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ABSTRACT

Passive source localization in wireless sensor networks (WSNs) is an important

field of research with numerous applications in signal processing and wireless com-

munications. One purpose of a WSN is to determine the position of a signal emitted

from a source. This position is estimated based on received noisy measurements from

sensors (anchor nodes) that are distributed over a geographical area. In most cases,

the sensor positions are assumed to be known exactly, which is not always reasonable.

Even if the sensor positions are measured initially, they can change over time.

Due to the sensitivity of source location estimation accuracy with respect to the

a priori sensor position information, the source location estimates obtained can vary

significantly regardless of the localization method used. Therefore, the sensor position

uncertainty should be considered to obtain accurate estimates. Among the many

localization approaches, signal strength based methods have the advantages of low

cost and simple implementation. The received signal energy mainly depends on the

transmitted power and path loss exponent which are often unknown in practical

scenarios.

In this dissertation, three received signal strength difference (RSSD) based meth-

ods are presented to localize a source with unknown transmit power. A nonlinear

RSSD-based model is formulated for systems perturbed by noise. First, an effective

low complexity constrained weighted least squares (CWLS) technique in the presence

of sensor uncertainty is derived to obtain a least squares initial estimate (LSIE) of

the source location. Then, this estimate is improved using a computationally efficient

Newton method. The Cramér-Rao lower bound (CRLB) is derived to determine the

effect of sensor location uncertainties on the source location estimate. Results are

presented which show that the proposed method achieves the CRLB when the signal

to noise ratio (SNR) is sufficiently high.

Least squares (LS) based methods are typically used to obtain the location esti-

mate that minimizes the data vector error instead of directly minimizing the unknown

parameter estimation error. This can result in poor performance, particularly in noisy

environments, due to bias and variance in the location estimate. Thus, an efficient

two stage estimator is proposed here. First, a minimax optimization problem is devel-

oped to minimize the mean square error (MSE) of the proposed RSSD-based model.

Then semidefinite relaxation is employed to transform this nonconvex and nonlinear

problem into a convex optimization problem. This can be solved efficiently to obtain
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the optimal solution of the corresponding semidefinite programming (SDP) problem.

Performance results are presented which confirm the efficiency of the proposed method

which achieves the CRLB.

Finally, an extended total least squares (ETLS) method is developed for blind

localization which considers perturbations in the system parameters as well as the

constraints imposed by the relation between the observation matrix and data vector.

The corresponding nonlinear and nonconvex RSSD-based localization problem is then

transformed to an ETLS problem with fewer constraints. This is transformed to a

convex semidefinite programming (SDP) problem using relaxation. The proposed

ETLS-SDP method is extended to the case with an unknown path loss exponent.

The mean squared error (MSE) and corresponding CRLB are derived as performance

benchmarks. Performance results are presented which show that the RSSD-based

ETLS-SDP method attains the CRLB for a sufficiently large SNR.
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Chapter 1

Introduction

1.1 Source Localization with a Wireless Sensor Net-

work

The localization problem in wireless sensor networks (WSNs) has received significant

attention over the past two decades [1]-[6]. Wireless communication technological

progress in hardware and software have led to numerous applications of wireless net-

works for industrial, commercial and personal use.

Positioning an unknown source (sensor node) in a WSN has a wide range of

applications in many fields such as emergency services, mobile communications, public

safety and intelligent transportation [7]-[12]. As an example, the signals sent to the

central monitoring system in a wireless network of sensor should include the location

information of the corresponding phenomenon. The main purpose of a WSN is to

determine the position of a signal emitted from a source based on received noisy

measurements from sensors (anchor nodes) that are distributed over a geographical

area.

Sensors are typically small, inexpensive devices with limited communication and

processing capabilities [2],[6]. As a result, the measured values from the WSN are

sent to a signal processing center in order to estimate the unknown source location.

In addition, a priori information of the sensor positions (node or anchor) can affect

the efficiency of the network in terms of the accuracy of the estimated location.

Figures 1.1 and 1.2 present some of the energy based source localization scenarios

which respectively can be considered for wireless or underwater applications. In

most cases the transmitted power is not known a priori which makes the localization
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Figure 1.1: Wireless energy based source localization applications.

problem more complex. As an example, in marine mammal and ship tracking cases,

the transmitted power changes from one case to another depending on the transmitted

source energy. Furthermore, the sensor location can have position errors.

Due to the accuracy of a priori sensor position information, the source location

estimates obtained can vary significantly regardless of the localization method used.

In most cases, the sensor positions are assumed to be known exactly, which is not

reasonable. Even if the sensor positions are measured initially, they can change over

time. For example, unmanned aerial vehicles (UAVs) are employed in several emerg-

ing applications and are constantly in motion. Therefore, sensor position uncertainty

should be considered when developing practical location estimation techniques.

1.2 Example of Energy based Data

In this section, three examples of real signals are described which are applications of

the energy based model. First, a sperm whale acoustic sound model is described as

an example of marine mammal localization. Next, a diver acoustic signal is presented
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Figure 1.2: Underwater energy based source localization applications.

which was recorded in the ocean. Finally, pipe leakage experimental data is shown

which was recorded at the Marine Technology Center (MTC).

1.2.1 Sperm Whale Acoustic Data

Sperm whales (Physeter macrocephalus) are prodigious divers and can reach vertical

depths of up to 2 km in search of food such as squid and fish. They remain on

the sea surface for approximately 10 min for breathing and then dive from 30 to 90

min before returning to the sea surface. They generate a train of impulsive acoustic

signals called clicks that can be categorized as usual click or creak clicks. These clicks

are used for echolocation purposes and communication with other sperm whales [13]-

[19]. Echolocation signals can be used to investigate the behaviour of sperm whales.

They produce these signals primarily when diving and searching for prey. If prey

are present, the click rate is increased to approximately 10 clicks per second. The
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duration of these signals depends on the sperm whale size and varies from 10 to 20

ms. They are generated using the spermaceti compartments and passages located in

the head of the whale. The corresponding signals are shown in Fig. 1.3. Note that

the signal structure is obtained from real sperm whale data provided by the Atlantic

Undersea Test and Evaluation Center (AUTEC).

The museau de signe in the sperm whale head forces air through the right nasal

passage which generates the click signals. A small portion of the signal energy is

released immediately producing an initial pulse P0. The frontal sac lies near the

cranium and acts like a reflector sending signals back through the junk, which creates

a second pulse P1. A portion of the signal energy is reflected back to the distal air

sac from the spermaceti organ, resulting in a third pulse P2. Hence, each click has

a pattern consisting of several pulses with short time intervals between them as it is

shown in Fig. 1.3. The power spectral density of the click shows that the most of the

click signal energy (approximately 91% in this example), is located between 2 kHz

and 18 kHz.

1.2.2 Diver Acoustic Signal

Protection of commercial and military harbour facilities from malicious divers has

been an important challenge for several decades. In fact, these divers can cause seri-

ous damage to coastal infrastructure such as ports, power plants, oil tanks, refineries,

and bridges. In commercial applications, diver health is an important consideration

and thus monitoring heart rates and stress levels is of considerable interest. Pas-

sive acoustic methods are an important and useful class of techniques for processing

underwater signals. They can be used to detect, estimate and classify divers based

on the acoustic signals generated by diver breathing underwater. These signals can

propagate over very long distances and thus can be observed from far away. The

problem of vessel engine and biological signal detection has been examined in the

literature, but diver signals have very different characteristics and they typically have

lower power levels. In this section, an experimental presentation of the acoustic sig-

nal from a diver is shown. Data was recorded for vertical and horizontal dives in the

Sannich Inlet near Victoria, BC, Canada over a period of two hours in July, 2013.

The vertical diving was done for depths from 5 to 25 m depth at 5m intervals. The

horizontal diving was done at 4 different distances at a depth of 5 m. Accurate low

and high frequency hydrophones were employed to capture the signals created by the
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open breathing system of the diver.

Figure 1.4.(a) presents the time-frequency spectrogram of the diver data recorded

using each hydrophone separately over a one hour diving period. The time domain

acoustic signal due to breathing can be considered to be periodic with low and high

frequency characteristics as shown in Fig. 1.4.(b). This signal is produced by the

inhaling and exhaling of the diver and so the periodicity is due to the breathing rate.

Figure 1.4 shows that there is less acoustic energy when a diver is inhaling than when

exhaling. The high frequency components of the signal are mainly due to air flowing

from the tank to the regulator valve, while the low frequency components are due to

the release of compressed air into the water when exhaling.

1.2.3 Pipe Leakage Experimental Data

The behaviour of bubbles in water is an important research topic that is applicable to

engineering and marine projects such as gas hydrate detection and underwater source

localization. These bubbles come from different sources such as breaking waves, nat-

ural ocean sources and cavitation produced by ship or submarine propellers. The

bubble surface oscillation produces an acoustic signal which can be characterized as a

damped sinusoid. The damping coefficients of this signal consists of radiation, viscos-

ity and thermal coefficients. The signal produced by a single bubble has low energy,

but a train of bubbles has a much larger signal level which is suitable for passive

sensing applications. The bubbles can be generated in a controlled way by a nozzle,

or in an uncontrolled manner by a leaking underwater gas line or a natural source.

In order to develop a model for pipe leakage detection, controlled bubble experiments

were conducted underwater. The bubbles were generated using a horizontal pipe with

a number of holes drilled into it. A low frequency hydrophone was located two meters

perpendicular from the center of the pipe.

The experiments were conducted in a pool of depth 4 m at the Marine Technology

Center (MTC) of Ocean Networks Canada (ONC). Each experiment was conducted

twice to ensure the accuracy of the measurement results. A single bubble injected

into water generates an acoustic signal due to its surface oscillations and volume

pulsations. The acoustic signal generated by this bubble can be expressed as

s(t) = Ke−2πβf0t sin(2πf0t), 0 ≤ t ≤ T, (1.1)

where K is the amplitude, T is the effective time interval during which the bubble
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oscillates, β is the damping factor and f0 is the central frequency of the oscillations

known as the Minnaert volume oscillation frequency. This frequency is given by

f0 =
1

2πr

√
3γP

ρ
, (1.2)

where ρ is the density of the liquid, r is the bubble radius, γ is the specific heat ratio

of the air inside the bubble to that of the surrounding water, and P is the ambient

pressure. Figure 1.5 shows the time domain signal and spectrogram of a single bubble

injected from a hole with diameter 5/32 in. These results indicate that most of the

signal energy is present at frequencies below 1500 Hz. Thus a filter can be designed

for detection purposes that passes only the predominant frequencies.

Figure 1.5 shows that the bubble produces a damped sinusoidal signal with an

interval of approximately 9 ms which matches the acoustic signal model in (1.1). The

time domain signal and spectrogram of a train of bubbles injected from a hole with

diameter 5/32 in is presented in Fig. 1.6. Increasing the number of holes results in

a significant increase in the received signal energy. This will provide better detection

in an underwater environment. Note that most of the energy in the train of bubbles

is located below 1500 Hz as shown in Fig. 1.6.

1.3 Contributions

The contributions of this dissertation are summarized as follow:

1. The problem of RSSD-based source localization is formulated and the results are

extended to the RSSD-based measurement model in presence of sensor position

uncertainty.

2. The CRLB of the RSSD-based measurement model is derived and the results

are extended to the case of correlated measurements. Furthermore, the CRLB

of the RSSD-based model is extended to the general case with sensor position

uncertainty.

3. A new LSIE-NM algorithm is developed for source localization in an unknown

channel for both the near field and far field cases considering the sensor position

uncertainty.
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4. The performance of the proposed LSIE-NM is analysed by deriving the bias

of the system and simulation results are obtained considering the effect of the

number of sensors, path loss exponent and noise power.

5. A new Minimax-MSE method is developed for RSSD localization for the near

field scenario with improved accuracy and this is extended to the blind channel

case.

6. A new ETLS-SDP localization algorithm is developed for the near field scenario

with high accuracy for the blind channel case considering the system parameter

error.

7. The ETLS-SDP method is extended to the unknown channel case with random

and deterministic path loss exponents.

8. The performance of the ETLS-SDP method is analysed by developing the MSE

analysis and also considering the effect of higher order error terms. The results

are compared through simulation in terms of the path loss exponent and noise

power.

9. The complexity of the proposed LSIE-NM, ETLS-SDP and minimax-SDP meth-

ods are obtained analytically and compared with state of the art methods in

the literature.

1.4 Scope and Dissertation Outline

Chapter 2 In this chapter, the background of the energy based model is described.

The motivation for energy based localization is given and the time and energy

based models are compared in terms of the complexity and efficiency. The

related energy based methods in the literature are also considered in this section

and their drawbacks are described.

Chapter 3 In this chapter, an RSSD measurement model is formulated for source

localization in the presence of sensor position errors. Since only RSSD mea-

surements are employed in the proposed approach, a priori knowledge of the

source transmit power is not required. The received power is assumed to follow

an exponential decay model that is a function of the path loss, transmit power
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and distance between the sensor and source [4]. The source location is esti-

mated using a set of nonlinear geometry-based equations based on the RSSD

measurements and the nominal sensor positions.

The proposed set of nonlinear equations are converted via an intermediate vari-

able into a set of linear equations which can be expressed as Aθ = b. The CRLB

for signal strength difference based location estimation methods has been de-

rived without considering sensor position errors, and the performance of these

methods was presented based on this bound, which is not practical. As will be

shown, the CRLB differs significantly when these errors are considered. The

CRLB analysis presented here incorporates the inaccuracy in the sensor loca-

tions, and thus is a more realistic bound. Further, it shows that the localization

accuracy is degraded by sensor position uncertainty.

Chapter 4 In this chapter two different methods are considered for the proposed

problem. The least squares initial estimate (LSIE) of the source position is

obtained using an efficient constrained weighted least squares (CWLS) method.

A low complexity iterative Newton method is then used with the LSIE as the

initial point to improve the accuracy and efficiency. Note that no transmit power

estimation is required, and the proposed RSSD approach improves the location

accuracy compared to methods that employ this estimation. For simplicity, the

proposed two stage method is denoted as LSIE-NM.

The goal of the proposed least squares (LS) based method is to obtain the lo-

cation estimate θ̂ that minimizes the data vector error b− b̂ where Aθ̂ = b̂,

instead of directly minimizing the unknown parameter estimation error θ̂ − θ.

This can result in poor performance, particularly in very noisy environments,

due to the bias and variance of the location estimate. Hence, a minimax op-

timization technique is developed to directly minimize the mean squared error

(MSE) of the unknown parameter estimation error in the corresponding local-

ization problem without sensor uncertainty. This is extended to the case of

localization with sensor position error.

Semidefinite relaxation (SDR) [20]-[21] is used to relax the nonconvex minimax

optimization problem into a convex semidefinite programming (SDP) problem

[20]-[21]. This problem can be efficiently solved using standard SDP solvers

such as SeDuMi or SDPT3 [22],[23] which employ the interior point method to

obtain a globally optimal solution. The proposed approach converges quickly
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with a worst case computational complexity of O(N4.5) where N is the number

of sensors.

Chapter 5 In this chapter the problem of RSSD-based source localization consid-

ering the system parameter error is formulated. The total least squares (TLS)

estimator has been shown to be efficient when errors exist in the system pa-

rameters as it compensates for both observation matrix and data vector errors

[24]-[28]. As a consequence, it provides performance superior to conventional

LS-based methods. It was shown that this method performs well when there is

no linear dependence between the observation matrix and data vector. There-

fore, any dependencies should be added as constraints by reformulating the TLS

cost function. The contributions of this chapter are as follows:

1. RSSD-based source localization with unknown transmit power is gener-

alized and extended using the total least squares (ETLS) method. An

RSSD-based ETLS method is developed which considers errors in the data

as well as the constraints due to the relationship between the observation

and data matrices.

2. Semidefinite relaxation (SDR) is used to relax the nonconvex ETLS cost

function to obtain a convex semidefinite programming (SDP) cost function.

This yields a global solution of the relaxed localization problem which

is nonconvex and difficult to solve [20]-[21]. The proposed ETLS-SDP

method is extended to the localization problem with unknown path loss

exponent.

3. The mean squared error (MSE) and the Cramér-Rao lower bound (CRLB)

of the ETLS-based method are derived, and the performance of the ETLS-

SDP method is compared with the CRLB as well as existing RSS- and

RSSD-based methods.

Chapter 6 For future work, four topics are proposed for the RSSD-based source

localization problem. These are as follows:

• The proposed ETLS-SDP method will be extended to the problem of

RSSD-based localization considering the sensor position uncertainty.

• The regularized and recursive version of the proposed TLS method will be

derived to improve the accuracy and computational complexity.
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• The proposed Minimax-SDP method will be extended to the case of un-

known path loss exponent and a new kernel recursive total least square

algorithm will be developed.

• Finally, the proposed blind RSSD based method will be extended to the

cooperative source localization case with unknown path loss exponent.

1.5 Publications

Several recent publications in this field are given below:

• H. Lohrasbipeydeh, T.A. Gulliver and H. Amindavar, RSSD Based Source

Localization with Unknown Transmit Power and Sensor Position Un-

certainly, submitted to IEEE Trans. Wireless Commun., Jan. 2014.

• H. Lohrasbipeydeh, T.A. Gulliver and H. Amindavar, A Minimax SDP Method

for Energy Based Source Localization with Unknown Transmit Power,

IEEE Wireless Commun Letter., May. 2014.

• H. Lohrasbipeydeh, T.A. Gulliver and H. Amindavar, Blind received signal

strength difference based source localization with system parameter

errors, IEEE Trans. Signal Process., Jun. 2014.

• H. Lohrasbipeydeh, T.A. Gulliver and H. Amindavar, Efficient RSSD based

source positioning with unknown transmit power for wireless sensor

networks, IEEE VTC Conf., Mar. 2014.

• H. Lohrasbipeydeh, T.A. Gulliver and H. Amindavar, Unknown transmit

power energy-based source localization in wireless sensor networks,

IEEE VTC Conf., Mar. 2014.

