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ABSTRACT

Quantum information processing is of interest as it offers the potential for a new

generation of very powerful computers supporting novel computational paradigms.

Over the last couple of decades, different aspects of quantum computers ranging from

quantum algorithms to quantum physical design have received growing attention. One

of the most important research areas is the synthesis and post-synthesis optimization

of reversible and quantum circuits. Many synthesis and optimization approaches

can be found in the literature, yet, due to the complexity of the problem, finding

approaches leading to optimal, or near optimal, results is still an open problem. The

synthesized circuits are usually evaluated based on quantum cost models. Therefore,

they are often technology mapped to circuits of more primitive gates. To this end,

various technology mapping approaches have also been proposed in the past few years.

Related work shows an existing gap in optimized technology mapping for reversible

and quantum circuits. In this dissertation, an optimized technology mapping design

flow is introduced for mapping reversible circuits to quantum circuits. The contribu-

tions of this dissertation are classified as follows:

• New reversible circuit optimization methods.

• Optimized reversible to quantum mapping approaches.
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• New quantum gate libraries and new cost models for reversible gates based on

the new libraries.

• Quantum circuit optimization approaches.

The steps above, form an optimized flow for mapping reversible circuits to quan-

tum circuits. At each step of the design flow optimized and consistent approaches are

suggested with the goal of reducing the quantum cost of the synthesized reversible

circuits. The evaluations show that the proposed mapping methodology leads to

significant improvement in the quantum cost of the existing benchmark circuits.
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Chapter 1

Introduction

Over the last few decades, the processing power of computers has steadily increased

due to the increasing density of transistors on chips, which has been following Moore’s

law [10] for about half a century. However, this trend cannot continue forever because

downsizing the current CMOS process technology will eventually face the fundamen-

tal physical limits of atomic structures. As of 2012, leading companies are building

devices based on 20nm technology. The 14nm technology is estimated to be reached

by semiconductor companies by 2014. However, downsizing transistors will hit the

fundamental barriers (such as quantum tunneling) eventually regardless of the materi-

als used. Consequently, the increasing demand for higher processing power and lower

power consumption has led researchers to seek alternatives to classical computing.

One of the more promising alternatives appears to be quantum computing which

is believed to have a great ability to parallelize information processing. Quantum

computing is concerned with processing information using quantum mechanical sys-

tems. Quantum mechanics is a mathematical framework for the construction of new

physical theories describing the dual particle-like and wave-like behavior and interac-

tions of energy and matter. Various quantum technologies have been introduced so

far e.g. solution and silicon NMR systems in which information is kept in the spin of

the nucleus of an atom, ion trap systems where the information is usually stored in

the energy levels of individual ions, and optical quantum systems that use different

polarizations of photons to represent information.

In 1961, Rolf Landauer [11] showed that erasing a bit of information leads to

a power dissipation of at least kT ln2 where k is the Boltzmann constant and T is

the absolute temperature of the environment. However, the actual amount of heat

generated in real systems is far beyond this ideal limit. In irreversible computation,
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information is lost because it is not always possible to identify a unique input pattern

by knowing the output pattern. Most of the computations in current circuits are

irreversible and thus traditional chips suffer from the power dissipation caused by

loosing information. In 1973, Charles H. Bennett [12] showed that energy dissipation

is reduced or even eliminated if computation is information-lossless.

Since information is not lost during a reversible operation, reversible circuits of-

fer the potential to significantly reduce the power consumption [13–15]. Reversible

circuits are composed of reversible gates that are applied to a set of inputs consecu-

tively. Reversible gates have the same number of inputs and outputs and implement

permutation functions. In 2002, CMOS reversible circuits were built to exploit this

observation [16]. The only source of power in the examined circuits was their input

signals.

Reversible computing has application in various domains such as Optical Comput-

ing [17,18], DNA Computing [19,20], Nanotechnologies [21], and Cryptography [22].

One of the most important applications of reversible logic is in quantum comput-

ing [23]. Quantum circuits are inherently reversible. The physical structure of quan-

tum circuits is completely different from that of a classical circuit in that a set of

reversible operations are applied to a set of quantum particles holding quantum states

rather than the transistors and wires that are used in classical circuits.

Quantum computers are good candidates to be the next generation of computers.

They will be more powerful than classical computers and are believed to have the

ability to solve intractable problems that cannot be solved by the current classical

computers due to the speed-up provided by quantum algorithms. For example Shor’s

factorization algorithm [24] has polynomial time complexity while classical factoriza-

tion algorithms require exponential time. Quantum computers provide the required

physical infrastructure to implement quantum algorithms.

The reversible and quantum design flow is quite similar to classical design automa-

tion flows and consists of different levels of abstraction from high level descriptions

of algorithms at the highest level to the technology dependant description of circuits

which describes physical operations at the lowest level. Synthesis of reversible and

quantum circuits is one of the most important steps in the quantum design automa-

tion flow and has been extensively studied in the past few years [25–34]. A reversible

or quantum synthesizer maps an input specification to its corresponding gate level

description that is usually technology independent. Synthesis approaches use dif-

ferent representations of the input function as their intermediate format e.g. truth
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tables, matrices, decision diagrams, Positive Polarity Reed Muller (PPRM) forms [4],

cycle-based representations [5], etc. The target gate level description contains gates

that belong to a reversible or quantum library and may be subsequently technology

mapped to more elementary quantum gates that are further directly implemented.

The synthesis of quantum circuits is significantly more complex than is the case

for traditional irreversible logic circuits because of its extended search space, being

non-trivial what cost function will consistently move us towards an optimal solution,

and various constraints imposed by the reversibility property. For example, feedbacks

and fan-outs are not allowed in quantum circuits and each gate must have the same

number of inputs and outputs [13]. As a result, brute-force search is considered to

be impossible for functions with more than 4 variables [30]. The only exact solutions

proposed for this problem are synthesis approaches based on Boolean Satisfiability

(SAT) [25, 35, 36]. The main drawback of the SAT-based synthesis approaches is

that the computational time of such methods is so high that these approaches can

only be used to synthesize functions with a small number of variables and gates.

For larger functions, other heuristic methods can be found in the literature such

as transformation-based synthesis approaches [37–40], evolutionary algorithms [41,

42], decision diagram-based synthesis methods [43, 44], etc. Circuits resulting from

heuristic synthesis approaches are not usually minimal cost and need to be optimized.

Although various optimization approaches can be found in the literature, none of the

existing methods guarantees optimality of the results.

In addition, the circuits resulting from synthesis are frequently mapped to circuits

of elementary quantum gates. This mapping is performed to calculate the quantum

cost of reversible circuits (as the number of elementary quantum gates in their realiza-

tions) or for physical implementation of reversible circuits in quantum technologies.

The technology mapping approaches that can be found in the literature are not opti-

mized and introduce even more redundancies while propagating the ones existing in

the synthesized circuit. Many of the generated redundancies in technology mapping

approaches come from the non-optimal cost models that are used. So far, no opti-

mized flow for technology mapping reversible circuits to quantum circuits exists in

the literature and an important gap exists in the existing reversible/quantum design

flows [45].

The main focus of this dissertation is on technology mapping and optimization of

reversible and quantum circuits. A design flow is suggested for technology mapping

reversible circuits to quantum circuits and different approaches are introduced at
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Figure 1.1: Reversible/Quantum technology mapping design flow

each step of the proposed flow. The proposed flow consists of three major steps as

illustrated in Figure 1.1.

The first step is the high level optimization in which a circuit resulting from a

synthesis approach is optimized most often in terms of the number of gates or the

number of lines (the number of qubits of the system). The existing approaches for

this part are usually heuristic and employ certain techniques to find local optimiza-

tions. Usually, reductions are found based on gate rearrangement. At this stage, we

introduce a new moving rule for gate rearrangement that enables reversible gates to

move beyond the constraints of the existing moving rules. Moreover, we utilize the

new moving rule in our new optimization techniques that reduce the quantum cost

of reversible circuits.

At the second level, the reversible circuit resulting from the post-synthesis opti-

mizations is technology mapped to a target quantum library using a quantum cost

model. Previous work on this step usually includes direct mapping of individual gates

to their realizations based on an identified cost model and there is no approach that

considers optimized mapping. Optimized mapping approaches depend highly on the

quantum cost model that is used. In this dissertation, we propose a general approach

for optimized mapping reversible gates to quantum gates. Furthermore, we intro-

duce new quantum gate libraries and the corresponding cost models that reduce the

quantum cost of individual reversible gates. We also discuss the application of the

proposed mapping on the existing and new target quantum gate libraries.

Finally, in the last stage of the flow, the quantum netlist is optimized based on the

number of elementary quantum gates or an identified technology dependant cost met-

ric e.g. linear nearest neighbor architectures [46, 47]. We propose new optimizations

based on our new moving rule for quantum circuits at this level.

The remainder of this dissertation is structured as follows.
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Chapter 2 gives a more detailed introduction to reversible and quantum logic and

provides the required background necessary for this dissertation.

Chapter 3 is devoted to the first and the last steps of the proposed mapping flow

which are optimizations. The new optimization approaches at both the re-

versible and the quantum circuit levels are discussed in this chapter.

Chapter 4 gives an alternative functional approach to the optimizations proposed

in Chapter 3.

Chapter 5 describes the improvements that are made in this dissertation on the

existing quantum cost models. In addition, new quantum gate libraries are

also introduced in this chapter and the corresponding cost models for reversible

gates in the proposed libraries are discussed in detail.

Chapter 6 describes the proposed optimized mapping methods for mapping re-

versible circuits to quantum circuits in different libraries.

Chapter 7 concludes the discussions and provides directions for possible future

work.
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Chapter 2

Preliminaries

This chapter provides a brief summary of basic concepts in quantum mechanics and

the background required for this dissertation. The chapter consists of three parts. The

first section introduces the basic definitions and notations of quantum mechanics. For

more information about quantum mechanics, see [13, 23]. The second section gives

the background on reversible and quantum circuits required for this dissertation. The

third section introduces decision diagrams that are used in the approaches described

later in this dissertation. More information is available in [48–50].

2.1 Basic Concepts of Quantum Mechanics

Quantum computing deals with quantum information processing and follows the laws

of quantum mechanics. In this section, the fundamental concepts of quantum me-

chanics describing quantum states and their characteristics are briefly introduced.

A few quantum technologies are also introduced to give the reader an insight into

quantum physical realization models.

2.1.1 Quantum States

In quantum information theory, information is encoded in quantum characteristics

of materials in the form of quantum states. Quantum computing is concerned with

the transmission and processing of quantum states. The basic element used to store

information in classical computing is a bit, which can be in one of the two classical

states 0 or 1. The analogous basic element in quantum computing is called a quantum

bit (qubit). In contrast to a classical bit, a qubit is able to store a continuum of



7

quantum states containing 0, 1 and certain linear combinations of the two basis states

0 and 1 (often called superposition). Qubits are denoted by Dirac notation |〉, also

called ket [51]. Equation 2.1 shows the quantum state of a qubit as a superposition

of the two quantum basis states |0〉 and |1〉.

|ψ〉 = α|0〉+ β|1〉 (2.1)

The α and β coefficients are complex numbers. The α and β values cannot be

determined by examining the state of a qubit. Instead, after measuring a qubit, the

result |0〉 is obtained with a probability of |α|2 and the result |1〉 is obtained with a

probability of |β|2. Hence, |α|2 + |β|2 = 1. Thus, as shown in Equation 2.2 we use a

unit vector to indicate a qubit’s state in a two-dimensional complex vector space, C2.

Special states |0〉 and |1〉 form an orthogonal basis for this two-dimensional vector

space and are called computational basis states [13].

|ψ〉 =

(
α

β

)
, |0〉 =

(
1

0

)
, |1〉 =

(
0

1

)
(2.2)

The state of a qubit can also be written as shown in Equation 2.3. This equation

shows the state of a qubit as a point on the surface of a sphere called the Bloch

sphere [13]. The Bloch sphere is illustrated in Figure 2.1.

|ψ〉 = cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉 (2.3)

A qubit can have an infinite number of values corresponding to every point on the

sphere, but the outcome of measuring a qubit is one of the basis states |0〉 and |1〉,
and after measurement the state of a qubit falls into one of the basis states. Thus,

in order to use the whole domain of values that a qubit can store, it should not be

measured inside a quantum system. However, the continuous values are evolved in a

closed system complying with the laws of quantum mechanics.

The process of disturbing a quantum state through the interaction with environ-

ment is called decoherence. Decoherence is one of the main problems in designing

quantum circuits [13].

2.1.2 Quantum Technologies

A qubit can be realized in several ways, for instance, as the two different polarizations

of a photon, as the alignment of a nuclear spin in a uniform magnetic field, or as two
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Figure 2.1: Bloch sphere representing the state of a qubit

states of an electron orbiting a single atom.We here briefly introduce some established

quantum technologies. For a more complete review please refer to [52].

Nuclear Magnetic Resonance (NMR) Systems: In NMR systems, a qubit is

represented by the spin of the nucleus of an atom. In solution NMR [53, 54],

many copies of a molecule are held in a liquid solution as a canonical ensemble

system meaning that they all receive the same operators and execute the same

program on the same data. With the large numbers of molecules, adequate

signal strength for readout is provided. In silicon NMR systems [55], qubits

are stored in the nuclear spin of silicon atoms laid down on a nuclear-spin-

free substrate. In this technology, gates are applied via microwave radiations

directed at the device. A micro magnet provides a high field gradient allowing

individual atoms to be addressed by frequency. The strength of this physical

model is that it has the longest known decoherence time [52].

Ion Trap Technology: In ion trap systems, information is stored in the energy lev-

els of individual ions [56]. In this technology, a single ion is adequate to keep the

state of a qubit. In order to apply gates, qubits are moved to locations designed

for gate operations using magnetic fields. Gates are applied via laser pulses.

Readout is also accomplished by laser pulses creating fluorescence (interpreted

as a 1) or not (interpreted as a 0) depending on the state of the atom

Optical Quantum Systems: In optical quantum systems, different polarizations

of photons are used to store information [17]. Qubits are represented by con-

stantly moving photons and gates are physical devices which affect qubits as

they flow through them. A single photon is adequate to keep the state of a
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qubit and measurement is done via high quality single photon optical detectors

to find the polarization of single photons.

2.1.3 Multiple-qubit quantum systems

The amount of parallelism in quantum systems increases exponentially with the size

of a system. A quantum system with n qubits is a 2n dimensional state space with

2n basis states forming a computational basis. Quantum states in this state space

are obtained by the superposition of the basis states. The general state of an n-qubit

quantum system is shown in Equation 2.4.

|ψ〉 =
∑

X∈{0,1}n
αX |X〉 (2.4)

For example, the state vector of a 2-qubit quantum system is a superposition of

the four basis states |00〉,|01〉, |10〉 and |11〉 as shown in Equation 2.5.

|ψ〉 = α00|00〉+ α01|01〉+ α10|10〉+ α11|11〉 (2.5)

The αij coefficients are probability amplitudes with complex values. Hence,

|α00|2 + |α01|2 + |α10|2 + |α11|2 = 1. (2.6)

The state of a 2-qubit quantum system shown in Equation 2.5 cannot be written

as any combination of the states of the individual qubits. In other words, the state of

the system cannot be decomposed into contributions of its individual particles. This

property is called Entanglement. Entanglement is one of the reasons for the high

computational power of quantum systems. In the entangled state of Equation 2.5,

the first qubit is 0 with the probability of α2
00 + α2

01. The post measurement state is

shown in Equation 2.7.

|ψ′〉 =
α00|0〉+ α01|1〉√
|α00|2 + |α01|2

(2.7)

Note that the post-measurement state is re-normalized by the factor
√
|α00|2 + |α01|2

so that it still satisfies the normalization condition.

Two quantum particles can be in an entangled state even when they are far apart.

Quantum entanglement is used in quantum teleportation to transport data from one



10

end to the other even in the absence of a quantum communications channel linking

the sender to the recipient [13].

The state of a quantum system cannot be copied. This property that qubits

cannot be copied is known as the no-cloning theorem [57] and is one of the main

differences between quantum and classical information processing [13, 23]. An intu-

itive description of the theorem is that in order to copy a qubit, it must be measured

and as was mentioned earlier, measuring a qubit transforms its quantum state to one

of the basis states; therefore, the information inside the original qubit is effectively

removed after measurement. However, note that it is possible to copy classical values

using quantum gates.

2.2 Reversible and Quantum Circuits

This section discusses the reversibility property and its applications in designing re-

versible circuit elements. The first part briefly reviews reversible logic. The second

part introduces some common reversible and quantum gates that are used in this

dissertation. Finally, reversible and quantum circuits and their characteristics are

discussed.

2.2.1 Reversible Functions

In classical computing, logic operations are defined as functions over Boolean variables

B ∈ {0, 1}.

Definition 2.1. A multi-output Boolean function is a mapping f : Bn → Bm,

where B = {0, 1} is a Boolean domain and n,m ∈ N. In fact, it is a system of m

Boolean functions fi(x1, x2, . . . , xn), where 1 ≤ i ≤ m.

Example 2.1. Table 2.1 shows the truth table of the 3-input, 2-output Full Adder

function.

Reversible computation deals with any computational process that is time-invertible,

meaning that the process can also be computed backwards to construct inputs from

their corresponding outputs and thus no information is lost during a reversible com-

putation. The Full Adder function in Table 2.1 is irreversible in that it is not always

possible to obtain a unique input pattern by knowing the output pattern.
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Table 2.1: The irreversible full Adder function.
cin x y cout sum

0 0 0 0 0
0 0 1 0 1
0 1 0 0 1
0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1

Boolean reversible functions are a subset of Boolean functions with certain condi-

tions.

Definition 2.2. Let A be any set and define f : A→ A as a one-to-one and surjective

function. The function f is called a permutation function if applying f to A leads

to a set with the same elements as A and possibly in a different order. For example, if

A = {1, 2, 3, . . . ,m}, for any ai ∈ A there exists a unique aj ∈ A such that f(ai) = aj.

Definition 2.3. An n-input, n-output fully specified Boolean function f : Bn → Bn

is called reversible if it is a permutation function.

An irreversible function can be embedded into a reversible function by adding

extra inputs/outputs and assigning values to the generated don’t-cares to create a

permutation function.

Definition 2.4. The extra output bits (qubits) that are added to a function in order

to make it reversible are called garbage outputs and the extra input bits (qubits)

are called constant inputs. The term constant comes from the fact that the added

inputs must have certain values in order to achieve the desired functionality in the

outputs.

The minimum number of garbage outputs required to convert an irreversible func-

tion to a reversible function is dlog2(M)e, where M is the maximum number of times

that an output pattern is repeated in the corresponding truth table [58].

Example 2.2. Consider the AND function in Table 2.2 (a). The output pattern that

has the most number of occurrences is 0 and is repeated 3 times. Hence, at least

two garbage outputs and one constant input are required to make the AND function

reversible. Table 2.2 (b) shows a reversible form of the AND function where go1 and
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Table 2.2: The AND function

(a) Irreversible (b) Reversible

a b f

0 0 0
0 1 0
1 0 0
1 1 1

gi a b f go1 go2

0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 0
0 1 1 1 1 1
1 0 0 1 0 0
1 0 1 1 0 1
1 1 0 1 1 0
1 1 1 0 1 1

go2 are the garbage outputs and gi is the constant input. Note that assigning 0 to gi

leads to f working as an AND function. The don’t-cares in Table 2.2 (b) are assigned

in such a way that the f output gives the NAND of a and b if gi is set to 1.

Example 2.3. In the Full Adder function of Table 2.1, the maximum number of

times that an output pattern is repeated is 3 (for output patterns 10 and 01). Hence,

at least dlog2(3)e = 2 garbage outputs and one constant input are required to make the

Full Adder function reversible. Table 2.3 shows a reversible form of the Full Adder

function where go1 and go2 are the garbage outputs and gi is the constant input. Note

that assigning 0 to gi leads to obtaining outputs cout and sum, but the don’t-cares are

assigned in the way that assigning 1 to gi inverts the cout output.

There is more than one reversible function associated with each irreversible func-

tion depending on the number of constant inputs and garbage outputs used and don’t-

care assignments. The circuits that result from synthesizing these embedded reversible

functions are different in terms of the number of gates and the number of qubits and

hence have different implementation costs. Consequently, the process of embedding

an irreversible function into a reversible function is of significant importance and has

remained an open problem while being studied in many articles [45,59–61].

2.2.2 Reversible and Quantum Gates

In classical computers, circuits are composed of logic gates connected by wires and

information is transferred through wires as electric power. The quantum circuit model

on the other hand is quite different from classical structures. In quantum circuits,

information is kept as the quantum state of certain quantum particles and the term
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Table 2.3: A reversible Full Adder
gi cin x y cout sum go1 go2

0 0 0 0 0 0 0 0
0 0 0 1 0 1 1 1
0 0 1 0 0 1 1 0
0 0 1 1 1 0 0 1
0 1 0 0 0 1 0 0
0 1 0 1 1 0 1 1
0 1 1 0 1 0 1 0
0 1 1 1 1 1 0 1
1 0 0 0 1 0 0 0
1 0 0 1 1 1 1 1
1 0 1 0 1 1 1 0
1 0 1 1 0 0 0 1
1 1 0 0 1 1 0 0
1 1 0 1 0 0 1 1
1 1 1 0 0 0 1 0
1 1 1 1 0 1 0 1

’gate’ refers to any process such as laser beams, microwave radiations, etc. that is

applied to change the state of those particles. Consequently, a quantum circuit is the

complete process of applying a set of consecutive quantum gates one after each other

on the input qubits. Hence, it includes a time factor which justifies the limitation

of not being able to use feedbacks in quantum circuits as it is not possible to go

backwards through time.

Definition 2.5. A gate is called reversible if it has the same number of inputs and

outputs and realizes a reversible function.

Quantum gates are inherently reversible meaning that the inverse operation can

be applied thereby erasing the effect of the original operation [13]. Reversible gates

are linear operators and hence can be represented by matrices. A reversible gate with

n inputs and n outputs in an r-valued logic is represented by an rn × rn unitary

matrix.

Definition 2.6. Operator U is called unitary iff UU † = I which means that the

result of the product of U and its adjoint (complex conjugate transpose) is the identity

matrix [13].

If a matrix is unitary, it is eligible to represent a reversible gate; however, the

transformation of a unitary matrix may be too complicated to be physically imple-

mentable as a gate.
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t /.-,()*+ t a • a
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b • b

t /.-,()*+ t⊕ ab

a �������� a

b • b
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d • d
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Figure 2.2: (a) T (; t), (b) T (a; t), (c) T (a, b; t) (d) T (a, b, c, d; t).

Definition 2.7. Given a gate G with matrix A, the inverse of G is denoted by G−1

and corresponds to the inverse matrix A−1. Since AA−1 = I, applying a gate and its

inverse to a quantum state does nothing and equals the identity transformation.

In the following discussion, we introduce some quantum and Boolean reversible

gates that are commonly used in synthesis and technology mapping approaches.

Reversible Gates: In order to distinguish between quantum reversible gates and

Boolean reversible gates, we refer to the former as quantum gates and to the latter

as reversible gates. Note that quantum gates are also reversible. We here introduce

some reversible gates that are used in this work.

• NOT Gate: A reversible NOT gate is similar to the conventional NOT gate.

It has one input and one output and inverts the input values. The matrix

representation and circuit notation of this gate are shown in Equation 2.8 and

Figure 2.2 (a) respectively.

X =

(
0 1

1 0

)
(2.8)

• CNOT Gate: A controlled-NOT (CNOT) gate has a control and a target, and

inverts the target whenever the control is set to 1. The symbol associated to this

gate is shown in Figure 2.2 (b). The value on the control line passes through

the gate unchanged.

• MPMCT Gates: A Mixed Polarity Multiple-Control Toffoli (MPMCT) gate

with target line xt, positive controls {xi1 , xi2 · · ·xik} and negative controls {xik+1

· · ·xim}maps xt to (xi1xi2 · · · xikxik+1
· · ·xim)⊕xt where⊕ denotes the exclusive-

OR operation. Hence, an MPMCT gate inverts the target iff all positive controls

are set to 1 and all negative controls are set to 0; otherwise, the value on the
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A • A

B •�������� A⊕B
C /.-,()*+ AB ⊕ C

A • A

B •�������� A⊕B
C /.-,()*+76540123 AB ⊕ C

(a) (b)

Figure 2.3: (a) Peres gate, (b) TR gate.

target line will pass through the gate unchanged. Note that the values on the

control lines also pass through the gate unchanged.

The size of an MPMCT gate is the number of controls plus one. An MPMCT

gate with no controls is the reversible NOT and an MPMCT gate with a single

positive control is a CNOT gate. An MPMCT gate with two positive controls

is called a Toffoli gate [62]. If controls of an MPMCT gate are all positive, it

is called Multiple-Control Toffoli (MCT) for simplicity.

MPMCT gates are denoted by T (C; t) with C being the set of controls and t

being the target. Negative controls are identified by an over bar. To draw an

MPMCT gate, the notation
⊕

is used to indicate the target line, a • is used to

show a positive control connection and a ◦ is used to indicate a negative control

connection. For example, Figure 2.2 shows a NOT gate (a), the CNOT gate

(b), the Toffoli gate (c), and the MPMCT gate T (a, b, c, d; t) (d).

• Peres Gate: The Peres gate [63] has a control, a target, and a line that serves

as both a control and a target. The Peres gate is illustrated in Figure 2.3 (a).

• TR Gate: The TR gate [1] is the inverse of the Peres gate and accordingly has

a control, a target, and a line that serves as both a control and a target. The

Peres gate and its functional operation on the qubits is illustrated in Figure

2.3 (b).

Quantum Gates: We here introduce some of the most common single-qubit and

two-qubit quantum gates [13].

• Pauli-X Gate (NOT): The Pauli-X is the quantum NOT gate and applies

the transformation of the matrix in Equation 2.8. The gate symbol is shown in

Figure 2.4 (a). Applying a NOT gate to a qubit |ψ〉 = α|0〉+ β|1〉 leads to the

role of |0〉 and |1〉 being changed |ψ〉 = α|1〉 + β|0〉 as shown in the following
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/.-,()*+ H V V +

(a) (b) (c) (d)

Figure 2.4: (a) NOT gate, (b) Hadamard gate, (c) V gate, (d) V + gate.

Equation.

X

(
α

β

)
=

(
β

α

)
(2.9)

A reversible NOT gate is a Pauli-X gate that only applies to Boolean logic.

• Hadamard Gate: The Hadamard gate is represented by the matrix shown in

Equation 2.10. This gate is sometimes described as being like a square-root of

NOT gate in the sense that it turns a |0〉 into (|0〉 + |1〉)/
√

2 (first column of

H ) which is halfway between |0〉 and |1〉, and turns a |1〉 into (|0〉 − |1〉)/
√

2

(second column of H ) which is also halfway between |0〉 and |1〉. However, it

is important to note that H2 is not a NOT gate and applying H to a quantum

state twice leads to the identity H 2 = I which means that the Hadamard gate

is self inverse H = H−1. The Hadamard gate is shown in Figure 2.4 (b).

H =
1√
2

(
1 1

1 − 1

)
(2.10)

• V Gate: The V gate applies the transformation defined by the matrix in

Equation 2.11 to the target qubit. The V gate is referred to as a square-root of

the NOT gate since V 2 = X meaning that two consecutive V gates apply the

same transformation as the NOT gate. This gate is shown in Figure 2.4 (c).

V =
1 + i

2

(
1 − i
−i 1

)
(2.11)

• V + Gate: The V + gate is the inverse of the V gate i.e. V V + = I and applies

the transformation defined by the matrix in Equation 2.12 to the target qubit.

The V + gate is also referred to as a square-root of the NOT gate since V +2

= X .

Figure 2.4 (d) shows the symbol for the V + gate.

V + =
1− i

2

(
1 i

i 1

)
(2.12)
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Figure 2.5: (a) controlled-V gate, (b) controlled-V + gate, (c) Swap gate, (d) Fredkin
gate.

• controlled-V and controlled-V + Gates: A controlled-V gate is a 2-input/2-

output quantum gate with one control and one target qubit. This gate applies

the transformation defined by the matrix in Equation 2.11 to the target line if

its control line is set to 1. The inverse of the controlled-V gate is another 2-

input/2-output quantum gate called controlled-V + gate that changes its target

line using the transformation shown in Equation 2.12 if its control line is set to

1. The value on the control line is passed through the gate unchanged. Note

that in this dissertation we always consider the controls for V and V + gates to

be positive. Figure 2.5 (a) and (b) shows the controlled-V and controlled-V +

gates respectively.

• Swap Gate: A Swap gate has two inputs and two outputs and swaps the two

qubits. It is identified by the matrix of Equation 2.13 and is shown in Figure

2.5 (c).

S =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 (2.13)

• Fredkin Gate: The Fredkin gate was initially defined as a Boolean reversible

gate [64], but can be considered as a quantum gate in general. A Fredkin gate

is a controlled-Swap gate with three qubits, one control and two targets. If

the control qubit is set to 1, the states of the two targets are interchanged;

otherwise, no transformation is applied to the targets. Figure 2.5 (d) shows a

Fredkin gate.

As a valuable visual aid to the relation between the types of gates just introduced,

we note that with reference to the Bloch sphere model of a qubit (Figure 2.1):

• NOT defines a rotation about the x-axis by π radians,



18

• Hadamard rotates the input about the y-axis by π/2 radians followed by a

rotation about the x-axis by π radians,

• V (V+) defines a counter-clockwise (clockwise) rotation about the x-axis by the

angle π/2 radians.

