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Introduction.

)

THE LINEAR SHALLOW WATER THEORY:

A MATHEMATICAL JUSTIFICATION

ames Donaldson and Marvin Shinbrot

Tt is well known that a boundary-value problem invelving elliptic partial

differential equation pl

Begides its many

important

ays a central role in shallow water theory [see 5, 10].

applications, is of considerable

mathematical interest growing from the curious instance of the approximation of
the solution of a boundary-value problem for an elliptic partial differential

equation by the solution

differential equation [1

of an initial-value problem for a hyperbolic partial

S

0]. This explains, for example, the appearance of the

initial-value problem for the wave equation

3! = afu +u )

tt XN ¥V
in the mathematical model for waves on the surfa ce of an infinite ocean of
uniform depth,
The many conventional derivations of the shallow water theory that exist in

the literature [10] are open to several objections which include (a) only first
order approximations to the solution can he obtained, and (h) there is ambiguity

about what parameter det

to remove thesge

¥

ermines the accuracy of the

ections

Was ob i by &
formal perturbation procedure in powers of a parameter associated with the
problem. A mathematical justification of the shallow water the would require
a proof that this perturbation series is convergent, or is asymptotically vali



1 and its considerable mathematical

ot
o

Despite its importance in the applicatio

no mathematical justification has been given for the theory other than

interest,
Shinbrot’s results [8] for the case of simple harmonic motion of two-dimensional
linear flows.

It ig our intention here to provide a mathematical Justification for the

shallow water theory Tor time-dependent two-dimensional Flows of an inviscid

irrotational, incompressible fluid, moving under ithe force of gravity, and having
a free surface. 1In doing so, we present another derivation of the shallow water

equations.



2. Formulation of Problem.

us chooge the ¥-axis to coincide with the

of the fluid in
its undisturbed position, and the Y-axis pointing upward. The water now Tlows

between two surfaces: +the hottom described by the eguation

and the free surface described by

et

W

-
(e
"

where £ is a positive parameter assumed to be small. (In general this

foo

parameter represents some physical quantity associated with the flow, for example

the ratio of the mean depth of the ocean to the radius of curvature of waves on

We make the following additional assumptions:

(i) B is a bounded function in its arguments and has continuocus

derivatives through the second order with reapect to

gt

w

(ii) There exist positive constants b, and b such that
* 1 2
b1 ¢ B(¥,e) ¢ b, for all ¥ e R, and
9
(i B (x,e) & L7T(R).




Agsumption (ii) provides a real limitation on our results since it says tha
the flow takes place in an infinite occean with no shores. Dut it is this
condition which guarantees existence and uniqueness of gravity waves in the
linear theory. See [Z2, 4].

7

The normalized equations of water waves in two space dimensions are:

Laplace’s equation

A
H
)

on the bottom signifying that no fluid flows through the bottom, and the

non—linear Bernoulli equation
g+ @&, + =jve|” = constant

and the kinematic equation

et
i

onn the free surface of the Tluid. Here & denotes the outward normal

v
. \} A - /\"}

- R < . 5] . PN e 3 dn

derivative of &, v 1is the gradient operator e 1+ \V~J§? and T( ) = df/dt.
GX aY ]

Here the density of the fluid and the acceleration due to gravity are set equal
to 1. The functions 5 and @ are assumed known at time + = 0.

The problem of determining the velocity potential & and the free surface

7 is very difficult because of the non-linearities in the boundary condifio

¥

orescribed on a surface which itself iz unknown. Tor this reason we adopt the



assumptions of t

agsumptions permit us to drop the nonlinear terms in the boundary conditons, and

replace the free ¢

he linear theory: namely g, gy and |ve| are small. These

¥
3

surface Y = g by the fixed surface Y = 0 to obtain the

boundary-value problem

(2.1
(2.2) @
and
© " Y
\_fwv.gvﬁ) 7

or equivalently,

(2.3h) &
(2.4) &

It ig this

— \JI( .. . .
+ @v‘ = 0 in 2 = {{¥.¥): ¥ = K, —<B{ K,2) <Y < Gji
1
L= O on 7, = [{§,V): X e R, V= —eB(X,e)},
A
- & - A — - Jal 7 . ! e Joo- !
L, o= 0, d, =g, on T = {(d,¥): Xe R, Y = 0},
L )
+ c% = Fa
. 5y 0 on F,
(4,0,0) = fo(?i)5 @t(XEOjﬂ) = £,(%) on I.
i
sroblem that will receive our attention in this paper.

