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ABSTRACT

The image super-resolution (SR) problem is a generalization of the image
restoration problem which is concerned with blur, noise, and aliasing effects. In
the context of digital imaging, the purpose of image SR algorithms is to compensate
for degradations such as blur resulting from camera motion and inaccurate focusing,
sensor noise, and undersampling.

Multiframe image SR algorithms can be used to obtain a higher-quality higher-
resolution (HR) image by fusing several images that are sub-pixel-shifted versions
of the same scene. By means of these algorithms, the task of super-resolving an
image is often approached as an inversion problem in which a set of low-quality low-
resolution (LR) images is considered to be the result of processing a high-quality
high-resolution image through a dynamic image acquisition model. A special class of
SR algorithms, known as ‘mazimum-likelihood super-resolution” (MLSR) algorithms,
utilize a stochastic approach for the inversion of such a model. Basically. the HR
image that is most likely to produce the observed LR images is found by solving an

optimization problem.



Abstract iv

In this thesis, an overview of the most representative SR algorithms is presented.
Then, the performance of two state-of-the-art MLSR algorithms based on steepest-
descent optimization for grayscale and color images is evaluated and later improved
by the introduction of sophisticated quasi-Newton optimization algorithms.

The Davidon-Fletcher-Powell (DFP) and Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithms are appropriately reformulated to cope with the large-scale nature
of the SR problem and are then applied to the SR schemes. Experimental results show
that by means of the proposed algorithms, grayscale reconstruction is considerably
accelerated and the quality achieved in color SR is significantly improved. Moreover,
by the introduction of a practical inexact line search, the need for selecting an
important parameter is eliminated.

Storage-efficient variants of the BFGS algorithm are also investigated. SR
algorithms based on the memoryless BFGS (MBFGS) and limited-memory BFGS
(LBFGS) methods are formulated. Experimental results indicate that the proposed
algorithms, like the BFGS algorithm, perform the grayscale reconstruction consid-
erably faster and obtain color images of better quality. At the same time. the
storage requirements for the MBFGS are comparable to those of the steepest-descent
based algorithms while the LBFGS algorithm offers a meaningful trade-off between

reconstructed image quality and storage requirements.
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Chapter 1

Introduction to Image Super-Resolution

1.1 Background

As the number of electronic-imaging-based applications grows so does the need for
the acquisition of higher resolution images. Increasing the acquisition resolution of
optical systems improves their capability to capture fine details pertaining to the
scene being observed. Applications like medical imaging, surveillance, astronomical
imaging and remote sensing can greatly benefit from the availability of highly detailed
images.

Since the 1970’s, charged-coupled devices (CCDs) and CMOS sensors have been
widely used for digital image acquisition. Even though these sensors are suitable for
many applications, there is an increasing demand for high-resolution imaging systems
both in the amateur and scientific markets [1,2]. A straightforward procedure to
improve the resolution capabilities of an image acquisition system is to increase the
pixel count of its sensor array. This can be achieved either by making each sensing
element smaller or by increasing the size of the sensor array. Unfortunately, both these
procedures are limited by sensor technology. As the sensing element size decreases so

does the amount of light received while the inherent noise level of the sensor remains



SV}

Introduction to Image Super-Resolution

constant. Consequently, reducing the pixel size results in a degradation of the signal-
to-noise ratio (SNR) of the acquired image. On the other hand. if the sensor array
size is increased while maintaining the sensing element size, the array capacitance
increases thereby slowing down the charge transfer rate [1,3].

A promising alternative to increase the spatial resolution capability of an imaging
system while using inexpensive low-resolution (LR) sensors is provided by digital
image processing techniques known as ‘super-resolution’ (SR). These techniques
produce a high-quality, high-resolution (HR) image by appropriately extracting HR
information from several LR images of a scene.

In what follows we introduce some fundamental concepts related to image super-
resolution and its applications. Next, an outline of the contents and contributions of

this thesis is given.

1.2 Fundamental Concepts

1.2.1 Low-Resolution Input Images

Image super-resolution algorithms produce one high-quality, high-resolution image
from a set of low-quality, low-resolution images. This is a process in which spatial
resolution is gained at the expense of needing several distinct views of the same
scene [4]. As illustrated in Fig. 1.1, there are many practical situations in which it is

possible to obtain different views of the same scene. These can be

e images pertaining to the same scene acquired with the same camera from

different viewpoints at different times,

e images pertaining to the same scene acquired at the same time but with different

cameras placed in different viewpoints,
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e image frames extracted from a video sequence.

‘ Scene(t)

m| Scene(t, 1 tﬂ... Scm;(;nﬁ x,)q :‘ \
N\, | B @ &

_\/Iulnple cameras

{} : Smm<% % —>—>E

Single camera

{} Vldeo sequence

Figure 1.1: Ways to obtain the LR image set

Except for some wavelet-based methods, a fundamental requirement for increas-
ing the spatial resolution is that each LR image available should provide a different
view of the scene. In other words. each LR image should provide some information
which is not available in the rest of the set. This requirement is usually translated

into the need for sub-pixel displacement between the acquired LR images.

1.2.2 Image-Acquisition Model

To successfully recover a high-quality HR image from its corresponding LR images it
is important to understand and accurately model how these LR images are obtained.
In fact. image super-resolution can be regarded as an inverse problem in which we
attempt to reverse the effects of a series of degradations.

Figure 1.2 illustrates an image acquisition model that accounts for the processes
that take place when acquiring a series of digital images. The observed scene is first
represented by a 2-dimensional light intensity analog signal. Subsequently. a sampled
version of the analog signal is obtained using a sufficiently high sampling frequency

to avoid aliasing effects. This artificially introduced sampling process serves as a
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Noise
(v)

Downsampling
(D)

Figure 1.2: Image acquisition model.

bridge between the analog and the digital worlds. Next, the effect of the camera
motion (translation, rotation, tilt, etc.) that takes place in between each acquisition
is modelled. After that, a blurring effect resulting from the combined influence of
lens thickness, nonzero aperture time, and nonnegligible sensor size is introduced.
A downsampling process produces an image with the same number of pixels as the
number of pixels available at the light sensor array. The model also accounts for
inherent additive sensor noise. In summary, the image acquisition model takes us
from an analog respresentation of a scene to a series of warped. blurry. aliased, and
noisy observations.

Lexicographical ordering is often used in image processing, particularly in image
super-resolution [5]. By virtue of this notation, an image is represented by a column
vector which is an ordered raster scan of the image rows. In this way. an M x L-pixel
image is represented by an M L-element column vector as shown in Fig. 1.3. Using
lexicographically ordered notation, the process by which a set of NV low-quality, low-
resolution images, each comprising M x L pixels, is acquired by an imaging system

can be modeled mathematically as

yr=DH Fyx +vi k=1.....N (1.1)
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<L—> | Xm A
Ay X |x X
00 (] 02 o X
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o | Xy X5 X X2 )
' |
X
\

Figure 1.3: Lexicographically ordered notation.

where x is an 72M L-element column vector representing a raster scan of the HR
image. yp and vy are M L-element column vectors representing the observed frames
and additive noise sources, respectively, D is an ML x r?M L matrix that represents
the downsampling operation. Hy, is an r?AM L x r?>M L matrix that models the point-
spread function of the camera, Fj is an r?ML x r>M L matrix that models the
camera motion corresponding to each acquired frame, and r is known as the resolution

enhancement factor.

1.3 Existing Super-Resolution Techniques

Since the seminal work of Tsai and Huang [6], a significant number of methods have
been proposed by the research community [2,7]. Existing methods range from those
based on the spatial domain to those based on the frequency and wavelet domains.
from the ones that are purely deterministic to those based on stochastic models. Some
methods can invert the observation model without any information about the nature
of camera movement and blurring whereas others may require information about the
underlying processes involved in the image acquisition. An overview of the most

representative super-resolution methods is provided in Chapter 2.
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Super-resolution techniques find applications in many fields. In surveillance, for
example, synthetic zooming is made possible by the reconstruction of HR images from
several LR images. In computer vision applications, like license plate readers and face
recognition systems, accuracy can be improved by using additional information that
is recovered from several LR images. Remote sensing applications are specially suited
for image super-resolution. In these applications it is common to find image sequences
pertaining to the same scene and, therefore, it is easy to apply super-resolution
algorithms to increase the resolution power. Sub-pixel displacement information,
available in compression schemes that describe a video sequence in terms of global
and local motion vectors, can be exploited to achieve a higher quality reconstruction
(decompression) [8]. Yet another emerging application of super-resolution algorithms,
driven by the need to display standard-definition TV (SDTV) images in high-
definition receivers (HDTV) without visual artifacts, is the conversion of SDTV

signals to HDTV signals.

1.4 Contributions and Outline of the Thesis

In this section, we summarize the contributions of this thesis.

Chapter 2 provides a review of some of the most representative super-resolution
techniques proposed to date. In this chapter, we divide these techniques into three
categories: those based on frequency-domain formulation. those based on spatial-
domain formulation. and those based on wavelet domain formulation. We describe
these techniques and compare them in terms of their algorithmic efficiency, their
ability to incorporate previous information about the desired solution as well as their
ability to account for realistic image observation models.

In Chapter 3, we study two state-of-the-art spatial-domain based algorithms

reported in [9] and [10]. These algorithms are intended for grayscale and color super-
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resolution, respectively, and are based on the steepest-descent minimization of multi-
term objective functions. In this chapter, we give details on their implementation and
the fundamentals behind their operation. We then show the results of simulations
aimed at assessing their effectiveness and argue that these algorithms rely on a simple
minimization scheme which is innappropriate given the ill-conditioned nature of the
super-resolution problem. Additionally, we observe that a key parameter has to be
manually tuned to achieve good results and. consequently. the overall performance of
these algorithms is dependant on its proper selection.

In Chapter 4. we address the deficiencies of the algorithms studied in Chapter 3.
Specfically, we design alternative algorithms based on quasi-Newton optimization
methods which are known to have excellent convergence properties. To cope
with the inherent large-scale nature of the super-resolution problem, we propose
a reformulation of two standard algorithms. namely, the Davidon-Fletcher-Powell
(DFP) and Broyden-Fletcher-Goldfarb-Shanno (BFGS). These reformulations are
based on convenient outer product expansions and can be used to calculate search
directions without having to deal with large-scale matrix-vector products. The need
for manual adjustment of a key parameter is eliminated in both algorithms by the
introduction of a practical inexact line search that adaptively selects this parameter.
Towards the end of Chapter 4, we present the results of comparative experiments
aimed at assessing the benefits of adopting the proposed optimization schemes. These
results indicate that an improvement in the effectiveness of these algorithms over
algorithms based on the steepest-descent (SD) method is achieved for both grayscale
and color super-resolution. In the first case, a noticeable improvement in convergence
time is observed at the expense of additional storage requirements. On the other
hand, results for color super-resolution indicate that a significant improvement in the
quality of the reconstructed images. as measured by the peak signal-to-noise ratio

(PSNR). can be achieved at the expense of additional storage requirements and,
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possibly, additional computation time depending on the image size.

In Chapter 5, we present two algorithms based on the memoryless BFGS
(MBFGS) and the limited-memory BFGS (LBFGS) methods [11] [12]. These methods
inherit many of the desirable convergence properties of the standard BFGS method
while requiring less storage and computational capabilities. Results of the application
of the proposed algorithms to sample images indicate that for grayscale super-
resolution the MBFGS-based algorithm provides the best overall improvement in
terms of reconstructed image quality. storage requirements, and convergence speed
when compared to an SD approach and other quasi-Newton-based algorithms. On the
other hand, for color super-resolution, experimental results show that the LBFGS-
based algorithm constitutes an effective alternative that leads to a meaningful
compromise between the amount of storage and computational effort required, and
the quality of the images obtained.

Finally. in Chapter 6, we provide concluding remarks as well as suggestions for

future research.



Chapter 2

Overview of Existing Image

Super-Resolution Algorithms

2.1 Introduction

In this chapter, we review some of the existing techniques for image super-resolution.
The purpose of this chapter is not to provide an exhaustive review but rather to give
an idea of the different angles from which the image super-resolution problem has
been tackled. We will follow to a great extent the taxonomy proposed in [7] with
the addition of some wavelet-domain methods. Consequently, we will divide image

super-resolution algorithms into three main categories: those based on the frequency

domain, those based on the spatial domain, and those based on the wavelet domain.

2.2 Frequency-Domain Methods

2.2.1 Alias-Removal Reconstruction

One of the earliest attempts to reconstruct a high-resolution (HR) image from several

low-resolution (LR) images was in a 1984 paper by Tsai and Huang [6]. Their work
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was motivated by the need to reconstruct an HR image from several LR images
acquired from a LANDSAT satellite. In [6]. Tsai and Huang assumed translational
motion between the satellite images and ignored further degradations such as blur
or noise. Then, by exploiting the shift property of the continuous Fourier transform
(CFT) and the relationship between the discrete Fourier transform (DFT) and the
CFT, they proposed a procedure for recovering samples of the CFT of the desired
HR image from the DFT coefficients of the observed LR images. Then, they used the
estimated samples of the CFT to recover the desired HR image by using the inverse
DFT. This technique has been referred to as alias removal reconstruction and its
details are as follows.

Considering the original scene, f(z,y), and its translated versions, fi(z,y) =
f(x 4+ dzk.y + dyx). we note that the corresponding CFTs are related by the shift

property of the Fourier transform as
Fi(u,v) = /2 Crsutbuuv) p(y y) (2.1)

where (0, 4, dy) is the relative displacement of the kth LR image. From the aliasing
relationship between the DFT and CFT of the underlying continuous signal [13] and
(2.1), the DFT of the kth LR image at the (m,n) discrete frequency can be expressed

as

1 = = m . n
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T

1 o0 oo - " m n
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Then, assuming that f(z,y) is bandlimited and that the size of each LR frame is
M x N pixels. (2.2) can be rewritten in terms of M N different linear systems of

equations of the form

9mn = anf-mn (23)
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where the kth component of column vector g,mn 1S gmn(k) = Fin(k). ®mn contains
information regarding the relative motion of the acquired frames, and column vector
f™ contains regularly spaced samples of F(u,v), the CFT of the HR image.

Next, Tsai and Huang proposed an efficient technique to solve the linear systems
of equations by finding a convenient factorization for ®,,,. In this way. the super-
resolution problem solution reduces to calculating the DFT of the observed images.
estimating the CFT of the HR image by solving N M different systems of equations
like that in (2.3), and recovering the HR image by means of the inverse DFT.