• H. Lohrasbipeydeh, T. Dakin, T. A. Gulliver, C. D. Grasse, Passive acoustic

energy based diver detection and depth estimation , IEEE Ocean Conf.,

Sep. 2014.
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Chapter 2

Background

2.1 Motivation of Energy Based Localization

There are several well known techniques which can be used for the problem of source

localization to obtain the location estimate. However, signal energy based local-

ization is a promising approach considering the constraints and assumptions in the

corresponding localization problem. Energy based localization is motivated in this

section by comparing it with other measurements models in the literature.

2.1.1 Time Based Measurement Models

Most wireless sensor network (WSN) localization techniques rely on distance estimates

obtained using the time of arrival (TOA), time difference of arrival (TDOA), angle of

arrival (AOA) to estimate the direction of the received signal or a combination of these

methods [29]-[41]. Energy based techniques such as received signal strength (RSS)

and received signal strength difference (RSSD) have also been employed [42]-[48].

The geometries of the time based and energy based measurement models are shown

in Fig. 2.1. Note that relative based models like TDOA and RSSD require at least

4 sensors to obtain the requisite measurement data for source localization in three

dimensions. As shown in Fig. 2.1, the models can be combined to provide addiitonal

measurement data at the expense fo greater complexity and cost.

There is an inherent trade off between these methods considering the implemen-

tation cost and localization accuracy. For example, complex TOA, TDOA and AOA

methods are used in wireless networks to obtain precise location information, while

RSS and RSSD measurements are used in low complexity techniques to provide rea-
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Time Based VS Energy Based  
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Figure 2.2: Comparison of the time and energy based measurement models.

sonable accuracy [49]-[53]. Energy based methods are low cost and simple to imple-

ment compared to TDOA, TOA and AOA methods.

Energy based solutions can be implemented on existing infrastructure with very

little modification to the software and hardware, while other methods such as TOA,

TDOA and AOA require additional hardware to obtain a location estimate. In addi-

tion, TOA, TDOA and AOA techniques have the following inherent limitations:

1. TOA-based methods require a priori information of the amplitude and phase of

the transmitted signal to obtain the time interval between the source and sen-

sors. If this information is not available, the time must be transmitted for source

location estimation purposes. This means that TOA methods require synchro-

nization between the source and sensors and high-precision timing [31],[36].

2. Unlike TOA methods, TDOA-based techniques do not require a priori infor-

mation about the transmitted signal. However, TDOA methods require that

the receivers be synchronized to estimate the time delay between the signals re-

ceived at the sensors. Therefore, obtaining an accurate source location estimate

requires precise timing and synchronization which necessitates the use of very

accurate clocks, increasing the cost and complexity of implementation. In ad-

dition, TDOA techniques use the correlation of the received signals to estimate

the time delay, which can be complex [12].
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3. AOA-based localization techniques need the angle information of the received

signal from the corresponding source. This information can be obtained using

an antenna array at the receiver which adds to the hardware complexity. Sig-

nal processing is also required with these methods to overcome the effects of

multipath, which also adds to the complexity [29],[33].

2.1.2 Energy Based Measurement Models

Energy based models are easy to implement on existing infrastructure with minimal

modifications to the software or hardware. There are two major energy based models

which use RSS or RSSD measurements. In the RSS model, the transmitted power is

typically considered to be known and the source localization is done using LS or ML

based methods. Recently the joint estimation of the location and transmit power was

considered for RSS based localization in the case of unknown transmit power. This

has some drawbacks which are discussed in the related work section. The RSSD based

measurement model does not require transmit power information which is often the

case. This model has recently been developed and the related literature is discussed

in the next section.

As mentioned above, energy based models are low complexity models compared

to time based models. These models also provide reasonable accuracy for sufficient

signal to noise ratios. A comparison of time and energy based models is presented in

Fig. 1.

2.2 Related Work

The estimators used to obtain an unknown source position using energy based mea-

surements can be divided into two categories: 1) maximum likelihood (ML) and 2)

least squares (LS).

2.2.1 Maximum Likelihood Based Methods

The ML estimator is asymptotically optimal when the noise statistics are known [54]-

[55], but is difficult to implement due to the highly nonconvex cost function. This

results in multiple local minima or maxima and as a consequence has high compu-

tational complexity [43],[47]. Recently, the problem of RSS-based source localization
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with unknown transmit power and path loss exponent has been studied. Vaghefi et al.

presented an ML estimator and solved the proposed RSS-based problem by relaxing

it to a convex optimization problem. The global solution of this problem was then

obtained using semidefinite programming [62],[63]. In [49], a high complexity ML es-

timator was used with known transmit power to jointly estimate the source location

and path loss exponent. Salman et al. [50] reformulated the problem to obtain a low

complexity joint estimator (LCJE).

2.2.2 Least Squares Based Methods

LS based estimators have been developed to overcome the problems with ML esti-

mators by transforming the original nonlinear equations into linear equations. For

example, spherical interpolation (SI) [56], weighted least squares (WLS) [57] and the

best linear unbiased estimator (BLUE) [58] are well known RSS-based LS estima-

tors. Spherical interpolation is a low complexity least squares based method, but

it has poor accuracy. The BLUE and WLS can be used for RSS-based positioning,

however the performance with the proposed approaches is poor due to the significant

bias and variance in noisy environments. Further, in practical situations the channel

parameters are not known which results in a degradation in the estimation accuracy.

A suboptimal algorithm was developed in [64] to improve the ML estimator which

was developed in [62],[63] by formulating the original problem as a general trust region

subproblem. This was solved using numerical optimization [65] under mild conditions.

A linear LS (LLS) method with known transmit power and unknown path loss

exponent was proposed in [51] to estimate the unknown source location based on RSS

measurements. Wang et al. considered the weighted least squares (WLS) method

based on the unscented transformation (UT) to solve a noncooperative localization

problem, however global estimates cannot be obtained due to the unknown weights

[52]. Recently, this WLS problem was reformulated by estimating the weights and

solving the problem using an alternative approach, but this degrades the performance,

particularly at low signal to noise ratios [53].

2.2.3 RSSD Versus RSS Localization

Unlike RSS based localization, the RSSD based problem has not been adequately

investigated. The problem of source localization with unknown transmit power based

on RSSD measurements has been of interest recently to improve the degradation in



20

performance due to the use of transmit power estimation. An RSSD method has

been proposed for source localization [59] which uses a simple hyperbolic position-

ing technique. However, the performance of this approach can be poor because the

quality of the sensor information and the problem geometry are not included in the

optimization problem. A distance correction factor was employed in [60] to improve

the estimation accuracy. A nonlinear least squares (NLS) method has also been de-

veloped, but it has significant bias and low efficiency compared to the LLS solution

[61]. The complexity of the NLS method is also high due to the large search space

required to find the optimal solution.

Unfortunately, the proposed least squares based methods only provide a subopti-

mal solution due to the fact that they only consider errors in the data vector due to

noise, and assume there are no errors in the observation matrix [24]-[26]. This leads

to poor accuracy and biased estimates of the unknown parameters due to observa-

tion matrix errors [26]-[28]. Furthermore, none of the existing RSS- and RSSD-based

techniques consider the effect of sensor position errors. The accuracy can be degraded

significantly in the presence of sensor uncertainties. The Cramér-Rao lower bound

(CRLB) can be achieved by some of these techniques in high signal to noise ratio

cases when the sensor position errors are not considered, but as will be shown, these

errors have a significant effect on the CRLB.



21

Chapter 3

RSSD Based Problem Formulation

3.1 System Model with Sensor Uncertainty

In this section, RSSD measurements are used for source location estimation. The

anchor nodes are assumed to be sensors with known positions and the target is a

source with unknown location. To avoid solution ambiguity, the sensors are assumed

to not be deployed in a straight line, which is reasonable. Let u = [x,y]T be the

unknown source position to be determined in a two-dimensional space and ui =

[xi, yi]
T , i = 1, 2, . . . , N , be the actual coordinates of the sensors where ( )T denotes

matrix transpose and N is the number of sensors. Source localization requires at least

four sensors, (N > 3), to provide a minimum of three RSSD values. The distance

between the source and the ith sensor is given by

ri = ‖u− ui‖ =

√
(x− xi)2 + (y − yi)2, i = 1, 2, . . . , N. (3.1)

The received signal power at the ith sensor can be expressed as

Pi = K0
Pt
rγi
, i = 1, 2, . . . , N, (3.2)

where Pt denotes the source transmit power, γ is the path loss exponent and K0 is

the path loss for the reference distance which is typically taken as 1 m [4]. The path

loss exponent γ is a function of the wireless environment and can vary from 1 to 6

[4], In free space, γ = 2, and this is assumed to be the a priori value for the RSSD

measurements. Although γ is typically unknown, it can easily be estimated [51],[53].
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Assuming a log-normal distribution for Pi, (3.2) can be rewritten as

Pi(dB)− Pt(dB) = K0(dB)− 10γlog10(ri) + εi, (3.3)

where εi is the measurement noise at the ith sensor which is assumed to be Gaussian

distributed with zero mean and variance σ2
i . To determine the RSSD, one of the

N sensor must be chosen as the reference. It will be shown in the next section

that the CRLB is independent of the choice of the reference sensor. Therefore, let

Sensor 1 be the reference sensor. The RSSD between the first and ith sensor is

∆P1i(dB) = P1(dB)− Pi(dB), which from (3.3) can be expressed as

∆P1i(dB) = 10γlog10

(
ri
r1

)
+ υ1i, (3.4)

where υi1 ∼ N(0, σ2
i +σ2

1) is the RSSD measurement noise and ε1 and εi, i = 2, . . . , N ,

are assumed to be independent [43]. Therefore, the unknown source coordinates can

be estimated from the difference values ∆P1i. From (3.4), the ith distance is given

by

ri = 10

(
∆P̃1i(dB)

10γ

)
r1, i = 2, . . . , N. (3.5)

where ∆P̃1i is the noise free RSSD measurement with respect to the first sensor. To

convert the RSSD measurements into a set of linear equations, the following interme-

diate variable is introduced

r2
1 = (x− x1)2 + (y − y1)2. (3.6)

Squaring both sides of (3.1) and substituting (3.5) and (3.6) yields(
10

∆P̃1i(dB)

5γ − 1

)
r2

1 = x2
i + y2

i − x2
1 − y2

1+

2x(x1 − xi) + 2y(y1 − yi), i = 2, . . . , N.

(3.7)
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Defining k1i = 10

(
∆P̃1i(dB)

5γ

)
− 1, (3.7) can be simplified as

k1ir1
2 = x2

i + y2
i − (x2

1 + y2
1) + 2(x− x1)(x1 − xi)

+ 2(y − y1)(y1 − yi) + 2x1(x1 − xi) + 2y1(y1 − yi)

= x2
i + y2

i + (x2
1 + y2

1)− 2(x1xi + y1yi)

− 2 ((xi − x1)(x− x1) + (yi − y1)(y − y1))

= uTi ui + uT1 u1 − 2(ui − u1)T
_
u− 2uTi u1,

i = 2, . . . , N.

(3.8)

where
_
u = [x− x1, y − y1]T . Equation (3.8) can be employed for localization without

sensor location uncertainty. Let ũi = [x̃i, ỹi]
T and ∆ui = [∆xi,∆yi]

T be the assumed

location and the position error of the ith sensor, respectively, so that ũi = ∆ui + ui.

Substituting these values into (3.8) and ignoring the second-order error terms gives

δi = 2(ũ1 + ũ− ũi)
T∆u1 + 2(ũi − ũ− ũ1)T∆ui

= ũTi ũi + ũT1 ũ1 − 2(ũi − ũ1)T ũ− 2ũTi ũ1 − k1ir
2
1,

(3.9)

where ũ = [x− x̃1, y − ỹ1]T and δi is the ith, i = 2, 3, . . . , N , sensor location error

which includes the position error due to sensor uncertainty and measurement noise.

δ = C∆s,

C =

{
C(i−1),1 = −C(i−1),(2i−1) = 2(x− x̃i) i = 2, . . . , N

C(i−1),2 = −C(i−1),(2i) = 2(y − ỹi) i = 2, . . . , N
,

∆s = [∆x1,∆y1, . . . ,∆xN ,∆yN ]T .

(3.10)

Let δ = [δ2, δ3, . . . , δN ]T , which is given by (3.10) where C is an (N − 1)× (2N)

matrix. Let R̃2
i = x̃2

i + ỹ2
i , so that (3.9) can be written as

Aθ − b = δ, (3.11)

where

A =


x̃2 − x̃1 ỹ2 − ỹ1 k12/2

...
...

...

x̃N − x̃1 ỹN − ỹ1 k1N/2

 , (3.12)
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θ =
[
x− x̃1 y − ỹ1 r2

1

]T
, (3.13)

and

b =


(R̃2

2 + R̃2
1)− (x̃2x̃1 + ỹ2ỹ1)/2

...

(R̃2
N + R̃2

1)− (x̃N x̃1 + ỹN ỹ1)/2

 . (3.14)

The proposed RSSD measurement model will be used in the next chapter to estimate

the source location in the presence of sensor position uncertainty. Before we start the

location estimation problem, lets analyse the effect of sensor position uncertainty on

the CRLB which is derived below.

3.2 Cramér-Rao Lower Bound Analysis

In this section, the CRLB of the proposed RSSD based measurement without con-

sidering the sensor position error and in presence of sensor position uncertainty is

analysed. The independence of the proposed CRLB in the presence of sensor un-

certainty with respect to the reference sensor is also derived. The result shows a

significant change in CRLB in the presence of sensor position error.

3.2.1 CRLB without Sensor Uncertainty

In this section, the Cramér-Rao lower bound (CRLB) is derived for the RSSD based

measurements without sensor uncertainty. It provides a lower limit on the covariance

matrix of an unbiased estimator of the unknown parameter. Let

∆P = [∆P12, . . . , ∆P1N ]T , (3.15)

be the vector of (N − 1) RSSD values, with ∆P1i as defined in (3.4). Considering the

independent Gaussian distributed measurement noise, υi1 ∼ N(0, σ2
i + σ2

1), the joint

probability density function (pdf) of ∆P conditioned on u is

g(∆P; u) =
N∏
i=2

η10
∆P1i

10√
2π(σ2

i + σ2
1)

× exp

−
(

∆P1i + 10γlog10

(
d1

ri

))2

2(σ2
i + σ2

1)

 ,

(3.16)
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where η = 10
ln 10

. The covariance matrix of an unbiased estimator of s satisfies

cov(s) ≥ F−1, (3.17)

where F is the Fisher information matrix (FIM) [55]. The CRLB of s is then F−1.

The covariance matrix in (3.17) can be derived as

E{(ũ− s)(ũ− s)T} =

[
σ2
x̃ σ2

x̃ỹ

σ2
ỹx̃ σ2

ỹ

]
. (3.18)

The diagonal elements are the mean square errors of the unknown source location u,

and the off-diagonal elements are the covariances between them. The FIM can then

be expressed as

F =

[
Fxx Fxy

Fyx Fyy

]
. (3.19)

The FIM components are obtained using the log likelihood function of (3.16), ln(g(∆P; u)),

which gives

[F]kj = −E
[
∂2 ln g(∆P; u)

∂uk∂uj

]
, k, j = 1, 2. (3.20)

where u = [u1, u2]T = [x, y]T . Substituting (3.16) into (3.20) yields the FIM compo-

nents

Fxx =
N∑
i=2

(
ηγ

σ1i

)2(
x− x1

‖u− u1‖2 +
xi − x
‖ui − u‖2

)2

, (3.21)

Fyy =
N∑
i=2

(
ηγ

σ1i

)2(
y − y1

‖u− u1‖2 +
yi − y
‖ui − u‖2

)2

, (3.22)

and

[
F̃
]
xy

=
N∑
i=2

(
ηγ

σ1i

)2
{(

(x− x1) ‖ui − u‖2

‖u− u1‖4

+
(xi − x)

‖u− u1‖2

)(
(y − y1) ‖ui − u‖2

‖ui − u‖4 +
(yi − y)

‖ui − u‖2

)}
.

=
[
F̃
]
yx
.

(3.23)

The CRLB is then obtained by calculating the FIM components in (3.21)-(3.23) and

substituting them in (3.17).
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3.2.2 CRLB with Sensor Uncertainty

In this section, the CRLB in the presence of sensor uncertainty is derived for the

RSSD-based technique. This can be used to evaluate the degradation in performance

due to errors in the sensor positions. Define the measurement and sensor error vectors

as ϑ = [υ12, υ13, . . . , υ1N ]T and ∆u = [∆u1
T ,∆u2

T , . . . ,∆uN
T ]T , respectively, which

are assumed to be independent Gaussian distributed random variables. Define Qυ =

E{υυT} and Q∆u = E{∆u∆uT} as the covariance matrices of the measurement

noise and sensor position errors, respectively. The joint pdf of the measurement noise

and sensor position errors is obtained from (3.16) as

g(χ;β) =
η(N−1)10

N∑
i=2

∆P1i
10

(2π)
3(N−1)

2 |Q∆u|
1
2 |Qϑ|

1
2

× exp

(
−(∆uTQ−1

∆u∆u + ϑTQ−1
ϑ ϑ)

2

) (3.24)

where | | denotes determinant, us = [u2, . . . ,uN ]T , χ =
[

∆PT ũTs

]T
and β =[

β1 β2

]
=
[

uT uTs

]T
.

Substituting (3.24) into (3.19), and taking the natural log and differentiating, the

FIM in the presence of sensor position errors, F̃, can be obtained. The elements of

this matrix are given by

[
F̃
]
kj

= −E
[
∂2 ln g(χ;β)

∂βk∂βj

]
, k, j = 1, 2. (3.25)

Therefore, the FIM components can be obtained by substituting (3.24) into (3.25)

which gives

F̃uu =

(
∂∆P̃

∂u

)T

Q−1
υ

(
∂∆P̃

∂u

)
= F (3.26)

F̃uus =

(
∂∆P̃

∂u

)T

Q−1
υ

(
∂∆P̃

∂us

)
(3.27)

F̃usus =

(
∂∆P̃

∂us

)T

Q−1
υ

(
∂∆P̃

∂us

)
+ Q−1

∆u (3.28)

where ∆P̃ denotes ∆P without noise.
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The partitioned matrix inversion given in [66] can be used to invert F̃ giving

F̃−1 = (F− F̃uusF̃
−1
usus

F̃T
usu)−1.

