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Chapter 1 

Introduction 

Since Cook introduced the foundations for the theory of NP-complete in 1971 , 1t has 

become one of the most active research areas m the theory of computat10n Many 

computmg problems have been proved to be NP-complete by vanous researchers 

[15] Because 1t 1s 1mposs1ble to solve an N ?-complete problem m polynomial 

time unless P = NP, findmg an approximate solution for NP- complete problem 

then becomes important In this thesis we will consider the graph colonng problem 

which 1s one of the \v eil -known NP-complete problems 
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§1.1 Background 

Given a simple undirected graph G we denotc- \/ as its vertex c;et and E as the 

edge set A. vertex colormg of a graph C 1s propc r 1f no adJacent 1, e rt1ces recei ve t he 

same color The chromatic uurnlw1 \.( C) of C 1s the m101mum number of colors 1n a 

proper vertex coloring of C In this thesis, the graph G 1s assumed to be k-colorable 

with k 2 3 a fixed pos1tn e integer The graph colonng problem 1s to determine the 

mm1mum number of colors needed to color C, Graph colonng has many applicat1ons 

m schedulmg and t1metabltng 

Graph colonng 1s one of the most notonous of the N ?-complete problems 

In 1972, Karp (22] first showed that the problem 1s NP-complete Stod.meyer 

[29] strengthened this by showmg that it remams N ?-complete for fixed k 2 3 

Those results have led many researchers to seek approxnnat1on algonthms capable 

of producmg colonngs that do not use too many extra colors Garey and Johnson 

(15] proved that unless P = "v P, no polynomial time approx1mat10n algonthm can 

guarantee the use of fewer than 2\(C) colors Furthermore Johnson [20] showed 

that for many popular heunst1cs, there are 3-colorable graphs on n vertices for v. h1ch 

the heunc;t1cs require 0( n) colo1 s [ t 1s t lw1efore unhh.ely that the1e are efficwnt 

algonthms for colorrng opt1malh a11 ct1h1t1a1\ !. -chromatic 111put g1aph \1,,1th I. > 

and researcher:, ~hould add re-.. -.. the appro,1matc solution issue 
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Numerous algonthms for findmg approximate solutions have been proposed by 

various researchers The analysis of approx1ma t1on algonthms for graph colormg 

started with the work of Johnson [20] who shows that a version of the greedy al-

gonthm gives an 0( 10; n )-approx1mat1on a lgonthm for k- colonng W1gderson [31] 

I 

improved this bound by g1 vmg an elegant algonthm which uses 0( n :.:=T) colors to 

properly color a k colorable graph Subsequently other polynomial time algo-

J 8 

nthms were provided by Blum [5] which use O(ns logs n) colors to properly color 

an n-vertex 3-colorable graph This resu lt generalizes to colonng a k-colorable graph 

1--1-

Wlth 0( n ~-s ) colors His idea 1s based on exammg second-order neighborhoods , 

1 e neighborhoods of the neighborhoods of vertices, rather than Just immediate 

neighbors of vertices as m previous approaches The best known performance guar-

antee for general graphs 1s due to Halldorsson [18] who provided a polynomial time 

algonthm usmg a number of colors which 1s w1thm a factor of 0( n(log log n )2 
/ log3 n) 

of the optimum 

The d1sappomtmg results of determ101st1c algonthms and analysis for graph 

colonng suggests that probab1hst1c methods may provide a more effective way of 

proposmg ne w algonthms and evaluatmg candidate algonthms Randomi zed algo-

11t l11m he nce arf' 111 t roduced to obta111 htt te1 '>olut10 11'-. We define a raudo m1 zed 

a lgon t hm as an algorithm wh1Ch 1s allo" cd acc<>s'> to a source of indepe ndent, un-

b1a-,cd random btt!> 1t 1s then pern11 t I< d lo u-..C' t lH ,(' ra ndom b1t'> to 1nf!uC'11ce its 
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computation 

Blum 's result was improved by Karger, Motwant and Sudan [21] recently They 

presented a randomized polynomial time algonthm ,\ h1 ch co lors a 3-co lo rable grap h 

- I t - I -

on n vertices wi t h m m{O(d J logJ d) , O(n• logn)} colors \\he re d 1s t he maximum 

degree of any vertex It 1s the first time that the number of colors used in the algo-

nthm 1s associated with the maximum degree They used algorithms for semidefinite 

programming to obtain an optimum solut10n to a 1elaxed ve1s1on of the problem , 

and a randomized strategv for 1ounding" t his solution to a feasible but a pproximate 

solution to the ongmal problem \tlahaJan and Rames h [1 2] derandom1 zed t he algo­

nthm of Karger , vlotwant and Sudan and obtained a polvnom1al t ime de termm1st1c 

algonthm with the same approx1mat1on ratio 

Rather than evaluatmg an algonthm based on its performance m the worst case 

(for any graph), one may ask how well the algonthm performs on a random graph 

Here we say that a graph 1s a random graph 1f we specify certarn probabil1st1c 

properties on its vertex number and edge d1stnbut10n Some random graph classes 

used frequently by many researchers are (1) G(n,p) 11-vertex graph which each 

pair of vertices 1s JOtned by an edge with a prescnbed probability p (2) G( n p, 3) 

\ clas'> of J-co lo ra ble random gra phs, const tuctcd 111 tlus \, ay g1\ en n \ e1t1ce'> 

each \ erte \. fi rst p1d.s a color ra ndo ml y, independentl v a nd un1 fo rmlv, among th c. 

