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Abstract

Closed mark-recapture experiments are widely used to estimate population size even though the
assumption of “closed population” is often violated (immigrations and emigrations) compared to open
population models. This work investigates various methods in closed population models (Petersen
estimator, maximum likelihood estimation with mixtures, and Huggins model) to estimate the number
of injection drug users (IDU) in Victoria, B.C. Model selection methods used to choose a final model
as well as goodness-of-fit options are discussed. We use data from the 2003 and 2005’s I-Track survey
program to compare these estimators.

Keywords: Capture-recapture; Closed populations; Lincoln-Petersen estimator; Huggins model;
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1 Introduction

The I-Track survey is a nationwide surveillance program which records the prevalence of HIV and hepatitis
C over time but also looks at risk behaviour among injection drug users (IDU). The survey was conducted
in 2003 and 2005 in Victoria, B.C. The aim of our work is to estimate the population size of IDU in
Victoria. To simplify the study, we assume the population is closed to additions (birth and immigration)
and losses (death and emigration), then the population size is considered constant over time.

The estimation of animal abundance is a state variable of key interest in studies of population dynamics.
In the usual study cases, the captured animals are uniquely marked then returned (capture-recapture
methods) in every sampling occasion. Identification codes are recorded for previously marked animals and
then they are released back into the population. Let the subscript i of xij denote individual i and j the
jth sampling occasion, xij = 1 denotes the animal was caught and Xij = 0 denotes that it was not caught;
then we can get a capture history of any animal in the study. Capture-recapture estimators are based on
probabilistic models of events giving rise to the capture history.

We first use the well-known but simplest method, the Lincoln-Petersen (LP) estimator (Seber, 1982).
Then maximum likelihood estimators (MLEs) are used to fit models and finite mixtures (Pledger, 2000)
are introduced to allow for heterogeneity. Along with capture history, an individual’s sex is also known in
the I-Track data. Therefore a conditional likelihood method (Huggins, 1989) is presented to allow for the
modeling of capture probabilities in terms of sex. We used Akaike’s Information Criterion (AIC) (Burnham
and Anderson, 2002) for model selection of each method. A likelihood ratio test was used to assess the
goodness-of-fit.
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2 Notation

As mentioned before, xij represents whether individual i is captured at occasion j or not. For example,
the capture history {0 1 1 0 0 1 } means the individual was caught on sampling occasions 2, 3, and 6 in
the study. The following is a description of some common statistics and parameters used in the text.

Statistics
K: number of sampling occasions.
nj : the number of observed animals with capture history j.
mj : the number of marked individuals caught at sampling occasion j.
Mj : the number of marked individuals at sampling occasion j.
MK+1: the total number of distinct individuals caught during the study.

Parameters
N : population size.
pij : the probability of capture if the ith individual was caught on jth occasion.
pc: capture probability for unmarked individuals.
pr: capture probability for marked (recaptured) individuals.

The likelihood methods allow for time (probabilities vary from sample to sample), behaviour (a trap
response of animals to the first capture), and heterogeneity (different animals have intrinsically different
capture probabilities) effects on the capture probabilities. Otis et al. (1978) specified the following eight
models which incorporated these three potential variations.

Models
M0: Capture probabilities are constant (p).
Mb: Behavioural response only (pc, pr).
Mt: Time response only (pj , j = 1, · · · ,K).
Mh: Individual capture heterogeneity only (pi, i = 1, · · · , N).
MhA

: Divide individuals into A groups; within each group, individuals have relatively homogenous capture
probabilities.
Mtb: Behavioural and time responses (pcj , prj , j = 1, · · · ,K).
Mbh: Behavioural and capture heterogeneity responses (pci, pri, i = 1, · · · , N).
Mth: Time and capture heterogeneity responses (pij , i = 1, · · · , N, j = 1, · · · ,K).
Mtbh: Time, behavioural, and capture heterogeneity (pcij , prij , i = 1, · · · , N, j = 1, · · · ,K).
MtbhA

: Time, behavioural, and heterogeneity (dividing individuals into A groups) responses.

