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Supervisor: Dr. A. Zielinski

ABSTRACT

Directional acoustic beams are used in diverse sonar systems. For efficient
transmission of a sonar signal, the sound energy is projected in a narrow beam.
For reduced interference in reception. the sound signal is received from a narrow
spatial sector. Typically, such beams have associated sidelobes which adversely
aflect sonar performance.

The goal of this thesis is to propose several novel acoustic arrays which are
capable of generating desired search-light-type and fan-type beams with greatly
reduced sidelobes. These novel acoustic arrays have fewer elements than con-
ventional arrays of similar performance. The design of such novel arrays is in-
Lereatly more difficult, however, since it involves nonlinear optimization. Such
an cptimization is normally computationally intensive and may not be globally
convergent.,

This difliculty Las been overcome by newly developed concepts and associated
array pattern synthesis methods. A new concept called the equivalent linear array
is introduced; a design method based on this concept benefits from existing design
techniques developed for linear arrays. The equivalent linear array concept is fur-
ther developed to lead to a new and effective method for arrey radiation pattern
synthesis. A second new concept called the scale-invariance radiation pattern is
introduced, and the subsequent relation between two novel arrays is discovered.
Using this concept an angle mapping approach is developed which transforms a
radiation pattern generated by a circular ring array to that of an elliptic ring ar-
ray. This approach takes advantage of methodologies developed for the design of
circular ring arrays. A third concept. constraint directions, is introduced: a sub-
sequent new iterative method for array pattern synihesis is developed to meet the
nced in compact receiving/transmitting array design. With the help of these new

concepts, the proposed synthesis methods avoid the use of nonlinear optimization




i
techniques and merely require simple matrix operations. The methods can be ap-
plied to the problems of synthesizing radiation patterns of arrays with arbiteary
sidelobe envelopes. with nonisotropic elements, and with nonnniform spacing be-
tween elements. The usefulness of the developed methodologies is demonstrated
in various design examples. The methods developed provide powertul tools not

only to design novel acoustic arrays but also to design antenna arrays.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Sonar Systems

Sensing the ocean beyond visual 1ange requires sonar systems [1]. Objects such as
submersibles, ships and underwater beacons radiate acoustic energy and passive
sonars can be used to determine their presence and their acoustical characteristics.
On the other hand, in active sonar a directional heam of sound in the form of
a short burst of energy is transmitted. If an object is in the beam, some of the
sound is backscattered. The backscattered sound ccho is detected by a receiver.
The received signal is usually displayed as a function of travel time and direction.
The common depth sounder is an example of this kind of sonar. Sidescan son:
uses a fan-type beam which is narrow in one dimension (~ 19) and relatively
wide (~ 30°) in the other. A short pulse is transmitted along the heam and the
reflected echo from the bottom is sequentially recorded. The record represents
an echo from a narrow strip of the bottom. The sonar is continuously moving
forward, and the accumulation of successive returns produces an overall image of
the bottom (Fig. 1.1).

The radiation pattern of a transmitting/receiving transducer plays an impor-
tant role in system performance, and therefore it should be designed to suit varions

needs. Of particular interest is th.: presence of sidelobes in the radiation pattern




Ship

Sea surface

Cable
Sidescan
"ﬁsh"
Acoustic
array

Acoustic
ray paths Bump on

seafloor
I\\#’t

é‘% g

il j

Acoustic
beam ~—*|

Seafloor

R %.‘.
Direction
of fish travel

No return Return from  Acoustic  Gray zone of

First bottom  gide of target  Shadow normal regional
return lfacing ﬁsgh behind backscatter
target

(b)

Figure 1.1: Geometry of sidescan sonar and topography of bottom. (a) Vertical
profile of ship and “fish” moving into the page and sonar beam aimed athwartship.
(b) Plan view of raw (uncorrected) sidescan image.
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as Ulustrated in Fig. 1.2, These sidelobes adversely affect sonar performance sinee
signals are admitted from sidelobe directions in addition to signals heing detected

in the main lobe direction.

1.1.2 Acoustic Transducers and their Radiation Patterns

Today’s most common acoustic transducers are slabs of piczoclectric materials
that expand, contract, or chiange shapc when electrical voltages are applied. Since
1950, ceramic inaterials have been used because of their high output, mechani
cal strength, and ability to be shaped. A ceramic transducer commonly has a
thin conducting electrode covering cach face. A voltage applied across the clec-
trodes causes the thickness of the slab to increase; reversal of the voltage causes
t:. thickness to decrease. When the element is in water, these expansions and
contractions cause sound radiation [2].

Often a principal goal in transducer or transducer array design is to achieve a
specified radiation pattern p(d, ¢), representing power density in watts per square
meter, through suitable geometry and/or arrangement of sources. T'he specified
pattern frequently embodies the intent to enhance radiation in certain directions
and to suppress it elsewhere. Sonar systems use such directional transducers. In
transimission, the sound energy is projected along a narrow bheam to maximize
output in a certain direction. In reception, the sound signal is received from a
narrow spatial sector to reduce interference from other sectors. The other im-
portant use of directionality is to resolve the backscattered signals from elosely
spaced objects.

The directional responses of the transducer are the same when used as a source
and as a rerziver. A useful measure of this directional response is the power
directivity function, which is the radiated power density p(0, ¢) in the direction

(8, ¢) divided by the radiated power density averaged over all directions; that is,

_ p(0,9)
(1/477r2) [T J&™ p(0', ¢')r sin 0'dO' d !

D(6, ¢) (1.1)
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where r is the distance from the transducer and is assumed large enough to ensure

the far ficld of the transducer.

1.1.3 Sidelobes in Radiation Patterns

Directional acoustic beams, such as search-light-type or fan-type beams, ave widely
used in sonar systems. A search-light-type beam can be generated by a circular
piston transducer. The three-dimensional radiation pattern of such a transducer
is shown in Fig. 1.3. A rectangular transducer can be used to produce a fan-type
heam. The three-dimensional radiation pattern of such a fransducer is saown
in Fig. 1.4(a). However, the major problem encountered in these transducers is
the existence of sidelobes in the radiation patterns. The first sidelobe level of a
circular piston is about 17.6 dB down from the main lobe maximum, whereas the
rectangular transducer offers only 13.5 dB suppression of its first sidelobe [3].

In fan-type beam applications it is possible to use a linear array of rectangular
transducers to control the radiation pattern in the narrow beam direction by
the application of proper weights to cach element. In the broad beam direction,
however, the radiation pattern is determined by the width of rectangular elements
and still exhibits large first sidelobes (13.5 dB down) as shown in Iig. 1.4(b).

A rectangular pianar array can b= used to reduce sidelobes for both search
light-type and fan type beams by suitably weighting its clements; however, the
number of eleinents required to accomplish this task is about M ~ N, where M, N
are the array dimensions expressed in multiples of hall wavelength (3], This results
in complexity, not only to the power distribution in transmission bhut also to the
summing network in reception.

The goal of this thesis is to propose several novel acoustic arrays which are ca-
pable of generating the desired beams with greatly reduced sidelobe levels. These
novel acoustic arrays require fewer elements than pianar arrays to achieve the same
performance. The design of such arrays is inherently more difficult, however, since

it involves nonlinear optimization, a computationally intensive technique that may
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Figure 1.4: (Continued)
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not be globally convergent [4]. The thesis presents new concepts and associated
array pattern synthesis methods to overcome these ditliculties, The new synthesis
methods provide powerful tools not only for the desisn of novel acoustic arrays

but also fer antenna arrays.

1.2 Literature Review

In the mid-1943s, with the advent of high performance ceramie piczoclectric ma
terials such as barium titanate, it became possible to make transducer elements
into shapes such as rods, hollow cylinders, hollow spheres, seetions of spheres, and
paraboloids [5]. Each shape is characterized by a distinctive directional pattern
when used as a source or receiver. Recently developed piezoelectrie polymerie
materials [6], such as KYNAR, available in the form of film and wire, now en
able construction of inexpensive and innovative acoustic arays. ‘The use ol arrays
instead of single radiators makes it possible to tailor radiation patterns to ai-
most any desired shape as well as to increase the gain and the power handling
capability.

A direct way of designing a transducer with a desired radiation pattern is
to control the sensitivity distribution on the face of the transducer. This treat
ment is called shading, and the sensitivity distribution is called an aperture. In
a classical paper, Taylor [7] derived a smooth aperture which yields the mini-
mum beamwidth for a specified sidelobe level. If the transducer can be made
to vibrate in such a way that its aperture function follows a Ganssian function,
then the radiation patterr 15 also Gaussian and has no sidelobes {8]. Because of
these attractive characteristics, researchers have attempted to produce an efficient
truncated Gaussran transducer; their eflorts are reported in the literature. Von
Haselberg and Krautkramer [9] used an array of octagonal transducers to approx-
imate a Gaussian function. Martin and Breazeale [10] and Du and Breazeale [11)

showed that Gaussian beams can be obtained by having full plating on one face of
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the circular piston element and a small clectrode on the other face. Zerwekh and
Claus [12] and Claus and Zerwekh {13] developed a Gaussian transducer that has a
number of concentrice ring electrodes. cach driven by a different voltage (piecewise
Gaussian) provided by a voltage divided network. All the above design methods
[ollowed the approach of exciting a uniformly polarized piezoelectric element with
nonunifortn (Gaussian) driving voltage and field.

From the practical point of view, however, constructicn of transducers with a
continuously varying sensitivity distribution is a complex task. One way to re-
duce this complexity is to approximate the required sensitivity distribution on the
transducer’s face with a small nianber of constant sensitivity segments. The early
work of using discre e coustant sensitivily segments to approximate a continuous
sensitivity was reported by the National Defense Research Committee [14, 15];
however, their work was limited to experimentation with only 2- and 3-level dis-
tributions. Later, Martin and Hickman [16] considered the problem of optimizing
a bhi-level sensitivity ratio between the central and outer segments and segment
size ratio. Drost [17] approached the problem of optimizing a bi-level sensitivity
distribution by coherently adding the predicted radiation patterns of the two lev-
els. The sizes of the segments were chosen so that the first positive sidelobe of the
wider segment canceled the first negative sidelobe of the narrower one. He then
varied the sensitivity ratio to minimize all the sidelobes. Recently Zielinski and
Wu [18] have used linear optimization techniques to create arrays of circular ring
radiators with radial radiation patterns that approximate the radiation patterns
of A/2 spaced linear arrays. Most recently McGehee and Jaffe [19] have proposed
an oplimum meaun square quantizer approach to choose the “best” segment sizes
and sensitivity levels for a segmented transducer by minimizing the mean square
error bet'veen a desired sensitivity distribution and its discrete level approxima-
tion. The piecewise approximation may achieve an acceptable radiation pattern

in a segmented transducer but generally requires a large number of segments.
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Furthermore, the relation between segment size and desived radiation pattern is
unknown.

Varying the weighting coefficicnts of array elements provides the array de-
signer with the ability to control radiation patterns. The designer has the ability
to form a pattern with a main lobe and sidelobes, to control angular placement
of the main beain, to select beam sharpness by choosing the length of the ar
ray, and to produce a shaped pattern without nulls. All of these form a basis
for pattern synthesis; a large number of papers have been devoted to this area.
Schelkunoff [20] developed the general conci pt of the array polynomial and the
relation between pattern shape and polynomial z vos. Dolph [21] determined the
array weights for a uniformly spaced linear array of sotroj.ic elements that yield
the minimum beamwidth for a specificd sidelobe level. Villeneuve {22] deseribed
how Taylor’s method [7] developed for continuous shading can he applied to dis
crete arrays. Hyneman (23] and Hyneman and Johnson refined shaped bheam
synthesis using pattern zero shifting to ininimize ripple. Elliot and Stern [25] and
Orchard, Elliot, and Stern [26] presented additional pattern synthiesis techniques
for arrays. Another technique for pattern synthesis is due to Woodward [27, 28].
This technique is based on the weighted superposition of a number of (sinw)/u
patterns deflected by different amounts to one or the other side of the w = 0 axis,
with peak amplitudes suitably chosen. The principal merit of this approach is its
simplicity; however, undesirable ripple between sample points makes the results
inferior to those produced by Elliot’s methods. White [29] developed a method
which deals with pattern extremes rather than pattern zeros, and this method
may be simple to apply in some case. Other techniques are desesibed by Schell
and Ishimaru [30]. All of these techniques, however, are applicable only to arrays
consisting of uniformly spaced elements with nondirectional radiation patterns
(isotropic elements).

In a recent paper [31] Olen and Compton, Jr. presented a numnerical synthesis
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technique based on adaptive array theory that can be used for arrays consisting
of a set of elements cach with an arbitrary radiation pattern. This method is
a numerical technique, and however, it does not yield analytic solutions for the

required weights.

1.3 Organization of the Thesis

This thesis puts together the research results pertaining to two major themes:
Novel Acoustic Arrays and New Array ['atiern Synthesis Methods. The following
is th..+ outline of each chapter.

CHAPTER 1

This chapler introduces the basic concepts of sonar systems, focusing in par-
ticular on directional acoustic beams and the existence of sidelobes. The devel-
oped techniques for generating such beams and the associated pattern synthesis
methods are briefly reviewed. The motivation of the research is addressed. The
organization of the thesis is also discussed.

CHAPTER 2

In this chapter a novel array of circular ring radiators is proposed which gen-
crates a symmetric search-light-type narrow beam with greatly reduced sidelobes.
Such a narrow beam can find several applications related to acoustic remote sens-
ing, telemetry anc specialized sonars. A design method is detailed which bene-
lits from existing design techniques developed for linear arrays. The developed
methodology requires only simple matrix operations and does not involve nonlin-
car optimization. The results demonstrate that radiation patterns with arbitrary
sidelobe suppression can be achieved.

CHAPTER 3

This chapte~ introduces a convenicnt procedure to design a novel array of
circular riug radiators. Several practical aspects associated with implementation
of such an array are investigated. Specifically, the important aspect of sensitivity

of the radiation pattern to finite tolerances associated with array implementation
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is addressed. The results are presented in a tabular form convenient for a designer.
Chapter 3 also describes compact receiving/transmitting conligurations for a
piston transmitting element and a receiving array consisting of the same trans
mitting piston surrounded by several concentric civcular ring:. of piczocelectrie film
or several concentric hollow cylinders operating in longitudinal mode. It is shown
that such a configuration allows for good sidelobe suppression in the combined
transmitting/receiving radiation pattern even for arrays with a small number of
elements. A design example shows that a narrow beam of ° beamwidth with
more than 48 dB sidelobe suppression in transmitting/receiving pattern can bhe
achieved with an array consisting of only 6 elements.
CHAPTER 4
In this chapter a novel array of elliptic ring radiators is proposed which gen-
erates a fan-type beam with controllable sidelobe level. Such an array can find
several applications in specialized sonars such as sidescan sonars, sonars for fish
finding and stock assessment, and obstacle avoidance systems. T'wo possible ap-
proaches to the design are presented. One approach utilizes a mapping which
transforms a radiation pattern generated by a circular ring array to that of an
elliptic ring array. This approach takes advantage of methodologies developed
for the design of circular ring arrays. The other approach uses the concept of an
equivalent linear array (ELA). This approach benefits from the existing design
techniques developed for linear arrays. It requires only simple matrix operations
and does not involve optimization. The design examples presented demonstrate
that a fan-type beam with sidelobes suppressed to more than 40 dB in all possible

directions is achievable.

CHAPTER 5

This chapter presents a new and effective method for array radiation pattern
synthesis. The method allows the designer to formulate the synthesis of a de-
sired pattern as an optimization problem. The proposed solution involves mai=ix

operations based on the linear equivalent array approach, which lead to an casy
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and effective computation. The advautage of this approach is that it requires
only ordinary matrix operations instead of nonlinear optimization. Illustrations
are presented to highlight the various aspects of the method. The proposed algo-
rithm can be used to design arrays of uniformly spaced elements with nonisotropic
and unequal radiation patterns.

CHAPTER 6

In this chapter an iterative method is developed for array pattern synthesis.
In this method the synthesis problem is formulated as a well-determined or over-
determined optimization problem. The problem is then simplified by the concept
of constraint directions. The iterative algorithm for obtaining an optimum so-
lution is presented which does not involve any nonlinear optimization but only
requires simple matrix operations. The proposed method can be applied to the
problems of synthesizing radiation patterns of linear arrays with arbitrary sidelobe
envelopes, with nonisotropic elements, and with nonuniform spacing between ele-
ments. The results are presented and compared with other methods. It is shown
that the proposed iterative method yiclds superior results.

CHAPTER 7

A summary of the important contributions of the thesis and future research

considerations are given in this chapter.




Chapter 2

Novel Arrays of Circular Ring
Radiators

In this chapter we propose a novel aconstic array of circular ring radiators which
can generate a search-light-type heam with greatly reduced sidelobes. We intro
duce a new concept called the equivalenl lincar array and apply it to the design

of novel arrays.

2.1 Introduction

The circular piston is a widely used planar radiator [1]. Oue of the attractive fea-
tures of such a radiator is its symmetric, search-light-type radiation pattern with
the first sidelobe level of 17.6 dB below the main lobe maximumn [32]. However,
in some applications still lower sidelobe levels are desirable. In this chapter we
propose an array, consisting of circular ring radiators, that is capable of generat-
ing a superior radiation pattern. A design procedure is desceribed which benefits
from the existing design techniques developed for linear arrays. The results indi-
cate that radiation patterns with arbitrary sidelobe suppression can be achieved.
The proposed configuration can readily be implemented as a receiving array using
piezoelectric film and as a transmitting/receiving array using concentric hollow

cylinders operating in longitudinal mode.




16
2.2 An Array of Circular Ring Radiators
The directivity function (radiation pattern) of a planar, circular disc radiator

with radius », of uniform sensitivity, placed in an infinite rigid baffle, is known to

be [33]:

(2zr/A) sin 6)
(sin@)/A

D.(0) = Al (2.1)

where 0 is the clevation angle, A is the wavelength of the radiated signal and Jy(+)
is the first-order Bessel function of the first kind. Because of circular symmetry
the directivity function does not depend on azimuth angle.

The directivity function of a circular ring radiator can be readily obtained by
subtracting directivity functions of two disc radiators [34]. In this chapter and
Chapter 3, we will simply call the circular ring radiator a ring radiator.

We consider an array formed by several concentric, contiguous (no gaps be-
tween rings) ring radiators. The ring radiators contribute to the overall directivity
function with weighting coeflicients ¢;. Iig. 2.1 illustrates an array of three rings.
Note that we also call the central, circular portion of the array a ring.

The directivity function of an array with N ring radiators as described above
can be written as

J1[(27ry /A sin 6]
(277 /A) sin @

N . .
2 J1[(277;/\) sin 0]
4 e
+ Z N {“m“ (27r;/A)sin 0

D) = 2mie

. 2
—Zﬂ'ri_]

J1[(277;i—1/A) sin 0]
(2wri—1/A)sin @

where r; are outer radii of i-th ring, as indicated in Fig. 2.1.

By varying the weighting coeflicients ¢; and radii r;, one can modify the overall
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Figure 2.1: Geometry of an array of circular ring radiators (3 rings shown).
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function ) to approximate a certain desired function Dy. The error of approxi-

mation ¢ can be defined as

2 1D — Dyl?

i

= < D=DgD-Dy>. (2.3)

Here we treat functions as vectors in Hilbert space and use the norm denoted by
II - || to express the error function. The < - > denotes the inner product.

The objective of the design is to determine the array parameters as given in
%q. (2.2) that minimize the error ¢. Nonlinear optimization algorithins can be
used to find the optimum array parameters. These methods, however, have some
inherent limitations. Specifically, the number of elements in the array must be
determined bhefore each search. In addition, the resultant directivity function is a
priori unknown and depends on the selection of the desired directivity function.

The method proposed here allows for better control of the resultant diiectivity
function by taking advantage of some closed-form solutions. Initially, we confine
the design method to optimize the selection of weights ¢; only, but later on we
will extend it to include the variability of radii and the number of elements in the
array. With this restriction the minimun of the error function given by Eq. (2.3)

can be obtained by setting the N-dimensional gradient vector V to zero, that is,

de? Oe? T
V‘[EZ}‘FJ] = 0. (2.4)

In the following developments it is convenient to map angle € into a u-domain

defined as

u = z)‘f{sin() (2.5)

where d 1s a constant, which will be discussed later on.

tq. (2.4). with the help of Eqgs. (2.2), (2.3) and {2.5) can be written as

N
Y e < Di(uw), Dij(w) > = < Di(u),Dg(u)> i=1,...,N (2.6)

J=t




where D;(u) is the directivity function of the i~th ring radiator.

The optimum coeflicients ¢; which minimize the error function can theiefore
be obtained as the solution to a set of .V simultancous lincar equations.

We propose here a different approach which utilizes the existing desipn meth
ods for lincar arrays and allows for hetter control of the resultant directivity
function. Furthermore, the method allows for variability of the ring width as an
additional possible step to reduce the approximation ertor without resorting to
nonlinear equations. The method, however, requires that we restrict the destred

directivity function to the following form

M { {
Dy(u) = Z"l’i¢i(¢l)§ —WT( <u< WT( (2.7)
=1 ‘
where
@i(1) = cos((20 — 1)u). (2.8)

It can be shown that the functions cos((2i—1)u); i = 1,..., o0, form an orthogonal
set spanning the Hilbert space H. The desired directivity function Dy(u) is a
vector in the subspace M of the Hilbert space H. Subspace M is spanned by
a finite nomber of basis functions ¢;(u), i = 1,...., M. Duc to the nature o
the diiectivity function of a ring radiator (that is, we can only expand a Bessel
function by an infinite number of basis function ¢;(u)), D;(u) is in H-space bhut not
in M-subspace and therefore cannot he expressed exactly as a linear combination
of M basis functions. It can, however. be best approximated (in minimum error
e sense) by its projection into M-subspace.