Reversible and Quantum Gate libraries:

Circuits are usually implemented by a universal set of basic gates called a gate

library. A commonly used gate library in classical circuits is the set of AND, OR,

and NOT gates as any Boolean function can be implemented using these gates.

A universal set of reversible gates is called a reversible gate library if any reversible

function is realizable using the gates in it. Examples of reversible gate libraries include

the NCT library (that contains NOT, CNOT, and Toffoli gates), NCTS library that

has the same set as NCT plus the Swap gate [13], and the library containing only

Fredkin (Controlled-Swap) gate [64]. The set of Multiple-Control Toffoli (MCT) gates

and the set of Mixed-Polarity Multiple-Control Toffoli (MPMCT) gates are two other

examples of reversible gate libraries.

A quantum gate library is composed of a universal set of quantum gates in that any

reversible function can be implemented using the gates in it. Quantum gate libraries

are used in technology mapping reversible circuits to quantum circuits. One of the

most common libraries used for technology mapping is the NCV library consisting of

the NOT, CNOT, controlled-V , and controlled-V + gates with positive controls.

2.2.3 Circuits and Examples

Reversible circuits can be implemented in different classical and quantum technolo-

gies. Classical reversible circuits consist of reversible gates that can be fired either

forwards or backwards depending on the applied driving force. Implementation of

reversible circuits in CMOS technology has been studied in [65, 66]. However, to

make the best use of the reversibility properties e.g. low power dissipation, reversible

circuits need to be implemented in reversible infrastructures such as quantum tech-

nologies which are inherently reversible.

Definition 2.8. A Reversible Circuit over n input bits (qubits) X = {x1, x2, . . . , xn}
is a cascade of reversible gates g1, g2, . . . , gm. A gate operation is applied to its targets

iff all the controls meet the required conditions. Control lines and unconnected lines
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A •

B •�������� ≡

C /.-,()*+

• • A

• /.-,()*+ A⊕B
/.-,()*+ AB ⊕ C

Figure 2.6: Peres gate and its equivalent MCT circuit.

A •

B •�������� ≡

C /.-,()*+76540123

• • A

/.-,()*+ • A⊕B
/.-,()*+ AB ⊕ C

Figure 2.7: TR gate and its equivalent MCT circuit.

always pass through a reversible gate unchanged. Reversible circuits have the same

number of inputs and outputs as do the individual gates.

A cascade of quantum gates applied to a set of qubits is referred to as a quantum

circuit. Quantum Circuits are reversible. The physical structure of quantum circuits

is completely different from that of classical circuits in that a set of operations are

applied to a set of quantum particles holding quantum states instead of transistors

and wires used in classical circuits. Feedback is not allowed in quantum circuits

because it is not possible to go back in time when applying the gates consecutively.

Fan-out is not allowed in quantum circuits due to the no-cloning theorem [13, 57].

Information is not lost as it passes through a reversible circuit hence there is no

power dissipation due to information loss [11]. The state of a quantum circuit with

n qubits is represented by a vector in 2n-dimensional Hilbert Space Hn
2 [13].

Example 2.4. Figure 2.6 shows the MCT realization of a Peres gate. It consists of

a Toffoli gate T (A,B;C) followed by a CNOT gate T (A;B). Assigning the 0 value

to the third bit C = 0 leads the Peres gate to act like a one-bit half adder with the

second bit being the sum = A⊕B and the third bit being the carry-out = AB.

Example 2.5. The MCT realization of the TR (inverse Peres) gate is shown in

Figure 2.7.

Example 2.6. Figure 2.8 shows an MCT circuit equivalent to the Swap gate which is

composed of three consecutive CNOT gates. The CNOT gates implement the following
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A × ≡

B ×

• /.-,()*+ •
/.-,()*+ • /.-,()*+

Figure 2.8: Swap gate and its equivalent MCT circuit.

ordered exclusive-OR operations to swap the inputs.

B = A⊕B (2.14)

A = A⊕B

B = A⊕B

As shown in the above examples, a reversible function can be represented by

corresponding Boolean expressions for each output that consist of only positive form

of variables and AND and XOR operations. This form of representation is called

Positive Polarity Reed Muller(PPRM) [67]. In PPRM expressions, the negated form

of a variable, a, is shown by a⊕ 1. Any Boolean expression can be written in PPRM

format.

The matrix representation of a reversible circuit is obtained by the gate matrices

as described in the following steps. The order of the variables must be the same for

all matrices in all operations:

• The equivalent matrix of two consecutive gates G1G2 is the outer product of

the respective matrices in reverse order i.e. A2A1.

• The equivalent matrix of two concurrent gates that are applied on different

qubits is the Kronecker Product [13, 23,68] of the respective matrices.

The Kronecker Product is a way of putting vector spaces together to form larger

vector spaces and is denoted by ⊗. More precisely, the Kronecker product of two

Hilbert spaces Hn and Hm is a Hilbert space with dimension n×m.

Hnm = Hn ⊗Hm (2.15)

Example 2.7. Consider the circuit of Figure 2.6. The matrix representation of the

circuit is obtained by the outer product of the matrix equivalent to the second part,

G2, that contains a CNOT gate T (A;B) and a line which acts as an identity gate by

the matrix of the Toffoli gate, G1. The matrix of G2 is calculated by the Kronecker
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product of the CNOT matrix and the identity matrix as shown in Equation 2.16. The

matrix of the cascade is obtained by multiplying the matrices MG2 and MG1 as shown

in Equation 2.17.

MG2 = MCNOT ⊗MI =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⊗
(

1 0

0 1

)
(2.16)

=



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0



MPeres = MG2 ×MG1 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0


×



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0


(2.17)

=



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0


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c0 /.-,()*+ • • /.-,()*+ c0

b0 /.-,()*+ • •�������� /.-,()*+ s0

a0 • • /.-,()*+ /.-,()*+ • • /.-,()*+ /.-,()*+ • • a0

b1 /.-,()*+ • •�������� /.-,()*+ s1

a1 • • /.-,()*+ /.-,()*+ • • /.-,()*+ /.-,()*+ • • a1

b2 /.-,()*+ • •�������� /.-,()*+ s2

a2 • • /.-,()*+ /.-,()*+ • /.-,()*+ /.-,()*+ • • a2

b3 /.-,()*+ •�������� /.-,()*+ s3

a3 • • • • • a3

z /.-,()*+ /.-,()*+ z ⊕ s4

Figure 2.9: A 4-bit reversible ripple-carry adder [1].

If the reversible circuit realizing a reversible function is available, the reversible

circuit realizing the inverse function is easily obtained using the following property.

Property 2.1. Given a cascade of reversible gates G1G2 . . . Gk realizing the reversible

function F , the cascade G−1
k . . . G−1

2 G−1
1 realizes the function F−1, where G−1

i is the

inverse gate for Gi.

Proof. The gates in the circuit G1G2 . . . Gk apply the transformation S =
∏1

i=k Ai

in which Ai is the corresponding matrix for gate Gi. The inverse operation S−1 is

obtained by S−1 =
∏k

i=1 A
−1
i in which A−1

i is the corresponding matrix for gate

G−1
i using Definition 2.7. Hence, the cascade G−1

k . . . G−1
2 G−1

1 realizes the inverse

function.

Property 2.2. MPMCT gates are self-inverse and two consecutive identical MPMCT

gates cancel each other and yield the identity mapping.

Property 2.3. Since an MPMCT gate is self-inverse, applying Property 2.1 to a

realization of the gate yields an alternate realization for the same gate which is called

the inverse realization.

Property 2.4. Since an MPMCT gate is self-inverse, reversing the realization of

the gate yields an alternate realization for the same gate which is called its reverse

realization.

Example 2.8. Figure 2.9 shows a modified version of the 4-bit reversible ripple-

carry adder introduced in [1]. The adder takes two 4-bit inputs A = (a3, a2, a1, a0)

and B = (b3, b2, b1, b0), a carry-in bit co and an extra bit z as inputs. The c0 and
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A = (a3, a2, a1, a0) values are restored in the outputs. The input B = (b3, b2, b1, b0)

is transformed into the sum of A and B, S = (s3, s2, s1, s0), and input z changes to

z ⊕ s4. One of the interesting properties of the reversibility is that once a circuit is

designed, the inverse function can be easily implemented by using the inverse circuit.

For example, the inverse of the circuit of Figure 2.9 is a subtractor and running the

circuit backwards (using the inverse gates) yields B as the result of subtracting A from

S i.e. B = S − A.

Reversible and Quantum Cost Functions:

Various cost metrics have been considered in the literature in order to evaluate

quantum circuits such as the number of gates, circuit depth, concurrency, gate dis-

tribution on qubits, etc. [52, 69] among which the two most popular cost metrics are

quantum cost and the number of qubits.

The actual cost of a physical implementation of a quantum gate depends highly

on the target technology. However, in design automation of reversible and quantum

circuits, 1-qubit and 2-qubit quantum gates that are usually directly implemented

are considered to have unit quantum cost and are referred to as elementary quantum

gates. Each elementary quantum gate relates to one or more physical operations in

the target quantum technology. This approximation is suitable in the sense that it

gives a good measure for complexity of larger reversible gates and is technology inde-

pendent; hence, it can be used in technology independent synthesis and optimization

approaches.

Definition 2.9. Quantum cost of a circuit is the number of gates obtained as a

result of technology mapping that circuit into a cascade of elementary quantum gates.

The gates in the NCV library, i.e. NOT, CNOT, V and V + gates, are examples of

elementary quantum gates.

Due to current technology limitations, the number of qubits that can be placed

in a quantum system is restricted. In a quantum circuit, qubits are in an entangled

quantum state meaning that it is impossible to separate the contributions of the states

of the individual qubits from the state of the whole system [23]. The number of quan-

tum bits that can be placed together in an entangled quantum system is restricted.

The highest number of entangled qubits that have been physically implemented is 14

as reported in [70]. Consequently, the number of qubits in a quantum circuit is an

important cost metric which can be varied based on the number of ancillaries used in

a circuit.
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a •

b • ≡

t /.-,()*+

• • •

• /.-,()*+ • /.-,()*+ ≡
V V V +

• • • a

/.-,()*+ • /.-,()*+ • b

V V + V + ab⊕ t

(a) (b)

Figure 2.10: NCV realizations of a 2-control MCT gate.

Mapping and optimization:

A complex reversible or quantum gate can be realized by a cascade of elementary

quantum gates. Ancillary lines are useful in mapping reversible gates in that using

ancillaries may help to reduce the size of the resulting quantum circuit [5, 71].

Example 2.9. Figure 2.10 (a) shows an NCV circuit resulting from mapping a 2-

control MCT gate to the NCV library. As demonstrated, the quantum cost of this

Toffoli gate is five. The inverse realization (Property 2.3) of this gate is shown in

Figure 2.10 (b). Alternate realizations can also be found by interchanging the V and

V + gates in the circuits of Figure 2.10 (a) and (b).

Optimization of reversible and quantum circuits is generally concerned with find-

ing a cascade of gates realizing the identity function and removing them from the

circuit. For example, MCT gates are self-inverse and two consecutive identical MCT

gates yield the identity mapping and thus they cancel each other. V and V + gates

with the same target and the same control are the inverses of each other and two

consecutive such gates can be removed from the circuit.

Example 2.10. Consider the Peres gate shown in Figure 2.6. The equivalent MCT

cascade for this gate is shown in Figure 2.11 (a). This circuit consists of a Toffoli

gate T(A,B;C) followed by a CNOT gate T(A;B). Using the quantum realization of

the Toffoli gate shown in Figure 2.10 (a), the Peres gate is mapped to a cascade of six

NCV gates as shown in Figure 2.11 (b). As stated above, the CNOT gates are self-

inverse and two consecutive identical CNOT gates yield the identity mapping; hence,

the last two gates in the cascade of Figure 2.11 (b) are redundant and can be removed

from the circuit which yields the circuit of Figure 2.11 (c), the quantum realization of

a Peres gate with cost 4.

Example 2.11. Using the same approach as the previous example, the equivalent

NCV circuit for the inverse Peres (TR) gate is obtained with cost 4 as shown in
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A • •

B • /.-,()*+ ≡
C /.-,()*+

• • • •
• /.-,()*+ • /.-,()*+ /.-,()*+ ≡

V V V +

• • A

• /.-,()*+ • A⊕B

V V V + AB ⊕ C

(a) (b) (c)

Figure 2.11: Peres gate (a) MCT realization, (b) after mapping to quantum gates,
(c) optimized quantum realization.

A • •

B /.-,()*+ • ≡

C /.-,()*+

• • • •
/.-,()*+ /.-,()*+ • /.-,()*+ • ≡

V + V V

• • A

• /.-,()*+ • A⊕B

V + V V AB ⊕ C

(a) (b) (c)

Figure 2.12: TR gate (b) after mapping to quantum gates, (c) optimized quantum
realization.

Figure 2.12. Note that the reverse realization of Figure 2.10 (a) is used to map the

2-control MCT gate.

The above examples illustrate an important property in MPMCT circuits. Note

that the circuit in Figure 2.12 (c) is the reverse of the circuit in Figure 2.11 (c) and

realizes its inverse function. Due to the reverse realization property of MPMCT gates

(Property 2.4), reversing the order of quantum gates in a realization of an MPMCT

circuit yields a realization for the inverse circuit.

2.3 Decision Diagrams

Decision diagrams are graphical representations for functions, sets, and relations.

They can also be used to represent matrices and circuits. They provide an efficient

and compact data-structure that can be used for large problems. Different types of de-

cision diagrams have been introduced in the literature. Here, we briefly introduce two

types of decision diagrams that are used in this dissertation: Reduced Ordered Binary

Decision Diagrams (ROBDDs) [48] and Quantum Multiple-valued Decision Diagrams

(QMDDs) [50, 72]. Another type of decision diagrams called Decision Diagrams for

Matrix Functions (DDMFs) [73] is discussed in detail in Chapter 4.
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2.3.1 Reduced Ordered Binary Decision Diagrams (ROB-

DDs)

Every Boolean function f : Bn → B can be represented by a Binary Decision Diagram.

The original idea was first introduced by Lee [74] and further refined and studied in

many articles including [48,75,76].

Definition 2.10. A Binary Decision Diagram (BDD) over Boolean variables X

is a directed acyclic graph G = (V,E) with the following properties:

1. Each node v ∈ V is either a terminal or a nonterminal.

2. Each terminal node v ∈ V is labeled by a value t ∈ T = {0, 1} and has no

outgoing edge.

3. Each nonterminal node v ∈ V is labeled by a Boolean variable xi ∈ X.

4. The Shanon decomposition [77], f = xifxi=0 +xifxi=1, holds for each nontermi-

nal node which leads to two outgoing edges e ∈ E whose successors are denoted

by low(v) (for fxi=0) and high(v) (forfxi=1) respectively.

The size of a BDD is defined as the number of nonterminal nodes. A BDD is

called free if no variable appears more than once on any single path from its root to

a terminal node. A BDD is ordered if the variables on every path from its root to

a terminal vertex adhere to the same order. In reduced BDDs isomorphic subgraphs

are shared and redundant nodes are removed.

Definition 2.11. A BDD that is both reduced and ordered is called a Reduced

Ordered Binary Decision Diagram (ROBDD).

The ROBDD representation of a function is unique for a fixed variable ordering

[48]. However, the size of an ROBDD highly depends on the order of the variables.

Example 2.12. Figure 2.13 shows an ROBDD representation of the function f(x, y, z) =

x+ yz in which the order of the variables is (x, y, z). A dashed line out of a vertex v

shows its low edge (v = 0) and a solid line out of v shows its high edge (v = 1).
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x

y

z

0 1

Figure 2.13: ROBDD representation of the function f(x, y, z) = x+ yz.

2.3.2 Quantum Multiple-valued Decision Diagrams (QMDDs)

Recalling from the previous section, reversible and quantum operations are defined

by pn × pn unitary matrices with complex values in a p-valued logic where n is the

size of a gate or the number of inputs of a circuit. Quantum Multiple-valued Decision

Diagrams are designed to effectively represent the complex-valued matrices assigned

to quantum cascades and to facilitate the manipulation and operations on those

matrices.

A QMDD structure is based on partitioning a matrix M with dimension pn × pn

into a p× p grid matrices Mi with dimension pn−1× pn−1 as shown in Equation 2.18.

M =


M0 M1 · · · Mp−1

Mp Mp+1 · · · M2p−2

...
...

. . .
...

Mp2−p Mp2−p+1 · · · Mp2−1

 (2.18)

A variable is assigned to the above partitioning for which each node has p2 out-

going edges to the corresponding p2 matrices. This partitioning can be recursively

performed on each submatrix until the resulting submatrices are single elements. As-

signing variables to the matrices at each level results in a decision diagram with shared

common structures and no redundant vertices which is defined as follows.

Definition 2.12. A Quantum Multiple-valued Decision Diagram (QMDD)

is a directed acyclic graph with the following properties:

1. There is a single terminal vertex with associated value 1 which has no outgoing
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edges.

2. There are a number of nonterminal vertices each labeled by a p2−valued selec-

tion variable. Each nonterminal vertex has p2 outgoing edges named e0, e1, . . . ,

ep2−1.

3. One vertex is the start vertex and has a single incoming edge that itself has

no source vertex.

4. Every edge in the QMDD (including the one leading to the start vertex) has an

associated complex weight.

5. The selection variables are ordered. Assume with no loss of generality that the

order of the variables beginning at the start vertex is {x0, x1, . . . , xn−1}, the

QMDD satisfies the following two rules:

• Each selection variable appears at most once on each path from the start

vertex to the terminal vertex.

• An edge from a nonterminal vertex labeled xi points to a nonterminal vertex

labeled xj, j > i or to the terminal vertex. Hence x0 is closest to the

terminal vertex and xk for the highest k present labels the start vertex.

6. No nonterminal vertex is redundant i.e. all its outgoing edges point to a com-

mon vertex with the same weight.

7. Each nonterminal node is normalized such that ej, 0 ≤ j ≤ p2− 1, has weight

1 and ∀ei, i < j have weight 0. Note, such an ej must exist or the vertex would

be redundant (all weights 0).

8. Nonterminal vertices are unique i.e. no two of them have the same label and

the same set of outgoing edges with equal weights.

Evaluating a QMDD for a particular input/output assignment in a function is

equivalent to finding the corresponding element in the matrix of the function. The

evaluation involves following the path from the start vertex to the terminal vertex

and multiplying the weights of the edges as they are being traversed. Columns of the

matrix correspond to input patterns and rows correspond to possible output patterns

i.e. if Mij = 1 then the input pattern in column j is mapped to the output pattern

in Row i in the truth table of the function.
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x0 • •
x1 •�������� ≡
x2 /.-,()*+ V

• • x0

• /.-,()*+ • x1

/.-,()*+ V V + x2



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 1−i
2

1+i
2

0 0 0 0 0 0 1+i
2

1−i
2

0 0 0 0 1+i
2

1−i
2 0 0

0 0 0 0 1−i
2

1+i
2 0 0


(a) (b)

Figure 2.14: (a) The circuit, (b) Matrix representation.

As in all decision diagrams, there is a canonical representation for QMDDs which

is obtained by a normalization procedure described in [72].

Example 2.13. Figure 2.14 (a) shows a 3-input circuit composed of a Peres gate

followed by a controlled-V gate. The corresponding matrix for this circuit is depicted

in Figure2.14 (b). The matrix is 23 × 23 since there are three qubits and the logic

has two basis states |0〉 and |1〉. The QMDD structure for this circuit is given in

Figure 2.15. Each vertex has four outgoing edges labeled 0 to 3 from left to right.

Each edge is assigned a complex weight and corresponds to one of the partitions in

the original matrix. For example, the partitioning for the first variable, x0, is shown

in the matrix of Figure 2.14. The first edge out of the x0 vertex corresponds to the

upper left partition. The second and third edges correspond to the upper right and

lower left partitions respectively. These edges point to 0 matrices that are shown by 0

stubs. The fourth edge out of the x0 vertex points to the lower right partition. Each

partition is further partitioned accordingly for the rest of the variables. Elements of

the matrix are obtained by multiplying the complex weights on each path from the root

to the terminal nodes.

2.4 Summary

The required background for the discussions in the subsequent chapters of this disser-

tation was reviewed in this chapter. The chapter mainly introduced the basic concepts

of quantum mechanics and the required background on reversible and quantum cir-

cuits. Some decision diagram structures that are used in the approaches discussed in

this dissertation were also introduced.
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Figure 2.15: QMDD structure of Example 2.13.
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Chapter 3

Optimization

Reversible synthesis methods are automated tools that transform a given reversible

function to a reversible or a quantum circuit. Finding the optimal reversible or quan-

tum circuit for a given function is an intractable problem [45] and usually the circuits

resulting from synthesis are not optimal. Hence, as in classical logic design, post-

synthesis optimizations are required to achieve low cost reversible/quantum circuits.

The optimizations are sometimes technology specific and are suited to the target tech-

nology. However, technology independent optimizations can be applied at any time

based on technology independent metrics such as the number of elementary quantum

gates, the number of qubits, etc. The results of this part of the dissertation have been

published in [78–82].

The first part of this chapter gives a brief summary of the existing optimization

methods. Section 2 is devoted to the new constraints proposed in this dissertation for

moving reversible or quantum gates in a circuit. The proposed optimization procedure

is described in section 3 and section 4 concludes the discussion.

3.1 Previous Work

Optimization of reversible and quantum circuits is generally concerned with finding

a cascade of gates realizing the identity function and removing it from the circuit,

or finding subcircuits that can be realized by fewer gates and replacing them with

their optimized counterparts. This section provides a literature review for the existing

optimization approaches. These methods are classified based on their functionality

in the following subsections.
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Figure 3.1: Reversible reduction rules [2].

3.1.1 Template Matching

A common approach to reversible and quantum circuit simplification is template

matching. In template matching methods, first, a set of templates is defined showing

the possible reductions for a number of cascades. Then the circuit is examined to

find such templates. Sometimes the gates inside a circuit are reordered to find the de-

sired templates. Each template that is found is replaced by a functionally equivalent

smaller cascade.

Templates were initially defined as reduction rules e.g. [2]. A set of templates of

this form for reversible circuits is shown in Figure 3.1 [2]. However, according to the

current definition, a template of size m is an optimal cascade of m gates that realizes

the identity function. Template matching methods usually define all templates up to

a certain size for a given gate library. For example, [83] has enumerated all Fredkin-

Toffoli templates with less than six gates. All Toffoli gate templates of size seven
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• •
/.-,()*+ /.-,()*+

• •

• •

• • • •
/.-,()*+ /.-,()*+ /.-,()*+ /.-,()*+

(a) (b)

• •
• •
• • • •/.-,()*+ /.-,()*+

/.-,()*+ /.-,()*+

• • •
• • •
• • • • •
• /.-,()*+ • /.-,()*+

/.-,()*+ /.-,()*+ /.-,()*+
(c) (d)

Figure 3.2: Sample reversible templates [3].

and less can be found in [2]. A circuit is examined to find more than half of the

gates in a template in either forward or backward direction and the found cascade

is substituted with the inverse cascade (Property 2.1) of the rest of the gates in the

corresponding template. For example, for a template G0G1 . . . Gm−1 the forward and

backward applications are as follows [83]:

• Forward application: A sequence of gates in the circuit that matches the cascade

GiG(i+1) mod m . . . G(i+k−1) mod m in the template is replaced with the sequence

G−1
(i−1) mod mG

−1
(i−2) mod m . . . G

−1
0 G−1

m−1 . . . G
−1
(i+k) mod m, where m

2
≤ k ≤ m.

• Backward application: A sequence of gates in the circuit that matches the

cascade GiG(i−1) mod m . . . G(i−k+1) mod m in the template is replaced with the

sequence G−1
(i+1) mod mG

−1
(i+2) mod m . . . G

−1
m−1G

−1
0 . . . G−1

(i−k) mod m, where m
2
≤ k ≤

m.

Examples of reversible template matching optimizers include [2, 3, 40, 83]. Figure

3.2 shows some reversible templates. Quantum templates can be found in [4, 39, 84].

Some quantum templates are depicted in Figure 3.3.

3.1.2 Using ancillaries

Depending on the target technology and the application of the resulting circuit, some-

times extra ancillary lines are more effective in reducing the quantum cost [85, 86].
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• • •
V V /.-,()*+

(a)

• /.-,()*+ • /.-,()*+
/.-,()*+ /.-,()*+ /.-,()*+

• /.-,()*+ • /.-,()*+ • /.-,()*+
/.-,()*+ • /.-,()*+ • /.-,()*+ •

(b) (c)

• • •
• /.-,()*+ • /.-,()*+

/.-,()*+ /.-,()*+ /.-,()*+
• • /.-,()*+ • /.-,()*+

/.-,()*+ • /.-,()*+ • •

V V +

(d) (e)

/.-,()*+ • /.-,()*+ • /.-,()*+ • /.-,()*+ •
V V V + V +

• • • •
/.-,()*+ • /.-,()*+ • /.-,()*+ • /.-,()*+ •

V V V + V +

(d) (e)

Figure 3.3: Sample quantum templates [4].

In [85], a set of common controls across a cascade of gates is found and the corre-

sponding controls are factored (extracted from the circuit). Then, a pair of gates

having the same set of controls are added at each end of the cascade whose targets

are placed on an extra helper line along with a single control for each factored gate.

This approach reduces the number of controls and hence the complexity of reversible

gates by adding one or more extra ancillaries.

The optimization algorithm of [86] uses extra ancillary lines and extra quantum

gates to reduce the quantum cost of a reversible circuit. The reversible gate operations

are performed by less expensive gates on the added ancillary lines. The approach

uses Fredkin gates to move the values from the main lines to the ancillary lines, and

quantum gates are added to separate the Boolean and quantum domains.

While ancillaries are often used to simplify reversible and quantum circuits, on

the other hand, some efforts have been made to reduce the number of ancillary lines

in reversible circuits e.g. [87]. This is due to the limitation in the number of qubits

in quantum systems as described in the previous chapter.
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a • �������� • • a

b • �������� �������� • • b
c �������� • c

d • �������� d

t /.-,()*+ /.-,()*+ /.-,()*+ /.-,()*+ /.-,()*+ /.-,()*+ t∗

a b c d t
1 - 0 - 1

0 1 - - 1

1 0 - 1 1

- 0 - - 1

- 1 1 - 1

1 1 - 0 1

(a) (b)

a b c d t
- 0 1 - 1

0 - 0 - 1

1 - - 1 1

a �������� • a

b �������� b
c • �������� c

d • d

t /.-,()*+ /.-,()*+ /.-,()*+ t∗

(c) (d)

Figure 3.4: Circuit optimization based on ESOP minimization

3.1.3 ESOP-based Optimization

A literal is a Boolean variable in the negative or positive polarity. A product term

composed of Boolean AND of literals is called a cube. An Exclusive-Sum-Of-Products

(ESOP) is a representation form of a function that consists of the Exclusive-OR of

one or more cubes [88]. There are many approaches to ESOP minimization in the

literature [88–91]. Using ESOP minimization, it is possible to optimize a reversible

circuit.

The general idea is illustrated in Figure 3.4 (a). The six MPMCT gates have

the same target t. This circuit can be expressed as an ESOP as shown in the cube

notation in Figure 3.4 (b). Note that each positive (negative) control leads to a

positive (negative) literal in the respective cube. Each line that does not contain

a control connection is represented by a don’t-care in the cube. Using an ESOP

minimization approach e.g. EXORCISM-4 [88], it is possible to reduce the ESOP as

shown in Figure 3.4 (c). The circuit of Figure 3.4 (a) is thus optimized to the circuit

shown in Figure 3.4 (d).

3.1.4 Miscellaneous

In [92], a fault model named the crosspoint fault model is used to identify redundant

controls in reversible circuits. This paper shows that undetectable multiple disap-
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pearance faults can be useful to simplify reversible circuits.

In [93], the optimization problem is addressed by defining a set of rules for remov-

ing NOT gates and optimizing subcircuits with common-target gates the application

of which leads to quantum cost reduction. This approach minimizes the number of

controls in a cascade using rules that are defined based on the Karnaugh map [94]

representation of the circuit.

3.2 The New Moving Rule for Gate Rearrange-

ment

Most often, optimization approaches use gate rearrangement to find possible reduc-

tions by matching subcircuits to templates or predefined rules. So far in the literature,

gate rearrangement has usually been performed based on the conventional moving

rule [28] that is described in the following property.

Property 3.1. Conventional Moving Rule: Two adjacent gates can be inter-

changed iff the target for each gate is not a control for the other gate i.e. in a

reversible circuit, gate T (C1, t1) can be interchanged with gate T (C2, t2) iff C1∩ t2 = ∅
and C2 ∩ t1 = ∅.

This moving rule preserves the functional behavior of a circuit while moving gates

across it. Note that this assumes matrices describing the target operations for two

gates that are interchanged and have a common target either commute or there is

no condition under which both gates are applied. This assumption was not specified

in [28] as all target matrices considered in that work commute. Note that all target

matrices considered in this dissertation commute.

Example 3.1. Consider the circuit of Figure 3.5 (a). According to the conventional

moving rule, the first gate V (b; t) cannot pass over the next gate T (a; b) because its

control is on the same line as the target of the next gate.