3 Methods

3.1 Lincoln-Petersen estimator (Seber, 1965, 1982)

The Lincoln-Pertersen (LP) estimator for population size is well known and widely used. It is appropriate
when there are just two sampling occasions. This is suitable for the I-Track data as K = 2. A total of n1

individuals are marked and returned to the population at time 1, n2 individuals are recaptured at time 2,
and m2 is the number of individuals which are caught twice. The estimation of the population size is

N̂ =
n1n2

m2
.

2



However, it can be shown that the LP estimator is biased and that the magnitude of the bias is inversely
related to sample size (Chapman, 1951). The bias-adjusted estimator is given by

Ñ =
(n1 + 1)(n2 + 1)

m2 + 1
− 1.

The variance for Ñ (Seber, 1970) can be estimated by

v̂ar(Ñ) =
(n1 + 1)(n2 + 1)(n1 −m2)(n2 −m2)

(m2 + 1)2(m2 + 2)
.

Confidence intervals for the LP estimator can be constructed in various ways. Seber (1982) suggests the
following rules for choosing the method for approximating the confidence interval for N:

1. Binomial approximation: if the fraction of marks in the second sample is large (m2/n2 > 0.1);

2. Normal approximation: if the number of marks in the second sample is large (m2 > 50);

3. Poisson approximation: otherwise.

Thus, the way we construct the confidence interval depends on the data.

3.2 Maximum Likelihood Estimators with mixtures (Pledger, 2000)

The likelihood for the closed-captures data is

L(N, pij |X) =
N !

(
∏

j nj !)(N −MK+1)!

N∏
i=1

K∏
j=1

p
xij

ij (1− pij)1−xij . (1)

Maximum Likelihood Estimation (MLE) can be used to obtain estimates of the pijs. As N is a parameter, it
can be estimated directly from the likelihood rather than indirectly using estimates of capture probabilities.

Finite mixtures are introduced to partition the individuals into two or more groups with relatively ho-
mogeneous capture probabilities. Assume there is a fixed number, A, of groups, and group member-
ship is unknown. Each individual is assumed to come independently from group a with probability
πa(a = 1, · · · , A,

∑
πa = 1). The capture probability of individual i in group a at sample j, pij , is

assumed to be θjba. Here the subscript b indicates the behaviour effects (b = 1 if individual i is captured
before occasion j, otherwise b = 0). We model θjba with a linear logistic formulation as follows:

ln(
θjba

1− θjba
) = µ+ τj + βb + ηa + (τβ)jb + (τη)ja + (βη)ba + (τβη)jba, (2)

where µ is a constant, τj is the time response, βb is the behaviour response, and ηa is the group response
which also represents the heterogeneity effects. All the other variables in equation (2) are the interactions
between the three responses.

Integrating equation (1) over each animal’s independent group allocation gives the likelihood

L(N, π, θ|X) =
N !

(N −MK+1)!
×

N∏
i=1

A∑
a=1

(πa

K∏
j=1

{(θjba)xij (1− θjba)1−xij}).
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3.3 Conditional Likelihood estimation (Huggins, 1989, 1991)

The conditional likelihood model was first presented by Huggins (1989). This approach estimates the closed
population size when the capture probabilities are heterogeneous by modeling the capture probabilities in
terms of observable covariates such as age, sex, weight, etc. But because the covariates for uncaptured
individuals are not known, Huggins (1989) constructed a likelihood conditional on the captured individuals
so that characteristics of uncaptured individuals are not required, and the associated parameters such as N
can be estimated. Huggins (1989) also modeled capture probabilities dependent on an individual’s previous
capture history, thus introducing behavioural effects into the model.

We let zij be the indicator of the past capture history of individual i, i.e.,

zij =

{
1 if individual i has been captured before j,
0 otherwise.

