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ABSTRACT

In this thesis, algorithms for blind and non-blind motion deblurring of digital images
are proposed. The non-blind algorithm is based on a convex program consisting of
a data fitting term and a sparsity-promoting regularization term. The data fitting
term is the squared `2 norm of the residual between the blurred image and the latent
image convolved with a known blur kernel. The regularization term is the `1 norm
of the latent image under a wavelet frame (framelet) decomposition. This convex
program is solved with the first-order primal-dual algorithm proposed by Chambolle
and Pock in [19]. The proposed blind deblurring algorithm is based on the work of
Cai, Ji, Liu, and Shen [13]. It works by embedding the proposed non-blind algorithm
in an alternating minimization scheme and imposing additional constraints in order
to deal with the challenging non-convex nature of the blind deblurring problem.
Numerical experiments are performed on artificially and naturally blurred images,
and both proposed algorithms are found to be competitive with recent deblurring
methods.
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Chapter 1

Introduction

Image restoration is the class of signal processing problems in which, given a degraded
image, one attempts to undo the degradation and recover the original image. This
is in contrast to image enhancement, where one wishes to modify an image in order
to improve it according to subjective criteria. The key difference between the two
problem classes is that image restoration problems are inverse problems, and thus
require models of how the original image was transformed into the degraded image,
while image enhancement problems in general do not.

Image restoration techniques have been studied since at least the 1950s. They were
born out of necessity when, during the United States and Soviet space programs,
astronomical images were being captured and transmitted at great cost [5]. These
images were often degraded by quite severe noise and blurring, and, given their
immense scientific value, needed to be restored to a clearer state.

Since then, image restoration has grown into a deep and well-studied field, with
thousands of publications. Commonly studied image restoration problems include
denoising, deblurring, inpainting, and super-resolution. An additional distinction
can be made between non-blind and blind image restoration problems. In non-blind
problems, the specific instance of the applied degradation operator (e.g. a blur kernel
in the case of deblurring) is assumed to be known, while in blind problems, only
statistical assumptions can be made about the degradation operator. In this thesis,
we restrict our attention to the problems of non-blind and blind deblurring.

The process by which images are blurred is frequently assumed in the literature to
be spatially invariant, implying a uniformly blurred image. This yields a model
in which a blurry image y is obtained by a two-dimensional convolution between
a sharp image x and a blur kernel h (also called a point spread function). In the
case of non-blind deblurring, y and h are given as inputs to an algorithm which
then attempts to deconvolve its inputs to obtain x. In the case of blind deblurring,
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only y is known, making the task of recovering x significantly more difficult. The
problem is further complicated by the presence of noise, rendering naïve methods
(e.g. direct inversion of the convolution matrix) ineffective due to noise amplification.
For this reason, regularization is frequently employed in order to obtain a better-
posed problem. In this thesis, we propose algorithms utilizing sparsity-promoting
regularization via wavelet frame image decomposition.

1.1 Related Work

Classical approaches to non-blind deblurring include inverse, least-squares, Wiener,
and Kalman filters [8]. The regularization-based approach to the solution of inverse
problems was largely popularized by the work of Tikhonov [51]. Early approaches to
regularization-based deblurring tended to focus on `2 norm regularization functionals,
which had difficulty recovering the sharp edges frequently found in natural images.
(Throughout this thesis the term functional is used to denote a function that maps
from a vector space to its underlying scalar field, usually from R

n → R.)

A significant breakthough in regularization-based image restoration came with the
popularization by Rudin, Osher, and Fatemi [47] of the total variation (TV) as
a regularization functional for the image denoising problem. This result is highly
relevant to our proposed deblurring methods, as not only can TV regularization be
viewed as a form of `1 regularization, but also as an analysis-type regularization –
two techniques which feature prominently in our proposed algorithms (see Sections
3.1 and 3.2).

Following the popularization of the TV norm for denoising, approaches applying it
to deblurring followed (e.g. [21]). TV-regularized deblurring is still an area of active
research, and many recent efforts have focused on developing faster algorithms for
solving this challenging, non-smooth convex optimization problem. Recent exam-
ples include FISTA (Fast Iterative Shrinkage-Thresholding Algorithm) [7, 6], split
Bregman iterations [33, 11] and primal-dual Arrow-Hurwicz-type algorithms [55, 19].
Additionally, these algorithms allow for more general regularizers than the total
variation; in particular, they allow for framelet-`1 regularization as used in this
thesis.

Study of the blind image deblurring problem dates back to at least 1975 [49]. Early
approaches to blind deblurring include iterative refinement of the image and blur
kernel estimates in the frequency and spatial domains [4], and alternating appli-
cations of the Richardson-Lucy non-blind deconvolution algorithm [31]. Following
TV regularization for non-blind deblurring, blind TV-regularized algorithms were
proposed [23, 54]. The previous two algorithms employ alternating minimization
between image and kernel estimates with TV-regularized inner iterations. More
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recent approaches have employed different objective functions and/or introduced
faster inner solvers, such as in [36, 13, 38]. The blind deblurring portion of this
thesis builds on the work of [13] in particular.

1.2 Our Contributions

The intent of this thesis is to present algorithms for the efficient and accurate solution
of blind and non-blind motion deblurring problems.

The proposed algorithms are primarily based on work by Chambolle and Pock [19],
and Cai, Ji, Liu, and Shen [13]. For the proposed non-blind deblurring algorithm, we
apply the algorithm of [19] to a least squares problem regularized by the `1 norm of
the latent image’s framelet decomposition. The proposed blind deblurring algorithm
is based on the alternating minimization problem presented in [13], and replaces its
inner solvers with the algorithm of [19].

The thesis is structured as follows:

In Chapter 2 we describe the deblurring problem, explain why naïve approaches do
not tend to work well, and discuss the effects of boundary conditions.

In Chapter 3 we briefly review the mathematical background required to understand
the proposed algorithms. This includes sections on ill-posed linear inverse problems,
sparsity, convex optimization, and framelets.

In the first half of Chapter 4 we derive our proposed non-blind deblurring algorithm.
The second half of the chapter is devoted to the comparison of experimental results
obtained from the proposed algorithm and other related algorithms.

Chapter 5 takes the same form as Chapter 4, but with its focus shifted to blind
deblurring.

Chapter 6 summarizes the results of the thesis, presents conclusions as to the relative
performance of and appropriate use cases for the proposed algorithms, and discusses
potential directions for future research.
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Chapter 2

The Deblurring Problem

Deblurring is the problem in which, given a noisy, blurred image, one wishes to
recover the original (sharp) image. The physical blurring process may be modelled
[17] as a two-dimensional convolution

y(s, t) = h(s, t) ∗ x(s, t) + w(s, t)

=
∫
R2
h(s− s̄, t− t̄)x(s̄, t̄) ds̄ dt̄+ w(s, t) (2.1)

where x represents a grayscale image, h represents a blur kernel (also called a “point-
spread function” or PSF), w is a sample from some noise process, and y represents
the blurred noisy image. All of these functions map from R

2 to R.

To facilitate numerical solution, the continuous model above is discretized as [35]

Y = X ∗ h+W (2.2)

where W,X, Y ∈ Rm×n, h ∈ Rk×k, and ∗ is a discrete two-dimensional convolution
operator. Note that h is assumed to be square – this does not result in any loss of
generality, as it is always possible to zero-pad a non-square h in order to make it
square.

For notational and implementational convenience we prefer to express (2.2) in matrix
form

y = Hx+ w (2.3)

where w, x, y ∈ RN , N = mn, and H ∈ RN×N is a two-dimensional convolution
matrix structured according to some boundary condition. Boundary conditions and
the construction of H are discussed in Section 2.2. Throughout this thesis we refer
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to h as the blur kernel and H as the blur operator.

Note that in (2.3), w, x and y are vectors. The vector forms of these images are
obtained by lexicographically stacking the columns of their respective matrix repre-
sentations. For example, a 3× 3 matrix a11 a12 a13

a21 a22 a23
a31 a32 a33


would be vectorized as[

a11 a21 a31 a12 a22 a32 a13 a23 a33
]T

Two short remarks on the assumptions built into model (2.3). First, note that due to
its linearity, (2.3) assumes a spatially-invariant blur. In practice this may not always
be the case due to, e.g., camera rotation during image acquisition or focal blur.
Second, w is assumed to be zero mean, additive white Gaussian noise (AWGN) with
variance σ2. We restrict our attention to the zero mean AWGN case for simplicity.
Other noise models could of course be considered.

One may in fact obtain two different flavours of deblurring problems from (2.3) based
on whether or not h is assumed to be a known quantity. When h is known a priori,
the resulting inverse problem is called non-blind deblurring. When h is unknown,
the problem is called blind deblurring. We consider approaches to both types of
deblurring in this work.

The continuous model in (2.1) is known to yield an ill-posed inverse problem [35].
That is to say, direct solutions of (2.3) for x are extremely sensitive to slight changes
in y. The ill-posedness of (2.1) translates to H in (2.3) being ill-conditioned, i.e.,
having a high condition number. Informally, the condition number of a matrix A
represents an upper bound on the achievable accuracy of a solution to Ax = b,
given that computations are performed with finite precision. We further describe
the effects of an ill-conditioned H below.

