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Chapter 1

Introduction

Since Cook introduced the foundations for the theory of NP-complete in 1971, 1t has
become one of the most active research areas in the theory of computation Many
computing problems have been proved to be NP-complete by various researchers
[15] Because 1t 1s impossible to solve an N P—complete problem in polynomial
time unless P = NP, finding an approximate solution for NP— complete problem
then becomes important In this thesis we will consider the graph coloring problem

which 1s one of the well-known NP-complete problems



§1.1 Background

Given a simple undirected graph (¢ we denote V' as its vertex set and E as the
edge set A vertex coloring of a graph G 1s proper if no adjacent vertices receive the
same color The chromatic number (&) of (¢ 1s the minimum number of colors in a
proper vertex coloring of (¢ [n this thesis, the graph G 1s assumed to be k—colorable

with £ > 3 a fixed positive integer The graph coloring problem 1s to determine the
minimum number of colors needed to color (- Graph coloring has many applications

in scheduling and timetabling

Graph coloring 1s one of the most notorious of the NP—complete problems
In 1972, Karp [22] first showed that the problem 1s NP—complete Stockmeyer
[29] strengthened this by showing that 1t remains N P—complete for fixed £ > 3
Those results have led many researchers to seek approximation algorithms capable
of producing colorings that do not use too many extra colors Garey and Johnson
[15] proved that unless P = VP, no polynomial time approximation algorithm can
guarantee the use of fewer than 2y(G) colors Furthermore Johnson [20] showed
that for many popular heuristics, there are 3-colorable graphs on n vertices for which
the heuristics require O(n) colots [t 1s thetefore unlikely that thete are efficient
algorithms for coloring optimally an arbitrary A-chromatic input graph with & >3

and researchers should address the appronimate solution 1ssue



Numerous algorithms for finding approximate solutions have been proposed by
various researchers The analysis of approximation algorithms for graph coloring
started with the work of Johnson [20] who shows that a version of the greedy al-

gorithm gives an O(logn)-apprommatxon algorithm for k-coloring Wigderson [31]

improved this bound by giving an elegant algorithm which uses O(nlel) colors to
properly color a k& colorable graph Subsequently other polynomial time algo-
rithms were provided by Blum [5] which use O(n% log% n) colors to properly color
an n-vertex 3-colorable graph This result generalizes to coloring a k-colorable graph
with O(nl—ﬁ) colors His 1dea 1s based on examing second-order neighborhoods,
1e neighborhoods of the neighborhoods of vertices, rather than just immediate
neighbors of vertices as 1n previous approaches The best known performance guar-
antee for general graphs 1s due to Halldorsson [18] who provided a polynomial time
algorithm using a number of colors which 1s within a factor of O(n(log log n)?/ log® n)

of the optimum

The disappointing results of deterministic algorithms and analysis for graph
coloring suggests that probabilistic methods may provide a more effective way of
proposing new algorithms and evaluating candidate algorithms Randomized algo-
tithms hence are introduced to obtain better solutions We define a randomized
algorithm as an algorithm which 1s allowed access to a source of independent, un-

biased random bits 1t 1s then permutted to use these random bits to influence its



computation

Blum’s result was improved by Karger, Motwani and Sudan [21] recently They
presented a randomized polynomial time algorithm which colors a 3-colorable graph
on n vertices with mun{O(ds log;_ d), O(n+logn)} colors where d 1s the maximum
degree of any vertex [t 1s the first time that the number of colors used 1n the algo-
rithm 1s associated with the maximum degree They used algorithms for semidefinite
programming to obtain an optimum solution to a telaxed version of the problem,
and a randomized strategy for rounding” this solution to a feasible but approximate
solution to the original problem Mahajan and Ramesh [32] derandomized the algo-

rithm of Karger, Motwani and Sudan and obtained a polvnomial time deterministic

algorithm with the same approximation ratio

Rather than evaluating an algorithm based on 1ts performance in the worst case
(for any graph), one may ask how well the algorithm performs on a random graph
Here we say that a graph is a random graph if we specify certain probabilistic
properties on 1ts vertex number and edge distribution Some random graph classes
used frequently by many researchers are (1) G(n,p) n—vertex graph which each
pair of vertices 1s joined by an edge with a prescribed probability p (2) G(n p,3)
\ class of J—colorable random graphs, constructed in this way given n vertices
each vertex first picks a color randomly, independently and uniformly, among the

thiee possibilities and next every pair of vertices of distinct colots becomes an edee



with probability p Many deterministic algorithms have been shown to work very

well on random graph models

One of the well-known algorithms designed for random graphs 1s a greedy algo-
rithm proposed by Grimmett and McDiarmid[15] which we will discuss later Their
algorithm produces very good results for random graphs generated as in (1) above
even though 1t 1s extremely simple This result suggests that the usual model is unre-
alistic, since it makes even the most simple-minded algorithm look good In order to
obtain meaningful comparative information we should try to select a more difficult

probability distribution, one that poses some challenges for candidate algorithms to

