternheim and Silbar use, directly, 

the experimentally measured cross section for the reaction 

pp~7rt-pn. The free production cross sections are then 

modified to account for the nuclear effects. 

· There are three important modifications of the free 

production cross section which are necessary when considering 

production from nucleons bound in a nucleus. These 

modifications account for the Fermi energy of the target 

nucleons, the Pauli Principle which will forbid some 

collisions, and secondary scatterings which include absorption 

(attenuation) of the incident nucleon and exiting pion as well 



as charge exchange processes. 

Target nucleons within a nucleus are constrained by 

the Pauli Exclusion Principle, since they are fermions in 

a bound system, to certain energy levels within the nucleus. 

This gives each a certain nonzero energy within the rest 
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frame of the nucleus which is the Fermi energy of that 

particle. This results in a total energy of the bound 

nucleon-nucleon system which is greater than that for the free 

nucleon-nucleon system, and pion production is possible at 

lower incident nucleon energies in collisions with nuclei 

than with free nucleons. Pion production has been observed 

with incident energies as low as 185 MeV (Cohen et al. 1963). 

The Pauli Exclusion Principle enters not only through 

the Fermi motion of the target nucleons, but also in 

considering the allowed final states of the nucleons. It will 

forbid those collisions which leave the final nucleons with 

energies which correspond to states of the nucleus which are 

occupied by other nucleons. 

Both the incident nucleon and the exiting pion undergo 

strong attenuation by the nuclear medium. For this reason, 

it is expected that most of the pions will be produced in the 

surface of the nucleus, in particular, in a ring normal to 

the direction of the incident nucleon momentum. This implies 

a dependence of the production cross section on the geometry 

of the nucleus from which nuclear surface information may 



be obtained. This, as mentioned, supports the assumption 

of only single scattering. 
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The charge exchange processes will include pion charge 

exchange given by rr+n--> rrOp 11I1d rr-p ~rr0 n and nucleon charge 

exchange given by pn--;;> np. The pion charge exchange processes 

have an especially important effect; neglecting them was a . 

. major weakness of the models of Kolbig and Margolis. It will 

be seen that the exchange processes affect the relative 

numbers of the three charge states of the pions; for 

production from incident protons, charge exchange will tend 

to decrease the rr+/rr- ratio. The charge exchange process, 

since it is a secondary scattering, will tend to increase 

the number of pions, particularly rr-'s, predicted at large 

angles and low energies. 

The various nuclear effects are accounted for in an ad 

hoc manner, usually relying heavily on experimental data, in 

particular, on two particle data. This is done very 

differently by the various authors. 

By chapter, the above models will be discussed in detail: 

Chapter 2 gives a brief outline of the development of the 

Isobar Model of the pion-nucleon interaction and its 

application to the angular momentum analyses of pion 

production. In Chapter 3, Section 3.1, Glauber's multiple 

diffraction theory is developed and in Section 3.2 its 

application to nuclear pion production by Kolbig and Margolis 
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is shown. Chapter 4 describes and gives the results of the 

"absorptive gas" model of Beder and Bendix for -rrt- production 

from proton collisions on nuclei. Chapter 5, Section 5.1 

discusses the important connection of nuclear geometry to 

nuclear pion production; Sections 5.2 and 5-3 discuss the 

"geometrical" models of nuclear pion production of Sternheim 

and Silbar; Section 5.4 describes and extension of the 

Sternheim and Silbar models to include multiple scattering 

with and without nucleon recoil. Chapter 6 compares the 

successes and the failures of the above models and indicates 

the future direction of models for nuclear pion production. 
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CHAPTER 2 

PION PRODUCTION MODELS FOR FREE NUCLEON-NUCLEON COLLISIONS 

Since the basis of the production mechanism for the 

nucleon-nucleus collisions at intermediate energies is the 

free nucleon-nucleon scattering interaction, it is important 

to first consider this basic interaction. The models for free 

nucleon-nucleon scattering form a foundation for the 

construction of models for the nucleon-nucleus case. 

The possible reactions with single pion production are 

given in Eqs. (1 .1), (1 .2) and (1 .3); the _proton induced 

collisions are represented in the first two equations. 

Brueckner (1951) and Watson and Brueckner (1951) developed 

the first phenomenological model for pion production from 

nucleon-nucleon collisions using an angular momentum analysis 

of the scattering matrix, valid near threshold. The matrix 

element for the cross section is then held constant, which 

is true for a sufficiently small energy range, except for a 

factor due to the final state nucleon-nucleon interaction. As 

was pointed out by Brueckner (1951) and Watson (1952), the 

reaction cross section of pion production is greatly affected 

by the strong interaction of the final nucleons, which occurs 

while within the range of the pion production interaction, 

i.e. the impact parameter for the pion production reation is 



less than that of the nuclear forces. This is due to the 

existence of a bound state at nearly zero energy. 

The use of a partial wave analysis of the scattering 

matrix provides a good means for a partial wave analysis 
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of newly-acquired experimental data to be made. It allowed 

a comparison of the energy spectrum and the angular 

distributions of the pions, and the excitation functions of 

the different cross sections with the available data for pp-,nprt 

In the partial wave analysis, the final state nucleons 

are assumed to be in a relative S-state (zero relative angular 

momentum). This is supported by the experimental pronounced 

high energy for the pions produced. Calculations indicate 

that the pion will be in ans- or a p-state relative to the 

nucleons. This is valid for energies up to only 400 MeV. 

Inclusion of a final NN P-state would extend the validity to 

600 MeV. 

The contributions from the different states means a 

different predicted angular distribution for the pion: 

(S,s)o<.1 

(S,p(sym)) o(q2 

(S,p(cos20))o<.,q2cos29 

( 2 .1) 

where q is the momentum of the pion and 0 is the exit angle 

of the pion (between q and p, the relative momentum of the initial 

two-nucleon system). For an S-state final nucleon, the angular 

distribution of the pions will by given by Eq. (2.1), while if 
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there is a nucleon-nucleon P-wave contribution, there will 

• . bean extra p 12 factor. 

The angular distributions are fitted to the data with 

proper adjustment of the multiplicative numerical factors to 

determine the cross section. Of interest here, however, is 

not the calculation of the cross section, itself, but only the 

angular momentum analysis of the NN ➔ rrNN interaction. 

By applying the Pauli Principle and the conservation of 

angulare momentum, isotopic spin and parity, there are only 

four possible transitions when the final nucleons are in a 

relative S-state and the pion is in either ans- or a p-state 

relative to the final NN system. The transitions are: 
3p 

➔ 3C.. 5 
I __., I I 

's ➔ 3 c::_ 
0 ___..l po 

(2.2) 
'D ➔ 3S, p-:i. 

:2. 

3 Po ➔ 'S 0 so 

These reactions can be written in terms of three cross 

sections, o;, , ½ and er;, , where the subscripts are the total 

isotopic spins of the initial and the final NN systems. 

(Table TI.1). It is useful to. note that D;;= ~(np)+ ~(d) where 

the first term refers to production of an unbound T=O np system 

and the latter refers to production of a bound deuteron state; 

an np system may have T=O or T=1, but for a deuteron T=O only. 

Note that Vaowould violate conservation of isotopic spin 

for the production of a T=1 pion. 
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Comparison of experiment (Table TI.3) with partial wave 

analysis predictions show that there is a contradiction if 

the pion is emitted predominantly in ans-state; it is 

expected from Table TI.1 that if the pion is in ans-state 

that (T(pp ~rr0 )* v(pn--., rr-)* o-(pn-? TT+). On the other band, 

it is predicted that if the pion is predominantly in a p-state, 

then 0-(np ➔ rr0 )* oinp rrt- )+1/2 <T(p~rrt-) which is consistent 

with the data. Also from Table TI.1 it is expected that if 

the pion is in a p-state then pp ➔ rr0 is forbidden which 

is also consistent with the experiment. 

The angular distributions also agree with a cos2 9 

distribution, which is compatible with a p-state pion, and 

nucleons in a final S-state. 

By 1954, there was sufficient data available for Rosenfeld 

(1954) to do an extensive partial wave analysis comparing the 

phenomenological theory of Watson and Brueckner to the data. 

Data had become available for np as well as for pp collisions; 

reactions were studied to energy down to only 10 MeV above 

threshold wheres-state pions become important, and cross 

sections up to 50 MeV above threshold. Rosenfeld, again, 

by using charge independence (ie. conservation of isotopic 

spin) expresses the single pion production reaction in 

terms of the three independent cross sections o;0 , 0-0 1 , and u-;1 

It was well recognized by 1954 that at such low energies 

there was a strong attractive S- state interaction between 
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nucleons, in contrast to a relatively weak P-state interaction. 

This would allow the enhancement · of the low energies observed 

for the final state nucleons; most of the energy is made 

available to the pion. It is expected, and observed, that 

the final state interactions in order of dominance will, in 

general be Sp, Ss, Pp and Ps. Consider the Sp interactions. 

It is expected that the anisotropic reaction 1 D2 ➔-=s;p~ will 

dominate over the '50 -J~S
1
?, since it is favoured by a statistical 

factor of 2J+1=5. It also dominates over all other Sp and 

Ss reactions by a factor of at least 2J+1 / 2j+1 = 5/ 3. For this 

reason, it is expected that V,o would dominate over the other 

cross sections o;,, ) Oi , • For fJ7o , only, the final nucleons 

are in a triplet, rather than a singlet state which allows 

for deuteron formation, and this roughly doubles the cross 

section. Another extremely significant factor is that 

it had been recently determined by rrp scattering, at 

intermendiate energies, there exists a strong interaction 

between a pion and a nucleon in a state with angular 

momentum and isotopic spin of 3/ 2. Of the six possible 

reactions for Sp and Ss final states, only the 

reaction (which is associated only with ~o ) allows this 

(3/2,3/2) rrN state. This (3/2,3/2) interaction is also 

possible in Ps and Pp final states which are constituents of 

CJJo and O',, • There is no possibility of a rrN state 

with T=3/2 for Qo 1 , since combination of this with another 
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nucleon (T=1/2) cannot result in a total isotopic spin of zero. 

Thus the 'J)?,,7 3.S, p-;, reaction is .favoured both statistically 

and by the (3/2, 3/2) interaction. 

The realization of the resonant (3/2,3/2) rrN interaction 

was an important development in the theory of pion production 

and is the basis of the phenomenological models discussed. 

As mentioned, this resonant nature had previously been 

indicated from rrp scattering experiments; all cross sections 

(elastic, inelastic, charge exchange) contained sharp 

peaks which indicated resonances, the most striking appearing 

at a pion energy of 180 MeV. This resonance nature was 

possible, in terms of isotopic spin, to be either in a 

total T=1/2 or T=3/ 2 state (pion with T=1 and nucleon with 

T=1/2). In Figure 2.1 can be seen the pure T=1 / 2 and 3/ 2 

isotopic spin cross sections; except near threshold, it is the 

T=3/2 resonance which is dominant up to pion energies of 

900 MeV. The peaks, seven of which are easily identifiable, 

are well separated which allows for easy identification. 

The resonances are normally classed according to their 

masses, m6=mrr+mN+Tcentre-of-mass; the (3/ 2,3/2) resonance 

which is of interest here is normally referred to as 

6(1236). 

One can compare the rrp cross sections with the cross 

section predicted from scattering theory for a resonance 

state denoted by J and 1, the total and orbital angular 

momenta. From scattering theory it is known that r;rt:J )" 2 11X" (2 s+1") 
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? 0 t.. so that v( r)~on..t • Figure 2.2 compares the rrp cross section 

with C71£}--f;r-J:.,z_ which clearly indicates that the peak is due to the 

J=3/2. resonanace. Another method is to make a plot of the 

invariant mass of the rrp pair from rrp scattering reactions. 

Figure 2.3 shows such a result for an initial pion pair for 

an initial pion energy of 979 MeV, which clearly indicates 

a baryon of mass 1236 MeV. 

This indicates that pion production from rrN collisions 

is a two stage process, the intermediate stage being a resonant 

state of mass 1236 MeV, and a pion. The resonance then decays 

into a pion and a nucleon, ie. 
++ 0 rr+ p ~ .6 rr 
~rrt-p 
+ 

➔ .Ll n+ 
"-rrop 

This is the basis of the isobar model first suggested by 

Lindenbaum and Sternheimer (1958). 

Using an isotpic spin decomposition based on the isobar 

model for pion production, the Clebsch-Gordon coefficients 

were calculated by Peaslee ( 1954-) (Table II. 4). For pp 

collisions, the ratio for the three pion charge states 

are rr+:rr0 :rr-=5/6:1/6:0. For np collisions, the ratios are 

1/6:2/3:1/6. For nn collisions, the ratios are 0:1/6:5/6. 

The ratios for the isobar model are very different from 

those predicted by the Fermi statistical weights (TableII.5) 



Mandelstam (1958) extended Rosenfeld's partial wave 

analysis to 650-700 MeV by the assumption that the pion is 
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in a (3/2,3/2) resonant state with one of the final nucleons, 

while the second nucleon is in either an S- or a P-state with 

respect to the centre-of-mass (referred to as S-state or 

P-state production). The matrix element . for each transition 

is constant with respect to energy except for factors due to 

the final state nucleon-pion and nucleon-nucleon interaction; 

the latter is felt after the resonance production. 

Table TI.6 indicates the possible partial waves for the 

initial NN states, the intermediate Lili states and the 

equivalent final rrNN states. There are 8 possible transitions 

for P-wave production and only 1 for S-wave production. From 

lack of data, Mandelstam was obliged to neglect the ~F~ and 

the 3 F3 transitions, which leaves one parameter for S-wave 

production and five complex parameters for P-wave production. 

The neglect of the transitions from initial F states limits 

the upper bound of validity to incident proton energies of 

600-700 MeV. 

The remaining five parameters for P-state production were 

made equal through careful choices sot that it was possible 

to fit the experimental data with only three real parameters. 

The resulting fits to the data were good. In some cases, 

the fits were obtained without any free parameters; in 

other cases, fits were obtained using two free parameters 

for the cross section, and it is pointed out that equally 
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good fits were obtained with these cross sections even when 

assumptions of the formation of the resonant state were 

ignored. 

-Standard expressions for the rrN and NN interactions 

are used to formulte a phenomenological T matrix. The 

calculation of the -n+ and rr0 production is then accomplished 

by an analysis in terms of the angular momentum and isotopic 

spin. 

A later paper by Vovchenko (1966) extended Mandelstam's 

model to higher energies. Phase shift analyses of pp 

scattering indicated that from 630-660 MeV, that transitions 

from 3 F2- and 2) 1=-5 initial states, ignored by Mandelstam, 

also contributed to inelastic scatterings. To do this 

three parameters are necessary: the S-state production 

parameter and two nonzero P-state parameters (one of these 

was set to zero by Mandelstam). - The inclusion of the 

produc·tion fror:1 F states substantially improves the agreem8nt 

with experiment. 

0 
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CHAPTER 3 

MULTIPLE DJFFRACTION THEORY 

3.1 Development of the theory 

As previously discussed, due to the large momentum 

transfers involved in the pion production even at the 

intermediate energy range which shows in the strong forward 

peaking, especially of t hen+, and the short range of the 

nuclear force compared to the mean free path of the 6 

resonance, one can assume that nuclear pion production 

essentially occurs on single ("free") target nucleons and 

nuclear effects are only modifications of this interaction. 

Certain high energy approximations can be applied with 

reasonable validity even at the intermediate energy range 

considered. In this way, Glauber's theory of multiple 

diffraction for high energy inelastic collisions of 

elementary particles with nuclei can be applied to nuclear 

pion production. 

