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Abstract: By making use of some families of integral and derivative operators, many distinct sub-
classes of analytic, starlike functions, and symmetric starlike functions have already been defined and
investigated from numerous perspectives. In this article, with the help of the one-parameter Bernardi
integral operator, we investigate several majorization results for the class of normalized starlike
functions, which are associated with the Janowski functions. We also give some particular cases of our
main results. Finally, we direct the interested readers to the possibility of examining the fundamental
or quantum (or g-) extensions of the findings provided in this work in the concluding section. How-
ever, the (p, q)-variations of the suggested g-results will provide relatively minor and inconsequential
developments because the additional (rather forced-in) parameter p is obviously redundant.

Keywords: analytic (holomorphic or regular) functions; univalent functions; starlike functions;
majorization problems; Bernardi integral operator; carathéodory class of functions

MSC: 30C45; 30C50

1. Introduction and Motivations

We denote by 7 (U) the class of analytic (holomorphic or regular) functions (symmetric
under rotation) in the open unit disk

U={z:z€C and |z| <1}.

Suppose that A is the subclass of #(U) defined by

A=<f:feHHU) and f(z)= iakzk (a1:=1) ;. 1)
k=1

The family S C A contains all functions, which are also univalent in U. We denote by
S* and K the subclasses of S consisting of functions f, such that the range f(U) is, respec-
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tively, starlike with respect to the origin and convex. We also let P be the Carathéodory
class of functions p, which are holomorphic in U and satisfy the following conditions:

p(0)=1 and R(p(z)) >0 (zeT).

To better explain our main results in this paper, we first need to clarify some rele-
vant ideas, so we start with the idea of quasi-subordination, which was introduced by
Roberston [1] in 1970. Two analytic functions A; and A; are said to satisfy the relationship
of quasi-subordination, denoted by

A <5 Do, ()
if there exist functions ¢, ® € A, such that the function

2% (z)

is holomorphic in U with
©(z)|£1, ©(0)=0 and |0(z)] < |z].
Completing the relationship of quasi-subordination, we have
M(z) = O(z)M(8(z))  (z€ D). ®)

By choosing
O(z) =1 and  9(z) =z

we obtain the relatively more familiar concept of subordination in the geometric function
theory between the functions A;(z) and A;(z), each of which is analytic in U. In fact, if
Ay (z) € S, then the subordination relationship for A (z), Ax(z) € A implies that

M (Z) < A2(Z) = M (U) - AQ(U) and A4 (0) = Az(O).

By taking 9(z) = z, the above definition of quasi-subordination becomes a majoriza-
tion between the analytic functions A1 (z) and A;(z), which is written as follows:

A1(z) € Ay(z) (z e,
if the function © € A exists, with |®(z)| < 1, in such a way that
A (z) = O(z)Ds(z) (z € ). 4)
This idea was presented by MacGregor [2].
Definition 1. Let the function p given by
p(z) =1+ciz+cz? 4

be analytic and reqular in U and satisfy the following subordination condition:

14+ Az
—-1<B<AZ1).
1+ Bz ( =B<Az1)

p(z) <

The function 111"1;‘; is referred to as the Janowski function and the above class of functions p is
represented by P (A, B).

Geometrically, p(z) € P(A, B) if and only if p(0) = 1 and p(U) lies inside the domain
Q(A, B) specified by
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_1-AB
1— B2

O(A,B) = {a): ‘a)

< A—-B
1-— B2

1-A 1+ A
p(-1) = 1-B and p(1) = 1+B8°

with its diameter end points at

Definition 2 ([3]). Let S*(A, B) be the class of functions f(z) € A, with

f(0)=0=f(0)-1,

which satisfies the following equivalence relation:

f(z) € S*(A,B) — Zﬁg) < P(AB),

in which the class P (A, B) is given by Definition 1.

Under the conditions M > % and 0 < a < 1, some special selections of the parameters
A and B provide the following known function classes.

1. 5*(—1,1) = §*, which is the class of starlike functions with respect to the origin.