Then given individual i is captured at least once, the capture probability on occasion j is as follows:

γij =
pij

1− (1− zij)
∏K

l=j(1− p∗il)
,

where p∗ij is pij evaluated when individual i has not been captured before occasion j (zij = 0). We can
label the captured individuals i = 1, · · · ,MK+1 and the uncaptured individuals i = MK+1 + 1, · · · , N .
Then the conditional likelihood is as equation (3) which depends only on the captured individuals.

L =
MK+1∏

i=1

K∏
j=1

γ
xij

ij (1− γij)1−xij (3)

Huggins (1991) supposed that ln[pij/(1 − pij)] is a linear function of covariates corresponding to charac-
teristics of the individuals, differences in behaviour response, and temporal variation. Every individual’s
sex is recorded in the I-Track data, thus we have the general model Mtbh as

ln(
pij

1− pij
) = β0 + βsexsexi + τj + βbzij

Here the capture probabilities depend on the covariate sex (sex=1 indicates female, and 0 indicates male
in the I-Track data), the temporal variation (τj), and the individual’s past trapping history (zij).

The methods of Huggins (1989) can be applied directly to estimate the population size and obtain confidence
intervals. Let

pi(β
:

) = 1−
K∏

j=1

(1− p∗ij)

where β
:

is the vector of parameters associated with the model. Then pi(β
:

) is the probability that individual

i is captured at least once in the course of the trapping experiment. The unbiased estimator of the
population size can be expressed as

N̂(β
:

) =
MK+1∑

i=1

(pi(β
:

))−1,

and the estimator of the variance of N̂(β
:

) is

s2(β
:

) =
MK+1∑

i=1

pi(β
:

)−2[1− pi(β
:

)].
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3.4 Model Selection and Goodness-of-Fit

We investigated several models for the I-Track data for both likelihood methods. For model selection,
we used Akaike’s Information Criterion (AIC) (Burnham and Anderson, 2002). AIC is a model selection
technique which is given by

AIC = −2lnL(β̂) + 2κ,

where lnL(β̂) is the log-likelihood for the model evaluated at the maximum conditional likelihood estimator
β̂ and κ is the number of parameters of β̂. Given a data set, several models can be ranked according to
their AIC, with the one having the lowest AIC being the best.

However, when the sample size of the data is very small, we used the second-order information criterion
AICc. AICc can be written as

AICc = −2lnL(β̂) + 2κ(
n

n− κ− 1
)

where n is the sample size. In our data set, we applied AICc as the model selection criterion since the
sample size is small.

After selecting the model with the lowest AICc value for each method, we tested the goodness-of-fit of
these models. Usually, the full model Mtbh would fit the data best. Therefore, the model we selected
was contrasted with the full model to test its goodness-of-fit. We utilized a likelihood ratio test (LRT)
(Burnham and Anderson, 2002) to compare the fit of two models. The test statistic of the LRT is given
as follows:

LRT = −2ln(
L(β0)
L(β1)

).

Here, L(β0) is the likelihood for the model of interest chosen by AICc and L(β1) is the likelihood for the full
model. It can be shown that this test statistics is asymptotically chi-square distributed with the differences
of the number of parameters between the two models being the degree of freedom (denoted by k). Then
we can get a p− value for the test which equals P (LRT > χ2

k).

3.5 Software

For the LP estimator, we used the Chapman-type estimator in the“mrclosed” function in “FSA” package
of R program (R Development Core Team, 2010) to obtain LP estimators of N . Running this package
requires R version 2.11-1 or greater.

Program MARK (White and Burnham, 1999) was used to fit the I-Track data for the likelihood based
methods. MARK is a Windows-based program for analysis of data from marked individuals. It computes
the estimates of model parameters via numerical maximum likelihood techniques. To download MARK
online, go to http://www.phidot.org/forum/index.php.