Glauber (1958 and 1967) extended the Fraunhofer 

diffraction amplitude formula to a scattering amplitude 

/ {k - l /) for collisions with momentum transfer~ given by: 

I z3J ~·j. 6 ;·1- -r·;tf.6)1 z 
{cg-) = 211 c.. c:.. ;d~ (3.1) 

where b is the impact parameter vector, which lies in the 

plane perpendicular to -k, , the propagation vector of the 



incident particle, 
-"/ 

,{, is the propagation vector of the exiting particle, 

d 2
./:, is an area element in the impact vector plane. Note 

thatl-6=Lrf where L is the angular momentum of the 

partial wave, so that at lower energies the integral in 

Eq. (3.1) becomes a discrete sum over L, or b . 
Uf>) is a phase shift function defined by .Zib)" 2{ where c5~ 
is the phase shift of the corresponding e,t,1, partial wave. 

The profile function r(f) is defined by 

(3.2) 
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and is just the Fourier transform of the scattering amplitude 

~ -z·~; z•j-b ;7 ! /)d2/ 
f {c;_) "' _- e_ D D 

17 ,✓-:,ff 

and thus 

(3.4) 

where~d'j- is a two dimensional element in a plane perpendicular 

to k . If the scattering amplitude is known, then one can 

obtain the profile function. 

The interaction region is treated as_ a medium with 

an appropriate refractive index and the incident nucleon 

undergoes absorption and refraction due to the interaction 

region. For multiple scatterings in the nucleus, it is 

found that the use of diffraction theory, with certain 

assumptions, is much less complicated than multiple 
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scattering theory. Multiple diffraction theory for particles 

colliding with nuclei assumes that, as in optics, when a 

wave passes through more than one interaction ( multiple 

scattering) that the changes in amplitude are multiplicative. 

In that case, the total phase shift is just the sum of all 

the individual phase shifts, so that the individual 

interactions need not be known. Deviation from the additivity 

may arise from the presence of three (or more) body interactions. 

The validity of the hypothesis can be tested by experiment. 

One necessary, but not sufficient, condition which is 

satisfied at high energies is that there is little "spreading 

out" of the incident wave after travelling through the nucleus, 

ie. if a is the range of interaction of the wave with a target 

nucleon, then the effects of the diffraction will be wiped 

out in a distance X~ka2 past the nucleon. The condition for 

little "spreading" through a nucleus of radius R is that 

R<<ka2 since O(R)*O(a) and ka is large at large energies. 

Given a nucleus with A nucleons, fixed at positions 

relative (and normal) to the axis of collision, 
.... 

given by I<.,, (Fig. 3.1) the phase shift function for the 

entire system is X(6> 5;) · · · ;5..,) since it will depend on the 
_. 

positions of the target nucleons as well as on b . The 

change in amplitude of ·the wave is then given by 

where z. 
J is the phase .shift function for the j-th target 
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nucleon. The profile function is then given by 

(3.6) 

A composition law can then be written for the profile 

functions: 
A 

rr~s;; ·· )~ ) := 1- _TT /1 - IJ / £-~-)/ 
J ~/ 

= i ;;. fb--% )- Z' IJ-16 --'!;) ;;:: {6 -s~ ) -1- Z/7/7/7 
J J<h? 

where /J is the profile function for the j-th nucleon, ie. 
17 / ~ -C6 -~) 
0 ·= -e . It is the alternating signs of the terms 

in the expansion of r that result in a diffraction-type curve~ 

(Fig. 3.2) 

One can write the scattering amplitude, then, for 

collisions in which the nucleus goes from a state ( i > to a 

final state /f > . If the nucleon recoil is ignoredt then the 

scattering amplitude can be written as the appropriate matrix 

element of the profile function, ie. 

ti~ if) ~ _;_; /4 7; -6 j (;}_.~ (/~/) /7 (~~ 5,j .. j ~ ) tJ; (/ -y; J ) 

X J(A-1 .EYn ) 7T J -;:;n J 2
/:; 

(3. 8) 
n n-., 

where Cf,· and t/f are the internal (centre-of-mass) wave functions 

of the nuclear target particles for the initial and final 

states, respectively. The S term arises from the requirement 

of constraining the centre-of-mass to remain fixed. The 

scattering amplitude can also be written in terms of the !J )s , 

*This is reasonable if the energies transferred in the elastic 
scattering are negligible. 
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or what in practice are better known, the elastic scattering 

amplitude~ of _ th: nucleons: _ A _ 

F;J t-· t9.) = ~ f J e z·:f · Z: J 0 1'; ( ( ,;;}) ( t ·- £ /1-(; I£ -~) Jj 
)( (jJ. ( /-Y f ) c5 { A-I z ·.r;7 ) 11 d -r, "¥] d2!> 

J I J ,.-, n , 

~ ;:-J e' i 3/ (ft (!'.)f J/ 1-,f /1- 2;,J;'trbefj~) ~j V j 
X t.fl' (/~ r) s { A-I? r~ ) n d y'~ d 2b 

For elastic scattering, where ft = :f ~ 5, -= F, , , if the 

total nucleon density is Aft-.--) then the factor /rf C-j )/
2J~-~l1:;) in 

,4 

the elastic scattering amplitude can be replaced byJ.f!({~) , 

if correlation effects between the target nucleons are 

neglected. Using the normalization}f7t::;,) d~ ~ 1 and assuming 

that the sea ttering amplitudes p.i are the same (::. / ) for all 

nucleons, then 

Ii. ; , ,f, }e-,j 6)"1 -[f -2L Jc' f- / £ ,,/_ !f'J 5q )d2'f j /J'b ( 3. 1 o) 
k rr T 

where Sr;) is the form factor of the density function 

(3.11) 

· The expressions are much simpler than standard multiple 

scattering in that only one nucleon index occurs in each 

term of the expansion and the expression is, at most, A-fold. 

For light nuclei, Eq. (3.10) can be expanded simply in 

powers of f , since, in this case, the highest power of A 

is small. 

An effective phase shift function ~(£)is defined by 

,,,i.{ b) :::)'.ff: }c_,f£f t f,J Sr,j-) J 21 , so that for heavy nuclei, the 
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term in Eq. (3.10) which is raised to the power A, can be 

approximated by 

for sufficiently large A so that Eq. (3.10) becomes 

This is of the same form of the scattering amplitude as 

obtained by the optical model. 

( 3. 12) 

If the range of the scattering interaction is much 

smaller than the nuclear radius, then the form factor 5({-) 

is more sharply peaked at j=O than f ft:J--) , and thus/f0) may 

be factored out of )~(/;) to give 

(3.13) 

as the effective phase shift function, where 

(3.14) 

called the thickness function of the target, is the integral 

of the nucleon density function along the straight path given 

by the impact parameter (Fig. 3.3). 

The elastic scattering gives a diffraction pattern which 

rapidly drops to negligible intensity for /l -11->>/i-~ 
Of importance to the case of pion production is the 

inelastic, rather than the elastic scattering. To calculate 

the inelastic scattering cross section experimentally, one 

first measures the sum of all the cross sections which 
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correspond to leaving the nucleus in any possible final state 
~ /.F_;r' / 2.., . l r>, ie. L.J From this one can subtract the elastic 

cross section in which the nucleus is left in its ground 

state which, due to the completeness of all the final states 

./f> considered, gives the inelastic cross section: 

(3. 1 5) 

which can be evaluated for momentum transfers outside the 
/ t7 -I 

diffraction region k -~/)1~ . As before, an independent 

particle approximation for the nucleus and an interaction 

range that is small compared with t he size of the nucleus are 

assumed. This gives 

Id . ) = ~ ;1,/T)j~ r/,i -.1/Ji - CT T(.8) (3.16) 
(d ~ ,{,1c:/a.5hc.. (,,'.<,, 

! T(B) l . J .i ,f ( 

X: ~ "'l>_ '}' Jc r f, / f!,j)l 2d~]-ljd2bJ2!3 

where v is the cross section for a free nucleon (assumed spin 

and charge independent). Expanding Eq. (3.16) in terms of 

gives 

/d ) , / - o-rraJ _,_ _ 
(d_; lrJ~ltL~ic :: / /Id- -'. ')/~·/~ · TfB ) d"B 

.L / . ~ z q- /-er v 6) c 3 • 1 7) 
-1- 2 .J / f lj-)/ 2

/ p /£-~/__j)/ _,,£.,_ J e. T
2

(t3) d 2 B +- · 

which is, again, a multiple scattering expansion in which the 

n-th term (of order 2n inj) represents an n-fold quasi-elastic 

scattering. 
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Ignoring the multiple scattering and considering only 

the first term which represents quasi-elastic scatt~ring off 

of a single nucleon, then the number of nucleons which gives 

rise to this first order scattering is given by/¼ where 

I -r7"T(Bj ~ 
~ {A) == c: 718) c/2 13. (3.18) 

Due to the strong nuclear absorption, i _t is only the 

incident nucleons which are on paths which strike the nucleus 

along its periphery which have an appreciable chance of 

emerging from the nucleus. It is unlikely that a particle 

striking the nucleus centrally will re-emerge. For this 

reason, it is expected that the effective nember of nucleons 
64 -o-Tf B")._.. 

N/ A)<<A. Fig. 3.4 gives a plot for Cu of c JLB) showing 

how the main contribution comes from the nucleons near the 

nuclear surface in the plane perpendicular to the incident 
.... 

velocity -k . It is also expected that N1(A) is very sensitive 

to the surface nuclear density; a plot of NiAJ vs. A in 

Fig. 3. 5 indicates that the measured values of N1(A) compare 

very well with those calculated using a Woods-Saxon nuclear 

density, in contrast to those obtained using a uniform 

spherical density. 

A calculation of the contributions of the various orders 

of quasi-elastic scattering to tre total inelastic scattering 

cross section shows that up to high momentum transfers (about 
64 · 0.5 GeV/c for Cu with 19.3 GeV/c protons), it is only 

the first order term that contributes significantly. (Fig. 3.6) 
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Figure 3.7 indicates that it is the diffraction pattern 

which dominates at small momentum transfers, but at _high 

momentum transfers, it is the quasi-elastic (and predominantly 

the- first order term) which dominates. This is verification 

that this can be used for pion production models at 

intermediate energies. 
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3.2 Application to pion production 

Margolis (1968) obtained a model for pion production for 

protons incident on heavy nuclei (A>>1) at intermediate 

energies by directly applying Glauber's multiple diffraction 

theory for multi-GeV collisions. The forward peaking of the 

pion cross section, especially for TI+, encouraged this model. 

It is assumed that the 6(3/2,3/2) is formed by quasi-elastic 

incoherent proton-nucleon collisions. The cross section for 

TI+ production is calculated, and the corresponding TI+/rr- ratio 

is calculated using the prediction of the isobar model. From 

the isobar model, it is expected that rr+-/rr-~(10Z+N)/N for 

collisions with a (Z ,N) nucleus (TableIT. 5); this is ~7-11, which 

is approximately true for the high energy end of the spectra 

obtained at 600 MeV by Heer et al. (1966) (Figs. 3.8 and 3.9), 

but too high for the low energy end since many of the rr- are 

expected to come from secondary scatterings. 

Only single scattering is assumed, so that the first term 

in Glauber's expression for inelastic scattering, corresponding 

to quasi-elastic scattering from a single nucleon, is used. 

It is modified for production of the isobar, and is given by: 

Compare this with Glauber's expression Eq. (3.17) 

and (3 .18). comes from the isobar 
.) '1 

Again, the factor =-+-f'N 

) J; Ii model prediction of the TI+ production and &lr{l is the 

differential cross section for isobar production in pp 

colli_sions with momentum transfer i I\ 11I. 
• 1v is given by 
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where CT-, and (7i, are the nucleon-nucleon and the nucleon-isobar 

total cross sections, respectively (assumed spin and isospin 

independent). 
I 

Note that for U:. -= u;_ , then .N1 = N1 from Glauber' s 

paper. 

It turns out that the pp and the np cross sections at 

600 MeV are approximately equal, as well as being equal to 

the nucleon-nucleon cross section at 19.3 GeV for which the 

Glauber calculations were made (Lock and Measday (1970), 

Figs. 7.2 and 7.8). Thus, it was assumed by Margolis that 

CTz. "- ~ , so that Glauber' s calculation of N1 at 19. 3 GeV 

could be used for the calculation of N/ at 600 MeV; this was 

a helpful assumption since Margolis lacked information on 

the isobar-nucleon cross section CT2., • 

Eq. (3.20), integrated over all angles then gives 

1 { -1 ) NI L A ,i!; + -fD N 1 (T (3.21) 

r 
where o;,ro:j is the total isobar production cross section in a 

(Z, N) nucleus which results in 7rt- production and err is the 

corresponding cross section for the pp interaction. 

Figure 3.10 shows the results of the calculation of N1 

using Eq. (3.19), as well as the results for the Heer (1966) 

data at 600 MeV and the high energy pp quasi-elastic 

scattering data at 19.3 GeV (Glauber 1967, p. 311). This 



indicates a consistency with the assumption that 

which provides a starting point for the estimation of v;_ 

This is important since, if a value for G;, is found, then 

either Eq. (3.21) or (Jj9) can be evaluated with no free 

parameters, with the normalization coming from the free pp 

pion production cross section. 
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• 

A later paper by Kolbig and Margolis (1968) gives a 

more detailed calculation for both coherent and incoherent 

particle production in collisions with nuclei, of which only 

the latter is of importance at intermediate energies. Large 

ranges of Neff are tabulated for various values of Ci:; and CJ:;: . 

(Table III.1 ). Detailed calculations of production cross 

sections are made only for photoproduction of f mesons, however, 

and not for pion production from nucleons; the agreement 

with experimental data is good. 

One major problem with the models of Kolbig and Margolis 

is that no nuclear corrections are made to the calculations; 

of particular importance is the neglect of the charge exchange 

processes and the assumption of only forward production. 



CHAPTER 4 

CLASSICAL ABSORPTIVE GAS MODEL: BEDER AND BENDIX 

Beder and Bendix (1971) were the first to attempt a 

model for positive pion production from protons incident upon 

nuclei with nuclear effects taken into account. Theirs is a 

"classical absorptive gas 11 model in which the production 

cross section is the Fermi averaged cross section for 

single production on a free nucleon, multiplied by an 

attenuation factor, denoted Neff' to account for absorption 

of the incident proton and exiting pion. It is, thus, 

mathematically equivalent to the Glauber formalism for 

incoherent, quasi-elastic scattering, but it is much simpler 

to deal with conceptually. 

Included in the pion absorption is the absorption due to 

the charge exchange due to rrt-n ~ rrOp, as well as the absorption 

on two nucleons given by 1rNN-NN. It is expected that the 

nuclear absorption is quite strong, and that the surface 

nucleons, predominantly, will contribute to the pion 

production. 

The free production cross section used by Beder and Bendix 

is a modified form of the T-matrix of Mandelstam's (3/2,3/2) 

resonance model. The range of applicability is thus from 

above threshold to about 650 MeV. The model obtains reasonable 

agreement with experimental data from CERN at 600 MeV (Heer et 
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al. 1969) and data from Lillethun (1962) and Mathie (1976) at 

. 4o0-500 MeV. 

Since the model is concerned with only rrt- production from 

incident protons, the free nucleon-nucleon interactions which 

are considered are: 

p P ----:,. -rr+ n p 

where then and the pare unbound, and 

pp--rr+d 

where dis a deuteron, and a small contribution due to 

pn - 1,1-nn 

is also included. Recall that from the isobar model 

(4. 1) 

(4.2) 

(4.3) 

the Clebsch-Gordon coefficients predict that 1,1- production 

from pn collisions is only 1/10 that from pp collisions. 

Beder and Bendix use the CERN data at 600 MeV as a guide, 

and assume that the contribution from the pn collisions is 

1/6 that of the 3-body contribution (Eq. 4.1) at T =100 MeV, 
7T 

1/8 for 200 MeV and 1/20 at 250 MeV. 

The free production cross section used is discussed 

first, and then the method of introducing the Fermi-averaging, 
- . 

the nuclear potentials and the Pauli Exclusion Principle is 

shown. The absorption factor Neff is introduced finally. 

From standard scattering theory, the cross section for 

a nuclear reaction from and initial two particle state i to 

(4.4) 
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where e· is the initial target density, 

1,1 are the final 3-momenta, 

~ .and £J are the initial and final energies, respectively, 

f;.and I} are the initial and final total 4-momenta, respectively, 

and T is the T-matrix. 

