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ABSTRACT

Rain gauge data are routinely recorded and used around the world. However, their sparsity and in-

homogeneity make them inadequate for climate model calibration and many other climate change

studies. Various algorithms and interpolation techniques have been developed over the years to obtain

adequately distributed datasets. Objective interpolation methods such as inverse distance weighting

(IDW) are the most widely used and have been employed to produce some of the most popular gridded

daily rainfall datasets (e.g., India Meteorological Department gridded daily rainfall). Unfortunately, the

skill of these techniques becomes very limited to nonexistent in areas located far away from existing

recording stations. This is problematic as many areas of the world lack adequate rain gauge coverage

throughout the recording history. Here, we introduce a new probabilistic interpolation method in an

attempt to address this issue. The new algorithm employs a multitype particle interacting stochastic lattice

model that assigns a binned rainfall value, from a given number of bins to each lattice site or grid cell,

with a certain probability according to the rainfall amounts observed in neighboring sites and a back-

ground climatological rain rate distribution, drawn from the available data. Grid cells containing re-

cording stations are not affected and are being used as ‘‘boundary’’ input conditions by the stochastic

model. The new stochastic model is successfully tested and compared against two widely used gridded

daily rainfall datasets over the Indian landmass for data from the summer monsoon seasons (June–

September) for 1951–70.

1. Introduction

Rainfall is one of the essential meteorological pa-

rameters on which the lives and the well beings of many

living organisms andmainly humans depend. The spatial

and temporal variability of rainfall is directly linked to

the socioeconomic development of people in tropical
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continents. To study the dynamics of precipitation

variability and to make an assessment of its future var-

iability, a gridded data product from the widely dis-

tributed observation stations is essential. Besides, the

availability of such a product, on various time scales

(from hourly to monthly) is imperative to assessing

water resources in mountains, arid regions, and river

basins. Many modeling groups try to understand the

characteristics of precipitation using general circula-

tion models. The underlying models need to be verified

using the observed gridded datasets to improve their

performance and prediction skills. The observed daily

precipitation is also required to monitor and forecast

the subseasonal variability such as monsoon intra-

seasonal oscillations (MISO) and Madden–Julian os-

cillations (Madden and Julian 1971; Wheeler and

Weickmann 2001; Wheeler and Hendon 2004; Zhang

2005; Yasunari 1980; Sikka and Gadgil 1980; Lawrence

and Webster 2002; Wang et al. 2006; Lau and Waliser

2012; Suhas et al. 2013; Sabeerali et al. 2017).

Despite the progress in estimating the precipitation

from satellite, the rain gauge observations have a critical

role in generating gridded precipitation data over the

land areas (Xie and Arkin 1996) and thereby studying

spatial and temporal variability of precipitation and its

long term trend. Rain gauge data are routinely recorded

over the Indian subcontinent, and it has the longest re-

cording period than the satellite observations, which

make them an ideal source to estimate the precipitation

quantitatively and to assess changes in precipitation

variability on different time scales. The rain gauge ob-

servations are the direct point measurement of pre-

cipitation and are the most accurate measurement of

precipitation for a specific location, whereas the satellite

estimates and model predictions of precipitation are

indirect in nature and over the land; it is still difficult to

estimate accurate precipitation using satellite. Hence,

the satellite-estimated precipitation needs to be verified

or calibrated using ground-based observations (Xie and

Arkin 1995). The rainfall obtained from rain gauges are

used as a ‘‘ground truth’’ for evaluating both satellite

and radar-derived precipitation products as well as in

improving satellite retrieval algorithms (Collier 1986;

Prakash et al. 2019).

Giving the importance of gauge based precipitation

data, significant progress has been made to develop

various algorithms and techniques to construct gridded

datasets from unevenly distributed observational station

networks. There are several global or regional gridded

precipitation datasets that are available to use for mod-

eling, forecasting, or analysis purposes (Rajeevan et al.

2006; Rajeevan and Bhate 2009; Pai et al. 2014; Xie and

Arkin 1997; Huffman et al. 1997; Chen et al. 2002;

Gruber et al. 2000; Yatagai et al. 2012; Adler et al. 2003;

Xie et al. 1996). These datasets, however, differ sub-

stantially in terms of their spatial resolution, temporal

resolution, or the type of techniques used to interpolate

the rain gauge data to the regular grid.

The most popular gridded rainfall datasets like the

ClimatePredictionCenterMergedAnalysis ofPrecipitation

(CMAP;Xie andArkin 1997), and theGlobal Precipitation

Climatology Project (GPCP; Adler et al. 2003; Huffman

et al. 1997) are prepared by merging satellite and rain

gauge data. They are typically based on variants of

Shepard’s weighted interpolation method that are both

distance and direction aware. Shepard’s method is

discussed in section 2c. Moreover, an analysis of the

monthly anomalies is performed to maintain the basic

climatology gradient in regions of sparse data. The

daily gridded precipitation product under the Asian

Precipitation–Highly Resolved Observational Data

Integration Toward Evaluation of Water Resources

(APHRODITE) project (Yatagai et al. 2012), covering

the whole of Asia, and IndiaMeteorological Department

(IMD) gridded data (Rajeevan et al. 2006; Pai et al. 2014),

covering the Indian subcontinent, are purely rain gauge–

based products. All these products, irrespective of whether

they are merged or gauge based, employ somewhat

similar techniques (Shepard 1968; Willmott et al. 1985)

for interpolating station rainfall data into a regular grid.

Despite the abundance of gridded products, the per-

taining analyses do not provide estimates of the precipi-

tation variability and the impact of human-made climate

change with reasonable accuracy everywhere, and there

exists a large difference in the estimated precipitation

distributions among different datasets (Yatagai et al.

2005). In a previous study, Xie et al. (1996) has reported

that precipitation analysis is not sensitive to the algo-

rithms used in regions with a dense network of rain

gauge stations. In contrast, the bias is likely to exist over

the regions with sparse networks of gauge observations

when spatial inhomogeneities in precipitation exist.

Hence, the performance of all these algorithms pri-

marily depends on the density of the rain gauge network

(Bastin et al. 1984; Rudolf et al. 1994; Xie and Arkin

1995; Xie et al. 1996; Chen et al. 2008; Hofstra et al. 2010;

Gervais et al. 2014; Prakash et al. 2019; Herrera et al.

2019) and the spatial variability of precipitation.

The algorithms used to interpolate unevenly distrib-

uted rainfall gauge data into a regular (usually rectan-

gular) grid are commonly known as objective analysis

(OA) methods. OA techniques are often classified into

empirical or functional and statistical methods. The

empirical or functional techniques provide a functional

distribution of rainfall on the regular spatial grid at a

given point in time, using a weighted interpolation of the
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available station data with weights that are typically

inversely proportional to the distance of the stations to

the grid point under consideration. The most common

statistical technique is due to Gandin (1963). Gandin’s

method assumes that the rainfall rate at a given grid

point is the weighted sum of all station data within a

prescribed radius of influence region. The weights at-

tributed to each station are optimized by minimizing the

expected interpolation error at the stations, which re-

quires the knowledge of the station variances and co-

variances (Bussières and Hogg 1989). This method, thus

called the optimal interpolation (OI) technique, uses

remote information, namely, the rainfall variability, in

addition to the localized station values.

It is important to note at this point that in each one of

these OA techniques, a radius of influence beyond

which the algorithm is not applicable is preset to maxi-

mize accuracy, and any grid point whose closest data

station is beyond this distance is assigned a missing data

code (Bussières and Hogg 1989). Bussières and Hogg

(1989) found an optimal radius of influence, for the four

techniques they assessed, of about 40 km, for their par-

ticular network of pseudogauge data, but they choose

to set it to about 110 km for all methods to avoid

missing data points on their prescribed grid of 0.058 3
0.058 resolution.
To construct the best possible gridded rainfall prod-

ucts, comparative studies of many different OA tech-

niques are routinely conducted. For instance, Bussières
and Hogg (1989) compared the empirical or functional

OA algorithms of Barnes (1973), Shepard (1968), and

Cressman (1959), and the OI method of Gandin (1963)

using an unevenly distributed network of pseudorainfall

station data based on radar observations, while Chen

et al. (2008) compared the last three algorithms based

on real quality-controlled 16 000 rain gauge station

data. Both studies found that Gandin’s OI statistical

technique is superior to the others, but it is often closely

followed by Shepard’s method. However, Shepard’s

method is much easier to implement, and perhaps it is for

this reason only that the aforementionedAPHRODITE

and IMD datasets that will be used in this study are

based mainly on Shepard’s OA algorithm.

The accuracy of rainfall data depends critically on

the interpolation technique, and hence the choice of the

algorithm is important. Unfortunately, the skill of the

existing gauge based gridded products is very limited in

the data-sparse regions. Large errors in the analysis are

likely to occur over areas with large spatial variability in

precipitation and poor station coverage.

