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Abstract

The Frobenius-Perron operator Pr : L'[0,1] — L'[0, 1] and the Koopman opera-
tor K : L*>[0,1] — L*|0, 1] for a given nonsingular transformation 7" : [0, 1] — [0, 1]
can be shown to have cyclic spectrum by referring to the theory of lattice homo-
morphisms on a Banach lattice. In this paper, it is verified directly that the pe-
ripheral point spectrum of Pr and the point spectrum of Kp are fully cyclic. Un-
der some restrictions on 7', Pr is known to be a well defined linear operator on
the Banach space BV[0,1]. It is also shown that the peripheral point spectrum of
Pr: BV[0,1] — BV|0,1] is fully cyclic.
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Chapter 1

Introduction

1.1 Frobenius-Perron Operators

Consider the finite measure space ([0, 1], B, m), where [0, 1] is the unit interval on the
real line, B is the set of all Borel sets on [0, 1], and m is the Lebesgue measure on B.
If T is a measurable transformation of the interval such that m(T~'A) = 0 whenever
m(A) = 0, then there exists a linear operator Pr : L'[0,1] — L'[0,1], called the
Frobenius-Perron operator, defined implicitly by

/APdem:/T_lAfdm (1.1)

for any measurable set A in B and any integrable function f in L'[0, 1].

Pr is an important operator because of its uses in finding absolutely continuous
invariant measures (acim’s). If f € L!0,1] is a positive fixed point of Pr, ie. a
positive eigenfunction corresponding to the eigenvalue 1, then dy = f dm is an acim
since, for any measurable set A,

ud) = [ fam= [ Prfim= [ fam=pr-a)

Thus knowledge of the spectrum of Pr may help in finding invariant densities for 7.

Since Pr has operator norm equal to 1 on L0, 1], if 1 is in the spectrum of Pr it
is in the peripheral spectrum. Schaefer in [24] has shown that, for certian conditions
on a positive operator on a space of functions, the peripheral point spectrum is fully
cyclic. Here, it is verified that Pr : L'[0,1] — L'[0,1] satisfies these conditions.
Theorem 4.1.5 shows that if Pr has point spectrum on the unit circle S* in the
complex plane, then 1 is guaranteed to be in the point spectrum and if f is an
eigenfunction for some eigenvalue o with modulus equal to 1, then |f]| is guaranteed
to be a (positive) fixed point of Pr.

1.2 Outline

In this thesis results regarding the structure of the spectrum of the Frobenius-Perron
and Koopman operators for various interval maps are discussed. The purpose of this
is to write a paper that is a short, self-contained collection of these results presented
in [24]. In order to establish the necessary background, Chapter 2 recovers some
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basic facts for positive operators (and specifically Frobenius-Perron and Koopman
operators) on complex Banach lattices.

Section 2.1 focuses on positive operators on Banach lattices. The primary spaces
considered throughout this work are introduced and shown to be complex Banach
lattices, and a few simple characterizations for positive operators and lattice homo-
morphisms are given. This section follows closely the work of Schaefer in [24], and
proofs are given here for the sake of completeness.

In Section 2.2, the Frobenius-Perron and Koopman operators are introduced.
The Frobenius-Perron operator is shown to be a positive operator according to the
definition given in Section 2.1, and likewise the Koopman operator is shown to be
a lattice homomorphism. Some other well-known facts about the Frobenius-Perron
and Koopman operators are gathered and verified. Also, when acting on the space
of functions of bounded variation, the Frobenius-Perron operator was shown in [17]
to satisfy the Lasota-Yorke inequality, which is stated here. Excellent sources on the
Frobenius-Perron and Koopman operators include [8] and [16].

In Section 2.3, a collection of results in spectral theory are given. These results
are applied in the latter chapters to positive matrices and the Frobenius-Perron and
Koopman operators. Definitions and results in this section are drawn from [3], [7]
and [9], again with proofs for completeness.

Chapter 3 develops the spectral theory of n x n matrices over C. In Section 3.1,
positive matrices are considered. The two main results, Theorem 3.1.6 and Theo-
rem 3.1.11, are due to Schaefer in [24]. These two theorems state that the peripheral
spectrum of a positive matrix is cyclic, and under certain conditions, it is fully cyclic.
Next a simple proof is given to show that the peripheral spectrum of a column-
stochastic matrix is fully cyclic. Excellent books on the subject of positive matrices
are [1], [12] and [25].

Section 3.2 focuses on the spectral theory of lattice homomorphisms on C”, which
turn out to have very simple matrices in the standard basis. The main result is
Theorem 3.2.2, which states that the spectrum of an n x n lattice homomorphism is
fully cyclic. This section is a direct application of the results of Schaefer in [24].

Chapter 4 turns to the spectral theory of the Frobenius-Perron and Koopman
operators. In Section 4.1, the Frobenius-Perron operator on L' and Koopman oper-
ator on L are studied. The main results in this section are analogous to the main
results in Chapter 3. Theorem 4.1.5 states that the peripheral point spectrum of the
Frobenius-Perron operator is fully cyclic, which is the analogue of Theorem 3.1.17
for the Frobenius-Perron operator on L'. This theorem is a direct application of
the theory of Schaefer in [24], as was noted by Ding et al. in [5]. Theorem 4.1.10
states that the point spectrum of the Koopman operator is fully cyclic, which is the
analogue of Theorem 3.2.2 for the Koopman operator on L*°.

Section 4.2 presents simple cases for which the spectrum of the Frobenius-Perron
operator is either the entire unit disk D or a subset of the boundary of the unit
disk 6. This result is due to Ding et al. in their work [5]. This illustrates the
importance of considering the Frobenius-Perron operator as acting on the space of
functions of bounded variation, on which the Frobenius-Perron operator is a quasi-



compact operator, in order to find isolated spectral points.

In Section 4.3, the Frobenius-Perron operator is considered to be acting on the
space of functions of bounded variation. The main result is Theorem 4.3.2, which
is a restatement of Theorem 4.1.5 for the space of functions of bounded variation.
This Theorem is part of a larger result by Rychlik in [23], which is due again to
results in [24]. Other excellent sources of information on the spectral structure of
Frobenius-Perron and Koopman operators include [4], [6], [18] and [19].



Chapter 2

Preliminaries

2.1 Banach Lattices and Lattice Homomorphisms

2.1.1 Real Banach Lattices

Definition 2.1.1. A partially ordered set (or poset for short) is an ordered pair
(X, =) where X is a set and < is a relation on X such that, for any z,y, z in X:

o 1 < x (reflexive);
e if z <y and y X z, then x = y (antisymmetric);
e if x <y and y < z, then x < z (transitive).

x < y will mean that x < y and = # y, > y will mean that y < z and x > y
will mean y < x. The < in (X, <) will usually be suppressed when it is understood,
so that the poset (X, <) is simply referred to as the poset X.

Definition 2.1.2. For any subset B C X, the set B is called bounded above if there
exists ¢ in X such that b < ¢ for all b in B, and c is called an upper bound for B.
Similarly, a set B C X is bounded below if there exists ¢ in X such that b > ¢ for
all bin B, and c is called a lower bound for B. If there exists an upper bound ¢y on
the set B such that ¢ is also a lower bound for the set of upper bounds of B, then
by the antisymmetric property it is the unique upper bound to do this, called the
supremum of B, and is denoted cy = sup B. Similarly, if there exists a lower bound
such that it is a supremum for all lower bounds of B, it is unique, called the infimum
of B, and is denoted inf B.

Definition 2.1.3. A lattice is a poset (X, =) in which there exists a supremum and
infimum for every pair of elements a,b from X. The supremum of a and b is called
their join, and written sup{a,b} = a Vv b, and the infimum is called their meet, and
written inf{a,b} = a A D.

Definition 2.1.4. An ordered vector space is a poset (X, <) where X is a vector
space over R such that, for any z,y, z in X:

o if xt Xythenx+ 2z <y + z;

e if x <y then tx <ty for all ¢ > 0.
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A wector lattice is an ordered vector space (X, <) that is a lattice with respect to the
order < on X.

If x Xy for z,y in X, then for ¢ > 0 in R, tz <X ty by the second item in
Definition 2.1.4. Then by two applications of the first item in Definition 2.1.4,

tr 2ty =0ty —ter = —ty X —tx.

Then given x < y for x,y in X and s < 0, there exists ¢ > 0 such that s = —¢, and
thus sy < sx.

In an ordered vector space, a vector z is called nonnegative if 0 < z, and positive if
0 < z. For any x in a vector lattice X, there exist the nonnegative vectors z+ := 2V 0,
x” := (—z)V0and |z| := (—z) Va. They are called the positive component, negative
component and modulus, respectively.

Proposition 2.1.5. Let X be a vector lattice. For any v in X, v = 27 — 2~ and

|z| = 2 + x~. Moreover, fory,z in X andt >0 in R:
1L.xz4+(yVvz)=(r+y)V(r+z);

(

2. x4+ (yNz)=(x+y) A(x+2);
3. t(xVy) = (tx) V (ty);
4.t Ay) = (tz) A (ty).

Proof. Let x,y, z be vectors in X. Since

V
A

z=yVzandy yVz,
by Definition 2.1.4 it follows that
r+z=zx+(yVz)andz+yx+(yVz2).
Suppose that © + z < v and x + y < v for some v in X. Then, again from 2.1.4
z2v—xandy 2 v—ux,

so that
yVz=3v—2x

or
r+(yVz) 2o

Therefore, z + (y V 2) = (x + y) V (z + z), which gives item 1. The equalities 2, 3
and 4 can be shown similarly.
By use of 1,

z+z  =z+4 ((—2)V0)=(z—2)V(z+0)=0Vz=a",
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or x = x — x7, giving the first assertion, and by use of 1, & and the fact that
r=at -z,

st+r =242 =2+ (22 V0) = (—z) V= |z,

which finishes the proof. ]

Remark. The proof that x + (y V 2) = (x +y) V (z + 2) in Proposition 2.1.5 does
not depend on the fact that (y V z) is the supremum of finitely many elements of
X, so that when sup A exists, z + sup A = sup(xz + A) by the same method of proof
(x4+A={x+a:a€ A}). Similarly, for z in X and ¢t > 0, z + inf A = inf(z + A),
tsup A = sup(tA) and tinf A = inf(tA) (where tA = {ta : a € A}).

Proposition 2.1.6. Let X be a vector lattice. | - | as defined above satisfies:

1. |z| =0 for all x € X;
2. |z| =0 if and only if x = 0;
3. |tx| = |t||z| for allt € R and z € X;

4. o +yl =2l +[y| for all z,y € X.
Proof. 1. For any z in X, 27 = 0 and z~ = 0 implies that

0<zt a2t +2 = |z

2. |z| = 0 if and only if both 27 = 0 and 2~ = 0. But = 0 if and only if both
zt=0and z= =0.

3. Let x be in X. If t > 0, by Proposition 2.1.5

2] = (t2)" + (t2)” = t(a™) + (") = [t
Ift <0
tz| = (tz)" + (tz)” = (=) ((—2)") + (=)((=2)7) = [tla” + [t]a™ = [¢]|z].
4. For z,yin X, z <zt and y < ¢y, so that
(z+y) =@+y) Vo2 (zt+y) VO (et +yT)vOo=a +y".
Similarly, (z +y)~ <2z~ +y~, so that
eyl =(@+y) T+ @ty et o +yT YT = o+ ]yl

]

Definition 2.1.7. Let X be a vector lattice. Suppose that X is a normed vector
space with the norm || - || satisfying ||z|| < ||y|| whenever |z| < |y|. Then the vector
lattice X is called a normed vector lattice and the norm || - || is called a lattice norm.
If X is complete in the norm, it is called a Banach lattice.
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Example 2.1.8. The vector space R together with the order < is an ordered vector
space, since < satisfies the two conditions in Definition 2.1.4. This is the only order
on R that will be considered throughout. For any two numbers z,y € R, their max
and min both exist, so (R, <) is a vector lattice.

| - | on R is called the Euclidean norm, and R is complete in this norm. For any

norm | - || on R, ||1]] = @ > 0 so that for any z in R

[l = {11 - =[] = [1]|=] = alx].
Therefore every norm on R may be obtained as a positive multiple of | - |. Thus R
is complete in any norm since al - | is equivalent to | - | whenever a > 0. Then any

norm a| - | applied to R is a lattice norm since a|z| < aly| whenever |z| < |y|, so that
R with any norm is a Banach lattice.

Also, it is noted here that the extended real numbers R = R|J{oo, —oo} form a
lattice with the extensions

—o00 < x,
r < 00,
—00 < 00,

for all real numbers z. It is usual for the operations of multiplication and addition
to be extended in a commutative and associative way to R in an attempt to create a
vector space. For x in R,

e 00+ =00 and —0c0 +x = —00,

e ocox =00 if x > 0 and coxr = —oc0 if x < 0,

e —ocoxr=—o0if x>0and —ocoxr = o0 if x < 0,
e 00+ 00 =00 and —0o0 — 00 = —00,

® 0000 = (—00)(—00) = 00 and (—00)oo = —00.

However, it is not so simple when dealing with the terms oco0 and oo — co. By
convention, 0(£o00) = 0 unless stated otherwise. The expression co — oo will remain
undefined. Thus R is not a vector space and hence not a vector lattice.

The reason for discussing this extension is that R is complete in the sense of
suprema and infima of subsets: sup A and inf A exist in R for any subset A of R.
Thus given a sequence x,, in R (and more specifically R) the limit superior and limit
inferior exist in R, where

limsup z,, = IlfIZlfl‘ (ig xn) and liminf x, = ilgl) (irznz a:n)

Example 2.1.9. The vector space R™ has the order < defined for any z,y in R™ by
x <y if and only if x; < y; for all ¢ in {1,...,n}. Then, for any z,y, z in R™ and



t>0,
r<y & x; <y Vie{l,...,n}
= xl—i-zlgyl—l—leze{l,,n}
&S r4+z<y+z,
and

r<y & x; <y Vie{l,...,n}
& tr; <ty Vie{l,...,n}
&tz < ty,

so that R™ is an ordered vector space with this order. For any z,y € R" and ¢ €
{1,...,n}, (xVy)i = z; Vy and (x Ay); = x; A y; both exist, so that (R", <) is
a vector lattice. Hence R™ with < has an absolute value given by |z|; = |z;| for a
vector x in the 7th coordinate.

The Euclidian norm on R™ is defined by

which is a lattice norm since |z| < |y| implies that > (2;)* < S0 ()% R™ is
complete in this norm, so that R" is a Banach lattice.

Example 2.1.10. Let [0, 1] be the set of real numbers = satisfying 0 < x < 1, B be
the Borel sets on [0, 1] and m be the Lebesgue measure on B. Let M be the set of
all real-valued B-measurable functions on [0,1]. As is shown in [22], M is a vector
space under pointwise addition and scalar multiplication from R.

Similar to Example 2.1.9, M has the ordering f < g if f(z) < g(z) for all z in
[0,1] and f,g in M, and under this ordering M is an ordered vector space. For any
fl,fQ n M, let

g(x) = sup(fi(z), fo(z)) = fr(z) V fa(z)
for all  in [0, 1]. Then for any « in R,

{re0,1]:g(x) <al={re0,1]: fi(z) <a} Hz €[0,1]: fa(z) < a},

which is a measurable set since f; and f; are measurable functions. Therefore g is
measurable. Similarly, h(x) = fi(z) A fo(z) is measurable, and so f; V fo and fi A fy
exist as measurable functions. Thus M with this order is a vector lattice. This order
then gives the absolute value of a measurable function f as

|fl(z) = [f(2)]

for all z in [0, 1].
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As discussed in [11], M can be extended to the set of all R-valued B-measurable
functions, where a set B of R is measurable if B(\R is a Borel set. Care must be
taken to avoid the term oo — oo, so the functions are only allowed to take the value
oo on a set of measure zero, ie. they are finite almost everywhere. In this case, scalar
multiplication from R is well-defined following the rules from Example 2.1.8. Further,
if h(x) = 0 whenever f(z) = —g(x) = £oo and h(z) = f(x) + g(x) otherwise, then h

is a measurable function and M has been extended to a new real vector space.