th1 ec- pos'>1bd1 t1e'> a nd next c-vc- 1, pair of \ert1cc-., of d1 "t1nct LOlo1 -., bcrn mes an cd !?,t> 



with probability p Many determm1st1c algonthms have been shown to work very 

well on random graph models 

One of the ½ell-knov..n algorithms designed for random graphs ts a greedy algo­

nthm proposed by Gnmmett and McD1arm1d[l 5] which we will discuss later Their 

algonthm produces very good results for random graphs generated as in ( 1) above 

even though 1t 1s extremely simple This re5ult suggests that the usual model 1s unre­

alistic, since 1t makes even the most s1mple-m10ded algonthm look good In order to 

obta10 mean10gful comparative 1nformat1on we should try to select a more difficult 

probability d1stnbut1on, one that poses some challenges for candidate algonthms to 

overcome 

Turner [30] shows that many random graphs can be colored easily Most ran­

domized algonthms are applicable on dense graphs, which are relatively easy to 

color To color 'sparse" graphs, Alon and Kahale [2] recently proposed a new al­

gonthm which gives an optimal proper colonng for a 3-colorable graph (random 

graph model) almost surely (Here and in what follows, almost surely always means 

v.,1th probability that approaches 1 as n tends to mfinity and a constant means 

a number 10dependent of n \\ here n 1s the H'ite, number of the graph G ) The, 

( 111plo~-ed spectral technique~ 

'-i11H c there t'> an om too11l relat1om,l11p hd\\( ( 11 <l ~1aph a nd its adJa(f'llt\ 

111 at11 , crnd 111a111 p1optr!H-. of a matn, <ll( a-.-.<H l<ll(d \\1th 1h e1gell\aluc-. ct11d 
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eigenvectors, 1t 1s natural to approach the color1ng problem by investigating the 

relat1onsh1p between the graph coloring and matrix spectral properties We will 

show this relat1onsh1p can be approximated by a critical function which we definp 

1n the next chapter 

This thesis which st udies the random graph class G(n,p,k) that \\e definp later 

1s organized as follows In Chapter 2 we will introduce a cr1t1cal function, which has 

a clear geometric e\.planat1on of the graph wlonng problem and produces a good 

approximate solution v.h1ch v-111 be used in Chapter 1 [t 1s hoped that this result 

\\ di indicate a ne \\ approach tor colonng more general random graphs 

In Chapter J of this thesis we will propose a simpler way to generate the m1t1al 

solut10n m Alon and Kahale s algonthm Chapter 4 gives the correctness proof of 

the algonthm 

The mam idea of the algor1thm can be descnbed as follows We first map all n 

vertices to the real k - 1 d1mens1onal space Rk-I such that pomts m the same color 

class are put together "closely" with small exceptions We will show that this map 

can be obtained by ·'rotatmg eigenvectors", as 1s motivated bv Alon and Kahalt'\ 

paper [2] Then we get a good approx1mat1on of the colonng such that all vert1ce~ 

are colored properly e\.cept a relatl\ el} small number of vertices B) the fact that 

almost all neighbors of a vert.e\. are properly colored, we can reduce the numbe1 of 

wrongly colo1 ed vei t1 ces bJ hall 111 t ach 1terat1011 Finally we can show that onh ,t 
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O(logk n) number of vertices remain uncolored , the refore , we can use an exhaustive 

techmque to color all remarnrng vertices This algonthm takes polynomial time and 

produces a prope r colonng almost surely 

§1.2 Preliminaries 

In this sect ion we introduce some defimt10ns and known results that will be used 

1n the folio\,\, 1ng chapte rs 

Definition 1 Given a simple undirected graph G = ( V, E), where \; ts the set of 

uerlices, and E is the set of edges , a k-colorzng of C is an assignment C V >-+ 

{ l k} such that if C( v) = C( w) then edge ( t w) is not m E The chromatic 

number x( C) is the minimum k for which there exists a k-colormg of C 

In this thesis, we will consider a random k-colorable graph on a set of n vertices , 

which 1s generated as follows First, split the vertices arb1tranly rnto k equal color 

classes and then choose every pair of vertices of d1strnct color classes, randomly and 

independently to be an edge with probabtl1l)• p p > ~, c >> l Here .....,e assumt. 

that n 1s a multiple of k \,\,e denote th"is cla::, ::, vi I andom graphs by G( n , p, I.) LH 

(;' be the graph obtamed from(; by deltt111g ,di edges 111c1dent to vertices of degree 

g it c1.te r tha.11 ( !.A. - l)d, d = 'f: 
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Defimt10n 2 An independent ~et zs V' ~ V such thatfor v , w EV' , (v , u, ) tf_ E 

A clique zs a set V' ~ V rnch that for v , u E V' , (u, u) E E Th F complernrnt C 

of G zs the graph zn which each pair v, w zs an edge m C exactly wh en it is not an 

edge m C 

Therefore , a k-colonng part1t1ons the vertex set into independent sets ( or color 

classes) , with each color class being the set of vert1ce'> of a given color i\n indepen ­

dent ~et in C 1s a clique III C 

Defimt10n 3 For any x = (.r,)~ E Rn and y = (y,)? E Rn , let< x , y > 

L~ 1 x,y., llxll 2 = < x, x > x 1 zs the transposition of x 

Denote the Rayleigh quotient as 

R( x) = < x, Ax > , 
< x,x > 

and denote the probability of a random variable X by P(X), the expectation by 

E(X), and the variance by var(X) 

Definition 4 Let f(n) g(n) R--+ R be two non-negatzve real valu ed functwn, 

1 We say that f(n) = O(g(n)) if there exist positive number c and N such that , 

for all n ~ N, .f (n) S cg(n) 
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2 We say that f(n) = n(g(n)) if there exist positive number c and N such that , 

for all n 2 N, f(n):::; cg(n) 