F̃−1 is the CRLB in the presence of sensor uncertainty. The increase in the CRLB

due to sensor location errors is then ∆CRLB(u) = F̃−1 − F−1, which is given by

∆CRLB(u) = F−1F̃uus(F̃usus − F̃T
usuF−1F̃uus)

×F̃uusF
−1.

(3.29)

Equation (3.29) shows the sensitivity of the source location estimation accuracy to the

sensor position errors. This difference in the CRLB was the motivation for developing

the localization algorithm given in this paper.

The variances of the coordinates of the source location estimate (x̃, ỹ) are

σ2
x̃ = E{(x̃− x)2} ≥ [F−1]11,

σ2
ỹ = E{(ỹ − y)2} ≥ [F−1]22.

(3.30)

Their sum is the mean square error (MSE) of the source location u. Equations (3.21)-

(3.23) show that the CRLB and the MSE depend on the sensor positions, the number

of sensors and the propagation model. The sensors position change the distances

and also the geometry of the sensors, and thus the CRLB. For example, the worst

case occurs when the sensors are located in a straight line with respect to the source,

which leads to a singular FIM. The CRLB is decreased by increasing the number of

sensors, N , or an increased path loss exponent γ, while it is increased with larger

RSSD variances, σ1i.

3.2.3 Independence of the CRLB in the Presence of Sensor

Uncertainty with Respect to the Reference Sensor

To investigate the independence of the FIM components given in (3.26)-(3.28), con-

sider F̃
(i)
uu, F̃

(i)
uus and F̃

(i)
usus with respect to sensor i. Define

∆P(i) = [∆Pi1, ...,∆Pi,i−1,∆Pi,i+1, . . . ,∆Pi,N ]T (3.31)

as the vector of received signal strength differences when the ith sensor, i = 2, . . . , N ,

is the reference sensor. Using ∆Pi,i−1 = Pi−Pi−1, (3.31) can be represented in terms
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Figure 3.1: The sensor locations ui and the locations due to position uncertainty ũi.

of ∆P(1) as

∆P(i) = Qi∆P(1), i = 2, . . . , N, (3.32)

where Qi, i = 2, . . . , N is an (N − 1)× (N − 1) square matrix given by

Qi =


Qn,n−1 = 1 n = 2, . . . , i− 1

Qn,i−1 = −1 n = 1, . . . , N − 1

Qn,n = 1 n = i, . . . , N − 1

(3.33)

The measurement noise covariance matrix of ∆P(i) can be obtained from (3.32) as

Q(i)
υ = QiQ

(1)
υ QT

i , i = 2, . . . , N. (3.34)

The FIM components when sensor i is the reference sensor are then given by

F̃
(i)
kj =

(
∂∆P̃(i)

∂k

)T{
Q(i)

υ

}−1

(
∂∆P̃(i)

∂j

)
+ cQ−1

∆u

=

(
∂∆P̃(i)

∂k

)T

Q−Ti
{
Q(1)
υ

}−1
Q−1
i

×

(
∂∆P̃(i)

∂j

)
+ cQ∆u

−1,

(3.35)
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where k, j ∈ {u,us},

c =

{
1 k = j = us,

0 otherwise;

and ∆P̃(i) is the noise free version of (3.31) with respect to reference sensor i. Taking

the derivative of (3.32) with respect to k and j gives(
∂∆P̃(i)

∂k

)T

=

(
∂(Qi∆P̃(1))

∂k

)T

=

(
∂∆P̃(1)

∂k

)T

QT
i , (3.36)

and (
∂∆P̃(i)

∂j

)
=

(
∂(Qi∆P̃(1))

∂j

)
= Qi

(
∂∆P̃(1)

∂j

)
. (3.37)

Substituting (3.36) and (3.37) into (3.35) gives

F̃
(i)
kj =

(
∂∆P̃(1)

∂k

)T

QT
i Q−Ti

{
Q(1)
υ

}−1
Q−1
i Qi

×

(
∂∆P̃(1)

∂j

)
+ cQ−1

∆u = F̃
(1)
kj ,

(3.38)

where F̃
(1)
kj denotes the FIM components given in (3.26)-(3.28) when the first

sensor is considered as the reference. This shows that the FIM and thus the CRLB

is independent of the choice of the reference sensor.

3.3 CRLB Performance Evaluation

∆CRLB is defined as the difference in the CRLB with and without sensor uncer-

tainty. In this section, the sensitivity of ∆CRLB is examined with respect to the

measurement noise, number of sensors, and path loss exponent.

Both near field and far field source locations are considered. The geometry of the

source and sensor locations including the sensor errors is shown in Fig. 3.1. The

near field and far field source location coordinates are (400, 450) and (2500, 2100),

respectively. The change in CRLB due to sensor uncertainty is defined by ∆CRLB.

The first six sensors shown in red are considered so that N = 6.

For simplicity, the sensor position error variances are assumed to be equal and
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Figure 3.2: Near field ∆CRLB versus sensor error variance σ∆s
2 for different mea-

surement noise variances σθ
2 with N = 6 sensors.
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Figure 3.3: Far field ∆CRLB versus sensor error variance σ∆s
2 for different measure-

ment noise variances σθ
2 with N = 6 sensors.
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the (a) far field, and (b) near field cases.
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Figure 3.5: ∆CRLB for the near field and far field cases with σθ = 1, σ∆s = 1 and
N = 5 to 9 sensors.

given by σ2
∆s. This can easily be extended to the case of unequal variances. Figures

3.2 and 3.3 show that ∆CRLB is increased as σ2
∆s increases for the near and far field

cases, respectively. Figure 3.3 also indicates that this increase is higher in the far

field case. The effect of increasing the measurement noise variance σθ
2 is also given

in these figures. This shows that σθ has a minimal effect on ∆CRLB in the near field

case, but a considerable effect in the far field case when σ2
∆s is large. As an example,

for σ2
∆s = 10−2, the increase in ∆CRLB between σθ = 10−2 and σθ = 1 for the far

field case is about 2.8 dB.

Figure 3.4 illustrates the effect of the number of sensors on ∆CRLB for the

far field (a) and near field (b) cases with different values of σθ
2. This shows that

increasing the number of sensors decreases ∆CRLB. For example, with σθ = 10−2

and σ∆s = 10−2, increasing N from 5 to 9 reduces ∆CRLB by 2.2 and 3.7 dB for

the near and far field cases, respectively. In addition, for N ≥ 8 the improvement

in ∆CRLB is negligible. Even when the sensor position error variance is high, i.e.,

σ∆s = 10−1, the change in ∆CRLB between N = 8 and N = 9 sensors is only 0.05

dB for a far field source.

The source location estimate is worse in the far field case compared to the near
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field due to the increased path loss. Figure 3.5 compares ∆CRLB for the near field

and far field cases with σθ = 10−2, σ∆s = 1 and N = 5 to 9 sensors.

This shows that the rate that ∆CRLB decreases is lower in the far field case (16%),

compared to the near field case (47%), when the number of sensors is increased from

N = 5 to 9. The sensitivity of ∆CRLB with respect to the path loss exponent γ is

depicted in Fig. 3.6 for the near field (a) and far field (b) cases with different sensor

position error variances σ2
∆s.

In both cases, changing γ has a minimal effect on ∆CRLB. Even for high sensor

position uncertainty (e.g. σ∆s = 1), ∆CRLB decreases by 1.1 dB and 0.76 dB

when γ increases from 1 to 6 for the near field and far field cases, respectively. This

corresponds to a change in ∆CRLB of 14% percent and 3.7%, respectively. This rate

of change decreases as σ∆s decreases in both cases. As an example, the reduction in

∆CRLB for σ∆s = 10−2 is 0.21 dB for the far field case, (corresponding to a 1.3%

reduction in ∆CRLB), as γ increases from 1 to 6. Therefore, variations in γ have

little effect on ∆CRLB.
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Chapter 4

LSIE-NM and Minimax-MSE

Methods

In this chapter the RSSD-based measurements are utilized to obtain the source loca-

tion estimate with unknown transmitted power. Two methods are considered to this

end. First, a constrained weighted least squares (CWLS) based method is utilized

to obtain the location estimate in presence of the sensor uncertainty. The results are

compared with other corresponding methods showing the efficiency of the proposed

method. Next, a linear estimator based on the minimax optimization is developed

for the case of known sensor location without sensor position uncertainty and the

global source location estimate is obtained by converting the proposed problem into

a semidefinite programming (SDP) problem. As will be discussed in the next chapter,

the result will be extended to the case of sensor position uncertainty for future work.

4.1 Least Squares Initial Estimate-Newton Method

Let θ0 be the initial value of θ. The constrained weighted least squares (CWLS)

method can be used to obtain θ0 from (2.11) by minimizing the constrained cost

function

f(θ0) = (Aθ0 − b)TΦ−1(Aθ0 − b), (4.1)

where θ0 =
[
x− x̃1 y − ỹ1 r2

1

]T
is the optimization variable vector and Φ−1 is

the corresponding weighting matrix that is found subject to the intermediate variable

constraint r2
1 as

ΛTθ0 + θ0
TΨθ0 = 0, (4.2)
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such that

Λ =
[

0 0 −1
]T
, (4.3)

and

Ψ = diag{1, 1, 0}. (4.4)

The best linear unbiased estimator (BLUE) [58], can be used to obtain the opti-

mum weighting matrix, Φ−1, which is equal to the inverse of the covariance matrix

of δ

Φ−1 = E[δδT ]−1 = (CQ∆uCT )−1, (4.5)

where Q∆u is the covariance matrix of the sensor position errors. Determining C

in (2.10) requires the source location, which is not known. The simple initial choice

based on BLUE [58] can be used and is given by Φ0 = diag
{
σ2

∆u2
, σ2

∆u3
, . . . , σ2

∆uN

}
where σ2

∆ui
= σ2

∆xi
+ σ2

∆yi
. Then, the CWLS method can be used to obtain an initial

source location estimate. The weights are iteratively updated using (4.5) to find the

optimum weights, Φ−1.

Minimizing (4.1) subject to (4.2) is equivalent to minimizing the Lagrangian cost

function [68]-[69] using the corresponding Lagrange multipliers, λ, as

L(θ0, λ) = f(θ0) + λ(θ0
TΨ + ΛT )θ0. (4.6)

The Lagrangian cost function L(θ0, λ) can be minimized by differentiating with re-

spect to θ0 giving
L(θ0, λ)

∂θ0

=
_

Aθ0 −
_
,

b (4.7)

where
_

A = ATΦ0
−1A + λΨ, (4.8)

and
_

b = ATΦ0
−1b− λΛ/2. (4.9)

Equating (4.7) to zero gives
_

Aθ0 =
_

b which yields the CWLS estimate

θ̂0 = (ATΦ0
−1A + λΨ)−1(ATΦ0

−1b− 0.5λΛ), (4.10)

where λ is a real root of a degree 5 equation obtained by taking the differentiation

of (4.6) with respect to λ and equating the result to zero. Substituting the resulting

values of λ into (4.10) yields the possible solutions, and the CWLS solution is the one
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which results in the smallest value of (4.1).

Due to the non-convex cost function in (4.1), the initial estimate may yield only a

locally optimal solution. Thus the Newton method (NM) is employed here to improve

the accuracy of the initial estimate θ̂0 using the optimum weighting matrix (4.5). This

algorithm has order-two convergence if the function to be minimized has a continuous

second derivative. Let A =
[

A2 A3

]
where A2 and A3 are the first two columns

and the third column of matrix A, respectively. Then the minimum of the nonlinear

unconstrained problem

f(s) = αTΦ−1α, (4.11)

is required where s and α are defined as

s =
[
x− x̃1 y − ỹ1

]T
, (4.12)

and

α = A2s + A3(sT s)1/2 − b. (4.13)

The solution can be obtained using the quadratic approximation of the Taylor series

expansion of (4.1) which can be written as

f(sk) ≈ f(sk−1) + (sk − sk−1)TGk−1+

1

2
(sk − sk−1)THk−1(sk − sk−1),

(4.14)

where

Gk−1 =
∂f(s)

∂s

∣∣∣∣
s=sk−1

,

and

Hk−1 =
∂2f(s)

∂s∂sT

∣∣∣∣
s=sk−1

.

The gradient Gk−1 and Hessian Hk−1 matrices of f(s) at sk−1 can be obtained from

the first and second order derivatives of (4.11), respectively.

To minimize f(s), let Gk = 0, which from (4.14) gives

∂f(sk)

∂sk
= Gk−1 + Hk−1(sk − sk−1) = 0. (4.15)
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The Newton iteration is then

sk = sk−1 −Hk−1
−1Gk−1, (4.16)

where s0 is obtained from the CWLS estimate θ̂0 given by (4.10). Therefore, the

solution can be obtained by calculating Gk−1 and Hk−1 at sk−1. Taking the first and

second derivatives of (4.11) with respect to s yields the gradient and Hessian of f(s)

as

∂f(s)

∂s
=
∂αT

∂s
Φ−1α+αT

∂(Φ−1α)

∂s

= µ(Φ−1 + Φ−T )α,

(4.17)

and
∂2f(s)

∂s∂sT
= αT (Φ−1 + Φ−T )A3 + 2µ(Φ−1 + Φ−T )µT , (4.18)

respectively, where µ = AT
2 + (sT s)−1/2sAT

3 and ()−T denotes inverse transpose. The

Algorithm 1 Least Squares Initial Estimate-Newton Method (LSIE-NM)

1: Calculate the inverse of the weighting matrix Φ−1 using (4.5).
2: Calculate the Lagrange multiplier λ by differentiating (4.6).
3: Calculate the initial location estimate θ̂0 using (4.10).
4: Set iter as the number of iterations (iter = 2 is used here)
5: for 1 ≤ k ≤ iter do
6: α = A2sk−1 + A3(sT

k−1sk−1)1/2 − b
7: µ = AT

2 + (sTk−1sk−1)−1/2sk−1AT
3

8: Calculate the gradient Gk−1 and Hessian Hk−1 using (4.17) and (4.18).
9: if (Hk−1 is not positive definite) then
10: Calculate the modified Hessian Ĥk−1 using [69]
11: end if
12: sk = sk−1 −Hk−1

−1Gk−1

13: end for

Hessian matrix Hk−1 used in (4.16) must be positive definite in each iteration of

the Newton method [69]. To ensure this, a modified Hessian matrix Ĥk−1 can be

employed. A practical method to modify Hk−1 has been developed which is based on

Gaussian elimination [68]-[69]. The LSIE-NM algorithm is summarized in Algorithm

1. The major weakness of the Newton algorithm is that convergence cannot be

guaranteed. If the noise is very small or very large, the standard least squares or

BLUE [58], respectively, can be used to obtain s0. The CWLS method is used here
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to obtain s0, as it provides a more accurate estimate compared to the other methods.

The performance improvement is illustrated in Section 4.2. The LSIE algorithm

provides a good initial estimate so that non-convergence seldom arises (it was never

encountered during the simulations). In addition, it was found that two iterations

are sufficient to obtain an accurate estimate of s.

4.1.1 Bias Analysis

The bias of the proposed method is analysed in this section using the first order

perturbation technique. The second order noise term was ignored due to the fact

that the corresponding noise power is not large. The bias is defined as

E {δs} = E {ũ− s} , (4.19)

where δs is the error term, and E{ } denotes expectation. Let
[

A2 A3

]
=[

_

A2 + δ2

_

A3 + δ3

]
and b =

_

b+δb where δ2, δ3 and δb represent the noise pertur-

bations in A2, A3 and b, respectively, and
_

A2,
_

A3 and
_

b denote the corresponding

true values. Considering the linear perturbation terms, (4.17) can be written as

∂f(s)

∂s
= µo(Φ−1 + Φ−T )αo, (4.20)

where

µo =
(

(s + δs)
T (s + δu)

)−1/2

(s + δs)

×
(
_

A3 + δ3

)T
+ (

_

A2 + δ2)T ,

(4.21)

and

αo =
(
_

A2 + δ2

)
(s + δs) +

(
_

A3 + δ3

)
×
(

(s + δs)
T (s + δs)

)1/2

−
(
_

b + δb

)
.

(4.22)

Substituting (
(s + δs)

T (s + δs)
)1/2

'
(
sT s
)−1/2

sTδs +
(
sT s
)1/2

(4.23)
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into (4.22) and considering that δ2 = δb = 0 as there are no perturbations in A2 and

b, gives

αo =
(
_

A3 + δ3

){(
sT s
)−1/2

sTδs +
(
sT s
)1/2
}

+
_

A2 (s + δs)−
_

b

'
_

A2δs +
_

A3s
Tδs

(
sT s
)−1/2

+ δ3

(
sT s
)1/2

'Pδs + δ3

(
sT s
)1/2

,

(4.24)

where

P =
_

A2 +
_

A3

(
sT s
)−1/2

sT .

Note that δ3 corresponds to the zero mean noise in A3 so that E{δ3} = 0. Using

(4.24), (4.20) can be expressed as

PT (Φ−1 + Φ−T )
(
Pδs + δ3

(
sT s
)1/2
)

= 0 (4.25)

and then solving (4.25) gives

δs =
{

PT
(
Φ−1 + Φ−T

)−1
P
}−1

PT
(
Φ−T + Φ−1

)−1
δ3

(
sT s
)1/2

= P−1
(
Φ−1 + Φ−T

)
P−TPT

(
Φ−1 + Φ−T

)−1
δ3

(
sT s
)1/2

= P−1δ3

(
sT s
)1/2

.

(4.26)

Thus, the bias defined in (4.19) can be obtained by taking the expectation of (4.26)

which gives

E {δs} = E
{

P−1δ3

(
sT s
)1/2
}

= P−1E {δ3}
(
sT s
)1/2

= 0.
(4.27)

This shows that the proposed estimator is unbiased when the noise is not large.

