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ABSTRACT 

A technique has been developed whereby the three-dimensional motion 
of tracers in a fluid flow is automatically analyzed. Simultaneous 
orthogonal views of the tracer-seeded flow were recorded by a single 
hfgh speed cine camera through a split field mirror system, and succes­
sively converted to machine readable form by a video digitizer. The 

images were digitally enhanced to separate the tracers from the con­
trasting background even in conditions of poor picture quality. Algo­
rithms were developed to match the projections of indfvfdual tracers in 
the two views. obtain the three-dimensional co-ordinates, follow the 
tracers from frame to frame and compute the velocity vectors along the 
particle trajectories. Eulerian information was derived from the pool­
ed velocity data pofnts by interpolation on a regular spatial grid. 

Tests of the method on various types of particle trajectories ob­

ta1 ned fn a small water tunnel have shown that the tracking is reliable 
even for rapidly changing and closely spaced paths. 

Examiners: 
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CHAPTER 1 

INTRODUCTION 

Of the various methods of examining and measuring the character­

istics of fluid flow, direct observation of the motion of tracers is 

undoubtedly the most easily implemented and versatile technique. For 

certain applications, the use of long exposure photography gives a 

useful record of both position and mean velocity of tracers. If the 

intensity of the 1 ight source during the recording time has a sharp 

rise and a progressive decay, as with an electrical discharge tube, 

then it is possible to interpret the direction of motion of the tracers 

from the brightness distribution along the tracer streaks. Special 

shutters that open quickly and then progressively reduce the aperture 

also achieve the same effect. 

The use of high speed photography to obtain a time sequence of trac­

er locations is useful where precise knowledge of particle position at 

narrowly spaced time intervals is required. If a tracer can be identi­

fied in successive frames, then the velocity can be reconstructed with 

a time base equal to the framing period. A record of the position-time 

history of flow tracers gives not only the time resolved particle velo­

cities throughout the flow field, but also, by application of the equa­

tions of conservation of energy and mass, the hydrostatic and dynamic 

pressures, and the density in a compressible flow (Dewey, 1971). How­

ever, the process of manually following particle trajectories from a 

series of photographs is tedious, and if several paths intersect it may 
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become difficult. The di ffi cul ty is compounded if the fl ow to be 

visualized is three-dimensional, because a single view of the tracer 

field is no longer sufficient. 

When it is necessary to measure the position of tracers in space, 

two or more views of the test section, taken from different angles, 

must be correlated. The process of reconstructing the spatial position 

of a point from its location in each distinct view is the object of 

photogrammetry techniques. The most common photogrammetri c methods 

use two views. Although the directions from which the views are taken 

can be set arbitrarily, the two preferred arrangements are stereoscopic 

and orthogonal images. 

Stereoscopic image pairs are recorded using two adjacent lenses, 

whose separation is usually the same as the average spacing of the 

human eyes. Each lens produces its own image on film. Because the two 

views are taken from slightly different positions, there is a change in 

parallax between them. Relative positions of objects in the near •field 

will exhibit a greater shift in the two views than objects in the far 

field. Information about the depth of the scene is therefore contained 

in the stereoscopic pair. in a form that the human mind is naturally 

trained to interpret. If each recorded view is presented to the cor­

responding eye. an observer will mentally reconstruct the original 

image in its full three-dimensionality. Unlike a holographic record­

ing, however, the reconstructed image only shows the scene as seen from 

the particular vantage point at which the stereo camera was located. 
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Stereoscopic cinematography has been used by various investigators 

to visually describe turbulent patterns in boundary-layer flows 

{Praturi and Brodkey, 1978) and in mixing processes {Tatterson et al., 

1980). In these studies the analysis consisted of direct observation 

at low framing rates of high-speed movies taken with a stereoscopic 

camera head. To obtain the three-dimensional effect from such movies a 

special projector head is used which superimposes on the screen the 

images for right and left view. Each view is 'coded' within the pro­

jection system either by colored filters {usually red for one view and 

blue for the other) or by polarizers oriented perpendicularly. The 

observer wears glasses with correspondingly colored filters or oriented 

polarizers, so that each image is only allowed to reach the appropriate 

eye. 

Complex three-dimensional flow patterns can be visually analyzed 

with the above method, but only in qualitative form . To compute pre­

cisely the positions of the tracers, measurements taken separately in 

the two views must be correlated mathematically. Sheu et al. {1982) 

performed manual tracking and digitization of tracer positions in 

stereo pairs, followed by data reduction and plotting by computer. To 

simplify the task of associating pairs and following individual trajec­

tories, they took advantage of the brain's natural capability of re­

constructing stereo images by adding a stereoscope to the viewing and 

digitization system. The observer used the stereoscope to identify 

corresponding tracer images and acquire a feeling for their motion in 

space. He then digitized the co-ordinate s of tracers in the stereo 
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movie in a fixed order to match the images in a stereoscopic pair and 

the corresponding tracers in successive frames. More recently, Chang 

and Tatterson (1983) presented a more sophisticated system in which the 

tasks of frame digitization, image correlation and trajectory tracing 

are entirely automatic. Their analysis system included image process­

ing of cinematographic records to locate the tracer images, correlation 

of tracer positions in the two views and frame-to-frame tracking. 

Stereoscopic photography has the practical advantages of using a 

simple optical accessory directly attached to the camera and of requir­

ing access to only one side of the apparatus under study. In terms of 

accuracy of reconstruction, however, the method is relatively poor. 

Due to the short baseline between the two viewpoints , and consequently 

the small difference in parallax for objects in various planes, even 

small inaccuracies in locating the images in each view may lead to 

gross misplacement of points along the 'depth' dimension. This problem 

forced investigators (Sheu et al., 1982) to introduce empirical cali­

bration curves in the reconstruction equations to reduce the error. 

It would be possible to increase the accuracy of the stereoscopic 
I 

method while still conserving most of its benefits by increasing the 

length of the baseline between the viewpoints. This would preclude the 

possibility of true-to-life scene reconstruction by observation through 

a sterescopic projection system, since the parallax between views would 

be different from the one given by the normal spacing of human eyes . 

For photogra111T1etric analysis of the viewfield, on the other hand, the 

greater spacing would be perfectly acceptable since the reconstruction 
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algorithm has no preconceptions about the position of the 'eyes' that 

supply its data, provided their separation is known. By the same 

token, there is no requirement that the two axes of the optical system 

be parallel as they are in the usual stereoscopic arrangement. 

The most advantageous geometry with non-parallel optical axes is the 

arrangement with perpendicular views . With this method, each view 

gives a virtually direct measurement of two of the three spatial co­

ordinates of a tracer, one co-ordinate being common to both views. 

Unlike photogrammetry from stereoscopic images, orthogonal-view photo­

grammetry is not plagued by an intrinsically less accurate dimension 

which can only be measured indirectly from parallax relations. Ortho­

gona 1 views have been used in various high speed photography app 1 i ca­

tions where complex motion of objects must be analyzed. A recent exam­

ple is Hyzer' s (1984) study of the motion of a disc in a magnetic 

field, performed using a system of mirrors on an optical bench to re­

cord the two views on film as a split-image. The analysis of that 

experiment involved digitizing selected points of the disc's image in 

the two views and reconstructing their three-dimensional locations by 

computer. 

An optical system that created overlapping perpendicular views was 

used by Caffyn and Underwood (1952) to measure velocity profiles in 

11 quids by stroboscopic photography of tracers. The displacement be­

tween tracer images on film was analyzed with a travelling microscope. 

Winter (1958) adopted an orthogonal-view approach with separate camera 

positions to photograph the complex three-dimensional flow field in a 
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free jet. The method, however, is not as suitable as stereoscopy for 

direct visual analysis because the human mind is not well suited to 

correlating pairs of images taken from entirely different directions. 

The lack of obvious similarities between the two views makes the task 

of identifying and following individual tracers an arduous one without 

computer assistance. Because of this difficulty, the orthogonal-view 

analysis method has not enjoyed the same popularity as the stereoscopic 

method for three-dimensional flow visualization. Peskin (1972), as 

part of his doctoral thesis research, designed a perpendicular-view 

optical system which he used to obtain high speed cinematographic rec­

ords of the motion of tracers in the in vitro fl ow through heart 

valves. Although he did not develop a full analysis method for · data 

from such records, he did discuss some aspects of the reconstruction of 

spatial co-ordinates and the subsequent data processing. 

In summary, orthogonal-view visualization of tracers in a three­

dimensional flow field has the potential for maximum accuracy of mea­

surement, but the manual digitization of a large number of tracers in 

non-stereoscopic pairs is difficult and tedious. 

A system for the automatic analysis of orthogonal-view cinematogra­

phic records of tracer motion is the subject of this thesis. Table 1 

gives a sunwnary of the steps i nvo 1 ved in the procedure. The method 

bears some affinity to the one used by Chang and Tatterson (1983), but 

has been developed specifically for perpendicular views. A report on 

some aspects of this system has been given by Racca and Dewey (1984). 

The visual data from experiments are recorded on film using a high 



7 

TABLE 1 

Summary of Analysis Stees 

Hi gh speed photography of orthogonal views 

Video digitization of film 

Enhancement of images to locate tracers in each view 

Matching of tracer projections i n the two views 
to obtain three-dimensional co-ordinates 

Tracking of spatial posi tions of tracers 
in successive frames 

Processing of the trajectory data 
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speed movie camera and an orthogonal-view optical system based on 

Peskin 1 s (1972) design. The images on film are successively transfer­

red to a computer as digitized matrices of intensity values. Three 

independent steps are then used to analyze these records. First, the 

di gi tf zed images are processed to isolate the tracers from the back­

ground and locate their centres in the two views. Both the brightness 

of the tracer fmages ·and the sharpness of their edges are used as rec­

ognition criteria , achieving a capability of interpreting even low­

quality images. Next, the tracer positions in the two views are com­

bined to yield three-dimensional locations. The matching process , 

which is based on similarity of location along the axis conwnon to both 

views, i ncludes compensation for parallax . The last step consists of 

following the displacement of individual tracers from frame to frame to 

map their trajectories. Further processing that computes tracer veloc­

ities along identified paths and interpolates the three-dimensional 

velocity field through the available data is also presented in this 

work. 

The method has been tested on flow patterns generated in a small 

vertical water tunnel. Resin beads having density similar to that of 

water were used as tracers. Cine recordings were taken at framing 

rates of 100 to 200 pictures per second. Analysis examples will be 

shown for tracer motion in the steady fl ow through the unrestricted 

test section and in the unstable flow obtained downstream of a sharp­

edged orifice. 



CHAPTER 2 

ACQUISITION OF VISUAL DATA 

2.1 Orthogonal-view optical system 

9 

In situations where the size of the observed volume allows it, the 

two perpendicular views required for reconstruction of the spatial 

positions of tracers are best recorded by a single camera through a 

suitable split-view system. This eliminates the problem of camera 

synchronization and reduces the overall cost of the equipment. For 

larger-scale applications, on the other hand, the use of separate cam­

eras may be appropriate. Synchronization of separate image systems 

could be achieved easily by electronic means if video cameras were 

used, whereas conventional f1 lm cameras would require a linked feed­

back loop to control the speed of the drives. 

Any optical system that can present two perpendicular views of the 

subject as adjacent images can be adopted in a single-camera arrange­

ment. It is convenient to make the optical path length for the two 

views the same in order to have identical parallax in the two images 

and hence simplify the matching of features. Although prisms or opti­

cal fiber bundles might be used in specialized applications , mirrors 

appear preferable in most cases. 

Mirror systems that perform the transformation from perpendicular 

to adjacent views have been used by various experimenters in different 

ff el ds . Ff gure 1 shows two such arrangements, used by Hyzer (1984) 



object 

a) 
to camera 

object 

b) 

to camera 

Figure 1. Mirror arrangements for simultaneous viewing from 
orthogonal directions, used by a) Hyzer (1984) and 
b) Peskin (1972) . 
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(figure la) and by Peskin (1972) (figure lb). In Hyzer's apparatus the 

mirrors are mounted on an optical bench, and their positions are ad­

justed to make the two optical path lengths equal for a given location 

of the object. Peskin's system lends itself to compact packaging in a 

self-contained device, suitable for observing a volume of several cen­

timetres cross section. A suitable light source aimed at the object 

can be located in the central area of the arrangement without creating 

reflections that may reach the camera. Such a system was chosen for 

the work described in this thesis. Figure 2 shows the assembled opti­

cal device. All the mirrors were glass, front-surface aluminized, 

inserted into precise grooves in the wooden base that held them perpen­

dicular to the same plane and in the proper geometrical layout. A 

metal lid, not shown in the photograph, protected the optical surfaces 

from dust. The lid and the base had a frontal cut-out that allowed 

insertion of the test section of a flow chamber in the appropriate 

position. The lid also had a central, square cut-out to acco11111odate a 

lighting device. A black frame facing the camera, with two adjacent 

openings for the two views, prevented stray light from reaching the 

lens. A threaded mount underneath the base was used to mount the de­

vice on a tripod. The useful field observable with this device was 

roughly 11 x 11 cm horizontally and 12 cm in height. 