Consider the model in (2.3). Suppose the w term was identically 0, i.e., there was no
noise present. Denote the noiseless observation y by y0, i.e., y0 = Hx. We could then
obtain x by inverting H, i.e. H−1y0 = x. However, if we attempted this inversion in
the case that w 6= 0, we would instead obtain x′ = H−1(y0 − w) = x−H−1w. That
is, we obtain the original image x corrupted by the inverted noise H−1w. Next, we
describe why H−1w is frequently large in magnitude relative to x.

If we take the singular value decomposition (SVD) of a square matrix H, we obtain
H = UΣV T , where U and V ∈ RN×N are orthogonal matrices, and Σ = diag(σi) is
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an N × N diagonal matrix of H’s singular values σ1 ≥ σ2 ≥ . . . ≥ σN ≥ 0. The
condition number of H is defined as σ1/σN , the ratio of H’s largest to H’s smallest
singular value. Additionally, it is a well-known property of the SVD that H−1 may
be expressed as H−1 = V Σ−1UT . Since Σ is diagonal, Σ−1 is as well, and is given
by Σ−1 = diag(1/σi).

It is not hard to verify that the SVD of H can also be represented asH = ∑N
i=1 σiUiV

T
i

where Ui and Vi denote the i’th columns of U and V , respectively. In a similar fashion

H−1 =
N∑
i=1

1
σi
ViU

T
i (2.4)

With this in mind, we may write

x′ = x−H−1w

= x−
N∑
i=1

UT
i w

σi
Vi (2.5)

From (2.5) it is clear that the noise term w is amplified by the reciprocal of the
singular values σi. Given that in general the singular values of blur operators H
tend rapidly towards zero [35], the amplified noise term tends to dominate the actual
solution x.

Rather than attempting a direct solution of (2.3), a popular approach is to introduce
additional information on the structure of the required solution x (and h in the blind
case) through regularization, a topic that we discuss in depth in Chapter 3.

2.1 Another Perspective

The problem of solving the non-blind form of (2.3) can be considered from a proba-
bilistic perspective. In the absence of any a priori knowledge of x, we may consider
a maximum-likelihood approach – that is, we wish to find the x which leads to the
most probable observation y. First, the probability of a single sample wi of the noise
vector w is given by

P (wi) = 1
σ
√

2π
exp

(
− 1

2σ2w
2
i

)
(2.6)

Then, the probability of a single sample yi of the observation y, given the original
image x, is

P (yi|x) = 1
σ
√

2π
exp

(
− 1

2σ2 (yi − (Hx)i)2
)

(2.7)
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By independence, the probability of the entire observation y is

P (y|x) =
M∏
i=1

P (yi|x) (2.8)

= 1
σ
√

2π
exp

(
− 1

2σ2

M∑
i=1

(yi − (Hx)i)2
)

(2.9)

= 1
σ
√

2π
exp

(
− 1

2σ2‖y −Hx‖
2
2

)
(2.10)

Finally, we obtain the maximum-likelihood estimate xML of x as

xML = arg max
x

P (y|x) (2.11)

= arg min
x
‖y −Hx‖2

2 (2.12)

There are some problems with this approach. For example, consider the case when
there is in fact no blur at all, i.e., H = I. The minimizer xML of (2.12) in this
case is xML = y. This would not be a problem if y was a noiseless observation of x;
however, in practical cases some noise is always present. Thus, a practical deblurring
algorithm not only needs to deblur, but it should denoise as well. This failing of
the ML approach further motivates the development of the techniques described in
Chapter 3.

2.2 Boundary Conditions

An important decision in the design of a deblurring algorithm relates to the handling
of boundary conditions. In particular, when an image is naturally blurred due to,
e.g., camera shake, the scene outside the image boundary will “spill over” and affect
the values within the boundary. In order to avoid boundary artifacts, deblurring
algorithms must be designed with this in mind and have their blurring models
adjusted accordingly. As we will see, the choice of boundary conditions turns out to
be a trade-off between restoration accuracy and computational convenience.

Throughout this section we will refer to an example with a 3× 3 image x and a 3× 3
blur kernel h. A blur operator H will be constructed from h and applied to x to
obtain a blurred image y.
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(a) Original “Lena” image. The white
box indicates the image boundary

(b) Zero boundary condition

(c) Periodic boundary condition (d) Reflective boundary condition

Figure 2.1: An illustration of different boundary conditions.
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2.2.1 Zero Boundary Conditions

The simplest boundary condition is the “zero” boundary condition, in which one
simply assumes that the scene beyond the image boundary is entirely zero-valued.
An image X’s zero boundary-extended image X ′ may be represented as

X ′ =

 0 0 0
0 X 0
0 0 0

 (2.13)

where the 0s represent 0-valued block matrices.

Blur operators H constructed from a blur kernel h according to a zero boundary
condition have a block-Toeplitz structure with Toeplitz blocks (BTTB) [35]. That is,
the left-to-right descending diagonals of H are blockwise constant, and each block
of H has constant left-to-right descending diagonals. The blur operator for the 3× 3
example is



y11
y21
y31
y12
y22
y32
y13
y23
y33


=



h22 h12 h21 h11
h32 h22 h12 h31 h21 h11

h32 h22 h31 h21
h23 h13 h22 h12 h21 h11
h33 h23 h13 h32 h22 h12 h31 h21 h11

h33 h23 h32 h22 h31 h21
h23 h13 h22 h12
h33 h23 h13 h32 h22 h12

h33 h23 h32 h22





x11
x21
x31
x12
x22
x32
x13
x23
x33


(2.14)

Unfortunately, the zero boundary condition is not a realistic model of natural im-
age boundaries except in the case of, e.g., astronomical images with entirely black
backgrounds. This motivates the discussion of the next two boundary conditions.

2.2.2 Periodic Boundary Conditions

The “periodic” (or circular) boundary condition is a boundary condition in which
the image X is assumed to repeat in all directions as below.

X ′ =

 X X X
X X X
X X X

 (2.15)
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Blur operators constructed according to a periodic boundary condition have a block-
circulant structure with circulant blocks (BCCB) [35]. A circulant matrix is a
Toeplitz matrix (see Section 2.2.1) with the additional condition that each row is a
right circular shift of the previous row (with the first row being a shift of the last).
In this case the blur operator for the 3× 3 example is



y11
y21
y31
y12
y22
y32
y13
y23
y33


=



h22 h12 h32 h21 h11 h31 h23 h13 h33
h32 h22 h12 h31 h21 h11 h33 h23 h13
h12 h32 h22 h11 h31 h21 h13 h33 h23
h23 h13 h33 h22 h12 h32 h21 h11 h31
h33 h23 h13 h32 h22 h12 h31 h21 h11
h13 h33 h23 h12 h32 h22 h11 h31 h21
h21 h11 h31 h23 h13 h33 h22 h12 h32
h31 h21 h11 h33 h23 h13 h32 h22 h12
h11 h31 h21 h13 h33 h23 h12 h32 h22





x11
x21
x31
x12
x22
x32
x13
x23
x33


(2.16)

A major benefit of assuming a blur operator with a periodic boundary condition is
that it permits efficient operations – notably convolution – via the FFT. This is due
to the fact that BCCB matrices are diagonalized by the two-dimensional discrete
Fourier transform (DFT). To see why this is so, we begin with the fact that all
BCCB matrices H are normal [35] (i.e., H∗H = HH∗). This implies that H has a
unitary spectral decomposition – in this case, it is obtained via the two-dimensional
DFT. We thus may write H = F ∗ΛF , where F is a two-dimensional DFT matrix
and Λ is a diagonal matrix of H’s eigenvalues. The eigenvalues of H are easily
computed as the first column of F is a column of all ones scaled by 1√

N
. Denoting

the first columns of F and H by F1 and H1, we have, by unitarity of the 2D DFT

H = F ∗ΛF (2.17)
⇐⇒ FH = ΛF (2.18)
⇐⇒ FH1 = ΛF1 (2.19)

= λ√
N

(2.20)

where λ is a vector of the eigenvalues of H.

Next we describe why it is not actually necessary to form the matrix H in order
to perform operations such as convolution. Consider a practical case involving
a MATLAB implementation. MATLAB’s fast 2D DFT function, fft2, takes its
argument in the form of a matrix. If we place the first column of H in example
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(2.16) column-wise into matrix form, we obtain

matrix (H1) =

 h22 h32 h12
h23 h33 h13
h21 h31 h11

 (2.21)

Note that matrix (H1) can be obtained from h by two circular shifts of length 1: one
leftwards, and one upwards. This holds true for a general N ×N BCCB H, in which
case each shift is of length bN/2c. This may be achieved in MATLAB through use
of the circshift function. Thus Λ, the spectrum of a BCCB matrix H, may be
efficiently computed with the following MATLAB code:

Lambda = fft2(circshift(h, -floor(size(h)/2))) (2.22)

Having obtained Λ without constructing H, the (circular) convolution y = h ∗x (i.e.,
Hx) may be obtained according to the equalities

y = Hx (2.23)
= F ∗ΛFx (2.24)

or, in MATLAB code

Lambda = fft2(circshift(h, -floor(size(h)/2))); (2.25)
y = ifft2(Lambda .* fft2(x)); (2.26)

The ability to efficiently compute the convolution h ∗ x is highly desirable when
deblurring large images. For this reason we assume a periodic boundary condition
throughout this thesis. The main drawback to this choice is the fact that assuming
a periodic boundary condition is not necessarily realistic for all images, particularly
those with significant high-frequency content around the edges. If care isn’t taken,
artifacts can be introduced when deblurring images under a periodic boundary
condition. This drawback motivates the discussion of a third boundary condition in
the next section.