overcome

Turner [30] shows that many random graphs can be colored easily Most ran-
domized algorithms are applicable on dense graphs, which are relatively easy to
color To color ‘sparse” graphs, Alon and Kahale [2] recently proposed a new al-
gorithm which gives an optimal proper coloring for a 3—colorable graph (random
graph model) almost surely (Here and in what follows, almost surely always means
with probability that approaches 1 as n tends to infinity and a constant means
a number independent of n where n 1s the vertex number of the graph G') They

cmploved spectral techniques

Stnce there 15 an one to one relationstup between a graph and its adjacenc

matoin and many properties of @ matrin are associated with its eigenvalues and



eigenvectors, 1t 1s natural to approach the coloring problem by investigating the
relationship between the graph coloring and matrix spectral properties We will
show this relationship can be approximated by a critical function which we define

in the next chapter

This thesis which studies the random graph class G(n, p, k) that we define later
1s organized as follows [n Chapter 2 we will introduce a critical function, which has
a clear geometric explanation of the graph coloring problem and produces a good
approximate solution which will be used in Chapter 3 [t 1s hoped that this result

will indicate a new approach tor coloring more general random graphs

In Chapter 3 of this thesis we will propose a simpler way to generate the initial
solution 1n Alon and Kahale s algorithm Chapter 4 gives the correctness proof of

the algorithm

The main 1dea of the algorithm can be described as follows We first map all n
vertices to the real k — 1 dimensional space R*~! such that points in the same color
class are put together “closely” with small exceptions We will show that this map
can be obtained by “rotating eigenvectors”, as 1s motivated bv Alon and Kahale's
paper [2] Then we get a good approximation of the coloring such that all vertices
are colored properly except a relatively small number of vertices By the fact that
almost all neighbors of a vertex are properly colored, we can reduce the number of

wrongly coloted vertices by halt i1 cach iteration Finally we can show that onlyv o



O(log, n) number of vertices remain uncolored, therefore, we can use an exhaustive
technique to color all remaining vertices This algorithm takes polynomial time and

produces a proper coloring almost surely

§1.2 Preliminaries

[n this section we introduce some definitions and known results that will be used

in the following chapters

Definition 1 Gwven a simple undirected graph G = (V| E), where V s the set of
vertices, and E s the set of edges, a k-coloring of G 1s an assignment C V +—
(L k} such that +f C(v) = C(w) then edge (v w) s not in E The chromatic

number x(G) s the minimum k for which there exists a k-coloring of G

In this thesis, we will consider a random k-colorable graph on a set of n vertices,
which 1s generated as follows First, split the vertices arbitrarily into & equal color
classes and then choose every pair of vertices of distinct color classes, randomly and
independently to be an edge with probability p p > = ¢ >> 1 Here we assume
that n 1s a multiple of & We denote this class ot random graphs by G/(n,p,k) Let

(" be the graph obtained from (; by deleting all edges mncident to vertices of degree

greater than (28 — 1)d, d = ¢



Definition 2 An independent set 1s V' C V' such that for v, w € V', (v, u) ZE
A clique 15 a set V' C V such that for v, u € V', (v,u) € £ The complement G
of G 1s the graph in which each pair v, w s an edge in G ezactly when it s not an

edge in G

Therefore, a k—coloring partitions the vertex set into independent sets (or color

classes), with each color class being the set of vertices of a given color An indepen-

dent set in G 1s a chique in G

Definition 3 For any r = (z,)} € R"andy = (y)} € R, let < z,y > =

Sy, |1zllP = < z.z > zt s the transposition of x

Denote the Rayleigh quotient as

<z, Az >
R(z) = ——,
<zr,r>

and denote the probability of a random variable X by P(X), the expectation by

E(X), and the variance by var(X)

Definition 4 Let f(n) g(n) R — R be two non-negative real valued functions

1 We say that f(n) = O(g(n)) if there erist positive number ¢ and N such that,

for alln > N_ f(n) < cg(n)



2 We say that f(n) = Q(g(n)) if there exist positive number ¢ and N such that,

foralln > N, f(n) <cg(n)
3 We say that f(n) = O(g(n)) f f(n) = O(g(n)) and f(n) = Q(g(n))
4 We say that f(n) = o(g(n)) of imp—e g—((f)l =1

The following well known theorems will be used extensively in the analysis of

our algorithm

Theorem | (Courant-Fischer Theorem [26] pp [16) Gwen any linearly indepen-
dent vectors a, a,, a, in R*, let R*™" be the subspace consisting of all vectors
in R™ which are orthogonal to a,, a, , a, Let A be a real symmetric matriz and

denote eigenvalues of A by \,(A) > An1(A) > > A(A) Then

Ao A) = min max Riz), r =142, -,n
n—rre n—r

Theorem 2 (Chebyshev’s Inequality [28], pp 61) Let X be a random variable with

erpectation py and standard deviation ox Then for anyt € R*

, l
PIIN — x| > tox] < 5

Theorem 3 (Chernoff Bound Theorem [285] pp &}) Let \, \, A\, be inde-

S\, and

AN |

pendent Bernoulle trads weth P\, = 1] = p, p, € (0 1) [et \

p=3""vp. >0 lhen for anyd > 0
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66

