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ABSTRACT

We present a class of multi-lane traffic models of Vlasov-Fokker-Planck
type incorporating non-local and time-delayed braking/acceleration, diffu-
sion and lane changing terms whose dependencies are based on empirical
guidelines. By investigating the spatially homogeneous case with non-zero
passing probability incorporated in the braking term, we are left with the
drift diffusion equation, which leads to a multi-valued fundamental diagram.
As a novelty of this thesis, we find out that the monotonicity of the quotient
between the braking/acceleration and the diffusion term in average speed
guarantees the single-valued fundamental diagram. We study the large time
behavior of the time-dependent kinetic density by convex entropy methods
based on [3]. With a positive "residual” diffusion, convergence results remain
with fewer assumptions. Two simplified examples are studied to illustrate

the application of entropy methods.
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Chapter 1

Introduction

There is no need to elaborate on the importance of transportation in our
lives. Problems arising in transportation systems, especially in highway traf-
fic, are overwhelming in districts with high population density and high car
ownership. Traffic flow theories seek to describe in a precise mathematical
way the interactions between the vehicles (the mobile component) and the
infrastructure (the immobile component) including the highway system and
operational elements, for example, traffic lights and signs. These theories
consist of different mathematical models based on experiments and observa-
tions.

In this first chapter, some variables often used in traffic theories are listed



in Section 1.1. A review of the evolution of the models in recent times is
presented in Section 1.2, followed by an overview of the structure of this

thesis in Section 1.3.

1.1 Variables of interest

Different types of models of traffic dynamics focus on different aspects of
the traffic scenario. Some focus on individual vehicle behavior and others
focus on the macroscopic description of traffic conditions. In general, three
elements are of interest: velocity (speed), flux (flow rate) and densify (con-
centration).

First we set
e © € R—position in a road or highway;
e t > (0—time.

The speed of an instantaneous individual vehicle is v = z'(¢). Vehicle
speed can also be measured over short sections of distance, in which case one
no longer has the instantaneous speed of the vehicle, but a close approxima-

tion to it. We are interested in the average speed u of a set of vehicles,



specially in multi-lane traffic in which passing is allowed. The dimension of
the speed is meters/hour.

The flux, denoted by j, is estimated through point measurements which
require measurements of time. It is by definition the number of vehicles
passing a position of the road z per time unit. The dimension of the flux is
cars/hour.

The density, denoted by p, is the number of vehicles counted in a distance
unit. However, to find the relationship among flux, density and speed we have
to obtain the density at a point instead of a length of distance. Therefore,
we use the definition of density at position z as below, for small fixed € > 0
(large relative to the size of cars but small relative to the macroscopic scale

of the road),

number of cars in(z — €,z +¢)

The dimension of the density is cars/meter

The relationship between the flux, density and average speed is by defi-

nition

<
Il
S
IS

In kinetic type models, the kinetic traffic density f is a distribution func-

tion of speed and the macroscopic variables arise as moments of f. Note that



f can only be interpreted from a statistical point of view. Further discussion

about this will be presented in Chapter 2.

1.2 Background and literature review

Before proceeding with our discussion about the Vlasov-Fokker-Planck type
of traffic flow models [1],[2],[3], we mention some background and review
other types of mathematical models for traffic dynamics. Over the last few
decades, three types of models were developed: microscopic, macroscopic and

kinetic type models.

1.2.1 Microscopic ”Follow-the-Leader” models

Focusing on the individual vehicles in a single lane with passing not allowed,
the microscopic types of models are systems of coupled ordinary differen-
tial delay equations in which each vehicle is represented by its own equation
based on ”Follow-the-Leader” theory; see [4], [5], [6]. The position z,(¢) and
speed v,(t) = z!,(¢) of the n-th vehicle, are time-dependent variables. Based
on Newton’s second law, the basic assumption of the follow-the-leader the-

ory of traffic flow along a single lane of highway is that each car’s response



(braking or acceleration force) at time ¢ + 7 equals a traffic-dependent sensi-
tivity coefficient function multiplied by the stimulus at time ¢. The various

mathematical formulations of the ideas can be stated in the following form:

2t +7) = %*—T—) =2(..) @) —2®,(1) n=1,...,N. (11

where m is the average mass of vehicles, 7 is the average reaction time of
drivers to a slower leading car, A = A(|z,(t) — z,-1(t)|) is a sensitivity coeffi-
cient function of the relative distance, and z\7’ (t) denotes the p—th derivative
of z,(t) with respect to ¢. Basically, see [4], the dependencies of the brak-
ing force F, (¢ + 7) should not on the relative acceleration (z\(t) — 2, (t))
where p > 2, since drivers cannot accurately estimate it. Besides, it has been
shown that the relative distance alone, i.e., p = 0, will result in nonrealistic
instabilities. On the other hand, a reasonable dependence is on the rela-
tive speed (z],(t) —z}_,(t)). For example, choosing the sensitivity coefficient

A

= A
= Go—z.m) We have

Tp(t) — 271 (2)

n

|Zn(t) = T (B)]

t+71)=A (1.2)

where A > 0 is an a priori unknown positive proportionality constant ob-

tained by observation and practical data. Sometimes a relaxation term is



added to a more general equation; see [7]. This gives

e =4ty et O Y (@ amw) 4

where C' > 0, v > 0 and the relaxation time 7, are given parameters. Here
L is the length of a car and V' is an equilibrium velocity which depends on
macroscopic properties of the flow ahead of the driver.

In the equilibrium state in which all cars are at equal distance d from
their leading car and moving at the same speed v, the density p = 1/(L +
d). By solving the system, this type of models allows the calculation of a
fundamental diagram for the speed v (or flux j = p-v) as a function of
the density p in the equilibrium state. A sample of this fundamental diagram
for the model given by equations (1.2) is shown in Figure 1.1, see [5].

We notice that in a typical fundamental diagram vehicles travel at a free
speed V. until a critical density p.-; is reached at which point the traffic
will slow and eventually come to a bumper-to-bumper situation, i.e., p =
Pmaz = 1/L. The fundamental diagram provides a qualitatively reasonable
dependence of speed on density and could be used for the construction of the

macroscopic type models described below.
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Figure 1.1: The fundamental diagram of speed as a function of density and the corre-

sponding flux as a function of density

1.2.2 Macroscopic models: first and second order

The second type of models focus on the macroscopic traffic variables: density
p(z,t), speed u(z,t) and flux j(z,t) = p - u as functions of position and
time. A first order macroscopic hydrodynamic description of traffic flow
was proposed by Lighthill and Whitham in 1955 [8] and Richards in 1956,
therefore known as the LWR model. This is a first order partial differential
equation

pt+j1’ =0 (13)



which expresses simply that there is no creation or destruction of cars on the
road. A similar equation is valid in fluid dynamics and gas theory, except
for the specific form of j(p) = p- u(p). As a consequence, equation (1.3) is
written

po+3(p)ps = 0. (1.4)

A natural link to microscopic models can be made by presenting j(p) to be
the fundamental diagram obtained in the equilibrated traffic in a microscopic
model, e.g., Figure 1.1. Methods of characteristics are used to solve (1.4) with
suitable initial values. Models of this type are actually in use for practical
traffic analysis.

However, the LWR model is flawed for several reasons. First, it is based
on and assumes a stationary speed-density relation. It assumes that the re-
lationship obtained in the equilibrium state may be used under time and
space dependent conditions. Second, it doesn’t describe the detailed behav-
ior of a vehicle passing through a shock caused by a discontinuity of j'(p)
or initial values. It predicts the speed changes instantaneously, see Figure
1.2. However, macroscopic models are based on temporal and spatial average
values which should not lead to sharp shocks. Finally, it does not predict

instabilities of the stop-and-go type. Unstable traffic flow is characterized
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Figure 1.2: The line I' which results from the intersection of converging characteristics

N
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p1 and p is illustrated and called a shock wave. Density at this intersecting point should
have two values which is physically unrealizable. A shock represents a mathematical
discontinuity (abrupt change) of density, see [5].

under appropriate conditions by regular stop-and-go waves with amplitude-
dependent oscillation time. However, oscillatory solutions cannot be derived
from the LWR model’s equation. Also, the crucial instability effect is a bifur-
cation behavior, i.e., traffic flow becomes unstable beyond a certain density,
which is not shown in the LWR model.

Two ways were developed to correct these deficiencies of the LWR model:
higher-order refinements and kinetic models of traffic flow. The former way
led naturally to the second-order macroscopic models. Well known models
of this type are due to Payne [9] and Whitham [10] (the PW model) and Aw

and Rascle [11].
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The PW model is an attempt to investigate the structure of shocks and
instability phenomena by introducing "higher-order” relations, analogous to
the conservation of momentum in fluids. They consist of two equations one
of which is

pt+ (pv)z =0 (1.5)
to keep the mass conservation law. The other one, the acceleration equation,

mimics the momentum equation as in one-dimensional fluid theory as

P'(p) (1.6)

UV + VU + Pz = VUzz

with a pressure law p = p(p) inspired from gas dynamics. Here v is a non-
negative constant.

However, as pointed out by Daganzo [12], this type of argument analogous
to the fluid analysis is not available because of the big difference between
the dynamics of traffic and fluid flows: " A fluid particle responds to stimuli
from the front and behind, but a vehicle is an anisotropic particle that mostly
responds to frontal stimuli”.

Based on Daganzo’s critique about the PW model, Aw and Rascle [11]
showed that the only problem about the PW model is the unrealistic depen-
dence on the acceleration with respect to the space derivative of the ”pres-

sure”. They removed the deficiencies of the PW model by simply replacing
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this space derivative with a convective derivative d; + v0, of the "pressure”
p(p), which is taken as an increasing function of the density. Therefore,

models of this type would be given by

pr+ (,D'U)I =0
(1.7)
(v+p(p))e +v(v+p(p))z =0
for the case » = 0. Aw and Rascle showed that all the inconsistencies of
"second order” models resulting from the radical differences between the

dynamics of traffic and fluid flows are removed and the model nicely predicts

instabilities near the vacuum, i.e., for very light traffic.