Beder and Bendix write the doubly differential free 

cross section in terms of an invariant matrix element (constant 

over the energy range considered) and the required phase space 

factors. In standard 

dTd.R. 

notation, 
-1-I 

JI d( {ClS 0 ,v,v) IT! -7-,, 

S;f 7T 4 
(4. 5) 

where / 1 and f 2- are the 4-momenta of t he initial nucleons, 

L t ,f z-f;'r / 1 
1

/~ 
1 b is the invariant flux MpNa for t he target 

~ ~ 

nucleon at rest. (For the mass shell case,f - / / -"~IV/ . ) 
--R.,N is the 3-momentum of the final nucleon in the centre-of­

mass frame and 

~ Nis the total energy of the two final nucleons in their 

centre-of-mass frame. 

The T matrix used in /T/
2

is a modified version of Mandelstam's 

phenomenological T matrix in which the pion production 

proceeds via the (3/ 2,3/2) intermediate resonant state. The 

T matrix is given by 

/ T t = "'l I< (fl~) q( W) I -=- . d; - .!. J , le:. 6) 
O ~ '. -5~ -r i ~M4 3 S;r-;i_ - SLl r 117~' 

where 7 is a normalization factor, 
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rz l Ge,,,,) accounts for the angular distribution of the outgoing 

pions, 

5cw) is a uni tarization factor, and 

the quantity being squared, ) l~ accounts for the resonant 

nature of the rrN interaction. 

These factors are introduced for various reasons and deserve 

further explanation. 

R(e) gives the angular distribution of the outgoing pion 

in terms of 0 , the angle between the pion and the initial 

proton momenta (measured in the centre-of-mass frame). This 

is empirically deduced. For low energies, up to about 450 MeV, 

the N~ system is assumed to be in a relative S-state, and the 

angular distribution is given by 

(4.7a) 

For higher energies, the angular distribution becomes more 

isotropic and an expression for f(O) which fits the data is 

given by 

(4.7b) 

Note that at 450 MeV, the expressions for RfP) are consistent 

as required. Without this factor, only forward production 

would be assumed. 

:/W) , where W is the total centre-of-mass energy, is 

introduced to maintain uni tari ty. If :f W) were a constant 
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function, then the total production cross section, which is 

normalized to 4.5 mb. at 450 MeV, would violate unitarity for 

proton energies above 450 MeV, for it is found that with a 

constant 3L W), these total cross sections rise more rapidly 

as a function of incident proton ,energies than do the 

experimental cross sections. Mandelstam avoided the violation 

of unitarity by treating the T matrix as a K matrix, which 

neglects the processes due to intermediate real states. In 

this way, emission and reabsorption of real pions was accounted 

for, and the cross section did not exceed the maximum allowed. 

The Beder and Bendix T matrix (TBB) and the Mandelstam T 

matrix (TM) are related by 

(4.8) 
(7-lof ( Jeo ;r-yca 7"-ed u-S a..c,_f-t,, .. c:u Cc.~h ;,'-.:,,,de) 

If CT-rof. ( Uf7 ,·n:::1n•.,,_7_ //,,.-,1/· r) 

3(w; is chosen so that v;
0

t agrees with the experimental data for 

pp-?n+np and normalized so that ~o+ (450 MeV)=3 mb. The fit 

is obtained by setting 

Referring again to Eq. (4.5), the rrN resonance factor 
_, 

is evident through the factor L5rr,-SLl + 1· {ltvt,1) inside the 

modulus where S;r1"'f;/rr+if,t
0

/ is a four-vector scalar product of 

the sum of the pion and i th nucleon four-momenta (i=1 refers 

to the final proton, i=2 refers to the final neutron). 

st:,.= M:, the mass of the resonance squared, i.e. (1238 MeV) 2 , 

and 1;=122 MeV (=h/T-6 ). The factor -1/3 in the term for the 
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neutron arises from isospin invariance: recall Mandelstam's 
2 . 

term, (a-a'/3) • The factors Ji· ln Eq. (4.6) are P-wave 

emission factors v:hich are due to the rrN resonant state, 

which causes the pion to be emitted in a predominantly 1=1 

state (1 is the orbital angular momentum). They are given by: 

(4.10) 

where lfi are the 3-momenta in the rrNi centre-of-mass frame of 

the i th nucleon. The factor } in the numerator comes from the 

standard P-wave factor, and the denominator is parametrized to 

fit the n+ energy spectrum from pp -::>- n+np. 

The effect of the resonant structure and the / 1 's can 

be seen in Fig. 4.3 as a strong enhancement of the high 

energy end of the spectrum. A reasonable fit to the 600 MeV 

data was obtained by normalizing ¼ot to 6.5 mb. 

The free particle production cross section is averaged 

over the possible Fermi momenta of the target nucleons. If 

a uniform distribution in momentum space is assumed, then 

the ·Fermi motion averaged production cross section becomes 

,I,,.. ~ -1;,..e.e 
➔ .J. I : j A zdlf_ d.-i--t c1~rr (A £, ➔ fir.). --) 

.3 IT ~ ,t= t? d,t;d-4 
(4.11) 

where J~~, fr~ c. is given by Eq. ( 4. 4) and R-p is the 

maximum Fermi momentum of the target nucleons. 

The momenta of all the particles, while inside the 

nucleus, will be affected by the nuclear potentials, which 

are assumed to be some average optical potential <V>. It is 



these modified momenta that are used to calculate / T/2and 

the invariant phase space. 
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The values for the optical potential are from Preston 

(1962), and are based on the formation of a compound nucleus 

by the incident proton with the target nucleus. For the 

incident 600 MeV proton, <V> = 20 MeV is used. It is 

estimated that the final nucleon, since it is of lower energy, 

feels a potential of about only 10 MeV, which is ignored in 

the calculation. The optical potential used for the pion is 

taken to be roughly half that developed by Frank et al. (1956) 

for rrN scattering. Only half the value is taken by Beder 

and Bendix since, due t6 the strong nuclear absorption, t he 

pions are produced mainly on the edge of the nucleus where 

the nuclear density is low. (Figure 4.1) 

The various momenta of the particles are calculated 

using the potentials discussed above, and the following 

expressions: 

E,- = E~ = //J~ .2 r n-r A.-· 

= V r · .2- ,.._ 7J? z ;- < V > 

where , and O denote inside and outside the nucleus, 

7Yl is the rest mass of the particle, and / V> is the 

appropriate potential. 

( 4. 12) 

respectively, · 

The effect of Fermi averaging and of nuclear potentials 

f d '-z. ;:r / 
on a ree body invariant phase space ( ::ci£,,...c1..;,:r,/ IT/ 2

) can be seen 

in Fig. 4.2. 
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The phase space is enhanced at low energies with the 

peak also being shifted to a lower energy. This is .mainly due 

to the pion optical potential giving a higher pion momentum 

( pJ-ab ) , and thus increasing the phase space. At higher 

energies, the phase space is substantially reduced and a 

high energy tail is evident. 

For the doubly-differential cross section, the effect 

of the Fermi averaging and the nuclear potentials is 

qualitatively the same as for the invariant phase space. 

The degree of change, however, is much larger and the resul t ant 

cross section is much. reduced in magnitude. (Fig. 4.3) 

Fig. 4.4 indicates the sensitivity of the two- and the 

three-body cross sections to the Fermi momentum chosen. 

The 3-body cross section, referred to as drij, , was 

checked for Pauli Exclusion effects, and it was found that 

it was suppressed by 6)& at T =100 MeV, and 14;& at 300 MeV. 
1T 

(Table 4.1) 

The cross section for the two-body final state 

contribution (Eq. (4.2)), can similarly written down, with 

the Fermi motion averaging included, as 
d 2 cr ( NN'➔ lT~)_ · I j -4r /4 ': dt,_ ::il .. 2.~ 

c1E)J ..a.;;. - 177 ~; Cl Lfr;-~ i _ r r ;; { ~ -k) .1 t,;:_ c 4. 1 3) 

I 1"al, I \ 
>< / Tl.iid:--Pft)· )/ 2- ;& d ( 6- ;1--_Mb) 

6 -1- 772 /ilp 

where E'= [(E? -l,A.,1 -E/ )2
- l;j ~ L - ;r/ ) 2- J /,,-2.. 

andMb is the rest mass of the deuteron. Note that the 

absorption is not included in Eq. (4.13). 

The matrix /T/~can be determined from expressions for 



the differential cross section d✓ /d_/l_ • From the 

600 MeV data, the angular distribution of pp~ rrt-d is given by 

d er ~ J2. . "' /2 ( A + t. os z t9 - 8 C<:?5 ?-& ) ( 4. 1 4) / c c_..,-,,., p 

where A and B are determined by the observed angular distribution 

to be A =0.255 and 8 =0.38 at 600 MeV. 

It can also be written that 

T 
8 77 W 1

2, 

( 4. 1 5) 

where 1r;; and f;:;n are the centre-of-mass momenta of the pion 

and the proton, respectively, and W is the total centre-of­

mass energy. 

The T matrix can then be written as 

(4.16) 

where 

where J<Cff c·an also be written as 

/ ZiJC /,6 /SY· 

rw-!:~:~\:)~ f 

(4.17) 

The potentials are evaluated as for the 3-body case. The 

claculated 2-body cross section is seen in Fig~ 4.3. 

The Pauli Exclusion effects on the 2-body cross section, 

referred to as d~ , was assumed (somewhat arbitrarily) to be 

the same as for d~ , that is 6/4 at T =100 MeV and 14% at 
7T 

300 MeV. (Table 4.1) 

The cross sections for both the two-arid the three-body 
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contributions must be modified to account for the absorption 

of the exiting pion and the incident proton. Due to the 

strong nuclear absorption, one can consider that the nucleus 

contains and "effective number" of target nucleons, given by 

Neff' which is expected to be muah less than A, the total 

number of target nucleons; Neff is the number of target 

nucleons with which it is energetically possible for the 

incident proton to interact to produce a pion which will 

emerge from the nucleus. Neff is thus a measure of the 

amount of absorption which occurs in the nucleus. 

The expression for Neffis given by 

~ :P~} f,1;2 cc? /J::.;::-:. lJdt}cyifr;";t;'~ t} (l+. 1 8) 

where et>la/ is the total nucleon density' and 

)c;:01_°"' and X~ are the inverse mean free paths for absorption 

of the proton and the pion, respectively. As previously 

mentioned, it is expected that due to the nuclear absorption, 

that pion production occurs mainly on the surface target 

nucleons. It is seen from Eq. (4.18), that for the small 

path lengths C.:,\, ) expected with strong absorption, that 

IJ e.-f-f <<Z, as expected. Note that Neff corresponds to 

the expression for T(b) used by Glauber and Margolis. 

Most collisions leave the incident proton with insufficient 

energy for pion production if the nuclear absorption is high 

enough, and it is assumed that in this case the absorption 

is complete, and 

(4.19) 
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where (7t;N is averaged over the target nucleons; C[,N* 25 mb., 

and is fairly independent of energy at this range. 

No attempt is made to account for the "absorption" of 

the incident proton due to nucleon charge exchange. 

The pion absorption is assumed to occur either by pion 

charge exchange or by abs9rption of the pion on a nucleon 

pair, rrtn - n-Op and rrt-NN-NN, respectively. 

The Fermi averaged total cross section for charge exchange 

of rr-, ie. rr-p ~ n-On, denoted by ff , is obtained from experimen­

tal data (Giacomelli 1969); using isospin invariance this · 

can be related to -n+n~n-Op, so that the 77+ charge exchange 

is given by 

(4.20) 

It is found that the Fermi averaged charge exchange cross 

section is decreased by * 1 5l, for T~50 MeV due to the Pauli 

Exclusion Principle. 

Absorption of a pion on a single nucleon implies a 

momentum transfer of the order of (2mNmrr) 112*625 MeV, which 

is too large for nuclear dimensions. Absorption on two 

nucleons is reasonable, however. In this case, the pion is 

absorbed on one nucleon, but the momentum transfer is shared 

with a second nucleon, and this implies a momentum transfer 

of the order of only (mNmrr) 11~365 MeV. 

The cross section for absorption of low energy pions 

(Trr<300 MeV) on a nucleon pair can be related to nuclear pion 



production (NN--nrNN) by using the invariance of strong 

interactions under time reversal, which gives 
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(4.21) 

In as much as the nucleons in the nucleus are independent, it 

is assumed that the two nucleons which absorb the pion are 

also independent. 

The mean free path for the nuclear pion absorption, A_{YJ 
TIVN-, ,VN 

is then given by 

X} { ..,,-1 ~ f? ,q IV/~~, 
I/ 11/N ➔ .'V'., _l\lz. 'v ' ff 

(4.22) 

where e, is the density of nucleons of the type Ni. 

Pis the final nucleon 3-momentum in the centre-of-mass frame, 

and vJ is the total centre-of-mass energy. 

For convenience R t;_ can be written as {JJ1 } ) // :,... where . l 1. A- ) (., fol-c,I 

11- is the total number of nucleons of the type Ni. (Beder 

1971). This emphasizes that the absorption is proportional 

not to ( but to e ~, which has been assumed by other authors. 

The two absorption processes are given by n+np ➔ pp and 

n+nn->np, and using data from Rosenfeld (1954), it is 

assumed that the latter contributes only about 30%, so 

that 

r: (-y) ez {-,,) a. (4.23) ;:;. -fo/.a.( . llNN ➔NN 

J_, 1

d { Ct:J.!:; & ) I 7;.-:,z:, ·i>?Jp,, I ~ 
2:-Nt-0.3N 2 -'I p 

where a,~ A 2. N Z ;::7,;,:10 w /,Z,f:3 // ~ 
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,Z,A/-1 0.3/✓2 

The quantity - ~ ~ · is approximately independent of A, ie. 

for 27A1 it is 0.33, and for 208Pb it is 0.35. 

The cross section is then Fermi averaged over the 

momenta of the target protons. To evaluate it over both 

the protons and the neutrons would be exceedingly lengthy. 

The resonance model for -n+pn ➔ pp, predicts that the pion 

resonates mainly with the proton, and thus it is reasonable 

to average only over the proton motion. 

It is not expected that t he Pauli Exclusion Principle 

will affect the pion absorption on a nucleon pair since the 

absorbed pion imparts · such high momentum to the final nucleons. 

A Woods-Saxon potential given by 

(4.24) 

is used in Eqs. (4.20) and (4.22), normalized according to 

and where _-(7,,. =1/7 fm: 3, £ =1.25A113fm., and a"'=0.55 fm. 

The results for the Fermi averaged pion charge exchange 

cross section, Cf£ , (without Pauli Exclusion effects), and 

the coefficient for absorption on a nucleon pair, a, are 

given in Fig. 4.5. 
_, -1 

For 200 MeV protons, --l,.,.:;_A, >,, ,,...=0. 3 fm 

Results are tabulated for 600 MeV incident protons (arid 

compared with the 600 MeV dat~ with Pauli Exclusion Principle 

effects where applicable and/or calculated in Table 4.1 and 
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Figs. 4.6 and 4.7. Note that the cross sections for production 

from protons on target neutrons, denoted d7neulron , .are also 

given in Table 4.1. As mentioned, these are determined from 

the experimentally observed ratios of d~ to dci;.,~ c-,.. • 

The values of Neff shown in Table 4.2 (multiplied by Z/A) 

compare well with the literature (Table 3. '/ ) • The decrease in 

the Fermi averaged pion charge exchange of 15fa due to the 

Pauli Exclusion effects, causes a subsequent enhancement of 

the effective nucleon numbers (Nef fj ),;1
d& ) of 10fa at 

T7F 100 MeV and 18% at JOO MeV. 

The total effect of the Pauli Exclusion Principle is 

to increase the net flux (results of Table 4.1 times Table 

4.2) by about 4%. 