Example 2.1.11. The vector space LL([0,1],B,m), or briefly L}, is the space of
equivalence classes of real-valued (hence the subscript R) B-measurable functions
on [0, 1] satisfying fol |f(x)] dm(x) < co. Two such functions f, g are equivalent if
f = g almost everywhere (ie. equal except on a set of measure zero). Given f € L,
members f of the equivalence class of f are called versions (or representatives) of f.
Define an order on L! as follows: for any f, g in L, f < g if and only if there exists
versions f and § of f and g, respectively, satisfying f(z) < g(z) for every z in [0, 1].
Similar to the case R™, L} with this order is an ordered vector space. In fact, these
equivalence classes are of extended real-valued measurable functions, which are finite
almost everywhere.

For a full development of the Banach space L for a measure space (X, A, 1) and
some standard results, see [22]. From this point on, elements of the ordered vector
space Lj, will be referred to simply as functions, and it will be specifically mentioned
when a version of an equivalence class is needed.

For any f,gin L, let f g be Versions and define f/\/\g = f V ¢ in accordance with
Example 2.1.10. Then the versions f V g are equal almost everywhere no matter the
choice of versions f g, since changing f and ¢ on sets of measure zero changes f/\/\g
on a. subset of the union of these two sets,/vlhlch has measure zero. Thus the versions
f V g determine a class h. Since f < fVgand g < fVyg, f < hand g < h. If
f < hg and g < hg for some function hg, then there exists versions f . 3, ho such that
f < hg and g < ﬁo, so that f/\/\g < ho and therefore h < hg. Thus h can be properly
relabelled as fV g. f A g is similarly defined.

Since |(f V §)(z)| < |f(x)| + |§(z)| for all z in [0,1] and versions f,§ of f, g,

/0|<fvg><x>|dxs/0<|f<x>|+|g<x>|>da:=/0 |f<x>|dx+/0 9(2)] dz < oo,

so that versions of fV g are integrable and thus the join is in L}. Similarly, the meet
satisfies |(f A §)(2)] < |f(z)] + |g(z)| for all 2 in [0,1], so that f A g is in Lk, and L}
is then a vector lattice. This order gives the absolute value |f] for a function f of L
to be the equivalence class of all versions of the form | f(z)]| for every z in [0, 1], where
f is a version of f. The norm on L} is given by ||f|, = fol |fldm and if |f] < |g|
then || f]l1 < ||g|l1, so that || - ||; is a lattice norm. Lg with this norm is known to be
a Banach space, so that Lg is now a Banach lattice.

Example 2.1.12. The vector space L ([0, 1], B,m), or briefly Ly, of equivalence
classes of real-valued B-measurable functions f on [0, 1] satisfying | f(z)] < M for all
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x in [0, 1] for some M > 0 and some version f of f, has the order < defined for any
f,gin LP by f < g if and only if f(z) < §(z) for every z in [0, 1] for some versions f
and g of f and g, respectively. Similar to L, L is an ordered vector space. Again,
elements of Ly will be referred to as functions, and versions will be specified when
needed.

For functions f, ¢ in Ly’ the functions f V g and f A g are defined as in Exam-
ple 2.1.11. Again, for any two functions f, g in L& with versions f, §, | f(z)V j(z)| <
| /()| + |§(x)] so that, if M is an essential bound for f and M’ is an essential bound
for g, then

[f(@) v g()| < |f(@)] +1g(x)] < M + M’

for almost every z in [0,1]. Therefore fV g is in L. Similarly, |f A g < |f] + 3],
so that f A gisin Ly’ and Ly is a vector lattice. The order gives the absolute value
|f| for a function f of Ly’ to be the equivalence class of all versions of the form
| f(x)| for every z in [0, 1], where f is a version of f. The norm on L is given by
[flloe = inf{M : [f] < M1} and if [f| < |gl, [|fllec < [|gllocs sO that || - [l is &

lattice norm. L with this norm is known to be a Banach space, so that Ly is now
a Banach lattice.

Example 2.1.13. The vector space BVg of equivalence classes of real-valued mea-
surable functions on [0, 1] satisfying \/ f= \/(1) f < oo for some version f of f is a
subspace of L} and has the order < defined for any f, g in BV by f < g if and only
if f (x) < g(z) for every x in [0, 1] for some versions fand § of f and g, respectively.
BVg is in fact a subspace of both L} and Lg. Similar to L and L, BVg is an
ordered vector space.

For any function f in BVg, the function f V 0 is measurable, as was previously
noted in Example 2.1.11. Let 0 = b; < by < ... < b, = 1 be any finite partition of
the interval. For i in {1,...,k}, consider |(f \/ O)( :) — (f V 0)(bi_1)| for some version
fof f.If f(b )>0andf(Z 1) > 0, then

~

[(FV0)(bs) — (FVO)bin)| = | (b)) — F(bi1)].
If f(b;) >0 and f(b;_1) <0, then

~ ~ A A

[(FV0) (i) = (fV O)(bima)] = f(bi) =0 < f(bi) + (= f(bi1)) = |f(Bi) = F(bia)].
and similarly for f(b;) < 0 and f(b;_ 1y > 0. If f(b;) < 0and f(b_1) <0, then
[fVO:) = fVObi—1)| = 0+0 < |f(b;) — f(bioa)|-

Therefore, >0, | [V 0(b:) = vV O(bi—1)] < 30 [F(B:) = f(bima)], so that \(f v 0) <
\/(1) f, so that this particular version of f V 0 has bounded variation. Thus f V 0 is
in BVg. Then for any g, h in BVg, the function g + ((h — g) V 0) is in BVg. But if

§(z) > h(z) for versions §, h of g, h respectively,

(9+ (h=9)v0)) (@) = glx) +0 = g(x),
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and if §(z) < h(z),

~ ~

(9+ (=) v 0) ) @) = &) + (b — §)(x) = ) — (2) + () = (),

so that gV h =g+ ((h—g) Vv 0) is in BVg. Similarly g A h is in BV and BVg is
a vector lattice. This gives the absolute value |f]| for a function f of BVk to be the
equivalence class of all versions of the form |f(z)| for every  in [0, 1], where f is a
version of f.

For a function f in BVg, as is shown in [23], there exists a version f, of f with
minimal variation, and in writing \/ f :=\/ fo unless explicitly stated otherwise. The
norm on BVg is given by || fllsv. =V f + || f|li. From [23] BV is a Banach space

with this norm. However, || - || g1z is not a lattice norm, since
A 2x if0<z<1/2,
fm—{ 22z if1/2<x<1,

is bounded above by the function 1, but
sy =\ 1+ 1 =0+1=1

and

Ifllzve =\ f+ 1l =2+1/2=5/2>1.

Therefore BV with || - || sy is a Banach space and a vector lattice, but not a Banach
lattice.

These orderings of R”, Li,, L and BVy are called canonical orderings, and are
the only orderings of these vector lattices that will be considered throughout the
remainder of this work.

Example 2.1.14. Consider the set F' of all real-valued continuous piecewise linear
functions on the interval [0, 1] with finitely many pieces. This set forms a real vector
space under pointwise addition of functions and pointwise multiplication by scalars.
Then, the canonical order given again by f < g if and only if f(x) < g(z) for all x
in [0, 1] makes F' an ordered vector space. Also, for any two functions f and g in F,
fVgand f A g exist as elements of F, so that F is a vector lattice. Similar to the
previous examples, the absolute value of a function f in F'is given by |f|(z) = | f(z)]
for all z in [0, 1].

Definition 2.1.15. Let X, Y be ordered vector spaces and let S : X — Y be a linear
map. Then S is called positive (written S > 0) if Sz = 0 for all > 0.

Proposition 2.1.16. Let X, Y be vector lattices and let S : X — 'Y be a linear map.
S is positive if and only if |Sx| < S|z| for all x in X.

Proof. Suppose S is positive. Let x be any vector in X. Then

0=<|z|] —2zand 0 = |z]| + z,
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so that
0 <S(|z] —x) and 0 < S(|z| + =),

or

Sz < S|z| and — Sz < S|z|,

since S is positive and linear. Since 0 < |z|, 0 < S|z|, so that
0 <X S|z| and — Sz < S|z|,
which implies (Sz)~ = =Sz vV 0 < S|z|. Similarly, (Sz)* = Sz V 0 < S|z|, so that
S| = (Sz)* Vv (Sz)” = Slal,

and the condition is met.
Conversely, suppose that |Sz| < S|z| for all z in X. Then, for any x = 0, |z| =«
and
0= |Sz| < S|z| = S,

so that S is positive. O

Definition 2.1.17. Let X,Y be vector lattices and let S : X — Y be a linear
map. Then, S is called a lattice homomorphism if S(z; V x2) = (Sz1) V (Sxs) and
S(x1 A xg) = (Sz1) A (Sxo) for all z1, 25 in X.

Proposition 2.1.18. Let X,Y be vector lattices and let S : X — Y be a linear map.
If S is a lattice homomorphism, then S is positive.

Proof. Suppose S is a lattice homomorphism. For any x = 0, x = 2 V 0 so that
Sz =S(xV0)=(Sx)V(5S0)=(Sx)Vv0x0.

Therefore Sz = 0 and S is positive. O]

Proposition 2.1.19. Let X,Y be vector lattices and let S : X — Y be a linear map.
Then, S is a lattice homomorphism if and only if |Sx| = S|z| for all x in X.

Proof. Suppose S is a lattice homomorphism. Then, for any x in X,

S(xT) = S(xzVv0)
= S(z)Vv S(0)
(x)VvO0
Sx)",

n

—~

and similarly S(z~) = (Sz)~, so that
|Sz| = (Sz)* + (Sz)” =S(z") + S(x7) = S(z" +27) = S|z|.

Conversely, assume that |Sz| = S|z| for all z in X. By Proposition 2.1.16, S is
positive. Since z <z for all z in X, Sz < S(z™) so that (Sz)™ < S(z™"). Similarly
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(Sz)~ < S(z7), but by hypothesis |Sz| = S|z|, or (Sz)" + (Sz)” = S(z*) + S(z7),
so that (Sz)™ = S(z™) and (Sx)~ = S(x7) for any z in X. Therefore, for z,y in X,
Svy) = S+ ((y—=z)v0))
= Sz+S((y—=)")
= Sz+ (S(y— x))Jr
= Sz+ (Sy— Sz)*
= (Sz)V (Sy).
Similarly S(z Ay) = (Sz) A (Sy), and S is a lattice homomorphism. ]

Example 2.1.20. Consider the linear map S : R? — R? given by
Sr,y) = (z+y,2+y).

Then S is positive since for  and y both nonnegative, x 4+ y is nonnegative. But S
is not a lattice homomorphism since

1S(=1, D[ =[(1-1,1-1)| = (0,0)

and
Linear transformations of this type will be discussed in detail in Chapter 3.
2.1.2 Complexification of Real Banach Lattices

For a real vector space V', the complexification V¢ of V' is the additive group V @iV
together with scalar multiplication from C defined by

(a+1b)(x + iy) = ax — by + i(ay + bx).

For a (real) vector lattice X, which has the modulus function |z| = ™ + z~, the
function |- | : X¢ — X is defined by

|z| = |z +iy| := sup |cosfz + sin Oy (2.1)
0<o<2m

if the supremum exists in X. Note that z € X¢ implies that |z| € X.

Remark. The supremum in (2.1) may not always exist in X. An example of when
existence of the modulus may fail is given in Example 2.1.29.

Definition 2.1.21. A complex vector lattice is the complexification X¢ of a real
vector lattice X such that the modulus (2.1) exists for all z =z + iy in Xc.

Proposition 2.1.22. Let X¢ be a complex vector lattice. Then |-| as defined in (2.1)
satisfies:

1. |z| =0 for all z € X¢;
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2. |z| =0 if and only if z = 0+ i0;
3. |laz| = |a||z| for alla € C and z € X¢;
4. |21+ 20| 2|z 4 |z2| for all 2y, 2 € Xc.

Proof. 1. For any z = x+iy in X¢, | cos Oz +sin fy| = 0 for all # by Proposition 2.1.6,
so that

|z| = sup |cosfx + sinfy| = 0.
0<f<2m

2. For z =z + 1y,
|2|=0 = sup |cosfzx+sinfy| =0
0<0<2m
: T .
= | cos 0z + sin Oy| < 0 and | cos §x+81n§y| <0
= x=0andy=0
= z=0+10,

where Proposition 2.1.6 was used. For z = 0 4+ i0,

|z| = sup |cosf0 + sin 60
0<0<2m

= sup 0]
0<0<2m

= 0,

again, by using Proposition 2.1.6.
3. For any z = o + iy in X¢ and any o = |a(cos ¢ +isin ¢) in C,

az = |al(cos ¢px — sin ¢y + 1cos ¢y + isin ¢z),

so that
laz| = sup |a|(cos@(cos¢x—sinq§y)—i—sin@(cosgby—i—sinqu))‘
0<6<27
= sup |al|(cos 6 cos ¢+sinfsin ¢)x+ (sin 6 cos p—cos f sin @)y|
0<f<2n
— Ja| sup |cos(8 — ¢)z +sin(0 — @)y
0<h<2m
= |a] sup |cosfz + sinfy|
0<0<2m
= oz,

where Proposition 2.1.6 and the remarks following Proposition 2.1.5 were used.
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4. For z; = 21 +iy; and 29 = x5 + iy in X,

|21+ 2| = sup |cosf(x1 + x2) 4 sinO(ys + yo)|
0<h<2m
= sup (|cosfxzy + sinby| + | cosfzy + sinbys|)
0<0<2m
< sup |cosbizy +sinbiyi| + sup |cosbexs + sinOoys|
0<61 <27 0<0 <27
= |a1| + |z,

where Proposition 2.1.6 and the remarks following Proposition 2.1.5 were used. [

Definition 2.1.23. Let X¢ be a complex vector lattice such that the vector lattice

X has a lattice norm || - ||. Then a norm |- ||c on X¢ satisfying [|z|c = |[|z]|| for all 2
in Xc¢ is called a lattice norm. A complex Banach lattice X¢ is the complexification
of a Banach lattice X endowed with the lattice norm || - ||c.
Let X¢ be a complex Banach lattice with lattice norm || - [|c. If |z1] < |22/, then
Iz1lle = ||zl [| < [[l22l]] = ll22le,
since || - || is a lattice norm. Therefore, |z1| =< |2z2| = ||21]lc < ||22]|c for any lattice
norm || - ||c.

Remark. As in the case of C over R, no attempt is made to extend the order < on X
to Xc¢. Therefore it is important to note that the term complex vector lattice does
not imply directly a lattice structure, but rather that the complex vector space was
derived from a real vector lattice.

Example 2.1.24. As in Example 2.1.8, R with the order < and the Euclidean norm
is a Banach lattice. The complexification of R is the vector space C, and for any
z=x+1iy in C, (2.1) gives

|z| = sup |cosfx + sinfy].
0<0<2m

This supremum exists in R as it is the supremum of a set of positive numbers bounded
above by |z| + |y|. In fact, if (z,y) is viewed as a vector in R?, then cos 0z + sin 0y is
the dot product of the unit vector (cos#,sinf) and (x,y). Thus, |cos @z + sinfy| is
maximized when (cosf,sin @) either points in the same direction or in the opposite
direction of (z,y). The unique 6y for which (cos 6y, sin 6y) points in the same direction
as (z,y) is called the argument of z, and the modulus of z will sometimes be labelled
as 7. Since (cosfp,sinfy) is a unit vector and (z,y) has modulus r,

(rcos by, rsinfy) = (z,y),

so that rcosfy = = and rsinf, = y, giving the identity 7% = 2 + ¢%.
The absolute value |- | on R is a lattice norm that makes it a Banach lattice, and
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the modulus | - | on C is a lattice norm since, for any z = z + iy in C,
|z| = sup |cosfx + sinfy|
0<h<2m
= | sup |cosfz + sinfy||
0<0<2m
= Il
Therefore, C with the modulus | - | is a complex Banach lattice.