1.2.3 Kinetic Models

As another way to correct the deficiencies of the LWR model, kinetic models
are the third type of traffic models developed in recent decades. Such mod-
els describe the traffic in statistical ways by setting the kinetic density
f(z,v,t) as a distribution of the speed and consequently the macroscopic
density p(z,t) = fou"‘” f(z,v,t)dv. Kinetic models provide advantages in de-
scribing multi-lane traffic scenarios. For example, it is more convenient and
flexible to incorporate the hypothesis about drivers’ behavior like braking,

acceleration and lane-changing, based on the observation of relative speed
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and so on. Second, the macroscopic traffic equations derived from kinetic
equations will not possess the inconsistencies as described above in the PW
model. Besides, kinetic models are also easy to apply in numerical simula-
tions.

Mathematical models of multi-lane traffic flow should allow some basic

properties as suggested by Illner, Klar and Materne [1]:

1. The idealized scales of dependent variables, such as speed and acceler-

ation, should be realistic and be at realistic ratios.

2. The model should (at least in some density domains) allow trivial equi-
libria f¢(v) = p- 04(v), where d,(v) is a Dirac Delta function, i.e., for
any pair of (p,v) the traffic could arrive at a steady state in which
all cars travel at the same speed u, (even theoretically at a very high
speed with the maximal density p.;). In certain (intermediate) den-
sity regimes it is effectively observed that traffic tends to ”synchronize”,
(13],[14],[15],[16], while for higher density values these trivial equilibria
give way to moving traffic jams and stop-and-go waves are produced,

consistent with property 4 below.

3. The model should allow the calculation of the equilibrated fundamental
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diagram p — u®(p) or p — j¢(p). On multi-lane highways and within
certain density regimes they should be multivalued, as suggested by
traffic observations, [17], and these "bifurcations” should relate to the

lane-changing behavior of drivers.

4. Finally, the model should give rise to phase transitions/stop-and-go

traffic.

Basically, the microscopic follow-the-leader type of models could allow
properties 1-3 at a rather simple level. For macroscopic models, specially
for the first order LWR model, properties 2 and 3 are problematical since
these models even need to borrow fundamental diagrams p — u®(p) from
microscopic models to illustrate the qualitative dependencies of u(p) or j(p).
Even in Aw and Rascle’s second order model of nonconservative type, which
includes the relaxation term ﬁ(ue( p) — v), the density-speed relation p —
u®(p) is needed. Besides, as mentioned in the deficiencies of the LWR model,

property 4 can not be observed.

Let us present some kinetic models. The first kinetic model suggested by
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Prigogine and Herman [4] is of the type

fevofe = (et s = =L 224 0-P 1) [ o)1 0200,

(1.8)

where (f;)rer and (f;)ine represent a relaxation term and an interaction term
respectively; and fy(v) arises from the assumption that after a time of order
T, we will have f(z,v,t) =~ fo(v); P is a probability of passing and u(z,1)
is the average speed given by p-u = j = Ov"'” vf(z,v,t)dv. As observed
by Nelson and Sopasakis [17] this type of model leads to multivalued funda-
mental diagrams.

More recently, Klar and Wegener [18],[19],[20],[21] introduced the Enskog-
type kinetic equations for the distribution function, obtained from consider-
ations analogous to those in the kinetic theory of gases using a procedure
similar to the formal derivation of Boltzmann’s equation. The equation is

given by

fe+vfe = CT(f) = Ppap(Gj — LE)(f) + 9a(G — LE)(f) + v(Gs — Ls)(f)

(1.9)
where C*(f) denotes an interaction operator of Boltzmann-Enskog type. G
and L denote the gain and loss terms due to braking and G and L7 those

due to acceleration interactions. Ppg(p) is the probability for braking, ¢p
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and g4 measure the probability of finding an interaction partner for braking
or accelerating and v(p) is the relaxation frequency. This type of kinetic
models may satisfy properties 2-4 well, but property 1 is violated because
this type of equations imply that interactions and velocity adjustment of the
following car are assumed instantaneous. This assumption is not acceptable
in traffic flow because the braking or acceleration time is of the same order
of magnitude as the "free driving time”.

To address this difficulty, the Vlasov-Fokker-Planck type of models were
suggested by Illner, Klar and Materne [1] to satisfy property 1. This thesis
will mainly discuss and analyze a class of models of this type incorporating
nonlocal and time-delayed braking or acceleration and diffusion terms with

realistic time scales.

1.3 Overview of this thesis

In Chapter 2, a general introduction of Vlasov-Fokker-Planck type kinetic
traffic models is presented for a simple 2-lane traffic scenario. It is shown that
nonlocalities and time-delay are incorporated in the braking/acceleration,

diffusion and lane-changing terms based on drivers’ observations and behav-



16

ior according to the leading vehicle. We also discuss the dependencies of
these terms on traffic conditions, such as density, average speed, relative
speed and distance. Then in Chapter 3, a spatially homogeneous case of the
model in which the traffic patterns are identical in both lanes is investigated
as a drift diffusion equation. We focus especially on the equilibrium state
of the equation and compute the exact form of a potential equilibrium and
consequently the fundamental diagram. It shows that in a certain density
region the fundamental diagram is multi-valued because the non-zero lane
changing probability is incorporated in the braking term. This result is fur-
ther explored in Section 3.5, where we show that a single valued fundamental
diagram results from the monotonicity of the quotient between the braking
term B and the diffusion coefficient D with respect to the average speed
u. We also introduce "residual” diffusion based on the assumption that the
drivers will make errors in estimating the traffic conditions in front of them.
It removes the degeneracy of the drift diffusion equation and the trivial equi-
librium as well. In Chapter 4, we examine the long-time behavior of the
time dependent density distribution of our VFP equation by convex entropy
methods. It is shown that some assumptions on which the convergence result

in [3] is based could be removed by introducing the "residual” diffusion. Two
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examples with assumptions on the average speeds are studied to investigate

the convergence of the kinetic density by entropy methods.



Chapter 2

Vlasov-Fokker-Planck (VFP)

type kinetic models

In this chapter we present a class of models of Vlasov-Fokker-Planck type for
kinetic description of traffic dynamics. Real observations suggest nonlocal-
ity and time-delay in the braking/acceleration, diffusion and lane-changing
terms. We assume that these terms are generally dependent on the macro-

scopic density and the relative speed.

18
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2.1 Variables: kinetic density

Consider just a 2-lane highway on which passing is allowed. We label the
traffic lanes by 1 and 2, respectively. In a statistical interpretation we as-
sume that there exists at a given time ¢ and at a given position = a velocity
distribution density function f;(z,v,t) for the i-th lane (i = 1,2). Therefore,
the number of cars dN that at time ¢ are in the road interval between z and

T + dz and in the velocity interval between v and v 4 dv is given by
dN = f(z,v,t)dzdv.

Once the speed distribution function is known, the macroscopic density
pi(z,t), the flux j;(z,t) and the average speed u;(z,t) are moments of the

corresponding kinetic terms with respect to the velocity v, i.e.,

pi(z,t) -——/ B fi(z, v, t)dv i=1,2 (2.1)
0

Jilz; )= /Ovm” vfi(z,v,t)dv ¢=12 (2:2)

7 v.

; ™ ufi(z,v,t)dv

il B = 2 gy = J0 BT 0A)
Pi 0 fi($1vﬁt)dv
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where vVper and pe. are the maximal possible velocity and density respec-
tively, thought of as the speed limit and the limiting (bumper-to-bumper)
density. Consequently, f; can be factored as f; = pi(z,t) - Fi(z,v,t), where

F; is the probability density in v at (z,1).

2.2 General models

The general kinetic models of Vlasov-Fokker-Planck type for two lanes traffic

flow are
%fi + ’Ua—az'fi + % (Bl()fl = Dz()%fz) = Pk()fk —pi(...)fi (24)

fori =1,2 and k = 3—1. In these equations, B, D and p; (i = 1, 2) stand for
the braking/acceleration force, the diffusion coefficient and the lane changing
rate(s), respectively. The dependencies of these terms will be given later. At
variance to the usual hypothesis that molecules move chaotically, correlation
assumptions about the dependencies of these terms should reflect drivers’
reactions to traffic scenarios ahead. We base our assumptions of B, D and

p; on empirical guidelines.
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2.3 Nonlocality and time delay

It is reasonable to assume that drivers respond to traffic situations in front
of them, basically, to the density and relative speed with respect to the
average speed. Therefore, the fundamental assumption of the dependencies
of braking/acceleration, diffusion and lane changing terms is that they mainly
depend on the macroscopic density p;, and the relative speed v — u; at a
relevant threshold distance ahead of the driver.

Empirical evidence suggests that 3 different kinds of reaction time should
be considered: The average individual reaction time 7 > 0, and "safety
reaction times” Tz and T4 used for the estimation of braking and acceleration
thresholds. This means that a driver at (z, t) with speed v will typically brake
in reaction to slower traffic observed at (z + Hp(v),t — 7), where Hg(v) =
Hy + Tgv and Hj is the average car length plus a minimal safety distance,
as shown in Figure 2.1. Similar consideration applies to acceleration, where
the reference point for a driver at (z,t) with speed v is (z + Ha(v),t — 7),

H(v) = Hy + T4v, and observations suggest that

0<7<Tg <Ty < 0.
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Leading vehicle

Figure 2.1: Drivers at (z,t) react to the leading slower traffic seen at (z + Hp,t — 7).