. . * .
For flows in more general domains & (normal domains) Friedman and

E

Shinbrot [1] proved existence and uniqueness theorems results for the

that (2.1-2) and

general, only in

with inner-product (-, =)H. Let k be a nonnegative integer. We denote by

their digtributional derivatives throu

v-value problem (Z2.1-4), in fact for its n-dimensional analogue, showing

(2.4) are satisfied classically, but that (2.3) was satisfied in

a weak sense to be defined below. Let H be a Hilbert space

N

e space of H-valued functions defined on [0, %) with stronngly

We shall denote by H (@ ) the space of functions which, together with
2. %
s At th gh order k are in 177g) The norm in

this

= space is defined by



¥
—

[
nfn‘ = Jl N

o L
172
where o = (&, dol, Sy dn 2 03 !al = g, + <, and D = 9 .
N 1 2 - ; 1 P/ a oy %,
e ts T
LeeN (S35

Tet & and ¥ denote the regiriction of ¢ and ¥ to 7, regpectively.

We say that a function @(X,Y,t) e C([0, «); HY (g )) is a strong solution of

o
|
o

ot

ey

— 3y
(2.5 & e CI{0, oy, L7(Ir));
_ _ 5
(2.6) the strong derivatives @% amd @t% exists and belong to L7(F)
for t » 0;
7o [ s 17 T - .-T * " iy ly’ }:{\ A3
(2.7 (¥, v&) ,, , + (P, @tt) 5 = 0 for all v e H (G )}, and
L g T AN
Tx ’.{.! ) s <I,‘
(2.8} s(X, 0) = £ (¥, @y(X, 0y = £,(¥%)

For normal domains Friedman and Shinkrot [1] were able teo prove existence of

sng solutions of (2.1-4). However for standard domains (domains such that

air, Fl) > & » 0, d(A, B) denoting the distance between the two sets A and

i
©
g
e
.
st
T
Vot
i
=
J
o
bty

n)  garipov [4], and Friedman and Shinbrot [2] have proved the

smooth solutions of (2.1-4) satisfying all conditions clasically given sufficient

smoothness on the initial data 3\fX} and  f_(X).
| *
Thus the condition in assumption (ii) ensures that & is a standard
and conseqguently that (Z2.1-4) solution.




%]

Let ¢(X, ¥t} be the restriction to I of the solution &(¥, Vv, ) of
{2.1-4). Then #(¥, ¥, t) satisfies the boundary value problem
e — \}T(
3 4P = 0 3
@XX ! @‘Y dooin 2,
$ =& on T,
and
o
= = {0 on I,.
fed %) 1
Since @ depends uniquely and linearly on the function ¢ we may define a

linear o

has

Th

- 1
Droblem
(2.9
RN R
(e iid)
ST 1
Lene 1 >

The relation of the abstract

bounda

3
i

perator K Dby the eguation
Ko = & on I
{F ®, on T
operator K, in general, is a pseudo-differential operator which iz positive

a self- extension which we denote also by

e boundary conditions (2.3b) and (2.4) vield the abstract
Z,
in LT(5)

(i){i.- O\ = (_r"\.‘
X, 0) 0¥
¢ (X, 0) = £ (X).

al value problem (2.9-2.11%

IWHLITL

y—value problem (2.1-4) is provided by the following result.



Theorem (2.1). [2]. 1If
its restriction ¢ 1o I is

strong derivatives in

solution of (

which leads to a justi

linear flows, and to a new der

oo

)
(.

i a strong solution of -4,

5

a solution of

(2.9-2.11), and conversely, if
2
of {2.8-11) with values in 17(/) and having two
then it is the restricition to I of a strong

the solution to the abstract problem (2.9-11)

of the shallow water theory for two-dimensional

ivation of the shallow water equations.