We first consider the directivity function of the largest ring radiator D,(u) =

Dy (u). Since Dy(u) is in the H-space, it can be expressed as

Dy (u) = ijﬂvqu(u). (2.9)

j=1
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The projection of Dy(u) into subspace M (for orthogonal basis) can be found
by simply truncating the above expansion to M terms. Thus the projection of

Dpy(u) into subspace M is

M
Dn(w) =Y wjng;(u). (2.10)

J =1

Repeating the above procedure for all D;(u),t = N —1,...,1, we can obtain a
series of projections Di(u) of Di(u) in the subspaces M; panned by basis oj(u);
Jj=1,....M — N 4+ 1. Therefore, we have N projections in the subspace M;
among them there are M projuctions which are linearly independent. By linearly
cembining those linearly independent A projections, we can form the desired di-
rectivity function in the subspace M without i-iroducing any additional error. It
follows that the minimum number of ring radiators necessary to produce M linear
independent projections is N = M. Using this approach, we can monitor the error
introduced by truncation which depends on the width of each ring radiator. By

varying this width we can reduce the truncation error to an acceptable value.

2.3 Design of an Array of Circular Ring Radi-
ators

Based on the previous considerations we propose here a design technique for an
array of ring radiators which closely approximates the prescribed radiation pat-
tern. The technique takes advantage of the theory developed for linear arrays.
Since linear array design is a mature and well-developed field, the technique offers

obvious advantages.




2.3.1 Egquivalent Linew- Array of a Circular Ring Radia-
tor

A linear array with 2V (even) point clements spaced uniformly by d has the

directivity function given by [32]
N
Di(u) = ij cos({2j — 1u) (2.11)
J=1

where {w;} are the weighting cocfficients and w is defined in L. (2.5). Here,
parameter d has a particular meaning as the spacing between array elements,
Eq. (2.11) has the forin which coincides with that postulated by Eqs. (2.7) and
(2.8).

The directivity function of a ring radiator with outer and inner radii r; and
ri—1, respectively, can be written as
J1[(2r;/d)u] 3 [(2rimy /)]

) pL Skl VA A (2.12)
U (3

D.(u) = nrid

Assuming a linear array of infinite length, it is possible, by the proper selection
of weighting coefficients w;, to obtain the directivity function of the linear array

equal to that of a ring radiator, that is

D, (u) = ij cos((2j — 1)u); ——<u<

i=1

1.13)

We call such an array the equivalent lincar array to a ring radiator. Similarly, an
equivalent linear array can be derived for a disc radiator with directivity function
D, given by Eq. (2.1).

As noted earlier the functions cos((2j — 1)u) are orthogonal in the u-domain,

namely their inner products, defined as

5.4

< cos((2t — 1)u),cos((2) — 1ju) > = A [ cos((2: — 1)u)
nw Jo




o
[

cos((25 — 1)u)du

_ { 1 fori=y (2.14)

0 otherwise

where n is any positive integer.

‘The inner product definition given by Eq. (2.14) constrains the u-domain to range
[0, /2]. This implies that the constant d defined in Eq. (2.5) must be equal to
nAf2. In order to avoid the grating lobes in the linear array with directivity
function given by Eq. (2.11), the constant d has to be equal to A/2. TFor this
reason we subsequently set n = 1.

Applying the inner product defined by Eq. (2.11) to Eq. (2.13) we obtain

i w; < cos((2) — Du),cos((2i —1Nu) > = < D.(u),cos((2i —1)u) >

=0
(2.13)
which leads to the explicit expression for w;:
4 r3 . .
w; = ;/2 D, (u) cos((2j — 1)u)du, j=1,...,00. (2.16)
0

2.3.2 Design of an Array of Ring Radiators by the Equiv-
alent Linear Array Mecthod

The equivalent linear array method for the design of array of ring radiators is a
technique in which all ring radiators are represented by a series of equivalent linear
arrays. The directional response of the array of ring radiators is then the sum of
the directivity functions of all equivalent linear arrays. The eguivalent linear array
of a ring radiator has in principle an infinite numi.cr of elements and associated
weighting coeflicients. In general, the amplitude of these coeflicients decreases
for elements far away from the centre of the array. It is therefore possible to

truncate the equivalent linear array to a finite number of elements by disregarding
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elements with small weighting coeflicients. An equivalent linear array can also be
found for a disc array. i -~ause of the nature of Bessel tunction the weighting
coeflicients of a linear array equivalent to a disc radiator are small for clements
far ~way from the array center. For a ring radiator a subtraction, however, is
imvolved in the expression of the directivity function. Because of this subtraction
the dominant weighting coeflicients of the equivalent linear array become much
smaller than that of the disc radiator. This causes the difliculty in truncation
since the ratio between weighting coeflicients is an important measure during the
truncating. Furthermore, the computational round off error is doubled due to the
subtraction. It is for this reason that we initially carry out the design using an
array of disc radiators. We then transform such a disc array into the array of
contiguous ring radiators having the same radiation paitern. Similar observations
hold for arrays that is the weighting coeflicients of a linear array equivalent to a
disc array decrease much more rapialy than those of a ring array. This in turn
introduces less error when the linear equivelent array is truncated. Trancation of
the equivalent linear array is periormed using the projecting process as deseribed
in Section 2.2. The truncated equivalent linear array of a ring radiator is the
projection of its directivity function D;(u) into the subspace M;.

As an illustration of the above process, Fig. 2.2 shows radiation patterns of a
disc radiator with r = 5\ and its equivalent linear array truncated to 20 elements
spaced by d = A/2 (corresponding to 10 terms in the directivity function). We
can observe only a small error (at higher order sidelobes) introduced by this
truncation. It has been found that a similar truncation performed on an equivalent,
linear array to a ring radiator leads to much 'arger error.

To introduce the transformation, we consider an array of stacked dises as
shown in Fig. 2.3(a). For the sake of exposition all concentrie dises (and rings)
are shown in a disassembled form. A disc radiator can be thought of as an
assernbly of concentric, contiguous ring radiators. This leads to an equivalent

stacked ring array shown in disassembled form in Fig. 2.3(b). Finally, we construct
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Figure 2.2: Beam patterns of a disc radiator with » = 5A and its equivalent linea

array truncated to 20 elements (10 terms).




Figure 2.3: Identity of the array of disc radiators and the array of contiguous ring
radiators. (a) Concentric disc array. (b) Equivalent stacked ring array. (¢) Single
layer ring array.
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an equivalent, single layer concentric ring array with suitable weighting coeflicients
as shown in IFig. 2.3(c). In general, for a given vector of weighting coeflicient w,
associated with a stacked disc array shown in Fig. 2.3(a), the vector of weighting
cocflicients ¢, for an equivalent single layer ring array shown in Fig. 2.3(c) is given

Uy

c, = Awy (2.17)

where the elements of matrix A are

1 forz<y
Wi = { 0 otherwise. (2.18)

The following are the design steps for obtaining the weighting coefficients for

the array of contiguous ring radiators:

I. Design a lincar array of point radiators which produces a desirable form
of the directivity function (for example, associated with a Dolph-Chebyshev
array). The N-dimensional column vector of weighting coefficients wy, spac-
ing d, and size N of the array are therefore given [3]. We call such an array

o protolype.

o
.

Consider a disc radiator and determine its radius in the follow steps:

a) Sclect an arbitrary initial value of radius r for the disc.

b) Find the equivalent linear array with spacing d of this disc. Such an
array has in principle an infinite number of clements (and associated
weighting coeflicients). However, it can be truncated to a finite size N,
without av: appreciable error in its radiation pattern. This can be done
by neglecting coefficients with amplitudes less than a certain small
percentage of the largest one. We denote this truncating threshold

by 8. For a given size N, of a truncated linear array the normalized
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weighting coefficient jwa, +1/w1]| is small and oscillates until the radius

of a disc radiator reaches a certain critical value. Further increase in

the radius leads to a rapid increase in coefficient values, as illustrated
in Fig. 2.4 a) (linear scale) and Fig. 2.4b (semi-logarithmic scale) for
different values of N,. The above information can be used to select the
proper value of the truncating threshold 8. Fig. 2.5(a)-(c) shows N, as

a function of radius r for different choices of truncation threshold §. We

see that for a given size N, of truncated linear array there is a certain
tolerance in corresponding radius r of a disc radiator which satisfies
a specified truncation threshold §. The described method of choosing
the disc radius allows us to monitor indirectly (through the amplitudes

of discarded coefficients) the error introduced by truncation.

¢) Vary radius r until N, = N for a certain r = ry. Form the N-

dimensional column vector of weighting coefficients wa:

N

w0
wy=| | (2.19)

WNN

3. Reduce the radius r = ry of the disc radiator until its equivalent linear
array has the size of N — 1 for a certain r = ry_; < rny. The augmented

vector of weighting coefficients wy_ is then formed as

W ,N~1
Wy, N-1
WA -] = : . (2.20)
wN-_1,N~1

0

1. Repeat step 3 to obtain an equivalent linear array of size N -2, N-3,...,1,




29

Z 10 } -
3 -
1 - -
g ; 3=1% -

- vy -
g -
S 4l -+ 4
§ -+
A2t . .
H .
go . . . .

0 1 2 3 4 5

radius of disc radiator, /A
(@)

ilo - ey -
3 -
> 8T = N
E 5=2% *
5 6T * ]
Q L
5,1 . -
& e
[}
= +
g o . . . . .

0 1 2 3 4 5

radius of disc radiator, /A

(b)
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and form the subsequent augmented vectors of weighting coellicients:

WN-2 =

Wy_3 =

etc.

5. Form the matrix of the weighting coeflicients W as

W = [wy,wy---wyl.

6. Solve the matrix

Wwd = W;

Wy N-2
W2, N2

WN_2,N--2
0
0

U,N-3
Wy, N3

WN_3,N-3

equation

(2.

21

23)

21)

to obtain the vector of weighting cocfficients wy of dise radiators.  Since

the vectors wy, wy,..., are projections of the directivity functions in the

subspaces they are linearly independent. Thus the matrix W has full rank

and the matrix equation (2.23) has an unique solution.

7. The vector of weighting coefficients of ring radiators ¢, is then fonnd ac-

cording to Eq. (2.17) by the matrix equation:

C, = AWd

(2.

25)




where the elements of matrix A are given by Eq. (2.18).

This procedure does not result in a final radiation pattern exactly equal to the
original radiation pattern of the prototype postulated in step 1 because of trunca-
tion errors. It does, however, approximate the required pattern very accurately.

To illustrate these points, we designed an array by applying the above design
technigne to a Dolph-Chebyshev linear array as a prototype [35]. We assumed
that the prototype had 20 clements spaced by d = A/2. Various degrees of sidelobe
suppression were postulated in the prototype. The design of the ring array with
closely matched radiation patterns was then performed. A truncation tolerance
6 = 1% was chosen, which resulted in a ring array of diameter 10\ consisting of 10
rings. The resulting radiation patterns are shown in Fig. 2.6(a)-(d) for 30 dB, 40
dB, 50 dB and 60 dB postulated side-lobe suppression, respectively. The dotted
lines indicate the radiation patters of the Dolph-Chebyshev prototypes. We see
that the resulting radiation patterns are almost identical to those of the postulated
Dolph-Chebyshev prototypes. We observe that 60 dB sidelobe suppression in
broad vicinity of the main lobe is possible in this example. This is a substantial
improvement compared to the radiation pattern of a single disc radiator of the
same size shown in Fig. 2.2, The corresponding normalized weighting coefficients

and ring sizes are tabulated in Table 2.1.

2.4 Summary

An equivalent linear array approach is developed for the design of an array with
ring radiators which is capable of producing a search-ligh.-type beam with greatly
suppressed sidelobes. A design procedure is proposed which benefits from the
existing design techniques developed for linear arrays. The results indicate that

radiation patterns with arbitrary sidelobe suppression can be achieved.
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Figure 2.6: Beam patterns of an array of 10 ring radiators compared with Cheby:
shev prototypes (dotted line). (a) Postulated 30 dB sidelobe suppression in the
prototype. (b) Postulated 40 dB sidelobe suppression in the prototype. (¢) Postu-

lated 50 dB sidelobe suppression in the prototype. (d) Postulated 60 dB sidelobe
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Table 2.1: Weighting coeflicients of a array of ring radiators for ditferent sidelobe
suppression levels

Ring No. | Radius Weighting Coeflicient
: a;/A [ 30dB | 40dB | 50 dB | 60 dB
1 0.5 | 0.83730 { 0.9994 | 1.0000 | 1.0000
2 1.0 1.0000 | 1.0000 | 0.9618 | 0.9416

3 1.5 0.7947 | 0.8874 | 0.8600 | 0.8319
4 2.0 0.8894 | 0.8275 | 0.7470 | 0.6913
H 2.5 0.6262 | 0.6629 | 0.5948 | 0.5305

6 3.0 0.7268 | 0.5330 | 0.4631 | 0.3811
7 3.5 0.3904 | 0.3971 | 0.3154 | 0.2449
8 4.0 0.5792 | 0.3500 | 0.2193 | 0.1462
9 4.5 0.0083 | 0.1374 | 0.1058 | 0.0683

16 5.0 0.7203 | 0.2445 | 0.0877 | 0.0353
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Chapter 3

Design Considerations

In Chapter 2, we proposed novel acoustic arrays of circular ring radiators which
can generate search-light-type beams with greatly reduced sidelobes. In this chap-

ter we consider several aspects associated with the implementation of such an

array.

3.1 Introduction

Recently developed piezoelectric polymeric materials, are now available in the
form of film and wire, and enable construction of inexpensive and innovative
acoustic arrays. The material KYNAR is one example. The use of arrays instead
of single radiators makes it possible to tailor radiation patterns to almost any
desired shape, and to increase the gain and power-handling capability.

A convenient procedure to design a novel array of ring radiators was described
in Chapter 2. The array design example was shown to generate a symmetric
search-light type narrow beam with greatly reduced sidelobes. Such a narrow
beam can find several applications related to acoustic remote sensing, telemetry
and specialized sonars.

In this chapter several practical aspects associated with the implementation
of such an array are investigated. Specifically, the important aspect of sensitivity

of the radiation pattein to finite tolerances associated with array implementation
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is addressed. The resuits are presented in a tabular form convenient for design-
ers. The proposed configuration can be readily implemented as a receiving array
using piezoelectric film or as a transmitting/receiving array using concentric hol-
low cylinders operating in longitudinal mode. A compact receiving/transmitting
configuration is also described in this chapter in which the transmitting element
is a piston, while the receiving array consists of the same transmitting piston sur
rounded by several concentric rings made of piczoelectric film or several concentrie
hollow cylinders operating in longitudinzal mode. It is shown that such a contigura-
tion allows for good sidelobe suppression in the combined transmitting/receiving

radiation pattern even for simple arrays.

3.2 Modified Design Procedures

3.2.1 Principles of Circular Ring Array Design

A novel array configuration proposed in Chapter 2 consists of concentric ring
transducers of different diameters, as illustrated in Fig. 3.1. Because of its radial
symmetry, this array generates identical radiation pattern .n any plane perpen
dicular to its face and passing thLrough its centre. It was demonstrated in Chapter
2 that the radiation pattern in such a plane can be approximated to an arbitrary
degree by the radiation pattern of a linear array placed on its face and passing
through its centre, as illustrated in Fig. 3.1 (sun . v, network for lincar array is
not shown). We call such an array an equivalent linear array. The above observa-
tion can be utilized for the design of a ring array with arbitrary radiation pattern.
A similar consideration applies to an array of stacked concentrie dise radiators;
by applying it, one can take advantage of the theory developed for lincar arrays.

The design procedure for obtaining the weighting coefficients and the size of
the array of ring radiators with zero gap between rings consists of the following
steps (the procedure presented here is a summary of design procedures described

in Chapter 2):
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Figure 3.1: Front face of an array of ring radiators and its equivalent linear array.
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. Design a prototype linear array of point radiators which produces a desirable

form of radiation pattern (for example, associated with Dolph-Chebyshev
array). As a result, the vector of weighting cocflicients d, the spacing which
is half wavelength A/2, and the size 2N (number of clements) of the array

are obtained [3].

Consider a series of N disc radiators with diameters of 10, 2X,..., N, and
find their equivalent linear arrays with size of 2N by properly selecting their

weighting coefficients.

Arrange the weighting coeflicients of equivalent linear arrays to form a ma

trix of weighting coeflicients as described in Chapter 2.

. Find the weighting coeflicients of the disc array by inverting the matrix

formed in step 3 and multiplying it by the vector of weighting cocflicients d

of the prototype formed in step 1.

. The weighting coeflicients of a ring array are then derived from the weighting

coeflicients of the disc array by applying the superposition principle.

3.2.2 Design of Circular Ring Arrays with Nonzero Gaps

1.

2.

between Rings

The design ethod proposed in Chapter 2 is restricted to the case of an array
formed by several concentric contiguous (no gaps bhetween) rings. However, this
restriction can be removed by modifying the method. The modified design method

contains the following steps:

Design a ring array with no gaps between ring radiators using the proposed

method in Chapter 2 as vutlined in Section 3.2.1.

Fix the outer radius of each ring radiator and reduce the inner radius to

create a gap between rings.
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3. Find the equivalent linear arrays of the ring radiators obtained in step 2
and use their weighting coefficients to reform the matrix of the weighting

coeflicients.

4. Solve the matrix equation and obtain the weighting coeflicients of a ring

array with gaps between rings.

Allowing a gap between the rings gives an additional degree of freedom in the
design. By varying the gap we can reduce the truncation error and obtain a
better approximation of the required radiation pattern than that of a ring array
without gap between rings.

To illustrate these points, we performed an array design by applying the above
technique to a Dolph-Chebyshev linear array as a prototype [35]. We assumed
a prototype of 20 elements spaced by d = A/2 with 30 dB postulated sidelobe
suppression. We then followed the design example from Chapter 2 which resulted
in a 10-ring array without gaps and with outer diameter of 10\. We next proceed
with the modified procedure described in Section 3.2.2. (step 2 through 4) for
various gap sizes but equal to all rings. The resulting radiation patterns are
shown in Fig. 3.2(a)-(c) for various gap sizes between rings.

We see that the resulting radiation patterns are almost identical to those of
postulated Dolph-Chebyshev prototypes. We also observe the improvement in
sidelobe suppression compared to that in the radiation pattern of a single disc
radiator of the same size. The corresponding normalized weighting coeflicients
and ring sizes are tabulated in Table 3.1.

We also investigated the sensitivity of weighting coeflicients to the width of
the gap between rings. The results for a 10-ring array are shown in Fig. 3.3(a)-(d)
for different postulated sidelobe suppression in the prototype linear array. The
flatness of the curves suggests that the radiation pattern of a ring array is not

sensitive to the manufacture tolerance for radii of ring radiators.
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Figure 3.2: Radiation patterns of an array of 10 ring radiators with various gap
sizes and postulated 30 dB sidelobe suppression in l%olph-( ‘hebyshev prototype.
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Table 3.1: Weighting coeflicients of a circular ring array for different gap widths

between rings

Radius Weighting Coefficient for different gap
rif A 0.0x | 0.05) | 0.10\ | 0.15) | 0.20) | 0.25A
0.5 0.8730 | 0.9129 | 0.9423 | 0.9691 | 0.9982 | 1.0000
1.0 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.9682
1.5 0.7947 ; 0.8441 | 0.8774 | 0.9010 | 0.9199 | 0.9052
2.0 |0.8894 | 0.8808 | 0.8727 | 0.8663 | 0.8620 | 0.8326
2.5 10.6262 | 0.6716 | 0.7032 | 0.7256 | 0.7427 | 0.7334
3.0 {0.7268 | 0.7082 | 0.6906 | 0.6756 | 0.6637 | 0.6340
3.5 0.3904 | 0.4347 | 0.4679 | 0.4929 | 0.5122 | 0.5115
1.0 0.5792 | 0.5443 | 0.5107 | 0.4800 | 0.4528 | 0.4154
1.5 0.0083 | 0.0533 | 0.0929 | 0.1276 | 0.1581 | 0.1796
5.0 | 0.7203 | 0.7072 | 0.6900 | 0.6718 | 0.6545 | 0.6190
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3.2.3 Design of Circular Ring Arrays with Reduced Num-
ber of Rings

Any radiation pattern achievable by a prototype array can be approximated by
a properly designed ring array. It was shown in Chapter 2 that the minimum
number of rings required for the best approvimation in the sense of minimum
mean square error is equal to half the number of elements in the prototype array.
Any further increase in the number of rings will not reduce the approximation
error. On the other hand, it is possible to reduce the number of rings in the aziay
and still maintain an acceptable radiation pattern. This reduction must be done
gradually and must be accompanied with suitable readjustment of the weighting
coeflicients.

To this effect we have modified the design procedure deseribed in Chapter 2

to the follow.ng steps:

1. Design a prototype linear array of point radiators which produces a de
sired radiation pattern (for example associated with a Dolph-Chebyshev
array). Therefore, the vector of weighting coeflicients w,,, spacing which
is half wavelength A/2, and size 2N (number of clements) of the array are

obtained [3].