Example 2.1.25. Asin Example 2.1.9, R™ for a positive integer n with the canonical
ordering and the Euclidean norm is a Banach lattice. The complexification of R" is
the vector space C", and for any x = u + iv in C", (2.1) yields

|z = sup |cos(f)u + sin(0)v|

0<0<27

= sup |cos(0)(u1,...,u,) 4 sin()(vy,...,v,)|
0<6<27

= sup |(cos(@)uy + sin(Q)vy, ..., cos(0)u, + sin(f)v,)|
0<0<2r

= sup (]cos(0)uy + sin(@)vy],...,|cos(d)u, + sin(0)v,]).
0<o<2rm

For each coordinate i, u; = r; cos(6;) and v; = r;sin(6;), so that
| cos(8)r; cos(6;) + sin(0)r; sin(6;)| = r;|(cos(8),sin(0)) - (cos(6;),sin(6;))|,

the absolute value of the dot product of the unit directional vector (cos(#),sin(6))
and the vector (cos(#;),sin(#;)) in the direction of z; in the complex plane, for which
the supremum exists since it is bounded above by 1 + 1 = 2, and it is attained for
0 <6 < 27 when 6 = 0;. Then,

75| (cos(6),sin(0)) - (cos(6;),sin(6;))| < ri(cos?(8;) + sin*(6;)) = ;.
Then |z| = (r1,..., 1) = (|x1], -, |za])-

To place a lattice norm || - ||c on C™ that agrees with the Euclidean norm || - || on
the subset R™ 410 of C”, it is required that

lzllc = ||l

= (2l JaD

Since R™ is a Banach lattice with the Euclidean norm and the modulus (2.1) exists
for all = in the complexification C", then together with the Euclidean norm (from
here written as || - ||), C™ is a complex Banach lattice.
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Example 2.1.26. As in Example 2.1.11, Li with the canonical ordering and the
lattice norm || - ||; is a Banach lattice. The complexification of L}, is the vector space
Lt = Ly ®iLg, so that for f in L, f = fi +ifs for real-valued integrable functions
fi, fo. Then, for f = f; +ifs and almost every z in [0, 1], define

[fI(z) = sup [cos(0)f1 +sin(0) faf ()

0<0<2

= sup |cos(d)fi(z)+ sin(0)fo(z)],

0<0<2m

since the order on Lg is defined pointwise. Similar to Example 2.1.25, if fi(z) =
r(z) cos(fp(x)) and fo(x) = r(z)sin(fy(x)), then for almost every z in [0, 1],

|fl(z) = sup ‘r(x)((cos(@) cos(fo(z))) + (sin(6) sin(@o(x)))>‘

= [r(@)l] cos’(Ba()) + sin®(Bo())]
= [r(2)]

Thus, |f|(z) = |f(x)| for almost every x in [0,1]. This supremum exists in Lf, since,
for almost every z in [0, 1],

|fl(z) = S | cos(6) f1 + sin() fo|(x)
< s (leos(O)f1](x) + [ sin(0) fol (=)
0<6<27
< sup |cos(bh)fi|(z)+ sup |sin(6s)fa](x)

0<0, <27 0<02 <2
= [Al(@) +[f2l(z)
= (Al +1f))(=),

so that [f| < |fil + [fol, and thus [|f] < [[fi] + [|fa] < oc.
The norm on L}, is given by || fi]l; = [ |f1] for all f; in L. Then extending the
norm to any f in L{ gives

I1£llc = ||1f]

which is well defined since |f| exists and is integrable. Since Lj is a Banach lattice
with the norm || - ||; and the modulus (2.1) exists for all f in the complexification
L¢, LE (from here written as L') together with the norm || - ||c (from here written as
| - |]1) is a complex Banach lattice.

R

Example 2.1.27. As in Example 2.1.12, Lg° with the canonical ordering and the
lattice norm || - || is a Banach lattice. The complexification of L is the vector
space L& = Lg® @ 1Ly, so that for f in L, f = f1 4+ ifs for real-valued essentially
bounded functions fi, fs.

As in Example 2.1.26, for f in L and for almost every z in [0, 1],

|fl(z) = [f(2)]
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Also, as in Example 2.1.26, if f = f; +ifs is in L, then

[fI < [fal + [ f2,

so that if || fi]|ec = M and || fo]lcc = M’, then for almost every z in [0, 1],

[f1(x) < [Al(@) + [ fol(z) < M+ M,

which implies that |f| is in L.
The norm on L is given by ||fi||cc = inf{M € R : |f1] < M a.e.} for all f; in
Lg. Then extending the norm to any f in L gives

1£lle = 1A s

which is well defined since |f| exists and is essentially bounded. Since L is a
Banach lattice with the norm || - || and the modulus (2.1) exists for all f in the
complexification L, L (from here written as L>°) together with the norm || - ||c
(from here written as || - ||oo) is a complex Banach lattice.

Example 2.1.28. As in Example 2.1.13, BV with the canonical ordering and the
norm || - ||py is a vector lattice. The complexification of BVg is the vector space
(BV)c = BV @ iBVg, so that for f in (BV)¢, f = fi +ifs for real-valued functions
of bounded variation fi, fs.

As in Example 2.1.26, for f in (BV)¢ and for almost every x in [0, 1],

|fl(z) = [f(2)]

Let f = fi +1ifs be in (BV)c and suppose that fi, fo are versions with minimal
variation. Let 0 = by < by < ... < by = 1 be any partition of the interval, then

Z|f(bi)—f(bzel)| = Z’fl ) +ifa(bi) = fi(bio1) — ifa(biz1)]
= Z| Ji(bs) = fi(bizr)) +i(fa(bs) — f2(bio1))]

Z|f1(b fl i—1 ’+Z|f2 f2 i— 1)’
< \/f1+\/f2

<

IA

which implies that the variation of f is bounded in the sense of a complex valued
function (ie. f € BVg). This shows that (BV )¢ — BV in a natural way. It is
an easy exercise to establish a similar embedding BVe < (BV)¢. Thus, from here
(BV)¢ = BV will be written as BV.
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Define the norm || - ||c on BV by

£l =\ £+ 1A, =V £+ 1flh < o,

as f = fi1 +ifs in BV @ iBVg implies that f; and fy are both integrable, so that f
is integrable as in Example 2.1.26.
Since BV is a vector lattice and the modulus (2.1) exists for all f in the com-

plexification BV, BV together with the norm || - ||¢ (from here written as || - ||sv)
is a complex vector lattice and a Banach space, however it is not a complex Banach
lattice in the sense of Definition 2.1.21 since || - ||py is not extended from a lattice
norm.

This next example shows that the complexification of a real vector lattice is not
always a complex vector lattice.

Example 2.1.29. The vector space F' of continuous piecewise linear real-valued
functions on [0, 1] with finitely many pieces as described in Example 2.1.14 is a real
vector lattice when given the canonical ordering. Let F be the complexification of
F. Then, considering f = f; +ifs in F¢ where fi(z) =1 — 2 and fy(x) = x, the set
of functions

{Icos(0) f1 + sin(0) f2}

is bounded above by the constant function 2 (which is in F) since f; and fs are both
bounded above by the function 1.
For any z in [0, 1],

[f(x)] = sup [cos(0)f1(x) + sin(6)f2(z)]

0<0<2m

= sup |cos(#)(1—z)+ sin(h)x|
0<f<2r

= (1 —x)%+ 22

= V2?2 —-2r+1,

so that for any upperbound fy on the set {| cos(6)fi + sin(0) fo|} must satisfy

fo(z) > V222 —2x+ 1

for all x in [0, 1].

A plot of the function f = v/222 — 2z + 1 shows that f is strictly convex. Then
for any upperbound fy in F of the set {|cos(6)f1 + sin()f2|}, by the strict convex
nature of f, it is possible to construct a new upperbound & in F such that h < f;.
Thus the set of upperbounds is not uniquely bounded below in F', and therefore the
supremum |f| does not exist in F.

Definition 2.1.30. Let X¢, Y¢ be complex vector lattices and let S : X¢ — Y be
a linear map. S is called real if SX C Y (where X is viewed as the subset of X¢ of
all 410 for z in X, and similarly for V). S is called positive (written S > 0) if it
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Figure 2.1: f(z) =222 -2z + 1

is real and its restriction to X is positive. S is called a lattice homomorphism if it is
real and its restriction to X is a lattice homomorphism.

Remark. Thus an operator S : X¢ — Y is positive if the positive cone of X is
mapped into the positive cone of Y, and is a lattice homomorphism if it is a lattice
homomorphism from X to Y. Since there is no lattice structure defined on the larger
space X¢, this is the only requirement for S to be a lattice homomorphism.

Theorem 2.1.31. Let Xc¢, Yc be complex vector lattices and let S : X¢ — Y be a
linear map. S is positive if and only if |Sz| = S|z| for all z in Xc.

Proof. Suppose that S is positive. Then, for any z = x + iy in X¢, Sz = Sx + 1Sy
where Sz and Sy are in X (since S is real) and

|Sz| = sup |cos(f)Sx + sin(0)Sy|
0<<2r
= sup |S(cos(d)z +sin(d)y)|.

0<o<2m

For any 6y,
| cos(0p)x + sin(fy)y| < sup |cos(f)x + sin(0)y|,
0<6<2m

so that

S|cos(By)z + sin(fy)y| < S sup |cos(f)x + sin(0)y|
0<o<2n
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for any 6y. But
S (cos(bo)z + sin(bp)y)| < S| cos(bo)z + sin(6y)],
since S is positive. This implies that

sup |S(cos(f)z +sin(@)y)| XS sup |cos(d)z + sin(f)y| = S|z|,
0<6<2r 0<f<2m

and hence |Sz| < S|z
Conversely, suppose that [Sz| < S|z| for all z in X¢. For any xy = 0 in X,

Then for any x in X, Sz* = 0 and Sz~ > 0 and in particular
Sat — Sa~ =S(at —27) =Sz

is in Y, so that S is real. But since |Sz| =< S|z| for all z in X¢, |Sz| < S|z| for all =
in X, and by Theorem 2.1.16, S is positive on X. Thus S is positive on Xc. O]

In Section 11 of Chapter II in [24], Schaefer states the following result. Since it
is not used in this work, it is given without proof.

Theorem 2.1.32. Let X¢, Yc be complex vector lattices and let S : X¢ — Y be a
linear map. S is a lattice homomorphism if and only if |Sz| = S|z| for all z in Xc.

2.2 Frobenius-Perron and Koopman Operators

Let T be a measurable transformation on ([0, 1],3,m) such that, for measurable
sets A € B, m(T~'A) = 0 whenever m(A) = 0. Such a measurable transformation is
called nonsingular. Then, T has associated with it an operator K7 on L*°([0, 1], B, m),
called the Koopman operator for T, that is defined by the relation

Krg=goT (2.2)

for any function g in L*. The nonsingularity of 7" here is necessary since for versions
g1, G2 of g1, 90 € L™, g1(x) = go(x) almost everywhere implies that §;(Tz) = go(Tx)
almost everywhere.

Theorem 2.2.1. Let Kt be the Koopman operator on L™ for a nonsingular trans-
formation T' on [0,1]. Then

1. K is a lattice homomorphism;
2. TV is measurable and nonsingular for any positive integer N, and Kpn = KX

Proof. 1. For any ¢y, g in L,

Kr(g1V g2)(z) = (g1 V g2)(Tz) = gi(Tx) V g2(Tx) = Krg1 V Krga()
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almost everywhere, so that Kp(g1 V ¢2) = Krg1 V Krge. Similarly, Kp(g1 A g2) =
Krg1 AN Krgs and thus Kr is a lattice homomorphism.

2. For N = 1, T' = T is given to be measurable and nonsingular. Suppose
for some N > 1, TV is measurable and nonsingular. Then TV*! = T o TV and
(TNT1)=1 = T=N o T~1. For any measurable set A, T~'A is measurable, since T is
measurable, which implies that T-NT71A = (TN*1)71 A is measurable, since T is
measurable, so that TV is measurable. If m(A) = 0, then m(T~1A) = 0, since T
is nonsingular, which implies that m(T-VT1A) = m((TV1)7*A) = 0, since TV is
nonsingular, so that ¥+ is nonsingular.

By repeated applications of (2.2), for any g in L™

Kévg:KijflgoT:KF}V*ngTQZ... =goTV = Kyny.
Since g was arbitrarily chosen, K = Kpn. O

T also induces an operator Pr on the space L'([0, 1], B, m). Suppose that f is in
L', and consider the finite signed measure du = f dm. Composing p with -1 gives
a new finite signed measure po T~! < m as follows:

o (poT 1) (A)= [, fdm, forall A€ B;
o if m(A) =0, then m(T~'A) = 0 so that (uo T ")(A) = [, .., fdm =0.
By the Radon-Nikodym Theorem [11], there exists f € L' such that

Then define Prf := f. This gives the equation

/APdem:/T_lAfdm, (2.3)

which is Equation (1.1), or equivalently

/(PTf)lAdm:/f(KTlA)dm. (2.4)



23

Then for any simple function ¢ = > " | a;14,,
/(PTf)gbdm = > a /(PTf)lAi dm
i=1
= Zal/f(KTlAl)dm
i=1

— /f(KTiailAi)dm
~ [ ftxro)dm,

where the linearity of both the integral and K was used. For any ¢ in L*°, there
exists a sequence ¢, of simple functions such that 0 < @] < |po| < ... <|g|, ¢n — g
uniformly and versions of ¢, converge pointwise almost everywhere to the versions
of g ([11]). Then by twice applying the Dominated Convergence Theorem from [11],

n—oo

/(PTf)gdm = lim [ (Prf)¢,dm

= lim [ f(Kr¢)dm

= 7:(KT9) dm,

since versions of Kp¢, converge pointwise almost everywhere to versions of Krg.
Thus, the Frobenius-Perron operator Pr and the Koopman operator K satisfy the
relation

[rngam = [ sirg) o (25)

for any f in L' and any g in L>™. The act of integrating integrable functions against
a bounded function, as in Equation (2.5), gives a bounded linear functional on L'
(ie. an element of (L')*), and as is shown at the begining of Section 2.3 K is thus
the dual of Pr. More basic properties of Pr: L' — L! are collected below.

Definition 2.2.2. A measure p that satisfies u = po T~ is called invariant (with
respect to T'). An invariant measure that is absolutly continuous (with respect to m)
is then called an absolutely continuous invariant measure, or briefly acim.

Theorem 2.2.3. Let Pr be the Frobenius-Perron operator on L' for a nonsingular
measurable transformation T on [0,1]. Then

1. Pr is linear and positive;
2. [Prf = [ [ forevery f in L*;
3. N Prfllv = Ilfll for f =0 in LY
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4. TN is measurable and nonsingular for any positive integer N, and Prx = P ;

5. For f in L', dp = fdm is an acim if and only if Prf = f.
Proof. 1. By the definition of Pr in (2.3), for fi, fo in L', a,b in C and any A in B,

/APT(afl—i-bfg) = /TlAaf1+bf2

SRy SR

- a/APT(fl)er/APT(ﬁ)
_ / aPr(f1) +bPr(fa),

where the linearity of the integral was used. Since A was an arbitrarily chosen
measurable set, Pr(af, + bfy) = aPrfi + bPrfs, and hence Pr is linear.
Let A be any measurable set and suppose f > 0. Then, by (2.3)

/APTf:/T-lAfZO'

Since [ 4 Prf > 0for any measurable set A, Prf > 0. Therefore, by Definition 2.1.30,
Pr is positive.
2. Let f be any function in L. Since T7[0,1] = [0, 1], by (2.3)

/Psz/OIPszfT_l[O,”fzfolfz/f.

3. Let f >0, so that Prf > 0 and

1Pefl = [ 12ef1= [ Pes = [ 1= [171=150

4. As in Theorem 2.2.1, TV is measurable and nonsingular. For any f in L! and
any measurable set A, by repeated applications of (2.3)

/P%Vf:/ PYf = P{Y‘Qz...:/ f:/PTNf.
A T-1A T-2A T-NA A

Since the functions PY f and Pp~ f integrate to the same number over any measurable
set A, they are in fact equal. Since this is true for any f in L', PY = Ppw.
5. Suppose that du = f dm is an absolutely continuous invariant measure. Then,

for any measurable set A,
[rei=[ 5=
A T-1A A
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by (2.3), so that Prf and f integrate to the same number. Since A was chosen
arbitrarily, Prf = f.

Conversely, suppose Prf = f. Then du = f dm is absolutely continuous, and for
any measurable set A,

w(TLA) :/T_lAfz/APTf:/Afzu(A)

by (2.3). Therefore, p is an acim. O

From Theorem 2.2.3 Pr is a positive operator, and from (2.2) K71 = 1, so that
there exists a strictly positive linear functional ¢ on L', namely ¢(f) = [ fdm,
satisfying Kp¢ < ¢. This will be seen (proof of Theorem 4.1.5) to be crucial in
showing that the peripheral point spectrum of Pr is fully cyclic.

A transformation S on ([0, 1], B,m) will be called piecewise C? if there exists a
partition 0 = ag < a1 < ... < a, = 1 of the unit interval such that the restrictions .5;
of S to the subintervals (a;_1, a;) are C? functions which can be extended continuously
to functions on the intervals [a;_1,a;]. A transformation S will be called piecewise
C? and monotone if it is piecewise C? and it is monotone on each of its branches. As
is shown in [17], for a piecewise C? and monotone transformation S on [0, 1], and for
a version f of a function f in L,

Psf(a Z /(5 |S’ 1;(x), (2.6)

where S; is the branch of the transformation S on the interval [a;_1, a;], and 1;(z) is
the characteristic function of the interval S;[a;_ 1, a;].