2.2.3 Symmetric Boundary Conditions

The symmetric (also called reflexive or Neumann) boundary condition is the most
complicated of the three types of boundary conditions we present. It assumes the
scene beyond an image’s boundaries is reflected along the corresponding edges, as
in Figure 2.1. An image X’s symmetric boundary-extended image X ′ may be
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represented in matrix form as

X ′ =

 X× Xl X×
X↔ X X↔
X× Xl X×

 (2.27)

where X↔ denotes a horizontal reflection of X, Xl represents a vertical reflection
of X, and X× represents a combined horizontal and vertical reflection of X (a 180◦
rotation).

Blur operators constructed according to a symmetric boundary condition can be
represented as a sum of four structured matrices. In particular, they have a BTTB
+ BTHB + BHTB + BHHB structure [35], where “T” represents a Toeplitz matrix
as in Section 2.2.1, and “H” here indicates a Hankel matrix – a matrix with constant
skew-diagonals. (A Hankel matrix is a vertically reflected Toeplitz matrix).

Blur operators H constructed according to a symmetric boundary condition can be
diagonalized by the two-dimensional discrete cosine transform (DCT) provided the
underlying blur kernel h satisfies certain symmetry conditions [44] – namely, that
h has both horizontal and vertical symmetry, i.e. h = h↔ and h = hl (with the
affordance that h need not be perfectly centered on its background of zero values).
This in turn permits efficient convolution via the fast discrete cosine transform
(FDCT), much in the same way that efficient matrix operations are made possible
by the FFT in the case of symmetric boundary conditions.

Unfortunately, in the case of motion blurring, blur kernels cannot be assumed to
possess the two-fold symmetry required for efficient FDCT-based operations. How-
ever, symmetric boundary conditions can still be a good choice due to their tendency
to introduce fewer artifacts when deblurring general images as compared to peri-
odic boundary conditions. The performance of algorithms employing both types of
boundary conditions is assessed in Chapter 5 in the context of blind deblurring.



13

Chapter 3

Background

In this chapter, we briefly review the various mathematical and conceptual ingredients
that form the basis of our proposed deblurring algorithms.

3.1 Solving Ill-Posed Linear Inverse Problems via Spar-
sity Regularization

In this section, we describe a fairly general approach to solving ill-posed linear inverse
problems, a category into which deblurring fits. This approach will form the basis
of our proposed deblurring method.

Hadamard defined a well-posed problem as possessing a unique solution which is not
highly sensitive to slight changes in initial data [34]. As shown in Chapter 2, the
deblurring problem possesses neither of these properties.

Consider the signal acquisition model of (2.3), y = Hx+ w. Because H is assumed
to be ill-conditioned, this problem is difficult to solve directly, as shown in Section
2. Additionally, the maximum likelihood approach to deblurring described in Sec-
tion 2.1 fails to effectively handle noisy observations. For these reasons we employ
regularization as an effective method of solving ill-posed linear inverse problems.

One popular approach to solving (2.3) is to introduce the regularized least-squares
optimization problem

min
x

λ

2‖y −Hx‖
2
2 +R(x) (3.1)

where λ ∈ [0,+∞) is a regularization parameter and R : RN → [0,+∞) is a
regularization functional that represents a prior on x (i.e., it assumes larger values
for less probable values of x). Intuitively, we may think of this optimization problem
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as trading off between two important qualities of a solution: fidelity and regularity.
The fidelity term ‖y −Hx‖2

2 promotes a solution which makes sense in the context
of the observation y, the operator H, and the distribution on the noise w. Note that
the squared-`2 norm functional of this fidelity term reflects a Gaussian distribution
on w, as discussed in Section 2.1. The regularization functional R(x) promotes a
solution that agrees with its associated prior, and serves to reduce the sensitivity of
(3.1) to small changes in y. Though a slight abuse of terminology, throughout this
thesis we shall use the terms “regularization functional” and “prior” interchangably
when there is no room for confusion. The regularization parameter λ controls the
degree of trade-off between these two properties, and should be set according to the
amount of noise and expected regularity.

Many regularization functionals for (3.1) have been proposed over the years, includ-
ing (Tikhonov regularization or ridge regression) ‖x‖2

2, (Basis Pursuit Denoising or
LASSO) ‖x‖1, and (Rudin-Osher-Fatemi or Total Variation (TV)) ‖∇x‖1. The lat-
ter two regularization functionals are sparsity promoting priors, which are discussed
in Section 3.2. In this thesis we focus on a generalization of TV regularization in
which we replace the ∇ operator by a different analysis operator A – in particular,
a framelet transform (discussed in Section 3.4).

3.2 Analysis and Synthesis Sparsity Priors

Central to our approach are the notions of sparsity and compressibility. A signal is
called “sparse” if it is comprised mostly of zeros. A signal is said to be compressible
if, while not necessarily sparse, the sorted magnitudes of its coefficients decay rapidly,
e.g. according to a power law [28]. This implies that a compressible signal is well-
approximated by its k largest-magnitude coefficients, and can thus be “sparsified”
via thresholding with little loss in fidelity.

Recall the definition of the finite-dimensional `p norm, ‖·‖p : RN → R for 1 ≤ p ≤ ∞

‖x‖p ,
(

N∑
i=1
|xi|p

) 1
p

(3.2)

The `0 “pseudo-norm” is then defined as ‖x‖0 , |{i |xi 6= 0}|, i.e., ‖ · ‖0 counts
the number of non-zero entries in its argument. A signal x ∈ RN is said to admit
a sparse decomposition under an analysis operator A ∈ R

M×N if ‖Ax‖0 � M .
Similarly, x admits a sparse representation under the synthesis operator AT if there
exists α ∈ RM such that ATα = x and ‖α‖0 � N .

Note that A may be (and frequently is) redundant, i.e., M > N . For the remainder



15

of this section it is assumed that our analysis (synthesis) operators satisfy ATA = I.
Note that we do not also require AAT = I, as this would imply that A is an
orthogonal matrix.

It is well-known that natural (structured) images tend to admit compressible repre-
sentations in bases such as those of the discrete Fourier, cosine, or wavelet transforms.
This suggests an approach to solving the deblurring problem (2.3): incorporate the
prior knowledge that the original image x is likely to be sparse (under some well-
chosen analysis operator), by seeking the sparsest possible solution x̂. Following this
line of thought, consider the minimization problem

x̂ = arg min
x
‖y −Hx‖2

2 (3.3)

subject to ‖Ax‖0 ≤ k

where A is a sparsity-inducing analysis operator and k is some desired level of
sparsity. Assuming a solution exists for the chosen k, and with a suitable choice of
regularization parameter λ, (3.3) is equivalent to

x̂ = arg min
x

λ

2‖y −Hx‖
2
2 + ‖Ax‖0 (3.4)

As desired, (3.3) and (3.4) find solutions of (2.3) that admit sparse decompositions
under A. There is however a serious drawback to the use of the `0 pseudo-norm as
a sparsity-promoting functional: it renders (3.3) and (3.4) not only non-convex, but
NP-hard [42], and thus (3.3) and (3.4) are likely to be computationally intractable.
For this reason the `0 pseudo-norm is rarely used in this way.

A convexity-preserving alternative to using the `0 pseudo-norm as a sparsity-promoting
functional is to use the `1 norm. Though it has been known since at least the 1970s
that the `1 norm promotes sparsity [50], in recent years it has seen massively renewed
interest due to the work of Donoho, Candès, et. al. in the field of compressed sens-
ing (see e.g. [26, 16]). A heuristic explanation for why `1 regularization promotes
sparsity over, e.g., `2 regularization is that the `1 norm places much more weight
on small coefficients than the `2 norm. For this reason `1 regularization is likely to
yield more zero coefficients than other `p norms for p > 1. The `1 norm is the most
sparsity-promoting among the `p norms; `p pseudo-norms for 0 ≤ p < 1 yield sparser
solutions, but are not convex, and thus create additional computational difficulties.

Two popular approaches to incorporating sparse priors into (3.1) are known as the
analysis and synthesis sparsity models. Although in this thesis we focus exclusively
on the analysis model, there are useful insights to be found in comparing the two.
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In the synthesis sparsity setting, (3.1) becomes

α̂ = arg min
α

λ

2‖y −HA
Tα‖2

2 + ‖α‖1 (3.5)

where AT is a synthesis operator and α is related to x by x = ATα. From this it can
be seen where the synthesis sparsity model gets its name: in this model we seek a
sparse coefficient vector α which synthesizes the signal x through x = ATα.