2. Select an arbitrary number M(M < N) of ring radiators with outer di-
ameters of nyA, naA, ..., ny A, NA, where n, < nyyy < N, and i
1,2,...,M — 2, are arbitrary integers. The rings have arbitrary widths
of ty, ta,..., ty, such that there is no overlap between rings. Using the
formula given in Chapter 2 we can find a truncated linear array equivalent,
to each ring and its associated vectors of weighting coeflicients wy, w,, ...,
wys. The selection of outer diameters n;A of ring radiators involved in this
step ensures that M vectors of weighting coefficients wy, wy, ..., wpy are

linearly independent.
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3. Ferm the matrix of the weighting coeflicients W' as

W = [w;,wy...wyl. (3.1)
4. Solve the matrix equation

WiWw, = Wlw, (3.2)

10 obtain the vector of weighting coefficients w, of the ring array, where WT

is the transpose of matrix W and
w, = (WIW) "Ww,. (3.3)

Since the vectors of weighting coefficients wy, wa, ..., Wy, are linearly

independent, WTW in Eq. (3.2) is nonsingular.

The vector w, is the optimum solution in the sense of minimum mean square
error ¢2 between the radiation pattern of the prototype obtained in step 1 and

2

that of the ring array; the mean square error € is given by

2 = (Ww, —w,) (Ww, —w,) (3.4)

The derivation of Egs. (3.3) and (3.4) is given in Appendix A.

We will next apply the above procedure and monitor the error as well as the
resulting radiation patterns for different parameters chosen. In all examples in this
section contiguous rings have been assumed, that is t; =t = -+ = )y = A/2.
The assumed prototype is a 20-element Dolph-Chebyshev linear array. Shown
in Fig. 3.1 is the relative crror ¢?/wlw, as a function of the number of ring
radiators for postulated sidelobe suppression of 30 dB, 40 dB, 50 dB and 60 dB
in the prototype. The graph illustrates the earlier statement that the minimum
number of ring radiators is 10. Further increase of this number to 11 and 12 will

not reduce the error. For the same prototype, the effect of reducing the number of
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rings was investigated. Specifically, we removed the central circular ring (9 rings
left) and then removed the central circular ring plus a neighboring ring (8 rings
left). The design procedure described carlier was followed to calculate weighting
cocfficients in cach case. The resultant radiation pattern is shown in Fig. 3.5(a)
(9-ring array) and Fig. 3.5(b) (8-ring array). For comparison the radiation pattern
of the complete 10-ring array is plotted in a dotted line. As shown in Fig. 3.5,
the radiation pattern deteriorates rapidly with the number of rings removed from
the centre of the array.

However, by investigating several other possible cases it was found that by
increasing ny and ¢y, i.e., by increasing the diameter of the central ciecular ring,
we can greatly reduce the number M of rings and still maintain an acceptable
resulting radiation pattern. This reduction in the number of rings must be done
on a gradual basis and must be accompanied with suitable readjustment of the
weighting coeflicients. The proper procedure is to reduce M by one at a time
(increase ny by one) aud for each case find w, as well as the associated radiation
pattern. This process is repeated until 2 minimam M is reached which still yields
an acceptable radiation pattern. The beamwidth of the radiation pattern of the
array is determined by the ring with the largest diameter. When a second largest
ring is added to the array its first nulls contribute to the radiation pattern in
such a way as to reduce the original first sidelobes. The central ring with the
smallest diameter, however, contributes only to the high order sidelobe reducing
in the region far away from the main lobe. Since the radiation pattern of a ring
array has much lower sidelobes in this region we can increase the diameter of the
central ring (reduce the number of rings) and still obtain an acceptable radiation
patiern. We will illustrate this process with the design examples to be discussed

in Section 3.4
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3.3 Aspects of Implementation of Acoustic Ring

Arrays

We discuss here several practical aspects associated with impiezentation of
an acoustic ring array. Specifically, the sensitivity of the radiation pattern to
finite tolerances associated with array implementation is addressed. The results

are presented in a tabular form convenient for a desiguer.

3.3.1 Design Table

Based on the modified design procedure described in Section 3.2.2, the weight-
ing coeflicients of the equivalent linear array of a ring radiator for different outer
radii 7, and different gap widths are tabulated in Table 3.2-3.4. ['he use of this
table is illustrated in the following example.

We start with a desired radiation pattern of beamwidth ¥» = 15° and side-
lobe suppression of 26 dB. We find that the Chebyshev linear array prototype
requires 10 elements with spacing d = A/2 betweer, the elemenis. The weighting

coellicients of the prototype are found to be [32]

a; = 58377
ay = 52073
ay = 4.1184
ay = 2.8308

as = 2.0860.

The radiation pattern of the prototype is presented in Fig. 3.6 vith a dotted line.
Using Table 3.3 we form the weighting coefficient matrix of the equivalent linear
arrays by picking up the data at the most upper-left part of the table. Sin-e the
sizee of the prototype linear array is 10, only the data at the intersection of the
first 5 rows and the first 5 columns in Table 3.3 (for an ring array with 0.1\ gap

between rings) are needed to form the weighting coefficient matrix, which is
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Table 3.2: Weighting coeflicients of the equivalent lincar array of a circular ring
radiator with gap of 0.0\ for different outer radii

Term Weighting Coeflicient for Different Outer Radii

No. 0.5) 1.0A 1.5X 2.0\ 25\ 3.0\ 3.5\
1 0.4010 | 0.5782 | 0.4940 | 05118 | 0.1969 | 0.5066 | 01981
2 1-0.0175 | 0.6188 | 0.7202 | 0.5199 | 0.5519 | 0.5053 | 0.5218
3 0.0160 | -0.0374 | 0.7719 | 0.8105 | 0.5567 | 0.5911 | 0.5216
4 1-0.0122 | 0.0326 | -0.0447 | 0.8993 | 0.9460 | 0.5919 | 0.6205
5 0.0097 | -0.0255 | 0.0392 | -0.0504 | 1.0108 | LOAIL | 0.6323
6 | -0.0081 | 0.0208 | -0.0309 | 0.0410 | -0.0553 | 11111 | 1.1283
7 0.0069 | -0.0176 | 0.0254 | -0.0347 | 0.0481 | -0.0508 | 1.2032
8 1-0.00€0 | 0.0152 | -0.0216 | 0.6286 | -0.0378 | 0.0518 | -0.0639
9 0.0053 | -0.0134 | 0.0188 | -0.0243 | 0.0311 | -0.0106 | 0.0552
10 |-0.0047 | 0.0120 | -0.0167 | 0.0212 | -0.0265 | 0.0333 | 0.0431
11 | 0.0043 [ -0.0108 | 0.0150 | -0.0189 | 0.0231 | 0.0283 | 0.0353
12 ]-0.0039 | 0.0099 | -0.0136 | 0.0170 | -0.0206 { 0.0245 | -0.0300
13 | 0.0036 | -0.0091 | 0.0124 | -0.0155 | 0.0186 | 00220 | 0.0262
114 |-0.0033 | 0.0084 | -0.0115 | 0.0142 | -0.0169 | 0.0199 | 0.0233
[5 | 0.0031 {-0.0078 | 0.0107 | -0.0031 | 0.0156 | 0.0IS1 | 0.0210
16 | -0.0029 | 0.0073 | -0.0100 | 0.0122 | -0.0141 | 0.0167 | -0.0192
17 | 0.0027 | -0.0069 | 0.0093 | -0.0114 | 0.0134 | -0.0155 | 0.0177
18 | -0.0026 | 0.0065 | -0.0088 | 0.0107 | -0.0126 | 0.0141 | 0.0164
19 | 0.0024 | -0.006! | 0.0083 | -0.0101 | 0.0118 | -0.0135 | 0.0153
20 | -0.0023 [ 0.0058 | -0.0079 | 0.0096 | -0.0112 | 0.0127 | 0.0143
21 | 0.0022 | -0.0055 | 0.0075 | -0.0091 | 0.0106 | -0.0120 | 0.0135
22 |-0.0021 | 0.0053 | -0.0071 | 0.0087 | -0.0101 | 0.0111 | 0.0128

0.3812  0.4506  0.3969  0.1100 0.3984
=0.0112  0.5608  0.5469 04182 0.1368
0.0122 —-0.0169  0.6961 0.6309 04476
—0.0095  6.0196 —0.0189  O.8094 0.7055
0.0076 —0.0159  0.0229 —0.0205 0.9088

The weighting coefficients ¢; of the ring array consisting of 5 rings can he deter

mined by




Table 3.2: (Continued)

Term Weighting Coeflicient for Different Quter Radii
No. 1.07 4.5\ 5.0A 5.5 6.0\ 6.5\ 7.0)
| 0.5039 | 0.4986 | 0.5026 | 0.4990 | 0.5019 | 0.4992 | 0.5014
2 0.5018 | 0.5149 | 0.5006 | 0.5101 | 0.5001 { G.5074 | 0.4998
3 0.5460 | 0.5109 | 0.5284 | 0.5063 | 0.5196 | 0.5040 | 0.5144
4 0.5408 | 0.5680 | 0.5226 | 0.5431 | 0.5142 | 0.5302 | 0.5096
5 0.6665 | 0.5611 | 0.5903 | 0.5356 | 0.5584 | 0.5233 | 0.5414
6 0.6683 | 0.7020 | 0.5817 | 0.6123 | 0.5493 | 0.5738 | 0.5331
7 1.2092 | 0.7029 | 0.7361 | 0.6021 | 0.6339 | 0.5634 | 0.5893
8 1.2886 | 1.2851 | 0.7361 | 0.7688 | 0.6223 | 0.6550 | 0.5775
9 | -0.0678 | 1.3688 | 1.3567 | 0.7681 | 0.8003 | 0.6422 | 0.6757
10 0.0534 | -0.0714 | 1.4445 | 1.4248 | 0.7989 | 0.8307 | 0.6616
11 {-0.0454 | 0.0613 | -0.0749 | 1.5165 | 1.4898 | 0.8287 | 0.8601
12 0.0371 | -0.0476 | 0.0642 | -0.0782 | 1.5852 | 1.5520 | 0.8574
I3 1-0.0315| 0.0388 | -0.0497 | 0.0669 | -0.0814 | 1.6510 | 1.6119
i1 0.0275 | -0.0329 | 0.0405 | -0.0517 | 0.0695 | -0.0844 | 1.7143
15 |-0.0244 | 0.0287 | -0.0343 | 0.0420 | -0.0536 | 0.0719 | -0.0873
16 0.0221 | -0.0255 | 0.0298 | -0.0355 | 0.0435 | -0.0554 | 0.0744
17 1-0.0201 { 0.0230 | -0.0265 | 0.0309 | -0.0367 | 0.0449 | -0.0572
18 0.0185 | -0.0210 | 0.0239 | -0.0274 | 0.0319 | -0.0379 | 0.0463
19 1-0.0172 | 0.0193 | -0.0218 | 0.0247 | -0.0283 | 0.0329 | 9.0390
20 0.0161 {-0.0179 | 0.0201 | -0.0225 | 0.0255 | -0.0292 | 0.0339
21 [ -0.0151 | 0.0167 | -0.0186 | 0.0207 | -0.0232 | 0.0263 | -0.0300
22 0.0142 1 -0.0157 | 0.0174 | -0.0192 | 0.0214 | -0.0239 { 0.0270

H6




Table 3.2: {Continued)

Term Weighting Coefficient for Different Outer Radii

No. 7.5) 8.0\ 8.5 9.0\ 950 | 100N T 105\
1 0.4993 | 0.5011 | 0.4994 | 0.5009 | 0.1995 | 0.5008 | 0.4996 |
2 0.5056 | 0.4997 | 0.5045 | 0.4997 | 0.5037 | 0.1996 | 0.5031
3 0.5026 | 0.5111 ] 0.5018 | 0.5080 | 0.5012 ] 0.5073 | 0.5009
4 0.5225 | 0.5068 | 0.5175 | 0.5050 | 0.5140 | 0.503% | 0.5115
5 0.5163 | 0.5312 ] 0.5120 | 0.5244 | 0.5091 | 0.5197 | 0.5071
6 0.5530 | 0.5238 | 0.5402 | 0.5178 | 0.5318 | 0.5138 | 0.5258
7 0.5435 | 0.5648 | 0.5317 | 0.5496 { 0.5212 | 0.5391 | 0.5190
8 0.6046 | 0.5541 | 0.5766 | 0.5400 | 0.5590 | 0.5308 | 0.5472
9 0.5916 | 0.6198 | 0.5648 | 0.5881 | 0.5485 | 0.5686 | 0.5378
10 | 0.6959 | 0.6057 | 0.6348 | 0.5756 | 0.6002 | 0.5571 | 0.5782
11 0.6807 | 0.7157 | 0.6196 | 0.6496 | 0.5861 | 0.6119 | 0.565%
12 | 0.8886 | 0.6993 | 0.7350 | 0.6333 | 0.6642 | 0.5972 | 0.6235
13 ] 0.8853 | 0.9162 | 0.7175 | 0.7538 | 0.6469 | 0.6785 | 0.6079
14 1.6696 | 0.9124 | 0.9431 [ 0.7354 | 0.7723 | 0.6603 | 0.6926
15 1.7753 | 1.7254 | 0.9387 | 0.9692 | 0.7529 | 0.7903 | 0.6735
16 | -0.0902 { 1.8344 | 1.7794 | 0.9643 | 0.9947 [ 0.7700 | 0.8080
17 | 0.0767 | -0.0930 | 1.8915 | 1.8319 | 0.9893 | 1.0195 | 0.7868
18 | -0.0589 | 0.0789 | -0.0956 | 1.9470 ! 1.8829 | 1.0137 | 1.0437
19 | 0.0476 | -0.0605 | 0.0811 | -0.0982 | 2.0010 | 1.9325 | 1.0375
20 | -0.0401 | 0.0489 | -0.0622 | 0.0833 | -0.1008 | 2.0536 | 1.9809
21 0.0348 | -0.0412 | 0.0502 { -0.0637 | 0.0853 | -0.1032 | 2.1048
22 1-0.0308 | 0.0357 | -0.0422 | 0.0514 | -0.0653 | 0.08714 | 0.1057
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Table 3.3: Weighting coeflicients of the equivalent linear array of a circular ring
radiator with gap of 0.1 for different outer radii

Terr Weighting Coeflicient {or Different Outer Radii
Ne 0.5A 1.0A 1.5X 2.0) 2.5\ 3.0\ 3.5X
0.3812 [ 0.4506 | 0.3969 | 0.4100 | 0.3984 | 0.4045 | 0.3990
-0.0112 | 0.5608 | 0.5469 | 0.4182 | 0.4368 | 0.4060 | 0.4177
0.0122 | -0.0169 | 0.6961 | 0.6309 | 0.4476 | 0.4658 | 0.4195
-0.0095 | 0.0196 | -0.0189 | 0.8094 | 0.7335 | 0.4780 | 0.4945
0.0076 | -0.0159 | 0.0229 | -0.0205 | 0.9088 | 0.7731 | 0.5077
6 | -0.0063 | 0.0131 | -0.0187 | 0.0253 | -0.0220 | 0.9984 | 0.8355
7 0.0054 | -0.0111 | 0.0156 | -6.0208 | 0.0275 | -0.0234 | 1.0807
8 1-0.0047 | 0.0097 | -0.0134 | 0.0174 | -0.0225 | 0.0294 | -0.0247
9 0.0042 | -0.0085 | 0.0117 | -0.0149 | 0.0188 | -0.0240 | 0.0312
10 1-0.0037 | 0.00/6 | -0.0i04 | 0.0130 | -0.0161 | 0.0200 | -0.0254
1 0.0034 [ -0.0069 | 0.0093 | -0.0116 | 0.0141 | -0.0172 | 0.0212
12 1-0.0031 | 0.0063 { -0.0085 | 0.0105 | -0.0126 | 0.015! ! -0.0181
13 0.0028 | -0.0058 { 0.0078 | -0.0096 | 0.0114 | -0.0135 | 0.0159
14 1-0.0026 | 0.0054 | -0.0072 | 0.0088 | -0.0104 | 0.0122 | -0.0142
15 | 0.0025 | -0.0050 | 0.0067 | 0.0081 | 0.0096 | -0.0111 | 0.0123
16 1-0.0023 | 0.0047 | -0.0062 | 0.0076 | -0.0089 | 0.0102 | -0.0117
17 0.0022 | -0.0044 | 0.0058 | -0.0071 | 0.0083 | -0.0095 | 0.0108
I8 1-0.0020 | 0.0041 | -0.0055 | 0.0067 | -0.0078 | 0.0089 | -0.0100
19 0.0019 | -0.0039 | 0.0052 | -0.0063 | 0.0073 | -0.0083 | 0.0094
20 | -0.0018 | 0.0037 | -0.0049 | 0.0060 | -0.0069 | 0.0078 | -0.0088
2] 0.0017 | -0.0035 | 0.0047 | -0.0057 ; 0.0065 | -0.0074 | 0.0083
221 -0.0017 } 0.0034 | -6.0045 | 0.0054 | -0.0062 | 0.0070 | -0.0078
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Table 3.3: (Continued)

Term Weighting Coeflicient for Different Quter Radii

No. 4.0\ 1.5) 5.0 5.5 6.0\ 6.50 | 7.0\
1 0.4026 | 0.3993 | 0.4017 | 0.3991 | 0.1012 ] 0.3996 | 0.1000 |
2 0.4027 [ 0.1106 | 0.1014 | 0.4071 | 0.1007 | 0.1052 | 0.400
3 0.4334 | 0.4104 | 0.1207 | 0.1063 | 01142 | 0.1042 | 0.1104
1 0.4351 | 0.4500 | 0.4200 | 04318 | 0.1128 | 0.1222 | 0.4089
5 0.5224 | 0.4515 | 0.4669 | 0.4306 | 0.4131 | 01203 | 0.4308
6 0.5363 | 0.5492 | 0.4681 | 04837 | 0.L1I8 | 01552 | 0.42%1
7 0.8935 | 0.5639 | 0.5751 | 01846 | 0.5003 | 04532 | 0.1671
8 L1571 | 0.9480 | 0.5903 | 0.6000 | 0.5009 | 0.5165 | 0.1616
9 1-0.0260 | 1.2287 | 0.9996 | 0.6158 | 0.6210 | 0.5168 | 0.5321
10 | 0.0329 | -0.0272 | 1.2965 | 10486 | 0.6103 | 0.6172 | 0.5325
11 }-0.0267 | 0.0345 | -0.0283 | 1.3608 | 1.0955 | 0.6610 | 0.6696
12| 0.0222 [ -0.0280 | 0.0360 | -0.0204 | 1.4223 | 1.1105 | 0.6870

13 [ -0.0190 [ 0.0232 | -0.0291 | 0.0371 | -0.0305 | 1.4812 | 1.1837
14 00167 [ -0.0198 | 0.0241 | -0.0303 | 0.0388 | -0.0315 | 1.5378
15 1-0.0149 | 0.0174 | -0.0206 | 0.0250 | -0.0314 | 0.0402 | 0.0325
16 0.0134 | -0.0155 | 0.0180 | -0.0214 | 0.0259 | -0.0321 | 0.0415
17 1 -0.0123 | 0.0140 | -0.0161 | 0.0187 | -0.0221 | 0.0267 | 0.0:334
18 0.0113 | -0.0128 | 0.0145 | -0.0166 | 0.0193 | -0.0227 | 0.0275
19 1 -0.0105 | 0.011% | -0.0133 | 0.0150 | -0.0171 | 0.0198 | 0.02:34
20 0.0098 | -0.0110 | 0.0122 | -0.0137 | 0.0155 | -0.0176 | 0.0204
21 1-0.0092 | 0.0102 | -0.0114 | 0.0i26 | -0.0141 | 0.0159 | 0.018]
22 0.0087 | -0.0096 ; 0.0106 | -0.0117 | 0.0130 | 0.0145 | “.0164




Table 3.3: (Continued)