A piecewise C? transformation S will be called expanding if inf(|S’|(x)) > 1, where
the infimum is taken over all x such that S is differentiable at = (note that this implies
S is monotone on each branch). Suppose now that T is required to be piecewise C?
and expanding on ([0, 1], B,m) (which implies nonsingularity) T hen, for any positive
integer N, T is piecewise C? on intervals of the form I;, NT'I;, (... N T~V VI,
and by the chain rule, |(TV) ()] > inf(|T"|)N > 1 for all z such that TV is differen-
tiable at x, so that 7% is piecewise C? and expanding.

The space BV = BV as discussed in Example 2.1.28 is a vector subspace of L.
Then Pr is a transformation from BV to L'. In [17] Lasota and Yorke derive the
inequality

\/PTNf<a||f||1+ ’T, N\/f (2.7)

for any positive integer N. T™ = 7 has partition 0 = by < b; < ... < b, = 1, so that
if 7; is the corresponding branch of 7 on the interval [b;_1, b;],

_ sup| d *1 | 2
inf |7, min;(b; — b;_1)

Z(N 1)
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is a positive number. Then, for the case N = 1, Pr maps BV back into BV.

Theorem 2.2.4. Let Pr be the Frobenius-Perron operator on BV for a nonsingular
transformation T on [0,1]. Then

1. Pr s positive,
2. TN is measurable and nonsingular for any positive integer N, and Prn = PN ;
3. For fin BV, du= fdm s an acim if and only if Prf = f.

Proof. All results follow directly from Theorem 2.2.3 since BV is an invariant sub-
space of L. O

2.3 Spectral Theory

Let X # {0} be a complex Banach space. Denote by .Z(X) the space of bounded
linear operators on X. The space of bounded linear forms (ie. complex-valued
bounded linear maps) on X is then a complex Banach space with the operator norm
and will be denoted by X*. This is called the dual space, or simply dual, of X. For
r € X and y € X*, the value of y at x will be written

y(r) = (2, y).

This is a bilinear functional (-,-) : X x X* — C. That is, the following properties
are satisfied:

o (ax,y) = afx,y) for all z in X, y in X* and « in C;

o (1 + x9,y) = (x1,y) + (x2,y) for all z1,29 in X and y in X*;

{
{
{
{

z, o) = afx,y) for all z in X, y in X* and « in C;
o (x,y1 + o) = (x,11) + (x,y2) for all x in X and y;,y, in X*.

For any B € Z(X), there exists a unique B* € .Z(X"), called the adjoint of B, such
that
(Bx,y) = (z, B"y)

for all z € X and y € X*. (For proofs of the above statements see [11])

Remark. It is possible that a dual space be constructed with the bounded semilin-
ear forms on X, so that y(x) = (z,y) is a sesquilinear functional on X x X* (e.
(x,ay) = a(x,y)). This is natural in the finite dimensional case, as the norm is
directly described by this inner-product. However the bilinear functionald is de-
sired for the results for the Frobenius-Perron and Koopman operators, so it is used
throughout.

Definition 2.3.1. A bounded linear operator B in .Z(X) is called an isometry if
|Bz|| = ||z| for all z in X.
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Definition 2.3.2. The resolvent set p(B) of a bounded linear operator B is the set
of complex numbers A such that Al — B has bounded linear inverse. For A € p(B)
the resolvent operator (or simply resolvent) of B is the bounded linear operator
R(\, B) := (M — B)~!. The spectrum o(B) is the complement of the resolvent set,

ie. 0(B) =C\ p(B).
Theorem 2.3.3. The resolvent set p(B) for B € Z(X) is open. The function
R(\, B) is analytic for X in p(B).

Proof. Let A be a fixed point in p(B), and let p satisfy |u| < |R(\, B)||~!. Then, it
will be shown that p+ A € p(B). Since ||uR(\, B)|| < 1, the series

i R(\, B)F! = f: F(uR(\, B))*R(\, B) (2.8)

converges in the uniform topology of .Z(X). But then

(A+wI=DB)S(p) = (M —B)S(u)+ pS(p)

o0

= (O = B)ROL B!
£ 37 u(—p) RO, B
= > (RO B

k

~ I
Therefore A + u € p(B) and R(A + u, B) admits the series expansion S(u) given by
(2.8), so that R(A + u, B) is analytic at the point u = 0. O

Corollary 2.3.4. For any A € p(B), if d()\) is the distance from X to the spectrum
o(B), then

1
R\, B)|| > —.
Proof. From the proof of Theorem 2.3.3, if |u| < ||[R()\, B)||™!, then A + u € p(B).
Thus, d(\) > ||R(A, B)|| 7!, so that the statement follows. O

Remark. From Corollary 2.3.4 it is immediate that ||R(A, B)|| becomes unbounded
as A approaches the spectrum.
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Theorem 2.3.5. The spectrum o(B) for B € £ (X) is compact and nonempty.

Proof. For [A| > ||B]|, | £]| <1 so that the series R(\) = Yoo A],f—il converges in the
norm of .Z(X). Then

(M —-B)R(\) = > &~ 2

A ~

Similarly R(A)(AM — B) = I, and A € p(B) with R(\, B) = R()), so that o(B) is
bounded. From Theorem 2.3.3 p(B) is open, so that ¢(B) is closed. Hence o(B) is
compact.

Suppose that o(B) is empty. Then by Theorem 2.3.3, R(\, B) is an entire func-
tion. Since

R(1/A) =AY MB*,
k=0

which is equal to 0 when A = 0, R(\, B) is analytic at infinity. Thus, by Liouville’s
Theorem, R(\, B) is constant. Since R(\, B) =Y.~ /\f—fl —0as A\ — oo, R(\,B) =
0 for all A, which is contradictory to the assumption that R(A, B) is invertible at A,
since X # {0}. Therefore o(B) is not empty. O

Since the spectrum of a bounded linear operator is a bounded set in the complex
plane, there exists a least upper bound on the set {|A| : A € o(B)}.

Definition 2.3.6. Let B € Z(X). The spectral radius r(B) of the bounded set
o(B) is
r(B) =sup{|A| : A € o(B)}.

Remark. Since all of the singularities of the analytic function R(A, B) lie in the disk
{\ € C: |A] < r(B)}, the Laurent series about infinity >, , B¥/A*! from the proof
of Theorem 2.3.5 converges for |A| > r(B) to the resolvent of B at .

The Principle of Uniform Boundedness is an important tool in the study of
bounded linear operators of a Banach space. It is stated here and the reader is
referred to 11.3.20-21 of [9] for the proof.

Theorem 2.3.7. Let B,, be bounded linear operators on a Banach space X. Then
the following statements are equivalent:

e sup,, || Bl < oo;
e sup, ||B.z|| < oo, Vo € X;
e sup, |(B,x,y)| < oo, Vr e X, Yy € X*.
Lemma 2.3.8. For By, By € Z(X), ||B1Bs|| < || B1||||B]|-
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Proof. Let x be any element of X. Then
|B1Boz|| < || B ||| Boz|| < | Ball[| Bz l|]|-

Thus, || B1Bs|| < || Bi|[| B2]|- O

Remark. From this simple lemma, it can be shown that || B*|| < ||BJ|¥ for k > 2 by
induction. But the case when k = 1 is trivially true, since || B|| = || B|| = || B||*, and
for ||B|| # 0 the case when k = 0 is true, since ||B°|| = ||I]| =1 = || B||°.

The following Theorem depends on a standard result on subadditive sequences,
namely that for a subadditive sequence by, limy_. % exists and is equal to infy %"
(possibly taking the value —o0). The reader is referred to [10] or [26] for a proof of
this result.

Theorem 2.3.9. Let B € £ (X). Then

r(B) = lim ||BY|"* = inf || B*|'* < || B].

Proof. Suppose that || B|| # 0. Since || B*||'/* > 0 for all positive integers k,

irk{fHB’“Hl/’“ > 0.

Since || B|| € {||B*||*/* : k = 1,2,...}, it is immediate that

inf | B*|['* < || Bl

Let b, = log(||B¥||). Then, since |B"™™| < ||B"||||B™|| by Lemma 2.3.8,

Then by, is a subadditive sequence, and by the standard Theorem 4.9 in [26] (originally
from [10]), limy bf exists and is equal to infy, % (possibly being equal to —o0).

Denote for the rest of the proof limy || B¥||'/* by I. Given ¢ > 0, if |A\| > [ + ¢,
there exists n such that

AITHIBRIYS < (U4 €)M+ €/2),

B¥ < [+¢/2\"

Nell =\ l+e )
Therefore, since € was arbitrary, the series .~ A~ B is now shown to converge
for |[A\| > [. Again, the simple calculation from Theorem 2.3.5 that

for all k£ > n, so that

A =B)Y s =2 M = B) =1
k=0 k=0
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shows that this series is the resolvent for A. Thus r(B) <.
Let z € X and y € X* be given. Then the function

A= (R(A, B)z,y)
is analytic for |A\| > r(B), since the resolvent is analytic in p(B). This implies that

the series
> ()

k=0

Bk
<W!E,y>' < 00,

so by the Principle of Uniform Boundedness

converges for |\| > r(B). Thus

sup
k

k

\FHL < My < oo,

sup
k

and hence || B*||'/* < |\|(M|A])'/*, which shows that [ < |A|. But A was chosen
arbitrarily to satisfy |A| > r(B), so that | < r(B).

Suppose now that ||B|| = 0, which implies that B = 0. Then it is immediate
that || B*||'/¥ = 0 for any positive integer k. Thus infy, || B*||'/* = 0 and lim, || B¥||'/*
exists and is equal to 0. Then it only remains to show that r(B) = 0. But for any
A # 0, A\l — B = M\, which is bounded and has an inverse (namely A~'7). Thus
o(B) = {0} which implies that r(B) = 0, and the proof is complete. ]

Another tool that is important in the study of bounded linear operators on a
Banach space that will be needed here is the Bounded Inverse Theorem. It is stated
here and the reader is referred to [9] for the proof (11.2.2).

Theorem 2.3.10. (Bounded Inverse Theorem) If B is a bounded linear bijective
operator on X, then B~ is also a bounded linear (bijective) operator on X.

Thus, in order to show that R(\, B) does not exist as a bounded linear operator,
it suffices to show that A\I — B is not bijective. Then the spectrum may be broken
down into smaller sets where bijectivity fails in different ways.

Definition 2.3.11. The spectrum o(B) for B in .Z(X) is divided into three mutually
disjoint parts:

e 0,(B):={\e€C: A — Bisnot 1-1};
e 0.(B)={A€C: A —-Bis 11 and (Al — B)X = X, but (A — B)X # X};
o 0,(B):={A€C: A\ — Bis -1, but (\ — B)X # X}.

The sets 0,(B), 0.(B) and o,(B) are called the point spectrum, continuous spectrum
and residual spectrum, respectively. o(B) = 0,(B) U o.(B) U o, (B).
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Definition 2.3.12. Let B € Z(X). The set

0.(B):={A € C : there exists a sequence x, in X with
|z,]] =1 and lim [[(AM — B)z,|| = 0}

is called the approximate point spectrum of B.

It is immediate that the point spectrum is a subset of the approximate point
spectrum. It can also be shown that the continuous spectrum is a subset of the
approximate point spectrum (see [7]). Another useful fact of o,(B) is that it contains
the boundary of the spectrum.

Theorem 2.3.13. Let B € Z(X). Then 0,(B) is a subset of o(B). The boundary
of the spectrum Oo(B) is entirely contained in the approximate point spectrum o,(B).

Proof. First, suppose that A € p(B). Then for any x € X

el = 1=, B)(M = B)|
< [[RO\ B)I(M = B)x|],

so that ||(A — B)z|| > ||R(\, B)||™! > 0 when ||z|| = 1. Thus any sequence |[(A] —
B)z,|| is bounded away from 0 when ||z,|| =1, so 0,(B) C o(B).

Now, suppose that \g € do(B). Let € > 0. Since ) is in the boundary of o(B),
there exists A € p(B) such that |A — \g| < €/2. By Corollary 2.3.4

IR, B)|| = >

Y

1 2
€

where d()) is the distance from the spectrum. Then x can be chosen such that
|z]| =1 and

RN, B)z|| =
R(\,B)x
Define xy = m, so that ||zo|| = 1. Then

(Aol = B)zoll < (Ao = M)lllzoll + [|(AL = B)oll

_ eyl
2 [[R(\ B)x||

< € b 3e

S 3 €= 5

Thus given a sequence €, decreasing to 0, there exists a sequence z,, such that ||z, | =
1 but ||(Aof — B)zy,|| < €n, so that A\ € 0,(B) and the proof is complete. O

The following Lemma is result VI.2.7 from [9]. The reader is referred there for
the proof.
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Lemma 2.3.14. Suppose B is a bounded linear operator on X. Then B has bounded

linear inverse B=' if and only if B* has bounded linear inverse (B*)~'. Moreover,
(B*)—l — (B_l)*.
Proof. VI.2.7 from [9]. O

Theorem 2.3.15. Let B € £(X). Then o(B) = o(B*) and for A € p(B) = p(B*),
R(\, B)* = R(\, B¥).

Proof. Let A € p(B). Then (Al — B) is invertible. Therefore, by Lemma 2.3.14, so is
(M — B)* = (A[* — B*) on X* and so A\ € p(B*).

Now suppose A € p(B*). Then, similar to the above, A € p(B**). Consider for
arbitrary x € X and y € X*

(M =B)M™ = B™) e —x,y) = (A" =B")")z,(\[" = B")y) — (z,y)
= (2, (\[" = B") (A" = B )y) — (2, y)
= 0.

Therefore, by the Hahn Banach Theorem (A — B)(A[** — B**)~'z = x. A similar
argument shows (A\[** — B**)"}(A\I — B)x = x, so AI — B is invertible. Therefore,
A € p(B). Thus, p(B) = p(B*) and so o(B) = o(B*).

By Lemma 2.3.14, for A € p(B) = p(B*),

R\, B*) = (AI*—B)"!
= (M-B)7)
— R(\ BY,

and the proof is complete. O]

Definition 2.3.16. The peripheral spectrum of B € Z(X) is the set {\ € o(B) :
|A| = 7(B)}. The peripheral point spectrum of B € £ (X) is the set {\ € 0,(B) :
Al =r(B)}.

Definition 2.3.17. Let B € Z(X) be a bounded linear operator such that (B) > 0.
Then, a subset S of the spectrum is called cyclic if, for all nonzero points A € S,
setting A = |\|w one has, for every k € Z, [\w* € S.

The notions of cyclic point spectrum and cyclic peripheral point spectrum are the
central focus for the next two chapters. The main results will be that the peripheral
point spectrum for positive n X n matrices and Frobenius-Perron operators is (fully)
cyclic. The definition of fully cyclic will follow in the next chapters.



33

Chapter 3

Spectrum of Positive n x n Matrices

In this chapter the theory of positive square matrices over C is developed. Throughout
the entire chapter, all matrices will be square n x n matrices for some given dimension
n.

3.1 Positive Matrices

Recall from the Preliminaries that C" is a Banach lattice when equipped with the
Euclidean norm:

For x in C", x > 0 will mean that z; is real and greater than or equal to 0 for all
i € {1,...,n}, while x > 0 will mean that x > 0 and x # 0. 2 > 0 will mean that
x;>0forallie{l,...,n}

The space of bounded linear operators on C" is denoted .Z(C™), and each bounded
linear operator B can be represented by a matrix A = {a;;} under some given basis
(for the domain and range). Thus, when the basis is chosen, a matrix may be in-
terpreted as a bounded linear operator and the results on bounded linear operators
from the Preliminaries apply. C"*", the space of n x n matrices over C, inherits its
norm from C™:

A
4] = sup 1421
]

From Definition 2.1.30, an n x n matrix A over C is positive (written A > 0) if
>0 = Az >0.
Remark. If A is a positive matrix, then given a positive integer k,
t>0=Ar>0=...= A"z >0,
so that A* > 0.

