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Chapter 1

Introduction

A highlight of a first course 1n number theory 1s the assertion first made by

Girard[8], detailing the integers that can be expressed as the sum of two squares

Determinaison d’'un nombre qui se peut diviser en deux quarrez entiers
1 Tout nombre quarré

11 Tout nombre premier qui excede 1n nombre quaternaire de 'unité

1 Le produict de ceux qui sont tels

1v  Et le double d’un chacun d’iceux

Perhaps, the most natural setting for a proof of this assertion lies in the ring
of Gaussian mtegers Dedekind[2][3] certamnly thought so, giving two separate
proofs of this assertion based on the unique factorization of the ring of Gaussian

mtegers

The broader question of the number of representations of a positive integer as
the sum of two squares was completely answered by Jacobi[10] using the theory
of elliptic functions but an elementary proof using the Gaussian ntegers 1s to
be found i Hardy and Wright[7] It 1s while reading this proof that it occurred
to me that this same elementary approach could be applied to other rings of

algebraic mtegers In fact, I had also been reading Stewart and Tall[14] and I




knew the 1deal setting for this work lay in the imaginary quadratic number fields
of class number 1 Curiosity then led me to Dirichlet’s famous paper[4] where he

thought 1t noteworthy to mention

4 1 1 1
L [l e dess doe
ﬂ( S ) (11)

and

++-= (12)

as consequences of his work The purpose of Dirichlet’s paper was to prove that
any arithmetic progression in which the first term and the common difference
are relatively prime contains infinitely many primes, while the purpose of this
thesis 1s to calculate nine series including (1 1) and nine 1dentities such as (1 2)

These eighteen calculations come as consequences of the unique factorization of

the rings of integers i 1maginary quadratic number fields of class number 1

The 1deas 1 this thesis are hardly original but the development 1s motivated
and at a more elementary level than 1s usual for this material For example,
the defining properties of the real Dirichlet character emerge as requirements
of our chosen line of argument and are not imposed Overall, the emphasis 18
not analytical but rather combinatorial, therefore, bringing out the essentially

numerical nature of these nine series and nine 1dentities



Chapter 2

Preliminaries

The purpose of this chapter 1s to provide an overview of the background necessary

to read this thesis

2 1 Algebra
Let G and G’ be groups A homomorphism ¢ from G to G’ 1s a function from G
mto G’ that satisfies ¢(ab) = ¢(a)@p(b) for all a,b n G

Let R be a commutative ring with unity An element u i R 1s called a unat 1f u
has a multiplicative imnverse in R Two elements a and b are said to be associates,
if b = ua for some unit v m R If R has no zero-divisors then R 1s called an

wintegral domain

The next theorem follows easily

Theorem 2 11 The units U(R) of the ring R form a group under multiplca-
tion In particular, the units of the ring of integers modulo n 1s a group under

multiplication, that is, (U(Zy,), %) 1S a group

A non-zero element a of an integral domam D 1s called wrreducible 1f, whenever

a = bc with b, ¢ both in D, then one of b or ¢ 1s a umt n D A non-zero element
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of an mtegral domain D 1s called a preme 1if a 1s not a umt and a | be imples

alboralc

An mtegral domain D 1s called a Fuclidean domawn 1f there 1s a function f from
D* to N such that

(a) f(a) < f(ab) for all @ and b 1n D*, and

(b) if @ and b are in D with b non-zero, then there exist elements ¢ and 7 1n D

such that a = bqg +r where r =0 or f(r) < f(b)

A subring S of a commutative ring R 1s called an 2deal, 1f for every r in R and a
m S we have ra in S For any a in R, the set of all multiples ra of a 1s an 1deal
Such an 1deal 1s known as a principal 1deal An ntegral domaimn in which every

1deal 18 principal 1s called a principal 1deal domain

An mtegral domain D 1s called a unique factorization domain 1f every non-unit a
in D* can be written as a product of irreducibles of D and this factorization into

irreducibles 1s unique up to associates and the order in which the factors appear

Suppose {e1,€2, €} 1s a linear ndependent subset of vectors in R™ Then the
additive subgroup of (R™,+) generated by {e1,es, e, } 1s called a lattice of
dvmension m and the generating set {ej,es,  en} 1s called a lattice basis We
will only concern ourselves with plane lattices, that 1s lattices of dimension 2 1n

R?, or what amounts to the same, lattices of dimension 2 1n C

The lattice in R? generated by {(1,0),(0,1)} 1s Z2, the standard rectangular
lattice We will need a well-known result due to Gauss on the number of lattice

pomnts of Z? that lie within an ellipse
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Theorem 2 1 2 The number of lattice points N of the lattice Z? that e within

the ellipse Az? + Bxy + Cy? =n 1s

2mn
N=—+0
VA4AC — B2 (\/ﬁ)

Figure 1 The lattice pomts of Z? lyimng within the ellipse £

If further background on algebra 1s required the reader 1s referred to Hersteim[9]



2.2 Elementary number theory
If an integer m, different from zero, divides the difference a — b, then we say that

a 18 congruent to b modulo m and write a = b (mod m) or a = b (m)

2

If the integers a and m are relatively prime, and the equation z“ = a (m) has a

solution then a 1s called a quadratic residue modulo m

If p 1s an odd prime and a 1s an integer relatively prime to p, the Legendre symbol,

denoted (a/p), 1s defined by

(a /)= 1, 1f a 18 a quadratic residue modulo p,
p)= —1, 1f a 1s a quadratic non-residue modulo p

From the definition of the Legendre symbol follow two well known theorems, the

latter first proved and highly regarded by Gauss

Theorem 2 2 1 Ifp 1s an odd prime and a and b are both relatively prime to

p, then

(a) (ab/p) = (a/p)(b/p),
(b) (a/p) = aP~V/2 (p), n particular (—1/p) = (-1)P~1)/2,