Several lighting devices were tried in the arrangement described 

above, with the goal of maximizing light intensity and uniformity while 

preventing reflections off the window surfaces from reaching the cam­

era. Some of the possible geometries are shown in figure 3. In figure 
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Figure 2. Orthogonal-viewing mirror system. 
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a) 
to camera 

b) 

to camera 

c) 
to camera 

Figure 3. Lighting arrangements within the mirror system: 
a) two vertically-oriented linear quartz lamps ; 
b) one vertically-oriented linear quartz lamp; 
c) one horizontal quartz lamp with reflector. 
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3a two 8-cm, 1000W linear vertically oriented quartz lamps, with no 

reflectors, were used. In figure 3b only one such lamp was used, lo­

cated as far away as possible from the test chamber. With these lamps, 

forced air ci rcul at ion by a small fan was necessary to prevent over­

heating, even for brief periods of operation. It was found that re­

flections from one area or other of the windows were unavoidable with 

these placements of the lamps, although they could be minimized by fine 

adjustment of their positions. Figure 3c shows a different approach 

which gave substantially better results. Here a single 800W Sylvania 

DXV quartz lamp housed horizontally in a 3-inch (diagonal) Bolex cine 

reflector was placed as far back as possible in the central area. The 

light intensity level obtained with this arrangement was lower than 

with either of the previous ones, but the uniformity was better and 

unwanted reflections could be almost entirely eliminated. The heat 

generated was tolerable without forced cooling for periods of operation 

up to 10 seconds with an off/ on duty eye 1 e of at 1 east 2 to 1. The 

Bolex illuminator was eventually chosen as the most appropriate light 

source. 

2.2 Alignment of optics 

A number of fundamental rules had to be followed in setting up the 

optical system consisting of camera, mirrors and test section. Accu­

rate reconstruction of the three-dimensional information from the re­

corded images depended on the observance of certain geometrical rela-
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tions on which the photogrammetric analysis was based. 

It is important to differentiate between geometrical distortions 

that do not alter image parallax relations and those that do. The 

former, which are introduced by such factors as misalignment of the 

film projector with respect to the digitizing camera, can be corrected 

using fiducial marks located in a single depth plane of the original 

scene. On the other hand, misalignment of the optical system used to 

record on film a three-dimensional scene is liable to produce geometri­

cal changes that cannot be compensated by such a scheme. 

In situations where the relative positions of camera and subject are 

difficult to control, such as large-scale experiments, it is necessary 

to introduce in the field of view markers at various distances from the 

camera and apply three-dimensional correction schemes. In the present 

work, where it was possible to accurately arrange the different compo­

nents, the correctness of all geometrical relations could be ensured 

before the recording. The need for markers on several planes was then 

eliminated. 

The prescribed alignments between the various elements of the opti­

cal system were performed in two steps. First, the mirror complex was 

aligned with respect to the test section of the flow channel. Second, 

the high-speed camera was aligned with respect to the rest of the 

equipment. For each step, a set of alignment rules was defined and a 

protocol developed. 

Alignment of the test section with the mirror system was required so 

that fiducial marks located at the corners of the windows could be used 
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for later geometrical corrections. For a test segment of square cross 

section, the following two conditions had to be met: 

a) all the mirror surfaces and both windows must be perpendicular 

to a common plane, referred to as the x-y plane, and 

b) the axis of symmetry of the mirror system must be a diagonal of 

the test section. 

To achieve condition a), a plane perpendicular to the window sur­

faces was physically defined and used as a reference to align the mir­

ror system. A sheet of light, obtained by placing a cylindrical · lens 

in the path of a laser beam, was used for this purpose. The light 

sheet was shone onto the test section and oriented so that it met ex­

actly a set of four co-planar fiducial marks around the perimeter of 

the flow channel. By this operation, the light sheet was made perpen­

dicular to both window surfaces. The mirror system was then introduced 

in its intended position and a screen attached to it in front of the 

cut-out where the test section usually rested, requiring temporary 

removal of the flow channel. The cut-out allowed observation of the 

screen. If the light sheet was perpendicular to all the mirror sur­

faces, the projections from the right and left halves of the mirror 

system appeared as collinear, overlapping segments. Once this align­

ment was achieved, the test channel was returned to its original posi­

tion. In applications where the flow tube could not be easily moved, 

the mirror complex might be translated in a self-parallel fashion on an 

optical rail mount. 

Condition b), which insured that the optical axes for the two views 
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impinged symmetrically and perpendicularly in the x-y plane on the 

respective windows, was achieved mechanically by means of a template 

mounted under the bottom of the mirror box . The template was previous­

ly adjusted in tilt and forward position to be aligned with the axis of 

the box and keep the test sec ti on at the proper di stance. When the 

flow channel and the mirror complex were brought together, either com­

ponent could be rotated and/or translated in the x-y plane until the 

template matched the frontal corner of the test section. The simplici­

ty of the operation, and also the advantage of being able to preset the 

distance between windows and mirror surfaces in a repeatable fashion, 

made this technique preferable over optical methods. 

The optical axis of the high speed ~amera was aligned with the rest 

of the system according to the following rules: 

a) it must be parallel to the axis of symmetry of the mirror sys­

tem; 
b) it must be contained in the p 1 ane of sy11111etry of the mirror 

system perpendicular to the x-y plane, and 
c) its z position (that is, measured orthogonal to the x-y plane) 

must be at the centerline of the windows. 

To fulfill condition a), a laser beam was again used as reference. 

Without altering the alignments set in the previous phase, a mirror was 

attached to the frame of the mirror box facing the camera. The sup­

porting structure of the box held the mirror perpendicular to the axis 

of symmetry of the orthogonal-view system. With the camera temporarily 

set aside, the unexpanded beam was shone onto the mirror and adjusted 
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until the incident and reflected rays coincided. The alignment mirror 

was then removed and the camera was placed at the proper distance from 

the rest of the optics, roughly on the correct line of sight. The 

image was framed in the viewfinder so that the two adjacent views 

filled the available area, with some border space being left to allow 

for edge cropping during projection. A mirror was attached to the back 

panel of the camera, which is perpendicular to the axis of the objec­

tive lens, so that it was struck by the laser beam. Proper alignment 

according to condition a) was obtained by swinging and/or tilting the 

camera on the tripod mount to bring the incident and reflected rays to 

overlap. By self-parallel translation and elevation of the c~mera, a 

crosshair at the center ·of the viewfinder was brought to coincide in 

one direction with the midline of the mirror box frame and in the other 

direction with the common midline of the adjacent window images. This 

satisfied conditions b) and c) respectively. In practice, since the 

camera could seldom be displaced quite parallel to itself, re-orienta­

tion of the axis and centering of the image had to be iterated until 

all conditions were met. 

2.3 Image digitization 

The process of turning visual information from an experiment into a 

digitized form understandable to a computer can be performed in several 

ways. The relatively high framing rates required in many flow visual­

ization applications pose practical limits on some of the methods. 
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The most efficient path would be to link directly a fast-scan TV 

camera and controller system to a high-throughput analog-to-digital 

converter, capable of sampling all the image elements in a frame sever­

al hundred times a second. The speed requirements posed on such a 

system are considerable: for a good resolution, 400x400-element image, 

160000 data conversions must be performed for each frame. Just to 

achieve framing rates of the order of 200 pictures per second, a 32 MHz 

data conversion rate is needed, a figure at the upper end of today's 

technological capabilities. 

A hybrid system using high-speed analog video recording followed by 

video digitization of the recorded signal is the next choice. Here the 

burden o-f high framing rate processing is removed from the ana 1 og-to­

di gi ta l converter, since the video tape can be adequately slowed down 

at playback.. However, only very few video recording systems exist that 

allow framing rates higher than the customary 30 per second of ordinary 

television systems. In this field the mark.et is currently dominated by 

the Kodak Spin Physics SP2000 motion analysis system. This remarkable 

unit can record at a maximum rate of 2000 images per second for one 

minute, and allows playback in standard NTSC {National Television Sys­

tem Committee) format with various built-in editing and processing 

features. The cost of such a system limits its attractiveness for many 

research applications. 

A third solution, which uses more readily available technology, has 

been adopted in this work. The crucial task of high-speed visual data 

acquisition is performed using a fast conventional movie camera, an 



20 

instrument which - though sophisticated - is virtually standard equip­

ment for most flow visualization applications. The processed film is 

then video digitized by projecting each frame in front of a TV camera 

connected to an analog to digital converter system. No speed require­

ments, other than those arising from practical convenience, are posed 

on the di giti zing system. This a 11 ows the use of standard, moderate­

cost devices using either vacuum tube or solid-state technology for the 

image pick-up. The high-speed movie camera used here was a HYCAM 

{Redlake Corporation, Santa Clara, Ca.), capable of regulated framing 

rates of up to 5000 pictures per second on 16-mm film. Excellent 

results in terms of image resolution and exposure speed are obtained 

using fast colour reversal film such as Kodak Ektachrome 7250, rated at 

400 ASA. This film can be push-processed to a speed of 800 ASA without 

pronounced degradation in image quality. 

The processed film was projected on a frosted-glass screen using a 

16-mm projector {model 224-A, L-W Photo-Inc., Van Nuys, Ca.) capable of 

single frame advance. A video camera looking at the other side of the 

screen picked up the image to be digitized. The axes of projector and 

TV camera were approximately aligned with each other and normal to the 

screen. Geometric correction in the analysis software eliminated the 

need for precise alignment. After each frame advance the shutter had 

to be arrested in the fully open position. Some projectors, among them 

the 224-A, keep the shutter in motion when the film transport is 

stopped to maintain the apparent frame brightness constant, with the 

result that parts of the picture that happen to be sampled when the 
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shutter is closed will appear black in the digitized picture. 

The video digitizer system consisted of a HAMAMATSU Vidicon camera 

and ClOOO controller, connected to a Digital Equipment Corporation 

LSI-11/23 system. The image sampling software makes use of a pre­

written FORTRAN subroutine package running under the RT-11 operating 

system. The data transfer between the controller and the computer was 

performed using Direct Memory Access (OMA), thus minimizing overhead 

time. The digitizer was capable of resolving 1024x1024 image elements 

(pixels) in a full frame, but the time required for a scan at this 

resolution is almost seven minutes. At a resolution of 512x512 pixels 

per full frame, whi ch is customary for many image processing applica­

tions , the scan time is slightly over one and a half minutes. More 

modern 
I 
slow' image acquisition units such as the sol id-state EIKONIX 

EC 78/99 would reduce thi s time to a matter of a few seconds. Each 

sampled picture element was converted in the HAMAMATSU system to an 

integer between O and 255, hence allowing a maximum of 256 shades of 

grey to be differentiated. The width of the useful frame area on 16 nm 

film shot with the HYCAM is 10 nm. Assuming that the width of the 

projected frame spans the entire video field, the spatial resolution at 

the film plane is 19.5 µm in the 512x512-pixel mode. While limited 

compared to the resolving power of the film itself, thi s pixel size was 

sufficiently fine to reveal accurately the tracer images. The scanned 

field could be c ropped on any side if the area to be analyzed did not 

occupy the entire video field, and the digitization time was reduced in 

proportion. 
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The di gi ti zed images were temporarily stored on an RLOl hard disk 

unit on the LSI-11 system. The intensity values for each image were 

organized as an unformatted direct-access file. A subsidiary formatted 

header file contained information such as the dimensions in pixels of 

the image in the corresponding data file and optional co111t1ents on its 

nature. The size information in the header file was necessary so that 

other software could reconstruct the record 1 ength of the data fi 1 e 

{which is related to the height of the scanned field). The files were 

transferred off-line, using floppy disks, to a VAX 11/750 system for 

analysis. 
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A digitized image, however obtained, is a matrix of intensity 

values. The (i ,j}-th element is a number that depends, usually in a 

linear fashion, on the brightness of the image at the intersection of 

the i-th row and the j-th column of pixels, which are discrete image 

elements arranged in a regular grid. The range of values that the 

elements can assume depends on the precision to which the conversion 

from intensity, or an analog electric signal proportional to it, to 

numeric fonn has been performed. If the analog-to-digital converter 

has a precision of eight bits, the highest intensity value (white} will 

be represented by the number 255 (28 -1, or 11111111 in binary}, while O 

always represents black. 