In the analysis sparsity setting, (3.1) becomes

x̂ = arg min
x

λ

2‖y −Hx‖
2
2 + ‖Ax‖1 (3.6)

where A is an analysis operator. In contrast to the synthesis model, in the analysis
model it is assumed that the signal x admits a sparse representation under the
analysis operator A.

Note that when A is an orthogonal matrix (i.e. ATA = AAT = I), (3.5) and (3.6) are
equivalent [30]. However, when A is redundant, the results of the two regularizations
are in general different.

Owing to the fact that ATA = I, (3.6) may also be expressed as

û = arg min
u∈range(A)

λ

2‖y −HA
Tu‖2

2 + ‖u‖1 (3.7)

where x̂ = AT û. Comparing (3.5) and (3.7), we see that while the synthesis model
minimizes over all α ∈ RM , the analysis model only minimizes over A’s column space.
Assuming that M > N , the practical consequence of this difference is that while the
synthesis model generally obtains sparser solutions than the analysis model owing to
its less restricted search space, the analysis model can obtain solutions that better
agree with the signal prior implied by A.

Historically, the synthesis model has received more attention than the analysis model
(e.g. [1, 27]), though that is beginning to change as evidenced by e.g. [41, 52]. As
stated by Elad in [29], “In recent years there is a growing interest in [the analysis
model], and a growing belief that it encompasses a potential for better signal modeling
[than the synthesis model].” For further information on the analysis and synthesis
models, see e.g. [30, 48].



17

3.3 Convex Optimization

We now turn to the question of how to actually solve (3.6). First, it is highly relevant
that (3.6) is convex. This allows the minimization to be solved efficiently even for
large problem sizes. Though convex, due to the presence of the `1 term, the objective
function of (3.6) is not smooth (i.e. not continuously differentiable), which precludes
the use of more general algorithms due to their poor performance on nonsmooth
problems. See, e.g., [10] for an introduction to the theory of convex optimization.

In this thesis we solve (3.6) with the first-order primal-dual algorithm of Chambolle
and Pock [19]. In the remainder of this section we provide a brief overview of the
algorithm of [19] and the theory required to use it.

We say that a set X in a vector space is convex if, for all x and y in X, and all
t ∈ [0, 1], the vector (1− t)x + ty is also in X. Intuitively, a set is convex if a line
segment may be drawn between any two points in the set without having any point
on the line segment lie outside the set.

Given a convex set X in a vector space, a function f : X → R is said to be
convex if, for any two points x1, x2 in X, and all t ∈ [0, 1], f((1 − t)x1 + tx2) ≤
(1− t)f(x1) + tf(x2). That is, a function is convex if its epigraph (the set of points
on or above a function’s graph) is convex. A convex function is called closed if its
epigraph is a closed set.

The convex (or Fenchel) conjugate f ∗ of a function f is defined as

f ∗(y) = sup
x∈dom(f)

〈y, x〉 − f(x) (3.8)

where dom(f) is the domain of f . The Fenchel-Moreau theorem states [9] that
f ∗∗ = f if and only if f is a closed convex function.

We define the indicator function δS of a set S as

δS(s) =

0 if s ∈ S
+∞ if s /∈ S

(3.9)

The proximal mapping of a closed convex function f is defined as

proxf (y) = arg min
x

f(x) + 1
2‖x− y‖

2
2 (3.10)

The proximal mapping may be thought of as a generalization of the problem of
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projecting a point y onto a convex set C

min
x
δC(x) + 1

2‖x− y‖
2
2 (3.11)

For closed convex f , proxf (y) exists and is unique for all y [10].

More information on the theory of convex functions may be found in, e.g., [45, 9].

We now proceed to describe the algorithm of [19]. Consider the optimization problem

min
x∈X

G(x) + F (Kx) (3.12)

where X and Y are real finite-dimensional inner product spaces, K : X → Y is a
continuous linear operator, and G : X → [0,+∞) and F : Y → [0,+∞) are closed
convex functionals. Denote by ‖K‖ the induced operator norm

max{‖Kx‖ : x ∈ X , ‖x‖ ≤ 1} (3.13)

Applying convex conjugation to F and G in (3.12), we obtain the dual formulation

max
y∈Y
−(G∗(−K∗y) + F ∗(y)) (3.14)

Because F and G are closed and convex, the optimal values of (3.12) and (3.14) are
the same – a condition called strong duality [9, Theorem 3.3.5].

If we only dualize (3.12) with respect to F , we instead obtain the primal-dual
formulation

min
x∈X

max
y∈Y

G(x) + 〈Kx, y〉 − F ∗(y) (3.15)

The minimizer (x̂, ŷ) of (3.15), if it exists, is called a saddle-point. The algorithm
of Chambolle and Pock is capable of efficiently solving problems of this type. Its
general form is given in Algorithm 1.
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Algorithm 1 [19] Algorithm 1
Choose step sizes τ , σ > 0, θ ∈ [0, 1], arbitrary initial values (x0, y0) ∈ X × Y , and
set x̄0 := x0.
for n ≥ 0:

yn+1 := proxσF ∗(yn + σKx̄n)
xn+1 := proxτG(xn − τK∗yn+1)
x̄n+1 := xn+1 + θ(xn+1 − xn)

end for

Upon reaching the stopping criterion, the most recent iterate xn+1 is the output.
Stopping criteria may include a maximum number of iterations and/or a measure
of convergence.

Informally, the arguments yn + σKx̄n and xn − τK∗yn+1 of the prox operators in
Algorithm 1 may be understood as, respectively, performing gradient ascent in the
dual variable y and gradient descent in the primal variable x. The prox operators
serve to resolve the ambiguity brought about by the fact that F ∗ and G are not
necessarily smooth and thus may not possess unique gradients at all points. The third
update step of Algorithm 1 is required with θ = 1 in [19] to prove fast convergence of
the algorithm. When θ = 0, Algorithm 1 corresponds to the classical Arrow-Hurwicz
algorithm [3].

A notable advantage of solving the saddle-point problem (3.15) instead of the primal
problem (3.12) is that at each iteration of the primal-dual solver, it is possible to
obtain an estimate of how close the current iterate is to a solution. This is done by
computing the primal-dual gap. Suppose Algorithm 1 has a current solution estimate
(xn, yn), and the optimal solution is (x̂, ŷ). Then the primal dual gap G is given by
the difference between the primal and dual objectives

G(xn, yn) , F (Kxn) +G(xn) + F ∗(yn) +G∗(−K∗yn) (3.16)

and due to strong duality, G(x̂, ŷ) = 0.

It is proven in [19] that for θ = 1 and τσ < ‖K‖−2, the primal-dual gap of Algorithm
1 converges to zero at rate O(1/n) (n being the iteration number), which is optimal
for non-smooth convex programs whose objective functions have a known structure
[43].
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3.4 Frames, Wavelets, and Framelets

It is necessary to address one final ingredient in the solution to the non-blind de-
blurring problem (3.6), namely the form of the analysis operator A. Recall that the
purpose of A is to (reversibly) map natural images from the spatial domain to a
domain in which they are sparse. Additionally, less distorted images should map to
sparser representations than more distorted images. There is a wide variety of can-
didates for this task: the classical discrete Fourier and cosine transforms, wavelets,
or more recently introduced transforms such as curvelets or ridgelets ([15, 14]). In
this thesis, wavelet frames are used to obtain sparse representations of images for
use during the deblurring process. In the following sections we briefly discuss the
theory and applications of frames, wavelets, and wavelet frames.

A frame may be thought of as a generalized basis in which there is permitted to be
some redundancy among its elements. Formally, a collection of vectors Φ = {φi}i∈I
indexed over a set I in a Hilbert space H is called a frame if there exist constants
0 < A ≤ B < +∞ such that for all x in H

A‖x‖2
2 ≤

∑
i∈I
|〈x, φi〉|2 ≤ B‖x‖2

2 (3.17)

where A and B are referred to as frame bounds. If A = B, the frame is tight. If
A = B = 1, the frame is a Parseval frame, since in this case (3.17) reduces to

‖x‖2
2 =

∑
i∈I
|〈x, φi〉|2 (3.18)

which has the same form as the well-known Parseval identity. It is easy to show that
any tight frame can be made into a Parseval frame by an appropriate rescaling of
its elements. Note that in the case of a Parseval frame Φ, a vector x ∈ H has the
expansion

x =
∑
i∈I
〈x, φi〉φi (3.19)

which resembles the equation for the expansion of x in an orthonormal basis. This
is called the perfect reconstruction property. There is, however, a key difference
between frames and bases: the vectors that constitute a frame are not necessarily
linearly independent, and thus in general do not form a basis. This leads to the fact
that frame expansions are not necessarily unique. For example, consider a linearly
dependent subset S of a frame Φ. Then there exist coefficients {ci}, not all equal
to zero, such that ∑φi∈S ciφi = 0. From this we can obtain an infinite number of
expansions of x by adding multiples of ci to 〈x, φi〉 in (3.19). The expansion given
in (3.19) is called the canonical expansion, as it has the minimum norm among all
expansions of x. Interested readers are referred to [37] for a detailed introduction to
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frame theory.