P[\’ > (1 +5)ﬂ] < [WI“

Next we give some probabilistic results about the graph ¢

Lemma 1 The ezpectation of each vertex degree of G ws (k — 1)d The variance of

each vertex degree of G 1s (k — 1)(1 — p)d

Proof Let r be the random variable which 1s equal to | if there i1s an edge from a
vertex to any vertex in a different color class and 0 otherwise Then r satisfies the
Bernoull: distribution with expectation equal to p Let X be the random variable
defined to be the degree of a vertex Then X 1s the sum of (A — 1)} random
variables z, which satisfy the binomial distribution So the expectation of X 1s
(k—1)%p = (k—1)d ([28], pp 400) The variance can be proven similarly, completing

the proof O

Lemma 2 For any constant 3 > 0 such that 27%%n > 1 almost surely for any subset
X of V of 27%n vertices e(\ V) < (2k — 1)d|X|, where e(X V') s the number of

edges (u,v), urth u € X

Proof Let 1 be the tandom vanable defined to be the edge number fiom \ to |

Then the expectation ot v g = (A = 1)ZBIX| = (A = Dd[\| = (h = D270
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Since d = 2 f | X| = 27%4n 1s bounded by a constant, then hm,_. d = co, if | X]|

1s unbounded, 1 e , im,_ |X| = > Therefore p — o0 as n — oo Furthermore

P(z > (2k - 1)d| X|)
= P(z > (L + Z5)(k = 1)d|X]) (11
=Pz > (1 + &5

Set § = £ By using Chernoff s Bound Theorem, we have

P(z > (2k — 1)d|A|)

e&
< [rrayreel” 1.5)

[66—(l+6)log(l+o)]u

= 6(6—(l+6)log(1+6))u

Set f(6) =6 — (1 4 é)log(l +6) Since f(0) = 0 and f" = —log(l + ) < 0, we
have f(é) < 0 for any § > 0 Therefore, im,_ P(z > (2k — 1)d|X]|) =0, 1€e,

r < (2k — 1)d| X| almost surely We have proven the lemma O

By applyving the above lemma we have

Lemma 3 Let E' be the edge ~et of G then |E — E'| = 27y almost surely



§1.3 Algorithm Classes

With the help of last section, we can classify graph coloring algorithms nto the

following categories

Greedy [12] [17] and [?] Find large independent sets and color each of them with
one colot  One of the simplest implementations 1s the greedy algorithm intro-
duced by Grimmett and McDiarmud [17] which can be described as follows
let & be any graph with vertex set {¢, t; ,vn} Colot ¢y with colot 1 and
then proceed to color the remaining vertices in increasing order using colot
to color v, (2 <1 < n) where 7 1s the least positive integer such that no vertex
already colored by color j 1s joined (in GG) to v, For the random graph (:(n p)

introduced 1n last section, Grimmett and McDiarmid showed that y(G) 1s at

least 1 log li—p lo’;n +o( lo;n. ), and the number of colors required by the algorithm

n
logn

s log 1% almost surely

Partition [5] Paitition the vertices by some means, and then attempt to remove
conftlicts by moving vertices from one partition to another These methods
fitst produce an approximatelv cortect coloring in which some conflicts may
temain 1 ¢ the same colors are assigned to both ¢ndpoints of an edge The

conflicts are then resolved by assigning new colots to the vertices
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Chique [30] After choosing the first vertex choose vertices with a maximum number
of constraints on the colors available to them This 1s almost the opposite
of the first method as now we choose vertices that form large cliques with
respect to the vertices already chosen [urner s algorithm attempts to find
a k— coloring of a graph G = (V' E), where k 1s assumed to be an input
parameter To illustrate the algorithm, define a partial coloring of G to be
a mapping ¢ | — [0 n] The algorithm starts by constructing the partial
coloting defined by ¢(1) = 0 for all r € V7 and then attempt to convert this
to a complete proper coloring For each vertex ¢ set arail(a) = {1l <
t <nandif (¢ y) € E c(y) #¢} This algonithm has two phases In the first

phase 1t attempts to find a k—clique by repeating the following step A times

Chque Finding Step Select a vertex r adjacent to all previously selected

vertices

If the algorithm finds a k—chque, 1t colors each of the vertices in the clique
with a distinct color n [1,k] and starts the second phase which consists of

tepeated applications of the following rule

Coloring Rule Select an uncolored vertex a1 for which |avadd()N (1 k]| = |

and ¢(t) = mmacail(r)

[t neither rule can be applied before completion, the algonithm tails
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Zykov [13]| Ellis and Lepolesa’s algorithm consists of the following steps First
construct a Zykov s tree as follows suppose there exist two non adjacent
vertices u and v 1in & Let () denote the graph obtained from (' by adding
an edge {u v} and let G, denote the graph obtained by identifying u and v
1 e, replacing u and v by a single vertex that 1s adjacent to each vertex which
was adjacent to either u or v Repeatedly apply these constructions until
both GG, and (y, are cliques Then do partial traversals ot the Zykov s tree as
follows (1) The procedure can if necessary, search the entire tree If a chque
1s reached which 1s too large the procedure does not terminate 1t backtracks
and continues (2) At each branch of the tree formed either bv adding an
edge or by i1dentifying vertices a test 1s made for the presence of a (k + 1)—
clique The test procedure 1s fast because 1t 1s restricted to the one portion
of the graph at which the edge additions and vertex 1dentifications are taking
place Consequently a “No” answer may be incorrect, 1 e there may exist a
(k + 1)—chque, somewhere in the graph, but the test missed it Hence it may
allow unnecessarv exploration to continue The purpose of the test 1s twofold
Firstly it has a tendency to prune the search tree Secondly, 1t ensures that