The intensity matrix can be manipulated in a variety of ways, which 

result in changes to the image it represents. Alterations may be made 

both to the order of the elements and their values. 

Re-ordering of the matrix elements produces geometrical changes of 

varying degrees of complexity in the image. For example, if the image 

is described by an n x m matrix F, a new matrix F' obtained by 

f'i . = fi +l- ' describes a right-left inverted image. This transfor-,J ,m J 

mation amounts to multiplying the original matrix F by an m x m matrix 

A given by ai,j = om+l-i,j • 
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Much more useful in the field of image processing are matrix opera­

tions that leave the image geometrically unchanged but modify the in­

tensity distribution to augment selected features . Depending on their 

effect on the image, various manipulations go by the name of contrast 

enhancement, edge enhancement, frequency filtering and so on. Some of 

these operations affect the value of one pixel independently of those 

of its neighbors, and are therefore called point-dependent processes. 

Other operations, known as region-dependent processes, use the original 

values in a prescribed neighborhood of a given pixel to determine the 

new value at that pixel. Many contrast enhancement techniques fall 

into the first category, whereas edge enhancement and filtering methods 

are usually of the second type. 

A picture that has been enhanced or manipulated as previously men­

tioned sti 11 constitutes a single image space, a 1 though to a human 

observer it may appear to be composed of well defined regions such as 

a figure and a background, in the simplest case. To emulate on a ma­

chine - at least partially - the human perception of an image, the 

regions of interest must be extracted from the intensity matrix . The 

term 'segmentation' is used to denote any process whereby the image 

space is partitioned into regions that are meaningful for the particu-

1 ar application involved. For certain image recognition procedures 

this is a very complex task, in which a wide array of visual character­

istics of objects to be identified must be taken into account . For 

other applications, much simpler criteria are adequate. Depending on 

the situation, the segmentation problem can best be approached as a 
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point- or a region-dependent process . 

A typical machine vision application, at any level of complexity, 

usually requires a combination of image enhancement, for instance, to 

bring out by digital filtering details buried in noise, and image seg­

mentation. The many techniques that are available to perform these 

tasks are discussed at length in the books by Gonzalez and Wintz (1977) 

and Hall (1979). The selection of the most appropriate methods for a 

given situation must often be carried out by successive trials, al­

though the nature of the images to be analyzed may indicate a particu­

lar approach to the problem. 

For the purpose of the present work, a relatively simple distinction 

between figure and ground was required to identify the images of trac­

ers against a contrasting background. Prob 1 ems to be overcome when 

analyzing the images were limited intensity range, that is, poor con­

trast, and non-uniform luminosity of background and tracers. In the 

foll owing sections, techniques of image enhancement and segmentation 

that were considered in connection with this work are described, and 

the reasons behind the choice of a particular method or combination of 

methods are discussed. 

3.2 Image enhancement by histogram modification 

In an actual digitized image, the intensity values represented in 

the matrix do not usually span the entire available range (0 to N). An 

image with low contrast may have an intensity distribution concentrated 
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in a narrow interval (m1 ,m2 ) of the available range (figure 4a). One 

of the simplest methods of increasing the contrast of such an image, 

and hence its discernibility, is a linear scaling transformation that 

'normalizes' the actual intensity values so that they are distributed 

over the entire range (figure 4b). In terms of matrices, this scaling 

is obtained by adding to F an n x m matrix A given by a . . = -m1 and 
l ,J 

multiplying the result by a scalar c = N/(m2 -m1 ). It may be argued 

that this type of contrast enhancement is inconsequential for anything 

but direct observation of the restituted image, since it does not af­

fect in any way the statistical distribution of values. It is never­

theless a useful form of preprocessing when analyzing co1T111on features 

in image sequences, since it removes · frame-to-frame discrepancies due 

to changes in overall lighting level or detector response. A problem 

which is intrinsic to any manipulation that alters the intensity range 

arises from the fact that the distribution is quantized in the first 

pl ace. The 1 imited-range input histogram only contains a fraction of 

all the possible distinct intensity values, and the output of the 

transfer function will contain the same number of separate values, only 

spread over a wider range. The result is a coarse quantization, which 

does not use all the grey levels available and hence leaves gaps in the 

histogram. The problem can be minimized by an analog operation of 

amplifier gain and offset on the input signal before it is quantized by 

the analog-to-digital converter, so that the raw digital data will 

cover as nearly as possible the entire available range. Another ap­

proach would be to convert the input si gna 1 to di gita 1 form with a 
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higher resolution than will eventually be used, say 10 bits versus 8 

bits. If the input distribution spans 256 or more of the 1024 separate 

grey levels available at 10 bits, then scaling of the digital data and 

re-quantization at 8 bits will represent each grey level in the correct 

proportion. 

Non-linear mappings between input and output intensity values can be 

useful for some applications. An important example is the logarithmic 

transformation, which usually provides a more equal distribution of 

grey levels and makes low-contrast detail more visible by enhancing 

low-contrast edges. Some scanning equipment has the option of perform­

ing such log mapping by means of an operational amplifier with a tran­

sistor in the feedback loop. The logarithmic transform generally ex­

pands a peaky input probabi 1 i ty di stri but ion into a broader output 

distribution. 

The concept of transforming the image probability function in a 

systematic manner can be extended into the methods of histogram equali­

zation and histogram specification. Histogram equalization is obtained 

by using a transfer function that maps each grey level into the cumula­

tive distribution of all intensity values from zero to the level in 

question, multiplied by the maximum grey level value available. It can 

be shown (Gonzalez and Wintz, 1977) that for a continuous grey level 

distribution this gives a uniform probability density function over the 

entire intensity range. This can enhance low-intensity detail in a 

predominantly dark scene that also contains bright areas, whereas a 

linear scaling transformation would hardly affect such an image. For a 
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discrete distribution one seldom obtains a perfectly flat result, that 

is, an intensity histogram in which each grey level has the same pixel 

count. Nevertheless, the transformed image usually shows considerable 

improvement in contrast and detail. A note of caution applies to this 

technique: the number of distinct grey levels represented in the output 

image can at best be equal to that in the input image, and will be 

smaller if different intensity levels are mapped into the same output 

level. The previously discussed problem of coarse quantization should 

a fortiori be considered here . 

Histogram equalization is a rigid mapping scheme, which does not 

allow any form of control over the final effect. Much more versatile, 

particularly in an interactive mode, is the technique known as histo­

gram specification. As the name implies, this mapping transforms the 

original intensity histogram into one having a prescribed distribution. 

The underlying concept is that if the original histogram is equalized 

by transformation T and the prescribed histogram by transformation G, 

then the combined transformation G-1 (T) will map the original histogram 

into the prescribed one. The argument is rigorous only for continuous 

distributions, for which the equal i zation is exact. As shown in 

Gonzalez and Wintz (1977), however, it is easily applied in approximate 

form to discrete histograms, with the added advantage that the combined 

mapping can be specified point by point without the need to obtain G-1 

analytically. Beside expanding the dynamic range, histogram specifica­

tion allows the histogram to be biased toward certain sections of the 

spectrum to better control the contrast of the output image at specific 
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intensity levels. 

After various methods were tried, the linear scaling transformation 

was eventually adopted. It was discovered that methods such as histo­

gram equalization were detrimental to the type of figure-ground analy­

sis to be performed here, because of the tendency to enhance unneces­

sary detail in the low-intensity background. The logarithmic transform 

had the same effect. Although direct histogram specification could in 

principle be tailored to increase the tonal separation between tracers 

and background, it would have required optimization of the shape of the 

prescribed distribution for each new series of images. It appeared 

more convenient to apply simple linear scaling to the original histo­

gram and rely on a more sophisticated segmentation criterion, based on 

gradient as well as intensity, to distinguish the tracers. 

3.3 Image segmentation 

The type of scene to be analyzed in this study could be considered 

as a binary system consisting only of the figure, i.e. the flow trac­

ers, and the background. Since no other differentiation was required, 

the image matrix could be reduced from a set of multiple-bit values to 

a bit-map, in which each element could assume only the values O or 1. 

The task of the image segmentation step was therefore to assign the 

va 1 ue 1 to 'figure' pi xe 1 s and O to 'ground' pixe 1 s. Si nee the back­

ground was dark, while the objects to be recognized were bright, those 

pixels with intensity values above a given threshold could be mapped as 
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1 11 and the others as 'O'. If the intensity function I(x,y) of an 

image in the x-y plane is plotted as a surface in the space (x,y,I), 

the method can be interpreted as 'slicing' that surface with a plane 

parallel to the co-ordinate plane of the image, and is therefore known 

as 'intensity slicing'. Alternatively, the method may be seen as a 

unit step transformation operating on the grey levels of the intensity 

matrix. The setting of the threshold level at which the step occurs is 

crucial for the accuracy of image interpretation. 

In an optimal situation , dark pi xels from the background and bright 

pixels from the figure would form well separated peaks in the intensity 

distribution (figure Sa), with a trough between them where the probabi­

lity function is almost zero. The location of the threshold within 

that low-probability interval would not be critical, since any error in 

interpretation would be limited to relatively few pixels. Unfortunate­

ly, the intensity distribution of most images analyzed did not reflect 

the optimal situation. In most cases, the bright pixels did not form 

an isolated, easily identifiable peak in the intensity spectrum. The 

histogram was similar to that shown in figure Sb, with a pronounced 

peak in the dark section of the spectrum that gradually decreased into 

a broad, low distribution at the bright end. The luminosity of back­

ground pixels and object pixels varied in different areas of the field, 

causing a broadening of the peaks and substantial overlapping of the 

contributions to the spectrum from each population. Under these condi­

tions, a point-dependent process such as intensity slicing was useless 

in differentiating between the two groups. 
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Region-dependent processes, on the other hand, could be used to 

locate the boundaries of bright features, which were usually well dis­

cernible in contrast with the intensity of the local background. Use 

could be made of the fact that the edges of objects give relatively 

sharp discontinuities in the intensity level, which do not usually 

occur in the background itself even though its brightness may vary 

fairly widely from area to area. Template matching is a useful method 

for such segmentation applications. A template is an array designed to 

detect some local property of a region. The elements of a template are 

the averaging weights to be applied to the corresponding pixel inten­

sities. 

Consider a template of the form 

Wl W2 W3 

W4 W5 w6 

W7 Wa W9 

and let x1 , x2 , ••• , x9 be the corresponding pixels in a 3x3 region of 

the image to which the template is applied. By taking the product WX 

of the matrices W = [w1 w2 

value which, depending on the type of template used, is an indication 

of the presence of a certain feature at the central point of the re­

gion . We say that the feature has been detected if WX > t, where t is 

a specified threshold. Templates for the detection of features such as 

points, lines or edges are described by Gonzalez and Wintz (1977) and 
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Hall (1979). The two edge-detecting templates shown below were used in 

combination to form a two-dimensional edge detection function: 

1 0 -1 -1 -2 -1 

2 0 -2 0 0 0 

1 0 -1 1 2 1 

When applied to a given 3x3 region of an intensity matrix, centered at 

element (m,n), these templates yield the following approximate expres­

sions for the local gradients in the x and y directions respectively: 

dx = (fm-l,n-1+2fm,n-1+fm+l,n-1)-(fm-1,n+1+2fm,n+1+fm+l,n+1> • (3•3.l) 

dy = (fm+l,n-1+2fm+1,n+fm+1,n+1l-(fm-l,n-1+2fm-1,n+fm-1,n+1> • (3•3•2> 

The derivative magnitude at location (m,n) of the array is generally 

defined in terms of the local gradients as 

(3.3.3) 

S(m,n) fs known as the Sobel operator for the dx and dy given by 

(3.3.1) and (3.3.2). This edge detection function was found to give a 

sharp response and to generate thresholded edges of good continuity for 

many types of image. 