The conventional moving rule is very restrictive and allows very small movement

domains for gates. In this section, we show that breaking the conventional moving rule

does not always change the functionality of a circuit. More precisely, it is possible to

move a gate to certain places in a circuit provided that some conditions are met. We

here present a new, more general approach to moving gates in cascades of reversible

and quantum gates. The following definitions are used in the new moving rule.
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a • • a

b • /.-,()*+ • /.-,()*+ b

t V /.-,()*+ t∗

a • • a

b /.-,()*+ • /.-,()*+ • b

t /.-,()*+ V t∗

(a) (b)

Figure 3.5: (a) The initial circuit. (b) The result of applying the new moving rule to
the V gate.

Definition 3.1. A line is invariant with respect to a cascade of gates if it has the

same function at each end of the cascade. Note that a line that is invariant with

respect to a cascade can have different functionality inside the cascade.

Definition 3.2. A line is a non-controlling line across a cascade of gates if there

is no control connection on that line within the cascade.

Our new moving rule is shown in the following property which is a generalization

of Property 3.1.

Property 3.2. Generalized Moving Rule: A gate can be moved from one end of

a cascade of gates to the other end if its controls are on lines that are invariant with

respect to the cascade and its target is on a non-controlling line.

Proof. Since the functionality at both ends of an invariant line is the same, the cascade

acts as an identity function on that line and a control connection can be passed over

it. However, it is not possible to move a target over any control connection since it

changes the value on the control connection. Hence a target can only be moved on a

non-controlling line.

Note that for a cascade consisting of a single gate, our generalized moving rule is

equivalent to the conventional moving rule. Using our new rule, we can move a gate

across a cascade of gates within a circuit as long as the conditions of Property 3.2

hold. The requirements for the commutativity of the target matrices is the same as

for the conventional moving rule. Since all target matrices for gates considered in this

dissertation commute, incorporating these requirements is left for future work using

other quantum gate libraries.

Example 3.2. In the circuit of Figure 3.5 (a), the second gate T (a; b) changes the

value of line b to a ⊕ b and the fourth gate restores it to b. Hence, using the new
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generalized moving rule, the first gate V (b; t) can pass over all the gates to the right

end of the cascade without changing the functionality as shown in Figure 3.5 (b).

The above example shows how the new moving rule increases the movement do-

main of gates which can significantly contribute to finding more reductions in op-

timization procedures. In the next section, we have introduced an optimization

procedure that employs the new moving rule to find redundant gates inside a cir-

cuit. However, note that the new moving rule is applicable to all the optimization

approaches described in Section 3.1.

3.3 The New optimization procedure

The following procedure optimizes a given circuit using our generalized moving rule

for gate rearrangement. In this procedure, the circuit is considered as a cascade of

G1, G2, ..., Gn gates where n is the number of gates in the circuit.

Procedure 3.1. Gate Reduction Procedure (GRP)

For p = 1 to n apply the following steps:

1. Keep track of the functional changes on each circuit line after the gate Gp.

2. If functions on the circuit lines after Gp are all identity (i.e. are equal to the

functions on the primary inputs side), remove the cascade of gates G1 . . . Gp

from the circuit, set p = 1 and go to 1.

3. For q = 1 to p− 1, if the functions on the circuit lines after Gq match the func-

tions on the corresponding lines afterGp, remove the cascade of gatesGq+1 . . . Gp

from the circuit, set p = q + 1 and go to 1.

4. ReductionList = Gp.

5. k=0.

6. For q = p − 1 to 1, if Gp can be made adjacent to Gq using the generalized

moving rule (Property 3.2) and the data from step1, and the pair GqGp can be

reduced:

(a) RemoveGq from the circuit and add it to the reduction list i.e ReductionList =

Gq . . . Gp.
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(b) k=q.

7. If size(ReductionList) > 1:

(a) Remove Gp from the circuit.

(b) Reduce the ReductionList to an optimal cascade.

(c) Add the reduced ReductionList to the place of the leftmost gate in the

original ReductionList, k.

(d) Set p = k + size(ReductionList) and go to 1.

The above procedure applies the optimization from one end of a circuit (input

side) to the other end (output side) by considering one gate at a time and trying to

find possible reductions that may occur in the circuit before the selected gate. For

each gate Gp, the functions on the circuit lines after the gate are stored (this part

will be discussed in detail in the following section and the next chapter). Then the

procedure applies two major tests. First, it tries to find cascades of gates in the

circuit that realize the identity function and can be removed from the circuit. This

test is done by comparing the functions on circuit lines after the gate Gp with the

functions on the corresponding lines at each spot on the circuit from primary inputs

to Gp−1. Steps 2 and 3 of the procedure perform this part.

In the next part, the procedure moves the selected gate backwards through the

circuit while considering more than two gates at a time to find possible reductions. As

a gate (Gp) is moved across the circuit, a list is made that contains gates that can be

made adjacent to Gp and together with Gp can be reduced to have less quantum cost.

Then, the gates in this list are removed from the circuit and an optimized equivalent

cascade is inserted in the position of the left-most removed gate in the circuit. The

optimized counterpart may be empty which indicates that the corresponding set of

gates realizes the identity function.

The Gate Reduction Procedure (GRP) (Procedure 3.1) uses the new generalized

moving rule to move gates backwards through the circuit and find possible reductions.

Using the new moving rule implies identifying the invariant lines between the gate

cascades which requires keeping track of the functions on line segments. This is the

first step (step 1) of the Gate Reduction Procedure and is in fact a difficult problem.

In the following section, we show our first solution to the problem of keeping track

of the functionalities. In the next chapter, a more comprehensive approach to this

problem will be discussed.
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3.3.1 Line Labeling Procedure

In order to identify gate cascades for which a line is invariant, we use the following

procedure to label the line segments in a circuit. This labeling is such that if two seg-

ments of a circuit line have the same label, those segments realize the same function.

However, this procedure does not, in general, find all the line segments that have the

same functionality.

Procedure 3.2. Line Labeling Procedure (LLP)

1. To begin, all circuit input lines are labeled 0 and an empty stack Si is created

for each circuit line. Each stack Si keeps a record of the gates with target line

i.

2. For each gate G from the inputs towards the outputs of the circuit, apply the

following steps where t identifies the target of G:

(a) Clear the increase flag.

(b) If there are k gates H1, ..., Hk at the top of St that realize the identity

function by adding G, i.e. H1...HkG = I, and their control lines are

labeled the same, then the output side of the target for G is assigned the

label on the input side of the target for H1. Otherwise, the increase flag

is set.

(c) If there are m gates H1, ..., Hm at the top of St (m ≥ 2) which together

realize the identity function, i.e. H1...Hm = I, and their control lines are

labeled the same, then the m gates involved are pulled from St and the

procedure goes back to step (a).

(d) If the increase flag is not set go to (f).

(e) If there is a gate H in the circuit which is the same as (inverse of) G and

each control line is labeled the same at G and H and the target line is

labeled the same at the input (output) side of H and input side of G, then

the output side of the target for G is assigned the label on the output

(input) side of H. Otherwise, the output side label of t for G is set to the

maximum label used on that line thus far plus 1.

(f) Gate G is pushed onto stack St.
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a 0 • • • • 0

b
0 • • 76540123 1 76540123 2 • 76540123 1

V + 3
V + 0 • 0

c 0 • • 76540123 1 • 76540123 0 • 0

d
0 76540123 1

V
2

V + 3 76540123 4 76540123 5

Figure 3.6: Example of circuit labeling

In the above procedure, labels are increased for targets which change the func-

tionality, and are restored to a prior value when a set of gates realizing the identity

operation is found. Overlapping and nested cascades that realize the identity function

are found by this procedure.

Example 3.3. Consider the circuit shown in Figure 3.6. The initial labeling is

(a, b, c, d) = (0, 0, 0, 0). For the first gate T (b; d), the target line d is given the la-

bel 1 (changes are shown to the right side of each gate in the Figure) and the gate is

pushed onto stack Sd. The resulting labeling is (0, 0, 0, 1). Next, the gate V (b; d) is

compared with the gate at the top of Sd, V (b; d), and since they are not the inverse of

each other, the label of d after this gate is set to 2 and V(b;d) is pushed onto stack

Sd. In a similar manner, gates T (c; b) and T (a; b) are pushed onto stack Sb and the

labeling becomes (0, 2, 0, 2). For gate V +(b; d) the labeling becomes (0, 2, 0, 3) and the

gate is pushed onto stack Sd.

The next gate is T (a; b) which is the inverse of the gate at the top of Sb. The

control labels match and the output target label for the left occurrence matches the

input target label for the right occurrence. Hence, the output target label for the right

gate is set to 1, the input target label for the left occurrence. The gate is then pushed

onto the stack Sb.

The procedure continues pushing the left V +(c; b) onto Sb, T (a; c) onto Sc, T (c; d)

onto Sd, and T (a; c) onto stack Sc, while updating the labeling as shown. Since the

last two gates on Sc are inverse of each other, they are popped from Sc and V +(c; b)

is pushed onto Sb. Next, it is found that the three gates at the top of Sb give the

identity and the labels satisfy the requirements. The three gates are popped from Sb

and the labeling becomes (0, 0, 0, 4). Finally, the gate T (b; d) changes the labeling to

(0, 0, 0, 5).

Applying Property 3.2, either occurrence of T (b; d) can be moved over the cascade

of gates in between to be next to the other one and the two gates cancel. Note that
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this reduction is not possible using the conventional moving rule (Property 3.1).

The procedure described above can be used in Step 1 of our optimization procedure

(GRP) and labels can be used to compare functions in Steps 2 and 3. More precisely,

the first step of the Line Labeling Procedure is performed once at the beginning of

the optimization. Then, each time the optimization procedure reaches its Step 1,

Step 2 of the Line Labeling Procedure is performed to identify the labels after a

gate Gp. Thus, gate reductions will be identified as the circuit is labeled, and the

labeling restarts as necessary. Combining labeling and gate reduction in this way is

considerably more efficient than applying them as separate processes.

The following sections consider the application of the above methods to optimizing

circuits composed of MPMCT and NCV gates.

3.3.2 Optimization of MPMCT Circuits

This section provides the application of the optimization procedures introduced in the

previous section in a very common type of reversible circuits called MPMCT circuits.

The following property shows the reduction rules that can be applied to MPMCT

gates.

Property 3.3. The MPMCT optimization procedure applies a number of reduction

rules:

1. T (C;xt)T (C;xt) = I

2. T (C;xt)T (C ∪ xi;xt) = T (C ∪ xi;xt)

3. T (C ∪ xi;xt)T (C ∪ xj;xt) = T (xi;xj)T (C ∪ xj;xt)T (xi;xj)

4. T (C ∪ xi;xt)T (C ∪ xj;xt) = T (xi;xj)T (C ∪ xj;xt)T (xi;xj)

5. T (C ∪ xi;xt)T (C ∪ xj;xt) = T (xi;xj)T (C ∪ xj;xt)T (xi;xj)

The first rule comes from the fact that MPMCT gates are self-inverse. The second

rule is for two adjacent MPMCT gates that are different only in one control connec-

tion. Figure 3.7(a) and Figure 3.7(b) illustrate the possible reductions in this case.

Reduction rules 3 to 5 are illustrated in Figure 3.7(c) and Figure 3.7(d). Note that
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• •
• •
• • ≡
•/.-,()*+ /.-,()*+

•
•
•��������

/.-,()*+

• •
• •
• • ≡��������

/.-,()*+ /.-,()*+

•
•
•
•/.-,()*+

(a) (b)

• •
• •
• • ≡
•
•/.-,()*+ /.-,()*+

• •
• •
• • ≡��������

��������
/.-,()*+ /.-,()*+

•
•
•

• •/.-,()*+ • /.-,()*+
/.-,()*+

• •
• •
• • ≡
• ��������

/.-,()*+ /.-,()*+

•
•
•

• •/.-,()*+ �������� /.-,()*+
/.-,()*+

(c) (d)

Figure 3.7: MPMCT Reduction Rules

Note: In the illustrations above, one can change all controls on any of the top three lines to negative.

the circuit on the righthand side of rules 3 to 5 has more gates than the left cascade,

but it has less quantum cost since two of the gates (two CNOTs) are elementary gates

and there is only one complex gate among them.

To optimize an MPMCT circuit, the above rules are employed in Step 4 of the

Gate Reduction Procedure. The procedure starts from one end of the circuit and

labels one MPMCT gate at a time using the circuit Line Labeling Procedure. Then,

it moves that gate back through the circuit as far as possible to find the best reduction.

The gate may either be canceled using Rule 1 or may be reduced to a less expensive

cascade using Rules 2 to 5. After a reduction is applied, the optimization restarts

from the position of the earliest gate in the substituted cascade.

Example 3.4. Consider the MPMCT circuit of Figure 3.8 (a). All circuit lines are

first initialized to 0. The optimization procedure then labels the first gate T (e; a). Note

that only changes on labels are shown in the figure for simplicity. There is no gate

before this gate, so the optimization procedure proceeds to the next gate T (a, b, c; e)

and labels the lines after that. Since the target of this gate is on the control of its

previous gate, it cannot be moved backwards and the procedure continues accordingly

until it reaches the sixth gate T (a, b, d; e). After labeling the line segments after this

gate, the gate is moved backwards through the circuit. The gate T (a, b, d; e) can be



44

a 0 /.-,()*+1 • • • •
b
0 • /.-,()*+1 • /.-,()*+0 •

c 0 �������� /.-,()*+1 ≡
d

0 ��������
e 0 • /.-,()*+1 /.-,()*+2

/.-,()*+ • • •
• /.-,()*+ • /.-,()*+

• • /.-,()*+
/.-,()*+ • /.-,()*+

• /.-,()*+

(a) (b)

Figure 3.8: Example of MPMCT optimization.

placed after the second gate T (a, b, c; e) since its controls have the same labels as the

lines after the second gate and its target does not pass over a control connection as it is

moved. The two MPMCT gates are added to the ReductionList and further reduced to

T (c; d)T (a, b, d; e)T (c; d) according to the rule 4 in property 3.3. The reduced cascade

is then replaced with the pair of MPMCT gates and the optimization procedure restarts

from the next gate. The optimized circuit is shown in Figure 3.8 (b). Considering the

REVLIB cost model [9], the MPMCT optimization reduces the cost of the circuit of

Figure 3.8 (a) from 32 to 20. Note that this reduction was not possible using the old

moving rule (Property 3.1).

3.3.3 Optimization of Quantum Circuits

In this section, we discuss the application of the Gate Reduction Procedure and

Line Labeling Procedure in optimizing a class of quantum circuits consisting of gates

realizing 2k roots of NOT, k > 1. The general approach is described while explaining

details for quantum gates up to the fourth root of the NOT gate. This library is

called NCVW and contains NOT, CNOT, V , V +, a fourth root of NOT, W , and its

inverse, W+. This library is studied in details in Chapter 5.

Property 3.4. The following reductions are possible in the NCVW library:

1. NOT.NOT = I

2. CNOT.CNOT = I

3. V V + = V +V = I

4. WW+ = W+W = I

5. V V = V +V + = NOT
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Table 3.1: Weights of the NCVW gates

Gate Weight
W 1
W+ -1
V 2
V + -2

CNOT 4

6. WW = V

7. W+W+ = V +

8. V.NOT = V +

9. V +.NOT = V

10. WV + = W+

11. W+V = W

We use a simple, yet interesting approach to find the above cancelations and to

simplify gate sequences. In this approach, a weight is assigned to each gate in the

library. Suppose the highest root of NOT in our library is Rk in which k is a power

of 2 (k = 2r). In this case, for any gate Ri, R
i
i = N and i = {1, 2, ..., k}, in the

library, the assigned weight would be k/i as indicated in Table 3.1 for the NCVW

library. Then, in order to simplify a sequence of adjacent gates with the same control

and target, the weights of the gates are added and the result is divided by 2r+1. The

residue of this division is used as an index to find the replacement sequence that is

shown in Table 3.2 for the NCVW library. This table is built by assigning values 0 to

2r+1− 1 to the sub-circuits corresponding to the possible rotations counter clockwise.

The optimization procedure works as follows. As a gate G is labeled by the Line

Labeling Procedure, it is moved back through the circuit to each of the places that

have the same labels on its control lines. Gate G cannot be moved past a point where

there is a control on the target line of G. As a gate is moved, a list is made that

contains gates that can be adjacent to it and have the same target, control and label

on the control. Then, the gates in the list are removed from the circuit and using

the above approach, the list is optimized and the reduced cascade is placed in the

position of the leftmost gate in the original list in the circuit.
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Table 3.2: Reduced sequences of the NCVW gates

Index Sequence
0 I
1 W
2 V
3 VW
4 CNOT
5 V +W+

6 V +

7 W+

Example 3.5. Consider the circuit of Figure 3.6. After the optimization procedure

labels the second gate from left V (b; d), it adds the first two gates to the reduction

list. The sum of the corresponding weights from Table 3.1 mod 8 i.e. (4 + 2) mod 8

gives the index of the equivalent optimal subcircuit in Table 3.2. So the pair of gates

is substituted by a V +(b; d) gate. The resulting circuit is shown in Figure 3.9 (a).

The procedure then proceeds by labeling each gate at a time and trying to move it

backwards until it reaches the tenth gate from the left V +(c; b). This gate is moved

backwards and as it can be made adjacent to the sixth gate V +(c; b), a reduction list

of V +(c; b)V +(c; b) is created. The weights are added (−2) + (−2) = −4 and the

result is divided by 8. The residue of the division 4 is an index to Table 3.2 that gives

the optimal subcircuit for this list which is a CNOT. Finally the last gate T (b; d) is

moved back and added to a reduction list with the first gate V +(b; d). The pair is then

reduced to a V (b; d) gate as shown in Figure 3.9 (b). Note that every time a cascade

is substituted, the labeling restarts from the substituted cascade.

3.4 Experimental Results

Prototype implementations of the procedures described in this chapter have been

implemented using Python 2.6.5. We have utilized Python dictionaries to implement

step 2.(e) of the circuit line labeling procedure (Procedure 3.2). We keep a dictionary

of all previously seen gates with different labels on their controls. The amortized

worst case time of finding an element in a dictionary in python is O(n) where n is

the number of elements in the dictionary. Hence, the time complexity of the circuit

line labeling procedure (Procedure 3.2) is O(n2) where n is the number of gates in
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(i) (i)

a 0 • • • • 0

b
0 • 76540123 1 76540123 2 • 76540123 1

V + 3
V + 0 • 0

c 0 • • 76540123 1 • 76540123 0 • 0

d
0
V + 1

V + 2 76540123 3 76540123 4

︷ ︷ ︷ ︷

︸ ︸ ︸ ︸
(ii) (ii)

(a)

(i)

a 0 • • • • 0

b
0 • 76540123 1 76540123 2 • 76540123 1 76540123 0 0

c 0 • • 76540123 1 • 76540123 0

d
0
V

1
V + 2 76540123 3︸ ︸

︷ ︷

(ii)
(b)

Figure 3.9: Example of NCV Optimization

the circuit. The time complexity of the gate reduction procedure (Procedure 3.1) is

also O(n2).

The experiments were run on a system with a 3.2 GHz i5-650 CPU and 3.0 GB

RAM. The evaluation was performed by applying the proposed optimization methods

on three different test suites.

Our first test suite consists of 156 benchmark circuits taken from the REVLIB

website [9]. Our prototype program uses REVLIB [9] real circuit format. The re-

sults are summarized in Table 3.3. Due to space limitations, the table includes only

those circuits for which our approach resulted in a quantum gate cost reduction of

10% or more. For each circuit, the table gives the REVLIB circuit name and file

identification number in the first column. The best known quantum costs given in

REVLIB are reported in the second column. The REVLIB quantum costs are based

on a library consisting of quantum gates implementing roots of the NOT gate. This

library generates exponential quantum costs for individual reversible gates with size

n in an n-line circuit. To avoid the exponential realizations and higher order roots
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of the NOT gate, and to keep with the work in the literature (most of the literature

work use NCV quantum costs), an ancillary line is added to circuits that have n lines

and at least one reversible gate with size n [71]. These circuits are identified by a *

after the name.

The column labeled Initial Cost shows the NCV costs of our initial reversible cir-

cuits taken from REVLIB. These circuits are obtained by substituting the REVLIB

NCV realizations for each MPMCT gate. Negative controls in MPMCT gates are han-

dled by adding NOT gates at both ends of the corresponding lines in the realizations.

The third column differs from the second column for the following reasons. First,

since we only consider quantum gates NOT, CNOT, controlled-V and controlled-V +,

the cost of a 3-control MCT gate is 14 [71] and not 13 as used in REVLIB. For the

same reason, the cost of a 5-control MCT gate with one available ancillary is 26 in-

stead of 29 as in REVLIB, and an 8-control MCT gate is realized with 104 quantum

gates whereas its cost is 100 in REVLIB. For most circuits, our initial cost is lower

than the REVLIB cost; however, this is not always the case.

The column MCT Opt. gives NCV quantum costs after our MCT optimization

described in Section 3.3.2. As it is indicated in Property 3.3, during the optimization

sometimes MCT gates with positive controls are replaced with negative control MCT

gates. This is beneficial if negative controls have the same cost as positive controls.

In the future chapters we show how this can be achieved. However, to keep with the

REVLIB cost model in this chapter, we add two NOT gates for each negative control

that sometimes makes the result of the MPMCT optimization worse than the original

circuits. Note that using better cost functions, these circuits are realizable with lower

quantum costs.

The column Map to NCV gives the quantum cost of the circuits after mapping

them to NCV circuits using REVLIB decomposition structures [84]. Note that the

quantum costs are the same as the previous column as mapping is performed by

substituting individual reversible gates with their quantum counterparts.

The column NCV Opt. shows the final quantum costs (number of quantum gates)

for the circuits after applying our quantum optimization procedure described in Sec-

tion 3.3.3. The %Imp. wrt Initial Cost shows the percentage improvement for the

quantum cost of the final circuits with respect to the quantum costs of the initial

circuits. Note that this percentage is higher when comparing to the costs given in

REVLIB; however, for the sake of showing the effectiveness of our optimization meth-

ods, the results are compared to the initial circuits.
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The CPU times given in the last column are the total elapsed time for the

MCT and the NCV optimization procedures. These times were determined using

the Python time function. They show the relative performance of the program for

various circuits but should not be given too much weight as our implementation has

not been optimized and uses many heuristics that could be further developed.

For the circuits listed in Table 3.3, the cumulative cost reduction is 18.03% and

the average improvement is 20.79%. The cumulative cost reduction for all the 156

benchmark circuits is 16.29%. The difference comes from the fact that there are a

number of small circuits in the test suite that are already highly optimized. The

average improvement for all the circuits in the test suite is 4.8%. As expected, the

results in Table 3.3 show that the cost reduction resulting from applying our opti-

mization procedures is very circuit dependent. The initial benchmark circuits have

already gone through different optimizations and are quite optimized. However, by

changing the optimization constraints such as the gate moving rule, we showed that

more cancelations can be found. All circuits generated in our experiments have been

verified using the QMDD-based verification approach described in [95].

Our second test suite consists of the same benchmarks that have been run with

the added optimization of factoring the MCT gates with a single added helper line

as described in [85]. This experiment shows how our methods can be combined with

other optimization techniques to yield better circuits. The results are shown in Table

3.4 for the circuits listed in Table 3.3. Note that for this experiment, a single helper

line has been added to every circuit. In this case the cumulative cost reduction for

the circuits in Table 3.4 is 21.44% compared to the initial costs and the improvement

is 27.04% on average.

Our third test suit is a selection of benchmark functions with 10 to 15 lines as

considered in [44]. These functions are shown in Table 3.5. For each function, we

considered three synthesis methods: TBS [40], RMS [29], and QMDD-based [44]. TBS

and RMS produce circuits with only MCT gates. QMDD-based synthesis produces

circuits with MPMCT gates. We applied our optimization methods to the circuits

resulting from each synthesis method. The results are summarized in Table 3.5.

For each function and synthesis method we show the quantum gate count (GC)

for three cases:

Case (a) The MPMCT gates in the circuit produced by the synthesis method are

individually mapped to quantum gates using the approach described for the first

test suite that employs the REVLIB quantum cost function for the NCV library
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Table 3.3: Optimization results on REVLIB benchmark circuits.

REVLIB Initial MCT Map to NCV %Imp. wrt Total
Cost Cost Opt. NCV Opt. initial Cost Time (s)

sym9 148 4368 4452 798 798 798 82.08 0.467
sym6 145 777 777 297 297 283 63.58 0.048
4gt4-v0 73* 89 89 57 57 55 38.20 0.004
4mod5-v0 18 25 25 19 19 17 32.00 0.019
4mod5-v0 21 19 25 19 19 17 32.00 0.001
toffoli double 4 10 10 7 7 7 30.00 0.001
4gt12-v0 86* 58 56 44 44 42 25.00 0.017
rd53 133 128 128 104 104 98 23.44 0.017
rd53 134 120 128 104 104 98 23.44 0.001
ham15 107 1831 1856 1434 1434 1426 23.17 0.163
4gt12-v0 87* 54 52 40 40 40 23.08 0.001
4gt4-v0 72* 54 52 40 40 40 23.08 0.001
urf4 160020 160020 136534 136534 127692 20.20 10572.489
mod5d2 70 16 16 13 13 13 18.75 0.000
4gt13 90 34 35 32 32 29 17.14 0.002
rd32-v0 66 12 12 12 12 10 16.67 0.000
rd32-v0 67 8 12 12 12 10 16.67 0.000
rd73 140 76 76 76 76 64 15.79 0.001
rd73 141 64 76 76 76 64 15.79 0.017
sym9 146 108 108 108 108 91 15.74 0.033
sym9 147 94 108 108 108 91 15.74 0.016
4mod5-v0 19 13 13 11 11 11 15.38 0.001
mod5mils 65 13 13 11 11 11 15.38 0.000
mod5mils 71 13 13 11 11 11 15.38 0.000
rd32-v1 68 13 13 13 13 11 15.38 0.000
rd32-v1 69 9 13 13 13 11 15.38 0.000
alu-v2 31 101 107 91 91 91 14.95 0.002
hwb4 49* 65 67 60 60 57 14.93 0.002
hwb4 50* 63 67 60 60 57 14.93 0.001
plus63mod8192 164* 45025 37102 32018 32018 31606 14.81 61.255
one-two-three-v1 99 36 37 34 34 32 13.51 0.000
rd84 142 112 112 112 112 97 13.39 0.017
rd84 143 98 112 112 112 97 13.39 0.017
4gt11 82 16 16 16 16 14 12.50 0.017
sys6-v0 111 72 72 72 72 63 12.50 0.016
sys6-v0 144 62 72 72 72 63 12.50 0.002
plus63mod4096 163* 32539 25534 22532 22532 22406 12.25 11.776
plus127mod8192 162* 73357 65456 58336 58336 57754 11.77 145.439
miller 11 17 17 17 17 15 11.76 0.001
4gt5 76 29 30 27 27 27 10.00 0.002
Total 319618 296979 253552 253552 243419 ** 10791.844

* An additional line is added for mapping to the NCV library.

** Cumulative Improvement: 18.03%, Average Improvement: 20.79%
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Table 3.4: Optimization of REVLIB benchmark circuits with an additional helper
line.

REVLIB Initial MCT Map to NCV %Imp. wrt Total
Cost Cost Opt. NCV Opt. initial Cost Time (s)

sym9 148 4368 4452 703 703 699 84.30 783.299
sym6 145 777 777 244 244 239 69.24 308.241
alu-v2 31 101 107 54 54 49 54.21 103.206
4gt4-v0 73 89 89 45 45 43 51.69 94.685
ham15 107 1831 1856 1015 1015 1005 45.85 1050.851
rd53 133 128 128 86 86 80 37.50 117.500
rd53 134 120 128 86 86 80 37.50 117.500
hwb4 49 65 67 51 51 42 37.31 79.313
hwb4 50 63 67 51 51 42 37.31 79.313
4mod5-v0 18 25 25 19 19 17 32.00 49.000
4mod5-v0 21 19 25 19 19 17 32.00 49.000
4mod5-v0 19 13 13 10 10 9 30.77 39.769
mod5mils 65 13 13 10 10 9 30.77 39.769
mod5mils 71 13 13 10 10 9 30.77 39.769
toffoli double 4 10 10 7 7 7 30.00 37.000
4gt12-v0 86 58 56 42 42 40 28.57 68.571
4gt12-v0 87 54 52 38 38 38 26.92 64.923
4gt4-v0 72 54 52 38 38 38 26.92 64.923
4gt13 90 34 35 29 29 26 25.71 51.714
plus63mod8192 164 45025 37102 28170 28170 27902 24.80 27926.797
plus63mod4096 163 32539 25534 19557 19557 19499 23.64 19522.635
plus127mod8192 162 73357 65456 51771 51771 51413 21.45 51434.454
mod5d2 70 16 16 13 13 13 18.75 31.750
urf4 160020 160020 140471 140471 131238 17.99 131255.987
rd32-v0 66 12 12 12 12 10 16.67 26.667
rd32-v0 67 8 12 12 12 10 16.67 26.667
rd73 140 76 76 76 76 64 15.79 79.789
rd73 141 64 76 76 76 64 15.79 79.789
sym9 146 108 108 108 108 91 15.74 106.741
sym9 147 94 108 108 108 91 15.74 106.741
rd32-v1 68 13 13 13 13 11 15.38 26.385
rd32-v1 69 9 13 13 13 11 15.38 26.385
one-two-three-v1 99 36 37 34 34 32 13.51 45.514
4gt5 76 29 30 27 27 26 13.33 39.333
4gt11 82 16 16 16 16 14 12.50 26.500
rd84 142 112 112 112 112 98 12.50 110.500
rd84 143 98 112 112 112 98 12.50 110.500
miller 11 17 17 17 17 15 11.76 26.765
sys6-v0 111 72 72 72 72 64 11.11 75.111
sys6-v0 144 62 72 72 72 64 11.11 75.111
Total 319618 296979 243419 243419 233317 ** 234398.468

** Cumulative Improvement: 21.44%, Average Improvement: 27.04%
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(containing NOT, CNOT, V , and V + gates). The number of quantum gates required

for each MPMCT gate depends on the number of controls and the number of ancillary

lines available.