3. An Equivalent Problem in a Region Independent of < and B.

. ¥
}, 2, which

OV

each fived ¢ > depends upon

-

It is useful to introduce new independent and dependent variables

place of the space wvariables we introduce

i
fl
it
£
-
Gt
<
|

= Y/(-eB(¥,e))

and for the dependent introduce @ defined by

S(X, ¥, t) = ¥ + ed| (x,v,t).
Introduction of these variahl in {(2.1-4) then vields
) Z2. =
(2.0 e =& +e{v-F_-PBB& ] =0 in @, t » 0:
) ¥y > XX =
(2.2) e F@‘(“j) = eBB o oon ro= {(x,v} ®x e R, ¥
(3.3 e+ ;B@tt =0 on I = {{x,y): x &R, v =0}, t>

(3.4 e®(x,0,0) = fO(i) e@t(x,OsO} = f3(x) on I

where @ = {{(x,vy): x e R, -1 < y < 0}: V~F© is the divergence of
—_— - [ ~ o ~

£ () = £ () - and F_ = (B"® -BB y& )i + (Bv"¢ -BR yo

0 o - $ K X Ty
T

ansformation sending ( into  (x,v, This tra

t;e).

invertible and we denote its inverse by F 7.

We associate with (3.1-4) the boundary-value
< -
(3.5) ¥ 4+ e (v-F-BB ¥) =0 in @, t > 0
(et X -
JY b S

&, iz a standard

We

msTormat ion

domain.

follows.

denote

by



jomnnd

(3.7 ¥+ gR¥ = Bf on Iy, g O; a > O
& L

. b, .

(3.8) ¥ e H (q).

Now a solution ¥ of (2.5-7) satisfies (2.1-4) if f is chosen so that

the initial value problem

(3.9) —-e¥ +a¥ = f on I, L »

P
—+
H
G

satigfied.

fod
h

Esgentially what has happened here is a separation of varisbles. Now

7y

unctions which are to be determined.

S,

Theorem 3.1. For each fixed & > 0 the problem (3.5-8) has a unique

- . \ 1 J kd e
solution for each F e CC<!).
b

Proof. Applying the transformation F * +to the independent and dependent

iables of  (3.5-8) one ohtains a boundary value problem for which existence

and uniqueness results were estabhlished in [27.
We consider the associated boundary value problem obtained from (3.5-8) hy

with the condition

j—
Do

v o+ £7F .3 = 0.

(%)

e
g
(

{(3.9-10) is an uwnusual initial-value problem in that ¥ and ¥ are both unknown



. . - « 34 . S - v
This problem has a unique solution for each We define

b
as follows
{3.13) Tf(x,t) = ¥(x,0,t)
¥ ig the unique solution of (3.5, 3.7-8, 3.12)

S0,
(MY and

where f ¢ Cq
Theorem 3.2. The operator 7T has an extension to a bounded linear operator
D]
T on L7{r). For each & 0 (8 < «) there exists € > 0 such that
1 N
HTFn $ e TN, whenever ¢ & .
2., ° o8 L2 0
L7(r) L7
T 1is positive, and has no non-trivial null space.

{(¥/B) and

Proof. Let f ¢ C@(F}. Multiply each side of equation (3.5) by (¥
2 to obtain, after applying the

integrate the resulting expression over

divergence theorem,

- ¢ S
(3.14) RIS Y L =
i B VB
\‘Q
“}
[—aw™ + f¥]ds,
ir

or equivalently,



frad
o]

o S L g \ 2
(3.15) |+ e“iv|o|-F - v ¥ Lav + 5| +° 4
B i B ¥ ¥ X ~
¥4 ~ 7 i
. S
= | [o-8)¥° + fy]ds,
I
where & ig an arbitrarily select positive constant less than «. Given &

can be made non--negative for

0 < e < e,. Choose ¢ 3 Then
0 o
o , = . r [ 52
(3.1¢6 o, T = {f, ¥ = | fw ds > (o-8) v ds
Lo L7 Ir JF
) ) ) A
= {o=6)d¥, ¥ = (a=8)NTfu" ,
17 ()
or
— 1
nTen . < - HEAI
2,..7a & EDLAPNN
L7(r) L7
. o0 . . 2. = . 2.
Since ¢ (I} is dense in L7{r) T has an extension T to L™{(r) with the
0 .