(c) (2/p) = (-1)®" /8

Theorem 2 2 2(Quadratic reciprocity) If p and q are distinct odd primes,

then

(p—1) (¢—1)

(p/q)(g/p) = (-1)"7 "=
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It 1s convenient to extend the domain of the Legendre symbol (a/p) to allow p

to be any odd number P

Suppose the odd mteger P = +p;ps  p, where the primes py,p2, ,p, are
not necessarily distinct and that a 1s an mteger relatively prime to P Then the

Jacobr symbol, denoted (a/P), 1s defined by

(a/£1)=1 and (a/P)=(a/p1)(a/p2) (a/pn)

Notice that when the odd mteger P 1s prime the Jacob1 symbol agrees with the

Legendre symbol, justifying the use of the same notation

As with the Legendre symbol, we have two important but less well-known theo-

rems which follow from the definition of the Jacobi symbol

Theorem 2 2 3 If P and Q are odd integers, and a and b are itegers both

relatively prime to P and (), then

(a) (a/P)(a/Q) = (a/PQ),
(b) (a/P)(b/P) = (ab/P),
(c) (a/P) = (b/P), whenever a = b (P)

Theorem 2 2 4 If P and @) are odd relatively prime integers, then

(a) (=1/P) = (-1)P~Y/2 whenever P > 0,
(b) (2/P) = (1) -1/,

(P—-1) (Q-1)

(©) (P/Q)(Q/P) = (—1) =72
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It 1s important to note that 1if a 1s a quadratic residue modulo the odd positive
mteger P then the Jacobir symbol (a/P) = 1 but the converse 1s false, unlike the

equivalence that occurs with the more restrictive Legendre symbol

A numerical function or arithmetic function 1s a function whose domain 1s the
set of positive mntegers A numerical function f 1s multiplicative 1f f(1) = 1 and
f(mn) = f(m)f(n) for all pairs of relatively prime positive integers m and n
A numerical function f 1s completely multiplicative 1f f(1) = 1 and f(mn) =

f(m)f(n) for all pairs of positive integers m and n

The Mobuus function p 1s the the multiplicative numerical function whose values

on prime powers are

1, ifa =0,
u(p?) = { -1, ifa=1,
0, ifa>2

The completely multiplicative numerical function Jy, 1s defined by Ji(n) = n*

A Dirichlet character modulo m 1s a completely multiplicative numerical function

with period m such that

_ | root of umity, 1if ged(n,m) =1,
x(n) = {0, otherwise

If the roots of unity are real then x 1s called a real Dirichlet character The real

Dirichlet character modulo m such that

|1, ifged(nm)=1;
x(n) = {0, otherwise,

1s called the principal Dirichlet character modulo m



If f and g are numerical functions we define a sum and a product by

(f +9)(n) = f(n) +g(n) and (fxg)(n)=7)_ f(d)g(n/d)
d|n
This product 1s known as the Dirichlet product or the Dirichlet convolution of f

and g

It easily follows that the set A of all numerical functions equipped with the
above sum and product 1s a commutative ring with unity For our purposes,
we will need a well-known theorem concerning the algebraic structure of the

multiplhicative functions

Theorem 2 2 5 The multiplicative functions form a subgroup of the group of

units of A

An mmportant consequence of this theorem 1s that the constant multiplicative

function Jy has the Mobius function p as 1ts inverse

Another approach to Dirichlet convolution rests on the introduction of a gener-
ating function for the sequence defined by a numerical function This approach,
first introduced by Dirichlet, leads to the use of the Euler product, which in turn
leads to a fruitful application of analysis in number theory We however, will
principally concern ourselves with the formal theory of these generating func-
tions and pay scant regard to questions of convergence To begin then, if f 1s a

numerical function, the formal series

=y 1,

n

n=1
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1s called the Dirichlet series generating function for the numerical function f or

equivalently the sequence {f(n)}$° This 1s also written

ds

F(s)«—f

It then follows that if f and g are numerical functions with Dirichlet series

generating functions F(s) and G(s) respectively, that

F(s) G(s)¢Zsf g

A theorem which connects the Dirichlet series generating function to a product
over primes 1s crucial to the work of this thesis Its earliest form 1s due to Euler
but the theorem was much generalised and used to great effect by both Dedekind

and Dirichlet We state a form which 1s sufficient to our present purposes

Theorem 2 2 6(Euler product) If f 1s a multiplicative numerical function

then we have the formal 1dentity

2_:1 f:sl)

=[[a+f@p+ 2+ ),

p

imn which the product 1s over all prime numbers p

Corollary 2 2 7 If f 1s a completely multiplicative numerical function then we

have the formal 1dentity

= f(n) 1
2. ns _I:,I(l—f(p)p‘s)’

n=1
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1in which the product 1s over all prime numbers p

Of particular interest 1s the Riemann zeta function ((s), which 1s the Dirichlet

series generating function for the sequence {1}5° In other words
ds
((s)«—Jo

The Euler product takes its simplest and eponymous form in the case of the

Riemann zeta function, as
OB | P
- (L=p7°)

We shall also make use of two other generating functions, namely the power series

generating function and the Lambert series generating function

If f 1s a numerical function then the formal power series

1s called the power series generating function for the numerical function f

If f1s a numerical function then the formal Lambert series

>

1s called the Lambert series generating function for the numerical function f

Next, we have a rather pretty theorem connecting Dirichlet convolution, power

series generating functions and Lambert series generating functions
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Theorem 2 2 8 Suppose f and g are numerical functions Then the Lambert
series generating function for f 1s the power series generating function for g if

and only if g = f * Jy

If further background on number theory 1s required the reader 1s referred to
Hardy and Wright[7] or Niven and Zuckerman|[11] For background on Dirichlet

generating functions the reader 1s referred to Wilf[16]