Case (b) In this case, the MPMCT gate optimizations presented in Section 3.3.2

are applied to the circuit produced by the synthesis method and the quantum gate

count is then determined as in Case (a).

Case (c) In this case, the optimized circuit from Case (b) is mapped to the NCV

library. The mapped circuit is then optimized using our quantum gate optimization

described in Section 3.3.3. The gate count is the number of gates following that

optimization.

Time (s) This column shows the total optimization time in seconds. The times were

determined using the Python time function.

Gate count is, of course, only a rough estimate of the complexity of the circuit. A

more accurate quantum cost model would be highly technology dependent. Note that

we assume there is always at least one ancillary line available at every gate. Hence,

if a circuit contains a gate that uses every line as a control or the target, we assume

one extra line is added to the circuit. This is required to ensure a circuit can be built

from NCV gates. As a result, higher order roots-of-NOT gates are not used in cost

calculations. For each circuit, only one extra line needs to be added as ancillaries can

be reused. These circuits are identified by an * after their name. As for the previous

results, all circuits generated in Table 3.5 have been verified using the QMDD-based

verification approach described in [95].

The results clearly show the advances of the proposed approaches. Using the

MPMCT optimization presented in Section 3.3.2, average reductions in the gate count

by approximately 13.2%, 25.2%, and 17.7% can be achieved for the circuits resulting

from the TBS [40], RMS [29], and QMDD-based [44] synthesis methods respectively

(see columns labeled with Case (b)). This can be further improved to 16.5%, 27%,

and 24.8% if the methods from Section 3.3.3 are applied (see columns labeled with

Case (c)). Thus, we can conclude that the optimization techniques described in this

chapter are viable approaches to producing more efficient quantum circuit realizations

for reversible functions than can be found using earlier techniques.
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3.5 Summary

Post synthesis optimizations are commonly used in reversible and quantum circuit

design automation. In this chapter, we moved the optimization techniques forward

by relaxing the constraints that are applied for gate movements. In particular, we

introduced a more general moving rule that allows larger movement domains for

gates and results in finding more reductions. The experimental results show that the

techniques presented in this chapter can result in considerable cost savings for NCV

realization of MPMCT gate circuits.

The current implementation of the Gate Reduction Procedure (Procedure 3.1)

that uses the Line Labeling Procedure (Procedure 3.2) as its first step does not

guarantee to find all places in a circuit where a gate can be moved to and hence does

not guarantee to find all possible reductions. However, in the next chapter, we will

show that using a functional approach, it is possible to find all such cancelations.

Note that besides being simple and straightforward, the Line Labeling procedure is

fast and gives a good balance of final circuit cost versus computational cost.

The techniques presented can be applied to other reversible and quantum gate

libraries. We are working on extending the methods to rotation and various other

quantum gates [13]. In the approach discussed here, gates are only moved when

they can be canceled or combined with others. However, we have found examples

where moving a gate, or gates, allows for a reduction involving other gates. We are

exploring this and looking for heuristics to guide when the movement of a gate will

be advantageous.

The methods presented use heuristic greedy techniques. Our future work will

consider alternatives. Finally, as shown in our second set of experimental results,

the techniques presented in this chapter can be combined with other optimization

approaches to reduce quantum implementation costs even further.
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Chapter 4

Circuit Optimization: A

Functional Approach

Reversible synthesis tools often generate circuits that are not optimal and can be

improved by post synthesis optimizations [82, 86, 93]. Optimization methods usually

use gate rearrangement to find possible reductions which is often performed based on

gate moving rules. The conventional moving rule for reversible and quantum gates

was proposed by Maslov [28]. A generalized gate moving rule (Property 3.2) was

introduced in the previous chapter that allows larger movement domains for gates in

reversible circuits. An optimization method (Procedure 3.1) was also proposed that

uses the generalize moving rule to optimize reversible and quantum circuits.

To implement the new gate moving rule, a heuristic method (Procedure 3.2) was

introduced in the previous chapter that employs labels to keep track of functional

changes on qubit states between gates in a reversible circuit. Although this approach

is fast, effective and straightforward, it cannot find all the possible reductions in a

circuit.

In this chapter, we discuss an exact method that utilizes a functional description

instead of labels to represent functions on circuit line segments. The functional rep-

resentation that we use is a decision diagram structure called Decision Diagram for a

Matrix Function (DDMF) [73, 96]. The limitation of this representation is that it is

only applicable to Boolean reversible circuits and a certain class of quantum circuits

called Semi-Classical Quantum Circuits(SCQC) [73, 96]. The experimental results

show that the proposed approach can find more reductions than the Line Labeling

Procedure (Procedure 3.2) that was introduced in the previous chapter. However,
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due to the limitation of the new approach, it is applicable to Boolean reversible cir-

cuits but not all quantum circuits. The results of this part of the dissertation were

published in [97,98].

4.1 Basic Optimization Approach

Most optimization methods use gate rearrangement to find possible reductions in

reversible and quantum circuits [2, 4, 93]. So far, the gate rearrangements have been

performed under the limitations imposed by the conventional moving rule [28]. In

the previous chapter, gate rearrangement constraints were modified in Property 3.2

to allow gate movements beyond the conventional moving rule limits.

In the previous chapter, an optimization approach called Gate Reduction Proce-

dure GRP (Procedure 3.1) was proposed that uses the generalized moving rule at

the Step 6 to find possible cancelations. Using the generalized moving rule requires

knowing the functionality at each line segment in a circuit. The functions on the line

segments after each gate are stored at Step 1 of the procedure. In Section 3.3.1, we

showed that one way to store functions at different line segments in a circuit is to

represent them by labels. Therefore, a procedure called the Line Labeling Procedure

(LLP) (Procedure 3.2) was designed to assign labels to circuit line segments. This

labeling is such that if two segments on a circuit line have the same label, those seg-

ments realize the same function. The procedure uses stacks to keep track of identity

structures.

Although the same label on a circuit line identify the same function, there might

be segments on a line with the same function but different labels. It means that the

Line Labeling Procedure does not guarantee to find all identical functions. Hence, if

we use the LLP (Procedure 3.2) as the first step of the Gate Reduction Procedure

(Procedure 3.1), it is not guaranteed to find all possible reductions and there are cases

where identities cannot be found using this method. In the following, two examples

are shown where the identity structures cannot be found by using labels as in the

Line Labeling Procedure.

Example 4.1. Consider the circuits in Figure 4.1. Two consecutive identical MCT

gates are shown in Figure 4.1 (a) that realize the identity according to Property 2.2.

In Figure 4.1 (b), the first MCT gate is replaced by its five gate realization from

the NCV library (see Figure 2.10) and since controls can have any order in MCT
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a • •

b • •

c /.-,()*+ /.-,()*+

• • • • /.-,()*+ • /.-,()*+
= /.-,()*+ • /.-,()*+ • • • • =

V V + V + V V V +

• • /.-,()*+ • /.-,()*+ a

/.-,()*+ • /.-,()*+ • • b

V V + c

(a) (b) (c)

a 0 • • /.-,()*+1 • /.-,()*+0 a

b
0 /.-,()*+1 • /.-,()*+0 • • 0

b

c 0
V

1
V + 2 2 c

(d)

Figure 4.1: (a) Two MCT gates realizing the identity (b) After substituting the NCV
realizations (c) After removing the four redundant gates in the middle (d) After
applying the Line Labeling procedure.

gates, the second MCT gate is replaced by the inverse realization (Property 2.3) of

the same MCT with a different order of controls. In the resulting circuit, V +(a; c)

from the first realization can be canceled with V (a; c) from the second realization and

similarly V +(b; c) from the first realization can be canceled with V (b; c) from the second

realization which yields the circuit shown in Figure 4.1 (c). Since the circuit in Figure

4.1 (c) is equivalent to the circuit in Figure 4.1 (a), it realizes the identity. Figure

4.1 (d) shows the result of applying the Line Labeling Procedure (Procedure 1 in [79])

to the circuit of Figure 4.1 (c). Note that only changes on the line labels are shown.

As shown, the labels on line c are not the same at the two ends of the circuit although

they represent the same function.

Example 4.2. Consider the two consecutive Swap gates shown in Figure 4.2 (a)

realizing the identity function. If we substitute the first Swap gate with its NCV

realization in Figure 2.8 and the second Swap gate with an alternate realization, the

circuit in Figure 4.2 (b) will be achieved. The circuit in Figure 4.2 (b) implements the

identity function, but as shown in Figure 4.2 (c), applying the Line Labeling Procedure

a × ×
b × ×

• /.-,()*+ • /.-,()*+ • /.-,()*+
= /.-,()*+ • /.-,()*+ • /.-,()*+ • =

0 • /.-,()*+1 • /.-,()*+2 • /.-,()*+3 a
0 /.-,()*+1 • /.-,()*+2 • /.-,()*+3 • 3

b

(a) (b) (c)

Figure 4.2: (a) Two Swap gates realizing the identity (b) After mapping to NCV
gates (c) After applying the Line Labeling procedure.
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(Procedure 1 in [79]) leads to different labels at the two ends of the circuit while the

functionalities of the two lines a and b are the same at both the input and the output

side of the circuit.

The above examples show that the GRP optimization method that uses the Line

Labeling Procedure to find the identities cannot find all of the possible reductions in

a circuit. In the next section, we discuss an alternative approach that uses functional

representations instead of labels and allows more effective implementation of the

generalized moving rule.

4.2 DDMF-based Optimization Method

It was shown in the previous section that the optimization approach of Procedure

3.1 that uses the Line Labeling Procedure as its first step cannot find all possible

reductions in a circuit because labels do not uniquely represent the functionality of

line segments. The solution to address this problem is to use a full representation of

the functions at each line segment in the circuit. In this section, an alternative to the

basic optimization method is presented that uses a decision diagram structure called

Decision Diagram for a Matrix Function (DDMFs) [73] for this purpose. DDMFs are

compact structures and they are well suited to represent the functionality at each line

segment in a circuit.

4.2.1 Decision Diagram for a Matrix Function (DDMF)

Decision Diagrams for Matrix Functions are specifically designed to represent the

matrix associated with each line segment in a subset of quantum circuits called Semi-

Classical Quantum Circuits (SCQC). Before defining the Decision Diagram for a Ma-

trix Function, we first introduce some concepts and definitions that are required for

describing DDMFs.

Definition 4.1. A Semi-Classical Quantum Circuit (SCQC) is a quantum cir-

cuit in which if all the initial input quantum states of the circuit are |1〉 or |0〉 (classical

values), the quantum states at all gate controls in the circuit are |1〉 or |0〉 at the time

that the gate is being operated [73].

The above definition means that entanglement does not occur in Semi-Classical

Quantum Circuits as long as their inputs are initialized to classical (Boolean) values.
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|x1〉 • ��������
|x2〉 • �������� /.-,()*+
|x3〉 /.-,()*+ /.-,()*+ •

Figure 4.3: Example of an SCQC reversible circuit. .

Recalling from Chapter 2, the qubits of a quantum circuit are in an entangled quantum

state if it is impossible to separate the contributions of the states of the individual

qubits from the state of the whole system [23].

In general, reversible circuits that consist of reversible gates with Boolean op-

erations are all SCQC. For instance, all circuits of Mixed-Polarity Multiple-Control

Toffoli (MPMCT) gates are SCQC.

Example 4.3. Consider the circuit of Figure 4.3 that consists of two MPMCT gates

T (x1, x2;x3) and T (x1, x2;x3) followed by the CNOT gate T (x3;x2). This circuit

transforms the state of the third qubit |x3〉 into |x3 ⊕ f(x1, x2)〉 where f(x1, x2) =

x1.x2 + x1.x2. Hence, the circuit calculates a Boolean function on the third line and

the value on the control of the third gate is always |0〉 or |1〉 i.e. the circuit is SCQC.

A reversible circuit that is SCQC may be realized by a non-SCQC quantum circuit

depending on the mapping procedure and the quantum cost model that is used.

Example 4.4. Now consider the quantum circuit shown in Figure 4.4. This circuit

is composed of the five gate realization of a 2-control MCT gate as in Figure 2.10 (a)

followed by a CNOT gate T (x3;x2). Hence, the third qubit |x3〉 is transformed into

|x3 ⊕ f(x1, x2)〉 where f(x1, x2) = x1.x2. Thus the circuit is SCQC, but it is not

trivial to check the condition for the quantum state of the control qubit of the last gate

T (x3;x2). We later show that by using the concepts that are explained in this section

whether a circuit is an SCQC is easily checked.

Example 4.5. Figure 4.5 shows an example of a non-SCQC circuit. If the second

qubit |x2〉 is |1〉 then the value of the first qubit |x1〉 at the control connection of the

second gate T (x2;x1) will be V |x1〉 in which V corresponds to the matrix of Equation

2.11 in Chapter 2. Hence, the first qubit has a quantum value at the time when the

second gate is being operated and this causes entanglement.
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|x1〉 • • •
|x2〉 • /.-,()*+ • /.-,()*+ /.-,()*+
|x3〉 V V V + •

Figure 4.4: Example of an SCQC quantum circuit. .

|x1〉 V • • •
|x2〉 • • /.-,()*+ • /.-,()*+
|x3〉 V V V +

Figure 4.5: Example of a non-SCQC quantum circuit. .

Later in the experimental results section we show that non-entangled NCV (NOT,

CNOT, V , V +, controlled-V , and controlled-V +) circuits are achieved by using non-

entangled quantum realizations of MPMCT gates in mapping MPMCT circuits to

quantum circuits. Removing the entanglement adds extra quantum costs that are

sometimes comparable to the improvements achieved by the new method.

Definition 4.2. A quantum function f : Bn → Q with respect to n Boolean

variables x1, x2, . . . , xn is a mapping from each of the 2n variable assignments to a

qubit state |Q〉 and is denoted by qf(x1, x2, . . . , xn) [73].

Example 4.6. See the third bit after the first gate in the circuit of Figure 4.4 again.

If the initial state of |x3〉 is |0〉, the resulting state of the third qubit after the first

gate can be seen as a quantum function qf1(x1, x2) as shown in the second column of

Table 4.1. For example, assigning x1 = 1 and x2 = 0 leads to the state of |x3〉 after

the first gate transform to V |0〉. Hence, qf1(1, 0) = V |0〉 as shown in Table 4.1.

A Boolean function can be considered as a special case of quantum functions as

defined above in which the output states are restricted to |0〉 and |1〉 corresponding

to the Boolean values 0 and 1 respectively.

Example 4.7. The third column of Table 4.1 shows the quantum function of the third

qubit after the two MPMCT gates in the circuit of Figure 4.3 given that the initial

state of |x3〉 is |0〉.
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Table 4.1: Truth table for quantum functions and matrix functions of Examples 4.6
to 4.8.

x1, x2 qf1 qf2 mf1 mf2 CM(NOT )

0, 0 |0〉 |1〉 I NOT NOT

0, 1 |0〉 |0〉 I I NOT

1, 0 V |0〉 |0〉 V I NOT

1, 1 V |0〉 |1〉 V NOT NOT

Definition 4.3. A matrix function with n Boolean variables x1, . . . , xn is a map-

ping from {0, 1}n to 2× 2 unitary matrices and is denoted by mf(x1, . . . , xn) [73].

The value of a quantum function qf(x1, . . . , xn) can always be expressed by a

matrix function as mf(x1, . . . , xn)|0〉.

Example 4.8. The fourth and the fifth columns of the Table 4.1 show the matrix

functions mf1 and mf2 associated with the quantum functions qf1 and qf2 respectively.

A matrix function whose output values are only I or NOT is treated as a classical

Boolean function by considering that the NOT and I matrices in outputs of the matrix

function correspond to the 1 and 0 values in the Boolean function respectively.

Definition 4.4. A matrix function mf(x1, . . . , xn) is called a constant matrix

function if mf(x1, . . . , xn) is the same matrix M for all assignments to x1, . . . , xn

and is denoted by CM(M) [73].

Example 4.9. The constant matrix function CM(NOT) with respect to the variables

x1 and x2 is shown in the last column of Table 4.1.

The following two operators ⊕ and ∗ are defined on matrix functions [73]. These

operators are used to construct DDMFs for quantum circuits, which will be described

later in this chapter.

Definition 4.5. Let mf1 and mf2 be matrix functions with respect to x1, . . . , xn. The

mf1 ⊕mf2 is defined as

mf1 ⊕mf2 = mf1(x1, . . . , xn) ·mf2(x1, . . . , xn) (4.1)

where · means normal matrix multiplication [73].
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Table 4.2: Example of operators ⊕ and ∗.
x1, x2 mf1 mf2 mf1 ⊕mf2 mf3 f f ∗mf3
0, 0 R(π2 ) R(π2 ) R(π) R(π2 ) 1 R(π2 )

0, 1 I I I I 0 I

1, 0 I R(π4 ) R(π4 ) R(π) 1 R(π)

1, 1 R(π2 ) R(π4 ) R( 3π4 ) R(π) 0 I

Definition 4.6. Let mf3 be a matrix function with respect to x1, . . . , xn and f be a

Boolean function with respect to x1, . . . , xn. The f ∗mf3 is defined as below [73].

f ∗mf3 =

{
mf3(x1, . . . , xn) if f(x1, . . . , xn) = 1

I if f(x1, . . . , xn) = 0
(4.2)

Example 4.10. Consider the mf1 and mf2 functions in the second and third columns

of Table 4.2. The R(θ) matrices are rotations about the x̂−axis on the Bloch sphere

by θ degrees (see Figure 2.1).

R(θ) =

(
cos(θ/2) − isin(θ/2)

−isin(θ/2) cos(θ/2)

)
(4.3)

The corresponding mf1⊕mf2 is shown in the fourth column. In addition, for the

mf3 and the f functions shown in the fifth and the sixth columns, the corresponding

f ∗ mf3 operation is shown in the last column. Note that if both mf1 and mf2 are

Boolean functions, the operator ⊕ acts as the EXOR of the two functions. Also, if

mf3 is a Boolean function, the operator ∗ corresponds to the AND of the two Boolean

functions.

A matrix function can be expressed by an edge-valued decision diagram structure

which is described as follows.

Definition 4.7. A Decision Diagram for a Matrix Function (DDMF) is a

directed acyclic graph with three types of nodes:

1. A single terminal node corresponding to the identity matrix I,

2. a root node with an incoming edge having a weighted matrix M, and

3. a set of non-terminal (internal) nodes [73].
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x

M

i

xi+1 xi+1

M M1 0

mf mf1 0

Figure 4.6: An internal DDMF node.

In DDMFs, each internal and the root node are associated with a Boolean variable

xi, and have two outgoing edges which are called the 1-edge (solid line) leading to

its 1-child node and the 0-edge (dashed line) leading to its 0-child node. DDMFs are

ordered i.e. variables appear in the same order on each path from the root node to a

terminal node. Every edge has an associated matrix. The matrix function represented

by a node is defined recursively by the following three rules [73,96].

1. The matrix function represented by the terminal node is the constant matrix

function CM(I).

2. The matrix function represented by an internal node (or the root node) whose

associated variable is xi is defined as

mf = xi ∗ (CM(M 1)⊕mf1)⊕ xi ∗ (CM(M 0)⊕mf0) (4.4)

where mf1 and mf0 are the matrix functions represented by the 1-child node

and the 0-child node respectively, and M 1 and M 0 are the matrices of the

1-edge and the 0-edge, respectively.

3. The root node has one incoming edge that has a matrix M. The matrix function

represented by the whole DDMF is CM(M) ⊕ mf , where mf is the matrix

function represented by the root node. (See an illustration of this structure in

Figure 4.6)

Similar to conventional binary decision diagrams (BDD), a canonical form can be

defined for DDMFs.
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x

M

i

xi+1 xi+1

M

M

1

0

mf mf1 0

M0
-1

Figure 4.7: A normalized internal DDMF node.

Definition 4.8. A DDMF is canonical if the following conditions hold [73]:

1. All the matrices on 0-edges are I.

2. There are no redundant nodes i.e. no node has both its 0-edge and 1-edge point-

ing to the same node with I as the 1-edge matrix.

3. Common subgraphs are shared i.e. there are no two identical subgraphs.

Any DDMF can be normalized to its canonical form by applying the following

transformations on its edges from the terminal nodes to the root node. Suppose the

matrices on the incoming edge, 0-edge and 1-edge of a node be M , M 0 and M 1,

respectively. Then, if M 0 is not I , we modify these three matrixes as follows:

1. The matrix on the incoming edge is changed to be MM 0.

2. The matrix on the 1-edge is changed to be M −1
0 M 1.

3. The matrix on the 0-edge is changed to be I .

It is easily verified that the above transformations do not change the matrix func-

tion represented by the DDMF. See the illustration in Figure 4.7 where the matrix

on the 0-edge of the node xi is converted to I . The I matrices on 0-edges are not

shown for simplicity.

Definition 4.9. Let DDMFmf1, DDMFmf2 and DDMFmf3 be DDMFs that repre-

sent matrix functions mf1, mf2 and mf3 respectively. Then DDMFmf1⊕DDMFmf2

is defined as a DDMF that represents the matrix function mfl ⊕ mf2. Let also

DDMFf be a DDMF that represents a Boolean function f . Then DDMFf∗DDMFmf3

is defined as a DDMF that represents the matrix function f ∗mf3.
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|x1〉 • •
|x2〉 �������� V

|x3〉 /.-,()*+

Figure 4.8: Example of an SCQC circuit. .

4.2.2 DDMFs for Reversible and Quantum Circuits

We use DDMFs to represent matrix functions on all line segments in a circuit. To

begin, for each primary input xi a DDMF representing that variable is built. Then,

gates are considered one at a time from the primary inputs towards the outputs, and

DDMFs for the functions corresponding to the circuit lines on the output side of the

gate are constructed from DDMFs on the input side as follows.

Let Dj
i be the DDMF for the i−th line after the j−th gate and F (D) be the

matrix function represented by a DDMF D. Then the DDMFs after the j−th gate

are built as follows:

1. If the i−th line is not the target bit of the j−th gate, assign Dj
i = Dj−1

i .

2. If the i−th line is the target of the j−th gate, assign Dj
i = Dj−1

i ⊕Dgate where

Dgate is constructed by the following steps:

(a) Assume the j−th gate has positive controls p1, p2, . . . , pk and negative con-

trols n1, n2, . . . , nl. The matrix function for the controls (g) is constructed

by g = F (Dj−1
p1

) · F (Dj−1
p2

) . . . F (Dj−1
pk

) · F (Dj−1
n1 ) · F (Dj−1

n2 ) . . . F (Dj−1
nl ).

Because of the restriction of SCQCs, all the matrix functions for the con-

trols are essentially classical Boolean functions and the above expression

is simply the logical AND of those functions.

(b) TheDgate is constructed byDgate = (DDMF for g)∗(DDMF for CM(U)),

where U is a unitary matrix associated with the j−th gate.

Example 4.11. Consider the circuit in Figure 4.8. First, a DDMF corresponding to

an identity function is constructed for each input as shown in Figure 4.9. The matrix

function for the controls of the first gate (g) is obtained from g = F (D0
x1

).F (D0
x2

) in

which the F (D0
x1

) and F (D0
x2

) correspond to the matrix functions of the inputs x1 and
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x1

N

I

x2

N

I

x3

N

I

(a) (b) (c)

Figure 4.9: DDMF structures for the inputs in the circuit of Figure 4.8 (a) D0
x1

(b)
D0

x2
and (c) D0

x3
.

Table 4.3: Matrix functions for D0
x1

and D0
x2

.

x1, x2 F (D0
x1
) F (D0

x2
) g = F (D0

x1
).F (D0

x2
)

0, 0 I I I

0, 1 I NOT I

1, 0 NOT I NOT

1, 1 NOT NOT I

x2 respectively. These functions are shown in Table 4.3. Note that since the values

on the controls are always classical Boolean values, the ”.” operation is in fact the

logical AND. The DDMF of the first gate is built from the DDMF of the g and the

DDMF of the CM(NOT) as the gate inverts the target i.e. Dgate = (DDMF for

g) ∗ (DDMF for CM(NOT)). The DDMFs for the g and CM(NOT) are shown

in Figure 4.10 (a) and (b) respectively. The DDMF of the third qubit |x3〉 after the

first gate is shown in Figure 4.10 (c). The DDMFs of the first two qubits |x1〉 and

|x2〉 after the first gate are the same as the DDMFs shown in Figure 4.9 (a) and (b).

Similarly, the DDMFs after the second gate V (x1;x2) can be built from the DDMFs

after the first gate. Figure 4.11 shows the DDMFs on the output side of the circuit

in Figure 4.8.
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x1

I

x2
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N

N

I

x1

x2

x3

N

N

I

N

(a) (b) (c)

Figure 4.10: DDMF structures for (a) g (b) CM(NOT ) and (c) D1
x3

for the circuit
of Figure 4.8.

4.2.3 The Functional Optimization Method

In the previous chapter, an optimization method titled the Gate Reduction Procedure

(Procedure 3.1) was introduced that requires knowing the functional changes after

each gate being processed in a circuit. We showed that the basic method that uses la-

bels to represent functions does not find all functional equivalences. The best solution

for this problem is to use a functional description such as DDMFs. We chose DDMFs

because they are well suited to represent functions on the circuit line segments.

The DDMF-based optimization first builds DDMFs for each input of a given

circuit. Then, it follows the steps of the Gate Reduction Procedure (Procedure 3.1)

and each time Step 1 of the procedure is performed, the DDMFs after the selected gate

are constructed from the DDMFs for the circuit lines before the gate. Comparison

of the functionalities on the line segments (as in Steps 2,3 and 6) are performed by

comparing the DDMF structures on the corresponding lines. Because DDMFs are in

the canonical form, the comparison is easily performed in constant time by comparing

the pointers to the root nodes. Hence, DDMFs are stored for all the line segments in
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x1

N

I

x1

V

I

x2

N

x1

x2

x3

N

N

I

N

(a) (b) (c)

Figure 4.11: DDMF structures for the outputs in the circuit of Figure 4.8 (a) D2
x1

(b)
D2

x2
and (c) D2

x3
.

a circuit.

Using DDMFs, the identity blocks in the examples of Figures 4.1 and 4.2 can be

found and removed from circuits as the second and third steps of the optimization

procedure are being performed.

4.3 Experimental Results

The basic optimization procedure has been implemented using Python 2.6.5 and the

results of applying it on different benchmark circuits were discussed in the previous

chapter. Prototype implementation of the DDMF-based optimization procedure has

been implemented using the C++ programming language. We use the DDMF package

[73] in which the DDMF operations such as comparing two DDMFs or operations in

Definitions 4.5 and 4.6 are implemented efficiently. The experiments were run on a

system with a 3.2 GHz i5-650 CPU and 3.0 GB RAM. The programs use REVLIB [9]

real circuit format. All circuits generated in our experiments have been verified using
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the QMDD-based verification approach described in [95].

To compare the basic optimization method with the DDMF-based optimization

method, we applied the DDMF-based method to the 156 benchmark circuits of the

first test suite in the experimental results of the previous chapter. The results are

summarized in Table 4.4 for the circuits in which the improvement was over 10%.

For each circuit, the second column shows the quantum cost reported in the

REVLIB website [9] followed by the quantum cost of the initial circuit that we con-

sider. The initial quantum costs are slightly different from the REVLIB costs as they

are targeted for the NCV quantum library whereas the REVLIB costs are based on a

different quantum library. Note that the reversible gates other than MPMCT gates

such as Fredkin [64] or Peres [63] gates are all accommodated by replacing them by

equivalent MPMCT gate sequences. The fourth column shows the quantum costs of

the resulting circuits after applying the DDMF-based optimization on the MPMCT

reversible circuits. The next column shows the costs after mapping to quantum NCV

circuits and the sixth column corresponds to the quantum costs after applying the

DDMF-based optimization on the quantum circuits.

The only benchmark circuits that could be optimized using the DDMF-based

method were small circuits with quantum costs up to 112 as reported in Table 4.4

because the DDMF-based method only applies to non-entangled circuits and the

larger benchmark circuits contained more complex reversible gates that had entangled

realizations in the NCV library used for the mapping. The cumulative cost reduction

for the circuits reported in Table 4.4 is 15.35%. The cumulative cost reduction for all

the non-entangled circuits in the test suite is 7.36% which is quite a bit lower because

the remaining non-entangled circuits are small and are already highly optimized. For

the same reason, the difference between the two methods (basic and DDMF-based

methods) is not visible in this table. The average cost reduction for the circuits in

Table 4.4 is 16.58% and the average improvement among all the circuits in the test

suite is 5.56%. Note that the execution times are rather higher than the basic method

despite the fact that the basic method is written in Python which is supposed to run

slower than C++ code.

In the results of Table 4.4, we used the REVLIB cost model for mapping MPMCT

circuits to NCV circuits that generates entanglement for large circuits. However, to

show the benefits of the DDMF-based optimization, we need large SCQC quantum

circuits which requires a technology mapper that considers this restriction in mapping

reversible circuits to quantum circuits. In the next chapter, we will discuss different



70

Table 4.4: Optimization results of using the DDMF-based method on REVLIB bench-
mark circuits.