same bound. From (3.16) it is readily seen that T 1is a positive operator. To

show that T has no non-trivial nullspace, we employ (3.14). Suppose
TF = 0 = ¥(x,0,t) on 7. Then
(3.7 O = f, Tf> = <f, 20 = gdy, ¥_ +
r ! I I
2
el T 3
i ¥ g By "
o+ Visl+F - B L1dv
I & iv [B} ¥ E(\yx) d
v ; }
L
9
£ i_]- 7{ .!
Py B N 1 3
5 | R ) S & oyes
z £ 9 e ¥ /
- EA B 1 i ! - b Ty dy
Y t J 1 > |



when

1
, A S
ZUJ iY +?V+§;ﬂv for some v > 0
o pee Y

e 1s sufficiently small. Thus ¢ =% =y¢ =

follows from the equality

let

and

I . N
Py 2= & ] .
0 = j ! i {‘wrviﬁ} vaY@é dv + o ®p 43
%4 [ ’ ’ e J wr
W
{ 1,
= J fo 43 for all & ¢ H ().
r
Thus T has an inverse which we denote by A

Lemma 3.1. T is not self-adjoint.

To gee this, it suffices to show that T is not symmetric.

Proof. Tet ¢ and ¥ both satisfy (3.5) and (3.12)

e

¢ and ¥ satisfy, respectively,
@y + aB¢é = By
b4 aB¥ = Bh
¥
(e eI N
g, he C () Thus

r , r

j g le aBajdS = | egdS = {g, Th»_
3 =7 i

o v J

2). On the boundary

LA

™~



Thus T is not symmetric, and has no self-adjeint extension on L7(r'). The
non—self adjointness of T makes necessary the consideration of an associated
boundary value problem whose solution approximates the solution of the boundary

value problem consisting of (3.5), (3.7-8) and (3.12).



4. A Boundary Value Problem for 1

We consider

¥
{4.1) L.@ = £ B(Bs ) =0 in
0 X ®

(4.2) & + oBe = Bf on T,

%

~
(4.3 ¢ =0 on I,
: . Z.
(4.4) 2 e H (2).

That this problem can have at most one solution, ar

is given by the following two rezsults.

j-—

¢

Lemma 4.1. (Uniqueness). The boundary-value problem (4.1-4) has at most

one solution.

Lemma 4.2. (BExistence).

ot
ity
)
0

)

Proof of Lemma 4.1. Suppose ¢ and ¢

Then  # = @1 ~ ¢, satisfies the homogeneous

L& =0 4in @

kN

then the boundary-value problem h

-~ are two solutions of (4.1-4).

I S

boundary-value problem

id that it has a seolution

oy

L

w



0

£

on

s
re,

e

e H(g).

W

=

—

Take the inner-product of eact

theorem

&

1 gide of the equation (4.5) with /B and app

to obtain

2
e
va 92 9 2
[— + eTBeT ldV + « f 7 ds = 0.
. B ® J
a | j r
Thig implies
L2 -
r%y, 22 1 2 2]
| —y t e BE dv + a 5 & - P JdV < 0
. i hee &
Ja a Y
or
. o .2 22 1] | 21
4.9 J {o |®@|7 + e7Bel + b§ a}%@r! dv ¢ 0
Q {L. X K )
whers we have used the inequality
.2 1,2 | 2 .
i # ds ¢ = D - A
Jr J e ’ J
i 2
. 2 2 2
The coefficients of the [2]7, 3@ { and |&_| can be made positive by
b vl
e p 1 o T n )
chooging e > 0 and 0 < a - It follows that for e > 0 and 0 < « -
L"?
T
that & = 0 ¢ H ()



f—
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The proof of Lemma (4.2) is a modification of the proof given for the
- , . 1 1 , .

special case Blx,¢) 2 - = and will not be given here.
For f e C {r)y let olu,v) = ¢(x,v;T) be the solution of (4.1-4)., We

define an

(4.10) TF = &(x,0:F) = &(x,0), e C(Q).
0

Theorem 4.1. The operator TQ defined by {(4.10) has an extensgion to a
L.

bounded linear operator on T on L7(r). The operator T iz pozsitive
t O ' 0

gelf-adjoint, and has no non-trivial null space.