4.2 LSIE-NM Simulation Results

In this section, the performance of the proposed LSIE-NM algorithm is evaluated to

verify the theoretical analysis. Both near and far field cases are considered in the

presence of sensor location uncertainty in which the near field denotes the source to
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be close to the sensor networks while the far field denotes the source is in far distance

with respect to the sensor networks. The geometry of the actual and nominal sensor

locations is given in Fig. 3.1. The nominal and unknown sensor coordinates are

Table 4.1: Far Field ∆MSE after k Iterations
Iteration ∆MSE(dB) ∆MSE(dB)

σ2 = 10−1 σ2 = 1

k = 3 0.31 0.92

k = 5 0.40 1.45

k = 7 0.51 1.65

k = 9 0.62 1.68

denoted by ui and ũi, respectively. Fig. 4.1 shows the mean square error (MSE)

of the proposed algorithm for different numbers of iterations versus 10 log(σ2
∆s) with

σ∆s ∈ [0.001, 1]. The near field source is located at [400, 450]T and results are given

for k = 1 and k = 2 iterations with σ2
θ = 10−2 and γ = 2. The corresponding

CRLB is also shown for comparison purposes. For the near field case, the MSE is

close to the CRLB after the first iteration for a small measurement noise variance,

but the difference increases to 3.4 dB at σ2
∆s = 1. After the second iteration, the

CRLB is essentially achieved for all values of σ2
∆s. For the far field case, there is a

considerable difference between the results for the first and second iterations even

with a small measurement noise variance. At σ2
∆s = 10−4, this difference is about

2.6 dB. The second iteration provides a significant improvement as it achieves the

CRLB for σ2
∆s ≤ 10−2. The worst case difference is 4.2 dB at σ2

∆s = 1. Further,

the third iteration provides a very small improvement in the MSE compared to the

second iteration in the far field case. Table 3.1 shows the change in far field MSE for

different numbers of iterations with respect to the second iteration, defined as

∆MSE(dB) = MSEk(dB)−MSE2(dB),

where MSEk denotes the far field MSE for the kth iteration. This shows that two

iterations are sufficient in this case, so two iterations are used in the next section to

evaluate the proposed method.
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(a)

First iteration of LSIE−NM for the near field case (k = 1)
Second iteration of LSIE−NM for the near field case (k = 2)
CRLB for the near field case with sensor uncertainty

Figure 4.1: Source position MSE versus σ2
∆s using the LSIE-NM algorithm for different

numbers of iterations with N = 6 sensors for the (a) far field, and (b) near field cases.
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Figure 4.2: MSE for different values of σ2
∆s for the near field case with N = 6 sensors

and σ2
θ = 0.01.

4.2.1 LSIE-NM with Different Methods for the Initial Esti-

mate

In this section, the performance of the proposed method is compared to the perfor-

mance of the maximum likelihood estimator (MLE) [43], WLS [46] LLS [45] and NLS

[61] methods. The CRLB with sensor uncertainty is also considered as a benchmark

for comparison. As the performance of the proposed method depends on the initial

estimate, different methods are considered to obtain the initial estimate to compare

the effect of this value on the final estimate. Figures 4.2 and 4.3 present the MSE

of the source location estimate in the near field (NF ) and far field (FF ) cases for

the first (k = 1) and second (k = 2) iterations of the proposed, MLE, WLS, LLS

and NLS methods versus σ2
∆s. Figure 4.2 shows that the ML and CWLS techniques

provide the best performance for the near field case as the CRLB is achieved. The

NLS method has the worst performance, with a significant degradation even for a

small sensor position error variance.
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Far field LSIE−NM with LLS for (k = 2)
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Far field LSIE−NM with MLE for (k = 2)
CRLB in the presence of sensor uncertainty

Figure 4.3: MSE for different values of σ2
∆s for the far field case with and N = 6

sensors and σ2
θ = 0.01.

The WLS method has better performance compared to the LLS and NLS methods,

but there is still a significant difference compared to the ML and CWLS techniques.

In the far field case, both the ML and CWLS methods are degraded compared to the

CRLB for large values of σ2
∆s, as shown in Fig. 3.3. The difference is approximately

1.7 dB at σ2
∆s = 0.1. The WLS method is again better than the LLS and NLS

methods. Further, the second iteration of the CWLS technique shows a significant

performance improvement. The performance after two iterations with σ∆s = 0.1 for

the near field and far field cases are shown in Tables 4.2 and 4.3, respectively. Figures

4.4 and 4.5 also depict the performance of the proposed and other RSSD methods

for the near field and far field source location estimates, respectively. This shows

that in both scenarios, LSIE-NM provides the best performance which is closest to

the CRLB. The NLS method has the worst performance. The poor performance

with the LS based RSSD method in [59] is due to not employing weights as well as

constraints in the optimization. For example, at σ2
∆s = 0.01 there is approximately

a 10.1 dB and 11.8 dB difference with respect to the CRLB for the near field and
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Figure 4.4: MSE versus σ2
∆s for different RSSD based localization algorithms with

N = 6 sensors and σ2
θ = 0.01 in the near field case.
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Far field RSSD−NLS 
Far field RSSD−LS 
Far field RSSD−Corrected LS 
Far field proposed method (k = 2)
CRLB in the presence of sensor uncertainty

Figure 4.5: MSE versus σ2
∆s for different RSSD based source localization algorithms

with N = 6 sensors and σ2
θ = 0.01 in the far field case.
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Figure 4.6: Comparison of different joint methods with N = 6 sensors and σ2
θ = 0.01

in the near field case.
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Figure 4.7: Comparison of different joint methods with N = 6 sensors and σ2
θ = 0.01

in the far field case.
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far field cases, respectively. Considering the error correction technique in [60], the

performance of the LS based RSSD method in [59] is improved by approximately

4.5 dB and 3.8 dB at σ2
∆s = 0.01 for the near field and far field cases, respectively.

Thus the degradation in performance of this method with respect to the CRLB is

still considerable, particularly in the far field case. This is due to the fact that these

RSSD based methods do not consider the effect of sensor uncertainty.

The proposed LSIE-NM method is next compared with the UT-WLS method

[53] and the generalized trust region subproblem (GTRS) solution [64], which were

recently developed based on joint RSS estimators. Fig. 6 and Fig. 7 present the

performance of LSIE-NM and these methods for the near field and far field cases

with N = 6 and σ2
θ = 0.01. This shows that for sufficiently large SNRs, the UT-WLS

and GTRS methods have performance comparable to the proposed approach, but

for small SNRs, the proposed method provides better performance. For example, at

σ2
∆s = 0.01 there is approximately a 2.2 dB and 5 dB difference for the GTRS and

UT-WLS methods with respect to the proposed method for the near field case, and

a corresponding difference of 3.1 dB and 6.2 dB for the far field case.

4.2.2 Complexity Analysis

In this section, the computational complexity of the proposed CWLS estimator is

compared with the MLE, LLS, NLS and WLS estimators. The complexity is evaluated

based on the number of floating point operations (flops). Each multiplication, sum

and square root is considered as one flop. Let R = ATΦ0
−1A + λΨ and S =

ATΦ0
−1b− 0.5λΛ. From (4.10), the initial estimate with the proposed method can

be written as θ0 = R−1S. The number of flops required to obtain R−1 and S are

given by

R−1 =

3(2N2+N+15)︷ ︸︸ ︷
(ATΦ0

−1︸ ︷︷ ︸
3(2N2−5N+3)

A

︸ ︷︷ ︸
6N2−3N+18

+λΨ)−1, (4.28)

and

S = (ATΦ0
−1b︸ ︷︷ ︸

6N2−9N

−0.5λΛ)

︸ ︷︷ ︸
3(2N2−3N+2)+1

, (4.29)
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where N is the number of sensors. Therefore, the complexity of the CWLS estimator

given by (4.10) is

flopsCWLS = 6(N2 −N) + 67, (4.30)

so the complexity has order O(N2) flops. From [43], and considering the cost function

in (4.1), the computational complexity of the ML and NLS estimators is O(N3) flops,

which is much higher than the proposed estimator. The complexity of the LLS and

WLS estimators is O(N) and O(N2), respectively [46],[45]. However, as shown by

the results in this section, the performance of these estimators is very poor.
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ŷ
=

20
77
.6

B
ia

s
E

rr
or

(|N
om

in
al

-E
st

im
at

ed
|)

ε
M
L
E

=
4.

80
ε
C
W
L
S

=
5.

42
ε
W
L
S

=
53
.5

4
ε
L
L
S

=
53
.7

1
ε
N
L
S

=
57
.4

5

10
lo

g
(|N

om
in

al
-E

st
im

at
ed
|)

ε
(d
B

)
=

6.
81

ε
(d
B

)
=

7.
34

ε
(d
B

)
=

17
.2

9
ε
(d
B

)
=

17
.3

0
ε
(d
B

)
=

17
.5

9



50

4.3 Minimax SDP Localization

In this section, a Minimax SDP approach is developed for the RSSD problem with-

out sensor position uncertainty with sufficiently large SNR. Considering the RSSD

based model developed in chapter 2, the system model without sensor position un-

certainty can be reformulated using (2.7). Lets define c1i = 10
∆P̃1i

5γ which can be

approximated using a first-order Taylor series for sufficiently small noise levels as

c1i = η1i

(
5γ

ln 10
+ υi1

)
, where η1i = ln 10

5γ
10

∆P1i
5γ . Thus, considering the intermediate

variable R2 = x2 + y2, the RSSD measurement in (2.7) without sensor position un-

certainty can be reformulated in matrix format as

Aθ = b, (4.31)

where

A =


2(c12x1 − x2) 2(c12y1 − y2) 1− c12

...
...

...

2(c1Nx1 − xN) 2(c1Ny1 − yN) 1− c1N

 ,
θ =

[
x y R2

]T
,

and

b =


c12(x2

1 + y2
1)− (x2

2 + y2
2)

...

c1N(x2
1 + y2

1)− (x2
N + y2

N)

 .
Define the data matrices as Ã and b̃, and the perturbation matrices as ∆A and ∆b.

Thus, (4.31) can be expressed in matrix form as(
Ã + ∆A

)
θ =

(
b̃ + ∆b

)
(4.32)

where

Ã =


2
(

5η12

ln 10
γx1 − x2

)
2
(

5η12

ln 10
γy1 − y2

)
1− 5η12

ln 10
γ

...
...

...

2
(

5η1N

ln 10
γx1 − xN

)
2
(

5η1N

ln 10
γy1 − yN

)
1− 5η1N

ln 10
γ

 ,

∆A =


2η12x1υ21 2η12y1υ21 −η12υ21

...
...

...

2η1Nx1υN1 2η1Ny1υN1 −η1NυN1

 ,
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b̃ =


5η12

ln 10
γR2

1 −R2
2

...
5η1N

ln 10
γR2

1 −R2
N

 , ∆b = R2
1


η12υ21

...

η1NυN1

 .
Ã ∈ <(N−1)×3 and b̃ ∈ <(N−1) are data matrices, ∆A ∈ <(N−1)×3 and ∆b ∈ <(N−1)

are perturbation matrices, and R2
i = x2

i + y2
i . Hence, (4.31) can be expressed as

Aθ = b, where A = Ã + ∆A and b = b̃ + ∆b. Note that both A and b contain

perturbation error terms.

4.3.1 MSE Problem Formulation

The problem of estimating the unknown parameter vector θ from (4.32) is considered

in this section. It is assumed that θ satisfies the upper bound constraint ‖θ‖2 =

θTθ ≤ µ where µ is a positive scaler and ‖·‖ denotes the norm. Let θ̂ be the linear

estimate of θ given by

θ̂ = Υb̃, (4.33)

where Υ ∈ <3×(M−1) is the unknown estimation matrix. Considering (4.32) and

(4.33), θ̂ can be obtained by minimizing the mean square error (MSE) which is given

by the following optimization problem

min
θ̂

E

{(
θ̂ − θ

)T (
θ̂ − θ

)}
, (4.34)

where E{·} denotes expected value. Using (4.32) and (4.33), the MSE in (4.34) can

be written as

MSE = E

{∥∥∥θ̂ − θ∥∥∥2
}

= E

{(
Υb̃− θ

)T (
Υb̃− θ

)}
= E

{(
Υ
(
Ãθ + ∆Aθ −∆b

)
− θ

)T (
Υ
(
Ãθ

+ ∆Aθ −∆b
)
− θ

)}
= Mb + M̃ + MA

, (4.35)

where

Mb = E
{
∆bTΥTΥ∆b

}
,

M̃ = −E
{
θTATΥTΥ∆b + ∆bTΥTΥAθ

}
,

MA = θT
{
ΛTΛ + E

(
∆AT

(
ΥTΥ

)
∆A

)}
θ,
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in which Λ = ΥÃ− I. The terms MA, M̃ and Mb can be calculated as follows.

Define Qb = E
{
∆b∆bT

}
as the covariance matrix of the perturbation vector ∆b.

Then

Mb = Tr
(
ΥE

{
∆b∆bT

}
ΥT
)

= Tr
(
ΥQbΥT

)
, (4.36)

where Tr (·) denotes trace. The pth element of the vector Φ = −ATΥTΥ∆b in M̃

can be written as

Φp =
N−1∑
k=1

(
N−1∑
m=1

−∆bm
(
ΥTΥ

)
km

)
∆AT

pk, (4.37)

where ∆bm is the mth element of the corresponding vector and Φ ∈ <3×1. Then

from (4.37) we have

E {Φ} =
N−1∑
k=1

N−1∑
m=1

−
(
ΥTΥ

)
(mk)

E {∆Akp∆bm}

=
N−1∑
m,k=1

qm
(
ΥTΥ

)
(mk)

,

(4.38)

where qm = −E
{

[m]

∆A ∆bm

}
and

[m]

∆A denotes the mth column of the perturbation

matrix ∆AT . Then using (4.38) we obtain

M̃ = θTE {Φ}+ E {Φ}T θ = 2θTE {Φ} . (4.39)

Defining Ψ = ∆ATΥTΥ∆A, then

Ψ(pq) =
N−1∑
k=1

(
N−1∑
m=1

∆AT
(pm)

(
ΥTΥ

)
mk

)
∆Akp, (4.40)
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where Ψ ∈ <3×3. Using (4.40) and QA[mk] = E

{
[m]

∆A
[k]

∆A

}
, which is the covariance

matrix between the mth and kth columns of ∆AT , we obtain

E {Ψ} =
N−1∑
k=1

N−1∑
m=1

E

{
[m]

∆A
[k]

∆A

}(
ΥTΥ

)
mk

=
N−1∑
m=1

QA[mk]
(
ΥTΥ

)
mk

(4.41)

Note that M̃ and MA depend on the parameter vector θ, so it is not possible to di-

rectly estimate Υ for the minimization problem in (4.34), while Mb is independent of

θ. Considering θTθ ≤ µ, an optimization problem can be developed which minimizes

the worst case MSE in (4.35) so that (4.34) can be reformulated as

Υ = arg min max
θT θ≤Ψ

E

{(
θ̂ − θ

)T (
θ̂ − θ

)}
= arg min max

θT θ≤Ψ
Mb + M̃ + MA

= arg min

{
Mb + max

θT θ≤Ψ

(
M̃ + MA

)}
.

(4.42)

From (4.39) and (4.41), the term max
(
M̃ +

_

MA

)
in (4.42) can be reformulated as

the following minimization problem

max
θT θ≤Ψ

θT
(
ΛTΛ + E {Ψ}

)
θ + 2θTE {Φ} =

min
τ

µτ + 2µ1/2E {Φ}

s.t. τI−
{
ΛTΛ + E {Ψ}

}
� 0,

(4.43)

where G � 0 denotes that G is positive semidefinite and µmax [·] denotes the maximum

eigenvalue. Substituting (4.38) and (4.41) in the MSE based minimax optimization

problem in (4.42) gives

min
τ,Λ

Mb + µτ + 2µ1/2
N−1∑
m,k=1

qm
(
ΥTΥ

)
(mk)

s.t. τI−
{
N−1∑
m=1

QA[mk]
(
ΥTΥ

)
mk

+ ΛTΛ

}
� 0,

(4.44)
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4.3.2 RSSD Based Localization via SDR

In this section, the RSSD based optimization problem given by (4.44) is reformulated

as a convex optimization problem using semidefinite programming (SDP) [20]. This

allows a globally optimum solution to be obtained efficiently using SDP solvers such as

SDPT3 and SeDuMi [22],[23] that employ the interior point method [20]. Because of

Mb, the objective function of the optimization problem in (4.44) is nonlinear in terms

of the unknown term Υ. Define the auxiliary variables U = ΥTΥ and V = ΥQbΥT

withU ∈ <(M−1)×(M−1) and V ∈ <3×3. Using semidefinite relaxation (SDR) [20], we

obtain

U−ΥTΥ � 0,

V −ΥQbΥT � 0.
(4.45)

The inequality constraints in (4.44) and (4.45) can be reformulated into linear matrix

inequalities using Schur’s Complement Lemma [66]-[67] which is defined as follows.

Lemma 1. Define a symmetric matrix as

T =

[
H R

RT L

]
,

where L is a positive definite matrix (L � 0). Then the Schur complement of L defined

as

L̃ = H−RL−1RT ,

is positive semi-definite (L̃ � 0) if and only if T is positive semi-definite (T � 0).

Hence, the inequality constraints in (4.44) and (4.45) can be expressed as[
U ΥT

Υ I

]
� 0,

[
V Υ

ΥT Q−1
b

]
� 0, τI−

(
N−1∑
m,k=1

QA [mk] (U)(mk)

)
ΛT

Λ I

 � 0.

(4.46)

Then the minimax optimization problem given by (4.44) can be expressed as an SDP

problem based on the corresponding linear matrix inequalities in (4.46) which yields
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Figure 4.8: Comparison of several RSSD based source location estimation algorithms
with γ = 2 and N = 7 sensors, (a) position RMSE, and (b) bias.

min
U,V,Υ,τ

µτ + 2µ1/2
N−1∑
m,k=1

qm(U)(mk) + Tr {V}

s.t.

[
V Υ

ΥT Q−1
b

]
� 0,

[
U ΥT

Υ I

]
� 0 τI−

(
N−1∑
m,k=1

QA [mk] (U)(mk)

)
ÃTΥT − I

ΥÃ− I I

 � 0.