Best segmentation quality for the images used in this study was 

achieved through the combined use of intensity slicing and edge thresh­

olding. At each point of the image the intensity was tested, and if 

above a speci ff ed threshold, the Sobel operator at that point was 
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computed and compared to another threshold. Only if both parameters 

were above the respective thresholds was the pixel coded as 1 in the 

bit-map. If the intensity threshold was set somewhat below the lowest 

expected intensity of features of interest, this scheme avoided the 

possibility that occasional sharp intensity transitions in the darker 

areas of the background would be registered as figure edges. It was 

found that an adequate setting for the intensity threshold of tracer 

images was usually near the centre of the intensity range. An added 

advantage of the combined method was that the time-consuming computa­

tion of the Sobel operator did not need to be performed on the pixels 

below the intensity threshold. For the typical grey level distribution 

of the images analyzed here, which was strongly biased toward the lower 

portion of the range, the saving in processing time was substantial. 

When implementing the Sobel operator formula, it was also more effi­

cient to compute S2 (m , n), without extracting the square root, and test 

this value against the square of the threshold. 

Because of the need to have always avai lable eight neighboring pix­

els for each image point being considered, the pixels at the boundary 

of the image field were not analyzed in the segmentation process. The 

thresholded bit-map is therefore two pixels narrower in both directions 

than the original image. The one-pixel boundary line was permanently 

set to all O's. 

Identified features consisting of a single pixel were found us ually 

to be spurious . Even if they corresponded to very faint or b 1 urred 

tracer images, they could not be reliably taken to represent the centre 
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of the feature. An optional processing step was therefore included 

that removed from the bit-map the '1' pixels with all eight neighbour­

ing pixels equal to O. 

3.4 location of tracer images 

In the thresholded bit-map, bright elements were represented by 

clusters of l's. The core of a cluster might or might not be composed 

of l's, depending on the uniformity of the brightness of the specific 

feature. Objects that had a very uniform luminosity level in the ori­

ginal image appeared as empty outlines because of the use of gradient 

thresholding, wher~as objects of less uniform brightness might appear 

'filled' to varying degrees. To locate the centroid of a feature, 

independently of internal pixel distribution, only the thin line of 

pixels that defined the outer boundary of the segmented region was 

used. 

A contouring procedure co11111only used in image encoding to describe 

the outer edge of a speci fie luminance region (Gonzalez and Wintz, 

1977) was adopted here with some modifications. Starting at a '1' 

pixel, the algorithm traced the outer boundary of the largest connected 

set of '1' pixels, always terminating at the initial point. To locate 

a starting point, the bit-map matrix was scanned by columns until a 1 

was found. The direction of travel from this, and all successive 

points within that contour, was decided using the following rule: 
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Define the most recent direction of travel as pointing north (N). 
Look at the neighbouring element in direction SW; if this element is a 
1 move to it; if not, look to the neighbour in direction W; if it is a 
1 move to it; if not, look in direction NW and so on. If a 1 is not 
found in any other direction, move to the neighbour in direction S, 
that is, the one whence the current point was entered . In any case, 
stop if the point just entered is the initial point of the contour. 

Note that except for isolated '1' pixels, which were usually elim­

inated, at least one neighbour of the current position is necessarily a 

1. The boundary can therefore be followed all the way to the starting 

point, building a walk that encloses the segmented region. The aver­

aged co-ordinates of the points on the contour give the position of the 

centroid. It was assumed that the centroid of a contour and that of 

the enclosed area coincided, since all shapes of interest were approxi­

mately point synwnetrical. After the centroid had been located and 

stored, all the bit-map elements on and inside the contour were changed 

to O's so that they would not be reprocessed. Scanning along columns 

then resumed until the next cluster was located or the whole matrix had 

been examined. Since the fl ow tracers in this study had a typical 

size, it was possible to instruct the procedure to discard the contours 

whose length was more than a given maximum, thus removing from the 

scene extraneous features that might exist within the field of view. 

The usual implementation of the algorithm for image encoding consid­

ers only neighbours on the same row or column, in order to reduce the 

number of possible directional codes to be stored or transmitted and 



38 

hence the required word length. The choice of making all eight neigh­

bours of a point available as targets for the next step, thus allowing 

contour lines to proceed diagonally as well as by rows or columns, 

typically resulted in shorter, less ragged contours. This usually 

compensated for the extra execution time required to find a neighbour­

ing '1' due to the larger number of possible look-up steps. 

The contouring algorithm works best with segmented regions having 

well connected outlines. If gaps occur in the distribution of 1 11 

elements around the outline, the algorithm may follow the boundary 

inside the region in complex fashions. More extensive gaps may result 

in separate contours being built. Figure 6 shows how progressive dete­

rioration of a region outline can lead to faulty contouring. In 6a, 

the region has a properly connected outline and a few internal points. 

The algorithm, proceeding as shown, correctly encloses the region. In 

6b, one point on the outline (indicated by an x) has not been included 

in the region. The a 1 gori thm still finds a continuous boundary, but 

the shape is grossly different from the 'correct• outline and would 

lead to a sizeable displacement of the centroid from its proper posi­

tion. In 6c, one more point (indicated by a second x) is dropped. 

This time the error is severe, since the algorithm builds a first con­

tour on a portion of the region, processes it, then resumes scanning 

and builds a second contour on the remaining portion of the region. As 

a consequence, two centroids are found. This example reveals the ef­

fect that a poor segmentation, arising from improperly set thresholds, 

can have on the end result of the scene analysis. 
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3.5 Image processing equipment and procedure 

The entire scene analysis process, starting from the digitized in­

tensity matrix and culminating in a list of the centroid co-ordinates 

of selected image features, was perfonned on a VAX 11/750 system. An 

International Imaging Systems (I2 S) model 70 image processor and work­

station served as human interface in the interactive steps such as 

threshold specification. The grey-scale image, after intensity range 

expansion, was displayed on the workstation screen (figure 7a). The 

user could specify the desired thresholds for intensity slicing and 

edge detection, after which the segmented bit-map was computed and 

overlaid in color on the original image (figure 7b). If the quality of 

the segmentation was not satisfactory, the thresholds could be modi­

fied. Once an ·acceptable result was achieved, the region contours and 

centroid locations were detennined and overlaid in colors on the origi­

nal image, replacing the bit-map overlay (figure 7c). Again at this 

stage it was possible to go back to the specification of thresholds' if 

the end result revealed inadequacies in the segmentation. The thresh­

olds selected for the first frame in a sequence could be applied to all 

the remaining images without re-adjustment. 

Despite careful specification of the parameters for segmentation, 

some particularly low-quality images still lead to faulty location of 

centroids in the ways described at the end of the previous section. 

The user therefore had the option, upon examination of the centroid 

positions, to invoke a special-purpose, trackball-driven graphics edi-
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Figure 7. Typical image analysis sequence: a) original image, range­
expanded; b) bit-map from segmentation overlaid on image; 
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tor to perform manual adjustments. Most available functions were re­

gion-oriented, that is, they operated on all the centroids included in 

an interactively defined area. These included deletion of unwanted 

centroids and averaging of selected centroids into a single one. The 

latter opera ti on was often effective when a feature of interest was 

split by the segmentation process into similarly-sized fragments. The 

only point-oriented function was addition of a centroid at any desired 

location . All changes performed graphically on the screen were re­

flected in the list of stored co-ordinates. An example of the opera­

tion of the editor to delete a wrongly identified centroid is shown in 

the sequence of figures 8a,b,c. For images of reasonable quality, 

manual editing was very seldom required. · 

The last step of the image analysis process was the identification 

of eight of the located centroids as fiducial marks. The operation was 

performed automatically, using the fact that the fiducial marks were 

1 ocated at the corners of the windows, and therefore appeared on the 

edges of the two separate sets of centroids . The user could change 

interactively the identification if the procedure's heuristics selected 

the wrong points, but this facility was never required in normal cir­

cumstances. 
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Figure 8. Example of interactive editing of image data: a) the 
cursor is placed near a wrongly identified centroid; 
b) an area of action enclosing the centroid is defined; 
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c) the centroid enclosed in the area is deleted. 
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Once the centres of tracer images had been located in the perpendic­

ular views, they were correlated to give the spatial location of the 

tracers. Two images, one in each view, that correspond to the same 

point in space will henceforth be referred to as an 'orthogonal pair', 

after the term 'stereo pair' used to indicate corresponding points in 

stereo photography. 

The identification of orthogonal pairs was based solely on geometri­

cal considerations, without resorting to factors such as similarity in 

brightness and apparent size and shape of the tracer images. These 

parameters, which can be very helpful in the matching of stereo pairs, 

are unreliable with perpendicular images, because the distances and 

angular relations between light source, tracer and camera - which 

influence size and brightness - can differ substantially in the two 

views. 

A preliminary phase to the actual matching was the correction of 

linear distortions which may have been introduced during image digiti­

zation, for example, by lack of alignment between the projector and the 

video camera. Fiducial markers located on the flow channel at the four 

corners of each window were digitized along with the tracer images, 

allowing later correction of distortions in the image plane. However, 
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this correction could not compensate for lack of alignment during the 

photographing of the three-dimensional object, which introduces devia­

tions from the assumed parallax relations. 

The geometrical correction based on the fiducial markers took care 

of scaling, rotating and linearly reshaping each viewfield to bring its 

corners to coincide with their intended position. It may be thought of 

as a 'rubber sheet' transformation specified by the prescribed displa­

cement of four points on the plane. For every point within the view­

field, the geometrical correction algorithm computed the new position 

in the rectified figure. The details of the transformation are given 

in appendix A. 

Non-linear distortions, such as pincushion effect, are not corrected 

by a transformation based only on the corner points , but in this work 

such distortions were found to be negligible. If required, however, 

they could have been partially rectified by the same linear correction 

scheme presented above if more points along the perimeter of the view­

field had been considered. Several fiducial markers could be placed 

along the borders of the windows at regular distances , and the trans­

formation applied to each quadrilateral section included between oppo­

site pairs of adjacent markers. The correction would be performed in 

two passes, first considering markers along one pair of opposite sides 

and then along the other pair. More complex aberrations of the field 

of view, however, could only be recti fied if fiducial markers were 

distributed throughout the visible area so that the transformation 

could be applied locally. 
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Once each view had been rectified to its correct proportions, the 

process of matching corresponding points was begun. In the absence of 

parallax , orthogonal pairs would have identical position in the direc­

tion co11111on to both views. This condition is approximated by using a 

camera lens of long focal length and increasing the distance between 

camera and subject, as in Peskin's (1972) work. More accurate results 

are obtained by applying parallax correction, which requires forming 

tentative matches between likely orthogonal pairs and verifying their 

validity on the basis of the restituted three-dimensional co-ordinates. 

The distance between camera and subject is then unrestricted. 

Figure 9 shows an x-y section of the orthogonal-view optical system. 

The dashed line represents the opti ca 1 axis of the camera, which is 

deflected by the mirrors along two different paths. Picture planes, 

that is, planes on which the virtual image of each view is considered, 

are located at a distance D from the co11111on viewpoint V, measured along 

the optical paths. Each plane is perpendicular to the corresponding 

optical axis. The intersection of the picture planes defines the z 

axis of a co-ordinate system, and the x and y axes are oriented to lie 

within these planes. The origin is set at an arbitrary position in the 

z direction. With respect to this origin, the optical axes are de­

scribed by the lines (x = da, z = za) and (y = da, z = za). Instead of 

following the actual optical paths going through the mirror system to a 

single viewpoint, one can consider straight optical axes along the 

lines given above and separate virtual viewpoints v•, V11 a distance D 

from the respective picture planes. A point at position (x,y,z) in the 
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Figure 9. Diagram of orthogonal-view optical system, showing 
location of optical axes (dashed lines) relative to 
assigned cartesian axes. Vis the viewpoint. 
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field of view will be seen along specific lines of sight from the two 

viewpoints. The intersection of a line of sight with the respective 

picture plane gives the position of the point's image on that plane. 