Although the approach of Tsai and Huang is computationally very attractive,
the image acquisition model is very simple. Noise and blur are not considered and
the global translation model is not appropriate for many applications. Some of these

limitations are addressed in works like [14] and [15].

2.2.2 Recursive Least-Squares Techniques

In so-called recursive least-squares techniques, the super-resolution problem based
on (2.3) is approached in an iterative manner to improve computational efficiency.
For example, in [16] the Tsai and Huang approach is extended to account for blur
and noise. In this work a least-squares solution for (2.3) is found through the
unconstrained minimization
Minimize | ®mnf ™ — Gmnll (2.4)
fmn
which can be tackled using iterative methods.
Zeros in the frequency response of the blurring function not only prevent us from
recovering certain frequencies but also severely degrade the numerical conditioning of

the problem in (2.4). To account for these shortcomings. a regularization functional,
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7(+). is often introduced by reformulating (2.4) as [17]

Minmize 1B mnf™ = Grmnll3 + 7(F™) (2.5)

2.2.3 Recursive Total Least-Squares Methods

Recursive total least-squares (TLSs) methods [18] are extensions of the least-squares
techniques discussed earlier. The main contribution of these methods is that
they incorporate errors resulting from the motion estimation process to the image

acquisition model. In this way, the LR discrete frequencies can be written as [19]

Gmn = (Qm‘nITEmn)f-mn_'_vmn (26)

where E,,, is a perturbation matrix modelling errors in the motion estimation,
and Vnm models observation noise. The TLS problem may be formulated as the

constrained minimization problem

Minimize ||[Vmn |F + || BonllF

subject to: gmn — Vmn = (Pmn + Emn) from (2.7)

A recursive total least-squares (RTLS) algorithm based on the adaptive filtering
work described in [20] can be used to solve the problem in (2.7) [19]. Even though
the approach is suitable for massive parallel computing and can incorporate space
invariant blur. it cannot incorporate scene or camera motion models beyond simple

translations.

2.2.4 Multichannel-Sampling-Theorem-Based Techniques

These algorithms are based on the Brown multichannel-sampling theorem [21] which

is a simpler formulation of the Papoulis generalized sampling theorem [22].
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Basically. the Papoulis generalized sampling theorem states that a bandlimited
signal f(z) for which F(w) =0 for |w| > o can be expressed in terms of the samples
ge(nT), k=1,...,m, oo <n < oc that result from sampling at the sub-Nyquist rate
of T = m(27 /o) the output of m independent linear systems to which f(x) is applied.
Papoulis [22] and later Brown [21] have shown how to find the m reconstruction filters

Y. to obtain f(z) from the samples gx(nT) so that

f)=>" " gnT)ye(x —nT) (2:8)

k=1 n=—oc
Ur and Gross 23] were the first to put the super-resolution reconstruction
problem in the context of the multichannel-sampling theorem. As shown in Fig.
2.1(a), the acquisition of the LR frames can be modeled as a multichannel operation.
Then, if constant and space-invariant blur is assumed the process can be simplified
and represented as in Fig. 2.1(b).
In [23] the reconstruction of the HR image is performed in two steps. First, the
LR frames are merged by the reconstruction filters Y;. Then, the merged image is
deblurred using a standard deblurring process. The entire process is illustrated in
Fig. 2:2.
The algorithm of Ur and Gross is attractive because it is well posed and robust.
On the other hand, noise degradation is not considered, it assumes global translational
motion, and that all LR frames are affected by the same space-invariant blur.
Consequently, the approach may not be suitable for several applications that arise in
practise.
A much more powerful algorithm based on multichannel sampling is proposed in
[24]. In this paper, the Papoulis sampling theorem is generalized in a multidimensional
multiresolution setup framework so that the channel sampling densities no longer have

to be equal. In addition. to overcome sampling ill-posedness in the presence of noise,
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Figure 2.1: (a) Multichannel representation of the image acquisition process. (b)

Multichannel representation after space and time invariant blur assumption.

image frames are projected from standard orthonormal bases onto optimal Riesz bases
defined by the channel-point spread function (PSF).

To sum up, frequency-domain methods for super-resolution are of simple
formulation and are computationally efficient. On the other hand, they fail to
incorporate complex motion models and space-dependent degradations. Additionally.
it is difficult to incorporate previous knowledge about the solution in the form of

spatially dependent regularizing functionals that would improve the conditioning of
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Figure 2.2: Multichannel representation of the image reconstruction process.

the problem. As shown in the next section, these difficulties are successfully addressed

by spatial-domain super-resolution methods.

2.3 Spatial-Domain Methods

Spatial-domain super-resolution methods address many of the practical shortcomings
of frequency-domain-based algorithms. Two of the more important features of spatial-
domain methods is that they can model more complex camera motions and can
incorporate previous information about the desired solution in a simple manner.
These advantages, however, come at the expense of more complex algorithms that
involve a heavier computational load. However, given their advantages spatial-domain

methods are usually preferred over frequency-domain methods.

2.3.1 Non-Uniform Interpolation Methods

If time- and space-invariant blur can be assumed. then an HR image can be recovered
from several LR images by means of non-uniform interpolation methods. When blur
is time-invariant its corresponding operator is constant, i.e., By = B. In addition, if
blur is space-invariant, then the blur operator can conmute with the warping operator,

ie., BF, = F;,B. As a result, the image acquisition process can be mathematically
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expressed as

yr = DFBx + v (2.9)

DF,z (2.10)

Yk

where Z is a blurry and noisy estimate of the HR resolution image. Image z can be
estimated from the LR images, yz, by appropriately reversing the combined warping
and downsampling processes. Finally, the HR image, x, can be estimated by debluring
and denoising 2.

Figure 2.3 illustrates the upsampling, motion compensation and interpolation
processes. The figure shows three LR frames which after being upsampled and motion
compensated are superimposed on an HR grid thus forming a non-uniform sampling
composite. Interpolation is then applied to estimate the values of Z on the HR
grid. Then, the estimated Z is deblurred and denoised to recover the original HR
image. The entire non-uniform interpolation-based image super-resolution scheme is

illustrated in Fig. 2.4.

Non-uniform composite Blurry and noisy interpolation

Figure 2.3: Upsampling, motion compensation, and non-uniform interpolation

processes.
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Figure 2.4: Non-uniform-interpolation-based super-resolution scheme.

One of the earliest attempts to reconstruct an HR image using the procedure
described is the one proposed by Keren et al. [25]. In this paper, a simple procedure
to achieve sub-pixel accurate registration and a way to fuse the registered images
into a higher-resolution frame are proposed. Then, a procedure is introduced by
which a higher quality estimation of the HR image is obtained by means of numerical
optimization.

Another example of the use of non-uniform interpolation is found in the work of
Aizawa et al. [26]. In this work, the possibility of increasing the spatial resolution of
images obtained with stereo cameras is investigated. Specifically, it is shown how the
resolving power of a system consisting of two cameras that provide different views of
the same scene goes beyond the individual resolving power of each camera. Given the
nature of the stereo pair, the available samples are arranged in a non-uniform grid
that results from the regular samples of the reference image among which samples
of the second image are scattered. This problem is addressed using a method for
reconstruction from non-uniformly spaced samples developed in [27].

In [28], Nguyen and Milanfar introduce a wavelet-based interpolation-restoration
method for super-resolution. When the camera motion is purely translational. or
has been corrected to be so, the resulting type of non-uniform sampling is known
as interlaced sampling. In this work, the authors show how the 2-dimensional
interlaced sampling scheme can be exploited to derive a wavelet decomposition using

Kronecker products. Their method is an extension of the 1-dimensional non-uniform
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Figure 2.5: Simulate and correct scheme.

interpolation method due to Ford and Etter [29] and it has the advantage of being

computationally efficient.

2.3.2 Simulate-and-Correct Methods

Simulate-and-correct methods work in a very intuitive manner. First, it is assumed
that the mechanism by which the LR images are obtained is fairly well known.
This means that the PSF of the acquisition system, the relative motion between
LR frames. and the noise characteristics are known to some extent. Next, a set of LR
images is simulated by feeding the observation model with a coarse estimation of the
HR image. After that, the HR estimation is corrected according to the differences
observed between the simulated and observed LR images. This process is repeated
iteratively until some error measure between the observed and simulated images is
minimized. A graphical representation of the simulate-and-correct process is shown
in Fig. 2.5.

Simulate-and-correct methods differ from one to the other in the error measure
and correction strategy chosen. One of the most simple approaches is due to Keren
et al. [25]. In this paper, the simulate-and-correct method is used to deblur an HR

estimation obtained by some sort of non-uniform interpolation (see Section 2.3.1).
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Then, the error measure for the j** iteration is defined as

¢ = Zn 19 — gy (2.11)

where g ) is the k™ LR i image obtained by feeding the observation model with the j**
HR estimation, ), and v is the k' observed LR image. Subsequently, each pixel
of £ is corrected according to the following scheme: its value is first incremented
by a predefined amount and the resulting error, €/, is computed. Then, the same
pixel value is decremented by a predefined amount and similarly €~ is calculated.
The corrected value for the considered pixel is the one that leads to the lowest error
provided it is lower than €/. This scheme is repeated for every pixel of () to calculate
the corrected estimation z@+1).

Even though simple and intuitive, the later scheme is quite slow and likely
to converge to a local minimizer. An improved version of the described scheme is

provided in [30] where the error measure is redefined as

K

= Z 99 — yi|2 (2.12)

k=1

and the correction formula for each HR pixel is

2@+

(102} = {1‘1 22}
K
303 (Whusmt = 9D ) P 1972 9) (213)
k=1 Y
where {x7. x5} are the coordinates of an HR pixel, {y;.y2} are the coordinates of an
LR pixel. Y is the set of LR coordinates {y;.y2} influenced by an HR pixel located
at {x1, 22}, and hP" is referred to as the ‘back-projection kernel’. The latter entity
measures the influence of each HR pixel on each LR pixel observed. To construct the

back-projection kernel, the relative motion between frames and the PSF of the system



Overview of Existing Image Super-Resolution Algorithms 20

need to be specified. An important difference in this correction scheme is that each
pixel is corrected according to the influence it has on the current LR pixel difference

being measured.

2.3.3 Stochastic Methods

The ‘maximum-a-posteriori’ (MAP) and a special case of MAP, the ‘maximum-
likelihood” (ML) methods, are the most prominent of this type of reconstruction
methods. In the MAP method both the noise and the image to be reconstructed
are regarded to be stochastic in nature. A distinctive feature of this method is that
previous information about the desired solution can be introduced in terms of the
concept of prior probability distribution which is commonly referred to as ‘prior’ in
the literature [31]. A prior is a marginal probability density function that represents
what we know about a certain random variable without having observed it. In the
context of superresolution. the random variable is the high-resolution image being
estimated. Consequently, a prior is a distribution that will assign a likelihood to each
and every high-resolution image pertaining to the solution space. When no prior
information is introduced. that is, when the statistical prior is a constant equal to 1.
the MAP reconstruction reduces to the ML method.

Considering the image formation model and using stacked notation for (1.1). the

observed images can be written as

Y1 DB, Fy V1

DB,F:. v
v | o 4| 7 |sy=Ha+v (2.14)
Yp DB,F, Vp

MAP methods can be used to find the HR image = that is more likely to lead to the

observed images y. That is, £4p is an HR image  that maximizes the conditional
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probability P(z|y). By virtue of Bayes theorem, we can write

P(z|y) %ﬁ;(m) (2.15)
Hence
Tarap = arglmnaxp(y;l:(_;;(m) (2.16)
and, since P(y) is not dependant on x, then
Zyap = argmax P(y|xz)P(x) (2.17)

where P(y|x) = P(V)|y—y-Hz is exclusively determined by the noise probability
density function and P(x) is the statistical prior corresponding to the HR image.

If the HR image is assumed to result from a zero-mean Gaussian random process
with autocorrelation matrix Q and the noise is assumed to be additive white Gaussian
(AWGN), then the MAP estimator reduces to a regularized minimum mean-square

error (MMSE) estimator, that is,

2uap = argmin |y - Hz|; +2'Q ') (2.18)

@

The unconstrained optimization problem in (2.18) can be solved by using iterative
numerical methods like steepest-descent or conjugate-gradient methods [32].

One problem observed when using the Gaussian prior is that the resulting
regularization leads to oversmoothed solutions. In other words the term associated
with the Gaussian prior penalizes high frequencies in the HR image. This effect is
often undesirable as it tends to destroy original high-frequency information associated
with edges. A solution to this problem has been proposed by Schultz et al. [33]. In
this work. an edge-preserving Huber Markov Gibbs prior model that leads to a convex

constrained optimization scheme is proposed.
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Notice that when no prior is assumed, that is, when we assume that every possible
HR image is equally likely to occur, i.e., P(z) = 1, the MAP estimation reduces to

the ML case. In such a scheme

~

Zyp = argmax P(y|x) (2.19)

so that &, is the HR, x. that makes y most likely to be observed. If AWGN is

assumed, then
&y = argmin ||y — Hz||? (2.20)
T

Even though this formulation is simple, the ill-posed nature of the SR problem requires
(2.20) to be regularized.

Summing up, stochastic methods are attractive because they fit well in the
spatial-domain observation model, previous knowledge of the solution can be
introduced while tackling the ill-posedness nature of the SR problem. and the HR
image can often be obtained by efficient gradient-descent methods. In addition,
the MAP framework has been shown to be appropriate for solving the problem of
simultaneous registration and reconstruction of an HR image from several warped,

blurred, noisy and subsampled versions [33-35].

2.4 Wavelet-Domain Methods

Wavelet-based multiresolutional analysis has proven useful in the reconstruction of
HR images from low-quality LR frames. The capabilities of wavelets to decompose
a signal into a coarse content and detail content along with the existence of nearly
optimal wavelet-based denoising algorithms have made this approach an attractive
SR tool. Next. we provide an example of an algorithm that makes use of the wavelet

decomposition to estimate an HR image.
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2.4.1 Higher-Frequency Subband Estimation

A common feature of higher-frequency subband estimation methods is the assumption
that the image to be enhanced is a good approximation of the lowpass-filtered subband
of a wavelet-transformed HR image [36]. Another distinctive characteristic of these
methods is their capability to estimate higher-frequency content from a single LR
image thereby eliminating the need for several views of the scene. This last feature
relies on the fact that low-pass wavelet filters are non-ideal thereby allowing high-
frequency information to be aliased into low-frequency subbands.