3 We say that f (n) = 0(g(n)) if f(n) = O(g(n)) and f(n) = n(g(n)) 

4 We say that f(n) = o(g(n)) if limn-= ;f:f = 0 

The following well known theorems will be used extensively in the analysis of 

o ur a.Igo rt th rn 

Theorem 1 (Courant- Fischer Th eorem {26/ pp I I 6) Given any lin ea rly mdepen-

dent vector~ a 1 a2, ar m Rn, let Rn-r be the 5ubspace consisting of all vectors 

in Rn which are orthogonal to a 1 , a2, , ar Let A be a real symmetric matrzx and 

denote eigenvalues of A by >-n(A) 2 >-n-1(A) 2 2 >-1 (A) Then 

mm max R(x), r = 1,2, ,n 
Rn-r rERn-r 

Theorem 2 (Chebyshev 's Inequality {28}, pp 61) Let X be a random variable with 

expectation p ~ and ::, landard de viation ax Then for any t E R+ 

Theorem 3 (( hcrnojf Hound Th eorem {:28} pp 84) Let \ 1 \ 2 , \n bt rndc-

JI( 11dr 11I /3, 111 0 1t!/1 frat!, tt 1th ! '[ \ , = 1 j = p, /', \:: (0 l) / t f \ = L;'=1 \ , nr1d 
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Next we give some probabil1'>t1 c results about the graph C 

Lemma 1 The expectation of each vertex degree of C zs ( k - I )d The variance of 

each vertex degree ofG ts (I.. - 1)(1 -p)d 

Proof Let r be the random vanable which 1s equal to L 1f there 1s an edge from a 

vertex to an_} vertex 1n a different color class and O otherw1<;e Then x satisfies the 

Bernoull1 d1str1but10n with expectat10n equal to p Let X be the random variable 

defined to be the degree of a vertex Then X 1s the sum of ( I.. - 1) f random 

variables x, which satisfy the bmom1al d1stnbut1on So the expectat10n of X 1s 

(k-1)-rp = (k-l)d ([28], pp 400) The variance can be proven similarly, completmg 

the proof □ 

Lemma 2 For any constant :3 > 0 such that 2-13dn ~ 1 almost surely for any sub:>ef 

X" of V of 2-ildn vertzce:, e( \ \ ) :; (2k - l)dlXI, where e(X V) zs the number of 

edges (u, u), 111th u E \ 

Proof Let 1 be the 1ando tn \ill 1able defined to be the edge 11umbe1 f1om \ to I 

lht>n thee,pc<l<1l1011 ol I /I = (I.. - l)rlXI = (I.. - L)dl\ l = (I.. - l)cll - 11
11 
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Smee d = ¥, ,f IX I = 2 -fJdn 1s bounded by a constant, then lim,., _ ,x, d = oo , 1f IXI 

1s unbounded , 1 e , limn- oo IXI = 00 Therefo re µ -+ oo as n -t oo Furthermore 

P(x > (2k - l)dl X- J) 

= P(x > (1 + .1:: 1 )( k - l)dJXI) 

= P(x > (1 + .1:: 1 )µ) 

Set 8 = k:, By using C he rnoff s Bou nd Theorem, \l,e have 

P(x > (2k - l)dj.\. I) 

[ 
e6 ]µ 

< (1+6)1+6 

( 1 1) 

( 1 2) 

Set /(8) = 8 - (1 + 8) log(l + 8) Smee f(O) = 0 and f' = -log(l + 8) < 0, we 

have J( 8) < 0 for any 8 > 0 Therefore, hmn-+oo P(x > (2k - 1 )dJXI) = 0, 1 e , 

x $; (2k - l)dl \'"I almost sure lv We have proven the lemma D 

By applymg the above lemma we have 

Lemma 3 Let E' be the edge , ct of C' th en IE - E'I = 2-0(d) n alm ost surely 
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§1.3 Algorithm Classes 

With the help of last ~f'ct1on, we can classify graph <.o lori11g alg,orithm5 into the 

follow1 ng categorie5 

Greedy [ L2] [ l 7] and [?] Fmd large mdependent sets and rnlor each oft hem "'1th 

orw co lor One of the simplest 1mplementat1ons 1c, tlw grf'f'd\ algonthm intro-

duu·d h\ Gnmnwtt and ~lcO1arm1d [I,] which ca n lw df'scr1hed as follo\\5 

lf't G be an.! g1aph ,.., 1tb vertex set { l I l 2 , 1• ,,} C 0101 t 1 \\ 1th rnlo1 I d ncl 

I hen p1oceed to color the remammg \et t 1ces in 1ncreasmg 01 der using co lor J 

to co lor L, (2 :=:; 1 Sn) where J 1s the least pos1t1ve integn such that no verte'< 

a li eady colored by color J 1s Jomed (in G) to v, For the random graph ( ,(n p) 

introduced in last sect10n, Gnmmett and McD1arm1d sho¼ed that ;x ( G) 1s at 

least ½ log 1 ~ P lo;n +o( lo;n), and the number of colors required by the a lgorithm 

1s -
1

" log -1 
1 almost surely ogn ~ -p 

Partit10n [5] Patt1t1on the vertices by some means , and then attempt to 1emo\e 

conA 1cts b'r mm mg vertices from one part1t1on to anothe1 Thec;e met hodc; 

f11 st producf' an app1ox1matelv conect coloring 111 "h1ch some conA1ch ma) 