the procedure terminates cotrectly on graphs that are not A— colorable

Spectral Technique (2] and [21] Derive approximation algorithms based on the

specttal propcrities of the adjacency matrix of the given graph  [lus thesis



generalizes Alon and Kahale's result



Chapter 2

Critical function

[n this chapter, we will find an approximate solution for coloring a k—colorable

graph We first show the following existence lemma

kyk ko (ko _uk 'k
Lemma 4 For k > 3, there exists a series {ur}i_,, uf = (2%, z; Tio1)s

such that |luf||? = 52, flub—ubl =1, ¢ #5, »3 =1, Lk If we set B =

(' %, 2% 2%%), then we have (UE,U¥) =0, i # 3 Tk, % = 0, NUFI? =

J =3 J

vhi=L2, .. k=1

W -

Proof We prove the lemma by constructing the series as follows For k = 3, u} =

(-3 —7‘5) u3 = {3 —ﬁ), u: = {0, 7%) 1s the required solution

Suppose that for £ = m — 1, the lemma 1s true then let

m-—1 =1 =
u = (z\"7, e, s ————=)forz =12, .m-1,and u™ = (0, 0, —2d

2 T (e  Jamfot))

m
=1

We claim {u}™, satisfies the lemma \We show 1t i five parts

16
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1 ulf> =22t ;=1,2, ,m Obwviously, [[un]|* = 2=t For j <m,

L 2
lu > = ful? )
’ ’ 2m(m — 1)
. m=2 n L _m—1
T 2m—1) 2m(m-1) 2m
2 ur —ul=lforl i <j<mForl<i<)y<m |y —ul =
flu™" Y =1 For: < m,
m
el —umll? = Il + )?
2m(m — 1)
m — 2 - m o
T 2m—-1) 2m-1)
3. Sm ™ =0,1=1, ,m—1Fori<m—1, $f ™ =rizimt o9
and

= m — | m— 1
j = — =)
§Im \/2m )+ \/2m(m—l)

4 (Ur UM =0,1<1<)<m—1

Forl<i:<j<m-1(U™U) = ([/.m—l,U,m—l) =0

~ — m[lml_
[‘Ol‘j<m—l, ((,}ﬂl U::: 72:71—(:?—1—2[ 1 T, 0

5 ICP =5 1<y <m-=1 Forl <) <m~—1 obvioush ||(]'"||2 = . For

, 2 1 m-1)"
) =m 1, we have [0 1> = (m = Uk + Zﬁn(m_” =1

By combiung 13, we prove the lcmma O
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We will use these k points {u¥, ,uf} in R¥~! (o represent k colors We call

these k£ points color points Then we can restate our coloring problem as follows

Given a k— colorable graph Q(V, E k), where V = {v;, ,v.} 1s the vertex set
and FE 1s the edge set, find a vertex map T {vi.  Lua} = {0f ur}, such
that T'(v,) + =1, ,n1s a proper coloring In this case, we sav 7 1s an optimal

map Denote A" = (a},) the adjacency matrix of Q(V, E, k) We introduce a discrete

critical problem

Critical Problem 1 Let

f(ﬁlv 17771): Z a:]”ﬁl'—ﬁJHZ

1< 3<n

Find n points i, € {uf, ,uf}, 7=1 n such that f reaches the marimum

The relationship between coloring graph @ and Critical Problem 1 can be de-

scribed as the following lemma

Lemma 5 f(q. ) = Li<i,<a @, f and only if, any two adjacent vertices are

mapped to diferent color points, 1 e, the map 15 an optimal map

Proof The lemma can be seen from the fact that f(7i, ,7.) < ¥\, <qa,, since

7. =)l <1 O
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[n Critical Problem 1, if we consider those n points in R¥~! as k — | points in

R™, the critical function f can be rewritten as follows Let n, = (],

Ly..oli=1, §; = (£} 5 3 =1, ,nand

g2 J

k-1
f(m, Mk-1) = Z a:) Z(fl
(=1

1< j<n

Therefore we can give a simpler expression of f

Lemma 6

f(m Me=1) =23 0.8y,

1€

1
n

) 2 =

where B = D — A’ and D 15 a diagonal matriz with entries 3°7_, a;, (degree of verter

il i= 1, n Moreover, B > 0(semidefinite)

Proof Since A’ 1s symmetric, we have

f(qlv r]k—l) = 215; J<n a:] fz-ll(ff - 65)2
= Tico,en @, TS ((6)° = 266 +(6)?)
== Z 21(:](71 x]((é ) - )6 61 (65)2)

- l I Zl(l J<n a:)(é ) Zf ll Z:l(:_](n a:](E )2 - 22 ZlS|JSn a:){.ffj

= Lo mDnl + £ 0. Onf = 2575 0, A’
=252 n.Bn!