A basic reconstruction scheme is illustrated in Figs. 2.6 and 2.7. In Fig. 2.6, =
represents an HR image from which only subband LLj is known through the available
LR image. By exploiting certain properties of the discrete wavelet transform (DWT)
like persistency of the coefficient magnitudes through different resolution scales [36]
or local extrema propagation across scales [37], detail coefficients can be estimated.
Finally, the estimated coefficients and the original low-frequency subband information
can be combined to reconstruct an HR version of the original image. An outline of

the process is illustrated in Fig. 2.7.
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Figure 2.7: Basic reconstruction scheme.

2.5 Summary

In this chapter. we presented an overview of the most representative super-
resolution methods. We divided these into three groups, those based on the
frequency domain. those based on the spatial domain, and those based on the
wavelet domain. Frequency-domain-based methods are of simple formulation and
are computationally efficient but fail to incorporate complex motion models, space-
dependent degradations, and previous knowledge about the solution. On the other
hand, spatial-domain methods, while computationally more expensive, tackle the
deficiencies of frequency-domain methods and, at the same time. can incorporate
spatially dependent regularizing functionals that improve their numerical conditioning
thereby improving their robustness. Finally, we presented some wavelet-based
algorithms which can produce an image of increased resolution from a single image

without requiring several sub-pixel displaced images.



Overview of Ezisting Image Super-Resolution Algorithms

o
ot

In the next chapter. we study two state-of-the-art spatial-domain-based algo-
rithms for multiframe super-resolution, give details on their implementations, and

provide suggestions for their improvement.



Chapter 3

Study of Two State-of-the-Art Algorithms

for Image Super-Resolution

3.1 Introduction

In this chapter, we review two state-of-the-art algorithms for multiframe image super-
resolution reported in [9] and [10] by Farsiu et al. These address the problem of
robust grayscale super-resolution and the problem of multiframe demosaicing and
color super-resolution in the context of spatial-domain-based maximum-likelihood
(ML) estimation. First, we provide a description of a procedure to generate artificially
degraded images that will serve as inputs for the super-resolution algorithms. Next,
we outline the fundamental concepts behind these two algorithms. give details on their
implementation, show the results of applying these to a series of artificially degraded

images. and provide suggestions for their improvement.
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3.2 Generation of Artificially Degraded Images

To evaluate the performance of super-resolution algorithms, a series of images that
have undergone controlled degradation is needed. For this reason, a degradation
model that emulates the acquisition of a set of N different images for the same scene,
such as the one described in Section 1.2.2, has been implemented.

A high-resolution (HR) image, represented by vector @, corresponds to the input
scene. This image represents the ground truth and, ultimately, it constitutes the data
to be estimated by the reconstruction algorithm. The image acquisition process is
emulated by warping, blurring, downsampling, and degrading the HR input image
with additive noise. By applying the process described N times using different
warpings to emulate camera movement, a set of N (M x L)-pixel low-resolution
(LR) images, represented by {y1.y2,...,yn} is obtained.

The process by which the set of N LR images is produced can be modeled

mathematically as [9,10, 32, 38—40]
ykzDHkam+vk k=1 eV (31)

where = represents an r?M L-element column vector representing a raster scan of
the HR image. Fj is an r?ML x r?ML matrix that models the camera motion
corresponding to each acquired frame, Hy is an r?M L x r?M L matrix that models
the point-spread function (PSF) of the camera, D is an ML x r?’ML matrix
that represents a decimation operation which introduces aliasing artifacts when the
resulting resolution is not high enough to resolve the fine details of the scene, and vy
and y,, are M L-element column vectors representing an additive noise source and the
observed frame, respectively.

An important simplification to this model can be made if space and time

invariant blur is assumed. Space-invariant blur allows Fj and Hj to commute and
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time-invariant blur renders Hy = H. i.e., the PSF of the camera becomes frame

independent. With these assumptions, (3.1) simplifies to
ypr=DF.Hx+v, k=1,...,N (3.2)

The effect of the application of the proposed degradation model to standard
image ‘EIA1956" [41] shown in Fig. 3.1(a) is illustrated in Fig. 3.1(b).

(a) (b)

Figure 3.1: (a) Original image. (b) Sample degraded image (r = 4, SNR = 18 dB).

It should be mentioned at this point that throughout this work matrices D,
H . and F}, are not constructed. Instead their effects are simulated through direct
transformations as suggested in [9] and [10].This results in a much faster and memory-

efficient approach.

3.3 An Algorithm for Robust Grayscale Multiframe

Super-Resolution

In [9] an algorithm for robust grayscale multiframe super-resolution is presented.

The proposed method is based on L;-norm and robust regularization minimization
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which is carried out using a steepest-descent algorithm with a fixed step-size factor.
It is claimed in [9] that this approach is not only fast but also robust in that it can
effectively cope with non-Gaussian noise and affine (non-purely-translational) camera

motion.

3.3.1 Algorithm Description

In what follows we describe and briefly analyze the algorithm proposed in [9]. First,
we detail a robust data fusion process known as non-iterative shift and add by which
a blurred version of the ideal HR image is quickly estimated. Next, we review an
iterative process based on a steepest-descent L;-norm minimization that allows us to

obtain a deblurred estimation of the HR image.

Non-Iterative Shift and Add

In [9] the process of finding a high-resolution estimate of a scene from its corresponding
set of blurry. noise contaminated, low-resolution images is based on the theory of
maximum likelihood (ML) estimators [42].

As was stated in Section 2.3.3, in the super-resolution context the problem of
finding the ML estimator can be thought of as finding the HR image & that makes
i S yn} most likely to be observed. Such an estimate, designated as & . can be
obtained by solving the unconstrained minimization problem

N

Minimize |:Z (Y. DFkH.’I:)] (3.3)

r
k=1

where p(-) represents a distance measure between the observed LR images and the
degradation model outputs for a given input HR image . The HR estimate & is a
value of  that minimizes such a distance.

The formulation of function p(-), and therefore the ML estimator, depends on the

degradation model. For example. p(-) depends on the assumed noise model which is
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characterized by the probability distribution of v. If additive white Gaussian noise
is assumed, then, as shown in Appendix A.1, the problem of finding an ML estimate

for the HR image can be reformulated in terms of the least-squares problem

N
Minimize | ) | DF.Hz — y&|3 (3.4)
k=1

Finding an ML estimate through a least-squares minimization has been used in many
papers such [32] and [38]. However, Farsiu et al. argue that the least-squares-based
ML estimator performs poorly in the presence of outliers. That is, when the LR
images are contaminated with non-Gaussian noise or when the warping is not purely
translational, the least-squares ML estimate is not a good result.

If we consider the blurred version of the HR image z = Hz, then the multiframe

reconstruction problem of the blurred image can be formulated as

N
Minizmize [Z | DFyz — yk||£] (3.5)

k=1,
As shown in Appendix A.2. the gradient of the p-norm-based objective function
is

N
g fd
g9, = E(Z ||Dsz—yk||§>

k=1
N
= pY_ FIDTsign(DFiz — yx) © |DFyez — yi/"™! (3.6)
k=1
Farsiu et al. claim that when p = 1, the HR image estimator in (3.5) achieves
the highest robustness in the presence of outliers and on the basis of the following

observations they have constructed a fast algorithm:

1. When the minimum is reached, the gradient is zero, that is
N
g1 =Y _ FID"sign(DFys — yi) = 0 (3.7)

k=1
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2. DT, which behaves as an upsampling operator, maps an (M x L)- to an
(rM x rL)-pixel image after proper zero padding as shown in Fig. 3.2.
Consequently, Fi. DT copies the values from the LR grid to the HR grid after
proper shifting, which is the effect of applying Fj and zero padding resulting
from the multiplication by DT. Similarly, DF}, copies a selected set of pixels

in the HR image back to the LR grid.

Yal 0|0 |v,[ 0] 0]y, 0
0/0 o 0o/ 0 0 0 0 0
DI 0,0 0 0/ 0 0 0/ 0 0
Yu Y |Ys| = |v,|o0|0|v,|0]0|v]0]0
Y, Y Vi o/ 0 0o o/ 0 0 0 0 0
0 0/ 0 o0/ 00 0/ 0 0

y31 y32 y33 .
v [0[0 |¥,|0|0|yv,[0]0
o o/o o 0|0 0 00
0 0/ 0 0 00 0 00

Figure 3.2: Effect of the application of D and DT matrices. Vectors representing the

LR and HR images were rearranged as matrices for easier understanding (r=3).

Under these circumstances, the contribution of the low-resolution frame pixels.
Ykij» to the computation of each element of g, assumes one of the following three

forms:

1. Addition of a zero resulting from:

e zero padding due to upsampling, and

® Yyi;; pixels such that (DFx2)i; = Yk;;-

2. Addition of +1 due to pixels in 2 larger than the corresponding pixels in frame

Yk, i€, (DFk,%),J > Ykij-
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3. Addition of —1 due to pixels in Z smaller than the corresponding pixels in frame

Yk, 1., (DF2)i < Ykij-

As a zero gradient is the result of adding an equal number of +1s and —1s,
each element of z should be the median value of the corresponding elements in the
low-resolution frames. The final superresolved image, &, is calculated by deblurring
z.

This fast approach was implemented and Fig. 3.3(b) shows the image obtained.
Note how the aliasing artifacts seen on the black and white stripes were successfully

removed.

(a) (b)

Figure 3.3: (a) Sample LR image. (b) Result after applying ‘shift and add’: A blurred

version of the HR frame being estimated.

As suggested by Farsiu et al., the output of this non-iterative algorithm can be

later used as the initial estimate, @;. for the iterative reconstruction.
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Iterative Reconstruction

The multiframe SR problem entails estimating a high-quality HR representation of the
observed scene. z. from the observed LR images. yi. For this purpose, Farsiu et al.,
define an objective function f(x) = J(x) + AR(x) where J(x) and AR(x) are a data
fidelity term and a regularization term, respectively. The first term assures fidelity or
closeness of the final solution to the observed data and the second term mitigates the
effect of noise amplification inherent to the inversion of an ill-conditioned system. At
the same time, this last term promotes convergence to an edge-preserving solution.
Vector x is estimated by solving the optimization problem

& = argmin [J(z) + AR(x)] (3.8)

x

Exploiting the robustness of the L; norm in the presence of outliers while
proposing a regularization term called bilateral total variation. a generalization of
the total variation principle due to Rudin, Osher, and Fatemi [43]. the data fidelity
and regularization terms are defined as

N
J(z) = ZHDHka—kal (3.9)
k=1
and

P P

Rix) = Y Y o™z —Ssra|, (3.10)
[=—P m=0
——
I+m>0

where .S'fc and S;" are operators that shift the image horizontally and vertically by [

and m pixels, respectively.
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The iterative solution proposed in [9] for the minimization of the problem in (3.8)

relies on the following gradient-descent updating scheme
Tpy1 = Ty — {3Vf($)

N
Ens1 = &,— B FTHTDTsign(DHPFyi, — yi)
k=1
P 2

+BA Y D oI — 5 ™S Y sign(&, — SLST®,)  (3.11)

[=—Pm=0
N——
+m>0

Note that constant 3 controls the step size and that a decrease in the objective
function is not guaranteed even if the step is taken in the direction of steepest descent.
To illustrate this point, the iterative restoration algorithm was implemented using the
parameter values A = 0.005. P = 2,3 = 110, and a = 0.6. Figs. 3.4(a) and 3.4(b)
show the initial HR image, &¢, generated by a simple bilinear interpolation of one LR
frame, and the obtained HR image, respectively. The poor quality of the HR image
obtained after several algorithm iterations is evident. Fig. 3.5 shows normalized values
for the objective function and gradient norm. As can be noticed. the restoration
algorithm has increased the objective function value, that is, the algorithm provides
an HR image of lower quality than the initial estimate.

From the results presented in Figs. 3.4 and 3.5, we observe one important short-
coming of this algorithm. Not only an enhancement in the image is not guaranteed
but significant degradation may result if the optimization parameters are not chosen
properly. A more conservative approach would be to take shorter steps (lower values
for 3) to ensure a reduction in the objective function in each step; however, this would
obviously result in slow progress in finding the minimizer.

The behavior of the algorithm for a small value for 3 (say, 3 = 1) is illustrated
in Figs. 3.6 and 3.7. As can be seen in Fig. 3.7, a reduction in the objective function

slightly higher than 10% of the initial value is achieved after 10 iterations.
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(a) (b)

Figure 3.4: (a) Initial estimate of the HR image, #o. (b) Image obtained after 10

iterations.

3.5 T T T T T T T T
g wwmses Normalized obj. function value
§ = - = Normalized gradient norm
€ I 1
2
©
o
O 25 1
o
Q
=
g 2 ]
w
(9]
=
o -5+ emEEEEEE S @SS
2
o) .
(@) K

lteration

Figure 3.5: Objective function and gradient norm. (Values are normalized relative to

the initial ones.)
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Figure 3.6: (a) Initial estimate of the HR image, #,. (b) Image obtained after 10

iterations.
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Figure 3.7: Objective function and gradient norm values when 3 = 1. (Values are

normalized relative to the initial ones.)
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The preceding results suggest that the choice of the step-size factor has a

significant impact on the quality of the obtained images and the convergence speed.

3.4 An Algorithm for Robust Multiframe Demosaicing and

Super-Resolution of Color Images

Most of the research in super-resolution deals with monochromatic images. A
rudimentary approach to color super-resolution is to reconstruct each of the primary
components separately using a monochrome algorithm [44, 45]. However, these
approaches are inherently sub-optimal in that they do not take into account the
existing correlation among the different color components.

Color filtering is a process by which each pixel of a sensor array is made sensitive
to a particular color band by placing a filter in front of the array. Consequently, to
fully characterize the color of a pixel it is necessary to estimate the color information
lost in the filtering process. This procedure is known as demosaicing. Again, a simple
super-resolution approach is to demosaice the LR images before super-resolving them.
However, proceeding in this manner prevents us from de-aliasing the color components
that are severely undersampled (usually the red and blue components as we are going
to show later).