Proposition 3.1.1. An n x n matriz A = {a;;} over C, where the coefficients a;;
are taken from the standard basis representation, is positive if and only if a;; > 0 for
alli,je€{1,...,n}.
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Proof. Suppose A is positive. Fix [ in {1,...,n}. Then the standard basis vector
e; = (01, ..., 0p,) Where
1 ifi=1,

if i £ 1,
is positive, so that

n n

Ael = (Z aljéjl, ey Z anj5ﬂ> = (au, N ,anl),

j=1 j=1

which is the [th column of A, is positive. This means that the entries in the [th
column of A must all be greater than or equal to 0. Since [ was arbitrarily chosen,
a; > 0foralli,je{l,...,n}

Conversely, suppose a;; > 0 for all 4,j € {1,...,n}. Let x > 0. Then z; > 0 for
all j € {1,...,n}, and

n n
Ax = ( E A15Tj5, ..., E anjl‘j).
J=1 J=1

Since a;; > 0 and z; > 0, Z?Zl a;jz; > 0 for all ¢. Therefore, Az > 0 and hence A is
positive. u

-(20)

under the standard basis is a positive matrix. By performing a simple change of
basis, the matrix can be given a different form:

After the change to the basis {(==, - \—fl

), (J5

V27 V27 N2
( 0

which has —1 as an entry. Thus there may exist representations of a positive matrix

that do not have all nonnegative entries.

Example 3.1.2. The matrix

S5l

)}, the matrix becomes

It is due to the simple characterization of positive matrices in Proposition 3.1.1
that the only form of matrices that will be considered throughout this work are
standard basis representations (so that the basis for both the domain and codomain
is chosen to be the standard basis).

From Definition 2.3.2, the spectrum o(A) of an n x n matrix A is the set of A € C
for which the matrix (Al — A) does not have an inverse. Since the dimension of C" is
finite, this can only happen if (Al — A) is not injective, and therefore A is in the point
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spectrum of A. Thus, if A is in the spectrum of A, there exists a nonzero solution
x to the equation (A — A)z = 0, or Ax = Az. These \ are called eigenvalues of A,
and the nonzero solutions x are called eigenvectors for A. Since an n x n matrix can
have at most n eigenvalues, the spectrum of A is a finite set in the complex plane.
R(\, A) = (M — A)~! is the resolvent operator and is defined on the resolvent set

p(A) =C"\o(A) ={A € C: (N — A) is invertible}.

From Definition 2.3.6, the spectral radius of A is r(A) = sup{|A| : A € 0(4)} =
max{|A| : A € o(A)}.

Recall (Theorem 2.3.3) that, for |A| > r(A), R(\, A) exists, is analytic and admits
the representation R(X, A) = > 7, Af—fl. Then, if A >0 and A > r(A),

0<z = 0< A"z VE>0

= Akx
= 0<) 5
k=0

= 0< R(\ A)z.

Therefore, A positive and A > r(A) imply that R(\, A) is a positive matrix.

The following is the Frobenius-Perron Theorem for positive matrices, and can
be found in [1]. The proof is included to motivate the calculations in the infinite
dimensional cases. Recall from Example 2.1.25 that > 0 means that x > 0 but
x # 0, and from Equation (2.1) |z| = (|z1], ..., |z.])-

Proposition 3.1.3. If A > 0, then r = r(A) is an eigenvalue of A with at least one
eigenvector x > 0.

Proof. Let X be an eigenvalue of A such that |A\| = r and choose any sequence {\;}
of complex numbers with |;| > r such that {\;} converges to A. Then there exists
an eigenvector xg # 0 associated with A, so that

IR\, A)zo| = | A7 EH Abgy|
k=0
< DA
k=0
= Y I AR |
k=0
< Z|)\i|7(k+1)Ak|$0’
k=0
= R\, A)|zol,

where Theorem 2.1.31 was used in the second inequality since A > 0. Therefore
[R(Ai; A)zo| < R(|Af, A)|zo.
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Consider
()\Z] — A)ZL‘O = )\Z'ZL‘() — AZL‘O

)\Z‘QIO — >\SL’0

()\Z — )\)QL’O

Then R(\;, A)xo = (/\ /\) and |R(\;, A) :
proaches A, so that R(|\;|, A)|zo| > |R(N\i, A)zo| is also not bounded as \; approaches
A

Set z; = R(|\i|, A)|zol/IIR(|Nil, A)|zoll|. The set B = { € C* : ||z|| = 1} is
compact and z; € B for all ¢ > 1. Thus there exists a subsequence {z; }of {z;}
converging to a point = in B. Since z;, > 0, x > 1. Then,

(T] B A)Z“ - ((’I" - |/\lz| + |>‘Zz|)] - A)Zu
= ((r =D+ (N = A)) 2,

R(al, Ao
= (r— |z, + (NI —A
(r=Xahz (Al = Ay Dz
|0
= T — /\il sz"’ .
=Dz R Tl
Thus,
NI = Az = e = z) + (] — Az, + Az, — 2)]

< e =zl + 0L = Az [| + Az = 2,
< (r+ADNz =zl + 1[0 = A)z |
|z
= (r+||AlD]|z — 2 +Hr—)\i Zi, + H,
(r+ 1 ADNz = 2o [l + || (r = [Aal) 2, TR, Aol

for all 7. But this goes to zero as [ — oo if the final term does. The final term gives

|l | o
(r = i)z, + | < o= abzdi+1 |
H RN Aol o IR (A ], A)lzol
ol
= [r=1allllz -+
IR Aol |
1ol
= [r=1[Nll+ ,
RN Aol
which goes to zero as | — oo. Therefore, ||(r] — A)z|| = 0 and hence Az =rz. [
For z € C, define
san(x) = |i—| if x £ 0,
T 0 it =0

For z € C", define sgn(x) by sgn(z); = sgn(x;) for 1 < i < n. For two vectors z,y
in C", define the product zy by (zy); = z;y;. C" equipped with this product is an
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algebra. In addition, for a vector z and a nonpositive integer k, define z* by

k .
o ) ox ifx #£0,
(5”)’_{0 if 2; = 0.

Recall from Definition 2.3.16 that the peripheral spectrum of an n x n matrix A is
defined to be the set {\ € 0(A) : |A\| = r}, where r = r(A) is the spectral radius of A.
Also recall from Definition 2.3.17 that if » > 0 the peripheral spectrum is cyclic when
lw| =1 and rw € o(A) implies that rw* € o(A) for all integers k, where |w| =1. A
partial result in this direction is the following.

Lemma 3.1.4. Let A > 0. If Ax = wx for some x # 0, |w| =1, and Alx| = |z|,
then A(|z|sgn(x)k) = w*(|z|sgn(z)*) for all integers k.
Proof. Since Ax = wx, for 1 <i <mn,

n

Z a;jT; = WT; = Z a;jlzjlsgn(x;) = w|x;|sgn(z;).

j=1
Since Alz| = |z|, for 1 <i <mn,

n

Z%ﬂ%’ |z;| = Zaij]a;ﬂwsgn(:ci) = w|z;lsgn(z;), 1 <i<n

=1
= Y aglujlwsgn(w:) =Y aijlaglsen(z;), 1<i<n
= j=1
sgn(z;) )
= aijlx; |<1 ————=1=0
(1 2282

for any 7 such that x; # 0, so that wsgn(z;) # 0.
Fix ¢ € {1,...,n} such that x; # 0. Then, for all j € {1,...,n} such that

aij|x]~| > 0,
Z a;jlz; (1 - jsg;gf])o = 0. (3.1)

o) |,

wsgn(x;)

Let P (y) denote the real part of the complex number y. Since |
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so that
sgn(z;)

i S VA |
wsgn(z;)

meaning wsgn(x;) = sgn(x;).

If z; = 0, then 37 | a;|x;| = 0 since A|z| = |z, and since a;;|z;| > 0 for all j, it
can be concluded that a;j|z;| = 0 for all j. Therefore, in either case, for any integer
k,

wrsgn(;)" = sgn(z;)*

whenever a;;|z;| > 0. So

n
D aglzilsen(ay)t = > aglaglsen(x))”
Jj=1 Jt agjlz;|>0
_ k k
= Z a;jlxj|wsgn(x;)
J: aijlz;|>0
n
= whsgn(a;)" Z ai;|z;l
j=1

= WFlalsgn(z;)".
Therefore A(|z|sgn(z)*) = w*(|z|sgn(z)¥) for all integers k. O

Remark. Lemma 3.1.4 shows that, for a positive matrix A, in addition to the spectrum
on the unit circle being cyclic, the corresponding eigenvectors rotate along with the
eigenvalues. This behaviour is called fully cyclic, and will be formally defined shortly
(Definition 3.1.10). The term fully cyclic will refer to a cyclic spectral decomposition.

Definition 3.1.5. Let H be a subset of {1,..,n}. Then the ideal Jy of C™ will be
defined as the subspace

Jy={zxeC':x;,=0Vie H}.

These are ideals in the algebra C™ closed under pointwise multiplication (ie. y € C"
and x € Jy implies that xy € Jg).

Remark. Given a vector x in C”, let J be the smallest subspace containing all vectors
yo such that |yo| < |z|, and let H, = {i : z; = 0}. Then given any y in J, there exists
b > 0 such that bly| < |z|, and in particular (bly|); = 0 for ¢ in H,. Thus J = Jy,
and the ideals in Definition 3.1.5 can be described in terms of the lattice structure
on C". Jy, is called the ideal generated by x.

Let Jy be an ideal of C", and suppose that Jy is invariant under A, that is
A(Jg) C Ju. Then there exist linear maps Ay, : Jy — Jg, induced by A on
the subspace Jy, and Ay, : C*/Jy — C"/Jy, induced by A on the quotient space
C"/Jg. The action of A, on elements x + Jy = & of C"/Jy is given by
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As is shown in [24],
o(A) = o (A | Jo(As). (3.2)

If A has the matrix representation (a,;;) under the standard basis, A, has matrix
equal to the submatrix (ay) where (k,l) € H® x H¢, and A, has matrix equal to
the submatrix (a,s) where (r,s) € H x H.

The space C"/Jy inherits the complex vector lattice structure from C™ pointwise,
as & > 0 if and only if z; > 0 for all ¢ in H, and |z| iﬁ\the element with representative
||, which has |z|; = |z;| for all ¢ in H. Thus |Z| = |z|.

Recall from Section 2.3 that the dual space of C" is the space of all linear func-
tionals on C", which can be identified with C™ under the inner product

y(r) = (z,y) = Z TiYi.

The Hermitian form Z?Zl x;y; is the natural choice to construct the norm on C",
however it is not used here as the regular dot product is consistent with the dual
used in the next chapter. From the dot product the adjoint of a matrix A is then the
transpose A*, and not the conjugate transpose A* that would be associated with the
Hermitian form.

Theorem 3.1.6. The peripheral spectrum of every positive matriz is cyclic.

Proof. Let A be a positive matrix. If r(A) = 0, then o(A) = {0}, which is trivially
cyclic. If r(A) > 0, it may be assumed without loss of generality that r(A) = 1,
since from the Spectral Mapping Theorem in [9], 0(8A) = fo(A) with § = %, SO
that scalar factors will not change the cyclic nature of the peripheral spectrum. Let
Az = ax where || =1 and x # 0. Then

2] = laf|z] = |az| = |Az| < Alz|

since |Az| < Alz| by Theorem 2.1.31. Therefore |Alz| — |z|| = Alz| — |z].

Denote by J the smallest ideal containing {A™|x| : m € Z,m > 0}. That is,
Ju where for each ¢ in H° there exists a nonnegative integer m such that A™|x| is
strictly positive in the ith coordinate, however for all ¢ in H, A™|z| is zero in the ith
coordinate for all nonnegative integers m. For any y in J, there exists a finite linear
combination ¢; A" |z|+. ..+ ¢;A™i|z| such that |y| < i A™|z|+...+¢;A™|z|. Then

|Ay| < Aly| < g A™z| 4+ ..+ ¢ A™ 2],

so that Ay is also in J. Thus J is an A-invariant ideal.

Since A is positive with spectral radius equal to 1, so is A* = A, so Proposi-
tion 3.1.3 may be applied to obtain 15 > 0 such that Alyy = yo. Define K to be the
subspace {z : (|z],y0) = 0}. This is an ideal since it consists of all vectors in C" that
are zero where v is strictly positive. This is also an invariant ideal under A, since
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for any z in K,

<|AZ|, y0> < <A|Z|a y0>

so that Az is also in K.
It will now be shown that a* € o(A) for all integers k. First assume that J = C".
Then if x is in K,

0 = (Jz|, 50} = (lz], (A") o) = (A™|[, o)

for all m, which implies that g, is everywhere 0 since J = C", which is a contradiction.
Therefore (|z|,y0) > 0 and x is not in K. However A|z| — |z| is in K since

(| Alz| — ]

Alz| =[], yo)

,Y0) (

= (Alz], y0) — (], o)
(
(

|£L‘|,Aty0> - <|£B|ay0>
||, y0) — (|z], y0) = 0.

Thus, if Z is the canonical representation of x in C"/K, then

= (Az)+ K
= (ax)+ K
= az,
and
Agld| = 2] = Ax(jz[+ K) = (J2] + K)
= (A + K) = (J2| + K)
= (Alz| = |z)) + K
= 0+ K
0,
or Agl|#| = |#|. Then from Lemma 3.1.4 o € o(Ag) for all integers k, and hence

a® € o(A) for all integers k by virtue of Equation (3.2).

Now assume that J # C". Then the same argument may be applied to the positive
matrix A|;, which is the restriction of A to J, with Aj;2’ = ax’, where 2’ # 0 is the
canonical image of x in J. O]
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Example 3.1.7. The n X n zero matrix

0 --- 0
0 --- 0
and the n X n identity matrix
1 0 0
|0
N |
0 --- 0 1

are both positive matrices for all positive integers n. The only eigenvalue of the zero
matrix is 0 and the only eigenvalue of I is 1. Hence the peripheral spectrum (and
indeed the entire spectrum) of both is cyclic.

Example 3.1.8. The 2 x 2 matrix

has the characteristic polynomial

pa(A) = (M)A =2) = (=3)(-1)
= AN —-2\-3
= A+ -3),

so that the spectrum of A is equal to the set {—1,3}. Thus the peripheral spectrum
is cyclic, however the entire spectrum is not cyclic since 1 = (—1)2| — 1| is not in the
spectrum.

Following the methods of the proof of Theorem 3.1.6, A’ = %A has spectral radius
equal to one. Then the vector z = (1, 3) is a fixed point for A’, so that J = C?. The
choice vector yo = (1,1) as a fixed point for (A’)" gives K = {0}. Thus A} = A'.

Example 3.1.9. The 6 x 6 matrix

O O o= OO
DO DO OO
O O ORINE= O
DN OO OO
_ o O O O O
SO = O OO
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has the characteristic polynomial

pa()) = <)\3 - ZAQ - 1) (N3~ 8)

- )()\2 ) A +1—iV3)(A+1+1V3)
- (>\—2)<>\+8+1\/;)(A+§—i\/§>~

C(A=2)(A—1—iV3)(A =1 +iV3),

so that the spectrum of A is equal to the set

The peripheral spectrum consits of the three points
{2,-1+iV3,-1 —iV3},

and thus is cyclic, however the entire spectrum is not cyclic since

1 v31 1 1+31
—gﬂ?\:’"—l—\—

is not in the spectrum.
A = %A has spectral radius equal to 1. Then the vector

—1§,—1+i\/§)

satisfies A’z = (— 5 +1 ‘[)x so that J ={y:y; = y2 = y3 = 0} # C". Thus

= (0,0,0,1,—=
(7?77 2

7=

S = O
O Ol

0
0
2

The vector
(2,2,1)

is a fixed point for the matrix (A];)", so that K" = {0}. Thus (A[,)x = A];.

Definition 3.1.10. Let A be an n x n matrix over C and let S be a subset of the
spectrum of A. S is called fully cyclic if, for all A # 0 in S and = # 0 in C" such that
Az = A\r with A = |A\|w and 2 = |z|sgn(z), then for all integers k, |\|w" is in S and
Alz[sgn(2)* = |Aw"|z[sgn(z)".

Informally, Definition 3.1.10 differs from Definition 2.3.17 in that, in addition to
the spectral points rotating in a cyclic manner, the corresponding eigenvectors rotate
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as well for a fully cyclic subset of the spectrum.

Theorem 3.1.11. Let A > 0. If there exists yo > 0 such that Alyg < r(A)yo, then
the peripheral spectrum of A s fully cyclic.