The doubly differential cross sections, compared with the 

21~5 CERN data agree well for 208Pb (Fig. 4.7), but are low 

for 12c (Fig. 4 . 6). For 12c, the model underestimates the 

low angle (21~5) rr+production by about 15%; there is also 

a tendency to underestimate the low energy relative to the 
208 high energy population. Although the Pb data produces a 

better fit, there is still a tendency to underestimate the 

number of low energy 7rt- and overestimate the number of high 

energy -rrt-. This seems to be an indication of presence of 

multiple scattering within the nucleus which has been ignored 

in the model. The qualitative fits are, however, quite good. 

_ The A-dependence of the cross section is shown for only 
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the best fit which is for the 100 MeV pions (Fig. 4.8). The 

curve shows the general fattening of the curve at large A 

which is expected due to the geometrical dependence of the 

production cross section on the nuclear structure. 

Calculations made for 450 Mev incident protons were 

compared with available 19~5 data on 12c (Lillethun 1962). 

The calculated cross section agreed well with the experimental 

cross section if the latter were renormalized by a factor of 

1/3 (Fig. 4.9). This renormalization was confirmed by 

Mathie (1976) with data from TRIUMF. 

This further experimental data from TRIUMF were for 

incident protons at 450 MeV and 500 MeV with r,+ emerging at 

angles of 60°, 100° and 150°. Beder calculated cross sections 

for comparison with this new large angle data for C and Cu 

(Figs.5.7~5.12,Mathie 1976). In general, the results were 

not as favourable as for the 600 MeV case: For 60°, for 

both 450 MeV and 500 MeV, the number of low energy r,+ is 

underestimated, while for higher angles the number is either 

a good fit or is too high. The number of high energy pions 

is overestimated for 60° and for 100° at both energies, and 

slightly underestimated for 150°. The peaks in the spectra 
0 are also predicted at too high energies for 60, and in all 

cases, the predicted peak widths are, at least, too broad. 

It was not expecte~ however·, that the model would be very 

reliable at high angles since multiple scattering was ignored. 



CHAPTER 5 

GEOMETRICAL MODELS 

5.1 Importance of the nuclear geometry in pion production 

The dependence of the pion production cross section on 

the geometry of the nucleus, and especially the nuclear 

surface, has been indicated in the previous models. 

Oganesyan (1968) discusses the geometrical nature of 

pion production from nuclei in relation to data obtained 
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from 600 MeV neutrons on nuclei; ignoring Coulomb effects, if 
+ . charge symmetry holds, then rr- production from a proton, say, 

on a nucleus with an equal number of neutrons and protons 

( 1~c 6) _is equivalent torr+ production from a neutron incident 

on that nucleus. This dependence of the pion spectrum on the 

geometry of the nucleus is due, of course, to the absorption 

of the pions by the nucleons in the nucleus, and therefore is 

a strong function of the distribution of the target nucleons. 

This manifests itself through a particular dependence on 

the atomic number A. Since the rrN interaction has a resonant 

behaviour and shows a strong dependence on the pion energy, 

it is expected to be that the pion spectrum will show a 

differential absorption (will .show through the A dependence) 

according to the pion energy. The cross section for the 

pion interaction with the nucleons increases by a factor of 

more than 10 between 50 MeV and 200 MeV; a pion created with 
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an energy of 50 MeV has mean free path which is much larger 

than that for a 200 MeV pion. For the less energetic pion, 

then, there may be a contribution to the interaction from 

the internal nucleons which will lead to a strong A depencence. 

The more energetic pions, however, are strongly absorbed, and 

thus little or no contribution for the internal nucleons is 

expected. The high energy pion spectrum will not have such 

a strong A dependence since they are produce mainly by 

the surface nucleons. Note that this argument assumes no 

nucleon recoil in the production process (Section 5.4). 

This trend is observed from the data, and 50 MeV pions show 

an A dependence which is steeper than A213 , while 190 MeV 

pions have a dependence which is flatter than A213 . 

Comparing dependences for the different angles available 

at several fixed pion energies indicates that there is no 

variation in the A dependence. The only trend is a general 

softening (shift to lower energies) of the spectrum with 

increasing angle. 

There is also support indicated in the data for a neutron 

excess in the nuclear surface, especially for heavy nuclei. 

This surface neutron excess would contribute to an enhancement 

of the rr-/-n+ ratio for nuclei with such an excess. This 

would occur due to two contributions; -the rr will be increased 

due to the relative increase of neutron population in the 

nuclear surface to enhance the reaction nn➔ rr-pn, and also 
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the rrt- production will be diminished due to the shielding of 

the target protons required for ~he TT+ production via np -n+nn. 
+ 

This effect is seen in comparing relative rr- yields in Carbon 

and Beryllium, in which a relatively higher rr- yield is 

expected in Beryllium which has a neutron excess of 1. It is 

found that 

while 
-1-/ -r.--t-

(Tc_l\ u&'"' =1.72±:0.14-

which is higher than the ratio of the number of protons in 

the two nuclei. 

For heavier nuclei, it is not sufficient to consider 

that the large surface neutron excess simply will 

decrease the relative -n+ population (for neutron-nucleus 

·collisions). Charge exchange becomes increasingly important 

with increasing atomic number, and tends to increase the 

relative -n+ population (for neutron collisions). This is 

because more rr- are charge exchanged to rr0 than vice versa, 

and similarly the charge exchange of rr0 torr+ dominates over 

the inverse process due to the original large populations of 

-
Tr ' 

+ and small number of rr relative to the 0 
Tr • This reduction 

in relative population of rr- to rrt- is most evident for the 

nuclei Al and Cu; for the heavier nuclei, ie. Pb, the 

opposing action of the neutron shell effect results in a 

decrease in the relative difference of the rrt- and rr- yields. 
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For the case of protons incident on nuclei, the neutron 

shell effect and the charge exchange act together to both 

result in the relative increase in the rr- population. For 

nuclei where the neutron shell effect is unimportant, i.e. C 

to Cu, the A dependence of the rrt- spectrum from incident 

proton collisions is very close to that of the rr- spectrum 

.from incident neutron collisions. A large difference in the 

relative yields of rr- from neutron collisions and of rrt-

f t 11 . · 2oBPb · · d. t· f th rom pro on co 1s1ons on 1s an 1n 1ca ion o e 

validity of these two opposing forces. 
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Section 5.2 Geometrical Model with no nuclear corrections 

Extensive measurements were reported by Cochran et al. 

(1972), which included both rr+ and rr- production from protons 

incident on eleven nuclei ranging in size from H to Th. The 

emerging pions were measured at eleven angles from 15° to 

150°, and at twelve energies from 25 to 550 MeV for all 

nuclei. The paper was published concurrently with the first 

of two papers by Sternheim and Silbar (1972) which proposed a 

phenomenological model for pion production which could make 

use of these new data at 740 MeV. 

The Cochran et al. data provided valuable information 

for constructing a simple theoretical model of the pion 

production. The wide range of energies and of angles enabled 

reliable total cross sections to be determined. This is 

extremely valuable, since the models considered assume only 

single scattering so that the total cross sections are 

expected to be most reliable; this is true, in fact, 

whenever angular integrations are performed. The wide 

range of nuclei provides a good means of investigating the 

dependence of the cross section on the size of the nucleus. 

Of special importance is that both the rr+ and the rr- cross 

sections were measured. The isobar model predicts the ratio 

for rr+/rr- for free nucleon-nucleon collisions and experimental 

measurement of this will offer an indication of the role of 

the nuclear effects on the different charge states of the 

pions; it will be shown that the pion charge exchange has 

a much stronger effect on the rr- than on the rrt-. 
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The Sternheim and Silbar models (1972) and (1973), like 

the Beder and Bendix model, are mathematically equiyalent to 

the Glauber formalism for incoherent, quasi-elastic 

scattering. They use, however, a quasigeometrical approach 

4 c.kr/ 
motivated by the 7 0 MeV data which shows that / ,__(:2, and 

d 2
rJ /4J rcL1. are quite smooth and slowly varying functions of 

atomic number. 

Consider first the model of Sternheim and Silbar (1972) 

in which the Fermi averaging, the nuclear potentials and 

the effects of the Pauli Exclusion Principle are ignored. 

The incident proton and the exiting pion are assumed to 

make straight line trajectories within the nucleus (Fig. 5.1). 

The proton penetrates the nucleus a distance clp and it then 

interacts with a target nucleon to produce a pion at that 

point (if it has sufficient energy after undergoing attenuation 

by the nucleus) given by 1 -' c l:\:2.)¢) . The pion production 

ratios are again given by the (3/ 2,3/2) isobar model. This 

is not inconsistent with the production at a point since the 

width of the 6 implies a decay length <1fm. which is less 

than the typical internucleon distances. The pion is 

produced with a kinetic energy Tat and angle 0 to the 

original proton momentum. The pion undergoes both attenuation 

due to the nuclear medium and charge exchange. It then 

leaves the nucleus after travelling a distance d". Treatment 

of the angular distribution of the emerging pion is important 

so that the total cross sections may be compared, as well 
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as to account for the large angle contributions, especially 

of the rr- due to secondary scattering (charge exchange). 

Since Sternheim and Silbar allow for production of 

pions of all three charge states, it is convenient to construct 

a set of transport equations to allow for the attenuation 

of the incident proton and the exiting pion, as well as the 

charge exchange of these pions. 

If Nifo) pions, where i = +>o ) - , are produced at Y, then at a 

distance S , say, from Y , the populations N1 { s) are given 

by standard transport equation~ for a nucleus of atomic 

number A=Z+N, 

( 5. 1 a) d.AI+ 
cl.s 
d lvo -= - ( A.a.. --I- _A.,,__l/ -/ .J.-:>< _JP ) Afo ~ /4-,L); 

1 
N.,,, -/- /l.:~- ( 5 • 1 b) 

(5.1c) 

where .).,Ct- is the inverse mean free path for pion absorption, 

assumed to be the same for all pions. * 

)-)(..)---,., is the inverse mean free path for pion charge exchange 

. b o d o -given y TT+ n -:!> TT p an TT n - rr p • 

J._ -x...J ? is the inverse mean free path for pion charge exchange 

given by TT0 p ➔ rrt-n and TT-p - TT0 n. 

(? is the nuclear density. 
* ~~ is assumed to be the same for pions of all three charges. 
The charge dependence of .la. is - predicted by the isobar model 
( TTNN 7 NN is just the inverse of the production process NN TTNN) 
for when N,~>> 1 as: Aa. r ) __ ,.., .,L, ,-- .:=,1.\°"-('2N+1oa) ·. '/; A - 2 (_S"i::N r "$.. 2.." ) 

For N=Z, this gives 1.375:1:1.375. For Pb, it is 1.38:1:1.28. 
For heavier nuclei, the ~Ir would be lowered. 
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Sternheim and Silbar assume a constant nuclear density(; , 

(5. 2) 

where /0 is the nuclear radius. 

The solutions for Eq. (5.1) are obtained by the standard 

method; for a single attenuation the transport equations 
d;.Jrc:-> 

would be of the form cZsc: - .::\., A/ro) and the solution would be of 

the form ,A.,/~) : e~
0

N fo) so that the solution of Eq. (5.1) can 

be written as 

M · (S) 

.3 

Lj M7j ts T) ~ -to) C 5. 3) 
J ==-/ 

where 

(5.4b) 

and (5.4c) 

Eq. (5.3) is solved for S~Ji which can be determined, ie. 

d
77

= -.L -r(L-z..,,_,ez_ 6 2 - :.2-z...) J-z.. where .L=- oc.c,s,pS<~e -rceexsc;;;i. 

It is also necessary to calculate the number of protons 
..... 

arriving at --,,- • Some will have sufficient energy, after 

attenuation by the nucleus to produce a pion; this cross 

section is given by Cfo_;;o, oa • O~hers will have insufficient 

energy to produce a pion and this will be represented by Clp)~b.s· 

The number of protons arriving at--; is thus proportional to 

(5. 5) 



where 

o; = OP)procL 7'-- ~,) a...6s 

and dp = { .B 2 - .6 2
) '-z r ;c 

The probability of producing a pion of charge i is 

proportional to the probability of producing a pion of 
_. 

charge j at a point )' , which is, in turn, proportional to 

the production cross section on free nucleons times the 

density, ie. 

where 
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There are therefore 5 cross sections to be evaluated in 

the model: They are: 

~,..0 d the cross section for producing _a pion of any charge, 

~)abs the absorption cross section which includes all those 

·processes which leave the proton with insufficient 

energy to produce a pion, 

~c,.;U) the cross section for the pion charge exchange reactions, 
J'rt) ab S 11 'I( V v '1 <---'-bS=>rpn·.:,-y. 

1 

d~ (pN~rr'\i1..~hich is the free proton-nucleon production cross 
8Td.12. 

section. 

Note that D?=°Bp,,a_1 + ~abs from Eq. (5.6). 

In this first paper the above cross sections are not 

modified for nuclear effects. 

The free proton-nucleon cross section involves six cross 

sections for the six possible rr production reactions, for 



which experimental evidence was available for one, ie. 

pp ➔ rrt-np. The isobar model is used to express the other 

five cross sections in terms of this one. Evaluating the 

Clebsch-Gordon coefficients, and assuming incoherence 
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between the various contributions to a given final state gives 

c:f CT { f=' f>? 7T"~ /7?) == '1/'b d C76 o 

do- c pp➔ 7T
0rr > - 1/b d CT;-.s o 

d:;r Cpp➔ 7T /J,A./) == 0 

. -f- 0;;,~ d 0.s o 

C 5. 8) 
d o- C,;on ---:,- TT h n; ::: 

c/ 0- ( p,-i➔ 77 °,P ;-, ) = 1/3 dO:.so 

d CT { p,-, -? 7T -:,,V;o ) :: I c/ ~/4 0.so 

wheredq;, is the cross section for NN ➔N.6 , and where from 

experimental data it is known that .:T0p➔ 1T~~)--c;3 . .s,_,. for 740 MeV 

incident protons (Cochran et al. 1972). 

The cross section for rr produc.tion is then written as 

c:/Zv(;;-7) _ (;, c-l2. _r{pp--37T~p) -~ 1 /) • 

d lc::IA - SA c:iTcl_a 6 _L~ · :J 
1.f J 

where ~ (/02: 7'"-A/) //2, A 

= (_ ,2- -r'.- ,7__N) / 0 A 

/\./ //.Z-A 

C 5. 9) 

Experimentally it is known that .:T(rrt-)/o-(rr-) is 

approximately 5 for light (N=Z) nuclei and approximately 2 

for heavy nuclei, but from the above isobar model predictions, 

the ratios are expected to be much higher, ie. for N=Z, 

·/'/+: l'lu : lJ_ = 11:6:1, and for 208Pb, , 1-t : 1i0 : l/_ =!=7.5:5.3:1. This 

discrepancy is due to the effects of the nucleus, as well 



as to the assumption of incoherence of the different 

amplitudes, as pointed out by Mandelstam (1958). 
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From the isobar model, it is also expected that, adding 

up the 6 contributions from Eq. (5.8), gives 

r::J;.,p,,-
0

ol = {-2 + :f__ Iv') VIS o / A 
, ) 0 ' ' V/so == .5 c,{ P /.:::> ~ 77 7 n;:::, .1 

( 5. 10) 

and V;50 * 16 mb. for a 740 MeV proton. 

The three input cross sections still required are thus 

~.,,..c,., v;,;065 and o;,,ab,; • 

u= ( T ) b d t ' d d. tl f . t 1 d t rric.-,,c.Ji can e e ermine irec y rom experimen a a a 

by assuming that the rrN system is in a pure (3/2 ,3/2 ) state; 

in a (3/2 ,3/ 2) resonant state, it is seen from Appendix B 

that the scattering amplitude in the absence of a T=1/2 

state, for each of the two charge exchange processes is equal, 

and they can easily be related to the elastic cross section 

for n+p scattering which is a pure T=J=3/ 2 state. Sternheim 

and Silcar thus use the relation that, 

(5.11) 

which is obtained numerically from Giacomelli et al. (1969). 