To show B > 0 denote 8 = (b,) Then b, = Y= 0y by = —a

'
L)

be an eigenvalue of 8 by Gersgorin'’s Theorem ([20] pp 226) we know |\

L

v E Y

(21

[t

|
o [,ul =
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e, bylire  [A=0 ar | S 02, 4 @, Therefore, A > 0, which means £ > (

We complete the proof O

Since discrete programming 1s NP — hard, we should consider using a continuous
critical function to approximate the discrete one Next we give the corresponding
continuous critical problem which 1s obtained by relaxing the conditions in the

discrete critical problem

Critical Problem 2 Find the marimum of f(n,, Nk-1) with conditions ||n,||* =

& mMER and < n,n, >=0for1#) 1,)=1 E—

Since B 1s symmetric, the eigenvalues of B are real and the eigenvectors associated
with distinct eigenvalues of B are orthogonal([26], pp 76) Therefore we can denote

M(B) > X (B) > A.(B) as eigenvalues of B and e,(B),e2(B), ,eq(B) as their

corresponding eigenvectors with [le,(B)||> = 7 The following lemma shows the

existence of the solution of Critical Problem 2

Lemma 7 The solution of the Critical Problem 2 s, = ¢(B) 1 =1 k—1

and f(m, (k=) = %Zfz—ll Al(B)

Proof By using the method of Lagtange Multipliers ([L1], pp 348) Critical Problem

2 1s equivalent to finding the maximum of the following function

k-1
F=f=> wlml - Y wv,<n,m>,
=1

1< y<k=1



where g, and v,,, 1 < 1,7 <k — | are parameters to be defined

[f we define % = (%, %, ,%)‘, then we have
i 1 2

A~

oF
3 =4Bn; — 2p,1, =2 v,n, =0 (1)
771 l#]

We derive % = 2Bn' The other parts can be obtained in the same way In

tact,

3<n Bn,> __ 3Zl<l,m<n b""E;i:ﬂ

€, 3, (2 2)
=23 n=i bbb, 1= L2 n

By multiplying 37, to equation (1), we get

2771an - l‘1”771”2 - Zun <nn>=0
1)

Since < 7,1, >= 0, 2 # 7,50 20, Bnf—p.|In.|I* = 0,1 , 2555 B! =i wallm|I? =

0, therefore f = 5 f;ll I

We notice that the maximum has nothing to do with »,, so we can set v,; =0
in equation (1) Then
t l '
By, = Sk =1 k—1

Hence 34, and 7, are eigenvalues and eigenvectors ol 8 Therefore to obtain the

2

maxtnum and also satisfy the given conditions we choose kA — | latgest eigenvalues

wid the cotresponding eigenvectors We have proven the lemma O
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N

Let 4 = (a,,) be the adjacency matrixof i Then for B = D—A. e(B), e5( B)
are an optimal solution for Critical Problem 2 for the case () =  Denote eigen-
values of A by A (A) > A,_((A) > > Mi(A) and the corresponding orthogonal
eigenvectors e,(A), e, (A) ei(A), le A =F,1=12 .n The following

lemma will allow us to apply Alon and Kahale's results (2]

Lemma 8 4lmost surely \(B) = A(D — A) = (L +o(1))(k = 1)d = \,(A) d =

np o, _
=, 1= 1,2, n

Proof From Lemma 1, we know that the expectation of d,, 1s (k — 1)d By noticing

the Rayleigh quotient R(B) = R(D — A) = <=2=41=> - e =

|

<z (1+o(1))(k—=1)dz> + R(—A) — (1 +0(1))(k‘ . l)d%% i R(—-A) - (1 +O(l))(k

<z z>

1)d + R(—A), and applying the Courant-Fischer theorem, we obtain the lemma O

Therefore, we can use e;(A),ez(A), ,ex—1(A) as an optimal solution for Crit-

ical Problem 2 with a relatively small error

Critical functions which depend on the graph’s adjacency matrix, have been
used for the study of various graph properties [9, 21] How to relax restrictions on
the critical function so that a correctness proof 1s possible 1s the key 1ssue to resolve

when applying spectial theory to the study of graphs

ck-1(B)



Chapter 3

Algorithm for coloring random

k-colorable graphs

Using previous chapter’s results, we present an algorithm for coloring random k-
colorable graphs

Without loss of generality, we can order all vertices in such way that vertex
Lig(y-1)2 1S colored by ) —th color, here: = 1,2, el =1 k Therefore, we can

assign all vertices of V' to k color points stated in Lemma | 1e map v,4(,_)2 to uf

[n the other word, vy, v,. VR Ui Ea V24 2 JUzgn CLp(k=0) 2 V2 (k=1)2 Un
ko k ko ko ok k k k k =
correspond to uy u) s, Us, Us us ey HE_; u;_,; Denote W, =
g J) J ok - P =
(uy Jwl) with Wipoyp = T 1 [ = | k. = | k—1 W, consists of
% i i A A N N A A A A
all yth coordinates of w; u) uy uy o w, by Ug_y uf_l By notic

g that each color class contamns the same numbear of vertices and (W, W) =

o
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k(UF,UF) = 0, we know that {W,}} ™" 1s an orthogonal set in " Sinularly, el ),