Proof. As in Theorem 3.1.6, it may be assumed without loss of generality that the
spectral radius of A is equal to 1. Let Az = ax where |a| = 1 and x # 0. The ideal
K, defined with respect to g, in the hypothesis, in the proof of Theorem 3.1.6 is then
equal to {0}. Then the equations Axt = az and Ak|z| = |Z| become Ax = ax and
Alz| = |z|, respectively. Now when the proof of Lemma 3.1.4 is applied, it is shown
that Alx|sgn(z)* = o|z|sgn(x)* for all integers k. Thus, the peripheral spectrum is
fully cyclic. m

Example 3.1.12. Since I(1,...,1) = 1(1,...,1) (and I* = I), I has fully cyclic
peripheral spectrum. This is immediate, since every vector in C" is a fixed point of

1.

Example 3.1.13. Consider again the matrix

O o o= OO
S OO O O
O O OkINE—= O
SN O O OO
_ o O O O O
SO = O OO

Then A%(2,1,4,2,2,1) = 2(2,1,4,2,2,1), so by Theorem 3.1.11 the peripheral spec-
trum is fully cyclic. If a = ’71 + i‘/Tg, the eigenvectors = for the peripheral spectral

points \ are:

A T

2 (1,2,4,0,0,0)
2 (0,0,0,1,1,2)
2o | (0,0,0,1, 0% 2a)
202 || (0,0,0,1, a,20°)

It is observed that for any pair A and x of an eigenvalue in the peripheral spectrum and
one of its corresponding eigenvectors, A(|z|sgn(z)*) = \¥|x|sgn(x)* for all integers k,
and it is confirmed that A has fully cyclic peripheral spectrum.

Example 3.1.14. Consider the matrix

A=

[ -
—_ O =
—_ o O

Then the characteristic polynomial is

paA) =A== 1) = (A= D*(A +1).
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Thus, the eigenvalues are +1 and the spectral radius is 1. The eigenvector for 1 is
(0,0,1), while the eigenvector for —1 is z_; = (1,—1,0). But |z_;| = (1,1,0) is not
a fixed point for A (note that it is a generalized eigenvector for the eigenvalue 1).
Thus, the peripheral spectrum of A is not fully cyclic.

For any y > 0,

Aly = (y2 + y3, v1 + Y3, Y3).

Thus A'y £ y, since y; < yo implies that y; < y» + y3, whereas y, < y; implies that
Y2 <Y1+ Y3

Definition 3.1.15. Let A = (a;;) be a positive n x n matrix. A is called row-
stochastic (or Markov) if Z?Zl a;; =1forall 1 <i<n. Ais called column-stochastic
if E?:l a;; = 1 forall 1 <j <n. Ais called doubly-stochastic if it is both row- and
column-stochastic.

Lemma 3.1.16. The spectral radius of a row- or column-stochastic matriz is equal
to 1.

Proof. Since the transpose of a row-stochastic matrix is column-stochastic and the
transpose of a column-stochastic matrix is row-stochastic, by Theorem 2.3.15 it suf-

fices to show only that the spectral radius of a row-stochastic matrix is equal to
1.
Let A be row-stochastic, and suppose that Az = Ax for x # 0. Then

n
)\.’L’i: E (Iij.ﬁﬂj
=1

for all 7 in {1,...,n}. Taking the modulus of both sides gives

n
Aai =) agag],
j=1

and by the triangle inequality

n
Mg < agglal.
j=1

Summing both sides over i then gives

n n n
D Dol <D0 alal
=1

i=1 j=1
n n

= DIl ay
j=1 i=1

n n
= 2ol =2 lail
j=1 i=1
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where the fact that ) | a;; = 1 for all ¢ for a row-stochastic matrix was used. Since
z#0,Y " |z;] >0 and thus |\| < 1. Therefore r(A) < 1.

Since A is row-stochastic, A1 = 1, so that 1 € o(A) and r(A) > 1. Thus
r(a) = 1. O

Theorem 3.1.17. The peripheral spectrum of a column-stochastic matriz is fully
cyclic.

Proof. Let A be an n x n column-stochastic matrix. Then A is positive with spectral
radius equal to 1, and

A ) = (D a0 Y am) =(1,...,1).
i=1 i=1
Thus, by Theorem 3.1.11, the peripheral spectrum of A is fully cyclic. O

The same cannot be said in general about Markov matrices.

Example 3.1.18. Following the lead of Example 3.1.14, consider the matrix

0
A:

Wik = O
Wi O =
wi—= O

Then A is a Markov matrix such that
A(1,1,1) = (1,1,1),

A(1,-1,0) = (—1,1,0) = —1(1,-1,0)
and 1 1
A(0,0,1) = (0,0, §) = 5(0, 0,1).

Thus the spectrum, which is equal to {1, —1, %}, is cyclic, however the peripheral
spectrum, which is equal to {1, —1}, is not fully cyclic since

A‘(la _17())’ = A(17 170) = (17 17 %) 7é |(17 _170)|

3.2 Lattice Homomorphisms

Recall that all matrices considered here are assumed to be given with respect to the
standard basis of C". As is defined in the Preliminaries, a linear operator and hence a
matrix A is a lattice homomorphism if and only if A(xVy) = AzV Ay and A(xAy) =
Ax N\ Ay for all x,y in C". Since lattice homomorphisms are positive, the results of
the previous section apply to lattice homomorphisms. First, a characterization of
matrices that are lattice homomorphisms.

Proposition 3.2.1. A = (a;;) is a lattice homomorphism if and only if A is a positive
matriz with at most one nonzero entry per row of A.
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Proof. Suppose that A is a lattice homomorphism. It has already been shown that
A is positive, so it remains to show that there exists at most one nonzero entry per
row. Fix i € {1,...,n}. Then the ith component of A(z V y) is D7 aii(z; V y;)
and the ith component of Az VvV Ay is 2?21 a;jT; V Z?Zl a;;y;, where x and y can be
chosen to be any vectors in C". If two entries a;, and a;, in the ith row are nonzero,
then let = be the vector with z;, =1, 2;, = —1 and z; = 0 for j # [4,l3, and let y be
the vector with y;, = —1, y, = 1 and y; = 0 for j # [4, l5, so that

Z%’(%‘ V) = ag,(1V —=1)+ag,((-1) V1)

- a’ill + ailz
7£ (aill - a’il2) \ (ailz - a’ill)

n n
= E aijxj V E aijyj-
j:l j:l

Therefore, A(xVy) # AzV Ay and by contradiction, A being a lattice homomorphism
implies that A is positive with at most one nonzero entry per row.

Conversely, suppose that A is positive with at most one nonzero entry per row.
Fix i € {1,...,n}, and if row ¢ has a nonzero entry a,j,, then given some z,y in C",
the ith component of A(x V y) is a;;,(z;, V y;,) = aij,xj, V iy, which is the ith
component of Az V Ay. Similarly, the ith component of A(x A y) is equal to the ith
component of Az A Ay. Therefore, when A is positive with at most one nonzero entry
per row, A(x Vy) = Az V Ay and A(z A y) = Az A Ay, and hence, A is a lattice

homomorphism. O
Remark. If T is a transformation on the indices {1,...,n} (ie. any function from
{1,...,n} back into itself), then the Markov transition matrix associated with T’

is the matrix A = (a;;) where ajriy = 1 and a;; = 0 if j # T4%. This matrix is
identical to the Koopman operator for 7" on C”, and by the above Lemma, is a
lattice homomorphism.

In the previous section it was shown that certain positive matrices have fully cyclic
peripheral spectrum. For lattice homomorphisms, it is true that the entire spectrum
is fully cyclic.

Theorem 3.2.2. The spectrum of an n X n lattice homomorphism A over C is fully
cyclic.

Proof. Suppose that Ax = Az, where x # 0 and A = pw where p > 0 and |w| = 1.
For i € {1,...,n}, since A is a lattice homomorphism,

(Alz]); = ay,

23] = lags ] = [(Aw)] = Aai] = plals.
Since ¢ was arbitrary, this shows that A|z| = p|z]|.
Fix ¢ in {1,...,n}. Suppose that row i of A has a nonzero entry a;;, and that z;,

is nonzero. Then, for [ in {1,...,n}, let y; = sgn(x;) so that aj,|z;,|y;, = pw|zi|y:
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and a;;,|z;,| = p|x;|. Since a;;|z;,| # 0, substitution yeilds

where y;,, w and y; are all complex numbers with modulus 1. Letting £ be any integer
then gives

yh =Wyl
so that
= plrilwty;
= syl
Now suppose that a;j;,|z;,| = 0. Then, for any integer k, the above equalities all

hold, with everything being equal to zero. Letting y = (¥;), it has been shown that
A(|z|y*) = pw*|z|y*, whence the spectrum of A is fully cyclic. O

If Ais an n x n lattice homomorphism, it may also occur that A’, the transpose
of A, is a lattice homomorphism. This means that each column of A has at most one
nonzero entry. Suppose that A is a lattice homomorphism, whose transpose is also a
lattice homomorphism, having m nonzero entries. Then there are n — m rows with
all zeros and n — m columns with all zeros. For each row ¢ with all zeros, let j; be
a uniquely chosen column with all zeros. For each row ¢ with one (unique) nonzero
entry, let j; be the unique column for which a;;, is nonzero. Then, given any ¢ in
{1,...,n}, a;; =0 for all j # j;.

Define T' from {1,...,n} to {1,...,n} by Ti = j;, so that Ti # TI for i # I
by construction. Then T is a permutation on the indices {1,...,n} and A is the
transition matrix for 7" with each position 7 scaled by the factor a;ir). Since T is a
permutation on a finite set, it can be represented uniquely as a product of disjoint
cycles.

Fix ¢ in {1,...,n}. Then there exists a positive integer p such that T?i = i and
T # 1 for any positive integer ¢ < p. Solving Ax = Az then yields

Qi(Ti)Ti = AT
Qri)(T20) X128 = AT
G(Tp—li)i.flji = )\pr_li'

If a(pas(rat1zy # 0 for all ¢ in {0,...,p — 1}, then

A
Tr1a; = TTa+14 (33)
Q(Tai)(Ta+10)

for all . Recurrent application of (3.3) gives Nx; = (@i(rs) - A(riy(r2i) - - - - - G(Tr-14)) Ti-
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Then, if z; #0, A = G/@i(Tiy  Q(Ti)(T23) " - - - (TP 14)i which has p solutions arranged
cyclically on the circle with radius equal to the geometric mean of the nonzero entries
a(raiyre+1s)- The corresponding eigenvector is then defined by (3.3) at the indices of
the cycle and zero off the cycle, since there is no communication between the disjoint
cycles. If z; = 0, then, by (3.3), zre; = 0 for all ¢, and there is no contribution to
the eigenvector.

If a(raiyra+1sy = 0 for some ¢ in {0, ..., p—1}, then the vector with z7e+1; # 0 and
z; = 0 for j # T will be an eigenvector corresponding to the eigenvalue A = 0.
Vectors with zpe+1; # 0 and x; = 0 for j # T+ where (raoi)(rao+1iy 7 0 will be
generalized eigenvectors corresponding to the eigenvalue A = 0.

In either case, p eigenvectors and generalized eigenvectors have been found for
a cycle of length p. This then gives a description for all of the eigenvalues and the
corresponding eigenspaces for the matrix A.

Example 3.2.3. Consider the matrix

S oo~k OO
_ o O O O O
SO = OO OO
SO OO = O
S OO oo
S OO OO

Then ay5,a53 and az; are nonzero, and asy, ass and age are nonzero, so that 1 —
5—3—1land 2 -4 — 6 — 2 are the disjoint cycles in the permutation 7". The

eigenvalues then satisfy
A = {/aisas3a3; = V1
and

\ = Yagsasgags = V8.

Thus, setting a = —% + i\/Tg, the eigenvectors x for each corresponding eigenvalue A
can be given as follows:

A x
1 (1,0,1,0,1,0)
a (1,0,02,0,,0)
a? (1,0,,0,a?0)
2 (0,1,0,2,0,2)
2a || (0,1,0,2a,0,2a?%)
202 || (0,1,0,2a2,0,2a)
Example 3.2.4. Consider the matrix
0100
00 01
A= 0000
0010
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Then the permutation 7" on the indices is the cycle 1 — 2 — 4 — 3 — 1. Since
Aey = 0, ey is the eigenvector for the eigenvalue 0, and since

A€2 = A264 = A3€3 = €1,
es, ¢4 and es are generalized eigenvectors for the eigenvalue 0.

Remark. If the nonzero entries a;r;) are allowed to be any complex numbers, then
the matrix A may no longer be positive, but the above method is still applicable to
find the eigenvalues and eigenvectors. The cyclic structure is still present, although
the eigenvalues may no longer rotate about the origin with reference to the real axis
in the complex plane (ie. each cycle may be shifted by some positive angle).
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Chapter 4

Spectrum of Frobenius-Perron Operators

4.1 Spectrum of Pr on L'

Consider the measure space ([0, 1], B, m), where [0, 1] is the unit interval on the real
line, B is the o-algebra of Borel sets on [0, 1] and m is the Lebesgue measure on
[0,1]. Recall from Section 2.2 that a measurable transformation 7" on [0, 1] is called
nonsingular if m(T'A) = 0 whenever m(A) = 0. Also, recall that the Koopman
operator Kp defined by Equation (2.2) in Section 2.2 for 7" on L* is given by the
relation K7rg = go T for all g in L*™. The basic properties of the operator K are
collected in Theorem 2.2.1.

The Frobenius-Perron operator Pr for T on L' is defined by Equation (2.3) in
Section 2.2 to be the operator that satisfies

Jpei=[ i (4.1

for all fin L' and A in B. More generally, as is given by Equation (2.5) in Section 2.2,
Pr is the operator that has Kr as its dual, or

/(PTf)g = /f(KTg) (4.2)

for all fin L' and ¢ in L.

For any f in LL, [|Prflly = [ |Prfl < [ Prlfl = [1f] = ], where equality
holds when f is positive. Therefore, Pr has norm 1. Similarly, P¥ for any positive
integer NV is a positive operator with norm 1, so that by Theorem 2.3.9 r(Pr) = 1.
More basic properties of the operator Pr are collected in Theorem 2.2.3.

As was shown in the previous section (Proposition 3.1.3) the spectral radius of
a positive matrix is an eigenvalue with a positive eigenvector. Similarly, it will now
be shown that, for the positive operator Pr on the complex Banach lattice L', the
spectral radius is in the spectrum. Since there may not always be peripheral point
spectrum, a slightly modified version of the proof of Proposition 3.1.3 is given. How-
ever, if there is peripheral point spectrum, the same proof as Proposition 3.1.3 may
be used, mutatis mutandis, to show that 1 is an eigenvalue with a corresponding
positive eigenvector.
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Proposition 4.1.1. For a nonsingular transformation T on [0,1], 1 is in the spec-
trum of Pr.

Proof. Recall that by Definition 2.3.6, the set {\ : [\| > 1} is entirely contained in
the resolvent set p(Pr), and so that by Definition 2.3.2 the Resolvent R(A, Pr) is
defined for all A such that |A\| > 1. Suppose that 1 is not in the spectrum of Pr.
Then the set of positive real numbers o > 1 has minimum distance to the spectrum
greater than some positive real number €. Then, by Lemma VII.6.11 of [9], there
exists a positive real number K such that £ is a uniform bound on ||R(«, Pr)|| for
a > 1.
For any complex number A with |A| > 1,

)\ PT Z )\ (k+1) Pk
k=0
as is shown in the proof of Theorem 2.3.5, so that for any f in L',

IR\, Pr)f| = IZA b0 Py f|

IN

Z IAEED PR |
k=0

= D INE|PEf
k=0

< D TP

k=0
= R(AL Pr)lfl;

where Theorem 2.1.31 was used in the second inequality since Pr > 0. Therefore

RO Pr)f|| = ||[IRO, Pr) Sl
< ||[R(IA], Pr)l ]|
< |[R(AL Po)|[||1£1]
= [[R(AL P[] £]

for all f in L' and all complex numbers A with [A| > 1. But ||R(|)\|, Pr)|| has the
uniform bound £. This implies that ||R(\, Pr)|| has a uniform bound for all A such
that [A] > 1, Wthh is contrary to Corollary 2.3.4 since, by definition of spectral
radius, there exists a spectral point A with |[A\| = 1 and hence a sequence {\;} such
that |A\;] > 1 and A\; — A. Thus, a contradiction has been met, and 1 must then be
in the spectrum. ]

Thus it may be concluded that 1 is always in the spectrum for the Frobenius-
Perron operator Pr for a nonsingular transformation 7. However it may not be
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concluded that 1 is always in the point spectrum, and hence there may exist nonsin-
gular transformations 7" with no invariant densities in L.