4 Data Analysis

4.1 Estimation

First we used the LP estimator for the I-Track data. In our dataset, n1 = 254, n2 = 250, and m2 = 19;
then Ñ = 3199. By using the methods of Seber (1982), the standard error of the LP esimator is 643. Since
m2/n2 = 0.076 < 0.1 and m2 = 19 < 50, we used the Poisson approximation to construct a confidence
interval. The approximate 95% confidence interval is (2086, 5144) individuals. Notice that one of the key
assumptions of the Lincoln-Petersen estimator is that all individuals are equally catchable in each sample.
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But this assumption is easily violated when time, behaviour, or heterogeneity affect the probability of
capture.

Table 1 represents the results of the likelihood with mixtures (Pledger, 2000) method from MARK (White
and Burnham, 1999) output. For the heterogeneity effects, we assumed the mixtures A was 2 at first;
within each group, individuals have relatively homogeneous capture probabilities. After trying A ≥ 3, we
found there was no need to introduce another group as the residual deviance for Mh3 was the same (7.899)
as for Mh2 . Actually, model Mtbh2 and Mtb have the lowest AICc values of -4226 and -4222. However,
the estimates of N are equal to MK+1 = 485. These nonsensical results occur because program MARK
requires a constraint on the piK value and these two full models do not have such constraints; therefore
they are meaningless. Disregarding these models we find model M0 has the lowest AICc value in Table 1.
In addition, the AICc weight suggests M0 fits the data approximately four times better than Mb and Mt

(0.662/0.164 = 4.037)

Table 1: Model selection results using Pledger’s (2000) maximum likelihood estimation with mixtures
method for the I-Track data, p denotes the capture parameters and κ is the number of parameters in each
model.

Model p AICc AICc weight N̂ κ
M0 p -4218 0.524 3329.55 2
Mb pc, pr -4216 0.193 2600.37 3
Mt pj -4216 0.193 3329.34 3
Mh2 pi -4214 0.071 3329.81 3
Mbh2 pci, pri -4210 0.010 2600.30 4
Mth2 pij -4210 0.010 3329.66 4

The results in Table 2 show the model selection results based on Huggins’ (1989) method. There are 2
groups which reflect the heterogeneity effects. A ≥ 3 was also tested to see if any higher heterogeneity
should be presented. But the residual deviance of Mh3 stayed the same (806.37) which implied no further
exploration needed. Again there are two erratic estimations of N : 1008.84 and 705.45, which is given by
Mtb and Mtbh2 and are not presented in Table 2. In Mtb and Mtbh2 , as mentioned before, the respectively
last capture probability piK is unconstrained. The model with the lowest AICc is M0 and its AICc weight
is much higher than any other model weight.

Table 2: Model selection results using Huggins’ (1989) method for the I-Track data, p denotes the capture
parameters and κ is the number of parameters in each model.

Model p AICc AICc weight N̂ κ
M0 p 808.372 0.514 3342.31 1
Mt pj 810.346 0.199 3342.10 2
Mb pc, pr 810.346 0.199 2804.96 2
Mh2 pi 812.390 0.070 3696.01 2
Mbh2 pri, pci 816.400 0.009 3407.83 3
Mth2 pij 816.400 0.009 3342.12 3

4.2 Goodness-of-Fit

We used a likelihood ratio test (LRT) to access the goodness-of-fit of each model in the likelihood with
mixtures (Pledger, 2000) and the conditional likelihood (Huggins, 1989) methods. The model selected
by AICc with mixtures was compared with the full model Mtbh2 to see whether they fit the data as well
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as Mtbh2 . For the MLE method, the p − value of M0 is too small (p − value < 0.001) which shows
strong evidence against the hypothesis that M0 fits the data as well as Mtbh2 . The goodness-of-fit results
for Huggins’ (1989) method compares model M0 with model Mtbh2 ; again there is evidence to reject the
hypothesis that model M0 fits the data as well as model Mtbh2 (p− value < 0.001).