0

[n the next chapter, we will show that there exists a matrix 7" such that
(w’luw’fﬁv 1Wk—l)[ = (617621 )ek—l)17‘+(7]la )nk—l)t

where [|7.]|? = O(2), TT' = I, I 1s the identity matrix and e;,  ex_, are the small
est eigenvectors of the adjacency matrix A Since applying an orthogonal transfor
mation to n given points does not change their relative locations a simple way to

generate an approximation to a proper coloring can be given

If we denote e, = (!, ,y.)and v, = (y!, ,y5'), and if we put all those

points, which are corresponding to vertices v;, ,v, in R*"! then we can find a

rotation on those points u'{, ,uf such that for most vertices in V, each vertex 1s
near to one of the color points {u¥, ,uf} According to this property, all vertices

except a small fraction can be colored properly

By using this result, we can propose the following modified algorithm based on

Alon and Kahale's[2] The proof of its correctness appears in the following section

Phase 1 First calculate the distance between every two distinct points correspond-
ing to {vy, vy, va} Second find one pont from {vy,v,, v, } such that

there are ¢ £ O(%) pownts which have less than | distance to this point  [hen
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color those vertices corresponding to those points by color 1 Delete all those
colored vertices from V and repeat the above process on the remaining vertices

for £ — 1 times until all £ colors have been used

Phase 2 Let Phase 1 be the 0th iteration In the :th iteration, 0 < : < ¢ = [log, n],
construct the color classes V', | = 1,  k, as follows For every vertex v
of G, let N(G) denote the set of all its neighbors in &' [n the :th 1teration,
color v by the least popular color of 1its neighbors 1n the previous iteration
[hat 1s put v in V) f [N(v)AV,”"| 1s the mimimum among the A quantities

[¥{einurY. tf=1 .k), where ties are broken arbitrarily

Phase 3 This phase consists of two stages First, repeatedly uncolor every ver-

tex colored ; that has less than ;—l neighbors (in G), colored [, for some
l € {1. .k} — {7} Recall that d = 3% Then if the graph induced on the
set of uncolored vertices has a connected component of size larger than log, n,
the algorithm fails Otherwise, find a coloring of every component consistent

with the rest of the graph using exhaustive search [f the algorithm can not

hind such a coloring, 1t fails



Chapter 4

The Correctness Proof of the

Algorithm

[n this chapter, we will show the correctness of the algorithm which can be concluded

as the following theorem
Theorem 4 [fp > =, ¢ > L. then the algorithm produces a proper k-coloring of G

with probability 1 — o(1)

We will verify the algorithm in three steps The approach used here 1s similar to

Alon and Khale’s (2]
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§4.1 Initial Approximation Solution

Since the eigenvector set of A spans R" and a proper coloring can be seen as k — 1
vectors in R", then a proper coloring corresponds to linear combinations of the
eigenvectors We can see that 1t 1s still an NV P— hard problem to find these coloring
vectors in n—dimensional space The intuition 1s to find the proper coloring in a

space with constant dimensions which depends on k instead of finding them in the

n —dimensional space

With a shight modification in the proof of Lemma 2 1[2] (just changing 3" to

k”), we have the following lemma which bounds eigenvalues of A

Lemma 9 Almost surely,
(1) An(A) > (1 =27 (k - 1)d
(1) M(A) < < Aoy (A) € =1 =27 D)

(1) |\ S O(VA) for all k <:<n—1

Therefore we can express {W,}}”" as a linear combination of {e,};~" with a

small perturbation almost surelyv  We state this as follows
Lemma 10 Umo~t surely

(Hl H_, ”;‘ﬂl) =ty € (k_l)l“+(7“ ’]A_[){ (4/)



where |[n.||* = O(5), RR* = [ + Al ||Al]]* = O(3). [ 1s the 1dentity matriz

Proof We show that W{ = (e1,e2, ,ex—1)'R + 1, The remaining ones can be
proven similarly Alon and Kahale [2| gave the outline of the proof We will complete

the proot

We first claim that ||(A + dI)W;]|2 = O(nd) In fact, 1t 1s sufficient to prove that
the sum of squares of the coordinates of (A + d/)W; on the first color set 1s O(nd
almost surely, as the sums on other color sets can be bounded similarly We first
show that the expectation of the square of each coordinate of (A + dI)W; 1s O(d)
Denote (4 + dI)W; = (¢.)} Then ¢, = dw, + ¥7_, . @yw, For 2 = 1, we have

E(q) = dwi+E(LT]., 4 a,w)) = dwoy+3_ 12 pw) Sincew; =w; = = wh so

xjar

dw} = Zwl = pT L, w! Hence, E(q) = pLi, w) +0oypp pot = pSi, w!h = 0
In the same way, we can show FE(q,) =0 for : > 1 Since var(q,) = O((k — 1)d(1 —
p)) = O(d) and var(q.) = E(q. — E(q.))?, therefore E(q.)* = var(q.) = O(d)
Similarly the expectation of the fourth power of each coordinate of (A + dI)W; 1s
O(d?) Hence, the variance of the square of each coordinate 1s O(d?) However the
cootdinates of (A 4+ dI)W, on the first color set are independent random variables,
and hence the variance of the sum of the squares of the first color set coordinates
1s equal to the sum of the variances which 1s O(nd?) If we denote the random
variable ||(A 4+ dI)W,||? by X, then E(X) = O(nd) and oy = O(y/nd) Fiom
t