For convenience, for i = 1,2, we abbreviate

uf .= wuj(z + Hp(v),t — 1),

1

u .= ui(z + Ha(v),t — 1),

p2 .= pi(xz + Hp(v),t — 7),
plt = pi(x + Ha(v),t — 7).

From the observations above, all the terms describing drivers’ behaviors ac-
tually refer to the leading traffic situations with nonlocality and time-delay.
We write B, D and p; for braking scenarios as B(p2,v —u?Z), D(pB,v—uP)
and pi(p?,v — uP). Similarly, we have B(p#,v — uf'), D(p#,v — ui') and
pr(p, v — uft) for acceleration scenarios.

Therefore, nonlocalities and time-delay are incorporated into the equa-

tions through the macroscopic density and the average speed which are cou-

pled functions of the kinetic density as stated by (2.1) and (2.3).
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2.4 Dependencies

In this section, we provide the assumptions of dependencies of the brak-
ing/acceleration, diffusion and lane-changing terms according to empirical
observation. Our fundamental assumption regarding these terms is that they
depend on the relative speed v — u? or v — u# and the macroscopic density

B A
pi or pi.

2.4.1 Passing probabilities

The lane-changing rate p; (i = 1,2) is dependent on traffic states in the

current and adjacent lanes. We take
pi = Bi(...) - 3s,

where P;(...) € [0,1] is a dimensionless lane changing probability, and p; has
the dimension of the flux j; in lane ¢, i.e., car(s) per time unit. We shall
assume that in acceleration scenarios, where v < u and v < u?, P, =0. In
braking scenarios where v > u2, the driver will be motivated to change lanes,
so P; will affect the braking term B. Note that in acceleration scenarios, the
two conditions v < uZ and v < u{' are not equivalent because Hy > Hp,

and u?* and u? refer to the average speed at different positions. Actually, a
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driver at location z and time t will consider braking or a lane change if the
traffic ahead at z + Hpg(v) is slower than he was at time ¢t — 7. If the braking
scenario does not apply and if the leading car is at z + H4(v) and moves
at a speed greater than v, the driver will accelerate; otherwise, we assume
that the driver will do nothing, i.e., it is possible that neither braking nor

acceleration applies if v < u? and v > uf.

2.4.2 Braking/acceleration force

First, we present the definition of braking/acceleration term as given in [1].

Definition 2.1

;

—cg(v—uB)?pB(1 - Py(...)) ifv>uf

Bi(z,v,t) = ¢ cs(v — u?)(pmaz — p2) ifv<uf andv <u? (2.5)

i

0 otherwise.
\

Remarks.

e First, it is in principle possible that neither braking nor acceleration
oceurs, i.e., v < uP and v > u. Hence the "otherwise” in (2.5). In this
case only the diffusion term (due to the driver’s inability of observing

speeds with accuracy) will drive speed changes.
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e Second, we notice that B; vanishes of quadratic order in (v—u) and pro-
portional to density differences. These choices of B have the advantage

of making the constants cg and c4 dimensionless.

e Third, braking should be stronger in dense traffic, hence the simple
linear dependence on p;, and acceleration should be weaker in denser
traffic, hence the linear dependence on pp.; — pi, where ppe. = 1/Hp

is the maximal bumper-to-bumper traffic density.

e In addition, we should take c4 < cp since in most situations braking is

more urgent and forced than acceleration.

e As uB and u? depend on v, the conditions v > uZ, v < uf! etc. are
implicit in v.

e B; vanishes of quadratic order in (v — u;) if u? = u

, i.e., no braking
and no acceleration. Later, as shown in Section 3.2, this will guarantee

the existence of the trivial equilibrium which is property 2 listed in the

Introduction.

e The dependency of the lane-changing probability P; will be discussed
in the next chapter, while we simply state here that 1 — P; represents

the braking probability.
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Basically, the form (2.5) is just one possible simple guess about the depen-
dency of the braking force. We should realize that it doesn’t represent the

real dependency which is probably much more complicated.

2.4.3 Diffusion

Diffusion arises from the inability or uncertainty of a driver to estimate rel-
ative speeds with accuracy unless speeds are 0. Therefore, a reasonable guess
is setting the diffusion coefficient D proportional to a power of the relative

speed |v — u;|. Hence, from [1] the ansatz of D in our model is given by

Definition 2.2
[ o(o,u2) o=l o>

Di(z,v,1) == 4 a(pt,uf) - v —ud|"  ifv <uP andv < ud (2.6)

0 otherwise,
\

where v > 0 is a parameter and the function o(p, u) satisfies

u
0 (P, U) = OcPmazUigg M1 (pp ) msy (u ) ) (2.7)

Remarks.

e As stated, D; can be set as a proportion of a power of relative speed

v — u. The form (2.6) implies no diffusion: D; = 0 if v = u? = u?
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as well. If v > 1, this will also guarantee property 2 stated earlier.
We will consider our model for general v € (0, 2), although the trivial
solution exists in the sense of distributions only if v > 1; after all,
the factors in the diffusion and lane changing terms are only guesses.
Also we could adjust the dependence of o(p,u) such that the trivial
equilibria will exist for all cases, e.g. , a factor o worth studying would
grow like (v — u)” with v > 1 for small v — u, but we would lose the

relative simplicity of the present model.

As for the function o(p,u), it seems reasonable to choose it to vanish
rapidly enough as p — 0 or p — pmaz, and as u — 0 since in free
driving (p = 0) or standing traffic (p = pmez = 1/Hp and u = 0) there

is no reason for diffusion.

We choose m;(s) to vanish at 0 and 1 to enforce that no diffusion
occurs at p = 0 and p = pma.. Besides, at some density, here we choose
0.3pmaz, the diffusion could be maximized as a function of p. This
is the reason why we set a maximum for m; at p = 0.3. Therefore,
a reasonable choice is that m;(s) is a function which consists of two

linked pieces of Gaussian distributions such that maxm; = m;(0.3)
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Figure 2.2: A sketch of the shape representing the dependency of the function o on the

density p.

and m,(0) =m;(1) = 0.

e For the function my(s), a convenient choice is my(s) = s(1 — s). And
basically, we hope to generate a shape as sketched in Figure 2.2 to

represent the dependency of o on p for fixed average speed wu.

e 0. is a free parameter. Furthermore, 0 << ¢4 < ¢, as diffusion occurs

on smaller scales than braking or acceleration.

e Also note that the value of o(p,u) at the boundaries of the domain
(p,u) € [0, Prmaz] X [0, Vmaz] Will affect the shape of the fundamental

diagrams near the endpoints p = 0 and p = py,e, significantly.
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Similar to B, (2.6) is a possible simple guess of the diffusion as well based

on realistic guidelines.

In the next chapter, we will discuss a spatially homogeneous case without
time delay. In this case, with a simple ansatz of the lane-changing probability
P, discussions will center around the analysis of equilibria of the model, the

computation of the fundamental diagrams and their multi-valued properties.



Chapter 3

Spatially homogeneous case

and fundamental diagrams

Our whole model is given by
0 0 0 0
&fi + ’U%fi + 8_’0 (B,()fl — Dz()%fz) = pk()fk — pz()f, (31)

for i = 1,2 and k = 3 — i, with the braking/acceleration term B and the
diffusion coefficient D defined by (2.5) and (2.6). We will present the spa-
tially homogeneous case of the model with a simple assumption of the lane-
changing probability P in Section 3.1. We also set time delay 7 = 0 for the
remainder of this thesis to obtain a simple drift diffusion equation.
Furthermore, in Section 3.2, we compute the equilibria of the spatially

30
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homogeneous case and compute the fundamental diagram which is multi-
valued in a reasonable density interval because of non-zero lane changing
probability P involved in the braking term. The reasons for this multi-valued
property are examined in Section 3.3 and 3.5.

Positive "residual” diffusion can remove the degeneracy at v = u and

eliminate the trivial solution, as shown in Section 3.4.

3.1 The spatially homogeneous case: A drift

diffusion equation

For simplicity of fundamental analysis, we consider the spatially homoge-
neous case for (3.1) in which f(v,t) = fa(v,t) for all (v,t), i.e., the traffic
patterns are identical in both lanes and independent on z. In this case the
spatial nonlocalities H4(v) and Hg(v) disappear. We also set the time delay
7 = 0 for convenience although this is not really justified. Based on these as-
sumptions, v%f disappears and the lane-changing rates pi(...) fe—pi(...) fi(...)
on the right hand side are canceled. Then (3.1) becomes a nonlinear drift

diffusion equation
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where from (2.1) and (2.2)

and

1 Umaz
() = m/{) vf(v,t)dv. (3.4)

Equation (3.2) is nonlinear since f enters B and D through p and u from

(2.5) and (2.6) as follows.

—cr(v—u)?p(1 — U — ifv>u
Blp,v—u) = B(v—u)’p(1 = P(p,u,v —u)) > a8

ca(v — w)?(Pmaz — P) ifv<u

u
D(p, u,v— u) = acpma:curznazml ( £ ) ma (u > ’ IU - u|7' (36)

As mentioned in the previous chapter, the lane changing probability P

will be involved in the braking scenario. FP; should depend on the relative

speed v —u?, on the density p?, and on the density p; and average speed
(k = 3 — 1) on the neighboring lane.
For the spatially homogeneous case here, P is set to depend only on v —u

and p. We could simply take P as a simple power of the scaled relative
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velocity (as it is a probability),

(== )66[0,1] ifv > u

P(u,v—u) = fmasd (3.7)
0 ifv<u
Or we could take a somewhat more realistic ansatz for P,
6
h(p) (v ”_"_u) ifv>u
P(p,u,v—u) = e (3.8)

0 ifv<u
where § > 0 and h(0) = 1, h decreases with p, and h(pmne:) = 0. Although
(3.8) is more realistic than (3.7) because it includes a density dependence,
we will use (3.7) in the homogeneous situation for it catches the essence of

higher motivation for lane-changing if the relative speed (v — u) is large.