(4.47)

This is a convex optimization problem for which a globally optimal solution can be

calculated efficiently using SDP solvers.

4.4 Minimax SDP Performance Evaluation

In this section, simulation results are presented to evaluate the performance of the

proposed RSSD based minimax SDP method. We set γ = 2 and distribute N = 7

sensors within the 2D geometry with known coordinates (1, 1), (5, 5), (5, 15), (15, 5),
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Figure 4.9: RMSE for the source location estimation with γ = 2 and (a) N = 4
sensors, and (b) N = 7 sensors.

(15, 15), (30, 15), and (15, 30). The unknown source is located at s = (10, 6). The

performance of the proposed method is compared with several well known RSSD

based methods based on the root mean square error (RMSE) and the bias which

can be obtained using the L2 and L1 norms, respectively. The proposed method was

implemented using the CVX toolbox and SDPT3 solver [22]. Figure 4.8 illustrates

the effect of the measurement noise standard deviation on the bias and RMSE of the

proposed, standard LS [59], corrected LS [60], and NLS [61] methods. The Cramér-

Rao lower bound (CRLB) is also shown. The standard LS and corrected LS methods

perform achieves better performance due to the lower RMSE compare to the NLS

while they receive larger bias.

The proposed method has superior performance with lower bias and RMSE. Figure

4.9 compares the proposed method with the recently developed UT-WLS [53] method

for M = 4 and M = 7 sensors. These results shows a considerable improvement in

performance with the proposed method when the noise is significant. For example,

with σ = 6 dB, there is approximately 1.71 dB and 1.92 dB improvement in the

position RMSE for M = 4 and M = 7, respectively. The effect of the path loss

exponent α on the position RMSE is shown in Fig. 3.10. This indicates that an

increased path loss exponent results in a decreased RMSE. For example, changing α
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from 2 to 3 with σ = 6 dB results in a 0.94 dB decrease in position RMSE.
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Chapter 5

ETLS-SDP method with System

Parameter Error

In this chapter the nonlinear RSSD-based model is formulated for systems perturbed

by noise. Solutions obtained using conventional least squares methods suffer from

significant performance degradation as they only consider errors in the data vector.

Thus an extended total least squares (ETLS) method is developed for blind localiza-

tion which considers perturbations in the system parameters as well as the constraints

imposed by the relation between the observation matrix and data vector. The nonlin-

ear and nonconvex RSSD-based localization problem is then transformed to an ETLS

problem with fewer constraints.

This is transformed to a convex semidefinite programming (SDP) problem using

relaxation. The corresponding ETLS-SDP method is extended to the case with an

unknown path loss exponent to jointly estimate the unknown source location and

path loss exponent without resorting to transmit power estimation which is sensitive

to errors. The mean squared error of the proposed ETLS method is obtained and

the corresponding Cramér-Rao lower bound (CRLB) is derived as a performance

benchmark. Performance results are presented which show that the RSSD-based

ETLS-SDP method attains the CRLB for a sufficiently large signal to noise ratio

(SNR).
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5.1 ETLS Problem Formulation

In this section the RSSD measurements model for source localization with system

parameter error is formulated The anchor nodes are assumed to be sensors with

known positions and the target is a source with unknown location. Let u = [x, y]T

be the unknown source position to be determined in a two-dimensional (2D) space,

and ui = [xi, yi]
T , i = 1, 2, . . . , N be the known coordinates of the N sensors where

( )T denotes transpose. The source localization problem requires RSSD values from

at least three anchor nodes.

The distance between the source and sensor i is given by

ri = ‖u− ui‖

=

√
(x− xi)2 + (y − yi)2, i = 1, 2, . . . , N.

(5.1)

The average received power Pi at the ith sensor can be expressed considering the

log-normal distribution of Pi as [4],[43]

Pi(dB)− Pt(dB) = K0(dB)− 10γlog10(‖u− ui‖) + ni, (5.2)

where ni is the measurement noise at the ith sensor which is assumed to be Gaussian

distributed with zero mean and variance σ2
i so that ni ∼ N(0, σ2

i ), Pt is the source

transmit power, γ is the path loss exponent, and K0 is the path loss for the reference

distance which is normally taken as 1 m. The value of γ can vary from 1 to 6 [4] and

is equal to 2 in free space which is assumed to be the a priori value for the RSSD

measurements. Denote the RSSD between the first and ith sensor as ∆P1i = P1−Pi.
From (5.2), this can be expressed as

∆P1i = 10γlog10

(
‖u− ui‖
‖u− u1‖

)
+ n1i, i = 1, 2, . . . , N, (5.3)

where n1i ∼ N(0, σ2
i + σ2

1) is the RSSD measurement noise. Therefore, the source

localization problem is to estimate u from the ∆P1i. From (5.3), the ith distance,

ri = ‖u− ui‖, is given by

ri = 10

(
∆P̃1i
10γ

)
r1, i = 2, . . . , N, (5.4)
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where ∆P̃1i is the noise free RSSD measurement with respect to the first sensor.

To convert the RSSD measurements into a set of linear equations, we introduce the

intermediate variable

R2 = x2 + y2. (5.5)

Squaring both sides of (5.4) and substituting (5.1) yields

(1− 10
∆P̃1i

5γ )(x2 + y2) + 2(x110
∆P̃1i

5γ − xi)x+

2(y110
∆P̃1i

5γ − yi)y = 10
∆P̃1i

5γ (x2
1 + y2

1)− (x2
i + y2

i ),

i = 2, . . . , N.

(5.6)

Define c1i = 10
∆P̃1i

5γ which can be approximated using a first-order Taylor series for

sufficiently small noise levels as c1i = η1i

(
5γ

ln 10
+ ni1

)
, where η1i = ln 10

5γ
10

∆P1i
5γ . Then

(5.6) can be expressed in matrix form as

Aθ = b, (5.7)

where

A =


2(c12x1 − x2) 2(c12y1 − y2) 1− c12

...
...

...

2(c1Nx1 − xN) 2(c1Ny1 − yN) 1− c1N

 , (5.8)

θ =
[
x y R2

]T
, (5.9)

and

b =


c12(x2

1 + y2
1)− (x2

2 + y2
2)

...

c1N(x2
1 + y2

1)− (x2
N + y2

N)

 . (5.10)

5.1.1 The TLS and CLS methods

Considering (5.7), data matrix A and observation vector b yield an overdetermined

estimation problem which consists of more nonlinear equations than unknowns. Least

squares is a conventional approach to solve this problem. Equations (5.3) and (5.7)

can be used to obtain a source location estimate via minimization of the constrained
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least squares (CLS) criterion which gives

minimize
x,y,R

N∑
i=1

(
∆P1i − 10γ log ri

r1

)2

subject to x2 + y2 = R2.

(5.11)

Note that the optimization problem given in (5.11) is a nonlinear and nonconvex

problem which yields multiple local minima. Therefore, the global minimum solution

is typically difficult to obtain. The CLS problem in (5.11) can be rewritten in matrix

form as
minimize

θ
(Aθ − b)T (Aθ − b)

subject to uTu = R2.
(5.12)

Both A and b are perturbed by RSSD measurement noise which exists in the c1i.

Let A = A0 + δA and b = b0 + δb where A0 and b0 are the noise free components

of A and b, respectively, and δA and δb are the corresponding RSSD measurement

noise terms. Then (5.7) can be expressed as

(A0θ − b0) + (δAθ − δb) = 0, (5.13)

where

A0 =


2
(

5η12

ln 10
γx1 − x2

)
2
(

5η12

ln 10
γy1 − y2

)
1− 5η12

ln 10
γ

...
...

...

2
(

5η1N

ln 10
γx1 − xN

)
2
(

5η1N

ln 10
γy1 − yN

)
1− 5η1N

ln 10
γ

 ,

δA =


2η12x1n21 2η12y1n21 −η12n21

...
...

...

2η1Nx1nN1 2η1Ny1nN1 −η1NnN1

 ,

b0 =


5η12

ln 10
γR2

1 −R2
2

...
5η1N

ln 10
γR2

1 −R2
N

 , δb = R2
1


η12n21

...

η1NnN1

 .
A0 ∈ <(N−1)×3 and b0 ∈ <(N−1) are data matrices, δA ∈ <(N−1)×3 and δb ∈ <(N−1)

are perturbation matrices, and R2
i = x2

i + y2
i . Equation (5.13) shows that error terms

exist in both A and b. Therefore, the standard LS approach which considers only

errors in the observation vector b may not provide an optimal solution [24],[26].

Based on (5.13), this source localization problem can be solved by minimizing the
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total error, which gives the following minimization problem

minimize
[
δA δb

]
subject to Aθ = b

uTu = R2

(5.14)

This is known as the total least squares (TLS) optimization problem [24]. Note

that in this case, b0 is not in the range space of A0.

The total least squares (TLS) method takes into account perturbations in both A

and b [28]. The TLS solution of (5.14) is θTLS that satisfies

(A0 + δA)θTLS − (b0 + δb) = 0. (5.15)

The TLS method can be applied to problems where the perturbations in A and b

are independent and identically distributed (i.i.d.). Therefore, any linear dependen-

cies between the error terms in the observation matrix A and data vector b require

a transformation of the original TLS problem resulting in an extended total least

squares (ETLS) method. Thus the proposed ETLS method considers dependencies

between the data vector and observation matrix. This method is presented in the

next section.

5.2 The ETLS Localization Method

Let Φ0 = [ A0 b0 ] and ∆Φ = [ δA δb ] where Φ0 ∈ <(N−1)×4 and ∆Φ ∈
<(N−1)×4 are matrices formed by the columns of A0,b0 and δA,δb, respectively. Then

(5.15) can be written as

Φ0θ̃ + ∆Φθ̃ = 0, (5.16)

where θ̃ =
[
θ −1

]T
. The extended total least squares (ETLS) estimate of θ can

be obtained by minimizing the constrained cost function

arg min
∆Φ,θ̃

‖∆Φ‖2
F (5.17)

subject to : ∆ΦΥ = 0

Φ0θ̃ + ∆Φθ̃ = 0

θ̃
T
Pθ̃ + θ̃

T
q = 0

(5.18)
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where P = diag {1, 1, 0, 1}, Υ =
[
−y1 x1 R2

1 1
]T

, q =
[

0 0 −1 1
]T

, and

‖∆Φ‖2
F denotes the Frobenius norm of ∆Φ which is given by

‖∆Φ‖F =

√√√√ N∑
i=1

4∑
j=1

|∆Φij|2 =
√

Tr
{
∆ΦT∆Φ

}
.

Minimizing (5.17) subject to (5.18) is equivalent to minimizing the Lagrangian cost

function with Lagrange multipliers Λ, α and β, given by

L(∆Φ,Λ,α, β) = Tr
{
∆ΦT∆Φ

}
+ ΛT (Φ0 + ∆Φ) θ̃

+αT (∆ΦΥ) + β
(
θ̃
T
Pθ̃ + θ̃

T
q
)
,

(5.19)

where ∆Φ is the optimization variable vector and Tr {.} denotes the trace of the

matrix. Differentiating L(∆Φ,Λ,α, β) with respect to ∆Φ and equating it to zero

gives

∆Φ = −1

2
(Λθ̃

T
+αΥT ). (5.20)

Substituting ∆Φ given by (5.20) into the minimization constraints in (5.18) gives the

Lagrange multipliers

Λ =

(
4∑
i=1

θ̃
2

i

)−1 (
2Φ0 −αΥT

)
θ̃, (5.21)

and

α = −Λθ̃ΥT (ΥTΥ)−1. (5.22)

Λ can be evaluated by substituting (5.22) into (5.21) which yields

Λ =

(
4∑
i=1

θ̃
2

i

)−1 (
2Φ0 +

(
Λθ̃

T
Υ
(
ΥTΥ

)−1
ΥT
))
θ̃

= 2

(
4∑
i=1

θ̃
2

i

)−1

Φ0θ̃ + Λ

(
4∑
i=1

θ̃
2

i

)−1 (
θ̃
T _

Υθ̃
)

= 2

(
4∑
i=1

θ̃
2

i − θ̃
T _

Υθ̃

)−1

Φ0θ̃,

(5.23)
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where
_

Υ = Υ
(
ΥTΥ

)−1
ΥT . From (5.23), α can be obtained using (5.19) and (5.22)

as

α = −2

(
4∑
i=1

θ̃
2

i − θ̃
T _

Υθ̃

)−1

Φ0θ̃0θ̃
T
Υ
(
ΥTΥ

)−1
. (5.24)

Substituting (5.23) and (5.24) in (5.20) results in

∆Φ =

(
θ̃
T _

Υθ̃ −

(
4∑
i=1

θ̃
2

i

))−1

Φ0θ̃θ̃
T

+

(
4∑
i=1

θ̃
2

i − 2θ̃
T _

Υθ̃

)−1

Φ0θ̃θ̃
T
Υ
(
ΥTΥ

)−1
ΥT

= −

(
θ̃
T _

Υθ̃ −

(
4∑
i=1

θ̃
2

i

))−1 (
Φ0θ̃θ̃

T −Φ0θ̃θ̃
T _

Υ
)

=
(
θ̃
T
(
I−

_

Υ
)
θ̃
)−1

Φ0θ̃θ̃
T
(
_

Υ− I
)
.

(5.25)

Considering
_

Υ = Υ
(
ΥTΥ

)−1
ΥT gives

(
I−

_

Υ
)2

= I + Υ
(
ΥTΥ

)−1
ΥTΥ

(
ΥTΥ

)−1
ΥT − 2

_

Υ

= I + Υ
(
ΥTΥ

)−1
ΥT − 2

_

Υ =
(
I−

_

Υ
)
.

(5.26)

Therefore, the Frobenius norm of ∆Φ given in (5.17) can be calculated as

‖∆Φ‖2
F = Tr

{(
θ̃
T
(
I−

_

Υ
)
θ̃
)−2

Φ0θ̃θ̃
T
(
I−

_

Υ
)2

θ̃θ̃
T
ΦT

0

}
= Tr

{
Φ0θ̃θ̃

T
ΦT

0

(
θ̃
T
(
I−

_

Υ
)
θ̃
)−1
}

=

{
θ̃
T _

Φ0θ̃
(
θ̃
T
(
I−

_

Υ
)
θ̃
)−1
}
,

(5.27)

where
_

Φ0 = ΦT
0 Φ0, and Tr

{
Φ0θ̃θ̃

T
ΦT

0

}
= θ̃

_

Φ0θ̃
T

which is derived in Appendix

D. Then the constrained minimization problem defined in (5.17) and (5.18) can be

simplified using (5.27) to

arg min
θ̃

θ̃
T _

Φ0

(
θ̃
T
(
I−

_

Υ
)
θ̃
)−1

θ̃

subject to θ̃
T
Pθ̃ + θ̃

T
q = 0.

(5.28)
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This is an extended TLS (ETLS) constrained optimization problem which considers

the error in all data.

5.2.1 Semidefinite Relaxation for RSSD Measurements

The problem given in (5.28) is nonconvex with nonlinear constraints, so obtaining

the optimal solution is difficult. Therefore semidefinite relaxation (SDR) is used

to convert (5.28) into a convex optimization problem. This transforms the ETLS

optimization problem into an SDP optimization problem. First, define the auxiliary

variable t = θ̃
T _

Φ0(θ̃
T

(I−
_

Υ)θ̃)
−1

θ̃ and rewrite (5.28) as

minimize
θ̃,t

t

subject to : t− θ̃T
_

Φ0(θ̃
T

(I−
_

Υ)θ̃)
−1

θ̃ = 0

θ̃
T
Pθ̃ + θ̃

T
q = 0.

(5.29)

Considering the trace of a matrix, (5.29) can be expressed as

minimize
θ̃,t

t

subject to :
(
Pθ̃
)T (

Pθ̃
)

+ θ̃
T
q = 0

(5.30)

t− θ̃T
_

Φ0

(
Tr
{

(I−
_

Υ)θ̃θ̃
T
})−1

θ̃ = 0.

The cost function in (5.30) is linear and convex, but the constraints are still nonconvex

due to the presence of θ̃θ̃
T

. Thus, the next step is to relax the nonconvex constraints

in (5.30) to obtain convex constraints. Define the auxiliary variable

Q = θ̃θ̃
T
,

which can be used to reformulate the constraints in (5.30) as linear and convex. This

leads to nonconvex equality constraints that can be relaxed using the SDR method

as
Q− θ̃θ̃T � 0(

Pθ̃
)T (

Pθ̃
)

+ θ̃
T
q � 0

(5.31)

and

t−
(
Φ0θ̃

)T
Φ0θ̃

(
Tr
{

(I−
_

Υ)Q
})−1

� 0, (5.32)
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where for a symmetric matrix S, S � 0 denotes that S is positive semidefinite.

The inequality constraints given in (5.31) and (5.32) can be written as linear matrix

inequalities (LMI) based on Schur’s Complement Lemma [66] given below.

Lemma 1: Consider the symmetric matrix

Ξ =

[
Z1 Z2

ZT
2 Z3

]
,

where Z3 is a positive definite matrix (Z3 � 0). Then the Schur complement of Z3

defined as

Z̃3 = Z1 − Z2Z3
−1ZT

2 ,

is positive semi-definite (Z̃3 � 0) if and only if Ξ is positive semi-definite (Ξ � 0).

Considering Lemma 1, the inequality constraints in (5.31) and (5.32) can be writ-

ten as  t θ̃
T
Φ0

T

Φ0θ̃ Tr
{

(I−
_

Υ)Q
}  � 0

[
Q θ̃

θ̃
T

1

]
� 0,

[
q̃T θ̃ θ̃

T
PT

Pθ̃ I4

]
� 0, (5.33)

respectively where q̃ = [0, 0, 1,−1]T . Therefore, the nonconvex optimization prob-

lem given in (5.30) can be transformed to a convex problem using (5.31), (5.32)

and Lemma 1. Hence, (5.30) can be reformulated into a standard SDP problem by

applying (5.33) which gives

minimize
Q,θ̃,t

t

subject to :

[
Q θ̃

θ̃
T

1

]
� 0 q̃T θ̃

(
Pθ̃
)T

Pθ̃ I4

 � 0 t
(
Φ0θ̃

)T
Φ0θ̃ (I−

_

Υ) •Q

 � 0

(5.34)
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where {•} denotes the inner product of symmetric matrices Sn×n and Vn×n given by

S •V = Tr {SV} =
n∑
i=1

n∑
j=1

sijvij,

in which sij and vij are the ijth elements of S and V, respectively. The problem given

in (5.34) is a convex optimization problem for which a globally optimum solution can

be obtained efficiently using SDP solvers such as SeDuMi and SDPT3 [22]-[23] that

apply the interior point method [20]-[21].