To obtain the two remaining cross sections, less direct 

methods are used since little direct experimental information 

was available to the authors.· An empirical fitting procedure 

is used in which v;,)a.f:.s and o,;;~t>.s are chosen to the vrrr''J and the 

o-{n+j/g-(rO data. 

For proton absorption, an upper limit can be determined 

by using 
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VP> a b .s L.., ~prod . ( 5. 12) 

where Cf? and c;;_, are the total free proton-nucleon scattering 

cross sections, and where Lf::_,p-=1 is known from Eq. (5.10). Pion 

absorption is dominated by absorption on nucleon pairs, so 

that an upper limit cannot be obtained for it, and Sternheim 

and Silbar claim that using the semi-analytical value for 

o;;;0 1:,
5 

obtained by Beder and Bendix (Eq. 4. 23) gave them poor 

results. 

The fitting procedure was motivated by several factors: 

Increasing either ½01,5 or u;<>i,· decreases the production cross 
I J .., 

section, or for a fixed production cross section, an increase 

in ~abs requires a corresponding decrease in u;.;ahs , and vice 

versa. It is also noted that variations in v?)a6s do not 

directly affect the rrt- / rr- ratio although the ratio is 

strongly dependent on ½:;~xcA , ie. if ~aos is small compared 

with u,,)~.,.-c1i , then large numbers of rrt-, o produced in the 

primary reaction (NN~NNrrt-, 0 ) tend to be charge exchanged into 

rr-rather than be absorbed, thus decreasing the rrt-/rr- ratio. 

With this in mind, Sternheim and Silbar choose their values 

to reproduce the observed rrt- production cross section and 

rrt-/rr- ratio. 

Several fitting procedures were attempted, but one in 

particular gave the best results: The ab~orption cross 

sections are fitted to heavy nuclei where absorption is 

expected to be largest, and to small angles where the multiple 
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scattering effects are expected to be small. The choice made 
d70(1,➔) 208p ,...,o 

is the fitting ofdrd~~ for bat 1J • The differential 

cross sections were calculated for several values of ~.w,::~ and 

fitted to the above data by appropriate adjustment of v.7~0.6s 

(Fig. 5.2). For each 'Tpo.bs and corresponding½,-,._..g"), the rrt-/rr­

ratios were calculated, and the best fit was chosen. This 

gave a value of~ ~3.,i which is very close to the theoretical 

maximum of 33 mb. Figure 5.2 shows and increase in a;:;.i[? with 

increasing T, which is in direct contrast to the results of 

Beder and Bendix. This disagreement in results is ,however, 

greatly reduced by the introduction of Fermi averaging which 

decreases the pion absorption for Trr>200 MeV; this is seen in 

the second paper by Sternheim and Silbar (Section 5.3). The 

nuclear absorption is also reduced by the nuclear corrections. 

This method of fitting the two cross sections does, however, 

mask many errors which might be hidden in the model, and good 

fits with the data may be meaningless. 

All the cross sections are then substituted into Eq. (5~7), 

and the production cross sections are determined. 

In the results of this model, the values for v(rr+-) were 

only slightly high, and the er{ tr ) values were only slightly 

low for small Z nuclei, while for large Z nuclei both cross 

sections were 1 5-30;6 too high. The IJ"""( t1+)/m11)ra tios compared 

well for all nuclei. (Table V.1) 

In order to decrease the calculated values for vl1Tt), the 

amount of absorption for large A must be increased which seems 
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impossible with only CTpfabs and G,_)cd,s as free parameters, since 

0:i~tU>:5 is close to the maximum allowed value, and any increase 

in v,,,o.h: will tend to increase the rr+/rr- ratio. One method 

of overcoming this would be to include the charge dependence 

of the pion absorption coefficient, as was previously 

mentioned. It is also expected that the inclusion of the 

charge exchange of the incident proton would lower the rr+ /rr­

ratio, since by the isobar model more rr- would be produced 

in pn and nn collisions. In this model, the value of cr"-,a.bs 

is very small ( since Dp:,:i,t: is large), but if °"~LJ., were increased 

then a better fit might be expected; again, this larger 0 rr>.,,P5 

is obtained in the following model. 

A strong dependence on the nuclear radius is found: 

O-( -n+) ex R5/ 2 o- ( rr- )e< R2 and thus rr+ / rr -~ R 1 / 2 • This strong 
,--v ' ""' --

dependence on the nuclear radius implies that the use of 

a constant nuclear density, rather than a more realistic 

diffuse-edged Woods-Saxon density, may be quite important. 

This strong R dependence, and thus A dependence since 

R~A113 , is an indication of the validity of a geometrical 

model of pion production. Figs. 5-3 and 5.4 show the 

comparison of the experimental and the theoretical geometrical 

dependences of CJUrf> and <T{rr-); the experimental data shows 

that fT(TTf") o( z113 and that vlnJN213 but the theoretical 

predictions only matches the data for small nuclei, while 
. - . 

for heavy nuclei the predictions are too high due to the 



63 

high cross sections for these nuclei. 

The power law dependences observed are consistent 

with large nuclear absorption: Due to the high absorption, 

it is expected that the n+'s are formed near the rim of the 

nuclear disc and the main contribution will thus be an R or 

an A1/3 dependence. Since most of then+ production is due 

to collisions with target protons, there is also a Z/A 

factor, which gives a Z/ A213, or z113, dependence for 0-(~J. 

For the case of the rr- production, however, the loss due to 

absorption .is nearly balanced by the charge exchange of rr0 

torr-. It is thus expected that there is a stronger R, or A, 

dependence, ie. proportional to the area R2cx:..A213 • Since the 

rr- (and rr0 ) are mainly produced from neutrons in the disk, 

there is an N/A contribution giving, finally, that a--cn~J0<:N/A113, 

or N213 . 
~ <-rri) 

To study the angular distributions, d ¾,d..n. in Eq. (5.9), 

is numerically integrated over T. 

From Fig. 5.5, it is seen that dcr-~_h__rrf°) fits very well . 

for the C and Cu but not for Pb for which is generally too 

high; this leads to a high total cross section for Pb. 

Fig. 5.6 gives the results for dcr/c::Ln~TT-). The fit is 

again better for C and Cu than for Pb, but in all cases the 

results are worse than for 774·. The cross sections tend to 

underestimate the high angle,..,- population, and overestimate 

the number at small angles. This is expected to be mainly 
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due to the neglect of multiple scattering. As mentioned, this 

is more evident in the 11 predictions than in the rr+ predictions 

since the rr- population is strongly enhanced by secondary, 

ie. charge exchange, processes. 

Calculations of the doubly differential cross sections 

also tend to be more agreeable with the data for the lighter 

nuclei (Figs 5.7 and 5.8). For rr+ production at small angles 

(30°) there is a tendency to be too small at low energies and 

too high at high energies; again, this is a result of the 

neglect of multiple scattering which would tend to shift and 

smear out the energy spectrum due to the degrading of the 

pion energy. As one might expect, the peak becomes sharper 

and goes to lower energies as one goes to large angles. 

The rr- spectra have the same general features as the 

Tf"I" spectra, and the comparisons of the calculated spectra 

with the observed spectra are similar. For the rr- case, 

however, the calculated and the experimental spectra are even 

more disparate. This is a result of the neglect of the 

multiple scattering being more important for the rr- than 

for the rr+. 

The inclusion of the prediction of pions of all charges 

has seen to be very beneficial. In the next paper reviewed, 

.Sternhcim and Silbar (1973) continue with basically the same 

format but nuclear effects ·are included. 
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Section 5.3 Geometrical model with nuclear corrections 

In their second paper, Sternheim and Silbar (1973) extend 

their semiclassical geometrical model to include the important 

modifications due to the nuclear effects, ie. Fermi motion of 

the target nucleons, the Pauli Exclusion Principle and the 

nuclear potentials. Also included are the charge exchange of 

the incident proton and a more realistic diffuse edged nuclear 

density. The latter necessitates a numerical integration of 

Eq. ( 5. 7) • 

Four cross sections from the original paper, ie. 0-t.;Qbs , 

d&- ,.s~ Td..Q.., u"Je-..cd-, , and a;;.f~bs , and Oi-.J,e-c../\, the nucleon charge 

exchange cross section introduced in this paper are adjusted 

according to the nuclear effects mentioned; the appropriate 

correction which is required is not always easy to determine, 

nor is it always unique. The corrections are often included 

in an ad hoc manner. 

It was hoped by the authors that inclusion of the nuclear 

corrections would improve the accuracy of the results, and 

that more information could be obtained about the nuclear 

surface, however, due to the uncertainties in the corrections, 

this was not possible. The comparisons of the total cross 

sections with the data are not improved, and, in fact, the 

n+/11 ratios are worse. Much, however, is learned about 

the role of the nuclear medium through the effects of the 

nuclear corrections on the various cross sections. 
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The basic formalism of the model is the same as for 

Sternheim and Silbar (1972) and the setting up of the 

production cross section is equivalent to Eq. (5.9). Icluded 

in this model are transport equations, modified to include 

the nucleon charge exchange of the incident proton. 

The number of protons and neutrons arriving at the 
~ 

productions point -Y- is determined by 

N/, = - ( JL~ + .,1\..::n + Ac.JP )Iv'? + /L::p /Jn 

N/ ::: ~ ( ✓-\/:, -1- j\~ -1- >.~;1~ ') Nn + -1_ ~~ Np 

(5.13a) 

(5.13b) 

where j ~ is the inverse mean free path for nucleons, which is 

assumed the same for neutrons and protons, for absorption. 

)-i and ).;'F are the inverse mean free path lengths for 

nucleon charge exchange, ie. pn ➔np and np~pn, respective: 

and A6 >f and lA>1 • are the inverse mean free path lengths for 

pion production as given by the isobar model: 

The nuclear density is now given by 

(5.14) 

normalized to j f! d f = 1 • 

The transport equations are solved as for the pions, and 

Np and N.,... are given as functions of ~p6s, ~ >c..,.,.;., 0150 , N 

and Z. A final expression, equivalent to Eq. (5.7), for the 

cross section for production of pions of charge 1, at a 
...... 

point Y' , is given by 
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d 2
r7tn-•·j _ cl 1. Vtso ~ fd-;- ,.O(.;.) lvff/'> T){/'ih' ) P· -I ~{y )nJ] ( 5 • 15) 

drd..a.. - dTd ... / 2... ~)(_ l · r 1J 
J 

where the weight factors ?./ and /'lj are given by the Clebsch-

Gordon coefficients of the isobar model: 

( 5. 16) 

The absorption, charge exchange and production cross 

sections are then evaluated with the appropriate nuclear 

corrections. An improvement is made in the evaluation of 

the pion and nucleon absorption cross sections. An empirical 

fitting procedure is used only in the determination of CJ;i:~bs , 

and the nucleon absorption is evaluated separately using 

a small angle exponential fit to the pp cross section; a 

more meaningful fit is expected using this method. 

To determine %,1,s, an empirical fit of the elastic pp 

cross section* is used, ie. 

* At 740 MeV, the total pp cross section is 46 mb (Benary et 
al. 1970). From Cochran et al. (1972), CT(pp--')-rrt-np)~2.7mb., 
and from the isobar model, the TrO production is 1/5(<7(pp -rr+-np)) 
~2.7 mb. This leaves 30 mb. as elastic pp scattering. 
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where C = 4.1 and 4.98 (GeV/c)- 2 at 705 and 788, respectively. 

Now, UZ>Qbs at 740 MeV is assumed to correspond to an energy 

loss of >180 MeV, implying a laboratory scattering angle of 

>26°, since this is one half width below the threshold for 

pp NL'l . (It is found by experiment, that at 560 MeV, the rrt-

and rr0 production have been reduced by 64fa and 74%, respectiyely 

(Benary et al 1970).) Now, an energy loss of 180 MeV by a 

nucleon corresponds to a momentum transfer of -2m LIB =t = max 
o.388(GeV/c) 2 • An estimate of O-Np6s is thus given by 

at 705 MeV 

at 788 MeV 

which gives an average of 

J;;abs = 5.6 mb at 740 MeV. 
) 

Note that this value is much smaller than the previous value 

of 30 mb. This smaller value of nucleon absorption implies 

that in the fitting procedure for ~abs , a larger value for 

Oiiiabs is possible. Margolis and Beder and Bendix also use 

a large value (C¼.:,--1.6s* vNJeiast-re-')* 25 mb.) • Such a large value 

of D,:v>a6s indicates that pion production is mainly on the 

nuclear surface, and thus a s·trong dependence on the nuclear 

surface results. 

results are not expected to be so dependent on the surface 

effects. Since there is 11 ttle dependence of o~i,sOn energy, 



and there is little energy lost so that the final energies 

are large, there are no corrections made for the Pauli 

Principle, Fermi motion or nuclear potentials. 

cr;._, c~c-h is the cross section for an incident proton 
) 

scattering off a neutron, with the neutron emerging with 
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most of the momentum. This can be related, in the nuclear 

case, to the free nucleon charge exchange d.cr/4JL(pn~np), 

but a factor must be included to account for the angular 

dependence. Recall that if the proton is scattered through 

more than 26°, it has insufficient energy to create a pion, 

so that to obtain the · total cross section for nucleon 

exchange, the differential cross section needs to be 

integrated only form o0 to 26°. To account for the Pauli 

Principle, Sternheim and Silbar include a multiplicative 

factor denoted by Rle) , which reduces the contribution to the 

cross section dcr/cJ..J.2. for small angle scattering. The form of 

P-fg) i-s deduced from an argument from Bethe ( 1973) 

which is based on the treatment of the nucleus as a Fermi 
_,. 

gas with Fermi momentum {F. If the struck neutron has an 
..... .... __,. 

initial laboratory momentum ~ (/kl < / /4p/ ) then the final 
---1/ ~ _lo ~ 

proton has a momentum l -=- /ul-tft- where 'j-t-
_j 

transfer. In momentum space, both Land 

is the 3-momentum 
.... / 
l lie within 

spheres of radius kF with the centres of the two spheres 

displaced by a distance jL. · Thus, the overlap of the 

two spheres gives the region of momentum space excluded by 

the Pauli Principle. R.l B) is given by 
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Note that Rill) reduces the cross section more for small 

momentum transfers , ie. small angles, than for large 

momentum transfers, ie. large angles. This is in accordance 

with the Pauli Principle which restricts the "occupancy" of 

the energy levels in the Fermi gas model nucleus. As with 

o;.; obs , due to the weak energy dependence of cl°Z;_'2. , the effects 
) 

of Fermi motion averaging and nuclear potentials. With 

.l!..,t: = 250 MeV/c and using the average of the data for 

at 649 Mev and 81 6 MeV which are 3-4 mb. and 2.8 mb., 

respectively, gives for 740 MeV, 

~ ex:C-h = 3. 1 mb. 

Without the Pauli Exclusion effects, this value would be 

approximately 4.3 mb. (* 40/o change) 

For ..:::J<cTi.so/J. rcLz. , Silbar and Sternheim use a phase space 

model to determine the factor, called Ftry 0) , which corrects 

the free pp--:!> rrt-np for the nuclear effects. The effect of 

the Pauli Principle is small for even the fastest pions, 

ie. the slowest nucleons, and therefore it is neglected. 

Included in F{!j&) are corrections for Fermi motion and for 

the nucleon-nucleus and the pion-nucleus potentials. P tr; &) is 

given by 

(5.20) 
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where the denominator is obtained from experiment, and where 

the numerator is the Fermi averaged free cross section, ie. 

)
RF · . <- r ~ )1 

{ 
d 2 :r .\ = 3 d5-,l · /_d y 10 . (5.21) 

dTJ..£2._ )ave.. 4IT -d} 
0 

(._ d F cl--' L. y:' ,e.e 

The right side of Eq. (5.21) is determined using standard 

relativistic quantum mechanics: 

( 
d 2 :T( k.)) = PIT; led, 

d r cl _a_ Ir/~ £ H -;c/ ~/ J ½. 