In this section, we study an algorithm for robust multiframe demosaicing and
super-resolution of color images reported in [10] by Farsiu et al. This algorithm
successfully addresses the problem of simultaneous demosaicing and color super-
resolution in a unified context. Much like the algorithm proposed for grayscale
images proposed in [9]. the reconstruction of a demosaiced increased-resolution image

is approached as the minimization of a multi-term objective function.
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Color Filtering and Demosaicing

A color image is typically represented by combining the information of three
components. In digital imaging, these usually correspond to the three primary
colors of the acquisition system, namely red, green, and blue. In practice, to reduce
production costs, each pixel of a sensor array is made sensitive to either red, green,
or blue. This is usually achieved by placing a color filter array (CFA) in front of the
sensor array. As a consequence, there is a particular sampling pattern for each color
and, therefore, there is a particular spatial sampling frequency. The most common
CFA pattern used in digital image acquisition is the ‘Bayer’ CFA [46] illustrated in
Fig. 3.8.

Figure 3.8: Bayer color filter consisting of a 64-pixel (8 x 8) array with 16 red sensors,

32 green sensors, and 16 blue sensors.

In a Bayer filtered sensor array, 25% of the elements are sensitive to the red
colors, 50% are sensitive to the green colors, and the remaining 25% are sensitive
to the blue colors. The rationale behind such distribution is that the human visual
system is more sensitive to the green band frequencies and, therefore, the spatial
sampling frequency for the greens should be made as high as possible. For such a

sensor, the resolving power for the green band radiation will be double that of the
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red and blue bands. A Bayer-filtered image is shown in Fig. 3.9. Note that in the the

color-filtered image each pixel is either red, green, or blue.

20 40 60 80 100 120 140 160 180

(b)

Figure 3.9: Color filtering. (a) Image ‘Baboon’. (b) Color-filtered image ‘Baboon’.

To obtain an image that is an accurate representation of the original scene, the
values of the missing color components in a color-filtered image must be recovered
through demosaicing which is usually achieved by interpolating and upsampling each

color component [47,48].
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Acquisition Model for Color-Filtered Images

In a similar manner to that for grayscale images, an image acquisition model is used
for color-filtered images and is later inverted to estimate the HR image. The model

proposed in [10] is illustrated in Fig. 3.10 and can be represented by the equation

Yir=DicHFx; +vip k=1,..., N i=R.,G.B (3.12)
Vr.k
HF, xg X Ve
LA Py | Ve
Ve.r
HFx; v Y6.x
L — Ft - H > DG v-b@ >V,
X - »
Xp Motion Blur Bk o
v X A
HR color image ‘ HF, xp DB -’® Yz image
| ; f \
*5 i Yok
¥\ ¥e Downsampling Additive Ye=|Vex
Xz and color filtering  noise \¥2.4|

Figure 3.10: Color-filtered image acquisition model.

For simplicity, a square 2rM x 2rM-pixel HR color image is assumed where
r is the resolution enhancement factor. After lexicographical ordering, each HR
component, x;. can be represented by a 472 M2-element column vector. Thus, a vector
representation of the color image, x, is achieved by stacking the three components
in a 12r2M2-element column vector. Next, this color image is assumed to undergo
five effects: camera motion, lens/motion blur, downsampling, color filtering. and
additive noise corruption. Since color filtering takes place at the sensor array. all
three components are assumed to undergo the same motion and blur effects which are

represented by the 472M? x 4r?M?-element matrices Fy, and H. The downsampling
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and color-filtering operations can both be thought of as applied independently to
each component and are represented by M? x 4r>M?-element matrices for the red
and blue components, and a 202 x 4r2M?-element matrix for the green component.
Since we are assuming Bayer color filtering, the filtered green component ends up with
twice as many pixels than the red and blue components. Additive noise corruption is
introduced by adding column vectors Vg k. VG.k, VB,k. Which are of length M 2 202,

and M2, respectively.

3.4.1 Algorithm Description

In [10] the reconstruction of an HR color image from several undersampled, blurry,
color-filtered, and noisy observations is approached as a multi-term MAP-based
objective function minimization. This objective function consists of a data fidelity
term, two regularization terms operating in the YIQ color space [49]. and an intercolor

dependencies penalty term defined as follows:

1. Data Fidelity Term: This term is designed to assure similarity between the
resulting HR image and the observed LR images. Again, an L;-norm-based

term is proposed as

N
Jolz) = Z Z |D:H Frz; — Yix

i=R.G.B k=1

|1 (3.13)

A simplified data fidelity term can be obtained if the blurring is assumed space-
invariant. If the latter is true. then Fj and H commute and a penalty term
can be defined as
(@)= > |®:(Hzi— )| (3.14)
i=R.G.B
where z; are the three color components of the color shift-and-add image 2

obtained with the procedure described in Section 3.3.1. Similarly, matrix ®; is
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analogous to matrix A defined for fast grayscale image reconstruction. In other
words, ®; is a diagonal matrix with diagonal values equal to the square root of
the number of LR pixels that contributed to the measurement of each element

of 2,‘.

2. Spatial Luminance Regularization: Given that the human visual system is more
sensitive to details in luminance than in chrominance, a bilateral-total-variation

regularization term operating on the luminance

P P
A@) =D Y o™z - SLST x| (3.15)
[=—P m=-P

is introduced, where the luminance is calculated as 7 = 0.299x g + 0.587x ¢ +
0.114zp [49] and matrices S, and S}* represent horizontal and vertical shift

operators by [ and m pixels. respectively.

3. Spatial Chrominance Regularization: A less sophisticated regularization for the
chrominance information is chosen as the human visual system is less sensitive

to chrominance changes. Then, regularization based on the Ls-norm
J(z) = [[Azel; + [Azce| (3.16)

is introduced, where 7 and T oo correspond to the I and Q components of
the YIQ color representation, that is, x¢; = 0.596x g — 0.274zg — 0.322z R
and zce = 0.211z g — 0.523x ¢ + 0.312x g and matrix A represents a Laplacian
high-pass filtering operation. In this way, the regularization term promotes

smoothness in the chrominance components of the solution.

4. Intercolor Dependencies Term: Even though edges may be defined by larger
or smaller gradient magnitudes across the different color components, it is

reasonable to assume that their orientations and locations are the same in the
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three color bands. Thus. one way to incorporate inter-component correlation
information is to enforce the latter assumption by introducing a term that
penalizes the differences between edges locations and orientations. Following
some work in [47] that suggest that edge location and orientation can be enforced
by minimizing the vector product norm, ||(mg,mg, mp) X (ng,ne.ng)|)3. of
adjacent pixels, the following penalty term is introduced [10]

1 1
Bx) = > ) lzc@ S STz —zp 0 LSzl

I=—1m=-1
2

+|lzB© 8.8y er — R © S,Sy x5l
+|lzr© SLST e —zc @ SLSy TR} (3.17)

where @ is the element-by-element multiplication operator, and SII and S} are

the I-pixel-horizontal and m-pixel-vertical shift matrices, respectively.

The iterative reconstruction relies on the following gradient-descent updating

scheme

i:n.—:-l = fbn - vi(m)
Ty = Z,— B8 (Vd(x) + NVh(z)+ N'Vhh(z)+ N'VI3(x)) (3.18)
where the scalar factors \'. \”, and A" enable the control of the influence of each term

in the objective function and V.J(z;) is the gradient corresponding to each term (see

Appendix A.2.2 for the derivation).

3.5 Observations Pertaining to the Steepest-Descent

Scheme

The analysis done and results obtained so far reveal that 3 plays an important role in

the performance of the algorithm. It has influence not only on the convergence speed



Study of Two State-of-the-Art Algorithms for Image Super-Resolution 44

but also on the quality of the images obtained. To illustrate this point, the steepest-
descent-based grayscale restoration was run several times, using different values for
parameter 3, to reconstruct an HR image from a set of artificially degraded images
pertaining to image ‘EIA1956" shown in Fig. 3.11(a). The values given to 3 were:
3 =0.5.1,2.5.10.20. The results obtained are plotted in Figure 3.12(a). As can be
seen, a value 4 = 0.5 results in slow improvement of the objective function. Values
3 =1 and 3 = 10 lead approximately to the same improvement after 30 iterations
although the larger value causes the algorithm to converge faster. Finally, value 3 =5

leads to the best improvement after 30 iterations.

40 80 80 100 120 140 160 180

(a) (b)

Figure 3.11: (a) Image ‘EIA1956". (b) Image "Moon'.

Figure 3.12(b) shows the results of applying the steepest-descent-based restora-
tion with several 3 values to a set of artificially degraded images pertaining to image
‘moon’ shown in Fig. 3.11(b). In this case, value 8 = 10 no longer improves the
objective function and the best improvement after 30 iterations is achieved when
3 = 2. We conclude that the choice of a good value 3 depends on the image being

restored.
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Figure 3.12: Steepest-descent iterative restoration for different values of 3. (a) Image

‘EIA1956". (b) Image ‘Moon’.
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An experiment whereby the value of parameter 3 was varied was run for the color
SR algorithm using image ‘house’ (Figure 3.13). Plots corresponding to objective

function values for different values of the 3 parameter are shown in Figure 3.14.

Figure 3.13: Image ‘House’.

A desirable property for any algorithm is that a minimum amount of information
be required from the user. If an important parameter such as /3 is left to be provided,
then the algorithm performance will depend on the ability of the user to select a
proper value. On the other hand, if 3 is fixed, then, as we have shown in previous
sections, the algorithm performance will depend on the specific set of input images.
In other words, there is no value of 3 that would give best results for all possible
input images. As a consequence, this parameter needs to be tuned for each case over
a large collection of situations.

Another observation that can be made about the steepest-descent scheme has to
do with the numerical conditioning of the multiframe image super-resolution problem.

It is a widely accepted fact that multiframe image super-resolution is a numerically
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Figure 3.14: Normalized objective function for fixed § (image: ‘House’).

ill-conditioned problem [39,50]. Results of an in-depth mathematical study carried
out by Wang and Qi [51] point out that the ill-conditioning results from the deblurring
part of these algorithms. On the other hand, even though conceptually simple and
easy-to-implement, the steepest-descent method is known for its poor convergence
properties which are further degraded by numerical ill-conditioning [52,53].

On the basis of the preceding observations, we conclude that attempting to solve
the minimization of the objective functions presented in this chapter by the steepest-

descent method with a fixed step-size factor is seriously inefficient.

3.6 Summary

Two state-of-the-art super-resolution algorithms have been presented. Both algo-
rithms are based on the minimization of a multi-term objective function carefully

designed to preserve high-frequency information and achieve robustness in the
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presence of outliers. However, even though these objective functions were designed
taking into account the quality of the images obtained, the proposed minimization
approach is quite inefficient. A fundamental tuning parameter is left to be provided
by the user, and the iterative approach itself is inefficient due to the ill-conditioned
nature of the super-resolution problem and the non-convexity of the color objective
function. It is for these reasons that we devote the next two chapters to develop

sophisticated algorithms for minimizing the objective functions involved in SR.
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Chapter 4

Quasi-Newton Algorithms for Multiframe

Image Super-Resolution

4.1 Introduction

In this chapter. we present a much more sophisticated approach for the minimization
of the cost functions presented in Chapter 3. In the following sections we present
two quasi-Newton algorithms specially reformulated to suit the size of the super-
resolution problem. The benefits of adopting these strategies is twofold: on the
one hand the minimization algorithm has better convergence properties and is less
susceptible to numericall ill-conditioning. On the other hand. the step-size parameter,
3, is adaptively calculated by means of an inexact line search (ILS) so that it no longer

needs to be selected.

4.2 Fundamentals of Quasi-Newton Minimization

Quasi-Newton methods rank among the most efficient available and. therefore. are

used in a wide variety of applications. Like many other optimization techniques.
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quasi-Newton methods are developed for the convex quadratic problem are and then
extended to the general problem. These methods do not require explicit expressions
for the second derivatives of the objective function, they exhibit better convergence
properties than the steepest-descent method, and they work well with ILSs [52].

The basic principle in quasi-Newton methods is that the search direction is based
on a direction matrix S which serves the same purpose as the inverse Hessian in the
Newton method. This matrix is generated from available data and is contrived to be
an approximation of the inverse Hessian.

Even though an explicit expression for the Hessian is not required. an estimate
of its inverse must be computed, stored, and eventually multiplied by a vector d.
For the given super-resolution reconstruction problem, the optimal value of an r?A/2-
element vector is sought. Thus, the Hessian of any objective function is an r2M? x
r2M? matrix. Traditional quasi-Newton methods, like the Davidon-Fletcher-Powell
(DFP) [54,55] or Broyden-Fletcher-Goldfarb-Shanno (BFGS) [56-59] methods. entail
computing matrix-vector products involving matrix S in each iteration. Given the
considerable size of the Hessian associated with the super-resolution reconstruction
problem. turning into a quasi-Newton scheme would, in principle, severely degrade
the memory efficiency and involve a great deal of computation.

As an example, the reconstruction of a 256 x 256-pixel HR image would entail
the storage of a 65,536 x 65,536 matrix. In addition each iteration would involve
a matrix-vector product that would require approximately 4.295 x 10° floating-point
multiplications (fpm). To deal with these demands and to be competitive with current
super-resolution algorithms, we propose an efficient technique for the storage of S and
the computation of the product Sd. As will be demonstrated, this technique leads

to a significant reduction in memory and computation requirements.
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4.3 Application of Quasi-Newton Minimization to Image

Super-Resolution

Algorithm 1 shows the structure of a practical quasi-Newton optimization imple-
mentation where f(z) represents the objective function. The main differences with

respect to the steepest-descent scheme implemented in [9] are:

e Instead of fixing a value for 3,, a value that assures reduction in the objective
function is sought through an inexact line search such as that due to Fletcher

[60].

e The search directions are computed according to a more efficient quasi-Newton

approach.

To compute the search directions an estimate of the inverse Hessian, S,,. is needed
on each iteration. The DFP and BFGS methods provide an iterative means to obtain
such estimate through successive rank two corrections. In this way. the inverse Hessian
is first approximated by the identity matrix, I, and then corrected according to the
formulae given in Table 4.1.

For convex quadratic problems, the DFP and BFGS updating formulae entail

the following properties [52]:
1. Sq. where @ is the length of vector . is identical to the inverse Hessian.
2. Directions dg, 01, ....0y_; form a conjugate set.
3. S, is positive definite if S, is positive definite and 4. 7,, > 0.