We will be particularly interested in Parseval frames due to their fast convergence
properties when used in our implementation of Algorithm 1.

In the context of frame theory we define the analysis operator Φ∗ as the matrix whose
rows are the conjugate-transposed frame vectors φ∗i . Its adjoint Φ is the synthesis
operator. For a general frame, (3.17) implies AI ≤ ΦΦ∗ ≤ BI. For a Parseval frame,
it implies

ΦΦ∗ = I (3.20)

Note that as in Section 3.2, Φ∗Φ 6= I in general. If it is the case that ΦΦ∗ = I and
Φ∗Φ = I, then Φ∗ is an orthogonal matrix.

We now briefly define wavelets. Let Ψ be a finite subset {ψ1, . . . , ψr} of L2(R), the
set of square-integrable functions. The wavelet system X(Ψ) is then defined as a
family of shifts and dilations of the elements of Ψ

X(Ψ) , {ψj,k : j ∈ Z, k ∈ Z, ψ ∈ Ψ} (3.21)

where ψj,k : x 7→ 2j/2ψ(2jx− k). In this thesis we are interested in wavelet systems
X(Ψ) that are also tight frames. In this case we call X(Ψ) a wavelet tight frame,
and each ψ ∈ Ψ is a framelet. A short summary of the theory and construction
of wavelet tight frames is provided in the remainder of this section. For a rigorous
exposition of these topics, see [25] and the references contained therein.

In order to construct a compactly supported wavelet frame, one may begin with a
compactly supported function φ ∈ L2(R) and a 2π-periodic trigonometric polynomial
τ0(ω) = ∑

k h0(k)eikω with τ0(0) = 1. τ0 and φ are related by φ̂(ω) = τ0φ̂(ω/2), where
φ̂ denotes the Fourier transform of φ, which we define as

f̂(ω) =
∫
R

f(x)e−iωxdx (3.22)

The functions φ and τ0 are respectively called a refinable or scaling function and a
refinement mask.

One may construct a set of framelets according to the unitary extension principle
(UEP) [25, 46]: given φ and τ0 as previously described, the framelet system X(Ψ)
generated by Ψ = {ψ1, . . . , ψr} forms a tight frame in L2(R) if there exists a set
of 2π-periodic trigonometric polynomials {τi}1≤i≤r, called wavelet masks, which are
defined for 1 ≤ i ≤ r by ψ̂i(ω) = τiψ̂i(ω/2) and satisfy

r∑
i=0

τi(ω)τ ∗i (ω + ν) =

1 if ν = 0
0 otherwise

(3.23)
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for all ν ∈ {0, π} and almost all ω ∈ R.

The UEP implies that the construction of a set of framelets for a given refinable
function φ and refinement mask τ0 can be accomplished by finding a set of wavelet
masks {τi}1≤i≤r that satisfy (3.23).

Note that as a consequence of the framelets discussed in this section being derived
from a multiresolution analysis [39], the coefficients h0(k) of τ0 represent a low-pass
filter, and the coefficients hi(k) of {τi}1≤i≤r represent high-pass filters.

In order to apply wavelet frames to deblurring problems, we must first shift our focus
from the infinite-dimensional function space L2(R) to the finite-dimensional space
R
N in which digital images exist. Recall that a Parseval frame in matrix form has

the perfect reconstruction property (3.20). Given the refinement and wavelet masks
{τi}0≤i≤r (together called a combined MRA mask) for a framelet system X(Ψ), one
may construct the analysis operator A ∈ RM×N (M ≥ N) which satisfies (3.20).
This is discussed next.

Throughout this thesis we use framelet analysis operators A constructed from piece-
wise linear uniform B-splines according to the UEP. This particular construction was
given as an example in [46, 18] and later used in, e.g., [12, 13]. In our experiments
this construction was found to outperform more complex constructions such as those
based on piecewise cubic B-splines not only in computational efficiency but also in
visual fidelity. In the following paragraphs we derive these framelets via the UEP.

Begin by letting the refinable function φ(x) be the piecewise linear B-spline (triangle
function)

φ(x) = max(1− |x|, 0) (3.24)

Its refinement mask τ0 is given by

τ0(ω) = cos2
(
ω

2

)
(3.25)

The Fourier transform of φ is the squared sinc function

φ̂(ω) =
(

sin(ω2 )
ω
2

)2

(3.26)
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which indeed satisfies the requirement φ̂(ω) = τ0φ̂(ω/2):

τ0φ̂
(
ω

2

)
=

cos2
(
ω
4

)
sin2

(
ω
4

)
(
ω
4

)2 (3.27)

=

(
1+cos(ω

2 )
2

)(
1−cos(ω

2 )
2

)
(
ω
4

)2 (3.28)

=

(
1−cos2(ω

2 )
4

)
(
ω
4

)2 (3.29)

=
(

sin(ω2 )
ω
2

)2

(3.30)

= φ̂(ω) (3.31)

Next, consider τ0’s Fourier series

τ0(ω) = cos2
(
ω

2

)
(3.32)

= 1
4
(
e−iω + 2 + eiω

)
(3.33)

from which we may directly obtain τ0’s low-pass filter coefficients

h0 = 1
4 [1, 2, 1] (3.34)

Similarly, consider two framelet masks τ1 and τ2 defined by

τ1 = −i
√

2
2 sin(ω) (3.35)

=
√

2
4
(
e−iω − eiω

)
(3.36)

τ2 = − sin2
(
ω

2

)
(3.37)

= 1
4
(
−e−iω + 2− eiω

)
(3.38)
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with high-pass filter coefficients

h1 =
√

2
4 [1, 0,−1] (3.39)

h2 = 1
4 [−1, 2,−1] (3.40)

It is easily verified that {τi}0≤i≤2 satisfies the UEP. Having obtained the filter
coefficients {hi}0≤i≤2, convolution matrices C(hi)0≤i≤2 may be constructed according
to some boundary condition (usually periodic or symmetric), as described in Section
2.2. An analysis operator A corresponding to a single-level univariate framelet
decomposition without downsampling [12] is then given by

A =

 C(h0)
C(h1)
C(h2)

 (3.41)

Note that due to the fact that we intend to deblur images, we actually desire a
bivariate (2D) analysis operator. This may be obtained from A via tensor products
as described in [18]. Finally, note that we have restricted our attention to a single-
level decomposition, as that is what is used throughout this thesis. Information on
multi-level constructions may be found in the references.
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Chapter 4

Non-Blind Deblurring

4.1 Algorithm

In this chapter we propose and derive a method of solving the non-blind deblurring
problem of recovering a clear image x from a blurred, noisy image y = x ∗ h + w,
where the blur kernel h is a known parameter. Briefly, the proposed deblurring
method is to solve a regularized least squares problem in the form of (3.6) using
Algorithm 1, where the regularization functional is the `1 norm of the latent image’s
coefficients under a framelet decomposition. The remainder of this chapter is spent
deriving this approach in detail, and providing experimental results and comparisons
of the proposed method with other deblurring algorithms.

Recall the regularized least-squares optimization problem (3.1). This is the starting
point for the following derivations. As previously mentioned, the choice was made to
use the `1 norm of the image’s framelet coefficients as the regularization functional
of the optimization problem. Substituting this for R(x) in (3.1), we obtain

min
x

λ

2‖y −Hx‖
2
2 + ‖Ax‖1 (4.1)

where A is the framelet analysis operator constructed in Section 3.4.

In order to apply Algorithm 1 to (4.1), it is necessary to identify in (4.1) functions
F and G as in (3.12). One such identification is as follows:

min
x

λ

2‖y −Hx‖
2
2︸ ︷︷ ︸

G

+ ‖Ax‖1︸ ︷︷ ︸
F

(4.2)
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The next step towards being able to apply Algorithm 1 to (4.1) is to obtain its
primal-dual formulation as in (3.15). To do this, it is necessary to know the convex
conjugate ‖ · ‖∗1 of ‖ · ‖1. This is provided by Theorem 1.

Theorem 1 ([10]).

‖y‖∗1 = sup
x
〈y, x〉 − ‖x‖1 (4.3)

=

0 if y ∈ P
+∞ if y /∈ P

(4.4)

= δP (y) (4.5)

where P = {p : ‖p‖∞ ≤ 1} and ‖p‖∞ = maxi |pi|.

Proof. ([10]) First, consider the case when y ∈ P , i.e. ‖y‖∞ ≤ 1. Then, for all x,
〈y, x〉 ≤ ‖x‖1 since

‖y‖∞ ≤ 1⇒ ∀i |yi| ≤ 1
⇒ ∀i xiyi ≤ |xi|
⇒ 〈y, x〉 =

∑
i

xiyi ≤
∑
i

|xi| = ‖x‖1

Since equality is achieved when x = 0, supx〈y, x〉 − ‖x‖1 = 0 for all y ∈ P .

Next, if y /∈ P (‖y‖∞ > 1), we can find x̄ such that ‖x̄‖1 ≤ 1 and 〈y, x̄〉 > 1 (e.g., x̄ is
the zero vector but with x̄i = sign yi where i is the location of y’s largest-magnitude
element). Then, ‖y‖∗1 ≥ 〈y, tx̄〉 − ‖tx̄‖1 = t(〈y, x̄〉 − ‖x̄‖1)→∞ as t→∞.

