SOME ASYMPTOTIC FORMULAS EXHIBITING THE
BEHAVIORS OF THE TRIPLE HYPERGEOMETRIC
SERIES F.S' AND FT NEAR THE BOUNDARIES
0F THEIR CONVERGENCE REGIONS

HEGUMI SAIGO AND H.M. SRIVASTAVA

DHS-515-TR August 1989
[Revised April 1990]



ABSTRACT

The authors prove a number of asymptotic formulas which
depict the behaviors of the triple hypergeometric series
FS and Fp near the boundaries of their regions of
convergence. Results of this type are potentially useful
in several seemingly diverse areas of applications

utilizing these classes of multiple hypergeometric

1. INTRODUCTION

In many areas of applications using various classes of hypergeometric functions
of one, two, and more variables, one finds the need for the asymptotic behaviors of
. these functions near the boundaries of the regions of convergence of the series
defining them. The asymptotic behavior of the Gaussian hypergeometric function
2F1(Z) near z=1 is given by a well-known analytic continuation formula. An
asymptotic formula exhibiting the behavior of a certain Clausenian hypergeometric
function gF,(z) near z=1 vas stated (vithout proof) by Srinivasa Ramanujan
(1887-1920) ; indeed, it has motivated a number of recent works which are already
reported in our earlier paper [13] dealing similarly with the generalized
hypergeometric function pr—l(Z) near z =1. Several further asymptotic
formulas of this type, involving more general families of hypergeometric functions
of one, two, and more variables, have appeared in the literature (cf., e.g.,[7] to
[14]); some of these results were, in fact, applied in order to solve various

boundary value problems involving the Euler-Darboux equation, and also in the



study of certain operators of fractional calculus (cf. [6] and [22]).
The object of the present paper is to prove a number of asymptotic formulas which
exhibit the behaviors of the triple hypergeometric functions FS and FT near the

boundaries of the unit cube:

ﬂ:{(x,y,z) : le <1, IYI <1, |Zl <1},

which is, in fact, the region of convergence of the triple hypergeometric series

defining each of these functions.

2. DEFINITIONS, NOTATIORS, AND PRELIMINARY RESULTS

We begin by recalling the definitions and properties of various hypergeometric
functions relevant to our present investigation.
The generalized hypergeometric series in one variable is defined by (see, e.g.,

[17] and [20])
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Here, and in what follows, (ap) abbreviates the array of p parameters

CERMRLAY with similar interpretations for (ﬂq) , etc.
For the generalized hypergeometric series, we readily obtain the simple
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The most useful special case of the series in (2.1) is the Gauss hypergeometric

- function 2F1 which has the open unit disk:
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for the region of convergence of the series defining it (see [24, Chapter 14]).

Furthermore, we have (c¢f. [5] and [7])
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where ¢(z) denotes the Psi function defined by
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which possess the properties (see [5])
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-7 being the Euler-Mascheroni constant:
(2.12) 7=—¢(1) ¥ 0.5772156649- - -.

For the higher—order hypergeometric series 3F2 and 4}5'3, it is known that (see

[8] and [13])
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where Fgg’g denotes a general double hypergeometric series defined by (cf. [1,
g

p. 150] and [20, p. 27])
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We also have the following expansion:
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Some special cases of FP:Til = relevant to our present investigation, are the
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Appell series F, and Fy defined by (see [1] and [20])
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respectively. In particular, for the Appell function F, it is known that [1,
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Finally, the triple hypergeometric functions FS and FT , which are the subject
of our present investigation, are defined by (see [4, p. 114], [3, pp. 67-68], and
(20, p. 43]).
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Each of these triple hypergeometric functions may be expressed in terms of the

Gauss series 2F1, or the Appell series F1 and F3, as follows:
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3. ASYMPTOTIC BEHAVIORS OF THE TRIPLE HYPERGEOMETRIC SERIES Fs AND Fyp

In this section we shall prove several asymptotic formulas which exhibit the
behaviors of the triple hypergeometric series FS and FT near one or the other of

the following boundary points of the unit cube f:
(i) x=1; (ii) y=1; (iii) z=1; (iv) x=y=1;
(v) x=2z=1; (vi) y=2z=1; (vii) x=y=2=1.