3.2 Equilibrium and fundamental diagrams

3.2.1 Steady solutions

We provide zero-flux boundary conditions, also known as Robin boundary

conditions, to the drift diffusion equation (3.2),

B(p,v—u)f—D(p,u, U—U)%flu:() = B(p,v—u) f—D(p, u, U—U)%f,vzvmu =(),
(3.9)

We have the proposition of mass conservation.
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Proposition 3.1 Given zero-fluz boundary conditions (3.9), the macroscopic

density p given by (3.3) is invariant in t, i.e., a constant.

Proof.

dp B VUmazx a
o = /0 5 (v,t)dv

Umaz 8
= _/0 %(Bf—Da—vf)dv:O. &

In the steady state, for all v € [0, Vyaz),

%f(v, t)=0.
We are left with
a 0
— (Bf — Da—vf) =0. (3.10)

With zero-flux boundary condition (3.9), we obtain

B(p,v—u)f:D(p,u,v—u)%f (3.11)

We can choose a p € [0, prnaz), @ 4 € [0, Umaez| and then solve (3.11) subject

mazxr

to the normalization of fov fdv = p. Note that two types of solutions exist.

If v > 1, (3.11) has the "trivial” equilibrium f(v) = p-J,(v) as a solution

in the sense of distribution, where §,(v) is a dirac function at u, which means
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that all the cars travel at the same speed u with the macroscopic density p.
This should in principle be allowed in all realistic models and is in fact
observed in [13],[14],[15],[16]. Actually, if we denote the 1st-order linear

differential operator
Lf(v) = B(p,v — u)f(v) — D(p,u,v — u)f'(v)
for given (p,u), we have the adjoint operator
L*¢(v) = B(p,v — u)e(v) + D(p, u, v — u)¢'(v) + Dy(p, u, v — u)p(v).

So p-d,(v) € L'(0, vmaz) is a weak solution of (3.11) if and only if for any

©(v) € CL(0, Umaz) we have
/0 p- 6.(v) L p(v)dv = / Li(w) - (o = [ 0- po)do =0,
i.e.,
pL*0(V)lv=u = p(B(p;u—u)p(u)+ D(p,u,u—u)¢'(u) + D'(p, u,u — u)p(u))

This is guaranteed only if v > 1. For the case that v < 1 the diffusion co-
efficient o(p, u) can be adjusted such that the "trivial” equilibrium p - 6, (v)

exists for both cases. However, we would lose the simplicity of our models.
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In addition to the trivial equilibria, considering the system with v € (0, 2)
in D and 6 € [0,1] in P, a continuous and differentiable for v = u solution is

obtained from (3.11),

C - exp (6(p, w)(v —u)* [(,u.,:’;;“_u)‘s = f]) o0

C -exp (—a(p, u) ("_3’_'):_7) if v < u.
(3.12)

flv) =

where the constant C' is determined by the normalization fov"‘" fdv = p (note
that choosing the same constant C for both cases is just a matter of choice,
so we enforce the continuity at v = u), and 3, a are given in terms of p and

u by

Ca (pmaz B ,0)
o(p,u)

cgp

>0
o(p,u)

Blp,u) = >0, a(p,u) = >

where 0(p, u) = OcPmazt,, T (—L) Mo ( :n) as stated in Section 2.4.3.

Pmazx u

3.2.2 Fundamental diagram

For any admissible pair of (p,u), (3.12) gives a potential equilibrium. How-
ever, since p and u are coupled with the solution f, to obtain a real equilib-
rium, the constraint

/Ovmu(v —u)f(v)dv=10 (3.13)

must be satisfied, which is the definition of the average speed wu.
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If we denote the left hand side [;™**(v — u)f(v)dv as R(p,u) with f(v)
given by (3.12), we obtain for any p € (0, pmaz), We can choose an € > 0 small

enough such that

'Umaz V—€ g
e = e a2 etz

—C/ €—v) exp( a(p, )(E;U)j 7) >0

and
Umaz"‘f o 3y
Bl o — €} = _C/ s —E— P ( a(p, Vmaz — €) i 3 j Y . ) dv
+C’/ (Vmaz — €)]€xp(B(0; Vmaz — €)[V — (Vmaz — €)]°77

[(u—(v,zax—e))53+;_7_Bivl)dmo.

Therefore, for any p € (0, pmaz) there exists at least a u € [0, Upqz| such
that R(p,u) = 0. The density and speed pair (p,u) with this property deter-
mine the fundamental diagram. For example, if we choose y =1, =1,
cqa =5, cg = 25 and 0. = 0.25, we obtain the fundamental diagram as shown

in Figure 3.1.

Observations.



38

ca=f =25 0025 rl &1

Figure 3.1: A multi-valued fundamental diagram for our spatially homogeneous model
wheny=1,0 =1, cq =5, eg = 25 and o, = 0.25.

A remarkable numerical observation about this fundamental diagram is
that it is multi-valued (three-valued) in a reasonable density interval, which
is in our case between around 0.2 and 0.26. The factor which causes this
phenomenon is the non-zero lane changing probability P given by (3.8), even
though it is quite a simple assumption. Moreover, we will prove in the next
chapter that the monotonicity of the term g in u will guarantee the unique

equilibrium, i.e., single-valued fundamental diagram.

In the multi-valued density interval, three different average speeds lead
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to different lane-changing probabilities

v—u \°
for v > u.
u

.m%v—m:(

1 ==X
Lma.’z

It is obvious that for larger average speeds u, P is smaller for a fixed indi-

v—u

vidual speed v because —*="— is increasing linearly in v to 1 and the slope

1
VUmaz —U

is larger when u is larger. This means, in braking scenarios, drivers

are less inclined to change lanes with relatively faster traffic in front of them.

We choose any pair of (p,u) and picture the equilibrium density distribu-
tion function f,,(v). In the multi-valued density interval, for each density,
there are three distributions corresponding to three average velocities. An
example is pictured in Figure 3.2 for the case p = 0.25 in Figure 1.1. If we
consider the stability of three equilibrated distributions, the two with u on
stable branches (the stability has not be justified) have more realistic senses
since they are the equilibrated distributions to which traffic actually con-
verges. Combined with the lane changing probability, we could estimate the

fraction of cars changing lanes given by

Ahupmu—m@Amm. (3.14)

This expression and the density profile from Figure 3.2 can be used to ob-



40

Figure 3.2: The distribution function f,,(v) for the special choice p = 0.25 and its

associated equilibrium velocities. In this case, we achieve three different distributions.

serve that there is more lane changing for the equilibrium with the largest w.

In the next section, with zero lane changing probability in the braking
term, the multi-valued property of the fundamental diagram is lost. Further-
more, in section 3.5, deeper investigation reveals that the monotonicity of

the quotient % in u result in a single-valued fundamental diagram.
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3.3 Zero lane changing probability and the

Maxwellian example

To demonstrate that the multi-valued property of the fundamental diagram
is due to the non-zero P (actually to the dependence on u and v — u), we

will examine the case with zero P, and where

B —p(v —u) v>u
5([’7 v — U) =
—co(l=-p)(v—u) v<u

¢o could be thought of as the ratio between cp and c4, o(p, u) in D is assumed
a constant and we normalize P, = 1 and v, = 1. We call this the

”asymmetric Maxwellian” case. The equilibrium will be given by

e~ 5(v—u)’ v > U

fw)=cC-
=e0(1=p) ()2

e v<u

where the constant C is determined by the normalization fol f(v)dv = p.

The other constraint, fol (v —u)f(v)dv =0, becomes

u _ 1
C (/ (v — u)e= M T gy 4 / (v— u)e_g("‘")de)
0 u

= —C (le‘g“—“>2—l+ . e_m@w) =0
p pco(l—p) co(l-p)
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After arrangement, we have

_CQ(I—p)uz

pe= T = p—co(1— p) + co(1 — p)e” 27", (3.15)

Consider the two sides of this equation as functions of u € [0,1]. At u =0,
the left-hand side is p, the right-hand side is p — co(1 — p)(1 — e %) < p;
at u = 1, the left-hand side is pe“w < p, the right-hand side is p.
Moreover, the left-hand side is strictly decreasing in u, while the right-hand
side is strictly increasing in u. It follows that for each p € (0, 1) there exists
a unique u € [0, 1] such that (3.15) is satisfied, which means the fundamental
diagram of the "asymmetric Maxwellian” case is single valued.

Therefore, the non-zero lane changing probabilities and their dependen-

cies are crucial for the multi-valued property of the fundamental diagram.

In the next section, a positive "residual” diffusion is introduced so that
the degeneracy of the drift diffusion equation (3.2) and the existence of the
trivial equilibrium p - d,(v) are removed. In this case, the continuity of the

steady solution f(v) at v = u is justified.
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3.4 The ”residual” diffusion
Consider the drift diffusion equation (3.2)

0
%f+a£v(B(p,v—u)f-D(p,u,v—u)%f) =) (3.16)

where

D, 4,0 — ) = Oomastisgahy (p" )m( )-lv—uw (3.17)

max

vanishes when v = u. Degeneracy occurs at this point when we compute the

continuous and differentiable solution f(v) of

B(p,v—u)f = D(p,u,v—u)%f. (3.18)

In section 3.2, we enforced the continuity of the steady solution at v = u to
obtain the exact expression of f(v) as in (3.12).

One way to eliminate the degeneracy naturally is to introduce the ”resid-
ual” diffusion generated by drivers who assume speed u (after braking or
accelerating) with a likely ”overshoot”, i.e., a driver may brake below u or
accelerate above u.