4.3 Final results

We found that model M0 was selected by AICc as the model of interest in both the likelihood with mixtures
and conditional likelihood methods. The lack of fit of these models may be due to overdispersion in the
data and we should explore this issue further in the future. Combined with the results of the LP estimator,
Table 3 gives the final estimates for each method. The results are very similar to each other.

Table 3: Population size estimate (N̂), estimated standard error, and approximate 95% confidence intervals
obtained from the Lincoln-Petersen estimator (LP), model M0 using Pledger’s (2000) MLE method, and
model M0 using Huggins’ (1989) method.

Method N̂ Std.err 95%CI
LP 3199 643 (2086, 5144)
MLE 3330 706 (2246, 5078)
Huggins 3342 709 (2254, 5098)

5 Discussion

In this paper, we use three different methods to estimate the population size of IDU in Victoria, BC. The
Lincoln-Petersen estimator is the simplest method. One of the key assumptions of the LP estimator is the
probability that individual are equally catchable in each sample. However, time, behaviour, or heterogeneity
responses often cause violation to this assumption as they can affect the probability of capture. Therefore,
we introduced the likelihood with mixtures and conditional likelihood methods. These two methods relate
the three responses with the capture probability in order to have a better estimate of N .

There was concern that the number of recaptures (m2 = 19) in the I-Track study was lower than expected,
resulting in population estimates that were higher than the accepted estimate of 2000 individuals (Stajduhar
et al, 2004). In the I-Track program, survey respondents were asked to provide a unique identifier – an
initial and a significant date. This unique identifier was then encrypted through a computer program
which generated an ID. However, we cannot know that each resurvey respondent in 2005 provided the same
identifier as in 2003. This is a form of tag loss and would be a violation of one of the model assumptions.
If someone changed their identifier (e.g., through marriage), then the number of individuals who were
captured on both occasions should be more than m2 = 19. The Figure 1 shows how N̂ changes based on
the LP method when the value of recaptured individuals changes. We can see that when m2 gets larger,
the population size estimate will be smaller. When m2 is less than 30, N increases dramatically. Therefore,
we can further investigate the accuracy of a respondent’s ID number. If there are more individuals who
were resurveyed, then the estimated size of the IDU population may reduce significantly.

The lack of fit for the likelihood methods needs exploration. Overdispersion of the data and a single
variance inflation factor (c) can be estimated from the goodness-of-fit chi-square statistic (χ2) of the full
model and its degrees of freedom, ĉ = χ2/df . Then QAICc (Burnham and Anderson, 2002) can be the
criterion for model selection. Model assumptions and their effect on the fit of the models is another avenue
to investigate in future work.

In both the MLE and conditional likelihood estimation, the behaviour effect has been modeled at two levels:
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Figure 1: Population size estimates of the number of injection drug users in Victoria, B.C. obtained using
the Lincoln-Petersen estimator by varying the number of recaptured individuals (m2) .

one for a first capture and the other for recapture. However, other choices could be specified. Pollock (1975)
gives a general model in which capture probability only depends on previous capture history.

Although we chose A = 2, it does not imply that there really are two groups of individuals. The grouping
allows us to use heterogeneity and correct for the bias in N̂ .

The assumption of “closed-population” can be easily violated since there are birth, death, immigrations,
and emigrations in the real world. When a third I-Track survey is completed, further study can focus on
fitting the data in “open-population capture-recapture” models. The Cormack-Jolly-Seber (CJS) model
(Cormack, 1964; Jolly, 1965; Seber 1965) and the Jolly-Seber (JS) model (Jolly, 1965; Seber, 1965) are
the two primary methods for open-population. Schwarz and Arnason (1996) gave a general methodology
for analysis with CJS and JS models. But some assumptions of CJS amd JS models can also be violated.
Cowen and Schwarz (2006) discussed tag loss problems which is one of the main violations in mark-recapture
experiments.
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