Remark 1: Note that

(
4∑
i=1

θ̃
2

i − θ̃
T _

Υθ̃

)−1

and
(
Tr
{

(I−
_

Υ)Q
})−1

in (5.23) and

(5.32), respectively, are nonzero. This is shown in Appendix E.

5.2.2 Extension to the Unknown Path Loss Exponent Case

Deterministic PLE

The path loss exponent (PLE) typically lies in the interval γmin ≤ γ ≤ γmax, where

γmin = 1 and γmax = 6 [4]. In free space, γ = 2. Calculating the PLE requires

significant experimental results which can be time consuming and costly. An efficient

alternative approach is considered in this section to jointly estimate the unknown path

loss exponent and source location based on RSSD measurements. For simplicity, the

term deterministic PLE is denoted as PLE in the remainder of the section.

The optimization problem given in (5.11) is linear with respect to the path loss

exponent after location estimation, so it can be simply solved using the linear least

squares method. However, to increase the accuracy, the weighted least squares solu-

tion can be employed which results in the following optimization problem

minimize
γj

N∑
i=2

1

σ2
1i

(
∆P1i − 10γj log

‖ui − ûj−1‖
‖u1 − ûj−1‖

)2

, (5.35)

where ûj−1 is the estimated source location in the (j − 1)th iteration, and γj is the

estimated path loss exponent in the jth iteration. Note that the initial estimate of

the path loss exponent γ0 can be obtained based on empirical values such as those

reported in [4].
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The minimization problem in (5.35) can be rewritten in matrix form as

minimize
γj

(
Âj−1γj − b̂j−1

)
W−1

(
Âj−1γj − b̂j−1

)T
, (5.36)

where

Âj−1 =


10 log

r̂2(j−1)

r̂1(j−1)

...

10 log
r̂N(j−1)

r̂1(j−1)

 , b̂j−1 =


∆P12

...

∆P1N

 ,
and

r̂i(j−1)
= ‖ui − ûj−1‖ , W = diag

{
σ2

12, . . . , σ
2
1N

}
.

Note that in the optimization problem given by (5.36), there are perturbation errors

only in the observation vector b̂(j−1). Therefore, the WLS method can be used to

Algorithm 2 RSSD-based ETLS-SDP method with unknown transmit power and
path loss exponent

1: Set j = 0 and γ0 = 2 as the initial path loss exponent estimate.
2: Calculate θ̃0 and û0 using (5.28) and (5.34).
3: repeat
4: Set j = j + 1.
5: Calculate Â(j−1), b̂(j−1) and r̂i(j−1)

defined in (5.36) for i = 1, . . . , N .

6: Set γj =
(
ÂT

(j−1)W
−1Â(j−1)

)
ÂT

(j−1)W
−1b̂(j−1).

7: Substitute γj into (5.13) and form the ETLS problem in (5.28).
8: Solve the SDP problem in (5.34) to obtain θ̃j and ûj.
9: Calculate tj in (5.34) as the value of the ETLS-SDP cost function.

10: until
(∣∣∣ tj

tj−1
− 1
∣∣∣ < ε

)
or (γmin ≤ γj ≤ γmax)

11: if γj ∈ [γmin, γmax] then
12: θ̃j and γj are the location and path loss estimates.
13: else
14: θ̃j−1 and γj−1 are the location and path loss estimates.
15: end if

obtain a closed form solution of (5.35) or equivalently (5.36) as

γj =
(
ÂT

(j−1)W
−1Â(j−1)

)−1

ÂT
(j−1)W

−1b̂(j−1). (5.37)

The source location estimate in the jth iteration, θ̃j, or correspondingly ûj, can then

be obtained by substituting (5.37) into (5.28). This iterative method continues until
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the stopping condition
∣∣∣ tj
tj−1
− 1
∣∣∣ < ε is satisfied, where tj and tj−1 are the values of

the cost function in (5.34) in the jth and (j − 1)th iterations, respectively, and ε is

a small number typically chosen as 10−3 [68], [69]. Note that (5.37) should satisfy

γmin ≤ γj ≤ γmax. If this condition is violated, the algorithm is terminated and the

previous estimate, γj−1, is used.

Random PLE

As mentioned in Section II, the path loss exponent γ varies in the range γ ∈ [1, 6]

for indoor and outdoor environments [4]. This can be consider a priori information

regarding γ in the blind localization case. Further, the empirical results in [70] suggest

that the path loss exponent can be considered as a random variable γ ∼ N
(
µγ, σ

2
γ

)
with variance σ2

γ and mean µγ. Therefore, the maximum a posteriori (MAP) estimator

can be developed [54]-[55] based on the a priori information of γ as the following

optimization problem
(j)
γ

MAP
= arg max

γ
{ln g (γ|∆P)} , (5.38)

where
(j)
γ

MAP
is the jth PLE MAP estimate, g (.) denotes the probability density func-

tion and ∆P is the known vector of RSSD measurements. Using Bayes’ theorem,

(5.38) can be rewritten [54] as

(j)
γ

MAP
= arg max

γ
{ln g(γ) + ln g (∆P|γ)} (5.39)

Define Ξ = ln g(γ) + ln g (∆P|γ). Considering the joint Gaussian distribution of

g (∆P|γ), Ξ can be formulated as

Ξ = k̃MAP −
(γ − µγ)2

2σ2
γ

−
N∑
i=2

(
∆P1i − 10γ log

r̂i(j−1)

r̂1(j−1)

)2

2σ2
1i

, (5.40)

where

k̃MAP = ln
1√

2πσγ
+

N∑
i=2

ln

(
1√

2πσ1i

)
. (5.41)
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Differentiating (5.40) with respect to the unknown parameter γ yields

∂Ξ

∂γ
=
µγ − γ
σ2
γ

+
N∑
i=2

10 log
r̂i(j−1)

r̂1(j−1)

(
∆P1i − 10γ log

r̂i(j−1)

r̂1(j−1)

)
σ2

1i

, (5.42)

and then equating this to zero, ∂Ξ
∂γ

= 0, gives the MAP estimate of the path loss

exponent γ in (5.39) as

(j)
γ

MAP
= arg max

γ
Ξ =

µγ +
N∑
i=2

x̃i∆P1i

1 + 10
N∑
i=2

x̃i log
r̂i(j−1)

r̂1(j−1)

, (5.43)

where

x̃i = 10

(
σγ
σ1i

)2

log
r̂i(j−1)

r̂1(j−1)

, i = 2, . . . , N. (5.44)

Note that the estimated PLE in the jth iteration satisfies γmin ≤ γj ≤ γmax.

Remark 2: To obtain the MAP estimate of the PLE, Algorithm 1 can be modified

by changing lines 5 and 6 as follows Remark 3: Algorithm 1 is an RSSD-based method,

1: Calculate r̂i(j−1)
= ‖ui − ûj−1‖ for i = 1, . . . , N .

2: Set γj =
(j)
γ

MAP
given in (5.43).

so the transmit power does not have to be estimated as with existing methods. This

increases the path loss accuracy and decreases the computational complexity. In ad-

dition, an accurate estimate of the transmit power can be obtained after the source

location and path loss exponent have been estimated (when Algorithm 1 has termi-

nated).

5.3 ETLS Performance Evaluation

5.3.1 Mean Squared Error Analysis

The mean squared error (MSE) of the proposed ETLS method is considered in this

section. Let θ = θ0 + ∆θETLS where θ0 and θ denote the true and estimated values,

respectively, and ∆θETLS is the ETLS estimation error. Therefore, the MSE can be
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written as

MSE = E
{

(θ − θ0)T (θ − θ0)
}

= Tr
{
E
(
∆θETLS∆θTETLS

)}
,

(5.45)

where E {.} denotes expected value. Note that θ = θ0 + ∆θETLS can also be formu-

lated as θ̃ = θ̃0+∆θ̃ETLS where θ̃0 =
[
θ0 −1

]T
and ∆θ̃ETLS =

[
∆θETLS 0

]T
.

Denote the ETLS cost function in (5.28) as

Ψ(θ̃) = θ̃
T _

Φ0θ̃
(
θ̃
T
(
I−

_

Υ
)
θ̃
)−1

. (5.46)

Setting the gradient of (5.46) equal to zero yields

∂
(
θ̃
T
ΦT

0

)
∂θ

= A0, (5.47)

and
∂G−1

∂θ
= −G−1

(
2VT

(
I−

_

Υ
)
θ
)

G−1, (5.48)

where V is a 4×3 diagonal matrix and G = θ̃
T
(
I−

_

Υ
)
θ̃, the gradient of the ETLS

cost function with respect to θ, is

∂Ψ(θ̃)

∂θ
= 2

{
AT

0 G−1 ( A0 θ − b0)−G−1

×
(
θ̃
T
(
I−

_

Υ
)

V
)T

G−1

}
.

(5.49)

Substituting θ = θ0 + ∆θETLS into (5.49) and setting ∂Ψ
∂θ

= 0, the following ap-

proximation for ∆θETLS can be obtained by ignoring the second order error terms

as

∆θETLS = G̃−1AT
0 G−1∆Φθ̃0, (5.50)

where G̃ = AT
0 G−1A0. A detailed derivation of (5.50) is given in Appendix F. This

shows that E {∆θETLS} = 0 for small perturbations, so it is an unbiased estimate of

θ. The effect of ignoring the second order error term on the bias is given in Appendix

G.
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For simplicity, let EETLS
∆
= E

{
∆θETLS∆θETLS

T
}

. From (5.50), we obtain

EETLS = E
{

G̃−1AT
0 G−1∆Φθ̃θ̃

T
∆ΦTG−TA0G̃

−T
}

= G̃−1AT
0 G−1E

{
∆Φθ̃

(
∆Φθ̃

)T}
G−1A0G̃

−1.
(5.51)

Defining F =
[

2x1 2y1 −1 R2
1

]
θ̃0, η = diag {η12, . . . , η1N} and ξ = η

[
n21 . . . nN1

]T
gives ∆Φθ̃ = Fξ so that (5.51) can be simplified to

EETLS = G̃−1AT
0 G−1E

{
FξξTFT

}
G−1A0G̃

−1

= BT ξ̃B,
(5.52)

where

B = (Fη)TG−1A0G̃
−1

ξ̃ = diag
{
σ2

2, ..., σ
2
N

}
.

Note that if the noise variances are equal, σ2
i = σ2 for 2 ≤ i ≤ N , (5.52) can be

simplified as

EETLS = σ2BTB. (5.53)

Finally, the MSE can be found from (5.45) and (5.52) as MSE = Tr
{
EETLSET

ETLS

}
.

If G̃−1 is positive definite, the MSE can be simplified as follows.

Proposition 1: Let λk be the kth eigenvalue of G̃ and L the corresponding eigen-

vector matrix. If G̃−1 is symmetric and G̃ � 0, then the MSE defined in (5.45) is

given by

MSE =
K∑
k=1

λ−2
k E

{
h2
k

}
, (5.54)

where K = rank(G̃) and hk is the kth element of the column vector

h̃ = LTAT
0 G−1∆Φθ̃0. (5.55)

Proof. Considering ∆θETLS defined in (5.50), the mean squared error can be rewrit-
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ten as

MSE = E
{
∆θETLS

T∆θETLS
}

= E

{(
G̃−1AT

0 G−1∆Φθ̃0

)T (
G̃−1AT

0 G−1∆Φθ̃0

)}
= E

{
θ̃
T

0 ∆ΦTG−1A0G̃
−2AT

0 G−1∆Φθ̃0

}
,

(5.56)

where

G̃−T G̃−1 =
(
AT

0 G−1A0

)T (
AT

0 G−1A0

)
= G̃−2. (5.57)

Since G̃ � 0 from Proposition 1, it has eigenvalue-eigenvector decomposition

G̃ = LHLT , (5.58)

where

H = diag {λ1, . . . , λK}

L = [l1, . . . , lK ] ,

in which lk denotes the kth eigenvector corresponding to eigenvalue λk, and K =

rank(G̃). As G̃ � 0, it follows that G̃−1 � 0 [20]. Therefore, G̃−2 can be decomposed

using (5.58) as G̃−2 = LH−2LT . Substituting G̃−2 into (5.56) yields

MSE = E

{(
∆Φθ̃

)T
G−1A0LH−2(A0L)TG−1∆Φθ̃

}
= E

{
h̃TH−2h̃

}
=

K∑
k=1

λ−2
k E

{
h2
k

}
,

(5.59)

where K = rank(G̃) and hk denotes the kth element of the column vector h̃ =

(A0L)TG−1∆Φθ̃0.

5.3.2 Cramer-Rao Lower Bound Analysis

The Cramer-Rao Lower Bound (CRLB) of the proposed RSSD-based solution using

the ETLS-SDP method is derived in this section. The CRLB provides a lower limit

on the covariance matrix of an unbiased estimator which can be defined as

cov(û) ≥ F̃
−1
, (5.60)
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where F̃ denotes the Fisher Information Matrix (FIM) [55], and cov( ) is the covari-

ance matrix of the unknown vector û. Let

∆P =
[

∆P12 · · · ∆P1N

]T
,

be the vector of (N−1) measured signal strength differences between the first and ith

sensor, ∆P1i, as defined in (5.4). Assuming the Gaussian noise is independent and

identically distributed (i.i.d.) with zero mean and variance σ2
1i (ni1 ∼ N(0, σ2

i + σ2
1)),

i.e., ignoring the correlation between the measurements, the joint probability density

function (pdf) of ∆P can be written as

g (∆P|u) =
N∏
i=2

1√
2π(σ2

i + σ2
1)

exp

{
− 1

(σ2
i + σ2

1)(
∆P1i − 10γlog10

(
‖u− ui‖
‖u− u1‖

))2
}
,

(5.61)

where g (∆P|u) denotes the joint pdf of the measured RSSD vector ∆P conditioned

on u. Based on (5.61), the log-likelihood function of the proposed unknown location

vector, ln (g (∆P|u)), can be expressed as

g̃ (u) =
N∑
i=2

(
10γ

σ2
1i

log10

(
‖u− ui‖
‖u− u1‖

)2

− νi

)
, (5.62)

where

νi =
5γ

σ2
1i

∆P1i +
1

2
ln
(
2πσ2

1i

)
.

The FIM components in (5.60) are obtained using the log-likelihood function g̃ (u)

which yields [
F̃
]
m,n

= −E
{

∂2g̃ (u)

∂u(m)∂u(n)

}
, m, n = 1, 2, (5.63)

where u(m) denotes the mth element of u. Therefore, the FIM components can be

derived from (5.62) and (5.63) as

[
F̃
]
xx

=
N∑
i=2

(
10γ

σ1i ln 10

)2(
x− x1

‖u− u1‖2 +
xi − x
‖ui − u‖2

)2

,



75

[
F̃
]
yy

=
N∑
i=2

(
10γ

σ1i ln 10

)2(
y − y1

‖u− u1‖2 +
yi − y
‖ui − u‖2

)2

,

[
F̃
]
xy

=
N∑
i=2

(
10γ

σ1i ln 10

)2
{(

(x− x1) ‖ui − u‖2

‖u− u1‖4

+
(xi − x)

‖u− u1‖2

)(
(y − y1) ‖ui − u‖2

‖ui − u‖4 +
(yi − y)

‖ui − u‖2

)}
.

=
[
F̃
]
yx

(5.64)

The CRLB is then obtained by substituting the FIM components from (5.64) into

(5.60). Based on (5.64), the CRLB will depend on the sensor geometry, number of

sensors and the propagation model (path loss exponent). Equations (5.60) and (5.64)

show that increasing the path loss exponent or number of sensors leads to a decrease

in the CRLB.

5.3.3 CRLB with Correlated Measurement Noise

In this section, the effect of the correlated measurement noise on the CRLB is

considered in order to derive generalized CRLB as a tight bound for comparison

with the simulation results [71]-[72]. Let C ∈ <(N−1)×(N−1) be the covariance ma-

trix of the RSSD-based correlated measurement noise. The matrix elements Cij,

i, j = 2, 3, . . . , N , can be written as [55]

Cij =

{
σ2

1i = σ2
1 + σ2

i i = j

ρijσ1iσ1j i 6= j
, (5.65)

where ρσ1iσ1j denotes cov(n1i, n1j) and ρij is the correlation coefficient between n1i

and n1j. For simplicity and without lose of generality, we consider the correlation

coefficients to be identical so that ρij = ρ. Therefore, the diagonal and off diagonal

elements of C are σ2
1i and ρσ1iσ1j, respectively.

Considering the i.i.d. and Gaussian RSSD measurement noise with zero mean and

variance σ2
1i, the joint probability density function with correlated measurement noise

gρ (∆P|u) can be written as

gρ (∆P|u) =(2π)−(N−1)/2|C|−1/2×

exp

(
−1

2
(∆P− µ∆P)TC−1 (∆P− µ∆P)

)
,

(5.66)
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where µ∆P ∈ <(N−1)×1 is the mean of the measurement vector that can be obtained

using (5.3) and the fact that E (n1i) = 0 as

µ∆P = 10γ

[
log
‖u− u2‖
‖u− u1‖

, . . . , log
‖u− uN‖
‖u− u1‖

]T
. (5.67)

Defining g̃ρ(u) = ln (gρ (∆P|u)), the log likelihood of the joint pdf given in (5.66)

can be obtained as

g̃ρ (u) = ν̃ − 1

2
(∆P− µ∆P)TC−1 (∆P− µ∆P) , (5.68)

where

ν̃ = −1

2
ln
{

(2π)(N−1) |C|
}
.