(Chebyshet’s [nequality, we have P(|\ — E(\)] > nioy) < = Therefore, almost

vn
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surely |X — E(X)| < niox,1e, |X — E(X)| = O(ntd) Since E(X) = O(nd),

X =0(nd), e, ||(A+dI)W,]||* = O(nd) almost surely

Since €¢;, e, are a basis for R*, we have W, = """, c.e, Then (A+dI)W, =

1 a(A, +d)e, And by using Lemma 9, we have

n

1A+ dDWAP = S2(A + d)? = Q) 3 &

1=k

Therefore |n,||> = £, ¢ = O(%) Now we show RR* = [ + Al ||A]||? = o(})

n G

brom Lemma 4 we know that |[W,|> = £ [n Chapter 2 we choose ||e,||* = T
1 2 n In equation (4) both sides multiply their own transpositions, the left-

hand side becomes 37, the right-hand side becomes 5z RR* + AM with [AM|* =

O(%) Combining the claim and the inequality, we prove the lemma O

Next we show that 1f a matrix 1s almost orthogonal, then i1t can be decomposed

to an orthogonal matrix and a “smaller” matrix

Lemma 11 If RR' = [ + Al with |AI|> = o(3), then R =T + AT with TT' = [

and ||AT||* = o( })

Proof Denote R by |r, ,Tk—1] From the given conditions, we have |r,||? =
L+o(y)and | < r.r,>|=0(}), ¢ # If we construct T = [¢, ti—1) by the
standard 1terative procedure as follows

|
b = 1y b= —4

[l
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b = €l Sh¥ &b > tiyq — 1,

L

t, = —.r—il,l:i) ,k“"l._
li2.]

then TT* = [ Next we prove R = T + AT with |[AT||* = o(%) We first claim that

t, = r,+At, with ||At, |2 = o(i), t=1,2 ,k—1 We prove this claim by induction

)T

For: = I, since [|r]|* = 1+0(}), m = 1+o(;) Therefore, ¢, = HTlxﬂr‘ =r 4o

CS L

Suppose that the claim 1s true for : = m — 1 Then for : = m, from the induction

assumption t, = r, + At, with || A¢,])* = 0(5), g==1,2 m — 1 we have
(L.t 2 =i € v, 5+ £ A, F >
Ll r.tm >+ | < Bl bm > (4 1)

<o) +Atllirmll = ofZ),

and
lEal? = 155" <€ tisrm > fi—rall®
SN ZEY < tyrm > 1l? + (Iramll?
(42)
S TR < turm > |6l 4 lIrm]l?
=1+o(})
Therefore, from t,, = ;';Il < ty rm > ti — rn and above inequality we have

tm =Tm + At We have proven the lemma O

From the above two lemmas we deduce that

Lemma 12 Almost surely there erists an orthogonal matrir T' such that

(1 T, ~”k—l)t = (e1, €2, vek—l)tT+(’71 Mot
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where ||n.]|> = O(%), TT* = I, I 1s the wdentity mairiz

Therefore (W,,W,, ,Wj_,) can be obtained from an orthogonal rotation of

(e1, ,ex—1)" with a small perturbation O(%)

§4.2 The Iterative Procedure

[n this section we will show that after the second phase, almost surely all vertices
in a subset of V' are colored properly As we have shown in the last section, after
the first phase all vertices except O(%) are colored properly Then we can show
that after each iteration, the size of vertex set which receives wrong colors will be
reduced at least by half This can be seen from the fact that almost every vertex
has a relatively large degree ((k — 1)d >> 1), hence if we have a relatively small set

wrongly colored, 1ts vertices will have fewer neighbors

Construct H as follows First, set Hyp to be the subset of V with vertices having
at most 1 Old neighbors 1n V 1n each color class Then set H, to be the subset of
H,_, by deleting any vertex in H,_; having less than 0 99d neighbors in H,_; in

some color class (other than itsown )¢t = | 2 The final result 1s denoted by

H

By using the Chernoff Bound Lheorem we can deduce the following lemma
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Lemma 13 For ¢ = 0001, there exrists a constant v > 0 such that the follows hold

almost surely

I For any two distinct color classes Vi and V,, and any subset X of V, and any
subset Y of Vo, of | X| = ‘2‘“1;‘—‘ and |Y| < k| X|. then |e(X,V;, — Y ) —d|X]|| <

ed| X |

2 If J 1s the set of vertices having more than 1 01d neighbors in G in some color

class, then |J| < 27712

Proof We first prove (1) Since

p=E((X,\-Y)) =V, - Y|[|X]|p
> (3 — kIXIIX]p (4 3)
= [2 —27n]d27"n,

if we set v > ligf—'f, similar to the proof of Lemma 2, we have lim,_., g = o0

Furthermore,

P(e(X,Va = Y)) > (1 + €)d|X[) = P(e(X, V2 = })) > (1 + €) - Tyem) (44)
< P(e(X,Va = Y)) > (L +€)p),
thetefore, limy—oo P(e(X, Vs = Y)) > (1 + €)d|X]) =0, 1e, e(X, Vs — ¥ ) — d|X| <
¢d| X| almost surely By using Theorem 4 2 in [28]. pp 87 we have P(e(X,Vy—1Y ) <