2 3 Imaginary quadratic number fields

A complex number « 1s called an algebraic number 1f 1t satisfies a polynomial
with rational coefficients If the leading coefficient of a polynomial 1s 1, the
polynomial 1s called monic The monic polynomial of least degree with rational

coefficients, which « satisfies 1s called the minimal polynomial for a over Q

An algebraic number field 1s a subfield of the complex numbers that 1s a finite
dimensional vector space over the rational numbers A quadratic number field 18

an algebraic number field of dimension 2 over the rational numbers

An extension field K of a field F 1s a field which contains F' as a subfield The
extension field of F' which 1s generated by adjoining a single element o in K to
F, denoted F(«), 1s known as a sumple extension of F The ring generated by
adjoming a i K to F 1s denoted F[a] and consists of all elements in K which
can be written as polynomials mn a with coefficients in F' The following well

known theorem guarantees that any algebraic number field 1s a simple extension
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of the field of rational numbers and that the elements of this field extension can

be written as polynomials over Q

Theorem 2 31 If K 1s an algebraic number field, then K = Q(a) = Q[«] for

some algebraic number «

For a quadratic number field Q[a], 1t 1s always possible to choose a most conve-

nient «

Theorem 2 3 2 If K 1s a quadratic number field, then K = Q[y/m] for some

unique square-free integer m

When m > 0, K = Q[y/m] 1s called a real quadratic number field and when

m < 0, K = Q[y/m] 1s called an umaginary quadratic number field

A complex number 1s called an algebraic integer 1f 1t satisfies a monic polynomial

with nteger coefficients

It follows that the algebraic integers in the field of rational numbers alone are
just the integers Z For this reason we will henceforth refer to the integers Z as
rational integers and the superset of algebraic integers, simply as integers This
terminology 1s standard and reflects our broader perspective To determine the
algebraic mtegers within an algebraic number field, we have the following useful

criterion
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Theorem 2 3 3 An algebraic number 1s an algebraic integer if and only iIf 1ts

minimum polynomial over Q has mteger coefficients

This means that the integers of a quadratic number field satisfy monic quadratic
polynomials with integer coefficients Of course, the rational integers are integers
1n any quadratic number field, which happen to also satisfy monic linear polyno-
mials with integer coefficients A well known theorem characterizes the integers

of quadratic number fields

Theorem 2 3 4 Let m be a square-free integer The algebraic integers of the

quadratic number field K = Q[y/m] are Z[¢] where £ = \/m, if m # 1 (4) or
E=(14+vm)/2,if m=1(4)

As a consequence, the mtegers of a quadratic number field form either a rect-
angular lattice as 1n Figure 2, or an 1sosceles triangular lattice as in Figure 3
The rectangular lattice occurs whenever m # 1 (4) and the 1sosceles triangular
lattice occurs whenever m = 1 (4) This geometric mterpretation will be of some
importance i Chapter 3 It 1s also easy to check that the mtegers of a quadratic

number field form a ring
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To make progress 1n algebraic number theory and specifically in the theory of
quadratic number fields, 1t 1s necessary to relate the algebraic numbers to the
rational numbers The norm provides the standard homomorphism on the mul-
tiplicative structures Any number o 1 the quadratic number field K = Q[\/m]
has the form a + by/m, where a,b,€ Q We define the conjugate @ and the norm
|| by

a=a-by/m and |af=aa

The ring of mtegers Z[{] m the quadratic number field Q[y/m] 1s often denoted
A(m) Since our focus 1s on certain rings i imagmary quadratic number fields,
1t will better serve our purpose to write our number fields as Q[v/—m/| and their

respective rings of integers as A(—m), where 1t 18 understood that m > 0

We have two useful theorems that follow fairly readily from the introduction of

the norm

Theorem 2 3 5 Suppose o and [ lie m A(—m) Then

a) a 18 a umt 1if and only 1if [|a| = 1,
)

(
(b) 1f @ and 3 are associates then |« = ||3],
(c) ||le|| 1s a rational integer,

(

d) 1f ||a]| 1s a rational prime then « 1s irreducible in A(—m)

Theorem 2 3 6 The group of umits mm A(—m) 1s

(a) {£1,+2} when m =1,
(b) {£1,+e™/3 +e%™/3} when m = 3,
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(c) {£1} when m # 1,3

We now turn to some important results on factorization in the rings A(—m),

which will play a central role in this thesis

Birkhoff[1] was the first to show that the ring A(—m) 1s norm-Euchdean for m =
1,2,3,7,11, thus establishing these rings as unique factorization domains That
these rings were the only Euchidean domams amongst the imagiary quadratic
number fields, irrespective of the Euclidean function used, was first established
by Dubois and Steger[6] Interestingly, this provides the first confirmed example
of a principal 1deal domain that 1s not Euchdean, since the ring A(—19) was

known by Dedekind[3] to be a principal 1deal domain

That there are unique factorization domains that are not principal 1deal do-
mains 1s well-known, the polynomials with integer coefficients providing the clas-

sic counterexample However, for the rings A(—m), the two concepts concide

Theorem 2 3 7 The ring of integers A(—m) 1s a unique factorization domain

if and only if 1t 1s a principal 1deal domain

Gauss was the first to state the values of m for which the ring A(—m) 1s a umque

factorization domain, namely the nine values

m=1,2,3,7,11,19,43,67, 163

However, 1t was over one hundred and fifty years before Stark[13] was able to

prove that this hist was indeed complete
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A measure of the extent to which a number field departs from unique factorization
18 1ts class number Of course, 1t 1s the ring of itegers within the number
field that enjoys unique factorization, but this abuse of language 1s standard
Although, we will not pursue the 1dea of class number 1n this thesis, we will use
the phrases, as 1s the common practice, ‘a number field of class number 1’ and
‘a number field enjoying unique factorization’ synonymously In the remainder
of this section we will only concern ourselves with imaginary quadratic number