From the positions (x',z') on the plane y = O and (y",z") on the plane 

x = 0 the co-ordinates (x,y ,z) can be uniquely reconstructed by the 

following relations, derived in Appendix B: 

D2x'+ Dy"(x'-d) 
X = a 

02 - (y"-d )(x'-d) a a 

02y"+ Ox' (y"-d ) 
Y - a 

- 02 - (y"-d )(x'-d) a a 

Dy"+ x'(y"-da) 
z = z'+ ------~- (z'-za> 

02 - (y"-d )(x'-d) a a 

Ox'+ y"(x'-d) 
z = z"+ a ( z" z ) 

02 - (y"-da)Cx'-da) - a 

(4.1.1) 

(4.1.2) 

(4.1.3a) 

( 4. 1.3b) 

The availability of two independent expressions for z, which is a di­

rect consequence of the fact that the z axis is co1T1110n to both views, 

was the basis of the selection criterion for points that formed ortho­

gonal pairs. The two values for z will be identical if and only if the 

projected co-ordinates x' , z', y", z" identify an orthogonal pair. The 

criterion can therefore be used to verify whether two image points, 

tentatively matched, do form an acceptable pair. Situations exist, 

however, f n which two image points that pass this test do not corre­

spond to the same real object point, but rather reconstruct the posi­

tion of a fictitious point. Figure 10 gives an example of such a 
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Figure 10. Example of matching ambiguity for points coplanar with 
both virtual viewpoints. P1 • P2 are real points; Q1 • Q2 
are fictitious points reconstructed by matching the 
wrong pairs of images in the two views. 
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condition. Points P1 and P2 are real object points; their projected 

positions in the two views are {(x1 ',z1 '), (yi'',z1
11

) } and {{x2 ',z2 '), 

(y2
11 ,z2

11
) } respectively . However, if image points (x2 ',z2 ') and 

(y1",z1
11

) are matched they reconstruct the spatial position of the 

fictitious point Q1 , while the remaining two image points give the 

co-ordinates of Q2 , also fictitious. In both cases the z values from 

the independent equations agree. This ambiguity, which is not resolv­

able with only two views, occurs whenever two object points are co­

planar with both virtual viewpoints. 

Although the selection criterion based on the parallax correction 

equations is not infallible, as has just been shown, it is nevertheless 

useful inasmuch as it rules out pairs of images that couldn't possibly 

correspond to a single object point. With rare exceptions, in practi­

cal situations the remaining matches will indeed represent orthogonal 

pairs from true points. It would be possible to resolve most ambigui­

ties by using positional information from the previous or the following 

frame, because of the unlikelihood that the coplanarity condition will 

persist in more than one frame. However, the extra processing could 

hardly be justified in view of the rare occurrence of the condition in 

even one frame. Should an isolated mismatch occur, its consequences 

would usually be limited to a one-step break in one or at most two 

trajectories. 

When dealing with actual conditions, in which some degree of error 

affects the measured positions of the image points, it could not be 

expected that the two computed z values would agree exactly when a 
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correct pair was processed using the reconstruction equations. A small 

tolerance was allowed so that only pairs beyond a reasonable limit were 

excluded. If for a given image point in one view there were several 

feasible matches in the other view, the match which gave the closest 

agreement in z values was selected. If the selected match was already 

taken, it was re-assigned to the new point if the resulting pair gave a 

better agreement of z values than the previous one. The point that 

remained unmatched was then tested against other candidates, if any, 

within the tolerance limit. The task of finding all matches in one set 

of orthogonal images was therefore a problem of creating as many dis­

joint pairs as possible for which the discrepancies in reconstructed z 

positions were minimum. Situations of compromise in which the mean 

discrepancy was minimized for a group of pairs were not sought, nor 

were image points in one view allowed to find more than one match each . 

This strategy was designed to reduce the chances of mismatches, at the 

expense of losing the occasional correct match in some situations - for 

instance if the images of two object points coincided in one view. 

The matching procedure was optimized in several ways. First, for a 

given point in one view (view A) not all points in the other view (view 

B) need to be considered as possible matches and tested by the parallax 

correction equations. Image points in view B whose apparent z position 

differs from that of the point in view A by more than a certain limit 

cannot possibly form an orthogonal pair. Consider an observed volume 

having dimension W, Land Hin the x, y and z directions respectively. 

Let the picture p 1 anes correspond to the surf aces of the vi ewfi el d 
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closest to the viewpoints, and let za = H/2. Without loss of generali­

ty, assume that W > L. Now consider an object point at (W,O,z), hence 

adjacent to the picture plane y = 0 and as far away as possible from 

the plane x = O. From equations (3) and (4) in Appendix B the pro­

jected z positions of this point on the picture planes will be 

z' = z and 
H D(z-H/2) 

z" = - + ----
2 D+W 

The difference between z' and z" can be expressed as 

H D 
(z - - )(1 - -) 

2 D+W 

whose absolute value is maximized - within the boundaries of the field 

of view - for z = O or z = H. The maximum absolute difference 

H D 
"t = - (1 - -) 

2 D+W 

is in fact the largest possible discrepancy between z' and z" for an 

orthogonal pair corresponding to a point in the viewfield. Hence the 

parallax correction only needed to be attempted on pairs of image 

points for which lz'-z"I < .. , greatly reducing the number of computa­

tions involved. It was also advantageous to sort the co-ordinate pairs 

of points in the view in which matches were sought in order of apparent 

z position. This allowed the search for a match to be stopped as soon 

as the discrepancy between z' and z" increased beyond .. , since all the 

feasible matches had then been examined. 
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The matching procedure could also be streamlined in the handling of 

disputed matches. Consider an image point that had originally found a 

match but has been deprived of it because another point cl aimed the 

same match with a closer agreement of reconstructed z values. It may 

well happen that the second point will then move on to a better match 

as successive candidates are scanned, thus leaving the previous match 

free for the other point to take back. For efficiency, the identity of 

the previous owner of the match was stored aside when the match was 

claimed away from it, so that the restitution could be performed imme­

diately with no need for the old owner to be run through the search 

again. This process of claiming and restitution of matches continued 

until the best match for the new point had been found. If this match 

was taken away from another point, the latter needed to go through a 

new search cycle to seek an alternative match. Eventually all points 

in one view were either matched or necessarily matchless for lack of 

suitable, available candidates. Since all disputes were decided on the 

basis of agreement between the two independently reconstructed z 

values, each matched pair had an associated variable containing the 

discrepancy between these values - in a sense, a measure of the reli­

ability of that match . If the match was challenged, the current accu­

racy could simply be looked up rather than having to be recomputed. 

At the end of the matching process the reconstructed spati al co­

ordinates from all accepted orthogonal pairs were output. The z 

co-ordinate of each object point was taken as the average of the two 

independent values from the parallax correction equations. 
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4.2 Trajectory tracing 

The method of tracking the trajectories of tracers used in this work 

is conceptually similar to the technique used by Chang and Tatterson 

(1983) to follow tracers in stereo views, inasmuch as both methods are 

based on the assumption that from one frame interval to the next the 

velocity vector of a given tracer will not change drastically. The two 

approaches, however, differ in the way information from the two views 

is utilized and continuing trajectories are identified. 

Chang and Tatterson performed separate, two-dimensional tracking of 

tracer images in each stereo view, and later associated similar trajec­

tories in the two views. Their method for extending a trajectory in 

one view involved building a table of slope and displacement values for 

all possible paths from a given point to points in the next frame with­

in a certain range from it, and a similar table for the possible paths 

from each of these points to nearby points one frame further. Compari­

son of values in the two tables allowed consecutive steps to be select­

ed that minimized the change in both slope and magnitude. The process 

could always review its most recent step ff no further path could be 

found that matched its parameters. 

In the present work, tracer positions obtained from the matching of 

orthogonal pairs were tracked in three-dimensional space. Working with 

tri-dimensional locations had the advantage of eliminating the possibi-

1 ity of two trajectories overlapping, because the position of each 

tracer fn space is inviolable. This avoided the tracking ambiguities 
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that can originate from overlapping trajectories in individual views. 

Moreover, the approach of tracking points in each view and using the 

similarity of trajectories as a matching criterion is not applicable to 

perpendicular views, since the same trajectory can appear quite differ­

ent from the two viewpoints. 

Under the assumption that the velocity vector of a tracer changed 

only gradually in successive framing intervals, linear extrapolation of 

the displacement in one time step was used as an approximation of the 

path in the next step. A spherical search range was built around the 

predicted position and the tracer locations in the next frame were 

scanned to seek unassigned tracers within the search range. If any 

were found, the trajectory was extended to the one nearest to the pre­

dicted position, and that tracer location was made unavailable to other 

trajectories. Otherwise, the tracer being followed was considered lost 

and the trajectory terminated. 

Tracers for which no previous trajectories existed were handled in a 

different way, since a predicted trajectory step could not be con­

structed. The radius of the search range around the first position of 

a tracer was made as large as the maximum expected dhpl acement per 

frame interval in the flow under study. More than one tracer position 

in the subsequent frame might be found within this relatively large 

search sphere. The tracer that was nearest to the original location 

was used as initial successor candidate. Only if the mean distance 

between tracers was large compared to the displacement between frames 

could the choice be accepted without verification. In general, how-
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ever, it was impossible to decide which one of the positions within 

range was the proper successor on the basis of its displacement rela­

tive to the initial location. A candidate was verified by extending 

the search one frame further, using the tentative first step to predict 

the next position. If a successor could be found within the small 

search sphere constructed around the predicted position, the two-step 

trajectory was accepted. Otherwhe, the process went back one frame 

and attempted to start a trajectory using the next nearest tracer in 

the second frame still within the initial search sphere . Attempts to 

follow a new tracer were given up if none of the trajectory starts 

could be continued into the third frame. 

A graphical example of how a tracer was followed through four frames 

is presented in figure 11. The first appearance of the tracer is indi­

cated by•· A spherical range of radius r1 centered at this position 

is considered in the search for the first successor. Tracer positions 

in the next frame are denoted by o and identified by numbers. Posi­

tions 1, 2 and 3 fall within the search range . The nearest one to the 

initial position, number 1, is tentatively chosen as a successor. The 

predicted position in the third frame is linearly extrapolated based on 

the first step, and a spherical range of radius r2 is built around it. 

None of the tracer positions in the third frame, indicated by +, is 

found within the search range; the trajectory start is therefore 

abandoned . Tracer number 2 in the second frame, which is the second 

nearest to the initial position, is examined next. As before, the 

position in the third frame is predicted and a search radius r 2 is 
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Figure 11. Graphical representation of a hypothetical three-step 
trajectory tracing process. Symbols identify the frame 
to which a given tracer location belongs: first (e); 
second (o), third(+) or fourth (x) . Numbers identify 
locations within a frame , and are assigned arbitrarily. 
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considered. This time a tracer position in the third frame, number 1, 

is found within range, and the two-step trajectory leading to it is 

therefore accepted. In the next iteration, the most recently con­

structed step is used to predict the position in the fourth frame. Of 

the tracer positions in this frame, denoted by x, numbers 3 and 4 are 

within the search range. The one nearest to the predicted location, 

number 3, is selected as successor. The three-step trajectory obtained 

is shown as a solid line. 

Tracking was attempted on all tracer positions in one frame before a 

new frame was considered. Trajectories were therefore built in a par­

allel fashion, as opposed to following a single trajectory from begin­

ning to end before considering another. Since positions that were 

assigned to one trajectory became irrevocably unavailable to others, 

the order in which trajectories were processed determined in some cases 

which path was allowed to continue. It was found preferable for the 

procedure to give priority to well established trajectories, that is, 

trajectories whose life span in number of frames was the longest. The 

search for successors was therefore performed in order of tracer se­

niority. New tracers were processed in whatever order they were given 

by the matching algorithm, but only after an attempt had been made to 

extend the trajectories of all known tracers in their proper turn. 

This hierarchy protocol insured that in cases in which two tracers both 

found the best successor in the same position, the longer lived of the 

two had priority. If alternative successors existed nearby, the other 

tracer would then choose the best among them to continue its path. 
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To implement the search procedure, data for three frames must be 

availabl~ to the program at all times. In accordance with Chang and 

Tatterson (1983), these frames were named F-1, F and F+l . At the be­

ginning of a run, all particles in F-1 were unknown and therefore un­

derwent the two-stage tracking to find their path through F and F+l. 

The old F-1 was then discarded, F became F-1, F+l became F and the next 

frame was read into F+l. On all iterations that followed, tracers in 

F-1 that were assigned as part of a trajectory already knew their suc­

cessor in F from the previous iteration, so their new positions could 

be predicted and successors sought in F+l. Tracers in F-1 that were 

not part of known trajectories were processed next, and they underwent 

two-stage tracking. The frames were again shifted back one position 

and the process continued until F+l was the last frame in the set. By 

using a system of pointers to relate a given tracer position to its 

successors in the two following frames it was possible to streamline 

processing and make efficient use of memory space. When the data for 

the F frame was transferred to the F-1 frame after each iteration , it 

was re-organized so that all tracer positions that formed part of con­

tinuing trajectories were p 1 aced at the top of the arrays in order of 

decreasing life span, foll owed by positions of newly found tracers. 