In view of expansions like (2.22) and (2.23), or (2.26) and (2.27), we need not
consider the cases (ii) and (v) separately. Comsequently, we give the asymptotic
behaviors of Fg in the remaining five cases only. The asymptotic behaviors of
FT’ on the other hand, are also given in all these five cases except the case (vii)

in which the result becomes overly involved.
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Remark. In each of the above asymptotic formulas, and in what follows, wve find it

to be convenient to write the denominator parameters of FS and FT only once.
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By rounding the term multiplied by p into the order #(p), the series S1 is
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Finally, the series S3 and 55 are calculated in the forms:

_.b2
(3.7) Sg=-1(1-y) “+0(p), (p—0+);

-b
(3.8) S5 = 9(by) (1-y) 2+ 0(p), (p—0+).

Thus ve obtain the result (S1).
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272 2 7/m\72 "/ m
+ F b,; b +1+m; 1-
a +b 7 sz (a,+b,+1) (2] (21,05 2y +by+14m; 1-p) y

a9bg v (agri)p o (bg) (ba+l)

+ z
al+51 2_ (ag+by+1) . mb (2)]
m,n=0

Fl(al’bl; a1+b1+1+m+n; 1-p) ymzn.

Now apply the formulas (2.7) and (2.8), and we obtain

(3.10) Fg(ay,a5,aq,b,by,bg5 ay+by5 1-p,y,2)

I'(ay+by)

r(a—)-p—(r)'[27+f/’(a)+¢(b ) + log p]

I(a;+by) o (agrt) (bo+1) (1) o
T Ta+)T (b 1) 2 by ¥ 2 (a,+1),, (b, 1) (2, 7

m
N I‘("3‘1+b1) ab. z 2 (a2+1)m+n(b2)m(b3+1)n(1)nH11ymzn
F(a1+1)P(b1+1) 2°3 . (a1+1)m+n(b1+1)m+n(2)n m!
m,n=

+0(1), (p—04),

which is just the relation (52).
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Proof of (S3). If we apply (2.25) and (2.19), we find that

(3.11) Fs(al,a2,32,b1,b2,b3, a2+b2+b3; x, 1-py, 1—pz)

v (al)m(bl)m m
= z (32+b2+b3)m m! X Fl (aaz ;b2 ,b3, a2+b2+b3+m; 1—-—py, 1...pz)

m=0

®
=) (a5 +by+bg) ——ml n oF 1 (3g+0,bgtbgin; agtbytbg+min; 1—py)

m,n=0

- [p(y-2)]"

¢ ov v v | (a)p(ag)y(by)p(bg)y
z z * z 2 (a,12+b2+2b3) m! 11'

n=0 m=n m=0 n=m+1

oF 1 (8g+1,bg+bgtn; ag+by+bgtmin; 1-py) ' [p(y2)]1"

=S5, +8S,.

Using the relations (2.5) and (2.6), the series 5; and S, are represented as

follows:

o2 (a)yl 2)(b)(;;)nm .
(3.12) =) ) Tah Lt o (y2)]
n=0 m=n 2 b2 b3 o

I'(m-n)T (ag+by+bg+m+n) m—§—1 (ag+n)y (bg+bg+n), K

I‘(a2+m)P(b2+b3+m) kT (1-mw+n)y




I'(aq+by+bg+m+n) (ag+m); (by+bg+m)y

+ (__ )m_’n 2
[{ag#n)T (by+bg+m) 7Y KT (1),
k=0

(o9)*

» [¥(k+1) + ¢(m-n+k+1) — ¢(agrmk) — ¢ (by+bg+m+k) — log py] r,

11} @®
(3'1) (a5) (bl) (b3)
(313)  Sy= ) ) Taebobg —wral X G2
m=0 n=m+1 V2772 73/ m4n

JF(n—m)F(a2+b2+b3+m+n) nen nfg—l (a2+m)k(b2+b3+m)k

1 [ag )T (by#brm) ¥ kKT (T-nm), (py

k=0

+(—1)n—m k

py)

I (aq+by+bg+m+n) § (2g+n)y (bytbg+n)
)

P(a2+m)F(b2+b3+m kD (1) ik

» [#(k+1) + ¥ (n-mrk+1) — §(agtn+k) — ¢(by+bg+nrk) — log py] ¢

The series S1 is further partitioned into six series:

I'(an+b,+b © o p-l
RTINS e 2157y
(82)7(50) ln:O p=1 k=0

. (31)p+n(bl)p+n(b3)n(a2)n+k(b2+b3)n+k(p_k_1)!
(1)p+n(a2)p+n(b2+b (by+bg) n! k!