fields of class number 1

The factorization of the rational prime p in the umque factorization domain
A(—m) 18 a key 1dea 1 this thesis There are essentially two ways m which
this can occur Firstly, p may still be prime mn A(—m), i which case p 1s said
to be wnert Secondly, p may factor in a non-trivial way mn A(—m) We wish
to distinguish between two ways i which such a non-trivial factorization may
occur To appreciate the manner in which this distinction 1s made, suppose
that p = af, where neither @ nor  1s a umt i A(—m) Then, since ||| 15 a
rational mteger, we have ||a|| = p So aa = p and we conclude § = @ More
mmportantly, by Theorem 2 3 5, @ and @ must both be prime m A(—m) Now, if
«a and @ are associates, we say p ramufies otherwise we say p splits The following
two theorems are well-known and determine precisely when the rational prime p

ramifies, splits or 1s mert

Theorem 2 3 8 Suppose p 1s an odd rational prime in the unique factorization

domain A(—m) Then

(a) if (—m/p) = 1 then p splts,



19

(b) if (—m/p) = —1 then p 1s mert,

(c) if p | —m then p ramifies

Theorem 2 3 9 In the unique factorization domain A(—m), the prime number
2 sphits if —m = 1 (8), 1s mert if —m = 5 (8) and ramufies if —m = —1 or

-m = —2

From Theorem 2 3 5, we know that if the norm of an integer 1s a rational prime
then the integer 1s prime As we have just seen this does not categorize all primes
in terms of their norms since an nert prime has a norm which 1s the square of a
rational prime However, we have another well-known theorem which 1s almost

a converse

Theorem 2 3 10 The norm of a prime 1in the unmique factorization domain

A(—m) 1s either a rational prime or the square of a rational prime

It follows readily from Theorem 2 3 10, that the primes of A(—m) are the nertial
rational primes and the prime factors of the rational primes which ramify or split
This means we only need examine the rational primes to discover all primes 1n

A(—m) This 1s a very happy state of affairs

If further background 1s required 1 algebraic number theory or in imaginary
quadratic number fields in particular, the reader 1s referred to Stewart and

Tall[14] or Pollard[12]
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Chapter 3

Development

3 1 Lattice points

By Theorem 2 3 4, the ring of integers A(—m) 1 the imaginary quadratic number
field Q(v/—m) 1s Z[¢] Recall that & depends on the value of m modulo 4, m fact
£ =+/—m when —m #1 (4) and £ = (1 ++/—m)/2 when —m =1 (4) Viewed
geometrically, the ring of integers A(—m) 1s a plane lattice in which the integers
with norm n are lattice pomts lying on the circle of radius /n with centre the
origin For example, 1n the lattice of Figure 3, there are six lattice points lying on
the circle of radius 2 with centre the origin This, of course, corresponds to the
six mtegers of Z[(14+/—7)/2] with norm 4 For our present purposes however, we
prefer an alternative view We subject the complex plane containing our plane

lattice to either the linear transformation

10 o 1 -1/ym
0 1/vm 0 2/ym )’
according to whether —m # 1 (4) or —m = 1 (4) respectively Then the lattice

Z/[€] 1s mapped onto the standard rectangular lattice Z2 Moreover the circles of

constant norm are mapped onto ellipses of constant norm

Put more algebraically, any integer  in A(—m) can be written as o = a + bz and

the norm of « 1s ||a|| = a® + b* However the numbers a and b are 1n general not
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mtegers nor even rational numbers But Theorem 2 3 4 guarantees that {1,{}
1s an mtegral basis for the ring of mtegers A(—m) That 1s, there always exist
rational integers x and y so that @ = z+y£ The norm however, loses 1ts circular
form 1n favour of two possible elliptic forms Specifically, an easy calculation
gives the the norm of the integer = + y& as either

(1+m)

2+ my?, —-m#1 (4) or 2%+ zy+y? 1

-m=1 (4)

Now, let £,(—m) denote the ellipse 2 + my? = n whenever —m # 1 (4) and the

ellipse z2 + zy + y?(1 +m)/4 = n whenever —m =1 (4) Hence we have

Theorem 3 1 1. There 1s a one-to-one correspondence between the integers of
A(—m) whose norms are at most n and the lattice points of Z? within the ellipse

En(—m)

Theorem 3 1 1 1s the source of much of what 1s to follow For we will count the
lattice pomnts within the ellipse &, (—m) using the Theorem 2 1 2 and count the
mtegers of A(—m) whose norms are at most n with the help of a zeta function for
A(—m) These rather different approaches to counting together with the bijection

of Theorem 3 1 1 lead to the main results of the chapter

By Theorem 2 1 2, the number of lattice pomts N within the ellipse Az? + Bzy

+Cy?2 =n1s
2mn

N:M

+O0(v/n)
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where A 1s the discrimmant for the ellipse Since A = B2 — 4AC, the ellipse
22 + my? = n has discrimmant —4m and the ellipse 2 + zy + y2(1 +m)/4d =n

has discriminant —m Hence we have

Theorem 3 1 2 The number of lattice poimnts N within the ellipse £,(—m) 1s

elther
= 5 — —+ .