Similarly, the data for the F+l frame was moved to the F frame so that 

the top elements contained the successors to the corresponding points 

in the F-1 frame, followed by positions still unassigned. Tracers that 

had been lost or could not be tracked at all were removed from the 

arrays dur1 ng the transfer. The hierarchical order previously de-
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scribed was achieved by simple top-down processing of the arrays, and 

the number of storage locations required was determined only by the 

maximum number of tracers visible in one frame during the run. Since 

information about previous locations of tracers was destroyed as new 

frames were read in, tracer co-ordinates were plotted on a graphics 

terminal and/or output to a file as soon as they were identified as 

part of a given trajectory. The trajectory plot could be generated 

either as an orthographic projection or as two stereoscopic pairs, 

representing views from two orthogonal directions. The latter form 

allowed viewing of the trajectories in apparent tridimensionality. 

Each co-ordinate triplet in the output file was accompanied by the 

number of the frame in which it appeared and a serial number identify­

ing the trajectory to which it belonged. 

Figures 12 and 13 show an example of graphic output from the track­

ing program, in orthographic and stereoscopic form respectively. The 

positional data being processed here was mathematically generated, as 

part of a preliminary testing phase in which the tracking program's 

capabilities were evaluated 1 0n paper' at various levels of tracer 

concentration and trajectory complexity. In this case, fifteen 

'particles' were made to move along concentric helices of constant z 

velocity and monotonically increasing angular velocity, common to all. 

As it may be seen from the tracking statistics in figure 12 and from 

the plotted paths, every tracer was followed flawlessly. The velocity 

information obtained from these test trajectories will be used later in 

the thesis as sample data for successive processing steps. 



HELIX00 1 to 060 
range_new = 12.0 
range_old = 8.0 

points: 900 

untracked: 0 

number of trajectories: 15 

longest particle life: 
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Figure 12. Sample orthographic output of the tracking program, with 
mathematically generated data. The points being followed 
lie on helices advancing in the z direction. Front face 
of outlined volume is contained in the x-z plane. 
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Figure 13. Sample stereoscopic output of the tracking program. Top 
pair and bottom pair represent views through the x-z and 
y-z planes respectively. Positional data is the same as 
1 n figure 12. 
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The two-stage tracking method could also have been applied to known 

trajectories, instead of routinely taking the tracer nearest to the 

predicted position as a successor. It would then have been possible to 

consider alternative choices within the small search sphere if the 

first selection did not lead to a further successor in the next frame. 

This scheme, however, does not serve as useful a purpose as it does for 

the case of new tracers. Provided the filming rate is sufficiently 

high, the actual position of a successor is closely approximated by the 

linear extrapolation scheme. Thanks to the greater resolution between 

tracer positions obtained by following paths in three dimensions, the 

tracer location that is nearest to a predicted position is almost 

certainly the correct continuation of a trajectory, unless a tracer 

actually disappears from view. If the concentration of tracers is so 

high that the previous condition is often violated, then also the more 

sophi stfcated tracking method stands a high chance of constructing 

incorrect trajectories. Especially in consideration of the substantial 

increase in processing time that would be involved, weighed against an 

occasional benefit in terms of accuracy, the scheme outlined above did 

not appear warranted. 

It was found that the size of the search sphere built around pre­

dicted positions was crucial for the success of tracking. The radius 

should be just large enough to allow for velocity changes from frame to 

frame, and this depends on the type of fl ow under study and the fi 1 ming 

rate. Usually it was best to start with a small value and progres­

sively increase ft if the trajectories appear broken into segments. 
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Ideally, search ranges for different predicted positions should never 

overlap, so that there is no possibility of one trajectory being ex­

tended to a position that belongs to another. However, even if this is 

not the case the probability of a switch between adjacent trajectories 

is limited because the velocity field contains no discontinuities. If 

two paths become so narrowly spaced that there is extensive overlap of 

search ranges, the velocity vectors must be very nearly parallel in 

that section, thus reducing the chances of a cross-over. Note that 

this would not be true if trajectories were followed in a single view, 

since apparently adjacent paths could in fact be located in entirely 

different areas of the flow field. 

The search range used for new particles, on the other hand, was 

found not to be overly critical, since it simply represents a stopping 

criterion for the search if a trajectory cannot be started. It should 

be 1 arger than the maximllll expected displacement from frame to frame, 

but not exceedingly large to avoid a needlessly long search time and 

the risk of starting stray 'trajectories' on roughly aligned but widely 

spaced points. 

4.3 Processing of the positional data 

At the end of the trajectory tracing stage, the spatial co-ordinates 

of tracers were available in a sequential-access file. Associated with 

each set of co-ordinates were the frame number and tracer i dentifica­

tion. This information allowed complete reconstruction of the time 
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history of individual tracers during an experimental run, giving a 

Lagrangian description of the flow. Depending on the application, 

further processing might be required to describe the flow field in 

Eulerian form. 

Two approaches to calculating velocity from the positional data were 

investigated. The simpler method was to consider displacement over 

individual framing intervals. Assuming that during one framing inter­

val (t,t+t t) a tracer moved approximately in a straight trajectory with 

little relative change in velocity, its position and velocity at the 

mid-point of the interval were estimated as : 

+ + 
-+ r( t+t t)+r( t) 
r( t+t t/2) = , and 

2 
(4.3.1) 

-+ -+ 
+ r ( t+ 6 t) - r ( t) 
v(t+tt/2) = 

6t 
(4.3.2) 

The assumptions could be considered justified in most cases if the 

framing period 6t was sufficiently small . The use of single steps had 

the advantage of giving the best response to changes in velocity , at 

the risk of maximizing the error in velocity arising from inaccuracies 

in tracer location. 

The second, more elaborate method was to fit least-squares polyno­

mials in t, one for each co-ordinate, to several consecutive tracer 

positions and use the time derivatives at the midpoints as velocity 

components. When a new point was read in, the 'window' for the fit was 

advanced by one step along the trajectory. The overlap of the fitted 

sections ensured a certain degree of continuity. The general-purpose 
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scheme adopted for the present work used four points and quadratic 

polynomials, but other combinations may be advantageous for speci fie 

types of flow. For very smooth trajectories it would be possible to 

fit polynomials of reasonably low degree through longer intervals and 

obtain derivatives at several locations along the fitted curve. 

In some cases, knowledge of the position and velocity of individual 

tracers as they move through the field may be useful in its own right. 

In the domain of artificial heart valve testing, for example, it is 

often desirable to locate pathlines that lead to areas of flow stag­

nation, which is considered dangerous because of its potential for 

thrombus formation. The ability to record the trajectories of fluid 

elements makes the particle-tracking technique more versatile than 

point-oriented flow measurement methods such as laser doppler anemo­

metry, with the added advantage that data for various areas of the flow 

field is gathered simultaneously. A drawback is the aleatory nature of 

the spatial distribution of data points, since direct information is 

only available for those positions where one or more tracers happen to 

travel during the experiment. 

For many applications, on the other hand, it is desirable to obtain 

Eulerian velocity information about the entire flow field under study. 

In the present work, this was done by pooling the velocity data ob­

tained from various tracers and interpolating at points where tracers 

were not found. The data which could be pooled depended on the type of 

flow under investigation. If the flow was steady, data from all frames 

in a sequence could be merged to increase the effective sampling 
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density. If the flow was non-steady but time-periodic, such as may be 

encountered in physiological situations, data from frames taken during 

the same phase of the eye 1 e in successive periods could be poo 1 ed to 

obtain a 'snapshot' of the velocity field in that phase. In the case 

of unsteady and non-periodic flows only statistical data about the mean 

flow field could be collected by pooling of successive frames. The 

concentration of tracers in a single frame would seldom be sufficient 

to allow meaningful interpolation of the instantaneous velocity field. 

The pooled velocity data were divided into components, giving three 

sets of values at specific locations in space. Each set described a 

hypersurface f( x,y ,z) by points, where f was vx• vy or vz . The hyper­

surfaces were individually evaluated on a regular three-dimensional 

grid. The distance between grid points determined the spatial accuracy 

to which the flow velocity field was described, and hence the size of 

the flow features that could be resolved. 

The algorithm that built each hypersurface through the data points 

was obtained by extending a procedure developed by the Marine Environ­

mental Data Service to interpolate data of the form z(x ,y) on a regular 

two-dimensional grid (Taylor et al., 1971; Taylor, 1976). The latter 

reference gives a functional description of the original method, in 

which the surface was considered as a mesh of rigid rods connected by 

joints elastically bendable in the z direction . The smoothness of 

interpolation was determined by specifying the elasticity constant. 

Stiffer joints yielded a smoother surface but increased the risk of 

overshoots in areas devoid of data points . The approach for a three-
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dimensional grid is equivalent, although it can no longer be understood 

in terms of an intuitive model. The algorithm was modified fo the 

present work by rewriting each expression in the original code as a 

function of three variables and altering the logic flow to include the 

processing of an extra dimension in the grid array. The procedure was 

tested on various data sets generated from continuous functions of 

three variables, and was found to yield well-behaved hypersurfaces even 

at low concentrations of data points. The large number of computations 

needed to compute the hypersurfaces placed a practical bound on the 

number of grid elements. For a 20x20x20 grid, a typical run {for all 

three components) took about one CPU hour on a VAX 11/750. For a 

40x40x12 grid with the same data, truncating each interpolation after · 

150 iterations, almost three hours of CPU time were required. It was 

found that beyond 100 iterations convergence was in most cases very 

slow, though steady. Even if full convergence to the required toler­

ance was not achieved within the iteration limit, the shape of the 

hypersurfaces was always sufficiently well defined to give a satisfac­

tory interpolation. This fact had already been observed by Taylor 

{1976) for the two-dimensional case. 

Once the velocity components had been interpolated on a regular 

grid, the velocity field could be presented by a variety of means. If 

the velocity magnitude alone was of interest, the task of displaying 

the scalar field was handled by visualizing its value on individual 

cross sections of the grid, usually taken perpendicular to the z axis. 

Scalar velocity could then be displayed as a color-coded map. A 
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program was developed that generated high-resolution maps from the 

gridded data and displayed several cross sections at once or any 

selected cross section enlarged to full screen size on the monitor of 

the image processor. Linear interpolation in the x and y directions 

was used to generate a smooth looking map from the relatively coarse 

grid obtained from the hypersurface computations. Figures 14 and 15 

are sample velocity map outputs, obtained from the mathematically 

generated helical trajectories described earlier. In figure 14 the 

cross section labelled 1 has the lowest z value, the one labelled 10 

the highest. The increase in tracer velocity with radius and with z 

position is clearly represented by the color changes. These and all 

following velocity maps are shown in two color schemes, one resolving 

255 different hues and the other only 20. Either scheme was found to 

have certain advantages over the other for specific purposes : the 

255-color display was smoother and gave a better overall idea of the 

field trends, whereas the 20-color output exhibited a 'contouring' 

effect that was useful in determining isotachs. The mapping program 

could switch instantly from one mode to the other by loading different 

translation tables in the image processor. 

The display of the entire vector velocity field posed a more diffi­

cult problem. Flow fields that did not contain small-scale features 

were satisfactorily portrayed by plotting the velocity vectors at every 

point of a coarse grid, either as an orthographic projection or as 

stereoscopic pairs. Figures 16 and 17 show these types of output for 

the velocity data from the helical trajectories. 



Figure 14. Scalar velocity maps from the helical trajectories of 
figure 12. Sections are parallel to the x-y plane. 
Interpolation over a 20x20x10 grid. Top image: 255 
colors; bottom image: 20 colors. 
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Figure 15. Full-screen display of a velocity map from figure 14. 
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Figure 16. Orthographic output of vectorial velocity field from 
the helical trajectories of figure 12. Interpolation 
over a 6x6x6 grid. 
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Figure 17. Stereoscopic output of vectorial velocity field from 
the helical trajectories of figure 12. Interpolation 
over a 6x6x6 grid. 
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The orthographic display had the apparent advantage of requiring no 

special devices for observation, but visual ambiguity was unavoidable 

as to the location and exact orientation of various vectors. Stereo­

scopic images removed the ambiguity and gave an excellent feel for the 

spatial characteristics of the flow field, but could be cluttered ff a 

high density of vectors was used. As the grid spacing was reduced to 

increase the resolution, the overlapping of vectors made the output 

unreadable. 