For the convex quadratic case, the first property guarantees finite termination,

the second one provides the excellent objective function reduction properties of
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Quasi-Newton Algorithms for Multiframe Image Super-Resolution

Algorithm 1: Practical Quasi-Newton Algorithm

=0, &n==%0, G = Vf(%0), Su = I;
. fl®n)—fl®n—1)
until e
dn = _Sngn;
Find an approximate solution to ming, f(x, + 3,d,) using an inexact line search:

511 = .'Bndn;

< ergr do

Lirl = T+ 04

Gns1 = V(Zn):

Yn = 9nt1 — Gn:
Sn+1=5(Sn,Yn: 0n);

n=n-+1;

B =2,
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Table 4.1: S, Updating Formulae
Method S(Sriy Yy O5)

an-T SwY '7TSn
DFP S" :_ mn . n n
657" ‘YZSHAYH
755,17") 6,07 (6,718, + S.v,0%)

YEé, Yioy B YO

BFGS S+ (1+

conjugate gradient methods [61], and the third one assures that every step is taken
in a descent direction.

By transposition of the formulae given in Table 4.1 it can be shown that if S, is
symmetric then S, is also symmetric. On the basis of this observation and letting

W, = S,7,. the updating formulae can be written as in Table 4.2.

4.3.1 Efficient Computation of the Search Directions

As mentioned earlier, unless wisely implemented, quasi-Newton-based image super-
resolution may require huge storage and computing capabilities. By letting Q =
r2M?2, we note that the storage of the S, matrix requires O(Q?) memory locations
and the computation of d, = S,g, requires O(Q?) fpm. Hence, with Q growing

quadratically with the resolution factor and the image size, the storage and computing

Table 4.2: S, Updating Formulae for Sy Symmetric and p,, = S,7,

Method S(Sn 8 £ 6-n )
T T
DFP ST‘ + 671671 _ l-‘l’nIJ'n

6l~, A,

T 1 5 T 6T
BFGS Sa+ 1+ Tnbon 6'"5" _ ( nly, + Ky n)
‘7711-671 "/HTJ,, 7777"611
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requirements grow very fast. To overcome this difficulty, we propose an efficient way
to store matrix S,, and compute S, g,,. For this we find an outer product expansion
of S,, and make use of the fact that in each iteration this matrix is corrected by a
rank-two matrix to reformulate the expressions in Table 4.2.

In the following two subsections we describe the reformulation of the DFP and

BFGS methods.

DFP Method Reformulation

By letting ¢, = (824,)"%, 7 = (vZw,)"". and S = I, the inverse Hessian update

formula can be rewritten as

n

Snar =T+ (6,67 =Y mp;nl (4.1)

=0 =0

where p, = Sovy = 7. and for n > 0

n—1 n—1
B =+ D G000, — > Tl v, (4.2)
Similarly, the search direction vector d,,.; can be expressed as
dn+1 = —Gp+1— Z Cjaj(s?gn—kl + Z Tj”’j”’?Qn—!-l (43)
=0 j=0

As can be seen in (4.3), the only information we need to calculate d,.; is
(CosCs--3Ga)s (705715 o Tn)s (00.01,...,0,). and (py. iq, . ... 1,,). In other words,
instead of storing a Q X (Q matrix we only store 2(n—+ 1) scalars and 2(n+1) Q-length
vectors. This would result in significant storage savings since the number of iterations
is expected to be much smaller than Q.

An algorithm based on the preceding observations is Algorithm 2. In this
algorithm, we keep iterating until the stopping criterion

f(@n) — f(®n-1)
f(zo)

< €THR (4.4)
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Algorithm 2: Reformulated DFP Algorithm

n = 0, z, =%, g, = Vfi(&); dn=—9;;

fl®n)—f(®n-1)
flzo)

Find an approximate solution to ming, f(z, + 3,d,) using an inexact line search:

6, = G.d,:

until < erygr do

Tpil = Ty + Op

91 = V(Tns1):

In = Gn+1 — n:

if n =0 then p, =+, else calculate p, according to (4.2):
Gn = (dn¥n)7h

o = (Yaba) "

calculate d,,.; using (4.3);

store (. Tn. 0, and p,:

n=n-+1;

X =Bn;
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is met. The idea behind such criterion is to stop the algorithm when the improvement
introduced in an iteration is below a predefined threshold. This criterion was found to
reduce the number of iterations required in the neighbourhood of the minimizer [52].
We measure this improvement as the ratio of decrease in the objective function value
in the last iteration to the objective function value at the beginning of the iterations.
Table 4.3 summarizes the storage and computational demands of the proposed
reformulated DFP method (Note that the computational effort spent in objective

function and objective function gradients evaluation is not being considered).

Table 4.3: Storage and Computational Complexity of Reformulated DFP Method

Parameter | Storage (coefficients) | Computation (fpm)
Ho: - - - My (n+1)Q ~ 4nQ
8,0, (n+1)Q —
Cose + +3Cn n+1 Q
Toress i3 n+1 Q
dni1 Q ~4(n+1)Q
Total ~(2n+3)Q ~ (8n+6)Q

In summary, at the nth iteration 2(n+1)(Q+1) = 2Q(n+ 1) coefficients need to
be stored. With respect to the computational effort needed to calculate p,, and d,,+;,
we observe from (4.2) that to compute each term of the summations, (2Q + 1) fpm
are required. Consequently. the computation of p,, requires 2n(2Q + 1) fpm. Now,
after calculating p,,, ;. 7, and using similar arguments as before. we note that the
computation of the next search direction d,.; = S,.19,.; requires approximately
4Q(n+1) fpm, thereby totalling approximately (8n+6)Q fpm per iteration. Compared

to the original formulation, the new one entails major savings as n << Q = r2M>.



Quasi-Newton Algorithms for Multiframe Image Super-Resolution 57

BFGS Method Reformulation

A similar strategy to the one used for the DFP method leads to an efficient

reformulation of the BFGS method. Letting (, = ((55’7,”)", then from Table 4.2
Sn+l Sn+ ( - Cn')’z:“n) Cnén‘sg —Cn (671#31- & “ndf) (4'5)
By letting €, = (1 + C,,')',,Tun) (., we have

Sn+l = Sn + Enénéz - Cn‘snﬂ'yjz- - Cnun‘sz

— S'n =+ (6,,6,, == Cnl'l'n) 5£ e gﬂanﬂ';l; (46)
and. if we let Sog =1
Spaa=T+ (6, —(p;) 8 Z Gdiny (4.7)
j=0

Now, as in the DFP case p, = 7, and from (4.7). we have

dn+1 = _Sn—‘—lgn—H
= =aux = Z (6.76_7 - le‘l’j) 6]1“gn+l -+ Z Cjéjp"}-gn—f—l (48)
=0 =0

and forn > 0

n—1

p’n = S‘n‘Yn = ‘Yn g Z (6j CJ”‘) 6 7n Z(} JI‘I'J ‘Yn (49)

Based on the preceding observations, the BEFGS method can be implemented in
terms of Algorithm 3.

Table 4.4 summarizes the storage and computational demands of the proposed
reformulated BFGS method. At the nth iteration, the storage of approximately
(2n + 3)Q coefficients is needed. Following the same reasoning as for the DFP

reformulation, we observe that the computation of the next search direction d,,+;
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Algorithm 3: Reformulated BFGS Algorithm

n=_0, &y = Bg, g5 = V[ (Z0), dp = —=9x;

until —if(m“)f?ig"'l) < eryr do

Find an approximate solution to ming, f(x, + 3,d,) using an inexact line search:
0, = G,d,:

Tl = Tn + Op;

Gni1 = Vf(®ni1);

Yn = 9n+1 — Gn'

if n =0 then p, =, else calculate p,, according to (4.9):
o= (dava)™h

en = (1+ GaVnbn) Gui

calculate d, . according to (4.8):

store (,, €,. 0, and p,:

n=n-+1:

T = Tp!




Quasi-Newton Algorithms for Multiframe Image Super-Resolution 59

Table 4.4: Storage and Computational Complexity of Reformulated BFGS Method

Parameter | Storage (coefficients) | Computation (fpm)
Bos> «5 8 (n+1)Q ~ 5nQ@
[ (n+1)Q —
[0 mellns n+1 Q
€0y ---sEn n+1 Q
dn1 Q ~5(n+1)Q
Total ~ (2n+3)Q ~ (10n+7)Q

requires approximately 5Q(2n + 1) fpm, thereby, totalling approximately (10n +7)Q

fpm per iteration.

Table 4.5 summarizes the storage and computation savings achieved for the

reconstruction of a 256 x 256-pixel image after 50 iterations. It can be observed
that for the worst case, that is. for the last iteration. S, requires around 650 times
fewer storage locations and the computation of the next search direction. dy;. is

approximately 140 times faster than using the original formulation.

Table 4.5: Storage and Computational Requirements Comparison for the Reconstruc-

tion of a 256 x 256-pixel Image after 50 Iterations (nfina = 50).

Method

S,..1 storage (coefficients) | d,,.+;computation (fpm)

Original formulation

Reformulated DFP

Reformulated BFGS _

~ 4.295 x 10°
~ 6.684 x 10°
~ 6.684 x 106

~ 4.295 x 10°
~ 26.476 x 10°
~ 33.095 x 10°
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4.3.2 A Practical Inexact Line Search Algorithm

In the proposed quasi-Newton minimization, as in other multidimensional minimiza-
tions, most of the computational effort is spent in objective function and gradient
evaluations required by the line search step. As more precision is required for the
solution of ming, f(x, + (3,d,) more line search iterations will be needed. On the
other hand, if precision requirements are relaxed then the computational load can be
reduced.

Fortunately. the convergence of the DFP and BFGS methods is assured even
if the solution of the line search not exact. This allows us to use an efficient ILS
algorithm based on the one proposed by Fletcher [60] to get an approximation to 3%,
the minimizer of ming, f(z, + 8.d,).

Starting from an initial search interval (3r,3y), the ILS algorithm iteratively
reduces this interval through quadratic two-point interpolations and extrapolations.
The search is stopped when a 3 = 3 is found which leads to a prescribed reduction

in f(x) and |% f(z, + 3d,)|. These conditions are

f(@n+ Bodn) < flxa)+p(B0— BL)fL (4.10)
|f'(@n + Bodn)| < |f'(zn) (4.11)

where p is a constant ranging from 0 to % and [’ represents a directional derivative

in the search direction. that is.
' d T .
f(@) = —f(z + ady) = g(x) dn (4.12)

A practical implementation of the inexact line search [52] is summarized in terms
of Algorithm 4 . This implementation is based on the one proposed by Fletcher [60]
and accounts for several situations that arise in practice when working with finite

precision calculations and when minimizing arbitrary objective functions.
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In Algorithm 4, p and o are parameters ranging from 0 to % and from 0 to

1 respectively. These constants enable the user to adjust the algorithm precision.
Parameters 7 and y range from 0 to 1 and control the search interval reduction in
each iteration. Constant M limits the number of iterations allowed for the line search.
Finally, parameter €, is a constant whose value is of the order of the roundoff error
and serves as a threshold to terminate the search when f(z,+ 3d,,) has a very shallow
minimum with respect to 3 or does not have a well-defined minimizer.

A practical quasi-Newton algorithm that makes use of an ILS is Algorithm 5.
Since a nonpositive definite S, 11 can sometimes arise near a solution point due to
numerical ill-conditioning. a safeguard to assure that each d,, is a descent direction
is implemented in lines 9 to 12. In this way. if S, is not positive definite then the
identity matrix is assigned to S,.; so that the next step is taken in the steepest-

descent direction.

4.4 Results

In this section we present the results of experiments aimed at assessing the benefits of
adopting the proposed strategies. We will focus on the improvements in convergence

time and quality of the reconstructed images.

4.4.1 Peak Signal-To-Noise Ratio

The mean-squared error (MSE) and its associated quantity, peak signal-to-noise ratio
(PSNR). are two widely used full-reference quality metrics because they are easy to
calculate and they have clear physical meanings [62]. The MSE is a measure of the
power of an additive noise signal while the PSNR is a ratio beetwen the maximum
power of a signal and the power of the noise that corrupts it. Then, the PSNR is a

measure of the purity of a signal. In the context of super-resolution, if we consider an
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Algorithm 4: Practical Inexact Line Search Algorithm

Data: z,. f(zx).dn. g,

Set algorithm parameters: p, o, 7, X, M, e
m =0, fo = foo = f(xn). B =0, 8y = oc;
if first call to algorithm then Afy = fo
fo= fo, fL = gndn

if |f7| > € then §; = —QAf{” else 3, =1
if 3 >1 OR 3, < 0then Gy =1

continueSearch = True;

while continueSearch do

while f(z, + 8od,) > f(x,) + p(80 — BL) f; AND continueSearch do

m=m+1, 8, = Bodn, fo=f(x,+dn);

if fo> fL+ p(Go— BL)f, AND |fy — fo| > €2 AND m < M then
if 3y < Gy then 3y = 3;.

(Bo—BL)*f} .
Bo = Br + Ae—fo+ (Bo—BL)TL’

continueSearch = False

gn—H = Vf(flin + 30 ) fO gnﬂ—l
if |f3| > |ofy| AND |fr — fo| > €2 AND m < M then

continueSearch = True ;

Afy = Ctuh,

if A3y, <0 then AZy = Gy;

o = 8o + ABo. Go = min|[Bo, Bo + X (Bv — Bo)l;
B = Bo, Bo = Bo: fr = fo. 1. = fi:

else

continueSearch = False:

Afo = foo — fo, store A fy:

Prsy = Ty + 05

30 ma\[ﬁ’o, Br + 7(8Bu — 5L ] 3() = 111111[30 Bv — 7(By — JL)J Bo = o
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Algorithm 5: Practical Quasi-Newton Algorithm

n =0, &, = &9, g, = V.f(Za), Sn = I;

flen)—fl@n—1)
f(za)

d, = —Sngn':

until

05 = Budy;

Byl = Ty +0p;

9ns1 = V f(®n+1);

Yn = Gn+1 ~ Gn?

if 81~, <0 then
| Swn=1

else

n=n-+1;

stopping criterion: if

= Tn;

< érggr do

| Sai1 = 5(Sn, 701 80)

fl@n)—fl@n_1)

flxo)

find an approximate solution to ming, f(x, + 3,d,) using an inexact line search:

< (¢ OR n > N then stop:
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M x N-pixel image x and its reconstructed version from blurry, undersampled, and

noisy frames to be &, the MSE is

1 MN-1
N = n )2 4
ISE = 5 XZO: (£; — x3) (4.13)

and the PSNR is

) [max(z;)]> 9 )
_ . imax(z)|” | _, e e eV 4.14
PSNR = 10 log,, { MSE 0 logyg vMSE ( )

where max(z;) the maximum value that a pixel can have for a given image

representation. Then, for a B-bit representation

2B —1
PSNR = 20 10810 (vﬁ) (—115)

and for a floating-point representation in which usually the pixels values range from
Dtol
PSNR = 20 log;, (—1—> (4.16)
VMSE
In the rest of this thesis, we use the PSNR and DPSNR (difference in PSNR) as

metrics for image quality and image quality improvement, respectively.