2. S*(1—-2a,—-1) = S*(a) (0 £ & < 1), which is the class of starlike functions of
order a.

3. §*(1,0) = S*(1), which is the function class defined by

2f'(z) _ .
15 1'<1 (z € U).

4. S*(w,0) = Si(«), which is the function class defined by

Z}(;S)—ll<a (zeU; 0=2a<1).

5 &% (1, o= 1) = S(M), which is the function class defined by

er/(Z)—M‘<M (zeU;M>;)-

f(z)

6. S*(a,—a) = S, («), which is the function class defined by
zf'(z) _q
)CSL<0¢ (zeU, 02a<).
zf'(z) +1
f@@)

In the year 1969, Bernardi [4] defined a one-parameter integral operator J, for func-
tions f € Aby
~ +1 = .
W@y == [0 ar (> 1 fe . ©)

Bernardi proved that, if f € S*, then J, f defined by Equation (5) is univalent and
starlike in the unit disk U. Differentiating both sides of Equation (5), we have

(v +1)f(2) = 23, (2) + 73 (2). (6)
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Motivated by the special case of the Bernardi operator J, when v = 1, Calys [5]
determined the radius of univalence and the radius of the starlikeness of functions f € A,
which satisfy the following condition:

_ ;/OZ f(t)f(f) at, @)

where §(z) € S* and (i) g(z) € K, (ii) g(z) € S and (iii) @ €P.

In many recent articles, the majorization problems were discussed for different classes
of analytic and univalent functions, which are subordinate to the Janowski function ﬁ‘gi
(see, for example, [6—12]). In this paper, we study the problem of majorization by using the

Bernardi integral operator Equation (5) in the following form:

W@ =100 [ fgar (> -1 fged) @

and its special case (7y = 1) given by
st =2 [T a (rgen, ©)

in which the function f(z) € A and (i) g(z) € K, (ii) g(z) € S* and (iii) @ cP.

Our investigation is organized as, in Section 1, we have given some known conse-
quences and definitions. In Section 2, some new and known Lemmas are given, which
help to prove our main results. In Section 3, with the help of the one-parameter Bernardi
integral operator, we investigate several majorization results for the class of normalized
starlike functions, which are associated with the Janowski functions. There, we also give
some particular cases of our main results.

2. A Set of Lemmas

To prove our main results, we need the following Lemmas.

Lemma 1. Let 90T and N be regular in L0y, N map Y onto a many-sheeted starlike region,

M(0) = N(0) =0, 0] 1, (2 © S*(A,B).
EDY( *
N € S*(A,B).
Proof. let o (2)
Z *
W (2) € S*(A,B),
if and only if

M (z) 1+ Aw(z) B 1+ Az
W(z) 1+Bw(z) 1+Bz’

where w(z) is regular in {{; and meets the following requirements

w(0) =0, lw(z)| <1, z € Yy.

Moreover, the function E(z) = 1+‘§Z maps |z| < r onto the following disk
2(z) —o(r)] <p(r), (10)
where
1—Ar (B—A)
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We can write 9)?’( )
Z
() ")

<p(r), |zl <r, 0<r<1,

because 9;{,/((22)) takes value in the disk Equation (10) . Select ¢,(z), so that

W (2)a(z) = M'(2) — o (1) (2).

Then |M(z)| < p(r). Fix zg in 4. Let the joining segment of 0 and 9’ (z) be represented
by L, which lies in one sheet of the starlike image of $(; by 9. Let L~! be the inverse of L
under 91. So

) — o)) = | [ () = o9 (o)
= | [ @] <o)

that is
R o

n(2) <p(r),

that is ?Jj;((;)) ~ 142, or equivalently ?Jj;((;)) € S*(A,B).

We obtain the following Lemma by substituting A = —1 and B = 1 in the Lemma 1.

Lemma 2 ([4]). Let M(z) and N(z) be reqular in the 8y, N(z) map Uy onto a many-sheeted
starlike region,

Lemma 3. Let g € S*(A, B)
J(z):/o 7 Lo(t)dt. (11)

Then J is (1 + «)—valent starlike for v =1,2,3, - - - , in 8y, and the proof is analogous to
the one given in [4].