( 5. 22) 

__,. 
where ~ is the 3-momentum of the struck nucleon, 

}-?, and)~ are the initial 4-momenta, 

~NN is the 3-momentum of one of the nucleons in the final 

2-nucleon centre-of-mass frame, 
Z I I 

l/¼r/v' -= p; ry2 is the invariant mass squared of the final NN system, 

and fff;ML is the pion laboratory momentum. 

In the formulation of Silbar and Sternheim, /IV!/
2 

is constant, 

and only the phase space factor is considered. Since //v1!
2 

is 

in both the numerator and denominator of Eq. (5.2 ~, it is 

argued that the energy and angle dependence of /;11/\.r111 tend 

to cancel out. 

The kinematical quantities on the right side of Eq. (5.22) 

are modified to include the effects of the nuclear potentials. 
f{ . / 

The incident proton, with 4-momentum f. c; f0ry 1;i,J enters the 

nucleus which is represented by a repulsive optical potential 

with a real part V1*26 MeV (Benary 1970). For a free particle 

entering a constant potential, the 3-momentum is changed 

while the energy is unchanged, so that for the 4-momentum 
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,I{ J . of the proton inside the nucleus, o, . .,, /F "LJ.. it is lmown that 
/ f; tn { < I n ) {f l 

(5.23) 

(5.24) 

~ 

The initial bound nucleon, with a 3-momentum ~ , has an energy 

~ ::= ;i" :;. ( 7?1 2-/-~ z_ ) ?2 -r t{ ( 5. 25) 

where v2(<0) is such that the "last" nucleon, ie. the nucleon 

for which J-l!= 0, , is bound by B=8 MeV, ie. 

Vz = /Yl g 
(5. 26) 

The optical potential felt by the final nucleons is ignored, 

arguing that it will be negligible compared with v1 or v2 , 

ie. V2<V<V1 , and V2<0 and V1>o, so that V*O. 

In determining the optical potential felt by the emerging 

pion, it is argued by Silbar and Sternheim that no modification 

ofj?~mfi is necessary. They argue that since the range of the 

p-wave rrN interaction is only 0.4 fm., and the internucleon 

distance is about 1.8 fm., then, at the moment of creation, 

the pion interacts only with the 2 nucleons which contributed 

directly to its cration. It is admitted by the authors that 

this is "rough at best". A calculation usingthe pion optical 

potential of Goldberger and Watson (1964), as did Beder and 

Bendix, apparently resulted in a very wild behaviour of ~f:.s . 
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It is also required, for ( cf.Zr/;{_)) to calculate \;tC,/ 
ciTd_J z_ l;c,-ee..' ,m 

· and thus 

where WN; ::: (;~ / -I- j~/) z 

and where x:?1=== (~ ;,~ - ) /I ; ) t,r-f')/' ) 

:Pz cc {E;_ ) fi ;n ) ~~1 ;£J 
;p/T = ( ~0J%) 

are all measured in the laboratory frame. Using conservation 

of energy and momentum, and using the impulse approximation so 

that the momentum of the nuc~ar residua is the same before and 

after the pion production, gives 

( 5. 28) 

In· all cases, the Coulomb potentials are ignored. ,,C-t00)is 

then the same for all nuclei and for pions of all charges. 

The error in neglecting the Coulomb interactions is, at most, 

15fa which is for 208Pb, the heaviest nucleus considered. 

The effects on the phase space spectrum of the Fermi 

averaging and the inclusion of the optical potential v1 
on the incident nucleon are indicated in Fig. 5.9. The 

Fermi averaging, as discussed in Beder's and Bendix's paper, 

decreases the cross section in the region of phase space 

accessible to the free nucl·eon case, and · gives the spectrum 

a high energy tail. The further inclusion of v1 , a repulsive 

potential, increases the cross section due mainly to a 
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decrease in the invariant flux factor ft;t,:f,z) 
2

- fi~/ },'li. also the 

high energy tail is extended out to a further cutoff, since 

a smaller incident nucleon momentum implies that the heavy 

nucleons are not required to carry away such high momenta to 

balance the conservation requirements. This results in more 

kinetic energy being available for the pion •. 

r(7;~) is then given by the ratio of curve (c) to 

curve Ca) in Figure 5.9, and is arbitrarily set to 1 for 

the high energy tail. 

( ;r) C7,i?xc/2 is determined from the free pion charge exchange 

cross section, and si~ce :::;- ( T) is a strong function of energy, /!j e Y:C-/ , 

Fermi averaging on the free cross section is required, giving 

{V/r, cxch ), ~ ,f -: 3 (p~ id__a_ ( d:~~) 0 
~ Ve- 7T ,F }

0 J,~ ~ r c e-

where 0 incorporates the Pauli Principle, ie. 

( 5 .30) 

-> / 

where -~ is the final nucleon momentum in the laboratory. 

From before, /,d; = f ~ 2-1-2 --i ~ r a;) i where {Q_ is the laboratory 

momentum transfer. ~ is obtained by a Lorentz transformation, 
~ ~ 

given by ,te -==- Pl. 1
~
7 ~ A , of the centre-of-mass momentum I" C::-.r ./-

. /) ft (t /,'( --' J L 2 
transfer C::Cc..,,,,_• &c. ,>,_ is given by (}c. ;~,- c;--i/~([3 i{~d fl.t 2t, (l-w~B'-·'" ). 

For the expression for the free pion charge exchange, it is 

again assumed that the (3/2,3/2) interaction dominates the 

rrN system, so that 
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(5.31) 

where f is the centre-of-mass momentum and a.,,.,., is the 

scattering angle in the rrN centre-of-mass system. The 

angular distribution is that of a p-wave and the expression 

for c)(tj-) is given by using a Breit-Wigner shape for the 

resonance: 

twn St,;-> ~ ;;} ~:t} 
where W 2- = ( j?F r pv ) 2 

cj-2- ~ !._-(yij·JJ/V )2- -;f7r,-2-?✓/-J / vVZ. 

and where J-11; and p are 1+-vectors. 

To calculate )1/ fi;;>fo,J, knowledge_ is required about l{.- , 

and P71J' 11) , the appropriate resonance amplitude. A dispersion 

relationship is used: 

(5.32) 

l. 2 2--
where )?/fii;;.hfi,- an3//;,~Jt,- A Chew-Low expression is used for 

the scattering amplitude: 
C7h2 

.L (/f-£71)= -----
p7!# / {~-£~ -t/7/2) 

( 5-33) 

where Cand l7are assumed to be constants, used to fit the 

total averaged TTN cross section. From this, fo.1/J is given by 

where 

X-= 

0( = 

~ - 47T/;'c -£7;­
/7 /2. 

4zz: £7C,. 

/7(_/.z ... 
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Figure 5. 1 0 shows j-h<-) , /tr , )11/in and/~ 0- 2 as a function 

of pion kinetic energy. It is seen that the pion potential 

is attractive below resonance, in that the Jt,1~ curve crosses 

over the curve for JJ~ . The cross-over is also shifted 

./,JT(C =76 MeV before the free ~esonance peak due to the 

simplicity of the model. The final expression for (~exu,)ave 

is given in Figure 5.11, with the effects of the inclusion 

of the Fermi-averaging, the Pauli Exclusion Principle and 

the pion potential indicated. 

Only 
--- rT) 
./7,;abs remains to be calculated. Whereas in the previous 

paper, ~ ;ab., and Jivy;,6s were adjusted to fit the n+ data, in this 

paper ~pbs is calculated indepently, and it is required to 

fit only O'i; qbs to the data. Again, the cross section is 

fitted to the data for d2r:Tf1T-1-) /417d-f2. for Pb at 15°. This fit 

gives a broad resonance shape for C0,µi[) centred about 200 MeV. 

It is interesting to note the energy dependence of the 

calculated r;;;;iQ for various models and cases of models 

(Figure 5.12). The dependence varies greatly for the models 

considered. It is also pointed out, but not indicated in Fig. 

5.12 that a fit for r;;jlJ for Vrr=O gave a curve that varied 

from curve (a) by less than 7% (so that hopefully the rather 

arbitrary choice for V will not be too important in the 
Tr 

calculation). It is seen that the pion absorption cross 

section obtained by Beder is not in such sharp disagreement 

with the new value obtained by Silbar and Sternheim. The 

effect of the nuclear effects, especially through F fT; 8), 
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can be seen quickly through comparison of curves (b) and (c), 

where rJ;.;1abs in both of the Sternheim and Silbar models has 

been set to 25mb; this peak in the pion absorption cross 

section is not unreasonable since it seems to be a 

reflection of the rrN interaction , 

The results are tabulated for Al, Cu and Pb in Table V.1 • 

Only the total cross sections are included; it is found that 

with the nuclear corrections included, the comparison of the 

results for the energy spectra and the angular distributions 

with the data, are qualitatively little different from the 

first model with no nuclear corrections. For the total 

cross sections, it is seen that OtjT-t-) is improved over the 

simpler model for Pb, but the agreement worsens with decreasing 

z, for which cases, rTrrF) is too low. This contrasts with the 

earlier model in which the calculated (T{/t
1
) is in agreement 

with the Al data, but is too high for higher Z. The v{_TT-) 

is too low in all cases, with agreement worst for AL ( In 

the previous paper, ry-or- ) is too large for Pb.) 

· The result of this is that the ratio rrt-/rr- is too high 

for the heavy elements. 

An interesting calculation is made to investigate the 

geometrical nature of the pion production by dividing the 

target nucleus into eight bins, as indicated in Fig. 5.13 

with the results in Table V. i . It is found that 75fo of the 

rrt- production does come from the annulus, and especially 

from bins 2. In fact, 50~ of rrt- is produced in the region 



where e~ q•p.. For TT-, there is relatively more production 

throughout the nucleus, and 34% originates in the denser 

core region ((>0-3(3, ) • This supports the fact that much 

of the TT- production occurs via secondary reactions. 

Although the results of the production cross sections 

have not been improved with the inclusion of the nuclear 

corrections, it is informative to consider the quantitative 

effects of the nuclear corrections on the various cross 

sections, as indicated in Table V-3 . It is seen that the 

largest effect is due to the Fermi averaging and the 

nucleon potentials; it is pointed out by Sparrow, Sternheim 

and Silbar ( 1974) that the Fermi averaging of the Jzcr;;;"'/cnd---1.­

was incorrect and it has only an 18% effect in the isobar 

paroduction cross section. Note also that the inclusion 

of nucleon charge exchange has a + 25% change to vnr). The 

nuclear density chosen also has a large effec.t, about 15% for 

vtrr'), this again indicates that the TI+ production is more 

sensitive to the surface nuclear density. 

The introduction of the nuclear effects has not improved 

the numerical results of the model; this may not just be a 

reflection of the ambiguities of the nuclear corrections, but 

it also might be due to the fitting of the first model to the 

data which could have resulted in a meaningless fit., and thus 

an unwarranted confidence in the results. 
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Sparrow, Sternheim and Silbar (1974) extended the model 

to account for pion production from neutron collisions with 

nuclei. These results are related simply to the proton 

collision results by charge independence; for an N=Z nucleus, 

the "roles" of the r,+ and the rr- production are interchanged 

when comparing proton and neutron induced collisions with the 

nucleus. Of particular interest is a check of the isobar 

model, as well as further investigation of the pion absorption 

cross section. Data was used from Oganesyan (1968) for 600 MeV 

neutron collisions, and from Cochran et al. (1972). 

The procedure of the model was the same as for Silbar 

and Sternheim (1973), except that the nuclear corrections were 

not included. The effect of these corrections was determined 

by turning them on, one by one. The results are seen in 

Table V.4. It is again pointed out that the Fermi averaging 

of d tr /4J Td J2- was incorrectly calculated in the previous paper. 

Sparrow, Sternheim and Silbar also include in the nucleon 

absorption, an angular dependence which increases the 

absorption from 5.6 mb. to 8.0 mb. A further correction is 

included to allow for small angle multiple scattering of the 

nucleon which is expected to strongly affect the nucleon 

absorption; this further increases the cross section to 
208 11.2 mb. for an N=Z nucleus, and 10.6 mb for Pb. 

It is also shown that the Fermi averaging of the pion 

absorption cross section is very important for high energy 



pions (Fig. 5.14), for while the Fermi averaging decreases 

C7i,~b s by only 18;&, the effect is mainly felt at the high 

energy end of the spectrum. 
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The authors also find that their J 7T)e><d, is twice as 

sensitive to nuclear corrections as the value in the previous 

paper. This is a result of a different CTirp_b:s , since there 

is a strong coupling between the energy dependences of vri)excJ-) 

and '7ir---p bs . The coupling exists because both cross sections 

increase rapidly between 100 MeV and 200 MeV. If the energy 

loss of the pion during charge exchange were considered, the 

strong coupling would .not be expected. 



Section 5.4 Extension to include multiple scattering with 

and without nucleon recoil 
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The Sternheim and Silbar model has been extended to 

include multiple scattering by Adler (1974) and Adler, Nussinov 

and Pasche (1974). In this improved model, straight line 

propogation is again assumed, but the incident and outgoing 

particles are allowed to scatter back and forth several 

times off target nucleons before leaving the nucleus. The 

scattering in the forward hemisphere is treated as o0 

scattering, while that in the backward hemisphere is treated 

as 180° scattering. This is reasonable for rrN scattering at 

intermediate energies, since at these energies, the rrN 

scattering is predominantly p-wave with a characteristic 

angular distribution proportional to (1+3cos 2G), which is 

peaked at 0 =0° and 180°. Adler, in discussing the rrN 

scattering, assumes that the target nucleon is fixed within 

the nucleus, thus ignoring nucleon recoil; a pion can 

lose more than half of its kinetic energy in a large angle 

scattering, so the recoil effect may be substantial. 

Adler's model results in a series that can be summed 

exactly, so that all orders of multiple scattering are 

included. Taking the series term by term, the nucleon recoil 

effects are simply included; this is accomplished by Yang, 

Sparrow, Holstein and Sternheim (1976). 

The inclusion of multiple scattering is expected to 
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increase the predicted number of large angle pions, particularly 

rr-•s, which is underestimated in the simpler models. Inclusion 

of the nucleon recoil is expected to account also for the 

number of pions, again particularly rr-•s, which are produced 

at low energies. 

Using Adler's series, Yang, Sparrow, Ho~stein and Sternheim 

account for t he energy loss due to the nucleon recoil in each 

multiple scattering, in each term of the series. The 

expressions for the production cross sections used in the 

Sternheim and Silbar and Adler models are then seen to 

be particul ar cases of the more general recoil, multiple 

scattering model. 

In the model, the incident nucleon enters the nucleus 

in a straight line path, and a pion is produced at some target 

nucleon, via the reaction NN➔ rrNN, with kinetic energy T, 

at an angle t9 to the path of the incident nucleon. Due to 

backsc·a ttering, the direction of the pion's pa th can be 

reversed several times before leaving the nucleus. The 

production mechanism is dominated by the (3/ 2,3/2 ) isobar 

model, and the pion and the incident nucleon both undergo 

attenuation by the nucleus and charge exchange. 

Transport equations for the nucleons are, as before, 

given by Eq. (5.13), and transport equation~ equivalent to 

Eq. (5.1), for the pions are given by 

~ ~ .: -/ 7i0 A + u;;P / j IV r ,,µ_ ( H; N )}_}:; Aj_ r ~ J ;t/'f l'lo ( 5. 3 5al 

J No 2 A V [c ( 2 1- ? 
dx = 'Jirp :§.fl-+ fli -!-- ~ A I- 0;;° 3 ~l<_ -a.)A_]Pllc/~3/ 1- (5.35b) 

' ._.,., ' I , ~2- :?/J 
i,.. -



where C{;tx; is the absorption cross section (same for all pions), 

Oii-p is the rrt-p cross section at energy T, 

and wherer.,,. and)i_ are the probabilities that a _ pion striking a 

nucleon will be forward or backward scattered, respectively. 

