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Abstract
The authors introduce and investigate various properties of a general class
L[k [P,a,,B,A, B]
(p,k €N:={1,2,3,---}; 0< a <p; B> 0;
—-1<A<B<1;0<B<1),

which unifies and extends several (known or new) subclasses of meromorphically mul-
tivalent functions. The properties and characteristics of this general class, which are
presented here, include growth and distortion theorems; they also involve Hadamard
products (or convolution) of functions belonging to the class Uy[p, o, 3, A, B.

1. Introduction, Definitions, and Preliminaries
Let ), , denote the class of functions of the form:

| R— .
fl) =5+ > nip-12"P (pkeN:=1{1,2,3,---}), (1.1)
n==k

which are analytic and p-valent in the punctured unit disk
U'={z:2€Cand 0 < |2| <1}.

Many interesting families of analytic and multivalent functions were considered by earlier authors

in Geometric Function Theory (cf., e.g., [4] [8], and [11}). For a function f(2) in}_, ;, and for fixed
parameters A and B, with

-1<A<B<1, A+B>0,and0<B<1,
we say that f(z) is a member of the class Q[p, a, A, B] if and only if it satisfies the inequality:

Zf'(2)+p
) 1) <1 (zeU0<a<p). (1.2)
B+ B+ (A= B)(p - o)
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A function f(2) € 3_, . is said to belong to the class Ry[p, @, A, B] if and only if

zf;( ?) ¢ Qulp, o, A, B. (1.3)

The classes Qi[p, o, A, B] and Q;[p,0, A, B] were introduced by Aouf [1] and Mogra [6], respec-
tively. Some subclasses of 3, when k = p = 1 were considered by (for example) Miller [5],
Pommerenke [9], Clunie [3], and Royster [10]. Furthermore, several subclasses of }_, ; when k=1

were studied by (amongst others) Mogra ([6], [7]), Aouf ([1], [2]), and Uralegaddi and Ganigi [12].
Motivated essentially by many of these earlier works, we aim at investigating here various prop-
erties and characteristics of the above-defined general class

Uy[p, o, B, A, B)
(pkeN;0<a<p; 20, -1<A<B<1;0<B<1)
of meromorphically p-valent functions in
U=U"U{0} ={z:2€C and |z| < 1}.
The following result can be proven fairly easily by appealing to the definition of the class Qx[p, o, 4, B].
Lemma 1. Let a function f(z) defined by (1.1) be in the class 3,

o0
> C(p,a, A, Bin)|anip-1| < D(p, e, A, B) (1.4)
n=k

(0<a<p;-1<A<B<1;0<B<1),
where, for convenience,
C(p,a, A,B;n)=(1+B)(n—1)+[2p+2aB+(B+A)(p—a)] (n>k) (1.5)
and
D(p,a, A, B) = (B — A)(p — ), (1.6)
then f(z) € Qklp, o, A, B].
Next, by observing that
2f'(2)
f(z) € Rilp, o, A, B] <= - € Oklp, a, A, B), (1.7)
we arrive at
Lemma 2. Let a function f(z) defined by (1.1) be in the class 3, .. If

(o] 7 + _ 1\
Z (%) C(p, o, A, B;n) |anyp-1] < D(p, o, A, B) (1.8)
n=k

(0<a<p;-1<A<B<1;0<B<1),

where C(p,a, A, B;n) and D(p,a, A, B) are given by (1.5) and (1.6), respectively, then
f(z) € Ri[p, o, A, B].

In view of Lemma 1 and Lemma 2, we define the subclasses Qf[p, o, A, B] of Qx[p, a, A, B] and
Rilp, o, A, B] of Ry[p, o, A, B] consisting of functions which, respectively, satisfy (1.5) and (1.8).
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Furthermore, we introduce and investigate the various properties and characteristics of the following
general class Uy[p, , B, A, B] of functions f(z) € >, , which also satisfy the inequality:

>0 .04 Bim) |15+ 5 (2= emipal < Doy, 4, (19)
n==k

0<a<p;f>0,-1<A<B<1;0<B<L1),
where C(p, a, A, B;n) and D(p, a, A, B) are given by (1.5) and (1.6), respectively. Clearly, we have