Proof. The proof that TJ has an extension to a bounded operator T,

L7(r), and that T is positive, and has no nontrivial nullspace i

o

1]

on

egsentially the same, except for slight modifications, as the proof of Theorem

3.2, That T, 1is self adjoint follows from the identity

= Lo+ e” By e (dV o+ o | e dS

= ¥ dS + o ¥ dS = f

£
[0
53]
t
Pty
=1
[5e]

-3

which shows that 7T is syvmmetric. Since ig also zemi-bounded it has
0 ; 0



extension to a semi-bounded self-adjoint operator TQ with the same bound as
(%4
TO. [Bee 7, 330.]
Thus TO has a self-adjoint inverse which we denote by 30. Let wi(t) bhe

a LT{r)-valued function defined for all non-negative t. Furthermore, 1

[$)
ey
ot
<
-
Seae

e
A%
. f/(?« -
and vy € @{AO’ 7. Of dmportance in the derivation of the linear shallow water
theory is the abstract Cauchy problem
(4.13) ev'(t) + (A —al)w(t) = 0, t >0
'4.14,‘ v(l’)) = v v (0Y = v
whose solution is given explicitly by the formula
»\w -
(A 1R e { cr. o m101/2 ,
(4.15) v(t) = i cos(tl{i-aie ) dE}vﬁ +
i3 A
Ja
L8 1 I_ Y& 1 179
. p N RN . N SR R
[sin{tia—aie ™) A{a—0e T JdE v,
AT
._}g
I'd N
where %EA} iz the spectral family of Aq‘ We remark that the solution of
k¥
{(4.13-14) with initial data eVy = fo(x) and ev, = f}(x) ig an approximation
of the sclution of the abstract Cauchy problem (2.9-11) of section 2.
We obtain an explicit representation for the operator AO - al. It is
natural to begin with the boundary—value problem (4.1-4) since the inverse T of

the operator A is defined as the restriction to I of its solution. We cbtain

TN T L T 1+ - - 3 oe . . - P I W, B U S
a representation for itz sclution by emploving a generalized Fourier transform.



We define the Fourier B-tiransform

(4.16) Tra)y = w [Fl1(A) = J Fs)
R

where

ik
¥
oy
18]

~
o
b

and and define an operator P by

PF = Bf

X

The following properties of the B-transform are easily verified.

Lemma 4.3. If f = F%(P) and B e Cmnl(R), then

o

TLemma 4. If f & L,{(H) then there sexist positive constants ¢,
2 1

(4.18) oy it

and o,

2



Theorem 4.2. Let the operator A

|
(A, ~al)f(x) = é—iB

faent
4]
<3

foned

where ¥
B

A

Proof. Apply the B-itransfor

boundary-value problem

& - & {)& %
t’wr:\‘; i
¥

& o k

it

{el&{ tanh(e |4 |

of the B-ira

to

o

whose scolution is given impl
"
o (B{f—ag))(a,v
Bih, v 1Y (A,
»emgtanhfeg)‘j
Now for y = 0

from which follows

(4,203

,/—\J~ .
(B(T—co)) (A,

0)

A

e%h!tanh(e}hi)

0

be definsd as above and

obtain

the

S
[o—



Applyving the inverse B-transform to each side o

iy
-
P
vy
1))
{
e’
ot
[
jorl
N
O
s
o
ot
I
!
b
o
-
o
]
5103
iy
"y
=
&

the substitution of A.f for f in {4.20) vielde the conclusion of the theovem.