Considering (5.60), the FIM is required to evaluate the CRLB of the proposed esti-

mator. Using (5.63), the FIM with correlated measurement noise F̃ρ can be obtained

by substituting (5.68) in (5.66) which gives

F̃ρ = −E
{
∂2g̃ρ (u)

∂u∂uT

}
=

(
∂µ∆P

∂u

)T
C−1

(
∂µ∆P

∂u

)
, (5.69)

where the ijth component of the matrix
(
∂µ∆P

∂u

)
∈ <(N−1)×2 can be expressed as

(
∂µ∆P

∂u

)
ij

=

 ∂
[i]

µ∆P

∂x
j = 1,

∂
[i]

µ∆P

∂y
j = 2,

i = 1, 2, . . . , N − 1, (5.70)

where
[i]
µ∆P denotes the ith element of the vector µ∆P in (5.67). Substituting (5.67)

into (5.70) gives

∂µ∆P

∂u
=

(
10γ

ln 10

)
(u−u2)T

‖u−u2‖2
− (u−u1)T

‖u−u1‖2
...

(u−uN )T

‖u−uN‖2
− (u−u1)T

‖u−u1‖2

 . (5.71)

Then the new FIM F̃ρ ∈ <2×2 can be obtained by substituting (5.65) and (5.71) into

(5.69) resulting in

F̃ρ =

(
10γ

ln 10

)2 N∑
j=2

[(
N∑
i=2

(ũi − ũ1)

)(
ũTj − ũT1

)]
, (5.72)
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where ũm is defined as

ũm
∆
=

(u− um)

‖u− um‖2 .

Equation (5.72) provides a tight CRLB when there is correlated measurement noise.

Note that the FIM given in (5.72) can easily be changed to the case of non identical

correlation coefficients by substituting ρ 6= ρij in (5.72).

5.3.4 ETLS-SDP Complexity Analysis

In this section, the computational complexity of the proposed method is considered

based on the number of floating point operations (flops). A flop is an addition,

subtraction, multiplication or division in the algorithm [67]. The ETLS-SDP method

is compared with the complexity of several other well known algorithms. In each

iteration of this method, the path loss exponent γj in (5.37) and the SDP in (5.34)

are updated.

From (5.37), the number of flops required to compute γ in an iteration is

γj =

Complexity ' O(N)︷ ︸︸ ︷(
ÂT

(j−1)W
−1Â(j−1)

)−1

︸ ︷︷ ︸
(3N−4)

ÂT
(j−1)W

−1b̂(j−1)︸ ︷︷ ︸
(4N−5)

, (5.73)

so a total of 7N − 9 flops are required. Thus, for K iterations the computational

complexity is O(KN). Since each iteration has bounded complexity O
(
log
(

1
ε

)
N1/2

)
,

Table 5.1: Computational Complexity Of Six Methods for N Sensors

Algorithm Number of Flops
Time
(ms)

NLS [61] O (KN3) 31.2

Improved LLS [51] O (K18N + 87) 0.62

WLS-UT [53] O
(
N2.5 (N + 1) log

(
1
ε

)) 46.8

LCJE [50] O (KN2) 9.8

GTRS [64] O (34N + 36K) 1.34

ETLS-SDP O
(
N
(
K̃N3.5 + 7

)
− 9
)

53
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the worst case computational complexity in solving the ETLS-SDP problem in (5.34)

is

ComplexitySDP = O

(
K log

(
1

ε

)
N4.5

)
. (5.74)

Hence, the worst case complexity of the ETLS-SDP method with unknown path

loss exponent can be obtained from (5.73) and (5.74) as O
(
K̄N4.5 +N

)
in which

K̄ = K log
(

1
ε

)
.
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The ML and NLS estimators are two nonlinear estimators which employ an it-

erative method such as steepest-descent or Newton with a suitable initial point to

estimate the unknown parameter [54]-[55]. The complexity of these algorithms is

O (KN3) where K is the number of iterations. The LCJE and improved LLS meth-

ods are two low complexity linear estimators with computational complexities O (N2)

and O (N), respectively. However, the performance of these linear estimators is poor

at low signal to noise ratios compared to the proposed method as will be shown in the

next section. The GTRS method is another low complexity algorithm which has bet-

ter performance than the LCJE and improved LLS techniques under mild conditions

[64].

Table 5.1 compares the complexity and average running time of six received signal

strength based techniques. Note that the number of iterations K for the ML and NLS

estimators depends on the initial point and iterative method chosen. This choice will

also affect the accuracy of the solution. Further, the number of SDP iterations K

depends on the required accuracy specified by ε in the algorithm. From Table 5.1, the

complexity of the proposed ETLS-SDP method is higher than that of the LS-based

algorithms, but the proposed method provides more accurate solutions, as will be

shown in the next section. Table 5.1 also shows the CPU time in milliseconds required

to execute the algorithms on a computer with a 2.5 GHz Intel Core i5 processor and

6 GB of memory. These results indicate that the improved LLS and LCJE methods

have low computational complexity, but as will be shown in the next section, they

also have poor performance in terms of the source location estimate and bias in the

path loss exponent estimate. The CPU time of the WLS-UT method is very close

to that of the proposed ETLS-SDP method, but the proposed method has superior

performance.

5.4 Performance Evaluation

In this section, the performance of the proposed RSSD-based ETLS-SDP localization

method is evaluated via simulation. A 2D geometry is considered with N = 9 sensors

at the known coordinates (5,5), (0,15), (15,0), (30,0), (0,30), (15,15), (15,30), (30,15),

and (30,30) in meters. These sensors are used to estimate an unknown source which

is located at (24,16). The performance of the proposed method is compared with

several well known methods with both known and unknown path loss exponent (PLE).

Table 5.2 provides a brief summary of these techniques. The proposed SDP method is
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Figure 5.1: RMSE of the source position estimate versus σ for several RSSD-based
methods with γ = 2, (a) N = 5 and (b) N = 9 sensors.
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implemented using the CVX toolbox with the self-dual-minimization (SeDuMi) solver

[23].

5.4.1 ETLS-SDP versus other RSSD-based Methods

In this section, the performance of the proposed RSSD-based method is evaluated

and compared with the performance of the RSSD-based NLS [61], standard LS [59]

and improved LS [60] methods. The corresponding CRLB is used as a benchmark

for comparison. We consider the case with known path loss exponent and unknown

transmit power. Figure 5.1 illustrates the effect of the measurement noise standard

deviation σ on the root mean squared error (RMSE) of the source position estimate

for N = 5 and N = 9 sensors. The path loss exponent is γ = 2, ρ = 0.5 and N = 5

denotes the first five sensors in the list above. These results show that the ETLS-SDP

method provides the best performance compared to the other methods, and is closest

to the CRLB.

Note that a large noise variance results in a small signal to noise ratio (SNR)

which results in poor performance with the proposed method, as shown in Fig. 5.1.

A degradation in performance may also occur if the error in the first order Taylor series

approximation of c1i is large. However, for a sufficiently large SNR, this approximation

has been shown to be a good approximation [62], [63]-[64]. In addition, increasing

the number of sensors to N = 9 improves the performance so that the proposed

method achieves the CRLB for σ ≤ 5. At σ = 5 dB, there is approximately a 0.48

m improvement with respect to the CRLB when N is increased from 5 to 9. The

Table 5.3: Performance of the ETLS-SDP Method With Unknown PLE for Various
γ0 with k = 5 Iterations

Estimated PLE (γ̂) Average Average Average

σ (dB) γ0 = 2.5 γ0 = 3 γ0 = 3.5 γ0 = 4 γ̂ RMSE (m) PLE Bias ∆γ

2 2.01 2.01 2.02 2.03 2.02 0.67 0.02

5 1.95 1.94 1.94 1.92 1.94 0.98 0.06

7 1.93 1.92 1.92 1.9 1.92 1.22 0.08

8 1.92 1.92 1.91 1.91 1.91 1.66 0.09

poor performance of the standard LS algorithm is due to not employing constraints

in the optimization problem as well as not considering errors in the observation data



83

matrix. For example, at σ = 5 dB there is approximately a 3.0 m and 1.3 m difference

with respect to the CRLB for N = 5 and N = 9, respectively. The improved LS

algorithm in [60] employs a weighting matrix which provides a significant improvement

in performance. This improvement over the standard LS algorithm is approximately

0.72 m and 0.33 m at σ = 5 dB for N = 5 and N = 9, respectively. Note that the

NLS method given in [61] provides the worst performance.

The RMSE of the source position estimate with the proposed and other RSSD-

based methods versus the path loss exponent γ is given in Fig. 5.2 for σ = 2 dB and

σ = 6 dB, and N = 9 sensors. This shows that the localization accuracy improves

with increasing path loss exponent, which is also indicated by the CRLB analysis. As

an example, increasing the path loss exponent from γ = 2 to γ = 4 provides a 44% and

53% reduction in the RMSE with the proposed method for σ = 2 dB and σ = 6 dB,

respectively. Moreover, the performance of the LS and improved LS methods converge

for larger path loss exponents. At γ = 2, there is approximately a 1.1 m and 1.37

m reduction in RMSE with the proposed method compared to the LS and improved

LS methods, respectively, when σ = 6 dB. Note that the variance of the RMSE with

respect to the path loss exponent is lowest with the ETLS-SDP method. Thus, the

proposed method provides a considerable improvement in performance compared to

the other RSSD-based methods, and is significantly more robust to changes in the

path loss exponent.

5.4.2 ETLS-SDP with Unknown PLE

In this section, the performance of the ETLS-SDP method is evaluated for the case

when both the transmit power and path loss exponent (PLE) are unknown. The

actual PLE is set to γ = 2, and the initial PLE is considered to be in the range

γ0 ∈ [2.5 − 4]. Figure 5.3 illustrates the effect of γ0 on the RMSE of the source

position estimate for different values of σ after k = 5 iterations. This shows that

increasing the number of iterations significantly decreases the RMSE dependence on

γ0. The bias of the PLE estimate denoted as ∆γ = (|γ̂ − γ|) is given in Table 5.3.

Figure 5.3 and Table 5.3 show that there is a negligible change in the RMSE and PLE

bias for different choices of γ0. In addition, increasing σ increases the RMSE but has

little effect on the PLE bias. For example, increasing σ from 2 to 8 dB with γ0 = 4

results in a 0.95 m and 0.07 increase in the RMSE and PLE bias, respectively. The

average PLE estimate γ̂ and average RMSE of the source position estimate are also
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Figure 5.2: RMSE of the source position estimate versus γ with N = 9 sensors for
several RSSD-based methods, (a) σ = 2 dB, and (b) σ = 6 dB.
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given in Table 5.3 for path loss exponents in the range γ0 ∈ [2.5− 4].

Table 5.4: RMSE of the Source Position Estimate and PLE Bias with the ETLS-SDP
Method for Different Numbers of Iterations

Iteration RMSE (m) PLE Bias ∆γ

Number k σ = 2 (dB) σ = 6 (dB) σ = 2 (dB) σ = 6 (dB)

2 0.64 1.27 0.07 0.11

3 0.56 1.24 0.03 0.10

5 0.49 1.22 0.02 0.07

7 0.49 1.21 0.02 0.06

Table 5.4 illustrates the change in the RMSE of the source position estimate as

well as the PLE bias for different numbers of iterations with σ = 2 dB and σ = 6

dB, and γ0 = 4. This shows that increasing the number of iterations improves the

performance, as expected. However, after k = 5 iterations there is very little change

in the RMSE and PLE bias.

The effect of the number of sensors on the RMSE of the source position estimate

and the PLE bias for different σ is presented in Figs. 5.4 and 5.5. These results show

that increasing the number of the sensors improves the performance significantly. As
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an example, changing the number of sensors from N = 5 to 7 provides a 2.65 m and

1.11 m improvement in the RMSE and PLE bias for σ = 6 dB. Note that the PLE

estimate is almost exact with N = 7 sensors, but the RMSE is improved by increasing

N further. For example, there is a 1.28 m improvement in the RMSE by increasing

the number of sensors from N = 7 to N = 9 for σ = 6 dB, but the corresponding

improvement in the PLE bias is only 0.02.

Figure 5.6 shows the effect of the number of sensors and σ (dB) on the path

loss exponent (PLE) bias for the random PLE case with different σγ. These results

indicate that increasing the number of sensors or decreasing σγ will improve the PLE

bias.

The performance of the proposed ETLS-SDP method is now compared with the

performance of the unknown path loss exponent algorithms LCJE [53], UT-WLS [50]

and improved linear LS (ILLS) [51]. Figure 5.7 presents the RMSE of the source

location estimate versus σ for k = 5 iterations and γ0 = 4. This shows that the
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ETLS-SDP method provides a significant improvement in performance over the other

methods, particularly for large σ. The poor performance of the ILLS method is due

to errors in approximating the data vector as well as ignoring the error terms due

to the assumptions employed to reduce the complexity [51]. The UT-WLS method

provides good performance due to the use of the unscented transformation which

does not require estimation of the data vector. For example, at σ = 6 dB there is

approximately a 4.2 m improvement in the RMSE over the ILLS method. The LCJE

method provides very good performance for very small values of σ. However, the

performance is similar to that of the UT-WLS technique when σ is higher. Thus

the degradation in performance is still considerable. Thus the ETLS-SDP method

has the best performance for most values of σ. For example, the proposed method

provides a 2.3 m and 2.1 m improvement in RMSE at σ = 5 dB over the UT-WLS

and LCJE techniques, respectively.

Figure 5.8 shows the bias of the PLE estimate versus σ with γ0 = 4 and k = 5
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iterations. The largest bias is produced by the ILLS method, while the proposed

ETLS-SDP method has the lowest bias. For example, at σ = 5 dB the ILLS bias is

approximately 0.41, while the bias with the UT-WLS and LCJE methods is 0.14 and

0.26 lower, respectively. The proposed method has a bias of only 0.06 with respect to

the actual path loss exponent γ = 2, which is an impprovement of 0.1 over the LCJE

method. Thus the proposed ETLS-SDP method provides the best performance with

respect to the PLE bias. Note that although the UT-WLS and LCJE methods have

similar RMSE performance, for higher σ the LCJE method has a lower PLE bias.

5.4.3 ETLS-SDP versus Joint RSS Methods

In this section, the proposed ETLS-SDP method is compared with the ML-SDR

method [62],[63] and the generalized trust region subproblem (GTRS) solution [64],

which are recently proposed joint RSS estimators. In [62], the authors developed an

RSS-based joint estimator using relaxation which provides good performance with

respect to the previous methods. This approach was improved using the GTRS

solution in [64]. To provide a fair comparison, a random source location is considered.

Figure 5.9 compares the proposed ETLS-SDP method with these methods for the

case of known and unknown path loss exponents. This shows that for a sufficiently

large SNRs, the GTRS and ML-SDR methods have performance comparable to the

proposed method. However for small SNRs, the proposed method provides better

performance, particularly for the unknown path loss exponent case. For example, at

σ = 6 dB and N = 9 there is approximately a 0.67 dB and 0.96 dB improvement in

RMSE compared to the GTRS and ML-SDP methods, respectively, for the known

PLE case. The corresponding improvements for the unknown PLE case are 0.63 dB

and 0.49 dB. While the GTRS method has the lowest complexity compared to the

other two methods [64], the corresponding performance is the worst, particularly with

an unknown PLE.
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Figure 5.9: RMSE of the source position estimate versus σ for different joint estima-
tion methods with N = 9 sensors and initial PLE estimate γ0 = 4, (a) known PLE
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Chapter 6

Conclusions

In this dissertation, a received signal strength difference (RSSD) based source local-

ization technique was proposed for the case when the transmit power is unknown

and there is uncertainty in the sensor locations. Two methods were considered for

the proposed problem. First, the constrained weighted least squares (CWLS) method

was used to estimate the initial source location, which is considered as an initial point

for the Newton method. This initial source estimation technique was also compared

with other popular methods in terms of the accuracy of the final estimate. The im-

provement using the maximum likelihood (ML) technique compared to the CWLS

approach is minimal, but the ML complexity is much higher. Further, the CWLS

method provides a significant improvement over other RSSD-based methods. The

effect of sensor uncertainty was illustrated for different path loss exponents, sensor

position error variances, and number of sensors for both the near field and far field

cases. Results were presented which show a significant degradation in the CRLB due

to sensor uncertainty. Therefore this uncertainly should be considered when employ-

ing localization techniques.

Next, a linear estimator was developed for sufficient SNR which employs minimax

optimization to solve the corresponding MSE optimization problem. Semidefinite re-

laxation was applied to the resulting nonlinear and nonconvex optimization problem

to convert it into a convex optimization problem. The unknown source location es-

timate was then obtained as an optimal solution of the corresponding semidefinite

programming problem which can be solved efficiently. Performance results were pre-

sented which confirm the effectiveness of the proposed method for sufficiently large

signal to noise ratios (SNRs).

Finally, The extended total least squares (ETLS) method was developed in order
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to obtain an optimization cost function which considers errors in both the observa-

tion matrix and data vector. Semidefinite relaxation (SDR) was used to obtain a

convex cost function in a form which can be used with semidefinite programming

(SDP). The proposed ETLS-SDP method was extended to the case with unknown

path loss exponent so that the exponent and source location are jointly estimated.

The mean squared error (MSE) was analysed and compared with the corresponding

CRLB. The ETLS-SDP method was also compared with several well-known methods

in terms of the estimation accuracy and complexity. Simulation results were presented

which show a significant improvement in the location estimate over conventional least

squares methods which do not consider errors in the observation matrix. Further, the

proposed ETLS-SDP method was shown to achieve the CRLB at sufficient signal to

noise ratios.
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Chapter 7

Future Work

The problem of blind RSSD based source localization can be formulated as a non-

SDP or an SDP-based optimization problem. In this dissertation, the non-SDP model

based on the CWLS framework was considered first and the location estimate obtained

by developing a new method denoted as LSIE-NM. Then, a minimax SDP based

approach was derived to improve the performance with the corresponding CRLB as a

benchmark. In addition, the effect of the sensor uncertainty on the location estimate

and the proposed CRLB was evaluated.