3)p+n

P (y-2) ] P (o)
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[¢3]

N 2 (31)n+p(b1) (b ) (a )n+p+k(b2 b3)n+p+k
n,p,k:O ( )IH-p(b +b ) (3: )n+p( 2 3)H+P(1)p+k n!l kI

P (y2)1% (-y)P (o) ©

+ [#(k+1) + ¢(p+k+1) — §(ag+p+n+k) — §(by+ba+p+n+k) —log py]

F(32+b +b3)

= I{ay)I(b;7by) =3

-5

{819+ 849+ 8435 16

14 15
Again, by rounding the terms involving p into the order #(p), each of the series

S11 to S16 is calculated as follows:

(1), (by+1) o (bg) (39) 3 (Dotbg) 4 (K)o
. (2);2(32*1);2("2*%3*1)§+n(b2+b3)Tn! k! P (y-2)1" (~py)

®  (a,;) (b+1)()
W 2 @) (a+1) nOT +1) x4 0(p)

al+1, b1+1, 1,1;

=3 x 4F x| +0(p), (p—0+);
a.2+1, b2+b3+1, 2;
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i (al)n+p(bl)n+p(bS)n(a2)n+p+k(b2+b3)n+p+k

(1)H+p(b2+b3)n(a2)n+p(b2+b3)n+p(1)p+k n! kI

(3.16)  S;p=

n,p,k:O

-1+ ) e (o (y-2) 1" (~pxy)P (py)
=0 14

==1+0(p), (p—0+);
(3.17)  Sy5=-7+0(p), (p—0+);
(3.18)  Sy,=14(ag) + 8(p), (p— 0+);
(3.19) Sy = $(bytbg) + 0(p), (p— 0+);
(3.20)  S;5=1logpy+0(plogp), (p—0+),

by virtue of the relation (2.11).

The series 82 also has the form:

) b3+1, 1, 1;

I'(aqg+by+b

_ 27273 Z z
[b2+b3+1’ Z; J

Thus ve have the formula (S3).

Proof of (54). Setting a,+b, = a,+b, and writing 1-py insteadof y in (52),

we have



26.

(3.22) Fg(ay,a9,85,by,bg,be; as+by; 1-px, 1-py, 2)

a,+1, bo+l, 1, 1;
- T(ag#by) o 27
" Ta ) (b 1) 2°2 473 1-py
a1, b+, 2;
I(a,+b,) ag+l, 13 byj bl 15
+ 13 asboz 21132 1—pv.z
I'(a,+1)T(b,+1) “273% “2:0;1 Py,
VAN o 41 b+1._. 5.
ll » 1T T ;
I'(a,+by)
1771
RICIE(N) [27 + $(a;) + #(by) + log px] + 0(1), (p— 0+).
2:1;2

Here ,F, and Fy,'7 in (3.22) are calculated as follows by using the formulas
*M
(2.14), (2.16), and (2.13):

F(a1+1)P(b1+1)
(3.23)  Fq=- [a, )T (b,) [27 + ¢#(ag+1) + ¢(by+1) + log py]

al+1, b1+2, 1, 1;
P(al+1)F(b1+2)
* e, 2)T(b,72) 21 473 1
a2+2, b2+2, 2;
32+1, b2+1, 1,1;
b
1
+BF 4F3 1 +0(1), (p——-+0+);

a1+1, b1+2, 2;



27.

ag+1+m, 1+m, b2;
+1)m(b3+1)m(1)m )
+1) (by+1) (2) 372 1-py| z
m=0 a1+1+m, b1+1+m;

m

—
[+
DO
g
S
ry

B DO
O -t
|l N
1l

o~ B

~

o

L ]

T(a+1)T(b+1) 2 (bo+1)
- 1‘(;2+1)P(1132) (32)mm [27 + $(ay) + ¥(by) + log py

m=0

I'(ay+1)T(by+1) o (ag+1) (bg +1)
+‘P( +2)P(b +1) 1 1 z (a +2 )m

a;+1, b1+1, 1, 1;

" 43 1] 2" + o(1)

ag+2+m, bo+l, 2;

I'(a +1)T'(b,+1)
- TRTTTRT 2P (1byei27) 27+ Hlay) + ¥(by) + Log )

[(ag+1)T(by+1) {4
T(ay T (by) 35 '1:1}

I'(ag+1)T(by+1)
* a2 T(b,1) 21°1

_ a1+1, b1+1, 1,1; a2+1, b3+1, 1;
0:4;3
RETTIS 1,2

2+2: b2+1, 2; 2;
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+o(1), (p—0+).