Theorem 3 1 2 completes one half of the count implied 1 the statement of Theo-
rem3 11 To complete the other and significantly more difficult half of the count

we begin by introducing the concept of a zeta function for A(—m)

3 2 A zeta function for A(—m)
Where no confusion can arise we will denote the ring of integers A(—m) by A
order to simplify notation The use of the zeta function (4 and 1ts subsequent

expansion as an Euler product follows a standard line of argument

Definition 3 2 1 In the ring of integers A we define a zeta function (4 by

Cals) = Z 1 where A* = A — {0}

all®
a€cA*

By Theorem 2 3 5, the norm of an mteger a € A* 1s a positive rational integer

and letting r(n) denote the number of imtegers in A whose norm 1s exactly n, we
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see the motivation for definition 3 2 1, since

Cals) = Z r(n)

T

n=1
That 1s, (4 1s a Dirichlet series generating function for the sequence {r(n)}5°

In this thesis, we are only interested in the imaginary quadratic number fields
with class number one Consequently the ring A 1s a umque factorization domain
and every a € A* can be written uniquely, up to umts, as a product of prime
elements Let {q,} be a system of representatives for the prime elements of A
and denote the number of units in A by A Then we can expand (4 as the Euler
product

1 | 1
CA(S)ZA]:[(1+W+W+ )—/\H<—|—S) (322)

s \1—|lg]

Theorem 2 3 5 and Theorem 2 3 10 ensure the norms of integers in A* are positive
rational mtegers, moreover the norm of a prime in A 1s a rational prime or the
square of a rational prime Whereas, Theorem 2 3 8 and Theorem 2 3 9 ensure
that a rational prime must ramify, split or be mertial n A — there are no other

possibilities These observations motivate the definition

Definition 3 2 3 The function x 1s defined on the domain of rational primes
by

—1, ifpismertial n A,
1, 1ifpsphtsin A

0, 1if p ramifies in A,
x(p) = {
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The function y allows us to index the product of equation 3 2 2 over the rational

primes p rather than the integral primes ¢ We can now rewrite equation 3 2 2 as
e T sl TE (=] T (324)
A — ol 1__p—3 o 1__p—s 1__p—23

x=-1
To see that equation 3 2 4 does indeed follow from equation 3 2 2, note that a

rational prime which ramifies 1s the norm of exactly one prime i A, a rational
prime which splits 1s the norm of exactly two primes in A and finally a rational
prime that 1s mertial has only 1ts square as the norm of a prime In A Again
these remarks must be considered up to units and this 1s of course the reason for

the factor A

Rearranging the factors of equation 3 2 4 gives

Cals) = A g(l_lp_J (=) 1I

x=1 x=-1

<1+;*> B

Now [T, (1 - p~*)"" 1s the Euler product for the rational mteger zeta function

((s) Hence equation 3 2 5 can be written more simply as

=3 o] (55 11 (25

= (326)
- Tl (=)

By Corollary 2 2 7, the product in the result 3 2 6 could be written as a sum 1f

the function y were completely multiplicative This motivates the extension of
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the domain of x to all positive rational integers by defining x to be completely

multiplicative We can now write

Cals) = A ¢l 3 X0 (327

T
This last result gives (4 as the product of two Dirichlet series but we know from
Section 3 1 that (4 1s the Dirichlet generating function for the number r(n) of

mtegers n A whose norm 1s n As a consequence, we have

Theorem 3 2 8 The function r/) 1s a Dirichlet convolution of the functions x

and Jo That 1s, r/A = x * Jo or equivalently r(n) = A3, x(d)

Corollary 3 2 9 The numerical function r/\ 1s multiplicative and the numer-

1cal function x satisfies x = v/ = y where p 1s the Mobius function

Proof Since r/\1s the Dirichlet convolution of two multiplicative functions, 1t
turn must be multiplicative This proves the first part of the corollary Secondly,
the mverse under convolution of the numerical function .Jy 18 the Mobius function

p and this combined with Theorem 3 2 8 proves the second part

Corollary 3 2 10

o0 o0 n
T
r(n)z™ = X n
2 (n) ;X( )1—xn

Proof Since /A = x * Jy, we may mmvoke Theorem 2 2 8 and the result 1s

immediate
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Corollary 3 3 3 With respect to the integers A(—m) we have

A%:—Zx )| 5| +o0a/vm), —m£1 (4

and
27

s n
== k[—J 0(1/vn), —m=1 (4
w = n 2| +ouvm, -m=1 @
Proof For —m # 1 (4), we combine Theorem 31 1, Theorem 3 1 2 and the
above theorem to give

1+/\Zx [J \;:L_n-FO(\/ﬁ)

Rearrangement of factors and the absorbtion of the number 1 by O(y/n) complete
the proof i the case of —m # 1 (4) The proof of the case when —m =1 (4) 1s

all but 1dentical

Our next goal 1s to remove the floor symbol in the formulas of Corollary 3 3 3
We could make some progress mn that direction now but 1t 1s better to first
discover more about the numerical function y To do this we will consider the

cases —m =1 (4) and —m # 1 (4) separately This leads us to the next chapter
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Chapter 4

A(—m) where —m # 1 (4)

The only mmaginary quadratic number fields A(—m) of class number one with
—m # 1 (4) occur when —m = —1 or —m = —2 In this chapter, we will focus on
these two cases However, we will prove two more general results, namely Theo-

rems 4 2 2 and 4 2 3, which will be used both mn this Chapter and mm Chapter 5

4 1 The function x 1s a real non-principal Dirichlet character for A(—1)
and A(-2)

From Corollary 3 3 3 we have

™

Avm

= 23 x®)|F] +0a/v), -m#1 (4) (411)
k=1

We would like to simplify equation 4 1 1 and we begin by taking a closer look at
the arithmetic function y Although we know about the multiplicative behaviour
of x, we know nothing of its sequential behaviour To this end we note by
Theorem 2 3 8 that 1n a unique factorization domamn A(—m) an odd rational
prime sphits if and only 1f —m 15 a quadratic residue modulo p and 1s mertial 1f

and only 1f —m 1s a quadratic non-residue modulo p Recalling that 2 1s the only
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rational prime that ramifies when —m = —1, —2 and using the Legendre symbol

we may now write

_J (=m/p), 1f p1san odd prime,
x(p)—{o’ fp=2 (412)

Furthermore, simce x 1s completely multiplicative, we conclude x(n) = 0 for all
even rational integers n Taking advantage of the Jacobi symbol of Section 2 2,

we now have for any positive rational integer n

0, if n 18 even

] = { (—m/n) 1f n1s odd, (413)