Example 4.1.2. Let T'x = 7, which is measurable and nonsingular. Then, for any

e >4
.

Figure 4.1: Tx = 3

version f of any function f in L', the Frobenius-Perron operator is given by
N 2f(2z) if0<

P = -

Tf (‘T ) { f % <

1
29
0 1 1. (43)

This comes from Equation (2.6) in Section 2.2, where there is only one branch (as

is shown in Figure 4.1), T~*(z) = 2z everywhere, |T"(z)| = 3 everywhere, and
T[0,1] = [0, 3]. Therefore, if f is to be a fixed point of Pp, it must be equal to 0 on

the interval (%, 1], which by Equation (4.3) in turn implies that it must be equal to 0

on the interval (1, 1] (since f(x) = 2f(2x) = 2-0), and so on, so that the only fixed
point of Pr is 0. Thus 1 is not in the point spectrum of Py.

While Proposition 4.1.1 ensures that 1 € o(Pr), this fact can be verified directly
as follows: consider the function 1 = 1j;;. Then there does not exist f in L' such
that (I — Pr)f = 1, since attempting to solve f = 1+ Prf implies that f must take
the value 1 on the interval (%, 1], which in turn implies that it must take the value 3

on the interval (%, 3], and 7 on the interval (%, 1], and so on, so that

1 o
2" —1
= =
0 n=1

Thus (I — Pr)L' # L' and 1 must be in the spectrum.

For a function f in L' or L*, define the argument of f as the function g in L™
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such that, for a version f of f, g has the version § where
i(z) =4 1w L@ A0,
0 if f(x)=0.

For g1, go in L*°, define g g, as the function with version ¢, g, obtained by pointwise
multiplication for versions §; and gs of g; and gy, respectively. In addition, for ¢ in
L> and a nonpositive integer k, define ¢* as the function with version

. g(x)* if g(z) # 0,
g"(x) = { g ifg(x) = 0.

for any version g of g.

Definition 4.1.3. Let P be a bounded linear operator on L! and let S be a subset
of the point spectrum of P. S is called fully cyclic if, for all « # 0 in S and f # 0 in
L' such that Pf = af with a = |a|w and any g such that f = |f|g, then |a|w is in
S and P(|f|g*) = |a|w”| f|g" for all integers k.

The goal is to show that the peripheral point spectrum of Pr, which lies on the
unit circle S, is fully cyclic. This will be an extension of Theorem 3.1.17, where
the Markov operator Pr has the dual Kr (as is described in Section 2.2), and Kr
satisfies K71 < 1. First, a simple lemma.

Lemma 4.1.4. For any f in L', Prf = Prf.

Proof. Given f in L1, let g be any function in L. Then
[ni-PiDg = [Pufo- [Pidg
——/Hﬁ—7gg
— /fgoT—/fgoT
_ /fgoT—/fgoT
= 0.

Therefore Ppf — Ppf =0, and the result follows. [

Theorem 4.1.5. Let Pr be the Frobenius-Perron operator on L'. The peripheral
point spectrum of Pr is fully cyclic.

Proof. Suppose that Prf = af where |a| =1 and f # 0. Then |f| = |Prf| < Pr|f]
since Pr is a positive operator, and so

o< firm< [prin= [iner= [



o4

Therefore [(Pr|f|—|f]) =0, and since Pr|f| — |f| > 0, then Pr|f| =|f].
Let f be some version of f. Define the sets Sy = {z € [0,1] : f(z) # 0},
S =T7%S\ Uf;gsi for' k> 0 and S = ;2 ,Sk. Equivalently,

S={xe0,1]:3k >0, TFz € Sy}

and '
Sp={xecS:TFrxc Sy, T'x ¢ Sy, i=0...k—1}.

If a different version of f is used, these sets will only differ by a set of measure
zero, since Sy will only differ by a set of measure zero and 7' is nonsingular. Then
1g, — 17-15, > 0 on Sy, so that (1g, — 17-15,)|f| > 0 and

/ (1g, — Lrog)lf| = / Flls, — |f1s, o T
- / flLs, — PrlfiLs,

- / fLs, — 1115,
0.

This implies that 1g, — 1p-15, = 0 on Sy as L™ functions, or that Sy C 7715,
except for possibly a set of measure zero. This in turn implies that S = 7715 and
S¢ = T~15¢ except possibly for sets of measure zero.

The function gq is defined to be the argument of f , that is,

i@
goz) =4 Hw LT E S
0 if x € 5§,

and is extended to the function g on [0, 1], where

[ aF(gooTH)(x) if x € Sk,
g(a:)—{ 0 if x € 5.

Since go and « have modulus at most 1, g is in L*. Since g = go on Sy, |f|lg = f as
L' functions.

The dot means disjoint union.
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Consider
[lmoT=amPisl = [(woT - ag)moT —amls]
— /(gooT—ago)(gooT—ago)lfl
_ /((gogo)oT+aago§o)!f|
- / (ag0(do o T) + ago(go o T)) /]
= /(1SOOT+150)|f|
_/af(gooT>+af(gooT)
— [/l o T+ 11115
- / a(Prf)go + a(Prf)go
_ /PT|f|1SO+|f|1go—/aafgo+&afgo

= /]f]150+!f!150—/|f’90§0+’f|§090

= 2[fllL =21l
= 0.

This implies that goo T — agy = 0 on Sy, or that g o T' = &g almost everywhere on
So.
For k > 0, x € S}, implies that Tx € S,_1, and

9(Tz) = o go(T" ' (T))
= aafg(T*z)
= ag(x),
so that g o T' = ag almost everywhere on Sy. For almost every x € S¢ both g(Tx)

and g(z) are equal to zero. Therefore, g o T = ag as L* functions.
For any integer n, consider g"”. Then ¢" o1 = (g o T)" = &"g" for any integer n
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and 0 # | f|g" € L'. Now, let h be any function in L>°. Then

[ Ealg) = a7l = [ Prisig"n - a?l g
= [1Alg o)~ i flgn
= 17l o T~ a1
= o / Pr(1f)g"h — |flg"h

= / Flgh — |flg"h
= 0.

This shows that Pr|f|¢g" = o"|f|g™ for any integer n, and hence the peripheral point
spectrum of Pr is fully cyclic. ]

Example 4.1.6. Consider T' = I the identity map on [0, 1].

[ e i

Figure 4.2: Tx ==z

Then Pr is simply the identity on L!, since

/APsz/TlAf=/Af

for any measurable set A and integrable function f. Thus the spectrum of Py is
o(Pr) = {1}, so that the peripheral point spectrum is trivially fully cyclic.

Example 4.1.7. Let Tx = x+a— |z + a] be the rotation map on [0, 1], where a will
be chosen to be in [0, 1). Then T is a nonsingular measure-preserving transformation.
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This implies that Pr1 = 1. If a = 0, then T = I. Now suppose a € (0,1). Then
T has two branches (Figure 4.3) and the Frobenius-Perron operator is described a.e.
for versions (Equation (2.6)) by

~

— _J flx+1—a) if0<2<a,
PTf(x)_{ flz—a) ifa <z <1.

Thus it is verified that 1 is a fixed point for Pr, so that T is Lebesgue measure
preserving.

Figure 4.3: Tx =z + % — Lx + %J

Let a = % Suppose that the function f satisfies Prf = «af for some complex
number « with modulus at most 1. Then for almost every x in the interval [O, %},
f(:v + %) = af(x), and for almost every z in the interval [%, 1), f(a: — %) = af(x),
so that for almost every z in [0,1], f(z) = o®f(z). This can only be satisfied if f =0
or o = 1, so that the point spectrum of Py is given by o(Pr) = {1, —1}.

From the equation for Py it is immediate that Ppf = f if and only if f (x + %) =
f(:z:) a.e. in [0, %) for all versions f of f, so that f is composed of two copies of
the same function on the intervals [O, %) and [%, 1], and Prf = —f if and only if
f (m + %) = — f (x) a.e. for all versions f of f, so that f is composed of two copies of
the same function, and then the second copy is reflected through the x-axis. Thus if
f(x) = e*™= then Prf = f, but if f(z) = €™, then Prf = —f.

If f (m + %) = f (x) almost everywhere, then

7w+ 5) lsen(f (e + 5))" = V1) sen( F )"

almost everywhere for any integer n, and if f (x + %) = — f (x) almost everywhere,
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then
7o+ )lsan(F (e + )" = (-1 () lsen( F(x)

almost everywhere for any integer n. Thus, if f is an eigenfunction for the eigenvalue
A = +1 with f = |flg, Pr(|flg™) = A\"|f|g" for any integer n and the peripheral
point spectrum is fully cyclic.

Example 4.1.8. Consider Tx = fx— | x| the S-transformation on [0, 1]. For 8 > 0,
T is a nonsingular transformation, and as is discussed in [20] Pr has a unique fixed
point when g > 1. Similar to Example 4.1.2, when 0 < § < 1, Py will have no fixed
points, and for § = 1 every point is a fixed point, as in Example 4.1.6. Thus Pr will
have interesting peripheral point spectrum only when 3 > 1.

For g =2, T is the called the doubling map.

R

0

Figure 4.4: Tx = 2z — |2x]

From Equation (2.6), for any version f of some function f,

1

SO + D)

for a.e. x in [0,1]. Then it can be shown ([21]) that 1 is the unique fixed density for
Pr. Since 1 is the unique fixed denisty for Pr, then by Theorem 4.1.5, for |a| = 1
and f # 0, if Prf = af it must be that |f| = c1 for some constant ¢ € C.

Similarly, if Tx = nx — |nz| for any integer n > 2,

Prf(z) =

so that 1 is again the unique fixed density, and hence Prf = «af for || = 1 and
f # 0 can only happen if |f| = c1 for some constant ¢ € C.
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Suppose that Prf = «f for some |a] = 1, so that | f| = ¢1 for some constant ¢ € C.
Then f is in L?, so that it has a Fourier series expansion f(z) = > 07 _ ¢,e*™",
Computing the coefficients ¢, gives

cw = [af

for n = 0, so that @ =1 or ¢y = 0, and for n # 0,

ac, = /Oéf e27r1nac

— /PTf 627rinz
_ /fKT€27rinx
—_ /f€27r12n:):

= Cop.

Since |a| = 1, this is contrary to the fact that ¢, converges to 0, unless ¢,, = 0 for all
n # 0, in which case f =0 if « # 1, and f = ¢ol if « = 1. Thus 1 is the only point
in the peripheral point spectrum of Pr.

As is shown in Section 3.3 of [4], for |z] < 1, z is in the point spectrum of Pr
acting on L?, so that Pr has square-integrable eigenfunctions f corresponding to the
eigenvalue z. By Proposition 6.12 of [11], f is integrable since [0, 1] is a finite measure
space, and so Prf = zf in L'. Since the spectrum is a closed subset of the unit disc
D, this implies that o(Pr) = D, so that all points on the unit circle 9D are in the
spectrum, but all unimodular points not equal to 1 are outside of the point spectrum.

Remark. Since T in Example 4.1.8 has two branches and inf |T"(z)| = 2 > /2, Bowen
showed in [2] that T is weakly mixing for the Lebesgue measure. Thus, 7" has no
unimodular eigenvalues other than 1. Details of this are given in the example.

Example 4.1.9. Let Tx = ra(1 — x) be the logistic map on [0, 1] with parameter
r satisfying 0 < r < 4. Then, T is a nonsingular transformation, and as is shown
by Theorem 6.5.1 and Example 6.5.1 following it in [16], for » = 4, T" has unique
invariant density fy such that
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for versions fo of fo. Thus if Prf = af for some |a| = 1 and f # 0, then by

N e (e 4
,
,

Figure 4.5: Tz = 42(1 — z)

Theorem 4.1.5 it must be that | f| = f.

As is shown in Section 4.4 of [8], the logistic map has the same spectral decom-
position as the slope 2 tent map, since they are topologically conjugate by a smooth
conjugacy. Similarly to Example 4.1.8, the slope 2 tent map has peripheral spectrum
on the entire unit circle 9D, but peripheral point spectrum only at 1, and hence so
does the logistic map.

Pr is a positive operator such that its dual operator Kr satisfies Kr¢ < ¢ for
some strictly positive linear form ¢, namely ¢ = 1. Theorem 4.1.5 is analogous then
to Theorem 3.1.17. Similarly, an analogue for 3.2.2 may be proven for the lattice
homomorphism K.

Theorem 4.1.10. Let K1 be the Koopman operator on L. The point spectrum of
Ky s fully cyclic.

Proof. Suppose that K7g = Ag for some g # 0 and some A # 0, so that g = |g|h
where h is the argument of g and A = rw where |w| =1 and r = |\| > 0. Then

Krlgl = [Krg| = [Agl = [Allg] = r]g].
Let Sy = {x € [0,1] : g(z) # 0} for some version § of g. Then, on Sy,
goT = Krg = Ag,

where A\ # 0 and g # 0, so that Sy C T—1S;. On S§, the same equality shows that
goT =0, so that S§ C T~15§.
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Let £ be an integer. On S,

Kr(|g|h*) = Kr|g|Krh*

= rw'|glh®,
where the division by Kr|g|* is justified since Kr|g|* # 0 on Sp. On S§,
Er(lg|h*) = 0 = rw*|g|h".

Therefore, Kr(|g|h*) = rw*|g|h*, and hence, the point spectrum of K is fully cyclic.
[

4.2 A Spectral Dichotomy

For this section, T' is again a measurable nonsingular transformation on the space
([0,1], B,m). The main result of this section, Theorem 4.2.7, is due to Ding et al. in
[5], and it is given here to show what the entire spectrum may look like under some
simple assumptions on 7.

Definition 4.2.1. T is called onto (with respect to m) if there does not exist any A in
B with m(A) > 0 such that 7°([0, 1]) is contained in the set [0, 1]\ A. m is called regular
(with respect to T') if A is measurable and m(A) > 0 implies that m(T~1A) > 0. m is
called normal (with respect to T') if A is measurable and m(A) = 0 implies that T'A
is measurable and m(T'A) = 0. If T is invertible, this says that 7! is nonsingular.

Definition 4.2.2. A measure p is called absolutely continuous with respect to a
measure v (written p < v) if, for A in B, v(A) = 0 implies that pu(A) = 0. Two
measures p and v on ([0, 1], B) are called equivalent if they are absolutely continuous
with respect to each other, or p < v and v < p.

Proposition 4.2.3. m is reqular if and only if m is absolutely continuous with respect
tomo T 1.

Proof. Suppose that m is regular. Let A be a measurable set such that m(T1A) = 0.
Then m(A) = 0 since m is regular. Thus m and m o T~! are absolutely continuous
with respect to each other.

Conversely, suppose that m < m oT~!. Let A be a measurable set such that
m(A) > 0. Since m is absolutely continuous with respect to m o T~1, this implies
that m(T~1A) > 0, so that m is regular and the proof is complete. O
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Corollary 4.2.4. m is reqular and nonsingular with respect to T if and only if m
and m o T~ are equivalent.

Proof. Suppose that m is regular and nonsingular with respect to 7. Since m is
regular, m < m o T—! by Proposition 4.2.3. Since m is nonsingular, mo T~1 < m
by definition. Thus, m and m o T~! are equivalent.

Conversely, suppose that m and m oT~! are equivalent. By Proposition 4.2.3, m
is regular with respect to 7. Since m o T~! < m, m is nonsingular with respect to
T. Thus, m is regular and nonsingular, and the proof is complete. O

Proposition 4.2.5. If m is reqular, then T is onto. If T is onto and m is normal,
then m 1s reqular.

Proof. Suppose first that T is not onto, so that there exists a measurable set A
with positive measure such that 7'([0,1]) is contained in the set [0,1] \ A. Then
m(T'A) = 0 since T"'A is a nullset. Therefore m is not regular. Thus if m is
regular then T is onto.