Lemma 4. let g € S*(A,B), and J(z) = 1;—77‘7(2), vy =123,---, where J (z) is given by
Equation (11). Then J(z) € S*(A, B).

Proof. Let 1
¥(2) = —Tg(z) - Lacz)
Then
23'(z) _ z3'(z) 27 _ 27g(z) =T (z) _ M(z)
3(z) J(z) =27 J(z) N(z)’
where

M(z) =27¢(z) — vT (z) and N(z) = T (z).
By Lemma 3, 91 = J is (1 + 7)-valent starlike for y =1,2,3, -- -, in iy,
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and since ¢ € S*(A, B), we have

M'(z) _ 28 (2)

= € P(A,B).
W) gl < AP
From Lemma 1 we come to a conclusion
!
m(Z) — Zg (Z) E P(A,B),

N(z)  g(2)
thatis j(z) € S*(A,B). O

3. Main Results

This section starts with the following statement of our first key finding.
Theorem 1. Let f € Aand g € S*(A, B). Suppose also that f(z) < g(z) in U. Then
@[ =[8@]  (zd=n),
where 11 is the smallest positive root of the following equation:
(1= 4r) (1= ) [(y+1) + (A+ By)r] - (A~ B)
—2r(1+ Br)[(y +1) + (A + By)r] = 0. (12)
Proof. Since g € S*(A, B), by applying Lemma 4, we have J(z) € S*(A, B). Let

z3'(z) 1+ Az
J(2) 1+ Bz

(z € U).

Suppose also that there exists a function 9(z), analytic in U with
%(0)=0 and |9(2)| < |z|

in such a way that
2y (z) 14 Ad(z)
J(z)  1+Bd(z)"

Differentiating both sides of Equation (13) logarithmically, we have

(13)

14 z3"(z)  z3'(2) _ z%(z)(A — B)
J'(2) J(z [1+ Bo(z2)][1+ Ad(z)]

On the other hand, if we differentiate both sides of Equation (6) logarithmically,
we have

B z%'(z)(A — B) n 1+ Ad(z) (14)
[T+ BY(2)]](1+ B8(2))y + 1+ A8(z)] ~ 1+ Bd(z)’

Now, using Equation (14) and a known inequality for the Schwarz function #(z), we

find that

1—[8(z)> 1-R2 1
< ! < = < 1
|8(z)] < |z] and |#'(2)| < s P 1on (15)

(R:=1[8(z)|; r:= |z]).
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It follows that

zg'(z)| o 1-Ar (A—B)r (16)
g(z) | = 14+Br (1—=r2)(1+Bn)[(y+1)+ (A+By)r]’
which, after some simple calculations, yields
28'(z)| < A= AN(1—r)[(y+1)+ (A+By)r] - (A+B)r
8(z) | = (1+Br)(1—r?)[(A+By)r+ (v +1)]
o 8(2) | < r(1—7*)(1+ Br)[(y+1) + (A+ By)r] a7)
gz~ A=A -r)[(y+1)+ (A+By)r] —r(A-B)

We now write Equation (4) as follows:

f(z) = ©(2)8(2) (18)

Differentiating both sides of Equation (18), we obtain

£ = @'(2(2) + 0E) () = g2 (@) S ) ). 19

Moreover, the Schwarz function © satisfies the inequality Equation (15). Therefore, by
applying Equations (15) and (17) in Equation (19), we have

, r(1-10()[) (1+ Br)[(1+ Br)y + 1+ Ar] /
@l = ('6(2)” (1Ar)(1r2)[(1+Br)’y+1+Ar]r(AB))’g @] @)

If we now use
@'(z)| =p (001 1)

in Equation (20), we have

[f' ()] £ @1(r,0)8'(2)

7

where

r(1-10G)1) (14 Br)[(7+1) + (A + By)r]

®1(rp) = 1OG) I+ T A A A T D+ (A B — (A B)"

To determine r1, it is sufficient to show that
r1 =max{r € [0,1) : P1(r,p) =1 (Vpelo1])
or, equivalently,
r1 =max{r €[0,1): ¥1(r,p) 20  (Vp€]0,1]),
where
¥q(r,p) = [1 —r? 4 Ar(r2 - 1)} [(y+1)+ (A+By)r] —r(A—B)
—r(1+p)(1+Br)[(y+1)+ (A+ By)r].