Theorem 4 1 4 The numerical function x 1s a real non-principal Dirichlet char-

acter modulo 4 with respect to A(—1) and modulo 8 with respect to A(—2)

Proof By definition, x 1s completely multiplicative and by equation 4 1 3, x
takes 1ts values from the set {0,+£1} We are left to show that x 1s periodic mn
order to establish that x 1s a real Dirichlet character We break the proof mnto
two cases

Case 1 With respect to A(—1)

By Theorem 2 2 4, the Jacobi symbol (—1/n) = (=1)(®~1/2 when n 1s an odd

rational integer So 1t follows that

0, 1f n s even,
x(n)=< 1, 1fn=1(4),
-1, 1fn=3(4)

We conclude that x 1s a real Dirichlet character modulo 4 working with respect

to A(—1) and 1s obviously non-principal
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Case 2 With respect to A(—2)

By Theorem 2 2 3 and Theorem 2 2 4, we have for an odd rational integer n that

(=2/n) = (=1/n)(2/n)
— (_1)(n—1)/2 (_1)(n2—1)/8

o (_1)(n2+4n—5)/8

- (_1)(n—1)(n+5)/8

Of course, 1t 18 not necessary to check that (n —1)(n+5) 1s divisible by 8 as this
follows from the multiplicative property of the Jacobi symbol It 1s the quotient

when (n — 1)(n + 5) 1s divided by 8 that we are really interested in and we have
(n1—1)(n1+5)/8 = (n2—1)(n2+5)/8 (mod 2) whenever n; =mns (mod 8)

Straight calculation then gives

0, 1f n1s even,
x(n)=4¢ 1, ifn=1,3(8);
-1, 1fn=5,7(8)

We conclude that x 1s a real Dirichlet character modulo 8 working with respect

to A(—2) and again x 1s obviously non-principal

Theorem 4 14 provides justification for the choice of the symbol y, this being

the traditional symbol for the Dirichlet character
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4 2 Dirichlet character series
The series found 1 4 1 1, namely

LS ®|2] = w2,
k=1

=1

has the form

Definition 4 2 1 If x 1s a Dirichlet character modulo m then we will call the

series

Y x(k)ax

k=1
a Dirichlet character series modulo

We now present a general theorem not restricted to any particular character

modulus m

Theorem 4 2 2 Suppose x 1s a real non-principal Dirichlet character modulo
m and suppose {a}5° 1s a non-negative decreasing sequence of real numbers with

ar — 0 as k — oo Then the Dirichlet character series

Y x(k)ax
k=1

converges Moreover the absolute value of 1ts sum does not exceed a;m/2

Proof A real non-principal Dirichlet character x maps the group of units of the
ring of rational integers modulo m onto the real roots of unity homomorphically
That 1s,
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18 a surjective group homomorphism So x takes on an equal number of posi-
tive and negative values amongst the terms of the sequence {x(k)ax}}* Denote
the sum of the positive elements of this sequence by P; and the sum of the
absolute values of the negative elements by N; Since y has period m, we con-
tinue the notation by labelling the sum of the positive elements i the sequence
{X(k)ak}?;"_l)m +1 by Pr and the corresponding sum of the absolute values of the

negative elements by NV, Since the sequence {aj} 1s decreasing we have

TZP12P22P32

and

m
‘“TZNIZszNgz

Without loss of generality suppose that P, > Ny, then by the periodic nature of

x we have P. > N, for all r € N So the series

PL—-N1+P,—Ny+

1s an alternating series satisfying the conditions of the Alternating Series theo-
rem[15] and therefore converges to a imit L whose absolute value does not exceed
aim/2 Now denote the nth partial sum of the series | x(k)ax by S, Using the

notation of partial sums we may write our result as

Ilm S, =L

n—oo

Next, we have Spntt = Smn + Gmn+t, whenever 1 <t <m—1 So the sequence
{Smn+t}3° converges to L since we know amn+¢ — 0 as n — oo So we conclude

that S,, converges to L and the theorem 1s proved
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Corollary 4 2 3 The real non-principal Dirichlet character series modulo m

e = x(k)
SN

k=1 k=1

??‘|§

converges Moreover 1ts sum 1s bounded by m/2, which we note 1s independent

of n

Proof This 1s immediate simce {1/k}5° 1s a non-negative decreasing sequence

with 1/k - 0 as k > oo and a; = 1

That the Dirichlet character series of Corollary 4 2 3 converges 1s useful but
we need more mmformation than this corollary provides The following theorem

addresses this need

Theorem 4 2 4 Suppose x 1s a real non-principal Dirichlet character modulo

m, then

|
I x®[E] = T M0 4 onyvm)

g
B

>
I
far
>
I
-

Proof Firstly,
=l | va]

Secondly,
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since there are at most y/n differences and each difference 1s non-negative and

less than one So

VI
x(B)| 2] = X x(hT +ovm),
k=1 k=1
and hence that
1 00 i [\/HJ X(k) 1 - n
S| = X - Y xw|E|roavmy @2)
k=1 k=1 k= Lﬁj+1