We thus obtain the saddle-point formulation of (4.2) as

min
x

max
u

λ

2‖Hx− y‖
2
2 + 〈Ax, u〉 − δP (u) (4.6)

In order to apply Algorithm 1 to (4.6), it is necessary to determine the proximal
mappings for τG(x) = τλ

2 ‖Hx− y‖
2
2 and σF ∗(u) = σδP (u). The proximal mapping

for σF ∗(u) is given by Theorem 2.
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Theorem 2 ([19]).

proxσF ∗(ũ) = arg min
u

‖u− ũ‖2
2

2σ + δP (u) (4.7)

⇒ proxσF ∗(ũ)i = ũi
max(1, |ũi|)

(4.8)

Proof. Computing the proximal mapping of σF ∗ requires finding the vector u that
(a) is in the set P , and (b) has the minimum Euclidean distance from ũ. That is, we
seek the Euclidean projection ProjP of ũ onto P , the L∞ unit ball.

First, note that the optimization problem (4.7) may be simplified and separated
into scalar sub-problems of the form min|ui|≤1(ui − ũi)2. Now consider the case
when |ũi| ≤ 1. Here we can achieve an objective function value of 0 by setting
ui = ũi. Next, if |ũi| > 1, the minimum value of the objective function is achieved
by ui = ũi/|ũi|, since any additional component of ui not colinear with ũi would only
increase the value of (ui − ũi)2. Thus we obtain the solution (4.8) and the proof is
complete.

Next we derive the proximal mapping for τG(x). Note that due to the fact that H
is a convolution matrix constructed according to a circular boundary condition, we
may write the matrix-vector multiplication Hx as a circular convolution h ∗ u where
h is the kernel of H. This allows us to efficiently compute the proximal mapping
of τG(x) via an FFT-based method. The proximal mapping for τG(x) is given by
Theorem 3.

Theorem 3 ([19, 55]).

proxτG(x̃) = arg min
x

‖x− x̃‖2
2

2τ + λ

2‖Hx− y‖
2
2 (4.9)

= F−1
(
τλF(y)F(h)∗ + F(x̃)

τλF(h)2 + 1

)
(4.10)

where ∗ denotes complex conjugation, F and F−1 respectively denote the discrete
Fourier and inverse discrete Fourier transforms, and the multiplications and divisions
in (4.10) are performed element-wise.

Proof. Consider the gradient of the objective function in (4.9)

∇
(
‖x− x̃‖2

2
2τ + λ

2‖Hx− y‖
2
2

)
= x− x̃

τ
+ λHT (Hx− y) (4.11)
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Setting the gradient to 0, solving for x, and taking the DFT and IDFT as necessary,
we obtain

x = x̃− τλHT (Hx− y) (4.12)
⇒ F(x) = F(x̃)− τλF(h)∗(F(h)F(x)−F(y)) (4.13)

= F(x̃)− τλF(h)2F(x) + τλF(h)∗F(y) (4.14)
⇒ F(x)(1 + τλF(h)2) = F(x̃) + τλF(h)∗F(y) (4.15)

⇒ F(x) = F(x̃) + τλF(h)∗F(y)
1 + τλF(h)2 (4.16)

⇒ x = F−1
(
F(x̃) + τλF(h)∗F(y)

1 + τλF(h)2

)
(4.17)

where the solution x is a minimizer of (4.9) due to the objective function being
convex.

As mentioned in [19], computing the proximal mapping above requires only one
forward FFT and one inverse FFT per iteration, as all other quantities can be
pre-computed.

Having obtained the necessary proximal mappings, Algorithm 1 may be modified to
solve the non-blind deblurring problem (3.6) as in Algorithm 2.

Algorithm 2 Non-Blind Deblurring
Choose τ , σ > 0, θ ∈ [0, 1], (x0, u0) ∈ X × Y , set x̄0 := x0, and n := 0.
while n ≤ N_MAX:

(un+1)i := (un + σAx̄n)i
max(1, |(un + σAx̄n)i|)

xn+1 := F−1
(
τλF(y)F(h)∗ + F(xn − τATun+1)

τλF(h)2 + 1

)
x̄n+1 := xn+1 + σ(xn+1 − xn)

n := n+ 1

end while

As recommended in [19], we set θ = 1. Note that due to A being a Parseval frame,
‖A‖ = 1, and setting τ = σ = 1 guarantees convergence.
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4.2 Numerical Experiments

4.2.1 Methodology

Numerical experiments were performed to assess the speed and deblurring perfor-
mance of Algorithm 2. Two other deblurring algorithms were chosen for comparison:
an implementation of Algorithm 2 with the only difference being that it uses the
discrete gradient as its analysis operator A (i.e total variation regularization), and a
solver for (4.1) based on a Split Bregman iteration [33]. The algorithm implemen-
tations were respectively drawn from the software release associated with [19] and
The Bregman Cookbook [32]. Both of these algorithms are designed to efficiently
solve non-smooth, `1-regularized convex optimization problems. The TV-regularized
algorithm, being based on the same solver as that of Algorithm 2, was chosen to illus-
trate the differences in speed and deblurring performance brought about by choosing
framelet regularization over TV regularization. The Split Bregman algorithm was
chosen to highlight differences in speed between solvers.

All experiments were performed on a 2.66 GHz Intel Core 2 Duo processor with 2 GB
of RAM, running 32-bit Linux. All experimental code was written in MATLAB. Each
experiment was run three times, and the fastest execution time of each algorithm was
recorded in order to account for the experiments being run on a pre-emptive multi-
tasking operating system. In practice, little variation was observed between runs.
Furthermore, the regularization parameter λ was hand-tuned for each algorithm in
order to maximize, in the author’s subjective opinion, each output’s visual fidelity
to the original image.

Images were blurred by random motion blurs generated by MATLAB’s fspecial
function according to a periodic boundary condition, and corrupted by zero mean
AWGN with noise power σ2 = 10−4.

4.2.2 Results
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(a) Original “cameraman” image

(b) Blurred “cameraman” image

Figure 4.1: Original and blurred “cameraman” images.
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(a) Algorithm 2 Framelet; 1 iteration (b) Algorithm 2 TV; 1 iteration

(c) Split Bregman Framelet; 1 iteration

Figure 4.2: Deblurring progress – 1 iteration.
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(a) Algorithm 2 Framelet; 8 iterations (b) Algorithm 2 TV; 8 iterations

(c) Split Bregman Framelet; 8 iterations

Figure 4.3: Deblurring progress – 8 iterations.
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(a) Algorithm 2 Framelet; 64 iterations (b) Algorithm 2 TV; 64 iterations

(c) Split Bregman Framelet; 64 iterations

Figure 4.4: Deblurring progress – 64 iterations.
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(a) Algorithm 2 Framelet; 128 iterations (b) Algorithm 2 TV; 128 iterations

(c) Split Bregman Framelet; 128 itera-
tions

Figure 4.5: Deblurring progress – 128 iterations.
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Figure 4.6: RMSE versus number of iterations for the “cameraman” image.
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(a) Original “house” image (b) Blurred “house” image

(c) Algorithm 2 Framelet; 64 iterations;
26.3 seconds

(d) Algorithm 2 TV; 256 iterations; 38.2
seconds

(e) Split Bregman Framelet; 64 iterations;
32.7 seconds

Figure 4.7: Deblurring results for the “house” test image.
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Figure 4.8: RMSE versus number of iterations for the “house” image.
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(a) Original “lake” image (b) Blurred “lake” image

(c) Algorithm 2 Framelet; 64 iterations;
27.5 seconds

(d) Algorithm 2 TV; 256 iterations; 36.5
seconds

(e) Split Bregman Framelet; 64 iterations;
33.8 seconds

Figure 4.9: Deblurring results for the “lake” test image.
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Figure 4.10: RMSE versus number of iterations for the “lake” image.
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4.2.3 Comments on the Results

First, it is clear from the run times of the experiments that framelet regularization
incurs a significant processing overhead compared to TV regularization. The time-
per-iteration of the framelet-regularized algorithms was roughly 4× the time-per-
iteration of the TV-regularized algorithm. This overhead can be explained by the
additional operations and handling of boundary conditions required by the framelet
analysis operator over the single matrix multiplication of the TV analysis operator.
To compensate for this and bring all of the execution times in line with one another,
more iterations of the TV-regularized algorithm were run.

It is also worth noting that in some cases the framelet-regularized algorithms pro-
duced results of higher visual fidelity than the TV-regularized algorithm. TV regu-
larization tends to favor piecewise constant images, resulting in blocky artifacts due
to the “staircasing effect” [20]. The two framelet-regularized algorithms appear to
suffer less from these artifacts, most noticeably in the “house” experiment.

The differences between the results of Algorithm 2 and the results of the Split
Bregman Framelet algorithm are less pronounced. As expected, there are almost
no visual or empirical differences between the results of the two algorithms. The
iterations of Algorithm 2 were roughly 1.2× faster than those of the Split Bregman
algorithm, though the Split Bregman algorithm appears to converge slightly faster
than Algorithm 2 (see, e.g., Figure 4.3).