This is problematic asmany of the regions in the world

still lack an adequate number of rain gauge networks

throughout the recording history. Here, we propose a

new probabilistic interpolation technique, using a sto-

chastic lattice model (SLM) to grid a network of station

rainfall data over India and compared it against the

aforementioned APHRODITE and IMD datasets that

are based on Shepard’s OA technique. The SLM is

somewhat a variant of the stochastic multicloud model

with local interactions of Khouider (2014) (see also

Khouider et al. 2010) for organized tropical convection.

It is based on the concept of a particle interacting sys-

tems on a lattice, where particles occupying lattice sites

or cells randomly switch states according to prescribed

probability rules depending on the way the lattice sites

interact which each other and on an external potential

representing the environmental state. In the present

context, the SLM technique uses the domain-mean cli-

matological information, namely, the rainfall rate dis-

tribution, to stochastically propagate the station gauge

values to neighboring points on the given regular grid. In

this sense, the proposed method is closer to the statis-

tical method of Gandin (1963), but instead of minimiz-

ing the expected errors, it actually samples an estimated

probability density at each grid cell conditional on the

station data and the climatological rain rate distribution.

The main motivational question is to assess whether

such a stochastically based OA is capable of performing

better in regions of sparse observations. In this sense,

this study introduces a new concept in station rainfall

data analysis that can be extended to global rainfall

station data interpolation and especially back in time

when the coverage was limited.

While the existing IMD gridded daily rainfall data

are based on a dense network of 6955 stations, here, the

new SLM algorithm employs only 1380 stations on

purpose. To have a meaningful comparison, we also use

Shepard’s OA algorithm on the same 1380 stations, both

with and without a radius of influence.

The paper is organized as follows. Section 2 describes

the station data used, the regular grid used to inter-

polate it, and the new SLM algorithm as well as an

overview of Shepard’s method. The five daily rainfall

data products, including the high-resolution IMD data-

sets, the APHRODITE datasets, and the newly pro-

duced low station density interpolation data, based on

the SLM and Shepard’s method with and without radius

of influence restriction, are analyzed and compared to

each other in section 3. In particular, we first provide an

assessment of the SLM versus Shepard’s method by

comparing the associated rain event distributions at vari-

ous locations against those of actual observations. Thenwe

follow up with direct comparisons of the seasonal rainfall

climatologies and daily rainfall estimates, using statistical

metrics such the root-mean-square error (RMSE), the

absolute relative error, and the cross-correlation maps
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of high-resolution IMD datasets versus each one of the

four remaining products. The section is concludedwith the

analysis of the interannual and daily rainfall variabilities.

A summarizing discussion is given in section 4, and

a few concluding and outlook remarks are given in

section 5.

2. Data and algorithm

a. The Indian rain gauge station data

The Indian subcontinent possesses one of the oldest

networks of rain gauge data in the world. A brief history

of the Indian rain gauge data collection and its archival

can be found in Walker (1910) and Parthasarathy and

Mooley (1978). The first gridded precipitation product

for the Indian region is constructed by Hartmann and

Michelsen (1989) for the period 1901–70. The variabil-

ity of Indian summer monsoon has been routinely

studied using this dataset (Hartmann and Michelsen

1989; Krishnamurthy and Shukla 2000, 2007, 2008). A

series of studies were conducted, more recently, by

IMD scientists to quality control the wide network of

rain gauge station data in India and to generate gridded

datasets that represent the rainfall characteristics in a

realistic manner (Rajeevan et al. 2006; Rajeevan and

Bhate 2009; Pai et al. 2014). Although the number of

stations and the spatial resolution of the gridded product

varied, the algorithm used in these studies was based on

the aforementioned Shepard scheme.

We collected a long-term record (more than 100 years)

of quality-controlled daily station rainfall data over the

Indian subcontinent from the National Data Centre,

IMD, Pune, India. These station data are daily 24-h

accumulated rainfall ending 0300 UTC. For pedagogi-

cal reasons, daily rainfall data of only 1380 stations,

spanning across the Indian subcontinent, were used to

test the new algorithm developed here. We specifically

choose the data used to generate the gridded daily rainfall

data in the Rajeevan et al. (2008) study, which we refer to

here, as the IMD1380 data product. However, the new

method developed here is assessed against the IMD

high-resolution gridded data in Pai et al. (2014), which is

based on a much denser network of 6955 stations. This

data product will be referred to as IMD6955. It is to be

noted that there are no precipitation datasets that are

true. Here, we adopt IMD6955 as the standard dataset

that we aim to recover with the new stochastic method

when the thinner number of 1380 stations is used as input.

As already stated, the specific question asked here

is whether the SLM scheme can improve the precipita-

tion estimate over grids with poor rain gauge coverage.

Not all stations have recorded good quality rainfall data

every day. The 1380 stations used in this study have a

minimum of 70% data availability during the analysis

period 1951–70. However, the data density is not uni-

form over the Indian subcontinent. While the gauge

network over southern India and northwest and central

India are dense, it is scattered over the northeast and

eastern coastal region (Fig. 1a). Note that in this data

source, there are no stations reported with precipitation

over Jammu and Kashmir.

The probability of occurrence of daily rain rate events

using all existing stations, in India from 1951 to 1970, is

shown in Fig. 2b together with a power-law fit. The fit f

with coefficients a 5 21.482 and b 5 0.376 on proba-

bility of occurrence x has the form f 5 axb. The daily

rainfall distribution over the Indian subcontinent seems

to follow the fitted power law reasonably well except at

the high rain rates tail. The maximum probability of

daily rain rate occurs in the range of 0–100mmday21,

and then the probability decreases rapidly with the in-

tensity of rainfall (Fig. 2b). This climatological rain rate

distribution is used as an external potential for the SLM.

It is worthwhile noting that regional climatologies can

be used instead for specific climatic zones of India, such

as north India versus south or central India, for instance.

However, such partitioning leads to coarsely resolved

distributions in regions of low station density, in the rain

rate spectrum space, with many empty bins. One can, of

course, use a power-law fit, such as the one shown in

Fig. 3b. Still, we refrain from doing this here and use the

actual all-India climatology at once to avoid the even-

tually large errors associated with the extrapolation of a

discontinuous variable such as rain rate. Besides, even

for the all-India dataset, the power law has a hard time

fitting the tail of the distribution, as can be seen in

Fig. 3b. The use of heavy-tailed distribution or a mixture

model may be necessary (Foss et al. 2013). Moreover,

the SLM algorithm uses this background climatology as

prior knowledge whose weight in the inferred distribu-

tion is controlled by a specificmodel parameter, which in

effect sets the strength of the ‘‘connection’’ between

nearest-neighbor sites and may thus rely less on the

background climatology. Thus, getting the most accu-

rate background distribution is not of paramount im-

portance, as it turns out.

b. The stochastic model on a triangular lattice for
daily rainfall data interpolation

1) TRIANGULATION, MASK, BINNING, AND

BACKGROUND DISTRIBUTION

To better accommodate the complexity of the conti-

nental boundaries of the Indian peninsula, we adopt a

triangular configuration for the stochastic lattice model.
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The Indian subcontinent is divided into M triangular

mesh elements, as shown in Fig. 1b. The triangular mesh

is created using the Delaunay triangulation algorithm in

MATLAB. In our analysis, we consider M 5 11 921,

which is approximately equivalent to a 0.258 spatial

resolution.

At any given time, t, spanning the period of interest,

a given triangle I, I 5 1, 2, . . . , M, on the triangula-

tion lattice may or may not contain station data.

Station data will be present at the site or cell I if there

are stations inside the triangle and if some of these sta-

tions have recorded quality-control-acceptable mea-

surements. In such a case, the average of all these station

values is computed and assigned, as an observation

value, and the corresponding triangle or cell j is con-

sidered as an observation cell and marked by an asterisk

below. All other cells must be filled in by the OA-SLM

procedure.

To illustrate, Fig. 2a shows a day to day variation of

the number of cells containing stations with recorded

rainfall data from 1951 to 2004. The data density is

satisfactory and more or less uniform till 1995. Out

of a total of 11 921 triangular cells over the Indian

subcontinent, on average, around 1200 cells with rainfall

is available. However, during recent times, there is a

drop in the number of cells recorded with rainfall data

(Fig. 2a). In this study, we restricted our analysis to the

period from 1951 to 1970 for homogeneity.

For convenience, we introduce the binary function,

defined on the lattice as

M
t
(I)5

�
1, if there is station data in cell I at time t

0, otherwise
,

(1)

for I 5 1, 2, . . . , M, which serves as a mask defining the

lattice points with station data and those without any

station data, at any given time t. Comparing the number

of triangles M 5 11 921 to the number of cells with

recorded data in Fig. 2a, which is limited from above

by the total number of stations used, 1380, there is at

least 88% of lattice cells that are attributed the values

M t 5 0, at any given time. The binary values of M t

should not be confused with the actual recorded rainfall

data, and M t 5 0 does not mean that the triangle does

not experience any precipitation. It just means that we

have no observation of it. It is the job of the SLM inter-

polation method to fill up those gaps.