Uy[p, o, B, A, B] = (1 — B)Qfp, o, A, B] + BR;[p, o, A, B), (1.10)
so that
Uy[p, ¢, 0, A, B] = Q}[p, a, A, B] (1.11)
and
Uklp,a, 1, A, B] = Ri[p, @, A, BJ. (1.12)

2. Growth and Distortion Theorems
Theorem 1. If a function f(z) defined by (1.1) is in the class Ux[p, e, B, A, B], then

1 D(p, o, A, B)
=)

2P k+p-1
|Z|p C(p,a,A,B;k) [1 —B+8 ( lzl S |f(z)|

D(p,a, A, B)

1 k+p—-1
et Tl (21
B O A i) [1-6+p(E2=2)]
(820, z€U")
and
P (k+p—l)D(p,a,A, B) |zlk+p—-2 < |f’(z)|
p+1 e -
2] C(p, a, A, B; k) {1—ﬂ+ﬁ (ﬁ%—l)]
k+p—1)D(p,a, A, B §
27 C(p, 0, A, Bik) [1 - B+ 8 (H271)]
(/3 >0;zeld”).
The bounds in (2.1) and (2.2) are attained for the function f(z) given by
1 D(p,a, A, B _
f(Z) = ;‘5 + (p ) Ftp— Zk+p 1. (23)
Clp, 0, A, Bik) [1 - B+ 8 (£22))]
Proof. Noting that
D(p,a, A B
Zla’n—{-p 1| < (b ) (2.4)

= C(pyoy A, Bik) [1 - B+ B (21|
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for f(z) € Uy [p, @, B, A, B], we have

HOIE 1, — 1S [ang ]

|

~

n=k
S -.];_ B D(P’ Q!,A,B) ‘z|k+p—1
= P -
12 c(p,a, A, B;k) [1"ﬁ+ﬁ(ﬁiz%‘l)}
(B>0;zelU)
and
1 ~ co
|f(z)| < W + |z|k+p ! Z ‘an+p—1|
n==k
1 D(P, Q, A,B) kt+p-1

ST g e Bik) [1-8+5(221)] g
(B=0; zelU*).
We also observe that
Clp, o 4, Bik) [1 = B+ (222)] =
s S+~ 1) fonspl

n=k

<> Clpay 4, Bin) [1 =B+ 8 (222)] |anipa| < Dlp, o, 4,B) (820),

n==k

which readily yields the following distortion inequalities:

D ~ oo
|7'(2)] = g = 121" D (9 — 1) |antp]

12‘ n=~k
> p _ (k+p—1)D(p,a,A,B) z|k+p_2
2" Clp,a, 4,B;k) [1 -B+8 (—'”*;"1)]
(820, 2zeU)
and
‘f’(z)I < Hﬁ“ +lz|k+p— 2Z(n+p — 1) |antp-1l|
< n=k
P (k+p—-1)D(p,a, A, B) o2
T O, A B [1- B+ 8 ()]
(B>0;zelU).

(2.5)

(2.6)

(2.8)

(2.9)

Now it is easy to see that the bounds in (2.1) and (2.2) are attained for the function f(z) given

by (2.3).
Taking 8 = 0 in Theorem 1, we have
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Corollary 1. If a function f(z) defined by (1.1) is in the class Q} [p, o, A, B), then
1 D(p,a, A, B)

|z|p - C(p, A,B;k) Zlkﬂ)“l <|f(2)|

. L, DpadB)

k+4+p—1 *
Fromaammd ~ @ed) (210

and
P k+p_1Dp)a7A,B) i +p—
i - Clp, cz A(,B;k) A< 1)
p (k+p_ l)D(pv OZ,A,B) k+p—2 *
STt e A B 2] (zeur). (211)

The bounds in (2.10) and (2.11) are attained for the function:
f(Z) — _1__ D(paavAvB) zk+p-—1‘
2 C(p,a, A, B;k)
Letting 8 = 1 in Theorem 1, we have
Corollary 2. If a function f(2) defined by (1.1) is in the class R} [p, o, A, B, then
1 pD(p, o, 4, B)
|z|p (k+p_1)0(p)aa AaB,k)

(2.12)

2P < f(2)]