Finally, by using the relation (2.3), we have
1 b3
(3.25) o4 (1, bgrl; 25 2) :Bgz'{(l‘z) _1},

and the proof of the formula (S4) is completed.

Proof of (S5). If we put ay + b1 = ag + b2 + b3 and replace x by 1-px in the

relation (S3), we have

(3.26) FS(a’l’a’2’a‘2’b1’b2’b3; a1+b1; 1-px, 1-py,1-pz)

a1+1, b1+1, 1, 1;

I'(ag+by+bg)
= a;b, F 1-px
I‘(3,2+1)I‘(b2+b3+1) 171 473
a2+1, b2+b3+1, 2;
b3+1, 1, 1;
\ F@?mfbﬁ o2 g .z
I‘(a2)I‘(b2+b3+1) y) 372
b2+b3+1, 2;
F(a2+b2+b3)

- [Tay)T(b575,) [27 + ¥(ay) + #(by+bg) + log py] +o(1), (p— 0+).

The series ,F, occurring in (3.26) may be revritten in the form:
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['(ag+1)T(b,y+h,+1)
(3.27) aFa =~ I‘%&fl)l‘%bl?l) [27 + ¢(a1+1) + ¢(b1+1) + log px]

agt+l, by+tb,y+2, 1, 1;
I'(ag+1)T (by+by+2) 272

P TTaT (6,2 %2 43 1

+2, b1+2, 2;

a4

a1+1,b1+1, 1,13
2 73
+ 52+53+1 4F3 1)+ 0(1) ’ (p — O+) ’

ba+b

in view of (2.14). The formula (S5) follows readily from (3.26) and (3.27).

Proof of (T1). If we take into account the formulas (2.28) and (2.4), we have

(3.28) FT(al,a2,a2,b1,b2,b1; ay+by; X, ¥, 1-p)

i (al)m(az)n(bl)m(bg)

n i ) LT
(3,7b;) ! 1! oF{ (89+10,by4m; ag+b,+min; 1-p) X7y

m,n=0

_ F(32+b1) § (32)n+k(b1)m+k(al)m(b2)n.xm n k
M0 ko ()b ot al ()7

+ [24(k+1) - $(ag+n+k) — ¢(by+m+k) — log o]

F(a2+b1)

= ITay)T(by) (381752~ 53-54b

where the series S1 to 84 are represented as follows:
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o (39) ek )k @) ®9)y m n k1
(3.29) 31: 2 *2)nik 1 k(al 22 xypk —7 + z T(f;ﬁ
m,n,k=0 (32)n(b1)m m! n! (k!) £=0 £
—ay -b

——y(1=x) T (1-y) 2+0(p), (p— 0%);

(a‘2)n+k(b1)m+k(a1)m(b2)n Ln k

(3.30) S, =
i m,n,k=0 (3)(by)p m! ! (k)2

n+k-1

(2g)y
#(ag) + 5 8y ! @), Z
£=0
o1}
(ay)(by)
:¢(a2) 2 1m.'m n!2 nxmyn
m,n=0
o n-1
2 2 z 2)(2)£an 0(p)
(a2+1 / m! n! y p
m=0 n=1 £=0
-a -b
1 2
“d(ay) (1%) T (1y)
[b+1:a,, 1;1 1
by 2y 14|
+5:"Y(1"‘x) Fl:lzo YsY +0(ﬂ)’ (p-——)0+).
2 "
2: agtl; —;

Similar calculations for S and 5, lead to the relation (T1).
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Proof of (T2). The formulas (2.30) and (2.5) imply

(3.31) Fp(ay;29589:b1,bg,by5 a4+by 5 1-p,y,2)

N g: (a2)m+n(b2)m(b1)
_m,nzo (:3,1+b1)m+ m! n!

oFy (a4,by+n; a +by+men; 1- —) y'z"