FIG. 1. (a) Location of the 1380 rain gauge stations used by the SLM interpolation scheme to produce the CPCM1380 datasets and by

Shepard’s scheme to produce the IMD1380 and IMD1380-relaxedR datasets. Colors indicate the percentage of days with rainfall data.

Eight validation points, labeled A–H (listed at the bottom right), are marked by the blue squares each representing a 28 square box

surrounding the corresponding validation point and the associated number of gauge stations within each box, which is withdrawn when

performing the validation tests in section 3a. (b) Triangular lattice on which the SLM takes discrete values withM5 802 triangles, yielding

roughly a 18 resolution. Notice that in the actual application, we usedM5 11 921 triangles. The black box in (b) represent the central India

domain used to average the rainfall.
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The new SLM, introduced here, is based on the con-

cept of multitype particle interacting systems (Khouider

2014), which define an order parameter, denoted by s,

that takes one of the discrete values from 0 toN2 1, at

each one of the lattice sites and makes random jumps

from one discrete state (here, rainfall bin index) to

another depending on prescribed probabilistic rules,

based on the states of the nearest neighbors. In the

present study, the station daily rainfall data are bin-

ned into N rain rates, corresponding to the N states of

the SLM. To better accommodate the distribution of

the recorded daily rainfall, we adopt a piecewise-

uniform binning strategy. Various bin configurations

have been tested, with a total number of bins ranging

from N 5 51 to N 5 137. Our results indicate that

the finer the bin sizes are, the more accurate the in-

terpolated rainfall is. However, the finer bins are as-

sociated with a larger number of bins, and as such,

the computational time increases with the increased

accuracy. As a compromise between accuracy and

computational efficiency, we adopt the configuration

with N 5 137 illustrated in Table 1 as our standard

case. The results of our model calibration with respect

to the bin size are reported in the appendix for the

sake of streamlining.

The choice of the bin configuration is partly motivated

by the background or climatological rainfall rate distri-

bution reported in Fig. 2b. To accommodate the SLM

implementation, this distribution was binned accord-

ingly. The resulting coarsened distribution, denoted by

rj, j5 0, 1, 2, . . . ,N2 1, is obtained by further assigning

the probability of occurrence of rain rates, based on the

full IMD datasets spanning from 1951 to 2004, corre-

sponding to each SLM bin,

r
j
5

number of rainfall events with a rain rate within bin j

total number of rainfall records
. (2)

The bin resolution is thus set to be higher in the parts

of the spectrum where the rainfall rate distribution

varies the most, resulting in the configuration in

Table 1.

2) THE JUMP PROCESS AND MARKOV SAMPLING

One can think of the previously defined lattice as

containing particles. Different numbers of particles are

contained at different sites. At any given time t, each

lattice site is either occupied by a certain number of

particles, corresponding to a rain rate bin number or

none, if there is no rainfall. This partitioning of the rain

rate spectrum into a finite number of bins has the ad-

vantage of eventually flattening the rain rate distribu-

tion as this is consistent with our algorithm described

below, based on uniform random draws that do not

discriminate between the bins. This is particularly the

case if the partitioning is coarse. An excessively large

bin number will make the model about to be described

inefficiently. Thus, a middle ground needs to be found,

and our strategy of using the background distribution

r to use a fine resolution in places of large gradient

seems to work nicely.

To be precise, we consider the order parameter

st
I 5 j, j5 0, 1, . . . ,N2 1 (3)

on a given lattice site I, I5 1, 2, . . . ,M, and at any given

time t, according to whether there is a rain event

within the bin j, j5 0, 1, 2, . . . ,N2 1, in that cell at that

FIG. 2. (a) The number of triangular cells per day containing rain

gauge rainfall data. (b) Probability of occurrence of rain rates in

each range of rain intensity in the rain gauge datasets produced by

the 1380 stations from 1951 to 2004.
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time t. Let Rj be the rain rate associated with bin j,

j5 0, 1, 2, . . . ,N2 1. In the jargon of particle interacting

systems, a realization of the order parameter st on

the lattice is called a configuration. The size of the

configuration space, formed by all possible such config-

urations, increases exponentially with the number of

lattice cells M. It is given by NM where N is the number

of discrete states. While at lattice site I* with available

measurement, the value of st
I* is well defined; it is as-

sumed to be random at all other sites I 6¼ I*. It is the job

of the SLM to provide and sample the distribution of

these random values.

FIG. 3. (a) Probability density function (PDF; %) of the aggregated daily rain rates from all station locations contained in all

eight validation point boxes shown in Fig. 1a. The PDFs of daily precipitation rates corresponding to the station (red bars), SLM in-

terpolation technique (yellow bars), and Shepard interpolation technique (blue bars) are shown. (b) The difference in PDFs of daily

precipitation rates corresponding to the SLM (yellowbars) and Shepard (blue bars) interpolation techniques from the PDFof daily station

precipitation rates. (c),(d) As in (a) and (b), but for the full PDF of rainfall and its differences. See text for details. The x axes indicate

different rain rate (mmday21) bins.
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To account for correlations between nearest-neighbor

rain events, the bin particles are set to interact and

‘‘exchange information’’ in a seamless fashion, de-

pending only on the distance between particle sites and

the information itself, namely, particle type. This is

somewhat the idea of particle interacting systems in a

heat bath. The heat bath acts as an infinite reservoir of

energy allowing the particles to constantly bounce

around and interact with each other at the micro-

scopic level. Particle interacting systems in a heat bath,

follow the Gibbs canonical distribution,

G(s)5
1

Z
exp[2bH(s)] , (4)

as their equilibrium measure (Liggett 1999; Thompson

1971; Katsoulakis et al. 2003b), where H is the

Hamiltonian energy which includes the energy from a

local interaction potential, allowing nearest neighbor

sites to excite each other as well as an external energy

source, b is the inverse temperature of the heat bath,

and Z is a normalization constant known as the parti-

tion function. Here, we view rainfall rates as particles

of such a system that respond to weather conditions

as random deviations from the climatology represented

by the distribution rj in (2). The interpolation prob-

lem becomes then one of finding the best possible

Hamiltonian H or distribution G given the station data.

We assume that H takes the form

H(s)52
1

2
�
I
�
I 0
J(s

I
,s

I0)1�
I

h(s
I
) , (5)

where J is the internal interaction potential between

neighboring sites and h is the external energy po-

tential. The specific form of J, which is not necessary

at this stage, will be given through the definition

of the energy differences, between nearest configu-

rations, when designing our sampling methodology,

which takes into account the knowledge of the rainfall

climatology and instantaneous station data at lat-

tice sites with M t(I)5 1. The sampling strategy is

given next.

For practical reasons, we use theMarkov chainMonte

Carlo (MCMC) sampling method based on Arrhenius

dynamics (Thompson 1971; Katsoulakis et al. 2003a),

where for any fixed physical time t, we introduce a

pseudotime s and view the order parameter, which we

re-denote by ss, as aMarkov process that makes random

transitions at random lattice sites, over a long enough

period of pseudotime s, until it reaches a statistical

equilibrium, whose distribution is the Gibbs measure

conditional on the climatology and the instantaneous

station data. In other words, ss obeys an iterative pro-

cess with a varying step size in the pseudotime s while

the physical time t remains fixed. In this fashion, each

realization ss is viewed as a random sample of the ran-

dom variable st.

Next, we introduce the Hamiltonian energy differ-

ences at each lattice site, including where station data

are available, based on the nearest neighbor interaction

potential J (Khouider 2014). We define

DI
1
~H(s)5 J

0

�
max

I0
[jR(s

I
1 1)2R(s

I0)j]2max
I0

[jR(s
I
)

2R(s
I0)j]

�
1 h(s

I
1 1)2 h(s

I
) ,

DI
2
~H(s)5 J

0

�
max

I0
[jR(s

I
2 1)2R(s

I0)j]2max
I0

[jR(s
I
)

2R(s
I0)j]

�
2 h(s

I
1 1)1 h(s

I
) , (6)

as the Hamiltonian energy differences between a state

with a given configuration s and the two closest pos-

sible states where the rainfall at site I jumps either to

the next bin up or to the next bin down. In (5), J0 . 0

represents the strength of local interactions and is

considered as an interpolation parameter and R(x)

is the rain rate Rx associated with bin x, 0# x #N and

the maximum is taken over all neighboring cells I0 of
I. Our tests indicate that the optimal J0 value depends

on the number of binsN and J05 1.05 seems to be close

to being optimal when N 5 137. Increasing J0 dimin-

ishes the weight of the prior climatological equilib-

rium distribution, which is set so as to replicate the

influence of the external potential h (Khouider 2014)

as specified below.