We generate this residual diffusion by adding a small value € > 0 to the

original D to obtain a new diffusion term

D.(p,u,v—u) = D(p,u,v —u) +e¢. (3.19)
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With D, > 0, the equation

%f—%—%(B(p,v—u)f—DJp,u,v—u)%f) =0 (3.20)
is nondegenerate and, with the new continuous steady solution of (3.20),
the multi-valued property of the fundamental diagram will not change signif-
icantly. Furthermore, as will be shown below, the trivial equilibria p - §,(v)
permitted by the previous model when v > 1 are removed.

For v > 1, the first-order linear differential operator for the stationary
nondegenerate drift diffusion equation (3.20) with "residual” diffusion would
be

Lf(v) = B(p,v —u)f(v) — (D(p,u,v —u) + ) f'(v),
and the adjoint operator would be
L*¢(v) = B(p,v — u)p(v) + (D(p,u, v — u) +€)¢'(v) + Dy(p, u, v — u)p(v).

Hence, p - 6,(v) is not a solution of Lf = 0 anymore because

/0 = -t L)
= pL*p(u)
= p(B(p,u—u)p(u) + D(p,u,u — u)¢'(u) + D'(p, u,u — u)p(u) + ¢'(w))
= pey/(u)

£ 0
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for functions o(v) € L'(0,1) satisfying ¢'(u) # 0. Therefore, when we ap-
ply "residual” diffusion to our model, we will obtain exactly continuous and
differentiable steady solutions which produce multi-valued fundamental dia-

gram.

In the next section, the "residual” diffusion is incorporated in a simple
case of our model with a single-valued fundamental diagram. The reason for

uniqueness of the equilibria is discussed.

3.5 An example with a single-valued funda-

mental diagram

In this section, choosing parameters in our model produces an example with
a single-valued fundamental diagram. Deeper examination reveals that the
monotonicity of D% is crucial for the uniqueness of the equilibrium. It implies
that non-zero lane changing probability P will also result in a single-valued

fundamental diagram if Di is monotone.

In the following discussion, we will assume that the maximum speed v,,42
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and density p;.q.. are normalized to 1 without loss of generality. The spatially
homogeneous drift diffusion equation of our traffic flow model with "residual”

diffusion is given from (3.20) by

3] 0
_f_%

5 (DE(p,u,v—u)%f—B(p,v—u)f) Vit>0,ve (0,1) (3.21)

where B and D, are given in terms of the density

1
plt) = [ f(t. ), (3.22)
0
the average velocity
1 /1
u(t) = — vf(t,v)dv 3:29
)= =z [ /o) (3.23)
and the relative speed v — u as follows:
v — u(t) ’
—cplv —u(t)Pp(1 — T u(t)’ ) ifv > u(t)
B(p,v —u) = (3.24)
calv —u(t)|*(1 - p) if v < u(t)
from (3.5) and (3.7) and
D.(p,u,v —u) = a.my(p)ma(u(t)) - |v —u(t)|” +¢ (3.25)

from (3.17) and (3.19) for some positive constants c4, cg, 0., nonnegative
exponents v and § and functions m,, my as given in Chapter 2. As stated in
Section 3.4, the introduction of the "residual” diffusion D, > 0 removes the

degeneracy of the drift diffusion equation. The modified model still leads to
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a multi-valued fundamental diagram.

If we choose d = 00, v =1, cgp = ca(l — p) := K, and my = 1, we have

B = K|u— v|(u—v), (3.26)
D, = Ucml(p)|v - ul + ¢, (327)
g
and the lane changing probability P = '{:Zgg disappears since Y:ﬁgg <1
for v > u(t) and P =0 for v < u(t).
Define Fy associated with f:
d
Ff(ta ’U) = _B(ta U)f(t7 ’U) = Ds(t7 v)%f(t, 'l)).

With zero-fluz (Robin) boundary conditions:

Fy(t,0) = Fy(t,1) =0 ¥t>0, (3.28)

the macroscopic density is preserved: p = const from Proposition 3.1.

An equilibrium (steady solution) is a solution of (3.21) such that

O f=2Rtu) =0  Vv) € R x(0,1)

and the constraints (3.22) and (3.23) are satisfied. With the condition (3.28),

the equilibrium satisfies

)
D.sf—Bf=0 Vue (0,1). (3.29)
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We claim that in the case with B and D given by (3.26) and (3.27)
respectively, the steady states are unique for any p € (0,1). That is, the
fundamental diagram is single-valued (see Theorem 3.2) below. Note that

for € = 0, we obtain unique Maxwellian equilibria as in Section 3.3.

Theorem 3.2 Given a p € (0,1), there exists a unique u € (0,1) such
that the stationary solution f(v) of (3.21) with B and D given by (3.26) and
(8.27) satisfies the constraints (3.22) and (8.23), provided with the zero-flux

boundary conditions (3.28).

Proof:

Since

B Klu—v|(u—v)
D. omi(p)lu—v|+e

is dependent on the relative speed (u — v), if we denote it by ¢(u — v), we

have from (3.29)

In f(v) = /0 " ot — w)d + In £(0),

f(v) = f(O)efov plu—w)dw

Set

®(u,v) = /Ov o(u — w)dw
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and define
f(u,v) = £(0)e)

to emphasize the dependence of f on the parameter u. From constraint

(3.22), we have

p
0) =
O =
and
®(u,v)
pe

fu,v) = 47——.
Jy 2@ dw

Then, let us rewrite the constraint (3.23) as

/Ol(u —v)f(u,v)dv = 0.

Inserting f(u,v), we have an equation for u

1
p v -
W/o (’U = v)ed’(“ )d’U = 0. (330)

The only thing we need to show is that there is a unique u € (0, 1) satisfying
(3.30) for a given p € (0,1).

By a simple calculation, we see that

u—v)2 — .
d ARY [A(';)_:)zif]g" V50 ifu>w
@‘P(U —v) = ,
Ay K1) . 0 Hfu<w

[e—A(u—v)]?
where A = o.mi(p). This shows that ¢(u — v) is a strictly increasing

P(u,v)

function with respect to u. Consequently, ®(u,v) and e are also strictly
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increasing in u and R(u fo u —v)e®®¥)dy is also strictly increasing with

respect to u. Clearly,

1
R(0) = —/ ve®@¥dy < 0
0

1
R(1) = / (1 —v)e®¥dy > 0.
0
The strict monotonicity of R(u) implies the unique existence of the pa-
rameter u* € [0,1] such that R(u*) = 0. Consequently, f(u* v), which is
uniquely determined by u*, is a unique equilibrium of PDE (3.21) with the
constraints (3.22) and (3.23) for a given p.

B(u,v)

Notice that the monotonicity of the function p(u — v) = Bain] played a

key part in the uniqueness of the steady state. For the complete traffic model,

which includes the passing probability P = [*=%|", the function ¢ = DB; (("u";))

is not monotone anymore, and that is the principal reason why multi-valued

fundamental diagrams are possible.

In the next chapter, convergence results stated in [3] for large times to
steady states are presented for our general spatially homogeneous model by

using convex entropy methods. With the "residual” diffusion introduced, due
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to the elimination of concentrations (trivial equilibrium), some assumptions
in [3] could be removed and a simpler argument could be applied to obtain

the same results.



Chapter 4

Long-time behavior by entropy

methods

In this chapter we examine the time asymptotics of the time-dependent ki-
netic density by convex entropy methods. The main result is drawn from
[3] by Dolbeault and Illner. The global stability of the steady solutions is
obtained in [3] provided that some entropy regimes are bounded. These
assumptions could be removed by introducing the "residual” diffusion.

In Section 4.2, entropy methods are used to show the convergence of the
kinetic density to the unique steady solution of two simple examples with

"residual” diffusion. Although based on unrealistic assumptions on average

92
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speed, the same arguments could apply to a real coupled case if the average

speed converges uniformly (which is verified in [3]).

4.1 Convex entropy methods

Recall that the full spatially homogeneous case of VFP type model without

"residual” diffusion is given from (3.2) by

%f‘i‘% (B(p,v—u)f—D(p,u,v—u)%f) =0 (41)

where the braking/acceleration force and diffusion coefficient are given from

(3.5) and (3.6) respectively by

—cg(v—u)?p(1 — P(p,u,v —u)) ifv>u
B(p,v—u) = (4.2)

ca(v — ©)?(omaz — ) ifv <u

and

£ )mg( 4 )-|v—u|7. (4.3)
pmaI umaI

The lane changing probability involved in the braking/acceleration term is

D(p,u,v—u) = Ucpmazufnazml (

given from (3.7) by

s
(72%) €01 ifv>wu
P(u,v—u) = e
0 ifv<u
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We have showed that this model leads to a multi-valued fundamental dia-

gram.

Usually, a powerful tool to obtain the large time behavior of the time-
dependent solution f(t,v) of a parabolic PDE in many situations is the max-

imum principle. We review it here but will see that it does not apply.

4.1.1 Why the maximum principle doesn’t work

An example as follows will be enough to show why the maximum principle
fails in our equation. Choosing
B=Klu—v|(u—v) and D, =c¢,
the drift diffusion equation (4.1) becomes
52

0
8tf:6%3f—K|u—v|(u—v)%f+2K|v—u|f. (4.5)

Maximum Principle, see [22]:

Let Q be a bounded domain in R™ and consider inequalities of the form
(1) Lu > w in Ur =Q x (0,7),

where L is a uniformly elliptic second-order differential operator; that is, we



assume that

= 0? 2 a
(2(1) L:zjzzl aij(m$t)m+;bi(x’t)%+C(x’t)
satisfies the ellipticity condition
(20) > ai(z,t)6& > Mg for (z,t) € Ur

1,7=1
where A > 0 is a constant, and the coefficients a;;, b; and c are all bounded

functions on Ur.