['(ag+by) ST (@9) nne1 (Pmy1 W () (bydnye mea 2y k

RICU n,n=0 k0 )0 1 O ) g (g 27 K d
,0=0 k=0

I‘(a1+b1) o (b2)m(a2)m+n(al)m+k(b1)m+n+k
)

m n k
* T(ay)T(by) L Tag(Blgy K R Rl (~py)" 2

» [#(k+1) + $(mek+1) — ¢(a,+m+k) — ¢(by+n+m+k) — log o]

I'(ay+by)

WB_)_{S +S +S —S —S —S}

The series Sl’ 52, and SG are written in the forms:

aob 0 (g +1) (b)) (botl) (ag);, (mk)!
_272 2 7/m+n\ 1/n+k V27 /mN 1k m_n k
(3:32)  Sy=5p¥ ) ) (), (a @Al K ()
11 m,n:O k:O A § SIHILY L i B 1}

(a2+1)m+n(b1)n(b2+1)m( )m

_ 272 mn
En e ) ), (D), o ¥ 2 )




(3.33)

(3.34)

32.

ag+l: b2+1, 1, 1; bl;

2
anb
272 1:351
:a—-nb—-y F1.2.O Y,z +”(p)> (p——’0+);
11 R PR . .
1+1. a1+1, 2; —;
© k-1
g - 2 (bl)n+m+k(a2)n+m(a‘1)m+k(b2) n(—py p -7 + 2 TT)
2 _ (bl)n+m(1)m+k(al)m ntmt k
n,m,k=0
==1(1-2z) “+0(p), (p— 0+);
[41]
S = 2 (bl)n+m+k(a2)n+m( )m+k( 2)m n(—py)
° n,m,k=0 UM OFNCIMELELE

n+m+k—1
o)k ) el
1 B_{ o 1)y

-, o (ag+1) (b))
= $(b,) (1-2) 2+ 2 y GRG +11); 2+ 0(p), (p— 0+).

n=0 £=0

The series S3, S4, and 86 are similarly calculated. Thus we obtain the relation

(12).

Proof of (13). If we apply the relations (2.31), (2.19), and (2.6), we obtain

(3.35)

FT(a1 18,8 3Dy ,b2 sD5 agtby+bo; x,1-py,1-pz)

s )
(31) (bl) o
= 2 G +b1Tb2)mmm! Fy(2q,by,b +m; ag+b +bym; 1—py, 1-pz) x
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® (a)(3)n (b i

z— (a2+b1+b2) m! n!
m,n=0

1

F, (ag+n,by+by+min; ag+b +by+min; 1-py) X [p(y—=2)]"

© (ag) (ag), (by) )
- 2 (a2ib1+b§)m+n1m! ar X [p(y-2)]

m,n=0
I'(n)T (aq+b, +by+m+n) n n-1 (ag) 3 (by+botm) .
[(ag+n)T (b +b mm) #Y ) W (Ta), )
k=0
. (_1) l‘(a2+b +b +m+n) z (a +n)k(b1+b2+m+n)k K
['(ag)T (by+bg+m) KT (1),

+ [#(k+1) + ¢(n+k+1) — ¢(a +n+k) ¢(b1+b2+m+n+k) - log py]

I'(ag+by+bs)
" T(a,)T(b,+b

){S +S +S —S -5 _SG}’

b, 2 ® n (ag) o (by+1) 1,0 (89) 1 (Dy+Dg) 1y (nK)
[ ) ] z z (b1+b2+1)m+n(b1+b2)m(2)n mb k!

- X" [1 -%]n(—py)k



34.

b1+1: Ay 1,1;
_ b1 1_2 F1:1;2 2z ; -
) 1+2 y 1051 X y + (,0), (,0-——0 +),
b1+b2+1. — 2
m
(3.37) 5, = 2 (al)m(32)n+k(b1)m+n(b1+b2)m+n+k xm[p(z—y)]n(py)k
2 m.n.k=0 (b1+b2)m(b1+b2)m+n(1)n+k m! n! k!
[ k; me]
[ =0 i ij
[s1]
(3'38) S = 2 (al)m(az)n+k(bl)m+n(b1+b2)m+n+k xm[p(z_y)]n(py)k
5 o1 k=0 (b1+b2)m(b1+b2)m+n(1)n+k m! ol kT

m+n+k—1 (b, +b,)
$(by+by) + g ) (B‘%B—ET?‘
1772 =0 17727774

= §(by+by) oF;(a;,by; by+by; x)
[a,+1, b,+1: b, +b,, 1;1; ]
1 L 1 V4

.1

H X.X

(by+b,) ;0 ,
172 b1+b2+1, 2: b1+b2+1; -5

+0(p), (p—0+).