To guarantee convergence to the actual equilibrium

distribution, the jump rates of the Markov process ss,

from a given configuration s to its two closest ‘‘neighbors’’

in the configuration space, are given by

TABLE 1. Example of a bin configuration corresponding to

the case N 5 137 bins adapted as the default in this study. The

configurations associated with all the binning cases considered

can be surmised from the broken blue curves in each panel

in Fig. A1.

Rainfall (mmday21) Bin size (mmday21) No. of bins

,1 1 1

1–100 2 50

100–450 5 70

450–550 10 10

550–800 50 5

.800 ‘ 1

Total 137
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C
I,j
1 (s)5 [12M

t
(I)]e(21/2)DI

1H(s) 1
M

t
(I)

t
fmax[e2a(sI2s+

I
), 1:0]2 1:0g,

CI,j
2 (s)5 [12M

t
(I)]e(21/2)DI

2H(s) 1
M

t
(I)

t
fmax[e2a(sI2s+

I
), 1:0]2 1:0g. (7)

Here, a and t are positive parameters that are spec-

ified in Table 2 together with the other model pa-

rameters while M t is the binary mask function in (1)

and 0# sI*#N2 1 is a fixed bin index (does not vary

with s) corresponding to the observed rainfall data

at the given cell I, if available, that is, sI*5st
I* if

M t(I)5 1. The external potential h(s) satisfies the

relation rj 5 e2h( j)/2, when sI 5 j, j5 0, 1, 2, . . . , N, so

that when interactions between nearest neighboring

cells are ignored, J0 [ 0, independently on the cell

index I, the transition rates reduce to the background

values,

~Cj
1 5

1

t

r
j11

r
j

, j5 0, 1, 2, . . . ,N2 1,

~Cj
2 5

1

t

r
j21

r
j

, j5 1, 2, . . . ,N , (8)

accordingly, so the stochastic process is in detailed bal-

ance with the bare background distribution rj in (2),

~Cj
1rj 5

~Cj11
2 r

j11
, (9)

(i.e., the probability of transition from bin j to j 1 1 is

equal to the probability of transition frombin j1 1 to bin

j) and thus admits rj as the default equilibrium distri-

bution of the stochastic process. Moreover, the binary

factors [12M t(I)] and M t(I) force the transition rates

toward (1/t)fmax[ea(sI2sI*), 1:0]2 1:0g at the lattice cells
with available observations, that is, whenM t(I)5 1, and

to exponential energy differences e(21/2)DI
1H(s), otherwise.

In this fashion, the stochastic process is forced to rapidly

relax (at the pseudotime scale t) to the observed values

sI*, when available.

This completes the formal definition of a Markov

jump process according to which, the order parameter

ss
I can jump up by one unit or jump down by one unit

with transition probabilities depending on whether its

neighbors have more or less particles and the prescribed

background climatology. We have

Probfss1Ds
I 5ss

I 1 1g5CI
1(s

s)Ds1 o(Ds) ,

Probfss1Ds
I 5ss

I 2 1g5CI
2(s

s)Ds1 o(Ds) ,

Probfss1Ds
I 5ss

Ig5 12 [CI
1(s

s)1CI
2(s

s)]Ds1 o(Ds) ,

(10)

for small pseudotime increment Ds, Dt/t � 1, of the

pseudotime s, used to iterate the process to equilibrium.

The definition of the transition rates in (7) and (8)

ensures that the underlyingMarkov process is in ‘‘partial

detailed balance’’ with respect to the Gibbs measure

in (4) and as such the probability distribution of the

stochastic process ss converges to G(s) in the long run

(Khouider 2014). Therefore, according to the MCMC

theory, the time series of the process ss can be used to

sample G(s), conditional to the station data, and thus

to provide probabilistic estimates or interpolates for

the rainfall rates at lattice sites where observations are

not available.

The dependence of the transition rates in (7) on the

mask function M is such that the convergence of the

process to the observed values sI* occurs on an expo-

nentially fast time scale, at all lattice sites with station

data, independently on the background climatology

distribution and on the state of the neighboring sites;

ss becomes quickly (almost) deterministic at those lo-

cations. The rate of this convergence is set by the pa-

rameter a, which bears a large value of a 5 4. The

station values are then used to update the values of its

neighboring cells, which then transmit the information

to their own neighbors and so on. The process goes back

and forth until statistical convergence. Our tests indicate

that fixing the values to ss
I 5sI* at the cells with obser-

vation data leads to the same results but also results in a

less smooth convergence of the process.

To implement the MCMC procedure, we adopt

Gillespie’s exact algorithm as done in Khouider (2014).

Accordingly, we introduce the total transition rate,

contributed from all grid cells

S
R
5�

I

[CI
1(s)1CI

2(s)] . (11)

Also, to avoid the occurrence of unphysical values of s,

we enforce the following ‘‘boundary conditions,’’ so that

the lattice value cannot transition out of the physical

range of bin index values:

CI
2(s)5 0, if s

I
5 0 and

CI
1(s)5 0, if s

I
5N , (12)

at each lattice cell I 5 1, 2, . . . , M. Here CI
1, C

I
2 are

transition rates at a given lattice site I, from bin sI 5 k
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to bin sI 5 k 1 1 and from bin sI 5 k to sI 5 k 2 1,

respectively, while s is the configuration array of all

bin values, corresponding to all lattice sites as a whole

and sI is precisely the bin value at site I.

In a few words, Gillespie’s exact sampling algo-

rithm can be summarized as follows. Let T0 . 0 be a

fixed pseudotime measured in the units of the algo-

rithm’s time scale t, chosen to be large enough. Given

an initial guess distribution s0
I , the algorithm is as

follows:

1) Read the station data at the given physical time (day

of the year between 1951 and 1970 here) and set

T 5 T0.

2) Compute the up and down transition rates CI
1 and

CI
2 using (7) at every cell I, I 5 1, 2, . . . , M and

compute the total rate SR using (11).

3) Draw a uniform random number U between 0 and

1 and set s 5 2[1/(SR) log(U)].

4) If s # T, make a single transition at a random site I

in the following way.

(i) Renumber the rates CI
1(s) and CI

2(s) from 1

to 2M, say, C1 5C1
1, C2 5C1

2, C3 5C2
1, C4 5

C2
2, . . . , C2M21 5CM

1 , C2M 5CM
2 . Compute the

probabilities Pk 5 Ck/SR and their cumulative

sums Sk 5�k

l51Pl, k 5 1, 2, . . . , 2M.

(ii) Draw a second random number U1, uniformly

between 0 and 1 and independent ofU, and find

the first k0 such that Sk0 $U1 and perform the

transition associated with Ck0:

s
I
5

8>><
>>:

s
I
1 1, if C

k0
5CI

1 ,

s
I
2 1, if C

k0
5CI

2 ,

s
I
, otherwise.

(iii) Set T 5 T 2 s and go back to step 2.

5) If s . T stop.

We note that one and only one site is affected at each

iteration of the Markov process. Thus, only the transi-

tion rates CI
6 corresponding to that site and its imme-

diate neighbors need to be recalculated every time step 1

is called again. Also, it is worth noting that the variable

s defines a pseudotime step for the Markov chain that

changes randomly at each step according to step 3 of the

algorithm above.

When dealing with an observation time series of

rainfall like it is the case here, the converged values at

the previous time can be used as the initial guess for the

present physical time.

To summarize, the new SLM technique relies on three

sources of information to transform the sparsely and

irregularly distributed daily rain gauge data into a

gridded rainfall data product, in a given period. First,

the domain of interest (here India) is partitioned into

nonoverlapping triangles and the triangles containing

existing rain gauge data are identified and marked by a

binary mask M t(I) in (1), for each time t (here day) of

the given period, where I is the triangle index. The av-

erage rain rate from all station values recorded within

each triangle, at the given day, are then calculated and

assigned a marked bin value sI*. Second, the binned rain

rates from nearest neighbors, in the triangular lattice,

mutually exchange information through the interaction

potential in such a way that the rain rate/bin values,

sI, assigned to the lattice as a whole are distributed

(or nearly so) according to the Gibbs measure in (4)

while constrained by the readily available station data,

sI 5sI* at all marked triangles. This assignment can

be understood as an energy minimization process un-

der the constraint of the available rain gauge data.

Third, in addition to the information exchanged be-

tween neighboring triangle cells, the minimized energy

takes also into account the climatological rain rate dis-

tribution rj in (2) which is approximated by a power law

in Fig. 3. When the nearest-neighbor interaction is ig-

nored, the Gibbs measure reduces to the climatological

distribution rj.