Suppose now that m is normal but not regular. Then there exists a measurable set
A such that m(A) > 0 but m(T~*A) = 0. Consider the L' function 1 = 1j;). This
is a positive function, so that Prl is positive by Theorem 2.2.3. By the definition of

PT7
/PTldm:/ 1dm =0,
A T-1A

since T'A is a nullset. Now, Pr1 is positive and integrates to 0 over A, so that if S
is the support of some version of Prl, m(A()S) = 0 or for almost every z in S, z is

in [0,1] \ A. Then
1 1
/ 1dm = / Pr1dm
0 0

S
= / 1dm,
T-18

which implies that [0,1] = B|JB’, where B(\B' =0, B C T~'S and m(B’) = 0.
Since m is normal, T'B’ is measurable with measure zero. Let S’ = SUTB’ and
A=A\ TB, so that m(S") = m(S) and m(A’) = m(A). Further, T[0,1] C S’ since
TB C S and TB' C S'. Since S’ C [0,1] \ A’, this implies that T'[0,1] C [0,1] \ A4’,
or that T is not onto. Hence, T" onto implies that m is regular when m is normal,
and the proof is complete. O

Recall at this point that K is the Koopman operator on the space L* associated
with the transformation 7" on [0, 1].

Lemma 4.2.6. m is reqular if and only if Kt is an isometry.
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Proof. Suppose first that m is regular. Let g be any nonzero function in L*°. Then
for any € > 0 and version g of g, let

A={reX:[9(@)] > llgllec — €}

Then m(A) > 0 by the definition of the essential supremum norm. So m(T~1A) > 0
since m is regular, where

T'A={ze X :|goT(z)] > gl — €}

This implies that ||K7¢gllc > ||g]|cc — € for any positive €, so that || Krg|le > [|gllco-
Since || Kr| = 1, then || Krg|lw < ||g]|oc for any nonzero g in L>°. Hence, ||Krg|| =
|lg|| for any nonzero g in L™, so that by Definition 2.3.1 K7 is an isometry.
Conversely, suppose now that K is an isometry. Let A be measurable such that
m(A) > 0. Then 14 is nonzero and hence K114 = 17-1,4 is nonzero, since Krp is an
isometry. Thus m(T—'A) > 0 and m is regular. O

Let D ={\ € C: |\ <1} be the closed unit disk in C, and 0D ={A € C: |\| =
1} be the boundary of I, the unit circle.

Theorem 4.2.7. Let m be regular with respect to T. If 0 € o(Pr), then o(Pr) =D
and if 0 ¢ o(Pr), then o(Pr) C 0D.

Proof. Suppose that m is regular, so that by Lemma 4.2.6 K is an isometry, and let
A be given such that |A| < 1. If there exists a go in L™ with (A — Kr)go = 0, then

190llse = [157g0lloc = [Alllg0loo;

so that ||go||oc = 0. Thus Al — Kr is injective. Then, for any ¢ in L™,

IAM = K1)gllse = [1K79llcc = [[Aglloe = (1 = A lgloo,

so that \I — Kt is bounded below and hence A is not in the approximate point
spectrum. Therefore, according to Theorem 2.3.13, A ¢ do(Kr) for |A| < 1, and in
particular 0 ¢ do(Kr).

Now suppose that 0 € o(K7). If there exists A € p(K7) such that |[A| < 1, then it
is immediate that there must exist A\ € do(K7) such that |A\g| < 1, which is contrary
to what was just shown. Thus if |\| < 1, then A € o(K7r). Since the spectrum of Krp
is closed and a subset of D, o(Kr) =D, and by Theorem 2.3.15 o(Pr) = D.

Suppose now that 0 € p(Kr). If there exists A € o(K7) such that |A| < 1, then
it is immediate that there must exist Ay € do(Kr) such that [\g| < 1, which again is
contrary to what has already been shown. Thus if |A\| < 1, then A € p(K7r). Since
the spectrum of K7 is a subset of D, o(Kr) C 0D, whence o(Pr) C dD again by
Theorem 2.3.15. [l

Remark. By Theorem 4.1.5, if there exists peripheral point spectrum A for Pr that
is an irrational root of unity, then all rotations A\¥ of A are in o(Pr). This forms a
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dense set in the unit circle. Thus, if m is regular with respect to T', the only way to
possibly have any isolated spectral points is if 0 ¢ o(Pr) and the peripheral point
spectrum is a finite union of finite cyclic groups in JD.

In fact, results from Schaefer in [24] imply, in this case, that the entire spectrum
of Pr is cyclic, so that the only way to have any isolated spectral points if m is regular
is if 0 ¢ o(Pr) and none of the spectral points are irrational roots of unity.

Example 4.2.8. Recall the g-transformation from Example 4.1.8. For 0 < § < 1,
T is not onto, and hence m is not regular by Proposition 4.2.5. For g =1, T =1
so that T7'A = A for any measurable set A, which implies that m is regular. Then
Pr =1 is invertible and hence 0 ¢ o(Pr), so that the spectrum is entirely contained
in OD. This agrees with the fact that the spectrum of I is equal to {1}.

For 3 > 1 and A € B with positive measure, T-!A consits of a finite union of
measurable sets, one being % ={y:y= % for some x € A}, where m(é) =mA -

B B
so that m is regular with respect to T'. For § = 2, Equation (2.6) implies that

+f(x+1))’

so that for

Prf =0, and hence o(Pr) = D. Similarly, since Prf(z) = 30 f(22) for =n
when n > 2, it can be shown that 0 € o(Pr) by letting f be the function that is
equal to 1 on [O, %) and —1 on [%, %)

For (3 not equal to an integer, Equation (2.6) implies that

Prf(z) = %Zw (%) itf0<z<Tl,
IV () T <2<,

For g > 2, if f is taken to be the function that is equal to 1 on [0, %) and —1 on

[%, %), then Prf =0 and 0 € o(Pr). For 1 < 3 < 2, if f is taken to be the function
that is equal to 1 on [0, 1— %) and —1 on [%, 1), then Prf = 0 and 0 € o(Pr).
Hence, o(Pr) = D for all values of 5 > 1.

Example 4.2.9. For the shift map Tr = z+a— |z + a] described in Example 4.1.7,
given any measurable set A with m(A) > 0, m(T~*A) = m(A) > 0 since T was
shown to be m preserving in Example 4.1.7. Thus m is regular with respect to 7T
Pr is given by

fle+1—a) f0<z<a,

flz—a) ifa<ax<l1.

Prite) = {

Then Pr is invertible having inverse () given by

Qf(x)_{ f(x—l—i—a) ifl—a<ax<l.
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Thus @ is the resolvent of Pr at 0, so that 0 ¢ o(Pr) and hence o(Pr) is entirely
contained in OD.

Remark. If T is any measurable, nonsingular and invertible transformation on the
interval [0, 1] such that 7! is measurable and nonsingular, then

PT—l :P/Ijl,

so that if A\ is an eigenvalue of Pr, then A\ # 0 since Pr has bounded linear inverse,
and therefore there exists f # 0 such that

PTf:)\f:>PT1f:§f.

Thus A and % both have modulus less than or equal to 1 (since they are eigenvalues
of Frobenius-Perron operators), and hence both lie on the unit cirlce. This simple
proof then can be used to show that, for measurable, nonsingular and invertible
transformations with measurable and nonsingular inverse, all eigenvalues lie on 0D,
the unit circle. This is slightly weaker than Theorem 4.2.7, which shows that the
entire spectrum is a subset of the unit circle.

Example 4.2.10. For the logistic map Tx = rxz(1—xz) described in Example 4.1.9, T’
is not onto if r < 4 and hence m is not regular. Therefore let r = 4. In Example 4.1.9,
the logistic map was shown to have an invariant density f, with the version

- 1
Jo= /(1 —z)

which is strictly positive for all 2 in (0,1). Thus m(A) > 0 for some measurable set
A implies that

u(A) = /Afo dm > 0.

Since y is an acim (Definition 2.2.2), this then implies that u(7-'A) > 0 which in
turn implies that m(T—1A) > 0, since u is absolutely continuous with respect to m.
This shows that m is regular with respect to T

By Equation (2.6)

Prf(z) = 4\/11— = V(l - \ém) +f<1 . émﬂ

almost everywhere, so that for any f satisfying

(=) =1 )

almost everywhere, Prf = 0 so that 0 € ¢(Pr), and hence o(Pr) = D.

Remark. In fact, the Frobenius-Perron operator for the logistic map for 0 < r < 4 is



66

given by

= () ()

almost everywhere, so that for any f satisfying

=y /12 L+ /12

/ ( 2 > =/ ( 2 >
almost everywhere, Prf = 0 and 0 € o(Pr). However, it may not be concluded from
Theorem 4.2.7 that o(Pr) = D, since T in this case is not regular.

Corollary 4.2.11. Let mo T~ and m be equivalent. If 0 € o(Pr), then o(Pr) =D
and if 0 ¢ o(Pr), then o(Pr) C 0D.

Proof. This follows immediately from Theorem 4.2.7 and Proposition 4.2.4. O]

Corollary 4.2.12. Let T be onto and m normal. If 0 € o(Pr), then o(Pr) =D and
Zf() §é O(pT), then 0<PT) C oD.

Proof. This follows immediately from Theorem 4.2.7 and Proposition 4.2.5. O]

4.3 Spectrum of Pr on BV

In addition to being nonsingular, 7" is now required to be piecewise C? and expanding
on [0,1].2 Then, for any positive integer N, T is piecewise C? on intervals of the form
IL,NT'L,N... ﬂT*(Nfl)IZ-(Nfl), and by the chain rule, |(TV)(x)| > inf(|T"|)V > 1
for all  such that T? is differentiable at z, so that TV is expanding.

For any positive integer n, consider Pp = Ppn. Since Pr preserves integrals,
|11llsv < ||Pre1]|Bv, as \/(1) 1 =0, so that ||Pr«||gy > 1 and the spectral radius of Pr
is at least 1. Now, from the Lasota-Yorke inequality (2.7), for any f in BV and any

2As is defined in Section 2.2, T is expanding if inf |T|(z) > 1.
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positive integer k,
1
|Prv fllsy =\ Prex f + || P f|h
0
1
< \/ Ponf+|fl
0
1
< allflh(@+8+...+8 N+ 8\ F+ 1L
0
< (155) M+ 7+ 15l
0
1 1
(125) (V741510 + V7 + 1514
1 B 0 0

= (155 1) Il

Therefore, ||Pren]|| < 15 + 1 for any positive integer k. Since the spectral radius

IN

is at least one, and the sequence (72 + 1)/*N decreases to one as k increases, the

1-8
spectral radius is equal to one.
Given a function f € BV, one may define the set

By={ge€L>:|flge BV}

This is a vector subspace of L*°. The functions 1g,, where S is the support of some
version of f, and gy, the argument of f, are in By.

Lemma 4.3.1. For any nonzero k € Z and any 2,2 € C, ||z1|wf — |z|wh| <
|k||z1 — 22|, where w; = sgn(z;) fori=1,2.

Proof. Suppose without loss of generality that |z;| < |z9|. If 21 = 0, the result is
trivial. Suppose also that & > 1 (since the inequality is trivial when k& = 1). Then

1ot — lzalwb] = [zl — [oalob~ws + |z ol e — 1]t~ +

= |zl|w1u)§_1 — |22|w§‘
k72 . . . .
< ol 3 Nk — )
=0

+| |zt fwrws ™ — |zo]ws |
= (k:—l)||zl|w1—|zl|w2}+‘|21\w1—|zz\w2|
= (k_1)|21_|Zl|w2|+|Z1_22|.
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Figure 4.6

As in the Figure, the quantities ‘zl — \zl|w2’, Hzl\wg — 22| and |23 — 29| will be
relabeled as a, b and ¢, respectively. By the Law of Cosines, ¢ = a2+ b* —2ab cos(C).
Since the angle C' will always be between 7/2 and m, — cos(C') > 0, so that a? < 2.
But a = ‘Zl — |zl|w2| and ¢ = |z — 29, so ‘21 — |21|w2‘ < |21 — 2z9|. Therefore,
21|t — 2alws| < Klzi — 2.

Suppose now that & < 0. Then let u; = Z; and us = %, and apply the same
argument with —& > 0, so that

lz1lwf — |22|ws| = |[z1|or” = [2o]@y ™| < (=K)|ur — o).

But for any z € C, |z| = |Z|, so that |u; — us| = |u; — uz| = |3 — @2|, and the result
follows. O

Theorem 4.3.2. Let T be piecewise C* and expanding on [0,1]. Let Pr be the
Frobenius-Perron operator on BV'. The peripheral point spectrum of Pr is fully cyclic.

Proof. Suppose that Prf = af where |a| = 1 and f # 0. It is shown that Pr|f| = | f|
in L' in Theorem 4.1.5, and it will be shown now that |f| is in BV. Let 0 = by <
by < ... < b, =1 be any partition of the interval and let f be a version of f with
minimal variation. For any : =1,...,n,

and
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Therefore .

Z||f| — A1) < 1 0) = f(bica),

i=1

which implies that \/, | fl < Ve f, so that |f| has a version with bounded variation.
Thus, |f] is in BV, and Pr|f| = |f| in BV.

Let go, g, S and S, £ = 0,1,..., be as defined in Theorem 4.1.5. Then the
proof is the same as the proof of Theorem 4.1.5, mutatis mutandis, where the only
precaution needed is to make sure that ¢g" isin By. Let 0 =0y < by < ... <b; =1
be any partition of the interval. Then from Lemma 4.3.1, for n # 0 and any version

g of g such that f(z) = |f|(x)g(x) for all z in [0, 1],

—_

j_

A

j—1
11" (bia) = 1 f15"(B)]| - < Z|n|\|f|g<bz~+1>—|f|§/<bi>|

~
Il
o

z+1 )‘

< Inl\/f.
0

Therefore, for n # 0, | f |g" has bounded variation, so that ¢" is in By. Since n = 0
is the case Pr|f| = |f|, which was verified, the proof is complete. ]

Example 4.3.3. For 3 > 1, the S-transformation Tz = Sz — |z | is piecewise C?
with [3] linear branches. Also, T"(x) = (3 at every z for which T is differentiable, so
that inf(|7”|) = B > 1. Thus the peripheral point spectrum of Pr acting on BV is
fully cyclic by Theorem 4.3.2.

Example 4.3.4. For any a € [0, 1), the shift map Tz = 2 + a — | + a] is piecewise
C? with 2 linear branches. However, T’(z) = 1 for every x at which T is differentiable.
Thus Theorem 4.3.2 cannot be applied.

Example 4.3.5. For any r € (0,4], the logistic map Tx = rz(1 — z) is C? on the
entire interval (0,1). However, T’(%) = 0 for all r, so that Theorem 4.3.2 cannot be
applied.

Returning to the case of piecewise C? and expanding maps T on [0,1], it has
been shown that Pr satisfies the Lasota Yorke inequality (2.7). As was shown by
Hofbauer and Keller [13], the conditions for the Ionescu Tulcea-Marinescu Theorem
([14] or [15]) are then met. Thus, it may be applied to show that the peripheral
spectrum of Pr is made up of finitely many points, all of which are point spectrum,
and the rest of the spectrum is contained in a disk centred at the origin with radius
strictly smaller than 1.

Theorem 4.3.2 then implies that the peripheral spectrum is a finite union of cyclic
groups of eigenvalues. The eigenfunctions corresponding to the eigenvalues are also
cyclic, as has been shown.
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Remark. Alternatively, following the work of Rychlik in [23], it can be shown without
the Tonescu Tulcea-Marinescu Theorem that Pr is quasi-compact. By the Uniform
Ergodic Theory of [9], the same result may then be obtained.
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Chapter 5

Conclusions

This thesis has gathered some results concerning the spectrum of Frobenius-Perron
and Koopman operators acting on spaces of functions. The purpose of this work has
been to write a short, self-contained paper describing the fully cyclic nature of the
peripheral point specturm of the Frobenius-Perron operator and of the entire point
spectrum of the Koopman operator.

In Chapter 3, results about the peripheral spectrum were given for positive ma-
trices acting on the finite dimensional space C". Theorem 3.1.11 shows that the
peripheral spectrum of certain positive matrices is fully cyclic, and Theorem 3.2.2
shows that the entire spectrum of a lattice homomorphism is fully cyclic.

In Chapter 4, corresponding results for the Frobenius-Perron and Koopman op-
erators were given. Theorem 4.1.5 shows that the peripheral point spectrum of the
Frobenius-Perron operator acting on integrable functions is fully cyclic, and Theo-
rem 4.1.10 shows that the entire point spectrum of the Koopman operator is fully
cyclic.

Theorem 4.2.7 shows that there are some cases when the spectrum is either the
entire unit disk D or a subset of the unit circle 0. Thus the possibility exists
that there may be no isolated spectral points. Since it is conventional to sometimes
consider the Frobenius-Perron operator as acting on the space of functions of bounded
variation to overcome this difficulty, Theorem 4.3.2 verifies that the peripheral point
spectrum of the Frobenius-Perron operator is still fully cyclic in this case.
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