4.4.2 Robust Grayscale Multiframe Super-Resolution

Starting with image ‘Lena’ [41] (see Fig. 4.1(a)), three low-quality LR sets were
generated by applying the degradation model in (3.1) with three different sets of
parameters as detailed in Table 4.6. Subsequently. each LR set was used to obtain a
higher-resolution image with the SD and quasi-Newton-based algorithms. The same
procedure was repeated with images ‘Moon™ and ‘Baboon’ [41] (see Figs. 4.1(b) and

4.1(c)). The same stopping criterion was used in every case. Iterations were stopped
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when the reduction in the objective function was below a specified threshold, that is,

when

< €THR (4.17)

’ f(wn) = f(mn——l)
f(zo)

We found that a value of erggr = 1073 gives good results.

40 60 B0 100 120 140 160 80

(a) (b)

8 100 120 140 160 180

(c)
Figure 4.1: Images used for experiment: (a) ‘Lena’ (b) “Moon’ (¢) ‘Baboon’.

The performance of the SD-based reconstruction is strongly influenced by the
choice of 3 as it has impact not only on the convergence speed but also on the quality
of the reconstructed image. The optimum value of 3 is not known a priori and,

furthermore, it depends on the LR image set. Therefore. for the comparison to be
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Table 4.6: LR Image-Set Specifications !

LR Set Type | SNR (dB) | Blur o (pixels)

a 24 1
b 24 3
c 18 1.

! N = 16, images were obtained by applying
16 different translational warpings, 3 x 3
pixels Gaussian blur, a downsample factor

of 4. and additive Gaussian noise.

realistic, each image was reconstructed by the SD-based algorithm 100 times using 3
values uniformly randomized between 0.5 and 10. Then average performance statistics
were obtained.

The results obtained for the SD, DFP, and BFGS algorithms are given in terms of
bar plots in Figs. 4.2, 4.3, and 4.4. As can be seen in Figs. 4.3 and 4.4, the proposed
algorithms lead to a significant reduction in the amount of computation required.
In Fig. 4.2 we note that the image quality achieved with quasi-Newton method is
slightly superior to the one achieved with SD. This suggests that the quasi-Newton
algorithms converge somewhat closer to the minimizer.

Also we observe that the BFGS algorithms outperformed the DFP algorithms
in almost every case simulated and for almost every performance measure. which is
consistent with Fletcher’s simulation results reported in [60].

Figure 4.5 shows sample images from the three different LR images sets generated
using image ‘Lena’ and their corresponding reconstructed HR images using the BFGS

algorithms.
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Reconstruction Quality
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Figure 4.2: Comparative plot for image quality.

Iterations
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LR Set (Image-Type)

Figure 4.3: Comparative plot for iterations until convergence.

4.4.3 Robust Multiframe Demosaicing and Super-Resolution

In this section, we summarize the results of experiments aimed at assessing the
performance of the proposed quasi-Newton algorithms when applied to the problem
of simultaneous demosaicing and color super-resolution. As in the previous section,

we generated 12 sets of degraded and color-filtered images by applying 4 different sets
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CPU Time

60

CPU Time (s)

L-a L-b L-c M-a M-b M-c B-a B-b B-c
LR Set (Image-Type)

Figure 4.4: Comparative plot for CPU time until convergence.

of degradations, as specified in Table 4.7, to the three color images shown in Fig. 4.6.
Then, from each LR set a demosaiced HR image was reconstructed by means of 4

different methods, all based on the cost function described in Section 3.4.1:

1. The first method consisted of applying the iterative scheme proposed in [10],

i.e. , fixed step-size factor steepest-descent. We ran this experiment 100 times

using a randomized [ value.

2. For the second method we approached the reconstruction by implementing a
steepest-descent algorithm for which the step-size factor was adaptively adjusted
on each iteration by means of the inexact line search described in this Section

4.3.2. The idea behind this experiment is to assess the importance of the search

direction in the minimization scheme.

3. A third method consisted in applying the reformulated DFP method imple-

mented by Algorithm 2.
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100 120 140 15D 180 J > 100 120 140 150 180

(e) (f)

Figure 4.5: Sample LR images and their corresponding reconstructions using BFGS:
(a) ‘Lena’ LR - a. (b) ‘Lena’ LR - b. (¢) ‘Lena’ LR - c. (d) Reconstructed ‘Lena’ - a.

(e) Reconstructed ‘Lena’ - b. (f) Reconstructed ‘Lena’ - ¢
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Table 4.7: LR Image-Set Specifications !

LR Set Type | SNR (dB) | Blur o (pixels) 2
a 30 1
b 30 3
c 18 1
d 18 3
LN = 10, images obtained by applying

10 different translational warpings, Gaussian
blur, a downsample factor of 4, and additive
Gaussian noise.

2 Blur kernel size is 5 x 5 pixels.

4. Lastly, a fourth method consisted of applying the reformulated BFGS method
implemented by Algorithm 3.

In all cases the stopping criterion was the same, iterations were stopped when the

reduction in the objective function was below a specified threshold. that is, when

f(a:n) B f(mn—l)
flzo)

For all cases the initial guess (starting point of the iterations) was a demosaiced

< €THR (4.18)

version obtained by means of bilinear interpolation of the shift-and-add result of the
input LR frames.

In Fig. 4.7. we show a comparative bar plot illustrating the image quality
obtained with each algorithm as measured by the PSNR. In this plot we show the
mean performance and the best performance, i.e., the one that achieved highest PSNR
from the 100 runs of fixed step-size steepest-descent (SD). We also show the results
of the ILS equipped SD. the DFP. and BFGS algorithms. It can be observed that in
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L, 4
100 120 140 160 180 20 40 60 80 100 120 140 160 180

(a) (b)

100 120 140 160 180

(c)

Figure 4.6: Images used for the experiments: (a) ‘House’ (196 x 196 pixels). (b)
‘Lena’ (196 x 196 pixels). (c) ‘Baboon’ (196 x 196 pixels).

all cases the proposed quasi-Newton algorithms have achieved a significantly higher
PSNR.

The step-size factor that produces the best results is not known a prior: and
searching for it would be quite impractical. A much more realistic measure is in terms
of the mean performances. However, the results obtained for the best performance

of the fixed step-size factor algorithm offer an interesting piece of information. They
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Reconstruction Quality
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Figure 4.7: Comparative bar plot for image quality (PSNR)

provide a figure of the potential of this algorithm. In other words, they tell us how
far we can get with a fixed step-size factor.

Figure 4.8 illustrates how the choice of the step-size factor, (3, influences the
quality of the reconstructed image. This scatter plot was obtained by reconstructing
the LR set ‘House-a’ with 100 randomized 3 values and plotting the corresponding
PSNR difference (DPSNR) for each step-size factor. From this plot, we also conclude
that the range selected for the  randomization was adequate enough to capture the
best performance that could be achieved by using a steepest-descent algorithm with
a fixed step-size factor.

At this point note that, according to [10], the objective function under consid-
eration is nonconvex. Bearing this in mind, the superior minimization capabilities
and therefore quality enhancement capabilities of the proposed algorithms is evident
from Fig. 4.9. From this figure we note that the proposed algorithms achieve a better
reduction of the objective function and that for every iteration the image quality

attained (measured by the PSNR) is superior.
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Figure 4.8: DPSNR as a function of the step-size factor pertaining to ‘H-a” LR image

set reconstruction

Next. in Fig. 4.10 we show the reconstructed images by means of the different
algorithms described above for the LR set type ‘a’ corresponding to image ‘House’.
From these figures, it can be noticed that the quasi-Newton algorithms lead to
cleaner and sharper images. In addition. we observe that an artifact is present in
the reconstructed images. Note that the roof edge, magnified in Fig.4.11, shows
colored bands where it should be white. This artifact is due to aliasing and is much
less pronounced in the images reconstructed by the proposed algorithms. In other
words, the proposed algorithms achieve a more accurate demosaicing.

In Figs. 4.12. 4.13, and 4.14, we compare the computational effort in terms of
the number of objective function and gradient evaluations and CPU time required

for convergence. As expected, quasi-Newton algorithms outperform steepest-descent
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Figure 4.9: Objective function reduction and PSNR enhancement for the recon-

struction of ‘House’ image from the a-type LR set (a) Objective function evolution.

(b) PSNR difference (DPSNR) evolution.

superimposed.

NOTE: DFP and BFGS curves are

algorithms in terms of the number of objective function and gradient evaluations.

However, there is an implicit computation time overhead corresponding to the

calculation of the search directions (see Egs.

(4.2), (4.3).

(4.9). and (4.8)) that
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20 40 60 80 100 120 140 160 180

(e

Figure 4.10: Reconstruction results and PSNR for image ‘House’, LR set type ’a’.
(a) Original image. (b) Starting point (demosaiced shift-and-add), 19.53 dB. (c) Best
SD, 20.69 dB. (d) SD+ILS, 20.03 dB. (e) DFP, 22.41 dB. (f) BFGS, 22.41 dB.

causes the CPU time for the quasi-Newton algorithms to be larger than those of

their steepest-descent counterparts. The CPU time to convergence for the quasi-
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100 110 120 130 140 150 160 170 180 190

Figure 4.11: Roof edge artifact: (a) for best SD reconstruction, and for (b) BFGS.
The quasi-Newton reconstruction achieves a more accurate demosaicing (unnoticeable

color artifacts), and sharper edges.

Newton algorithms was observed to be 10 to 20% larger than the corresponding

steepest-descent mean times.
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Figure 4.12: Comparative bar plot for number of objective function evaluations.
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Figure 4.13: Comparative bar plot for number of gradient evaluations.

Table 4.8 summarizes the trends observed in the experiment. In this table, we
show the algorithms under study sorted by time to convergence and quality of the

obtained image.
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Figure 4.14: Comparative bar plot for CPU time.

Table 4.8: Trends observed in the experi-

ment.

CPU Time Quality
(lowest to highest) | (highest to lowest)
SD+ILS BFGS
Fixed (3! DFP
DFP SD+ILS
BFGS Fixed 3!

! Average performance.

In this experiment, we compared three iterative minimization methods that differ
only in the way the search direction is chosen on each iteration. In the ‘SD-+ILS’
(steepest-descent equipped with an inexact line search), the negative of the gradient
is chosen as search direction. In the DFP and BFGS algorithms, the search direction
is chosen in a much more sophisticated way by using (4.3) and (4.8). In all cases, the

step-size is determined by the same ILS algorithm, but the quasi-Newton algorithms



Quasi-Newton Algorithms for Multiframe Image Super-Resolution 79

achieved a much better result than algorithm ‘SD+ILS’. We conclude that the search

direction selection had a significant impact in the performance.

4.5 Conclusions

In this chapter, we presented the development of two sophisticated algorithms for
the minimization of the costs functions proposed in [9] and [10] and reviewed in
Chapter 3. By reformulating two well known quasi-Newton methods, we obtained two
algorithms that are well suited to the size of the image super-resolution problem, have
better convergence properties. and are less susceptible to numerical ill-conditioning.
Additionally. by resorting to an inexact line search the proposed algorithms eliminate
the need for selecting a step-size factor.

The proposed algorithms were used to reconstruct a series of degraded image sets
and their performance was compared to that of the other approaches. Experiments
were carried out for grayscale images using the objective function proposed in [9],
and color images using the objective function proposed in [10]. For grayscale images,
the proposed algorithms introduced a significant improvement in the computation
time while obtaining images of slightly higher quality. On the other hand, for color
images. the proposed algorithms obtain images of better quality at the expense of a
somewhat increased computation time.

Even though the reformulation of DFP and BFGS methods lead to a significant
reduction of the storage requirements when compared to their original formulation,
these still require a considerable amount of storage when compared to the steepest-
descent-based algorithms. In the next chapter, we design algorithms based on
storage-efficient quasi-Newton methods that retain many of the desirable convergence

properties of the standard BFGS method.
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Chapter 5

Storage-Efficient Quasi-Newton
Algorithms

5.1 Introduction

In this chapter, we propose two alternative storage-efficient quasi-Newton algorithms
for the minimization of the super-resolution multi-term objective functions proposed
in [9] and [10] based on the memoryless BFGS (MBFGS) algorithm [11], and the
limited-memory BFGS (LBFGS) algorithm [12]. These algorithms are attractive
because they retain many of the powerful convergence characteristics of the standard
BFGS algorithm while requiring less storage and computational effort.

Results of the application of the proposed algorithms to sample cases indicate
that, for grayscale super-resolution, the MBFGS algorithm provides the best overall
improvement in terms of reconstructed image quality, storage requirements. and
convergence speed when compared to a steepest-descent (SD) algorithm and other
quasi-Newton algorithms. On the other hand. for color super-resolution experimental
results show that the LBFGS algorithm is an effective alternative that allows one to

reduce the amount of storage and computational complexity required although this
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is achieved at the expense of some reduction in the quality of the images obtained.

5.2 Memoryless BFGS Algorithm

While in the standard BFGS algorithm updates are applied recursively to the
approximations for the inverse Hessian, in the MBFGS algorithm, approximations
of the inverse Hessian are obtained by applying the standard BFGS update formula

to the identity matrix in every iteration. In this way, the BFGS updating formula

T r T T
Y Sn‘y 6716 571‘7 Sn +Sn‘7 0
S =Sn 1 | T n : no__ L4 n-n 51
- N ( T AT8, ) 713, 7Ioy, (5:1)
is replaced by
T T T T
YnYn ) On0n  OnYn + Vnb >
S =I+1(1 — a B 5.2
e ( N 'rfén.) L8, YL6n b2
and the search directions are calculated as [52]
dn+l = _Sn+1gn+1
dnin = —Gnig + 13+ (2 — m)b, (5.3)
where
T
Yn9n
T = ‘Y,{ana Tlo = i
Uit
6 T n T n
o= Om G (1+ u) B (5.4)
Th T

Note that the only information needed to calculate the search direction is g,,.;. g,,.