The last 10% of the converged MCMC chains, asso-

ciated with each triangle and physical time (day), are

used to obtain a set of interpolated rain rate values at

all the lattice triangles. More discussion on the conver-

gence of the MCMC chains is given in the appendix.

To facilitate comparison with existing data products,

namely, the IMD6955 and APHRODITE datasets, the

unstructured triangular cell output is converted to point

values at grid points with the regular latitude–longitude

grid (0.258 3 0.258) using the bilinear interpolation. It is

worth noting that the bilinear interpolation is not the

most suitable method for rainfall data as it assumes a

certain degree of smoothness and a fractional coverage

conversion between the triangular and rectangular grids

will be more accurate. We used the bilinear inter-

polation technique as an easy and quick method to con-

vert from triangularmesh to regular latitude–longitude grid

because the available rainfall products are in the regular

TABLE 2. Parameters values of the SLM interpolation scheme.

Parameter Description Value

a Sets strength of transition rate to station

data cell

4.0

t Transition time scale 5 h

J0 Strength of local interaction potential 1.05

N Number of bins 137

M Number of lattice cells 11 921

T0 Pseudo iteration time 24 h
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latitude–longitude grid and therefore, it is easy to

analyze and compare. The fractional coverage con-

version requires element-by-element remapping and

will be computationally cumbersome. However, we

have checked the probability density function (PDF)

of rain rates against station data PDF, and it is found

that the PDF shape is fairly preserved, which means

that the bilinear interpolation is not as bad as it seems

at least for this validation. Alternatively, we could avoid

this bilinear interpolation by introducing a rectangular

mesh instead of triangular mesh in order to perform

SLM, but the advantage of triangular mesh is that it

can accommodate the geographical border of Indian

subcontinent quite well. Future studies over the global

domain can be addressed using the rectangular mesh

instead of a triangular mesh.

Furthermore, given that the triangular and rectangu-

lar grids have the same resolutions of 0.258, it is expected
that the error induced by this grid conversion is mini-

mal compared to the errors induced by the original ob-

jective analysis of inferring the lattice rainfall data from

the rain gauge data. The convergence of the MCMC

time series and sensitivity to parameters of the SLM

scheme are discussed in the appendix. This newly grid-

ded dataset is named as the CPCM1380 data product, in

reference to the Center for Prototype Climate Model

(CPCM) atNewYorkUniversity AbuDhabi, where this

research was conducted and to the 1380 rain gauge

stations used.

c. Shepard weighted interpolation method and
its relaxation

As already mentioned, the SLM interpolation tech-

nique is assessed in comparison to the high-resolution

(0.258 3 0.258) daily rainfall product IMD6955, which is

obtained using the inverse distance weighted inter-

polation method of Shepard (1968) based on data col-

lected by 6955 rain gauge stations (Pai et al. 2014). Since

we choose to use much fewer stations to test the SLM

technique, namely, because we wanted to test its per-

formance on a coarse station network, we also apply

Shepard’s technique to these 1380 stations to reproduce

in situ the IMD1380 product for comparison with the

SLM method on the whole Indian domain.

In Shepard’s method, the interpolated values at a

grid node are computed from a weighted sum of the

neighborhood observations. Consider the grid point

Pi, the inverse distance-based weighting interpolation

method is defined as follows. Let di denote the dis-

tance from Pi to the nearest rain gauge station. If di 5
0, then the station data are used directly and no in-

terpolation is required, otherwise, the rainfall rate at Pi

is given by

R
i
: f (P

i
)5

�
s

Ws
i Zs

�
s

Ws
i

, (13)

where the summation is taken over all stations with

available data at the given time, Zs is the observed

rainfall rate at station s, andWs
i is the associated weight

that depends on the inverse of the distance ds
i of Pi from

the location of station s modulo, a shadowing factor

to mitigate overrepresentation due to many stations

from the same direction. In particular, a radius of in-

fluence Dx is prescribed and the weights are set by

mathematical formulas depending on whether 0, ds
i #

Dx/3 or Dx/3, ds
i #Dx and station data not used if

ds
i .Dx. The interested reader is referred to Rajeevan

et al. (2006) and Pai et al. (2014) for details.

Following the previous studies (Rajeevan et al. 2006;

Pai et al. 2014), we considered a limited number

of neighboring points (minimum 1 and maximum 4)

within a search distance (radius of influence Dx) of 1.58
around the grid node where we want to compute the

interpolated values. We termed this product as the

IMD1380 station product. We note in particular that

because of the radius of influence constraint associated

with Shepard’s method, the IMD1380 leaves large areas

of the Indian continent grid with missing data, especially

in the already mentioned low station density regions. To

gauge the performance of the SLM technique on the

whole Indian domain, we decided to push Shepard’s

method beyond its limits and have relaxed the radius of

influence restriction and reproduced a full coverage

gridded daily rainfall data for the Indian continent based

on the same 1380 stations. We termed these data as the

IMD1380-relaxedR product. We note, however, the is-

sue could have been addressed by simply increasing the

values of the radius of influence until the whole grid is

fully covered as Bussières and Hogg (1989) did, but our

results indicate that within the radius of influence, the

IMD1380 and IMD1380-relaxedR products are hardly

different from one another. The area within the search

radius Dx is termed as inside radius of influence (inside

Rinf) domain and the area outside the search radius Dx

is termed as the outside radius of influence (outside

Rinf) domain while the entire area which includes both

inside and outside the radius of influence areas is termed

as the all-India domain.

3. Results

In the following analysis, we compared various statisti-

cal metrics of CPCM, IMD, and APHRODITE gridded

datasets for the sake of consistency. Since all grid datasets

are going to be method dependent, there is no perfect
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reference gridded rain gauge data. Nonetheless, we as-

sume that the high-resolution IMD6955 is the default-

standard dataset and compares the other products on the

Indian continental scale. However, before doing so, we

also provide local comparisons between the new SLM

product and Shepard’s method based on how they can

infer the rainfall distribution at a given station when that

station is withdrawn from the pool of existing measure-

ments. Alternatively, one can use a strategy of thinning a

region of highly dense stations and compared the recov-

ered and observed data over the whole regions as op-

posed to removing all stations in a relatively small region

as done below. The gradual thinning of station data as in

Chen et al. (2008), for example, is a good alternative to

prove convergence in the limit of full station coverage, but

it is beyond the scope of the current study as we are more

interested in the case of coarse station distribution.

In addition to the traditional RMSE and correlation

estimates, deviations between the various data prod-

ucts are estimated according to the following equa-

tion, which is namely, the accumulated relative error

(ARE). If R1 and R2 represent the rainfall rates cor-

responding to the data products 1 and 2, respectively,

then their difference is estimated by the quantity

N
12
5�

x
�
t

2jR1(x, t)2R2(x, t)j
R1(x, t)1R2(x, t)

. (14)

Here x is the generic spatial location of all rectangular

grid points, and t spans over all days of the analysis period

from 1951 and 1970. However, we will begin in section 3a

by looking at how well the SLM and Shepard’s schemes

represent the local rainfall event distributions in com-

parison to the observed gauge data.

The SLM and the relaxed Shepard’s algorithms are

performed, and the interpolated datasets or products,

CPCM1380 and IMD1380-relaxedR, respectively, on

the 0.258 3 0.258 grid are constructed for the 20 years

(1951–70), using the procedures outlined above. Here, we

report the results of the comparative tests of these products

against each other and the high-resolution IMD6955 and

APHRODITE products. Notice that because rainfall is

very rare to nonexistent during the dry winter months,

all the analysis-comparative tests presented below are

restricted to the summer months of June–September

(JJAS), coinciding with the Indian summer monsoon.

a. Validation tests: Local rain rate distribution skill

First, we assess how well the new SLM and the

Shepard technique reproduce the observed local daily

rain rate intensity PDFs. Following Chen et al. (2008),

we have selected eight validation points over the

Indian landmass, and the daily precipitation from all

the stations in a 28 square around each validation point

is withdrawn from the datasets. These squares corre-

spond to boxed regions shown in Fig. 1a. With two

boxes (A and B) along the west coast and two along the

east coast (G and H) of the southern peninsula, and

four boxes (C, D, E, and F) distributed along the east–

west extent of northern India, the network of valida-

tion points spans a variety of physical conditions both

in terms of the meteorology and in terms of the rain

gauge station density in the corresponding neighbor-

hoods. The validation point locations are representa-

tive of the complexity of the Indian rain gauge datasets

in both respects.