Lemma 4.1 (Weak Parabolic Maximum Principle) Suppose that u €

C*Y(Ur) N C(Ur) satisfies (1) with L given by (2a) and (2b) where c(z,t)
0. Then

max u(z,t) < max u(z,t),
(z,t)eUT (z,t)ETT

where I'r = (092 x [0,T]) U(Q2 x 0) is the parabolic boundary.

Unfortunately, the maximum principle is not applicable to our equation (4.5)
since the term c¢(t,v) = 2K|v — u| depends on v. Otherwise, if the term ¢
were dependent only on ¢, we could multiply both sides of (4.5) by e *(*) and

transform the equation to be

(o) = E(fe=e0")
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where the ¢ in the new elliptic second order operator L vanishes. However,
this kind of reduction is not possible in the present situation and thus we
cannot use methods based on the Maximum Principle (e.g., the Comparison

Method) to analyze the large time behavior of the solution of (4.5) as usual.

4.1.2 Entropy methods

On the other hand, convex entropy methods have been applied to parabolic
equations for many years. The basic idea of convex entropy methods is to
use the time-monotonicity of the entropy functional of the system to measure

the distance between the solution and the equilibrium.

Consider the full model (4.1) with (4.2), (4.3) and (4.4) and normalize

Umaz = Pmaz = 1. Define the relative entropy of f with respect to g by

Elfls) = | o (g) gdv, (46)

for some convex function ®. For example, in [3] ®,(z) = (z* — z)/(a — 1)
for some o > 1 with ®(z) = zlogz as a limit case denoted by "a = 1”7 are

used. Then @,(0) = 0 and ¥(z) := ®,(z) — P! (z) < 0 for any = > 0. With



f to be the solution of (4.1) and g given by
g(t,v) = K(t)e” ") (4.7)

where k() is chosen to satisfy

J3 ¥ (L)gC(t,v)dv

fo1 ‘I’(g)gdv (48)
k(0) = 1.
and
C(t,v) = — /0 ) gg’:’;dw (4.9)
u(t) = %/01 vf(t,v)dv. (4.10)

Then the main result in [3] is stated as the following theorem.

Theorem 4.2 Assume that ®,(z) = (z* — z)/(a — 1) with « € (1,2] and
®(z) = zlogz in the limit case o = 1. Consider a global smooth in time
solution f of (4.1) with u, B and D depending nonlinearly on f according to
(4.10), (4.2) and (4.3), for some smooth function my. Let p = fol f(t,v)dv €
(0,1]. Assume that E[f|g] is well defined and C' in t, with E, g and &
defined by (4.6), (4.7) and (4.8). Assume furthermore that v < 3 and that

lim sup,_,, k(t) < oo. If there ezists an € € (0,1/2) such that

e<u(t)<l—ce Vit>0,
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then, as t — +oo, f(t,-) converges a.e. to a stationary solution f of
(4.1) where p = fol foodv and uy = %fol vfso(v)dv are related as in the

fundamental diagram.
Remarks:

e The assumption on u to be € distance away from 0 and 1 is to ensure
that no concentration occurs, i.e., not f(t,:) — p+dy=¢ Or p-0y=; ast —
oo. However, if we apply the same method to our model with "residual”

diffusion, the trivial solution is removed and no concentration occurs.

e Another assumption that the function x is bounded from above is also
made to avoid concentrations, otherwise, with limsup,_, ., k(t) = oo the
decrease of E[f|g] is consistent with the formation of concentrations in
f. Therefore, this assumption can be removed by adding "residual”

diffusion as well.

e This theorem shows that the time-dependent kinetic density will con-
verge to an steady solution, even if more than one exists in the con-
sidered range of parameters, provided that some entropy estimates are
uniformly bounded. The asymptotic state is clearly selected by the

initial conditions. Therefore, this global stability of the steady solu-
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tions implies no Stop-and-Go regimes. However, the multi-valued fun-
damental diagram combined with density fluctuations should produce

Stop-and-Go phenomena for the full VFP equation.

4.2 Two examples

We hope to examine in more details the application of entropy methods in
illustrating asymptotic behavior of the time-dependent solution of our VFP
equation with ”residual” diffusion. Then, we make some assumptions on
the average speed in the example of section 4.1.1, which leads to a single-
valued fundamental diagram. We try specific entropy functionals to illustrate
the convergence of the kinetic densitys to the unique equilibria. Although
these assumptions are not justified to describe the real cases, the method of
the proof of Theorem 4.2 in [3] is very similar with those methods in these

simpler cases.

Recall the example in section 4.1.1, we have the drift diffusion equation

(4.5) given by

0? d
Btf——ewf—K|u—v](u—v)%f+2K|v—u|f (4.11)
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with B = K|u—v|(u—v) and D. = . It is easy to check that £ is monotone
in u, therefore this example has unique equilibrium. We apply entropy meth-
ods in two cases: u is a given constant and u(t) is a given function whose

limit is a constant ...

Consider a solution f(¢,v) of the drift diffusion equation (4.11). Define

o Y B(t,w)

- - [EuO-sle@ e,
0 €
K|(u(t

—v)’  Ku(t)®
3e 3e

and a local equilibrium

e—C(t,v)

g(t,v) =

with zero flux:

F,(t,v) =0 V (t,v) € R* x (0,1),

but which is not in general a stationary solution of (4.11) since g; = 0 is
not guaranteed. We may also replace C(t,v) by C(t,v) + Cy(t) for Cy(t)
an arbitrary function without changing the values of g(¢,v). In addition, we

have

B

I:_ CvI= sl
g g QDE
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We introduce a general logarithmic entropy functional of the solution

f— E[t f] = /0 f(log f + C(t,v))dv. (4.14)

Two properties of the entropy functional are essential in the application:

boundedness and monotonicity.

Proposition 4.3 g(t,v) given by (4.13) is a unique minimizer of the func-
tional (4.14) on L%(0,1) under the constraint fol fdv = p, where L% (0,1)

includes all the nonnegative functions in L'(0,1).

Proof.

t is just a parameter and can be omitted in the proof. Solving

min, (B[f]= [ f(ogf+C)av)

FELL(0,0), [y fdv=p

is equivalent to solving

min E[fl+Cop = min {E1 [f]= /01 f(log f+C+ C’o)dv}

FELL(0,1), [y fdv=p FELL(0,1), [y fdv=p

where Cy(t) is an arbitrary function.
Assume that a minimizer f* of E; exists. Compute the first variation of E;

and let it to be 0 as follows. For V ¢ € C;[0,1] and £ > 0,

d

Eg—lszo /0 (f +ep) [log(f +ep) + C + Col dv

d
d—5|e:oE1[f+590] =

1
- / @(ogf+C+Cy+1)dv=0.
0
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Therefore,

log f*+C+Co+1=0 (4.15)

and

. e—Cv)
)= e

Also we have fol f*(v)dv = p,

1 _—c
el+Co — Jo e dv
p
and
. e—C(v)
v)=p——"7—=9(
F*(v) P T eCods 9(v)
To verify that f*(v) is actually a minimizer given uniquely by pﬁ%,
0

notice that zlogz is a convex function. This implies the inequality
flog f — f*log f* 2 (log f* + 1)(f — f7).
Consequently, we have
E\[f]- Elf1] = /01 flogf — f*log f* + (C + Co)(f — f7)dv
> /Ol(logf* F14C+Co)(f — f*)dv =0

from (4.15).

This proves that f* is indeed a minimizer of E;[f] and hence of E[f]. ¢
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In addition, to obtain the monotonicity of the entropy in time, for the

sequel we compute the derivative of the entropy with respect to ¢

d
aE[ti f]

1
/ [f:(log f + C + 1) + C, f]dv
0

/1[(6f' — Bf)'(log f + C + 1) + C, f]dv
0

(ef' -

Bf)(log f + C +1)|; —/01 [(gf’_ Bf) (f_’

7 +c’) —cth dv

P oss +0+ 0= [ [er -89 (5 -Z) - cur] a

_/01

1
_/ -
D —

] f
[ B\
€f(7—? —th]d'l}

2
. —£(|u—v|(u—v)—u2) uéf—-Co;f] dv.

3

We define the entropy production as

4.2.1

It, f] == —%E[t, fl. (4.16)

u 1S a constant

Suppose that u is NOT coupled to f by (3.23), but given and constant. Then

we can choose Cy(t) to be a constant, so that

and

N "Klu—w|(u —w)
C'(v)——/0 E

¢—C)

V) =p—-—
9(v) [Tectdy
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are independent on ¢ and

Elt, f] = / (f(log f + C(v)) dv > Elg] = / 9(v)(log g(v) + C(v))dv

p
= —plog——— :=E,.
plog Tecods A

Therefore, we obtain a constant lower bound E, for the entropy functional
Elt,f] for Vt>0,f € LL(0,1). At the same time, the second term C;f in

the integral of the entropy production

Ift, f] :_/01 [6f (?—?)2—@]‘] dv

vanishes, so the entropy production is non positive. This implies the mono-
tonicity of the entropy as ¢ increases. Note that in this case g(v) is actually

a general equilibrium solution.

Theorem 4.4 Suppose v € (0,1) in (4.11) is a constant. Let f be any

solution of (4.11) in L'(0,1) such that

1
£t )l o) =/0 f(t,v)dv = pe (0,1).

Then the entropy functional E[t, f(t,v)] is bounded from below by E,, non-

increasing, and converges to Ey as t — +oo. Moreover,

lim f(t,v) = g(v)

t—+o00
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in L'[0,1].

To prove this theorem, we will use the following Csiszar-Kullback inequal-

ity and the Lebesgue’s Dominated Convergence Theorem.