By putting p = 1, the function ¥ (r, p) takes on its smallest value given by
A(r) :== min{¥,(r,1)}
= (1= 4n)(1=7)[(y+1) + (A+ By)r] - r(A— B)
—2r(1+Br)[(y+1) + (A + By)r].
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Next, we have the following inequalities:
A0)=9+1>0

nd AQ) = —(A—B)+2(1+ B)[(y+1) + (A+ By)]) <.

Hence, for all r € [0, r1], there exits 71, such that
A(r) 20,

where r; is the smallest positive root of the cubic equation Equation (12). The proof of
Theorem 1 is complete. [

Each of the following corollaries and consequences of Theorem 1 is worthy of note.

I.  For A=—B =1, Theorem 1 yields the following result.
Corollary 1. Let f € Aand g € S*. Suppose also that f(z) < g(z) in U. Then

f@=]8@] (2 =),

where ry is the smallest positive root of the following cubic equation:

W+ (1=r)[(r+ 1)+ (v = 1)r] = 2r
—2r(l—=n)[(y+ 1)+ (-1+y)r] =0. (22)

II. If, in Theorem 1, we take
A=1-2« and B=-1,

we have the following result.
Corollary 2. Let f € Aand g € S* (). Suppose also that f(z) < g(z) in U. Then
@218 (2l =),

where r3 is the smallest positive root of the following cubic equation:

1= (1= 20)r] (1= ) [(r + 1) + (1 = 20) = 7)r] = (2= 2)r
—2r(1=r)[(vy+1)+ ((1 —2a) —9)r] = 0. (23)

II. For A—1= B =0, Theorem 1 yields the following result.
Corollary 3. Let tf € Aand g € S*(1). Suppose also that f(z) < g(z) in U. Then,
F@I=lg@] (zl=r)
where r4 is the smallest positive root of the following cubic equation:
(1—r2)(1—7’)[(7+1)+r]—r—21’(r+’y+l):0. (24)
IV. Putting A = « and B = 0 in Theorem 1, we have the following Corollary.
Corollary 4. Let f € Aand g € S* (). Suppose also that f(z) < g(z) in U. Then

f@[=[8@] (2l =7s),
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where 15 is the smallest positive root of the following cubic equation:
(1—ar) (1 - 1,2) [(v+1)+ar] —ar—2r(y+1+ar) =0. (25)
V. If weput A = —B = a, then Theorem 1 leads us to the following result.

Corollary 5. Let f € Aand g € S** (). Suppose also that f(z) < g(z) in U. Then

F@AI=lg@] (2 =7,
where 1 is the smallest positive root of the following cubic equation:
(1—ar)? (1 - rz) [(v+1)+ (&« —ay)r] —2ar
—2r(1—ar)[(y+1)+ (« —ay)r] = 0. (26)

Our second set of main results is now presented as Theorem 2 below.

Theorem 2. Let the functions f(z) € A and g(z) be regular in U and satisfy Equation (9).
Suppose also that f(z) < g(z) in U. Then, each of the following assertions holds true:

1. Ifg(z) € Kfor |z| < ry, then
f'@)] =18 (2)

where ry is the smallest positive root of the following quartic equation:

7

= =5 —r+1=0. (27)

2. Ifg(z) € 8* for |z| = rg, then

7

f'(2)] = 8'(2)

where rg is the smallest positive root of the following cubic equation:

3—2r3—6r2—2r—2r(1+r2) — 0. (28)

3. If@ € P for |z| = rg, then
f' @) = |g'(2)],

where rg is the smallest positive root of the following quartic equation:
r4—2r3—4r2—2r+2—2r(1+r2) — 0. (29)
Proof. We give an item-wise demonstration of Theorem 2.