Term Weighting Coefficient for Different Outer Radii

No. 7.5 8.0\ 8.5\ 9.0\ 9.5\ 10.0\ 10.5A
B 0.3996 | 0.4007 | 0.3997 | 0.4006 | 0.3997 | 0.4005 | 0.3998
2 0.46:0 | 0.4002 | 0.4031 | 0.4001 | 0.4025 | 0.4000 | 0.4021
3 0.4029 { 0.4080 | 0.4021 | 0.4064 ; 0.1016 | 0.4052 [ 0.4012
1 0.4165 | 0.4065 | 0.4128 | 0.4049 | 0.4103 | 0.4038 | 0.4084
5 04145 | 0.4231 | 0.4108 | 0.4181 | 0.4083 | 0.4146 { 0.4066
6 0.4397 | 0.4206 | 0.1301 | 0.4156 | 0.4237 | 0.4122 | 0.4193
7 0.4368 | 0.4487 | 0.4271 | 0.4373 | 0.4208 | 0.1296 | 0.4164
8 0.4789 | 0.4451 [ 0.4578 | 0.4338 | 0.4446 | 0.4262 | 0.4356
9 0.4760 | 0.4906 | 0.4541 | 0.4670 | 0.4408 { 0.4520 | 0.4319
10 0.5480 | 0.4874 [ 0.5023 | 0.4629 | 0.4761 | 0.4478 | 0.4594
11 0.5478 | 0.5632 | 0.4986 | 0.5137 | 0.4716 | 0.4852 | 0.4548
12 0.6914 | 0.5628 | 0.5781 | 0.5097 { 0.5250 | 0.4803 { 0.4942
13 0.7092 | 0.7125 | 0.5774 | 0.5927 | 0.5206 | 0.5361 | 0.4890
11 1.2255 | 0.7308 | 0.7331 | 0.5918 | 0.6070 | 0.5314 | 0.5470
L5 1.5925 | 1.2658 | 0.7518 | 0.7531 | 06058 | 0.6209 | 0.5420
16 | -0.0335 | 1.6453 | 1.30R0 | 0.7722 | 0.7726 | 0.6196 | 0.6346
17 0.0427 | -0.0344 | 1.6965 | 1.3429 | 0.7921 | 0.7916 | 0.6331
I8 1 -0.0344 | 0.0440 { -0.0353 | 1.7462 | 1.3799 | 0.8115 | 0.3102
19 0.0283 | -0.0353 | 0.0451 | -0.0362 | 1.7945 | 1.4159 | 0.8305
20 | -0.0240 | 0.0290 | -0.0362 | 0.0463 | -0.0371 | 1.8415 | 1.4509
21 0.0209 | -0.0247 | 0.0298 | -0.0371 | 0.0474 | -0.0380 | 1.8874
22 1-0.0186 | 0.0215 | -0.0253 | 0.0305 | -0.0380 | 0.0485 | -0.03838
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Table 3.4: Weighting coeflicients of the equivalent lincar array of a circular ring
radiator with gap of 0.2) for different outer radii

Term Weighting Coefficient for Different Outer Radii

No. 0.5\ 1.0X 1.5 2.0x 2.5\ 3.00 | 35\
1 0.3240 | 0.3263 | 0.3000 | 0.3052 | 0.3002°] 0.3022 [ 0.3001
0.0045 | 0.4641 | 0.3340'] 0.3195 | 0.321¢ | 0.3076 | 0.3103
0.0029 | 0.0094 | 0.5733 | 0.1369 | 0.3130 | 0.3108 | 0.3187
-0.0029 | 0.0033 | 0.0131 | 0.6651 | 01847 | 0.3668 | 0.3602
0.0025 | -0.0039 | 0.0032 | 0.0160 | 0.7159 | 0.5285 | 0.3899
6 | -0.0021 | 0.0036 | -0.0042 | 0.0031 | 0.0181 | 0.8188 | 0.5691
0.0013 | -0.0032 | 0.6040 | -0.0045 | 0.0031 | 0.0206 | 0.8858
8 |-0.0016 | 0.0028 | -0.0036 | 0.0043 | -0.0047 | 0.0031 | 0.0226
9 0.0011 1-0.0025 | 0.0033 | -0.0039 | 0.0045 | -0.0048 | 0.0031
10 [-0.0013 | 0.0023 | -0.0030 | 0.0036 | -0.0012 | 0.0047 | -0.00%0
11| 0.0012 {-0.0021 | 0.0027 | -0.0032 | 0.0038 | 0.0041 | 0.0019
12 1-0.0011 | 0.00!9 | -0.0025 | 0.0030 | -0.0035 | 0.0010 | 0.0046
13 | 0.0010 | -0.0018 | 0.0023 | -0.0027 | 0.0032 | -0.0037 | 0.0042
14 [-0.0009 | 0.0016 |-0.0021 | €.0025 | -0.0029 | 0.0031 | 0.0038
15 | 0.0009 [-0.0015 | 0.0020 | -0.0024 | 0.0027 | 0.0031 | 0.0035
16 | -0.0008 | 0.0014 | -0.0019 | 0.0022 | -0.0026 | 0.0029 | 0.0033
17 | 0.0008 | -0.0014 | 0.0017 | -0.0021 | 0.0021 | 0.0027 | 0.0030
18 | -0.0007 | 0.0013 | -0.0016 | 0.0020 | -0.0023 | 0.0025 | 0.0028
19 | 0.0007 | -0.0012 | 0.0016 | -0.0019 | 0.0021 | 0.0021 | 0.0027
20 {-0.0006 | 0.0011 | -0.0015 | 0.0018 | -0.0020 | 0.0023 | 0.0025
21 | 0.0006 | -0.0011 | 0.0014 | -0.0017 [ 0.0019 | 0.0022 | 0.0021
22 | -0.0006 | 0.0010 | -0.0013 | 0.0016 | -0.001% | 0.0020 | 0.0023

) IS )
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Table 3.4: (Continued)

Toerm

__No.

Weighting Coefficient for Different Outer Radii

4.0A

4.5\ 5.0\ 5.5\ 6.0\ 6.5A

7.0\

I

T e e N

0.3012
0.3040
0.3207
0.3312
0.3793
0.4122
0.6070
0.9480
0.0244
0.0031

-0.0052

0.0051

-0.0047

0.0043

-0.0040

0.9037

-0.0034

0.0032

-0.0030

0.0028

-0.0026

0.0025

0.3000 { 0.3008 | 0.3000 | 0.3006 | 0.3000
0.3061 | 0.3024 | 0.3040 | 0.3016 | 0.3029
0.3105 | 03127 | 0.3067 | 0.3086 | 0.3047
0.3320 | 0.3184 | 0.3202 | 0.3121 ' 0.3140
0.3442 | 0.3436 | 0.3268 | 0.3282 | 0.3182
0.3978 | 0.3571 | 0.3552 | 0.3356 | 0.3364
0.4335 | 0.4156 | 0.3700 | 0.3668 | 0.3445
0.6428 | 0.4540 | 0.4329 | 0.3826 | 0.3782
1.0065 | 0.6766 | 0.4737 | 0.4497 | 0.3950
0.0260 | 1.0617 | 0.7089 | 0.4927 | 0.4659
0.0031 | 0.0276 | 1.1142 | 0.7398 | 0.5110
-0.0054 | 0.0032 | 0.0291 | 1.1643 | 0.7695
0.0053 | -0.0055 | 0.0032 | 0.0305 | 1.2123
-0.0049 | 0.0055 | -0.0057 | 0.0032 | 0.0319
0.0045 | -0.0051 | 0.0056 | -0.0059 | 0.0033
-0.0041 | 0.0046 | -0.0052 | 0.0058 | -0.0060
0.0038 | -0.0043 | 0.0048 | -0.0054 | 0.0060
-0.0035 | 0.0039 | -0.0044 | 0.0049 | -0.0055
0.0033 | -0.0036 | 0.0040 | -0.0045 | 0.0051
-0.0031 | 0.0034 | -0.0037 | 0.0042 | -0.0046
0.9029 | -0.0032 | 0.0035 | -0.0039 | 0.0043
-0.0027 | 0.0030 | -0.0033 | 0.0036 | -0.0040

0.3004
0.3011
0.3063
0.3086
0.3199
0.3246
0.3447
0.3534
0.3894
0.4071
0.4816
0.5287
0.7981
1.2586
0.0331
0.0033
-0.0062
0.0061
-0.0057
0.0052
-0.0047
0.0044
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Table 3.1: (Continued)

Term Weighting Coellicient for Different Outer Radii

No. 7.5 8.0\ 8.5) 9.0\ 9.5)0 T 10.0N [ to.nN
1 0.3000 | 0.3003 | 0.3000 | 0.3003 | 0.3000 | 0.3002 | 0.3000 |
2 0.3022 | 0.3008 | 0.3017 | 0.3007 | 0.30011 { 0.3005 | 0.3011
3 0.3034 | 0.3048 | 0.3026 | 0.3038 | 0.3020 | 0.3031 | 0.3016
4 0.3104 | 0.3064 | 0.3080 | 0.3050 | 0.3061 | 0.3040 | 0.3052
5 0.3132 | 0.3149 | 0.3100 | 0.3116 | 0.3078 | 0.3093 | 0.3063
6 G.2261 | 03181 | 0.3197 | 0.3138 | 63155 | 03110 | 0.3125
7 0.3312 | 0.3324 | 0.3232 ] 0.3248 | 0.3180 | 0.3196 | 0.31 14
8 0.3531 | 0.3379 | 0.3380 | 0.3285 | 0.3299 | 0.3223 | 0.3238
9 0.3623 | 0.3614 | 0.3447 | 0.3454 | 0.3339 | 0.3352 | 0.3267
10 | 0.4004 | 0.3711 | 0.3696 | 0.3515 | 0.3518 | 0.3394 | 0.3104
1T | 04189 | 0.4112 | 0.3798 | 0.3777 | 0.3583 | 0.3583 | 0.3448
12| 0.4968 | 0.4305 | 04218 | 0.3884 | 0.3858 | 0.3650 | 0.364%
13 | 0.5458 | 0.5116 | 0.4418 | 0.4321 | 0.3968 | 0.3937 | ¢.3717
14 | 0.8256 | 0.5625 | 0.5260 | 0.1529 | 0.4422 | 0.4051 | 0.4015
15 1.3031 | 0.8523 | 0.5787 [ 0.5401 | 0.1637 | 0.4522 | 0.4133
16 | 0.0344 | 1.3463 | 0.8782 | 0.5944 | 2.5538 | 0.4743 | 0.1619
17 | 0.0034 | 0.0356 | 1.3880 | 0.9034 | 0.6098 | 0.5672 | 0.1817
18 | -0.0063 | 0.0034 | 0.0368 | 14286 | 0.9279 | 0.621% | 0.5803
19 | 0.0063 | -0.0064 | 0.0035 | 0.0379 | 1.4680 | 0.9747 | 0.6391
20 | -0.0058 | 0.0064 | -0.0066 | 0.0035 | 0.0390 | 1.5064 | 0.9750
21 | 0.0053 | -0.0059 | 0.0066 | -0.0067 [ 0.0035 | 0.0401 | [.514:39
22 1 -0.0049 | 0.0054 | -0.0061 | 0.0067 | -0.0069 | 0.0036 | 0.0411
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03812 04506 0.3969  0.4100 0.3954 a
-0.0112 05608  0.5169  0.4182 0.4368 az
0.0122 —-0.0169  0.6961  0.6309 0.4476 as
-0.0095  0.0196 —-0.0189  0.8094 0.7055 ay
0.0076 —-0.0159  0.0229 —0.0205 0.9088 as

The ¢; coeflicients obtained are (in normalized form)

e = 1.0000
c; = 0.8620
¢y = 0. 7655
¢y = 0.3861

s = 0.5697.

The radiation patiern corresponding to the above example is shown in Fig. 3.6
by solid line. The outer radii of rings are 2.5, 2.0, 1.5X, 1.0\ and 0.5, respec-
tively, while the width of rings is 0.4A. To illustrated the symmetry of the radiation

pattern, the three-dimensional radiation pattern is plotted in Fig. 3.7.

3.3.2 Effect of Array Finite Tolerance on the Beam Pat-
tern of a Ring Array

Another practical aspect which needs to be investigated is the effect of finite
tolerance of the weighting coeflicients in the summing network producing array
output and the finite tolerance of the dimension of rings.

If we ignore the approximation error in the radiation patterns between the pro-
totype linear array and the resultant ring array, we may represent the directivity
function of the ring array by that of the linear array, that is

N -
D(0) = X:Idj cos((2) — 1)72- sin @) (3.5)
J:
where d; are the weighting coeflicients of the prototype linear array.

The vector d of the weighting coeflicients of the prototype linear array can be
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Figure 3.6: Radiation pattern of a 5-ring array with postulated 26 dB sidelobe
suppression in Dolph-Chebyshev prototype.




66

L
\ YA
AN K P
/;*Lé( &
/ X / /}f/,, t2,
‘ >
,l o i ‘ﬁu
/R PN 7
n« //’ Al /I
\‘ “\ ‘\\-., /// "‘\
\ LU aae\“\\ RN !lljl//'
‘c‘s Q,}Q@\\\\“\\\‘\ 7
TS
NN
NN
e s

Figure 3.7: Three-dimensional plot of the radiation pattern of the 5-ring array.
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represented as
d =[wi.wa.....wN]c (3.6)

where [wy.wa.....wy] is the matrix of weighting coellicients of the equivalent
linear arrays of a ring array, and ¢ is the vector of the weighting coetlicients of
the ring array.

Because of practical considerations the weighting coeflicients ¢, can only be
generated with finite accuracy. If the statistical charvacteristic of ¢, is given, we
may find the statistical characteristic of d; by applying Eq. (3.6). Therefore, the
effects of finite tolerance on sidelobe level ana directivity can he treated by any
method available for lincar arrays [3].

Shown in Fig. 3.8(a)-(b) are the 20 samples of radiation patterns «f a {0
ring array for randomized weighting coeflicients with tolerances of H% and 10%
uniformly distributed, respectively. Plotted in Fig. 3.9(a)- (™) are the 10 samples of
radiation patterns of a 10-ring array with a u.1A gap between rings lor randomized

outer and inner radii with tolerances of 5% and 10%., respectively.

3.4 Compact Receiving/Transmitting Configu-

rations

We consider a compact receiving/transmitting array where the transmitting el
ement is a piston, while the receiving array consists of the same transmitting,
piston surrounded by several concentric rings made of piezoclectrie film or several
concentric hollow cylinders operating in longitudinal mode.

We investigate the transinitting/receiving pattern of such a configuration and
apply the design procedure described in Section 3.2.3 to this situation. We use
again the Dolph-Chebyshev linear array as a prototype [35]. It is assumed that
the prototype has 20 elements (N = 10) spaced by d = A/2, with 30 dB and 10

dB postulated sidelobe suppression and with corresponding 7° and 87 beamwidths




68

Relaiive power (dB)

5

0 A ,
-35 |

: [\ [\m It l ' 1 m[\ mx

80 60 40 20 40 6

20 0
Angle (degrees)

(a)

I'igure 3.8: Radiation patterns of a 10-ring array for different portulated sidelobe
suppression level; in Dolph-Chebyshev prototype. (a) 5 % weighting coefficient
tolerance with postulated 30 dB sidelobe suppression. (b) 5 % weighting coeffi-
cienit tolerance with postulated 40 dB sidelobe suppression. (c) 10 % weighting
coeflicient tolerance with postulated 30 dB sidelobe suppression. (d) 10 % weight-
ing coeflicient tolerance with postulated 40 dB sidelobe suppression.
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Figure 3.8: (Continued)
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Figure 3.8: (Continu »d)
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Figure 3.8: (Continued)
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Figure 3.9: Radiation patterns of a 10-ring array postulated 30 dB sidelobe sup-
pression in Dolph-Chebyshev prototype. (a) 5 % outer and inner radii tolerance.
(by 10 % outer and inner radii tolerance.
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(3 dB), respectively. We first assume that the central piston of the ring array has
a diameter of 2. We then follow the design step 2 which results in a 9-ring array
(assumed M = 9) with outer ring diameters of 10X, 9, 8A, TA, 6A, 5A, 41X, 3A,
2X. The last element is the central piston with diameter of 2)\. The widths ¢; of
rings are selected such that there is no overlap between rings. Once the physical
size of rings is determined, we proceed with the method described in Chapter 2
to find the ~quiva' at linear arrays of these rings and the associated vectors of
weighting coeflicients wy, wy, ..., wy. The weighting coefficients of rings can be
found by forming the matrix (step 3) and solving the matrix equation (step 4).
The resulting radiation patterns for ring widths ¢, = 0.4\, ¢ = 1,2, ..,8 (gap of
0.1A between rings) of this example are shown in Fig. 3.10(a)-(b).

We see that the resulting radiation pattern is still close to that of the postulated
Dolph-Chebyshev prototype (shown in dotted line). Referring to Fig. 3.5 we note
that the presence of the central piston in the receiving array assures a more
satisfactory radiation pattern. We proceed to gradually reduce the number M
of rings (i.e., increase the diameter of the central piston) and repeat Steps 2-4.
The resulting radiation patterns are shown in Figs. 3.10-3.14 with the number of
slements of 9, 8, 7, 6 and 5. The corresponding normalized weighting coefficients

ad ring sizes are tabulated in Table 3.5.

In all cases the transmitting element is the central piston with its well known
raliation pattern. The total transmitting/receiving adiation pattern is obtained
by multiplying the transmitting and receiving radiation patterns. We use a 6-
clement array with receiving radiation pattern shown in Fig. 3.13 as the transmit-
ting/receiving array. The combined transmitting/receiving radiation pattern is
shown in IMig. 3.15 for various sidelobe suppression. The dotted line shows the
transmitting radiation pattern of the central piston with d*amcter of 5X. We see
from Fig. 3.15(b) that the narrow beam of 8° and sidelobes more than 48 dB down

can be obtained using only a 6-element array.
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Figure 3.10: Radiation patterns of an array of & rings and | central piston. (a)
Postulated 30 dB sidelobe suppression. (b) Postulated 40 dB sidelobe suppression.
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7 rings + 1 piston
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Figure 3.11: Radiation patterns of an array of 7 rings and 1 central piston. (a)
Postulated 30 dB sidelobe suppression. (b) Postulated 40 dB sidelobe suppression.
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Figure 3.12: Radiation patierns of an array of 6 rings and 1 central piston. (a)
postulated 30 dB sidelobe suppression. (b) postulated 40 dB sidelobe suppression.
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Figure 3.13: Radiation patterns of an array of 5 rings and 1 centra. pision. (a)
Postulated 30 dB sidelobe suppression. (b) Postulated 40 dB sidelobe suppression.
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Figure 3.14: Radiation patterns of an array of 4 rings and | central piston. (a)
Postulated 30 dB sidelobe suppression. (b) Postulated 40 dB sidelobe suppression.
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Table 3.5: Weighting coefficients of rir.z array for different piston diameters

(a) postulated 30 dB sidelobe suppression

Radius Weighting Coefficient for Different Piston '
rif A 1LON | 2.01 | 3.00 | 40X | 501 | 6.0X
0.5 |0.9423 - - - -

1.0 1.0000 | 0.8988 -
1.5 0.8774 | 1.0000 | 0.8638 - - -
2.0 0.8727 | 0.9244 | 1.09%00 | 1.6006 -
2.5 0.7032 | 0.7712 | 0.7656 | 0.987¢ | 1.0000 -
3.0 |0.6906 | 0.7403 | 0.7750 | 0.9002 | 0.9616 | C.9688
3.5 0.4679 | 0.5105 | 0.5135 | 0.6387 | 0.6539 | 0.6515
4.0 0.5107 | 0.5491 | 0.5705 | 0.6741 | 0.7334 | 0.7276
4.5 0.0929 | 0.1027 | 0.1003 | 0.1299 | 0.1257 | 0.1409
5.0 [ 0.6900 | 0.7451 | 0.7670 | 0.9196 | 0.9851 | 1.0000

(b) postulated 40 dB sidelobe suppression

Radius Weighiting Coefficient for Different Piston
rif A 1.0x 20X | 3.00 | 4.0A 5.0\ 6.0\
6.5 |0.9894 - —~ - - ~

1.0 1.9000 | 0.9002 -
1.5 0.8957 | 1.6300 | 0.9393 -
2.0 0.8134 | 0.8466 | 1.0000 | 1.0000 | - -
2.5 0.6691 | 0.7227 | 0.7780 | 0.6219 | 1.G007 -

3.0 0.£617 | 0.5909 | 0.6757 | 0.7365 ! 0.7748 | 1.G000
3.9 0.404%8 | 0.4354 | 0.4743 | 9.5561 | 0.5772 | 0.5329
1.0 0.3224 | 0.3398 | 0.3866 | 0.4255 | 0.4725 | 0.5003
4.5 0.1528 | 0.1649 | 0.1784 | 0.2112 | 0.2158 | 0.2395
3.0 0.2221 | 0.2352 | 0.2649 | 0.2960 | 0.3243 | 0.3442




3.5 Summary

This chapter considers several practical aspects associated with the implemente-
tion of a novel array of ring radiators. Modified design methods are developed
to include the variability of the gap between rings and to reduce the number of
rings. A simplified design procedure is proposed and the resuits are presented in
a tabular form convenient for designers. The effect of finite tolerance of weight.-
ing coeflicients and the radii of rings on the radiation pattern of a ring array ts
also discussed. The proposed ronfiguration can be implemented as a receiving ar-
ray using piezoelectric film or as a transmitting/receiving array using concentric
hollow cylinders cperating in longitudinal mo-de.

A compact receiving/transmitting configuraiion is also proposed in which the
transmitting element is a piston, while the receiving a ray consists of the same
transmitting piston surrounded by several concentric rings made of piczoeteetric
film or several concentric hollow cylinders operating in longitudinal mode. By ap
plying the proposed design method to a compact transmitting/receiving array, it
is found that the reduction of the number of elements can still yield an acceptable
radiation pattern. A design example shows that a narrow beam of 8° heamwidth
(3 dB) with raore than 48 dB sidelobe suppression in the transmitting/recetving
pattern can be achieved with an array using only 6 receiving elements and one

transmitting element.
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Chapter 4

Novel Acoustic Arrays of Elliptic
Ring Radiators

In Chapter 2 and 3 we dealt with novel arrays of circular ring radiators. These
arrays can produce search-light-type beams with greatly reduced sidelobes. In
this chapter we propose another novel acoustic array of elliptic ring radiators and

discuss the relation Letween this novel array and the circular iing array.