REVLIB Initial MCT Opt. Map to NCV Opt. %Imp. wrt Total
Cost Cost NCV initial Cost Time (s)

4mod5-v0 18 25 25 19 19 17 32.00 0.032
4mod5-v0 21 19 25 19 19 17 32.00 0.032
toffoli double 4 10 10 7 7 7 30.00 0.000
mod5d2 70 16 16 13 13 13 18.75 0.016
4gt13 90 34 35 32 32 29 17.14 0.031
rd32-v0 66 12 12 12 12 10 16.67 0.032
rd32-v0 67 8 12 12 12 10 16.67 0.032
rd73 140 76 76 76 76 64 15.79 0.062
rd73 141 64 76 76 76 64 15.79 0.047
sym9 146 108 108 108 108 91 15.74 0.078
sym9 147 94 108 108 108 91 15.74 0.078
4mod5-v0 19 13 13 11 11 11 15.38 0.032
mod5mils 65 13 13 11 11 11 15.38 0.016
mod5mils 71 13 13 11 11 11 15.38 0.032
rd32-v1 68 13 13 13 13 11 15.38 0
rd32-v1 69 9 13 13 13 11 15.38 0.032
alu-v2 31 101 107 91 91 91 14.95 0.032
hwb4 49* 65 67 60 60 57 14.93 0.032
hwb4 50* 63 67 60 60 57 14.93 0.016
one-two-three-v1 99 36 37 34 34 32 13.51 0.032
rd84 142 112 112 112 112 97 13.39 0.074
rd84 143 98 112 112 112 97 13.39 0.078
4gt11 82 16 16 16 16 14 12.50 0.032
sys6-v0 111 72 72 72 72 63 12.50 0.047
sys6-v0 144 62 72 72 72 63 12.50 0.062
miller 11 17 17 17 17 15 11.76 0.000
4gt5 76 29 30 27 27 27 10.00 0.032
Total 1198 1277 1214 1214 1081 ** 0.989

* An additional line is added for mapping to the NCV library.

** Cumulative Improvement: 15.35%, Average Improvement: 16.58%

quantum cost functions and a state-of-the-art MPMCT to NCV mapper [99]. We will

here use this mapper and a modified version of it to generate SCQC circuits without

going into the details of its implementation. For a detailed description of this cost

model see the next chapter.

Our second test suite consists of 22 MPMCT circuits that are produced by the

QMDD-based synthesis method in [44, 100] and optimized by the ESOP-based opti-

mization EXORCISM-4 [88] as reported in [82] plus the three unstructured reversible

functions (urf1, urf2 and urf5) taken from the REVLIB website [9]. To compare

the basic and the DDMF-based optimization procedures, both optimization methods

were applied to the MPMCT circuits in the test suites. The results are mapped to

NCV circuits and the optimization procedures were again applied to the NCV circuits.

For mapping MPMCT to NCV circuits, we used the mapping procedure introduced
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in [99] with an extension to generate non-entangled NCV circuits to comply with the

limitation of using DDMFs (i.e. being applicable on the SCQCs only). To this end,

the target of an MPMCT gate is never used as an ancillary as it is mapped to an NCV

circuit. The resulting realizations are more expensive than the entangled realizations

reported in [99]. Tables 4.5 and 4.6 show the non-entangled NCV costs of MPMCT

gates with 1 and n− 3 ancillaries respectively.

We here consider three different approaches: (1) the basic optimization method on

entangled circuits, (2) the basic optimization method on non-entangled circuits and

(3) the DDMF-based optimization method on non-entangled circuits. The results of

applying these methodologies are summarized in Table 4.7. The first column of the

table gives the REVLIB circuit name and file identification number. The column

labeled Initial shows the non-Entangled NCV cost of the initial MPMCT circuits.

The next 12 columns give the result of applying the basic optimization on entangled

circuits, basic optimization on non-entangled circuits and DDMF-based optimization

on non-entangled circuits. For each method, the results are reported in four columns:

(a) The NCV cost of the circuits resulting from applying the corresponding optimiza-

tion method on the initial MPMCT circuits.

(b) The NCV cost of resulting circuits after mapping MPMCT circuits to NCV cir-

cuits using [99].

(c) The NCV costs after applying the corresponding optimization method on the

circuits of column (b).

(d) The total elapsed time in seconds for steps (a)-(c).

The last two columns of Table 4.7 show the difference between the three ap-

proaches in terms of the quantum cost. ∆1 is the difference between the ninth col-

umn (Basic Non-Entangled (c)) and the thirteenth column (DDMF (c)). In fact, ∆1

gives the improvement that can be achieved by using the DDMF-based optimiza-

tion method rather than the basic optimization method for non-entangled circuits.

∆2 gives the difference between the fifth column (Basic Entangled (c)) and the thir-

teenth column (DDMF (c)). It compares the two options of using the basic method

on entangled circuits and the DDMF-based method on non-entangled circuits.

The results are interesting in that they show that using a functional approach

does not in general add significant improvement to what can be achieved by the basic
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Table 4.5: NCV cost of MPMCT gates of size n = 4 . . . 16 with 1 ancillary.
Controls Number of Negative Controls

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

3 14 14 16 18

4 20 20 20 22 24

5 42 42 42 44 46 48

6 54 54 54 54 56 58 60

7 72 72 72 72 76 78 80 82

8 84 84 84 84 84 86 88 90 92

9 108 108 108 108 108 110 112 114 116 118

10 132 132 132 132 132 132 134 136 138 140 142

11 156 156 156 156 156 156 158 160 162 164 166 168

12 180 180 180 180 180 180 180 182 184 186 188 190 192

13 204 204 204 204 204 204 204 206 208 210 214 216 218 220

14 228 228 228 228 228 228 228 228 230 232 234 238 240 242 244

15 252 252 252 252 252 252 252 252 254 256 258 260 264 268 270 272

Table 4.6: NCV cost of MPMCT gates of size n = 4 . . . 16 with n− 3 ancillary lines.
Controls Number of Negative Controls

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

3 14 14 16 18

4 20 20 20 22 24

5 32 32 32 34 36 38

6 44 44 44 44 46 48 50

7 56 56 56 56 58 60 62 64

8 68 68 68 68 68 70 72 74 76

9 80 80 80 80 80 82 84 86 88 90

10 92 92 92 92 92 92 94 96 98 100 102

11 104 104 104 104 104 104 106 108 110 112 114 116

12 116 116 116 116 116 116 116 118 120 122 124 126 128

13 128 128 128 128 128 128 128 130 132 134 136 138 140 142

14 140 140 140 140 140 140 140 140 142 144 146 148 150 152 154

15 152 152 152 152 152 152 152 152 154 156 158 160 162 164 166 168

method. However, in some cases (e.g. the clip 206 circuit) the DDMF-based method

outperforms the basic entangled method despite using the expensive non-entangled

cost function. The CPU time of the DDMF-based method is significantly more than

the basic method as expected.
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4.4 Summary

We introduced an optimization approach that uses a functional description to im-

plement the generalized moving rule as opposed to the labels in [79]. The results

presented show that using a functional approach does not result in considerable cost

savings while it is computationally expensive. However, the trade-offs between the

techniques presented can be considered depending on the target circuits. For exam-

ple, for small SCQCs, the DDMF-based approach is definitely the best choice while

for larger circuits, the basic method seems to be more practical.

Our experiments to date have been for MPMCT circuits mapped to NCV circuits

using a particular approach to the mapping of each MPMCT gate. It may be that

the DDMF method will yield more improvement for alternative mapping approaches

or for SCQC found by other approaches. This is a consideration for ongoing research.
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Chapter 5

Quantum Gate Libraries

Implementation of a quantum computer in any technology must satisfy a number of

essential criteria such as a scalable physical system with well characterized qubits,

the ability to initialize the state of the qubits, relatively long coherence times (much

longer than the gate operation time), a qubit-specific measurement capability and a

universal set of quantum gates [101].

Unlike classical computers in which transistors are basic elements to implement

gates of different kinds, quantum gates are implemented in different ways depending

on the underlying technology which involves technology dependant complications.

The technology dependant limitations may limit computer scientists from defining

arbitrary quantum gates. However, there are reversible and quantum gates that are

widely used in reversible and quantum circuit design and are proven to be imple-

mentable e.g. Cirac-Zoller implementation of the CNOT gate in Ion trap technol-

ogy [102], optical implementation of a 2-control MCT gate [103], and optical imple-

mentation of a Hadamard gate [104].

Complex reversible and quantum gates (gates with a large number of qubits)

are not usually directly implemented and first have to be mapped to cascades of

elementary quantum gates. Elementary quantum gates involve one or two qubits and

are assumed to have unit quantum cost and quantum gate libraries are defined based

on these gates. In this dissertation, a universal set of elementary one or two-qubit

quantum gates by which any reversible computation can be implemented is referred

to as a quantum gate library. Gate level synthesis and optimizations consider the

quantum cost of reversible gates as the number of elementary quantum gates used to

realize them.

In this chapter, we first review an existing quantum gate library and the cor-
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a •

b • =

c /.-,()*+

• • •
• /.-,()*+ • /.-,()*+
V V + V

Figure 5.1: NCV realizations of T (a, b; c) [5].

responding reversible to quantum mapping structures. Then, we show how we can

improve it to produce lower quantum costs for reversible gates (MPMCT gates in

particular). Furthermore, we explore new quantum gate libraries that can improve

the quantum costs of reversible gates. For each library, we also discuss possible re-

versible to quantum circuit mapping structures. The effects of using the new mapping

methods on the quantum cost of reversible circuits will be studied in the next chapter.

This part of the dissertation was published in [82,99,105–110].

5.1 NCV Library

The most common quantum gate library, which is widely used for mapping and cost

calculation of reversible gates particularly MPMCT gates, is the NCV library that

is composed of NOT, CNOT, controlled-V and controlled-V + gates with positive

controls.

5.1.1 Previous Work

Barenco et al. [5] provided the first comprehensive study of the realization of MCT

gates in terms of elementary quantum gates. The five-gate realization of a 2-control

MCT gate (Toffoli gate) using elementary quantum gates was first introduced in

Lemma 6.1 of [5] as shown in Figure 5.1. The authors of [5] further used the circuit of

Figure 5.1 to explore the realization of larger MCT gates. Below, we will summarize

the main ideas and structures.

Consider an MCT gate G with the size m + 1 that has m positive controls in an

n-line network. According to Lemma 7.2 in [5], if n ≥ 5 and m ∈ {3 . . . dn
2
e}, then

G can be mapped to a cascade consisting of 4(m − 2) 2-control MCT gates that is

of the form shown in Figure 5.2 for m = 5 and n = 9. In this structure, m− 2 lines

in addition to the gate lines are used as ancillaries (lines 6 to 8 in example of Figure

5.2). Note that in this construction and in the ones following, the gate operation is

performed correctly regardless of the initial state of the ancillary lines (i.e. they do
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Figure 5.2: Illustration of Lemma 7.2 of [5] for n = 9 and m = 5.

1 •

2 •

3 •

4 •

5 • ≡
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7 •

8

9 /.-,()*+

• • 1

• • 2

• • 3

• • 4

• • 5

• • 6

• • 7

/.-,()*+ • /.-,()*+ • 8

/.-,()*+ /.-,()*+ 9

Figure 5.3: Illustration of Lemma 7.3 of [5] for n = 9 and m = 3.

not have to be ”cleared” to 0 first), and after the gate operation their initial values

are restored.

The 2-control MCT gates in the realization of Figure 5.2 are then mapped to the

standard five-gate realization, Figure 5.1, until an NCV circuit is achieved. Note that

the structure of Lemma 7.2 requires at least m− 2 ancillary lines be available in the

circuit. For the case where the available ancillaries are less than m−2, Barenco et al.

suggest another decomposition structure in Lemma 7.3 of [5]. According to Lemma

7.3, a gate G with size n− 1 in an n-line circuit where n ≥ 5 can be simulated by a

network consisting of two gates with the size m+ 1 and two gates with the size n−m
where m ∈ {2, . . . n− 3} as shown in Figure 5.3.

Each MCT gate in the righthand side of Figure 5.3 is subsequently mapped using

the structures in Figures 5.2 or 5.3 depending on the available ancillaries. Hence, an
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Figure 5.4: Illustration of Dueck and Maslov [6] modification of Figure 5.2.

MCT gate of size n − 1 in an n-line circuit can be mapped to an NCV circuit. It is

simply found that the choice of m in Lemma 7.3 significantly affects the size of the

resulting circuit [5]. However, as described in Corollary 7.4, there is an efficient value

of m = dn
2
e which yields the smallest possible NCV realization. Choosing m = dn

2
e

ensures that sufficient ancillaries are always available to map subsequent MCT gates

to NCV cascades using the structure in Lemma 7.2. Proofs can be found in [5].

Note that the structure of Figure 5.3 requires at least one ancillary line i.e. this

structure cannot be used for mapping gates of size n in n-line circuits unless extra

ancillaries are added to the circuit. In the next section we will show how it is possible

to realize MCT gates without ancillaries using other quantum gate libraries.

As described above, Barenco’s decomposition yields NCV realizations of size 20n−
60 for an MCT gate with size n when n− 3 ancillary lines are available. If less than

n − 3 ancillaries are available, the number of NCV gates to realize an MCT gate of

size n will be 40n− 200.

Dueck and Maslov [6] later modified the Barenco’s fundamental decomposition

rule, Figure 5.2, as shown in Figure 5.4. Dueck and Maslov’s insight was to add

the CNOT gates as shown in Figure 5.4 to convert the 12 2-control MCT gates to

Peres and inverse Peres (TR) gates. The CNOT gates are inserted in such a way

that their effects cancel in pairs so the overall circuit functionality is not changed. In

chapter 2, we showed that Peres and inverse Peres gates can be realized by cascades

of four NCV gates which are less expensive than five-gate realizations of 2-control

MCT gates. Hence, the quantum cost of the circuit in Figure 5.4 is 12× 4 = 48, 80%

of the original Barenco’s cost.

Maslov et al. [84] subsequently presented techniques whereby the number of ele-
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mentary gates can be further reduced, e.g. to 38 elementary gates for the example

shown above. That approach uses heuristic quantum template application to perform

optimizations on the circuit and can be computationally expensive. However, using

the optimizations, Maslov et al. reduced the cost of MCT gates of size n (n > 3)

with n− 3 ancillaries to 12n− 34. In the same manner, the cost of an MCT gate of

size n with 1 ancillary line was reduced to 24n− 88 (for n > 5) [84].

In [71], Miller suggested a new decomposition method for mapping MCT gates to

quantum gate cascades that improved the quantum cost of individual MCT gates. A

key contribution in [71] was the coverage of the intermediate cases where the number

of available ancillaries are between 1 and n− 3 lines. The mapping method considers

the general case of decomposing a c-control MCT gate, c ≥ 2, using p, 1 ≤ p ≤ c− 2,

ancillary lines {a0, a1, . . . , ap−1}. The central idea is to partition the control lines into

p + 1 disjoint sets Ci, 0 ≤ i ≤ p, which together include all control lines. This is a

direct extension of the Barenco et al. decomposition for one ancillary line and, as will

be shown, also includes their decomposition for c− 2 ancillary lines.

The partition required for c controls and p ancillary lines can be defined by an

ordered set of p+ 1 integers {α0, α1, . . . , αp} where the interpretation is that each set

Ci, 0 ≤ i ≤ p, contains αi controls and the controls are assigned to the sets in order.

Miller’s general decomposition rule is given by

G0G1..Gp−1GpG
R
p−1..G

R
1 G

R
0 G1..Gp−1G

R
pG

R
p−1..G

R
1 (5.1)

where G0 denotes the MCT gate T (C0 ∪ a0; t), Gi, 1 ≤ i ≤ p − 1, denotes the MCT

gate T (Ci ∪ ai; ai−1), and Gp denotes the MCT gate T (Cp; ap−1). GR
i denotes the

inverse implementation of Gi (Property 2.3).

Once an MCT gate is decomposed using Equation 5.1, each of the MCT gates

in the resulting cascade with more than two controls is recursively decomposed by

applying Equation 5.1. The maximum number of ancillary lines will be available for

each, so the partition {1, . . . , 1, 2} always applies. Note that each unique Gi only

needs to be decomposed once. Subsequent occurrences of Gi and GR
i simply involve

copying the appropriate gate cascade (using reverse order for GR
i ).

The choice of the initial partitioning of the given MCT gate is key to the procedure.

This is done in [71] as follows for a gate with c controls and p ancillary lines:

1. Assign αi, 1 ≤ i ≤ p− 1 to 1.
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2. Assign α0 and αp such that α0 + αp = c− p+ 1 and αp − α0 = 1 or 2.

Item 1 assigns α1 to αp−1 to yield Toffoli gates which occur in pairs positioned to allow

substitution of Peres and inverse-Peres gates as introduced by Maslov and Dueck and

possible redundant quantum gate removal. Item 2 distributes the remaining control

inputs to the gates associated with α0 and αp. There is a single pair of gates for

each so it is best to use the larger control sets here and it is best to balance the

number of inputs to go towards smaller gates quickly. This also ensures there will be

the maximum ancillary lines required when these gates are subsequently decomposed.

The gates associated with α0 are assigned 1 or 2 fewer control inputs since they have

an ancillary line as a control.

5.1.2 Improving NCV cost of MCT Gates

An earlier version of our Gate Reduction Procedure (Procedure 3.1) that utilizes the

Line Labeling Procedure (Procedure 3.2) was used in [105] to improve the results

of the mapping approach introduced by Miller in [71]. Applying the optimization

improved the quantum costs of MCT gates and lead to the following conjecture:

Conjecture 5.1. The minimum number of gates in an NCV realization of an MCT

gate with c controls and p ancillary lines is given by N(c, p), where

N(c, p) =


12c− 22 if p = c− 2

12c− 20 if p = c− 3

12c− 12 if p = c− 4

24c− 12p− 64 if p ≤ c− 5

(5.2)

The NCV gate counts for all the MCT gates up to 15 controls with 1 to the number

of controls minus 2 ancillary lines are shown in Table 5.1. Note that the count for 3

controls and 1 ancillary line is 14. A 13 gate circuit is given in [5], but that circuit

contains the fourth root of NOT and its inverse. The second column shows the gate

counts for the work in [4] for the case of one ancillary line. Those results were found

using heuristic synthesis and optimization and are not as good as the results for the

systematic procedure presented here. The results are also improved in comparison to

those given by the earlier version of the procedure [71].
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Table 5.1: Number of NCV gates required for MCT gates for c = 3 . . . 15 control lines
and 1 . . . c− 2 ancillary lines

[4] Number of Ancillary Lines
Controls 1 2 3 4 5 6 7 8 9 10 11 12 13

3 15 14
4 37 28 26
5 54 48 40 38
6 80 68 60 52 50
7 100 92 80 72 64 62
8 128 116 104 92 84 76 74
9 152 140 128 116 104 96 88 86
10 176 164 152 140 128 116 108 100 98
11 — 188 176 164 152 140 128 120 112 110
12 — 212 200 188 176 164 152 140 132 124 122
13 — 236 224 212 200 188 176 164 152 144 136 134
14 — 260 248 236 224 212 200 188 176 164 156 148 146
15 — 284 272 260 248 236 224 212 200 188 176 168 160 158

The top entry for each number of ancillary lines equals the conjectured number of

gates (c× 12− 22) when the maximum c− 2 ancillary lines needed are available [84].

The increment by 12 can be seen to apply down each diagonal. Conjecture 5.1 can

be readily verified from the table.

Example 5.1. Consider realizing a 3-control MCT gate, T (c2, c1, c0; t), using the

Barenco structure given one ancillary line a is available as shown in Figure 5.5. This

can be mapped to NCV gates using the mapping method of [71] as follows:

1. Expand the leftmost gate, T (c0, a; t) using the Toffoli gate realization in Figure

5.1.

2. Expand the next gate, T (c2, c1, a) using the Toffoli gate realization in Figure 5.1.

3. Expand the next gate, T (c0, a; t) using the inverse realization of the Toffoli gate

(Property 2.3).

4. Expand the last gate, T (c2, c1, a) using the inverse realization of the Toffoli gate

(Property 2.3).

The resulting circuit has 20 gates. But, a pair of gates from the first and third

Toffoli gates cancel and two pairs of gates from the second and fourth Toffoli gates

cancel. Thus, the 14 gate circuit as shown in Figure 5.6 results.
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c2 •
c1 •
c0 • ≡
a

t /.-,()*+

• •
• •

• •
• /.-,()*+ • /.-,()*+

/.-,()*+ /.-,()*+
Figure 5.5: A decomposition of T (c2, c1, c0; t) with one ancillary line a.

c2 •
c1 •
c0 • ≡
a

t /.-,()*+

• • • •
• /.-,()*+ • • /.-,()*+ •

• •
• /.-,()*+ • V V + V • /.-,()*+ • V + V V +

V V + V V +

Figure 5.6: NCV circuit for T ({c2, c1, c0}; t) with ancillary line a.

The circuit just presented suggests a way to realize an MCT gate with more

control lines as an NCV circuit. For example, consider the circuit in Figure 5.6. We

can insert a fourth control line (labeled x) by changing the two T (c0; a) gates into

Toffoli gates incorporating the new control. By expanding these gates in the manner

outlined above, we obtain the circuit in Figure 5.7 which has a cost of 20 [106].

The idea of replacing the two CNOT gates in Figure 5.6 as shown above can be

extended to more controls and combined with the general form of the decomposition

illustrated in Figure 5.5 [106]. This leads to a new decomposition structure given by

the following equation where C = C0 ∪ C1 and C0 ∩ C1 = φ:

T (C; t) = V (a0; t)T0(C0; a0)V
+(a0; t)T1(C1; a0) (5.3)

V (a0; t)T2(C0; a0)V
+(a0; t)T3(C1; a0)

An example of this decomposition for 8 controls and 3 ancillary lines is illustrated

in Figure 5.8.

Figure 5.1 is the optimal realization for a Toffoli gate. We also believe Figure

5.6 is the optimal NCV realization for a 3-control MCT gate with 1 ancillary line.

In particular, a SAT-based search has not found a simpler circuit [111]. These two

circuits form the basis for our decomposition method which builds a catalog of NCV
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Figure 5.7: T (c2, c1, x, c0; t) with one ancillary a.
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Figure 5.8: Illustration of the decomposition in Equation 5.3.

realizations of MCT gates for successively higher numbers of controls.

Procedure 5.1. To determine a circuit with p controls and q ancillary lines 1 ≤ q ≤
p− 2, our method proceeds as follows:

1. The lines are ordered as shown in Figure 5.8, i.e. target line followed by the

ancillary lines followed by the control lines.

2. The set of controls C (|C| = p) is partitioned as C0C1 in all possible ways where

|C0| >= 1, |C1| >= 1, and the order of the controls from C is preserved across

C0 and C1. Note that there are |C| − 3 such partitionings. It is not necessary

to try all permutations since reordering of the controls of an MCT gate has no

effect on its operation.

3. For each partitioning of C, Equation 5.3 is applied. Gate T0 is replaced by the

optimized circuit from the catalog. The number of ancillary lines available is
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q + |C1|. T2 is replaced with the same circuit reversed with the V and V + gates

interchanged. Likewise, gate T1 is replaced by the optimized circuit from the

catalog. The number of ancillary lines available is q + |C0|. T3 is replaced with

the same circuit reversed with the V and V + gates interchanged.

4. The NCV circuit for each partitioning is simplified using the NCV optimization

procedure described in Section 3.3.3.

5. As the possible partitionings are tried, record is kept of which one leads to the

circuit with the fewest NCV gates. That circuit becomes the catalog entry for p

controls and q ancillary lines.

A critical factor in the above procedure is how the ancillary lines are assigned

when replacing each Ti gate with a catalog circuit. For T0 and T2, t is used as the

first ancillary, followed by the ancillary lines except a0 in order followed by controls

from C1 as needed. For T1 and T3, the ancillary lines except a0 are used in order

followed by controls from C0 as needed. Experimentation has shown this leads to the

best circuits, but so far we have no proof that it is an optimal approach.

Note that the structure of Figure 5.8 requires only one ancillary line. However, it

utilizes the available ancillaries to reduce the number of quantum gates required for

realizing reversible gates. Table 5.2 shows the results of using the new decomposition

structure for calculating the NCV cost of MCT gates with up to 15 controls. The

first column of this table shows the number of controls in MCT gates. The next seven

columns show the state-of-the-art NCV costs presented in [106] for MCT gates with

different number of ancillaries ranging from 0 to 6. The last two columns of Table

5.2 show the NCV costs reported in [84] for MCT gates with {1 . . . n− 4} and n− 3

ancillaries respectively. The results are not compared to REVLIB quantum costs as

they are based on a different library containing roots of the NOT gate.

The table is restricted to 15 controls for space reasons; however, the method

applies to any number of controls. Note that in each row, allowing further ancillary

lines does not reduce the size of the circuit. For example, the smallest circuit for an

MCT gate with 15 controls is achieved using only 6 ancillary lines while previously,

13 ancillaries were required [84].

The left part of Table 5.2 gives the state-of-the-art NCV costs for individual

MCT gates. It shows significant improvement compared to [84] and the prior works

summarized in Table 5.1. In the next section, realizing MPMCT gates with negative

controls using the NCV library will be discussed.
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Table 5.2: NCV realizations of MCT gates of size n = [1 . . . 16] with ancillaries up to
n− 3.

Number of Ancillary Lines

NCV Costs of [106] NCV Costs of [84]

Controls 0 1 2 3 4 5 6 [1 . . .n− 4] n− 3

c = n− 1

0 1 1 1

1 1 1 1

2 5 5 5

3 — 14 14 14

4 — 20 32 26

5 — 32 56 38

6 — 44 80 50

7 — 64 56 104 62

8 — 76 68 128 74

9 — 96 88 80 152 86

10 — 108 100 92 176 98

11 — 132 120 112 104 200 110

12 — 156 132 124 116 224 122

13 — 180 156 148 136 128 248 134

14 — 204 180 172 148 140 272 146

15 — 228 204 198 172 160 152 296 158

5.1.3 Negative Controls

It has been shown that a 2-control MPMCT gate can be realized using 5 NCV gates

without an ancillary line if at least one of its controls is positive, while an MPMCT

gate with two negative controls and no ancillary lines can be realized by six NCV

gates [7], see Figure 5.9.

Realization of mixed-polarity MCT gates using the NCV library has been studied

in [7, 84]. A trivial solution to this problem is to add NOT gates wherever negative

controls occur and use the corresponding positive control MPMCT gate realization

[13]. In [84], Maslov et al. proved that except for the case where all the controls

are negative, it is possible to implement MPMCT gates with the same cost as the

corresponding positive control MPMCT gates using Barenco’s decomposition [5] and

their improved method [84]. According to [84], the NCV cost of MPMCT gates of size

n (n > 3) with less than n− 2 negative controls and n− 3 ancillaries is 12n− 34. For

the case where all the controls are negative, the cost is increased by two i.e. 12n− 32

(two NOT gates will be placed on an arbitrary control line at the two ends of the

NCV cascade). In the same manner, the cost of an MPMCT gate of size n with less
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Figure 5.9: NCV realizations of (a) T (a, b; c), (b) T (a, b; c), (c) T (a, b; c) [7].

than n− 2 negative controls and 1 ancillary line is 24n− 88 (for n > 5). The cost is

24n− 86 for the case where all the controls are negative.

In the previous section, a new decomposition method was introduced that im-

proved the NCV cost of positive control MPMCT gates. In this section, for mapping

MPMCT gates with mixed-polarity controls to the NCV library, we use the decom-

position method of the previous section and incorporate the realization of MPMCT

gates that have negative controls using the procedure below.

A 2-control MPMCT gate is realized using the appropriate circuit from Figure

5.9. For realizing an MPMCT gate T (C; t) with more than 2 controls and m positive

controls the following steps are applied. Note that for an MPMCT gate T (C; t)

(|C| > 2) to be realized using the NCV library, it is required to have at least one

ancillary line [5].

Procedure 5.2. For all possible ways of partitioning the set of controls C into two

disjoint sets C1 and C2 (|C1| > 0 and |C2| > 0) repeat the following steps: (Note that

the permutation of controls in MPMCT gates is not considered in this partitioning.)



87

1. Partition the m positive controls into two parts of size m1 and m2 where

m1 = round(
|C1|
|C|
×m) (5.4)

m2 = m−m1

such that (m1 > 0 and m2 > 0 if m > 1), and then assign the positive controls

to the corresponding MPMCT gates so that m1 is the number of positive controls

in C1 and m2 is the number of positive controls in C2.

2. Build the NCV circuit realization of T (C; t) by looking up the corresponding

circuits in the catalog table for the two partitions and substituting them in the

following equation.

T (C; t) = V (a; t)T (C1; a)V
+(a; t)T (C2; a) (5.5)

V (a; t)TI(C1; a)V
+(a; t)TI(C2; a)

Note that the TI(C1; a) and TI(C2; a) gates are substituted by the inverse real-

ization of the corresponding MPMCT gates for possible cancelations.

3. In the previous step, if mi = 0, meaning that the corresponding MPMCT gate

has all negative controls, replace the circuit of T (Ci; a) with T (; cj)T (C ′i; a)T (; cj),

which makes cj ∈ C ′i a positive control.