The transport equations are solved by diagonalizing the 

matrix elements to give 

(5.36) 

- I -A p .::/_,1::,,c. 2~ 5 L, <.' C:-Where J;;lxJT)_ -= ( /~ e ~~;;' . ;::::, is a similarity 
J A_ 

transformation, and _,,,L . are the eigenvalues of the matrix. 
;,(,;_ 

A pion leaves the nucleus at an angle 6- without 

backscattering and this is described by 

A I i 
where ;vi is the population of rr at the production point 

with energy /at an angle & . A pion may also leave the 

nucleus at an angle & , if it is produced at an angle 7T- t9 , 

and then undergoes a single backscatter. This is given by 

~ { L>T) = j'~.x- "; r·x -rLJ T)!5{T; ) ~ t :z) 7; ) 
( 5. 38) 

where T; is the pion energy at which the pion is produced. 

After the backscatter, it is at an energy of T' andr is 
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the backscatter matrix: 
;;' · i:2: 0 -2-1- - N .3 

t6 tr) 1/- ( (4-_pfT) 
-?. A/ -1:A _g. -2: 
3 .3 j 

0 2 Nr __!__:2:. 73> /v 3 

(5.l+o) 

This gives a contribution to # (G:iT) of 

This can be extended ton-backscatters. The cross 

section for producing a pion of charge i, at an angle t9 and 

energy T, is 

oO 

where / } and ~- are given in Eq. ( 5 .1 6) 

Now, for the Adler model energy losses due to recoil 

are ignored so that 7; == I;:.. = -- . .o~==T, so that Eq. (5.42) reduces 

to 

which can be summed exactly. 
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Finally, the Sternheim and Silbar models are obtained 

by ignoring the backscatter, ie. : set/</1)/--"0in Eq. (5.1+3) to 

get: 

J 
2 err 6172 ·::: d-v-/~0

T) ,6 0/~r ,L)f -1 Y!1p1 .:;-)_,g · i~1-:t )-3·) f2 I .t./·y J;7) 
dTd--'- d7cl. . .a./!J'-' I , cJ (5.44) 

which can be compared with Eq. (5.15). 

Nuclear effects are included by Yang, et al. for only 

the production cross section and the pion charge exchange; 

both are corrected for Fermi averaging, and the latter is 

also corrected for the Pauli Exclusion Principle: these are 

the corrections predicted by Sparrow et al. The nucleon 

absorption and the charge exchange cross sections are taken 

from Sparrow et al, and a fit is again used to obtain V~J~s ­

The fit is, however, obtained by fitting the do/2T spectrum 

for Pb, rather than the cross section dz~/aTd ..rL- at 15°. 

It is interesting and informative to compare the results 

of the multiple scattering models, with and without nucleon 

recoil, and the single scattering model without recoil, 

using common parameters. 

The most marked difference between the models is in the 

calculation of the fitted value of ~-0 vbs • Although both the 

Sparrow et al. and Adler calculations are similar (Fig. 5.15), 

showing a peak about 200 MeV, the nucleon recoil model gives 

a pion absorption which becomes very small at the resonance. 

This is due to the large elastic scattering cross sections 



at resonance; many pions are thus backscattered with a 
resultant energy loss. 
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In the production cross sections, the Adler and the 

Sparrow et al. models do not significantly vary, although the 

former does reduce the forward a.l'lgle scattering, and increase 

the large angle scattering (Figs. 5.16, 5.17, 5.18 and 5.19); 

the total number of pions is about the same for each, as 

expected. Only when nucleon recoil, and pion energy loss, 

is allowed do the number of pions in . a given energy bin 

change; they are then degraded to lower energies. 

The Yang et al. model with the nucleon recoil, although 

it does show an increase in the number of low energy pions 

over the earlier models, the increase i~ still not sufficient 

to account for the low energy, large angle rr- population. 

(Fig. 5.20). 



CHAPTER 6 

SUMMARY AND CONCLUSIONS 

Fairly good fits with exper~mental data have been 

obtained with the simple models discussed. At first, the 

success of such simplistic models may seem surprising, but 

it is a result of the dominance of only a few physical 

features of the interaction. These have been mentioned 

previously in the text, but they can now be more fully 

discussed in terms of the models introduced. 

The intermediate energy range allows the convenient 

application of two basic assumptions: the energies are 
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high enough to justify the impulse approximation for nucleon 

collisions with nuclei, and low enough for an angular 

moment~ analysis of the individual nucleon-nucleon interaction. 

These lead to the formulation of the isobar model for the 

T=J=3/2 resonance and its application to pion production 

from nucleon-nucleus collisions. 

The models are expected to be valid for complex, or 

large, nuclei. This eliminates the need to account for the 

correlation of the target nucleons which is required for low 

Z nuclei. The simple geometrical nature of the production 

reaction for complex nuclei is seen in Figs. 5.3 and 5.4, 
in which the plots of v (-,,+ )/Z t/J and C--(rr-)IN 213 versus A 

flatten out for A>12. 
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In all cases, a semiclassical model is used, in which 

the nucleus is treated as a Fermi gas in which the positions 

and the momentum distribution of the target nucleons are 

treated simultaneously. An alternative expression for the 

cross section which is formally consistent with quantum 

mechanics is derived by Beder (1971); he remarks, however, 

that the expression is prohibitive to assess numerically, so 

that it is difficult to evaluate the comparative validity of 

the classical expression. It is expected, however, that 

since there are large momentum transfers involved in 

intermediate energy collisions, there will be a large number 

of final states of the nucleus. From quantum mechanics, it 

is predicted that the interference effects from so many 

final states will tend to cancel each other out, and a 

semiclassical approximation will be valid. 

Although the inclusion of only single scattering within 

the nucleus is supported by the assumption of strong nuclear 

absorption, it will tend to overestimate the number of low 

energy, large angle pions produced. This is expected, and 

seen, especially in the rr- differential cross sections, since 

their production is __ strongly enhanced by secondary interactions. 

This can be seen from the Sternheim and Silbar results in 

Figs. 5.6 and 5.8 in which the number of high energy, low 

angle rr-'s (ie. result of single or low order scattering) 

is overestimated, and the number of low energy, large angle 



rr-'s (result of higher order scattering) is underestimated. 

This is less pronounced in the rrt- 1 s since they are produced 

relatively more abundantly than the rr-'s from single 

scatterings, although a slight tendency can be ·seen in the 

results of Sternheim and Silbar (Figs. 5.5 and 5.7) and of 

Beder and Bendix (Fig.3.6). The rr- populati9n is enhanced 

through charge exchange at the expense of the rrt- population, 

which will tend to deplete the high energy, low angle rrt-'s 

and augment the low energy, high angle rr-'s. 

The effect in then+ data may be reduced further, since 

in all cases, the models are fitted to the small angle pp ➔ Tr+­

data; this will tend to reduce (or "hide") the effects of 

the single scattering approximation. 
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It is expected that, although the differential cross 

sections at low energies are underestimated, the total cross 

sections will be more reliable. This is verified by comparison 

with experiment. In fact, this is expected whenever angular 

integrations are performed, as long as energy loss is ignored. 

This is found in the more sophisticated multiple scattering 

model by Adler, in which the multiple scattering is included 

in a Sternheim and Silbar-type model; there is a small 

improvement (ie. increase) in the predicted low energy cross 

sections, but when angular integrations are performed, the 

final cross sections show no improvement over the simpler 

models. With the further introduction of nucleon recoil, and 



pion energy loss, by Yang et al., there is a healthy 

improvement in the prediction of low energy pions, and an 

improvement also in the total cross sections, but, 

-unfortunately, not enough to fit the observed rr data. 
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The single scattering models do have the strong advantage 

over multiple scattering models in that the computation time 

is greatly reduced in the former. Introduction of a secondary 

scattering within the nucleus would be most easily accomplished 

in the Sternheim and Silbar models by introduction of a nucleon-
__,_ I 

nucleon scattering at a second point Y in the nucleus. The 

additional time required for the extra integrations .would 

acutely decrease the ease of calculation. 

One strong advantage of the Sternheim and Silbar models 

of Chapter 5, is that they account for the production of 

pions of all three charge states, with the greatest emphasis 

on the TT+ and the rr-, which gives a more complete picture of 

the production processes. This is important, in particular, 

for it offers both a quantitative and a qualitative 

understnading of the charge exchange processes which play a 

dominant role in the scattering off nuclei. Accounting for 

all pion charge states, of course, also introduces further 

complications and the need for further simplifying assumptions. 

For example, the pion absorption coefficient A<t., used by 

Sternheim and Silbar is assumed to be the same for the three 

different pions, but as indicated in Section 5.2, the three 



91 

appropriate coefficients are predicted by applying the isobar 

model to the rrNN ➔ NN reaction. This tends to decrease the 

rr+/rr- ratio for nuclei of increasing z, which would be 

beneficial to lowering the predicted ratio for Pb in Sternheim 

and Silbar (1972), but would not be at all good for·Silbar and 

Sternheim (1973). 

It is the cross sections of the various processes 

involved, ie. nucleon and pion absorption, charge exchange, 

etc., that are the major inputs to the calculations. The 

values used for these cross sections are often very different 

for the various models and deserve closer attention. The amount 

of nucleon and pion absorption within the nucleus especially 

varies in the models. 

The nucleon (ie. incident proton) absorption in both 

the Beder and Bendix and the Kolbig and Margolis models is 

assumed to be very strong and is set equal to the nucleon­

nucleon cross section; at 600 MeV, this is approximately 

equal to 25 mb. For Sternheim and Silbar (1972), the proton 

absorption is determined using a fitting procedure with Uir; ~~s , 

and a value of 30 mb. results; this is close to the maximum 

possible value of 33mb., the nucleon-nucleon cross section 

at 740 Mev. In Sternheim and Silbar (1973), however, a more 

empirical value for the nucleon absorption is obtained 

independently of the pion absorption, by an exponential fit 

to the medium angle elastic pp scattering cross section. This 
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results in a much lower nucleon absorption, ie. 5.6 mb. 

compared with 30 mb. This lower nucleon absorption leads, 

however, to possible contradictions with the basic assumption 

that the single scatterings only would dominate. Such low 

nucleon absorption also implies that the pion production 

processes could occur deeper within the nucleus, but this 

is in contradiction with the observed geometrical dependence 

of the cross section which indicats surface production. 

Indeed, this value of 5.6 mb. is surprisingly low, and Sparrow 

et al. indicate that an error was made in the Fermi averaging 

of the cross section in the previous paper; a recalculation 

which also includes a double scattering term and an improved 

angular dependence, gives and absorption which is double 

the original value. It is not indicated, however, whether 

this larger value, while more reasonable than the earlier one, 

is large enough to be consistent with the observed surface 

production. Figure 5.13 indicates that it is at least 

partially consistent. 

A different method of evaluation is required for the 

pion absorption since there is little experimental data 

that can be used directly to determine it. This would require 

experiments in which a pion enters the nucleus but does not 

emerge. Also, no upper bound can be obtained for the pion 

absorption, as is possible for nucleon absorption; this is 

because most of the pions are absorbed on two nucleons via 

rrNN~NN. These factors lead to conflicting values for the 
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absorption for the different models (Figs. 5.12 and 5.15). 

To attempt to overcome the difficulties in determining 

the pion absorption, the Sternheim and Silbar models in 

Chapter 5 resort to fitting the models to the data to obtain 
(T) 

cr")=b s . Sternheim and Silbar (1972) contains the least 

reliable (or meaningful) method, fitting both the 7,;J~) and C01a 6 s 

to the data. This is an ambiguous procedure which tends 

to cover up errors which might occur in the model. The 

predicted absorption is an increasing function of T. In 

Silbar and Sternheim (1973) and Sparrow et al, the nucleon 

absorption is determined directly from experiment, and t he 

pion absorption alone, is fitted to give the 15° Pb data. 

The result is a cross section which indicates a peak at 

200 MeV - 275 MeV for the two papers, and which drops off fairly 

gradually at higher and lower energies. It is pointed out by 

Sparrow et al. that it is the inclusion of the Fermi motion 

averaging of the absorption cross section (excluded in 

Sternheim and Silbar (1972)) that causes the decrease in the 

pion absorption at higher pion energies. 

In contrast, Beder and Bendix obtain a cross section for 

pion absorption which is a decreasing function of T, which at 

high energies only, is in qualitative agreement with the 

above calculations, but opposes the low energy results. Beder 

and Bendix use a semi-analytical method for obtaining their 

cross section which is based on a density-squared dependence 

of the cross section on the nucleon density since the pion 
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absorption occurs, mainly, on nucleon pairs via rrNN~NN; the 

time reversal invariance of strong interactions is also used 

to relate the T-matrix for the absorption to the T-matrix for 

the production process. This increasing energy dependence, 

however, is also in contradiction to the predictions of the 

quasi-deuteron absorption model for pions on nucleons, which. 

predicts an increase with energy. 

Due to the resonant nature of the rrN interaction, it 

would be expected that the pion absorption should reflect this 

peak at about 200 MeV (assuming no nucleon recoil), since 

the pion absorption reaction is dominated by the inverse of 

the production reaction. There is slight evidence in the 

Beder and Bendix curve that there are contributions, perhaps, 

from two sources, one which is monotonically decreasing with 

energy, and one that is a broad resonance-type curve. Beder 

and Bendix may also have ignored other important absorptive 

channels. 

The assumption of nucleon recoil by Yang et al., however, 

results in a very different pion absorption cross section 

compared to the earlier geometrical models. In the recoil 

model, the pion absorption becomes very small at resonance; 

this is because, at resonance, the elastic scattering cross 

section is large, and many pions are backscattered to lower 

energies. In all other models, the pions remain at their 

original energies, and this does not occur. 



It is difficult, in the absence of further experimental 

data, to determine the true nature of the pion absorption, 

however, the latter value seems to be the most consistent 

with indirect experimental evidence. 

It has been mentioned that Beder and Bendix, in treating 

the pion absorption, assume a ( -~dependence for absorption on 

two nucleons; this has been ignored by other authors who 
2 

have assumed only a {:! dependence. The (! dependence implies 

that absorption takes place nearer the nuclear centre; 

assumption of a e dependence weights the surface regions too 

heavily. Too much absorption is thus predicted for light 

nuclei, relative to heavy nuclei. This is reflected in the 

geometrical models, for which the sum of the total cross 

sections for rrr and rr is too high for large nuclei. 

The pion charge exchange cross section is based on the 

rrt-p elastic cross section (valid for a pure (3/2 ,3/2 ) state). 

The models in Sections 5.3 and 5.4 include the nuclear 

corrections to the cross section which affect it by 10-30% 

and affect the 77+ and rr total cross sections by about 5 
and 15A respectively. 

Nucleon charge exchange is dealt with only in Sections 

5.3 and 5.4 and is obtained from the large angle nucleon­

nucleon scattering; this gives an additional contribution of 

3.1 mb. of absorption. 

While the semiclassical models give reasonable fits to 

the data, they are lacking in the prediction of the low energy 
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pions, and especially for the rr production. Even with the 

addition of multiple scattering and, more strikingly, nucleon 

recoil, the model still underestimates the low energy rr-'s. 

It would, perhaps, seem best to abandon this approach, 

however, a Monte Carlo calculation by Harp (1974) based on 

the same basic assumptions, has been successful in predicting 

pion spectra in good agreement with experiment. Since a 

Monte Carlo model represents a complete semiclassical 

calculation, this would imply that corrections to the inputs 

of the models considered here would give results comparable to 

Harp's. Unfortunately, it is difficult to directly compare 

the inputs of the two models. Since the Sternheim and Silbar 

calculations require orders of magnitude less computing time, 

and are conceptually much simpler than the Monte Carlo 

calculations, it would seem worthwhile to further compare the 

two approaches in order to obtain better agreement of the 

simpler models with experiment. 