4.1 Introduction

Fan-type acoustic beams are widely used in specialized sonars such as sidescan
sonars, sonars for fish finding and stock assessment, and other systems [2]. Such
beams are relativery broad (20° - 45°) in one direction and narrow (1° - 5°) in the
direction orthogonal to the broad beam direction. The systems usually consist of
linear arrays made from rectangular elements. It is possible to control the radia-
tion pattern in the narrow beam direction by the application of proper weights to
each array element. Ir the broad beam direction, however, the radiation pattern is
determived by the width of the rectangular elements and has large first sidelobes
(13.5 dB). Existence of such sidelobes adversely affects scnar performance.

In this chapter we propose a novel array consisting of several concentric ellip-
tic ring radiators, and capable of generating a superior radiation pattern. Two

approaches to the design are presented. One approach vtilizes a mapping to trans-
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form a radiation pattern designed for circular ring array by previously developed
methodology to that of elliptic ring array. The other approach uses the concept
of equivalent linear arrays. This approach benefits from the existing design tech-
niques developed for linear arrays. It requires only simple matrix operations and
does not involve any optimization.

The design examples are presented which show that 40 dB or more sidelobe
suppression in all possible angular directions in the radiation pattern is achiev-
able. The proposed configuration can be implemented as a receiving array vsing
piezoelectric film and as a transmitting/receiving array using concentric hollow

elliptic cylinders operating in longitudinal mode.

4.2 Directivity Function of an Elliptic Piston

In general the directivity function of an arbitrary piston can be obtained as a
suitable integral over its face [38]. The faceof ¢ .ptic piston is shown in Fig. 4.1.
The directivity function (radiation pattern) of such a planar ellipiic radiator of
uniform sensitivity, with major and minor axes of 2a and 2b, respectively, placed

in an infinite rigid baffle, is given by
De(a, ¢) — //ej%‘z(z‘sinocos¢:+ysinOsin(/J)dmdy (A. l)

where A is the wavelength of radiated signal, s is the area of integration (surface
of the elliptic piston), and 8, ¢ are the angular coordinates shown in Iig. 1.1,

We introduce implicitly the new variables p and v by the folloving iransfor-

mation:
Z = apcosy, 0<p<; (1.2)
y = bpsiny, 0<yp <27, (1.3)

For these new variables we have

dzdy = |J|dpdy




A Plane ¢
z . //
0 y
Equivalent radius
—
¢
»
X

Figure 4.1: Geometry of an elliptic piston and its equivalent radius.
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= abpdpdy’ (1.1)
where |J| is the Jacobian of the tranrformation defined as

Jr 0y drdy

= on5s ~ 50ap

= abp. (1.5)

Now we rearrange the integral in Eq. (1.1) to obtain the following {or:

27 el s G .
De(o’ ¢) — / / el sin @(a cos 4t cos ¢p+bsin y Hm(/’)(lb/)(l/)(ll,‘". (l())
0o Jo

Furthermore, if we let

cos ¢ = acos ¢ (1.7)
\/a2 cos? ¢ + b?sin® ¢
and
) bsi
sing = 2% (1.8)
\/(l2 cos? ¢ -+ b*sin® ¢
then we express Eq. (4.6) as
2 1 - —— ,
De(o’ ¢,\ _ / .y / ()J-z—’\-smﬁ\/ a? cos? ¢p+b? sin? b cos(ih— )(Lb/)(l/)(l'l/’. (4 9)
v 0

We note that the integral! (4.9) has the form of the integral expression of the

zero-order Bessel function of the first kind Jy(z), which is

2 )
27rJo(z)=/O 7SV o (1.19)

Using this observation we can write Eq. (4.9) as

1 27 > 2 o
D.(0,9) =~ 27ra,b/ Jo (—-)\—\/a2 cos? ¢ + b2sin® psin ()) pdp. 4.11)
0




oL
-1

By making use of the identity
/' zdo(2)dz = xJy(x) (4.12)
(4]

we finally write Eq. (4.11) as

J1(2m1/a? cos? ¢ 4 b2 sin® ¢sin 6/

D0 ¢) = ab-
\/(-12 cos? ¢ + 02sin® sin 6/

(4.13)

where J;(-) is the first-order Bessel function of the first kind. For a circular piston
trar sducer for which a = b, the above resui. reduces to that derived in [33].

The radiation patterns of an elliptic piston transducer with ¢ = 5\ and b =
0.175a are shown in Fig. 4.2(a)-(d) on a plane perpendicular to its surface and
pass‘ng throuvgh its center. We refer to this plaue as plane ¢. An elliptic piston can
gencrate a fan-type beam, broad on the plane ¢ = 90° anc narrow on the plane
¢ = 0°. As will be explained later, the radiation pattern of the elliptic transducer
can be obtained through a suitable transformation of a radiation pattern of a
circular piston. Such a transformation preserves the relative levels of sidelobes.
For this reasen the maximum sidelobe level associated with an elliptic piston is

17.6 dB below ihe main lobe maximum, the same as that of a circular piston.

4.3 Circular to Elliptic Piston Transformation

We introduce here a concept of angle mapping which transforms the two-dimen-
sional (2-D) radiation pattern generated by a circular piston to a three-dimensional
(3-D) radiation pattern generated by an elliptic piston. For this purpose we rewrite
Fq. (1.13) as

Ji(krsin @)

D0, ¢) = 2mab——— -+ .
(0.¢) a krsin 8 (4.14)
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Figure 4.2: Radiation patterns of an elliptic piston transducer with ¢ = 5X and
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where
r=1y/a?cos? o+ bsin“o;  a<r<b (1.15)
is defined as the equivalent radius of an elliptic piston at the angle ¢ shown in
Fig. 4.1, and k == 27 /X is the wavenumber of the radiated signal. This equivalent
radius r will play an important role in the analysis of the radiation pattern of an
elliptic piston.
A circular piston of radius r has a directivity function given by

)2 Ji(krsind)

D.(0,¢) =27 o (116}

We note that for a given ¢ the directivity function D.(0,$) given by Fq. (1.14)
is equal to 1).(8, ¢) given by Eq. (1.16) except for a constant factor. Based on
this observation, we conclude that the normalized radiation pattern of an elliptic
piston on the plane ¢ is identical to the beam pattern of a circular piston with
the radius given by Eq. (4.15) on the same plane.

We define a piston angle u by
u = krsin@. (4.17)

Using Definition {1.17), the directivity function of the elliptic piston in « domain
becomes
J
D.(8,6) = D.() = 2xab? ). (1.18)

u

Similariy, the directivity function given by Eq. (4.16) for a circular piston in wu
domain becomes

Jl(u)

u

D.(0,¢) = D.(u) = 2xr? (4.19)
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Both directivity functions of Eqs. (1.18) and (4.19) are identical in the u-domain
except for a proportionality constant. Consequently w> will deal with only one

normalized directivity function

De(u)  Do(u)  Ji(u)

D(u) = = -
(u) 2rab 22 u

. (4.20)

Since D(u) is the function of only one variable and s invariant to ¢ in u-domain.
we can generate a 3-1) radiation pattern of an elliptic piston through a 2-D ra-
diation pattern D(u) or D.{u) of a circular piston by using the transforinations
defined by Eqgs. (4.15) and (4.17). These trensformations can be considered as the
mapping of the space angle (6, ¢)-domain into the u-domain and vice-versa. We
cali this approach an angle mapping approach. To visualize this transformation we
constructed a svitable nomogram shown in Fig. 4.3 which will later prove useful
in synthesizing a radiation pattern.

Shown in Fig. 4.3(a) is a plot. of D(u) as given by Eq. (4.20) which represents
a normalized directivity function in the u-domain for both circular and elliptic
pistons. We use this 2-D plot to generate « 3-D radiation pattern in any (6, ¢)
direction for an elliptic piston. For a given ¢ and b (in this example ¢ = 5) and
b = 1A) we use Fq. (4.15) to find the equivalent radius r(¢) at a certain angle
#. 'This value is used to construct a semicircle with diameter 2kr as shown in
Fig. 4.3(b). The diameter of the semicircle determines the visible range in the
u-domain by its projection ento the u-axis shown by the dotted lines in Fig. 4.3(a)
for semicircles corresponding to ¢ = 0°, 60° and 90°. When the equivalent radiue
r equals the major axis a (this occurs for ¢ = 0°), u has a maximum visible
range; this corresponds to the narrowest beamwidth in the radiation pattern.
When the equivalent radius r equals the minor axis b (this accurs for ¢ = 90°), u
has a minimum visible range, which corresponds the broadest beamwidth in the
radiation pattern. To complete the transformation -ve construct a curve shown in

Fig. 1.3(¢). The curve is constructed from points obtained in the following steps:
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Figure 4.3: Transformations from space angles ¢, 8 to piston angle u for an clliptic
piston transducer. (a) Radiation pattern in the u-domain. (b) Transformation
from 8,7 to u. (c) Transformation from ¢ to r.
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{. For a given ¢ find the corresponding radius kr as shown in Fig. 4.3(b).

2. Construct a -ay as shown in Fig. 4.3(c) pointing in the ¢ direction and

starting from the point (kb,0). We use ¢ = 60° as an illustration.

3. Project kr shown in Fig. 4.3(b) towards the above ray to obtain an inter-

section point Q.
4. Repeat the above steps for different ¢ to obtain the whole curve.

It can be shown that the equation of the curve in polar coordinates (g, ¢) obtained
in such a way is given by
_ k(r(¢) = b)

p=—""  0°< ¢ <360° (4.21)
cos ¢

with the origin as shown in Fig. 4.3(c).

Now we use the nomogram to find a 3-D radiation pattern in any given
space angle (0',¢'). First we map the angle ¢’ to the equ’valent radius r’ us-
ing Iq. (4.15). This is done graphically by mapping of the point A corresponding
to ¢ in Fig. 4.3(c) onto the point B in Fig. 4.3(b). We then map the angle ¢’
to the piston angle u by Eq. (4.17). This is graphically accomplished by moving
the point B along the semicircle of the radius kr’ to the point C in Fig. 4.3(b)
and projecting it to the point D in Fig. 4.3(a). Finally, we calculate the beam
amplitude at (6, ¢') from Eq. (4.20) or obtain it graphically as the point E in
Iig. 4.3(a).

Iig. 1.3 also illustrates the manner in which the major and minor axes affect
the radiation pattern of an elliptic piston. As the axes a and b increase, the visible
range of u increases. As a result the number of zeros and lobes appearing in the
radiation pattern increases, aud this in turn results in a narrower main lobe in
the radiation pattern. 3-1) plots of radiation patterns showing thes~ effects are

presented in Fig. 1.1(a)-(c).
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4.4 An Array of Elliptic Ring Radiators

The directivity function of an elliptic ring radiator shown in Fig. 1.5 with major
axes a;, a;_1, minor axes b;, b;_;, uniform sensitivity, and placed in an infinite rigid
baffle can be readily obtained by subtracting directivity functions of two elliptic

piston radiators given by Eq. (4.14), that is:

D.(6,¢) = zwaib"Jl_l(gf;ﬁinT()) — L7r¢zi_1b;__l%)— (1.22)
where

ri = /a2 cos? ¢ + b sin? (4.23)
and

Tio1 = \/a?_l cos? ¢ + b?_, sin? ¢ (4.24)

are defined as the equivalent outer and inner radii, respectively, of an elliptic ring
at angle ¢.

We now consider an array formed by several concentric, contiguous (no gaps
between rings) elliptic ring radiators, each contributing to the overall directivity
function with weighting coefficients ¢; as illustrated in Fig. 4.6 for the case of
three elliptic rings (for the sake of consistency we will also call the central, elliptic
portion of the array a ring).

The directivity function of an array with N elliptic ring radiators arranged in

such a way can be written as

Ji(kry sin 0)

kT‘] sin @

Z G {2mibiw _ 2ﬂai_lbi_lw} (1.25)

kr;sin kr,_,sinf

D(8,¢) = 2ma1i0

=2
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Plane ¢

Figure 4.5: Geometry of an elliptic ring radiator and its equivalent radii.
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Figure 4.6: Front face of an array of elliptic ring radiators.
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where r; is the equivalent outer radius of the 7th elliptic ring given by Eq. (4.23).
By varying the weighting coeflicients ¢;, and the major and minor axes a; and b;,
one can modify the overall function D) to approximate a certain desired function

Dy.

4.5 Design of an Array of Elliptic Ring Radia-
tors

There are two possible approaches to the design of elliptic ring arrays. One
approach takes advantage of a radiation pattern already designed for a circular
ring array. Such a pattern typically has the form of a search-light bean with
sidelobes suitably suppressed [18]. A transformation method called angle mapping
is presented which transforims such a beam into a fan-type beam and yet maintains
the same level of sidelobe suppression. While simple to apply, this approach lacks
certain flexibility inherent to the second approach based on the equivalent linear
array (KLA) concept. We will use the ELA concept described in [18] and extend
it to the design of an array of elliptic ring radiators with the radiation pattern
which closely approximates a prescribed radiation pattern. The technique takes
advantage of the theory developed for linear arrays. Since linear array design is a

mature and well-developed field, such an approach offers obvious advantage.

4.5.1 Angle Mapping Approach
4.5.1.1 Validity of Angle Mapping Approach

We consider radiation patterns of an array on plane ¢ defined in Section 4.2.
Comparing the directivity function of an elliptic ring array given by Eq. (4.25)
with Fq. (2.2) of that given in Chapter 2, which describes the dirertivity function
of an array of circular ring radiators, we see that both equations have the same
form. Therefore, the radiation pattern of an array of elliptic ring radiators on

plane ¢ is equal to the radiation pattern of the array of circular ring radiators
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with the outer and inner radii given by Eq. (4.23) for any given angle ¢. That is,
the radiation pattern of an elliptic ring array on the plane ¢ is identical to the
radiation pattern generated by a circular ring array whose outer and inner radii
are equal to the equivalent radii of the elliptic ring array.

In the following developments we investigate the validity of angle mapping
approach for the case of the elliptic ring array. We consider a radiation pattern
on the plane ¢ shown in Fig. 4.1. We observed earlier that as ¢ changes the
radiation pattern remains the same in the u-domain and only the visible range
of the radiation pattern is affected. That is, the radiation pattern of the elliptic
piston is invariant to differeat ¢. In general, this property does not apply to the
radiation pattern in the u-domain of an elliptic ring array since ite directivity
function is not in the form of D(u) as given by lq. (4.20). We will, however,
show that under certain conditions the radiation pattern in the w-domain of an
elliptic ring array I invariant to ¢. To this effect wo introduce the concept of
scale-invariance which will be useful for an array of elliptic ring radiators.

Definition: A radiation pattern is said te be scale-invariant if
D(v1)p=g, = D(v2)|3=, (4.26)

where vy, v, ¢;1 and ¢, are parameters.
We now show that the <cale-invariance defined above guarantees the validity of
the angle mapping approach in the analysis of the array of elliptic ring radiators.
Theorem I: A sufficient condition for the radiation pattern of an array of N

eliptic ring radiators to be scale-invariant is
b; =6a; for i=1,2,...,N {4.27)

where a; and b; are the major and minor axes of the ith elliptic ring, respectively,
and 6 is a constant.

Proof. Substituting b; == {q; into Eq. (4.23) we can rewrite [5q. (4.25) as
2. Ji(Tuai/an)

Da(u) = 27(60,161 Tual/aN
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N ,J1(Tua;/an)
34 2mbat s N
+§( { Tod: Tua;/an
_zﬂéa?__lMa_NZ} (.28
Tua;_/an
where
u = kay sin 0 (4.29)

is called the array angie, ay is the major axis of the Nth ring (biggest one), and

T' = \Jcos? ¢ + 62sin? ¢. (4.30)

For given angles ¢ = ¢;; ¢ = 1,2 we introduce the variables

v = wyfcos? ¢y + 82sin*g;  for i=1,2. (4.31)
Substituting Eq. (4.31) to Eq. (4.28), we find that
D(0n)lgmps = D(03)lmgs (4.32)

Thus, Theorem 1 is true. O
We note from Eq. (4.26) that the shape of the radiation pattern is not affected
by the variation of angle ¢. As in the case of the elliptic piston, the visible range

of the radiation patiern of an elliptic ring array changes with ¢. This visible range

is determined by

2 2
—-TW'I'(I,N <u< ~/—\7—r-TaN. (4.33)

We conclude that for scale-invariant beams the radiation pattern is invariant to
¢ and therefore the angle mapping apprcach which transforms the space angles ¢
and 0 to array angle u is valid.

With some minor modification of Eq. (4.25), we can derive the same sufficient

condition for an array of elliptic ring radiators with gaps between rings.
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4.5.1.2 Design of an Array of Elliptic Ring Radiators by the Angle
Mapping Approach

We now discuss how to transform a circular ring arvay into an elliptic ring array
which generates a fan-type beam with a beamwidth of 0, x 0,, while preserving
the same sidelobe level as for the radiation pattern of the circular ring array. Here
O, is the beamwidth on the plane ¢ = 0° and @, is the beamwidth on the plane
¢ = 90°. We assume that 0, < ©O,. We lirst design an array of circular ring
radiators which generates & radiation pattern with the beamwidth of @, and the
required sidelobe level using the methodology described in [18]. We use the outer
and inner radii of these circular rings as the outer and inner major axes of elliptic
rings of the array. We then determine the major and minor axes ratio & for the
given beamwidth O;, x0,. By using the angle mapping approach and imposing the
sufficient condition b; = éa; to the minor axes of elliptic rings for scale-invariance
postulated by Theorem 1, we obtain the directivity function of the elliptic array
given by Eq. (4.28). To evaluate the beamwidth, we set 1q. (1.28) to the value
¢ corresponding to 3 dB down from its maximum value D,(0), which leads to an

equation

?, N e, .
Do(u) = 2w6a§’c1M LY { amsaz ! ua;/an)

1
Tuayfan e | Tuaifan

_amsat ST "“""i‘i’ﬂ} e (A1)

=1 'I':i:t:l/(l,N
It follows from Eq. (4.34) that
Tu = const {1.35)

Substituting the expressions for 7" and u from Eqgs. (4.30) and (4.22) in Eq. (4.35),
we obtain a contour equation for all 3 dB down points in space angle (0, ¢)-domain,

that is

Tu = kaysin(©/2)\/cos? & + 62sin® ¢ = const. (4.36)
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where © is the beamwidth and ©/2 is the 3 dB point in §-domain. For a given O

(on the plane ¢ = 0°) and ©,, (on the plane ¢ = 90°), we obtain from Eq. (4.36)
kay sin{©,,/2) = 6kan sin(0,/2) (4.37)
which gives us the required ratio of major and minor axes

=:_:%L%:Z— for i=1,2,...,N. (4.38)

We consider a scale-invariant eliiptic ring array satisfying Eq. (4.27). The
design process is illustrated graphically in Fig. 4.7. Fig. 4.7(a) shows the pre-
viously designed radiation pattern of a circular ring array in the u-domain with
a beamwidth of ©,, and suitably suppressed sidelobes. This radiation pattern is
the same as that of an elliytic ring array except for a different visible range. The
maximum visible range for the elliptic ring array occurs on the plane ¢ = 0° and
is equal to the visible range of the circular ring array. This ma:imum visible range
is mapped onto a seniicircle as shown in Fig. 4.7(b) and as discussed in Section
4.3 and illustrated in Fig. 4.3. The diameter ci this semicircle aetermines the
maximum major axis ay of the eiliptic ring array The 3 dB down points A and
B in the radiation pattern in Fig. 4.7(a) are mapped onto a sector of a sericircle
corresponding to . certain ¢ obtained with the aid of Fig. 4.7(c). This mapping
is shown in Fig. 4.7(b) by the dotted lines AC and BD for the case of ¢ = 0°. The
angles of sectors obtained in such a way indicate the beamwidth © for any given
¢. A given 3 dB beamwidth 9, is represented by the angle DEC in Fig. 4.7(b).
The rays which span this angle intersect the dotted lines AC and BD at the points
D and C. The line segment ED or EC gives the diameter of the semicircle. This
diameter determines the minor axis by. The axes ratio for all elliptic rings of the

array is determined by

o = by/an (4.39)
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Figure 4.7: Beamwidths (3 dB) © of an array of elliptic ring radiators for dif
ferent space angle ¢ obtained through transformatiors. (a) Radiation pattern in
u-domain. (b) Transformation from 8,7 to u. (¢) Transformation from ¢ to r.
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as postulated by Eq. (4.27). The 3 dB beamwidth © on any plane ¢ can be found
by mapping the point Q (illustrated for ¢ = 60°) shown in Fig. 4.7(c) onto the
semicircle shown in Fig. 4.7(b). This semicircle intersects the dotted lines AC
and BD at F and G. The angle FEG gives us the beamwidth corresponding to

the given ¢.

4.5.2 Equivalent Linear Array Approach

An equivalent linear array (ELA) method [18] was developed for the design of
an array of circular ring radiators. The method benefits from existing design
techniques developed for linear arrays. The developed methodology requires only
simple matrix opevations and does not involve nonlinear optimization. In this sub-
section we will extend the ELA method to the array of elliptic ring radiators using
the equivalent radius concept described in Section 4.3. Such an elliptic ring array
~an generate a radiation pattern which approximates a desired radiation pattern
Dy. The directivity function of an elliptic ring array D is given by Eq. (4.25).

The error of approximation € can be defined as
2 =||D — Dy))? =<D—-Dy,D—Dy>. (4.40)

Here we treat functions as vectors in Hilbert space and use the norm denoted by
Il - I to express the error function. The < - > denotes the inner product.