4. The NCV circuit resulting from substituting the partitions is simplified using the

NCV optimization procedure described Section 2.3.3.

The minimum cost circuit found for T (C; t) with m positive controls is stored in the

catalog.

Example 5.2. Figure 5.10 shows the decomposition of the MPMCT gate T (c5, c4, c3, c2,

c1, c0; t) as an example. As illustrated in this decomposition, the three positive con-

trols are distributed in two partitions so that the ratio of the negative controls to

positive controls stays the same in the partitions. We believe that this heuristic leads

to cheaper NCV realizations. Figure 5.11 shows the corresponding NCV circuit for

the decomposition structure of Figure 5.10.

Using Procedure 5.2 a catalog of NCV circuits is constructed for MPMCT gates

with different numbers of controls, negative controls, and ancillaries up to n − 3.

These realizations can be used to map any MPMCT circuit to an NCV circuit by

simply substituting the corresponding realizations from the catalog.
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Figure 5.10: The decomposition structure for T (c5, c4, c3, c2, c1, c0; t).

5.1.4 Experimental Results

The catalog for the NCV library contains circuits for MPMCT gates of size n (n > 0)

with all possible cases of negative controls (i.e. 0 . . . n − 1) and available ancillary

lines (i.e. 1 . . . n−3). However, to compare with the work in the literature, the results

reported here are only for the two extremes of available ancillary lines, 1 and n− 3.

We report the cost of MPMCT gates of size up to 16; nevertheless, it is possible to

run the program for larger MPMCT gates.

The elapsed time to generate a catalog of size up to 15-control MPMCT gates is

27 minutes; however, it should not be given too much weight as our implementation

has not been optimized and uses many heuristics that need further development.

Moreover, once the catalog is built, there is no need to build it again and it can be

used to map any MPMCT circuit to its NCV realization.

The results of our method for realizing MPMCT gates with mixed controls using

the NCV library (Procedure 5.2) are compared to the state-of-the-art NCV costs for

MPMCT gates with mixed controls presented in [84]. Tables 5.3 and 5.4 show the

results of our method versus [84]. Table 5.3 shows the results when there is only

one ancillary line available and Table 5.4 shows the results for the case when n − 3

ancillary lines are available, where n is the size of the corresponding MPMCT gate.

In both tables, the first column is the number of controls in the MPMCT gates, the

next two columns show the NCV cost of MPMCT gates with some but not all negative

controls and all negative controls respectively using the method in [84]. Columns 4

to 17 show the results of our method when the number of negative controls changes

from 0 to n− 3.
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Using the method in [84] as illustrated in the second and third columns of Table

5.3, the NCV cost of MPMCT gates of size n (n > 5) with 0 to c−1 negative controls

(c = n− 1 is the number of controls) and one ancillary line is equal to 24n− 88, and

for all negative control MPMCT gates, this cost is incremented by 2. Similarly, using

the method in [84], MPMCT gates of size n (n > 3) with some but not all negative

controls and n− 3 ancillaries can be realized by 12n− 34 NCV gates as shown in the

second column of Table 5.4 and this number is incremented by 2 when all the controls

are negative as shown in the third column of Table 5.4. The columns 4 to 17 of Table

5.3 and Table 5.4 show that using our method, the NCV cost of MPMCT gates with

m negative controls m = {0, . . . , c− 3} stays the same as the cost of MPMCT gates

with all positive controls until m = bc/2c and is incremented by 2 for each additional

negative control after that.

Table 5.3 shows that when there is only one ancillary available, our method out-

performs the state-of-the-art method of [84] by 31.08% on average. Since our method

utilizes all available ancillaries, it yields lower costs when the number of ancillaries

is more than 1 and less than n − 3 comparing to [84] that uses the same cost as for

one available ancillary. As a result, for MPMCT gates with ancillaries in the range

{2, . . . , n−4} our method shows even more improvement. For example, if the number

of ancillaries is in the range {dc/2e−2, . . . , n−4}, the cost of MPMCT gates would be

the same as when there is n− 3 ancillaries available, which gives 43.5% improvement

over [84]. To compare our method with existing methods, we here show the results

our method for the two extremes (1 and n− 3 ancillaries). however, the intermediate

NCV costs can be computed by using the costs reported in [106] and following the

same growth rate for negative controls.

Table 5.4 shows that our method introduces cheaper realizations for MPMCT

gates of size n when there is n − 3 ancillaries available and the number of negative

controls is less than or equal to bc/2c+3 where c is the number of controls. However,

if the number of negative controls is more than bc/2c+ 3, our method generates more

expensive realizations than those introduced in [84].

The results show that the proposed method reduces the best known NCV cost of

MPMCT gates with mixed controls by 33.73% on average. The results yield cheaper,

and faster, realizations for circuits composed of MPMCT gates by simple substitution

of a quantum realization for each MPMCT gate.
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5.2 NCVW Library

In this section, we generalize the MPMCT to NCV decomposition structure to target

a new quantum gate library, NCVW, containing the NCV gates plus quantum gates

controlled−W and controlled−W+ which each implement a fourth-root of NOT. We

also show how to extend the approach to map MCT gates with a mixture of positive

and negative controls.

5.2.1 Basic Concepts

It was shown in Chapter 2 that the operation of a quantum gate on its target line

can be defined as a 2 × 2 unitary matrix and a quantum gate in an n line circuit is

given by a 2n × 2n unitary matrix (see [13] for details).

Theorem 5.1. Consider the matrix

Rk =
1

2

(
1 + i2/k 1− i2/k

1− i2/k 1 + i2/k

)
(5.6)

where k is a power of 2. Rk is the corresponding matrix for a k-th root of the NOT

gate, i.e. (Rk)k = N.

Proof. Consider

Rp
2 =

[
1

2

(
1 + i2/p 1− i2/p

1− i2/p 1 + i2/p

)]2

(5.7)

=
1

2

(
1 + i4/p 1− i4/p

1− i4/p 1 + i4/p

)
(5.8)

The matrix in Equation 5.8 is Rp/2 which is verified by setting k = p/2 in Equation

5.6. Since Rp
2 = Rp/2 and R1 = N, it follows by induction that for k a power of 2,

(Rk)k = N.

Theorem 5.2. Consider the matrix

R+
k =

1

2

(
1 + i−2/k 1− i−2/k

1− i−2/k 1 + i−2/k

)
(5.9)

where k is a power of 2. R+
k is the corresponding matrix for a k-th root of the NOT

gate which is the inverse of Rk, i.e. (R+
k )k = N.
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Proof. R+
k is the adjoint (complex conjugate transpose) of Rk and also RkR

+
k = I.

Hence, R+
k = R−1

k which means Rk and R+
k are unitary matrices that realize inverse

quantum gates. From Theorem 5.1, (Rk)k = N. By taking the conjugate of both

sides given that the conjugate of the product of two matrices is the product of their

conjugates, (R+
k )k = N.

In the construction below, we make use of V and V + gates with two controls as

intermediate gates.

Definition 5.1. The three line controlled-controlled-V gate, denoted C2V , ap-

plies the transformation of Equation 2.11 to the target line whenever both of the

control lines are set to one. Similarly, the three line controlled-controlled-V +

gate, denoted C2V +, applies the transformation shown in Equation 2.12 to the target

whenever both of its control lines are one.

We next introduce gates realizing a fourth-root of NOT.

Definition 5.2. A controlled-W gate applies the transformation defined by the ma-

trix in Equation 5.10 (a) to the target line if its control line is set to 1. A controlled-

W+ gate changes the target line using the transformation shown in Equation 5.10 (b)

if its control line is 1. Gates W and W+ are referred to as controlled-fourth-root

of NOT gates since W = R4 and W+ = R4, hence W4 = (W+)4 = N. Clearly,

W is a square-root of V and W+ is a square-root of V+.

W =
1

2

(
1 +
√
i 1−

√
i

1−
√
i 1 +

√
i

)
(a) (5.10)

W+ =
1

2

(
1− i

√
i 1 + i

√
i

1 + i
√
i 1− i

√
i

)
(b)

The W (W+) gate defines a counter-clockwise (clockwise) rotation about the

x-axis by the angle π/4 radians on the Bloch sphere model of a qubit.

Definition 5.3. The NCVW library is composed of the elementary quantum gates

NOT , CNOT , controlled-V , controlled-V +, controlled-W and controlled-W+.

The gates in the NCVW library are considered to have unit quantum cost; thus,

the quantum cost of an NCVW circuit is the number of gates in that circuit.
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a •

b • ≡

c V

• • •
/.-,()*+ • /.-,()*+ •

W W+ W

(a)

a •

b • ≡
c V +

• • •
/.-,()*+ • /.-,()*+ •

W+ W W+

(b)

Figure 5.12: (a) NCW realization of V ({a, b}; c). (b) NCW realization of
V +({a, b}; c).

• •

• • ≡

• /.-,()*+
/.-,()*+

• • • •
• • /.-,()*+ • • /.-,()*+

• V + V + V •

W+ W+ V + W V

Figure 5.13: Example of NCVW realization of a pair of MCT gates [8].

Figure 5.12 shows the realizations of the C2V and C2V + gates using controlled

W and controlled W+ gates.

5.2.2 NCVW Realizations of MCT Gates

We here describe a procedure for mapping MCT gates to NCVW circuits. It is

shown in the experimental results section that the procedure leads to substantial cost

reductions and speedup in the realization of MCT gates. This assumes that the W

and W+ gates can be physically realized with the same cost as other elementary

quantum gates and can thus be assigned unit cost. This is reasonable since W and

W+ gates implement rotations in a similar manner to V and V + gates.

Example 5.3. Figure 5.13 shows an NCVW realization for a pair of MCT gates

[8]. The cost of the circuit is 10 which shows 45% improvement compared to the

corresponding NCV realization that has 14 + 5 = 19 gates. Note that to realize this

pair in the NCV library, one ancillary line is required.

As shown in Lemma 7.1 of Barenco et al [5], a 2 positive control MCT gate, a

Toffoli gate [62], can be implemented using 5 NCV gates, Figure 5.14 (a). Barenco
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a •

b • ≡
c /.-,()*+

• • •
• /.-,()*+ • /.-,()*+
V V + V

(a)

a •

b • ≡
c •

d /.-,()*+

• • • • •
/.-,()*+ • /.-,()*+ • • •

/.-,()*+ • /.-,()*+ • /.-,()*+ • /.-,()*+ •
W W+ W W+ W W+ W

(b)

a •

b • ≡
c •

d

e /.-,()*+

• /.-,()*+ • • /.-,()*+ •
• • • •

• •
• /.-,()*+ • V V V + • /.-,()*+ • V V + V +

V V + V V +

(c)

Figure 5.14: (a) NCV realization of Toffoli gate T ({a, b}; c). (b) NCW realization of 3-
control MCT gate T ({a, b, c}; d) without ancillaries. (c) NCV realization of 3-control
MCT gate T ({a, b, c}; e) with one ancillary line, d.

et al further show that a 3 positive control MCT gate can be implemented using 13

NCW gates as shown in Figure 5.14 (b). Note that realizing a 3 positive control MCT

gate using NCV gates requires an ancillary line and 14 gates [84] as shown in Figure

5.14 (c).

MCT gates with 4 or more controls can not be realized using the NCVW library

without an ancillary line. To do that requires higher roots of NOT gates, see [5].

However, by using at least one ancillary line, it is possible to realize any MCT gate

with more than three controls using the NCVW library as we show below.

Example 5.4. Consider the 20 NCV gate realization of a 4-control MCT gate that

uses one ancillary line shown in Figure 5.15. If a fifth control, c4, is inserted in the cir-

cuit by changing the V (a; t) and V +(a; t) gates to C2V ({c4, a}; t) and C2V +({c4, a}; t)
that incorporate the new control, and the circuits of Figure 5.12 is used to realize the

resulting C2V and C2V + gates, the circuit of Figure 5.16 is obtained. This circuit

implements a 5-control MCT gate with cost 28.

Note that we have used the inverse realizations for C2V ({c4, a}; t) gates. The best
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c3 •

c2 •

c1 • ≡

c0 •

a

t '&%$ !"#

• • • •

• '&%$ !"# • • '&%$ !"# •

• • • •

• '&%$ !"# • • '&%$ !"# •

• V V + V • V V + V • V + V V + • V + V V +

V V + V V +

Figure 5.15: T ({c3, c2, c1, c0}; t) with one ancillary a.

c3 •

c2 •

c1 •

c0 • ≡

c4 •

a

t ��������

• • • •

• �������� • • �������� •

• • • •

• �������� • • �������� •

• • • •

• �������� • V V + V • �������� • V V + V • �������� • V + V V + • �������� • V + V V +

W W+ W W+ W W+ W W+

Figure 5.16: T ({c3, c2, c1, c0, c4}; t) with one ancillary a.

reported cost for the 5-control MCT gate using the NCV library is 32 [106]. This

example illustrates how using smaller rotations can improve the cost of a circuit.

Figure 5.16 suggests a new structure for NCVW targeted decomposition of MCT

gates. Below, we show how this new structure leads to a general form of decomposition

for MCT gates using NCVW gates. We describe a procedure employing this extended

decomposition to yield a table of NCVW gate realizations for MCT gates. The table

shows lower costs than the best known for the NCV library [106].

Decomposition Structure

Generalizing the structure illustrated in Figure 5.16, an MCT gate T (C; t) can be

decomposed into an NCVW circuit as described in the following steps. First the

set of controls C is partitioned into three non-empty disjoint sets C0, C1, and C2

such that C0 ∪ C1 ∪ C2 = C. Then, the structure given in Equation 5.11 is used to

decompose the MCT gate into MCT gates each containing one of the disjoint sets

as their controls. a is an ancillary line. TI(Ci; t) represents the inverse realization

(Property 2.3) of T (Ci; t).
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c8 •
c7 •
c6 •
c5 •
c4 •
c3 • ≡
c2 •
c1 •
c0 •
a

t /.-,()*+

• •
• •
• •
• •

• •
• •
• •

• • • •
• • • •

• /.-,()*+ • /.-,()*+ • /.-,()*+ • /.-,()*+ • /.-,()*+ • /.-,()*+ • /.-,()*+ • /.-,()*+
W W+ W W+ W W+ W W+

Figure 5.17: Illustration of the decomposition in Eqn. 5.11.

T (C; t) = W (a; t)T (C0; a)W
+(a; t)T (C1; a) (5.11)

W (a; t)TI(C0; a)W
+(a; t)T (C2; a)

W (a; t)T (C0; a)W
+(a; t)TI(C1; a)

W (a; t)TI(C0; a)W
+(a; t)TI(C2; a)

Figure 5.17 shows one of the possible decompositions of an 8-control MCT gate

using the decomposition structure of Equation 5.11. In this example, C0 = {c0, c1},
C1 = {c2, c3, c4}, and C2 = {c5, c6, c7, c8}; however, the set of controls can be par-

titioned in many other ways and the cost of the resulting circuit varies depending

on the selected partitioning. In the following, a procedure is presented that searches

for the best partitioning and finds a circuit with the least quantum cost among all

possibilities.

The decomposition structure can be generalized to consider libraries containing

higher roots of NOT . In this case, for a library that contains up to the n-th root of

the NOT gate, Rn (Rn
n = N ,n = 2m, m = 1, 2, ...), there are n Rn gates and n R+

n

gates (RnR
+
n = I) on the target line and the set of controls is partitioned into m+ 1

disjoint sets following the same structure.
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Decomposition Procedure

The decomposition procedure finds NCVW gate realizations for MCT gates. Two

tables are used in this procedure: an NCV table that records the NCV realizations

of MCT gates [106] and an NCVW table that records the final realization of MCT

gates using NCVW gates. The procedure realizes an MCT gate by decomposition, so

the tables are constructed by increasing values of the number of controls. The tables

are indexed by the number of controls and the number of ancillary lines.

The circuits in Figure 5.14 (a) and 5.14 (b) are optimal realizations of the 2-control

and 3-control MCT gates. Both require no ancillary line. The 20 gate realization of

Figure 5.15 is the best NCVW realization that we could find for a 4-control MCT

gate.

Procedure 5.3. MCT Gate Decomposition Initialization: The NCV and NCVW

tables are both initialized with a single NOT gate, a single CNOT gate, and the re-

alization in Figure 5.14 (a) for 0, 1, and 2 controls respectively. No ancillaries are

needed. For 3 controls, the NCV table entry is the circuit in Figure 5.14 (c), with

one ancillary, whereas the the NCVW entry is the circuit in Figure 5.14 (b), with no

ancillary line. The circuit in Figure 5.15 (one ancillary line) is used for the case of 4

controls for both tables since we could not find a better realization for this case using

W and W+ gates.

Construction: The procedure considers a fixed order for the lines in an MCT gate

as shown in Figure 5.17, i.e. the target followed by the ancillaries followed by the

controls. Note that the order of the controls is irrelevant since all must be 1 to activate

the gate.

For p = 5, 6, ...

For q = 1, 2, ..., p− 2:

• The NCV realization of an MCT gate with p controls and q ancillary lines is

determined using the procedure described in [106] and the circuit is placed in the

appropriate entry in the NCV table.

• To find the best NCVW realization of an MCT gate with p controls and q an-

cillary lines, the decomposition structure of Equation 5.11 is applied for each

partition of the set of controls C into three disjoint non-empty subsets i.e.

C = {C0|C1|C2}. Note that since the order of the controls does not matter,

there are
∑p−2

k=1 k = (p− 1)(p− 2)/2 such partitions for p controls.
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In each case, for each gate T (Ci; t), i = {0, 1, 2}, in the decomposition, the cor-

responding realizations from the NCV table and the NCVW table are examined

and the best combination is selected after applying the optimization method de-

scribed in Section 3.3.3. Note that for each case, the TI(Ci; t) gate is replaced

by the inverse realization of the optimized circuit for T (Ci; t). The number of

available ancillary lines for each gate T (Ci; t) is p+ q − |Ci|.

• Whichever of the NCV and the NCVW realizations has the fewer gates is used

as the NCVW table entry for an MCT gate with p controls and q ancillary lines.

An alternative approach to building the NCVW table is to start with the NCV

decomposition [106] as the initial decomposition for step 1 of the algorithm and to

try to substitute the subsequent MCT gates with their realizations from the NCV

and NCVW tables. Experiments for up to 30-control MCT gates have verified that

this alternative does not reduce the circuit gate count.

The order in which the ancillary lines are used to expand the T (Ci; t) gates is an

important factor that can change the final cost. For T (C0; a) and TI(C0; a), t is used

as the first ancillary, followed by the ancillary lines, except the first, in order, followed

by controls in C1, followed by controls in C2 as needed. For T (C1; a) and TI(C1; a),

t is used as the first ancillary if it is not used in T (C0; a), followed by the ancillary

lines except the first one in order, followed by controls in C0 followed by controls in

C2 as needed. Finally, for T (C2; a) and TI(C2; a), t is used as the first ancillary if

not used before, followed by the ancillary lines except the first one in order followed

by controls in C0 and C1 respectively as needed. Experimental results have shown

that this leads to the best circuits, but so far we have no proof that this approach is

optimal.

5.2.3 Negative Controls

Some synthesis approaches use MPMCT gates with a mixture of positive and negative

controls as their target library [44,89,112,113]. In this Section, the NCVW realization

of MPMCT gates is discussed.

Figure 5.18 shows four different realizations of a 3-control MCT gate with (a) zero,

(b) one, (c) two, and (d) three negative controls. As shown in the Figure, the NCVW

cost of a 3-control MCT gate with some but not all negative controls is 13 and the

NCVW cost of an all negative 3-control MCT gate is 14. Note that the realizations
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Figure 5.18: NCVW realizations of (a) T (a, b, c; d), (b) T (a, b, c; d), (c) T (a, b, c; d),
(d) T (a, b, c; d).

in Figure 5.18 follow the same pattern as the realizations in Figure 5.9. Using the

same approach, any MCT gate of size n with some but not all negative controls can

be realized by 2n − 3 quantum gates including the 2n−2-th root of NOT gate and no

ancillaries, and an all negative control MCT gate of size n can be realized by 2n − 2

quantum gates without extra ancillary lines.

NCVW circuits for larger MCT gates are constructed using the same decomposi-

tion structure as Figure 5.17 and following the approach described in Procedure 5.4.

Note that for MCT gates of size 5 and higher, at least one ancillary line is required.

However, the approach presented in Procedure 5.4 utilizes all available ancillaries (if

there is more than 1 ancillary) to reduce the quantum cost. The result of the pro-
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cedure is a table containing the realizations of MCT gates for different numbers of

positive and negative controls and available ancillaries from 1 to n− 3.

Procedure 5.4. Mixed-Polarity MCT Gate Decomposition

Initialization: The NCV and NCVW tables are both initialized with a single NOT

gate, a single CNOT gate, and the NCV realizations of 2-control MCT gates with

different numbers of negative controls as in Figure 5.9. For 3 controls, the NCV table

entry is filled using the method in Section 5.1.3, and The NCVW table is filled with

the circuits shown in Figure 5.18. The method in Section 5.1.3 is also used to fill the

entries for 4-control MCT gates in the NCV and NCVW tables.

Construction: As in Procedure 1, the lines in an MCT gate are ordered as the target

followed by the ancillaries followed by the controls. However, in this case the controls

are arranged as described below to balance the use of positive and negative controls

across the circuit.

For p = 5, 6, ...

For r = 0, 1, ..., p

For q = 1, 2, ..., p− 2

• The NCV realization of a p-control MCT gate with r negative controls, p − r
positive controls and q ancillary lines is determined using the procedures from

Section 5.1.3 and the circuit is placed in the appropriate entry in the NCV table.

• To find the best NCVW realization of a p-control MCT gate with r negative

controls, p− r positive controls and q ancillary lines, consider (p− 1)(p− 2)/2

partitions of the set of controls C into three disjoint sets Ci, 0 ≤ i ≤ 2 where

each partition is handled as follows:

– The m = p−r positive controls are distributed so that there are mi positive

controls in Ci, 0 ≤ i ≤ 2, where

m0 = round(
|C0|
|C|
×m) (5.12)

m1 = round(
|C1|
|C|
×m) (5.13)

m2 = m−m1 −m0

and mi > 0 if m > 2. Note that each Ci contains |Ci| − mi negative

controls.
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Figure 5.19: NCVW realization of T (c8, c7, c6, c5, c4, c3, c2, c1, c0; t).

– The decomposition structure of Equation 5.11 is applied. For each gate

T (Ci; t), i = {0, 1, 2}, in the decomposition, the corresponding realizations

from the NCV table and the NCVW catalog are examined and the best

combination is selected after applying the optimization method described

in Section 3.3.3. Note that at each case, the TI(Ci; t) gate is replaced by

the inverse realization of the optimized circuit for T (Ci; t). The number of

available ancillary lines for each gate T (Ci; t) is p+ q − |Ci|.

Note that, if mi = 0, meaning that all of the controls in the corresponding

MCT gate are negative, the circuit of T (Ci; a) is replaced with T (; cj)T (C ′i; a)

T (; cj), where cj ∈ C ′i is a positive control.

• Whichever of the NCV and the NCVW realizations has the fewer gates is used as

the NCVW table entry for an MCT gate with r negative controls, p− r positive

controls and q ancillary lines.

Example 5.5. Figure 5.19 shows the decomposition of the T (c8, c7, c6, c5, c4, c3, c2, c1,

c0; t) gate as an example. The NCVW cost of this gate is 80.

5.2.4 Experimental Results

The decomposition procedures for NCVW realization of MCT and MPMCT gates

have been implemented using Python 2.7.1. The experiments were run on a computer



104

Table 5.5: NCVW realizations of MCT gates of size n = [1 . . . 16] with ancillaries up
to n− 3.

Number of Ancillary Lines
Controls 0 1 2 3 4 5
c = n− 1

0 1
1 1
2 5
3 13
4 — 20
5 — 28
6 — 40
7 — 52
8 — 64
9 — 80 76
10 — 96 88
11 — 112 104 100
12 — 128 120 112
13 — 152 136 128 124
14 — 176 158 144 136
15 — 200 176 160 152 148

with a 3.2 GHz i5-650 CPU and 3.0 GB RAM. Table 5.5 shows the quantum cost of

MCT gates with up to 15 controls using NCVW library versus the number of available

ancillary lines ranging from zero to 5. Adding extra ancillaries does not improve the

cost reported in the last entry of each row. All the NCVW costs are even due to the

specific structure that we use for decomposition.

Comparing Tables 5.5 and the left part of Table 5.2 reveals that the NCVW

realizations are consistently cheaper than the cheapest NCV circuits and for MCT

gates with 7 or more controls one less ancillary line is required to achieve the smallest

circuit. The results show 12.34% improvement on average over the state-of-the-art

NCV realizations. The NCVW costs reported in Table 5.5 outperform the NCV costs

reported in the second part of Table 5.2 by 43.42% on average.

Tables 5.6 and 5.7 show the results of implementing mixed-polarity MCT gates

using the NCVW library. The results are reported for only two extremes of available

ancillary lines 1 and n − 3. Here, we report the cost of MPMCT gates of size up

to 16; nevertheless, it is possible to run the program for larger MPMCT gates. In

both tables, the first column shows the number of controls of MPMCT gates and the

next columns show the cost of the corresponding MPMCT gates with the number of

negative controls ranging from 0 to c, where c is the total number of controls. The

columns 2 to 15 of Table 5.6 and Table 5.7 show that the NCVW cost of MPMCT
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Table 5.6: NCVW cost of MPMCT gates of size n = [1 . . . 16] with 1 ancillary line.
Number of Negative Controls

c 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 1
1 1 3
2 5 5 6
3 13 13 13 14
4 20 20 20 22 24
5 28 28 28 30 32 34
6 40 40 40 40 42 44 46
7 52 52 52 52 54 56 58 60
8 64 64 64 64 64 66 68 70 72
9 80 80 80 80 80 82 84 86 88 90
10 96 96 96 96 96 96 98 100 102 104 106
11 112 112 112 112 112 112 114 116 118 120 122 124
12 128 128 128 128 128 128 130 132 134 136 138 140 142
13 152 152 152 152 152 152 152 154 156 158 160 162 164 166
14 176 176 176 176 176 176 176 176 178 180 182 184 186 188 190
15 200 200 200 200 200 200 200 200 202 204 206 208 210 212 214 216

Table 5.7: NCVW cost of MPMCT gates of size n = [1 . . . 16] with n − 3 ancillary
lines.

Number of Negative Controls
c 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 1
1 1 3
2 5 5 6
3 13 13 13 14
4 20 20 20 22 24
5 28 28 28 30 32 34
6 40 40 40 40 42 44 46
7 52 52 52 52 54 56 58 60
8 64 64 64 64 64 66 68 70 72
9 76 76 76 76 76 78 80 82 84 86
10 88 88 88 88 88 88 90 92 94 96 98
11 100 100 100 100 100 100 102 104 106 108 110 112
12 112 112 112 112 112 112 112 114 116 118 120 122 124
13 124 124 124 124 124 124 124 126 128 130 132 134 136 138
14 136 136 136 136 136 136 136 136 138 140 142 144 146 148 150
15 148 148 148 148 148 148 148 148 150 152 154 156 158 160 162 164

gates with m negative controls m = {0, . . . , c − 3} stays the same as the cost of

MPMCT gates with all positive controls until m = bc/2c and is incremented by 2 for

each additional negative control after that.

The results show that for one available ancillary, using the NCVW library improves

the NCV costs of [84] by 39.57% on average. Since our method utilizes all available

ancillaries, it yields lower costs when the number of ancillaries is more than 1 and less

than n−3 comparing to [84] that uses the same cost as for one available ancillary. As

a result, for MCT gates with ancillaries in the range {2, . . . , n−4} our method shows

even more improvement. For example, if the number of ancillaries is in the range

{bc/2c − 2, . . . , n− 4}, the cost of MCT gates would be the same as when there are
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n − 3 ancillaries available, which gives 46.54% improvement over [84]. The NCVW

method improves the costs in [84] by 8.31% on average for the case where n − 3

ancillaries are available.

The results of Table 5.6 show that the NCVW library can improve the NCV costs

reported in Section 5.1.3 by 13.54% when there is one available ancillary. Also as

Table 5.7 illustrates, the costs of MPMCT gates with n− 3 ancillaries are improved

by 4.63% using the NCVW library in comparison with the results in Section 5.1.3.

5.3 NCV-|v1〉 Library

In the previous section, we discussed a new quantum gate library, NCVW, that could

improve the quantum costs of a class of reversible gates called MPMCT gates. Con-

tinuing our search to find other libraries that can lead to better circuits, e.g. fewer

gates, we consider a modified NCV library motivated by the approach introduced

in [114]. We demonstrate that the new library leads to realizations for multiple-

control Toffoli gates with far fewer quantum gates than have been found using the

previous approaches. Our approach uses a structure similar to one recently intro-

duced in [115]. However, while that work addressed a particular application, we here

consider the realization of general reversible circuits.

If circuits with Boolean inputs use NCV gates only, the value of each qubit at

each stage of the circuit is restricted to one of {0, v0, 1, v1} where

v0 =
1

2

(
1 + i

1− i

)
(5.14)

v1 =
1

2

(
1− i
1 + i

)
(5.15)

The NOT , V , and V + operations over these four values are:

x NOT (x) V (x) V +(x)

0 1 v0 v1

v0 v1 1 0

1 0 v1 v0

v1 v0 0 1

As shown, NOT is a complement operation, V is the cycle (0→ v0 → 1→ v1 →
0), and V + is the inverse cycle.
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Figure 5.20: Mapping (a) a Toffoli gate to (b) NCV gates and (c) NCV-|v1〉 gates.