1Pn1ct111 1 e the 5ame colors are as::,1gned to both c ndp o1 11ts of an f'dge [he 

confl icts a re then resolved by ass1gn111g new co\01s to the vert1ce::, 
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Clique [30] A.fter choos ing the first vertex choose vertices with a maximum number 

of constra111ts on the colors available to them This 1s a lmost the oppo<;1te 

of the first method as now 'we choose vertices that form large cliques with 

respect to the \et t1ces a lread \ chosen furner s algorithm attempts to find 

a k- co loring of a g rap h C = ( V E), 'where k 1s assumed to be an inp ut 

parameter To illustrate the algon t hm, define a part ial coloring of G to be 

a mapp111g c \ -+ [O 11] The algorithm starts by constructrng t he p,u t 1cd 

col0t 111 g dt->fi.nf'd b, c( i) = 0 for all r E \ ' and then attempt to com e1 t t !11 -., 

to a comp lPte proper co lonng For each \erte\. c set a1 otl(1) {, I I S 

t S n and 1f (.r y) E E c( y) =ft} This algo11thm has tv,o phases In the fi.1 s t 

phase 1t attempts to find a k-cl1que by repeat111g the follo'wmg step I.. t imes 

Clique Finding Step Select a vertex x adJacent to all previously selected 

vertices 

If the algonthm finds a. k-cl1que, 1t colors each of the vertices 111 the clique 

"1th a d1st111ct color 111 [l , k] and starts the second phase which com,1sb of 

te peated applicat1ons of the follow111g rule 

(o lo1111g Rule Select an uncolo1e<l \ertex .z for which laia tl( 1) n [I I.. JI 

a nd c(1) = n11n a1ui/(1) 

II ne1the1 t ult can be applied befo1 e complet1on , the a lgot 1t hm lat!-., 
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Zykov [lJj Ult~ and Ltpolesa's algonthm consists of the following 5tf'r~ F'1rst 

construct a Zy ko" -.. tree d..'> follow <, -,uppose thf rt-· ex1<;t two no 11 adJacent 

vertices u and t ' 10 C Let C, denote the graph obtdined from (,' b: ddd ,ng 

an edge {u v } Mid let C2 dPnott' the graph obtdtned bv 1dent1f) 1n~ u a nd v 

1 e , replacing u d!id v by a single vertex thdt 1~ adJa,ent to f'ach ve , t r"- wh ich 

was adJacent to either u or v Repeatedly apply thf'~e const ru ct ions until 

bot h C1 and C2 are cliques Then do partial t raver-..ab vi I hP Zj h.O\ ., tree as 

follows ( l ) The procedure can 1f necessary, seMch I hP ent1rP t rf'c If a clique 

1s reached which 1s too large the procedure does riot terminate ,t backtracks 

and contrnues ( 2) A..t each branch of the tree fot med either bv add mg an 

edge or by 1dent1fy rng vertices a test 1s made for the presence of a ( I, + I)­

clique The test procedure 1s fast because 1t 1s restncted to the one portion 

of the graph at which the edge add1t1ons and vertex 1dent1ficat1ons are takrng 

place Consequently a ·' No" answer may be mcorrect, 1 e there may exist a 

(k + l)-cl1que, somewhere m the graph, but the test missed 1t Hence 1t may 

allow unnecessarv explorat1on to contmue The purpose of the test ,s twofold 

Firstly 1t has a tendenc) to pru ne the search tree Secondly, 1t ensures that 

the procedure term mate~ cot f{. Ct h on graphs that are not k- co lot able 

Spectral Technique [2J and [2 lj Denve approx1mat1011 algont hms ba-,cd on the 

spec t1 a l prop< 1 ti c-. of the ad.J,H ency matrn, of the given ~rap Ii l 111~ th e., ,~ 
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generalizes Alon and Kahale's result 



Chapter 2 

Critical function 

(n this chapter, we will find an approximate solution for coloring a k-colorable 

graph We first show the followmg existence lemma 

Lemma 4 For k 2: 3, there exists a serzes { u~ }~=I, u~ 

such that llu~ll 2 = \-/, llu~ - u~II = 1, z -/= J, i,J = 1, 

k-1 

Proof We prove the lemma by constructmg the series as follows For k = 3, ut = 

Suppose that for k = m - l, the lemma 1s true then let 

m ( 1 m-1 
U, = X 1 , 

,m-1_ I ) f -l) 
, Z:m-'> , ✓ Or l - - , 

- 2m{m-1) 
.rn-1,andu; = (0 , O m-1 ) 

' Jim(m-l) 

16 



, m Obv1ousl_y , llu:ll 2 = ";~: For J < m, 

llu;'- 1 112 + ( l )2 

J2m(m - 1) 

m -2 1 
----+----
2(m - 1) 2m(m - 1) 

m - l 

2m 

17 

2 llu;" - u7' II = l for l S z < J S m For 1 < z < J < m llu;" - u;"II 

llu;" - u;ll 2 = llu;"- 1 ll 2 + ( m )2 

/2m(m - l) 

m-2 m 
= ---+---=[ 

2( m - 1) 2( m - 1) 

'°'m l m 3 L,[=I I, = 0, l = 1, 1 C' l '°'m Im '°'m-l I m-1 O , m - ror z < m - , L...l=I x, = L...l=l x, = 

and 

m Im m-1 m-1 L X I = - ---;:::=== + --;::::=== = 0 
l=l m- J2m(m-l) J2m(m-l) 

For J < m - 1 (Um um ) = - l "'~-l x' m-1 = 0 
' J m-l J2m(m-l) L,[_[ ' 

5 lll ;"ll 1 = t IS JS 111 - l For I S J < 111- l obv1ou-,h lll;"ll 2 

/ = m - 1,wehavejj[ , m ll 1 =(m - l ) l +(rri - t) ' = l 
rn - 1 lrn(m-1) 2rn(ni - l) l 

fh <0111h1111n!_?, I 1, \\ C prme tht I( m111 a D 

l For 
l 
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We will use these k points { u}, , uZ} in Rk - I Lo represent k colors We call 

these k points co lor points Then we can restate our co lonng probl<"m as follows 