The problem of cluttering might be alleviated by presenting the 

output as a computer-generated multiplex hologram, which would allow 

the vi ewer to choose the most appropriate direction for observation. 

Use of this method to display three-dimensional flow visualization 

results has been discussed by Hesselink et al . (1983) . The technique 

involves generating a large number of perspective or orthographic views 

of the field, each seen from a slightly different angle , and from each 

view create a thin holographic strip by conventional optical means. 

The many strips, recorded side by side on large-format sheet film which 

is then curved in a circle, create a composite hologram that allows 

stereoscopic observation of the field from all azimuthal angles, since 

each eye sees a different perspective of the image through a separate 

holographic strip. A combined time-space display of non-steady fl ow 

fields can be obtained if each view represents a slightly later moment 

in time than the previous one. This type of time sequential display 

has some disadvantages, mainly the fact that the flow at any given time 

can only be observed from one angle of view and that the two eyes see 
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images of the field corresponding to different times. Correction 

methods for the last problem, known as 'time smear' , have been pre­

sented by Dutta et al. (1983). Because of the substantial amount of 

experimentation involved in developing a working system, production of 

multiplex holograms was not undertaken as part of the present study • 

.. 
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To produce controlled flows of various kinds on which to test the 

automatic particle tracking procedure, the simple flow channel shown in 

figure 18 was built. A vertical design was chosen to simplify con­

struction and optimize optical accessibility. The overall height of 

the structure was 570 nm, and the column had a square internal cross 

section with sides of 70 nm. The test section was 250 nm high. All 

modular components were fabricated out of clear plexiglas and secured 

together by flanges, with interposed 'O' rings to seal the joints. The 

fluid flowed in a closed circuit, powered by a 125 W submersible pump 

with rated capacity of about 70 1/min at a pumping hei ght of 1.5 m. 

One-inch PVC tubing was used for inflow and outflow connections to the 

channel. The pump drew from a free-surface return reservoir and i n­

jected the fluid into the base of the device. The base chamber gave 

stability to the free-standing structure and allowed the jet from the 

input tube to expand into a random vortical motion. Ceramic pre-filter 

material (FLUVAL), held together by a plastic net, partially filled the 

base and helped to break up the flow. The fluid emerged into the bot­

tom of the column through a 7 wires/cm fiberglass screen and passed 

through a secti on containing closely packed flow straighteners, each 5 

mm in diameter and 50 nm long. By direct observation of tracers in the 
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Figure 18. Test flow channel. 
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fluid it was verified that the flow entering the test section had a 

reasonably flat velocity profile and limited small-scale turbulence. 

On the basis of the pump rating, the nominal flow velocity that could 

be obtained in the unrestricted test section of the column was estimat­

ed to be of the order of 0. 24 m/s. The test section was painted flat 

black externally with the exception of two centered windows on adjacent 

sides, 70 mm wide by 80 mm high. The observable volume therefore cov­

ered the whole cross section of the channel for a length of 80 mm. with 

sufficient room upstream or downstream to install models. White dots 

were placed at the corners of the windows to serve as fiducial marks. 

The sides opposite the windows were painted flat black internally to 

give maximum contrast to the tracers. Above the test section, a set of 

flow straighteners identical to the bottom ones prevented the sideways 

flow through the outlet from disturbing the fluid motion in the working 

volume . The fluid returning to the reservoir was directed inside a 

small overflow tank that broke up the high-speed flow, to avoid the 

possibility of air bubbles being churned near the pump intake. 

5.2 Testing runs 

Tests of the entire analysis procedure on actual flows were carried 

out using the water channel and recording equipment previously describ­

ed. The working fluid was tap water containing a small amount of sur­

face tension reducing agent (Kodak Photo-Flo) which helped to dislodge 

small air bubbles adhering to the sides of the column. Amberlite 
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IRA-904 (Rohm and Haas Company, Philadelphia) resin beads, sieve 

screened to obtain a uniform size of about 300 microns, were used as 

flow tracers. The use of this material was suggested by Wieting (1969) 

in his doctoral thesis. 

The particles were slightly denser than the working fluid, and 

therefore they may not have followed the flow with great accuracy under 

all conditions. It is generally accepted that errors due to density 

mismatch are minimized if the main flow direction is vertical and the 

rate of rise or fall of particles in the fluid is small compared to the 

flow velocity. Charwat (1977) showed that in a vorticose flow, parti­

cles having density different than the working fluid will consistently 

exhibit motion relative to the fl.ow. As the size of tracers is re­

duced, problems due to density mismatch become less pronounced 

(Roberson, 1955). On the other hand, it becomes increasingly difficult 

to obtain sufficient light scattering from the tracers as their size 

decreases, so that a compromise must often be achieved. The question 

of how accurately the particles followed the flow was not of particular 

relevance here, since all that was asked of the experimental equipment 

was to generate sufficiently realistic particle paths on which to 

evaluate the procedure. 

Some of the experiments were recorded on black and white negative 

film ( Kodak RAR 2479), which allowed immediate processing. Better 

resolution and contrast were obtained by using color reversal film 

(Kodak Ektachrome 7250). The scene analysis program could indifferent­

ly handle positive or negative images. 
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In these evaluation runs, the concentration of particles in the 

fluid was kept low, giving at most about 10 tracers visible at once in 

the test volume. This simplified the task of checking the accuracy of 

the tracking procedure by direct observation of the tracer motion in 

the projected films. More demanding situations were then artificially 

created from the original data by mirroring the three-dimensional par­

ticle field in each frame about various planes parallel to the main 

flow direction, thus increasing the concentration of virtual tracers 

dispersed through the visible volume. 

The motion of tracers in the free column flow was analyzed in one of 

the tests, to verify the quality of the reconstructed velocity field in 

a controlled situation. The camera was located at an effective distan­

ce from the windows, including the path length inside the mirror box, 

of 1500 fflll . The film was exposed at 200 pictures per second. Upon 

inspection of the processed film, it was determined that the framing 

rate was needlessly high for the average velocity of the tracers. Only 

alternate frames were therefore considered, thus reducing the effective 

framing rate to 100 pps. Thirty frames from the sequence were ana­

lyzed. On the average, about 8 tracers were matched in the perpendicu­

lar views in each frame. The graphic output of the tracking procedure, 

using search ranges of 5.0 and 3.0 ffl11 for new and known tracers respec­

tively, is shown in figures 19 (orthographic) and 20 (stereoscopic). A 

total of 230 out of 252 points were identified as part of trajectories, 

leaving 22 untracked as indicated in figure 19. Eighteen trajectories 

were followed , the longest extending throughout the 30 frames. The 
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Figure 19. Orthographic output of tracer paths in the 
unrestricted column. Analysis of 30 frames 
taken at 0.01 s intervals. 
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Figure 20. Stereoscopi c output of the trajectori es of figure 19. 
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average trajectory survival period was 12.8 frames. By four-point 

polynomial fitting and differentiation of the trajectories 176 velocity 

data points were obtained. Interpolation of these points on a regular 

6x6x6 grid yielded the vector velocity field shown in figure 21. The 

near uniformity of vector magnitude and direction throughout the field 

is consistent with the nature of the flow under study (velocity pro­

files in the boundary layer are not revealed). Flow speed ranged 

between 0.16 and 0.20 m/s, with no specific distribution of highs and 

1 ows. The mean fl ow speed conforms within reason to the estimated 

upper 1 imit of 0.24 m/s based on the pump rated capacity and cross 

sectional area of the column. Figure 22 shows a set of flow speed maps 

obtained from a 40x40x10 interpolated grid, and figure 23 shows one 

such map enlarged to full screen size. The uniformity of the field is 

clearly shown by the color distribution being limited to a narrow range 

of the scale. It may be noticed that in this case the hard-limiting 

effect of the 20 color encoding scheme gives rather undesirable 

contours. 

Another test recording was performed after restricting the open area 

of the column by a sharp-edged orifice upstream of the visible section. 

A 0.00311 mylar diaphragm with a centered hole 3 cm in diameter was 

placed in the column about 1 cm above the bottom flow straighteners. 

The orifice was almost 3 diameters upstream of the lower edge of the 

visible section, so that the open jet could break up into an unstable 

flow before it reached the viewfield. Nevertheless, the volume of fluid 

directly on axis with the orifice moved in a mainly vertical direction 



CLR001 to 030 

r-f-,'7' 
\ 

, '¼ ,, • _ __j_ i1' ,.~ I 

\,,, \ / ,rt ,,, 
\ '' 1 

,,, 
,,, r l1 

\111 ' llflll 1,:1 I 1 I I I \ \\I \t 111 ,,,_ ' ~I ,,,, 

ltl " Ill~ nr11 r 111 \III 11111 \lflll f ~ lltt 

111' I 
' 

\, t:' t 
' I I I I \ l I l I ,,,,, 11' I \ ,,,, 

v 
I 1 ~~ 

■ -:r •lcv 

I I I f I l I I l I It ,r 
,,, ~ ,rttl 111 I I 11 I f trr, rr,11 '1t., \ " 11 11 

HI 1' Qm nrtt 1f It t f 11 11 fl/ Ill' 1 qi ,,,, 
t ,, l t \ t1 I I 1 I 1 t f I I I 1 t I 

111 ,l t ' 
,,, 1 

,, t I 

., -.z • a«~ 

Figure 21. Stereoscopic output of vectorial velocity field for 
the flow in the unrestricted column. Interpolation 
over a 6x6x6 grid. 
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Figure 22. Scalar velocity maps for the flow in the unrestricted 
column. Interpolation over a 40x40x10 grid. 
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Figure 23. Full-screen display of a typical velocity map 
for the unrestricted column flow. 
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at a higher speed than the surrounding fluid throughout the height of 

the visible section. This was easily noticed by direct observation of 

tracer motion on film. The flow was filmed at a framing rate of 200 

pictures per second, and 30 consecutive frames were analyzed. Only 3 

tracers on the average were visible in each frame for this experiment. 

Automatic tracking was performed with parameters of 6.0 mm and 3.5 mm 

for new and known parti c 1 es and yi e 1 ded the trajectories shown in 

figure 24 and 25. Of 102 matched points, 94 were assigned to trajecto­

ries. Eight trajectories were followed, with an average length of 11.8 

frames. A tracer that was visible through all 30 frames was tracked 

without interruption. As revealed by its hook shaped path, noticeable 

in the mid-section of the field, that ·tracer was successfully followed 

through a complete reversal of direction as it entered the central 

stream from the turbulent fringe area. To increase tracking difficul­

ty, the original tracer distribution was then mirrored in individual 

frames about two planes of symmetry of the column, each parallel to one 

window surface. Automatic tracking was performed on the new data using 

identical parameters as before. The trajectories, shown in figures 26 

and 27, corresponded exactly to the ones for the ori gi na 1 data and 

their mirror images, with the exception that one quadruplet of trajec­

tories did find an extra step. The discrepancy occurred because the 

reflections of a previously untracked point happened to be within con­

tinuation range of a set of mirrored trajectories, an occurrence in­

trinsically due to the syllllletrization process. The 284 velocity points 

from the SYllllletrized field were interpolated on a regular 6x6x6 grid, 
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Figure 24. Orthographic output of tracer paths in the column 
restricted by a sharp-edged orifice. Analysis of 
30 frames taken at 0.005 s intervals. The orifice 
is 3 cm in diameter and is located 8 cm below the 
bottom of the visible volume outlined in the dia­
gram (for reference, the height of that volume is 
8 cm in actual size,. 
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Figure 25. Stereoscopic output of the trajectories of figure 24 . 
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Figure 26. Orthographic output of synwnetrized tracer paths in 
the column restricted by a sharp-edged orifice. 
Analysis of 30 frames taken at 0.005 s intervals. 
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Figure 27. Stereoscopi c output of the trajectories of figure 26. 
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yielding the vector velocity field shown in figure 28. Because of the 

small concentration and uneven distribution of tracers, the value of 

the velocity field at many locations was not always representative of 

the actual mean flow velocity there. For instance, the absence of 

visible tracers in the bottom section of the viewfield caused the cen­

tral stream of vertically moving fluid to be virtually missed in that 

area, giving a fairly uniform, low-speed field. Higher up in the test 

volume, where particles moving in the central flow were detected, the 

vector field clearly exhibits a central column of fluid moving verti­

cally at higher speed, surrounded by fluid moving in an apparent vortex 

(downward near the walls, gradually turning upward as it approaches the 

center). Figure 29 shows a set of fl ow speed maps obtained from a 

25x25x10 interpolated grid. The central higher-speed flow is most 

obvious in the top sections of the test volume, mainly because little 

contribution exists there from other trajectories moving in contrasting 

directions. Figures 30 and 31 show quite plainly the changes in the 

field from the lower to the upper sections. Although in this example 

the field characteristics are noticeably influenced by the distribution 

of the few trajectories, the ability of the interpolation algorithm to 

build well-behaved hypersurfaces through the data points appears quite 

satisfactory. 
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Figure 28. Stereoscopic output of vectorial velocity field for 
the syn111etrized flow in the column restricted by an 
orifice. Interpolation over a 6x6x6 grid . 
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Figure 29. Scalar velocity maps for the symmetrized flow in the 
column restricted by an orifice. Interpolation over 
a 25x25x10 grid. 
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Figure 30. Full-screen display of a velocity map from figure 29 
for a section near the bottom of the visible volume. 
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Figure 31. Full-screen display of a velocity map from figure 29 
for the section at the top of the visible volume. 
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5.3 Evaluation of the method 

From the tests that have been performed, both of each stage of the 

procedure using fictitious data and of the co-ordinated package using 

real flow data, the potential of this method for useful application in 

analyzing tracer-seeded flows appears substantial. The optical equip­

ment required to obtain the perpendicular views is simple and poses 

relatively few alignment problems. The photogra11111etric analysis of 

orthogonal scenes, with appropriate parallax correction, has good capa­

city to resolve tracer images and recognize correct matches. Trajecto­

ry tracing in three dimensions has proved to perform qui te accurately, 

especially in cases where closely spaced trajectories could cause prob­

lems in methods based on two-dimensional tracking. 