The series S3, S4, and S6 may be calculated similarly. Thus, by gathering these
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results, we have the formula (13).

Proof of (T4). If ve set a, +b, = a; + by in the formula (T2), ve have

(3.39) FT(al,az,a2,b1,b2,b1; a;+by 5 1-px, 1-py,z)

I‘(a.1+b1) -2
=TTy (1) © 127+ $(ag) + $(b,) + 1o px]
I‘(a1+b1) . a2+1: b2+1, 1,1; b1;
:3; )
* e )T o) 2% Fii250 1-py,z
b1+1: a1+1, 2; —;
an+l: by, 151
2 1, H )
I'(a +by)
104 1:2;1
e )T(b, 1) %2 F1:130 z,z| +0(1), (p— 04)
2: by+15—;

Now, by virtue of the formulas (2.16) and (2.14), the series Fig’(l) occurring in
bl
(3.39) is represented by

a2+1+m, b2+1, 1, 1;

<3 a - (a’2+1)m(b1)m 1 m
2;0 ~ z (o), mI 473 Y|z
m=0 b, +1+m, a1+1, 2;

[N -4

I'(a,+1)T(b+1) 2 (by)
- "r(a,;u)r(b;u) ) T2 |27+ #(ag) + #(by) + Log py
m=

m
1 2 (B)y 1| m
+—_—
=0

+ z
2o ) i32+1§k BE
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[(ag+1)T(by+2) +1)p(by+2) (b )y
I‘(a +2)I'(by+2) | Z +2) (b +1), m!
m=0

b1+2+m, al+1, 1, 1;

m
-4F3 1) =z
a2+2+m, b2+2, 2;

[32+1+m, boytl, 1, 1; 'I

b1 2 (32*1) (b1+1)
m m m
+b1+1 Z (by+2) m! 43 1l z7+0(1),
m=0 b1+2+m, al+1, 23

(p—0+).

Thus the relation (T4) is obtained.

4. APPLICATIONS AND FURTHER EXTENSIONS

The various asymptotic formulas for the triple hypergeometric series FS and FT,
which we have presented in this paper, are potentially useful in a wide variety of
problems in several seemingly diverse fields of physical and engineering sciences,
and indeed also of statistics and operations research. For the purpose of
illustration of the usefulness of our results, we choose to mention here some areas
of applications which lead naturally to the triple hypergeometric series FS and
Fp. Ve shall also indicate the possibility of unifying (and generalizing) our work

to hold true for a much wider class of triple hypergeometric series.
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First of all, in the theory of differential equations, it is not difficult to

verify that the solutions of the system of second-order partial differential
equations (cf. [15] and [16]):

PRI N S DY D B
~x[x g o) [x e By Ji =0,
oo eafreo
w0 fddergergord

-z[y%+z-a%+ 02] {z—é?i+ﬂ3]}W:0,

are expressible in terms of the triple hypergeometric series FS defined by

(2.20). Similarly, the solutions of the system of partial differential equations
(cf. [15] and [16])

(4.2a) {x%[x%+y%+z%+7—1]
—x[x-(%Jr 01] [xaa)—(+zé?z—+ﬂl]}W:O,
(4.20) {xﬁ[x%+y%+z%+7—1]
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—z[y—%+z;%+ 02] [x;%+z-£—+ﬂ1”W:O,

can be expressed in terms of the triple hypergeometric series Fry defined by
(2.21). Thus the asymptotic formulas of Section 3 are applicable whenever the
behaviors of these solutions near one or the other of the various singular boundary
points of the unit cube {1 are needed in a detailed study of the above systems of
partial differential equations.

In order to describe another substantially different (but relevant) situation
leading to a rather conspicuous presence of the triple hypergeometric series FT’
let the random variable Uj (j=1,2) have a Gamma distribution with space

parameter ¢ 3 and scale parameter ﬁj. The ratio

(4.3) X=-1,

vhere U, and U, are independent, is called a generalized F variate, and the
distribution of X is called a generalized F distribution and has the probability

density function:

Y <1

4.4 f(x) =
(44 ) B(p,u-p) (L+ax)"

(x>0; a>0; m>p>0),

wvhere
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by
(4'5) azﬁ'l': P=91> m:W1+W2)

and B(ae,f) is the Beta function given, in terms of the Gamma functions, by

(4.6) B(a,8) = JEE) = B(8,0).