We rewrite the boundary value problem (3.5), {(2.7-8), (3.12) in the form

sy
3]
st
[
&
i
m
3
-
e
-
]
&

{(4.22 v = & Ny i

-
o
]
o

1

and
- A~
8 - T 2
Ne F_-J.
Apply B-transtorm to this problem to cobhtain the system
. ~ 3 Do o
(4.25) ¥ — e AT = g7 1 < I8
T (A ¥ T e Ly, 1<y 20
A 4 1
LA B
s i
(4.26) ¥ o= &Ny, v = -1,
%7 b
y

~3

= —oB¥ + BT, v = 0.

3 o

The solution of thisz problem is given implicitly by



8]
s

PlAay,b) = (A+Bieoshle|aly) + & tanh{e{al)sinh({e|r|y)

where

— <9 O —~

i
[

and

3 r,; —~—"

s) o= ,  and

[
s
(]

<y

e

on I it takes on the value

POA0,8) = A+ B + C(O)

0 ;

T 5 r,osh(, lh!(g‘ll‘)\ o~
P Y L ¢ e =g S Ca g V] e
B(f-a®)(4,0,1) 3 ( cossh(é[A|> LLl?\A,u,f,]iQ

SﬁA : Tazs £ TN |
e Nela,—1,%)
sinh{e A ])

L J

From the last equality we cobtain the representation

(4,28 BlaA~ali el {a,0,t) = efaltanhleia|i?(a,0,t) + G, (A, L, e
, _ 1in,0, , | 0, ;

1



0 L .
o 2 cosh(e [a|({s+1)) T ,
(A, t,e) = ¢ : P L Lyw{a,s,tds
1<\ e { 1 cosh(e]al) I

5 ‘
& !A]Nﬂ)\,»l,i_)

* cosh(e]k!)

An application of the inverse Fourier B-transform to (4.28) gives the

representation

S

(4.29) (AaT)e(x,0,t) = & # 1e A tanhie [AF(4,0,1)

)
[9V]



5. Derivation of "Shallow" Water Equations.

Let W(x,t) be the restriction of ¥ +to 7. Then the results of the last

5\

gection enable us to rewrite equation (3.8-3) in the form

2, . .. . . .
wherse fo, fl e L{ry, and W is a L7(r)-valued function of t which has

strongly continuous strong derivatives through the second order. Thus we meet an
-+ Cauchy problem for W. If (A-al) were gself-ad

then gpectral theory could be used to write an explicit representation for W.
e s
(See [7]).

Employving the representation given ir

be written in the form

A 1 : . .
(5.3} W o, + KW = GO, b)), t > 0,

tt B 1 ’ ’
where the operator K, defined by

W{x,t) = = 7 {efﬁ‘tan(ejAg}W(Agﬁ}} = {A -al)W,

marks following proof of Theorem 4.2.) 4n
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oy}
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~
S
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Since the second term on the left-side representation of

2
ﬂe”(BWV‘Y, the equation

o~
-

N

is obtained.

Aoy

the vsuval eguation of the two-dimensional Tlows.

(5.6) appears new.

bl
Pl
3
fomt
&
e
=
[

Thig deriv
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G. An Estimate for ﬁq—goﬂ o
L=(r)

To complete the theory developed here an estimate must be obtained for the

. g . . g .
magnitude of the error resulting from approximating W by W,. The eztimate
& 23 { J

may be obtained from a consideration of the two abstract initial value problems

(6.1) eW, . + KW = = G, (x,t,¥),
3 L

8]
R =0,

(6.3) eW?
) ’ T

Y

where K is the operator defined by

We are now able te state our major result.
- = . /2. .
Theorem 6.1. (i). Let . e (K.} and f, ¢ 2(E"7). (i1} TLet
. o1 _oa . . 0 N 0
satisfy (4.21-24). (iii) Let 2z = —&/W and 7 = ~ew* where W and W are
the solutions of {6.1-2) and (6.3-4), respectively. Then for 8§ > 0 the

following estimate 1s valid.



L0 ; L2
Hp (e B (o000, = 0{e 7)),

for all t e [0, S].

The prool requires several preparatory resulits which are now given,

Lemma 6.1. If condition (ii) is satisfied, then ¥ exiats a congtant

such that

1 7

u’ﬁ G(x,t,#H o < “r Hei

L=(r) H7(2)

Lemma 6.2. Let ¢ bhe a fTixed positive number. then there exists a

constant €, > 0 sguch that

e

jerltahn(efal)—e|a])| € Coe™|a for all A e R.