<1 pD(p, o, A, B)
o Ip (k+p—1)C(p,a,A, B; k)

|z

|2|FtP~ (z eur)  (2.13)

and

P pD(p: Q, Av B) k+p—2 !
- <
AP Clpa A By T <G
P pD(pa,ADB)
- IZ|p+1 C(paaaAaB;k)
The bounds in (2.13) and (2.14) are attained for the function:

2|72 (z e ). (2.14)

1 pD(p,a,A, B) k4p—1
- . 2.15
/() zP+(k+p——1)C(p,a,A,B;k)z (2.15)
3. Convolution Properties
For functions
1 1
fiz)= 4+ > anip-152" P (j=1,2) (3.1)
n=k

belonging to the class >, ;, we denote by (f1 * f2) (2) the convolution (or Hadamard product) of
the functions f1(z) and fa(z), that is,

1 -
(fixf2)(2) = + > antp-1,10nip-122"P7 (3.2)

n=~k
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Theorem 2. Let the functions fj(z) (j = 1,2) defined by (3.1) be in the class Ug[p, o, B, A, B).
Then

(fl *f2) (z) € Z’{k[p1’71 131 AaB]a

where
_ (B-A)(1+B)(k+2p~1)(p~a)’
LAt Sy N k+p—1) n 2 (3.3)
{Clp, o, A, BiB)Y? [1 - B+ 58 (H22)] +{D(p, o, 4, B)}
The result is sharp for the functions:
f](z) — _}E n D(pva, A; B) — zk+p——1 (.7 — 1, 2) (34)
Proof. In order to prove Theorem 2, we must find the largest + such that
= C(p,y,4,Bin) [1— B+ (221
D(p, 7. A B) |antp-1,1]|anip-12] <1 (3.5)

n==k

for f;(2) € Uslp, 7,8, A, B] (j = 1,2). Since f;(2) € Ug[p, o, B, A, B] (j = 1,2), we readily see that
& oA [1-2+5 (=52

~ D(p,7, 4, B) |an+p-1,41 <1 (G=12). (3.6)
Therefore, by the Cauchy-Schwarz inequality, we obtain
x C(p,7, A, B;n) [1 —-B+8 (”J}’i“l)}
> 5t A ) V1antp-11l lansp-1] < 1. (3.7)
This implies that we need only show that
C(p,g,jl:yB;n) lan+p-1,1] |an+p-1,2]
< AeBR BN e sallantpral (02 8 (35)

or, equivalently, that

(p—7)C(p, 2, A, B;n)
—_ n - <
\/lan+p Ll fanip-12f < (p — a)C(p,v, A, B;n)

Hence, by the inequality (3.7), it is sufficient to prove that
D<p, Oé,A,B) < (p—'y)C'(p,a,A,B;n)
C(pao-’,A,B;n) [1“",8’*‘,3(2;%&)] - (p—Ol)C(p,’)’,A,B;TL)

It follows from (3.10) that

(n>k). (3.9)

(n>k).  (3.10)

(B-=A)(1+B)(n+p-1)(p—0a)®

TP e A B [+ 8 (2] + Dl A, BV

(n>k). (3.11)
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Now, defining the function ¢(n) by
(B—A)(1+B)(n+2p—1)(p— a)?

p(n):=p— n>k), (3.12)
{Cp, o, A4, Bin)} [1 = B+ 8 (=222) | +(D(p, o, 4, B)}
we see that ¢(n) is an increasing function of n. Therefore, we conclude that
B—A(1+B)(k+2p—1)(p—a)? e

{Cp,a, A4, B k)Y [1 = B+ 8 (2272) | + {D(p, o, A, B}
which evidently completes the proof of Theorem 2.
Letting 8 = 0 in Theorem 2, we arrive at

Corollary 3. Let the functions f;(z)(j = 1,2) defined by (3.1) be in the class Qj[p,~, A, B].
Then

(fl *fZ) (z) € QZ[pr’ArB]a

where
B—A)(1+B)(k+2p—1)(p — a)?
7:p__( ) ( )(2 p—1)(p )2_ (3.14)
{C(p, o, 4, B; k)}" +{D(p, o, A, B)}
The result is sharp for the functions:
fj(z) _ i 4 D(paa,A, B) zk—}-p—l (_7 — 1,2) (315)