Following Dyer [2] we write

(4.7) X~ %F(p,m,a)

to indicate the fact that a random variable X has its probability density function
given by (4.4). The distribution function of such a random variable X is easily
expressed in terms of the Gaussian hypergeometric series of4 involved in the
known asymptotic formulas (2.4), (2.5), (2.6), and (2.8). On the other hand, the

distribution function of the random variable
(4.8) Y:X1+X2 (XJ-N?y(pj,mj,aj); j=1,2),

vhere Xy and X2 are independent, is given by (c¢f. [2, p. 185]; see also [20, p.

52])

P1 Po
(4'9) F(Y) = A“’]_ “]2 FT[pl"'ml‘*'la pza pzs Py pz_m2+1a Pqs

P1+Py+l, Dy+Pg+l, Dy+Pg+l; g ,ug, 1-(1-uy) (1—w2)},

vhere, for convenience,
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['(my)T (my)
(4.10) A= TPy Do+ )T (n—p )T (myDy)
and
ay .
(4.11) vj =1_+J@ (=1,2).

For another instance of occurrence of a multiple hypergeometric series in
probability theory, see (for example) Srivastava and Kashyap [21, p. 264].

Just as Srivastava’s series HC defined by (c¢f., e.g., [19, p. 99]; see also

[3: p. 74])
(4.12) Hc(”aﬂ;ﬂ'; 715 X,¥,2)

o (@p B pin(B ) pip O o P
_ 2 m+p "/ m+n np:—ﬂ'%ﬂ

m’n9p:0

(7 m+n+p

((x,y,2) €1),

the triple series FS and FT are two important elements of Lauricella’s set of
hypergeometric series in three variables (cf. [4, p. 114] and [20, p. 43]).

Moreover, since [19, p. 112]
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o (2),(B), (8
(4.13) Hc(a)ﬂaﬂ’; 75 X,¥,2) = 2 - ﬂ(7;n( )n (izgn
=0 2n

. FT(ﬁ+n,ﬂ’+n,ﬁ'+n,a+n,ﬁ+n,a+n; 1+2n,7+2n, 7+2n; x,y,2),

and since [23, p. 835]

(4.14) HC(a,ﬂ,p+p’-—1; V5 X,¥,2) = I‘(p)F(p’)I‘(g—p—-p')
(271)

: j}; (=07 FT[ﬂ,a,a,ﬂ,p’,ﬂ; 1P T XJ d¢,

where the contour of integration is Pochhammer’s double-loop (i+,0+,1—,0-)
described (for example) by Whittaker and Vatson [24, p. 256], a knowledge of the
asymptotic behaviors of FT will facilitate a similarly detailed study of the
widely occurring (and symmetrical) triple series H, (see, amongst other places,
[3], [19], [20], and [23]).

Finally, with a view to unifying (and generalizing) our work presented in this
paper, as also in the earlier papers [10] and [11], we should consider Srivastava’s
general triple hypergeometric series F(3) [x,y,2z] defined by (cf. [18, p. 428];
see also [3, p. 108] and [20, p. 44])

@ m_n _p
(4.15) P [x,y,2] = L Emp) arir sy,
m,n,p=0

where the coefficients &(m,n,p) contain quotients of essentially arbitrary

number of Pochhammer symbols with subscripts
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m+n+p, m+n, n+p, p+m, m, n, and Ps

it being understood that the triple series in (4.15) converges absolutely. As
already pointed out in the literature, the general triple hypergeometric series
p(3) [x,y,2] provides a unification (and generalization) of Lauricella’s fourteen
hypergeometric series Fl" . ,F14 in three variables (including, for example, F7
or FS and F13 or FT) , the additional series HA’ HB, HC introduced by
Srivastava [19], and many other triple hypergeometric series studied by Srivastava
and Karlsson [20, Chapter 3]. An investigation of the asymptotic behavior of

F(3) [x,¥,z], analogous to the work presented here, is expected to be fairly
involved in the general case. Nevertheless, in view of the demonstrated
importance of such asymptotic behaviors, it seems worthwhile to work toward a more
general treatment for some wider classes of triple hypergeometric series,
contained in F(3) [x,y,z] defined by (4.15), which would include the series Fo

- and FT as particular cases.
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