The objective of the design is to determine the array parameters as given in
Fa. (1.25) which minimize the error ¢. Nonlinear optimization algorithms can
be used in array synthesis but are computationally intensive. This presents a
practical difficulty {or an array of a significant size. Furthermore, the size of the
array can not be selected as a variable because of the nature of its effect on the

objective function (i. e., approximation error 2 defined by Eq. (4.40)).
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4.5.2.1 Equivalent Linear Array of an Elliptic Ring Radiator

A linear array with 2NV point elements spaced uniformly by d has the directivity

function given by [18]

N
Dy(u') = Z wjcos((2) — 1)u') (-Lo11)

=
where {w;} are the weighting coefficients and v’ is defined as

, wd .
u = —siné. 1142
: (1.12)
The directivity function of an elliptic ring radiator with equivalent outer and
inner radii r; and r;_;, respectively, giver by Eq. (4.22) can be rewritten in the

u'-domain as
Dc(9,0) = De(u,)
mazbid Ji[(2r;/d)u']

!

r; U
b:d T ) !
_ Watbzd "1[(27'1'—11 /d)u ] . (443)
Tig u

Assuming an infinite length linear array, it is possible, by proper selection of
the weighting coefficients w;, to obtain a directivity function equal to that of an

elliptic ring radiator, that is

D.(v') = f:wj cos((2j — 1)u'). (1.44)

i=1

We call such an array the equivalent line n array to an elliptic ring radiator. As
discussed in [18] the functions cos({2j — 1)u’) are orthogonal in the u'-domain;

their inner products are definca as

r

< cos((2i — 1)u'),cos((25 — 1)) > = %/: cos((27 — 1)u')
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cos((2) — 1)u')du'

- {1 fori = j (4.45)

0  otherwise.

Applying the inner product defined by Eq. (4.45) to Eq. (4.44) we obtain

ij < cos((27 — D), cos((2i — 1)) > = < D.(u'),cos((2¢ — 1)u') >

1=0
(4.46)
which leads to the explicit expression for w;
4 % , . N gt .
w; = —/ D.(u')cos((25 — 1)u")du j=1,...,00. (4.47)
7 Jo

To ex).ress the radiation patterr. of 2a elliptic ring radiator we need a set of
cquivalent linear arrays rather than one equivalent linear array as in the case of a
circular ring radiator [18]. Each equivalent lincar array produces a radiation pat-
tern which represents the radiation patiern generated by the elliptic ring radiator
on a certain plane ¢. This is illustrated graphically in Fig. 4.8. The weighting
coefficient w; depends on ¢ and therefore depends on the equivalent outer and
inner radit »; and r;,_;. However, under the condition given by Theorem 2 this
dependenice can be eliminated.

Theorem 2 1f the spacing d of the equivalent linear array is
d=TA2 (4.48)

where I' is given by Eq. (4.30), and if the major and minor axes of an elliptic
riug radiator satisfv conditions a; = éb; and a@;-; = 6b;_1, then the weighting
coeflicients w; of the set of equivalent linear arrays for the elliptic ring ra.!iator

are independert of ¢.
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Figure 4.8: Front face of an elliptic ring radiator and its equivalent lincar arrays.
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Proof: Substituting Eqgs. (4.23), (4.30) and (4.48) into Eq. (4.47) and calcu-

lating the weighting coeflicients w;, we have

w; = 4 /5 Wéai)\Mcos(@j - 1)u')du’
0

T 2u’

A
._fl_/ ,mi_l,\Mcos((zj — 1yu)du!
T Jo

2u!

= wj|p=00 J=1,...,00. (4.49)

Therefore, the coefficient w; is independent of the space angle ¢. Thus, Theorem
2 is true. a

The error of approximation given by Eq. (4.40) should be calculated only
over the visible rz- ge of u' which is smaller than or equal (for T = 1) to the
range [0,7/2] of the inner product defined by Eq. (4.45). However, to simplify
calculations we calculate the error over the entire range [0, 7/2]. Becaunse of the
small amplitude { tke directivity function in the invisible range we find that this

step has negligible effect on the results.

4.5.2.2 Design of an Array cf Elliptic Ring Radiators by the Equiva-
lent Linear Array Method

The equivalent linear array method for the design of an array of elliptic ring radi-
ators is a technique in which all elliptic ring radiators are represented by a series
of sets of equivalent linear arrays, each for different ¢. The directivity function
of the array of elliptic ring radiators is then the sum of the directivity functions
of all equivalent linear arrays. Each equivalent linear array of an elliptic ring
radiator has in principle an infinite number of elements and associated weighting
cocflicients. In general, the magnitude of these coefficients decreases for elements
far away from the center of the array. It is therefore possible to truncate the
cquivalent linear array to a finite nuicher of elements by disregarding elements

with small weighting coefficients. This truncating process is studied in [18]. As
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an illustration of this process, Fig. 4.9(a)-(d) shows radiation patterns of the i-
th elliptic ring radiator with a; = 4.5, a;_y = 41X, b = 0.9\ = 0.2q;, and
bi.1 = 0.82X = 0.2¢;_;, and its set of equivalent linear arrays truncated to 18
elements spaced by d = TA/2 (corresponding to 9 terms in the directivity func-
tion). The radiation patterns of the equivalent linear arrays arc shown by dotted
lines. We observe only a small error (at higher order sidelobes) introduced by this
truncation.
The following are the design steps for obtaining the weighting cocflicients for
the array of ellintic ring radiators using Theorem 2. The procedure presented here
is only a summary. The design procedure is similar to that for arrays of circular

ring radiators and is detailed in [18, 37, 39].

1. Design a linear arrcy of point radiators with variable spacing T'A/2 which
produces a desired radiation pattern (for example associated with a Dolph-
Chebyshev array). As a result, the vector of weighting coeflicients wy, and

the size 2N (number of elements) of the array are obtained [3]. We call such

an array a prototype.

2. Consider a series of N elliptic ring radiators, and find their equivalent linear
arrays with spacing of T'A/2 and size of 2N by properly selecting their
weighting coeflicients. Note that in order to have the same spacing in all
equivalevt linear arrays for all elliptic rings we require the major and minor
axes of elliptic rings to satisfy the suflicient condition for scale-invariance

given by Eq. (4.27).

3. Arrange the weighting coeflicients of the equivalent linear arrays to form a

matrix of weighting coefficients as described in [18].

4. Find the weighting coefficients of the elliptic ring array by inverting the
matrix formed in step 3 and multiplying it by the vector of weighting co-

efficients w; of the prototype formed in step 1. Here Theorem 2 ensures
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Figure 4.9: Radiation patterns of an elliptic ring radiator with a; = 4.5},
ai-y = 4.1\ b = 0.2a;, biy = 0.2¢;_; and its equivalent linear arrays trun-

cated to I8 elements (9 terms) for different ¢. (a) ¢ = 0°. (b) ¢ = 30°. (c)
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that the matrix of weighting coefficients is independent of ¢. Therefore, we
obtain a set of weighting coeflicients of the array for all ¢, since they are

independent of ¢.

We performed an array design by applying the above design technique to a
Dolph-Chebyshev lincar array as a prototype. We assumed a prototype of 20
clements spaced by d = T'A/2 with § = 0.2. Two cases are considered: 30 dB
and 40 dB sidelebe suppression. The beamwidths of the prototype were 6.5°
(on the plane ¢ = 0°) x32° (on the plane ¢ = 90°) for sidelobe suppression of
30 dB and 7° (on the plane ¢ = 0°) x36° (on the plane ¢ = 90°) for sidelobe
suppression of 40 dB. The design of the elliptic ring array with closely matched
radiation patterns was performed which resulted in an elliptic ring array of major
axis 10X consisting of 10 elliptic rings as shown in Fig. 4.10. The corresponding
normalized weighting coefficients and ring sizes are tabulated in Table 4.1. The
resulting radiation patterns generated by such array are shown in Fig. 4.11(a)-
(d) and Fig. 4.12(a)-(d) for different angle ¢ and for 30 dB and 40 dP postulated
sidelobe suppression respectively. The dotted lines indicate the radiation patterns
of the Dolph-Chebyshev prototypes. We see that the resulting radiation patterns
are almost identical to those of postulated Dolph-Chebyshev prototypes. Shown
in Fig. 4.13(a) and (b) are the 3-D radiation patterns of the resultant elliptic ring
array with postulated sidelobe suppression of 30 dB and 40 dB, respectively. We
observe that this is a substantial improvement compared to the radiation pattern
of a conventional linear array with rectangular elements.

We also applied the angle mapping approach to the design example presented

above and obtained the similar results.

4.6 Summary

Using the novel configuration of an array of elliptic ring radiators it is possible to

generate a fan-type beam with greatly suppressed sidelobes. Examples demon-

L
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Table 4.1: Weighting coefficients and ring sizes of an array of elliptic ring radiators
for different sidelobe suppression levels

Ring No. | Major Axis (1) { Minor Axis () | Weighting Coefficient
i outer | inner | outer { inner 30dB 40 dB
| 0.5 0.0 0.1 0.0 0.9423 0.9894
2 1.0 0.6 0.2 0.12 1.0000 1.0000
3 1.5 1.1 0.3 0.22 0.8774 0.8957
4 20 | 1.6 | 04 | 032 | 08727 | 08134 ;4|
bt 2.5 2.1 0.5 0.42 0.7032 0.6691
6 3.0 2.6 0.6 0.52 0.6906 0.5617
7 3.5 3.1 0.7 0.62 0.4679 0.4048
8 4.0 3.6 0.8 0.72 0.5107 0.3224
9 15 | 4.1 0.9 | 0.82 | 0.0929 | 0.1528 ?
10 5.0 4.6 1.0 0.92 0.6900 0.2221
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Figure 4.11: Radiation patterns of an array of elliptic ring radiators with postu-
lated 30 dB sidelobe suppression for different ¢. (a) ¢ = 0°. (b) ¢ = 30°. (¢)

é=60°. (d) ¢ = 90°.
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strate that sidelobe suppression of over 40 dB in all possible direction is achievabie.
This result shows the superior performance of elliptic ring arrays in comparison

with rectangular element arrays used in sidescan sonar systems.




Chapter 5

Equiv-~lent Linear Array
Approach to Array Pattern
Synthesis

In Chapter 2 we introduced ihe concept of an equivalent linear array for use
in the design of novel circular ring arrays. We extended this concept to the
design of novel elliptic ring arrays in Chapter 4. In this chapter we present a new
and effective array pattern synthesis method based on the equivalent linear array

concept.

5.1 Introduction

A large number of par :rs have been devoted to the important problem of array
synthesis. Dolph’s classic paper [21] derived the array weiglts for a uniformly
spaced linear array of isotropic elements ihat yields the minimum beamwidth
for a given sidelobe level. Villeneuve [22] described how Taylor’s method [7]
developed for continuous shading can be applied to discrete arrays. Elliot and
Stern [25] presented additional pattern synthesis techniques for arrays. However,
all of these techniques are applicable only to arrays consisting of uniformly spaced
clements with nondirectional radiation patterns (isotropic elements).

In a recent paper [31] Olen and Compton, Jr. presented a numerical synthesis




124
iechnique that can be used for arrays consisting of a set of elements e wch with
an arbitrary radiation pattern. However, this method is a numerical technique
and it does not yield analytic solutions for the required weights. ‘The aim of
this chapter is to present a new analytic synthesis technique based on the lincar
equivalent array approach [18]. This approach does not involve any numerical
optimization routine — only ordinary matrix operations are required. The pro-
posed technique can be used to synthesize arrays of uniformly spaced clements

each with an arbitrary radiation pattern.

5.2 Formulation

Let us consider a 2N-element linear array. Let f{(6) be the directivity function of
the ith element, such that f/(6) = fi{(—8), f{(0) = f!(x — ), and f{(0) # const.
We call such an element a nonisotropic element. All clements are uniformly spaced
by d from their centers as shown in Fig. 5.1. The directivity function of such an
array is given by
N d
D'(b) = Zf{(ﬂ)wi cos [(22 - 1)—)\— sin H] (5.1)
i=1
where w; is the weighting coefficient associated with the ith clement. Array sym-
metry is assumed, that is w; = w—; and f/(0) = f*;(6). We intend to find a
set of weighting coefficients w; such that the resulting radiation pattern /1(0)
approximates a desired radiation pattern.

In the following developments it is convenient to map the angle 0 into the u
domain defined as
7d .
u = —sind. (5.2)

A

With this mapping Eq. (5.1) can be written as

N
Dfu) = Z:fi(U)wi cos[(2i — Du}; —
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array output

Figure 5.1: Arrangement of a linear array of 2N elements.




126
Any arbitrary directivity function fi(u) with fi(r/2) = 0 in Eq. (5.3) can be
generated by an infinite length linear array consisting of an even number of point

(isotropic) elements with properly selected weighting coefficients «; ;, that is
filw) =) aijcos[(2j ~ Luj. (5.1)
i=1

We call such an array the equivalent linear array to the ith eclement.,
It can be shown that the functions cos[(2¢ — 1)u]; i = 1,...,00 form an or-

thogonal set spanning the Hilbert space H with inner product, defined as

< cosf(2. — u],cos[(2j — Du] > = 4 /% cos[(2¢ — 1)u] cos[(2f — Du]du

7 Jo
_ I, fori=j (5.5)
0, otherwise.

The inner product as given by Eq. (5.5) constrains the u-domain to range [0, 7 /2].
This implies that the constant d in Eq. (5.2) must be equal to A/2. Later on
we will discuss the case of d # A/2. Note that the cosine family in Eq. (5.4)
includes odd harmonics only. Therefore, we impose a condition that f(w/2) = (.
In general, for fi(7w/2) = ¢ # 0, we might consider a cosine family which includes
even harmonics only. Such a family yields smaller approximation error.

Applying the inner product defined by Eq. (5.5) to Eq. (5.4) we obtain:

iai,j < cos((2j — Dul,cos[(2k — )u] > = < fi(u),cos[(2k — )u] >
j=0

which leads to the explicit expression for weights «; ;:

4 1% ) . .
a;; = ;'[) fi(u) cos[(25 — 1)u]du j=1,...,00. (5.7)
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We now represent all nonisotropic elements by a series of equivalent linear arrays
with isotropic elements. The directional response of the array of nonisotropic

clements is then the sum of the directivity functions of all equivalent linear arrays,

which is
N
D(u) =33 a;jcos[(2j — 1)ujw; cos[(2i — 1)u]. (5.8)
i=1 j=1

The equivalent linear array of a nonisotropic element has in principle an infinite
number of elements and associated weighting coefficients. However, it can be
shown that the amplitudes of these coeflicients decrease for elements far away
from the center of the array. It is therefore possible to truncate the equivalent
linear array to a finite rumber of elements M and have a negligible truncation
error by disregarding elements with small weighting coefficients. We can then

express the directivity tunction using a finite number of terms, that is

X N M
D(u) =3 a;;cos[(2j — 1)u]w; cos[(2i — 1)u]. (5.9)

i=1 j=1

lig. (5.9) can be written as

) N My
D(u)y=>_Y" §a,-,jw;{cos[2(i +j — L)u] + cos[2(z — j)u]} (5.10)

i=1 =1

or in matrix form for M > N as

D) = ;-cT(A +B+D)w (5.11)
where the superscript T' denotes the transpose and

c=[1 cos2u cosdu ... cos(2(M + N —1)u) ]%; (5.12)

w=[w w wy ... wy]5; (5.13)
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0 ..
Q1,1
ai 2 az.
@;3 azz2 as
an-_i,. 0
A= ang | ; (5.14)
ai,M Qa1 :
0 az
ag,mM
AN_1,M AN ,M-1
0 aN.M
aiq az ree aN.N
a2 az3 te AN,N+1
anN.M
aN-1,M 0
B = ; (5.15)
@y M-2 Qz2M-1 a3.M
ai,M-1 A2,M
a1,.M
0
0 ..
0 az; azz --- aAN,N-1
azy - AN N2
D= : : (5.16)
aN-1,1 an.2
(lN,l
0

The purpose of the design is to find a vector of weighting coefficients w which

minimizes the mean square error between a desired radiation patiern D,(u) and
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the synthesised pattern D(u) as given by Eq. (5.11). There are many synthesis
methods available but they differ only in the choice of the error criterion and the
algorithm used for its minimization [30]. Here we choose the mean square error

criterion which leads to a closed form solution.

We begin with a linear array of 2K + 1 isotropic elements called a prototype.
We design a prototype using mucthods developed for linear arrays of isotropic
clements. For instance, using the Dolph-Chebyshev approach we can achieve
a desired sidelobe suppression by proper selection of weighting coefficients p;,
i=—K,...,0,..., K such that p; = p_;. The directivity function of the prototype

is given by

D,(uw) =cTp (5.17)
where the (M + N) x | augmented vector is

p=[p 2p1 2p2 ... 205 O ... O] (5.18)

We next approximate the directivity function f),,(u) by D(u) through a proper
choice of vector w.

The mean square approximation error e is

]

e’ ”]) - Dp”2

<D-D,D-D, >. (5.19)

I

Here we treat functions as vectors in Hilbert space and use the norm denoted by
|| - || to express the error function.

We postulate a sufficiently large number M of elements in Eq. (5.9) such that
the error associated with the truncation is negligible compared to the approxi-

mation error given by Eq. (5.19). If we ignore this truncation error we can write

17)(11) = D(u). In such a situation, we can express the approximation error in




130

matrix form as

2 = <c'Gw—c'p,cf'Gw —cTp >
= (Gw)T <ce’ > Gw —p! <cc’ > Gw
—(Gw)l <ccf>p+p<ect >p
= (Gw-p)"(Gw - p) (5.20)
where
G=A+B+D. (5.21)

Note that scale factors are dropped in Eq. (5.20).
The vector of weighting coefficients which minimizes the approximation error

e is obtained as

w = (GTG)'GTp, (5.22)
and the minimum error is
e’ = (G(G'G)'GTp - p)"(G(G"G)'G"p — p). (5.23)

A similar matrix eqnation can be obtained for an array with an odd number of
elements.

The elements of the matrices A, B and D are the weighting coeflicients of the
equivalent linear arrays of the nonisotropic elements. The dominant weighting
coeflicients are a1 1,431, . . .,an, (first term in the expansion of fi(w) in Fq. (5.4).

Since G = A + B + D we find that the matrix G can be expressed as

al,l e
a1+ 6 ax+ 62
: a2+ 63
G = : ; (5.24)
an-1,1 + ban-s ang + ban-2
an, + dan-y
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where é; are the small numbers compared with the dominant weighting coeffiients
a;,; and the rest elements of the matrix G are either zeros or small numbers. It
is clear that the matrix G has full rank. Thus the matrix GTG is invertible and
Kq. (5.22) has an unique solution.

Shown in Fig. 5.2 is an example to illustrate the equivalent linear array concept
graphically. We consider a linear array of 4 nonisotropic elements spaced equally
hy d and weighted by a set of weighting coefficients {w;}, i = —2,-1,1,2 (as
shown in Fig. 5.2(a)). As discussed earlier, each nonisotropic element can be
represented by its equivalent linear array of isotropic elements. We call such an
array an elementary equivalent array. These representations are illustrated in
Fig. 5.2(b) for the elementary equivalent arrays truncated to 4 isotropic elements
(small dots iu Fig. 5.2 indicate isotropic elements). The associated weighting
coefficients of the elementary equivalent arrays are {a;}, {b:}, {¢;} and {d;}, 7 =
—2,—1,1,2, respectively. Finally, as shown in Fig. 5.2(c), we use superposition
to obtain an equivalent array with 7 equally spaced isotropic elements which
approximates the criginal 4-nonisotropic-element array. We call this array the
global equivalent array. The weighting coefficients of the global equivalent array
are {e;}, 1 = —3,...,3. Thus, the original synthesis problem of an array of
nonisotropic elements becomes one of an array with isotropic elements. Therefore,
we can utilize all existing synthesis techniques developed for such arrays.

1t should be emphasized that the above approach does not impose any restric-
tion on the radiation pattern of each nonisotropic element. The only requirement
is the equal spacing between elements. This condition is needed to ensure that
we obtain a global equivalent array of equally spaced isotropic elements after each
nonisotropic element is represented by its elementary equivalent linear array. Note
that the spacing between elements in the elementary equivalent array can be d/n,
where n is a positive integer chosen so as to minimize the approximation error.

Such a spacing makes it possible to avoid the grating lobes in the elementary
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Figure 5.2: Equivalent linear array concept for a 4-element array. (a) A lincar

array of 4 nonisotropic elements weighted by w;, 7 =

-2,—1,1,2. (b) Each element,

is represented by its equivalent linear array truncated to 4 elements. (c¢) The
equivalent array of 7 isotropic elements for the 4-nonisotropic-element array is

obtained by superposition.
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equivalent array for the case of d > A.

Consider our illustrative example again. Suppose thai the weighting coefli-
cients d_ and ay shown in Fig. 5.2(b) in the truncated elementary equivalent
arrays are small compared to the other weighting coefficients {d_,,d,,d,} and
{a—q,a_1,a;1}, respectively. We call the elements associated with weighting coef-
ficients {d_y,d;,dz} and {a_z,a_y,a;} the dominant elements. This leads to the
small associated weighting coefficients e_3 and e3 oi the global equivalent array
in Fig. 5.2(c). Since the negative 3rd and positive 3rd elements of the global
equivalent array make only minor contributions to the radiation pattern, we can
postulate that the suitable prototype array for synthesizing the global equivalent
array has only 5 isotropic elements. Through a proper choice of the weighting
coefficients {w;}, we can then minimize the approximation error of the radiation
patterns between the 5-element pretotype array and the 7-element global equiv-
alent array shown in Fig. 5.2(c). In general, because there are a certain number
of dominant elements in a global equivalent array, we can always find a suitable
prototype array by varying its size such that its radiation pattern can be approx-
imated by the global equivalent array with minimum approximation error.