Proposition 4.5 (Csiszar-Kullback inequality) Assume that Q is a do-
main in RN . Let v, and v, be two nontrivial nonnegative functions in L'(Q),

and consider a nonnegative strictly conver function ¢ € C%(0,+o0). If
P o
A= 11)r>1£ ve"(v) > 0,
then
i A : -1 2
(8(02) = B(z) = 6! (02) (01 — v2))diz > T 4 min [l b llor = w2l
0 1:1,2

[for a more general inequality and proof, see [23]]

Lemma 4.6 (Lebesgue’s Dominated Convergence Theorem) Suppose
that { fn}nen is a sequence of measurable functions, that f, — f pointwise al-
most everywhere as n — oo, and that | f,| < h for all n, where h is integrable.

Then f is integrable, and

[ tdu=tim [ fudn
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Proof of Theorem 4.4.
From Proposition 4.3, we know E[t, f] is bounded by E, from below. The

derivative of the entropy

d B 1|Ef'-Bf|2 - A 1
Et-E[t,f]_—/o —Ef d'l)—-—4c,/0'

It follows that the entropy E|[t, f] is non increasing in ¢ for f in L'(0,1).

2
(-2 aw <o

Integrating the entropy production I[t, f] = —%E[t, f] over t € (0, +00),
we find

B(v)

2
(fY?y — %— Y2 dvdt < .

/Ooof[t,f]dt:4e/0m/ol

This implies that there exist an increasing unbounded time sequence (t,),en

such that

B(v)

1
12y L 1/2

1 2
lim dv =0 (4.17)
n—oo 0

where (f,(v) := f(tn,v)),en for v € (0,1) is a bounded sequence in L' (0, 1; dv)
because || fn||z: = p for any n € N.

We develop the square in (4.17) and use Cauchy’s inequality, as follows.

/

' ! . 1B 2 1 B ;
) /o () 2‘“’*/0 2L fudo - / B9 ey

Iy g i

{2

2
dv

1 1 2 1 1/2 1 1/2
1/2\r2 lB(U) B < 2112 ) ( EB(U)Q )
> [ [ 37 v | e | 3oeifuio
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- '(/01 (f;/'z)""dv) o (/01 i@fndv)mr

As B(v) = K|u — v|(u — v) is continuous in v and fol fndv = p, the second

11B(w

. f,,dv is bounded uniformly in n. It follows that there is a

term

constant C such that V n

/1 (f/2)%dv < C. (4.18)
0

and as V n also

/l(f,iﬂ)?dv = p < oo, (4.19)

0

we have that the sequence ( 20 ®)nen is bounded in H'2(0,1). By the Sobolev-
Rellich-Kondrachov Imbedding Theorem (see [22]), H'?(0,1) is compactly
imbedded in the space L?(0,1). Up to the extraction of a subsequence,
we may assume that (f,i/z)neN strongly converges in L?(0,1), and a.e., to
foo(0)'/2.

Also (4.17) is satisfied by ( fé/ ®)nen. We pass to the limit as follows. For any

p(v) € C3°(0,1)

] (- 3200) - (s - 200
) n‘i’f‘w/ (R - f""’>’>wdv—§ [ B =12
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1
= lim ’/ (fal? = £21%) (—(,0’— %gcp) dv
0

n—-+00
1B
. 1/2 _ £1/2 '+ ——
= nll,rfw”fn foo ”LQ(OJ) P 2¢e” L2(0,1)
= 0

This implies

1
lim
n—-+oo 0

1B . 1B
1/2y _ 25 c1p2 - 12y _ 1D cipe .
Also from (4.17), we have
. 1B
1/2y _ 15 172

1 2
< lim [ [ (arey-3207) dv]

lim
n—-+0c

1/2 1/2

(['ee)"-n

“pey 1By _
[ (- 32108) ot =0

for any ¢ € C§°(0,1). Therefore, at least in the sense of distributions, we

SO

obtain

(ary - 22 e =

€
and

foo(v) = const - e €@ v e (0,1)
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By the normalization of the preserved density, the constant has to be f‘TgTMZ’
0

SO
pe—C(v)

foo(v) = W = g(v).

By the convergence of f,i/ ? to f;O/Q in L?(0,1), f, converges to fs in

L'(0,1) and point wise a.e. as t,, — +0co because

1/2

1 1/2 1
Vo= Foollon < [/0 (i/z—fééz)zdv] [/0 (2 + £2)° do

< = oy 205 (420

In addition, for any v,w € (0,1) and n € N, there exists a constant C' > p

such that

[ f,:(mdw‘

[ 2V (V)
[ 2V (V@)

< 2 ( / 1 fndw> " ( / 1 (fﬁ/z)’zdw)

2/p-VC < 2C

|fn(v) - fn(w)l =

IA

1/2

IN

where C' is in (4.18). It follows that

|fa(v)| < 4C
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for any n and v € (0,1) because the average of f, in [0,1] is fol fn(v)dv =

p < C. As a result, for all n,

fn(v)

e < |fa(v)log fa(v)] + | fa(v) log foo(v)]

fn(v) log
< 4Clog(4C) + 4C |log fx (V)]

< C+4C- |C(v)]
Klu—v*  Ku®
3e

= C'1+4C 35

:= h(v)

where C; = 4C [log(4é) - ’log m H and h(v) is an integrable function
0

in L'(0,1). Also,

< ol 1ogj}°_g; —0

fa(v)

) log 505

pointwise a.e.. Therefore, from Lebesgue’s Dominated Convergence Theorem

stated as Lemma 4.6, we have

fa(v) _
foo(v)dv =0,

lim /01 fa(v)log

n—o0

and the entropy E|t,, f,] converges to the constant E|[g] as

lim Bltn, f,] = lim 01 falo)log 2 du + Elg] = Elg|.

It is easy to see that the entropy function E[t, f(t,v)] converges to E[g]

as well as ¢ — oo since it is non increasing in t.
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Finally, we apply the Csiszar-Kullback inequality (Proposition 4.5) by

choosing ¢(z) = zlogz, v; = f and v, = f to obtain

156,00~y <4 [ 1t.0)10g (HED) o = a(ele 1) + 0

as t — oo . This implies the convergence of the solution f(t,v) of (3.21) to

the stationary solution g(v) = fo(v) in L' space for large time. o

4.2.2 Assume u = u(t) (given) and lim; o u(t) = ux

In this case, we assume the average speed is a given time-dependent function
u(t) which strongly converges to a constant u., as t — oo. We show that the
solution f(¢,v) of (4.11) still converges to the equilibrium as in the previous
case.

When u is dependent on ¢,

Klu(t) —v|? 3 Ku(t)?
3e 3e

C(t,v) =

and

e——C(t,v)

gitv) =p3———
(t,v) fOl e—C(t) dy

are both time-dependent functions. If we again consider the general loga-
rithmic entropy Elt, f] = fol f(log f+C(t,v))dv as in (4.14), we will lose

control of the sign of the entropy production I[t, f] because of the existence



72

of the term —&[|u(t) — v|(u(t) — v) — w(t)}u'(t)f — C§(t)f, so the previous
reasoning is not applicable here. We use instead a variation of the entropy
method.

First, we define a new entropy functional of the solution f(t,v) as

eft, f] .= /0 (flog f—glog g+C1(2, v)(f—g))dv—/ Ci(s,v)(f—g)(s,v)dvds.

(0,1)x(0,t)
(4.21)

With zero-flux (mass preserving) boundary condition: F(t,0) = Ff(¢,1) =0

fort >0,
d 1
%e[t,f(t,-)] = —/[fz(logf+C+l)dv—gt(IOgg+C+1)1dv
0
o 1 f_’_g_'2 B 1
= /Oef i dv /Ogt(logg+C+1)]dv
_ _['4lf el
= /Oef F g dv
since

/(; g(logg+C +1)dv = [(/gtdv)(logg+C+1)]|5—/0 (/gzdv)(logg+C+1)'dv

= (/0 gdv)t[(logg+0+1)lél—/0

= 0.

1

(/ gtdv)(%, +C"dv

A non positive derivative is obtained so that e[t, f] is non increasing with

respect to t. Similarly to the logarithmic entropy method, we need a lower
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bound. As mentioned before, the function g is a unique minimizer of the en-
tropy functional E[t, f] and then the first term of et, f], fol(f log f—glogg+
C(f — g))dv, is nonnegative. The other term, ff01 (0,5 Ct(8, V) (f —

9)(s,v)dvds, is bounded below for u(t) € (0,1) as well. In fact, using

[ 1) = vltute) = o) = u(s)7 — g)do < 2 [ 1f gl < 4p
0 0

for u(t) € (0,1), we have

//ol)xon (5,0)(f — ) (s, v)dvds

- /f ) = vl(u(s) = v) — u(s)?] w/(s)(f — g)dvds
Ol)x(Ot)
- ——/u<s>/ [lu(s) = vl(u(s) = v) — u(s)?] (f — g)dvds
> —— 4p 2;
€

Hence, the entropy elt, f] is bounded from below.

Consider any increasing unbounded subsequence of times (¢,)ncn. For
(t,v) € (0,1)% denote
fa(t,v) = f(ta +¢,0),
gn(t,v) = g(tn +t,v)

and

Co(t, v) = Clta +t,v).
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The entropy sequence

1
e[tnafmgn] :Z/O(fnlogfn - gn]oggn+cn(tav)(fn_gn))dv

//0 (0,1)x(0 v)(fn — gn)(s,v)dvds,

is bounded from below and non increasing in n. We obtain

1img I[tn,fn t)dt = ( )f1/2 dvdt =

n—oo £

(4.22)

Developing the square,

( v)

f1/2 f1/2 dudt

[(/0 /0 (f;/z)ﬂdvdt) ( / / fnd dt)l/zl |

Similar to the case where u(t) is a constant, { fo i 1 B“(t )i S fadudt} e is

bounded uniformly in n for u(¢) € [0,1], and therefore,

1 1 9
/ / (fY%) dvdt < C
0 0
1 1
/ / (fa/?)?dvdt < C
0 0

are satisfied for some positive constant C. We can rewrite this as

1
[ 13,01 e < 2
0
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for any n. || - |12 is the norm of the Sobolev space H?(0,1;dv). This

inequality implies that for each t,, there exists a 7, € [0, 1] such that
122 (7, 0)ll.2 = 12 (tn + 7, 0) 12 < V2C.