Given a k- colorab lf' graph Q(V,E,k), where V = {u 1 , , l'n} 1s the , ertex set 

and E 1s the edge set, find a vertex map T ut} , such 

that T(v,) 1 = 1, , n 1s a proper colormg In this case, we sa\ T 1s an optimal 

map Denote A'= (a;
1

) the adJacency matnx of Q(V, E, k) We introduce a discrete 

cnt1cal problem 

Critical Problem 1 Let 

f(iii, ,17n) = I: a:1 1177, - 77111
2 

l,S11,Sn 

Find n points ,j1 E { ut, ,un,1=1 n such that f reache, th e manmum 

The relat1onsh1p between colormg graph Q and Cnt1cal Problem 1 can be de­

scnbed as the followmg lemma 

Lemma 5 J(iji, , 17n) = Li-:;, 1 -:;n a:
1 

zf and only zf, any two ad1acent uert1ces are 

mapped to dt/Jere nt colo, points, i e , the map ts an optimal map 

Proof Thf' lemma can be seen from the fact that f( ~1 , 
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In Cnt1cal Problem 1, 1f we consider those n points in Rk-l as k - 1 points in 

Rn, the cnt1cal funct10n f can be rewntten as follows Let T/, = ((;, 

1, l
cJk-1) 1 <., J = , , n and 

k-1 
T/k-d = L a;J L(~: - ~~ )2 

l:S:1 J<.:o_n l=l 

Therefore we can give a simpler express10n of J 

Lemma 6 

le- I 

f(,11 '17k-d = 2 L ry,817: , 
<= I 

where B = D - A' and D zs a diagonal matrix with entries I:;=t a;
1 

( degree of uerter 

z},i=l, n Moreover, B 2'. O(semidefinzte) 

Proof Smee A' 1s symmetnc , we have 

_ '-'k-1"""' 1 ((C/)2 )Ciel (C/)2) 
- Ll=t L!:S:11:S:n a,1 <., 1 - -1.,,1.,1 + 1., 1 

( 2 I ) 

-"""'k-1 Ql+"""'~ - 1 [J C )"""'k-1 ~tt 
- L1=l 77, 77, L,= l T/, T/, - - L,=l 77,n 1/, 

-) '-'k - 1 8 t 
- - Li = l T/ , 1/, 
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We complete the proof D 

Smee discrete programming 1s NP- hard, we should consider using a continuous 

cr1t1cal function to approximate the di sc rete one Next we give the corres ponding 

continuous cnt1cal problem which 1s obtained by relaxing the cond1t1ons 1n the 

discrete cnt1cal problem 

Critical Problem 2 I'znd the ma.czmum of f(T/ 1 , T/k-d u, zth condztwns 1111 , 11 2 = 

;~ f/ , ERnand<17, , 171 >=0fo11-::/=11 ,J=l 1..-1 

Smee B 1s symmetrtc, the eigenvalues of B are real and the eigenvectors associated 

with d1stmct eigenvalues of Bare 01 thogonal([26], pp 76) Therefore we can d('note 

~ >-n(B) as eigenvalues of Band e1(B), ei(B) , 

correspondmg eigenvectors with lle,(B)ll 2 = 2~ The followmg lemma shows the 

existence of the solution of Cr1t1cal Problem 2 

Lemma 7 The solution of the Cnt1cal Problem 2 zs T/, e,( B) 1 k - l 

Proof By using the method of Lag1an~e Multipliers ([11], pp 348) Cr1t1cal Problem 

2 1s equivalent to finding the ma,1mu m of t he followrng function 

l - 1 

r = J - L P1ll 11ill ' -
l = I 



where µ, and 1111 , 1 ::; z, J < k - 1 are parameters to be defined 

If d fi <J F ( aF aF 
we e ne '1 11 , = a<; , a<;, a F )t then we have ' a<~ , 
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(1) 

\,,\ e derive 0 < 11 , 811 ,> = 2BTJ: The other parts can be obtained m the same way In 
a11 , 

aL1 <1 m<n b1m<;C,, 
a<; 

By mult1plymg ½r,, to equation ( 1 ). we get 

2TJ,BTJ: - µ,IITJ,11 2 
- L 1111 < 17, 'l; >= 0 

t-/;J 

0, therefore f = 2~ I:~~/ µ, 

(2 2) 

\,\,e notice that the maximum has nothing to do with 11,1 so we can set 1111 = 0 

1n equation { l) Then 

I l I 

811, = ?L,1/, I= L. I. - l 

He nn' t JI , and 11, are e 1ge n va I ue::. and e 1gen \('( to1, ol U l'he 1 c fo1 e to ob tam th<' 

111r1,111111m a 1HI r1lo:;o satisfy the g1\ e11 cond1t1011, \\( clioo-.,e I. - l la1 gt>s t e 1genvalueo:; 

111d tl1< 1u11 <'- po11ding e1ge11\,f'Cto1::, \\e ha\ C pt0\<11 tltc lc111111 ct C 
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are an opt1mal solu t1011 for Cnt1cal Problem 2 for the case Q = G' Denote e1ge11 -

values of A by -An(A) 2 An_i(A) 2 2 ,\ 1 (A) and the corresponding orthogonal 

, n The fol loVv rng 

lemmd will dllow us to dpply <\Ion and Kahale 's results [2] 