Also worth noting is the fact that the TV-regularized algorithm achieved a lower
RMSE than the other two algorithms on the “lake” image. However, upon close
inspection, the output of the TV-regularized algorithm visibly suffers from staircasing
relative to the other outputs, and arguably bears less similarity (as perceived by
a human) to the original than the other outputs. This illustrates the tendency of
the RMSE to favour latent images with smaller residuals over smoother images, and
highlights the inadequacy of the RMSE (and related metrics such as the PSNR)
as an image similarity metric. The challenges of obtaining algorithmic, empirical
measurements of image similarity consistent with human perception have been well
studied (see, e.g., [53] and references 1-9 within). It should also be mentioned
that the RMSEs of the deblurred images with respect to the originals were not the
only image similarity metrics computed during the experiments. The structural
similarities (SSIMs) [53] of the deblurred images with respect to the originals were
also computed. However, in the case of our experiments, the SSIM was not found
to differ meaningfully from the RMSE, and so was omitted from the writeup.
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Chapter 5

Blind Deblurring

5.1 Algorithm

In this chapter we propose a method of solving the blind deblurring problem of
recovering a clear image x from a blurry image y = x∗h+w, where the blur kernel h
is unknown. Not surprisingly, blind deblurring is a significantly harder problem than
its non-blind counterpart. Regularization-based approaches to non-blind deblurring
frequently result in non-convex optimization problems. We adopt an approach based
on the alternating minimization scheme of [13], which has roots in, e.g., [22].

In the case of non-blind deblurring, the regularized least squares problem of (3.1)
may be extended to involve the unknown blur kernel as an optimization variable

(x̂, ĥ) = arg min
x,h

‖y − h ∗ x‖2
2 + 2λ−1

1 R1(x) + 2λ−1
2 R2(h) (5.1)

where λ1, R1, λ2 and R2 are regularization parameters and functionals for the
image and blur kernel, respectively. The blur kernel’s regularization functional R2
might be chosen to promote properties of the estimated kernel such as smoothness,
connectedness, sparsity in some domain, etc. This formulation, though attractive
in its simplicity, is regrettably non-convex. In practice, alternating minimization
methods have been found to be effective on problems of this type (see e.g. [13, 22]).

The basic idea behind an alternating minimization method is to break a non-convex
optimization of two variables such as (5.1) into two related convex optimization
problems of one variable each as in Algorithm 3. One can then alternate between
minimizing over the first variable (i.e., x) while holding the second variable (i.e., h)
fixed, and minimizing over the second variable while holding the first fixed. Applying
this approach to (5.1), we obtain the alternating minimization of Algorithm 3.
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Algorithm 3 Alternating Minimization for (5.1)
Set h0 to an initial guess for the blur kernel.
for n := 0, 1, 2, . . . do:

xn+1 := arg min
x

λ1

2 ‖y − h
n ∗ x‖2

2 +R1(x) (5.2)

hn+1 := arg min
h

λ2

2 ‖y − h ∗ x
n+1‖2

2 +R2(h) (5.3)

end for

In the remainder of this chapter, we derive an approach to blind deblurring based
on Algorithm 3 using Chambolle and Pock’s primal-dual algorithm as the solver for
its alternating minimizations.

In order to obtain a fully specified alternating minimization, it is necessary to fix
the regularization functionals R1 and R2. Given that the image estimation step of
Algorithm 3 strongly resembles the non-blind deblurring problem investigated in
Chapter 4, it seems reasonable to use the same regularization functional as was used
then: the `1 norm of x under a framelet decomposition. Thus we set R1(x) = ‖Ax‖1,
where A is a framelet analysis operator. However, there is an important distinction
between the image estimation step of Algorithm 3 and the non-blind deblurring
problem: in the blind case, hn is not guaranteed to be an accurate estimate of the
real blur kernel.

The last step in obtaining a fully specified alternating minimization problem is to
choose R2. Through numerical experiments it was found in [13] that a combina-
tion of framelet sparsity regularization via the `1 norm and `2 regularization of
the latent image can yield accurate estimates of the blur kernel. Mathematically,
R2(h) = γ

2‖h‖
2
2 + ‖Ah‖1, where γ is a weighting parameter. Their reasoning was as

follows: natural motion blur kernels tend to be connected and have limited support.
The γ

2‖h‖
2
2 term favors connected kernels, while the ‖Ah‖1 term penalizes sharp

discontinuities between pixels, thus favoring kernel estimates with small supports.
Without the `2 term, it was found that kernel estimates tended to consist of sparse,
isolated points, which do not correspond to physically sound blur kernels. Our
experiments confirmed these findings, and so we opted to include the `2 term as
well. We thus seek a solution to the completely specified alternating minimization
of Algorithm 4.
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Algorithm 4 Alternating Minimization for Blind Deblurring [13]
Set h0 to an initial guess for the blur kernel.
for n := 0, 1, 2, . . . do:

xn+1 := arg min
x

λ1

2 ‖y − h
n ∗ x‖2

2 + ‖Ax‖1 (5.4)

hn+1 := arg min
h

λ2

2 ‖y − h ∗ x
n+1‖2

2 + γ

2‖h‖
2
2 + ‖Ah‖1 (5.5)

end for

Having specified an alternating minimization, the next step was to derive a method
of solving it. In [13] an algorithm based on a Split Bregman iteration [33] was
proposed for solving the sub-problems of Algorithm 4. As previously mentioned,
we instead chose to base our solution on the primal-dual algorithm of Chambolle
and Pock [19] in hopes of obtaining a faster overall algorithm and/or more accurate
deblurring results.

First, the minimization (5.4) is nearly identical to the non-blind deblurring problem
detailed in Chapter 4. The only difference is that the current estimate of the blur
kernel, hn, is not guaranteed to be an accurate estimate of the real blur kernel. We
are, however, still able to solve (5.4) using Algorithm 2.

Next we must obtain a solver for (5.5). First we identify in the objective function of
(5.5) functions F and G as in (3.12)

λ2

2 ‖y − h ∗ x
n+1‖2

2 + γ

2‖h‖
2
2︸ ︷︷ ︸

G

+ ‖Ah‖1︸ ︷︷ ︸
F

(5.6)

Note that F is the same as was identified in (4.2) and thus has the same proximal
mapping as described in Chapter 4.

The more interesting function is G. Observe that G is the same as the one iden-
tified in (4.2), but with an extra term: γ

2‖h‖
2
2. As it turns out, knowledge of the

proximal mapping for G in (4.2) allows us to easily find the proximal mapping of its
quadratically perturbed relative.

From [24], let φ : X → [−∞,+∞] be a closed convex function, where X is a real
Hilbert space. Suppose

ψ = φ+ α

2 ‖ · ‖
2 + 〈·, u〉+ β
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where u ∈ X , α ∈ [0,+∞), and β ∈ R. Then

proxψ x = proxφ/(α+1)((x− u)/(α + 1))

for all x ∈ X .

We may apply the above result to (4.10) to obtain the following relationships:

φ = λ

2‖y − h ∗ x‖
2
2

proxτφ(x) = F−1
(
τλF(y)F(x)∗ + F(h)

τλF(x)2 + 1

)
α = γ

u = 0
β = 0

to obtain
proxτG(h) = F−1

(
τλF(y)F(x)∗ + F(h)
τ (λF(x)2 + γ) + 1

)
(5.7)

Note that this derivation can also be done in a manner similar to the proof of
Theorem 3.

Having obtained the necessary proximal mappings, we may apply Algorithm 1 to
the alternating minimization problem in Algorithm 3 in order to obtain Algorithm
5.
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Algorithm 5 Blind Deblurring
Choose τ , σ, λ1, λ2, γ > 0, θ ∈ [0, 1], (x0, u0) ∈ X ×Y , (h0, v0) ∈ H×V , set x̄0 := x0,
h̄0 := h0, and n := 0.
while n ≤ N_MAX:

(un+1)(j) := (un + σAx̄n)i
max(1, |(un + σAx̄n)i|)

xn+1/2 := F−1
(
τλ1F(y)F(hn)∗ + F(xn − τATun+1)

τλ1F(hn)2 + 1

)

xn+1(j) :=


0 if xn+1(j) < 0
1 if xn+1(j) > 1
xn+1/2(j) otherwise

x̄n+1 := xn+1 + σ(xn+1 − xn)

(vn+1)i := (vn + σAh̄n)i
max(1, |(vn + σAh̄n)i|)

hn+1/2 := F−1
(
τλ2F(y)F(xn+1)∗ + F(hn − τATvn+1)

τ(λ2F(xn+1)2 + γ) + 1

)
h̃n+1(j) := max(hn+1/2(j), 0)

hn+1 := hn+1/2

‖h̃n+1‖1

h̄n+1 := hn+1 + σ(hn+1 − hn)
n := n+ 1

end while
return (xn, hn)

Some comments on Algorithm 5 are given below.

First, note that the solvers for the inner minimizations are only run for one iteration
each per outer iteration. This decision was influenced by the approach to solving
Algorithm 4 detailed in [13]. The idea is that since the kernel estimate hn (image
estimate xn+1) used during the estimation of the image (kernel) is likely to be
inaccurate, performing multiple inner iterations is unlikely to yield much benefit.
The time would be better spent on performing additional outer iterations. This
hypothesis was tested during our experiments and found to be true.