Z,-1. and x,. The above approach can be implemented in terms of Algorithm 6.
The MBFGS algorithm was introduced by Shanno in the context of conjugate-

gradient algorithms with inexact line searches [11]. In essence. Shanno derived a

conjugate-gradient algorithm for which the search directions are computed as

dyi1 = —Sn+1g,,+1 (5.5)
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Algorithm 6: Memoryless BEGS Algorithm

n=0,%, = 2y, 9. = V.[(&q), dn = —05;

. | fl@n)—fl@n-1)
until S

Find an approximate solution to ming, f(x, + 3,d,) using an inexact line search:

0, = G.d,:

< eryr do

Tpil = Ty + Op:

91 = V(@ns1);

Yn = Gnt1 — Gn:

calculate 75, 13, 74 according to 5.4:
dny1 = —Gni1 + M3 + (M2 — 74)0n;
store g,,.; :

n=n-+1;

*

2" = Xy
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and as in the BFGS algorithm, d,.; is guaranteed to be a descent direction if 6,{'7,, >
0. In other words, if the latter inequality holds. S, is guaranteed to be positive

definite. Additionally, S,, is constructed such that the quasi-Newton equation

Sn+l7n. = 61: (5-6)

is satisfied in every iteration. The resulting algorithm is shown to be equivalent to a
BFGS quasi-Newton algorithm in which the inverse Hessian approximation is replaced
by the identity matrix after each iteration. As a result, the MBFGS algorithm
is essentially a conjugate-gradient algorithm that possesses improved convergence

properties in ill-conditioned problems due to the positive definiteness of S,,.

5.3 Limited-Memory BFGS Algorithm

The LBFGS algorithm is attractive because it retains many of the powerful
convergence properties of the standard BFGS algorithm. provides control over the
amount of memory required to operate. and its effectiveness has been proven for
large scale optimization problems [12,63].

As in the standard BFGS algorithm, in the LBFGS algorithm a matrix S,,. which
is contrived to be an approximation of the inverse Hessian, is updated in each iteration
and is then multiplied by the negative gradient to obtain a new search direction.
However, while in the standard BFGS algorithm the quasi-Newton matrix S, is
computed using information from all previous iterations, in the LBFGS algorithm S,
is computed using information from a limited number of past iterations, namely. the
last M — 1 iterations. In this way a coarser but yet effective approximation of the
inverse Hessian is obtained while requiring a reduced amount of storage. In addition,
as we are going to show later, the LBFGS algorithm takes advantage of an efficient

recursive formula to obtain the search directions.
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5.3.1 Update Formula for S,
The recursive formula for the calculation of S,,1;, given in (5.1), can be rewritten as
Siv1 = S+ S(0n,7:55n) (5.7)

where §(8,..4,,. S,) is a rank-two correction matrix, which is calculated as

'Ygsn'Yn) 67165 (5,,‘755,, Ui Sn%af

V6, )76, iba )

S8V Sn) = <1 -
In this way, starting from a positive definite S;. the m successive inverse Hessian
approximations can be calculated as
S1 = So+ S (90,70 S0)
Sg = §0 + S (50,’)’0. S()) +S (61.’)’1. Sl)

7

S

Sm = SO + 8 (60,‘)'0. S()) +...+ S5 (6,,,_1.')’1"_1. Sm—l) (59)

One effective way to reduce the storage requirements is to limit the quantity of
corrections, S(d;.4;.S;). that are stored. If we limit the quantity of corrections to m,
the storage limit would be reached after calculating S,,, and to compute S,,.; in the
next iteration we would need to discard one correction. Intuitively we would discard
the oldest one, S(dq, 7. So). and store the newest one, S (6,,.7,,. Sy ). However, it
must be noticed that the updating matrices S(d1,7,,S1),---,S(0m-1.Ym—1, Sm-1)
depend on S(8¢7y,, So). So. if we simply discard this correction all others should be
updated accordingly. resulting in an undesirable computation overhead.

To get around the above updating problem for the evaluation of S,+,. Nocedal
proposed an alternative updating strategy based on the following principles [12]. First,

we observe that the BFGS update formula can be written as

Sn-%—l = (I - Pn‘sn’YD Sn (I - Pn‘YnJ;{) T p'ndnaz: (‘510)
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or
Sps1 = VISV, +0.6,6% (5.11)

where p, = 1/4%14,. Now discarding the correction S (8,7, Sk) is equivalent to

letting V. = I and pi6;6; = 0. In this way, if m = 2 then
S1 = VIS\Vy+ pudody (5.12)
S, = VIVISVoVi+ Vo6l V, + p16,67 (5.13)
and, after discarding the first correction (Vo = I, pg&gég =0), we get
S, = VISV, + 6,67 (5.14)

Proceeding in this way, the updating strategy can be generalized as follows:
Forn+1<m.
Spa1 = VIVI ... VI8Vy--- ViV,

+VE-- V{P05053V1 o Vq

+VZVZ-1pn—26n—26£_2Vn—l Vn
+V3;p,,_16,,_16£_1V.,,
+pn0nby (5.15)

and. forn+1>m

Sn+1 = VZ;VZ—I e VZ-W;+1SOVn—n1+1 o Vn—IVn

§ (3 T T
—Vn T Vn—m—f—’.lp"—m—'léﬂ""‘f'] 6'n-m+1Vn—m+‘ e V'"

*Vgpn—lan—l 63_1 Vn
+pnana;{ (516)
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The proposed updating strategy entails the following properties [12]:

1. If S, is positive definite, then S,, is positive definite provided that v,7d > 0

for all £ < n.

2. If the objective function is a strictly convex quadratic form (f(x) = émTA:I: +
b'z) and the directions d; are A-conjugate (éiTAéj = 0 for all 7 # j), then

matrices S, satisfy the quasi-Newton equation for the past m directions, i.e.,

Say; =905 j=n—1,...,n—m (k>m) (5.17)

3. If m = 1 the MBFGS update is obtained.

5.3.2 Recursive Formula for Search Directions

In the LBFGS method, as in the standard BFGS method, the line search directions

are computed as
dn—:l = _Sn+lgn—1 (518)

In [12], a recursive formula to compute d,; is proposed based on the one developed
for the standard BFGS method in [64]. This formula is convenient because it does not
require storage S,.; and because requires 4Qm + 2m +  multiplications at most. A
recursive procedure of this type can be implemented in terms of Algorithm 7. Then,

the LBFGS scheme can be implemented in terms of Algorithm 8.

5.4 Results

In this section we summarize the results of experiments aimed at comparing the
performance of the storage-efficient quasi-Newton algorithms to those described in
Chapter 4. Five different algorithms are compared. for both, grayscale and color

images. as follows:
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Algorithm 7: Recursive Formula to Compute d,,4;

= _Sn—lgn+1

1 if n+ 1< m then

2 ' I=0,B=n+1:
3 else

4 ’ I=n—m+1, B=m;
549 =9Gp:

6 fori=B-1,....0do
7 j=i+1;

8 aizpjéqu:

o | g=qg—a;;

10 g = Syq:

11 fori=0,..., B—-1do
12 j=1+1;

15 | 8=pa

4 | g=g+6;(a;—3);
15 dps1 = —q:
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Algorithm 8: Limited-Memory BFGS Algorithm

n=0,x, ==, g, =Vf(Z), dn =—g,. m =M,

until

T

*

fl@n)—f(®n-1)
flzo)

Find an approximate solution to ming, f(zx, + 3.d,) using an inexact line search;

611 = ‘Bndn:

< érgr do

Tpi1 = Tn + On;

Ins1 = V(Tn1);

Tn = Gnt1 — Gn:

if n > m then discard é,_,,. and v,,_,,:
calculate d,.; using Algorithm 7:

store §,. and 7,,:

n=n++1;

=y}
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e SD+ILS, steepest-descent super-resolution algorithm equipped with an inexact
line search.
e BFGS, BFGS method reformulated for super-resolution (Algorithm 3).
e MBFGS. memoryless BFGS reformulated for super-resolution (Algorithm 6).
e LBFGS-5/10, limited-memory BFGS reformulated for super-resolution (Algo-
rithm 8) with the parameter m set to 5/10.
5.4.1 Robust Grayscale Multiframe Super-Resolution

To test the new grayscale super-resolution algorithm we constructed nine sets
of degraded low-resolution images from the standard images ‘Lena’. ‘Moon’, and
‘Baboon’ [41], as specified in Table 5.1. Then, we constructed high-resolution images

using these LR-image sets as input to the five aforementioned algorithms. In Figure

Table 5.1: LR Image-Set Specifications *

LR Set Type | SNR (dB) | Blur o (pixels)
a 24 il
b 24 3
c 18 1

L N = 16, images were obtained by applying
uniform translational warping, 3 x 3 pixels
Gaussian blur, a downsample factor of 4,

and additive Gaussian noise.

5.1. we give a bar plot of the number of iterations that takes each of the algorithms to
converge to a solution. As expected, quasi-Newton algorithms converge much faster

than the steepest-descent algorithm. Also we observe that there is no significant
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difference among the different quasi-Newton algorithms. In other words, the amount
of memory, i.e. the number of past iterations taken into account to estimate the
inverse Hessian, does not seem to have a significant effect on the number of iterations
needed to converge. This trend is also followed by the number of objective function

and gradient evaluations (see Figs. 5.2 and 5.3). In Figure 5.4, we give a bar plot of

Iterations

I SD+ILS
I BFGS
I MLBFGS
I L BFGS-5
I | BFGS-10

l-a L-b L-¢c M-a M-b M-c B-a B-b B-c
LR Set (Image-Type)

Figure 5.1: Comparative plot for the number of iterations until convergence.

the CPU time employed for the reconstruction of the different images. In this case,
we observe that the BFGS algorithm takes more time to converge than its storage-
efficient counterparts. This extra amount of time is due to the fact that for the
standard BFGS-based algorithm the amount of calculations needed to compute the
search directions increase linearly with the number of iterations. Next, in Figure 5.5,
we give a bar plot of the PSNR corresponding to the HR images obtained by each
algorithm. Again we observe that quasi-Newton algorithms outperform the SD+ILS
algorithm for all test cases. Also, we note that there is no significant difference in the
quality of the images obtained with the different quasi-Newton algorithms. In other
words, the amount of memory available to the quasi-Newton-based algorithms does

not have a significant effect on the quality of the images obtained.
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Objective Function Evaluations

50 . : : ; ; ; . BSOS
I BFGS
I MLBFGS
[ L BFGS-5
I | BFGS-10

lL-a L-b L M-a M-b M-c B-a B-b B-c
LR Set (Image-Type)
Figure 5.2: Comparative plot for the number of objective function evaluations until

convergernce.

Gradient Evaluations
50 T T T T T T T

I SD+ILS
I BFGS
I MLBFGS
[ L BFGS-5
I L BFGS-10

40

30

20

Figure 5.3: Comparative plot for the number of objective function gradient evalua-
tions until convergence.
5.4.2 Robust Multiframe Demosaicing and Super-Resolution

To test the new color super-resolution algorithm, we constructed 12 sets of degraded

low-resolution images from the standard images ‘House’, ‘Lena’, and ‘Baboon’ [41],
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CPU Time
25 ; ; : : T T
I SD+ILS
I BFGS
[ MLBFGS
20 [ | BFGS-5
I L BFGS-10
©
® 15
£
'_
o
a 10
o
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34
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© 29
=
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LR Set (Image-Type)
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Figure 5.4: Comparative plot for CPU time for convergence.

Reconstruction Quality

I SD+ILS
I BFGS
I MLBFGS
I LBFGS-5
| M LBFGS-10

B-a

M-a M-b M-c B-b

LR Set (Image-Type)

L=e

Figure 5.5: Comparative plot for reconstructed image quality given by the PSNR.

as specified in Table 5.2. Then, we constructed high-resolution images using these

LR-image

sets as input to the five algorithms mentioned at the beginning of this

section. In Figure 5.6, we show a plot comparing the number of iterations needed

for convergence. For color super-resolution quasi-Newton algorithms do not clearly

outperform SD+ILS algorithms in terms of number of iterations, as was the case for
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Table 5.2: LR Image-Set Specifications !

LR Set Type | SNR (dB) | Blur ¢ (pixels) 2
a 30 1
b 30 3
¢ 18 1
d 18 3

1 N = 10, images obtained by applying uni-
form translational warping., Gaussian blur, a
downsample factor of 4, and additive Gaus-
sian noise.

2 Blur kernel size is 5 x 5 pixels.

grayscale super-resolution. Furthermore, no clear trend is observed when comparing
the BFGS. MLBFGS. and LBFGS algorithms. For some cases the standard BFGS
performs better than the other quasi-Newton algorithms, e.g., for set ‘H-b’, and in
other cases it performs worst, like for set ‘H-a’. The same behaviour is observed
for the number of objective function and gradient evaluations (Figs. 5.7, and 5.8).

When observing the results obtained for the CPU-time comparison we note that
the standard BFGS algorithm running time is well above those corresponding to the
other algorithms. Again. we attribute this behaviour to the increased computational
complexity associated with the calculation of the search directions for the BFGS
algorithm. We also observe that, in general, increasing the memory of the quasi-
Newton algorithms, by increasing parameter M, results in an increase of the
computation time. This is expected as the calculations of the search directions get
more complex as more iterations are required (see Fig. 5.10).

In Figure 5.11. we give a bar plot for the PSNR corresponding to the HR images
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lterations

I SD+ILS
I BFGS
I MLBFGS
I L BFGS-5
I L BFGS-10]

H-a H-b H-¢ H-d L-a L-b L-¢c L-d B-a B-b B-c B-d
LR Set (Image-Type)

Figure 5.6: Comparative plot for number of iterations until convergence.

Objective Function Evaluations

60 T T T T T T T T T B S0+ 1S
I BFGS
50 - | I MLBFGS

I L BFGS-5
I | BFGS-10

H-a H-b H-¢ H-d L-a L-b L-c L-d B-a B-b B-c B-d
LR Set (Image-Type)

Figure 5.7: Comparative plot for number of objective function evaluations until

convergence.

obtained with the various algorithms. Clearly, quasi-Newton algorithms outperform
the SD+ILS algorithm. In particular, the standard BFGS algorithm performs best of
all and, in general, we observe that, for the limited-memory algorithms, the quality
of the obtained images improves as more storage resources are made available (see

Fig. 5.12).
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Gradient Evaluations

60 T T T T T T T T T T T - SD*“_S
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Figure 5.8: Comparative plot for number of objective function gradient evaluations
until convergence.

CPU Time
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Figure 5.9: Comparative plot for CPU time for convergence.