Lemma 8 4lmost ::,Urfly \,( B) ,\,(D - A) ( I + o( l J )( k - l )d - \, ( A J d = 

n 

Proof From Lemma l, we know that the expectation of d" 1s (k - l)d By not1c1ng 

L)d + R(-A), and applymg the Courant-F1scher theorem, we obtam the lemma D 

Therefore, we can use e1(A), e2(A), , ek-i(A) as an optimal solution for Cnt-

1cal Problem 2 with a relat1 vely small error 

Critical functions which depend on the graph's adJacency matnx, have been 

used for the study of vanous graph properties (9, 21] How to relax restnct10ns on 

the critical function so that a correctness proof 1s possible 1s the key issue to rt'~olve 

when applying spect tal theot 1 to the study of graphs 



Chapter 3 

Algorithm for coloring random 

k-colorable graphs 

Usmg prev10us chapter's results, we present an algonthm for colonng random k-

colorable graphs 

Without loss of generality, we can order all vertices m such way that vertex 

t ,+1 1 - 1 l l t'- colored by J - th color, here 1 = 1, 2, n - l , "f· J - k Therefore, we can 

a._s,gn all vertices of V to J., color points stated m Lemma l I e 

ln I he other word , v1, v1 , 

uL I Denote H , 

I., I = 

I, I, tt, _1 11,. _ 1 
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k( U,k, U/) = 0, we know t hat { W,} ~-I 1s an ort hogonal set In Rn Snndarly, L~= 1 w; 

0 

ln the next chapter , we will show that there exists a matrix T such that 

where 1111,11 2 = O(J ), TT 1 = [, l 1s the 1dent1ty matrix and e 1 , ek- t art" the small 

est eigenvectors of the adJacency matrix A Smee applying an orthogonal transfor 

mat1on to n given points does not change their relative locat1ons a simple way to 

generate an approx1mat1on to a proper coloring can be given 

If we denote e, = (y~, , y~) and v, = (y,1 , ,y;- 1
), and 1f we put all those 

pomts, which are corresponding to vertices v1 , , Vn m Rl..-t , then we can find a 

rotation on those points ut, , uZ such that for most vertices m V, each vertex 1s 

near to one of the color points { u}, , uZ} Accordmg to this property, all vertices 

except a small fraction can be colored properly 

By usmg this result, we can propose the following modified algonthm based on 

..\Ion and Kahale's [2] The proof of its correctness appears m the following sect10n 

Phase 1 First calculate the distance between e , ery two distinct points rn1 re:,pond-

mg to { V l , V 2, u,, } Second find one po111t from {v1,v2 , u,, f ,uch that 

there are 'f: ± 0 ( J) point-, \\ l11 ch ha, e less than i distance to t lu-., po111t l lH 11 
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color those vertices corresponding to those points by color 1 Delete all those 

colored vertices from V and repeat the above process on the remammg vertices 

for k - 1 times until all k colors have been used 

Phase 2 Let Phase 1 be the 0th 1terat1on In the zth 1terat1on, 0 < z :Sq= [log2 n], 

construct the color classes Vi', l = 1, , k, as follows For every vertex v 

of G, let N(G) denote the set of all its neighbors in C ln the zth 1terat10n , 

color i, by the least popular color of its neighbors m the pre'v1ous 1terat1on 

I ha_t l'i put V In ½' 1f IN(v) n v/- 1 I is the minimum among the"- quant1t1es 

, k), where ties are broken arbitrarily 

Phase 3 This phase consists of two stages First, repeatedly uncolor every ver­

tex colored J that has less than 1 neighbors (in C), colored l, for some 

l E { l, , k} - {;} Recall that d = T Then 1f the graph induced on the 

-..et of uncolored vertices has a connected component of size larger than logk n, 

the algorithm fails Otherwise, find a coloring of every component consistent 

with the rest of the graph using exhaustive search If the algorithm can not 

ftnd -..uch a coloring, 1t fads 



Chapter 4 

The Correctness Proof of the 

Algorithm 

ln this chapter , we will show the correctness of the algonthm which can be concluded 

as the following theorem 

Theorem 4 [J p > ~' c » l. then the algorithm produces a proper k-colonng of G 

wzth probability l - o( I ) 

\Ne wi ll venfy the algonthm in th ree steps The approach used here 1s similar to 

..\ Ion and h.hale's [2] 

26 
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§4.1 Initial Approximation Solut ion 

Smee the eigenvector set of A spans Rn and a proper colonng can be seen as k - 1 

vectors m Rn, then a proper co loring corresponds to lmear combmat1ons of the 

eigenvectors We can see that 1t 1s still an lV P- hard problem to find these colonng 

vectors m n-d1mens1onal space The mtu1t10n 1s to find the proper colonng m a 

c,pace with constant d1mens1ons which depends on k mstead of finding them ,n the 

n - d1mem,10nal space 

\iv 1th a slight rnod1ficat1on m the proof of Lemma 2 1[2] (Just changmg 3" to 

k" ), we have the followmg lemma \\ hKh bounds eigenvalues of A 

Le mma 9 Almost surely, 

(m} l~,I '.S 0( v'd) for all k '.S 1 '.S n - l 

Therefore we can expres<; {U 1 }t 1 as a lmear combmat1on of {e1 }~ - t ,,1th a 

:, mall perturbat1or1 almo<;t -;ureh \\ t -.tatt tht" a<; follows 

Lemma 10 \Imo,/ .,u, rly 
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where 1117,lll = O(J) , RR1 =I+ 6./, 116.fllL = 0(~) , I is the identity matrix 

Proof \\,f" show that Wi = (e1,e2, 

proven similarly Alon and Kahale [2] gave the outline of the pn.1of We v.,i[I complf'te 

the proot 

We first claim that ll(A+d/)Wdl 2 = O(nd) In fact , 1t 1s sufficient to prove that 

the sum of squares of the coordinates of (A+ d[)W, on the hrst c.olor set 1s O(nd) 

almost surely, as the sums on other color set'> can be bounded s1mtlarly We hrst 

show that the expectation of the square of each coordinate of ( A + di) W 1 1s 0( d) 

= w~ so 
k 

In the same way, we can show E(q,) = 0 for z > 1 Smee var(q,) = O((k - 1 )d( 1 -

p)) = O(d) and var(q,) = E(q, - E(q,)) 2
, therefore E(q,) 2 = var(q,) = O(d) 