Lemma 6.3. Let W be the solution of the abstract Cauchv problem

(6.5) WUE) 4 TH(L) = €(t),  t o0
(6.6) W(0) = W (0) = 0,

fmd

where L is a positive f~adjoint operalor defined in a Hilbert space ¥

novm 1o, and G{t) is an ¥-valued function of t whose domain is the

non—negative r

ju—



]

ety < 2 HG(s)ids for 0 ¢ t ¢

7

Proof. Take inner product (6.5) with W*'(t) +to obtain

WU Ry, W

Pam
oo
—

Yrob AW, Welt)r o= <G, W ()

from which follows

1 f I 2 172 . . 2% oo
- CHWECE T 2 BAT W) ; < HGH W (e

[P

. { 2 172 2Y1/%
Encit)ninw'it)n + AT TN e
. J

The solution of this inequality which satisfies the initial condition in (6.5) is

given by
[ L vt
Inwr(tn® - onat } 5o ] nG(s)nds.
{
Hwe(tyn ¢ 2 g HG () ds.

Lemma 6.4. If f e m(Kﬂ} then f e m(mo,.
IS
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1

WKL T
o G[T

o
Loy R
(r)

™

a lle® a5 ool
L™

y
/

-y

> dotle fatanh(e|a DA

2“%<?él{elkgtanh{etkgﬁ%{hi}n

= d nEfn
- ()

i

where lemma 4.4 has been used repeatedly.

Lemma 6.5. Let Wo(x,t} satisfy the initial value problem (6.3-4) for

- - X L L/2 i
fo & K.} and fl & @(RO‘ J.  Then there exists a constant ¢  such that

Proof. Let Ey be the gpectral family of operators associated with KO

2 . . ' . 0
where K = e hn. Then an explicit representation for the solution of W (x,t)

of {6.3-4) iz given by




® T 1
g, : 2 5 T, sinlfuet) | %
KW (2,t) = e ulcos (Juetydn £+ ELAET) g e |
. y E: A J # O ,’J 1
0 e |

¥ follows from the last equation that

et

o o i
O :-z[r -1 4 (" -172 172 |
LW (%, < e 3 B F - + T TAE g
[ CRT P e B il o ) e TR Bl

L7(r) L $ L7 0 L7 )J
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aines  Foe (¥ . r (T 4
since IO & £(BO> and fl € w(ﬁo 3

The inequality in the lemma follows by observing that

i/fm{ YO % 'k)‘
(K IO>% (-,f,‘

i = l}, s‘;}“{a M (tanh(e lal)—< }\F')%Q()a,“)T
2 !tB B |2 efrprefall “’jn

Lo(r

< (?Qne()\S{tanh(a;M}—-é[/‘xg_)//’w (eom .,
L7{r)

{by lemma 4.4)

[FaN

. 200020
C,lie AW, ),
- L7

(by lemma 6.2)

[ e
2

4H%'?£1{52§A32§3(A’t>}“L2(f>

{(by lemma 4.4)

= ol 0
azﬁihoa,




[
frond

where C,, C., C,, and C, are constants.

Py
=
[y

proof of the theorem. Let

We move now 1t
P I o I rF EN — O ..\ A
(6.7) Zix,ty = W (x,t) — eW(x,t)

o 0, . . e e
where W(x,t) and W (x,t) are solutions of the initial value problems (6.1-2)
and (6.3-4), respectively. Then Z satisfies the initial value problem

N DR

Wi, b

oI

.
(%)
0O

-3

i

+
{\x! S

KZ = - ’-é-G (s, t,?) + (KK

75

We apply lemma 6.2 to obtain

HZ, (s, 800 < 2{ Jni-g (s¢,8,9)+{E-K EWO(X,S)E
t . L ) o !
= L

S ]
5 LJO %HE.G!(xjg,%ﬁusz 3%ds

2 1/2.
< Dyeiivn + 2CSle+e ™" 7)
A yphd
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