2 C(p, o, A, Bk)
Putting 8 = 1 in Theorem 2, we have

Corollary 4. Let the functions f;(2) (7 = 1,2) defined by (3.1) be in the class Rf[p,a, A, B].
Then

(f1 * f2) (z) € RZ[p)’Ya A7B]1

where
_ p(B—A)(1+B)(k+2p—1)(p—a)
N=p— 3 5 (3.16)
(k+p—-1){C(p,o, A, B;k)}* + p{D(p, o, A, B)}
The result is sharp for the functions:
1 pD(p,a,A, B) k+p—-1 :
() = — = . 3.
B =5+ (k+p—1)Clp, 0, A Bik)” (=12 (817

Finally, we prove

Theorem 3. Let the functions fj(z) (j = 1,2) defined by (3.1) be in the class Ug[p, o, B, A, B].
Then the function h(z) defined by

1 = _
W2) = — 4D (hipr1 + Ghypo1p) 217 (3.18)

n==k
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belongs to the class Ux[p,~, B, A, B], where
_ 2(B—A)(1+B)(k+2p—1)(p—a)?

{C(p,a, A, B; k)}* [ ﬁ-l—ﬁ( )] +2{D(p, a, A, B)}
The result is sharp for the functions f;(z) (j = 1,2) given by (3.4).

Proof. Noting that

© {O(p,a, 4, B;n)}? [1 B+ 8 (%Ll 2
2 {D(p,a, A, B)}? |an4p-1,4]

n==k

2
o0 . - n+p—1
< ZC(p’a,A’B’n)[l ﬁ+ﬁ(+ lantp-15 | <1(=1,2)
“\= D(p,a, 4, B) el B !

for f;(2) € Uy [p,, B, A, B] ( = 1,2), we have
2
= (O oy A, Bim) [1 —hth (Mp_l)] a2 + a2 |<1
a a2, .| <1.

n=Fk 2 {D(p) a, A; B)}2 n+p—1,1 n+p—1,2

Therefore, we have to find the largest « such that
C(p, ’Y,A,B;TL) {C(p,a A B: n)}2 [1 _ ﬂ‘l“,ﬁ (n+zz:-1
P - 2(B-A)(p-a)?

1

that is, that
2(B—A)(1+B)(n+2p—1)(p—a)?

sp- (n>k).
{C(p, o, A, B;n)}? [1—ﬁ+ﬁ< =1)] +2{D(p, 0, 4,B))"
Now, defining a function ¥ (n) by
P(n) = 2(B-A)(1+B)(n+2p-1)(p —0)2 n>k)),

{C(p, 0, A, Bsn)y? [1 - B+ 8 (21)] +2{D(p, 0, 4, B)}?
we observe that 1(n) is an increasing function of n. Thus we conclude that
2(B = 4) (1 + B) (k+2p — 1)(p — a)?
{Cp,0, A, B )Y [1 = 6+ 6 (H22)] +2{D(p, o, 4, B)}*
which completes the proof of Theorem 3.

y<P(k)=p—

By setting 8 = 0, Theorem 3 leads us to

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Corollary 5. Let the functions f;j(z)(j = 1,2) defined by (3.1) be in the class Qf[p,c, A, B].

Then the function h(z) defined by (3.18) belongs to the class Qf[p,~, A.B], where
2(B—A)(1+B)(k+2p—1)(p—a)?

{C(p,, 4, B;k)} +2{D(p, o, A, B)}*

The result is sharp for the functions f;(z) (j = 1,2) given by (3.15).

T=P—

(3.26)
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Letting 8 = 1 in Theorem 3, we have

Corollary 6. Let the functions f;j(z) (7 = 1,2) defined by (3.1) be in the class Rj[p, o, A, B].
Then the function h(z) defined by (3.18) belongs to the class R}[p,~, A, B], where

2p (B — A)(1+ B) (k+2p—1)(p — a)?
(k+p—1){C(p,a, 4, B; k)}* + 2p{D(p,, 4, B)}"'
The result is sharp for the functions fi(z) (j = 1,2) given by (3.17).

y=p-— (3.27)

Many of our results in this paper (especially Corollaries 1 to 6) would simplify considerably when
we set

A=-1 and B=1.

The details involved in the derivation of these and other special cases of our results may be left as
an exercise for the interested reader.
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