S1mtlarly the expectation of the fourth power of each coordmate of (A+ d[)W1 1s 

O(d2 ) Hence, the variance of the square of each coordmate 1s O(d2) However the 

co01dmates of (A+ d[)I4'1 on the first color -.,et are independent random variables, 

and hence the variance of the sum of the squares of the first color set coordinates 

,._ equal to the sum of the variances ,,h1ch 1s O(nd2
) If''<' denote the random 

\artable ll(A + dl)lVill 2 by \, then E( \'") = O(nd) and a-, = O(Jnd) F1om 

Chchv-.,ht>\ 's inequality, \\C have P(I \ - £ 1 \)I> 11~0-,) < + The1efo1e almost 
\ VII , 
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surely IX - E(X)I S 
1 3 

n 4 CJX, 1 e, IX - E(X)I = O(n,d) Smee E(X) O(nd) , 

X = O(nd) , 1 e, ll(A + dl)Will 2 = O(nd) almost surely 

Smee e1, , e 11 are a basis for Rn, we have W1 = L~t c, e, Then (A+ dl)W1 = 

L~ 1 c,P,, + d)e, And by using Lemma 9, we have 

n n 

ll(A + dl)Will 2 =I)-\,+ d) 2 = n(d2
) I:C: 

Thnefore 1111,11 2 = [~=kc 2 = O(J) Now ""e 5how RRt = I+ 6.[ ll.0. !11 2 = o(,I) 

hom Lemma 4 ,\e 1-..nov. that II W1112 = 2: [n C hap ter 2 we choose lie, 11 2 = J t = 

l 2 n In equat ion ( -t ) both sides mul tip ly their O\\O transpos1t1ons, the left ­

hand side becomes 2:, the nght-hand side becomes 2: RR1 + 6.M with ll6.Mll 2 = 

0( l) Combining the claim and the inequality, we prove the lemma D 

Next we show that 1[ a matnx 1s almost orthogonal, then 1t can be decomposed 

to an orthogonal matnx and a "smaller" matnx 

Lemma 11 If RR1 = I+ 6.l wzth ll6..lll 2 = oO ), then R = T + 6.T with TT1 = I 

and ll6Tll 2 = o( I) 

Proof Denote R b} [, 1 , r,1:_iJ From the given cond1t10ns, \\e ha"e llr ,11 2 = 

l + oOJ a nd I< r, r 1 >I= o(~), t :/:- J If we const1uct T = [l 1 

-,ta11dard 1terat1H' p1ocedure a.!> folio\\ <; 

I = I l - -I 
I I - !!till I 
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+ < l,_ 1 r, > t,_ 1 - r,, 

l, = 
l -
-t l =2 
Ill.II " 

, k - l, 

then TTt = I Next we prove R = T + 6.T with ll6.Tll 2 = o( ~) We fir5t claim that 

l, = r, + 6. t, \\,it h 116 t, I I 2 = oO ) , 1 = l, 2 , k- l Vve prove this claim by induct ion 

Suppose that the claim 1s true for z = m - 1 Then for z = m, from the induction 

assumption l, = , , + ~t, with ll~t,11 1 = o( ¼ ), l = l 2 m - l v.e have 

and 

llimll 2 = II L;:1 1 < t,, rm> t, - rmll 2 

~ II L;:1 1 < t,, rm > tdl 2 + llrm 11
2 

(4 l) 

(4 2) 

Therefore, from tm = I:;:11 < t1 rm > t, - rm and above inequality we havf' 

tm = rm + i:).tm \Ne have proven the lemma D 

From the abo\e two lemmas \\ e deduce that 

Lemma 12 Almost surely thfre en;:,fs an orthogonal mat, ir T ::-11ch that 

(11 1 , IV'.!, , l·l 1. _ 1 ) 
1 = ( e i , e z, 
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where II 771 II 2 = 0(;}), TT 1 = I , I is the identity matrzx 

Therefore ( W1 , W2 , , Wk-I) can be obtained from an orthogonal rotation of 

( e1, , ek_i) 1 with a small perturbation 0( J) 

§4.2 The Iterative Procedure 

In this section ,1,,e ~, di sho..., that after the second phase, almost surely all \.ert1ces 

m a subset of V are colored properly As ...,e have shown rn the last section, after 

t he first phase all 1,ert1ces except 0( J) are colored properly Then we can show 

that after each 1terat1on, the size of vertex set which receives wrong colors will be 

reduced at least by half This can be seen from the fact that almost every vertex 

has a relatively large degree ((k - l)d >> 1), hence 1f we have a relatively small set 

wrongly colored, its vertices will have fewer neighbors 

Construct H as follows First, set H0 to be the subset of V with vertices having 

at most l Old neighbors m V m each color class Then set H, to be the subset of 

H,-1 by deleting an1 vertex rn H,_ 1 ha\.tng ll',::. than O 99d neighbors m H,_ 1 m 

:,Orne color rlass (other than ,ts O\\n) 1 = l 2 The final result 1,; denoted by 

Fl 

By u-..111g I lie ( lw1110ff Bound l heort: 111 1q < an dt:duce the folio\\ 111cr It mma 
0 
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Lemma 13 Fort. = 0 001, there exists a constant -y > 0 such that the follows hold 

almost surely 

1 For any two dzstmct color classes Vi and ½, and any subset X of Vi and any 

subset Y of½, zf IXI = 2---,dr and IYI S klXI , then le (X, ½ - Y) - dlXII S 

t.dlXI 

2 If J zs the set of vertzces having more than 1 01 d neighbors m G zn some color 

class , then 111 S 2---,d i 

Proof We first prove ( 1) Smee 

µ = E(e(X, ½ - Y)) = I½ - YIIXlp 

> [i - klXl]IXlp ( 4 3) 