The SLM and the Shepard algorithms are performed

using the gauge data from the remaining stations to

define the precipitation values at the locations of the

withdrawn stations. The PDF of daily precipitation

rate intensity is computed by aggregating the values

of precipitation from all withdrawn station locations

contained in all eight validation point boxes, leading to

an aggregated PDF of all validation points and for each

algorithm. The estimated PDFs of each algorithm are

compared to the corresponding PDF of the withdrawn

station observed precipitation to assess the accuracy of the

two algorithms in reproducing the precipitation intensity

distribution. The aggregated PDF of daily precipitation

rate intensity at all station locations over the eight 28
square boxes are given in Fig. 3a. As can be surmised

from Fig. 3, the PDF estimates are given in terms of

rainfall events falling into the 10 bins

R, 1, 1#R, 3, 3#R, 6, 6#R, 9,

9#R, 12, 12#R, 15, 15#R, 18,

18#R, 21, 21#R, 24, 24#R (15)

where R is the rainfall rate (mmday21).

In general, the PDF of daily precipitation rate intensity

is dominated byweak to no rain events (R, 1mmday21).

The PDF of station precipitation rate is largely domi-

nated by the no rain events, which has a frequency of

occurrence 58%, while the probability of heavy rainfall

(R $ 24) is 12.5%. The Shepard method underestimates

the frequency of no-rain events and heavy rain events

(blue bars), whereas it overestimates the frequency of oc-

currence of light precipitation (1 # R # 18) events

(Fig. 3a). These results are clearer from the differences of

PDF of each method from the PDF of corresponding

station data (Fig. 3b). The frequency of no-rain events in

Shepard’s method is 44%; it is 25% less than that of the

station precipitation. In all the categories of rain events,

the SLM method outperforms the Shepard method

(Figs. 3a,b). The frequency of no-rain event in the SLM

method is 57%, which is comparable to the station
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precipitation (Fig. 3a). Similarly, the frequency of oc-

currence of light rainfall events (1 # R # 18) and

moderate or heavy rainfall (R$ 18) in the SLMmethod

is also comparable to the station precipitation (Figs. 3a,b).

Figure 3may seem to indicate that Shepard’s is as good as

the SLM in estimating moderate rain events within the

range 18 # R , 24 but looking back at the local panels

(Fig. 4) this is clearly due to cancellations of errors some

of which is also inevitably true for the SLM results,

though to a much lesser extent. In Figs. 3c and 3d, we

extend this comparison to the full PDF of rain rates and

the corresponding differences between the PDF of each

method and the PDF of the station data. This confirms

that the SLM method outperforms the Shepard method

in representing the PDF of rain events, especially at

weak to moderate rainfall events of up to 60mmday21

(Figs. 3c,d). At very high rainfall events, the log scale in

Fig. 3c suggests that the two methods perform similarly,

but as we can see from the actual PDF differences in

Fig. 3d, in both cases, the mismatch is negligible.

The localized PDF of daily precipitation rate inten-

sity for each validation point, and each algorithm is also

computed by aggregating the values of precipitation of

all withdrawn station locations in each box around each

validation point (figure not shown). It is found that the

frequency of occurrence of low- to no-rain events varies

FIG. 4. (a)–(h) Difference in PDF (%) of daily precipitation rates corresponding to the SLM (yellow bars)

and Shepard (blue bars) interpolation techniques from the PDF of daily station precipitation rates are

shown at eight validation points (A–H). See text for details. The x axes indicate different rain rate (mmday21) bins.
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strongly between the validation points. In terms of the

station data, it goes from as high as 80% at the northwest

validation point C to less than 40% at the southwest

point B located at the northern tip of theWestern Ghats

mountain range (figure not shown). We have shown the

differences of PDF of each algorithm from the PDF of

corresponding station precipitation data for each vali-

dation points (Fig. 4). According to Fig. 4, except for the

two validation points A and B, the no rain events are

better represented in the SLM algorithm (yellow bars)

compared to Shepard’s method (blue bars). These two

validation points are located over the windward side of the

Western Ghats, where we get torrential rain during the

monsoon season (seasonal mean rainfall over these loca-

tions is larger than 25mmday 21). Over these two vali-

dation points, the rainfall intensity is mainly controlled by

orography. The number of stations reporting the precipi-

tation is also large on these locations (number of stations:

26 at validation point A and 25 at validation point B).

At every validation point, the light precipitation events

(within the range 1 , R , 16) are better represented

by the SLM method compared to Shepard’s method

(Fig. 4). The moderate and heavy precipitation events

(R. 16mmday21) are also well represented by the SLM

method except for two validation points (Figs. 4e,g).

At the validation point E, the SLM method overesti-

mates the moderate and heavy precipitation events

compared to the observed station precipitation, whereas,

at validation point G (Fig. 4g), the moderate and heavy

precipitation events are underestimated by the SLM. The

validation point E is located within the monsoon trough

region, where we get heavy rainfall during the passage of

monsoon depression/low pressure systems. The number

of stations is also very large at this validation point

(31 stations), whereas point G is located on the eastern

coast of India, where the monsoon depression/low pres-

sure systems normally first hit land. However, around this

validation point, the number of stations reporting pre-

cipitation data is comparatively less (17 stations).

As seen in Fig. 4, except for the aforementioned four

occurrences, the SLM method provides a much better

representation of the daily rain rate PDF at these valida-

tion points. Shepard’s method tends to overestimate the

frequency of the light rain events (1 , R , 16) and un-

derestimates the moderate to strong rain events (R . 16).

It is worthwhile noting that refining the bin distribu-

tion in (15) to bins of 3mmday21 yields quantitatively

and qualitatively similar results (results not shown).

b. Seasonal mean and daily rainfall direct
comparisons

Figure 5 compares the JJAS mean 20-yr climatology

obtained from the CPCM1380 (Fig. 5c) and the IMD1380

(Fig. 5d) gridded daily rainfall datasets against those

corresponding to the two existing rainfall products,

namely, the high-resolution IMD6955 (Fig. 5b) and

APHRODITE (Fig. 5a). The JJAS climatology cor-

responding to IMD1380-relaxedR is also shown in

Fig. 5e. We note that data from all the 1380 stations

are used to produces the CPCM1380, IMD1380, and

IMD1380-relaxedR datasets.

Consistent with the high-resolution product IMD6955,

the heavy precipitation over the windward side of

Western Ghats and the copious rainfall over central

India are well captured in all the datasets, including

the new CPCM1380 (Fig. 5c) datasets. Even with the

significantly reduced number of stations, CPCM1380

(Fig. 5c) is in good agreement with the high-resolution

IMD6955 and APHRODITE gridded rainfall products

all over the Indian continent while IMD1380 in Fig. 5d

misses large areas, namely the northern and northeastern

parts of India, because of the lack of station coverage. The

IMD1380-relaxedR climatology, on the other hand, shows

significant biases, especially over the northern/northwestern

part of the Indian subcontinent, whereas it is close to

IMD6955 in the northeast region.

The seasonal rainfall averaged over the Indian subcon-

tinent of all the four products are contrasted in Table 3.

The seasonal precipitation of APHRODITE is the small-

est among all precipitation products. Seasonal rainfall of

CPCM1380 and IMD6955 are almost identical, whereas

that of IMD1380-relaxedR overestimates it by about

almost 60mmday21, compared to IMD6955. This suggests

again that gridded rainfall data are method dependent and

that the station density is less important if one is interested

only in the climatological regional mean values.

The daily precipitation maps for the three different

active days of precipitation (12 July 1956, 9 July 1958,

and 25 August 1965) in three gridded daily precipitation

products are compared in Fig. 6. In all these three active

days, the precipitation is mainly concentrated over the

Western Ghats and central/eastern India. The precipita-

tion is well organized in these regions. This snapshot map

shows that all three gridded rainfall products reasonably

capture this pattern of precipitation over the Western

Ghats and central/eastern India. However, APHRODITE

precipitation variability is relatively smooth (Fig. 6),

and its magnitude is underestimated when compared to

IMD6955, and CPCM1380 gridded rainfall products.

However, the precipitation variability in CPCM1380

and IMD6955 are comparable, and more importantly,

both these datasets show greater spatial details than

APHRODITE.

When taking into account the fact that the SLM

method used to produce the CPCM1380 datasets is

based on rainfall binning with bin sizes of 2mmday21

922 JOURNAL OF HYDROMETEOROLOGY VOLUME 21



and larger, according to Table 1, errors in the range from

1 to even 3mmdays21 are expected and are deemed

acceptable since they are within the bin size. As shown

in Table A1, increasing the number of bins decreases,

though slowly, the RMSE relative to the high-resolution

IMD6955 product, but unfortunately increasing further

the bin number is computationally prohibitive, and we

refrain from pursuing this at this stage of this research.

The goal here is to demonstrate that the SLM OA may

offer a reliable method that can be applied in regions of

sparse station data, especially when one is interested only

in the gross features of the rainfall statistics. Besides not

discriminating grid points that are far away fromavailable

data stations, the other attractive feature of this method

resides in the fact that it is a stochastic method that, in

effect, incorporates some uncertainly into the interpo-

lated data (see section 5 for more information).

c. Statistical metrics

We show in Fig. 7 the maps of the RMSE of seasonal

mean precipitation at each grid point to measure the dif-

ferences between the different data products relative to the

reference high-resolution IMD6955 datasets. The RMSE

is always large over the data-sparse and complex topog-

raphy regions. In all the cases, the maximum uncertainty is

over the northeastern region and the Western Ghats.