In this work, we adopt a new quantum gate library which we call the NCV-|v1〉
library.

Definition 5.4. The NCV-|v1〉 gate library is composed of (1) the three single-qubit

gates ( i.e. gates without a control line) performing the NOT, V, and V+ operation as

well as (2) single-control versions of these gates. In contrast to the NCV-library, and

in keeping with the work in [114], the controlled gates perform the respective operation

not when the control line is 1, but rather when the control line is set to the value v1.

We label control connections for NCV-|v1〉 gates with v1 to emphasize this fact.

Besides the benefits in the physical implementation, as discussed in [114], this

gate library enables a much more efficient mapping from an MCT gate circuit as

we show below. The implementation cost of a quantum gate is heavily technology

dependent. Here we assume that all the quantum gates in the NCV-|v1〉 library have

unit cost. Under this assumption, the cost of a quantum circuit is the gate count.

This is clearly an approximation but a suitable one when considering technology

independent optimization.

5.3.1 Proposed Mapping Method

The gates in the NCV-|v1〉 library are controlled by a quantum value, v1. Allowing the

gates to be controlled by a value other than the data values, i.e. 0 or 1, is beneficial

in the sense that it allows more compact structures. We apply the constraint of using

only one controlling value in keeping with the work in [114]. However, allowing more

than one controlling value e.g. 0, 1, and v1 could lead to much better circuits. For

example, a CNOT gate is a primitive gate in other libraries while it has cost 3 in the

NCV-|v1〉 library because it is controlled by 1 and has to be mapped to a CNOT that

is controlled by v1.

Example 5.6. Figure 5.20 shows (a) a Toffoli gate, (b) its NCV realization, and (c)

the new NCV-|v1〉 realization.
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Figure 5.21: Mapping of a 4-control MCT gate to NCV-|v1〉 gates.

Generalizing the structure in Figure 5.20 (c), every MCT gate with c control lines

can be realized using a V gate and a V + gate for each control line as well as a

single CNOT gate which operates on the target line. This leads to a total of 2c+ 1

NCV-|v1〉 gates for an MCT gate with c controls.

Example 5.7. The structure illustrated in Figure 5.21 shows the NCV-|v1〉 mapping

for a 4-control MCT gate.

In the structure of Figure 5.21, the actual operation of the MCT gate (i.e. the

inversion of the target line) is performed by a single CNOT gate controlled by the v1

value. The V gates ensure that the control line of the CNOT gate is set to v1 if, and

only if, all control lines c1 to c4 are equal to 1. The last V + gates are needed to undo

the corresponding V operations on the control lines in order to restore their values.

While for an MCT gate with 1 control line only, this results to a more expensive

mapping (3 gates instead of 1), MCT gates with more than 2 controls can be realized

with significant reductions in the number of gates compared to the established NCV

mappings. Furthermore, the NCV-|v1〉 mappings do not require any ancillary lines.

Realization of an MCT gate with no ancillary lines was investigated by Barenco et

al. [5]. In that work, gates realizing higher-order roots-of-NOT are required and the

number of gates required for an n-line MCT gates is 2n − 3. The complexity grows

exponentially as opposed to the slow linear growth for the NCV-|v1〉 realizations.

5.3.2 Negative Controls

A number of reversible circuit synthesis algorithms, e.g. [100, 116], produce circuits

with MPMCT gates that have negative controls. Realization of mixed-polarity MCT

gates in the NCV and NCVW libraries was studied in the previous sections. It was

shown that negative controls often add extra costs to the circuit. To give an idea

of the incremental cost, the NCV realization of a 3-controlled MPMCT gate has 14
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Figure 5.22: Mapping of a 4-control MPMCT gate to NCV-|v1〉 gates.

gates for 0 or 1 negative controls, 16 for 2 negative controls, and 18 for 3 negative

controls. For a 15-control MPMCT gate, the NCV cost ranges from 228 to 246 by

changing the polarity of the controls if there is one ancillary line available. For the

same gate if 13 ancillary lines are available, the NCV cost ranges from 152 to 168 by

changing the polarity of the controls. See tables 5.3, 5.4, 5.6 and 5.7 for more details.

The situation is quite different for our new NCV-|v1〉 gate realizations. Consider

the structure illustrated in Figure 5.21. To change a positive control to a negative

control, the V gate on that line simply has to be swapped with the corresponding V +

gate. Hence, our mapping always leads to 2c+ 1 gates for c controls regardless of the

mix of positive and negative controls. Thus, in contrast to the NCV situation, the

NCV-|v1〉 gate circuits handle negative controls for free. And once again, no ancillary

lines are required.

Example 5.8. The structure illustrated in Figure 5.22 shows the NCV-|v1〉 mapping

for an MPMCT gate with 2 positive and two negative controls. Note that the V + gates

on c4 and c3 lines take 0 to v1, and the V gates on c2 and c0 take 1 to v1. Hence, if

c4 and c3 are set to zero and c2 and c1 are set to 1, the target is inverted.

5.3.3 Nearest-Neighbor Constraints

Some quantum technologies require that a circuit satisfies the nearest-neighbor con-

straint [117].

Property 5.1. A circuit has nearest-neighbor property if the qubits in gates with

more than one qubit are all adjacent. The constraint of having this property is called

the nearest-neighbor constraint.

The nearest neighbor constraint has been considered in the literature recently

e.g. the 2-dimensional nearest-neighbor quantum architecture introduced in [118] for
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Figure 5.23: (a) MCT gate T ({a, c}; b) and (b) NCV-|v1〉 gate nearest neighbor circuit.

implementing Shor’s factoring algorithm [24]. A circuit can be modified to satisfy

this constraint by adding gates which swap the values of lines so that only adjacent

lines are used. How best to locate the swap gates has been studied e.g. in [47, 119].

Example 5.9. The NCV circuit in Figure 5.20(b) does not satisfy the nearest-

neighbor constraint and can not be made nearest-neighbor by permuting the lines.

The circuit in Figure 5.20(c) however has nearest-neighbor property as the controls

and targets are adjacent in all the gates .

In the general case, the existing mappings of MPMCT gates into NCV and NCVW

quantum gates require additional swap gates to satisfy the nearest-neighbor con-

straint. Often, a significant number are required.

In contrast, no intervening lines exist in the proposed structure depicted in Fig-

ure 5.20(c) and Figure 5.21, i.e. the nearest-neighbor condition is already satisfied.

Moreover, this mapping remains nearest-neighbor if the target is the top line in which

case the structure is inverted. If, however, an MPMCT gate is considered where the

target is an inside line, or there are intervening unconnected lines, the structure is

no longer nearest-neighbor and swap gates (depicted as two ×’s joined by a line) are

required as shown in Figure 5.23.

As just justified, in many cases the proposed mapping can be directly applied

to technologies requiring nearest-neighbor constraints. Developing good heuristics

for handling the remaining cases is left for future work. Approaches e.g. introduced

in [47,119] may be exploited for this purpose.

5.3.4 Experimental Results

Table 5.8 shows the number of NCV gates required to realize MCT gates with up to

15 controls using the latest NCV mapping approach described in Section 5.1.2. For

each number of controls, the rightmost gate count is the lowest possible. Blank entries
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Table 5.8: Quantum gate counts for MCT gate realizations
NCV gates [106] NCV-|v1〉

Number of ancillary lines gates Ratio
c 0 1 2 3 4 5 6 2c+ 1

0 1 1 100%
1 1 3 300%
2 5 5 100%
3 14 7 50.0%
4 20 9 45.0%
5 32 11 34.4%
6 44 13 29.5%
7 64 56 15 23.4-26.8%
8 76 68 17 22.4-25.5%
9 96 88 80 19 19.8-23.8%
10 108 100 92 21 19.4-22.8%
11 132 120 112 104 23 17.4-22.1%
12 156 132 124 116 25 16.0-21.6%
13 180 156 148 136 128 27 15.0-21.1%
14 204 180 172 148 140 29 14.2-20.7%
15 228 204 198 172 160 152 31 13.6-20.4%

indicate when the availability of more ancillary lines is not advantageous. The NCV

gate counts given in Table 5.8 are the best known for NCV gate realizations of MCT

gates. It is important to note (1) that at least one ancillary line is required for three

or more controls and (2) that the gate counts grow quite quickly with the number of

controls. In Table 5.8 for c ≥ 4, assuming the maximum number of ancillaries required

is available, the number of gates is 12c − 28. If only one ancillary is available, for

c ≥ 10 the number of gates required is 24c− 132. These formulas have been verified

for up to 20 controls and it is believed they will continue to hold for larger numbers

of controls.

The eighth column in Table 5.8 lists the number of NCV-|v1〉 gates required to

realize the corresponding MCT gate for up to 15 controls. The gate counts are

significantly lower than the NCV costs. The ninth column shows the ratio of the size

of NCV-|v1〉 circuits to NCV circuits. The relative size of the NCV-|v1〉 circuits to the

NCV circuits drops to about 30% at 6 controls and approaches 20% at 15 controls.

We again emphasize that the NCV-|v1〉 gate circuits require no ancillary lines.

Verification

Verification methods have been applied to confirm that the circuits produced by our

methods are functionally equivalent to the original MCT gates. This is an interesting
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Table 5.9: Quantum gate counts for an MCT gate with c controls.

No. of ancillaries NCV [84] Our NCV NCVW NCV-|v1〉

1 24c− 64 24c− 132 24c− 160 2c+ 1

c− 2 12c− 22 12c− 28 12c− 32 2c+ 1

problem on its own. The original MCT gates are binary whereas the circuits our

method produces use 4-valued logic gates. Also our basic MCT gate substitution

relies on the fact that the inputs are restricted to values 0 and 1.

Our verification procedure uses Quantum Multiple-valued Decision Diagrams

(QMDD) [72] and is basically the approach described in [95]. The differences are

that the original MCT gates are treated as 4-valued as are of course the gates in the

circuit we produce, and determining equivalence of the circuits is not just a matter

of confirming the equality of the QMDD for the two circuits. Rather, equivalence

checking requires a depth-first comparison of the two QMDD that restricts the input

line values to 0 and 1, ignoring v0 and v1.

5.4 Summary

Quantum gate libraries are used in technology mapping and implementation of re-

versible gates, and for quantum cost calculation. The most common quantum gate

library is the NCV library. In this chapter, we first reviewed the existing cost func-

tions for mapping reversible gates such as MPMCT gates to this library. We further

discussed possible improvements on the existing mapping approaches targeting the

NCV library. Moreover, we explored two new quantum gate libraries, NCVW and

NCV-|v1〉, and proved the potential to improve the cost functions by using better

quantum gate libraries and mapping approaches.

Table 5.9 summarizes the quantum costs (in terms of the number of quantum

gates) of MCT gates with c controls resulting from the existing and the proposed

approaches. Besides having benefits like better nearest neighbor properties and no

extra cost for negative controls, the NCV-|v1〉 library significantly outperforms the

other libraries in terms of the growth rate of the costs.



113

Chapter 6

Mapping Reversible Circuits to

Quantum Circuits

Quite often technology mapping reversible to quantum circuits is performed simply

by replacing each reversible gate with an elementary quantum gate realization with no

attempt made to optimize across reversible gate boundaries. The number of gates in

the resulting circuit is typically reported as the quantum cost of the reversible circuit,

e.g. the costs reported on the reversible circuit benchmark sites: Maslovs [120] and

REVLIB [9].

The quantum cost of the circuits resulting from technology mapping is usually

considered as a defining factor in comparing efficiency of synthesis methods and in

considering implementation trade-offs. In this chapter, we show that the mapping

procedure itself has an important effect on the cost of the resulting circuit. We

further discuss new optimization flows for mapping reversible cascades to quantum

circuits. We show the methods targeting the three quantum gate libraries, NCV,

NCVW, and NCV-|v1〉. However, the proposed methods can be applied for other

libraries.

6.1 Direct Mapping

Direct mapping of reversible to quantum circuits is done by substituting a quantum

realization for each reversible gate in the target circuit. Thus, the quantum cost of a

reversible circuit G0G1 . . . Gn is obtained by:
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V + V V +

(c)

Figure 6.1: A reversible circuit. (a) Direct mapping with cost 19. (b) An alternate
direct mapping. (c) Optimized mapping with cost 13.

C =
n∑

i=0

ci (6.1)

where ci is the quantum cost (quantum gate count) of reversible gate Gi. In the

following example, we show that when we are mapping more than one reversible

gate, the actual cost may be less than this sum.

Example 6.1. Consider the reversible circuit in Figure 6.1 (a) consisting of a 2-

control MCT gate followed by a 3-control MCT gate. The direct mapping of this

circuit is obtained by substituting each gate with its realization from Figures 5.14 (a)

and (c) as shown in the righthand side of Figure 6.1 (a). The cost of the resulting

circuit is 5 + 14 = 19. If the inverse realization (Property 2.3) of the 2-control MCT

gate is used for mapping, the circuit in 6.1 (b) results which can be optimized by

removing six gates (the third gate to the eighth gate canceled in the order 5&6, 4&7,

and 3&8). Figure 6.1 (c) shows the result of using an optimized mapping with cost
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13, less than the cost of a single 3-control MCT gate.

The example above demonstrates how using an alternative mapping can lead to

less expensive circuits. It also shows that sometimes more reversible gates yields less

quantum cost if an optimization method is used and this fact is not obvious at the

reversible gate level.

6.2 Optimized Mapping of MPMCT Circuits

The following procedure gives the proposed optimized flow for mapping MPMCT

circuits to quantum circuits.

Procedure 6.1. MPMCT to Quantum Circuit Mapping

1. The initial reversible circuit is read.

2. The gate reduction procedure (Procedure 3.1) is used to reduce the quantum

cost of the MPMCT circuit as described in Section 3.3.2.

3. Using the conventional moving rule (Property 3.1), certain pairs of MPMCT

gates that are, or can be made, adjacent are examined to find a pair whose

combined quantum cost when implemented as a single unit is lower than the

cost of realizing the gates separately. Among all possible combinations, the pair

with the minimum cost is selected and replaced by the corresponding quantum

realization. If there are more than one pair with the minimum cost, the first

one found will be mapped. The procedure involves a single pass through the

circuit from the inputs toward the outputs. The approach is greedy and does

not consider all possible reductions.

4. The quantum circuit resulting from the previous step is optimized using the

gate reduction procedure (Procedure 3.1) and the method described in Section

3.3.3.

The details of each step of this procedure are as follows:

Step 1: As the circuit is read, equivalent MPMCT gate sequences are substituted

for any Fredkin, Peres and inverse Peres gates. It should be noted that this

does not lose the reduced cost of Peres and inverse Peres gates which is found

in step 4. Similar substitutions can also be made for other reversible gates.
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Step 2: In this step, the circuit is examined to find MPMCT gates that cancel each

other. In addition, further reductions are applied as mentioned in section 3.3.2.

Step 3: The third step does the initial mapping from MPMCT gates to quantum

gates. Each gate G is considered in order. The procedure searches for a gate H

later in the circuit such thatG can be made adjacent toH using the conventional

moving rule (Property 3.1). This approach moves gates in both directions to

find all possible combinations. More precisely, the gate G is moved forward

until the end of the circuit or once a blocking gate is found to find a pair whose

combined quantum cost when implemented as a single unit is lower than the

cost of realizing the gates separately. Then, all gates after the blocking gate

are moved backward to make them adjacent to G. When considering such

a pair of gates, the appropriate quantum implementations from the desired

catalog of model circuits (NCV, NCVW, etc.) are used for the two gates.

Inverse realization (Property 2.3), reverse realization (Property 2.4), inverse of

the reverse realization, and variable reordering for controls of 2-control MPMCT

gates are exhaustively applied to best reduce the cost of jointly implementing

the pair.

The line order for mapping each gate in the pair is the target, followed by the

ancillary lines available for both gates, followed by the ancillaries available only

to the gate being mapped, followed by the control lines belonging to both gates,

followed by the control lines used only by the gate being mapped. Experiments

have shown this order leads to a high degree of quantum gate cost reduction.

For a given G, every possible H is considered, and the pair with the lowest

quantum cost implementation is chosen. Among all the pairs with the lowest

quantum cost, the first one found will be selected. Gate H is replaced by the

quantum gate sequence and gateG is removed. The search for further reductions

proceeds from the gate that followed G.

Note that the conventional moving rule (Property 3.1) is used at this step rather

than our generalized moving rule (Property 3.2). Experiments have shown

that using the new moving rule at this step does not give a significant cost

improvement while it increases the running time of the program considerably.

The reason is that most of the reductions that are not found at this step using

the conventional rule will be found at the next step using our new moving rule.
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Figure 6.2: Mapping an MPMCT cascade to its NCV realization

Step 4: The reduction rules of section 3.2 are applied to the quantum circuit found

in the previous step. In this step, reductions are found that are not identified

in step 3 which only considers the MPMCT gates in pairs.

Example 6.2. Consider the circuit in Figure 6.2 (a). The rightmost gate can be

combined with the second gate or the first gate. Our procedure combines the third and

first gates as that leads to the greater cost reduction. The resulting circuit is shown in

Figure 6.2 (b). Quantum gate expansion (step 3 of our procedure) yields the circuit in

Figure 6.2 (c) which has 21 gates. Finally, step 4 uses the gate reduction procedure

(Procedure 3.1) to eliminate two gates (the fourth and seventh from the right in Figure

6.2 (c)) giving the cost 19 circuit shown in Figure 6.2 (d). This is much better than

the cost of 33 which would be found by substituting separate quantum implementations
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for the three MPMCT gates in the initial circuit.

Since all MPMCT gates are self-inverse (Property 2.2), it follows from Property

2.4 that the reverse of an MPMCT circuit realizes the inverse of the reversible function

realized by the original circuit. Hence if we use our procedures to map the reverse

circuit to a quantum realization, reversing that realization yields a quantum circuit for

the function realized by the original circuit. This means we can apply our techniques

to an MPMCT circuit and its reverse and choose the lower cost of the two resulting

quantum circuits. We term this the bidirectional approach.

The above bidirectional approach can be used to map MPMCT circuits to quan-

tum circuits consisting of any order root-of-NOT gates such as NCV, NCVW, etc.

Due to the regular nature of the NCV-|v1〉 cost model (see Section 5.3), many of

the quantum gates that are used to change and restore the values on the controls

can be canceled in MPMCT gate boundaries. An important factor in identifying

these cancelations is the starting point and order in which the MPMCT gate controls

are mapped. choosing a wise order in mapping MPMCT circuit may lead to even

more reductions. The following procedure shows a heuristic method that considers a

different order in mapping controls of MPMCT gates hoping to achieve more reduction

after optimization at the quantum level. In this procedure, instead of a fixed order, the

controls of an MPMCT gate are mapped starting from the ones that are in common

with its neighbors.

Procedure 6.2. Alternative MPMCT to NCV-|v1〉 Mapping

For all Gi in a given MCT circuit G0 . . . Gn:

1. Consider Gk as the next gate in the circuit (k = i+ 1).

2. Let CC = {controls of Gi} ∩ {controls of Gk} be a set of common controls.

3. While CC 6= ∅:

• k = k + 1.

• CC = CC ∩ {controls of Gk}.

4. Map MPMCT gates Gi . . . Gk−1 to their NCV-|v1〉 realizations so that the order

of the controls that are mapped for each gate starts from the controls in the CC

set.

5. Set i = k + 1.
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The above procedure finds a set of common controls among as many consecutive

MPMCT gates as possible and for those gates starts the mapping from the controls

in common. Since this approach considers local constraints to determine the mapping

structure comparing to the direct mapping that uses a fixed order among all gates

in a circuit, while it will be helpful to introduce more reductions in some circuits, it

may deteriorate the results of mapping for some circuits.

6.3 Experimental Results

The optimized mapping flows described in the previous section were examined for

circuits targeting three quantum gate libraries, NCV, NCVW, and NCV-|v1〉. The

results are reported in the following subsections.

6.3.1 MPMCT to NCV Circuit Mapping

A prototype implementation of the described mapping procedure (Procedure 6.1) for

MPMCT to NCV circuit mapping has been implemented using Python 2.6.5. We have

applied the bidirectional approach to a benchmark test suite containing 150 circuits

from the REVLIB web site [9]. The only circuits not considered were the large ones

for the unstructured reversible functions urf1 - urf6. Our prototype program uses

REVLIB [9] real circuit format. The experiments were run on a system with a 3.2

GHz i5-650 CPU and 3.0 GB RAM.

The results are summarized in Table 6.1. The table includes only the 74 circuits

for which our approach resulted in a quantum gate cost reduction of 15% or more. The

table gives the REVLIB circuit name and file identification number and the quantum

cost given in REVLIB. The column labeled Initial Cost is the cost of the REVLIB

circuit using the costs from Table 5.2 substituting for each MPMCT gate with no

optimization across gate boundaries. They differ for three reasons. First since we

only consider quantum gates NOT, CNOT, V and V +, the cost of a 3-control Toffoli

gate is 14 [71] and not 13 as used in REVLIB. Second, the procedure presented here

for finding NCV realizations for individual MPMCT gates uses the actual number of

ancillary lines available, not just the two extremes. Third, that procedure produces

lower cost NCV circuits than do earlier methods which are the basis for the cost

model used in REVLIB. For most circuits, our initial cost is lower than the REVLIB

cost. However, this is not always the case.
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As noted in Chapter 5, the techniques described here can not be applied to an

n-line MPMCT circuit which contains a gate using all n lines (n − 1 controls and a

target). This is because at least one ancillary line is required to map an MPMCT

gate to NCV gates [71]. For such circuits, we add an ancillary line. This is identified

by a * after the name. This is not the case for the results reported in REVLIB. The

cost model employed in REVLIB is based on the work in Barenco et al. [5] which

assumes a 2c−1-th root-of-NOT gate is available to realize a c-control MPMCT gate

in a circuit with c + 1 lines. We anticipate that realizing gates progressively higher

roots of NOT may be prohibitive in many technologies and adding one extra line

will be preferable. Also we expect that synthesis methods can be made to avoid the

situation in most cases.

The column MCT Reduction gives the quantum cost after applying Step 2 (MPMCT

gate reduction) in our mapping procedure (Procedure 6.1). The column Quantum Ex-

pansion gives the quantum cost after Step 3 in which MPMCT gates are expanded to

their quantum equivalent and optimized in pairs. The column Quantum Reduction

is the final quantum cost (number of gates) for the circuit after applying Step 4 to

remove redundant quantum gates. The % Cost Reduction compares the cost of each

final circuit to the cost given in REVLIB. The CPU times given were determined

using the Python time function. They show the relative performance of the program

for various circuits but should not be given too much weight as our implementation

has not been optimized and uses many heuristics that could be further developed.

As noted, we used the bidirectional approach in our experiments. The results

presented for each circuit are for the better (least cost) of treating the MPMCT

circuit as given and in reverse order.

For the circuits listed in Table 6.1, the cumulative cost reduction is 42.21% and

the average improvement is 30.32%. The cumulative cost reduction for all the circuits

in the test suite is 42.02% and the average improvement is 16.74%. As expected, the

results in Table 6.1 show that the cost reduction resulting from applying our mapping

procedure is very circuit dependent.

As mentioned above, a possible variant of the MPMCT to quantum circuit map-

ping procedure (Procedure 6.1) is to use our new moving rule (Property 3.2) at Step

3 of the algorithm to find the pairs that can be combined with lower quantum cost.

Surprisingly, applying property 3.2 leads to a cumulative cost reduction of 42.27% for

the circuits in Table 6.1 which is close to the result of using the conventional moving

rule. But, as also mentioned above, using the new moving rule increases the time
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complexity significantly. Our experiments thus confirm that using the new moving

rule in this way offers no improvement over using the conventional moving rule.

The same benchmarks have been run with the added optimization of factoring the

MPMCT gates with a single added helper line as described in [85]. The results are

reported in Table 6.2 for the circuits listed in Table 6.1. Note that an ancillary line

has been added to every circuit in this experiment. The cumulative cost reduction

for the circuits in Table 6.2 is 53.83% compared to the costs given in REVLIB and

on average the improvement is 37.33%.

Table 6.1: Results for optimized mapping MPMCT circuits to 74 NCV circuits.

REVLIB Circuit REVLIB Initial MCT Quantum Quantum % Cost CPU

Cost Cost Reduction Expansion Reduction Reduction (sec.)

3 17 13 14 14 14 11 11 21.43 0.047

4gt12-v0 86* 58 50 38 36 36 37.93 0.093

4gt12-v0 87* 54 46 34 34 34 37.04 0.063

4gt12-v0 88* 41 32 32 30 30 26.83 0.063

4gt12-v1 89* 45 37 37 37 37 17.78 0.047

4gt4-v0 72* 54 46 34 34 34 37.04 0.093

4gt4-v0 73* 89 83 49 49 49 44.94 0.156

4gt4-v0 78* 53 45 45 45 45 15.09 0.093

4gt4-v0 79* 49 41 41 41 41 16.33 0.047

4gt4-v0 80* 37 28 28 28 28 24.32 0.047

4gt4-v1 74* 57 49 49 46 46 19.3 0.047

4mod5-v0 18 25 25 19 17 17 32 0.063

4mod5-v0 19 13 13 10 9 9 30.77 0.016

4mod5-v0 20 9 9 9 7 7 22.22 0.016

4mod5-v1 22 9 9 9 7 6 33.33 0.031

4mod5-v1 23 24 24 18 16 16 33.33 0.047

4mod7-v0 94 38 40 40 34 32 15.79 0.047

4mod7-v0 95 38 40 40 34 32 15.79 0.047

4mod7-v1 96 39 41 41 35 33 15.38 0.063

alu-v2 31 101 107 89 83 83 17.82 0.141

cycle10 2 110 1202 764 764 720 720 40.1 1.266

decod24-v0 38 18 18 18 14 14 22.22 0.016

decod24-v2 43 18 18 18 14 14 22.22 0.031

fredkin 6 15 15 15 13 12 20 0.016

ham15 107 1831 1598 1250 1161 1155 36.92 4.781

ham15 108 453 392 389 358 356 21.41 0.891

ham3 102 9 9 9 7 7 22.22 0.016

ham3 103 10 10 10 8 8 20 0.015

hwb4 49* 65 67 59 55 54 16.92 0.14

hwb6 56* 1530 1280 1256 1159 1150 24.84 5.843

hwb6 57* 1171 951 881 874 872 25.53 4.547

hwb7 59* 5236 3983 3797 3515 3500 33.16 8.922

hwb7 60* 4170 3130 3006 2999 2989 28.32 9.437

hwb7 61* 3876 3135 3063 2869 2863 26.14 12.39

Continued on the next page.
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Continued from the previous page.

REVLIB Circuit REVLIB Initial MCT Quantum Quantum % Cost CPU

Cost Cost Reduction Expansion Reduction Reduction (sec.)

hwb7 62* 2611 1995 1995 1978 1973 24.44 6.282

hwb8 113* 16530 11522 11042 10346 10328 37.52 25.734

hwb8 114* 14699 9840 9576 8823 8815 40.03 43.954

hwb8 115* 14691 9840 9576 8823 8815 40 44.594

hwb8 116* 7015 4867 4867 4832 4825 31.22 17.703

hwb8 117* 7013 4867 4867 4832 4825 31.2 18.062

hwb8 118* 16522 11522 11042 10346 10328 37.49 25.328

hwb9 119* 44714 32349 31164 28719 28660 35.9 85.922

hwb9 120* 44702 32349 31164 28719 28660 35.89 85.671

hwb9 121* 44665 32312 31136 28689 28629 35.9 89.515

hwb9 122* 44653 32312 31136 28689 28629 35.89 85.891

hwb9 123* 22510 14787 14545 14507 14487 35.64 135.359

mod5adder 127 125 109 109 106 104 16.8 0.36

mod5d1 63 11 11 11 10 9 18.18 0.015

mod5d2 70 16 16 13 13 13 18.75 0.031

mod5mils 65 13 13 10 9 9 30.77 0.047

mod5mils 71 13 13 10 9 9 30.77 0.032

peres 9 6 6 6 4 4 33.33 0.016

plus127mod8192 162* 73357 44382 38158 35382 35348 51.81 70.546

plus63mod4096 163* 32539 18314 15432 14668 14652 54.97 22.844

plus63mod8192 164* 45025 24038 20732 19578 19566 56.54 30.64

rd32-v0 66 12 12 12 8 6 50 0.016

rd32-v0 67 8 12 12 8 6 25 0.016

rd32-v1 68 13 13 13 9 7 46.15 0.063

rd32-v1 69 9 13 13 9 7 22.22 0.031

rd53 130 232 199 199 195 195 15.95 0.718

rd53 131 119 101 95 91 90 24.37 0.437

rd53 132 117 101 95 91 90 23.08 0.328

rd53 133 128 104 86 78 72 43.75 0.281

rd53 134 120 104 86 78 72 40 0.265

rd53 135 77 72 69 60 59 23.38 0.36

rd53 136 75 72 69 60 59 21.33 0.375

rd53 138 44 44 44 35 32 27.27 0.187

rd73 140 76 76 76 61 58 23.68 0.281

rd84 142 112 112 112 94 90 19.64 0.704

sym6 145 777 567 215 213 212 72.72 1.531

sym9 146 108 108 108 88 87 19.44 0.516

sym9 148 4368 3696 672 672 672 84.62 4.203

sys6-v0 111 72 72 72 59 55 23.61 0.36

toffoli double 4 10 10 7 7 7 30 0.016

Total 458358 307101 283857 265397 264904 ** 848.812

* An ancillary line is added for decomposing MPMCT gates that use all lines of the circuit.