For this new time sequence {t, := t, + 7.}, the sequence {f'/%(t,,v)} is
bounded in H'?(0, 1; dv), which is compactly imbedded in L?(0,1;dv). Then
we have a subsequence of { f/2(#,v)} converging in L?(0, 1; dv), still denoted
as {f1/2(t",v)}, to fal’(v). This also implies that the subsequence {f(t.,v)}
converges to foo(v) in L'(0, 1; dv) space by the same argument as (4.20). As
for an arbitrary sequence {¢,} we can always find a new unbounded sequence
{t!,} satisfying the above conditions, we simply denote, without loss of gen-

erality, fn(t,v) = f(¢, +t,v) for (¢,v) € [0,1]2

For each n, consider now the two equations:
Oufn+ (Bufo—€fg) =0 (4.23)

atfn + (Boofn = Ef;z)l =0 (424)

for (t,v) € [0,1]> where f,(t,v) = f(t, + t,v) and fu(t,v) = f(t, + t,v).
Boo(v) = K|t — v|(Uoo — v) is the limit of B, (t,v) = K|u,(t) — v|(un(t) —v)

as n — oQ.
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We consider both equations with the same initial values for each n,

fn(O:v) = fn(oav) = f(t;u'u)'

Basically, equation (4.24) for each n has a solution fn(t, v) defined on [0, 1]°.
As the subsequence of the initial value f(t/,v) = fw(v) in L'(0,1;dv) as
n — oo, the corresponding subsequence of the solutions, still denoted as

fn(t,v), converges to the solution f (¢, v) of the IVP (Initial Value Problem):

Oitfoo + (Boofoo —€f%)' =0 for(t,v) € [0,1]%

Foo(0,0) = foo(v) E limpyeof(t.,v) for v € [0,1]

(4.25)

in L'[0, 1]* because of the continuous dependence of the solution on the initial
value.
This also implies the sequence { fa’*(t, v)} converges to ol ?(t,v) in space

L?[0,1]? as n — oo because

1 1
lim (1732~ £ = Jim [ [ = g
n—00

n—oo
|f1/2 1/2
= lim / = W' = oo By — v
n

1/2 l/zl
- rzlglc;lo/ / 1/2 1/2 Ifn fooldvdt

< lim / / \fa = fooldvdt

= 1im [|fu — foll =0
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when both f,(t,v) and f(t,v) are positive.

Setting the difference sequence between the solutions of (4.23) and (4.24)

dn(t7 'U) = fn(tv U) - fn(ta v)s
we have d,(0,v) = 0 and d,(t,v) satisfies
0ydy + (Boodp — €d)) = —[(Bn(t) — Boo) fu]'- (4.26)

The right-hand side of the equation (4.26) is a small quantity for large n
since B, strongly converges to B,,. With zero initial condition, (4.26) give
a sequence of solutions d,(t,v) convergent to 0 as n — oo. This shows that
as n grows, the sequences of solutions of equations (4.23) and (4.24) share
the same convergence: f,(t,v) converge to fu(t,v) in L'[0,1]* space (and

a2 (t,v) converge to fal*(t,v) in L2[0,1]?).

With the convergence of the sequence (f,i/z)nev to folc(z(t, v) in L%(0,1)?

and uy,(t) to us strongly as n — 400, we pass to the limit. For any ¢(¢,v) €

G (0,11
1 1 B
Jim | [ [ (e - g2am) - (0 - 520) | oavar
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= lim / / (G2 = () @ — o (Bafal? — Boofil? + Boofil? — BoofA) v
n—-+oo
1/2
_ : 1/2 1/2 _ Zx n _
- lim / / (72 = (1)) (¢ - 22¢) = (B, - Bu)oauat
. B
< lim (Ilf,iﬂ—féfllm(o,nz ¢+ L2(01)2+— /f”QB -B )sodvdt>
= 0.
Also since (4.22),
B
lim 1/2y _ Pn 172 — 0,
Jim oy -g2an
we have
(fl/?) 1/2 = hm (fl/?)l_ &fl/? )
¢a n—+oo n 92 ‘™ 2
< tim |l =222 gl =O.
- n—+oo L o L2(0,1)2 '

In the sense of distribution, we obtain again that f.(¢,v) satisfies

iy - 2= e =
and
foo(t,v) = foo(v) = const - €= for v e (0,1)
where

C(v) =— /ov Bm(w)dw

€
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is the limit of Cy(t,v) as n — +oo and the const = fol—rcm'

From the proof above, we notice that the subsequence of ( f, (¢, v))nen for
any unbounded increasing sequence (t,),en actually converges to a global
time independent equilibrium f.(v). From Proposition 3.2 we know that
the equilibrium is unique, therefore, we state that all these sequences will
converge to this unique equilibrium TJ% as time grows. We state this

as a theorem.

Theorem 4.7 Given that u(t) € (0,1) converges to us as t — oo, the so-
lution f(t,v) of (4.11) is assumed as in Theorem 4.4. Then the entropy
functional e[t, f] defined by (4.21) is bounded from below by —%3 and non-
increasing. Moreover, for any unbounded time sequence {t,},

pe—Coo(v)

lim f(tn+t,v) = [T eC=tdy

in L'0,1]2.



4.2.3 The real case

In the real model we introduced, u(t) is actually coupled with the solution

f(t,v) by

g(t) = —/01 vf(t,v)dv. (4.27)

From the points of view showed in the above simpler cases, we know that
if we can prove the convergence of u(t) to a constant or that of u(t, + t)
t0 ux(t) for ¢ € [0, 1] loosely enough, the solution f(¢, + ¢,v) will converge
to the equilibrium after a long period of time. In [3], it is shown that the
sequence {u,(t) = u(t, + t)} with increasing unbounded time sequence t,
would converge uniformly to a function uy(¢) on [0, 1]. This kind of argument
will apply to our simpler case and with this uniform convergence, we could

obtain by the method in Section 4.2.2 the convergence of f(¢,v).



Chapter 5

Conclusions and future work

5.1 Conclusions

In this thesis, we introduced the Vlasov-Fokker-Planck type kinetic models
for multi-lane traffic low. We paid special attention to the spatially ho-
mogeneous case of the model and convergence to equilibria. We discussed
fundamental diagrams and conditions for which they are multi-valued and
we discovered that the monotonicity of the % term leads to a single-valued
fundamental diagrams. We also examined the large time behavior of the ki-
netic density of our spatially homogeneous VFP type model with "residual”

diffusion by the entropy methods based on the results from [3] and by the
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application of this model on two examples.

Kinetic models seek to describe the traffic flow in a statistical way by set-
ting kinetic density as a distribution of the speed, hence they provide more
advantages in describing multi-lane traffic situations. Our Vlasov-Fokker-
Planck type kinetic models include drivers’ behavior like braking/acceleration,
diffusion and lane-changing with non locality and time delay. This type of
model allows the four properties that a multi-lane traffic model should pos-
sess as listed in the introduction.

In the spatially homogeneous case in which the traffic patterns are iden-
tical for both lanes and independent of the position, an enforced continuous
and differentiable steady solution and a trivial equilibrium, which should be
allowed in proper kinetic models, are obtained, provided that the equilibrated
macroscopic density and the average speed are related by the fundamental
diagram u[p]. An interesting property of this fundamental diagram is that in
a reasonable density region, it allows multi-valued average speed. The reason
for this behavior is the non-zero passing probability in the braking scenarios.
Furthermore, we explored this result by finding out that the monotonicity of
a % term guaranteed the unique equilibrium, stated as Theorem 3.2.

Considering drivers’ inaccurate estimation of the leading traffic condi-
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tions, an "overshoot” occurs in braking or accelerating. Thus, it is reasonable
to introduce a small positive value £ added to the diffusion term. With this
“residual” diffusion, the original degenerate drift diffusion equation becomes
nondegenerate at v = u, which means we obtain naturally the continuity of
the steady solutions. Furthermore, the trivial equilibrium is removed.

After trying and realizing the invalidity of the commonly used Maximum
Principle to show the long-time behavior of the time-dependent solution of
our drift diffusion equation, we shifted our attention to the entropy meth-
ods. Compared with the results from an existing paper [3] for the VFP model
without "residual” diffusion, we expect the same results based on simpler as-
sumptions on the model with "residual” diffusion. To reveal how the entropy
methods are applied in the proof of asymptotic behavior of the solutions, we
examined special examples with unrealistic assumptions on average speed:
u is a constant and u is a convergent function. It is believed that for the
real case of our model with "residual diffusion”, the convergence of the so-
lution could be obtained once the average speed function coupled with f is

uniformly convergent in some sense, and this is verified in [3].
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5.2 Future work

Although we introduced the general Vlasov-Fokker-Planck type kinetic model
with dependencies of the braking/acceleration force, diffusion and passing
probability, incorporating non locality and time delay based on realistic
guidelines, we focused on the spatially homogeneous case without time delay.
Therefore, the case with time-delay is worth investigation.

Another aspect of our model worth studying is stability of the equilibria
in the multi-valued fundamental diagram. In this thesis, we examined the
large-time behavior of the kinetic density and showed its convergence to

an equilibrium. The equilibrium will be uniquely given by the macroscopic

B

5~ is monotone in u. However, in the case where the
&

density if the term
fundamental diagram is three-valued, to which one of the three equilibrated
states will the kinetic density converge? To answer this question, we have to
study their stability. Combined with the analysis of the stabilities, we could

also investigate the bifurcations of the fundamental diagram to see how the

three-valued density interval changes according to changes of the parameters.
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