Although the proposed methods have advantages over conventional blind energy

based techniques, there are still improvements that can be considered as well as exten-

sions that can be done for both non-cooperative and cooperative source localization.

These include improved estimation accuracy, computational complexity, robustness

for a sufficiently large SNR as well as the extension to unknown path loss expo-

nent and cooperative source localization cases. Towards this end, four main research

directions are planned for future work as outlined below.

7.1 ETLS with Sensor Position Uncertainty

The mean squared error of the proposed ETLS method will be obtained and the cor-

responding Cramér-Rao lower bound (CRLB) derived as a performance benchmark.

Due to the accuracy of a priori sensor position information, the source location es-

timate obtained can vary significantly regardless of the localization method used. In

fact, to the best of our knowledge, in the literature the sensor positions are assumed

to be known exactly, which is not reasonable in practice. Therefore, sensor position
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Figure 7.1: Cooperative source localization scenario in wireless network of sensors.

uncertainty should be considered when developing practical location estimation tech-

niques. Thus, the proposed ETLS-SDP method will be extended in the presence of

sensor position uncertainty.

7.2 Regularized and Recursive ETLS Methods

The proposed ETLS method solved the RSSD-based localization problem via minimiz-

ing the Frobenius norm of the system parameter errors. However, noise perturbation

may cause numerical ill conditioning. Therefore, a regularized technique should be

considered for robust estimation. Hence, a regularized version of the proposed ETLS

method will be developed to reduce the estimation error. Perturbation analysis of the

regularized ETLS method should be performed to show the statistical characteristics

of the solution. In addition, the proposed ETLS method which is solved based on

the SDP problem can be solved recursively to obtain a new recursive computationally

efficient method.
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7.3 Extension to the Kernel Recursive Total Least

Square

The proposed Minimax-SDP method considered an MSE estimator with a known

PLE. In future, this will be extended to the case of an unknown PLE with a random

observation matrix instead of a deterministic matrix. In addition, a nonlinear version

of the total recursive least squares algorithm can be developed which performs linear

regression in a high-dimensional feature space induced by a new kernel. This can be

used to recursively construct minimum mean squared error solutions to nonlinear least

squares problems that are frequently encountered in signal processing applications.

7.4 ETLS Method in a Cooperative Environment

Sensor localization is generally divided into two cases: non-cooperative and coopera-

tive. In a non-cooperative scenario, the source can communicate only with the sensors

(anchor nodes). Every source needs to communicate with several sensors which re-

quires a high density of sensors. Thus, the lack of accessible sensors as well as limited

connectivity lead to the emergence of cooperative localization in which sources are

able to communicate with both sensors and other sources. Since the sensors and other

sources can receive the signal energy from the corresponding source, cooperative lo-

calization can result in improved estimation. Figure 7.1 presents a typical cooperative

source localization scenario in a wireless sensor network. Hence, the proposed non-

cooperative RSSD based model will be formulated for the cooperative case and the

ETLS-SDP method will be extended to the cooperative case to improve the location

estimation. The MSE of the cooperative ETLS-SDP will also be obtained and the

CRLB will be calculated as benchmarks for comparison purposes.
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Chapter 8

Appendices

8.1 Appendix A

The second order error term is obtained by substituting ũi = ∆ui + ui into (4.8)

which gives

δ′i = (∆ui −∆u1)T (∆u1 −∆ui), i = 2, . . . , N (8.1)

Let δ′ = [δ′2, δ
′
3, . . . , δ

′
N ]T . Considering

E{(∆xi −∆x1)4} = 3σ4
(∆xi−∆x1) = 3(σ2

∆xi
+ σ2

∆x1
)2,

E{(∆yi −∆y1)4} = 3σ4
(∆yi−∆y1) = 3(σ2

∆yi
+ σ2

∆y1
)2,

(8.2)

and

E{(∆xi −∆x1)2(∆yi −∆y1)2} =

σ2
(∆xi−∆x1)σ

2
(∆yi−∆y1) = (σ2

∆xi
+ σ2

∆x1
)(σ2

∆yi
+ σ2

∆y1
),

(8.3)

the covariance matrix of δ′ can be written as

Σ = cov(δ′) = E
[
δ′δ′

T
]
, (8.4)

where Σij, i, j = 2, . . . , N , is given as

Σij =


1
2

{
5
(
σ4

(∆xi−∆x1) + σ4
(∆yi−∆y1)

)
+
(
σ2

(∆xi−∆x1) + σ2
(∆yi−∆y1)

)2
}

i = j{(
σ2

(∆xi−∆x1) + σ2
(∆yi−∆y1)

)(
σ2

(∆xj−∆x1) + σ2
(∆yj−∆y1)

)}
i 6= j

(8.5)
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Therefore, the weighting matrix given by (4.18) with the second order error term can

be written using (4.14) and (8.5) as

_

Φ
−1

= (Σ + CQ∆uCT )−1 = (Σ + Φ)−1, (8.6)

which results in an initial estimate of the source location different than that given by

(4.23). The difference between
_

Φ
−1

and Φ−1 using (8.6) can be obtained [67] as∣∣∣∣_Φ−1

−Φ−1

∣∣∣∣ =
1

1 + tr
{
ΣΦ−1

}Φ−1ΣΦ−1 (8.7)

where tr{} denotes the trace of the matrix. Equation (8.9) shows that small sensor

location error variances give

∣∣∣∣_Φ−1

−Φ−1

∣∣∣∣ ≈ 0, so that
_

Φ
−1

≈ Φ−1. Defining Υ =

_

Φ
−1

+
_

Φ
−T

, (4.29) can be evaluated with the second order error term to obtain the

new weighting matrix from (8.6) as

s̃k = s̃k−1 −
{(
αTΥA3 + 2µΥµT

)−1
µΥα

}
(8.8)

where

Υij =

{
2
_

Φii i = j
_

Φij +
_

Φji i 6= j
.
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8.2 Appendix B

The Hessian matrix Hk can be modified using a technique such as the Gaussian

elimination method to reduce the likelihood of a singular matrix. With this approach,

a positive definite matrix Ĥk is obtain as

Ĥk−1 = L−1D̂L−T , (8.9)

where L and D̂ are given by

L =

[
l11 0

l21 l22

]
,

and

D̂ = diag{d̂11, d̂22}.

The elements of D̂ and L are obtained using Algorithm 2.

Algorithm 3 Hessian Matrix Modification

Input Hk−1 for the kth modification iteration
Initialize L2×2 = 02×2, D̂2×2 = 02×2

if h11 > 0 then
temp = h11

else
h11 = temp = 1

end if
Set l21 = −h21/h11, h21 = 0
Set h22 = h22 + l21h12

if h22 < 0 then
h22 = temp

end if
for 1 ≤ i ≤ 2 do
lii = 1, d̂ii = hii

end for

In Algorithm 2, Hk−1 is first transformed into an upper triangular matrix. If

the diagonal elements of the resulting matrix are positive, these are assigned to the

diagonal elements of D̂, otherwise 1 is assigned. Thus, if both h11 and h22 after the

transformation are negative, D̂ will be an identity matrix, I2×2. Then from (8.9), the
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modified Hessian matrix Ĥk−1 is

Ĥk−1 = L−1L−T =

 1 h2

h1

h2

h1
1 +

(
h2

h1

)2

 . (8.10)
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8.3 Appendix C

The FIM F̃ is a 2N × 2N square matrix that consists of three submatrices F̃uu,

F̃uus and F̃usus where F̃uus = (F̃usu)T . From (3.16)-(3.18), these submatrices can be

obtained by taking the partial derivatives

∂∆P

∂u
= [D12, D13, . . . , D1N ]T , (8.11)

and
∂∆P

∂us

= [C12, C13, . . . , C1N ]T , (8.12)

where

D1i =

[
∂P1i

∂x
,
∂P1i

∂y

]
, i = 2, 3, . . . , N (8.13)

and

C1i =

[
∂P1i

∂x1

,
∂P1i

∂y1

, . . . ,
∂P1i

∂xN
,
∂P1i

∂yN

]
. (8.14)

The elements of (8.13) and (8.14) are given by

∂P1i

∂x
= η

(
x(di − d1) + xid1 − x1di

d1di

)
,

∂P1i

∂y
= η

(
y(di − d1) + yid1 − y1di

d1di

)
,

and [
∂P1i

∂xj

∂P1i

∂yj

]
=

{
M1i = η

[
xi−x
di

yi−y
di

]
i = j

0 i 6= j
,

where 0 denotes a (1 × 2) zero matrix. The second and third submatrices F̃uus and

F̃usus can then be obtained using(
∂∆P

∂u

)T
Q−1
υ

(
∂∆P

∂us

)
= [H12, H13, . . . , H1N ] , (8.15)

and (
∂∆P

∂us

)T
Q−1
υ

(
∂∆P

∂us

)
= diag (F12, F13, . . . , F1N) (8.16)

where

H1i =
1

(σ2
1 + σ2

i )
DT

1iM1i,
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and

F1i =
1

(σ2
1 + σ2

i )

[
∂2P1i

∂x
∂P1i

∂x∂y
∂P1i

∂y∂x
∂2P1i

∂y

]
.
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8.4 Appendix D

In this appendix, it is shown that Tr
{

Φ0θ̃θ̃
T
ΦT

0

}
= θ̃

_

Φ0θ̃
T

. Considering Φ0 and θ̃

defined in 5.16, one can obtain

[
Φ0θ̃

]
j1

=
4∑
i=1

θ̃i(Φ0)ji, (8.17)

and [
θ̃
T
ΦT

0

]
1k

=
4∑
i=1

(
ΦT

0

)
ik
θ̃
T

i , (8.18)

where 1 ≤ j ≤ N − 1 and 1 ≤ k ≤ N − 1. Define

Γ = Tr
{

Φ0θ̃θ̃
T
ΦT

0

}
, (8.19)

and substitute (8.17) and (8.18) into (8.19) to obtain

Γ = Tr

{[
Φ0θ̃

]
j1

[
θ̃
T
ΦT

0

]
1k

}
=

{
4∑
i=1

θ̃i(Φ0)ji

4∑
i=1

(
ΦT

0

)
ik
θ̃
T

i

}
k=j

.

(8.20)

Simplifying (8.20) yields

Γ =
N∑
n=1

{
4∑
i=1

θ̃i(Φ0)ni

4∑
i=1

(
ΦT

0

)
in
θ̃
T

i

}

=
4∑
i=1

θ̃i

{
N∑
n=1

(
ΦT

0

)
in

(Φ0)ni

}
θ̃
T

i

=
4∑
j=1

θ̃
T

j

{
4∑
i=1

θ̃i

N∑
n=1

(
ΦT

0

)
in

(Φ0)ni

}

= θ̃
T

{
4∑
i=1

N∑
n=1

(
ΦT

0

)
in

(Φ0)ni

}
θ̃

(8.21)
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Now, defining
_

Φ0 = ΦT
0 Φ0 and considering

ΦT
0 Φ0 =

4∑
i=1

N∑
n=1

(
ΦT

0

)
in

(Φ0)ni, (8.22)

the result in (8.21) can be obtained as

Tr
{

Φ0θ̃θ̃
T
ΦT

0

}
= θ̃

T {
ΦT

0 Φ0

}
θ̃

= θ̃
_

Φ0θ̃.
(8.23)
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8.5 Appendix E

In this appendix, it is shown that
4∑
i=1

θ̃
2

i − θ̃
T _

Υθ̃ 6= 0 and Tr
{

(I−
_

Υ)Q
}
6= 0. First

let Ω =
4∑
i=1

θ̃
2

i − θ̃
T _

Υθ̃, which is the difference of
4∑
i=1

θ̃
2

i and θ̃
T _

Υθ̃. Hence, Ω 6= 0

implies that
4∑
i=1

θ̃
2

i 6= θ̃
T _

Υθ̃. (8.24)

Using
4∑
i=1

θ̃
2

i = θ̃
T
I4×4θ̃, (8.24) can be rewritten as

θ̃
T
Iθ̃ 6= θ̃

T _

Υθ̃ ⇒
_

Υ 6= I4×4. (8.25)

Therefore, in order to prove that Ω 6= 0, it is sufficient to show that
_

Υ 6= I4×4.

Since Υ =
[
−y1 x1 R2

1 1
]T

, the symmetric matrix
_

Υ ∈ <4×4 given by
_

Υ =

Υ
(
ΥTΥ

)−1
ΥT can be expressed as

_

Υ =


y2

1 −x1y1 −y1R
2
1 −y1

−x1y1 x2
1 x1R

2
1 x1

x2
1 x1R

2
1 R4

1 R2
1

−y1 x1 R2
1 1

 . (8.26)

Note that the term
(
ΥTΥ

)
6= 0 in

_

Υ = Υ
(
ΥTΥ

)−1
ΥT since ΥTΥ = R4

1 +R2
1 +1 > 0.

To prove that
_

Υ 6= I4×4, one can normalize the diagonal elements of
_

Υ in (8.26)

to 1 which yields that x1 = ±1, y1 = ±1 and R4
1 = R2

1 = 1. In this case, x1, y1 and

R2
1 are non zero, so the off diagonal elements cannot be zero. Therefore,

_

Υ 6= I which

implies Ω 6= 0, and the first result is proven.

For the second case, define Z = Tr
{

(I−
_

Υ)Q
}

, which can be expressed as

Z = Tr
{(

I−
_

Υ
)(
θ̃θ̃

T
)}

= θ̃
T
(
I−

_

Υ
)
θ̃. (8.27)

Simplifying (8.27) gives

Z = θ̃
T
θ − θ̃T

_

Υθ̃ =
4∑
i=1

θ̃
2

i − θ̃
T _

Υθ̃ = Ω, (8.28)
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and from the previous result Ω 6= 0, so that Z 6= 0, which proves that Tr
{

(I−
_

Υ)Q
}
6=

0.
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8.6 Appendix F

∆θETLS in (5.50) is derived in this appendix. Using (5.33), the cost function Ψ(θ̃)

can be rewritten as

Ψ(θ̃) = θ̃
T
Φ0

T
(
θ̃
T
(
I−

_

Υ
)
θ̃
)−1

Φ0θ̃. (8.29)

The gradient of (8.29) can be found by taking the partial derivative

∂Ψ(θ̃)

∂θ
= 2

∂
(
θ̃
T
ΦT

0

)
∂θ

(
θ̃
T
(
I−

_

Υ
)
θ̃
)−1

Φ0θ̃ +
(
Φ0θ̃

)T

×
∂

{(
θ̃
T
(
I−

_

Υ
)
θ̃
)−1
}

∂θ
Φ0θ̃.

(8.30)

Considering the RHS of (8.30), there are two partial derivatives that must be calcu-

lated. The first is

∂
(
θ̃
T
ΦT

0

)
∂θ

=

∂
(
Φ0θ̃

)
∂θ


T

=

{
∂

∂θ
(A0θ − b0)

}T
= AT

0 , (8.31)

and the second is the derivative of a matrix inverse

∂Ψ(θ̃)

∂θ
= 2

{
AT

0 G−1 −G−1
(
θ̃
T
(
I−

_

Υ
)

V
)T

× G−1
(
Φ0θ̃

)T}
(A0θ − b0)

= 2AT
0 G−1Φ0θ̃ − 2G−1VT

(
I−

_

Υ
)
θ̃G−1θ̃

T _

Φ0θ̃,

(8.32)

where G = θ̃
T
(
I−

_

Υ
)
θ̃ and vij denotes the ijth component of V given by

vij =

{
1 i = j

0 i 6= j
.

Substituting (8.31) and (8.32) in (8.30) and setting this to zero yields{
AT

0 G−1 + G−1VT
(
I−

_

Υ
)
θ̃G−1θ̃

T
∆ΦT

}
Φoθ̃ = 0. (8.33)



108

Substituting θ = θ0 + ∆θETLS in (8.33) and ignoring the higher order error terms

gives

AT
0 G−1∆Φθ̃0 −AT

0 G−1A0∆θETLS ≈ 0, (8.34)

where Φ0θ̃ in (8.30) is simplified to

Φ0θ̃ = A0θ − b0 = A0∆θETLS −∆Φθ̃0.

Then, ∆θETLS is obtained in closed form using (8.34) as given in (5.50).
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8.7 Appendix G

The effect of ignoring the second order error terms on the estimation bias E {∆θETLS}
is calculated in this appendix. Considering the second order error terms in (5.49),

one obtains

∂Ψ(θ̃)

∂θ
= AT

0 G−1A0∆θETLS + G−1VT
(
I−

_

Υ
)
θ̃G−1θ̃

T

×∆ΦTΦ0θ̃ −AT
0 G−1∆Φθ̃0.

(8.35)

Substituting θ = θ0 + ∆θETLS in (8.35) gives

∂Ψ(θ̃)

∂θ
= AT

0 G−1A0∆θETLS −G−2VT
(
I−

_

Υ
)

× θ̃0θ̃
T

0 ∆ΦT∆Φθ̃0 −AT
0 G−1∆Φθ̃0

= G̃∆θETLS −
(
G−2VT

(
I−

_

Υ
)
θ̃0θ̃

T

0 ∆ΦT

+ AT
0 G−1

)
∆Φθ̃0.

(8.36)

Therefore, ∆θETLS can be obtained by setting ∂Ψ(θ̃)
∂θ

= 0 in (8.36) as

∆θETLS = G̃−1
(
AT

0 G−1∆Φ + G−2VT
(
I−

_

Υ
)

× θ̃0θ̃
T

0 ∆ΦT∆Φ
)
θ̃0.

(8.37)

Taking the expectation of ∆θETLS gives the bias of the estimate considering the

second order error term as

E {∆θETLS} = G̃−1
(
AT

0 G−1E {∆Φ}+ G−2VT
(
I−

_

Υ
)

× θ̃0θ̃
T

0E
{
∆ΦT∆Φ

})
θ̃0

= G−2VT
(
I−

_

Υ
)
θ̃0θ̃

T

0 R̃θ̃0,

(8.38)

where R̃ denotes E
{
∆ΦT∆Φ

}
.
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