Now the series

= Y awlE= 3wl
k=|vm|+1 k=|vn]+1

1s a Dirichlet character series satisfying the requirements of Theorem 4 2 2 So

1t converges and 1s bounded by the number m/2 since

/%] <1lwhenk=|vn|+1

N
So
= X xw|F]som
k=[va] 1

Returning to equation 4 2 5, we now have

LS |2 - S —=0(1) +0(1/V)
= k=1 k k=1 k \/ﬁ
7]
= > X on/vm)
k=1

This completes the proof
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Corollary 4 2 6 With respect to A(—m) with —m # 1 (4) we have

m & x (k)
Wt Z T+O(1/\/T_l)

and

v~ x(k)
T2

Proof The first equality follows immediately from Corollary 3 3 3 and Theorem

4 2 4 Letting n approach mfinity, gives the second equality

4 3 Calculations
By Theorem 2 3 6, the number of units A m A(—1) and A(—2) equals 4 and 2

respectively So by Theorem 4 1 4 and Corollary 4 2 6 we calculate to obtain

and
T 1 1
222 =~ 3 B 7
The first series 1s due to Leibniz and the second to Newton
When working with respect to A(—1), the numerical function r(n) counts the
elements of the set {(z,y) € Z? | 22> + y?> = n} The power series generating
function for r(n) 1n this case, 1s therefore (142x+2z*+22°+ )% By Corollary

3 2 10, we conclude

T x3 x°

4 9 2 _
(14 2z +2z* +22° + )_1+4<1_$—1_$3+1_$5—+ ) (431)
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The argument for Identity 4 3 1 follows that found in Hardy and Wright[7] The
1dentity was first discovered by Jacobi[10] using the theory of elliptic functions
Interestingly, Jacob:r applied this identity to subsequently determine r(n) in the

case of the sum of two squares, a complete reversal of the present method

We now wish to extend the method to determine a similar identity for 7(n) when
working with respect to A(—2) Here, the function r(n) counts the elements of
the set {(z,y) € Z? | 2? + 2y? = n} The power series generating function for

r(n) 1s therefore

(1422420 +22°+.. )1+ 222 + 258+ 228 + )
By Corollary 3 2 10, we conclude

(1+22+202+22% + .. Y1+ 202 + 228 4 2218 + . )

3 5 7
:1+2( AT NS SN - ) (432)

-z 1—23 1—xz5 1—27

Identity 4 3 2, extends a result found n Dirichlet[4]
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Chapter 5

A(-m) where —m =1 (4)

The mmagimary quadratic number fields Q(y/—m) of class number one with —m =
1 (4) occur when —m € {-3,-7,—-11,—-19,—43,—67,—163} In this chapter we
are only concerned with these values of —m and we will denote this set of numbers

by M

5 1 The function y 1s a real non-principal Dirichlet character for A(—m)
where —m 1s 1n M
From Theorem 4 2 4 we have established that 1f x 1s a real non-principal Dirichlet

character modulo m then
1 = n
=Y x| 2] = X 5 +o/va)

So 1f we can show that x 1s a real non-principal Dirichlet character for A(—m)
where —m € M, we can apply this result with Corollary 3 3 3 to establish series
like those of Section 4 3 As in the proof of Theorem 4 1 4, the major task 1s to
show that y 1s periodic Using Theorem 2 3 8 and Theorem 2 39 with —m =1
(4), we have a result similar to equation 4 1 2, namely

(—m/p), if p# m 1s an odd prime,

x(p) =< 0, if p=m, (511)
(—1)(m2_1)/8, fp=2
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Theorem 5 1 2 The numerical function x for the ring of integers A(—m) where

—m € M 1s periodic Moreover the period 1s m

Proof We must show that for any two rational integers a and b that x(a) = x(b)

whenever a = b (m)

First, if a = b = 0 (m) then x(a) = x(b) = 0 because m divides both @ and b So
in what follows we may suppose that neither a nor b 1s congruent to 0 modulo

m

We claim that 1t suffices to consider either a or b to be odd To see this, suppose
a =2"aand b = 2%4 with ged(2, @) = ged(2, #) = 1 and without loss of generality
take 7 > s Then a = b (m) or equivalently 2"a = b = 2°f (m), which m turn
1s equivalent to 2" *a = (3 (m) as m 1s odd Since (3 1s odd, the mitial claim 1s

established

Next, without loss of generality suppose that a = pips  p, 1s odd with the
primes p,(1 > 2 > r) not necessarily distinct Further suppose that b = 2°3 with
ged(2,8) =1 and s > 0 Then
x(a) = x(p1p2  pr)
= x(P1)x(p2)  x(pr)
= (-m/p1)(-m/p2)  (-m/pr)

= (—m/a), the Jacob1 symbol
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Now sice a and m are both odd and —m =1 (4) we can use Theorem 2 2 3 and

Theorem 2 2 4 concerning the Jacob1 symbol, to give

x(@) = (a/ = m)
= (b/ ~m)
= (2°/ - m)

= (2/ - m)*(8/ — m)
= [(=1)™*=V/8])*(—m/p)

This completes the proof

Corollary 51 3 The numerical function x with respect to the ring of itegers

A(—m) 1s a real non-principal Dirichlet character modulo m

Proof By definition, x 1s completely multiphicative, by equation 51 1, x takes
1ts values from the set {0, £1} and we have just seen that y has period m What
remains to be shown 1s that y 1s non-principal To do this 1t suffices to exhibit
an mertial prime m A(—m) Now, the non-rational integer of least norm 1s £ and
I€Il = (1 4+m)/4 for —m =1 (4) So ||¢|| > 2 whenever m > 7, and therefore 2 1s
certainly mertial for —m < —7 For A(—3) and A(—7), 1t 1s easy to check that 2
and 3 respectively are mertial We could also have made use of Theorem 2 3 9 to
show that 2 1s mertial for all our A(—m) except A(—7) However, this argument
would require checking the residue classes modulo 8 and consequently 1s a less

appealing argument
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The following corollary mirrors Corollary 4 2 6 and 1ts proof 1s all but 1dentical