Generally, theRMSE is aminimumover the low elevation

plains, such as central India. However, compared to

APHRODITE and IMD1380 datasets, the CPCM1380

datasets show slightly large RMSE of seasonal mean

precipitation with respect to IMD6955 high-resolution

datasets, especially over the northeast region, Western

Ghats and low plains of central India Fig. 7b. This is

expected from the CPCM1380 product because of the

combination of the stochasticity of the SLMmethod and

the coarseness of the bin size used to implement it.

FIG. 5. JJAS rainfall climatology (mmday21) of the Indian subcontinent for the period 1951–70 obtained from the five datasets.

(a) APHRODITE, (b) IMD6955, (c) CPCM1380, (d) IMD1380, and (f) IMD1380-relaxedR. See the text for details.

TABLE 3. Seasonal mean rainfall in different rainfall products (mm).

Rainfall product Seasonal mean (mm)

IMD6955 stations 864

APHRODITE 756

CPCM1380 stations 863

IMD1380-relaxedR 920
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Nonetheless, the RMSE displayed by the CPCM1380

datasets remains comparable to those displayed by the

APHRODITE and the IMD1380 datasets. As expected,

large errors are associated with the IMD1380-relaxedR

datasets over the regions of low station data coverage

in the northern and northeastern tips of India.

In Table 4, we reported the absolute relative error

(N12 between the IMD6955 data and the other pre-

cipitation products using the equation in (14), and

the RMSE. From Table 4, it is clear that outside the

radius of influence, the error is larger for the IMD1380-

relaxedR dataset than it is for the CPCM1380 product,

implying once again that our lattice model method

outperforms Shepard method in data-sparse regions.

Over the entire Indian subcontinent, the daily error

estimated from (14) is slightly less in CPCM1380

than it is in APHRODITE, however, the RMSE of

seasonal mean ISMR is larger in CPCM1380 than

FIG. 6. Daily rainfall (mmday21) in the three different gridded products for the three activemonsoon days (a)–(c) 12 Jul 1956, (d)–(f) 9 Jul

1958, and (g)–(i) 25 Aug 1965. Shown are (left) APHRODITE, (center) IMD6955, and (right) CPCM1380.
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it is in APHRODITE. It is also true that the absolute

relative error between APHRODITE and CPCM1380

is larger than it is between APHRODITE and IMD6955.

Figure 8 represents the seasonal correlation be-

tween IMD high-resolution analysis (IMD6955) and

the rest of the precipitation datasets. All the precip-

itation products exhibit close agreement with IMD

high-resolution analysis, especially over central India

and northwest India. In general, correlations higher

than 0.9 are observed over the central and north-

western parts of India. Meanwhile, all the precipita-

tion products show poor correlations with IMD6955

over areas with a sparse station network (e.g., the

northeast, Jammu, and Kashmir regions). Note however

that the caveat, in all these analyses, is of course in the

fact that we assumed IMD6955 as the standard for

convenience while as already stated the OA products

are always going to be method dependent and Shepard’s

algorithms show large bias in representing daily rainfall

intensity with respect to station data in regions with

sparse data (Fig. 3).

d. Interannual rainfall variability

The interannual variation of India summer monsoon

(JJAS) rainfall (ISMR; precipitation averaged over the

Indian subcontinent) is plotted in Fig. 9 for the five data

products. The ISMR time series of IMD6955, CPCM1380,

and IMD1380 datasets nearly match each other in terms

FIG. 7. RMSE (mmday21) (a) between IMD6955 and APHRODITE, (b) between IMD6955 and CPCM1380,

(c) between IMD6955 and IMD1380, and (d) between IMD6955 and IMD1380-relaxedR, for all JJAS seasons from

1950 to 1970.
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of magnitude and phase. However, the magnitude of the

ISMR time series derived from the APHRODITE is

underestimated in all years compared to both IMD6955

andCPCM1380 gridded rainfall, which is consistent with

the results in Table 3. However, in most years, the ISMR

time series derived from APHRODITE are in phase

with the time series derived from other rainfall products.

On the other hand, the ISMR time series derived from

FIG. 8. (a) Grid point correlation of JJASmean rainfall between IMD6955 and (a) APHRODITE, (b) CPCM1380,

(c) IMD1380, and (d) IMD1380-relaxedR for the period 1951–70.

TABLE 4. Absolute relative error (14) and RMSE of seasonal mean Indian summermonsoon rainfall between various data products, as indicated.

Rainfall products Error estimated from (1) RMSE of seasonal mean rainfall (mmday21)

IMD6955 vs IMD 1380 stations relaxedR (all India) 0.76 2.25

IMD6955 vs IMD 1380 stations relaxedR (inside Rinf) 0.69 1.60

IMD6955 vs IMD 1380 stations relaxedR (OutsideRinf) 1.14 6.30

IMD6955 vs CPCM1380 stations (all India) 0.87 2.77

IMD6955 vs CPCM1380 stations (inside Rinf) 0.85 2.33

IMD6955 vs CPCM1380 stations (outside Rinf) 0.99 5.96

IMD6955 stations vs APHRODITE (all India) 0.88 2.03

APHRODITE vs CPCM1380 stations (all India) 1.02 2.58
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the IMD1380-relaxedR have relatively higher magni-

tudes compared to the other ISMR time series.

The daily variation of rainfall anomaly averaged over

central India (black box in Fig. 1b) for three monsoon

season (1951, 1960, 1970) are given in Fig. 10. In

CPCM1380 analysis, the daily variation of central India

rainfall anomalies is in line with other rainfall products.

It is clear that the CPCM1380 daily rainfall product is

quite good in capturing the signs of rainfall anomaly

over central India in agreement with the other precipi-

tation products, such as IMD6955 and APHRODITE.

In all the three monsoon seasons, shown here, the easily

identifiable active and break phases of the monsoon, as-

sociated with the five data products, are in good agree-

ment. The correlation between the IMD6955 rainfall time

series and other datasets exceeds 0.95 in all these three

monsoon seasons.

4. Discussion

We proposed a new stochastic OA method for rain

gauge data based on the theory of stochastic particle inter-

acting systems on a lattice (Liggett 1999; Khouider 2014),

here abbreviated SLM for stochastic lattice model. The

SLM technique is applied to the Indian Meteorological

Department rain gauge datasets, which started since

1901. While the Indian station network totals 6955

stations, we chose to use a selection of 1380 stations

dispersed unevenly over the Indian subcontinent to

implement and test the SLM technique.

Existing studies (Bussières andHogg 1989; Chen et al.

2008) found that the statistical optimal interpolation

(SOI) method of Gandin (1963) is superior to the so-

called empirical or function methods that aim to ap-

proximate the rainfall at a given grid point using a

weighted average of the neighboring stations. Arguably,

it is because the SOI method minimizes the expected

error over all the existing stations and as such it uses

remote as well as local information. However, this

method is also restricted to a radius of influence region

from the station network and according to the results

shown in both Bussières and Hogg (1989) and Chen

et al. (2008), the SOI results are very closely followed

by those obtained by the inverse distance weighted

method of Shepard (1968).

The existing IMD6955 station data has been recently

quality controlled and gridded using Shepard’s tech-

nique (Rajeevan et al. 2006; Pai et al. 2014).We thus also

run Shepard’s algorithm on the same 1380 stations and

assessed the new SLM scheme (CPCM1380 product)

against Shepard’s scheme (IMD1380) in the light of two

existing high-resolution data products over the Indian

subcontinent, namely the IMD6955 and APHRODITE

(Yatagai et al. 2012), which are in a way both used as

the standard or target to achieve or beat. To have

meaningful comparison, we decided to lift the radius of

influence restriction on Shepard’s method to produce a

data product based on the smaller set of 1380 stations

that equally covers all of India (IMD1380-relaxedR).

In a nutshell, the SLM method attempts to sample

the Gibbs grand canonical measure of a large lattice

particle interacting system, as in statistical mechanics

(Thompson 1971), when the particles are actually rain

rate bin indices at the corresponding grid points forming

the lattice, conditional to the existing station data at

the local station sites and the associated domain-mean

climatology. As such it draws information from the

neighboring locations, the available rain gauge data, and

the rain rate climatology distribution to build statistical

estimates at remote grid points. In this sense, the SLM

method has this remote-information-gathering feature

in common with the SOI method of Gandin (1963).