An entirely new approach, however, is expected to be more 

productive. This is a result of recent experimental data 

for pion production obtained for protons on nuclei, in which 

some of the final states have been measured. Much of the 

original data was obtained by the Uppsala group (Dahlgren et 

al. 1971, 1973a, 1973b) for threshold pion production from 
12c and 9Be with pion energy spectra and angular distributions 

for the nuclei left in the ground state and the first few 

excited states. More recently, similar data (Gabathuler et 
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al. 1971, Dollhopf et al. 1973) has been obtained at incident 

energies of up to 600 MeV for various nuclei, thus providing 

a broader basis on which to construct the models. These 

models necessarily have a more quantum mechanical formulation 

(Reitan 1971, Fearing 1975). 

One omission in all models considered, is a spin 

dependence in the cross section. TRIUMF has produced the 

first polarized beam, and has found a large (* 90%) left-right 

asymmetry with the exiting pions; not even the most recent 

final state models have included a spin dependence. Such 

a strong effect certainly is worth further investigation. 
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PARTIAL WAVE ANALYSIS OF pNN - NNrri 
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¥-:;;, .3S/ .:..· , ,, 
/S o ----3 3 ~_,,0o 

0 2 --0, ~-$ ?,?-
~ ' /< ,.,... 
~ ,:::, ·-;;) Jo 0 .::, 
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TABLE II. 2 

REACTIONS FOR NN~ NNrr IN TERMS OF ISOTOPIC SPIN CROSS SECTIONS 

I 

Isotopic Class Partial Wave 
Reaction Analysis 

.5~ 3,,07 <;,,- ,,-o;o / ~ ~/ ::::,/ 

Sp /So-::i " ,,-~:;;/Po 

u---j .3 ,,-
2 0/ /:J 2-

- -; 3,,---- --;._:,/ ,r- .-
55 -;J 

/ ~ -er~/ - -'C-.7-C,.J 

Sp 
..::-----::::,/ -:, r e;- . ~,:;,p/ 
3 " _....::, 3""";=,/ 0 ./ 

o;; Ss 3/.:J 
b 
~ ~So 

5;:::> -- -', 
/c:: 

,,b / ~<.:> 

P.s / r ? ~ 

:;::;c, --::, -/-- ~ c, ~o 
~ - ;> ~✓-9.s; 

u 7 .:::/.:::; ' 
L 2. - ;_ 

~~ ~ ·-::) ..5/_::;? 
~ )/ 

c;:, / 

'.P. 7 3 ~ 
0/;2- . ~?0.J/, :l 

::.;_, 
?-

"? 6_,D 
/A_, 

3/.? ~ --'A /\ 2. / _) 2. 

~ .37 
0j::2 

//::J.z..) 3 ~ "'--
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TABLE II. 3 

EXPERIMENTAL RESULTS FOR rr PRODUCTION ON 

FREE NUCLEONS AND COMPLEX NUCLEI 

100 

Free nucleons Cross Sections(1028cm3) Complex nuclei 
+ 

pp----:> rr (allowed) 3.0:1.oa 
+ pn--;;, rr (unobserved) -

np--:::,rr-(unobserved) -
np--:i-rr0 (unobserved) , -

I 

pp -3> rr0 (forbidden) 
I b 
, 0.1~0.1 

a Cartwright et al. (1950) 

b Bjorkland et al. (1950) 

c Richamn and Wilcox (1950) 

3-3~1 .o p+(p,n) + C rr (allowed) 

o.8+o.4 p+(p,n) rr-(allowed)c -
0.8+0.4 p+(p,n) rr0 (allowed)b - . 

1.7:0.9 I 

I ? 
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TABLE II.4 

THE ISOBAR MODEL FOR pN ..--:,NNTT 

+ pp-;).6 p 

~~n -n+np 
0 

1T p TT pp 

<: -, n 
-n+p -n+pn 

pn~ ~ o 
rr0 np rr n 
-

TT p TT pp 
+ ~ .6 n 

~ -n+n -n+nn 
TToP TT0 pn 

thus, ignoring interference, -n+: TT0 : rr-= (3/ 4·1+1 / 4°1 / 3):1 / 4°2/ 3:o 

= 5/ 6: 1 / 6 : 0 

Similarly for the pn collisions: 

I?// ):=c / ~ o > = Jf / /7 L1-/-> - ff/? LJ e, )> 

/ Ll 17 > ~ / -~ --£ _) = /s /)T"O,;; > ~ vff /2T-_,,?> ~ 

therefore n+:rro:rr-=1/2·1 / 3 : (2/3·1 / 2 +1 ; 2·2/ 3) : 1/2°2/ J 

=1/6:2/3:1 / 6 
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TABLE II,5 

THE ISOBAR MODEL AND FERMI STATISTICAL WEIGHTS FOR PN -:7NNrr 

Reaction Isobar model Statistical Weight .I 
-

T=O T=1 T=O T=1 

pp~nprrt- 5/6 3/4 

pp➔ pprro 1/6 1/4 

- 1/6 1/3 1/4 np~pprr -
' 

np-:)nn-,-;t- -
I 

1/6 1/3 '. 1/4 
' 

np--,)nprr0 - 2/3 1/3 : 1/2 
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TABLE II.6 

PARTIAL WAVE ANALYSIS OF pp- rrNN FOR THE MANDELSTAM MODEL 

ppstate ( 6N)state (NNrr ) state 
OJo ✓// 

/So - (~µ ( :5Pc, :;, )o 

/4'.1I -~) 
3 I 

{ ~.5 )'&-Pz. ( ~ I ;:il 
z ) ,,__ 

('l1 ?)~ . (/.5o5)~; ( 3/-;;:>)0 .3,,q ~~ > P)o 
3/; (Ll 1) P;//LJ! q)/ (~ , s);J(P?)/ (3 Po)/, 2-j)~ 
3_,q ~/2" ( Ll; )q),, (LJ~ ~Ji. (/P;p)z_ (s A; z.,),P J 2-

"'-) 

{ 3/::;J-z, _,,P )3 .3/:; (Lit /2) ) z,) 

3 ~} ,,,. ;~ I 

I l 
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TABLE III .1 

EFFECTIVE NUCLEON NUMBER FOR VARIOUS TARGETS FOR VARIOUS (T 

o2 (mb) 0 10 20 30 40 50 60 

N(20~fo) 20.0 16.2 13.4 11.5 9.98 6.83 7.93 

N(27Al) 27.0 21.0 17 .0 ]4.3 12.2 10.7 9.55 

N(40ca) 40 .0 29.6 23.l 18.8 15.9 13.7 12.1 

o-;'=Omb. N(64cu) '54.0 44.0 32.8 26.0 21.5 18.4 16.l 

N(l08Ag) 108 67.9 48.l 36.9 30.0 25.3 . 22.0 

N(l40ce) 140 83.9 57.8 43.8 35.3 29.7 25.6 

N(208Pb) 208 115 76.3 56.7 45.2 37.7 32.5 

o2 (mb) 0 10 20 30 40 50 60 

N(20Ne) 14.2 11.3 9.34 7 .93 6.88 6.09 5.47 

N(27Al) 18.1 13.9 11.l 9.24 7.91 6.92 6.18 

N(40 ca) 24.7 17 .8 13.7 11.1 9.32 8.07 7.14 

o;=17mb. N(64Cu) 35.6 23.6 17 .2 13.4 11.1 9.50 8.35 

N(lOSAg) 52.8 31.1 21.3 16.2 13.1 11.2 9.76 

N(140ce) 63.9 35.3 23.4 17 .5 14.2 12.0 10.5 

N( 208Pb) 85.1 42.2 26. 7 19.7 15.8 13.3 11. 7 

o 2 (mb) 0 10 20 30 40 50 60 

N( 20Ne) 12.2 9.iO 7 .99 6.77 5.88 5.21 4.69 

N(27Al) 15.3 11.6 9.31 7.73 6.62 5.81 5.19 

N(40ca) 20.3 14.6 11.2 9.02 7.59 6.59 5.85 

~=26mb. N(64Cu) 28.4 18.6 13.5 10.6 8. 77 7.54 6.67 

N(l08Ag) 40.7 23.7 16.2 12.3 10.1 8.64 7.62 

N(l40ce) 4S.5 26 .4 17.5 13.2 10.8 9.20 8.12 

N(208pb) 63.2 30.8 19 .5 14.5 11.8 10.1 8.93 

o 2 (mb) 0 10 20 30 40 50 GO 

N(20l'\e) 10.1 8.02 6.60 5.60 4.87 4 .32 3.90 

K( 27 Al) 12.4 9.43 7.53 6.26 5.38 4.73 4.25 

/,(40ca) 16.1 11.5 6.80 7 .14 6.04 5.27 4.70 

~=39mb. N(64cu) 21.9 1-1.2 10.4 8.18 6.S3 5.92 5.27 

N(lOSAg) 30.6 17. 7 12.1 9.35 7 .75 6.71 5.97 

.N(l40Ce) 36.0 19.5 13.0 9.96 8.24 7.14 6.36 

A(206pb) 46.2 22.4 14.4 10.9 9.05 7.85 7.01 



TABLE IV .1 

AVERAGED PRODUCTION RATES IN ,,b/MeV. sr 

KErr(MeV) 100 150 200 250 300 
I 

350 

c ·~ I I 
5.9 C 5. 5) 9.0 9.9 6.9 2.4 (2.1) 0.2 

dJ-z.. 
0.1 (0.1) 0.6 2.2 4.o 2.6 (2.2) 0.7 

d V/JeL,,1.-/Y"cn-, 

I I 
1 • 0 (0.9) 1 • 1 i 1.2 o.4 0. 1 I Co.1) ' i 

I ! 

d ?-T O-I-Or I 7.0 I C 6. 5) i 10.7 ! 13.3 11 • 3 I 5. 1 (4.4) . 0.9 
! 

Note that the quantities in brackets are those with t he 

Pauli Exclusion effects included. 

TABLE IV.2 

EFFECTIVE NUCLEON NUMBER 

KE (MeV) 
7T 

100 200 300 

Carbon:Neff 2.7 (3.0) 2.5 2.8 (3.3) 

Lead:Neff 6.8 C 7. 5) 6.0 7.5 (8.9) 

105 

Note, again, that the quantities in brackets are those with 

the Pauli Exclusion effects · included. 
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TABLE V .1 

RESULTS FOR TOTAL PRODU'.::TION CROSS SECTIONS .(mbl 

a(:r•) <7(11'-) 0'(11'+)/0'(lf-) 

Nucleus R (fm) calc exp calc exp calc exp 

'Be 3.12 28.8 27.3±1.4 5.99 6.49± 0.37 4.8 -1.3 . 

uc 3.205 36.1 35.0±1.8 6.54 6.64 ± 0.41 5.4 5.3 

21Al :u8 50.9 53.1 ±2.9 12.5 13.2 ±0.9 4.1 4.0 

48Ti 4.69 74 .0 67.0±3.6 21.6 21.2 ±1.6 3.4 3.2 

slcu 4.97 82.0 77.3±4.3 25.4 25.2 ±2.0 3.2 3.1 

108Ag 5.72 97 .3 91.6±5.1 37 .5 35.0 ±3.0 2.6 2.6 

181Ta 7 .10 136.2 101.0±5.6 62.4 51.4 ±4.7 2.2 2.0 

2oapb , 7 .11 128.9 10-1.2±5.8 &L3 53.7 ±4.9 2.0 1.95 

107.9±5.9 70.0 60.4 ... " " 1.9 1.9 232Tb 7.37 134.9 -0.0 

Note that experimental values from Cochran et al. (1972). 

TABLE V.2 

ORIGINS OF PRODUCED PIOtJS SOR'T'ED INTO SIX NUCLEAR 

BINS ACCORDING TO FIGURE 5'. 1 J 

Din oi(rr•) 'h of :r• ai(rr-) r;; of ir-

/ 1 27 .2 25.1 8.-1 15,5 

2 48.7 -15.0 17.8 39.0 

3 6.1 5.G 3.7 8.1 

4 11.1 10.3 5.4 li.7 

5 12.3 11.4 7.8 17.1 

6 2.9 2.7 2.5 22 
Totals 108.3 100.1 .J5.6 99.9 



TABLE V.3 

EFFECTS OF THE VARIOUS rTUCL"EAR COR.REC~Ions {ONE 
. /l.. Tir!r, ON PRODUCTIOH CROSS SECTIOTIS FQR P.B. 

u(r.•) % Change a(;;-) ~ Ch:inge a(;; •)/01::--) ':o Change 

(a) Experiment, taken frQm Ref. 2. 

104.2± 5.8 53.7i4.9 1.94 ± 0.21 

(b) "Standard calcul:lti.:rn," Saxo~-\\'oods density with r 0 =G.GG fm and a =0 .50 fm, nucleon 
charge exchange, and all nuclear corrections of Sec. m. 

108.2 45.6 2.373 

AT 

(c) Same as (b) but without Fermi averaging, Pauli principle, and pion-potential corrections 
for a .. ,cxch• 

105.2 -2.8 49.8 +9.2 2.113 -11.0 

(d) Same as (b) bt1t without Fermi a,·eraging and r.ucleon-potential corrections for d 2u ;.,,/ 
dTdfl. 

193.1 +78.5 62.0 +35.9 3.116 +31.3 

(e) Same as (b) but without Pauli-principle correction for u N,c.«h' i.e., a:f ,c ,ch =3.8 mb. 

107.2 -1.0 47.9 +5.0 2.238 

(f) Same as (b) but with no nucleon exchange at all, oN,cxch=0. 

114.0 34.1 -25.2 3.341 

(g) Same as (b) but with sharp-edged uniform sphere dt>,1sity of radius R =7.11 rm 
92.4 -L4.6 43.6 2.117 

TABLE V.4 

EFFECTS OF N1JCLEAR CORRECTIONS 

a• % change o % change Hatio % chang,~ 

;:.,-periment 
:04.2 ± 5.8 

::lndard 
:4S. 7 

53.7c:c4.9 

56.6 

1.94 ± 0.21 

2.G3 

.- •• " ch corrected for P:1uli principle 
:56.2 . +5 . ] 47:6 -15.8 3.28 

/u,,.,/dfldT corrected for Fermi motion 

+24 .8 

l~l.5 -18.3 46.4 -1 S.O 2. 62 -0. 4 

r .v.nch corrected for Pauli principle 
150.9 +1.5 53 .6 -5.3 2.81 +7. 1 

-5.7 

-+-10.9 

-10.8 
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APPENDIX A 

THE NUCLEON-NUCL EON INTERACTION 

From the extended Pauli Principle, the 2-nucleon system 

must be in an overall antisymmetric state with respect to 

space, spin and i~ospin. 

Symmetry Spectroscopic Interacting . 
Space Spin Isospin Classification System 

:?, s 3 
s s a D,.,. .,_ np I , ) . 

s a s ' s ID~ l 
{ pp,nn,np 

u 

:I ., J a s s P.,,,, .. F:., 
I I 

a a a I P, ' F~ np .:, 

where a denotes antisymmetric ands denotes symmetic, and 

where for isospin: T=1 =?:> sand T=O ~ a, for spin: 8=1 ~ s 

and S=O ;> a, for space: 1 even ~ s and 1 odd =;;; a. 

of 

The nucleon-nucleon system can also be classified in terms 

isospin: 

Spectroscopic 
Classification 

Ip ?·} l 

~s n· 
I ''"-.. ,, 

's 'D} 0 

?,Fl 3p 
'11, 1.. .-'!, 

'I 

Interacting Total 
System Isospin 

np · O 

f:l { 1 } 

T 
T 

3 

0 

1 

0 
-1 
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The allowed partial waves in nucleon-nucle·on sea ttering 

are easily calculated for given T, J: 

J 

0 

1 

2 

3 

4 

T=O 

'P 3s £ 'D 
I ) I I , I 

-sD~ 

1 F !D £ 3G l ) 3 ~ '3-

~G 
4 

T=1 

's 
") 

3
Pa 

:.P, 

'D 
~ ") 

3 p ,.,.. 3F 
:c. ~-z. '2.. 

3 FJ 

IG 3F l 
4- ) 4- E.,, H

4 

where thei_are mixing parameters due to two states having ..., 

the same J and the same parity, ie. 1 is not a constant of the 

motion although J is. 
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