Next, due to the challenging non-convex nature of the problem, some additional
measures were required to obtain realistic solutions (e.g., connected kernel estimates).
First, each pixel of the image estimate xn+1 was projected onto [0, 1] during each
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iteration. Also, each iteration the blur kernel estimate hn+1 was projected onto
[0,+∞) and then normalized. This was done because blur kernels are usually
assumed to be normalized so as to not affect the total image intensity. These
measures were taken in [13] as well. Also note that due to the problem being non-
convex, the solutions ontained by Algorithm 5 are sensitive to initial conditions – in
particular, h0. It is recommended in [13] that h0 be set to a delta, i.e., a kernel with
a single pixel of unit intensity in the centre.

Finally, we borrowed an idea from the implementation of the blind deblurring algo-
rithm of [38] and centered the kernel estimate hn+1 based on its center of mass after
each iteration. This step is not mentioned in the formal description of Algorithm 5
as it is a purely heuristic addition. In practice, it helped alleviate the problem of
the kernel estimate “drifting” between iterations.

5.2 Numerical Experiments

5.2.1 Methodology

Two types of experiments were performed: one with an artificially blurry image
blurred according to a periodic boundary condition by a known kernel, and the
other on four naturally blurred images with unknown blur kernels. Two recent blind
motion deblurring algorithms were selected for comparison: the framelet-regularized
algorithm of [13] which uses an alternating minimization approach with a Split
Bregman [33] inner solver, and the `1/`2-regularized algorithm of [38] which uses
ISTA [7] and iteratively reweighted least-squares inner solvers. The algorithm in
[13] was selected for comparison as it is what Algorithm 5 is primarily based on,
while the algorithm of [38] was selected simply because it is a recent, well-performing
algorithm using a regularization-based approach, and has freely available source
code.

It is important to note that the algorithms of [13] and [38] both assume symmetric
boundary conditions, whereas Algorithm 5 assumes a periodic boundary condition.
As described in Section 2.2, it is expected that algorithms assuming a symmetric
boundary condition will provide better quality results on images with significant
high frequency content near the edges at the cost of a longer execution time.

Experiments were run in the same environment and according to the same criteria
as described in Section 4.2.1, except the artifically blurred “cameraman” image was
instead corrupted by noise with power σ2 = 10−6.

Three additional notes: the estimated blur kernels from Algorithm 5 and the algo-
rithm of [38] have been uniformly brightened for visibility, and the iteration counts
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for the algorithm of [38] have been omitted as they are not readily comparable to
the iteration counts of the other two algorithms. All iteration count-related settings
for the algorithm of [38] were left at their defaults. Lastly, the “elephant” test image
is in fact non-uniformly blurred, and was included as an indicator of the algorithms’
robustness to non-uniform blurs.

5.2.2 Results

(a) 512× 512 blurred noisy “cameraman”
image

(b) 30× 30 blur kernel

(c) Algorithm 5 image estimate; 200 iter-
ations; 196 seconds

(d) Algorithm 5 kernel estimate; 200 iter-
ations; 196 seconds

Figure 5.1: Blind deblurring results for the “cameraman” test image.
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(a) 1024× 1280 blurry “Lyndsey” image

(b) Algorithm 5’s image and kernel estimate; 200 iterations; 442 seconds

Figure 5.2: Blind deblurring results for the “Lyndsey” test image.
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(a) [13]’s image and kernel estimate; 200 iterations; 4027 seconds

(b) [38]’s image and kernel estimate; 462 seconds

Figure 5.3: Blind deblurring results for the “Lyndsey” test image, continued.



50

(a) 441× 611 blurry “elephant” image

(b) Algorithm 5’s image and kernel estimate; 200 iterations; 180 seconds

Figure 5.4: Blind deblurring results for the “elephant” test image.
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(a) [13]’s image and kernel estimate; 200 iterations; 940 seconds

(b) [38]’s image and kernel estimate; 142 seconds

Figure 5.5: Blind deblurring results for the “elephant” test image, continued.
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(a) 858× 558 blurry “fish” image

(b) Algorithm 5’s image and kernel estimate; 200 iterations; 309 seconds

Figure 5.6: Blind deblurring results for the “fish” test image.
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(a) [13]’s image and kernel estimate; 200 iterations; 1659 seconds

(b) [38]’s image and kernel estimate; 175 seconds

Figure 5.7: Blind deblurring results for the “fish” test image, continued.
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(a) 255× 255 blurry “painting” image

(b) Algorithm 5’s image and kernel estimate; 200 iterations; 52 seconds

Figure 5.8: Blind deblurring results for the “painting” test image.
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(a) [13]’s image and kernel estimate; 200 iterations; 248 seconds

(b) [38]’s image and kernel estimate; 26 seconds

Figure 5.9: Blind deblurring results for the “painting” test image, continued.
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5.2.3 Comments on the Results

The algorithm of [38] is the fastest of the three algorithms on all inputs except the
large 1024 × 1280 “Lyndsey” test image, in which case Algorithm 5 is the fastest.
This illustrates the computational advantage of FFT-based deblurring methods in
the case of large inputs. Based on the results of the previous section, the input size
threshold at which Algorithm 5 overtakes the algorithm of [38] is estimated to be
around one megapixel.

The algorithm of [13], while perhaps providing the sharpest and most accurate
results of the three algorithms, required over an hour to complete 200 iterations on
the “Lyndsey” test image. This can be be attributed to the absence of fast solvers
for its inner minimizations, due to the assumption of symmetric boundary conditions.
For large inputs, this issue could be partially remedied by an appropriate prescaling
of the input image, with the full-size image and kernel used only during the final
iteration.

A practical concern encountered when adjusting the tuning parameters of the three
algorithms was that the algorithms with more parameters required significantly
more tuning effort in order to obtain satisfactory results. This is the curse of
dimensionality at work: the volume of the space that must be explored when selecting
tuning parameters is exponential in the number of parameters. Algorithms with
fewer parameters are preferable for this reason. For reference, Algorithm 5 has
three tunable parameters, the algorithm of [13] has three (of which only two were
adjustable in the provided implementation), and the algorithm of [38] has several,
of which only one was varied during the experiments.

The three algorithms appear to cope reasonably well with the non-uniformly blurred
“elephant” image. Given that most naturally blurred images are likely to be non-
uniformly blurred to some degree, this is an important property for a general-purpose
motion deblurring algorithm to have.

Finally, Algorithm 5 was often found to perform worse than the other two algorithms
on heavily blurred images with significant high-frequency content around the edges,
such as the “fish” test image. In particular, note the artifacts near the edges of
Figure 5.6b caused by the periodic boundary condition inaccurately modeling the
scene near the boundaries of the image. This is the price of the fast execution speed
made possible by the assumption of periodic boundary conditions. It is worth noting,
however, that recent progress [40, 2] has been made on reducing the effect of boundary
artifacts on deblurring algorithms while still allowing for efficient implementation.
Integrating the ideas of [40, 2] into the deblurring frameworks discussed in this thesis
is an interesting prospect for future work.
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Chapter 6

Conclusion

In this thesis, we have derived algorithms for non-blind and blind deblurring using
framelet-sparsity regularization and the algorithm of [19]. Throughout the thesis
we have assumed periodic boundary conditions in order to use fast convolution
operations without placing restrictions on the form of the blur kernel.

Chapter 1 introduced the non-blind and blind deblurring problems, described previ-
ous work related to ours, and summarized the contributions of this thesis.

Chapter 2 described deblurring problems in more depth, gave explanations as to
why naïve deblurring methods fail, and provided a review of the effects of different
boundary assumptions.

Chapter 3 reviewed the relevant mathematical background on linear inverse problems,
sparsity, convex optimization, frames, wavelets, and framelets.

Chapter 4 presented a derivation of our proposed non-blind deblurring algorithm.
In Section 4.2.2 we saw how framelet-sparsity regularization could offer improved
results over TV regularization at the cost of execution speed. We also saw how the
algorithm of [19] can offer small improvements in speed over Split Bregman algo-
rithms. For these reasons, we recommend Algorithm 2 for general non-blind motion
deblurring, especially when TV-regularized deblurring algorithms yield results that
suffer noticeably from staircasing.

Chapter 5 presented a derivation of our proposed blind deblurring algorithm. In
Section 5.2.2 we saw how the assumption of periodic versus symmetric boundary
conditions could lead to signifcantly faster execution times at the cost of worse results
on images with significant high-frequency content near their boundaries. Additionally,
we saw how the primal-dual algorithm of [19] is competitive with ISTA- and Split
Bregman-based methods in the context of blind deblurring. Based on these results,
we recommend the use of Algorithm 5 on large (> 1 MP) motion-blurred images
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without large amounts of high frequency content near the edges.

One interesting direction for future work is to adapt the recent results of [40, 2] on
improved handling of boundary conditions to Algorithm 5. This has the potential
benefit of improving the performance of Algorithm 5 on images with high edge
activity without incurring large costs in execution speed.
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