5. Conclusions and outlook

After selecting a reference set of parameters that

minimizes the RMSE of the 1380 station interpolated

rainfall data, with respect to the high-resolution IMD6955

data product, as Chen et al. (2008) did, we first compared

the daily rain rate event PDFs obtained by the SLM and

Shepard’s methods at selected, widely separated, areas of

the Indian landmass, consisting of 28 3 28 square boxes

within each all existing station data have been removed

and corresponding rainfall values are inferred from the

remaining stations. The associated PDFs are compared to

the preexisting station data within each one of the boxes

and in terms of the aggregated data from all the boxes

(Figs. 4 and 3). This test revealed that the SLM method

is superior to Shepard’s method in terms of the daily

rain rate event PDF accuracy. Shepard’s method tends

to underestimate the no rain and very light rain events

FIG. 9. Interannual variation of all India summer monsoon rainfall

(mmday21; averaged over Indian landmass and averaged over JJAS

season): IMD6955 (black), APHRODITE (blue), CPCM1380 (red),

IMD1380 (sky blue), and IMD1380-relaxedR (green).
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of less than 1mmday21, to underestimate the high rain

events, greater or equal to 21mmday21, and to over-

estimate light to moderate rain events between 2 and

21mmday21.

Moreover, the statistical analysis of RMSE,ARE, and

cross correlations with respect to the standard IMD6955

dataset as well as to APHRODITE revealed that the

SLM is capable of producing a dataset that can outper-

form conventional methods in sparse station regions.

The interannual and daily spatial means comparisons,

on the other hand, showed that the SLM-based product

is more in line with the IMD6955 and IMD1830 products

than is theAPHRODITE product, which especially shows

a systematic underestimation bias in terms of the annual

rainfall while the IMD1830-relaxedR has an overesti-

mation bias. It is interesting to note that the smallest

errors are associated with IMD6955 versus IMD1380

inside the radius of influence while on the Indian sub-

continent level, IMD1380 and CPCM1380 exhibit com-

parable errors. The same is true for the all-India errors

of APHRODITE with respect to both IMD6955 and

CPCM1380.

As demonstrated by the sensitivity tests in Table A1,

besides the exhibited acceptable accuracy of the CPCM1380

dataset, generated over all-India, including low station

density regions, there is a promise that the accuracy

can be improved specifically by increasing the number

of bins N. However, the sweet spot in the underlying

FIG. 10. Daily variation of the rainfall anomaly (mmday21) over central India (128–258N, 708–
908E; black box in Fig. 1b) for the (a) 1951, (b) 1960, and (c) 1970 JJAS seasons.
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parameters, specifically J0, may not be the same as for

the bin size N 5 137; thus, some retuning may be re-

quired if the bin size has to be increased. Importantly,

given the stochastic nature of the SLM algorithm, one

can easily infer and assign some degree of uncertainty to

each interpolated value by simply estimating the stan-

dard deviation for each Markov chain of the MCMC

runs. Consistently this uncertainty appears to decrease

with the bin size. However, this remains to be thor-

oughly tested to understand the true meaning of this

uncertainty in comparison to available station data. This

will be the subject of a future study.

Given the success of the SLM method on such a re-

duced number of stations, it is natural to expect that a

dataset produced by this method using all of the existing

6955 stations will be a better product than the existing

IMD6955 product. The same method can be applied to

other regions of the world.

The strength of the new SLM method resides in its

capability to combine the climatology on the continental

scale and the nearest available station data to yield grid

rain gauge data in widely distribution observation sta-

tions. However, care must be taken as the usefulness of

this method in station sparse regions may be limited to

regions of the globe that are characterized by large scale

weather systems such as it happens during the monsoon

season over India. The method may fail in regions with

localized climatology—controlled by sea breeze and/or

topography, for example—in the absence of nearby

measurement stations as will do any other OAmethod.

Nonetheless, the method is fairly flexible and can

accommodate other types of measurement by intro-

ducing artificial stations to obtain acceptable values

in such places, for example.

Finally, error bars can be produced by the SLM al-

gorithm to account for sampling error. One can readily

estimate an uncertainty due to the MCMC chain fluc-

tuations themselves, but these are very restricted, as can

be surmised from Fig. A1. The true error bars due to

the sampling error of the Gibbs measure can be esti-

mated by making ensemble runs where each ensemble

member is drawn from using a different seed of the

random number generator. Such error bars will be pro-

duced and assigned to the CPCM1830 product in the

future and will be reported elsewhere by the authors.
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APPENDIX

Convergence of the MCMC Time Series and
Sensitivity to Parameters of the SLM Scheme

As already mentioned, the MCMC algorithm consists

of running an ergodic Markov process to equilibrium,

whose equilibrium distribution is the one, one wishes to

sample, and use the converged pseudotime series to

draw samples for that distribution. To ensure that the

MCMC runs in our SLM scheme have been satisfacto-

rily run to convergence, we monitored the Markov

chains at several grid points and time instances and set

the iteration pseudotime accordingly. The results from

this exercise led us to choose a conservative iteration

time T0 5 24h. For the sake of illustration, we plot in

Fig. A1 the MCMC pseudotime series corresponding

to the lattice point with latitude–longitude coordinates

288N, 80.758E, and the day 19 July 1951, for six di-

fferent bin sizes. As we can see from Fig. A1, after a

transient period of up to ;3 h (reached roughly in

10000pseudotime stepswith an average step size s5 1.08s),

the chains enter a statistical steady state where they

fluctuate up and down within their stochastic variability

range. As can be surmised from Fig. A1, both the length

of the transient period and the width of the variability

range depend strongly on the bin number. As expected,

the transient period is longer and the variability range

is shorter for the larger number of bins (137). Notice,

however, despite these discrepancies, the converged

values seem to oscillate around fairly the same rainfall

limit. In our preliminary tests presented here, we took

the average over the last 10% of each chain as the
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interpolated rainfall value at the corresponding lattice

cell. To take full advantage of the stochastic nature of

the scheme, the associated variances can also be recor-

ded to provide some measure of uncertainty in the in-

terpolated data. This will be done in the future.

To ensure the convergence of MCMC runs in our

SLM scheme, we have also shown the 50th percentile

of the last 100, 50, and 10 iterations for three different

active days of precipitation (12 July 1956, 9 July 1958,

and 25 August 1965) in Fig. A2. It is found that

the 50th percentile of precipitation looks similar

for the last 100, 50, and 10 iterations in all the three

active days of monsoon, which again confirms that

the MCMC runs in our SLM scheme satisfactorily

converged.

Preliminary tests indicated that the scheme is most

sensitive to the values of J0 and the number of bins N.

In Table A1, we report the RMSE between the inter-

polated and regridded rainfall data based on the SLM

scheme, CPCM1380, and the high-resolution IMD6955

datasets for various values of J0 and bin number N,

integrated over the totality of the structured grid for

the 1951 monsoon (JJAS) season. As we can see from

this table, for a fixed J0 the RMSE typically increases

with decreasing bin number while its variation with

respect to J0 is more subtle. For a fixed bin number, the

RMSE seems to increase both when J0 is increased and

when J0 is decreased and suggests the prevalence of

a sweet spot somewhere in between. According to

Table A1, J0 5 1.05 andN5 137 seem to be an optimal

choice in terms of minimizing the RMSE in comparison

to the high-resolution IMD6955 datasets. It is worth

noting that in the process, we have also calculated

the correlation coefficient between the CPCM1380 and

the IMD6955 data products of JJAS 1951 for the pa-

rameters in Table A1. Our results indicate that the

correlation coefficient hardly changes, regardless of

the value of J0 or the bin number N. It varies between

0.94 and 0.95 for all the parameter pairs recorded in

Table A1, which suggests that the scheme is robust and

can be trusted even at coarse bin configurations. It is in

particular at the higher 0.95 value when J0 5 1.05 and

N 5 137. This is the main reason why this value of J0 is

chosen to be our default value instead of simply J0 5
1.1, which appears to have the same smallest RMSE

value of 1.09mmday21.

FIG. A1. (a)–(f) Convergence at latitude–longitude point 288N, 80.758E for the day 19 Jul 1951. The y axis represents rainfall

(mmday21), and the x axis is the iteration count of the MCMC simulation over the pseudotime, from 0 to T0 5 24 h. The broken blue

curves in the middle of each panel represent the bin configurations for each corresponding bin number case. Each horizontal segment of

the broken curve represents an interval of rainfall rates that is uniformly divided into bins of size d, where d is indicated right on top of that

segment. For the case of bin numberN5 51 in (f), for example, the rainfall rate segment between 0 and 450mmday21 is roughly divided

into 37 bins of the same size d 5 12.
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FIG. A2. The 50th percentile (mmday21) of last 100, 50, and 10 iterations for three active monsoon days (a)–(c) 12 Jul 1956, (d)–(f) 9 Jul

1958, and (g)–(i) 25 Aug 1965. Shown are the 50th percentile of the last (left) 100, (center) 50, and (right) 10 iterations.
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