1. Letg(z) € K. Then, since J(z) € S*, there exists a function ¢, which is regular in U,

such that
#(z)|<r  (zeU)
and ,
23/(z) _ 1-z8(z) _ &(z) — [y &2
J(z 14 z8(z) IS @ ar
where
¢(z) = f(2)8(2)
We thus find that
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and
z¢'(z)  2—2z8(z) — 20 (2) B z9'(z)

- . 30
g(2) 1+ 29(z) Q(z (30)
Since g(z) € K, we have
zg'(z)| . 1
< . (31)
8(z) | = 1-1z|
Now, by using Equation (15) and Equation (31) in Equation (30), we have
zg'(z) >r4—r3—5r2—r+1
g(z) | = (A-=r2)(1+r2)
or ) )
8(2) | < r(1—r%)(1+7r%) 32)
)| T rr—-r—-52—r+1

Moreover, by using u Equations (15) and (32) in Equation (19), we easily obtain

r(1-10(2)*) (P +1
f'(2)] = (|®(Z)I+ ( >( ))Ig’(Z)}-

(r* =13 —5r2—r+1)

Finally, if we make use of Theorem 1 in conjunction with Equation (21), we obtain the
assertion 1 of Theorem 2.

2. Letg(z) € §*. Then

2¢'(2) | ~ 1+12]
= . (33)
8(z) |~ 1—
By using Equations (15) and (33) in Equation (30), we have
zg'(2)| < 3—2r° —6r* —2r
g(z) | = (1+r2)(1-7r2)
or 5 )
g/(z) < r(l—l—r)(l—r)‘ (34)
g(z)| T 3=2r3—6r2—2r

Moreover, by using Equations (15) and (34) in Equation (19), we easily have

r(1+72)(1-|e(z))?
!f’(Z)\S(I®(Z)I+( )(1-106 >)1g’<z>\.

3—2r3—6r2—2r

Finally, if we apply Theorem 1 in conjunction with Equation (21), we obtain the asser-
tion 2 of Theorem 2.

3. Let @ € P. Then

z8'(z) | « _2l2|
S - (35)
8(z) | T 1—z?
Now, by using Equations (15) and (35) in Equation (30), we have
z8'(z) | < 1t —2r3 — 42 —2r 42
g(z) | = (1—72)(1+72)
or 5 5
g(Z) < 7’(1—1’ )(1+V ) (36)
)| T rt =28 —4r2 —2r4+2
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Moreover, if we make use of Equations (15) and (36) in Equation (19), we easily have

r(l - \@(z)|2> (1+12)

! < !
|f(z)|: |®(Z)|+r4—273—41’2—27+2 |g Z)‘

Finally, by applying Theorem 1 in conjunction with Equation (21), we obtain the
assertion 3 of Theorem 2. [

4. Conclusions

In this article, with the help of the familiar Bernardi integral operator J, (y > —1)
and its special case when ¢y = 1, we investigated majorization and other results for such
subclasses of normalized analytic (or holomorphic or regular) functions, such as, for
example, starlike and convex functions associated with the Janowski functions. We also
highlighted some special cases and new consequences of our main results.

In order to conclude our current study, we attract the attention of interested readers to
the potential of examining the fundamental or quantum (or g-) extensions of the results
obtained in this work. Srivastava’s newest survey-cum-expository review study [13] (see
also [14,15] has impacted and driven this research area. However, it has already been
highlighted by Srivastava (see [13] (p. 340) and [16] (Section 5, pp. 1511-1512)), that the
(p, q) variations of the proposed g-results will lead to insignificant research because the
forced-in parameter p is obviously redundant. In addition, in light of Srivastava’s more
recent explanatory article [16], interested readers should not be misled into believing that
the so-called k-Gamma function gives a “generalization” of the classical (Euler’s) Gamma
function. Similar observations will be made for all applications of the so-called k-Gamma
function, such as the so-called (k,s) extensions of Riemann-Liouville, as well as other
fractional integrals and fractional derivative operators.
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