In practical calculation, in order to be sure that the approximation crror as-
sociated with an elementary e uivalent array is negligible, we set a large number
of elements. We then postulate a minimum size of the prototype. In ihis patticu-
lar example we postulate that the elements associated with weighting coefficients
{d1,dz2}, {c-1,c1,¢2}, {b-2,b_1,b1} and {a—2,a_1} are dominant. 1" " leads to
the minimum size of 3 of the prototype array. After calculating the - pproxima-
tion error for such an initial prototype, we increase the size of the prototype io
5 which corresponds to the situation that only two elements in each elementary
equivalent array are dominant. Since this is not always the case we repeat the
calculation of approximation error with the prototype size increased to 7,9,...,
until a global minimum of thz approximation error is reachied. Once the prototype

size is determined we proceed with finding the weighting coefficients {w;} which




135
minimize the approx:mation ervor of the radiation patterns between the global
equivalent array and the prototype array.

With some minor modifications, the approach described :bove for the case of
d = M\/2, can also be used for the case d # A/2. The fact that d # A/2 implies
that the functions in Eq. (5.5) are no longer orthogonal. The approach presented
is still applicable; however, a matrix inversion is required.

To illustrate this point we replace the directivity function of the ith elemi=it
by that of a truncated equivalent linear array of 2M elements. The optimum

weighting coefficients in the sense of minimum mean square error are then given

by
a, = H'f; (5.25)
where
ai=[aiy aip ... an ] (5.26)
f; =] < fi(u),cosu> ... < fi(u),cos((2M — 1)u) > |7; (5.27)

and the elements of matrix H are
hjr = < cos[(2j — 1)u]. cos[(2k — 1)u] >

20 :
= ﬁ_/;, cos[(2j — 1)u] cos[(2k — 1)u]du. (5.28)

Note that the inner product defined by Eq. (5.5) now has a range [0, 7d/)] in the
u-domain. The error function is then
? = (Gw)T <ccT>Gw—pl <cc” > Gw
—(Gw)l' <ec">p+pT<ecl>p (5.29)
The optimum solution for the weighting coefficients vector which minimizes the

error ¢ is obtained as

w=(Gl'<ec" >G)'GT <cc > p (5.30)
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It is interesting to note an analogy between the equivalent lincar array ap-
proach and the Woodward-Lawson method [27, 28]. The latter method, pro-
posed for radio aerials, is applicable strictly to continuous transducers. It can be
applied to point arrays pirovided that the elements are uniformly spaced and are
sufficiently numerous. The method is based on the weighted superposition of a
number of (sinu)/u patterns deflected by different amounts to one or the other
side of the u = 0 axis, ar.d with peak amplitudes suitably chosen. In the equiva-
lent linear array approach we use superposition to decompose a radiation pattern
of an array of nonisotropic elements to a sum of the radiation patterns of lincar
arrays of isotropic elements. Each of the linear arrays has a characteristic set of
weighting coeflicients with an adjustable multiplier which is a weighting cociii
cient associated with the nonisotropic element cf the original array. We use these
multipliers in similar function to the peak amplitudes in the Woodward-Lawson

method to generate a desired radiation pattern.

5.3 Algorithm

The following are the design steps required to obtain the weighting coeflicient. vee-
tor for the array of uniformly spaced, nonisotropic elements generating a radiation

pattern which approximates a desired one.

1. Find equivalent linear arrays with spacing d of all nonisotropic elements
using Eq. (5.7) for the case of d = A/2 and Eqgs. (5.25) (5.28) for the case
d # A/2. Such an array ' s in principle an infinite number of elements (and

associated weighting coeflicients).

2. Truncate the above arrays to a finite size 2M by removing clements with
coefficients less than a certain small percentage of the largest one. The
resulting radiation pattern should bhe such that the truncation error is neg

ligible.
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3. Form matrices A, B, D, and then G using Egs. (5.14)-(5.16) and (5.21).

4. Design a prototype linear array of 2N — 1 isotropic elements which produces
a desirable radiation patiern (for example associated with a Dolph-Che-
byshev array). Therefore, the weighting coeflicients p;, spacir.g d and size

N of the array are given [3].

ot
h

‘orm (M + N) x | augmented vector p using Eq. (5.18) and calculate the

minimum mean square error 2 using Eq. (5.23).

6. Increase the size of the prototype by two elements and repeat Steps 4-6

until a global minimum of e has been found.

7. Apply Eq. (5.22) to obtain the weighting coeflicient vector w of the array

which yields a global minimum of e.

Although the equivalent linear array approach allows formulation of the ar-
ray synthesis problem as an optimization problein, the algorithm presented here
does not involve any numerical optimization, and requires only ordinary matrix
operations.

Nonlinear optimization algorithms can be used in array synthesis but are com-
putationally intensive. This presents a practical difficulty for an array of a sig-
nificant size. Furthermore, the size of the array cannot be selected as a variable
because of the nature of its effect on the objective function (i. e., approximation
error ¢ defined by Eq. (5.19)). The method proposed here allows for better con-
trol of the resultant directivity function, and also allows the desired directivity
function to be defined in a more flexible form. Increasing the number of elements
in an array during the optimum search iv simply implemented by adding columns
in the matrices A, B and D, whereas selecting a different prototype array requires
only a change in the augmented vector p. Therefore, we can easily extend the

proposed algorithm to include the variability of the desired directivity function.
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Despite a requirement of matrix inversion in Eq. (5.22), the equivalent lincar
array approach is considerably less computationally intensive than the nonlinear
optimization technique. As a comparison, consider a Davidon-Fletcher-Powell
(DFP) algorithm [4] used both for the nonlinear optimization as well as a matrix
inversion associated with the equivalent linear array approach. The DFP algo-
rithm leads to the matrix inversion in at most N iterations, where N is the number
of weighting coefficients {w;}, whereas more than N iterations are needed for non-
linear optimization. Indeed, we can eliminate the matrix inversion in lq. (5.22)
completely by solving a set of simultaneous linear equations GTGw = G”p for
the weighting coefficients {w;} [40]. It is known that this approach is computa-
tionally more efficient than matrix inversion.

With some minor modifications, the algorithm described in this section for an
array of a fixed number of elements can also be used for an array with a variable
size. To include this variability we only need to add columns formed by the associ-
ated weighting coeflicients of the equivalent linear arrays to matrices A, B and D
whenever additional nonisotropic elements are added in the array. In order to de-

crinine the suitable size of a resultant array, we start the iterative computational
algorithm at a minimum size array and add elements in each iteration as discussed
in the previous section. The approxin.ation error decreases with the inerease of
the size of the array. We terminate the iteration when this decrease hecomes
insignificant. This indicates that the resulting weighting cocflicients associated

with these new added elements are close to zero.

5.4 Applications

The previously described algorithm can be applied to a broad class of arrays.
The examples given here are intended as illustrations of its effectiveness. One
example deals with an array with equal nonisotropic element patterns while the

other example involves elements with nonequal radiation patterns.
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Figure 5.3: Radiation patterns of a dipole linear array with weighting coefficients
obtained by the Dolph-Chebyshev method.

Consider a 20-element linear array with elements spaced every half-wavelength
and with the element directivity function f;(6) == cos(#). Such a directivity func-
tion is produced by a dipole [2]. We postulate a radiation pattern with equal
sidelobes suppressed by 30 dB with respect to the main lobe, such as associated
with Dolph-Chebyshev arrays [21]. We intend to find a set of weighting coefficients
which will yield the best approximation of the postulated radiation pattern.

Applying the classical Dolph-Chebyshev method for isotropic-element arrays
we can obtain the desired level of sidelobe suppression. However, because of the

directivity function cos(0) of each element, sidelobes are not equal as shown in
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I'ig. 5.3. As we will observe later, the radiation pattern with equal sidelobes
has a main lobe with smaller heamwidth. We now use the proposed appreach
1o accomplish this. The radiation patterns associated with each element and its
equivalent linear array with a finite length of 2M = 20 are shown in Fig. 5.4. The
weighting coefficients of the array obtained by repeating Steps 4-6 for different
sizes of prototypes are tabulated in Table 5.1, and the corresponding radiation
patterns are plotted in Figs. 5.5-5.7. We see that the global minimum of the
approximation error e occurs when the length of the prototype is equal to 21
as shown in Fig. 5.6{b). The sidelobes of the resulting radiation pattern closely
meel the original design objective. Furthermore, the best approximation is for
a prototype of 21 elements (Fig. 5.6(b)) rather than 20 elements as in Fig. 5.3.
This implies a narrower main lobe associated with the Dolph-Chebyshev array of
21 elements while the actual array has only 20 dipole elements.
In next example we illustrate the ability of the proposed method to synthesize
a radiation pattern using elements each with a different radiation pattern. We
consider here an array of identical circular loop elements discussed in [32], but we
generalize such an array by allowing variable radii of the loops as illustrated in
I'ig. 5.8. The directivity function of a single loop assuming a uniiorm current on

the entire loop is given by [32]
f(0) = Jy(kacos@) (5.31)

where Ji(+) 12 the first-order Bessel function of the first kind, & is the wavenumber
of the radiated signal, and a is the radius of the circular loop. The scale factor in
the above equation has been dropped.

We intend to synthesize an array with a desired radiation pattern for equal
excitation of each loop such that only one driving power amplifier is required.
This can be accomplished by choosing a suitable radius for each loop.

We now apply the equivalent linear array approach to this array. First, we

design a prototype Dolph-Chebyshev linear array of 11 isotropic elements with




Table 5.1: Weighting coefficients of a dipole array for differeut prototype sizes

Element Weighting Coeflicient for Different Prototype |
No. 15 17 19 21 23 25
1 1.0087 | 0.9819 | 1.0151 | 0.9742 | 0.9989 | 0.9825
2 0.9257 | 0.9732 | 0.9453 | 0.9993 | 0.9743 | 0.9986
3 0.8641 | 0.8526 | 0.9284 | 0.8823 | 0.9368 | 0.9172
4 0.6764 | 0.8001 | 0.7760 | 0.8947 | 0.8673 | 0.9265
5 0.5949 | 0.5966 | 0.7513 | 0.6916 | 0.7965 | 0.7786
6 0.3417 | 0.5591 | 0.5258 | 0.7289 | 0.7004 | 0.8006
7 0.3568 | 0.2933 | 0.5398 | 0.4454 | 0.6070 | 0.5917
8 0.1368 | 0.3737 | 0.2464 | 0.5531 | 3.5090 | 0.6497
9 -0.0535 | 0.1380 | 0.4003 | 0.1727 | 0.3963 | 0.3753
10 0.0321 | -0.0435 | 0.1284 | 0.4745 | 0.3503 | 0.5225
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Figure 5.5: Radiation patterns of a 20-dipole array. (a) 15 elements in the proto-
type. (b) 17 elements in the prototype.
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Figure 5.6: Radiation patterns of a 20-dipole array. {a) 19 elements in the proto-

type. (b) 21 elements in the prototype.
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Figure 5.7: Radiation patterns of a 20-dipole array. (a) 23 elements in the proto-

type. (b) 25 elements in the prototype.
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radius.
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an equal spacing d = A/2 between elements. The prototype generates a radiation
pattern with a desired beamwidth of 13° and a desired equal sidelobe suppression
of 30 dB down with respect to the main lobe maximum as shown by the dotted line
in Fig. 5.9. Next, we arrange the circular loops with different radii symmetrically
to form a linez. array as shown in Fig. 5.8. The maximum radius of the two
center loops is @ = 0.5); this radius decreases in steps of 0.125)\ proceeding
further from the center. Choice of such a step value is rather arbitrary at this
point, but it can be modified later in an iterative process as needed to meet the
design requirements. Subsequently, the circular loops are represented by their
equivalent linear arrays truncated to 20 elements. To form the matrix G, we
initially start with a small array of 6 circular loops and then increase the number
of the clements. This is accomplished by adding columns into the matrix G.
After obtaining a global approximation error, the resultant 10-loop array is found
with the radiation pattern shown in Fig. 5.9. As we can see, there is a 3 dB
difference in the sidelobe si.ppression between the resulting radiation pattern and
the desired one. To improve the results, we simply postulate a prototype array of
33 dB sidelobe suppression. This causes only negligible effect on the beamwidth.
Fig. 5.10(a) shows the radiation pattern of the resultant array which meets the
original postulated 30 dB sidelobe suppression level. To show the consistency of
the algorithm, we postulate a prototype array of 44 dB sidelobe suppression. This
leads to the resultant radiation pattern with 40 dB sidelobe suppression shown in
Iig. 5.10(b). The radius and the current for each circular loop are tabulated in
Table 5.2.

Note that the currents for the loops are not exactly the same as desired, and
that decreasing the radius of the loop results in less current required. We use these
observations to readjust some radii and then repeat the whole process. The results
tabulated in Table 5.3 indicate that the distribution of currents in each loop is
more even. Additional adjustments can further improve the current distribution.

The radiation patterns of the resultant array are shown in Fig. 5.11.
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Figure 5.9: Radiation pattern of a 10-circular-loop array postulated sidelobe sup-
pression of 30 dB.
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Figure 5.10: Radiation patterns of a 10-circular-loop array for different design
methods. (a) Postulated sidelobe suppression of 33 dB. (b) Postulated sidelobe
suppression of 44 dB.




150

(1] 4
-10 Dolph-Chebyshev method ]
8 /
2
§ 20L ’.’ . proposed method .
2
[}
% 304 -
E
40F -
angle O (degrees)
(a)
Ok 4
10 Dolph-Chebyshev method
o ] /
T 20} e >, AR .
53 / ! ' \
2 . t i \proposed method
g -30} ! . ~ : ]
O f \
-g ' i i\
B 40} , .
50l -
|

0
angle 0 (deg ces)
(b)

Figure 5.11: Radiation patterns of a 10-circular-loop array with adjusted radii
for different design methods. (a) Postulaied sidelobe suppression of 33 dB3. (b)
Postulated sidelobe suppression of 44 dB.
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Table 5.2: Currents and radii of a circular loop array for different sidelobe sup-

pression levels

Loop Current and Radius for
Element Different Sidelobe Suppression

No. [radius |30 dB | radius |40 dB
1 0.50 0.9044 |} 0.50\ 0.9001
2 0.375A [ 0.8071 { 0.375A | 0.7837
3 0.25A 0.8172 | 0.25) 0.7057
4 0.1251 | 1.5734 || 0.1251 | 1.2684
5 0.0625X | 4.2583 |} 0.0625A | 2.1837




Table 5.3: Currents and radii of an adjusted circular loop array for different
sidelobe suppression levels

Loop Current and Radius for
Element | Different Sidelobe Suppression
Ne radias | 30 dB || radius | 10 dB

1 0.50A ! 0.8846 {f 0.501 | 0.8815

2 0.352 | 0.8559 || 0.35X | 0.8260

3 0.25A | 0.7913 || 0.225) | 0.8003

4 0.175X { 0.8695 || 0.15x | 0.9009

ot

0.151 | 0.7986 || 0.10X | 0.879%
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If we choose to ignore the nonisotropic characteristics of the circalar loops and
use the Dolph-Chebyshev method for isotropic element arrays, we obtain arrays
with the unsatisfactory radiation patterns shown in dash-dot lines in Figs. 5.10

and H.11.

5.5 Summary

In this chapter we presented a new and effective method for array pattern synthe-
sis. The synthesis problem is first formulated as a general optimization problem
according to the given requirements. The proposed solution involves matrix oper-
ations based on the linear equivalent array approach, which leads to an easy and
effective computation. This closed-form approach does not involve any numerical
optimization routine and can be extended to planar arrays.

Hlustrations were presented to higalight the various aspects of the method.
The proposed algorithm can be used to design arrays of uniformly spaced elements

with nonisotropic and unequal radiation patterns.
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Chapter 6

Iterative Method for Array
Pattern Synthesis

In Chapter 3 we discussed an example of a compact transmitting/receiving array,
in which we required an arbitrary sidelobe envelope in the receiving pattern to
compensate for its transmitting pattern. In this chapter we present a new and
powerful iterative method for array pattern synthesis based on the concept of

constraint directions.

6.1 Introduction

A large number of papers are deveted to the important problem of array synthesis.
Dolph in his classic paper [21] derived the array weights for a uniformly spaced
linear array of isotropic elements that yields the minimum beamwidth for a given
sidelobe level. Villeneuve [22] described how Taylor’s method {7] developed for
arrays with continuous shading can be applied to discrete arrays.  Elliot and
Stern [25] presented additional pattern synthesis techniques for arrays. However,
all of these techniques are applicable only to arrays consisting of uniforrmly spaced
elements with nondirectional radiation patterns (isotropic elements).

In a recent paper [31] Olen and Compton. Jr. presented a numerical technique

that can be used for arrays consisting of elements each with an arbitrary radiation
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pattern. In this chapter we propose a novel iterative method for array synthesis
which can be used to synthesize radiation patterns of linear arrays with arbitrary
sidelobe envelopes, with nonisotropic elements, and with nonuniform spacing be-
tween elements. Various design examples are presented and compared with other
methe s, The proposed iterative method converges rapidly and yields superior

results over the other methods.

6.2 Formulation

We assume that the geometry of an array is given and will investigate its radiation
patiern as a function  weighting coefficients only. We iatend to find a set of
weighting coefficients to obtain a radiation pattern which best approximates a
desired pattern in some sense. In other words, we are looking for a radiation
pattern (directivity function) which minimizes the error suitably defi:ed between
the desired pattern and the svnthesized pattern.

There are many available synthesis methods, which differ in their choice of
the error criterion [30]. The mean square error of the approximation is frequently

used and 1s defined as

2

rms = [1D(0,¢) — Da(8, 9)||?
= < 1)(0»4)) - Dd(()s ¢)sD(07¢) —Dd(oa ¢) > (61)

where Dy(0, ¢) is a desired radiation pattern, D(8, @) is a synthesized radiation
pattern of the array, and the angles 6, ¢ are as indicated in Fig. 6.1 for the case
of a linear array. Here we treat functions as vectors in Hilbert space and use the
norm denoted by || - || to express the error function. The < - > denotes the inner
product.

A common definition of the inner product is the integral over the visible range

of 0,9, and the error measure €2, as given by Eq. (6.1) counts errors at all

angle directions. However, arrays which are designed to minimize €?,,, obtained
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Figure 6.1: Geometry of 1 linzar array.
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in such a way may not always be satisfactory; they may suffer from large ripples
in the sidelobe regions. Furthermore, the integration over all § and ¢ requires
extensive computations. These difficulties can be paitially alleviated by defining
an approximation error ¢? only at certain suitably chosen angle directions. that is

2= Y on[D(Ony ) = DOy $m)]*. (6.2)

™m

The set of these angle directions {(6,,, )}, called the constraint directions, cor-
responds to a finite number of discrete locations in the angle (6, ¢)-domain, and
the positive numbers v,, denote weighting values on errors associated with these
directions. In regions of the angle domain wher~» small error is demanded we in-
crease the number of the constraint directions and/or increase their weights. As a
practical matter, the number of the constraint directions should be greater than
or equal to the number of degrees of freedom associated with a radiation pattern,
that is, the number of available distinct weighting coefficients. Therefore, the
problem is a well-determined or over-determined optimization problem [4].
Consider a linear array of 2N nonisotropic elements spaced nonuniformly as
shown in Fig. 6.1. Let f/(0) be a sym.metric directivity function of the ith element,
such that f/(0) = f/(—0) and f{(0) = f/(r — 6). The directivity function of the

whaae array is given by
N
D'(0) =" w; fl(0) cos(2nd; sin 8) (6.3)
=1

where d; is the distance between the ith element and tlie array center expressed
in multiples of wavelength, and w; is the weighting coefficient associated with
the 7th element. Array symmetry is assumed, that is d; = d_;, w; = w_; and
Ji(0) = fL,(0).

We intend to find a set of weighting coefficients {w;} such that the synthesized
radiation pattern I)’(0) best approximates a desired radiation pattern in the sense

of minimum error defined by Eq. (6.2).
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In the following development it is convenient to map the angle ¢ into the

u-domain defined as
u = siné. (6.-1)

Using this mapping Eq. (6.3) can be written as
N
D(u) = Zwifi(u) cos(2nrdu). (6.5)
i=1

The directivity function D(u) can be viewed as a sutn of sinusoidal “signals®
in the u-domain, each modulated by a “slowly” varying envelope fi(u). The
envelope of such a signal is determined by the positions wu,, and the amplitudes
D(uy,) of its peaks (sidelobes). We propose to use the locations of these peaks as
the constraint directions for error calculation and subscquent optimization. This
is consistent with the fact that in many applications the radiation pattern with a
specified sidelobe envelope is required.