1f we set , > log2 k, similar to the proof of Lemma 2, we have hmn-oo µ oo 
C 

Furthermore, 

P(e(X, ½ - Y)) > (1 + t.)dlXI) = P(e(X, Vi - } )) > (1 + t.)w
2
.:11kµ) 

S P(e(X, Vi - r )) > (1 + t.)µ), 

( 4 4) 

the1efore, limn-= P(e(X, Vi - }·' )) > (1 + t.)dlXI) = 0, 1 e, e(X, Vi - Y) - di XI S 

cdl \(I almost surely By using Theorem 4 2 in [28] , pp 87 we have P( e( X, Vi - } ) < 

( l - t.)dlXI) < e-µf
2

/
2 Therefore, limn- = P(e( \ \ 2 - } ) < ( 1 - t.)dl \ I) = 0, 1 e, 

1 ( \, \ 2 - } ) - di .\'I 2: -cdl \ I almost sure!~ Thu'> \l e have prO\en (l) 
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Now we prove (2) Suppose there exists a set J havmg more than l Old neighbors 

10 G m some color class , say Vi , with !JI > 2- -yd r Set X = J and Y = 0 Then 

we have je(X, Vi - Y) - di XII > 0 ldlXI, which contradicts to ( 1) Therefore (2 ) 1s 

true D 

Replacing 3 by J.. m the proof of Lemma 3 5 (2], we have 

Lemma 14 {2] 4lmost surely, H has at least (1 - 2-0(dl)i vertices zn every color 

Lemma 15 4/mosl 5urely there are no two 5Ubsets of vertices {j and W of V such 

that IL I ~ 0 00 Ii j£Vj = IUl/2 and every vertex v of W has at least d/4 neighbors 

m [J 

Proof Note that 1f there are such two (not necessanly disJomt) subsets {J and W, 

then the number of edges JOtnmg vertices of U and W 1s at least dj{J l/8 with IUI 2: ! 

Therefore, the probability that there exist such two subsets 1s at most 
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The lemma follows 1mmed1ately D 

From this lemma, we can see that 1f the set of wrongly colored vertices 1s relative ly 

small, we can reduce its number at least by half through each 1terat1on This 1s 

su mmartzed as the following lem ma 

Lemma 16 {2} Almost surely, by the end of the second phase of the algorithm, all 

vertices in H are properly colored 

§4.3 Uncoloring and Exhaustive Search 

After the 1terat1ve phase, we know that all vertices m H, which 1s pruned so that the 

edge number m each color class ( except its own class) 1s about d, receive proper colors 

almost surely In this section, we will show that a largest connected component of 

the graph mduced by V - H has at most O(logk n) vertices Hence, we can use 

exhaustive method to color the remammg vertices which have been uncolored in the 

first step of the third phase 

The next lemma shows that the vertex colors m the graph H remain unchanged 

afte i the uncoloring process a lmost surely 

Lemma 17 {!!] 4/most , 111 ely by the end of the uncolonng procedu re m Phasr J of 

th e algo, t!hm all uCT!t cc , of II , cmain colo, ed and all co lo, cd tf1 !t ee:, a11 p1np1, ly 
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colored, z e any vertex colored z belongs to W, (We assume, of course, that the 

numbering of the colors is chosen appropriately) 

Let T be a fixed tree on logk n vertices of V Let / be the subset of all vertices 

v E V(T) whose degree in T 1s at most k + L Let H' be the subset of V obtained 

by the following procedure, which 1s similar to the way generating H First, set H~ 

to be the subset of V with vertices having at most 1 Old - ( k + 1) neighbors m \' 

m each color class then delete from 1t all \,ert1ces of V(T) - [ Then set H; to be 

the subset of H;_ 1 by deleting any vertex in H;_ 1 having less than O 99d neighbors 

in H;_ 1 in some color class , z = 1 2, Denote H' the final result 

Lemma 18 {2} Let F be any subset of edges with endpoints m V, then H; ~ H,, z = 

0, 1, 2, Hence, H' ~ H 

Lemma 19 {2} 

Pr[ T ZS a subgraph of C and V(T) n H = O] 

~ Pr[ T ZS a subgraph of C] Pr[ r n H' = OJ 
( 4 6) 

Lemma 20 -Hmosl surely lht la,gc, / con nu l<d component of !h r gu1ph tnduced on 

\I - fl has al most logl n 11erf1ce, 
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Proof Let T be a fixed tree on logk n verti ces of \/ j1m darl y to Lemm a 14 , 1t can 

be '>hown that H' missed at most 2-0(dln vertices 1n each color clas<; Therefore 

the probability Pr[! n H' Oj 1s at most 2 -0(dl/l) Smee I II 2: jV~T)! and the 

probability Pr[T 1s a subgraph of G] ( ! )IV(T)l- 1, thus the probability for 7 1s a 

subgraph of size logk n whi ch 1s a connected component of the induced subgraph of 

Lemma 1-l \\e have 

Pr[T IS a subgraph of G and V(T) n H = 0) 

~ Pr[T IS a subgraph of G] Pr[! n H' = OJ 

Hence we complete the proof 

( 4 7) 



Chapter 5 

Conclusion 

The heunst1c graph colonng approach we proposed in Chapter 2, which 1s equivalent 

to the m1t1al approximate solution given by Alon and Kahale [2j for the 1-colorable 

graph case, has a similar flavor to techntques used m the study of the eigenvalues 

of the Laplac1an of graphs [9] The correctness proof of the algonthm 1s based on 

evaluating all e1gen..,alues of the adJacency matnx given by Alon and Kahale We 

ha,e shown that the 101t1al approximate solution can be obtained through a cnt1cal 

function The ex1'>tence of an a.pprox1mat1on algorithm based on a critical problem 

fo1 coloring arb1tran graphs 1s a que ... t1on that desen f'S further m've'>t 1gat 1011 
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