(I — €)d|X]) < e #¢/2 Therefore, hm,—s P(e(\ T, =Y) < (1 —€)d[X]) =0, 1€,

(N4, = Y) —d|X]| > —ed| \| almost surels Thus we have proven (1)
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Now we prove (2) Suppose there exists a set J having more than 1 01d neighbors
in G 1n some color class, say V5, with |J]| > 2_"1% Set X = Jand Y =0 Then

we have |e(X,V, —Y) —d|X|| > 0 1d| X|, which contradicts to (1) Therefore (2) s

true O

Replacing 3 by & 1n the proof of Lemma 3 5 [2], we have

Lemma 14 [2] 4lmost surely, H has at least (1 — 2742 vertices in every color

class

Lemma 15 dl/most surely there are no two subsets of vertices U and W of V' such
that [L| <0001 |W|=|U|/2 and every vertez v of W has at least d/4 neighbors

in U

Proof Note that if there are such two (not necessarily disjoint) subsets U and W,
then the number of edges joining vertices of U and W 1s at least d|U|/8 with |U| > %
Therefore, the probability that there exist such two subsets i1s at most
Ul (U], 4.
(T (s,) P+ ™!

Ul /IUleyS 4, 44,y 1Yl
< (TIZh(He) T+pien 3
4

-

= (CS(ED @5

< (G (+3)
& ((48‘('0 )%)l%l
(2t

= ()( l/nﬂ(d))
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The lemma follows immediately O

From this lemma, we can see that if the set of wrongly colored vertices is relatively
small, we can reduce its number at least by half through each iteration This 1s

summarized as the following lemma

Lemma 16 [2] Almost surely, by the end of the second phase of the algorithm, all

vertices in H are properly colored

§4.3 Uncoloring and Exhaustive Search

After the iterative phase, we know that all vertices in H, which 1s pruned so that the
edge number 1n each color class (except 1ts own class) 1s about d, receive proper colors
almost surely In this section, we will show that a largest connected component of
the graph induced by V — H has at most O(log, n) vertices Hence, we can use
exhaustive method to color the remaining vertices which have been uncolored in the
first step of the third phase

The next lemma shows that the vertex colors in the graph H remain unchanged

after the uncoloring process almost surely

Lemma 17 [2] Almost ~wiely by the end of the uncoloring procedure in Phase 3 of

the algorithm all vertice~ of H{ remain colored and all colored vertices are properly
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colored, 1 e any verter colored v belongs to W, (We assume, of course, that the

numbering of the colors s chosen approprately)

Let T be a fixed tree on log, n vertices of V' Let [ be the subset of all vertices
v € V(T) whose degree in T 1s at most £ + 1 Let H' be the subset of V obtained
by the following procedure, which 1s similar to the way generating H First, set H
to be the subset of V' with vertices having at most 1 01d — (k + 1) neighbors in ¥
in each color class then delete from 1t all vertices of V(T') — [ Then set H! to be
the subset of H/_, by deleting any vertex in H;_, having less than 0 99d neighbors

in H]_, 1n some color class, 1 = 1 2, Denote H' the final result

Lemma 18 [2] Let F be any subset of edges with endpoints in V, then H! C H,, 1 =

0,1,2, Hence, H' C H

Lemma 19 [2/

Pr[T 1s a subgraph of G and V(T)NH = 0]
(46)

< Pr(T s a subgraph of G] Pr(INH' = 0]

Lemma 20 Almost surely the laigest connected component of the graph induced on

V' — H has at most log, n vertices
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Proof Let I" be a fixed tree on log, n vertices of V" Simularly to Lemma 14, it can
be shown that H’ missed at most 2~ n vertices in each color class Therefore
the probability Pr{INH' = 0] 15 at most 2= Since |[] > &ZQM and the
probability Pr[T 1s a subgraph of G] = (%)'V(T““, thus the probability for 7 1s a
subgraph of size log, n which 1s a connected component of the induced subgraph of

G on V — H 1s at most 241k g)(%)b““ ""l(logk n)(logk n)\°8« =2 Therefore from

Lemma L4 we have

Pr[T 1s a subgraph of G and V(T)N H = 0]
< Pr(T 1s a subgraph of G] Pr[IN H' = 0]

< Z—Q(d logy %)( _:1: )logk n—-1 (105': n) (logk n)logk n-—22—ﬂ(d log, )y

= O(n=@)

Hence we complete the proof
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Conclusion

The heuristic graph coloring approach we proposed 1n Chapter 2, which 1s equivalent
to the imitial approximate solution given by Alon and Kahale [2] for the 3—colorable
graph case, has a similar flavor to techniques used 1n the study of the eigenvalues
of the Laplacian of graphs [9] The correctness proof of the algorithm 1s based on
evaluating all eigenvalues of the adjacency matrix given by Alon and Kahale We
have shown that the initial approximate solution can be obtained through a critical
function The existence of an approximation algorithm based on a critical problem

for coloring arbitrary graphs 1s a question that deserves further investigation

37
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