The approximation error ¢? given by Eq. (6.2) for v, = 1 and D(u) given by

Eq. (6.5) is therefore

e? = Z(I)(um)—l)d(m))z (6.6)

m

N
DO wigi(um) — Da(m))?
m =1

where u, is the constraint angle direction in the w-domain, Dy(m) is the amplitude

of the desired radiation pattern at the direction wu,,, and
gi(u) = fi(u) cos(2nd;u). (6.7)

In general the constraint direction u,, depends on the weighting coeflicient w,.
Therefore, finding the set of N weighting coefficients {w,} that minimizes ¢? in

volves the solution of N simultaneous nonlinear equaiions in N unknowns.
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6.3 Algorithm

In the previous section, we suggested to use the locations of peaks in the radiation
pattern given by Eq. (6.5) as the constraint directions. However, finding the
weighting coeflicients w; that minimize the approximation error €? is not an easy
task, because the constraint direction u, depends on the weighting coefficients
w;. In this section we present a new and simple iterative method to accomplish
this task.

With the constraint directions given by u,(w), the approximation error e?

becomes

N
¢! = Z(Z Wigi[m(W)] — Dg(m))? (6.8)
mo =1
where we use the vector w = [w) wy -+ w,]7? to indicate the dependence of u,,
on the set of weighting coefficients {w;}.
Since in general we cannot get an explicit expression for u,,(w), finding the set

of optimum weighting coefficients which minimize e?

is very computationally in-
tensive. As an alternative, we propose here an iterative method for obtaining the
set of optimum weighting coefficients. First, we select an initial set of weighting
coefficients {w;} and use it to determine the constrairt directions u,,(w) (loca-
tion of the peaks of the main lobe and sidelobes). Using these fixed constraint
directions we then search for the set of optimum w; which minimizes the error
¢ given by Eq. (6.8). The set of weighting coeflicients obtained in this step is
used to fix the constraint directions for the next step. This process is repeated
until a satisfactory result is obtained. Since u,, is fixed during the search for the

optimum wy;, the approximation error e? has a quadratic form and the optimum

wlk) at the kth iteration is the solution of N simultaneous linear equations in N
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unknowns given by

N
Zw,(-k)ym =D, n=012....N (6.9)
=1
with
Gin = Z gi{um(w(k_l))].‘]n[“m(w(k—”)] (6. 10)
and
Dy =Y gn[um(W* )] Dy(m). (6.11)

The above leads to the following steps in the computational algorithm:

1. Choose an initial set of weighting coefficients for the first step, & <= 0.

[8

. Set w; = wgk) in the directivity function D(u) given by 15q. (6.5), and find

the constraint direction u(%),

3. Minimize ¢* by solving N simultancous linear equations in N unknowns

given by Eqgs. (6.9), (6.10) and (6.11). The solution is wik+1),
4. If the final convergence criterion
[wiktD) _ w®)|| < ¢ (6.12)
is satisfied, then siop the iteration.

5. Otherwise, return to step 2 using w1 ohtained in step 3.

Any suitable algorithin for finding extreme points of D(w) can be used in step
2; for instance, Newton’s method [40]. A typical value of & in the convergence

criterion for terminating the iteration is about 107, It is convenient to use a
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uniform weighting array as a starting array, that is, w(® = ¢[1 --- 1]7, where ¢
is a constant.

The advantage of this algorithm is that the element patterns f;(u) and the
spacing d; are included directly in the algorithm. Therefore, we can apply this
algorithm to the array synthesis problems in which the elements are nonuniformly
spaced, and the element radiation patterns are directional and unequal.

Although the algorithmn discussed here is for the case of linear arrays, it can

be extended to planar and three-dimensional arrays.

6.4 Applications

In the previous section the iterative method for array pattern synthesis was pro-
posed and a computational algorithm was presented. In this section we apply this

method to several cases of practical importance and demonstrate its usefulness.

6.4.1 Dolph-Chebyshev Patterns

An important array, with many practical applications, is the Dolph-Chebysl. >v
lincar array of isotropic, equally spaced elements. The pattern synthesis method
was originally introduced by Dolph [21] and investigated afterward by others [41,
42, 43, 44, 35]. Such a radiation pattern has equal sidelobe levels and has the
minimum beamwidth for a given sidelobe suppression.

We now demonstrate the effectness of the iterative method for such an array by
iteratively deriving the weighting coeflicients rather than using derived formulas.
We assume that the number of eleinents, the spacing between elements, and the
sidelobe suppression level (ratio of major-to-minor lobe intensity) are known. The
objective of the design is to find the weighting coefficients which minimize the error
given by Eq. (6.8).

We assume an array of 20 (N = 10) elements with half wavelength spacing

between elements and with equal sidelobe suppression of 30 dB. The directivity
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function of the array for this case is given by

10

D(u) =" w; cos(0.5m(2i — 1)u). (6.13)

i=1
We require that the main lobe points at the direction § = 0° or u = u; = 0 direc-
tion (m = 1) and arbitrarily set mean lobe peak amplitude to unity. Therefore,

Eq. (6.13) becomes

10
D) = w; =1. (6.14)
i=1

The amplitudes of the desired pattern at other constraint directions are equal to
4107392 and are determined by the desired sidelobe suppression.

We use uniform weighting coefficients for the first step of the iteration de-
scribed in Section 6.3, that is, w(® = {1 --- 1]7/10. The evolution of the patterns
during iterations is shown in Fig. 6.2(a)-(d). The weighting coeflicients at cach
iteration are tabulated in Table 6.1. The resulting radiation pattern obtained
after three iterations is shown in Fig. 6.2(d). The resulting weighting cocflicients
associated with this radiation pattern are the same as those obtained by other

synthesis methods.

6.4.2 Modified Dolph-Chebyshev Patterns

Optimum designs of radiation patterns often call for the minimum beamwidth
for a given sidelobe suppression level, that can be generated by a linear array of
specified spacing and number of elements. However, not all directions in space
may be equally important insofar as sidelobe suppression is concerned. Since there
is a trade-off between beamwidth and sidelobe suppression, the requirement of all
sidelobes to be suppressed equally, as in Dolph-Chebyshev patterns, may not be
optimum in some applications. This leads to the consideration of designs which

permit higher sidelobes in unimportant sectors, while maintaining low sidelobes in
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Figure 6.2: The evolution of a Dolph-Chebyshev pattern with a postulated 30 dB
sidelobe suppression. (a) Starting pattern: uniform weighting array. (b) Resulting
pattern after the first iteration. (c) Resulting pattern after the second iteration.
(d) Resulting pattern after the third iteration.
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Table 6.1: Weighting coefficients for radiation patterns of Fig.

6.2

Element No. Weighting Coefficient
; 0 D e e
1 0.1000 0.1411 0.1518 0.1522
- 2 0.1000 0.1383 0.1473 0.1476
3 0.1000 0.1: 27 0.1386 0.1388
i 4 0.1000 0.1243 0.1263 0.1264
5 0.1000 0.1133 0.1113 0.1113
B 6 0.1000 0.0996 0.0945 0.0944
B 7 0.1000 0.0837 0.0770 0.0768
8 0.1000 0.0660 0.0598 0.0595
9 0.1000 0.0490 0.0438 0.0435
t0 0.1000 0.0521 0.0497 0.0495
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critical sectors. Elliott used a perturbation procedure to modify a Taylor pattern
so that all the sidelobes have individually arbitrary heights [15]. We use the
proposed iterative method to modifr a Dolph-Chebyshev pattern.

As an illustration, we consider a symmetric array of 20 clements with uniiorm
spacing of half wavelength. This spacing and the number of elements lead to 18
sidelobes in the radiation pattern. We assume that the three innermost pairs of
sidelobes are to be suppressed by 45 dB. and the level of the next six pairs must be
30 dB down from the main lobe maximum. It is reasonable to use the weighting
coeflicients of a Dolph-Chebyshev pattern with 30 dB sidelobe suppression as an
initial set of weighting coetlicients in the algorithm. The evolution of the patterns
during the iterations is shown in Fig. 6.3(a)-(d). We see that alter the third
iteration, all sidelobes satisfy the specification. The weighting coeflicients at each

iteration are tabulated in Table 6.2.

6.4.3 Radiation Pattern with Arbitrary Sidelobe Euve-
lope

In some applications there is a need to produce a radiation pattern with an ar
bitrary sidelobe envelope. One such application is the compensation of fwae-way
radiation patterns in transmitting/receiving acray design {39, 18].

We consider a receiving/transmitting array where the weighting coeflicients of
the transmitting elements are fixed, while the receiving array consists of the same
(or more) transmitting elements properly weighted to generate a desired transmit
ting/receiving two-way radiation pattern. In some applications the transmitting
array has uniform weights in order to reduce the complexity of power distribution.
A typical application of such an array is found in sonar systems.

We now apply our iterative method to synthesize such arrays. We assume that

the transmitting array has 20 elements spaced by half wavelength and a preseribed
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Figure 6.3: The evolution of a modified Dolph-Chebyshev pattern with the three
innermost paits of sidelobes at -45 dB and the next six pairs at -30 dB. (a) Starting
pattern: Dolph-Chebyshev array with a 30 dB sidelobe suppression. (b) Resulting
pattern after the first iteration. (c¢) Resulting pattern after the second iteration.
{d) Resulting pattern after the third iteration.
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Table 6.2: Weighting coeflicients for radiation patterns of Fig.

6.3

[Element No. Weighting Coefficient

; 0@ w® w® o)
1 0.1522 0.1668 0.1723 0.1728
2 0.1476 0.1582 0.1631 0.1635
3 0.1388 0.1450 0.1482 0.1485
4 0.1264 0.1309 0.1316 0.1316
5 0.1113 0.1158 0.1143 0.1142
6 0.0944 0.0965 0.0944 0.0941
7 0.0768 0.0720 0.0701 0.0698
8 0.0595 0.7 164 0.0440 0.0438
9 0.0435 0.0270 0.0231 0.0228
10 0.0495 0.0415 0.0391 0.0389-_
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vector of transmitting weighting coeflicients given by

[ 0.1588 ]
0.1561
0.1514
0.1426
0.1322 .
0‘1145 . (().l'r))
0.0947
0.0499

—0.0014
0.0013 |

These specific weighting coeflicients are obtained from an array described in [37].
The transmitting pattern corresponding to the weighting cocllicients given by
Eq. (6.15) is shown in Fig. 6.4(a) by dotted line. We intend to find the receiving
weighting coefficients of the same array in the receiving mode such that the trans-
mivting/receiving two-way radiation pattern meets a preseribed sidelobe envelope.

The two-way directivity function D(u) is given by
D(u) = Dy(u)D,{u) (6.16)

where Dy(u) and D,(u) are the transmitting and receiving directivity funetions,
respectively. Since the transmitting directivity function ,(u) is known, the side-
lobe envelope is also known. We postulate a desired envelope of D(u) and use
it to derive a desired sidelobe envelope of D,(u). In this example the postulated
envelope of D(u) is a constant corresponding to equal sidelobe suppression of
60 dB down from the main lobe. The corresponding desired envelope of D, (u)
is given by the peak amplitudes of sidelobes, and represented by the numbers
(0 42 39 36 30 28 27 26.5 24.5 22). The first number represents the main lobe
maximum, while the rest represent sidelobe peaks expressed in dB down from the
main lobe maximum of the radiation pattern. After four iterations we obtain the

receiving pattern shown in Fig. 6.4(a) by solid line. The corresponding vector of
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weighting coefficients for the receiving array is given by

[ 0.1633 ]
0.1569
0.1445
0.1311
0.1093
0.0980
0.0679
0.0585
0.0147
0.0558

L 4

w, = (6.17)

‘The transmitting/receiving two-way radiation pattern is shown in Fig. 6.4(b). We

see that the objectiv of the design is closely met.

6.4.4 Nonuniformly Spaced Arrays

Nonuniformly spaced linear arrays have been considered in the past. A synthesis
technique for such arrays, proposed by Unz [46, 47], utilizes the expansion of a
desired radiation pattern D(u) in a series of Bessel functions. Another {echnique,
proposed by Harrington [48], uses the assumption that the inter-element spact gs
deviate slightly from the uniform case to synthesize the desired radiation pattern.
That is, d; = id + ¢; with ¢; € d. Such a consideration plays an important role in
dealing with actual arrays of finite spacing tolerances. We next apply our iterative

method to such a case.

Consider a symmetric linear array of 20 elements with nonuniform spacing
between elements. The arbitrarily assumed distances between elements and the
center reference point are [1.15 3.0: 4.9; 7 0; 9.1; 11.0; 12.9; 15; 17.1; 19], expressed
in multiples of a quarter-wavelength. The desired radiation pattern has an equal

sidelobe level of 30 dB down from the mmain lobe maximum. We start the iteration

process from a uniformly weighted array; after three iterations we obtain the
radiation pattern shown in Fig. 6.5. For comparison, we also apply the Dolph

method to this case by neglecting the deviations of spacings, in other words, by
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Figure 6.4: Radiation patierns of a transmitting/receiving array of 20 elements
with prescribed transmitting weighting coefficients. The receiving weighting co-
efficients are obtained by the proposed iterative algorithm. (a) Transmitting and
receiving patterns. (b) Transmitting/receiving 2-way radiation pattern of (a).




Reiative power (dB)

A

. SRR S St

-10

20}

-30

I

20 0 20 40 60 80
Angle (degrees)

(b)
Figure 6.4: (Continued)

-1




178

\ —--  Proposed

-5 \ Neglecting
deviations

Relative power (dB)

/0
f

o\ MAMAR
37 AN 10 1

80 60 -0  -20 0 20 40
Angle (degrees)

Figure 6.5: Radiation patterns of a 23-element linear array with nonuniform spac-
ing postulated 30 dI sidelobe suppression for different synthesis methods.

ussuming an equal spacing between elements. The radiation pattern obtained in
such a way is shown in Fig. 6.5 by dccted line. Note the marked deterioration of

the pattern due to this incorrect assumnziion.

6.4.5 Linear Arrays with Nonisotropic Elements

Although a large number of papers are devoted to the problem of array syn-
thesis, most of developed synthesis techniques, however, are applicable only to
ariays consisting of unitormly spaced elements with nondirectional radiation pat-
terns (isotropic point elements). Olen and Compton, Jr. presented a numerical
syntbhesis technique based on adaptive array theory that can be used for arrays

consisting of a set of elements each with an arbitrary radiation pattern [31]. We




next demonstrate that our iterative metho’ with rapid convergence can be used
for arrays with nonisotropic element patterns.

Consider a 20-element linear array with elements spaced every half-wavelength
and the element directivity function fi(8) = cos(#). Such a directivity function is
produced by a dipole [2]. We postulate a radiation pattern with equal sidelobes
suppression of 30 dB down from the main lobe maximum. We intend to find a set
of weighting coefficients which will yield the best approximation of the postulated
radiation pattern.

We use the weighting coeflicients obtained from a Dolph-Chebyshev array of
20 isotropic elements wiith 30 dB sidelobe suppression as the initial w(®, The
resulting radiation pattern obtained after only three iterations is shown in Fig. 6.6
by solid line. The sidelobes of the reculting radiation pattern closely meet the
original des gn objective. Compared with the methoaq by Olen cod Compton, Jr.,
the proposed method requires less iterations and does not require any iteralion
parameter, such as K in [31]. Applying the classical Dolph’s method for an
isotropic element array one can obtain the desired level of sidelobe suppression.
However, because of the cos(8) factor in the directivity function of cach element,
tne sidelobes are not equal. This pattern is shown in Fig. 4.6 by dotted line
and results in a 3.2% broader beamwidth compared with the equal sidelobe case.

Aithough the gain in this case is small, the general principle is still valid.

6.5 Summary

In this chapter we presented a new and effective iterative nethod for array pat
tern synthesis which rapidly converges tc an optirwum solution. Various design
examp!les are presented to highlight the usefulness of the method. The proposed
algorithm can be used to design arrays of nonuniformly spaced elements with

nonisotropic and unequal radiation patterns.
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Chapter 7

Summary and Future Research
Considerations

7.1 Introduction

T*:e goal of this thesis was to develop novel acousiic arrays and new array patiern
synthesis methods in order to  wn desired radiation patterns and to iprove
sonar system performance. In this chapter the significant findings described in

this thesis are summarized and suggestions for future research are presented.

7.2 Contributions

I Chapter 2 a novel array of circular ring radiators was proposed to generate
a symmetric search-light type narrow beam with greatly reduced sidelobes. A
new concept called the equivalent linear array was developed. The design method
based on this concept benefits from existing design techniques developed for linear
arrays. The developed methodology -equires only simple matrix operations and
does not involve nonlinear optimization.

The equiva'»nt linear array concept was further developed in Chapter 5, lead:
ing to a new and effeciive method for array radiation paticrn synthesis. The
proposed synthesis method can be used to design arrays of uniformly spaced ele

ments with nonisotropic and unequal radiation patterns.
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In Chapter 4 a novel array of elliptic ring radiators was proposed to generate a
fan-type beam with controllable sidelobe level. A new concept of scale-invariance
was developed, and subsequently two possible approaches to the design wer= pre-
sented. One approach utilizes a mapping which transforms a radiation pattern
generated by a circular ring array into that of an elliptic ring array. This approach
takes advantage of methodologies developed for the design of circular ring arrays.
The other approach uses the concept of the equivaleat linear array. This approach
berefits from the existing design techniques developed for linear arrays.

Convenient procedures for the design of novel arrays were introduced and
several practical aspects associated with implementation of such arrays were in-
vestigated in Chapter 3. These novel acoustic arrays require fewer elements than
conventional arrays to yield the same results. Chapter 3 also described a new
compact receiving/transmitting array, in which the transmitting element was a
piston, while the receiving array consisted of the same transmitting piston sur-
rounded by several concentric rings made of piezoelectric film or several concentric
hollow cylinders operating in longitudinal mode.

With the need for compact receiving/transmitting array design, an iterative
metheod was developed for array pattern synthesis in Chapter 6. The concept of
constraint directions was introduced, and the 1terative algorithm for obtaining an
optiraum solution was presented which did not involve any nonlinear optimization
but required only simple matrix operations. The proposed method was applied
to the problems of synthesizing radiation patterns of linear arrays with arbitrary
sidelobe envelope, with nonisotropic elements, and with nonuniform spacing be-

tween elements.

7.3 Suggestions for Future Research

The following paragraphs summarize three application areas where future research

in the use of the proposed methodologies could provide improved design and




performance.

A compact receiving/transmitting assembly array conliguration for sidescan
sonar would be of interest to manufactures of sonar systems. In such a couligu-
ration, the transmitting element could be a simple rectangular or elliptic pision,
while the receiving array could consist of the same transmitting piston surrounded
by several concentric elliptic 1ings made of piezoelectric film.

Some interesting properties of novel ring arrays should be further explored.
For instance, it can be shown that it is possib'e to generate a horn-type beam
bv properly phasing each ring radiator. Such a beam may be of use n fish stock
assessment. Partitioning of each ring into segments is another possibility. It is
expected that such a segmented ring array would generate a steerable search light
type beam and have fewer elements than a 2-1) planar array.

Investigation of other suitable configurations of acoustic arrays, such as a
spiral-type arrav utilizing piezoelectric film and wire would also be ol interest.
The results of such an investigation could have direct application in underwa-
ter communication systems, specialized sonar systems, and 1 acoustic imaging
systems. The asscciated array pattern synthesis methods developed for acoustic

application could also easily be adapted to antenna arrays.
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Appendix A

Derivation of the Optimum
Weighting Coefficients

The error of approximation ¢ can be defined as
= D= Dy
= <D-D,D—-D,> (A.1)

where D is the directivity function of the ring array and D, is the desired direc-
tivity function produced by a prototype linear array. Here we treat functions as
vectors in Hilbert space and use the norm denoted by || - || to express the error
function. The < - > denotes the inner product.

Consider a 2N-element linear array of uniformly spaced, isotropic elements as

a proiotype. The directivity function of such an array is given by
N d 1
Dy(0) =Y wy; cos [(22 - 1)7—%— sin 0J (A.2)
i=1

where p; is the weighting coeflicient of 7th element, d is the spacing between
elements and A is the wavelength.

In the following developments it is conveni at to map pointing angle @ into
the u domain defined as

rd
I\

u=

sin 8. (A.3)
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Equation {A.2} can then be written as

N
Dy(v) = Z“‘Pi cos[(2f — 1)u] (\.1)
i=1

or ir matnx form as

Dy(u) = cTw,, (\.5)
where the superscript 7" denotes the transpose and

c=[cosu cos3u cosHu ... cos(2V — Du |’ (A.6)

It can be shown that for d = A/2 the functions cos[(27 = DNul; i = 1,.... %
form an orthogonal set spanning the Hilbert space H, namely their inner products,

defin,d as

< cos[(2¢ — 1)u], cos[(2) — 1)u] >

4 z
= —/2 cosl(27 -~ 1)u] cos|(2j — 1)u]du
T Jo

0, otherwise. (A7)

_ {l, fori=j

If we neglect the error introduced by truncation of the equivalent linear array,

we can express the directivity function of the ring array as
D(u) = ¢T(Ww,). (A.§)

Applying Eqs. (A.5) and (A.8) o Eq. (A.1) and calculating the inner prodnet

defined by Eq. (A.7), we obtain the error function ¢ in matrix form s
e = (Ww, —w,)[(Ww, — w,). (A.9)
The vector of weighting coefficient w, which minimize the above error is given by
w, = (WIW)'W'w, (A.10)
and the corresponding minimum mean square error is then

e’ = (WWIW) " "Wlw, — w,) (WW'W)"'Ww, - w,). (A.11)
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