Corollary 5.1 4 Working with respect to the ring of integers A(—m) with m

i M, we have

= x(k)
=}

k=i

>
3

5 2 Calculations

Corollary 514 gives us a formula relating an expression i 7 to a Dirichlet
character series However, 1t would be satisfying to see the numerical values By
Theorem 2 3 6, A = 6 when —m = —3 and the period of x 1n this case 183 A

simple calculation gives the series

7r_
3/3 2 4 5

which was first discovered by Euler

For the remaining values of m for which A(—m) 1s a unique factorization domain,
we have A = 2 on appealing to Theorem 2 3 6 once again The calculation of x
for these remaining values of m 1s tedious but at least 1ts periodicity means 1t
suffices to calculate the values of x from 1 to m, and of course x(m) = 0 To ease
the burden of hand calculation we use Waterloo Maple V4 1n conjunction with
the multiplicative nature of x and the result 51 1 to calculate the values of x

The required calculations result in the series

W:1+1/2—1/3+1/4—1/5—1/6+
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™

V11
1-1/2+1/3+1/4+1/5-1/6-1/7—-1/8+1/9—1/10+

™

V19
1-1/2—1/3+1/4+1/54+1/6+1/7—1/8+1/9-1/10+1/11—1/12—1/13 —
1/14—1/15+1/16 +1/17-1/18 +

™

Va3
1-1/2—1/3+1/4—1/54+1/6—1/7—1/8+1/9+1/10+1/11-1/12+1/13+
1/14+1/15+1/16+1/17—1/18 —=1/19 —1/20+1/21 — 1/22+ 1/23 + 1/24 +

1/25—1/26—1/27—1/28—1/29—1/30+1/31 —1/32—1/33 - 1/34+1/35 +
1/36 — 1/37+1/38 —1/39+ 1/40 + 1/41 — 1/42 +

™

V67
1-1/2-1/3+1/4-1/5+1/6—-1/7—1/8+1/9+1/10—1/11—1/12—1/13+
1/14+1/15+1/16 +1/17 = 1/18 +1/19 — 1/20 + 1/21 + 1/22 + 1/23 + 1/24 +
1/25+1/26 —1/27—1/28+1/29—1/30— 1/31 — 1/32+1/33 — 1/34 + 1/35 +
1/36+1/37—1/38+1/39+1/40 — 1/41 — 1/42 — 1/43 — 1/44 — 1/45 — 1/46 +
1/47—1/48+1/49 —1/50 — 1/51 —1/52 — 1/53 + 1/54 + 1/55+ 1/56 — 1/57 —
1/58 +1/59+1/60 — 1/61 +1/62 — 1/63 + 1/64 + 1/65 — 1/66 +
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™

V163
1-1/2-1/3+1/4—1/54+1/6—-1/7—1/8+1/9+1/10—1/11—1/12—1/13 +

1/144+1/154+1/16 — 1/17 - 1/18 = 1/19 - 1/204+1/21 +1/22 — 1/23 + 1/24 +
1/25+1/26 —1/27—1/28 —1/29—1/30 —1/31 —1/32+1/334+1/34+1/35 +
1/36 —1/37+1/38+1/39+1/40 + 1/41 — 1/42 +1/43 — 1/44 — 1/45 + 1/46 +
1/47—-1/48+1/49—-1/50+1/51—-1/52+4+1/53+1/54+1/55+1/56 + 1/57 +
1/58 —1/59+1/6041/61+1/62 —1/63 +1/64 +1/65 —1/66 — 1/67 — 1/68 +
1/69—1/704+1/71-1/72—1/73+1/74—1/75—-1/76+1/77—1/78—1/79—1/80+
1/81—1/82+1/83+1/84+1/85—1/86-+1/87+1/88—1/89+1/90+1/91—1/92+
1/93—1/9441/954+1/96+1/97—1/98 —1/99+1/100—1/101—-1/102 —1/103+
1/104—1/105—1/106 —1/107—1/108 —1/109—1/110+1/111—1/112+1/113 -
1/11441/115-1/116 —1/117+1/118 +1/119—1/120+1/121 - 1/122 - 1/123 —
1/124—1/125+1/126—1/127—1/128 —1/129—1/130+1/131+1/132+1/133 +
1/134+1/135+1/136—1/137—1/138 —1/139+1/140—1/141 —1/142+1/143 +
1/144+1/145+1/146—1/147—1/148-1/149+1/1504+1/151+1/152—-1/153 —
1/154 4+ 1/155 + 1/156 — 1/157 4 1/158 — 1/159 4 1/160 + 1/161 — 1/162 +

We would also like to calculate 1identities such as 4 3 1 and 4 3 2 when working
with respect to A(—m) for —m i M Unfortunately, here 7(n) counts the elements
of the set {(z,y) € Z% | 2> +zy+ (1+m)/4y® = n}, and 1t 18 not easy to see how
to obtain a power series generating function for the numerical function 7 1 this

case However, on substituting (2z+y,y) for (z,y), 1t follows that 22 +my? = 4n
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has a solution 1f and only if 2 + zy + y*(1 + m)/4 = n has a solution So r(n)

counts the elements 1in the set

{(z,y) € Z® | 2* + my® = 4n} = {(z,y) € Z* | (z/2)* + m(y/2)* = n}

Now, the coefficients of the terms with integral powers in the expansion of
(14 2z1/* 4+ 2z4% 4 2294 4 )(1 4 22™/4 4 224™/% £ 229/ )

correspond to our required values of r That 1s, the power series within this
expansion 1s the power series generating function for » Let us denote the power
series within a series by POW(series) So in the case of —m = —3, we have by

Corollary 3 2 10 that

POW {(1+22V/4 4+ 20%/4 + 2074 4+ )(1+ 20%/% 4 2014 4 2077/4 1 )}

2 4 5
:1+6<$ - AN & +—>

-z 1-22 1-gz% 1-—25
For any other value of —m 1n M, we have

POW {(1 4+ 9z1/4 4 2544 4 2494 4 )1+ 9x™/4 4 9gAm/4 4 9 9m/4 | )}

o0

:1+ZZx(n)

n=1

xn

1—zn’
where the values of y have already been determined and may be ascertained from

the previously calculated series involving 7
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