5.5 Conclusions

We applied two storage-efficient alternatives to the quasi-Newton SR algorithms
proposed in Chapter 4, namely, the memoryless and limited-memory BFGS algo-
rithms. The two algorithms were shown to yield images of a quality comparable
to those obtained using the standard BFGS algorithm and, at the same time,

require a significantly reduced amount of memory storage and computation effort.
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Figure 5.10: LBFGS algorithm — CPU time for convergence for different memory
settings (image: ‘Lena’).

Reconstruction Quality
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Figure 5.11: Comparative plot for reconstructed image quality given by the PSNR.

When compared to the steepest-descent algorithms, the memoryless BEFGS algorithm
introduces a significant improvement in terms of the quality of the obtained images
at the expense of some extra storage and computational effort.

For the case of grayscale SR, we observed negligible differences in the quality

of the images obtained with the different quasi-Newton algorithms. We conclude,
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Figure 5.12: LBFGS algorithm — HR image PSNR for different memory settings

(image: ‘Lena’).

therefore, that given its low demand for storage and computational effort, the MBFGS
algorithm is an excellent choice for minimizing the grayscale super-resolution objective
function proposed in [9)].

For hybrid demosaicing and color SR, we observed that the quality of the images
obtained, as measured by the PSNR, improves when additional memory is made
available to the quasi-Newton algorithms. However, this benefit comes at the expense
of increased computational effort on top of the additional storage requirements.
We conclude, therefore, that when minimizing the color super-resolution objective-
function proposed in [10], the LBFGS algorithm is a very good alternative as it leads
to a meaningful compromise between the amount of storage and computational effort

required, on the one hand, and the quality of the images obtained on the other.
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Chapter 6

Conclusions and Future Work

The main objective of this thesis has been to obtain efficient super-resolution
algorithms through the introduction of key improvements to two state-of-the-art
techniques developed in [9] and [10]. These improvements are based on the adaptation
and implementation of powerful quasi-Newton minimization algorithms. Several
alternatives have been proposed and experimental results show that a significant
improvement in terms of convergence speed and image quality can be achieved. Next.
the contributions and conclusions of this thesis are summarized and suggestions for

further research are presented.

6.1 Conclusions

In Chapter 2, we presented an overview of the most representative super-resolution
techniques. These techniques have been grouped according to their domain of
formulation into those based on the frequency domain. those based on the spatial
domain. and those based on the wavelet domain. We showed that frequency-domain-
based methods are of simple formulation and computationally efficient but can only

deal with translational motion models and space-independent degradations. Spatial-
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domain methods. on the other hand, are computationally more expensive but can
work with more complex motion models and degradations and can deal with spatially
dependent regularizing functionals that improve the numerical conditioning of their
associated optimization problem. Towards the end of the chapter, we presented some
wavelet-based algorithms which can produce an improved resolution image from a
single image without requiring several sub-pixel displaced images.

In Chapter 3. we described two state-of-the-art super-resolution algorithms and
gave details about their implementation. Then we pointed out two fundamental
aspects that could be improved. First, these algorithms rely on a minimization
algorithm that is quite innefficient given the ill-conditioned nature of the super-
resolution problem. Second, a fundamental tuning parameter is left to be provided
by the user and, consequently, the algorithm’s effectiveness is dependant on the user’s
ability to select a value for this parameter.

In Chapter 4. we proposed two sophisticated algorithms for the minimization
of the objective functions proposed in [9] and [10] and reviewed in Chapter 3. By
reformulating the DFP and BFGS methods, we obtained two algorithms that are
well suited to the size of the image super-resolution problem. have better convergence
properties, and are less susceptible to numerical ill-conditioning. Additionally, by
resorting to an inexact line search, the proposed algorithms eliminate the need for
user-defined parameters.

The proposed algorithms were used to reconstruct a series of degraded image
sets and their performance was compared to that of the algorithms proposed in [9]
and [10]. It was shown that for grayscale images the proposed algorithms introduced
a significant improvement in the computation time while obtaining images of slightly
better quality. For color images, on the other hand, the proposed algorithms yield
images of better quality at the expense of a somewhat increased computation time.

In Chapter 5. we presented two memory efficient alternatives to the algorithms
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proposed in Chapter 4. These algorithms are based on the memoryless BFGS and
limited-memory BFGS methods and were shown to achieve images of a quality
comparable to those obtained with the BFGS algorithm of Chapter 4 and at the same
time require a significantly less storage and computation effort. As was shown, when
compared to the steepest-descent-based algorithms, the memoryless BFGS algorithm
introduces a significant improvement in terms of the quality of the obtained images
at the expense of little extra storage and computational complexity.

Experimental results indicate that given its low storage demands and computa-
tional complexity the MBFGS-based algorithm should be the method of choice when
minimizing the grayscale super-resolution objective function proposed in [9]. On the
other hand, for color super-resolution we observed that the quality of the images
obtained as measured by the PSNR improves when additional memory is available to
the quasi-Newton algorithms. Therefore, we conclude that when minimizing the color
super-resolution objective function proposed in [10], the LBFGS algorithm constitutes
an effective alternative as it leads to a meaningful compromise between the amount
of storage and computational effort required, on the one hand. and the quality of the

images obtained on the other.

6.2 Future Work

Some directions for future research are as follows:

e Stopping criterion refinement: Currently, the stopping criterion is designed to
halt iterations when no significant reduction of the objective function value is
being made. The rationale behind such criterion is to avoid computations that
will not provide a significant improvement in the quality of the reconstruction.
However. one important point to note is that a reduction in the objective

function value does not imply an increase in the PSNR. In effect. it has been
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observed that the PSNR increases at the beggining of the iterations and peaks
before a minimum of the objective function is reached. That is, it can happen
that after a certain number of iterations the PSNR starts decreasing even though
the objective function is decreasing. An interesting research direction would be
the development of an optimal stopping criterion that can capture the PSNR

peak thereby eliminating iterations that would degrade the quality of the image.

e Inezxact line search tuning: The introduction of an inexact line search in the
iterative process eliminated the need for selecting parameter 3. However. as
can be seen from line 1 of Algorithm 4, the inexact line search itself has several
parameters that can be tuned. For our implementation, we used a set of values
that has been shown to work well for a variety of problems [52] and found
that the same set of values give good results in SR. One possible direction
of research would be to establish a clear understanding on how the values of
these parameters can be optimally selected for the SR problem. Tuning these
parameters to the SR problem could bring about improvements in terms of

convergence time and/or the quality of the images obtained.

e \ selection: As detailed in Chapter 3, grayscale SR relies on the minimization
of a two-term objective function, i.e.,

& = argmin [J(z) + Ap(z)] (6.1)

xT

where a data-fidelity term, J(x), assures a certain fidelity or closeness of the
final solution to the observed data; a regularization term, p(x). improves
the numerical conditioning of the problem; and a constant, A, known as

reqularization parameter, applies relative weighting to the second term.
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Throughout this work. the value of A was empirically adjusted to obtain good
quality reconstructions. In fact, the final PSNR value was observed to be

strongly dependant on the appropriate selection of A.

There are numerical methods for the appropriate and automatic selection of the
regularization parameter, like the ‘L-curve’ method of [65] or the ‘generalized
cross-validation” method of [66]. However, these are designed for L,;-norm
objective functions. In effect, an interesting direction of research would be
to investigate if such methods could be adapted to robust objective functions

based on the L; norm.
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Appendix A

Mathematical Proofs

A.1 ML estimator in the presence of additive white

Gaussian noise

In the following, we show that
N
Maximize P({yy, . ...y~ }|/x) = Minimize Z |DF Hz — 3|3 (A.1)
k=1

where P({y;...., yn}|z) is the likelihood function (as defined in [31]), and
yr = DFHz + vy (A.2)

where vy, has a multivariate Gaussian distribution thereby representing additive white
Gaussian noise.

Considering A.2, the probability of acquiring an LR image yg. P(yg/@). is equal
to the probability of the noise being vy = yr — DFHx. Then. since we assume vy,

to have a multivariate Gaussian distribution,

P(yk|$) - I)(Vk)‘uk:yk_DFka
! ¢~1/2(ye~DFHz)" C~" (yx—DF. Hz) (A.3)
(27) M det(C)1/2 A

~

-~

o3
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Now, considering the acquisition of each LR image as an statistically independent
event, the probability of acquiring an LR images set {y1,...,yn} is equal to the

product of the probabilities of acquiring each individual LR image. that is

N
P({yr.....yn}z) = []P(wklz)
_ :\{6—1/2Z;?;l(yk—DFka)Tc—‘(yk—DFka) (A4)
Since the logarithm is a monotonic increasing function we can write
I\Iaxjmmize [P({y1,---, yn}tHz)

= Maximize{ln [P({y1.....y~}|z)]}

N

1

Maximize |:.\v'ln(a-) s (yo — DF.Hz)" C™* (y) — DFkH:E)]
~ k=1

5
= Minimize [z (yo — DFHz) C™' (ys — DFka)] (A.5)

k=1

If we assume white noise, the inverse of the covariance matrix is C~! = ¢ 21 and &

can be found by solving the problem

N
Minimize [Z |DF.Hz — yk\lél (A.6)
k=1

A.2 Derivation of objective function gradients

A.2.1 Grayscale objective function
In the following, we show that
d [
9% = I (; | DFz — yk||§>
"

—; pz FIDTsign(DFyz — yi) © |DFpz — yi [P (A7)

k=1
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where @ is the element-by-element multiplication operator.

We start our derivation by observing that if € RM | then

Viz|Z = V([P + -+ |zmf?)

[sign(z1)plz: P ... sign(zas)plza [P

= sign(z) © plz[" (A.8)

Considering the gradient identity

dx T;

[icf(w)]_ - <vc-'(w). diw(x)> (A.9)

and letting U(w) = ||w|[} where w = Az and A is an M x M matrix, we have

d d
(EHA“"E) = <sign(Aa:) @ plAz|P7!, FAa:> (A.10)

1

It is easy to see that d(Ax)/dr; = ¢; where ¢; is the ith

column of A: therefore.
d P T.~ —~ p—1
E”Amllp = A'sign(Az) © p|Az| (A.11)
By letting A = DFy., = z — F, "' DTy, and noting that dx = dz, we have
d . =
d—z||Dsz —yillh = ngDTs1gn(Dsz — yr) © |DFpz — yp|["! (A.12)
Finally, using the linearity property of the gradient and (A.12) we obtain (A.7).
A.2.2 Color objective function

First. we notice that the multi-term objective function corresponding to the multi-
frame demosaicing and color super-resolution problem and its gradient are:

J(x) = Jolz)+ NJ(z) + X' L(z)+ X' Js(x) (A.13)

VJ(z) = Vdo(z)+ NVJi(z)+ N'VIa(z) + N'VI3(x) (A.14)
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where
TR
B
and the gradient can be expressed as
VarJg
Vi(z)=| Va.J, (A.16)
VagJy

Under these circumstances, the gradients for each objective function term can be

derived as follows:

1. Data Fudelity Term:

Vo, Jo = Vg ||®i(Hz; — 2;) |1 (A.17)
= Vol ®:H (2: — H'Z) ||y (A.18)
A

Noting that dz; = dz, (A.11) gives
Vo, Jo = (®:H) sign (®; Hx; — ®;%;) (A.19)
This expression can be further simplified as
Va,Jo = H'®; sign (Hz; — 2;) (A.20)

by noticing that ®; is a diagonal matrix containing non-negative values.
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2. Spatial Luminance Regularization: First, we note that Ji(x) can be rewritten

as

Ji(z) = i Y almiHi (I—sjcs;")gCLH1 (A.21)

I=—Pm=—P

P P
= Z Z a™+l (I — S:lcS;n) (apxr+ agxc + apxp)
I=——Pm=—P S ¥ v

A Tz 1

(A.22)

By noting that dzy = ), p s g @ dz; and then using (A.11), we have

Vot = a; i i o (1 - S48y sign (1 - SL8") 2r) (A.23)

lI=—P m=—P

where ag = 0.299. ag = 0.587. ag = 0.114.

3. Spatial Chromaticity Regularization:

Voo = Va|Azcil; + Va, | Azc:3 (A.24)
ci1 = Z C1,i T4, oo = Z C2iT4 (AZS)
i=R.G.B i=R.G.B

where Cil.R — 0596 Cig = —0.274, Ci.B = -0322 CoRp = 0.211, Cog = —0.523,
and ¢y g = 0.312. By observing that decn = ) ,_j ¢ g Cni d2; and then using

(A.11), we have

Vzi Jy = 2 (‘1_,—ATA$01 + 2 CQJ'ATA:L'CZ [A.QG)

= 2 ATA (c1i o1+ c2i Te2) (A.27)

4. Intercolor Dependencies: Here we outline the derivation of the gradient with
respect to the green channel, V. (-), of the first term of .J; as proposed in [10].
The gradients with respect to other channels for this and the remaining terms

can be derived in a similar way.
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The first term of .J3 is

J1 = |ze® Sis;niI:B —z0® S;S;":I:GHg (A.28)

= HSLS;“IEB Oxg—xTp® S;S;"mgﬂﬁ (A.?g)

Now. note that the element-by-element multiplication of two column vectors

can be rewritten as

where X is a diagonal matrix containing the elements of  given by

Ty 0o --- 0
0 g - 0

x=|_ ‘ (A.31)
0 0 --- T4r2)12

Hence, J3; can be expressed as

By = |Xg"ze— XBS.STzcl? (A.32)
= || (X5 - X5SLS7) %6l (A.33)
P

ILm . ; : s ;
where X Bm is the diagonal matrix corresponding to vector S}BS;".’D pand Xpgis
the diagonal matrix corresponding to vector  g. Again, we turn our attention

to (A.11) to find that

Vacdss = 2 (xgm - XBSst;")T (xgm ~ XBs;s;") ze (A.34)
2(XE™ - 8715, Xp) (X5™ — XSLS]") 2 (A.35)

By considering the linearity property of the gradient and following a reasoning

similar to the described above, the elements of the gradient of J3 are obtained
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as

1 1

Vapds = 2 Z > (x5 - s7's™Xp) (Xg" — XpS'S™) 2n

—1m=-—1

(X‘G'" _sls- mXG) (X‘G"‘ - X Slsm) zr  (A.36)

Zl: (x5 —s7's7Xp) (X5 - XBs’sm) zG

<
3
b
|
M -

X" - §7'STXp) (XE - XRS‘S’") e (A37)

—

l

+
—~

<
o
o
I
o
M_
0]~

(x&™ - 5757 X¢) (X§™ — XoS'S™) =5

1

— 5787 XR) (X" — XpS'S™) 25 (A39)

I=—1
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