The individual components of the analysis protocol have been deve-

1 oped with sufficient built-in fl exi bil i ty and mutua 1 independence to 

allow a variety of data formats to be accepted. Experimental data can 

therefore be introduced at various stages in the process, be it at the 

image analysis stage (if film or video records are available), at the 

matching stage (for previously digitized tracer positions in orthogonal 

views) or at the tracking stage (if three-dimensional co-ordinates are 

already available). This suggests possible applications of the proce­

dure to fields other than flow visualization, wherever there is need to 

analyze complex three-dimensional motions of various wel 1-defi ned ob­

jects. In the area of ballistics , for instance , uses could be found . 
for this type of automated analysis. Also, kinesiology studies that 
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utilize bright markers applied to different parts of a moving subject's 

body can benefit from a similar method. 

The analysis procedure for fluid motion developed so far makes it 

possible to go from cf ne recordings of tracer seeded flows to time­

resolved pathlines or eulerian velocity maps of the entire field in a 

virtually automatic fashion. As such, it constitutes a basic tool for 

studies of velocity profiles, pressure distribution, vortex formation 

in mixing processes, or flow stagnation in haemodynamics, to mention a 

few. Much improvement can be brought to the method by the use of a 

better visual interface, such as some of the video devices mentioned 

earlier in this thesis. The rapidly advancing field of video techno­

logy, both analog and digital, should soon make these devices more 

readily avail able and affordable. The computerized procedure itself 

can be optimized for a particular application so that the interactive 

features currently available may be bypassed. These features were 

essential in the development and testing of the method and give more 

flexibility to the analysis process, but require specialized apparatus, 

like an image processor, that may not be easily obtained. Again, 

evo 1 vi ng technology will make such equipment more coTllllonp lace in the 

next few years. 

Bringing the capabilities of machine vision to the field of flow 

visualization is a challenging and promising endeavor. Along with 

particle tracking, other techniques such as dye diffusion are suitable 

for computerized analysis of the visual records, which eliminates the 

difficulties and inconsistencies of human interpretation. At the oppo-
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site end of the process, the task of effectively displaying multi­

dimensional results such as vector velocity fields so that the most 

infonnation is conveyed with the least visual cluttering is a stimu­

lating task in itself. The science of three-dimensional imaging, still 

evolving and tapping new resources, offers an open field for more 

research and application. 
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APPENDIX A 

Derivation of the 'rubber sheet' transformation 

Consider a quadrilateral defined by points A, B, C, D at (xa ,Ya), 

(xb,yb), (xc ,yc), (xd,yd) as shown in figure 32. The vertices are 

moved to points A' 8 1 C' D' at (x' y') (x' y') (x' y' ) and • • • a' a • b' b • c ' c 
(xd,yd). For any internal point Oat (x

0
,y

0
) we want to find the 

co-ordinates (x~,y~) of the corresponding point O' in the transformed 

surface. 

Segments HK and LM are constructed through (x
0

,y
0

) so that they 

divide opposite sides in the same ratios, namely, 

IDLI IAMI 
-- = -- , and 
IDCI IABI 

(A. l) 

IHDI IKCI 
IADI = IBCI (A.2) 

The segments HK and LM divide each other at O in the same ratios as 

they divide the corresponding sides. Hence we have the additional 

equations 

IHOI IDLI 
IHKT = IDCI 

ILOI IHDI 
ILMI = IADI 

, and (A.3) 

(A. 4) 

Since all the ratios are between lengths of collinear segments, expres­

sions (A.1) through (A .4) can be decomposed into separate equations in 

tenns of distance components in the x and y directions. Four of these 



0 l. 

l ' -7--o· - --p- -

I I 
0 

H/_ 
lo· r-- -- --- ---- --- -----l 

I 
M 

I L I --- -- -- -- -- -J. __ -- --1 
A' 

M' 
B' 

.Figure 32. Geometrical layout for the 'rubber sheet' 
transformatfon equatfons. 
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equations form a system in the unknowns x1, xm , yh' yk: 

yd- Yb - Ye- Yk 
yd- Ya - Ye- Yb ' 

Yo- Yh = x1- Xd 
Yk- Yh Xe- xd 

, and 

Xo- xl - yd- yh 
Xm- x1 - Yd- Ya • 
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(A.5) 

(A.6) 

(A. 7) 

(A.8) 

The equations and unknowns in the above system were selected so that 

known denominators cannot be zero even if the original quadrilateral 

has some horizontal or vertical sides, provided corners are named as in 

figure 32. Eliminating all unknowns except x1, we obtain a quadratic 

equation of the form 

C2Xl 2 + C1Xl +Co= 0 ' 

where 

X - xb 
C2 =(Yb-Ya>+ x~- xd <Ye- Yd) 

. C1 = Xo<Ya- Yb+ Ye- Yd) - Yo(Xa- xb+ Xe- xd) + XcYa- X(iYb+ 

+ (xbxd- xaxc><Yc- yd)+ (xcyd- X<:fYc)(xa- xb) 
Xe- xd , 

Co = Xo[xc(Yd- Yal + xd(Yb- Ycl] + Yo(XcXa- xdxb) + 

+ (xcxa- xdxb)(xctYc- xcyd) 
xc- xd 

(A.9) 

For the case in which c2 is nonzero the above has two solutions, which 

may be coincident. If they are distinct, only the one containing the 
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negative square root of the discriminant falls between xcand xd, thus 

giving the desired geometrical construction. The other solution is not 

geometrically acceptable since it leads to a segment LM that lies en­

tirely outside the quadrilateral ABCD and hence cannot contain the 

point O. Therefore, 

for C2 :/- 0 
(A.10} 

for c2 = 0 

Once x
1 

is comp_uted, the other unknowns can be found using suitable 

combinations of equations (A.5} to (A.8}. In fact, only yh will be 

required along with x1 in the development that follows, so the other 

two may be ignored. The expression for yh is 

(A.11} 

where 

We can now make use of the fact that the segments HK and LM are 

transfonned into segments H'K I and L 1 M1 that divide the new opposite 

sides in the same ratios as HK and LM divide the original sides, 

namely, 

ID'L I I 
ID'C' I 

IA'M' I 
IA'B' I 

IDLI 
=--

IDCI 

IDLI 
=--

IDCI 

(A.12} 

(A.13} 



I A I H I I = I AH I 
IA'D' I IADI 

IAHI 
=--

IADI 
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, and (A.14) 

(A.15) 

Considering only x components in (A.12) and (A.13) and y components in 

(A.14) and (A.15) we obtain respectively 

x'- x' 
xi = ~ d (x1- xd) + xd X - xd , 

C 
(A.16) 

x' x' 
~ = b- a (x1- xd) + x' 

Xe- xd a (A. 17) 

(A.18) 

(A.19) 

The segments H'K' and L'M' divide each other at 0' in the same ratios 

as HK and LM divide each other at 0, namely, 

IH'O' I 
IH'K I I 

IL 'O' I 
IL'M' I 

IHOI 
=--

IHKI 

IL0I 
=--

ILMI 

, and (A.20) 

(A.21) 

It may seem that by considering the x distance components in (A.20) and 

they distance components in (A.21) we could get x~ and y~ in terms of 

quantities already computed. However, the resulting expressions would 

contain terms of the form (x
0

-x1)/(xm-x1) and (y
0
-yh)/(yk-yh), and 

hence be undeterminate in the acceptable cases of x1= xm= x
0 

or 
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yh= yk= y
0

• The solution is to consider the ratio of x components on 

the left hand side and the ratio of y components on the right hand side 

of (A.20), and the opposite for (A.21). The expressions for x~ and y~, 

from (A.21) and (A.20) respectively, are then 

x' = ¾1- Xl 
<Yo- Y1) + xi , and 0 Ym- Y1 (A.22) 

I I 

y~ = Yk- Yh (xo- xh) + Yti xk- xh . (A.23) 

The yet unknown terms x1 , xm, yh' yk are easily computed from known 

quantities using conditions of collinearity: 

(A.24) 

(A.25) 

(A.26) 

(A. 27) 

Using the values obtained from the above in (A.22) and (A.23) gives x' 
0 

and y~. For all practical purposes, substitution of intermediate val-

ues in every step may be simply performed numerically . 

The summary of the transformation is as follows: given (xa,Ya) to 

(xd,yd), (x~,y~) to (xd,yd), and (x
0

,y
0
), 

• Compute x1 from (A.10), 

• Compute yh from (A.11), 
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• Compute x1, x~, yh, yk from (A.16) to (A.19), 
• Compute xh, xk, y1, ym from (A.24) to (A.27), and 
• Compute x~ and y~ from (A.22) and (A.23). 
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APPENDIX 8 

Derivation of the parallax correction equations 

Consider two perpendicular picture planes, containing the z axis and 

respectively the x axis and the y axis, as shown in figure 33. The 

viewpoints V', V" are located at distance D from their corresponding 

image plane, along the lines (x = da, z = z) and (y = d, z = z ). A a a a 
point located at (x,y,z) will be projected at position (x' ,z') on the 

plane y = O and at position (y",z") on the plane x = 0. 

ry geometry we obtain the relations 

x' = d + D(x-da) 
a D+y 

y" 
D(y-da) 

= d + 
a D+x ' 

z' = D(z-za) 
, and z + 

a O+y 

z" = D(z-za) 
z + 
a D+x 

Rearrangement of tenns yields the inverse relations 

x = x'+ Y (x'-da) 
D 

X 
y = y"+ - (y"-d) 

D a ' 

I y ( I ) z = z + - z -za 
D 

, and 

From elementa-

(8.1) 

(8.2) 

(8.3) 

(8.4) 

(8 . 5) 

(8.6) 

(8.7a) 



V" 

--- (0,d
0
,z0 ) (d0 , O,z0 ) --

D D 

~ ~ 

Figure 33. Geometrical layout for the parallax correction 
equations. 
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v· 



X 
z = z"+ - (z"-zal • 

0 
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(8 .7b) 

Equation (8.6) can be used to substitute for yin (8 .5). The resulting 

expression for xis 

o2 x'+ Oy"(x'-d) 
X = a • 

02 - (y"-d )(x'-d) a a 
(8.8) 

In a similar fashion we obtain an expression for y: 

o2y"+ Ox'(y"-d ) 
y = 02 - (y"-d )(x'~d) • a a 

(8.9) 

Substitution in (B.7a) and (8.7b) gives independent expressions for z: 

(B.lOa) 

Ox'+ y"(x'-d) 
z = z"+ a (z"-za) 

02 - (y"-da)(x'-da) 
(8.10b) 

In practice, after evaluating (B.8) it is more convenient to use equa­

tions (B .6), (B.7a) and (8 .7b) and substitute numerically intennediate 

results than to use the fully substituted expressions. 
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