** Cumulative Improvement: 42.21%, Average Improvement: 30.32%
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Table 6.2: Results for optimized mapping MPMCT circuits to 74 NCV circuits

with an added helper line.

REVLIB Circuit REVLIB Initial MCT Quantum Quantum % Cost CPU

Cost Cost Reduction Expansion Reduction Reduction (sec.)

3 17 13 14 14 14 11 11 21.43 0.062

4gt12-v0 86 58 50 42 36 35 39.66 0.094

4gt12-v0 87 54 46 38 36 35 35.19 0.079

4gt12-v0 88 41 32 28 28 28 31.71 0.063

4gt12-v1 89 45 37 32 31 31 31.11 0.047

4gt4-v0 72 54 46 38 38 37 31.48 0.172

4gt4-v0 73 89 83 45 41 41 53.93 0.219

4gt4-v0 78 53 45 45 45 45 15.09 0.078

4gt4-v0 79 49 41 41 41 41 16.33 0.047

4gt4-v0 80 37 28 28 28 28 24.32 0.063

4gt4-v1 74 57 49 44 42 42 26.32 0.062

4mod5-v0 18 25 25 19 17 17 32 0.047

4mod5-v0 19 13 13 10 9 9 30.77 0.016

4mod5-v0 20 9 9 9 7 7 22.22 0.016

4mod5-v1 22 9 9 9 7 6 33.33 0.031

4mod5-v1 23 24 24 18 16 16 33.33 0.046

4mod7-v0 94 38 40 32 26 24 36.84 0.109

4mod7-v0 95 38 40 32 26 24 36.84 0.094

4mod7-v1 96 39 41 33 27 25 35.9 0.14

alu-v2 31 101 107 54 43 42 58.42 0.094

cycle10 2 110 1202 764 378 355 355 70.47 0.547

decod24-v0 38 18 18 18 14 14 22.22 0.016

decod24-v2 43 18 18 18 14 14 22.22 0.031

fredkin 6 15 15 15 13 12 20 0.016

ham15 107 1831 1598 888 841 835 54.4 8.219

ham15 108 453 392 292 262 257 43.27 1.656

ham3 102 9 9 9 7 7 22.22 0.016

ham3 103 10 10 10 8 8 20 0.016

hwb4 49 65 67 51 44 42 35.38 0.093

hwb6 56 1530 1280 971 892 881 42.42 4.36

hwb6 57 1171 951 798 781 777 33.65 2.61

hwb7 59 5236 3983 2730 2529 2500 52.25 15.578

hwb7 60 4170 3130 2555 2537 2515 39.69 8.531

hwb7 61 3876 3135 2288 2151 2132 44.99 12.187

hwb7 62 2611 1995 1672 1661 1652 36.73 5.625

hwb8 113 16530 11522 8201 7688 7635 53.81 47.11

hwb8 114 14699 9840 7192 6677 6643 54.81 42.437

hwb8 115 14691 9840 7192 6677 6643 54.78 41.219

hwb8 116 7015 4867 3969 3943 3924 44.06 32.61

hwb8 117 7013 4867 3969 3943 3924 44.05 32.359

hwb8 118 16522 11522 8201 7688 7635 53.79 49.109

hwb9 119 44714 32349 22985 21599 21506 51.9 90.39

hwb9 120 44702 32349 22985 21599 21506 51.89 90.469

hwb9 121 44665 32312 22967 21587 21496 51.87 92.406

hwb9 122 44653 32312 22967 21587 21496 51.86 90.906

hwb9 123 22510 14787 11614 11569 11526 48.8 64.047

Continued on the next page.
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Continued from the previous page.

REVLIB Circuit REVLIB Initial MCT Quantum Quantum % Cost CPU

Cost Cost Reduction Expansion Reduction Reduction (sec.)

mod5adder 127 125 109 104 100 99 20.8 0.64

mod5d1 63 11 11 11 10 9 18.18 0.031

mod5d2 70 16 16 13 13 13 18.75 0.031

mod5mils 65 13 13 10 9 9 30.77 0.031

mod5mils 71 13 13 10 9 9 30.77 0.031

peres 9 6 6 6 4 4 33.33 0.016

plus127mod8192 162 73357 44382 34989 32458 32426 55.8 79.719

plus63mod4096 163 32539 18314 13863 13192 13176 59.51 27.109

plus63mod8192 164 45025 24038 18780 17741 17724 60.64 33.188

rd32-v0 66 12 12 12 8 6 50 0.015

rd32-v0 67 8 12 12 8 6 25 0.016

rd32-v1 68 13 13 13 9 7 46.15 0.016

rd32-v1 69 9 13 13 9 7 22.22 0.016

rd53 130 232 199 191 185 185 20.26 0.922

rd53 131 119 101 92 90 90 24.37 0.625

rd53 132 117 101 92 90 90 23.08 0.594

rd53 133 128 104 80 72 68 46.88 0.141

rd53 134 120 104 80 72 68 43.33 0.188

rd53 135 77 72 58 56 56 27.27 0.172

rd53 136 75 72 58 56 56 25.33 0.172

rd53 138 44 44 44 35 32 27.27 0.172

rd73 140 76 76 76 61 58 23.68 0.281

rd84 142 112 112 112 94 90 19.64 0.828

sym6 145 777 567 154 150 150 80.69 1.391

sym9 146 108 108 108 88 87 19.44 0.5

sym9 148 4368 3696 545 541 541 87.61 8.672

sys6-v0 111 72 72 72 59 55 23.61 0.359

toffoli double 4 10 10 7 7 7 30 0.016

Total 458358 307101 225151 212447 211607 ** 890.034

** Cumulative Improvement: 53.83%, Average Improvement: 37.33%

6.3.2 MPMCT to NCVW Circuit Mapping

The MPMCT to NCVW mapping procedure was implemented using Python 2.6.5.

The circuits considered are from the REVLIB web site [9]. Our experiments were

run on a system with a 3.2 GHz i5-650 CPU and 3.0 GB RAM. Table 6.3 presents

the results of mapping MPMCT circuits to NCVW circuits for 78 benchmark circuits

from REVLIB for which the improvement has been 15% or more. A * after the circuit

name indicates the addition of a single ancillary line as before. Our program applies

the methods above to the circuit in both the forward and the reverse direction. The

results are reported for each circuit for the better of the two directions.
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We report (1) the quantum cost from REVLIB, (2) the initial NCVW cost which is

found by direct mapping MPMCT gates to the NCVW catalog circuits corresponding

to Table 5.5, (3) the NCVW costs after MPMCT gates reduction is applied, (4)

the NCVW cost after quantum gate expansion, (5) the NCVW cost after quantum

gate reduction which is the NCVW cost of the final circuit, (6) the percentage cost

reduction comparing the final NCVW cost to the REVLIB cost and (7) the CPU time

for all steps.

Table 6.3: NCVW realizations of 78 REVLIB benchmarks.

REVLIB Circuit REVLIB Initial MCT Quantum Quantum % Cost CPU

Cost Cost Reduction Expansion Reduction Reduction (sec.)

sym9 148 4368 3612 665 665 659 84.91 25.906

sym6 145 777 543 203 201 199 74.39 4.719

plus63mod8192 164* 45025 22208 19318 18863 18856 58.12 109.157

plus63mod4096 163* 32539 16808 14322 13820 13813 57.55 81.984

plus127mod8192 162* 73357 41002 35550 34193 34178 53.41 218.672

rd32-v0 66 12 12 12 8 6 50.00 0.047

rd32-v1 68 13 13 13 9 7 46.15 0.078

4gt4-v0 73* 89 80 48 48 48 46.07 0.485

rd53 133 128 104 86 78 72 43.75 0.937

cycle10 2 110 1202 694 694 682 682 43.26 3.250

hwb8 114* 14699 9131 8888 8392 8378 43.00 142.516

hwb8 115* 14691 9131 8888 8392 8378 42.97 142.906

hwb8 113* 16530 10736 10282 9804 9787 40.79 78.500

hwb8 118* 16522 10736 10282 9804 9787 40.76 78.469

hwb9 123* 22510 13494 13492 13456 13434 40.32 185.672

rd53 134 120 104 86 78 72 40.00 0.922

ham15 107 1831 1509 1184 1115 1107 39.54 14.188

hwb9 119* 44714 29842 29010 27389 27340 38.86 272.609

hwb9 121* 44665 29805 28982 27359 27311 38.85 258.141

hwb9 120* 44702 29842 29010 27389 27340 38.84 260.406

hwb9 122* 44653 29805 28982 27359 27311 38.84 257.672

4gt12-v0 86* 58 49 38 36 36 37.93 0.328

4gt12-v0 87* 54 45 34 34 34 37.04 0.187

4gt4-v0 72* 54 45 34 34 34 37.04 0.281

hwb7 59* 5236 3772 3613 3363 3352 35.98 58.438

hwb8 116* 7015 4547 4547 4505 4496 35.91 108.171

hwb8 117* 7013 4547 4547 4505 4496 35.89 108.219

4mod5-v1 22 9 9 9 7 6 33.33 0.047

4mod5-v1 23 24 24 18 16 16 33.33 0.172

peres 9 6 6 6 4 4 33.33 0.015

hwb7 60* 4170 2966 2844 2838 2829 32.16 30.234

4mod5-v0 18 25 25 19 17 17 32.00 0.141

4mod5-v0 19 13 13 10 9 9 30.77 0.047

mod5mils 65 13 13 10 9 9 30.77 0.093

mod5mils 71 13 13 10 9 9 30.77 0.094

Continued on the next page.



126

Continued from the previous page.

REVLIB Circuit REVLIB Initial MCT Quantum Quantum % Cost CPU

Cost Cost Reduction Expansion Reduction Reduction (sec.)

toffoli double 4 10 10 7 7 7 30.00 0.078

hwb7 61* 3876 2974 2906 2743 2731 29.54 41.891

hwb6 57* 1171 913 845 836 833 28.86 7.671

hwb7 62* 2611 1901 1901 1884 1878 28.07 18.719

rd53 138 44 44 44 35 32 27.27 0.594

4gt12-v0 88* 41 32 32 30 30 26.83 0.172

hwb6 56* 1530 1227 1204 1126 1122 26.67 17.656

rd32-v0 67 8 12 12 8 6 25.00 0.047

rd53 135 77 71 68 59 58 24.68 1.313

hwb4 49* 65 65 57 51 49 24.62 0.438

rd53 131 119 101 95 91 90 24.37 1.125

4gt4-v0 80* 37 28 28 28 28 24.32 0.172

rd73 140 76 76 76 61 58 23.68 1.016

sys6-v0 111 72 72 72 59 55 23.61 1.141

rd53 132 117 101 95 91 90 23.08 1.125

alu-v2 31 101 101 84 78 78 22.77 0.578

rd53 136 75 71 68 59 58 22.67 1.297

4gt4-v0 79* 49 40 40 38 38 22.45 0.375

4mod5-v0 20 9 9 9 7 7 22.22 0.047

decod24-v0 38 18 18 18 14 14 22.22 0.047

decod24-v2 43 18 18 18 14 14 22.22 0.079

ham3 102 9 9 9 7 7 22.22 0.031

hwb4 50* 63 65 57 51 49 22.22 0.437

rd32-v1 69 9 13 13 9 7 22.22 0.062

3 17 13 14 14 14 11 11 21.43 0.125

4gt4-v0 78* 53 44 44 44 42 20.75 0.265

ham15 108 453 387 378 362 360 20.53 5.485

4gt12-v1 89* 45 36 36 36 36 20.00 0.156

fredkin 6 15 15 15 13 12 20.00 0.031

ham3 103 10 10 10 8 8 20.00 0.047

rd84 142 112 112 112 94 90 19.64 2.640

sym9 146 108 108 108 88 87 19.44 1.422

mod5d2 70 16 16 13 13 13 18.75 0.109

4mod7-v0 94 38 38 38 32 31 18.42 0.125

4mod7-v0 95 38 38 38 32 31 18.42 0.125

mod5adder 127 125 107 107 104 102 18.40 1.266

mod5d1 63 11 11 11 10 9 18.18 0.078

4mod7-v1 96 39 39 39 33 32 17.95 0.188

rd53 130 232 196 196 192 191 17.67 2.579

4gt4-v1 74* 57 48 48 47 47 17.54 0.218

4 49 16* 60 60 57 53 50 16.67 0.406

4gt13 91 30 30 27 25 25 16.67 0.157

one-two-three-v0 98 40 40 40 34 34 15.00 0.187

Total 458551 284605 264825 253107 252662 ** 2555.423

** Cumulative Improvement: 44.90%, Average Improvement: 31.08%
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Table 6.4: Benchmarks for which the NCVW cost is greater than the NCV cost.

REVLIB Circuit NCV Cost [81] NCVW Cost % Cost Increase

4gt4-v1 74* 46 47 -2.17

ham15 108 356 360 -1.12

one-two-three-v0 97 62 63 -1.61

one-two-three-v1 99 31 32 -3.23

Overall, for the circuits reported in Table 6.3, our methods yield a 44.9% cumu-

lative improvement and a 31.08% improvement on average compared to the costs

reported in REVLIB. The majority of the improvement (37.9%) comes from the cat-

alog circuits. The rest comes from our mapping and quantum reduction techniques.

The cumulative and average improvements over all the circuits in the test suite are

44.71% and 10.6% respectively.

Table 6.4 shows the four cases where the NCVW circuit is more costly than the

NCV circuit. This is a result of the fact that our methods use many heuristics.

Table 6.5 shows the benchmarks for which the NCVW circuit is an improvement

over the NCV circuit. The overall improvement for these examples is 4.71%.

Table 6.5: Benchmarks where NCVW circuit cost is less than NCV circuit cost.

REVLIB Circuit NCV Cost [81] NCVW Cost % Cost Reduction

4 49 16* 55 50 9.09

4gt10-v1 81 35 32 8.57

4gt12-v1 89* 37 36 2.7

4gt13 91 28 25 10.7

4gt4-v0 73* 49 48 2.04

4gt4-v0 78* 45 42 6.67

4gt4-v0 79* 41 38 7.32

4gt5 75 22 21 4.55

4gt5 76 27 26 3.7

4gt5 77 28 26 7.14

4mod7-v0 94 32 31 3.13

4mod7-v0 95 32 31 3.13

4mod7-v1 96 33 32 3.03

alu-v2 30* 103 98 4.85

alu-v2 31 83 78 6.02

alu-v2 32 38 35 7.89

alu-v4 36 28 27 3.57

cycle10 2 110 720 682 5.28

decod24-enable 126 77 75 2.6

decod24-v1 41* 23 20 13

Continued on the next page.
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Continued from the previous page.

REVLIB Circuit NCV Cost [81] NCVW Cost % Cost Reduction

decod24-v3 45* 35 31 11.4

ham15 107 1155 1107 4.16

ham15 109 198 190 4.04

ham7 104 84 76 9.52

ham7 105 64 59 7.81

hwb4 49* 54 49 9.26

hwb4 50* 54 49 9.26

hwb4 51* 73 71 2.74

hwb5 53* 282 270 4.26

hwb5 54* 234 220 5.98

hwb5 55 95 93 2.11

hwb6 56* 1150 1122 2.43

hwb6 57* 872 833 4.47

hwb6 58 132 127 3.79

hwb7 59* 3500 3352 4.23

hwb7 60* 2989 2829 5.35

hwb7 61* 2863 2731 4.61

hwb7 62* 1973 1878 4.82

hwb8 113* 10328 9787 5.24

hwb8 114* 8815 8378 4.96

hwb8 115* 8815 8378 4.96

hwb8 116* 4825 4496 6.82

hwb8 117* 4825 4496 6.82

hwb8 118* 10328 9787 5.24

hwb9 119* 28660 27340 4.61

hwb9 120* 28660 27340 4.61

hwb9 121* 28629 27311 4.6

hwb9 122* 28629 27311 4.6

hwb9 123* 14487 13434 7.27

mod5adder 127 104 102 1.92

mod5adder 128 84 80 4.76

mod5adder 129 76 74 2.63

one-two-three-v0 98 35 34 2.86

plus127mod8192 162* 35348 34178 3.31

plus63mod4096 163* 14652 13813 5.73

plus63mod8192 164* 19566 18856 3.63

rd53 130 195 191 2.05

rd53 135 59 58 1.69

rd53 136 59 58 1.69

rd53 137 59 58 1.69

sym6 145 212 199 6.13

sym9 148 672 659 1.93

Total 265465 252958 4.71
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6.3.3 MPMCT to NCV-|v1〉 Circuit Mapping

The procedures for mapping MPMCT circuits to NCV-|v1〉 circuits have been imple-

mented using Python 2.7.1. Our experiments were run on a computer with a Core

2 Duo 2.66 GHz CPU and 4.0 GB RAM. We used a test suite of 138 circuits from

REVLIB [9]. The results are shown in Table 6.6. Due to space limitations, the table

shows only those circuits for which the improvement was 20% or more (73 of the 138

circuits).

Each row of the Table gives: (1) The name of the circuit including the REVLIB

file index number. Note that Fredkin and Peres gates in the REVLIB circuits are

substituted by MPMCT gate realizations before applying our techniques. (2) The

quantum gate count given on the REVLIB site. (3) The NCV gate count for circuits

as reported in Table 6.1. (4) The gate count for the direct mapping each MPMCT

gate to the 2c + 1 NCV-|v1〉 gate realization in the given circuit. (5) The direct

mapping NCV-|v1〉 gate count is reported for the circuit found by first applying the

MPMCT optimization as in Section 3.3.2. (6) The NCV-|v1〉 gate count for the circuit

from (5) optimized at the NCV-|v1〉 gate level using the Gate Reduction Procedure

(Procedure 3.1).

The cost reduction for the circuits listed in Table 6.6 is 82.14% with respect to

the costs reported in REVLIB and 69.17% with respect to the NCV costs determined

by the optimized MPMCT to NCV mapper described in Section 6.3.1. The cumu-

lative cost reduction for all the circuits in the test suite is 81.83% and the average

improvement is 23.89% compared to the REVLIB costs.

As the results in Table 6.6 show, the MPMCT to NCV-|v1〉 circuit mapper does

very well for medium to large circuits since those circuits tend to have more MPMCT

gates with greater than 2 controls than do the small circuits. In addition the smaller

circuits often have a high proportion of CNOT gates which are not primitives in the

NCV-|v1〉 library and are implemented with three NCV-|v1〉 gates.

The total improvement comes primarily from the new MPMCT to NCV-|v1〉 gate

mapping. The MPMCT and NCV-|v1〉 optimizations that are applied before and

after mapping respectively reduce the quantum cost by a further 4.5% and 30.5% on

average. Note that additional lines are never required for NCV-|v1〉 circuits. Consid-

ering unit delay for all 1-qubit and 2-qubit quantum gates as in [1], NCV-|v1〉 circuits

are much faster than the NCV circuits as they have lower logic depth.
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Table 6.6: Experimental Results for mapping MPMCT circuits to NCV-|v1〉
circuits.

Previous Approaches Proposed Approaches % Improv. % Improv.

Benchmark REVLIB NCV Direct MPMCT NCV-|v1〉 wrt wrt

[9] [106] Mapping Opt. Opt. REVLIB NCV

plus63mod8192 164 45025 19566 6620 5921 2135 95.26 89.09

plus127mod8192 162 73357 35348 12318 10910 3972 94.59 88.76

plus63mod4096 163 32539 14652 5327 4672 1779 94.53 87.86

cycle10 2 110 1202 720 219 219 91 92.43 87.36

sym9 148 4368 672 1722 616 374 91.44 44.35

sym6 145 777 212 276 187 118 84.81 44.34

hwb8 114 14699 8815 4456 4378 3235 77.99 63.30

hwb8 115 14691 8815 4456 4378 3237 77.97 63.28

hwb9 121 44665 28629 13149 12920 10156 77.26 64.53

hwb9 122 44653 28629 13149 12920 10156 77.26 64.53

hwb9 119 44714 28660 13168 12938 10180 77.23 64.48

hwb9 120 44702 28660 13168 12938 10180 77.23 64.48

hwb8 113 16530 10328 5065 4957 3786 77.10 63.34

hwb8 118 16522 10328 5065 4957 3786 77.09 63.34

ham15 107 1831 1155 836 724 447 75.59 61.30

hwb9 123 22510 14487 9151 9145 5704 74.66 60.63

hwb7 59 5236 3500 2017 1969 1434 72.61 59.03

hwb8 116 7015 4825 3383 3383 2109 69.94 56.29

hwb8 117 7013 4825 3383 3383 2109 69.93 56.29

hwb7 61 3876 2863 1622 1596 1226 68.37 57.18

4gt4-v0 72 54 34 30 25 18 66.67 47.06

4gt4-v0 73 89 49 73 53 31 65.17 36.73

rd53 133 128 72 68 65 45 64.84 37.50

hwb6 56 1530 1150 766 756 546 64.31 52.52

hwb7 60 4170 2989 2286 2121 1524 63.45 49.01

hwb7 62 2611 1973 1495 1495 957 63.35 51.50

rd53 134 120 72 68 65 45 62.50 37.50

rd53 130 232 195 112 112 93 59.91 52.31

4gt4-v1 74 57 46 31 31 23 59.65 50.00

hwb6 57 1171 872 829 728 473 59.61 45.76

4gt12-v1 89 45 37 23 23 19 57.78 48.65

ham15 108 453 356 320 321 202 55.41 43.26

rd53 131 119 90 76 70 55 53.78 38.89

rd53 132 117 90 76 70 55 52.99 38.89

alu-v2 31 101 83 69 70 48 52.48 42.17

mod5adder 127 125 104 75 75 60 52.00 42.31

alu-v2 30 114 103 82 79 55 51.75 46.60

4gt4-v0 80 37 28 21 21 18 51.35 35.71

4gt12-v0 86 58 36 54 49 30 48.28 16.67

4gt12-v0 87 54 34 42 37 28 48.15 17.65

hwb5 53 315 282 257 254 166 47.30 41.13

mod5adder 128 83 84 59 59 45 45.78 46.43

decod24-v3 45 35 35 25 25 19 45.71 45.71

4gt12-v0 88 41 30 25 25 23 43.90 23.33

one-two-three-v0 97 71 62 57 57 40 43.66 35.48

Continued on the next page.
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Continued from the previous page.

Previous Approaches Proposed Approaches % Improv. % Improv.

Benchmark REVLIB NCV Direct MPMCT NCV-|v1〉 wrt wrt

[9] [106] Mapping Opt. Opt. REVLIB NCV

alu-v2 32 39 38 31 28 22 43.59 42.11

4mod7-v1 96 39 33 31 31 23 41.03 30.30

rd53 135 77 59 70 68 46 40.26 22.03

fredkin 6 15 12 15 15 9 40.00 25.00

decod24-enable 126 86 77 72 72 52 39.53 32.47

4mod7-v0 94 38 32 30 30 23 39.47 28.13

4mod7-v0 95 38 32 30 30 23 39.47 28.13

4gt4-v0 79 49 41 37 37 30 38.78 26.83

rd53 136 75 59 70 68 46 38.67 22.03

4gt4-v0 78 53 45 49 49 33 37.74 26.67

mod5adder 129 77 76 65 65 48 37.66 36.84

4gt5 77 28 28 20 20 18 35.71 35.71

rd53 137 65 59 60 60 42 35.38 28.81

one-two-three-v0 98 40 35 38 38 26 35.00 25.71

ham7 104 83 84 91 91 55 33.73 34.52

decod24-v2 43 18 14 20 20 12 33.33 14.29

hwb5 54 248 234 276 276 166 33.06 29.06

4gt10-v1 81 34 35 28 28 23 32.35 34.29

hwb5 55 104 95 96 97 71 31.73 25.26

4 49 16 60 55 64 61 41 31.67 25.45

hwb4 49 65 54 71 63 46 29.23 14.81

4mod5-v0 18 25 17 31 33 18 28.00 -5.88

decod24-v1 41 22 23 22 22 16 27.27 30.43

hwb4 51 81 73 119 101 59 27.16 19.18

hwb4 50 63 54 71 63 46 26.98 14.81

ham7 105 65 64 81 81 51 21.54 20.31

rd84 142 112 90 126 126 89 20.54 1.11

hwb6 58 142 132 168 169 113 20.42 14.39

Total 459696 266245 127451 121639 82079 82.14 69.17

Un-weighted 53.73 41.22

Average

6.4 Summary

This chapter completes the proposed optimized mapping flow for reversible to quan-

tum circuit mapping by using the concepts from the previous chapters. For each

targeted quantum library the corresponding techniques were described and the as-

sociated optimized mapping results were reported. The results show that using an

optimized flow, the quantum cost of reversible circuits can be improved by about

50%. The cost reduction is significant and proves the importance of using an opti-

mized mapping flow.
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Chapter 7

Conclusions and Future Work

The increasing demand for higher computational power has led the trend of develop-

ing technologies to move towards building highly integrated circuits. Products with

20nm CMOS technology have already entered the market and future designs are be-

ing planned based on 14nm technologies. The integration of circuits becomes more

challenging as it goes forward and it is believed it will hit fundamental limits in the

near future. To face the upcoming challenges, alternative technologies are required.

Reversible logic and quantum technologies are alternatives that may address this

problem.

Although promising results have been obtained in the reversible and quantum

design automation so far, this research area is still in its early years. While a lot of

effort has been made in some steps of the reversible and quantum design automation

flow such as the synthesis of reversible and quantum circuits, some areas such as

technology mapping reversible to quantum circuits have remained open and require

further consideration.

Synthesis of reversible and quantum circuits is an intractable problem and often

resulting circuits are not optimal. On the other hand, the circuits resulting from

synthesis are frequently mapped to circuits of elementary quantum gates for cost

calculation or for physical implementation. The technology mapping approaches that

can be found in the literature are not optimized and introduce even more redundancies

while propagating the ones existing in the synthesized circuit. Much of the generated

redundancies in technology mapping approaches come from the non-optimal cost

models that are used.

In this dissertation, an optimized methodology was introduced for technology

mapping reversible circuits to quantum circuits. The proposed flow consists of three
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major steps. The first step is the high level optimization in which a circuit resulting

from a synthesis approach is optimized mostly in terms of the quantum cost as the

number of elementary quantum gates. We generalized the moving rule for gate rear-

rangement at this stage and showed that it leads to finding more reductions using any

optimization approach that uses the gate rearrangement for finding possible cancela-

tions. We also proposed optimization techniques in Chapters 3 and 4 that employed

the new moving rule to improve the quantum cost of the existing benchmark circuits.

At the second step of our optimized technology mapping flow, the reversible cir-

cuit is technology mapped into a target quantum library using a quantum cost model.

Previous work on this step involves direct mapping of individual gates to their re-

alizations based on an identified cost model. In this part, we modified the existing

quantum cost models as discussed in Chapter 5. Furthermore, new quantum gate

libraries were introduced and the corresponding cost models for a class of reversible

circuits were discussed. In Chapter 6, we explored possible approaches to map re-

versible gates to quantum gates and appropriate optimized mapping methods were

proposed for the existing and our new target quantum gate libraries.

Finally, the last stage of the optimized reversible to quantum mapping method-

ology is to optimize the quantum circuit resulting from the mapping step. We intro-

duced new optimization methods for optimizing quantum circuits at this step.

Recently, some efforts have been made to introduce reversible circuit design flows

for realizing reversible or irreversible functions [45]. In this dissertation, we completed

the reversible circuits design methodology by connecting the end point of the existing

flows, which is usually reversible circuits, to actual implementable quantum circuits.

The methods that we proposed use the uniform REVLIB file format for reversible

functions and circuits thereby linking the proposed approaches together and to the

previous levels of the design.

The techniques described in this dissertation were focused on a certain class of

reversible gates; However, the proposed flow is applicable to other reversible gate

libraries. In addition, we here discussed three target quantum gate libraries, but the

proposed methods can be modified to use other quantum gate libraries. In particular,

the NCV and NCVW quantum gate libraries considered in this dissertation contained

only positive control gates. In our future work, we will consider libraries containing

V , V +, W , W+, and CNOT gates with negative controls.

We used a decision diagram structure called Decision Diagram for a Matrix Func-

tion (DDMF) in our optimization method. This structure has limitations and cannot
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be used for all quantum circuits. Our future work includes replacing DDMFs with a

better structure in our optimization methods.

The conventional and the new moving rules described in Chapter 3 are based on

the assumption that matrices describing the target operations for the gates being

interchanged commute. The matrices for all target operations that were used in this

dissertation commute. Our future work includes modifying the new moving rule to

consider other gate libraries that do not have this property.

The functionality of controlled reversible gates (such as MPMCT gates) is invari-

ant under the permutation of the controls of the same polarity. This property can

be used in optimized mapping of such gates to quantum circuits as the quantum re-

alizations change by changing the order of the controls. In our proposed mappings,

we used this property for smaller MPMCT gates (Toffoli gates). Considering control

permutation for larger reversible gates is in our future work. The proposed mapping

structures for NCV and NCVW libraries are the best known so far, but we have no

proof that they are optimal and searching for better mappings is in our future work.

As noted in Chapter 5, some technologies require additional constraints in the cir-

cuit such as having the nearest-neighbor property. Adding this property to a circuit is

expensive and requires including extra Swap gates in the circuit. Our future work will

concentrate on the nearest-neighbor problem and in particular on how to incorporate

that constraint into existing synthesis, optimization and mapping methods.
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